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GIAI THUONG LE VAN THIEM NAM 2014

Giao sw Lé Van Thiém
(1918 - 1991)

L so' LUQC VE GIAI THUONG
LE VAN THIEM

. Gido su Lé Van Thiém 1a Chu tich dau tién

.cla Hm Toan hoc Viét Nam. Ong la nha toan
hvc noi tiéng, cé nhimg dong gop lén trong
nghién ctu va tng dung Toan hoc. Ong ciing
la mét trong nhing ngudi dat nén mong cho

" gido duc dai hoc & nuoe ta, ngudi thiy cla

nhiéu thé hé cac nha toan hoc Viét Nam. Giao
su Lé Van Thiémludn danh su quan tam déc
biét dén viéc giang day toan hoc ¢ cac truong
phd théng. Ong 1a mét trong nhiing ngusi
séng lap hé thng phé théng chuyén toan va
Tap chi Toan hoc va Tubi tré.

Giai thuong Lé Véan Thiém do Hoi Toan hoc
Viét Nam dét ra nhdm gop phan ghi nhan
nhing thanh tich xuét sac cla nhing thay c6
gido va hoc sinh phd thong da khéc phuc kho
khan dé day va hoc toan gioi, dong vién hoc
sinh di sdu vao mon hoc co vai tro dac biét
quan trong trong sy phat trién |au dai cua nén
khoa hoc nudc nha. Gidi thuong Lé Van Thiém
cling & su ghi nhan céng lao cla Gido su Lé
Van Thiém, mét nha toan hoc 16n, mot ngudi
thay da hét long vi su nghiép gido duc.

HA HUY KHOAI (Vién Todn hoc Viét Nam)

Turkhi ra doi, Gidi thudng Lé Van Thiém da nhan duoc su ung hé to lon vé
tinh than va vét chat cla cong déng todn hoc va xa hoi. Dac biét, sau dip ky
niém 40 ném Viét Nam tham gia Olympic Toan hoc Quédc té, mét cuu hoc sinh
chuyén toan (da dé nghi khang néu tén) da ung ho Quy giai thuong sé tién
1 ty dong.

II. GIAI THUONG LE VAN THIEM 2014

Hoi Toan hoc Viet Nam quyét dinh frac Gidi thuong Lé Van Thiém nam
2014 cho cac nha giao va hoc sinh sau day:

1. Cé giao Nguyén Ngoc Xuan, THPT chuyén Hoang Van Thu,
Hoa Binh

® Sinh nam 1981.

@ Tham gia day Toan hon 11 nam, trong do day chuyén Toan 10 nam.

® Cong tac trong mét trudng gap nhiéu kho khan.

e Trong 3 lan phu trach chinh Di tuyén da ¢ 11 hoc sinh doat giai Qudc
gia, 2 hoc sinh doat Huy chuong Bac Olympic Toan Singapore mo rong.

e Nhiéu bai viét, chuyén dé cho cac hol thao.

* 9 nam la giao vién day gioi, chién si thi dua cap Tinh nam hoe 2013-2014,
gido vién tiéu biéu khéi THPT chuyén tinh Hoa Binh.

e Khi 14 hoc sinh da timg doat giai trong ky thi hoc sinh gioi Quéc gia.

2. Vuong Nguyén Thuy Duong, hoc sinh THPT chuyén Lé Quy Bén,
Pa Nang

e Huy chueng Vang Olympic 30/4 toan mién Nam.

e Giai Ba hoc sinh gioi Toan Quéc gia nam 2013.

e Giai Nhat hoe sinh gioi Toan Quoc gia ndm 2014.

e Huy chuong Bac Olympic Toan Quéc té nam 2014.

3. Nguyén Thé Hoan, hoc sinh THPT chuyén KHTN-DHQG Ha Noi
e Giai Nhi hoc sinh gioi Toan Quoc gia ndm 2014,

e Huy chuong Vang Olympic Toan Qudc té nam 2014,

e Guong mat tré tiéu biéu PHQG Ha Noi.

e Guong mat tré tiéu biéu th( d6 Ha Noi nam 2014

4. Tran Hong Quan, hoc sinh THPT chuyén Thai Binh

e Giai Ba hoc sinh gioi Toan Quéc gia nam 2013.

# Giai Nhi hoc sinh gioi Toan Qudc gia ndm 2014.

e Huy chuong Vang Olympic Toan Quéc t& nam 2014.

5. V6 Quang Hung, hoc sinh THPT chuyén Nguyen Binh Khiém,
Quang Nam

e Giai Nhi Olympic Toan Ha Néi md réng (2013).

e Huy chuong Bac Olympic Toan Duyén hai dong bang Bac Bo.

e Giai Nhat ky thi hoc sinh gidi Quéc Gia nam hoe 2013 - 2014

Lé trao giai da duoc té chuc tai cudc Gap mat dau xuan cla Hoi Toan
hoc Viét Nam tai Ha Noi, ngay 7/3/2015.
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TRUNG HOC CO SO
yau day chung t4i xin minh hoa mot s bai
toan tinh téng quen thudc va img dung cia
chuing.

OBai todn 1. Tinh cde tong sau:

A=12+23+..+n(n+1) (nel")

B=123+234+. . +nn+1)n+2) (nel").

O Bai toan 2. Tinh cdc tong sau:
C=1>+22+3+...+n* (nelN").
D=1P+2+3+_..+n' (nel").

Viéc tinh cic tong quen thuée trén khéng khé
d6i véi cac ban hoc toan. Ta co ngay két qua:

A=12+23+...+n(n+1)

5 w (neN") )
B=123+234+.. . +n(n+1)n+2)
_n(n+ E}(n;Z)(n+3) (neN") )

Nhdn xér: Céc tong & bai toan 1 va bai toan 2

c6 moi lién hé véi nhau, cu thé nhur sau:

A=1.2+2.3+...+n.(n+1)z"‘(”_+1;,(i£2
S 11+D)+22+ D +...+n(n+1)
_naln+1)(n+2)
-
S(12+22 4. +n1)+(1+2+...+n)
_nn+1)(n+2)
3
PSR =H{”+])(H+2)_H(M+l)
: :
_nn+1)(2n+1)
T Sl
Viy C=12+22+...+n?
:imi}ﬁl:____.._z__m (I?EN*) (3‘)

BRI TOAN TiNH TONG QUEN
THUGOC VA UNG DUNG

PHAN PINH ANH
(GV THCS Thach Kim, Léc Ha, Ha Tinh)
B=123+234+. . +n(n+1)(n+2)
_n(n+1)(r+2)(n+3)
B 4
S 2-D224+D)+3-1303+D+..
+n+1-1}n+1)(n+1+1)

_n(n+D(n+2)(n+3)
4
& 222 -1)+3(3 -D+..+(m+ D[(r+1)?~1]
o nn+1)(r+2¥n+3)
4
S 2P+ +..+03) =243+ +n+])
_hln+1)(n+2)(n+3)
B 4
SP+22 43+ 4+ )= (1+2+3+...+n+1)
i nin+1n+2)n+3)
4
SP+2+3F 440 =”(”+1)‘:”;2)(”+3)
L n+2) _[n(n+1) 3
2 a9 2 :

(n+D7
Vay: D=13+23+33+...+}I"=J:n "’2 }

=(1+2+...+n) (neN") (4)
Sau diy 1a mét vai img dung cua cac két qua
trén:
Bai 1. Cho
S§=1234+234+...+nn+Dn+2) (nelN").
Chirng minh rfjng JAS+1 lasé tw nhién.

.....

45+1=nn+1)(n+2)(n+3)+1
=(n*+3n)n+3n+2)+1
=(n*+3n+1)*

=45+l =n*+3n+1el"

Vay 4S+1 lasé twnhién véi ne N*.
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Bai 2. Tim 50 tw nhién n biét rdng:

Lai gidi. Theo két qua (4), ta cé:

1 1
iz Jeied
i 1 =2013
JE+23 4384 +nt 2015
& : s : +..t d el
1+2 1+2+3 1+2+3+.+n 2015
C:,_:.z_.+..g..+ +L:29£
23 34 7 aln+l) 2015
DERENE Shy A0 SQu S
F.8 n n+l 2015
n-1_2013
n+1 2015
<= n=2014.

Bai 3. Mot han co vua Quoc 1é co 8 x 8 = 64 6
vuong don vi. Hoi ban co vua do co tat ca may

hinh vuong?

Lai gidgi (h.1)

S6 hinh vudéng cd canh
bang 8 la: 1 = 1% -
S6 hinh vuéng cé canh
bing 7 1a: 4 = 2%,

S6 hinh vuéng cé canh
bang 6 la: 9 = 3%

Hinh 1

S hinh vudng co canh bang 2 1a: 49 = 7°.

S6 hinh vudng c6 canh bing 1 1a: 64 = 8°.
Viy c6 tét ca:

, theo(3) 8(8+1)(2.8+1)

6
=204 (hinh vuéng).

124224324+ +7*+8

Bai 4. Mot nén nha hinh chit nhat co kich thuoc
8 % O 6 vuong don vi (gom cdc vién gach ldt
hinh vuéng bding nhaw). Hoi nén nha do co bao

nhiéu hinh vuong?

TOAN HOC

2 ' Cludilpe S8 454@-2015

Loi gidi

S6 hinh vuéng c6 canh bing 8 1a: 1.2
S6 hinh vudng cé canh bing 7 1a: 2.3
S6 hinh vuéng c6 canh bing 6 1a: 3.4
S6 hinh vudng c6 canh bing 2 1a: 7.8
$6 hinh vuéng c6 canh bang 1 1a: 8.9 .
Vay ludi 6 vudng do c6 tit ca:

theo(1) 2.0.10

1.2+23+..+7.864+89 = 240

3
(hinh vudng).

Bai 5. M6t khoi Idp phiwomg co thé tich 8 x 8 x
8 = 512 hinh ldp phwomg don vi bang nhau xép
khit nhau. Hoi khoi ldp phuong doé co bao nhiéu
hinh ldp phuwong’!

Loi giai (h.2)

S6 hinh 1ap phuong c6 canh
bing 8 la: 1 = 1°.

S6 hinh lap phuong c6 canh
bing 7 1a: 8 = 2°.

S6 hinh lap phuong ¢6 canh | -
bang 6 la: 27 = 3",

Hinh 2

S6 hinh 1dp phuong c6 canh bing 2 1a: 343 = 7°.
S6 hinh lap phuong c6 canh bang 1 1a: 512 = 8°,
Vay khéi lap phwong d6 cé:

theoid) 2
P42 +33+. . +81+9% = [32—9} =1296

(hinh 1dp phuong).
Pé luyén tip, cdc em cd thé lam céc bai tip sau:

BAI TAP

1. Mot manh ludi hinh chir nhat cé kich thude
12 8 x 10 = 80 6 vudng don vi bing nhau. Hoi
manh luéi d6 ¢6 bao nhiéu hinh vuéng?

2. Mot khéi hop chir nhat c6 thé tich 1a 8 x 9 x
10 = 720 hinh 14p phuong don vi bing nhau xép
khit nhau. Hoi khéi hop chir nhat d6 cé bao
nhiéu hinh ldp phuong?

HAY DAT MUA TC TH&TT TAI CO SO BUU DIEN HAY LIEN HE VG| TOA SOAN |
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Hudng dan gidi DE THI CHON HOC SINH GIOI MON TOAN LGP 9
TP. HO CHI MINE NAM HOC 2014 - 2015

(Dé thi dang trén THE&ETT 6 453, thing 3 nam 2015)

Bail.Tacéa=>0,h>0, 2
F
l+1+_1.=0 a+ez20,b+c20. :>-——+?.l 0:{ ]4—2][);} 1=0

a b
Do dé l=—[—l-+i}:(}-_—:>-:<:0. Tir gia thiét :7’[5—0,4][&'*2‘5}0-
i a b 3 ¥
ta co: l+%+l‘=Cl::>bc:+.:zt:+c:!b=ll}r A R NR P S f); -
. % Bai 4. Ta c6 D<x<-2-.D0 do1—-2x>0,3x>0.

=c2=ct+betcatab < c2=(atc)(b+c) Ap dung BDT Cauchy cho hai sé duong, ta cé

=-c=(la+c)(b+c) Ae2=x 1#2x_ 4-2x  1+42x

=atb=a+c+2a+c)(b+c)+b+c C12x0 3 2(1-2r) A
:>a+b=(Ja+c+Jb+¢:]1:>Ja+b =Ja+c+{b+c. (] 2T)+3+1+2‘- L, 3§ ., L.8
C2(1- ZA) .S R 2(1—2.1'] Sxr 3
Bai 2.2) PT (x+1)(x+2)(x+3)(x+6)=3x _3( ) ( ) 10
: 21 1-2x 3
= ,1+I X+6 x+2)x+3)|=3a2
{0 A3 e o, T 101
& (22 +7x+6)(x? +Sx+f1) 3x T T Hiog h 33
(T +6T+6] Ping thirc xay ra khl va chi khi
3 2 i—,13+6);+6:2x oA - -3 1
LA T ey ey _ =X o3x=1-2x 5=l x==.
(‘ X ) X [x2+6x+6:—2x ]—21 3x 5
Tim dwoc nghiém cua phuong trinh d3 cho 1 Viy gié tri nho nhat cua biéu thirc A 1a ?
b) Tir PT 22+ x—x2 =1+-iT
=22—x+2x—x2 :ITH =2[x+1)2—x)=%11
" S
2
: _x)=( X+ X+l LY 1
=4(x+1)(2 x]—( 2 ):(x+1][ = —4{_2—4}_0
=(x+1)(x+1-8x2+4x3)=0
=(x+1)(4x0-2x2-6x2+3x-2x+1)=0 a) Tir gia thiét ta c6 AEBH cén tai £
=(x+1)(2x-1)(2x2-3x-1)=0 (*) = HBE=BHE . Xét AEBC va AEAB c6
Giai PT (*) va thit lai ta théy BEC (chung), EBC = EAB. Do d6
| 34T : AEBC <~ AEAB (g.g)=BCE=ABE . Suy ra
=-bx=gix==—— I cic nghiém cla  pFE_EHE =ABE). Vay ti gisc HCEB nbi
PT da cho. tiep.
) EB ECG
Bai3.BDK: x=0, y=0. b) Ta co %A EB (do AEBC ©> AEAB). Ma
& 3 EB = EM (do E la trung diém cua MB), do d6
Ta co: {xy = —]—(x}' __] =21 EM _ EC
Y L EA " EM’ e
- TOAN HOC
S6 454 (4-2015) * CTuitre 3
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FT. Uy Ly
Hgﬂﬁb%b!!ﬁlhmﬂ

Thai gian lam bai: 150 phit

Céu 1 (2 diém). Cho biéu thirc
Jx 1-Jx )
pale 1)[ iz, f)[ 1_1],

voi x20,x#1.
. A . 2 5 £
2) Tim so6 chinh phuong x sao cho 7 la so

1) Rit gon P.

nguyén.
Cau 2 (2 diém) 1). Cho céc sb thue x, v, z, a, b,
y

: : 3 X !
¢ thoa man céc diéu kién _+E+":]' va
a ¢

. %ZU . Chimg minh ring
“.2 y2 -1-2
?+—= 1.
2) Tim céc sb nguyén a dé phuong trinh:
x2—(3+2a)x+40-a=0 c6 nghiém nguyén.
Hay tim cac nghiém nguyén do.
Céu 3 (1.5 diém). 1) Cho hé phuong trinh
X+my=3m
{mx—y =m* -2
véi x,y 1a 4n, m la tham sb. Tim m dé hé
phuong trinh c6 nghiém duy nhét (x;y) thoa
man x> -2x-y>0.

2) Cho a, b, ¢ 1a_dd dai ba canh ctia mot tam
gidc thoa man didu kién 2c+b=abc . Tim gia
tri nhé nhat clia biéu thire

S= 3 o+ . + )
" b+c-a c+a-b at+tb-c’
Céu 4 (3 d’:em) Cho tam gidc ABC c6 ba goc
nhon, ndi tmp duong tron (0) (4B < AC). Cée
tiép tuyen voi (Q) tai Bva C cit nhau tai N. V&
didy AM song song voi BC. Puong thﬁng MN
cat dudmg tron (0) tai Mva P

secla gl
1) Cho biét 032 NC2 16°
BC.

2) Ching minh rang =

AB’

3) Chimg minh ring BC, ON va AP dong quy.
Céu 5 (1,5 d:em). 1) Cho dudmg tron tam O ban
kinh 1, tam glﬂL ABC c6 cac dinh A, B, C nam
trong duong tron va cé dién tich lon hcm hodc
bang 1. Chimg minh rang diém O nam ftrong
hoiic ndm trén canh cia tam glac ABC.

2) Cho tip A={1;2;3;..;16}. Hay tim sd
nguyén duong k nho nhat sao_cho trong mm
tdp con gém k phin tix cia A déu ton tai hai sc-
phin biét a,b ma @*+b* la mot sb nguyén t6.

~ NGUYEN VAN XA
(GV THPT Yén Phong sé 2, Bac Ninh) Swu tim

tinh do dai doan

cP

Xét AECM va AEMA c6 CEM chung, %j: Eﬁ

Do d6 AECM «° AEMA (c.g.c) :~FMC EAM. Ma
EAMzADC, nén EMC=ADC‘

—AD//BM=>DAB=ABM=BDA.

Viy tam giac ABD cén tai B.
¢) Goi N=BJ/nAD thi BJL AD tai N = N 1A

trung diém cia AD =AN= DN—AD Xét AJBM

6 NK//BM :,-3% :’f; Ta ¢6 MOB= ,qos

ma MN:%AOB nén AJN=MOB. Xét M.w va

AMBO ¢o A?E':f.}b"é , Suy ra
AAJN @2 AMOB (g.g)

IN_AN_ JN _AN _JN_AN_
Tam:’oa MB 208 2MB__ JB 2MB

NK _ AN( *’N]:mx- /

_AN.
MB 2MB\ JB cas

2

TOAN HOC
4 . cruﬂlt;e S5 454 (4-2015)

Tir AK =NKva AN=DN = KD =3KA .

et I
T dé e

Bai 6. Gia sir n=ab (a, b la cac chit 56, a#0)
Theo diu bai, ta co: b=0,abiab=>(10a+b):a=b’a.
bat b=mu(mEN'.m<lﬂ).

Tir d6 ab=10a+b=10a+ma chia hét cho ma?. Nén
IDaEma::»lDEm:HﬂE{];Z;S}.
eNéum=1thib=a Tacé:1la:a2=11ia=>a=1.
Dodoa b=1,tacd ab—l].

