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mat phién ban tiéng Viét clia cubn Tt dién

yha xuat ban Gido duc Viét Nam vira cho ra
ach khoa Britannica cua My.

Tw dién Béch khoa Britannica gom 25.000 muc
ter, 2.500 hinh minh hoa va ban do, 51 linh vire
khoa hoc va déi song, gan 300 muc tr ve Viéet
Nam do cac tac gia Viét Nam bién soan theo
thda thuan vdi phia My, Céng ty Bach khoa thw
Britannica My xet duyét.

Viéc chuyén dich sang tiéng Viét duoc thurc hién
rat cong phu, do 54 dich gia, 62 chuyén gia (trong
dé c6 cac chuyén gia tir dién) hiéu dinh, tham

dinh, bién tap duéi sw chi dao cia Héi dong bién

soan - bién dich, do 6ng Ngb Tran Ai - Chu tich
H6i déng thanh vién - Téng giam doc Nha xuat
ban Giao duc Viét Nam - lam cha tich.

Bd sach gbm hai tap, tbng céng 3.056 trang.
Hinh thae trinh bay céng phu, trang trong: in bon
mau toan bd, déng bia cirng chi¥r dap chim, ép
nhii vang, c6 bia do cho tirng cudn, dat trong hop
cirng, dwoc phat hanh tie ngay 20/11/2014.

Giao sw, Vién si Pham Minh Hac, Nguyén B
trwédng B6 Gidao duc - Dao tao, danh gia bd
sach dat ba tiéu chi: Khach quan, Chinh xac,
“Quyén uy" va viéc phat hanh Tir dién Bach khoa
Britannica tai Viét Nam c6 thé duoc coi 1d mot sy
kién I&n trong doi Song van hoa - giao duc nuoc
nha. Theo Gido sw, moi trwérng nén cé mdt cudn
dé cac nha giéo va cac em hoc sinh tham khao.

Theo Nguyén Bé fruwéng: “Nhw Loi nha xuat
ban viét: eéng viec hét stec kho khan, cac dich
gia, nguoi hieu dinh va bién tap vién da lam viéc
cat luc trong nhiét nam, tuy thé ciing 'khé tranh
khoi sai sét’.

Ban doc co nhu cau xin liénihe:;

NHA XUATBAN GIAO DUC VIE] AN
“Orin lrong gw’z l/ |
Bé Ti dién Bach khoa Brl’rclnnlcq_._c,, |

TUDIEN

BA i_ H E H_{Z_II
Britannica

TUDIEN

BACH KHOA

Britaninca

> " Cong lv CPISach'dich va Tir dién Gido duc. Tel: 0438266359 - 0904608096.
Hoac ftimithem thong fin tai www.facebook.com/pages/Ti-dién-Bdach-khoa-Britannica/

. .Bo soch co/gid 3 trieu dong. Giao sach tan noi. mien phi.

hitps:/tieulun:hgopto.org
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TRUNG HOC €U SO

g’ rong cdc bai todn vé tinh sé do géc ciing
nhw trong cdc bai toan chimg minh hinh
hoc, cé nhimg truéng hop ta gdp khé khan khi
chimg minh triec tiép bai todn, khi do co thé
diing phwong phdp chitg minh gian tiép.

1. Phwong phdp chirng minh hai diém trimg
nhau

Thi du 1. Cho tam gidc ABC, BAC =60r,
dwong phan gidc CE. Trén canh AC ldy diém D
sao cho CED =30°. Tinh sé do goc BDE.

Hinh |
Tim hwong giai.(h.1)
Bing céch do truc tiép, ta ﬂ};’i}/ BDE = 30°, tirc
la AIDE cén (I 1a giao diém cua BD va CE),
khi do DIC =60° nén B, +C, =60°. Ta lai co
ABC + ACB =120°, nén B +C =60°,
Do C C nén B B Do do ta vé BD' la
dudng phén gidc cia goc ABC roi di chimg
minh diém D’ tring véi diém D.
Loi gidi. (h.2)

Hinh 2

Ké dudmg phan gide BD' cua goc ABC, cit CE
tai [. Ta co

ABC + ACB =180° — BAC = 180° —60° = 120¢
nén ;E’3H|+(‘Hl A&JrACB—G(P, suy ra

2
BIC =120° va I, =1, = 60°.

Goi IK 1a dudmg phén giac coa ABIC thi
I,=1,=60°, ABIE = ABIK (g.c.g) = IE=IK,
ACID'=ACIK (g.c.g)=1Dr=IK suyra

IE = ID. Tam gidc IED' can tai [ c6 ED' =120r
nén IED'=ID'E=3°. Do D'eAC va CED=3(
nén [ tring D. Vay BDE = BD'E = 30°. 03

Thi du 2. Cho tam giac ABC, BAC =115,
ABC =40°. Trén mira mdt phang bo AB khiong
chira C, ké tia Ax vudng goc véi AB. Lay diém

E trén tia Ax sao cho AE = BC. Tinh sé do goc
AERB.

Hinh 3

Tim huomg giai. (h.3)

Bing cach do truc tiép, ta thiy AEB =25, tirc
la ABE =65°. Do d6 ta liy diém E' trén tia Ax
sao cho ABE'=65¢ rdi chimg minh diém £
tring véi diém E.

TOAN HOC
cTusitge 1
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Loi gigi. Trén tia Ax ldy diém E' sao cho
ABE' = 65°. Liy diém I trén doan BE' sao cho
E'Al =40° thi BA'T=90°—-40° =50°. Suy ra
AIB =180° —(65° +50°)=65°, do d6 AAIB
can, Al = AB, va AIE'=180°~65"=115"=BAC.
Ta coé AAIE'= ABAC (g.c.g) nén AE' = BC. Ta
lai c6 BC = AE nén AE = AF', suy ra E’ trung E.
Do d6 ABE =65°, AEB =90° —65° =25°.0
Thi du 3. Cho tam gide ABC ¢6 ABC =707,
ACB =500, diém I ndm trong tam gidc do sao

cho IBC = ICB =30°.
va goc IAC.
Tim heéng giai. (h.4)

Tinh 56 do cdc géc IAB

A
AN
f/ 'II"-,'
f Ill'. 1"
Z /’““m\
B&= b ¥,
Hinh 4

Bing cach do tryc tiép, ta thdy TAB =40° tic 1a
IA=1IB i IC, do d6 ta vé ‘I' la tdim dudng p‘t':m
ngoai tiep tam gidc ABC roi chiung minh diem [/
tring véi diém I,

Loi gigi. Goi I'la tim cua dudmg tron ngoai
tiép AABC. Ta c6 BAC=180°—(70°+50°) =60
Theo mbi lién hé gita goc ndi tiep va goc &
tAm, ta co BI'C =2BAC = 120° nén
I'BC=1"CB=30°. Viy I' tring [. Tam gidc
IAB cn c6 IBA =70° —30° = 40° nén

IAB = 40°. Suy ra TAC = 60° —40° =20°.0

2. Phwong phdp phdin chirng

Trér lai thi du 3 noi trén. Ngoai cich gidi bang
cach v& tam I’ cia dwdng tron ngoai tiép tam
giac ABC 1di chimg minh /' tring / nhu trén,
con c6 thé chimg minh bang phuong phap phan
chimg (h.5).

~ TOAN HOC
p 5% CTugifre S8 455(5-2015)
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Hinh 5

Léi gidi. Ta co AIBC cintaiInén /B =1C(1)

BAC =180° —(70° +50°) = 60°,

B, = ABC - B, =70° - 30° = 40°,

C, = ACB—C, =50° ~30° = 20-.
C6 thé chimg minh bing phan chimg theo hai
cach:
e Cdch 1. Gia sit A >40° thi A, <20° Xét
AIAB, do A >40°=B, nén B > I4. Xét
AIAC, do A, <20° =C, nén IC<IA. Suyra
IB > IA > IC, tri véi (1),
Gia st A <40° thi A, >20°. Chimg minh
tuwong tu ta duge IB < IC, trai vai (1).
Viy A =40°, suyra A, =20°.
e Cich 2. Gia sit IB = IC < IA. Xét AIAB, do
IB<IAnén A <B, =40°. Xét AIAC, do
IC < I4 nén A,<C,=20". Suy ra A,+A, <60",
tréi véi BAC = 60°. Gia sir [B = IC > I4. Chimg
minh tuong tu ta duge E; +;1; >60°, trii v
BAC = 60°. Viay IB=IC=1IA4, suyra

A =B, =40°, A,=20°.00

C:ic bnn thir diing phwong phap chimg minh gién
tiép aé gidi cdc bai tip sau:

Bai 1. Cho tam gisc ABC, ABC=75°,
ACB =60°, diém I nim trong tam gisc d6 sao
cho IBC = ICB =45°. Tinh s do céc goc I4B
va goc IAC.

Bii 2. Cho tir gidc ABCD c¢6 ABD=35",
ADB=30°, ACB=60°, ACD=70°. Goi O la
giao diém cita AC va BD. Tinh s6 do géc AOB.

HAY BDAT MUA TC TH&TT TAl co sO BUU BIEN GAN AT 1™
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Hudng dan gidi HE THI TUYEN SINH VAO LGP 10 MON TOAN
THPT CHUYEN BAC NINHNAM HOC 2014 - 2015

(Dé thi ding trén TH&TT 56 454, thing 4 ndm 2015)

Ciu1.1) Tacé: Cau 3. 1) Tir PT thir nhit ta c6 x=3m—-my,
P:(ﬁ-a)(1+ﬁ+x+ﬂ)_1_z tl;ay vao PT tm;zhaj ta co y=2;x=1m. Suy ra
(1+4%) X-x-y=m-2m-2=(m-1y-3>0
m}l+ﬁ
=(VE-1)(14VF) — 5 =V -1. & |m-1>3 e ,
m<1-+3
(1+~JI) 1pr

2 . 2) Ta chimg minh dugc l+— z— ¥x,y>0,
2) Ta cb FEE@JEH la wée cha 2 gom: X y X+y
b i " ding thirc xay ra khi va chi khi x=y. Tl gia
25 g m;;cxe{{). ’9}' thiét a+b-c>0,b+c—a>0,c+a-b>0.Taco
Ciu 2. 1) PK: xyzabc # 0. Ta co: ( 1 { ] ( | 1 )

: +
E+E+£:0 & ayz+bxz +cxy -0 b+c—a c+a-b b+c—a a+b-c
Xonl JaE xyz +3( e s ):,2,416

< ayz+bxz+cxy=0; cta=b at+b—c|"c b a

. 9 1 Y
£ l _z__ X ¥y, Zz 2_ Ma 2E+h:abc¢=>g+_;=a nén
+=+ —]_ﬁ +=—+ _1
gy Bl a b ¢ . . r |
§22a+-24y3. Ding thic xay ra khi va chi
Boy 2 o e it -
2 yr 2 cxytbxz+ayz Ciu 4.
Sy Eoyige U e = — —=—=1
Qa2+b2+c1+2 abc
_xz y! ZZ
@?-FF-I‘—{E-:]_

2) Ta cb A = 4a® +16a—151. Bé PT c6 nghiém
nguyén thi A= n’ véin € N. Khi d6

4a* +16a—151=n?
& (da +16a+16)—n? =167 : !
o AL as A= ny =167, 1) Theo tinh chét ciia tiép tuyén ta co

S . NB =NC; OB=0C; ON latrung tryc cua
Do 167 1 0 44+nz2a+4— ; Ty oh GEREL R
¥ g R K BC. Goi K 1a giao diém ctia ON va BC thi K la

nén ta 66 cac trudng hop: trung diém ciia BC. Ta c6
2a+4+n=167 | 1 1 1 1 1
. = 4a+8 =168 = a=40. Ao = -t
{2a+4—n:1 16 OB? i NC?* O0B? 4 NB*  BK*®
e = BK?=16= BK =4= BC =8.
. {2"“”” L s 4a+8=-168=>a=—44. BP  NB
2a+4-n=-167 2) Taco ANBP <> ANMB (g.8) =45 =770
Véi a=40 thi PT ¢6 hai nghiém nguyén la PC NC
x=0,x:83. ANCP «» ANMC (gg) ::“'EJ—C—:W
Véi a=-44 thi PT ¢ hai nghiém nguyén la - = ! i
: Mi NC = = I o
P —") NB nén suy ra MB -~ MC (1)
, TOAN HOC
S4 455 (5-2015) * Clugilpe 3
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Ciu 1 (2 diém). Giai cac phuong trinh sau:
a) J3x+4-J2x+1=1.
b) (x+q’_+l]2 =2x? —30x+2.

Ciu 2 (2 diém)
a) Co hay khong s6 nguyen t6 p thoéa man
8p — 1 va 8p + | cling la cac s6 nguyén 167 Giai
thich. _
b) Tim tét ca cac s6 nguyén dwong x, y sao cho
3F-2=1.
Cau 3 (2 a‘:em)
a) Chohmsothm:a b thoa mén a + b = 2.
Chimg minh rang a’+b* <a*+b.
b) Cho céc s6 duong x, y, z thoa man diéu kién
xy +yz + zx = 1. Chirng minh rang:
¥ .3 z £ 3

Ltz JiAy e
Ciu 4 (1 diém). Cho tam gidc ABC Trén céc
canh BC, CA, AB Ian lugt 1ay cic diém D, E, F.
Goi (d,) la duomg thang qua D va vuéng goc

i) DHSPﬂCHi 'Mm-] P10

~ NAMHOQC 2014 - 2015
Tho‘r g!an lam bai: 150 phm‘

voi BC, (d-) 1a duong thing qua E va vudng géc
v6i CA, (d;) la duong thang qua F va vudng goc
v6i AB. Chimg minh réng (1), (d2) va (ds) dong
quy khi va chi khi co dang thirc sau:
(DB —DC?)+(EC? —EA*)+(FA* -FB*)=0.
Ciu 5 (2 diém). Cho tir giac ABCD ndi Iiép
trong dudmg tron tim O. Goi E la diém trén
cung nho AB. Goi H, K, P, Q lan luot 1a hinh
chiéu vuéng goc cua B lén AC, CD, AE, DE.
Goi M, N lan luot la trung diém cua AD, HK.
a) Chimg minh ring AD, PQ, HK dong quy.
b) Chitng minh rfmg MN vubng goc voi NB.
Céu 6 (1 diém). Cho mot da gidc déu 50 dinh.
Ngum ta ghi 1én moi dinh ciia da giac s6 1 hodic
80 2. Biét rang c6 20 dinh ghi s6 1, 30 dinh ghi
50 2 va c4c s6 trén 3 dinh lién t:ep bt ky khong
dnng thoi bang nhau. Hay tinh tong cua tit ca
cac tich ba so trén 3 dinh lién tiép cua da giac
trén.

NGUYEN PUC TAN (TP. Ho Chi Minh)

<~ Mit khic, doAM //BC nén AMCB 1a hinh

thang cén = MC = AB,MB = AC 2)
BP CP
T (1), Q) > ==~

3) Goi 0 la giao diém cua AP va BC. Ta chimg

minh BQ=0C.

BQ PB

AQ AC

o _rC

AQ AB
BO_C0Q_,

A0 AQ ii. ol

= Q=K. Viy BC,ON,AP dong quy tai K.
Ciu 5.

Vi ABOP ©2 AAQC (g.g) = — (4)

ACQP 2 AAQB (g.g) =~ (5)

Tir (3). (4), (5) suy ra

1) Gia st O nam ngodi mién tam gidc ABC.
Khnng mat tinh tong quai gia sir 4 va O nam
v& hai phia ciia dudng thing BC, doan 4O cit

TOAN H
4 - c]@um% S6 455 (5-2015)
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duong thing BC tai K. Ké AH vudng gbc véi
BC tai H. Tacoé AH< AK < A0 < 1.

AHZBC <%—I (mau thuin véi

gia thliét). Suy ra dpcm. )

2) Néu a,b chan thi ¢* +5* 1a hop s6. Do do
néu tp con X cia A cé hai phan tir phan biét
la mot sé nguyén t6 thi X

Suy ra S, =

a,b ma a*+ph*
khéng thé chi chira cac sé chan. Suy ra k=9.
Ta chimg t6 k=9 la gi4 tri nho nhét cin tim
(nghia Ia trong 9 phan tir bit k¥ cia A Iuén tén
tai hai phan tir phan biét @,h ma a® +b* 1a mot
sO nguyén to). That vy, ta chia 4 thanh 8 cip
phén tir phin biét (a, b) thoa min &° + b* 1a mét
3).(5:8).(6:11),
(7:10),(9:16).(12;13), (14:15). Theo nguyén Iy
Dirichlet thi trong 9 phin tir bat ky cia X ludn
¢6 hai phan tir ciing thudc mot cip néu trén va
ta co dpcm.

s6 nguyén t6 nhu sau: (L4),(2

~ NGUYEN VAN XA
(GV THPT Yén Phong S6 2, Bac Ninh) Swu tim
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N\  CHUAN B|
s\ CHO K¥ THI
b 'l[l TRUNG HQC
| PHO THONG
vy ————  qubc eIa

rong bai viét nay, ching ti xin gii thidu

cich tiép cin bai toan tinh khodng cich
trong hinh hoc khong gian nho dp dung cong
thirc tinh chiéu cao cia khéi tir dién vuéng
nhim gitip cac ban hoc sinh chuan bi cho ky thi
THPT Quéc gia sip t6i.
Bai todn mé& @du. (Bai 17 rang 103, SGK Hink
hoc Nang cao lop 11). Cho hinh tir dién OABC
¢ ba canh OA, OB, OC doi mét vuéng géc.
a) Chimg minh tam giac ABC c6 ba géc nhon.
b) Chitng minh rdng hinh chiéu H cia diém O
trén mdt phéing (ABC) fritng vai truec tdm clia
tam gicc ABC.

" " 3 =0 0 ok o
¢) Chitng minh rdng OH: OA: OB TOC:
B¢ dai OH = h & bai toan trén chinh la khoang
céch tir diém O dén mat phing (4BC), sit dung
két qua trén ta ¢ thé tinh khoang cch tir mot
diém dén mit phing va khoang cach giita hai
duong thﬁng chéo nhau mét cach twr nhién va
nhanh chéng.
DANG 1. KHOANG CACH TU MOT PIEM

PEN MOT MAT PHANG

Bai toan 1. Cho hinh lang tru ABC.A'B'C' vdi
ABrf..r.BC:ZG,EEZ‘rHT. Hinh chiéu VUORE goc
cua A" lén (ABC) tring vdi trong tam G ciia
tam gidc ABC, géc gita AA" va mdt ddy bang
60°. Tinh V,. ., va khoang cdch tic G dén mdt

phang (A'BC).

Léi gidgi. (h.1, h.2) Ap dung dinh If césin cho
AABC co:

AC? = AB? + BC? -2 AB.BC cos6(F

=a’+4a® ~2.a*2a.l =32 = AC = a 3.
Suy ra AC?+AB?= B%’z din dén AABC
vuong tai 4. Do A'G L (ABC] nén ta thay

NG BUNE TINH EHAT ClA
KHBI Td PIEN YUBNG
VAB BAI TBAN TINH KHBANG EAEH

NGUYEN NGOC XUAN
(GV THPT chuyén Hoang Vén Thu , Hoa Binh)

(AA(ABC))=(AA'AG) = A'AG =60";

3
A'G = AGtan 60" = 2a;§ Do d6 V, pue =i'3—.
AF

N

4 i
c
B
Hinh 1 K;

*Dit d(G.(A'BC))=h. e
Ké GH // AB, GK /I AC suy ra

1 a
GH 1GKE. Ta Cl& G = -.FJ:AB:E A B
Vi GK:%AC:%‘E. Hinh 2

Do GA'J,(GHK) nén G.A'HK la tir dién
vuong, suy ra

1 1 1 1 > 9
_— 4+ = —
PTAG GIE GK AP @
2a
—. 0

V51

Bai toan 2. Cho hinh chop S.ABCD €6 ddy
ABCD la hinh vuéng canh a . Hinh chiéu vuong
goc cua S lén (ABCD) tring véi trong tam G
tam gidc ABD, canh SD tao véi day (ABCD)
mot goc 60° .Tink thé tich khoi chép 5.ABCD
va khodng cdch tir A 16i (SBC) theo a.
Lai gidi. (h.3, h.4)

® Sscp=a*. Goi G 1a trong tim AABD,
SG 1 (ABCD) = (SD,(ABCD))=SDG = 60,

Goi / 1 trung diém 4B ta c6 m:%m:?

3 _ 51
E a2

Suyra h=

L 315 , vi thé

1 @15
Hﬁ'.dﬂf‘n = ?S(;'SﬁHCD = _‘9—

TOAN HOC
' CTusitpe 3

va 8G =DGtan60° =

: S6 455 (5-2015)
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Hinh 3
o At 3 3
o Zr=5=>d(A(SBC ))=5d(G.(SBC))=3h.
Ké GJ song song voi BD i
(J € BC)=GJ LGC ma

SGL(GIC) suy ra GSCJ la AR 7/ B
|

tam dién vuong dinh G.
Do A GJC vudng cén tai G
nén GJ= GC.

I CHL T D ¢
¥ SG* GC* GJ* o
9 1 1

= 1542 + 5 3 -y 5 3
(o]

5 9 o 57 2a\5

—E T e e
3J5a
Suy ra d(4;(SBC))=—7=- O

DANG 2. KHOANG CACH GIUA HAI
PUONG THANG CHEO NHAU
Bai toan 3.
ABCD Ig hinh thoi tdm I, AB =

mdt bén SAB la tam gide

2a:BD = J3AC,

can dinh A. Hinh

chiéu vudng goc ctia dinh § lén mat phang m.-

trimg voi trung diem H cua Al Tinh the tich

khoi chop S.ABCD va khoang cach gifta hai

duong thang SB va CD.

Loi gidi. (h.5)

e Tam gidc SAB cin tai A suy ra SA=AB=2a.

Ta ¢ BD =3AC = Bl =3AI = 3x véi

x=AI(x>0).Ma A’ + BI* = AB* nén

x2+3x? =4a*, hay x=a.

Tir d6 S,pep :%AC.BD =5 2a23a=23a.
a* 154° aJlS

- 7 17

i 4 4 2

TOAN HOC
6 T cusifpe S84ss6 -2015)

—AH? =4a® —— =—— hay SH=——

Cho hinh L'r'l.-'rjilu'l SABCD co {f:;'_'u'

Vslmpz%SHSmg 1""‘— 2342 =a*\5.

3

Hinh 5
Vi CD // (SAB), dén dén
d(CD;SB)=d(CD;(5AB))=d(C;(5AB))

= 4d(H:(SAB))=4h(h>0).
Goi E latrung diém ciia AB, ta co

HE=-;—!B ;suyra AH L HE va
HE=]EIB=H—2E, din dén H.SAE 13 khéi ti

dién vudng dinh H. Tacd
G M

7 - SHZ @ HA? @ HE?
1 MR e a\35
"~ 1542 +E_2__+ 3:12 542 = Jud o
: 4 255
Vay ¢o d(CD:SB)= 2 — a. 0

Laéi binh. Dé giai bai toan trén ta da s dung
tinh chit quen thugc: Néu d,.d, 1a hai duong
thing chéo nhau, (P)la mat phang chira d, va
song song véi d, khi d6 moi diém Med, ta
¢6 :d(d;;d,)=d(M;(P)) . Nhu vy bai toin
nay sau khi xdy dung mit phang (P) ta lai quy
vé bai toan dang 1.

Bai toan 4. Cho hinh chop SABCD co ddy
ABCD Ia hinh binh
BC =a\2, BD = a6.
ctig dinh S lén mat phéng [..-?h'("'F'l'J la trong tam
G cia tam gidc BCD, biét SG=2a. Tinh thé
tich V khoi chép S.ABCD va khoang cdch gitka
hai dwong thang AC va SB theo a.
Laoi gidi, (h.6, h.7)

Vi CD? +BC? =4a* +2a* =64’

hanh voi  AB =2a.

Hinh chiéu vuong goc

=AC? nén

HAY DAT MUA TC TH&TT TAI CO SO BUU DIEN GAN NBEAT 1™
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ABCD 1a hinh chir nhat. V, .., = 41'1’_

*K¢ duong thing qua B
song song vai AC cit DC va
DA tai I va J.

Qua G ké GH //ID(HeBI),
GK'I;’AD(K'EBJ} suy ra

GH LGK dindén G.SKH

la tr dién vudng.

Do AC //(SIT) vaSB € (SIJ )., nén
d(AC:SB)=d(AC:(SIT)) =d(G:(SHK))=h.
GH = AB =2a,GK =BC =a~2. Tird6

Hinh 7

O P T . LA e O
R GS? GH? GK? 4a® 4a® 248 o*
Viycod h=a, hay d(AC:SB)=a.0
Bai todn 5. Cho hinh chop §.ABCD co day la
hinh chit nhat vai AB=a, BC = (.'-._-'_“. Hai mat
hang (SAC) va (SBD) cimg vuong gde vai dav.
[ thuoe doann 5C sao cho SC=31C. Tirh
Tl } '\ J.' { |III 'u'u'.[' .";;Il.fl')c'f.'n'll_f' |'|'..ri,'=|r."
romge thang Al va SB biét rane Al
Li gidi. (h.8, h.9)
'.(‘ \ S\,
\
N
£S5
fa LY . Py

¢ Goi O la tAm hinh chit nhit ABCD suy ra
SO L (ABCD). Ta co

AC=JAB*+B(C? =2a=0C=a va

HAY DAT MUA TC TH&TT TAI CO SO BUU DIEN GAN NHAT 1™

Al 1 SC = ASOC ~ AAIC =

LEa i

T = 85C = aJ6 = S0 = af5.
3

V1thelf’smﬂ ;’E

K¢ IM//SB (M € BC)=> SB//(AIM), suy ra
d(SB; Al)=d(SB;(AIM)) = d(B:( AIM)).

Ké IH /SO (H 0C)
= IH L (ABCD) va

A

Hinh 9

<d(H; {MM]]——h,I{é
HE || AD,HF [|DC (E,F € AM)

= HE L HF ma IH L (HEF)

nén H.JEF la tir dién vudng tai H.
1 1 1 1

Bl i e T

1 avs
IH-ESO—T,

5 5T 5aV3
HE=2MC =22 BC=—2=;

5 5 1 5
HF_EMN_EEAB_ﬁa' Suy ra
Avini 1 Bace %0 B9%ieo 0 250
W~ IH? HE: HF? 25a L Asa

S 12 5a 4a
Vayco d{ABSB)=— —=—.
A R

BAI TAP

1. Cho hinh hép ABCD.A'B'C'D' c6 day
ABCD la hinh thoi canh a , tim O va
ABC =120°. Géc gita canh bén AA' va mat
day (ABCD) bing 60°. Dinh A" cach déu cdc
Cﬁl,lh A,B,l?. M 1la trung diém cia CD . Tinh
thé tich khdi hép ABCD.A'B'C'D' va khoang
céch tir diém M dén mat phang (A'BD).

2. Cho khéi lang tru dimg ABC.A'B'C' co day
ABC 14 tam gide wvubng tai B vdi
AB=a,AA'=2a;A'C=3a. Goi M la trung
diém canh C'4', I 1a giao diém cia hai dudng

TOAN HOC
' Clusitpe

7
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thing AM va A'C. Tinh theo a thé tich khéi
chép IABC va khoang céch tir 4 dén mit phing
(IBC).

3. Cho hinh chép S.ABCD co day la hinh
vuéng voi canh 2a, mit bén (SAB) vudng goc
véi mit phing (ABCD) va SA=a.SB=a3 .
Hay tinh thé tich cua khoi chop S.ABCD va
khoang cach giira hai duong thang AC va 5B
theo a.

4, Cho hinh chép S.ABC ¢6 ABC la tam gidc
vuong tai 4; 2AC=BC=2a. Mit phing
(SAC) tao v6i (ABC) mét goc 60°. Hinh
chiéu cua S 1én (ABC) la trung diém H cua
doan BC. Tinh thé tich khéi chép SABC va
khoang cach gitra hai duong thing AH va SB.

5. Cho hinh chép S.ABCD c6 day ABCD la hinh
thang vudéng tai A va B voi AB=BC=a;

AD =2a , tam gidc SAB can tai dinh S nim
trong mit phang vudng goc v mit phing day,
mit phing (SCD) tao véi mat phing ddy goc
60°. Tinh theo @ thé tich khoi chép S.ABCD va
khoang cach gitra AB va SD.

HUONG DAN GIAI

3 3,13
LV gep ancn =a_2\:f___ ; d( (A BD)) 2% a*
2.V, e = ga3 d(A;(IBC)) = 2“"_“
28 : 2
3.Vounep =30 d{AC,SB}:Ea.
4.

Liy K 13 trung diém AC suy raAC L(SHK)
= AC 1 SK nén ((SAC):(ABC))=SKH =60~
3a B3a?

SH = HK tan60° = TP V‘MH{" = T

TOAN HOC
8 * Cludilre S8 455 (5-2015)

e Dung Al = HB = AH [/ BI = AH J{(SBI).
Ta cod
d(AH:SB) = d(AH:(SBI))=d(H:(SBI ) =h.
Dé thiy AHBI 14 hinh binh hinh g
nén H la trung diém BC suy ra
HIAC.KeéHI/IAB (JeIB) &
ma AC LAB = HI | HJ va Z
SH L(HIJ) din dén H.SIJ la
tir dién vuong. Ta co A C
HI=AC=a va
HJ =AB=a+3 nén
R B A
h*  HS* HI*  HI?

5
¢ Goi H la trung diém
AB, thiSH L (ABCD).

HK L CD, SKH =60r.
Xét hinh thang ABCD, |/~
giasu CDcatABtai E p

thi E:%Eﬁ Tam

giac ADE vudng cén tai 4
= AC L ED = HK [{AC

o —— _3a2
:>HK_4AC—4.-2—2aJ_— ;

3J6a

34‘
T VS ABCD =

SH = HK tan 60" =

* Trong (ABCD) dyng DF = AB suy ra
AB I/ (SDF)= d(AB:SD)=d(H:(SDF))=h.
Ké HV /AC,HU [/CD (U,V € DF)

= HU=ED=2aJ2=HV. Ta ¢6 HU LHV
va SH L(HUV) nén HSUV la U

tir dién vudng suy ra
3y Degse o ol
W~ HS? HU? HV* o a4
s 180l oS0 F
54a> 8a* 8a® 108a*’ KC
E Vv
Vay k:% a.

HAY DAT MUA TC TH&TT TAI CO SO BUU DIEN GAN NBAT 1™
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HUGNG DAN GIA DE

Ciu 1. a) Ban doc ty giai. ' 1
b) Goi M(x,y,)e(H)la tiép diém khi d6

=S LR B thiét, suy ra:

=-3& xpeql;3;.
C6 hai tiép tuyén cin tim véi PT lan lwot 1a:
y==3x+1, y=-3x+13.
Ciu 2. DK: xe R\ {0;1}. Phuong trinh dé cho
twrong duong voi iogij| +log, |_t— ]| =log, 2
<> log; |_r3 —x| =log,2 < |Jc2 —_ri =32
THIL. 2 -x=2o xe{-1;2}.
TH2. x? —x =-2 (PT nay vo nghiém).

Ciu 3. Dat t=]nx:>df=£, X =g*
X

3 S i i )
3 3 3
-4 Fopede - 5 e
I= di=—|—-|—
I]—F 221—1 2!14-:

2

13 5
=——In2+21n3.
2 n 5 n

3 - 3
=—51n|'1—r|\2—§1n|1+:|[2‘ '
Ciiu 4. S6 cich chon 6 qua cau bat ki trong hop
la C},. Chon 3 qua cau mau trang trong 6 qua
mau tring ¢ C3 cach. Chon 2 qua cau mau do
trong 4 qua mau do c¢d C3 cach. Chon 1 qua
cau mau den trong 2 qua mau den ¢6 C; cach.
Vay s6 cach chon thoa méan la C}.C3.C!.
g e o ok LWWCRERICS ) 0
X t timja 2 e e
dc suat can tim 14— 3 =
Ciu 5. Tacoé AB= (2:—2; —3);R = (4;0;6];
AD =(~1;-51), [ AB,AC |=(-12;-24:8)
=|4B,AC |AD =140+ 0.
Viy A,B,C,D la bon dinh mét khéi tr dién va
Vs ——| [4B,4C AD‘ 2L (av).

Cau 6. Goi K la trung diém AB, vi tam giac
CA'B’ cén tai C' nén C'K vubng goc voi mit
phing (4BB'4") va C'BK =60°. Ta c6

BK={B'K+BB" =|/ﬂ41+a2 _al5 :CK:@.

1 . 215
Viy Seip= ZCKAB—EH‘;_ “j_.

https:/sites.google.com/site/letrungldenmath

o
SO 7
Dodé Ve spe a3~::_

Goi S 1a giao diém. NP va BB, qua S v& dudng
thing song song véi BK cit AB tai T, AM tai R
va cit A'B tai U, goi [ la giao diém AM va A'B..
Hai tam giac ABM va BB'K bang nhau nén

BAM =KBB'=AM LBK = AM L (BC'K)

= AM L (NSR)=>d(AM,NP)=d(R,NS).

T::u:-:ini';?:'[)r 3'331—;:>BT=KU=~3—BA
:>PT=%C'K:H‘£E,

ot e uE ol BREL IS

RU UL BT B it o 8T 145

TS—%BK—'%{: KéTH L NS, taco

TP//C'K=TP L(ABA'B'\=TP LST

= T:P - T;ﬁ + Tf?? = d(T,SN)=TH = "”gg

SR
= d(R,NS)="=d(T,NS)=
Cau 7. Goi d la duomg thing qua M, song song
véi AB; N =d N BD, H 14 trung diém MN, [ 1a
tam hinh chir nhit ABCD va P = IH N AB. Toa
do diém B thoa méan hé

aJ15
s

Py
PTMN :x-3y+15=0=> N(9;8),suy ra toa dd

r—y=1=0 x=4 .
{x 3y+5 = ﬁd:b{ :>B(43] Ta co

H 1a H(0;5) =PT HI:3x+y-5= Oﬁf{g ;)

Do B, D di ximg nhau qua / nén D(-1 2y

Ta co P(I;E},vi P 1a trung diém cua AB nén

A[—Z;l) suy ra C(S;U).

Ciu8.PK x+y20, y=0.

THI. y=0: khong thoa man h¢ da cho.