-Neum 2 thi b=2a. Ta ¢d céc sb 12; 24; 36, Cac

s0 12; 24, 36 thoa man dé bai.
aNéum—Stacéb—Sa::rh"S Nén h =5, suy ra

a=1.8b ab= =15 (théa mén dé bai).
Viy ¢6 nam sb thoa man dau bai, dé 1a:
11; 12; 15; 24, 36.

NGUYEN bUC TAN
(TP. Hé Chi Minh)
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Y st
i va thivao
Bai hoc

% hing ta thay rang trong dé thi Pai hoc cdc nam
gan ddy, cdc bai phuong trinh (PT), bat
phwong trinh (BPT), h¢ phuong trinh (HPT) dugc
giai bang c::z'ch nhan lwong lién hop, dat nhan tr
chung dwa vé PT, BPT tich la rat pho bién. Nhiéu
ban doc thuong dat cdu hoi: Co 56 dé cd cdch giai
nhie vdy la gi? Dé giip cdc em hoc sinh ¢é co so dé
tim duwgc Ii giai bai todn bédng cdch nhdn heong
lién hop, ciing nhw don dau cdu vé PT, BPT, HPT
trong dé thi THPT Quéc gia sdp toi bai viét nay
trinh bay co sé d@é coé loi gidgi cho cdc cdu vé PT,
BPT, HPT trong @ thi Pai hoc cdc nam trieée diy
thing qua mét so thi du sau

Thi du 1. (PH khoi A — 2014) Gigi hé phirong

L {,{Jll‘w-_ﬂ;+\;'}‘{_12—_r1)=12 (1)

X -8x-1=2/y-2 (2)
L gidi
Cach 1. DK: {723 5x<23 1 o
2=y<12
2 = —
xfI—y =) ”22 Y va fy(12-x?) lﬂ-;-f—
Do dé
x.JlZ—y+\fy(12—x?)
x2+12—y y+12-x?
=< = =
4 3 + > 12.

x20
y=12-x*"
Thay y=12-x? vao PT (2) ta duoc:
—8x-1=210-x2

& ¥ -8x-3+2(1-V10-37 ) =

2(x+3)
—_1=0 (3.
1+410-x2

2(x+3)
——t > (),
1++/10-x2
Nén PT (3) < x=3.Véi x=3 taduge y=3.
Véy hé phuong trinh c6 mot nghiém la (3; 3).

Viy PT (1) @{

c:»(x—3)[x2+3x+1 1

Do x>0 suyra x> +3x+1+

N AN YV CACH NN L
TRONG 9 THIDAI EWEA‘" "

NGUYEN NG()C "‘trwm; f‘

(GV Truwong TNPT Kon Ihm)

Cdch 2. Ta c6:

e y(12-x?) =12-xf12-y

= y(12-x2)=144-24x /12—y + x*(12-y)
< 12y—144+24x,12—y —12x2 =0

& 12x? -24x 12—y +12(12-y)=0

o 12(x-12-y) =0 o x=2-y

4o x=0
y=12-x2"

Thay y=12-x? vao PT (2) ta dugc
—8x-1=2J10-x7

& x?—8x-3=2(J10-x2 -1)

2{9 x~]

J10-22 +1

2 3

@{x—S){(f +3x+1)+%:|=
-x

Sx=3=y=3,

Thir lai ta dugc nghiém cia HPT 1a (3;3).

=(VIZ=yy)-

¢=>{.1 3)(12 +3x+])

Cdch 3. Pt a=(x:V12-22 )b
Ta co H=|5‘=
PT(l]@Z(xmd-.fy (12-2))=2.12

e2ab=a +b a(a b) =0 a=h

=0
= JI2- v .
i dad T ISP
Thay y=12-x" vao PT (2) ta dugc
—8x-1=2/10—x?
& x}-8x-3=2(J10-x7 -1)
2(9—::2)

c:(x-—S]{x? +3x+1]=m

@(pa)[(xmsﬁl}ﬁ‘,%(_%}o

TOAN HOC
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S x=3=y=3.
Thr lai ta duwoc nghiém ciua HPT 13 {3'3]
¢ Binh lufin: Qua ba cich giai trén ta thay ring,
phrong trinh (1) c6 thé duge sir 1y bang nhicu cach
khac nhau, nhung sau khi thay y=12-a2 vao
phuong trinh (2) ta duge PT

23 -8x-1=2{10-x2 (3).
Thi PT (3) duge gidi bing cach nhén lugng lién hop,
diit nhén tir chung dua vé tich la don gian nhét.
Tuy nhién cén cr ndo dé ta bién ddi PT

x3-8x-1=2{0-x2 (3) thanh PT
x1 ~8x-3=2({10-x% -1)?

Xin duwoge trinh bay cin cir 6 nhu sau:

- biu tién ta ding May tinh bo thi (MTBT) dé thir
nghiém, ta thiy PT (3) c6 hai nghiém 14 x=—1 va
x=3, Tuy nhién ta chi quan tdm t&i nghigm x=3
ma khong quan tim t¢i nghiém x=-1 vi didu kién
¢6 nghiém 13 x>0. Nhu vdy ta phai lam xuat hién
dai lwong x-3 dé dat nhin tir chung, nghia 14 ta
phai dua PT (3) vé dang (x-3)f(x)=0. Muédn viy

ta phii tim s& @ sao cho biéu thirc 24/10-x* —&
sau khi nhin lwong lién hop xuét hién dai lugng
x=3,
- Do PT (3) chi co mdt nghiém x=3 nén cich don
gian nhit ¢ tim a 1a ta thay x=3 vao PT
2{10—x2 —a=0 ta tim duge @=2. (Luuy la do PT
(3) c6 duy nhét mét nghiém nguyén nén ta méi ding
cach trén, néu PT (3) co hai nghiém nguyén hodc
khong nguyén ta s& diung cach khdc s& dugc trinh
bay & phén sau).
- Do d6 ta co PT x* —8x—1=210-x>

& x? -8x-3=2/10-x* -2,

Thi du 2. (PH khoi B-2014) Gidi hé phwong trinh

[(1=y)Jx=y+4 1=2+{\x—y—1).‘."? (1)

2y? —3x+6y+1=2/x-2y - JAx-5y-3 (2)
y=0

Lei giagi, PK: {x-2y=0 (*). Tacod:
4x-5y-3z0

PT (1) <{(1-y)({r=y-1)+{x—y-1)(1-y)=0 3
@{l—y)(x—y—l)[ 1 ﬁ—g]zo

x—y+1
a3 =1
y-x r

TOAN HOC
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e Véi y=1, thay vao PT (2) ta dugc :
0-3x=0<«>x=3.
o V&i y=x-1,DK(*)=1<x<2. PT (2) trdr
thanh : 2x2 —x-3=+2-x
& 2(x2-x-1)+(x-1-v2-x)=0

é("‘_g_‘r"l)[hﬁﬁ%{}:
1+3
T

Syl x-1=0=x=

Tir d6 ta tim duge nghiém cua hé phuong trinh
1445 =Léadls

la: (3:1),| ——; ]
155715

4 Binh luiin:

e Khi doc 1& giagi HPT trén, chic chan nhiéu ban s&

dat cau hoi: *Co 36 nao dé bién ddi PT (1) thanh PT

(3)7”. Sau day 12 mdt cich dé tra 1&i cau hoi trén.

- Thay x=3 vao PT (1) ta dugc:

(1-y)yB=y +3=2+(2-y)yy (@).Ding MTBT

tim duge nghiém cta PT (¢) 14 y=1 va y=2.

- Thay x=4 vao PT (1) ta dugc:

(1-y)J4-y+4=2+(3-y)y (b). Ding MTBT

tim duge nghiém coa PT (b) 1a y=1 va y=3.

- Nhu viy ta thay ring vdi x=3 hofic x=4 thi PT

(1) luén ludn ¢6 nghiém y=1. Ta dy dodn PT (1) co

l}f(x;y}:ﬂ ;

- Mit khéc ta thiy ring khi x=3 thi PT (1) c6

nghiém y=2.Khi x=4 thi PT (1) c6 nghi¢m y=3.

Nhur vdy mdi quan hé gitta x va y 1a y=x-1. Ta

dy doan PT (1) co thé dua duge vé dang

[:x-y—-l}g(x;_}')=[i :

- Tir céc nhan xét trén, ta dy don ring PT (1) c6 thé

dua duge vé dang (y-1)(x—y—1)h(x:y)=0.

Tir d6 cho ta dinh hudng dé bién déi PT (1) thanh

PT (3). :

- Tuy n!lién,' néu bai nio cung phai lap l1:1{in nhur trén

thi s& rat mat théi gian, co 1€ tot hoq héE 14 cdc ban

phai chju khé giai nhiéu bai tap, dé bién k¥ ning

thanh k¥ xdo, sao cho “nhin vio bai todn ta thiy”

ngay cach giai.

e Ngoi ra, trong khi gidi HPT trén thi dén dén PT:
2x2—x-3=2—x (4).

Ta cé: PT (4) twong duong vai

thé dura duoc vé dang (y-
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2{.{3—x—l]+(x—l—1f’2—x]=0 (5)
Cac ban s& dit ciu hoi dau 1a co sé dé bién ddi PT
(4) thanh PT (5). Xin dugc trinh bay co s& d6 nhu
sSau.;
- Péu tién ta ding MTBT dé thir nghiém, ta thiy PT
(4) ¢6 nghiém (gin ding) la x=1,618033989...Néu

nhdm nhanh ta 1hc1y rﬁng x=1,618033989., —lﬂrﬂ

v l+1’5_ “ ey i % T
Ma ).——Em la nghiém cia PT x2—x—1=0 hoic la

nghiém PT —a2+x+1=0. Nhu vdy ching ta phai
lam xuadt hién dai luong x2-x—-1 hodc —x2+x+1 aé
dat nhin tir chung.

- Do PT (4) chi chira m{t cén thirc nén ta lap ludn
ngin gon nhu sau: Trong PT 2x2—x-3={2-x ta
cén 1am xudt hién biéu thire x2—x—1 dé dat nhan tir
chung nén ta bién ddi phin 2x2—x—3 trude va lam
xudt hién 2(x2-x-1), nghia 13 ta bién d6i PT

2x2-x-3=2-x thanh 2(x2 —x—l]+(x—l— —.x:):[}.
Nhung nef:u PT chira nhidu hon mét cin thic thi ta
khong thé lam nhur trén dugc. Xin trinh bay phuong
phép téng quat nhu sau:

- Trong PT (4) chita {2—x , khi d6 ta phéi thém bét
mét dai lugng a , nghia 14 ta bién ddi 2—x thanh
2—x—a sao cho sau khi nhin luong lién hop thi
xuft hién bidu thire x2—x—1 hofic —x2+x+1, Luu ¥
la bicu thirc can xuét hign 1i bac hai nén o khong
phai 1a mét sé ma @ phai c6 dang a=ax+b.

- Khi do

2-x—(ax+ b]l
SO (ax+b) 3

Sau khi nhén lién hop xong xudt hién —ax? nén ta

JZ—.t—cx:JE—x—(a_t+b)=

s& cho Z—x—(ax+b)2 =—x2+x+1

c::s(ax+b)2=12-2x+l =ax+b=x+1.
- Nhu viy ta phai thém vdt mét dai luong 1a x+1
vao PT 2xt—x—3=2—x .
- Vé&i phuong phap téng quét trén, cac ban co thé
gidi duge cac PT, BPT chira cén thirc bﬁng cach
nhan lrong lién hop mdt cach dé dang.
- Dén day c6 1& cac ban sé& thiy ring dé giai mot PT
chita ciin thirc bing céch nhan lugng lién hgp don
gian nhur thé nao.

Thi du 3. (PH khoi D
[__n'{-ﬁ!\u".x'-- T=x2+T7x+12 (1)

2014) Giai bt phuong
trinh: (x+1 Wx+2+
Loi gigi. DK: x=-2.

Véi didu kién trén, BPT (1) twong duong véi

{x+1)[\.’m-2)+(x+6}(m—3]
—{12 +2_r—8)3_>0

x—2 x—2
Q{x+1)\fx+2+2+( )dx+ +3

~(x-2)(x+4)=0

x+1 x+6

(x=-2 + —(x+4) 1202

( )[Jx+2+2 Jx+7+3 ( )]

x+2=20

o AR 2
Do xz-2 nén {x_’_ﬁ}ﬁ.Suyra

x+1 x+0 x+2
— e —(x+4d ) = —
JEE242  JEET+3 { ) Jx+2+2
_x+2+ x+6 _x+6_ 1 <0

2 Jx+T+3 2 Jx+2+2

DodéBPT (2) & x-2<0< x<2.
So sanh véi diéu kién ta duge nghiém ciua BPT
i -2<zz2,

¢ Binh ludn: Ta thiy rfmg budc bién dbi BPT (1)
thanh BPT
(x+1)(x+2-2)+(x+6)(x+7 -3)~(x2 +24-8)20 (3)
1a méu chét cia bai gidi. Véy co sd & dau dé co duge
budc bién ddi trén? Xin trinh bay nhu sau: Pau tién
ta thay ddu “>" bai diu “=", Nghia 12 ta thay BPT
bing PT. Diing MTBT dé tim nghiém ta théy PT
(x+1)4x+2 +(x+6)Jm=x2 +7x+12 co6 mdt
nghiém duy nhdt x=2. Nhu véy ta phai lam xudt
hién dai lwong x—2 dé dit nhan tir chung. Khi do ta
x+2-a=0
fx+7-p=0

c6 nghiém x=2. Thay x=2 vao h¢ trén ta tim duge

a=2
p=3

thanh BPT (3).

cén tim hai s6 @ va £ sao cho HPT {
Day chinh 1a co s& dé bién dbi BPT (1)

- 2013) Giai hé phieong trinh

Thi du 4. (DH khoi B

(242 +y2—3xy+3x—2y+1=0 (1)
| ; ;
d

2 3 : R LAy e
(427 —y* +x+d=[2x+y +(x+4) ()

TOAN HOC
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2x+y=20
x+4yz20
Ta cé: PT (1) twong duong vai

(x+1—}’](2.t+]—y}=0 ¢$|:}‘=2x+1

Léi gidgi. DK: {

y=x+1
o Vdi y=2x+1, thay vio PT (2) ta duge :
Jax+1+9x+4 =3-3x (3).
Taco f(x)=Ax+1+J9x+4 dong bién.
g(x)=3-3x nghich bién.

Nén PT (3) néu cd nghiém thi 1a nghiém duy

nhit. Ma f(0)=g(0)=3 nén PT (3) c6 nghiém

duy nhit x=0=y=1.

e V& y=x+1, thay vao PT (2) ta duge PT
V3x+1+5x+4 =3x2-x+3 (4)

o [m—{x+1)1+{mv(x+2]]

=3(x=1)x(5)

—x24x
Sx+4 +(.x+2)

el v
3x+i+{x+l)

=3{x2 —.'c)

1 1
i 31=0
.;;,(,1«‘: x)(\l'?:x+i+{x+l)+\|'5_r+4+(x+2)+ ]

x2=x=0
i 2 + 1 +3=
V3Ix+1+(x+1) Sx+4+(x+2)

x=0

F=lit

Tir d6 ta tim duge nghiém cia hé phwong trinh
1a (0;1),(1;2).

¢ Binh ludn: Ding MTCT dé tim nghiém, ta thiy
PT (4) ¢6 hai nghiém la x=0 va x=1.Ma x=0 va
x=l la nghiém cua PT x?—x=0 hodc PT
—x2+x=0. Tir d6 ta c6 co s& dé bién ddi PT (4)
thanh PT (5) bang mot trong hai cich nhu sau

@xz—xz(]«n:[

e Cdch 1. Ta can tim hai s6 & va f§ sao cho PT
Bx+1-(ax+p)=0 (6) cb hai nghiém 13 x=0 va
x=1. Thay x=0 va x=1 vao PT (6) ta dugc hé PT
theo & va f. Giai HPT theo o, f ta duge a=1
vad fA=1. Tuong ty ta can tim hai sé @ va b sao
cho PT Jm-(ax+b}=0 (7) ¢6 hai nghiém la

8 T?gPuggce S3 454 (4-2015)

x=0 vi x=1. Thay x=0 vi x=1 vaoc PT (7) ta
duoc hé theo a va b. Gidi hé HPT theo a, b ta
dugc a=1 va b=2.
e Cach 2. Taco
3x+l—(cxr+ﬁ}2
Bx+l-{ax+flomee——r".
s (.—::rx ﬂ} E.x+l+{a.r+ﬁ)
Cho 3_r+1—(.-xx+ﬂ}2=-—.r? +x ta duge
(a’x+ﬂ)1 =x24+2x+1=ax+f=x+1.
(Luu ¥ 1a cho 3x+1-(ax+8) =—x+x chit khong
phii cho 3x+1—{ax+f) =x2—x).
Tuong tur ta co

Sx+d—(ax+b)
e 0 TH ) il el
FHislans) Bx+4+(ax+b)
Cho 5.r+4—|:ax+b]2=—x2 +x ta duge
[ux+b]z=x2 +dx+d=sar+b=x+2.
Chung t61 hy vong rﬁng‘ qua nhimg thi du va
nhimg binh luén trén phan nao s& gidp cac em
hoc sinh ty tin khi gap céc bai toan vé PT, BPT,
HPT trong ki thi THPT Quoc Gia sap tdi. Dé
thanh thao phuong phdp nhén lwong lién hop,
cdc em hay thir lam céc bai tdp sau

BAI TAP
Giai cac PT, BPT, HPT sau
3T 4 X +8-2=x7 +15.

2. Jx+2 +45x+6+28x+9 =4x2.
gy s

6
4. 6xF—5x2-12x—-10+3x-2 +JTx+2 <.

2+ x+1 2
S L  E
x+4 ¥ Jxt+1

: 12x—-8
R rwe SL U, e W
i Sl
4

,fx+y+l+l=4(x+_v)2+ﬁJxTy
: V2x+ 4+ 2315 =28+ 22+ 2y-32.

z S+ 2ay+2y? +, 22+ 2xy+5y2 =3(x+y)
|2y 1 +23Tx+12y+8=2xy+y+5.
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HUGNG DAN GI1Al

Ciu 1. a) Ban doc tir giai.

b) Toa d diém udn cua dd thi (C,, )1a 7(0:m)
nén dudmg thang (d) c6 dang y = kx +m.