TH2. y > 0: bién doi phuong trinh dau thanh
4xy=-2y2+ [x+y—[2y =0

e (x-y)(x+2y)+ Jx+y -2y =0

1
S x—y)| x4+ +———r—=|=0=x=].
() o2y =)0
Thay vao phuong trinh thir hai ta dugc <"

TOAN HOC
 CTusitye 9
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THU SUC TRUOC Ki THI
pEsO 8
(Thai gian lam bai: 180 phut)

Céu 1 (2 diém). Cho ham s6 y = 3':_ ,)1
a) Khao sat su bién thién va vé do thj (C) cia ham s
da cho. ! ; Y ;
b) Viét phueng trinh tiép tuyén cua do thi (C), biét
rang tiép tuyén do vudng géc vai dudmg thing

i dx+Ty=10.
Céu 2 (1 diém). a) Gidi phuong trinh

sinx+ ﬂsinL—;——x —
b) Cho s6 phirc z =3 - 2i.

inh mo dun cua s6 phite
Ww=—-=.
Z+z

Ciu 3 (0,5diém). Gidi phuong trinh 2+ +21-= =%.
Ciu 4 (1 diém). Giai bat phuong trinh
21-xWxt+2x—1<x2-2x—1.
4
. dx
Caiu 5 (1 diém). Tinh tich phan I = | ————.
( :errlr] inh tich p L’Q v
Ciu 6 (1 diém). Cho hinh lang tru ABCA'B'C co
diy la tam gidc deu canh a, hinh chiéu vuéng goc
cia 4’ 1én mat phang {(ABC) tring v tim O cua tam

gidc ABC, goc gitra mit bén (ABB'A’) va mit day

bing 60°. Tinh thé tich khoi lang truy ABCA'B'C va
khoang cach giira hai dwong thing AB va CC.
Céau 7 (1 diém). Trong mat phﬁng voi hé tryc Oxy,
cho hinh Vuong ABCD co M(-3; 1) la trung diém
cia AB, diém E_thujc doan thing BC sao cho
EC = 5EB. Biét ring DE:23x+9y—10=0 va dinh
D co hoanh @ duomg. Tim toa do dinh D.
Ciu 8 (1 diém). Trong khong gian vGi h¢ toa do
Oxyz, cho mit phiang (P): 2x + 2y +z - 5 =0 va
¥=2 _y-2 z=3
1 banos 2
dlE:Il'l A thude duwdng thing A sao cho khoang céch tir
A4 dén mat phing (P) bing 6.
Ciu 9 (0,5 diém). Cho tap hop E={1.2,3.4,5}.
Goi M la tip hop, tt ca cdc sb ty nhién co it nhat 3
chu 50, cac chir s6 d6i mgt khac nhau thudce E. Ch(,)n
ngiu nhién mot sO thuge M. Tinh xac suat dé so
duge chon cd tong cac chir 56 bang 10.
Ciu 10 (1 diém). Xét cac sb thye khong ama, b, ¢
thoa man diéu kién a+b+c=3. Tim gid tr nho
d b e
+ - :
bi+16 e*+16 o*+16
PHAN VAN THAI
(GV THPT chuyén Phan Bgi Chdu, Nghé An)

dudmg thing A: . Tim toa do

nhét ctia biéu thite A=

[\':L?

—S5xt 4 14x—-4=63x* —x+1
e (x+1) +3(x+1)=(8x* ~8x+8)

+3YBxT —Bx +8 (*)
Bat f(!)=='7‘ +3t,recR, taco

f'(t)=3¢+3>0,VteR.
PT{*}cédangf(xH):f{M]
=x+1=8x —8x+8=>x=1.
H¢ da cho c6 nghiém (x;y)=(1:1).

& <1 gt 2 2
Chiu 9. Vi h-] = , nén R T
Lol sl _2{'[5'[]~a1}+2a]
@+l (@+1)(e+l) | (@+1)(c2+1)
Z
{2(' (l—aE) +4g? 2 e
(@+1){c2+1

~ 2+l

TR

L (0<e<1).Khi 46 P<~21+—3

=243t (1- 1) =—3e+1=£(r).

Khao sat ham sé f(r) suy ramaxP = max f(t)

T
1 0 92’#“21%2 S5 455 (5-2015)

s L d i
[3) 9° dat duoc kha

C 1 a2 b—a JE J_
=== = 2
T 2a WE T

Ngoai cdch gidi trén hoc sinh co thé gidi ciu 6 theo céch
sir dung phwong phdp toa dg nhi sau

V& tia Kr vudng goc vai 4B, véi chidu cia tia ciing chidu
voi A'A. Chon hé truc toa do (K;XC".}CT.E} thi

' sl i G\IIE' 1 aﬁ_ )
(0-20).8{0-gia). D0, o200

N [@;aﬁ} 3 [@:—%m]

2 [+
suy ra ﬁ=[— £ :—%;a]; A—M=[ﬂ:—a;-—g—];

[AH.CEN| o5
[meee]

NGUYEN VAN THONG
(GV THPT chuyén Lé Quy Bon, Da Nang)

d{AM.NP}J
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oy

DI

«_j}“t??

g*rang bai viét nay ching ta sé dua ra met
l/ $0 dp dung ctia BDT hodn vi, mét bat d‘ang

thiec dom gian nhung dep, ding nd ta c6 thé
chitng minh diwgc nhiéu bat ddang thire khdc.

Xét hai day (bg) céc so thue o s
BB

£ 0P8 PYORTY o) -1 R (I T

a, va
b,. Néu ta lay tit ci cic hoan vi
‘ b,) thi co tat ca
n!=1.2..n tong co dang:

S=ax v ta .. (%)
Céu hoi dugc dit ra la: Trong cdc tong c6 dang
") tong nao la lén nhat, téng nao la nho
nhat ?
Trude khi tra 101 cdu hoéi nay ching ta s& can
mot vai khai niém.
1. KHAI NIEM. Cho a,,a,,....a, Va b, ,by,...,.b,
la hai day céc s6 thuc. Hai day duoc goi 1a sdp
cting thir fir néu ca hai day cung ting (tirc la
a,<a,<..<a, va b<h,£..<bh, ) hoic ciung
b ).
Hai day dugc goi sdp nguwoe thi ti néu mot day
tang va mdt day giam.
Thi du. a) —2;3;5 va 1;2; 4 la hai diy sip
cung thir ty, trong khi -2:3;5 va 4;2;1 1a
hai ddy sap ngwoc thir ty.
b) Néu 0<aq,<qg,<..<aq,

e L e :
PP la hai ddy sap ngugce thir ty, trong

giam (tic la @ 2@, 2...2a, va b 2b, 2 ...

thi a,.a,,....a, va

1 1 1
aata,”  ;tay a+a
1a hai day sdp cung thir tur.
c) Néu O<a <a,<...<a, va m 13 sb thyc

duong thi q, ,a,,...

khi a,,a,,...,a, va

,a, va af", ay,....a™ 1a hai

diy sdp cing thir tw, trong khi g, ,a,....,

A —1-, L la hai diy sip nguoc thir tir.

—
a’ a4 ar

a, va

HAY DAT MUA TC TH&TT TAI CO SO BUU BIEN GAN NBAT 1™

BAT DANG THUC HOANVI
VA MOT VAI AP DUNG

TRAN HU'U NAM (Ha Noi)
d) Néu @, <a,<...<a, vaklasé 1é thi
@y, y,....a, V& af , a} ,...,a’ 12 hai day sip cling
thir tu.
2. BAT PANG THU'C HOAN V]
Cho a,,a,,...,a, va b b,,...b, la haiddy cac
80 thye vér M 5 Ry ) la mot hoan vi tiy ¥

caia (Bob e b ).

o Néu A R B e sdp cimg thir
fie thi

gb +ab+.4ab Zax +tax, +..+ax (1}
o Néw I LI B ,f}:__,_,h”.\ﬁp ngieae thir
fir thi

ab +ab+..+ab Zax tax tatax. (1)
Ddu “=" trong (1) va (1) xay ra <& a=a=.=q,

hodc b=h=.=b, hodc(x,%,..x,|=(h.b..b,).

Chieng minh. Xét hai diy
b, cling ting va (x,,x,....

s T, B U T
,x, )1a mét hoan vi
tiy y cia (b, .b,,....b,). Gia sit x, > x,.
bit S=ax +a,x, +ax,+...+a,x, va

S'=ax, +ax, +ax,+...+a x,

(8'nhin dugc tr § bang cach d6i vi tri cua
x,vax,) Tace:

§'-S=a,x, —ax, +a,x,—a,x,
= (X, —x, ) +a,(x, —x.)
=(x, —x, )@, —a,)=0.

Do d6 §'2S. Nhu vay khi di vi tri cia x, va
x, thi gia tri caa S chi c6 thé ting 1én. Do dé
néu chiing ta dbi chd tit ca cac clp (x;;x;) vai
X, 2 x,,i<j thiténg chi c6 the tang 1én. Tong
dat gia tri 16m nhét khi (x,,%,,...x,)=(b ,b,,...b)

TOAN HOC
* cTugitze 1 1
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tirc lakhi S =a,b, +a,b, +...+a,b,.
Khi &
cling xay ra. Lap luan tuong ty khi a.4,....a,

=.=a, hodc b=..=b, thi diu déng thire

vi b,b,,....b, cing giam, viy (I) dugc chimg
minh. (IT) duge chimg minh twong tu ().

Tir BPT hodn vi ta ¢6 hai hé qua sau:

a, lacdce 50 thiee va
a,) thi

Hé qud 1. Néu a, ,a,,...,

(X, 1%y ,.s X, ) @ hodn Vi cua (@, ,ay,.0ns

a’+al+..+a; zax +a,x,+..+d.x,.

H¢ qud 2. Néu a,.a,,...a, la cdc s6 thuc

L

duong va (x,,X,....,x,) la hodn vi cua

Sk a
a) thi —+2+.+—"2n.

(@, a5,
% X X

Nhin xét. 1) Ciu hoi @ phén dAu: Khi nio tong dang
(*) lom nhat, nho nhat 43 dugc tra 11 qua BDT hoén vi.
Vi n =73 thi hé qua 1 tra thanh BDT quen thuge:

at+ b +c zab+bc+ca, VaboeR.
Heé qua 2 14 mdt bai todn trong cude thi Kuschdak cia
Hungary nam 1935 va la bi 6.2.9 -10.4 trong cude
thi Moscow Olympiad cia Lién X6 ndm 1940.
2) Trong chimg minh BDT va khi sir dung BDT
hoén vi ta hay ding mft ky thudt sau:
Néu f(a,.a,,....a,)la biéu thirc dbi ximg dbi voi

., dy e, (t0C 13 fla) 05 0000,) = (X X000 X))

véi moi hoan vi (X, ,%,.....x,) cua (4, ,d,,....a,) ) thi
a,)>0 taludn co thé gia
za,.Ly
lam dugc diu niay 14 i
a,)khong dbi voi moi hodn vi cia

dé chimg minh f(a, ,q,.
thiét ring a, <a, <..<a, hodc a, 2a, 2..
do ¢6 thé
fla ;...
(@,8,,...,4,) .

Sau ddy ching ta s& néu mot $6 thi du minh hoa
4p dung BDT hodn vi.

3.MOQT SO THi DY

Thi dy 1. Tim gid tri nho nhdt ciia biéu thikc

s 3
X CORTE . X
A= - vin 0<x <=,
Ccosx  SINX 2

Ni eme o v ML T
Loi gidgi. Vo U(Iﬁiithl sinx >0, cosx>0.

BT dbi xtimg doi voi sinx va cosx nén ta co
thé gia st 0<sinx<cosx. Khi d6 hai day

1 2 Tog;!ug% S4 455 (5-2015)

| 1 AL 3 z ;
= va sin® x, cos® x sdp ngugc thir tu
nén theo (II) ta co:
sin? X, co*-z’-x cos? X, sin’ x
sinx cosx s8inx  COSX

& 1=sinx+cos*x<A.
Véi ;—:% thid=1.Viy minA=1.0

Thi du 2. Cho ba 56 duong a.b.c. Chimg minh
a+bt+ct 1 1 1

RS T —E+E+_-'
Léi gigi. BDT cin ching minh tuong duong

vl

a’ ¥ b (1 }_l_+1+l

bcd ac® @b a b ¢
BOT dbi ximg dbi voi @, b, ¢ nén co thé gid sir
azb>c>0. Khi d6 hai ddy a°,p°,c° va

1 1 1

b3c3 ¥ (31'3(73 ’a\lbl
a b’ o }_ai_ B 2

sép ciing thir ty nén theo (I) ta

B ae  ab e @b e
5 3 5 2 2 2
a b c -
> — e —
®b3f3+ﬂ3l‘:3+ﬂ3b3 = c'_’- +ﬂ3 +b3 ('1}
1

Hai day a,b?,c> va — sép nguoc thir

3 bj. ) 1
tu nén theo (II) ta co:
a! bZ C? ai bl C?.
C _+__€_.’__ R o )
B 3 ¢ a b
(I P I e
—+— e gy 2
R R T Tl @)

Tir (1) va (2] suy ra BBT can chirng minh. O
Thi du 3. Choa,b,cla dj dai ba canh clia mot
tam gidc. Ching minh ring
al(b+c—a)+b*(c+a-b)+c*(a+b-c) < 3abe.
Li gidi. BDT can chimg minh twong duong v&i
a® +b* +¢* +3abc 2 a*b+ab* + bc + be?
+cta+ea’

& ala? + be)+ b(b* +ca) +c(c* +ab)

> a(b® +ca)+b(a® + bc)+ clac+be) (1)
Do BDT la @i ximg nén c6 thé gia sit
azb2c. Khi d6a’?+hczb*+ca. Ap dung (I)
cho hai day sip cung th¥ ty a, b va
a® +be, b +ca ta co:
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ala® +bc)+b(B +ca)z a(b® +ca)+ b(a* + be) (2)
Lai 4p dyng (I) cho hai diy sap cung thir tu b, ¢
vaa,ctaco: ba+c® =z be+ac
=c(c?+ab)2c(ac+bc) (3). Cong timg vé
(2) va (3) suy ra (1) ding. Déu “=” xdy ra
S gsh=o"[]
Nhdn xét, 1) Xét cach gidi khac cho thi dy 3. Ta cé:
a(b+c—a)+b*(c+a-b)+ct(a+b-c)<3abe
< a(b? +c* —a?)+b(c? +a? - b?)

+cl(a* +b* —¢?) < 3abe (4)
Theo dinh 1y cdsin trong tam gidc 4ABC ta co:
(4) <= 2abccos A+ 2abccos B+ 2abe cos C < 3abe

< cosA+cosB+cosC S% (5

Dé thay (5) ludn dung, suy ra diéu phai chimg minh.
2) Két qua trong thi du 2 van dang khi a, b, ¢ duong.
Tuy nhién khi a. b, ¢ duong thi ta khéng thé van
dung cach dung h¢ thirc lugng trong tam gidc nhur &
nhin xét 1 duge. Lic ndy phuong phap ding BDT
hoan vi cho thiy 18 hidu qua cua no.

Thi du 4 (/MO 1975). Xét hai dav cdc 56 thic
X = Xy ol Xy Vlﬁ'yl = ¥ - T Y- Crr’li'
ZjsZ95.+2Z, G mot hodn vi clig@ ¥1,¥3,..., ¥y
g H "
Chumg minh rang Z(r = y!]z < Z(x ~-z).
i=1
Lai gigi. BDT can r:hung minh twong dvong vai

Zx —2ny,+2}, <Zx2 2inzl+22

i=1 i=]
@le >Z %' (d-:}Zy, ZZ}

Nhlmg theo (I} ta co ngay BDT (*} O

Thi du 5 (/MO 1978). Cho a,.a,,....

nguyvén dm’mg phan biét. Chimg minh r&.ﬂg
1

1
+—+ +—>1+ — .
4 n? 2 n

Loi giai. Goi b,,b,,...,
a,,a,,...,a, sao cho b <b, <...<b . Theo gia

a, lanso

b,1a mft hoan vi cua

thiét a,,a,,...,a, nguyén duong phin biét nén

1 1

b=i (), vi=1,2,....n. Do I}E>"°>F nén theo
(1) ta c6:
s d b_] b do (1) 1 1
B O e S = . W P
' n2 b 4 +n2 l+2+ n

Thi dy 6. Cho A,B,Cla ba gic ciia mit tam
gidc (do bang radian) véi cde canh fwong ung
a,b,c; p la nika chu vi. Chimg minh rang
BB L 3% (1
p—a P-b P“f P

-----

™ 0 G
7t e ot G
Lan lugt ap dung BPT Chebyshev (thi du 10) va
BDT Cauchy, ta cb :

A+B+C { _1 1 1
v = : }
L 3 (pﬁa+p—b p—cj

=_j%(p—-a+p—h+p—c]( Eaerhal i 1_]

ASBsC=asbsc=

p—a p-b p-c

SIS - .34 L
2 3J(p a)p-b)(p L)-33]'|(p_a)(p_b}(p_c)

:31: g
P

Thi dg 7 (IMO 1995). Cho a,b.c la cdc sé
dwong va abc =1 . Chitng minh rdng

| 1 1 3
e S
a-‘(r'J+r.'}+h-‘(c.‘+cr}+c‘-‘(a+f})_ 2 (0
1 1 1
oi giai. it = =—V=od=—,2= =
Laoi giai. DBat x = bc a'} cd 7 ab :
Khi 46 x,y, z>0; xyz= : =1 va (1) tr¢ thanh:
abc
x° y? T8
+ 2=
y+z z+x+,1:+y 2 @

BDT (2) d6i xtmg dbi véi x, y, z nén c6 thé gia
si: x2y2z>0.Suyra x22y* 222 va
1 1 1

S
y+z X+y

e . Theo (I) ta co:

22
Z+Xx

2 2
5 Y ¢ A Y
X+y y+z

xZ y?. Z2
VT(2) =z + + f
Nz ek SE Y

Cong timg vé hai BDT trén va st dung BDT

(m +n)?
e
Z+x

OAN H
T*c':!ﬁigcéIS

m?*+n? = , ta duoc:

x2+y?
X+y

y2+2'2
y+z

1
VT(2)= E(
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}l({x-ﬁ-}'}z (p+2)  (z+x)
TRy 2wk HE+ )
BET Cauchy 1

_X+y+z

3
> — i yyr = —
) > 2.3,;‘1} 5 0

Thi du 8 (BDT Nesbint). Clhumg minh ring néu
a,b.c la ba so dwomg thi

b > ]
8 L oy
b+c c+a a+h 2

Léi gidi. BDT d6i ximg theo a, b, c nén ¢6 thé
I

gia st 0<a<h<c.Khidob g, b,cvé—*——l——,
b+c c+a

i 1 hai ddy sdp ciing thit tu nén theo (I) ta
a+b

: b C a b c
co: i = Z + i
b+c c¢+a a+b a+bh b+c c+a
a b ¢ da b c
+ + > ;
h+e¢ c+a a+bh a+c b+a c+b

Cong timg vé 2 BDT trén ta duge
a b i l(a+b b+e
—t >

b+c c+a a+b 2\a+b b+c
Diu“="xayra < a=b=c. O

+c+a' :E
c+a) 2

Thi dy 9 (BT hodn vi dang lity thira).
Cho a>1,h=le21. Chirng minh rang

(1IT)

a"bres Zzat et
Léi gidi. Cach 1. BDT khong dc‘j‘i qua phép
hoan vi vong qu'fmh nén co thé gia thiét:
a=max{a,b,c}. Neuazbzc21,taco:
(IIL) & g@-bh=< > ca-heb-e (1)
BDT (1) luon ding do @ 2 ¢* bbb =2,
Bay gid xét azc=2b=1. Taco:
()< = a2 e bt (2)
BDT (2) luén diing do @~ 2¢**,a*? 2b".
Vay trong moi trurong hop ta déu c6 (II0).
Cach 2. BBT (III) twong duong véi
alna+bInb+clne=blna+clnb+alne (%)
Néu azb=c21 thi (ab,c) va (Ina.Inb,Inc)
la hai day sdp cting thir tu; Néu a=zc2b2z1 thi
(a,c,b) va (Ina,Inc,Inb)1a hai diy sdp cling
thir tw. Trong ca hai truomg hop theo (1) ta ¢o
(.0
Nhgn xét. BDT (I1T) van dung khi a, b. ¢ duong va
thi du 9 ¢ thé duge md rdng nhwr sau:

14TOﬁN HQC

* CTudilpe SO 455(5-2015)

Vi cde 56 duong a, . a,,....a, ., ta luén cé:

s a, ey e pl
a/'ay a2 aldy .. al iy

Sir dung BDT hoan vi ta c6 thé chimg minh
nhiéu BDT co dién khdc.

Thi du 10 (BDT Chebyshev). Cho hai day cdc 50
thwe a, ,a,,....a, va b.b,,...b, . Chitng minh
rang : a) Néu hai day sdp cing thir tie thi

ab, +a.b, +..+ab,

n
a, +d,+..+a, b +h+...+h
- P - i _J" | =] '.‘

n n
b) Néu hai day sap nguoc thie tu thi
ab, +ab, +..+a.b

i
Lyt Tt 1"J| *bj + ...—b”

=

n H
Lai giai. a) Theo (I) ta co:
ab, +a,b, +..+a,b, =ab +ab, +..+ab,
ab, +ab, +...+ab, Zab, +ab; +...+a,b,

ab +a,b, +..+a,b, zab +a,b, +..+a,b,

ab, +a;b, +..+a,b, zab,+a,b +..+a,b,,

Cong timg vé cic BDT trén ta dugc:
n(a,b, +a,b, +..+ab )z

(a,+a,+..+a )b +b, +..+b,),
ta c6 BPT can chimg minh.
BDT & cu b) duoc chimg minh tuong tu. O
Nhin xét. Dau “=" trong BDT Chebyshey xay ra
& a =a,=..=a, hoic b =b =..=b,.

Thi du 11 (BOT Cauchy. con goi la BDT trung binh
cong — trung binh nhan)., Chimg minh rc:u?g néit
@, s@qy..,0, la cde 56 khong am thi

o AL O e
n N 0
Loi gidgi. a) Néu it nhit mét trong cic sb

a,,d,.....a, bing 0 thi BDT hién nhién ding.
Néu cac sé a, (i=1,...,n) déu duong, dat

= et @ Oy
M="aa,..a,; x ——Jﬁ,xg— 7B w ko

Khi do theo hé qua 2 ta co:

iy dy
ST
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B ooy Pl sl b Gt bl
Xy X Xy
gitdst g o o————

= .—L——%.H..—"En alaz...d‘” .

Diu*="xdyra < x, =...=x, & a, =..=a,.0

Thi du 12 (BOT h’e.rmwf;m-wkﬂ Chirng minh rdng

néu &y 5By gy, VA D, Wb lal2n 6 thue thi
(a,b, +a,b, +...+a,b )

Sla) +a) v+ B+ B2
Déu “="xavra < teR: a, =th, hogc b, =ta,.

Léi gidi, Néu a, =a, =...=a, =0 hodc
b, =b, =...=b, =0 thi BDT hién nhién ding.
Néutdntai @ #0 va b, =0, ta dat

M =ai+d3+..+a;, N=[bT+b3+..+b} ;

; Diien
X; =H', xn,,,:ﬁ’ =Launy
Khi do theo hé qua 1 ta co:
at+ai+...+a? % bl +bi+..+ b2
M2 N2
=x{+xi+..x24xi .+ 23,

2=

= XXy Toaat XXy + X1 Xy +...+ XX,
2{.'ﬁ]h]'i' +ﬂ',.rb )
MN
Suy ra BDT cin chimg minh. Diu “=" xay ra
S X=X, aN=bM (i=1..,n).0

Thi du 13. (BDT trung binh cong — trung binh

binh phwong) Chimg minh rang néu a, .a,....,a,

la cac so thire thi
a,+a,+..+a

L e @
— | =
n \' n

+a’

aﬁ+a2 +ota@? =al +al +r..+a§

a; +ai +..+ak 2aa,+aa+..+aa

ai +ai +..+a: zaa, +a,a,+...+a,a,

al+a;+..+alz2aa,+aa+..+aa_,.
Cong timg ve cac BDT trén ta dugc:

n(al +ai+..+a)z(a +a,+..+a ).
Suy ra BDT céin chirng minh. Dau “=" xay ra
oa=a,=.=a.0

https:/sites.google.com/site/letrunglidenmath

T8 dicu J'.lm.} Chimg
, la cde 50 diverng thi

Thi du 14 {B]UT I'B nhdn -
minh P‘(ﬂ?}_{ néu a,

Nas...a, ?“E =5 . I
} .2
i a,
a,a,
Lei gigi. Dat N =yaa,...a ;x, =—,x, -N—z‘,
a,a,.
. . Theo h€ qua 2 ta co:
N
X X
aa i pogt NN g N
Xz A3 X oy ity
=4 "Ja.ag.ha,, :_’l—ii_l
—+ A
a ; d,

Déu “=" xay ra khi va chi khi

X=X ==X o4 =0-=.=a.0
Nhgn xét. Ki hiéu A A, A, A, lin lugt 1a trung
binh diéu hoa. trung binh nhin, trung binh cong va
trung binh binh phuong cla cdc 86 duong
a, ,d,,...,a, thitircicthidull, 13, 14 ta co:

ArcA, <4, <4,
Qua céc thi du trén, ta da thay tinh hiéu qua cua
BDT hoan vi trong chimg minh BPT, nhiéu
BBT kho nhung di duoc chimg minh kha don
gian nhd BPT hoan vi. Dé luyén tép, céc ban
hay gidi cac bai tip sau.
BAI TAP

1. Chimg minh ring néu @ >0, b >0 thi
a) 2@ +b°)z(a*+b* ) a* +b).
b) a® +b° 2 a’b*(a’ +b°).
c) a”+b" 2" N (g" +b"), ne N*,
2. Chimg minh rang néu a,b,cla cac s duong
thi a) ab+bc+ca = abe +bca +cab .

b) a+§+cg |'a"+b;+c'” )

4. (IMO 1983) Biét ring a, b, c 1 d¢ dai ba canh
cua mot tam gidc. Ching minh ring

a*bla-b)+bic(b-c)+ctale—a)=0.
5. (US4 MO 1974) Chimg minh ring néu a >0,

a+f+e
b>0,c>0,neZ" thi q°b®cc =(abc) 3
Tai liéu tham khio

1. Dragos Hrimiuc. The Rearrangement Ineguality -
m in the sky. PISM, issue 2, page 21 — 23, 2000.

2. Phan Huy Khai va Trén Hiru Nam. Bar ding thire
va umg dung. NXBGD Viét Nam, 2009,

TOAN HOC
Pel5
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CAC LOP THCS

Bai T1/455 (Ln’p 6). Tim sc) tyr nhién co Ilhl(:l.l

hon 3 chir so, biét ring néu ta bo di 3 chix s0

cudi cuing clia 56 do thi ta duorc mot s6 m&i ma
lip phuong cia nd bing chinh sé cin tim.

VU HONG LUQNG

(GV THPT Yén Duong, Tam Ddo, Vinh Phiic)

Bai T2/455 (Lép 7). Cho hai s6 thuc duong a

vi b théa man diéu kién a” —a—-1=0va
b*™" — b —3a=0. Hay so sanh a va b?

LE XUAN bAl

(GV THPT chuyén Vinh F‘hur_}

Bai T3/455. Giai phuong trinh:
x+y+xfl—y2 +yfl—x2 =%.

_NGUYEN DUY THAI
(GV THPT Nam Hong, Hong Linh, Ha Tinh)

Bai T4/455. Trén dudng tron tim I cho truwdc,
ldy hai diém B, C ¢6 dinh va diém A chuyén
dong trén dudng tron sao cho tam giac ABC
nhon. Trén canh AC Ié".y diém M sao cho M4 =
3MC, H 1a hinh chiéu vudng g6c cia M trén
canh AB. Chimg minh ring diém H luén thue
mét dudng tron c6 dinh.
NGUYEN QUANG NAM
(GV THPT Quy Hop 2, Nghé An)

Bai T5/455. Tim cac nguycn o X, v thoa min
G20 =2 + 11+ +9.
TRAN VAN HANH
(GV DH Phgm Van Bong, Quang Ngdi)
CAC LOP THPT
Bai T6/454. Giai h¢ phuong trinh
X4y =4y -5y+3x+4
2y} +2° =42 -5z+6y+6.
3244 =4y —5x+9248

CAO MINH QUANG
(GV THPT chuvén Neuyén Binh Khiém, Vinh Long)

1 6TOFIN HOC

- CTm'lt!:e S& 455 (5-2015)
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Biai T7/454. Cho tam giac ABC. Goi m,, my m,
la do dai cac dudng cic trung tuyén lan luot
ing v&i céc canh BC = a, CA = b, AB =
Chimg minh rang:

(a2 +b? +L.1][é+_};+%)22ﬁ[ma +m, +mt_).

Ping thirc xay ra khi nao? )
DUONG VAN SON
(GV THPT Hé Huy Tép, TP. Vinh, Nghé An)

Bai T8/455. X¢ét tam gide nhon ABC c6 cac goc
la 4, B, C. Tim gia tri 16n nhét ciia biéu thirc

_tan’ A+tan’ B tan’ B+tan1(:'+tan?C+tan2A

Ttan*A+tan* B tan* B+tan' C  tan* C+tan® A

KIEU DINH MINH

(GV THPT chuvén Himg Viong, Phii Tho)

TIEN TOI OLYMPIC TOAN

Bai T9/455. Tim hé s6 ctia x° trong khai trién
(1 +x)(1 + 2x)(1+4x)...(1 + 2%
NGUYEN TUAN NGOQC
(GV THPT chuyén Tién Giang)

Bai T10/455. Cho céc so duong ay, ay, ..., a,
: ” 1 1 1
this min @ o+l st b,

H a da a

| 3 i n n
Tim gié trj nho nhét clia A=g, £ SN e

LE VIET AN (Thira Thién - Hue}
Bai T11/455. Tim 50 thuc k 1on nhét thoa man
diéu kién: Véi 3 sb thue a, b, ¢ sao cho
‘a|+|b}+| |<k thi hé bat phuong trinh sau vé
nghié¢m:

16 9 4
X +axr +bx +ex+15<0

x"’—xL"H‘ + ‘x“—x +]|£2 '
TRAN TUAN ANH
(GV Khoa Todn Tin, PHKHTN, TP. H6 Chi Minh)
Bai T12/454. Cho tam gidc ABC nhon ndi ticp

duomg tron (0) vdi dudng cao AD. Tiép tuyén
tai B, C ctia (O) cit nhau tal T. Trén doan thing

AD liy diém K sao cho BKC =90°. G 1a trong
tam tam gidc ABC, KG cit OT tai L. Cac diém
P, O thudc doan BC sao cho LP // OB, LQ //
OC. Cic diém E, F lan lugt thuéc doan CA, AB
sao cho QE, PF cing vuéng goc vai BC. Goi
(7) la duong tron tim T di qua B, C. Chimg
minh rang dwdng tron ngoai tiép tam gidac AEF
tlep xlc vai (7).
TRAN QUANG HUNG
(GV THPT chuyén KHTN, PHOG Hé Néi)

HAY DAT MUA TC TH&TT TAI CO SO BUU DIEN GAN NBEAT 1™
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Bai 1.1/455. Cho doan mach RLC nhu hinh
dudiz uas = 100+/5 cos(100mt) (V).
Biét von ké c6 dién tré vd clng 16n, tu dién co
dung khang 16n gép 3 lén dién tro R.

s

£
A R B
B e ! '__H‘_':'" T
1

a) Khi d6 tu cam co gia tri L = L, thi von ké chi
gia tri U, va dong dign trong mach sém pha @,
s0 vOi tap. Khi L= L,= 2L, thi von ké chi

U= %U, va dong dién trong mach tré pha @,
S0 VOT Uag.

+Tim @, va @, .

+ Viét biéu thirc u(t) cua dién ap giira hai dau

vén ké (mg véi tredmg hop L= L.
b) Biét R = 20 Q, cho L bién thién. Tim gid tri
L = Ly dé sb chi cua von ké dat cyc dai. Viét
biéu thirc ui{(t) clia dién ap gitra hai dau von ké
khi do.
¢) Vin giit R =20 Q. Tim gia tri cua L dé U,
dat cyuc dai. Viét biéu thirc u(t) khi do.
VIET CUONG (Ha Ngi)

Bai L2/455. Mt may bay bay theo phuong
ngang vGi vén toc vy = 320km/h, bat ngor doi
huéng va bit dau chuyén dong lén trén theo
cung tron nim trén mit phing thing dimg. Van
téc clia may bay hic niy thay doi theo d cao
theo qui ludt v* = vZ — 2gy va tai diém cao nhét
bing v, = 160km/h. Gia tbc clia may bay bing
bao nhiéu tai diém cao nhét va tai diém vin toc
clia né huéng thing dimg lén trén?

TRAN KHANH HAI (Thira Thién - Hué)

PROBLEMS IN THIS ISSUE

FOR SECONDARY SCHOOL

Problem T1/455 (For 6" Grade). Find a
natural number with more than 3 digits
knowing that if we delete its the last 3 digits,
we will get a new number whose cube is
exactly equal to that wanted number.

Problem T2/455 (For 7" Grade). Given two
positive real numbers a and b satistying the
following conditions " —a — 1 =0 and

bmm

~b—-3a=0. Compare a and b.
Problem T3/455. Solve the equation

x+y+x,fl—7+yﬁ=%.

Problem T4/455. On a circle centered at the
point /, fix two points B and C. A point 4 varies
on the circle such that the triangle ABC is
always acute. On the side 4C, choose M so that
M4 = 3MC. Let H be the perpendicular
projection of M on the side 4B. Prove that A
always lies on a fixed circle.

Problem T5/455. Find all prime numbers x and
v such that
@ +2F =2 +11 )y +x5% +9.

FOR HIGHSCHOOL

Problem T6/454. Solve the following system
of equations

x}+y? =4y? —5y+3x+4

2y3 423 =472 524+ 6y+6.

3242 =4y* —5x+9z+8

Problem T7/454. Given a ftriangle ABC.
Suppose that the length of the sides are given
by BC = a, CA = b, AB = ¢ and m,, m;_and m,
are the length of the corresponding medians.
Prove that

(a?+b? +{'2)[% +%+%) >2J3(m, +m, +m).

When does the equality happen?

(Xem tiép trang 27)

TOAN HOC
* CTudilpe
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Cho a, b, ¢ la cdc so nguyen
¢ L, ol Al
duwong thoa man —+—+—
§ g e
A O e et
nhdt co thé clia S =—+++—.
a b

Bai

T1/451.