PT hoanh d giao diém cta (C,, )va (d) 1

X =3x+m=kx+m < x°—(k+3)x=0 (1)
Dé (d) tao véi db thi (C,, ) mot hinh phing thi

PT (1) phai c6 3 nghiém = k>-3, lic dé 3
nghlv;'m cia PT (1) 1a

x=0,x==yk+3,x=+/k+3.
Villatam dbi xtmg cua (Cm )nén dién tich cua
hinh phéng (H) la:

\d—T

o J- k_x+m—r +3x— m]dx -i—(ﬁ:+3)1

:>3=2@%[k+3)‘ =2=k=-1(vi k>-3).
Lic nay PTH [d] viét lai y=-x4+m, (d} cat
hai truc toa d tai hai diem A(0;m), B(m;0).
Vi(T) la tam gidc vudng cén, nén dién tich clia
(Nlas= émz

Tir gia thiet S=2=m=2, hoic m=-2.

Ciu 2.PK ; x;é%{r-. Ta co

tan x.cot 2x = (1+sinx)(4cos x +4sinx -35)

< tanx.cot2x =3sinx—4sin® x—1
sin3x

———=gin3x
CcosX.sin2x

<> l+tan x.cot2x=sin3x <=

1 A
cosx.sin2x )_0'
e sind3x=0< x="1 @&5i chiéu véi PK, ta
théy PT nay c6 nghiém la

@Sinlﬁ:(

v=2tmn r—Eerr:

x== X== 3
» sin2x.cosx = [, phuong trinh nay vé nghiém.
Vay nghiém cua PT di cho 14

x=§+nzn,x=2—;+mm (F?E'EZ)-

Céu 3. Ta co;

Iln’2+ln (2tan x)
sin2x.In ’?tdn r}

dx Il

=] ;
e :sanx.ln(Ztan x)

sin2x

P S

| ._'wl::
g

Tinh

https:/sites.google.com/site/letrunglidenmath

sin2x.In(21tan x) T ik In(2tanx)
4

mzﬁ. dx ]ng";—d[ln(‘Ztanx]J
3

T
1“2{111 In(2tan0)) ]2 1‘;2 In [“ﬁf}
% n
ol 3_1
h == )3 ==InV3.
Tin !sin E5A In(tan x) 72 In+/3
4 4

In2 . (In2.3
VayI—Tl[ = ] +=In+/3.

CAu 4. a) Khai trién biéu thirc trén co s hang
thir (k+1) 1a Chx*, (k<n).

2k=8

Ct =210

=k=4,C! = oo Sk o
4! {n 4]

< (n- 3)( ]{n—l)n 5040
<> (n? =3n)(n? =3n+2)=5040.

Tir gia thiét c6 {

210= =210

Dit in phu va giai PT nay ta duge n = 10 .

Ta co
{
(1+x2)" =C8, + x2C}, + x4C2, +....+ x>1°C18
Do d6 tong cac hé sb:
COy+Cly+C3 +...+4C8 = (14+1)° =21,

b) Gia sit M(a;b)la diém biéu dién sb phirc

z=a+hi, (a hEiR)
= (a —l} +b2=34 =M thudc duong tron

(C):{x—nl) +y2 =34 Vi |z+1+mi|=

:>{a+l)2+(b+m)2 ={a+m}i+(!;-+2)2

=2(1-m)a+2(m-2)b-3=0.

Do d6 M nam trén duong thing (d):

2(1=m)x+2(m-2)y-3=0.
DE c6 hai s6 phite z,,z, déng thoi théa man hai

PK di cho ngh:a la c6 hai dlem biéu dién
M,, M, cia hai s6 phirc 1an lugt nim trén hai

giao diém caa (C) va (d),

z+m+21|

16n nhét

- o
2] T e

TOAN HOC
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& MM, 14 dudmg kinh cia (C) hay (d) qua
tdim /(1;0) cna (C)

=2(1-m).1+2(m-2).0-3=0=m=-=

Lic nay dwdmg thing (d) c6 PT 3x-5y-3=0.
Toa dd ciia M|, M, 13 nghiém cua hé

2
{(-*_ 1) +5* =34, 1 (6:3), M, (~4:-3).
Jx—5y-3=0
Viy hai s6 phirc can tim 13 z =6+3i, z, =—4-3i.

Cau 5. Mat cau (S) c6 tim /(=2;—1;1) va ban
kinh R=4/5.

Goi r la ban kinh ducmg tron thiét dién, tr gia
thiétco S=neortr=n=>r=1.

Goi d 1a khoang céch tir [ dén mat phing (a)

faco d’=R*-r*=4=d=2

Mit phing (@) qua N(0:-1;0) co dang

Ax+B(y+1)+Cz=0

< Ax+By+Cz+B=0(A?+B2+C? 20).

Vi («) qua M(1;-1;1) nén
A+C=0=PT(a): Ax+By-Az+B=0.

Vi d(,a)= 3% =]

s

e =265 A2 =4

2A2+B2 2?

Cé hai m3t phang (&) can tim véi PT 14 :
2x4y-2z+1=0; 2x-y-2z-1=0.

Ciu 6

Ta ching minh duge AAMG wvubng tai M,
AANG vubng tai N, nén duong tron day cua
(H) c6 tdm H la trung diém AG, cd ban kinh

_AG SAAC 6, . p_16,
R = 5 .Tacdé AG=—r—— 5C 3 a=R 5
Vi OH la dumg <cao (H) nén

OH 1 (a)=OH J/SC=>0 14 giao diém clia AC,

i AC? B
BD=0H= 2CG Co=—"% C J—a::»OH 34
Vay thé tich hinh non 14

1 V3
Viy) =5 7R*OH = 3o na’.
TOAN HOC
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Cau 7. Gia st AH lan lwot cat BC va dudng
tron ngoai tiép tam gidc ABC tai hai diém E va
K, ta chimg minh dugc E 1a trung diém HK.

Vi AH 1L BC nén AH:x-y=0,

E=BCnAH = E(4;4) va E la trung diern HK
— K(3: 3). B4n kinh dudng tron ngoai tiép tam
gidic ABCla R=1IK = 5.

Viy dudng tron nay la (x—S}z +(y—4)2 =1

Tir d6 tim duge B(3; 5), C(6; 2) hodc B(6; 2),
C(3; 5)va A(6; 6). Viy

6+6-8 4
= .32 =6 (dvdt).

(e =%d(A, BC). BC:%

Ciu 8. PK: x>0, taco:

(x——lnx) 2x2+2 =x+{<:>(x—lnx]=%.
Xét ham sb f(x)= J”_*"L khi d6

= fx)=0=x=1.

Fx= {2 +l)1'2x? +2
Lap bang bién thién ta c6 f(x)<1, Vx>0,
ding thirc xdy ra khix = 1.
Xét ham 86 g(x) = x—Inx, khi do

g’{x)=1—%:> =0 x=1.

Lép bang bién thién ¢6 g(x)=1, Vx>0, ding
thirc xay rakhix = 1.
Viay PT co ding mot nghiém x = 1.

Cau 9, Tacod

Pit a=%,b=2, =2
it a gty
Khi d6 F:L"+-E3-m+cz+ﬁ.

a+b a+b il
Ta oo a+bd2ab(a+b)=>-2—+ L >ap=1

a+b a+b c
(via=0,b>0). Vﬁy

1 15

P yot4—= 2+
& ¢

Taco f’(c’)=2c—i—?::>f (Cy=0<=c=2.

Léip bang bién thién ta cé f(c)= f(2)=12. Tur
d6 minP =12 < z=2y=2x.

NGUYEN LAI
(GV THPT chuyén Licomg Van Chanh, Tuy Hoa, Phi Yén)

..f(.:) Ve e(1;+o0).
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THU SUC TRUOC KI THI
PEsO7
(Thoi gian lam bai: 180 phiir)

Cau 1(2 diém). Cho ham sb y—x+;

a) thm sat va vé do thi (H) clia him s6. xen ;
b) Viét phurong trinh tiép tuycn cla (H) biet ring tiep
tuyén song song vdi dudng thang A:3x+y=0.

Ciu 2(1 diém). Giai cac phuong trinh

4
log,. x2 +4I{)g (x—1) =log, (lngﬁ 5).
u 3 (1 diém). Tinh tich phin
= lnx——‘ﬂ;dx
P [I —[Jnx)']x
Ciu 4 (1 d;em) Mét chiée hop co 6 qua cdu mau
tmng, 4 qua cau mau d6 va 2 qua cau mau den. Chon
ngau nhién 6 qua cau. Tinh xde suit dé 6 qua céu

dugc chon c6 3 qua ciu mau tTang, 2 qua cdu mau
dova l qua ciu mau den.

S(1 diém). Trong khong gian vai hé tryc toa do
m(":-ng goc Oxyz, cho cac diem A(1; 2; 0), B(3; 0; -3),
C(5; 2: 6), D(0; —3; 1). Chimg minh rang céc diém 4,
B, C, D la bon dinh cia mét tir dién va tinh thé tich
khai nr dién ABCD.
Can 6(1 diém). Cho lang try dimg ABC.A'B'C" ¢6

PROBLEMS ...(Tiép theo trang |

n T8/454, Gwen three positive numbers
a, b, and ¢. Prove that

@ + b\ vl . ‘+3
a+b b+c c+a
AT b C
s o
v 2[a+b+b+c’+c+a}
TOWARDS MATHEMATICAL
OLYMPIAD
T9/454. Let d be a line in the
coordinate plane with the equationy:%x-s-%.
Let a; and a; be two distinct lines which are
parallel to 4. Suppose furthermore that the
distances from a; and @, to d both are equal to

Probler

Problem

17 Is there any integral point, i.e. point with

both coordinates are integers, between or on
two lines a; and g,?

ddy 4BC la tam gidc cén dinh C; dudmg thing BC’
tao v mat phang (ABB'A') m{t gbc
60°, AB=AA'=a. Goi M, N, P lan lrot 1 trung
diém ctia céc canh BB',CC',BC. Tinh thé tich khdi
lang tru ABC.A'B'C’ va khoang cdch giita hai duong
thﬁng AM, NP theo a.

7(1 diém). Trong mit phing Oxy, cho hinh chix

nhz_“it ABCD c¢6 phuong tinh canh AB i

x-=3y+5=0, phuong trinh duémg chéo BD

ldx—y—1=0; biét ring dudmg chéo AC di qua diém

M(-9:2). Tim toa @9 céc dinh ctia hinh chir nhat

ABCD.

Cau 8(1 diém). Giai hé phwong trinh
x(x+y)+x+y =2y (257 + I)
Xy -5 +7(x+y)-4=63y—x+1

Ciu 9(1 diém). Cho a,b,c 14 céc sb duong lhéa man
abe+a+c¢=h. Tim gid tri 1én nhat cia biéu thic

R bee B o oA 3c
@+l B+l Je2+1 (2 +1)Je2+1°
NGUYEN VAN THONG
(GV THPT chuyén Lé Quy Dan, Da Nang )

(x.y ER}.

Problem T10/454. Prove that, for each positive
integer », the equation 2014" + nx = 2013 has a
unique solution, say x,, . Find lim x,,.
Problem T11/454. Find all
functions f:R — R which satisfy

(x+}‘]f(x+y)=xf{x}+yf(y]+2_m vx, yeR.

Problem T12/454, Given a triangle ABC. A
point M varies on the side BC. Let (/) and (L)
be the inscribed circles of the triangles ABM
and 4CM respectively. A common tangent line
XY of (1}) and (1), which is different from BC,
intersects AM at N (Xe(l,); Ye(l;)). Let Z and
T respectively be the tangent points between
AM and (1,), (). XT cuts YZ at K. Prove that
NK always goes through a fixed point.

Translated by NGUYEN PHU HOANG LAN
(College of Science-Vietnam National University, Hanoi)

continuous
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rong kho tang cdc bai todn todn hoc c6 mot

dinh Ii vé ciing noi tiéng va réat quan trong do
la dinh Ii con buém. S¢ di quan trong la bdi, dinh If
con buem la a‘ar twgng nghién ciru cd trong chuong
trinh todn s cdp ciing nhir cao cdp. Cho dén nay,
nguwdi ta da tim ra 21 chitng minh dinh Ii con buom.
Céc bai todn mo rong thi rat nhiéu, dién hinh cé thé
ké dén mo rong dinh li doi véi dweng tron thanh
dinh li ddi véi conic, dinh li con buém don thanh
dinh li con budm kép,...Dinh i con budm dwoc phat
biéu nhu sau

Dinh li 1 (Dinh Ii con budm)

Cho PQ, AB va CD la ba ddy cung dwong tron
déng quy tai diém M, véi A, D nam vé ciing mot
phia doi voi dwong thing PO va B, C nam vé
phia con lai. Néu PM = OM thi XM = YM, ¢
dav X va Y la cdc giao diém lan heot cia PQ
vai AC va BD.

Nhu vdy, dinh 1i con buém cho thy, thir nhat,
ba day cung PQ, AB va CD ddng quy tai M
va ba diy cung nay nam trong dudng tron; thir
hai, PM = QM va thit ba, két luan XM =YM .
Chung ta thay dir kién duong tron bang tam
giac, ba day cung dong quy nﬁm trong duong
tron boi ba cevian dong quy nim trong tam gidc
(Cevian 13 doan thing c6 mot dau la dinh va
déu kia ndm trén canh d6i dién dinh nay cia
tam gidc cho trude. Cevian 13 tén xudt phat tir
nha toan hoc Italia ndi tiéng ma ai trong chiing
ta déu biét - Ceva), tinh chat PM = OM duge
thay boi hai goc bang nhau thi ta duge bai toan
rai hay goi 1 dinh 1i au tring con buém. Dinh i
du trung con buém ciing cé rat nhiéu tinh chét
twong ty nhar dinh i con budm.

Dinh li 4u tring con buém duge phat biéu nhur
sau

Binh li 2 (Dinh Ii du triing con budm) i
Cho AD, BE va CF la ba cevian dong quy
trong tam giac ABC.

1 2TOFIN HOC
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NGUYEN NGQC GIANG
(TP Ho Chi Minh)

a) Au tring con buwdm thir nhat:

Néu ADB = ADC thi ADF = ADE.

b) Au trimg con buom thir hai:

Néu DAB = DAC thi DAX = DAY, ¢ ddy X =

FD~BE; Y=EDNCF.

Pinh 1i Au trimg con buém thir nhat (phin a)

chinh 14 bai toan thi 5 trong ki thi Olympic

Canada nam 1994. ADB = ADC & phan a cho

thdy AD 14 dudng cao cua tam gidc ABC.

Trong khi do, DAB = DAC ¢ phén b) cho thy

AD 1a phéin gidc cua BAC. Bay gid, ching ta
s& khong chimg minh dinh li a 4u trimg con buém
ma di chimg minh dinh Ii tong quét cua dinh li
ndy. Pinh li tdng quat dugce phat biéu nhu sau
Dinh i 3 (Pink li du tring con budm tong qudat 1)
Cho AD', BE,CF la ba cevian dong quy trong
tam gidgc ABC. Trén duomg thang AD' lay diém
D hdr ki.

a) Au rmng con b bucrm thir nht:

Néu ADB = ADC thi ADF = ADE.

b) Au trimg con bwém thir hai:
Néu DAB = DAC, thi DAX = DAY, ¢ déy X =

FDBE; Y=EDNCF.
A

Cr

D
Hinh 1
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A
F‘
‘Er
¥
Z \
{1.'
D
Hinh 2
Chirng minh. a) (h.1) Liy C', E' 1an lugt déi
ximg véi C,E qua AD. Ta c¢b

C'DA = BDA (= ADC).

Vay C', B, D thing hang.

Chirng minh ADF = ADE twong duong véi
chimg minh ba diém D, F, E' thing hang.

Ap dung dinh 1i Ceva, ta c6

D'B EC FA__ )
D'C EA FB
Vi DD' 14 phan gidc ctia BDC nén
D'B _DB _ DB @
ot oo rhc
: T AL J8 S ol
Theo tinh chét d e Rt
inh chat doi ximg, ta cd A FA (3)
T (1), (2), (3), ta c6
DE EC' FA_.
DC' E'A FB
Theo dinh li Menelaus dao, ta co ba diém D, F,
E' thang hang.

b) (h.2) Goi K la giao diém ciia ba cevian dong
quy AD', BE,CF . Liy C',E",Y' lan luot dbi
ximg voi C,E,Y qua AD. Diéu can chimg
minh twong duong véi A, X, ¥ thz'ing hang.
Ap dung dinh 1i Menelaus cho tam gidgc AFD
va cat tuyén BXK , ta c6
- 0 P (4)
XD KA BF
Ap dung dinh li Menelaus cho tam gidc ADE
va cat tuyén CYK ta co

SOLE AL (5)
YE CA KD
T (4) va (5), ta ¢6
XF YD KD BA CE KA _,
XD YE KA BF CA KD
At BPe R BF
iy — . — == . —,
XD YE CE BA
gl A8 Af PABF A 6)
XD YE AF CE BA AF
CA" P'C
" BA bh )
Theo dinh i Ceva 2 78 E4 _ | (g
Bl
Theo tinh chat d6i xing, ta cd
e T By )
YE Y'E
Tir (6), (7), (8), (9), ta c6
XF Y'D AE' _
XD Y'E' AF 1
Theo (_Einh li Menelaus dao, ta co ba diém A, X,
Y' thang hang.

Phén b) cua dinh i 3 duoc phat biéu téng quat
hon nhur sau:

Binh li 4 (Dinh I du trimg con budm tong qudt 2)
Cho AD', BE, CF la ba cevian dong quy trong
tam gidc ABC. Trén dudng thang AD' ldy diém
D bat ki. Goi M la diém thugc AD (M khdc
A,D,D"). Goi H=DFnBM; [ =DENCM.

Khi dé néu DAB = DAC, thi DAH = DA

S4 454 (4-2015)
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Chikng minh. (h.3) Goi C',I',E' lan luot la
cac diém d6i xing véi C, I, E qua AD. Khi d6
ta ¢6 ba diémD, I', E' thing hang ; ba diém
M. I',C’ thing hang.
Ap dung dinh 1i Menelaus cho tam gidc AFD
va cat tuyén BHM , ta c6

HF MD BA

B Tl o

HD MA BF
Ap dung dinh li Menelaus cho tam giac AED
va cét tuyén CIM | ta co

ID CE MA

(10)

ol 11
IE CA MD o

Tu (10) va(11), ta cd
HF ID MD BA CE MA_,

HD IE MA BF CA MD
Ma DI =DI';IE =I'E’, nén tir (12) ta cd

HF I'D _CA BF

HD I'E' CE BA
_HFE TD AF _AF CA BF .y
“HD TE AF AF CE BA
o el LA G
Talai c6 AE' = AE ; TR (14)
Ap dung d;nh li Ceva ta co
DR FA
Tir (13), (14), (15), suy ra
HF I'D E_l
Hh PBAF

Theo dinh 1i Menelaus dao, ta ¢6 ba diém A4, H,
I' thing hang, hay IAM = HAM.

Do tinh chét déi xtmg I'AM = IAM nén
m = LEE! (dpcm).

Nhin xét. Khi M =K thi dinh li 4 tré thanh dinh li
3 (phan b). Goi (0) la dudmg tron ngoai tiép tam
gibc ABC. Goi A' la trung diém cia BC. DPuémg
thing AO cit BC tai .D' sao cho 4 vi D' nim
khéc phia d6i v6i BC. Thé thi AD' chinh 1a phén
gidc ciia goc A Goi N 14 trung diém cia AD'. Qua
1, dyng dudng thing d//ON cit AD' tai 5. Goi

TOAN HOC
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I' 1a diém trén d sao cho § la trung diém cua /1.
Thé thi DAH=DAI < A,H,I' thing hang.

T ddy, dinh li 4 con ducjc’pha’.t biéu nhur sau

Cho tam gide ABC ndi tiép dwomg tron tam Q. Goi
A' la trung diém cua BC . Pudng thing OA' cat
duwdng tron (0) tai diem D' sao cho A,D' ndm
khdc phia déi véi BC. Trén dwonmg thing AD' ldy
diém D bat ki. Biét rang AD, BE,CF dong quy tai
K viéi BE,CF la cdc cevian cua tam gidc ABC.
Goi M la diém thugc AD (M khdc A,D va giao
diém ciia AD véi BC).

Goi H=DF~BM ; [=DE~CM. Goi N la trung
diém ciia AD'. Qua I dung dwomg thang d // ON
edt AD' tai S. Goi I' Ia diém trén d sao cho S Ia

trung diem cua I'. Khi do A H,I' thang hang
(h.4).
g AT
5 N E \,
b 9 %
v \':_\;j"\ \"._
= f < :\\\_\‘ Y
NN .
' R \ [
\ /S \ T|&“>."\\-H ,'
\ &/ \ '|I e
B\ \ | 4 /C
R \\ | P4
e - '\\ I'll lll ___—/
. ak .\..ll | ___,--"J.
Dll";".'
\
D

Hink 4

Pem chiéu song song mit phing chira hinh v&
xudng mit phing khéng song song véi né sao
cho qua phép chiéu song song, dudmg tron bién
thanh elip. Tir phat biéu twong dwong ciia dinh
li 4 ta 43 chimg minh dwgc i tong quét clia dinh
li 4 sau

Binh 1i 5 (Diph i au trisng con birdm tong guet 3)
Cho tam gide ABC" ngi tigp elip tam 0. Goi A'
TR |."I".L- n Cild |'|l':|~r 4 fJ.l\l'"J-'.lll'A: !"'Iifl'-':‘l:.:' (24 T ed
lin tai diem D' sao cho A, D' nam khdae phia
TOA

COAN |
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doi voi BC. Trén duong thang AD' -"'c.E]' diem D
bat ki. Biét AD, BE, CF dong guy tai K voi BE,
CF la cac cevian cua tam gide ABC. Goi M la
diem thudge AD (M khde A,D va giao cua AD

vai BC). Goi H=DF r BM; I =DE v CM.

Goi N la trung diém cua AD'. QOua | ding
dieimg thane d // ON cat AD' tgi S. Goi I' la
diém trén d sao cho S lé trung diém cua Il Khi
do ba diem A, H, I' thang hang (h.5).

Hinh 5

Mot C::iu hoi duge dat ra 1a c6 thé mad rong dinh
li 4 doi v&i dudmg tron noi tiep tam gidc thanh
dinh i tong quét d6i vai elip ndi tiép tam gidc
dugc khong? Trude tién, ching ta phdt biéu
dinh Ii twong duong vai dinh 1i 4 dudi dang

Cho tam gidc ABC ngogi tiép diomg tron tdm
0. Goi cdc tiép diém ciia AC, AB voi dwong
tron (0) la B',C'. Trén duong thing AO ldy
diém D bat ki. Biét AD, BE, CF déng quy tai
K véi BE,CF la cdc cevian ctia tam gidc
ABC. Goi M la diém thuéc AD (M khdc
A, D va giaoc cua AD véi BC). Goi
H=DFnBM; | =DENCM. Qua I dung
dwong thang d song song véi B'C' cdat AO
tai S. Goi I' la diém trén d sao cho S la
trung diém cua II'. Khi dé ba diém A, H,I'
thing hang. '

Ciing lam twong ty nhu dinh Ii 5 trén, ta dugc
dinh li tong quét sau

Binh li 6 (Dink I G trimg con buom (ong qudt 4)

Cho tam gidgc ABC ngoai tiép elip 1am O, Goi
cdc tiép diém ciia AC, AB véi elip (O) la B, C.,
Trén duong n'h_.'r-ng A€) .’.:fl' diém D bdt ki. Biét
AD. BE. CF dong quy tai K voi BE, CF i cdc
cevian cua tam gidgc ABC. Goi M la diém thude
AD (M khac A, D va giao cua AD vai BC). Goi
H=DF ~nBM; I =DE ~nCM.

Oua I dung

dwang thang d / B'C' car AQ tai S, Goi ' la
diém trén d saa cho § la trung diem cua I’
Khi do ba diem A, H,I' thang hang (h.0).

Hinh 6

Nhin xét. a) Khi elip bién thanh duéng tron thi cac
dinh 1i 5, va dinh li 6 chinh 1 dinh Ii 4.

b) Chiing ta biét ring, mdi tam gidc déu ndi tiép
duong tron va déu ngoai tiép duomg tron cho nén
yéu t6 dudng tron ludn song hanh vé&i bai todn déi
voi tam giéc. Trong nhidu trwong hop né lé._yéu t6
“4n tang”. Vi vay, ching ta luén phai nghi ring bt
ctr tam gide nio déu c6 dudmg tron gin lién véi né,
hodc 14 dudmg tron ngoai tiép, hodc 14 dudmg tron
néi tiép dé tir d6 cd thé md rong bai todn ddi véi
dudng trén thanh bai todn déi véi elip. Khi ta mudn
mé rOng bai todn theo hudng nay thi ta s& phdi
chuyén déi nhitng yéu t6 Euclid nhw cac goc bing
nhau, phén gidc, Vuﬁn? goc, ... thanh cic yéu to la
bét bién qua phép chicu song song. Chang han nhu
cdc yeu to 13 dudng thang song song, trung diém cua
doan thang, tiép diém, thing hang, déng quy, cit
nhau, ...

Hy vong bai viét da mang dén cho cic ban
nhimg két qua méi mé va bd ich. Bai viét nay
can trao d6i gi thém ? Mong duoc sy chia sé
cla cac ban.
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CAC LOP THCS

Bai T1/454 (Lép 6). Vai n 2 2, xét céce sb a,,
ay, ..., @, va cac so nguyén to phéan biét p,, pa,
... Pn thoa mén diéu kién

P ‘a1 == pz\,az _33|= S

Chimng minh rfmg M= = .. = dy.
NGUYEN TIEN LAM
(GV THPT chuyén KHTN, DPHQOG Ha Ngi)
Bai T2/454 (Lép 7). Chon 100 s ti nhién khéc
nhau bat ki, mdi s6 khong 1on hon 2015 va mdi
s& déu chia cho 17 dw 10. Chimg minh ring
trong 100 s6 d6 luén chon duge 3 s6 co tong
khong 1ém hon 999.
NGUYEN KHANH NGUYEN
(Hdi Phéng)
Bai T3/454. Ching minh ring véi moi n
nguyén duong thi gia tri cua biéu thirc
[(1+-+4)(2¢ +4)...(n*+4)
| 2

b —a.

ludn 13 mét sb vo ti.
NGUYEN VIET HUNG
(GV THPT chuyén KHTN, DHOG Ha Ngi)
Bai T4/454. Cho tam gidc ABC va D la mt
diém bat ki trén canh BC (D khac B, D khac C).
Céc dudmg trung truc cua cac doan thang BD,
CD theo thir tur cat 4B, AC tai Mva N. Goi H la
hinh chiéu vuéng géc cua D trén dudng thang
MN:; E, F theo thir ty 13 trung diém cua BD va
CD. Chimg minh rang EHF = BAC.
HO QUANG VINH (Ha Néi)
Bai T5/454. Cho phuong trinh ax’ + bx + ¢ =0
(cac hé s6 a, b, c nguyén, a > 0). Biét ring
phuong trinh ¢6 hai nghi¢ém duong phén biét bé
hon 1. Tim gia tri nho nhét cua hé s0 a.
DAO CHi THANH
(GV THPT chuyén Vinh Phiic)

CAC LOP THPT
Bai T6/454. Giai hé phuong trinh

1 6T9ﬂPugg§ S8 454 (4-2015)

Ji=Jy =vz-1
b=z =Vx-1.
Jz—x =y -1
NGUYEN VAN XA
(GV THET Yén Phong s0 2, Bac Ninh)
Bai T7/454. Cho P la mot diém ndm trong miit
phing chira tam gidc ABC. Goi
A, =BCNAP, B, =ACNBP,C, =ABNCP,
A, =BCnBC,,B,=ACNAC,,C, =ABNAB,;
A, =BC,NAP, B, =BPNAC,,C, =AB NCP.
Chimg minh rang B;C; di qua Ay; A3Ch di qua
B va A}B; di qua Cg. y :
PHAM VAN KHANH (Hadi Duong)
Bai T8/454. Cho céc s6 thye dwong a, b, c.
Chirng minh rang

o

R
+ - +3
a+b b+c c+a

:}E[ A0 b i )
“2la+b b+c L'+|‘JJ.
TRAN QUOC LUAT
(GV THPT chuyén Ha Tinh)

TlﬁN TOI OLYMPIC TOAN

Bai T9/454. Trong mit phing toa do cho dudng

thing d c6 phuong trinh y =%x+%. Goi a, va

a; 13 hai duomg thang (phan biét) song song va
cach déu duomg thing d mot khoang bing 11—2

Héi mién mit phing chira duong thing d véi
bién 14 @ vi 4 co chira diém nguyén nao
khéng? (Diém nguyén la diém c6 hoanh d6 va
tung d déu la so nguyén).
VU BINH HOA
(GV Truomg DHSP Ha Néi)
Bai T10/454. Cho phuong trinh
2014* + nx = 2013.
Ching to rﬁng véi moi sb n nguyén duong
phuong trinh trén c6 ding mot nghiém x,, tim
lim x,,.
NGUYEN LAI
(GV THPT chuyén Lueong Van Chanh, Phii Yeén)
Bai T11/454. Tim tit ca c4c ham sb lién tuc
f:R— R théa man

(x+9) f ()= (x)+3f (¥) 4207, ¥x, yeR.

KIEU DiINH MINH
(GV THPT chuvén Hing Vwong, Phii Tho)
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Bai T12/454. Cho tam gide ABC. Piem M di
dong trén doan BC. (1)), (L) theo thir ty la
duong tron noi tiép tam g1ac ABM, ACM. Tiép
tuyén chung XY khac BC cua (1)), (1) cat AM
tai N (Xe(/)); Ye[fg]} Z, T theo thir tr 1a tlEp
diém cua AM va (), ([1) K la giao diém cia
XT va YZ. Chung minh ring NK luén di qua
mot diém c6 dinh. ;
NGUYEN MINH HA

(GV THPT chuyén DHSP Ha Ngi)

CACPE VAT LI

Bai L1/454. Pat dién ap xoay chiéu

u = Uy coswt (Up va @ khong d61) vao hai diu
doan mach ndi tiép gom dién tro R, tu dién co
dién dung C, cuén cam thuédn co d-:;u tu cam L
thay d6i duge. Khi L = L, va L = L, dién é&p
hiéu dung & hai ddu cudn cam co cung gia tri;
d¢ 1éch pha cua dién ap & hai dau doan mach so
voi cuomg d6 dong dién lan lugt 1a ¢, va ..
Khi L = L, dién ap giita hai ddu cuén cam dat
cure dai; do 1éch pha cua dién 4p hai dau doan

mach so véi cudng d§ dong dién 1a ¢. Tim ¢

theo @, va ¢,. Ap dung bing sb: ¢, = 0,52 rad,
= 1,05 rad.

NGUYEN MINH TUAN

(GV THPT Yén Thanh 2, Nghé 4n)

Bai 1.2/454. Ba con lic 10 xo 1, 2, 3 dao dong
diéu hod quanh vi tri cdn bﬁng trén ba tryc ndm
ngang song song voi nhau nam trong cung mét
mat ph’mg va con lic 1o xo thir 2 cach déu hai
16 x0 con lai, vi tri cin I:J%’mg clia vdt co clng toa
d0, truc tog d¢ cling chiéu duong. Biét k; = 2k,
= 0,5k; = 100 N/m, khdi lugng cdc vdt nang
mic vao 10 xo co khdi lugng lan lugt m; = 2m;
= 0,5m; = 100g. O thdi diém ban diu truyén
cho vat m; vén toc v = 30m cm/s theo chiéu
duong, con dua vit m, léch khai vi tri cén bang
mét doan nhé ¢6 toa d6 1,5 cm rdi tha nhe va
kich thich con lic thir 3 dao dong. Trong qua
trinh dao ddng ca ba vit ning nam trén mét
dudmg thang, Tinh vén toc ban dau cia vit ning
Ma.
VIET CUONG
(Ha Ngi)

PROBLEMS IN THIS ISSUE

FOR SECONDARY SCHOOL

Problem T1/454 (For 6" Grade). Given n
numbers ay, @, ..., d, and » distinct primes py,
P2s oy Pn (1 2 2) satisfying
P Ial _a‘z| =p2|az ‘asi == Py
Provethatai=ax= ... = a,.
Problem T2/454 (For 7" Grade). Choose 100
different natural numbers so that each of them
is less than or equal to 2015 and has remainder
10 when divided by 17. Prove that, among these
ones, we can always choose three numbers of
which the sum is less than or equal to 999.
Problem T3/454. Prove that, for every positive
integer n, the value of the expression
(12 +4)(2¢+4)...(n*+4)
1

Problem T4/454. Given a triangle ABC and D
1s any point on the side BC (D is different from
B and C). The perpendicular bisectors of BD
and CD intersect AB and AC respectively at M
and N. Let H be the orthogonal projection of D
on the line MV and E, F respectively the

a —a,].

"

is an irrational number.

midpoints of BD and CD. Prove that

EHF = BAC.

Problem T5/454. Given the equation ax” + bx +
¢ = () where the coefficients a, b, ¢ are integers
and a > 0. Suppose that the equation has two
distinct positive roots which are less than 1.
Find the smallest possible value for the
coefficient a.

FOR HIGHSCHOOL
Problem T6/454. Solve the following system

of equations
Jr=J =vz-1
=7 =x-1.
Jz=Jx =y -1

Problem T7/454. Let P be a point on the plane
containing a triangle ABC. Suppose that

A =BCNAP,B, =ACnBP,C, = ABNCP,
A, =BCHBC,,B,=ACNAC,,C, =ABNAB,;
A, =BC NnAP,B,=BPnAC,,C,=AB NCP.
Prove that 4, B> and C; respectively are on the
lines going through B:Cs, 4:C; and A3B;.

(Xem riép trang 11)
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Bai T1/450. Tim cdc 56 newvén duong a, b thoa

" th"l.’l’.n'L ||'r|l'.| |'I|L.'l 4 '-:.l:"l' [-'r-'l -\"]:l'l'-

Léi gidi. Gia sir cac s6 nguyén duong a, b thoa

miin cac diéu kién:
(@+2):b(Dva(b+3):a(2).

T ()va(2Q)suyraa+2=>bk vab+3=ah

véi k, h 14 céc s6 nguyén duong, cho nén a + 2

>hvab+3za,doddcob<g+2<h+5 Xét

cac trudmg hop sau day.

1) Néu a + 2= b thi (1) thoa man. Tir (2) c6

b+ 3 =a+ 5 chia hét cho a nén 5 chia hét cho

a, do do a chi c6 thé bang 1 hodc 5. Thir thiy

a=1thib=3vaa=5thi b =7 déuthoa min.

2) Néua+2= b+ 1 thi tir (1) ¢6 b + 1 chia hét

cho b nén 1 chia hét cho b, do dd b=1va

a = 0, khéng thoa man.

3)Néua+2=b+2haylaa=bthitir(l)co

b + 2 chia hét cho b nén 2 chia hét cho b, do dé

b chi ¢6 thé bang 1 hodc 2. Thir thiy a = b =2

khéng thoa mén (2), con a = b = 1 thoa mén.

4) Néu a + 2= b + 3 thi tir (2) ¢6 a + 2 chia hét

cho a@ nén 2 chia hét cho a, do d6 a chi c6 thé

bing 1 hoac 2. Thir thdy a = 1 thi b = 0, khéng

thoa midn, con a = 2 thi & = 1 théa min.

5)Néug+2=h+4thitt(2)cob+3=a+1

chia hét cho a nén 1 chia hét cho a, do d6 a chi

6 thé bing 1. V&i g =1 thi b = — 1, khong thoa

man.

6) Néua+2 = b + 5 thi (2) théa man. Tir (1) c6

b+ 5 chia hét cho b nén § chia hét cho b, do d6

b chi c6 thé bang 1 hodc 5. Thir thay b =1 thi

@ =4vab=5thi a = 8 déu thoa man.

Vay bai toan co6 6 nghiém (a ; b) 12 (1; 1),

(1;3),(2; 1), (4; 1), (5:7),(8; 5). O

» Nhin xét. Nhiéu ban chua déanh gid dugc b<a+2

< b+ 5 nén phai thir nhiéu trirémg hop. Cac ban sau

TOAN HOC
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¢6 10 giai ding: Phit Tho: Tri¢u Hing Ngoc, 6A3,
THCS Lém Thao; Quang Ngai: Lé Tudn Kiét, Vin
Ouang Tué, Pé Tran Cong thmg, 6A, THCS
Pham Van Dong; Nguyén Thi My Huyén, 6A, THCS
Hanh Trung, Nghia Hanh.