< 1. Tim gia tri lom

Léi gidgi. Do vai trd ctia a, b, ¢ nhu nhau nén gia
sit a>b>c> 1. T didu kién coa gia thiét

l+l+%<1phéicéaijbECZZ.Tudo S
a

| N W = | L eds ]
St e ind- P,k
ot Y nén ~ +-<z, suy

: L kol o
b>3.Dod6S<—+=-+=<1nén —<
3 2 a

+

LB
a b
az

2

1 yrma>7 Tedos< l+%+% hay S <

7
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gia tri nay dat duge khi (a; b; ¢) bang (7; 3; 2)
hodic cac hodn vi cia bj ba sé d6. O

Nhin xét. Mot sb ban cho két qua ding nhung lap
lufin khéng chat ché. Céc ban sau c6 1& giai tot:
Phii Tho: Nguyén Chi Cong, 6A3, THCS Léim
Thao; Vinh Phic: Lé Minh Viét Anh, 6A, THCS
Vinh Yén; Nguyvén Thi Thity Linh, Nguyerr Vidn Nam,
Nguyén Duy Todn, Lé Anh Qudn, Nguyén Khac Tu,
6A1, THCS Yén Lac; Tran Minh Huy, Dao Ngoc
Hai Bang, 6A, THCS Ly Ty Trong, Binh Xuyén;
Ha Tinh: Tran Thi Kim Oanh, Nguyén Hai Ly,
Pham Yén Nhi, Pham Anh Neuyét, Pham Hiéu Ngan,
Phan Lé Van Nhi, Tran Nhe Quinh, 6A, THCS
Hoang Xudn Han, Pirc Tho; Kon Tum: Lé Viér Luu
Duy, 6A4, THCS Ly Tu Trong, TP. Kon Tum;
Quing Ngii: Lé Tuan Kiét, 6A, THCS Pham Vin
Déng, Nghia Hanh.

VIET HAI
Bai T2/451. Cho tam gide ABC cdn tai A, AH
la dueng cao. Goi D la trung diém doan thang
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AH. Vé HE vudng goc voi CD tai E. Chimg
minh ring AEB =90".

Léi gidi.
F A

B o C
Ta ¢6 BH = HC. Trén tia déi clia tia DC lay
diém F sao cho DF = DC. Goi K la giao diém
cia AB va HF. Ta c6 ADAF =ADHC (c.g.c)
— AF = HC,DAF = DHC =90°, do d6 AF // BH,
AF = BH (= HC), suy ra AKAF = AKBH (g.c.g)
— AK = BK,KF = KH; ABAH = AFHA (c.g.c)
= AB=HF.
Xét AHEF vubng tai E (HE LCD), co EK la
HF AB
= P i &
Xét AEAB ¢6 EK la duémg trung tuyén

(4K = BK) va EK =%, do d6 AEAB vudng

duomg trung tuyén, nén EK =

tai E. Viy AEB=90°. O

N.&gn xér. Bai toan tuong d6i d&, tét ca cac ban tham
gia déu c6 loi giai ding. Cdc ban sau dy c6 101 giai
t6t hon ca: Phii The: Lé Na, 7A, Thi trdn I, Yén
Lap; Triéu Quang Manh, 7A3, THCS Lam Thau
Ngh¢ An: Nguyén Dinh Tudn, Pinh Thi Quynh
Chdu, Hoang Thi Bdo Ngoc, Thdi Ba Bao, 7C,
THCS Ly Nhit Quang, D6 Luong; Quing Ngii:
Nguvén Lé Hoang Duyén, Da Thi My Lan, TA,
THCS Pham Vin E)cng. Ngz.'_}ren Thi Kiéu Mau,
THCS Nguyen Kim Vang, Mai Thi Thu Thao, 7C,
THCS Thj trdn Séng V¢, Tu Nghia. Cin Tho:
Nguyén Hoang Nhi, TA6, THCS Thot Not.

NGUYEN XUAN BINH
Bai T3/451. Giai hé phwong trinh
[(x2-1 y*-1
Ly

¥ X

=3 (@

|
4

: 12
at—yre—=9 (2)
X

Lai giai. DK: xy # 0. Ta cé:
PT(2)& x* —xy? —-9x+12=0 (3)
PT(1)o ¥ +y} —x-y-3xy=0
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S (x+y)P-(x+y)-3xyx+y+1)=0

& (x+)[r+y) =1]-3xy(x+y+1)=0
Sx+y+1)(x2+y2—xy—x-y)=0.

e Véi x+y+1=0 thi y=-x-1, thay vao (3)
ta duge x? +5x—6=0. Tir d6 tim dugc nghiém
(x; ) coa HPT 1a (1; -2) va (=6; 5).

o Vi x2+y? —xy—x—y=0, két hop véi (3) ta
dugc

(3 —xy? =9x+12)-2(x2 4+ y* —xy—x—-y)=0
S (x+y-3Nx—xy+x-2y-4)=0.

+Néu x+y—-3=0 thikét hop véi
x*+y?=xy+x+y ta tim dugc nghiém (x, )
cua HPT 1a (1; 2) va (2; 1).

+Néu ¥ —xy+x-2y-4=0 thi 2x=y2+y+4,
thE vao 4(x*+y2—-xy—x—y)=0
¥4 +9y2 —6y+8=0< y*+(3y-1)*+7=0,

PT v6 nghiém.

Vay HPT cd 4 nghiém (x; v) 1a (15 2), (2; 1),
(1;-2) va(-6; 5). O

» Nhin xét. Bai nay céin c6 ki ning bién doi dai so
va phén tich da thirc thanh nhan tir. Chi ¢6 ba ban co
loi gidi dung. Thanh Héa: Ddng Quang Anh, 8A,
THCS Nguyén Chich, Péng Son; Ha Tinh: Hodng
Khdnh Trung, 9A, THCS Hoa Lién, Nghi Xuén;

Phi Tho: Nguyén Nhdt Dang, 9C, THCS Phong
Chéu, TX Phi Tho.

suy ra

NGUYEN ANH QUAN

Bai T4/451. Cho hai dudng tron (O ; R) va (0'; R')

céit mhau tgi A va B. Trén tia doi ciia tia AB ldy

diém M bat ki. Tir M ké téi deomg tron (O'; R')

hai tiép tuyén MC va MD (C, D la cac !r'{:,rr diém

va D nam trong (O : R). Caic duong thang AD

v AC ldn lwet edt (O : R) tai P va O (P, O khdc

A). Chitng minh rang dwong thang PQ ludn di

qua mot diém co dinh khi M thay doi trén tia

doi ctia tia AB.

Lai gidi.

Goi E, F lan luot 1a trung diém ctia CD va AB;

N la giao diém cua O'F va CD.

Dé thiy AQ'EN < AQ'FM, suy ra
O'EOM=0F.ON.

Miit khic, O E.O'M= O'D* = O'4%.

Suy ra NA L O'A, do d6 NA, NB la cac tiép
tuyén cuia duong tron (0').
M

AN

=N

Goi K 1a giao diém ciia PQ véi tiép tuyén tai B
ciia dudng tron (0). Tacé KOB = PAB=NCB ;
OKB = QPB - PBK = BAC - KOB
—BDC -DBN =CNB,

suy ra AKQB < ANCB, nén

BQ BK BO

= == 1

ST Eg R e A (?
Do AKQB <> ANCB, nén ADBC «» APBQ. D¢
v APBQ va ADBC lan lugt ndi tiep dudng
tron (O; Ry va (0'; R'), suy ra

Bg_R
BC R

Tir (1) va (2) ta 6 BK = %.BN (khong 480), do
d6 diém K c6 dinh. q _
Vay duomg thang PQ ludn di qua diém K co
dinh khi M thay @i trén tia déi cia tia 48. (J
Nhdn xét. Bai toan ndy co thé giai bing cach sir dung
phép vi tir quay. Chi co hai ban tham gia giai béi toin
nay la ban Bdng Quang Anh, 8A, THCS Nguyen

Chich, Péng Son, Thanh Hoa va ban Hodng Ven
Hiéu, 9E, THCS Vinh Yén, Vinh Phiic.

NGUYEN THANH HONG

(2)

Bai T5/451. Tim gia tri nho nhdt cua
2 [ F
A=—"—4 |———rong do x, y ld cdac so thuc
Iy Yy+l

diong thoa mdn x + v <3,
Loi giai. Vé&i hai s6 a, b khong dm ludn cd

a+b—2JE=(Jc_1—J5)2 >0, suy ra
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S4& 455 (5-2015) * Cludilpe

HAY DAT MUA TC TH&TT TAI CO SO BUU BIEN GAN NHEAT 1™



https:www. facebook. com/letrungldenmath

httos:/sites. google.com/siteletrunglidenmath

a+bz2Jab (1)
dang thirc xay ra khi a = b.
Ap dung lién tiép bat dang thirc (1) véi hai sé
duong x, y ta co
2 3 2 3

_+—=_.__+__
3xy f3Ay+1) 3xy 3+y+l

2

_i+i 2 2 o, 6  4+y) xy+d+y
3y 4+y (3 6) \d+y 6 6

2 Xy 6 4+y ylx+D)+4
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Theo gia thiét 0 <x +y<3nén 1<x +y+ 1<4,
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Viy minA:i,: khix=1,y=2.0

Nhin xét.
1) Péy la bai todn cye tri hai bién c6 chira cin thic
ma vai trd cua x, y khéng nhu nhau nén cé it ban
tham gia giai bai.
2) Tuyén duong céc ban sau co loi glal tot:
Phii Tho: Nguyén Thao Chi, Nguven Hai Duong,
Tran Thi Thu Huyén, 8A3, Nguyén Tién Long,
9A1,THCS Lim Thao; Vinh Phiic: Neuvén Minh
Hi'éu, 9D, Phung Vin Nam, 9E, THCS Vinh Yén;
Kon Tum: Lé Viét Liww Thanh, 9A, THPT chuyén
Nguyén Tat Thanh.

PHAM THI BACH NGQC
Bai T6/451. Cho cdc s6 thiee a, b, ¢ véi a#0
thoa man 145a+144b+144¢ =0. Chimg minh
rang nghich dao cia hai 56 chinh phuong khdc
0 lién tiep khong thé cimg la nghiém cua
phiueang trinh bdc hai ax® +bx+c=0.

TOAN HOC
20 - CTudilre S8 455 (5-2015)

Lai gigi. Gia sit phuong trinh ax? + bx+c=0

T o S e
co hai nghitm la — va = vl n la so
n

(n+1)

nguyén duong. Theo dinh Ii Viéte, ta co:
b )
n? (M+1)2 5

AT ML
nz(n+1)2 a

2
y 1 1 SRE- v i
Tu{l]suyra[n n+l] +n{n+l)_ =

1 2 b

=5 =+ =——,
n*(n+1) n(n+l) a
Két hop véi (2), ta duge
2 =_b+n‘ 3)
u[n+l) a
Mt khéc tir gia thiét
145a+144b+144c =022 183
a 144
2., 45 288
Tir (3), (4) suy ra —-=——=n(n+1
FulO n(n+l} 144 ( } 145°
Diéu nay khéng thé xay ra vi n(n+1)eN con
288
N.O
145 °

Vdiy nghich dao ctia hai s6 chinh phuong khac 0
lién tiép khong thé ciing 1a nghiém ctia phuong
trinh bic hai ax?®+bx+c=0. Bai toan dugc
chimg minh.

Nhgn xét. Co thé suy luin nhur sau :
Tur (1), (2), (4) co

4, ot Sltepa R
g

Diéu nay khong xay ra vi véi n nguyén duong thi

| 1 1
%1 Y T
[”2 [nJrl)2 144
Ban H6 Xudn Himg, 11T1, THPT D6 Luong I, Pa

Son, Bé Luqng, Nghé An dua ra bai todn télng quat
Choe cdc so thuc a, b, ¢ vai a#0 thoa mdn

ka+b+c=0 (k>1). Ching mink ring phwong

trinh béc hai ax*+bx+c=0 khong thé c6 hai
nghi¢m cung {én hon 1 hodc cing nho hon 1.
Céc ban thir kiém tra bai todn nhé!

HAY DAT MUA TC TH&TT TAI CO SO BUU BIEN GAN NHEAT 1™
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Cac ban sau ddy co bai giai tf)t: 0
Ha Ndi: Nguyén Van Tién, I1A1, THPT Dong
Quan, Phia Xuyén; Yén Bai: Vi Hong Qudn, 11
Toén, THPT chuyén Nguyén Tat Thanh; Thanh
Héba: Nguyén Neoc Vinh B, 11T, THPT chuyén Lam
Son; Ha Tinh: Trdn Bdo Trung, Lé Phan Nhdt Duy,
Nguyén Van Thé, Nguyén Duy Tuan, 11T1, THPT
chuyén Ha Tinh; Nghé An: Cao Hitu Dat, Phan Dirc
Tién, Neuyén Sy Manh,10A1, THPT chuyén Phan Bi
Chau, TP Vinh, Ho Xudn Himg, 11T1, THPT D6
Luong I, Pa Son, Do Luong; Hung Yén: Triéu
Ninh Ngdn, Dwong Hong Som, Chu Vi Nguyén
Hanh, 10A9, THPT Duong Quiang Ham, Van Giang,
Chu Minh Huy, 10 Todn 1, THPT chuyén Hung
Yén; Bl‘mg Nai: Cao Pinh Huy, 11 Toan, THPT
chy}'én Lmeng Thé Vinh, TP Bién Hoa; Vinh Phuc:
Do Vin Quyeét, 10A1, THPT chuyén Vinh Phuec.
NGUYEN ANH DUNG

Bai T7/451. Xét tir dién ABCD néi tiép mdt cau
(S) cho rwoc. Goi A, B, C,, D, lan luot la
trong tam cac tam gide BCD, ACD, ABD, ABC.
Cdc duwong rhd:ng AA, BB, CC,, DD, cdt (5)
lén Lot tai cde diém A, B,,C,,D,. Tim gia tri
nhé nhart clia biéu thirc

 AA? + BB} +CC} + DD}

~ ABCD+AC.BD+AD.BC

Léi gidi.

A,

Goi £ 1a giao diém ctia DA, v6i mit cau (S), M
1a trung diém cua BC. Vi ADAE la tir gidc ndi
tiép, nén

AA . AA, =AD.AE= %DM (AM+ME)

3

:%DM[10M+ME]=§DM1 +%DM.ME,

Ap dung céng thirc dudmg trung tuyén cho
2 2 2

ABCD tacs DM? =28 ;DC —Bf :

Mit khic, do BECD la t& gidc ndi tiép nén

2
MD.ME = MB.MC = %. Sty

2{ DR+ D(C?* BC* BC?
AAl.A1A2 =§[ 3 = 4 ]4— 6
DB? +DC? + B(C*?
= 9 (1)

Tir gia thiét 4, la trong tim ABCD, theo cing
thirc Leibnitz ta thay

AAZ = AB’ +A§3 +AD* BC? +{Z'.32 +DB? @)
T (1) va (2) ta thu duoc

A AB*+ AC*+ AD?

—AA A A, suyra

3
AB? + AC? 4+ AD?
AA (AA +AA)= :
2 2 2
t:*AAL.AA2=AB +A(3:' +AD 3)
Tuong tu ta cling co
2 2z o
pe. BB, = BA +B§ +BD @
' 2 2 2
CC.0e2 CA +C§' +CD (5)
Z 2 2
DD, .DD, = DA +D§ +DC (6)
Tir (3), (4), (5), (6) suy ra
AA,.AA, +BB,.BB, +CC,.CC, + DD,.DD,
2(AB? +AC? + AD* + BC? +CD* + BD? o
= 3
Vén tit cng thire Leibnitz ta thiy
AA? +BB? +CC + DD
4

:5{,432 +AC? + AD? + BC? + CD* + BD?) (8)

Str dung bdt dang thirc Bunyakovsky ta co

(AA,.AA, + BB,.BB, +CC,.CC, +DD,.DD, )’

<(AA?+BB?+CC? +DD}?)
X[%2+$22+CQ2+DD22) (9)

Tir (7), (8) va (9) suy ra

AA? +BB,* +CC,* + DD,?
= AB* + AC? + AD? + BC? +CD? + BD?
2 2(AB.CD+AC,BD+AD,BC},

ORA
a2 1
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Tir @ P >2. Dang thirc xay ra khi va chi khi
ABCD 1a tir dién gin déu. Tém lai minP =2. (J
Nhin xét, Bay la mot bai toan tim cyuc tr] hinh hoc
¢6 sir dung dén hé thirc lugng trong duomg tron, tinh
chat trong tdm tam giéc, cing thirc Leibnitz va bat
ddang thirc Bunyakovsky. Rat tiéc khéng c6 ban nio
tham gia gini &1 gidd cho bai todn néy.

HO QUANG VINH
Bai T8/451. Cho cdac so thwe a, b, ¢. Chimg
: : 1 1 _eF+nbF FP+nt o +na’
minh rang —+<+-2— —— A = {1]
il |'I? e o +.FHr? |'ri’1 'i"f?f" ¢ +1er
trong do nelM n=2.

Léi gidi. (Ciia nhiéu ban). Trude tién ta chimg

. ! n a’+nb?
minh BT et e d a2

b+na _a’>+nb?
(n+Dab  a*+nb’
< ab+na' +nb +nfab® zna’b+a’b+rntab® + nab’
< na*—na*b+nb*—nab*=0
< nla—bP(a®+ab+b*)z0 (3)

Taco: (2)=

BDT (3) ding v&i mei a, b duong va n=2, nén
(2) ding. Tuong ty ta co:

1 - b +nct @)
(n+1b (n+le B +ncd

| n ct+nat
e e Ding )

Cong cac BDT (2), (4), (5) ta duge BDT (1)
Diing thirc xay ra khi a=b=c.