VIET HAI
Bai T2/450. Cho rtam gide ABC vuong tai A, £
la mot diém trén canh aL veo cho EC = 2ERB
Chirng minh rang AC* =3(EC* —EAY)
Lai gi&i
Ve cac trung
ruyen AD va BF
cla tam gidc
ABC, ching cat
nhau tai G,
Theo bo dé ta

c0 AD=DB=DC=

cin tai D. Do G 1a trong tdm cua tam giac ABC

%AD. Mt khéc, tir 43 bai ta c6
. 2=—, suyra — L

BD BC BD 3° % BD 3

hay DE =%BD. Tir cac két qua trén ta suy ra

DG = DE vi do d6 ADBG =ADAE (c.g.c)
= AE = B(;.

Béy gi¢ 4p dung dinh li Pythagore vao céc tam
giac vudng ABF va ABC ta dugc:

BF? = AB? + AF? = BC* — AC? + AF?

3 2 3 2 : 1 2

Bl

%BC e 13 tam gide ABD

néntaco DG =

BE BE BC 1 2

2 2_2 E_E 2
=>4BG -4EC 4AC
=> AC? =3(EC?-EA%)(vi BG = AE), tit

déy ta suy ra diéu cdn phai chimg minh. O
»Nhdn xét. 1) Céc ban gui bai déu cho 1oi giai
dang. Mot sé ban sit dung dinh li Thales, khing
thude chiromg trinh lfrp i
2) Céc ban sau ddy cd o1 gidi tt:
Phit Tho: Tg Phirong Chi, TA3, THCS Lam Thao;
Ha Ngi: Dinh Hoang_ Nha! Minh, TAS, THCS Cﬁu
Gidy; Hai Phong: Do Tién Pat, 7A2 THCS Hong
Bang; Nghé An: Pang Nit Quynh Anh, Thai Ba Bao,
Hoang Thj Bao ngc, 7C, THCS Ly Nhit Quang,
b6 Luong; Quang Ngii: V6 Quang Phi Thoi, Dé
Thi My Lan, Nguyén Lé Hoang Duyén, Triong Thi
Mai Tram, TA THCS Pham Vian Dong, Nguyén Thi
Kiéu Mdu, 7B, THCS Kim Vang, V& Thénh Hy, A,
THCS Hanh Trung, Nghia Thanh, Huynh Dat Diéu
Huyén, 7C, Vé Thi Hong Kiéu, 7A, THCS Nghia
M, Tu Nghia.

NGUYEN XUAN BiNH
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Bai T3/450. Giai phicerme trind

Léi gidi. PK: | x | = 1. Khi d6

1 3x
# Lo lar e e e,
(g 4.1:+2x2+2
< *l—r_L_:;ix
T 4x 2x242
4 3
@4\’;—__4%‘ -3x |
x(x? +1)
C>4J—_(3~—l)(4x +1)
x(x2+1)
- xz_l[q___w—‘“"_':MJIU
x(x*+1)
ST ) (1)
r— Fiies .2
Mt —=1(4x +1}=4 @)

x(x? +1)
» PT(1) cé nghiém x = 1 (théa man DK).
o Néux < -1 thi dé thiy PT(2) v6 nghiém.
. Neu x> 1 thi PT(2) twong duong véi
Vai=1(dx? +1)=4x(x2 +1)
=N (xl— 14" + 1)* = 16x°(x* + 1)°
<40 +23x° +1=0
23+ wf'ﬂ
80
Véy PT(*) c6 hai nghiém 1a: x=-1;x=1. 0

» Nhin xét. Cic ban sau diy co loi giai dung va
ngin gon. Nghé An: Neuyén Trong Béng, 8A2, THCS
Thi Trin Quan Hanh, Nghi Loc, Neuvén Vin Manh,
8A, Nguven Thi Quynh Trang, 9C, Nguyén Thi Hiing,
9B, THCS Ly Nhat Quang, P Luong; Quéng Binh:
Tong Ngoc Chung, 9A, THCS Quéch Xuin Ky,
Hoan L3o, Bé Trach: Ha Nbi: Ngwgn Vén Cao,
Vieong Tién Dat, 9B, THCS Nguyén Thuong Hién,
Ung Hoa; Vinh Phic: Bii Thi Liéu Duong, 8A4,
Nguyén Hong Anh, 9A1, THCS Yén Lac.

NGUYEN ANH QUAN

e (khéng théa man DK).

Bai T4/450. Cho BC la dday cung

tam O ban kinh R va B(C R Al

cua dirong

iron mat

diém trén cung lom BC (A # B, A = C), Mva N
|'..: .|' !'l'J:" [_llf.':L.nl.'-? ) 'l_.'.".r Li'lll:"‘:]' l"_".".".}'_[..: i |': SO n'."'l-1:'-"

syt
AC =2 AN = ZAM. Vé MP L 4B (P € AB).

Chunge mink rang ba diem P, O, N thane hano.

HAY DAT MUA TC TH&TT TAI CO SO BU'U DIEN HAY LIEN HE VCS’I

Loi giai. » THI1: AC 1a dudmg kinh cua dudng
tron () thi N = O nén hién nhién P, O, N thing
hang.

e TH2: AC khéng la dudmg kinh., :

Ta c6 OB = 0OC = BC = R nén AOBC déu, do do

§E‘)E‘=60‘, dén tai BAC =30, Suy ra

A
MP = AM = MC —
-\ Ny
Tam gidc CMP cén tai M / F % A
nén f X \

MCP=MPC—3 PMA=30. | P I]
Do d6 AAPC cén tai P, \\i :L

suy ra PN L AC (1)
Mit khéc, do N 1a trung

diém ciia canh AC nén ON L AC (2) T (1) va
(2) suy ra P, O, N thiing hang. 03

» Nhgn xét, Bai toan nay khong khoé nhung ciing
khéng cd nhiéu ban tham gia giai. Xin néu tén mot s6
ban co 1 giai tot:

Vinh Phie: Phan Thi Nguyér, Nguyen Hc';ng Anh,
9Al, Tran Dite Duy, Nguyén Van Hiéu, 8A4, THCS
Yén Lac; Neuvén Minh Hiéu, 9D, THCS Vinh Yén;
Phi The: Tg Anh Ding, QAEL, THCS Lim Thao; Ha
Noiz Vieong Tién Bat, Nguyén Van Cao, 9B, THCS
Nguyén Thugng Hlen ng Hoa; D& Hoai Phweomg,
9C, THCS Tuyét Nghia, Quéc Oai; Nghé An:
Nguyén Thuy Linh, 9B, THCS Ly Nhit Quang, Dé
Luong; Thanh Hoa: Ddng Quang Anh, 8A, THCS
Nguycn Chich, Béng Som; Quéing Ngii: V6 Quang
Phii Thoi, Nguyén Lé Hoang Duyén, Vé Thanh Hy,
9A, THCS Pham Vin Bong, Hanh Phudc, Nghia
Hanh.

NGUYEN THANH HONG
Bai T5/454. Biet phwonge trinh
=i +be=1=00@z0) (1) cd ba
thie dweong. Tim gid fri nho nhat cua bic
e
2ab)—.
i

nehiem
‘o Hhire

M =1
Ldi giai. Goi ba nghiém thue duong cua (1) la
X,,X;,X; . Theo dinh ly Viéte ta cé:
X+x,+x,=—

(*).

b
1 XX F XX R XX =—
a

XXy Xy =—
i

Ap dung BT Cauchy ta co:

1
& — =X + X, +X; = XXX, 23N 0
& : 2

TOAN HOC
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:i-:.r!xz.xj >33 (1).

= XX, + XX, Fxx, = 3Y(xnx P 29 (2).

) P i ahel
S Xy F XXyt E———————=——

3 3a’

altr ::.l'::-

@abi%:l——lab&% 3).
T (1), (2), (3) suy ra:

M=(1- >9y3.

-{I —2ab)

::lt:r-

L
a

Khi x, =x, =x, =+/3 thi a= b=43,

1
343’
M =93 . Viy minM =93 .0
» Nhin xét. 1) Dé c6 (*) ma khong ap dung dinh ly
Viéte cho phuong trinh bdc 3, co thé ldp ludn nhu
sau: Néu (1) c6 ba nghigm x,, x,, x, thi
alx- 2 Hx—xx-x)=ar - +thy—1.

Khai trién vé trai roi dﬁng nhat hé s6 hai vé, ta cling
duge (*).

2) Cac ban tham gia déu tim ding két qua. Céc ban
sau c6 1o giai tot:

Phii Tho: Tg Anh Diing, 9A3, Neuyén Tién Long,
9A1, THCS Lam Thao; Vinh Phic: Nguvén Hing
Anh, 9A1, THCS Yén Lac; Phung Van Nam, 9E,
THCS Vinh Yén. Ha Ngi: Nguyén Van Cao, Vuong
Tién Dat, 9B, THCS Nguyén Thugng Hlen Ung
Hoa. Hai Dwong: Déng Xudn Ludn, 9B, THCS Hop
Tién, Nam Sach. Thanh Héa: Ddng Quang Anh,
8A, THCS Nguyén Chich, Péng Son.

TRAN HUU NAM

Bai Tﬁfﬂl"s[l & {10 hm 56 thyc dwong x, y, thoa
man 32x° + 4y’ =1. Tim gia tri lém nhat cia

(2)(' +}'+3]

3(..\.‘2 +y2)=3(x+y)+2

Loi gidgi. Cdch 1. Dt 2x = a, 2y = b. Tir gia

thiét suy ra o™+ b = 2.

Ap dung BPT Cauchy cho ba sb duong ta c6

6=(a®+1+1)+(B*+1+1)
=3Yat.1.1+3¥b*.1.1 =3(a® +b)

=a+b=2,

hiéu thirc P =

B(2x% 4+ y+3)°
3(4x? +4y?)—-6(2x+2y)+8
=% (a2 +b+6)°
3a+b2)—6(a+b)+8

Do do 2P =

TOAN HOC
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20

- (a* +b+0)°
T 3(a-12+3(b-17+2

3
g(z*;ﬁ} _256 = P<128
Ding thirc xay ra khi va chi khi

a=b=1l<x= i

Vay gia tri lom nhét ctia P = 128 khi x=y==~
Cach 2. Nhin xét ring: Vi moi sb dwong a, b
ta cé 4(a + b)) = (a+ b) (1), ding thirc xay ra
khi @ = b. That vy
(Deda+b)za® +b* +3abla+h)

< 3(a+b)at —ab+b?)=3abla+ b)

< 3a+b)a-5)»* 20 (2)
Vi a, b 1a cdc s6 duong nén (2) luon diung, suy
ra (1) duge ching minh.
Ap dung BDT (1) véi a=2x" vi b=y, tach
1= 32x° + 4y’= 4(8x"+ y*) = (2F*+ y)’ , suy ra
2x* +y<l. Lai ¢6

a2 +y2)—=3(x+y)+2= 3(1(——2—) +7.(v——r) +% %

3
(2 ‘.’2+‘F+3) ‘:(1+3) 128,

Do do P=
3 +y")=3(x+y)+2 é

212=}' :
P=128 < 32_tﬁ+4_}-‘3=1¢>_x=_y=—2-_

1

Véy max P = 128 khi x=y=%.El

»Nhin xér. 1) Rat nhiéu ban tham gia giai bai va
déu theo hai cdch trén. Tuy nhién, nhiéu ban suy
luén qua dai dong

2) Tuyén duong cac ban sau c6 i giai tot:

Ha N§i: Hoang Lé Nhat Timg, 11T2, THPT chuyén
KHTN Ha Noi; Hung Yén: Chu Minh Huy, 10 Toan
1, THPT chuyén Hung Yén; Phi Tho: Vi Tuan
Diing, 10 Toan, THPT chuyén Hing Vwong; TP
Viét Tri; Bac Ninh: Nguyvén Thi Thanh Hiwong, 1

Toan, THPT chuyén Bac Ninh; Nghé An: Ho Xudn
Himng, 11T1, THPT P6 Luong 1; HA Tinh: Phan
Anh Tudn, Bii Huyén Trang, Nguven Dirc  Théng,
10T1, Lé Haang Minh Héng, Poan Yén Chi, Trdc
Thi Thuy., 10T2, THPT chuyén Ha Tinh; Quang
Binh: Lé Quang Trung, 11 Toan, THPT chuyén Vo
Nguyén Gidp; Quiang Tri: Ho Sy Hoang, 12BI,
THPT Pakrong; Pha thn Nguyéen Chi Luong, Hé
Minh Hoang, Ngé Lé Phuong Trinh, 10T1, THPT
chuyén Luong Vin Chanh; Khinh Hoa: Ha Xudn
Khang, 10 Toan, THPT chuyén L& Quy Pén, TP

HAY DAT MUA TC TH&TT TAI CO SO BUU DIEN HAY LIEN HE VG| TOA SOAN |
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Nha Trang; Binh Dinh: Tran Vin Thién, 10 Toan,
THPT chuyén Lé Quy Bdn, TP Quy Nhon; Sée
Tring: Lé Long Quoc, I%AIT, THPT chuyén
Nguyen Thi Minh Khai ; Péng Thap: Neé Hiéu
Nhdan, 12A5, THPT Cao Lanh; An Giang: Dang
Phii Trung Tin, 11 T1, THPT chuyén Thoai Ngoc
Hau.,

PHAM THI BACH NGQC

Bai T7/450. Cho tam gidc nhon ABC (AB > AC),
cdc duong cao BB’ va CC’ cdt nhau tai H. Goi
M, N lan heot la trung diém cua cdac canh AB,
AC va O la tam dwong tron ngoai tiep tam gidc.
AH car B'C’ o E, AO cat MN o F. Chirng minh
rang EF // OH.

Loi giai. T gia thiét c6 MN // BC va tir gidc
BCB'C ndi tiép, suy ra tir gidc B'C'MN nji ticp.
Goi T 12 giao diém cua B'C' va MN; I, J theo
thir tr 1a trung diém cua O4 va AH. Ta co
TM .TN=TC'.TB', nén TA la truc ding
phuong cua hai dwémg tron ngoai tiép céc tir
gidc AMON va AB'HC. Tit 46 TALIJ (1).
Mait khac, vi TF LAE,OALTE (do OALB'C'
két qua quen thudc) nén F 1a trye tim ATAE .

Suy ra EF L TA (2). Tir (1) va (2) ta thu dugc
ket qua J // EF. Lai vi IJ 1a duéng trung binh
cia tam giac AOH, nén OH // IJ. Do d6 EF //
OH (dpcm). O

»Nhdn xét. Nhicu ban giai ding bai nay. Nhiing
ban sau c6 16 giai gon hon ca: Ha Néi: Newyvén Van
Cao, Vieong Tién Dat, 9B, THCS Nguyén Thugng
Hién, Ung Hoa, Vi Puwc Vean, 10 Toan 1, THPT
chuyén PHSP Ha Noi, Vii Bd Sang, 11 Toéan 1,
THPT chuyén Nguyen Hug, TP. Ha Déng, Tran
Thign Nam, 11A1, THPT Ung Hoéa A, Pham Thién
Long, 10 Toan 2, THPT chuyén Ha Néi -
Amsterdam ; Vinh Phic: Nguyén Minh Hiéu, 9D,
Phimg Van Nam, 9E, THCS Vinh Yén, Newyen Hitu
Huy, Nguyén Vian Himg, Lé Thi Thu Thiy, 10A1,
THPT chuyén Vinh Phuc ; Phii Tho: Nguyen Tien
Long, 9A1, THCS Lim Thao, V6 Tudn Diing, 10
Toén, THPT chuyén Hung Vuong: Yén Bai: Vi
Héng Qudn, 11 Toin, THPT chuyén Nguyén Tit

Thianh ; Bidc Giang: Nghiém Vin Nghia, 10Al,
THPT Lang Giang S6 3 ; Thai Nguyén: Nguyén
Ngoc Thanh Tém, 11 Toan, THPT chuyén Théi
Nguyén ; Nghé¢ An: Cao Hiu Dat, 10A1, THPT
chuyén Phan Bai Chau, Bii Thi Thawh Hang, 11A1,
THPT Quy Hop I, Hé Xudn Hung, 11A1, THPT D6
Luong 1 ; Ha Tinh: Phan Nhdt Duy, Lé Minh Tudn,
Nguyén Quang Diing, Bii Huyen Trang, Tran Dinh
Himg, Ngé Viét Hoang, Phan Anh Tuan, 10 Toan 1,
Ha Thi Phuong Anh, 10 Toan 2, Nguyén Duy Tuan,
Nguyén Van Thé, Pham Quoc Cudng, 11 Todn 1,
THPT chuyén Ha Tinh ; Quang Binh: Lé Quang
Trung, 11 Toan, THPT chuyén V& Nguyén Gidp ;
Kon Tum: Nguyén Hoang Lan, Lé Thi Thao, 11A1
THPT chuyén Nguyén Tat Thanh ; Binh Binh: Tran
Vén Thién, 10 Toan, THPT Lé Quy Bén ; Phi Yén:
Huynh Nguvén Nhie Phuong, Ngé Lé Phiromg Trinh,
Dgng Bao Vinh, 10 Toan 1, THPT chuyén Luong
Vin Chanh ; Sée Tring: Pham Tién Diing, 10A2T,
THPT chuyén Nguyén Thi Minh Khai ; TP. Hb Chi
Minh: Nguyén Binh Duy, 9A6, THPT chuyén Tran
Bai Nghia.

HO QUANG VINH

Bai T8/450. Cho cac 50 dwong a, b, c. Tim héing
86 k lom nhat sao cho bat dang thirc sau diing
a b ¢ (@ +b*+c? )
PR e S =1,
b ¢ a \ab+bc+ca J
Lai gidi. Ta xét truémg hop riéng: a 13 s6 duong
batki;, b=1; c=a*.
Bat dang thirc trong dau bai trd thanh :
a +at+1 I
at+at+a )

a+a—13+a3—32k[

(a=1) (a*+3a* +2a+1)
a3
45 (a-l}z{a4+2a3 +2a° +a+1)

2 7 e ot e are
Véi a1, bat dang thirc twong dwong voi

=

(a3 +a? +l][a3 +3a* +2a+ 1}
k< Va>0,a#l.
@*(a* +2a* +2a* +a+1)
Do do
. (@ +a?+ 1){.:1-" +3a? +2a+1)
k< lim =

av  a?(a* +2a%+2a* +a+1)
Ta s& ching minh bat dang thirc trong dau bai
ding voi k=1. "
Thét vay, véi k =1, bat dang thirc trd thanh
a b c_a+b+c?
oIRGB S
; bjrciraqab+bc+ca+2 M.
Ap dung bat dang thic Bunyakovsky cho hai

day sb J%. J% Evé Jab, Jbe, Jea , ta

duge

TOAN HOC
* CTusifre 2 1

S6 454 (4-2015)

HAY DAT MUA TC TH&TT TAI CO SO BUU DIEN HAY LIEN HE VG| TOA SOAN |



https:www.facebook. com/letrungldenmath

https:/isites. google. com/site/letrungldenmath

{%+%+£—J(db+bc+m] (a+b+c)

Fh i a2+bl+cz+2(ab+bc+m)
= —4t—+—2

b ¢ a ab+bec+ca

a b c_at+b?ic?
Dt — =2,

b ¢ a ab+bc+ca

BDT (1) duge ching minh. Vay maxk =1.0
B Nhin xét. Diy 1a bai toan khé nén cd it ban tham
gia giri bai gidi. Loi giai o hai bude :
1) Xét g 12 s6 duong batki; b=1; c=a® va cho
a—+oo désuyra k<1 (diéukién cin dbi voi k).
2) Chimg minh BPT trong dau bai ding véi k=1
(diéu ki¢n du dé c6 maxk =1).
Cac ban sau day co bai gidi tot :
Yén Bdi: Vi Hong Qudn, 11 Toan, THPT chuyén
Nguyén Tét Thanh ; Ha Tinh ENgz{pén Duy Tudn, V
Duy Khdnh, Nguyén Van The, 11T1, THPT chuyén
Ha Tinh.