Nhin xét. 1) Co thé giai bai ndy bing cach ding
BDT Bunyakovsky va BDT Schwarz nhu sau: Ap
dung BOT Bunyakovsky ta co:

3

1 3 e 4
(a® +nb? ) =[a5.a5 +n555.n5b5J =(&® +nb Na+nb),

1
| 1
(a+nh)? = [(z.l+n5b.n '2'] < (a* + nb?)(1+ n).

iy a +nb* a+nb < n+l
i4nb T at+nb® T a+nb’
Ap dung BDT Schwarz ta co:
| 1 (n+1)2 n+l 1 {1 n
e =5 < e i
a+b+'"+h_ a+nh ¢>d+nb‘n+l[a+b]'
\ﬁ_f
rr,nﬁ'-:—?
a’ +nb? ol i |
i < S iy
Do dé: e 1( ]{6)
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22 5 c,-uélgg S6 455 (5-2015)

HAY DAT MUA TC TH&TT TAI CO SO BUU DIEN GAN NHEAT 1™

Tuong tu, ta duoc:
;ﬂr{_l_[ ]()Hmz _1__[ ](8]
+nc " n+llb c+ngt T on+l
Caong (6), (7), (8) ta co (1).
2) Rét nhiéu ban tham gia giai bai nay va déu co 1o
giai dlng, cdc cach giai 1a kha phong phi. Céc ban
sau ¢ 167 giai ngin gon: Yén Bai: Vi Hong Qudn,
11Toan, THPT chuyén Nguyén Tit Thanh. Bic
Giang: Nguyén Van Nghia, 10A1, THPT Lang
Giang sb 3. Nam Binh: Trink Tudn Giang, 1072,
THPT chuyén Lé Hong Phong. Thai Nguyén:
Nguyén Thanh Ting, Todn 11 K25, THPT chuyén
Théi Nguyén. Vinh Phuc: Nguyén Cam Dung, Do
Van Quyér, 10A1, THPT chuyén Vinh Phic; Hodng
Véan Hiéu, 9E, THCS Vinh Yén. Bic Ninh: L& Huy
Cmng, 11 Toan, THPT chuyén Bic Ninh. Ha Nji:
Tran Thién Nam, 11A1, THPT Ung Hoa 2 ; Nguyen
Vin Cao, 9B, THCS Nguyén Thugng HlE:]l Ung
Hoa; Vii Due Van, 10 Toan 1, THPT chuyén DHSP
Ha Noi. Hung Yén: Triéu Ninh Ngdn, Nguyén Phiic
Hoang, Chu Vii Nguyén Hanh, 10A9, THPT Duong
Quéng Ham, Vin Giang. Thanh Hoa: Neuyén Tién
Tai, 11T, Vii Duy Manh, 10T, THPT chuyén Lam
Son. Nghé An: Trwomg Nhat Phi, Lop Al-K1,
Truémg _PTDTNT THPT Sb 2 : Cao Hiru Dat, Phan
Dire Tién, Nguvén S¢ Manh, 10A1, THPT chuyén
Phan Boi Chau. Ha Tinh: Mai Thi T Uyén, Ngo
Vigt Hoang, Phan Nhdt Duy, Nzuyén Anh Triéu,
10T1, Nguyén Khdanh Hung, 10T2, Tran Bdo Trung,
11T1, THPT chuyén Ha Tinh; Trdn Nguyén Pire
Tho, 10A1, THPT Nguyen Th] Minh Khai, Pac
Tho. Quing Binh: Hé Anh Tién, 11 Toan, THPT
chuyén Vo Nguyén Giap. Phi Yén: Ho Minh
Hodng, Ngo Lé Phuong Trinh, 10T1, THPT chuyén
Luong Vin Chanh. Binh Dinh: Trdn Vin Thién, 10
Toan, THPT chuyén Lé Quy Bon. ﬂ'fiug Nai: Cao Dinh
Huy, 11 Toan, THPT chuyén Luong Thé Vinh. Binh
Phude: Ngm'én Vo Trung Hiéu, Biii Van Binh, 11A,
THPT chuyén Quang Trung. Khanh Hba: Ha Xudn
Khang, 10 Toan, THPT chuyén Lé Quy Pdn. Tién
Giang: Nguyén Minh Thong, 11 Toén, THPT
chuyén Tién Giang. Long An: Pham Ddng Khoa,
10T2, Pham Quéc Thing, 10T1, THPT chuyén
Long An. Vinh Long: Nguyén Minkh Thire, 10T1,
THPT chuyén Ngu}fén Binh Khiém. Séc Tring: Lé
Long Quéc, 10A1T, Vuomg Hoai Thanh, 11A2T,
THPT chuyén Nguyén Thi Minh Khai. Bac Liéu:
Tdn Kim Duyén, 10T, THPT chuyén Bac Liéu.
TRAN HUU NAM

Bai T9/451. Tim cde bd sé nguvén diromg
(x, . z, p) trong do p la s6 nguvén 16 sao cho
=({Zp—1F;

chiing thoa man: p* +(p—1)*
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Loi gidi, (Theo ban Trdn Quang Huy, 11A,
THPT chuyén PH Vinh, Nghé An va ban V6
Duy Khdanh, 11T1, THPT chuyén Ha Tinh).
Trieomg hop 1: z 1€, ta ¢

p +(p=1)"" =1 (modp), (2p-1)° =~1 (modp).

Véy 1=-1 (modp)=> p=2. Phuong trinh tr&
thanh 2" +1=3" & 2" =2(3""+_ . +3+1)

, &2 =374 4341, '
Neu x > 1 thi vé tréi 13 0 chin, trong khi vé
phai la tong cua z so 1 do d6 14 s6 lé. Méu
thuan. Do d6 x=1=>:z=1. Vay moi nghiém la
(1,k 1,2) voi keN'.

Truomg hop 2: z chin, z= 21, teN".
Phuong trinh tré thanh

p =|:(’2,ur—l]r —(p—l)'"][(ﬁp-—l)l+'(p—l]'\1 (1)

Do p la s6 nguyén t6 nén (1) twong duong vai
- -(p-=r" @
(2p=1) +(p-1) =p’ 3)

. b>az0,b+a=x.
DNéeuagzl=bhz=2

2(2p-1) =p“+p® (4

Tir (2) va (3) suy ra [ { 2 }_) 3 L

Ap-1y =p"-p" (5

Tir (4) suy rap 2= p=2 Thay vao (5) ta duoc
2=2" -2 =2"(2"*-1).

Suyraa=L b-a=1=a=1,b=2=x=3 va
t=1.Tuadoz=2. Viy ta co nghiém thir hai
G.52.7)
if) Néu a=0, h>1. Tir (4) ta cod
2(2p-1) =p"+1, suyra 2(~1) =1 (mod p).
Néu # chin = 2 =1 (mod p), khéng xdy ra.
Vay 11é =-2=1(modp)=3=0(modp)=p=3.
Khi do (4) va (5) tré thanh

{3”+1=245' (6)

3 —1=2"" (7)
Tt (6) ta c6 3" =4(modS). Pat b = 4k + r,
ref{0,1,2,3}, tacé 3’ =4(mod5)=>r=2.
Viay b =4k + 2. Thay vao (7) ta dugc
32 g _ g4l
Xét dong du theo mod16 ta cé
3% —1=81".9-1=8 (mod16).

HAY DAT MUA TC TH&TT TAI CO SO BUU DIEN GAN NBAT 1™

Viy 2" =8 (mod16)=> y +1=3= y=2.

=1

Khi 46 3f’=9:>f;=2=>{’ i

X=2

Vdy ta duoc b) nghiém thirba la (2, 2, 2, 3)
Thr lai ca ba by nghiém trén déu thoa mén.
Ddp so: (1,k,1,2); 3.k, 2,2) va(2,2,2,3).0

Nhdn xét. Bai nay dugc kha dong cic ban tham gia
giai va hiu hét cac 11 giai 14 tron ven (tac 14 tim
dugc tat ca ba bd nghiém nén trén). Cac ban sau day
c6 loi giai tot:
Ha Tinh: N, guyén Van Thé, 11T1, THPT chuyén Ha
Tinh; Bong Nai: Cao Dink Huy, 11 Toan, THPT
chuyén Lwong Thé Vinh. Ha NGi: Vi Ba Sang, 11
'[oan THPT chuyén Nguyén Hug; Vinh Phic: D¢
‘an Quyer 10A1, THPT chuyén Vinh Phie; Quing
Bmh Hié Anh Tien 11 Toan, THPT chuyén V@
Nguyén Gidp; Binh Dinh: Trdn Van Thién, 10
Toén, THPT chuyén Lé Quy Dén, Tién Giang:
Nguyen Minh Théng, 11 Toan, THPT chuyén Tién
Giang.

PANG HUNG THANG
Bai T10/451. Tim hiing s6 K lom nhdt sao cho
bat déing thire sau ludn dung

ya+kK b—c" 4 ‘\"Ih tK|e—d +

-,Ulli'— Kla—b" <2
veimoi @21 vaa, b, ¢ la cde so thie khong
am thoa man a+b+c=1.

Lai giai. Diéu kién can, Gia so K 1a so thye
théa man bai todn. Laya=1,b=¢=0, a=1

ta co ﬁ+ff+ﬁ£2:>2q’f£l:>0£;¥£%.

Bidu Kign &i. To, st chimg minh K =% théa

mén bai toan. That vay néu a, b, ¢ 1a cac s6 thue
khéng am, a + b +c=1va & 1a sb thue, @ =1

ta co 0=

ch+ﬁ]b—c-|a +\[f;—i‘c—a|ﬂ +J¢:+%|a—b[“
5\/a+%‘b—c-\+Jh+~j:‘c-ai+Jc+%|a—b| (1)
Do vai trd cua a, b, ¢ trong bai toan la nhu
nhau, khong mat tinh tong qu@t ta gia sir
azbzec. Chuy: Vol x, y la cac s6 thue khong
im, ta c6 bt ding thic Cauchy cho hai sb
2Jxy <x+y. T dd

\/f;+$|b_c| +\/b+%lf.'—a'+\{c'+%ja—b‘
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:\/a+%(b—r)+2-J(b+4l(a—(-)}%
43 \/[ +(a- h]}z
s—é(w%ﬂ] (M%*;) [+—+ J

b 3c
= s Sl o GRS 7y
a+b+c+1 3 8

Tir (1) va (2) ta suy ra
JarSo-df + b+ Tle=df* + fe+Jla-b" <2.

Pang thirc xdy ra khi va chi khi trong ba s6 a, b,
¢ ¢6 hai s6 bang 0, mét s6 biang 1 (ding véi mét

s6 a>1 thi ciing ding voi moi séa = 1). O
Nhgn xét. Dly 14 bai todn bit ding thirc hay. Céc
ban hoc sinh sau co loi giai tot:
Vinh Phie: Phing Van Nam, 9E, THCS Vinh Yén;
D6 Vin Quyét, 10A1, THPT chuyén Vinh Phiic; Bic
Giang: Nghiém ch Nghia, 10A1, THPT Lang
Giang So 3; Ha Noi: Hoang Anh Qudn, Vii Dirc
Van, 10T1, THPT chuyén DHSP Ha N¢i; Hung
Yén: Nguyén Phic Hodng, 10A9, THPT Duong
Quéing Ham, Vin Giang; Thai Binh: Tran Quang
Minh, 10A1, THPT Ding Thuy Anh, Thai Thuy;
Nghé An: Nguyén S Manh, 10A1, THPT chuyén
Phan Bgi Chéu, TP Vinh; Ha Tinh: Phan Nhdt Duy,
10A1, THPT chuyén Ha Tinh; Long An: Nguyén
Léc Phic, 10A1, Ddng Thanh Trung, IOTZ,_THPT
chuyén Long An; Pha Yén: Huynh Nguvén Nhe
Phuong, 10T1, THPT chuyén Luong Van Chanh.
NGUYEN MINH PUC
Bai T11/451. Tim tdt ca cdc ham s6 f:R >R
thoa man f(x* +f(_x-')}|=~1_~.'+--21--_f-‘(_1') val moi
xnyelR (1)

Lai gidi. (Theo da s6 cac ban).
Thay x =0 vao (1) ta thu duge

f(f(:v‘))=4jr'+%f2 (U}=4y+—;az, vyeR (2)
v6i a= f(0). Vi vé phii la ham bic nhét theo y

nén suy ra fla song énh.
Thay y = 0 vao (1) ta duge

(2 +£(0)=3£2(x), ¥xeR. ()
Tiép tuc thay x béi —x trong (3), ta dugce
flx+ f(-:))):l f2(-x).vxeR. (4

24 T9g¥u2,¢e S6 455 (5-2015)

Tir 3) va (4) suy ra f2(x)=f?(—x), ¥xeR,
Truémg hop f(—x):f(x} chi xay ra khi
—x =x<> x=01(do f]a song anh).

Véy f(-x)==f(x) v6imoi x=0.

Vi f 12 song anh nén ton tai duy nhat s6 b sao
cho f[b) —

Néu b=0 thi f(-b)=-f(b) va vi viy
f(b)=f(~b)=0 nén b =0, méu thudn,

Do vay f(0)=0. Viy f(-x)=-f(x) véi
moi xeR, tirc 1a /14 ham lé. Khi d6 (2) co
dang

F(f(x))=4x, vxeR(*) va (3) c6 dang

F(x2) =5 7 (x) 20, Vx R, tie £(x) 2 0 khi
x20. Thé vao (1), ta thu dugce

f(l-’z +f()’]) =f[f(y))+%f2 (‘c] Vx,yelR

hay f(u+v)=f(u)+f(v), VuveR,u=0 (5)
Trong (5), thay u béi —u v6i u <0, v boi —v va
st dung tinh chat f1a ham le, ta dugc
f(=u=v)=f(-u)+f(-v), Vu<0,veR

t:;-f(u+ v):-f(u)wf{v). Vu<0,velR
< f(u+v)=f(u)+f(v), Yu<O,veR. (6)
T (5) va(6)suyra

flutv)=f(u)+f(v), YuveR. (7)
Tiép theo, st dung tinh chit f(x)20 khi
x20, ta thu duge f{x) la ham don diéu ting, do
vay né 1a ham dong bién (vi /14 song 4nh).
Thét vdy, néu x > y thi
f(x)=F(y+(x=2))=F(3)+F (x-2)2 £ ()
Ta chimg minh f{x) =2x véimoi xeR.
Thét vay, néu ton tai x, sao cho f(x,)>2x,
thi tir (*) suy ra
4x, =f(f{x0])>f(2x0]=f(xu)+f(xﬂ] s
vo ly. Tuong tu, truomg hop f{xu)c:z.ru
khong xay ra. Thir lai ta thdy ham so
f(x} =2x thoa min diéu kién cua bai toan. 0
Nhdn xét. Cac ban sau diy co 1oi giai dang:
Ha Néi: Hoang Lé Nhdt Ting, 11T2, THPT chuyén
KHTN, Vi Pirc Van, 10T, THPT chuyén DHSP Ha

Noi, Vit Ba Sang, l‘lTl, THPT chuyén Nguyén Hug;
Yén Bai: Vi Hong Quan, 11T, THPT chuyén
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Nguyén Tit Thanh; Bic Ninh: Lé Huy Cudng, 11T,
THPT chuyén Béc Ninh; Thanh Héa: Nguyén Tién
Tai, Nguyén Ngoc Vinh, 11T, THPT chuyén Lam
Son; Ha Tinh: Nguyén Duy Tycfn, Nguyén Van Thé,
Vé Duy Khanh, 11T1, THPT chuyén Ha Tinh; Thira
Thién - Hué: Neuyén Hé6 Minh Phuwée, 11T1, THPT
chuyén QH Hué; Nghé Am: Newyén Héng Quéc
Khdnh, Nguyén S§ Manh, Hoang Thi Thio Hién,
Phan Bue Tfén, 10A1, THPT chuyén Phan Bdi
Chéu, Trdn QOuang Huy, 11A1, THPT chuyén BH
Vinh; Binh Phwéce: Bii Céng Minh, 11A, THPT
chuyén Quang Trung; Binh Thufin: Dwong Pirc
Tin, 10CT, THPT chuyén Trin Hung Pao; Pdng
Nai: Nguyén Nam Binh, Cao Dinh Huy, 11T, THPT
chuyén Luong Thé Vinh; Quing Binh: Hé Anh
Tién, 11T, THPT chuyén V& Nguyén Giap; Tién
Giang: Nguygn Minh Théng, 11T, THPT chuyén
Tién Giang; Vinh Long: Phan Lé Nhgt Duy, 11T1,
THPT chuyén Nguyén Binh Khiém.

NGUYEN VAN MAU
Bai T12/451. Cho tam gidc ABC nhon noi tiép
ducng tron (Q) eoé dinh, B, C ¢é dinh va A di
chuyén trén (0). Tiép tuvén tai A ciia dwong
ron (O) cat BC 1gi S; K la hinh chiéu cia A
lén OS ; BK, CK ldn lugt car CA, AB tai E, F.
Ching minh rang dwdng thing qua A vudng
goc voi EF luon di gua mot diém co dinh khi A
di chuyen.
Loi gidgi. (Theo ban P Van Quyét, 10Al,
THPT chuyén Vinh Phic, Vinh Phlic}
Goi T la giao diém cua cac tiép tuyén vai (0)
tai B va C; I 1a trung diém cua OT: (4, 0) Ia
duodng tron tim A4, ban kinh bing khéng.