NGUYEN ANH DUNG

Bai T9/450.

hop so newvén « '.

TE]
(45

= 2160+ (x+ v—z)°

biét ba so x, v, z Idp thanh mot cdp 56 cong.

Loi giai. (Theo ban Bii Thi Thanh F faﬁg,
11A1L, THPT Quy Hop I, Nghé An va da so cac
ban).

Nhan xét ring x # y, y #z, z# x va vai tro binh
dﬁng cla x, y, ta xét truomg hop x, v, z theo thir
tr nay ldp thanh cdp s6 cong. Gia sir

x=y+d,z=y-d, d#0, Taco
xz(.r+_v)(x+z)+y'-’(y+z)(y+x) 2(z+x)z+y)
(=¥ x =2z} (y—zXy-x) (z=x)(z-Y)
_(y+dPQy+d)2y) Y Qy+d)2y-d)
= 2d? d?
LO-dr2y)2y—d)
2d?

0 - W

d? i

Viy (1) 6 dang 9y? =2160+ (y +2d)?
< (y—d)(2y +d) =540.
Dé v rang 540 chia hét cho 3 dong théi

TOAN HOC
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(2)

(v — d) + (2y + d) = 3y ciing chia hét cho 3 nén
y = d va 2y + d déu chia hét cho 3. Tinh dén
didu kién x, y, z nguyén duong, ta c6 bang

PR R RN
|2y+d [108 90 |60 |45 [36 | 30 | 18
T s [26[1a]7 2] 2 [-14]
b 61 132 23 [19 |15 [ 16 [ 16
= Fitefss a7 fas Lo ] 14 1 25
z a2 lafe fizlis] 18 | 30

Vay nghiém nguyén duong (x, y, z) cua phuong
trinh 14 (119, 61, 3), (58, 32, 6), (37, 23, 9), (26,
19, 12), (19, 17, 15), (14, 16, 18), (2, 16, 30) va
cac hodn vi vi tri cua x, y trong cac nghiém do.
Lam tuong tu ta thdy: Truong hop z, x, y theo
thir ty 1dp thanh cap so cong thi (1) ciing 6
nghiém nam trong tdp hop cua nghiém trén.
Truéng hop x, v, z theo thir ty ldp thanh cap so
cong thi (1) vo nghiém. O
¥ Nhdn xét, Co thé chimg minh VT(1) = (x + y +2)%
Ngoai ban Hdang céc ban sau day cé I&i giai ding:
Phit Tho: V6 Tudn Ding, 10T, THPT chuyén Hing
Vuong; Thai Nguyén: Nguyén Triéu Minh, 11T,
THPT chuyén Thii Nguyén; Yén Bai: Va Hong
Qudn, 11T, THPT chuyén Nguyén Tét Thanh; Ha
Ngi: Hoang Nhat Timg, 11T2, THPT chuyén
KHTN, Vi #he Van, 10T1, THPT chuyén
DHSPHN, Vi Ba Sang, 11T1, THPT chuyén
Nguyén Hué; Bdc Giang: Nghiém Vin Nghia,
10A1, THPT Lang Giang S¢ 3; Nam Binh: Pham
Ngoc Nam, 11 Ly, THPT chuyén Lé Héng Phong;
Ha Tinh: Phan Nhdt Duy, Neuyén Anh Triéu, Ngo
Viét Hoang, Nguyén Drec Thang, 10T1, Nguyén Vin
The 11T1 THPT chuyén Ha Tinh; Ngh¢ An: Neuyén
Héng Qudc Khanh, 10A1, THPT Phan Bdi Chéu;
Phi Yén: Nguven Huynh Huy Man, 10T1, THPT
chuyén Luong Van Chanh; Quéng Binh: Tran Nam
Quang Trung, 11T, THPT chuyén V3 Nguyén Giap;
Khanh Hoa: Ha Xudn Khang, 10T, THPT chuyén
Lé Quy Pén; Binh Djnh: Newén Trong Khiém,
10A1, THPT Quang Trung, Tran Van Thién, 10T,
THPT chuyén Lé Quy Dén; Long An: Pham Quic
Thing, 10T1, THPT chuyén Long An; Cin Tho:
Nguyén Lé Hoang Long, 11A1, THPT chuyén Ly Tu
Trong.

NGUYEN VAN MAU

Bai T10/454. ¢

999 %

5 HE bl EAE e
R0 Mot tang o VHGEI KIci tht

099, cdc 6 dugce 1o boi _mol
maw Trang hodac Po. Gia swe T la 56 bo (C. Cs,
Cs) cde o ma hat
rong clng

mau Do, Tim gia tri

0 dau trong citng mot hang va
|'|,-':,',-' a ctiaof

lrang, (-

mot cot. var ) va (

Irlll'l J."l";‘l-llnll L I'!Il-lI dl +
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Loi gidi
Ta chimg minh trong mdt
bang 6 vudng n x n

o O
B il ol

bl

5 X s 4dnd L . T b
¢O nhiéu nhat =~ bd nhu ,
" Pl el ot KT "R (o
vdy. Thét vy ki hi¢u g, 1a '

s0 0 tring & hang thir i, b,
la 80 6 trang & cot thi j, K la tdp hop cac 6 do.
Do v&i moi 6 do (7, j) €6 a; . by bd (Cy, Ca, C3)
chap nhan dugc, trong d6 C, = (i, j), vi vay

T= ab. Ap dung BDT 2ab<a?+b? ta cb:

(.5 )eK

T<l 3 (a24n7)

= li.f)ek

1y i .
=3 2(n-a)ar+3 2 (n-b)t (1)
1= I=
(vi trong hang thir i c6 n — a; 6 do, trong ¢t thir
Jjedn—b;ddo). ,
Voi 0<x<n, ding BDT Cauchy cho ba sb
thuc khong am ta co

(n—.r)..r‘-‘ = %.(Zn-lx).ﬁ

1 (2n-2x+2x) _ 4w
T 3 T
ding thirc xay ra < 2n-2x=x < x= 2_:1 . Do

do tr (1) ta nhdn duoc

1 4w’ 1 4% 4n* _. !
A e o s p -
Is= 3 Ty T Dang thire xay
ra ©a=a=..=a,<b=b=..=b =2 )

3
Truong hgp =999, ta lip lai miu sau
333 x 333 lan dé t6 mau hét cac 6 cua bang &
vudng 999 x 999, Khi d6 (2) duge thoa man.
Boi viy
& 4
7= < 148.999°.
Két lugn: Gia tri 16m nhét cia T bing 148.999°. [
»Nhgn xét. Day 1a bai todn hay vé tinh s6 phan tir
cua tip hop két hop viéi ki thudt bat ding thic
Cauchy. Chi ¢6 mét ban co I g_jdi ding : Vi Bd
Long, 11T1, THPT chuyén Nguyén Hué, Ha Ngi.
bBing chua vy 1a ban Long ‘giﬁi bai todan bang phuong
phép cha ly thuyét xdc suat.

NGUYEN MINH BUC
Bai T11/450. Tim tar ca cdc so nguyvén dwong
n = 1 va 5o neuvén to p sao cho da thire
flx)=x"—px+ p-phdn tich dwge thanh tich

3 ;o . ¥ ; o 3 :
1i da Hhre khac hiane sé vai hé so neuyvén,

Loi gigi. (Dya theo 1o gial cta ban Vo Duy
Khdanh, 11T1, THPT chuyén Ha Tinh)
Gia str f(x) = g(x)h(x) trong dé
gx)=x"+a, x"!+..+ax+a,
hx)=x'+b_x' +..+bx+by,
véigeZ (i=0,1,..,m-1), beZ(i=0,1...,t-1),
m+t=nm=1,rz1.
Ta co: a,b, = p? (*). Xét hai truomg hop:
Truéng hop 1: Chi cho a, hogc b, chia hét cho
p. Gia st a,:p va byIp. Goi k 1a chi sb bé
nhitma a, ! p, tic la @’ p,a’p,..a_:p.al p.
Ta ¢6 k<m<n-1. Gia st ¢, 1a hd sb cia
f(x).Do k<n-1 nén ¢, : p. Laico
¢, =aby+a, b +..+ab,. Suyra
aib, i p < a, i p (miu thudn). Viy truémg hep
nay khong xay ra. '
Truomg hop 2: a,: p va byi p. Goi r la chi so
bé nhit ma a ! p va s 1a chi sé bé nhit ma
b, I p. Tacla
i il pesaipalp 14rsm
{bﬂi ol P b R LD TSRSt
Pat r+s=k Ta ¢6 ¢, =ab+ ) ab (1),

e
trongdé 0<i<m, 0<j<rt, i
Tu()tacd ¢, p (doeip voi 0<i<n-—1)
Sk=n&r+s=n Suyrar=m s=t
(do r<m,s<t). Thanh tht a,, a,..,a, :p
va by, b,...b i p. Gid sk m>2,¢22, Taco
—p=c,=ayb +ba, :p* (v ly). Viy m=1
hofe ™ r=10" 300 e Tt CER s
xt—px+p? =(x+b, ) (x*" +a, ) x"2 4. +ay).
Suy ra a,b, = p?. Ma a,, b,: p nén ta co hodc
@y = by = p hodc a,=b, =—p.
Néu a, =b, = p thi
fEP)=0(-py +2p* =0 -2=(-1yp"?
nlé n=3
) =pn—2 p"——Z-
Thir lai x* -2x+4 =(x+2)(x> -2x+2).
Néu f(p)=0= p"+2p* =0, loai.
Ddp so: n=3,p=2.0
»Nhin xét. Bai ndy chi c6 bay ban tham gia giai
trong do6 c6 sdu ban co 1o giai dung nhung chua that

chiit ché. Cac ban sau cd loi gial twong doi tot: Yén
Bai: Vit Hong Qudn, 11 Toan, THPT chuyén Nguyén

TOAN HOC
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Tét Thanh; Hung Yén: Trdn Ba Trung, 12 Toén,
THPT chuyén Hung Yén; Ha Tinh: Nguyén Duy
Tudn, 11T1, THPT chuyén Ha Tinh.

PANG HUNG THANG

Bai T12/450. Cho tam gide déu ABC va diém
M khéng thuge cdc dwong thang BC, CA, AB.
Chiing minh riang duong thang Euler ctia cdc
tam gidgc MBC, MCA, MAB hode c6 diém chung
hodie déi mét song song.

Lai gidi. (Theo ban Nguyén Xuan Diing, 11T1,
THPT chuyén KHTN, DPHQG Ha Ni).

Bé dé. Cho tam gidc ABC va diém M sao cho
cdc tam gidc MBC, MCA, MAB khong déu. Goi
0, G Oy Gy O, G, theo thir tw la tam duong
tron ngoai tiép va trong tam ctia cdc tam gidc
MBC, MCA, MAB. Khi dé 0,G. WGy O.G,
hode dong quy hodc déi mét song song khi va
chi khi AO,, BO,, CO, hodc dong quy hodc déi
mat song song.

Chirng minh. Goi A, A; theo thir tr 12 giao
diém cia 0,0, va GyG,, BC. Céc diém By, B, va
C1, C; duge dinh nghia twong tu (h.1).

Hinh 1

Goi S la trung diém clia AM.

Dé thiy 4,4,, G.B, G,C dong quy tai S.

Vi Gy, G, theo thir tu 14 trong tdm cua cac tam
giac MCA, MAB nén

o

— S

SC 3 SB’
Do d6, theo dinh li Thales, G, G, //CB.
AG, AC

Viy, lai theo dinh 1i Thales,

BG. BA CG

Twong tu = : ===
B BL OhG,

1~a

AG, BG. CG, _AC BA CB
A6 BG 06 AR BCCA Y

Vay, céc diéu kién sau tuong duong:

24

=
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1) 0,G,, 0yGs, O.G, hoiic dong quy hoac doi
mdt song song.

2) 4, By, C, thang hang,

3) 4,, B,, C; thing hang.

4) AQ,, BO,, CO, hodc dong quy hoac dbi mot
song song.

Cha v, ap dung dinh If Desagues cho AO,0,0.
va AG,GpG., taco 1) < 2); ap dung

dinh 1i Menelaus cho AG,GG. va AABC, chia y
thi (1), ta c0 2)<>3); 4p dung dinh U
Desagues cho AABC va AO,0,0., ta co
3) < 4).

Tro lai giai bai T127 450 (h.2).

Goi O, G,; O, Gy, O, G. theo thir tyr 12 tAm
dudng tron ngoai tiép va trong tim cua cac tam
giac MBC, MCA, MAB.

Hinh 2

Vi tam gide ABC déu va O,, Oy, O, theo thir tu
la tim dudng tron ngoai tiép cua cdc tam giac
MBC, MCA, MAB nén AQ,, BO,, CO, theo thi
tir la trung truc cua BC, CA, AB. Do do A0,
BO,, CO, déng quy. Viy, theo b dé trén, 0,G.,
0,G,, 0.G. hojac dfing quy hodc déi mot song
song. Noi cach khac duong thiang Euler cua cic
tam gidc MBC, MCA, MAB hoic déng quy hodac
déi mot song song. OJ

»Nhgn xét. 1) C6 thé giai bai toan trén biing cich
khdc nhd bo dé quen thude sau !
Pueong thiang Euler cia tam gidgc khing déu ABC la
tap hop

A={XI(b2 -2 ) XA2 +(c ~a2 ) XB2 +( @2 ~b? ) XC2 =0}
2) Ngodi ban Diing, chi co sdu ban tham gia giai bai
todn trén: Vinh Phic: Newyén Hiw Huy, 10A1,
THPT chuyén Vinh Phic; Thanh Ho#d: F# Duy
Manh, 10T, THPT chuyén Lam Son; Hung Yén:
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Trdn Bd Trung, 12T1, THPT chuyén Hung Yén; Ha
Noi: Nguyén Ngoc Trucng, Vii Bd Long, 11T1,
THPT chuyén Nguyén Hug, TP. Ha Déng, Hoang Lé
Nhdt Tung, 11T2, Truomg THPT chuyén KHTN,
BHQG Ha Nai.
NGUYEN MINH HA
Bai L1/450. Trong thi nghiém Y-ang vé giao
thoa dnh sdng, nguon S phdt bitc xa don sdc cé
budc séng A, man quan sdt cdch mdt phdng hai
khe mot khodng khong doi D, khodng cdch giita
hai khe $,S, = a c6 thé thay déi (nhung S, va S,
luén cdach déu S). Xer diem M trén man, hic ddu
la vdn sdng bdc 4, néu ldn luot giam hodc tdng
khodang cdach 8,5, mot lwong Aa thi tai do la vdan
sdng bdc k va bdc 3k. Néu tang khodng cdch
S,S, thém 2Aa thi tai M la vdn sdng hay vdn tdi
bdc bao nhiéu !
Léi gidi. Vi x,; khong déi nén ta co
i 4/1D kAD _3kAD _ nAD
" a a-ha a+ba a+2ha’
il . 4 k 3k n
Ak O e a-Aa a+tha a+2Aa’
e Unt nBk Kop 158k 2k
a-Aa a+Aa” a-Aa a+Aa a

Wﬂzf kS B P
a a2 a—Aa

Tu

= a=2Aa.

Suy ra s Lai =t

RS TGt T a+a
Vay néu tang khoang cich §,S, thém 2Aa thi tai
M 14 vin sdng bac 8. O

» Nhdn xét. Mot s ban ¢6 161 giai duing va chit ché:
Nam B;nh Pham Ngoc Nam, 11 Ly, THPT chuyén
Lé Hong Phong; Nghé An: Chu Minh Thong, 12
Al13K41, THPT chuyén Phan Béi Chiu; Binh Djnh:
Trin Le Huynh Dire, 10 Ly, THPT Lhuyen Lé Quy
Don; Pong Nai: 76 Ddng Xudn Hinh, 11 Anh 2,
THPT chuyén Lwong The Vinh; Cin Thﬂ" Hwn.‘:
Hitn Hang, 12 Al, THPT Nguycn Viét Hong, quin
Ninh Kiéu, TP. Can Tho.

PINH THI THAI QUYNH

Bai 1L2/450. Cho mach 5
dién c6 so do nhu hinh L—(
v& Cho Cy =2C, =2C; “T ¢ \k
= 2C. Ban dau cdc khod }““‘L 2+

K ngdt, cdc tu dién chua
tich dien. Dong K. Sau
khi can bﬁing tinh dién diege thiét lap, n;_{f?’{ Kva
dong K. Sau khi cdn hc;mg tinh dién dwoc thiét
lap, ng{if K, va dong K.

= n=28.

(-

1. Tim dién tich cac tu dién sau khi can bc:’rng
tinh dién dwoc thiét Idp.

2. Tim nhiét heomg téng cong da toa ra trong
cdc guda trink do.

Loi giai

o K dong, K, va Kz meo: Cac tu C) va C; duge
tich dién, tu C; chua tich dién.

Ta co: g, =qz=%
Nhiét lwgng toa ra trong qua trinh nay la:
LE L s
O =A-W=gE-55E ==

e Ngit K, déng K,: Tu C, giit nguyén dién
tich. Tu C, trao doi dién tich vai tu Cs. Goi g,
va g,la dién tich trén cac tu C, va Cs; khi cin
bing tinh dién dugc thiét 1ap, ta cé'

r r q"
G tqs=q, (1) C] C (2).
Gidi hé (1) v& (2) ta dugc: .ﬁ:%; q_;=§3£_

Nhiét lwrong toa ra trong qua trinh nay la:
qu—q-!-—-— 2+q2"2 =CE2_
= 20 B0 GECK 12
s Ngit K,, déng K»: Tu C, gilt nguyén dién
tich. Ty C; trao ddi dién tich véi ty Cs. Goi qs
va g;la dién tich trén cac tu C; va C; khi cén
bing tinh dién dugc thiét lap, ta c:
, @ _ 45
- 3) === (4).
40 e
Giai hé phuong trinh nay ta dugc:
o LE 7 _CE
’ #1578 S
Ap dyng dinh ludt bao toan ning lugng ta tim
dwoc nhiét lugng toa ra trong qua trinh nay:

' "
4 tg; =

_ACE?
, Q= i
Tong nhiét lugng toa ra trong mach la:
ISCE
'Q = 'Q| +Qz Qj e

»Nhdn xét. Céc ban cd 101 gidi ﬁung. Binh Binh:
Tran Lé Hupnh Pire, 10 Ly, THPT chuyén L& Quy
Pén; Tién Giang: Dgng Thanh Nguyén, 11 Ly,
THPT chuyén Tién Giang.

NGUYEN XUAN QUANG

TOAN H
P enae25

S& 454 (4-2015)

HAY DAT MUA TC TH&TT TAI CO SO BUU DIEN HAY LIEN HE VG| TOA SOAN |



https:'www. facebook. com/letrungldenmath

https:/sites. google.com/siteletrunglienmath

EPEECY P TN

% v thi THPT Quéc gia dang dén gan, cdc
- trieong THPT trén ca nuoc dang tién hanh
an tdp cho hoc sinh (HS) khoi lop 12. Chiing ta
hiét réng, mén toan la mén bat buge dé cong
nhdn tot nghiép va xét tuyén sinh dai hoc. Do
tinh chdt ciia ky thi nén nhiéu gido vién tran tre
lam thé nao dé on luvén mén todn co hiéu qua,
trong khi mdt lop hoc (triv lop chuyven, lop
chen) luén cé HS khd, gioi, trung binh va yéu.
Gido vién on tap nhu thé nao ma HS khd gioi
khing bi nham chan nhung HS trung binh va
yéu van theo dwpe. Theo chiing t6i, dé HS on
tdp mon toan co hiéu qua thi can cé ké hoach
cia nha trueng, kha nang on luvén cia gido
vien va sy nd luc ,r;i'rrf.".' dau ciia HS.

1. POI VOT NHA TRUONG

V&i phuong cham HS kha gioi thi mét bai toan
ta giai nhiéu cach trong khi HS trung binh va
yéu thi mét cach giai dwge nhidu bai. Do d6,
trong qué trinh 6n tip nha truomg can chia l6p
hoc theo trinh d¢ cua HS.

® Ldp kha gioi: Pdy la nhimg HS tinh tiy cua
nha trudng nén yéu ciu dit ra la xét tuyén vao
cac trudng dai hoc tp dau va tot gitta. Ngoai
kién thirc hién hanh cua lép 12 gido vién bé trg
thém kién thirc 16p 10 va 16p 11. Chuong trinh
16p 10 gido vién rén luyén chuyén dé vé phwong
trinh duong thang, duonmg tron, elip. Chuyén dé
phueong trinh, bdt phuomg trinh, hé phuong
trinh va bdt ddng thirc. Nhitng HS that sy xudt
sic mdi 6n luyén mang bat dang thic vi bar
ding thirc rit khé va chi chiém mét diém.
Chuong trinh 16p 11 gido vién rén luyén chuyén
dé phirong trinh lieong gide, chuyén dé t6 hop,
nhi thicc Newton, xdc sudt va chuyén dé khodng
cach, goc.

e L6p trung binh va yéu: Day 14 nhitng HS nha

TOAN HOC
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LA THE NAO

PDE HOC SINH LOP 12 ON TAP MON

TOAN HIIEU QUA

NGUYEN QUANG THI

(GV Truwong THPT Bao Léc, Lam Ddng)
trudng cdn quan tim nén yéu cau dit ra 1a xét
tuyén vao cac truomg Pai hoc t6p dudi, Cao
ding va cong nhan tot nghiép. Ngoai kién thirc
hién hanh cta 16p 12 gido vién bd trg thém kién
thirc lop 11 véi cac chuyén dé phuomg trinh
lwgng gidc, chuyén dé 16 hop, nhi thire Newton,
xdc sudt va chuyén dé khoang cdch, goc.
e Phin céng gido vién on tip: Nha truéng nén
phin cong gido vién day theo ting chuyén dé
dé ¢6 co héi dao siu kién thire cho HS.
11. POI VOI HOC SINH
La mot gido vién nhiéu nim ding trén buc
giang, i cho rang mei HS 16p 12 muén én tap
mén todn c6 hiéu qua thi cin dam bao céc diéu
sau:
e Biét hé théng hoa (tong két) cac kién thic da
hoc qua timg chuyén dé nhdm xem kién thirc
ndo la quan trong cén ghi nhé va biét vin dung
kién thirc vao giai toan. Vi du khi én tip chuyén
dé ham sé HS cin nim vimg dudng 161 khao sat
va v& do thi ba ham sé, cac bai toan lién quan
dén khao sat va biét cich tim gia trj 1én nhét,
gia tri nho nhat ciia ham sb trén mot doan.
e Biét phan tich va nhan xét cac bai toan trong
timg chuyén dé. Muc dich 1a lap luan chit ché
va chinh xac, biét dua cac bai toan giéng nhau
vé mot dang dé nam iy phurrong phap giai tong
toan kho. Vi du mudn xdc dinh khoang cach
cia hai dwong thing chéo nhau a va b (a, b
khong vuéng goc vdi nhau) thi HS chon mit
phang (P) chira b va song song véi a. Khi do,
khodng céch giira g va b chinh la khoang
céch gitra a va mat phang (P).
e Kién tri va chiu khé giai bai tip trong ting
chuyén dé cua gido vién bién soan. Myc dich
nhim tim ra mét phuong phép téi wu cho mdi
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bii todn. Vi du cdu hé phuong trinh trong dé thi
tuyén sinh dai hoc nhitng nam gin ddy néu HS
chiu khé dau tw suy nghi thi dung k¥ thuét bién
doi va ding tinh chit ham s sé giai duoc.

® HS phai thé hién sy ham thich, say mé hoc
toan. Myc dich trr tim to1 cic bai todn ngodi
sdch gido khoa nhumg né lién quan dén kién
thirc 4 hoc dé tu giai, cing c¢b kién thic va
nang cao nang lyc giai todn.

Thiét nghi ring mot gido vién thanh cong trong
vigc 6n tdp cho HS la thuc hién d.";iy du cac quy
trinh sau:

* Chudn bi bai trwée khi lén lép: Diu tu
nghién ciru, Iwa chon bai tip phi hop véi timg
d6i tuong HS qua mdi chuyén dé. Xéc dinh noi
dung trong tdm cin 6n tip ciia mdi chuyén dé
va chon phuong phép day hoc phu hop timg dbi
twong HS. Vi du khi 6n tip chuyén dé phuong
trinh liegng gide giao vién can khic siu dang
phirong trinh tich, phwong trinh chira dn ¢ mau.
Khi day chuvén dé tich phdn, noi dung cin
truyén dat cho HS 12 tinh tich phan va tinh dién
tich hinh phang.

[11. POI VOI GIAO VIEN

* Qud trinh lén lop:

e Phin phéi théi gian hop 1y cho cdc khau dé 1a
kiém tra bai ci, truyén thy kién thire mai, luyén
tip cung cd va huéng dan vé nha. Khéng duoc
bo qua hodc thuc higén qua loa mét bude nao béi
mdi budc cé tim quan trong cta né.

e Gido vién phai kién tri khong dugc nén néng
trong viéc rén luyén y thirc va y chi hoc tip cho
HS dé HS nhan thirc hoc tip 14 can thiét cho
cude song. Gido vién hinh thanh déng co hoc
tap cho HS vi déng co hoc tip khéng thé 4p dat
tir bén ngoai ma c6 sy hudéng dan cia gido vién
dé HS phan diu vuon 1én trong hoc tdp nhim
hinh thanh théi quen tét, xod bé thoi quen xdu.
Xéy dung uy tin cia gido vién dua trén sy béi
dudng ning lyc chuyén mén va phim chit nghé
nghiép dé tao niém tin cho HS trong qua trinh
on tap.

e Cung cip mét sd nang luc giai toan cho HS
do la: Nang luc suy ludn chinh xac, lip ludn
chdt ché cac budc trong loi gidi, trinh bay loi
giai rd rang. Nang lyc todn hoc hoa tinh hudng
va vén dung cac kién thirc da hoc vao thye tién.
Khé nang van dung kién thire va phuong phap
gidi todn vao mot s6 mén hoc khac cé lién quan
(Vat ly, Hoa hgc, Sinh hoc,...). Ning luc khai
quat todn hoc: Hinh thanh phuong phédp thong
qua hoat dong giai bai tip. Biét phan loai cac
dang toan dé 1iy phuong phép giai chung. Biét
téng quat bai toan thong qua bai toan cu thé.

e Xaiy dung tiét day luyén tip vi myc dich cudi
cung cua HS 1dp 12 khi 6n tap la giai duoc
toan. Do d6, gido vién huéng din cich trinh
bay 1&i giai bai toan nhim tranh sai lim cho
HS. Xdy dung cic bai toan theo mirc do ning
cao dan trén co s& cic bai toan trong sach gido
khoa, nhom bai tip thé hién qua bai soan cia
gido vién. Giap HS tim toi 161 gidi, chi dong
suy nghi nhidu hom, 1am nhidu hon va tham gia
gidi bai tap nhiéu hon. Rat ra nhimg thudt toin
tr tao va dinh hudng giai cho mdi loai todn.
Diic biét méi bai todn ngudi ra & mang dung ¥
dé cho moi nguoi hidu ring: Mdi tir, mbi chir
mang mét dung y nao do ma ta phai 16t ti. Din
gian noi ve “ Ong Ma Ke” (Ma Ke la truyén
thuyét ho deo xung quanh minh 4o toi, 4o rach
dé hi doa). Vay ngudi ra d& bao quanh bai toan
vl nhimg thir hit doa, nén minh phai tim céch
16t ta né ra.

® Hudng din vé nha: Bai tp vé nha phdi phu
hop va vira sire voi trinh 46 HS, Gido vién
huéng din va gitip HS nhén dang bai tip va
phuong phap giai. Chudn bj bai méi 13 c6 cau
hoi cu thé va huéng dan HS céch thyc hién.

* Phoi hgp véi gido vién chii nhiém va phy
huynh: Trong qué trinh 6n tap cin phéi hop véi
gido vién chu nhi¢m va phuy huynh dé duy tri si
s0, nhic nha nhirng HS con chénh mang trong
hoc tap, tim hiéu hoan canh khé khin cia HS

dé kip thoi dong vién va gilip dd. Phan cong
nhitng em khé gioi gitip d& nhimg HS yéu kém.
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ﬂ ai todn 16 hop la bai todn khé thicong xuyén
_tua.' hién trong ede dé thi HSG Quoc gia,
Quéc té... Co rdt nhiéu phwong phdp dé gidi quyet
cdc loai todn dang nay nhu ding cong thirc truy hoi,
$6 phikc, da thirc, cong thire dém s6 phan ni ciia hop
cde tdp hop,...Qua bdi viét nay chiing toi muén gicri
thiéu 61 cde ban doc mgt phwong phap khd thi vi la
dém s6 lan xudt hién ciia moi phdn tik trong tdp hop
théng qua mot 56 thi dy sau déy

Thi du 1. (Dé thi HSG Ba Lan) Cho tdp hop M
con phwa twr, voi hai tgp con tuy y A, B cia M.
Tinh so g}hun twr AnB . Chimg minh ramg .l‘fmg
tit ca cdc s6 phan tir cia moi giao ¢d thé gom
hai tdp con ciia M la nd".
Léi gigi. Véi mdi phan tir ae M , ¢6
2n —2n-1 =251 tip con A ciia M co chita phan
tir a. Suy ra cé (2"")2 =4~ cip hai tip con
clia M ¢6 chira phin tir ¢ thude giao cia hai tap
hop d6. Vay mdi phan tr a € M né duoc dém
4+~ linnén Y |AnB|=nd".

ABcM
Theo céch giai trén c6 thé giai bai toan tdng
quat sau
Thi du 2. Cho M la tip hop c6 n phan ti, E la
tap hop far ca cde bo (co thir tw) (A;A,A,)

k=2 la so tw nhién da cho.
| &
> NA=n20-04,
(AdasApeE | i=1
Thi du 3. (Pé thi HSG Tiép Khdc) Hay tim $6 cdc
cap khac nhau cua cde cdp tdp hop con khong
giao nhau thuje tdp hop n phan tu.

trong do AcM ,

Chiing minh rang:

Léi gidi. V&i mdi s6 ty nhién £ (£ =1,23....n) ta
tim s6 cip (A;A)md AnA =0 va
|A|+|A;|=1. Goi 4 14 tap hop n phén tir, mbi
cach chon ra ¢ phan tir c6 C* cach chon ra tir
day k phan tir dé lam tap A, va co (¢ — k) phan

ZSTOQP H% S8 454 (4-2015)

(GV THPT chuyén Lmng Van Tuy, Ninh Bink)

tir con lai lam tép A;. nén sb bd (A:A;) la

Z%EZJ—I’ do c6 mét ciip () nén s cap

cén tim la:

\ N —l , | gt =3n+1
;sz -+1_2{§c,,.2 1}1 =

Thi du 4 (Thi Glympic Todn Chdu A - Thai st'fnh
Duong lan 10 -1997). Gia swr F la 1ap hop tat ca
cac bo (A;3A;5...A,) trong do A, la mgt tdp
con cua (1:2:..:1998)(i=12.... kel)
Hay tinh: S= 3 |A A, U..UA,|

(A iAy sy Yo F

Lai giai. Dat n=1998, goi §,(i)1a s6 by

K ova

k
(A;:A;..A)eF miie| JA (1<i<n).Doco
j=1
2" tdp con cla tip A=(1;2;....n) va cé6 2!
tdp con cua A\ {:} nén S, (i) =2 — 20Dk

a 2(;1-”1{2& -1)=S8= n(zk —1).2(n- 13k,

Theo cach gidi trén ta c6 thé dua ra mot sd bai

toan sau

Thi du 5. Cho s6 t nhién k, n. Goi
A=(1;2;,..m), AcAl(i=L2,..k). Goi F la

rqu hop cdc bg co thir tw (A;:A,..A) va E la

tdp hop cdc bo khing ké thir tr & v T ) 8

Hay tinh:

NEke . ¥

A, VA, UL UA, |

(A Ay A, JEF

2)8, = Z . 3)5 = Z ZZ M.
(A iy, bEF nr..—UA EF i=] med,

4) §, = Z 4 WA, U.LLUA, |

(A g JEE
5) 8, = Z Z m.

wA; eE "CJ‘J'

6) 5. = Z Z Z .

¥ im] mred
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Lavi gidi.1) S, = n(2* —1).2-D% ( theo thi du 4).
2) §, = X "iS, (i) = X i(2* — 120
a1 i=1
:"{"T"']){QA —1)20-hk,

3) Dé tinh S, thi véi mdi jeN(1<j<k), ta
tim s6 bd (A;A,;..A,)eFma mdi acA, a
thudc ding j tip con cua bd. Do c6 2" tip
con cia A\{a} nén c6 tit ca 2% bd

k
(AiA;.A)eF ma ag| JA. M3i by nhu
i=1
vay ta c6 C] céach chon ra; tip. Dé mdi tap ta
dua thém vao phin tir i nén cé 205 C/ bd

thudc F co dﬁng j tap chia a. Suy ra:

$, ST inlarnc)-Far-n3 i

a=l j=|

n{u+l) P U*Zk{}’ 1

J=1

=”{_n2+ﬂzm-1:¢j(_2k—l =n(n+1)k 22
Céc y con lai coi nhir bai tip ban doc tr giai.
Thi du 6. (Peé thi Olympic Tdy Ban Nha) Xét cdc
tap hop A thoa man: A gom 100 s6 fw nhién
phan biét sao cho a, b, ¢ la cde phan te cia A
(co thé phdn biei hodc khong) thi ton tai tam
giagc canh a, b, ¢ ma khong co goc ti. Goi
S(A)la tong cac chu vi cua tam gide dwgc xét
khi xac dinh tagp A. Tim gid tri nho nhat cua
S(A).
Lo giai, Gidsir A= {a1 ,az,...,a,m} JI=a <a;

<...<d, . X6t tam gidc c6 3 canh 14 a,,q,,a,,

s {2::1[ >dy,
B o2 )
a; +a; Zag,

= 202 Zaly, =(a, +99)°

=>a, 2(1++/2).99 . Do a nguyén nén a, 2 240.
Véi moi @, €A no la canh cua m{t tam giac
déu co ba canh a;, 99 tam giac cdn ma hai canh
bén la a;, 99 tam gidc cdn ma a, la canh day,
C3, la tam giac thuong ma g, 1a mot canh. Viy

100
S(A)=(3+2.99+99+C3,)> q

1001
>(34297+C%)D (a,+i—1)

i=1

100
2 (300+C%)Y (240 +i~1) =149121450.
i=1

Co ding thirc <>a,=239+i.

Thi du 7 (Ve dich Moskva 1985). Cho 1985 tap
hop, moi tap hop & ong dé gom 45 phan tik, hap
ctia hai tgp hop bat ki la 89 phan tir. Cé bao
nhiéu phan tir chira trong 1985 tip hop do.

Bai toan trén la truong hop riéng cua bai sau:
Thi du 8. Cho cdc 56 nguyén duong k, n thoa
mdn > n>k*=k+1, gid sir s tdp hop

A AL A, thea man d'rjng thoi hai diéu kién:

a) [A|=k(1<i<n).

b) |4, wA|=

-2k —1 (Vi j).

Xac dinh s6 phdn tir ctia U;“;I :
-...

Lai gidi. |A UA|=|4]|+|4,

=1(Vi#Jj) Xéttdp A, suyra

|A1 mAJ.\ =1 (¥j=2,3...n). Goi x la phin ti

xgA (Vj=23...,n)
reB (= ranl)
trong do B-E{Az,Ag,...,A"} !

bat ki cua A, . Khi dé: [

a) Néu r=n— 1:>xeﬂﬁ.,:>

sz
i=]

b) Néu 2<r<n- 2::-3.425510 cho xeA,. Khi
d6: B,NA, # B, N A, (Vi # j)vinéu
yeBnd =B nd, (Vizj)

{yEBi,y €B,

—

yed,=>y#x
Suy ra x, y thugc B, B, (mau thudn). Viy
A, chira ¢ phén tir phan biét cia B,,B,.....B, va
phén tir x. Vay: |A;|2 1+l k2r+1et<k-1.