Dé thiy OBT =0CT =90°.
Do B, C, O, T cing thupc dudng tron duong
kinh OT, ki hiéu 1a () (1)

Vi S4 tiép xic véi (O) va AK LSO nén

SBSC=SA" =SO.SK. Do d6 B, C, O, K cing
thuge mot dudng tron (2).

Tir (1) va (2) suy ra K thuge (7). :
Két hgp voi AK L SO, suy ra 4, K, T thiang
hang. Do d6 (KA, KB)=(KT,KB)=(OT,0B)

. %(o—c,@) = (AC,AB) = (AE, AB)(mod ).
Piéu do cd nghia la E4 tiép xic vai duong tron
(AKB). Véy P, =EA =EKEB=P ;,, (3)

Tuong ty P,,,,=FA =FKFC= ,,, (4)

Tir (3) va (4) suy ra EF 1a truc ding phuong cua
(4, 0) va (/). Do do Al L EF. N1 cach khac
dudng thing qua 4 vudéng goéc voi EF luén di
qua mét diém 6 dinh (diém 7). O
Nhin xét.
1) Khéng cfip gia thilét tam gidc ABC nhon.
2) Co thé kiém tra dé ding ring §, E, F thing hang,
3) Kha nhiéu ban tham gia giai va déu cho 11 giai
ding. Xin néu tén tit ca céc ban: Ha Noi: Hoang Lé
Nhdt Ting, 11T2, THPT chuyén KHTN, PHQG Ha
Noi; Yén Bai: Vi Hé:ng Qudn, 11T, THPT chuyén
Nguyén Téit Thanh, TP Yén B&i: Thanh Ho4:
Nguyén Dinh Lwong, 10T, Nguyén Tién Tai, Nguyén
Hoai Thu, 11T, THPT chuyén Lam Son, TP Thanh
Hoé; Nghé An: Nguyén Hong Qudc Khanh, 10Al,
THPT chuyén Phan Bgi Chau, TP Vinh; B&ng Nai:
Cao Dinh Huy, 11T, THPT chuyén Luwong The
Vinh, TP Bién Hoa; Ha Tinh: Nguyén Quang Diing,
10T1, Nguyén Vin Thé, Vé Duy Khdnh, 11T,
THPT chuyén Ha Tinh, TP Ha Tinh; Quédng Binh:
Hé Anh Tién, 11T, THPT chuyén Vo Nguyén Giap,
TP, B(")ng Héi; PA Ning: Ly Cong Phuwde, 10T2,
THPT chuyén Lé Quy Doén, TP. Ba Nﬁng; Binh
Phwée: Truwomg Vin Hoang, 11A, THPT chuyén
Quang Trung, TX Dong Xoai.

NGUYEN MINH HA
Bai L1/451. Ba qua cau nho déu 6 ban kinh la
r, khoi a'mmg nhu nhau, dat trong cdi bat hinh
ban cau co dinh. Ba qua cdu dieng vén trong
bat. Neu dat thém qua cau thir 4 giong hét 3
qua cau kia lén trén ching thi dé 4 qua cau
dirng vén thi ban kinh cai bat phai thoa mdn
diéu kién gi? Bo qua mpi ma sai.

FiLa,0)

Loi gigi. Goi qua cay trén la 4, ba qua dudi 14
B, C, D thi dudng noi tim cua ching tao thanh
tir dién déu, canh 1a 2»
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Goi a la géc gitra dudng ndi tAm 2 qua ciu 4
va B véi phuong thing dimg, goi tim bét 1a O,
gbc gitra dudmg ndi tim qua cau B va O vdi
phuong thang dimg 1a £, lyc mit bat tac dung
1én ba qua céu duéi déu c6 dé 16n 1a F. Tir diéu
kién cin bang cia hé theo phuong thing dimg
ta co: 3F.cos ff =4dmg (1)

Xét qua cau B: Qua ciu B chiu tac dung ciia
trong lwc mg, lyc F cha mit bat va ép luc F,
cua qua cdu 4. Dya vao diéu kién cin béng lre

- Fc?sﬂ = mgfr F, cose
Fsin f = F, sina
i : Fsin
Khir F, ta tim duoc: tanazm (2)
T (1), (2) khir F ta duge: tanf = tanTa (3)

Vi tam 4 qua cau hop thanh dinh tir di¢n déu
¢6 canh bang 2r nén ta dé dang tim dugc:

E.Q.Zr

3 2 =01‘5
J{Zr‘)z _(%f _r.):

y 1
Thay vao (3) tim duge: tan f=——.
ay vao (3) tim dugc: tan f Wi

tana =

2
Vi miéng cai bat ¢6 ban kinh 1a R nén:
R=BO+r= ?O
sin
=BO' (1 +cot® § +r=~7,633r.
Nhu vy ban kinh cai bat phai thod mén
R < 7,633r.0
Nhdn xét. Cic ban c6 loi giai ding: Bﬁ{_: Ninh:
Neguyén Dac Nam, 11 Li, THPT chuy_i-in Béc Ninh;
Vinh Phic: Phimg Van Lwong, Nguyén Manh Ddn,
11A3, THPT chuyén Vinh Phuc; Nan3 bBinh: Pham
Ngoc Nam, 11 Li, THPT chuyén Lé Hong Phong.
NGUYEN XUAN QUANG
Bai L2/451. Dat dign ap u = 400cos100xt (V)
vao hai ddau mach dién AB gom dién tro thudn

+r

R = 50 (Q) mac noi tiep voi doan mach X
Poan mach X gom dién tro thuan r, cuon cam

10

thuan L va ty dién C = (F) mdc noi tiep.
T

Cuong do dong dién hiéu dung qua mach dién AB la

TOAN HOC |
26 Tclusifre S8 ass 6-2018)

[ =2 {A) ) thoi diém 1 + (s) cuwong do

5
400
dang dién tire thei gua mach dién AB béng 0 va
dang giam.

1. Tinh cong suar tidu thu P, cua doan mach X

2. Tinh r. L va dién ap hiéu dung U, cia doan
mach X,

Lai gidi. 1) Py= Ps — Py, ma Py = RF =200 (W).
« O thoi diém ¢ c6 w =400 (V), suy ra t =0,

oy 1 ¢
. e e = + =
O thai diém ¢ 300 (s), i = Icos(mt + @) =0,

; Vel T il
suy ra (ot + @) > =0 5 {10075.400]
ZE
T
Tir do Pap= Ulcosp = (%} A [%}

=400 (W).
Do do P,rr: PAE - .PR =200 I:W)

2)Vi Pe= rP nénr= 22%0 = 50 (Q).

. Lo—=L. A
Ngoai ra tang = —=——5 ma Z¢ = 100 () va
2
L== (H).
= (H)
Ta cé: Uy = I Jr* +(Z, -Z,.)* = 25% +100?
=10045 (V). O

Nhdn xét. Mot sb ban c6 161 giai ding va chit ché :
Vinh Phiic: Nguyén Manh Ddn, Nguyén Thi Bich
Ngoc, Ddng Quang Khai, Ngé Thi Nhung, 11A3,
THPT chuyén Vinh Phic; Bie Ninh: Nguyén Dic
Nam, 11 Li, THPT chuyén Bic Ninh; Nam Dinh:
Nguygn Nam Khdnh, Pham Ngoc Nam, 11 Li, THPT
chuyén Lé Hong Phong; Thai Binh: Ngd Vin Khoa,
11A2, Truomg THPT Bic Pong Quan, Béng Hung;
Quing Ninh: Vi Hoang Yén, 11A7, Truong THPT
Udng Bi; Nghé Amn: Trwomg Nhdt Phi, Al-K1,
Trudomg THPT DTNT S6 2; Ho Thanh Timg, 12 C1,
Truémg THPT Kim Lién, Nam Pén; Binh Phwdrc:
Pham Quang Tuyén, AK11, THPT chuyén Quang
Trung.

PINH THI THAI QUYNH
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Ngay 23/03/2014, tai ba dia diém Ha Nbi, bak
Lak, Péng Thap di dién ra ky thi Olympic
Toan Ha Noi md rong lin thir 11 nam 2014,
Téng sb thi sinh du thi & ca 3 hoi dong 1a 779
thi sinh cta 42 tinh thanh trong toan qude, gom
473 thi sinh lira tudi Junior (THCS, sinh sau
ngay 01/01/2000) va 306 thi sinh lia tudi
Senior (THPT, sinh sau ngay 01/01/1998).

C4 hai déi Junior va Senior déu thi cing vao
mot thoi gian, tir 8h dén 11h30 ngay 23/3/2014.
Thi sinh 1am Toan bang tiéng Anh trong 180
phit v&i 15 cau hoi, ca tric nghiém va ty lugn.
Thi sinh & ca ba héi dong da lam bai nghiém
tlic, tyr tin va tn dung hét thoi gian.

PROBLEMS ...(Tiép theo trang 17)

Problem T8/455. Consider an acute triangle
ABC with the angles 4, B, and C. Find the
maximum value of the expression

_tan’ A+tan’ B tan’ B+tan’C tan’C+tan’ A

T tan* A+tan* B tan* B+tan*C  tan*C+tan* A’

TOWARDS MATHEMATICAL
OLYMPIAD

Problem T9/455. Find the coefficient of x° in
the expansion of the following expression
(1 +x)(1 + 2x)(1+4x)...(1 + 22%%),

Problem T10/455. Let ay, a3, ..., @, be positive
numbers such that

A !
8 +8;+. =k

1 ]

Find the minimum value of the expression

2 i

a; a
A==y

2 n

Problem T11/455. Find the biggest real

VIl OILYMIPIC TOARI LA RIOI MIC
RORIG NIARI 201114

Tham gia cudc thi - mét sdn choi tri tué do Hoi
Toén hoc Ha Nai dé xudt 1a dip dé hoc sinh céc
dia phuong dua tai cung ban bé trong ca nuéc,
ddng thoi ciing 1a thir sirc trong cudc hdi nhap
quéc té vé linh vize Toan hoc phd théng . Cuée
thi 48 nhanh chong thu hat cac tinh, thanh trong
toan quéc tham dy, tir noi dia diu cua T6 quéc
Ha Giang cho dén miii Ca Mau déu 6 hoc sinh
tham du ky thi ndy. Ky thi HOMC 2014 da két
thac tét dep. (Pé thi vA dép an xin xem trén
trang Web cia HOi Todn hoc Ha Noi
hms.org.vn).

THAM NGQC KHUE

(Hgi Toan hoc Ha Ngi)

number k satisfying the condition: for any 3 real
numbers a, b, ¢ such that ‘a|+[b|+|c|<:k, the

following system of inequalities has no solution
K+ a’+ b+ ex+15< 0
leﬁ— x9+l‘ +|x‘—x +1[52 :

Problem T12/454. Suppose that ABC is an
acute triangle inscribed in the circle (O) and AD
is an altitude. The tangent lines at B, C of (O)
intersect at 7. On the line segment AD, choose

K such that ﬁfC =90°. Let G be the centroid

of ABC. Suppose that KG intersects OT at L.
Choose the point P, O on the side BC so that
LP I/ OB, LQ // OC. Choose the points £ and F
respectively on the sides CA4 and 4B such that
QE, PF are both perpendicular to BC. Let (T)
be the circle centered at 7 and containing B and
C. Prove that the circle circumscribing the
triangle AEF is tangent to (7).

Transiated by NGUYEN PHU HOANG LAN
(College of Science-Vietnam National University, Hanoi)
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/’/'am 1930 nha Todn hoc Birc Lothar
Collatz da dé ra mét bai toan don gian:
Xudt phat tir 56 twe nhién n khdc khong. Ap dung
phép toan sau:

& g cialt o . : , R
+ Néu n la sé chan, thi chia n cho 2, co 5

+ Néu n la 56 lé, thi nhdn n voi 3, edng 1, roi
3n+1

chia cho 2, tire co

Réi lai bit ddu p dung phép todn d6 vai sé méi
thu dugc. Vi dy, bit dau tir 28, ta co day:
28-14-7-11-17-26—-13-20-10-5
8—-4-2-1,

Khi dén 1 rdi thi s& c6 mot diy s chi gobm c6 1
va2:1-2-1-2-1...

Gia thuyét cua Collatz (con goi 1a bai todn
Collatz) duoc phat bleu nhur sau:

“Di wc:fpf'rr.’r tir 56 ne N* nao bat ky, rét cugc
roi ciing di dén con 56 17",

Thét khong c6 bai toan nao ma dau dé don gian
nhu viy, hoc sinh 1ép 3 ciing hiéu dugc.

Vi ciing thét 13 mdt diéu ky la, dén nay chura ai
chirng minh dugc ménh de by co ding v&i moi
neN* khong, hay c6 sé6 ne N* nao ma ménh
dé dé khong ding hay khéng?

Nhiéu nha toan hoe cho ring ménh dé d6 ding
véi moi ne N* nhung dang tiéc thay, cho dén
nay viéc chimg minh ménh dé d6 vén tién bo
rit cham.

Chua hét! Mot van dé méi lai nay ra: Xuét phat
tir 28 thi qua 13 budc dén s6 1, nhung néu xuit
phat tir 27 thi phai qua 71 budc méi dén s6 1.
Vay s0 budc lién hé voi s6 xudt phat theo quy
luét nao?

Theo nha toan hoc Pauwl Erdds, thi todn hoc
hién nay chwa du cong cu dé giai quyét bai toan
nay.

C6 mot giai thoai rat “ky quai™: “Bai toan nay do
KGB (Co quan tinh bdo Lién X6) dit ra dé lam

TOAN HOC
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COLLATZ

cac nha todan hoc
Phuong Tiy ton hao
tdm luc, ma khong gidi
quyét dugce”!

Jeffrey Lagarias va
Kannan Soundararajan
o Pai hoc Michigan lai
quan tdm dén sy phin
bo théng ké cia nhimg
chit sé diu cia danh
sach nhimg s tao thanh

bang quy tdc Collatz. Vi Lotkar Collits

du nhur trong diy sinh (1910 - 1990)

ra boi 28 trén kia thi
daycacchisdddula:2 - 1-7-1-1-2-1

-2-1-5-8-4-2-1.

Céc nha toan hoc da chu‘ng minh rang néu di tir
mot 50 rit 1ém va nhin vao cac chi s6 diu cia
phan dau cua danh sach ma théi, thi nguoi ta sé
thay ring t.:m 50 thong ké cua sy xuét hién cia
mbi chir s6 1a khong gidng nhau:

S6 1 xudt hign thuéng xuyén hon s6 2, sb 2
xuat hién nhiéu hon s0 3,...Noi mdt cach chinh
xac ho da chimg to ring luat thong ké mo ta tot
nhit sy kién d6 chinh 13 “Lugt Benford’ (sb
cing nho tan s xudt hién cang nhiéu). Ludt
Benford da dugc xac nhén trén thuc té khi quan
sat gia ban hang hoéa in trong catalogue (catald).
Diéu dang noi ¢ ddy la luat Benford ciing dugc
kiém nghiém cho céc chir sb dau cia day sé
Collatz. Viy phai chang diy chir sé do ciing 1a
mét diy “co6 mang tinh ngiu nhién™? tuy dugc
sinh ra bing mét quy tic chinh xac, khong ngau
nhién chit nao (Quy tdc Collatz).
D6 phai chang la mot bude déu trong qué trinh
tim hxcu cau tric todn hoc cua mét “bai todn
con” ciia “bai todn me Collatz” chwa giai quyét
duge?
PHAN THANH QUANG
(Theo Benirt Ritlaud, trong La Recherche)
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rong nhitng nam gan ddy, bai todn tinh gid

g. tri ctia mot biéu thirc legng gidc mé khéng

dimg bang s6, mdy tinh xudt hién kha nhiéu.

Bai viét xin trinh bay mét sé phuwong phap co

ban dé giai cdc bai todn nay.

Phuong phdp 1: Ding cic cong thirc bién doi

lwong gide, dwa biéu thire cin tinh vé ham sb

lrgng gidc cia cic goe diic biét

Bai toan 1. (DHQG Ha Ngi nam 2001, khoi A).

Khing dimg bang s6, mdy tinh hay tinh gia tri

ciia biéu thire:

P =co0s12* +cos18 —4cosl5 cos21® cos24-.
Loi gidgi. Ta co:
P =2c0s15° cos3* —4cos15° cos21° cos 24°
= 2cos15° [cos3°‘ —~2cos21° c0524°]

= 2cosl5° [0033‘ —cos45° — cosS”]

—2cos15° cos45°

L3
5 .0

Bai todn 2. Khéng ding bang sé, may tinh hay

—(cos60° + cos30") =—

tinh gia tri cua biéu thire:
P =sin1(r.sin 20"...5in 80",
Léi giai. Stir dung cong thirc géc nhin ba ta co:

sin3x=38inx—4sin7‘J:=4sin:c[%—sin2x)
TN ey
=4sinx 1[(:05. X+sin x}—Sm X

= 4sinx(%c052 x—%sin2 x)

i ol ol 1. Y8 W
—4smx(7msx—-2—smx Tcosx+§smx
= 4sin x.sin (60" — x).sin (60 + x) (1)

Ap dung cong thitc (1) véi x=30"x =6 ta co:

MOT S0 PHUONG PHAP TiNH 614 TRI
BIEU THUC LUGNG GIAC

PANG THANH HAI - PHAM THI PHUONG THUY
(GV Hoc vién PK — KQ, Som Tdy, Ha Néi)

sin30° = 4sin 10° sin 50° sin 70°
sin60° = 4sin 207 sin 40° sin 80°
Ir. E 2 3
rdo P=— E ==
Tir dé 16[51:13(} sin 60" | 5eE
Phwong phdp 2: Dung cic phép bién ddi
twong dwong dé tinh gia tri ciia céc biéu thire
lugng giac
Bai todn 3. (PH Canh sdt PCCC nam 2001, khoi
A). Khéng ding bang s6 mdy tinh, héay tinh gia

a

tri ctia biéu thire:
P =4sin 18 sin54°.
Loi giai. Ta co:
P.cos18 =4sin18°cosl 8" sin 54°
=2sin36° sin 54°
=2sin36°cos36°
=sin72" =cosl§ = P=1. O
Bai todn 4. (DH An ninh nam 2001, khéi A).
Khéng dimg bang so, may tinh hay tinh gid i
cua biéu thirc:
P =sin? 50" +sin? 70° - cos 30° cos 70,
Léi gigi. Ta co:
1-cosl00° " 1—cosl40-
2 2
=1-cos120° cos20r —%Ecosu{}” +¢0s20°]

P= —cos50° cosT0r

1 .1 3
=14+= 0 —=| —= c|==. 0
20052 2( 2+(:052[Zl J g
Bai todn 5. Khéng dimg bang s6, may tink hay
tinh gid tri ctia biéu thirc:

2n

= lan?—T+4sin i

Léi giai. Diat a = I—T; .TacdH

§?= [ St +4sin Zcx)-
cosde
S6 455 (5-2015) T?@lggce 29
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=52 = msih [sin? 3¢ + 16cos? 3a sin? 2a = [::21:2?_] p Ji_l (do 0 <t <l).
+831n3m:053a3m2.:z] (1) iy A JE -
Trong do: i e 4 18
sin? 3a + 16cos?3a sin® 2« Bai todn 7. Khéng dimg bang s6, mdy tinh hdy
+8sin3acos3asin2a tinh gia tri cua biéy thic:
=1—cnsz3a+iﬁcoszh(l—cnslza) § =tan* 10’ +tan* 507 + tan* 70",

+4sinb6asin2a L gidi. Ta ¢6 nhin xét sau

=11cos? 3¢ +1 +4cos? 3a —16.cos? 3a cos? 2a 1
tan? 30° = tan? 150° = tan?210¢ =2

+2(cosda —cos8a)

=11cos?3a +1+2(1 +cosb6a)—16 dreosba b EO e x:l[.)°;x.=50°;x=?{)° Ay
i ) nghiém cua phuong I;rmhi,
: TEE LN 1
.ELLZE{'EJJFZ(cosd-a—cosSa] tan® 3x 3 (1)
: Jtanx—tanix ) _ 1
=11cos? 3(:—l+2cnsﬁa—4{cosﬁa+cns4a Taco (1) C}[?;tanf} =
+c056acos4a]+2(cos4a—cos8a) o 3t Bt 2 1Ot )
=11cos? 3a —1-2(cos2a +cosda e w1y, AR PR
+cos ba + cosBa +cnsl(}o:) = 3tan® x—27tan? x +33tan2 x —1=0.
5t 4= tan? 3972 e
o gl .2 [{c052a+cos4o: Pat t=tan? x = (1)< 37 =272 +33t-1=0(2)

smna

: Tir d6 suy ra t, =tan® 10r; £, =tan’ 50°; t, =tan® 70r
+cos6e + cos8a +cos 10a )sin a]

la cdc nghiém cta phuong trinh (2). Ap dung
110 Sl — (sin3a—sina+sinSa—sin3g ~ dinhli Viéte cho phuong trinh (2) ta c6:
sinar
L+t +1,=9
{r,rl +ht oLt =11

+sin7a—sinSa +sin9a —sin 7 +sin1 la —sin9a)

1 . A
=11cos?3a—1————-sina+sinlla s A .
$23a—1-——(-sina+sinlla) Khi d6 ta nhin duge:
= 2
— 11 cos? 3g — S0 1le S=t2+82 +1.2 =(f,+1, +1,) =2(nt, +1,t, 1)
SN

=92_211=81-22=59. 0

=11cos?*3a (do sinlla=sinl1-—==sinm=0). . o
' 11 Mbi céc ban luyén tip cac bai todn sau:

Tir(1)suyra §? =————.11cos?3a =11. 1. Khong dung bang so, may tinh hay tinh gia
cos® 3a B e
tri cua bicu thire:
Viy §=+11 (do5>0). O | | |
§=- - " S
Phiwong phdp 3: Tim phwong trinh dai sb i E ot eyt 8

dang da thirc nhin biéu thirc lrgng gidc lam | i il
nghiém 2._ ]{h[m._s:‘ dung bang so, may tinh hdy tinh gia
S < k S tri cua biéu thire:

Bai todn 6. Khing dimg bang sé, may tinh hay S=tanl*(2sin2° +4sind’ +..+178sin178").
tinh gid tri clia sin18’, J ) ; e B r i) ' -
: 3. Khong ding bing so. may tinh hiy tinh gia
Léi gidgi. Dat t=sin18 = 0<r<1. tri ctia biéu thie:

Taco sin54° =cos36" = 3t —41* =1-2r*

: | 2 =
&= = an 30 an 40’ +tan50° +tan6() )
’::}4?3—232—3f+1=0<=>(f—1}{412+2t—1}={] 5 T {tan30° +tan 40" +tan5 i 60 )
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BRI TORN CO HAI NGHIEM HINH?
(Dé ding trén TH&TT sé 445, théng 7 nim 2014)
g uu ¥ r&ng véi dang thirc 44B° = AC? thi van

¢6 thé xay ra kha ning ba diém 4, B, C

th_ﬁng hang. Ban Hing do khong thu lai nén da
dé thira ra mt nghiém hinh, d6 1a

F Al
A[E;_E} B{l; 2); C(0; -5).

R& rang doi véi nghiém nay ta thiy 4, B, C déu
thudc dudmg thiang co 4
PI: Tx—y—-5=0
Vay  nghiém  nay
khéng thoa mian dé
bai. Sau day la mét 1o I
giai dung cia ban % : 4
Vieong Hoai  Thanh, P
10A2T, THPT chuyén
Nguyén Thi Minh Ay
Khai, Sé¢ Tring: E C

Theo cach giai ban

Hiing, ta ¢6 C(0; =5) (1). Goi F la diém déi
Ximg cia B qua AK thi F thudc AC. Khi d6 PT
BF: x -2y +3=0. Toa 8§ H la nghiém cua hé

phuong trinh:
} 7
i H(—E' 5]'

{1—2}; +3=0
: iz 5 7 4
Do H 14 trung diém BF, nén F(_E; g] (2)

2x+y-1=0
Tir (1) va (2) suy ra PT AC: 29x + 7y + 35 = 0.
Khi d6 toa d A 1a nghiém cua hé phuong trinh:

0x+7y+35=0_ (14 33
2x+y-1=0 58
id - idin
Vayﬂ[ 5,5] c(0:-5).0

Nhgn xét: Ngoai ban Thanh, cac ban sau cling co
ddp an ding: Nguyeén Triéu Minh, 11 Toén, THPT
chuyén Thai Nguyén, Thai Nguyén; Kim Vin Hing,
12A1, THPT My Dic B, HA Noi; Nguyén Hiru
Hoang Hai, 11A1, THPT chuyén Lé Quy DBon, Pa
Ning. O _

NGOQC HIEN (Ha Néi)

Lo GIAN
MANG DAM CHAT KXY THUAT?

JJ‘ rong tiét ém tgp lép 12 thdy gido yéu cdu
hoc sinh cua Iép thir siee vdi bai toan sau:

Trong khong gian hé toa dé Oxyz, cho diém
iy e

A(2; 5; 3) va duong thing d;"g =¥=5

Viét phiwong trinh mp(a) chita d sao cho

khodng cdch tic A dén mp () lom nhdt.
Trong lic cé 16p dang loay hoay giai thi ban
Long néi * Thiea thdy em gidi ra roi!” va thay
gido di yéu ciu Long 1én bang trinh bay. Sau
day la 1 giai cia Long.
Bai gidi ciia Long:
Ta ¢ vecto chi phuong cua d la ;=(2;1;2},
Lay M (1: 0; 2) e d va goi n=(a;b;c)
(@2 +b* +¢2 > 0)1a vecto phap tuyén cua (a).
Do mp (&) chira duimg thing d, nén ta c6 M
(1;0;2) € () va nLu. Do d6 phuong trinh
mit phiang

(a):ux+by+cz—a—2c=0 (1)
va2a+b+2c=0.
Tw2a+b+2c=0= b=2a+b+c) khidd

‘9(a+b+c)‘
(A { )) { 2 2 - 2 3
Jat + b 4t sz +bh*+¢

Ta ca |a+b+cl <BJaZ+br 12, Va,b,c.
Suy ra d(A;(a))<9V3.
Do d6 d(4, («)) 16n nhat khi a = b =
a’+b*+¢2>0 nén a=b=c=0. Khi d6 chia
hai vé PT (1) cho ¢ ta co phuong trinh mat
pha:mg(a] lax+y+z-3=0.

|a+‘i*=+f,

¢, ma

Céc ban cé nhén xét gi vé loi gidi mang dam

chat ky thudt eiia Long? Cdch gidi cia ban nhu
thé nao?

NGUYEN ANH VU

(GV THPT Nguyén Binh Khiém, Hoai An, Binh Dinh)
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XUAT BAN TU 1964

Tap chi TOAN HOC va TUOI TRE s S R

BT Bién tip: 04.35121607

L] m [ ] : =
DT - Fax Phat hanh, Tri su : 04.35121608
mu"hemu“‘s und '0“ M(Ig(llllie Email: toanhociuoitrevieinam@omail.com
BAN CO VAN KHOA HOC CHIU TRACH NHIEM XUAT BAN
GS. TSKH. NGUYEN CANH TOAN Ch ; ;}Eh é*i;)i ﬁéngvihﬂrr:h vién
- o . o duc Viet Nam
GS: TSKH. TRAN ':.’_AN NHU]:«G i
i i \.A}f il Téng Gidm déc kiem Téng bién tip
GS. DOAN QUYNH NXB Gido duc Viét Nam
PGS. TS. TRAN VAN HAO GS. TS. VU VAN HUNG
HOI PONG BIEN TAP
Téng bién tap : TS. TRAN HUU NAM Thu ki Téa soan : ThS. HO QUANG VINH

75. TRAN BINH CHAU, ThS. NGUYEN ANH DUNG, 75. TRAN NAM DONG, TS. NGUYEN MINH BUC, TS. NGUYEN MINH
HA, TS. NGUYEN VIET HAIL PGS. 7S. LE QUOC HAN, TAS. PHAM VAN HUNG, PGS. TS. VU THANH KHIET,
GS. TSKH. NGUYEN VAN MAU, Ong NGUYEN KHAC MINH, TS. PHAM THI BACH NGOQC, PGS. TS. NGUYEN DANG PHAT,
PGS. TS. TA DUY PHUONG, ThS. NGUYEN THE THACH, GS. TSKH. DANG HUNG THANG, PGS. TS. PHAN DOAN THOAI,
Ths. VU KIM THUY, PGS. TS. VU DUONG THUY, GS. TSKH. NGO VIET TRUNG.

TRONG SO NAY

o Danh cho Trung hoc Cd s Problems in This Issue
For Lower Secondary School T1/455, ..., T12/455, L.1/455, L.2/455.

Giai bai ki trudce

Solutions to Previous Problems

Vii Hitu Binh — Phuong phap gian tiép
tinh =68 do goe.

€ Huong din gidi DE thi tuyén sinh vao 1dp 10 Tin titc toan hoc
Truing THPT chuyén Béc Ninh, niam hoc

2014 — 2015.

Thdm Ngoc Khué — Thi Olympic Todn Ha

N6 md rong nam 2014.

o Dé thi tuyén sinh vio 1ép 10 Trudng DHSP
TP. Hé Chi Minh, nam hoe 2014 — 2015.

Ban c6 biét

Nhiing s6 ngdu nhién cia bai toan Collatz.

@ Chuin bi cho ki thi THPT Qudc gia Yoifis st Aoy i b

®© 6 0O ©

Nguyén Ngoc Xuan — Ung dung tinh chat Ping Thanh Hdi va Pham Thi Phuong
ctia khoi tit dién vuéng vao bai toan tinh Thiy — Mot sé phuong phap tinh gia tri
khoang cach. biéu thidc ludng giac.

@ 1iuong din gidi - Dé s6'7. Sai 1im & dau

©

€D 1hit sitc trude ki thi - Dé 6. Giai dép: Bai toan c6 hai nghiém hinh?
- e I - - d?

o Dién dan phuong phap giii toan Ldi giai mang dam chit ki thuat?

Anh Bia 1: Ong Chir Xudn Ding, Phé Gidm

dée Sé GD - BT Ha Néi, phdt biéu trong lé

khai mac ky thi hoc sinh gioi todn hoc Ha

@ Pé ra ki nay Noi md réng ndm 2015.

Trén Hitu Nam — Bt ddng thic hoan vi
va mét vai ap dung.

,':":..#kip‘T  NGUYENANHQUAN  Mithudt: QUOC HIEP, THANHLONG
mmmm 0A mmmmm Thiét ké, ché ban: VU MAI ANH
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TIN TUC - HOAT DONG

gay 2 thang 4 nam 2015, Nha Xuét ban
yﬁiao duc Viét Nam, Tap chi Toan hoc va
udi tré cing mét s6 Cong ty thanh vién cla
NXBGD Viét Nam da dén tham du, chic ming
Héi nghi tong két cong téc Phat hanh Sach gido
duc - Thiét bi - Thu vién truéng hoc nam 2014 va
trién khai cong tac Phét hanh Sach gi4o duc nam
hoc 2015 - 2016 clia Cong ty Ca phan Phat hanh
sdch va Thiét bi truong hoc Hung Yén. Pai dién
cho NXBGD Viét Nam c6 dng Hodng Lé Bach,
Pho TGD NXBGDVN kiém GP NXBGD tai TP.
Ha Néi; ba Bo Thi Phuong, Phé GB; dng Nguyén
Qudc Hong, Phd GB. Vé phia Tap chi TH&TT ¢
ong Trdn Hiu Nam, Téng bién tap Tap chi; 6ng
Nguyén Anh Quén, Truéng ban Bién tap; 6ng
Nguyén Khoa Diém, phu trach phat hanh. Cung
doan con co ba Nguyén Thi Mo, TG Céng ty CP
Sach va Thiét bi gido duc Mién Bac; ba Trdn Thi
Nhu Ha, Pho TGD Cong ty CP Dau tu va Phat
trién gido duc Ha Noi; ... Tai budi1é, NXBGD Viét
Nam, Tap chi TH&TT va cac Céng ty Thanh vién
déu c6 nhimg phat biéu chtic mimg, nhing y kién
dong gop chan thanh cho héi nghi.
Pén du va chi dao budi 1& co 6ng Nguyén Van
Phé, Pho GD So Giao duc va Bao tao tinh Hung
Yén va Trudng, Pho cac Phong, Ban chuyén mén;
lanh dao cua cac truong THPT va cac Phong GD-
BT trong toan Tinh. Tai budi &, 6ng Nguyén Van
Ludn, Chu tich HDQT kiém GB cong ty da téng
két cong tac phat hanh trong ndm 2014, néu ra
nhtmg thuan loi, kho khan chung cla nganh cling
nhu tinh hinh cu thé cua don vi, dé ra phuong
hudng, chi tiéu, nhiém vu cla nam 2015. Cac
don vi phét hanh trong tinh cing c6 nhiéu y kién
x&y dung, nhing kinh nghiém clia cac don vi dién
hinh. Cudi chuong trinh 14 I8 tuyén duong, khen
thudng cdc don vi phat hanh co thanh tich xuat
sdc nhat, S& GD-BT da tang Gidy khen cho 8
tap thé va 4 ca nhén thuc cac Phong GD-BT,
cac truong THPT trong toan tinh lam tét cong tac
Phat hanh Sach gido duc - Thiét bj - Thu vién
truong hoc nam 2014,

L& tng két da thanh cong t6t dep trong khong
khi m cung ctia mot dai gia dinh. Mét 1an nira,
NXBGD Viét Nam chic mimg thanh cong cla
Cong ty trong nam 2014, chic Cang ty tiép tuc
co nhing budc phat trién ving chéc trong ndm
2015 va nhimg nam téi.

& DAD TAD
TETH HUMNG YEN

HOI NGHI1 2
§2 26T WA SAGH G0 DUC-THTEME AN 2B
-.wu;mmms-ma '

A S ki T -hm

Ong Nguyén Vin Phé - PGP S¢ GD-DT Hung Yén phat biéu chi
dao Hdi nghi.

50 GIAD DUC B DAD TAD
clwe Ty £ PHS - THTH HUNG VEN

HOINGHI
il i T T S~

Ong Hodng Lé Bdch — Pho TGD NXBGD Viét Nam kiém GD
NXBGD tai Ha Néi ting hoa chic mirmg cac tdp the, ca nhin cdé
thanh tich xuét sic.

o & oo TAD
- THTH HUNG YEM

i O UG TETE WM

Ong Tran Hiru Nam - Téng bién tap Tap chi Toan hoc va Tudi tré

ting hoa chiic mirng dng Newyén Van Lugn - Chi tich HDQT kiém
Giam doc CTCP Phat hanh sach va Thiét bi triromg hoc Hung Yén.

~. zhitps://tieulunzhgpto.org
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