¢) Néu 1 =1, phin tir x clia A, 1a phén tir chung
cua A, va ding mot tip khac A, .

Vay mdi phan tir cua A, co chung vadi cac tip
A=) nhiéu nhit k — 1 phan tir voi k>2.

Suy ra s6 tap hop nho hon
k(k—1)< k(k=1)+1 < n (méiu thuin).

=n(k—1)+1.

=yeBnkB,.

Viy t=n-1=> UAr. =n(k-1)+1(*).
1

Chu y ring voi k=1 kiém tra tryc tiép ta thiy
(*) dung.
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Thi du 9. (Dé thi ciia Ao — Ba Lan nam 1979).
Cho 36 tir nhién k, n thba man k*> <n-2. Chon
tdp hop, moi tdp hop co k phan ti. Biét rang
hai tap hop ;‘m.f ki co dung mot phfm tfir chung.
Chung minh rang ton tai mt phan tir chung
cho n tdp hop trén.

Léi gidgi. Theo gia thiét k2 +2<n. Do
k*+2>k*—k+1, suy ra k*>—k+1<n(thoa
mén diéu kién thi du 8) nén theo chimg minh
thi du 8 thi » tap hop nay cé diing mdt phan tir
chung.

Chii y: Didu kién k* —k+1< nla tbi wu nhét vi
k=2van=3thi £i2-k+1=nbai toan trén
khong ding. Chon A ={a:b}, A,={c:b},
A, ={a:c} théa man diéu kién dé bai. Khi do
5| =3#n(k-1)+1.

Thi du 10. (Phan Lan 1982) Tim iong S tat cd
cdc so i nhién ma trong cdch viét thap phdn
ctia méi s6 do cdc chir s6 tao thanh day tdang
hodic giam.

Dé giai thi du nay ta c6 sir dung tinh tong
g G=g" 94"
§= Zk i gl kel

Léi gigi. Ta tach bai toan ra hai bai toan sau :

Bai todn 1. Tim tong S, tat ca cde s6 te nhién
ma trong cdch viét thap phdn cua moi so do céc
chit 6 tao thanh day tang.

Loi gidi. Goi A 1a tap hop tat ca cac so cua bai

todn. Xét a=a,qa, ;.

Véi mdi s6 k, j da dinh, k,je{1,2.3...9}, ta

tim s0 cac 80 a€ Ama a, =k ., Do sau k cod 9-k

& €A(a,<a, <..<a).

s6 16n hon k va truée k c6 k-1 s6 tw nhién khic
0 bé hon & nén so cac so a la

k=1
Stk jl=Y €1 T =0l Sy ra!
i=0

10-% 9 10k d
ZS(;C;;') k107-=)" % 261C k. 10/
=1 =1 k=1 j=1
g 10-k&
=¥ kit ¥y Crlifjsi= Z;czmllu
k=1 =l
1105 [ 2) o 1104620
2 ;’[(11] TR

TOFIN HOC
¥ CTugifpe S8 454 @-2015)
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Bai todn 2. Tim tong 5, tat ca cde s6 tu nhién
ma trong cdch viét thdp phdin cua méi so do cac
chir 50 tao thanh day giam.

Léi gidgi. Goi B 1a tip hop tit ca cic s6 cta bai
todn. Xét b=bb ,..beB(b,>b,  >..>h).
Véi mdi so &, j da dinh, k,je{1,2,3..,9}, ta
tim s6 cic s6 be Bma b, =k. Do sau k co 9-k
s6 16m hon k va truée k ¢6 k=1 s tu nhién khic
0 bé hon k nén so cacsd a la

9k
S(fi;f)=ZCi;_t Ci=25-+C{™ ., Suy ra:

9 k=l

Si=2. ¥ 24C{ k.10 _Zk 2941 I

i=l =1
= (11 79, 1104]1]1,210
=29% o2 ) Ao TSl
. é ( 2 ) a1
Tir bai toan 1 va bai toan 2 ta co ;

§=5+5,-45= 8013922 45,

Thi du 11. Che cde sé i nhién g, n, k. Xét b edc

s0 nguyen ¢ =(&,,0,, ..., ) sac cho

g+1<a <g+n. Goi mie)=min{a.a,...a},

rr“ Tic ]—G

ittt
M(c)=max . c,.. ‘—l{—’

Tim: R : 1

a) 8§, bang tong tat ca cac mic) lay theo mpi bo c.
b) S, hdng ting tat ca cdc M(c) ldy theo moi bé c.
¢} 5 h.c.:r.l:,_gr rf]'n.s: tat ca cde Tic) .'l(i_l' theo moi bj c.
Léi gigi. a) V&i mdi sé ty nhidn j (1<j<n).
S6 b6 ¢ ma o, nhin gia tri tir g+jdén g+nla
(n+1—j)* trong d6 s6 bd ¢ ma a, nhin gia tri
tir g+j+1dén g+nla (n—j». Viysbbd cco
~(n-j).
S Z(qﬂ)[(ml —n—j)]= qn*+Z:*

i=l

mic)=g+j la (n+1-j» Suy ra :

b) Tlrcrng tw s6 bo ¢ ¢6 M(c)=g+jla
JE=(j-1*.Suyra:

Sg=i(q+j)[j* —(j—l}*]=(q+n).n* —iﬁ.
j=1 i=1

¢) Cach 1. V6i mdi s6 a € {g+1ig+2:..;9+n]
vd @ c6 mit ding ¢ 1an trong bd
c=(a,,ay,....a, )1 2t<k). Do co Cjcich dit
vao f trong k vi tri cing mot gia trj @ va con
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k-t vi tri & dit n—1 s6 con lai khac a, nén sb
ldn @ xudt hién trong tong S, la:

k ] k ] [
A=2Ck(n—l}°-u=(n—i}‘gr.(;!-_-ﬂ B

P S

a=g+|

n{2q+l+n){n 1y Zr( 1 ]
n—1

n(2q+l+n){n 1) ZI‘ (nl 1) i

sl

:ﬂk.(2q+l+n}(n—])l [ 1 ) Ci
2k(n—1) e\ p-1)
_nkQq+1+n)(n-1) ( L 1)*"
2k(n—1) n-1
_nt(n+2g+1)
e
Cach 2. Do ¢6 n* bd ¢, mdi bd k phan tir ma
moi phan tir @ e{g+L:g+2;..;g+n} cb vai trd

nhu nhau nén mdi s6 @ nay dugc tinh trong
1 o kRt -
tong 5, la Tlan, Do do:

ke 5 ni(n+2g+]1)
53 = t (24 —-—2 .

a=g+|
Thi du 12. (Pé thi Bungari 1982). Chitng minh
[11:2

rang voi cde 5o twy y a,,a,,...,a, (n=2)

ml "
ta co bat dang thire ZZ?J —a| < n? (1)

Hday xdec dinh véi gia tri nao cua a,,a,,....a_thi

xay ra dang thic?

Léi gidi. Ta sit dung phuong phép dém sé 1in
xuét hién cua mdi phin tir trong bét ding thirc
(1) dé chimg minh bét ding thirc nay.

Khéng giam téng quat, ta gia st

0<a <a, £..<a, <2.Khidé:

ZZJ“ -a|=2 )" |a—aj= 22(2.: —n-1)a.

fm] el 1<isjsn

Do mdi 56 a,s& c6 trong tong trén 14 :
« C6 trong |a—a|=a,—a;(j=12,....i-1) 1a i-1 s6

a,; co trong Ea,-—aj|=aj—a,- (j=i+1i+2,...,n) la

n—isd (-a). Suy ra sb céc sb @ co trong tong
trén la ((=)—(n—i)=2i—n—1. Vo1 2i-n—-1<0

i <-{I—j—i 2i—n-— 1>0<.‘:>1>”+1.

2

] R

Vay: XY la a|-22(21 n—1a,

i=l j=1

L

_"T
=2Y Qi-n-Da+2 Y (2i-n-lq
=]

m—l
i=l

L

<0+2 Y (2i-n-12.
i)

Néu » chin thi ZZ(ZI—H N2 =n2.

=1+ —n+]i|

B
Néu n 1¢ thi 22(25
i ]_'_I:.lrzl
Do dé: iih —a_,-‘énz - Pang thirc xay ra khi »
i=l J'_

chin va 5 so bang 2,

n-12=n*-1.

Z 56 bang 0.

) g

BAI TAP
1. Xét bit phuong trinh |x,£ﬁ{a3—y1}(l}. Ta xét
tit cA cdc gia tr ctia a dé (1) o hitu han céc cép
(x,y) v&i x,yeZ thoa min (1). V& mdi a nhu thé
goi N(a) 1a 50 cdc ciip khic nhau nhw véy véi mdi
kelM . Hay tim tit ca cdc gid tri a d& N(a) = k.
2. Tim s6 céc cip khic nhau gém ba tip con déi mot
roi nhau cua tip # phan tir.
3. Goi E la tép céc cdp (4 ; B) trong d6 A, B rdi nhau
la céc tip con cia tip » phan tir. Tim

S= Y |AuB|

[AB)eE

4. Chimg minh véi 2n s6 tay j'x,,-e[lﬁ] by 5[3;4]

thi ZZii |x,,j- —A'J.,JE <6n?,

p=l k=1 =1 (=1
Ding thire xay ra khi nao?

5. Cho tip X={1,2,3,....n} . Xét ho H tat ca cdc tip
hgp con 4 clia X ¢6 tinh chét moi phén tir ctia A déu
chia hét cho phan tir nho nhét cia 4. Hoi cd bao
nhiéu tdp hop con 4 nhu vay?

6. Cho Az{a=a| a;a3a4Jl£al <th 0y >0 >0y 201

J
Hiy tim: 2)§,=3 4 (i=1,23,4). b)S=) a.
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BAN CO VAN KHOA HOC

GS. TSKH. NGUYEN CANH TOAN
GS. TSKH. TRAN VAN NHUNG
TS. NGUYEN VAN VONG
GS. DOAN QUYNH
PGS. TS. TRAN VAN HAO

CHIU TRACH NHIEM XUAT BAN
Chi: tich Hoi déng Thanh vién
NXB Gido duc Viét Nam
NGUT. NGO TRAN Al
Téng Gidm déc kiem Téng bién tap
NXB Gido duc Viét Nam
GS. TS. VU VAN HUNG

HOI PONG BIEN TAP

Téng bién tap : TS. TRAN HUU NAM Thur ki Toa soan : ThS. HO QUANG VINH

TS. TRAN DINH CHAU, ThS. NGUYEN ANH DUNG, TS. TRAN NAM DUNG, TS. NGUYEN MINH BUC, TS. NGUYEN MINH
HA, TS. NGUYEN VIET HAI, PGS. TS. LE QUOC HAN, ThS. PHAM VAN HUNG. PGS. TS. VU THANH KHIET,
GS. TSKH. NGUYEN VAN MAU, Ong NGUYEN KHAC MINH. T5. PHAM THI BACH NGOC, PGS. TS. NGUYEN DANG PHAT,
PGS. TS, TA DUY PHUONG, ThS. NGUYEN THE THACH, GS. TSKH. DANG HUNG THANG, PGS, TS. PHAN DOAN THOAL,
Ths. VU KIM THUY, PGS. TS. VU DUONG THUY, GS. TSKH. NGO VIET TRUNG.

TRONG SO NAY

o Danh cho Trung hoe Cd sé

For Lower Secondary School

Phan Binh Anh — Bii toan tinh téng quen
thuje va ing dung.

@ Huong dén gidi DE thi chon Hoc sinh gidi
mén Toan ldp 9 TP. Ha Chi Minh, nim hoe
2014 - 2015.

o Dé thi tuyén sinh vao 16p 10 Truong THPT
chuyén Béic Ninh, nam hoc 2014 — 2015.

@ Chuin bi cho ki thi t6t nghiép
THPT va thi vao Pai hoe

Nguyén Ngoc Duyét — Pham Binh Nguyén
Binh luan vé caich nhén lugng lién hgp
trong dé thi dai hoc cic nim gin day.

o Hudng dén giai - Pé s6 6.
@ Thii stic trude ki thi - Pé s6'7.

@ Ban doc tim toi

Nguyén Ngoc Giang — Pinh 1y Au trang
budm.

@ Pé ra ki nay
Problems in This Issue

T1/454., ..., T12/454, L1/454, L.2/454.

@ Giaibai ki truge

Solutions to Previous Problems
@ Dién dan day hoc toan

Nguyén Quang Thi — Lam thé nao dé hoe
ginh 1dp 12 6n tap mén toan hidu qua?

€ Dién dan phuong phap giai toan
Dé Van Prize — Giai céce bai toan t6 hdp nhd
dém s6 l4n xuédt hién cia mdi phin ti
trong tap hop.

Anh Bia 1: Lé trao gidi thuinmg Lé Vin Thiém
ndm 2014.

Tir trai qua phai: GS. TS Nguyén Hiu D,
em Trdn Héng Qudn, em Nguvén Thé
Hoan, GBS TSKH Lé Tudn Hoa, em Viong
Nguyén Thity Duong, GSTSKH Pham Thé
Long, Co giao Nguyén Ngoc Xudn, GS.TSKH
Pé Long Van, GB.TSKH Ha Huy Khodi.
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NHA XUAT BAN GIAO DUC VIET NAM
Immngg%mw&mdz&éﬁm
BO BE GHUAN Bl CHO Ki THI
TRUNG HOC PHO THONG QUGC GIA

Dé giup cac em hoc sinh Trung hoc phd théng, dac biét la hoc sinh 16p 12, én tap
va thi dat két qua tét trong ki thi Trung hoc phé théng quéc gia ndm hoc 2014 - 2015,
Nha xudt ban Giao duc Viét Nam t8 chiic bién soan, xuat ban bé sach

BO DE CHUAN BI CHO Ki THI TRUNG HOC PHG THONG QUOC GIA
Bo sach tap trung bién soan, Iua chon nhitng cau héi, bai tap dién hinh, tidu biéu

theo hudng d6i méi ki€m tra, danh gia va thi t6t nghiép Trung hoc phé théng
quéc gia do Bé Gido duc va Pao tao chi dao. (Sach khé 19 x 27¢m)

BODE ) i 'BQBE

ETOAN EVAT Li EHI]AHI]E ESINH HOC

CHUAN BI CHO Ki THi CHUAN B1 £HO K1 THI s B CHO K THI CHUAN B CHO Ki THI
TRUNG HOC PHO THONG GUGE GIA TRUMG: HOT PHO THONG GLIGE GIA TRUMG HOE PHO THONG QUOBE GIA

TRUNG HOC FHO THONG QUOC GILA

224trang. Gid:70.0008  248trang. Gid:80.000d 288 trang. Gid: 90.000d 276 trang. Gia: 90.000d

BO DE BO DE BO DE

— g

ELICHSU STV TR FTIENG ANH

CHUAM B} CHO KI THI CHUAN B CHO Ki THI
TRUNE HOE PHO THONG QUSE i TRUNG HOC PHO THOMG GUGEC Gl

BO DE
ENGL VAN

CHUAN BI CHO Ki THI
TRUNG HOC PHO THOMG QUAC G

-?

288trang. Gid:90.0008 264 trang. Gid: 80.000d 240trang Gla 80. ouoa 252 trang. Gid: 80.000d

Thong tin lién hé:
- Phong Kinh doanh & Hop tac xuat ban, Céng ty c6 phan Dich vu xuat ban Giao duc Ha Noi
- Dién thoai: 043.6.210.196 ; 043.5.121.974 Fax: 043.5.121.973 Email: phathanh@xbgdhn.vn
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HPT Kon Tum la ngdi truong giau truyén
cuia tinh Kon Tum, duoc thanh lap sau ngay
@4t nuée va duoc vinh du mang tén tinh Kon
n cua truong la truong Cap 3 Kon Tum, la
3 duy nhét frén dia ban tinh Kon Tum sau
i phong. Trai qua 40 nam hoat dong va phat
1 nay Truong THPT Kon Tum la trugng trong
tinh Kon Tum, ¢6 uy tin vai hoc sinh, phu huynh
y 50 vat chét clia Truong kha day du véi 42
phong may tinh, 1 phong Lab, 3 phong b
Hoa, Sinh; cung cac thiét bi day hoc khac dam
0 viéc thuc hién d6i méi day hoc va hoc clia Thay
ro. Trudng hién co 42 16p hoc vai 1531 hoc sinh, 100
vién. Boi ngtl gido vién cua Truong ngay cang duoc
vé chat luong: S6 gido vién day gioi cp Tinh
1a 40, chiém ty |6: 40% ; s6 gido vién c6 trinh do Thac sy
Y 1&: 14 %; s6 gido vién THPT cao cép la 11, ty
1% Trufmg c6 3 gido vién dat danh h:éu “Nha gido

nam nméu hoc smh cua Tn.uang dat g|é| cao trong

thi hoc sinh gioi cac cdp. S6 hoc sinh gidi b mén
p Tinh hang nam khoang 55 em, dung vi thir 2 toan
nh, chi sau Truong THPT chuyén Nguyén Tt Thanh.

trong ky thi hoc sinh giéi cap Qudc gia, hoc: sinh. gioi cap
Khu vuc va hoe sinh cua Trueng ciing G’oat nl"déu Huy
chuong Vang Oh'mplc 30:‘4 Trﬂn 5

ISSN: 0866-8035
Chi so: 12884

. Ma s6: 8BT4M5

T8 Toan Truong THPT Kon Tum

Ang nam Trudng cang luon ¢6 ho sinh doat glal cao

hoc sinh cta Truong db tot nghiép THPT 14 100%; ty 1é
d6 Pai hoc nguyén vong 1 1a trén 80%. Dac biét nam
2013 va nam 2014 déu cd hoc sinh db thi khoa khéi C
Pai hoc Da Nang va nhiéu hoc sinh ¢ tong diém thi dai
hoc dat 27 diém trd 1én. Nam 2014, hoc sinh cua Trudng
doat nhiéu giai cao trong cudc thi Van dung kién thuc lién
mon dé giai quyét cac van dé thyc té va trong thang 3
nam 2015 nay, hoc sinh ctia Truong da doat giai Ba toan
qudc trong cude thi vé Khoa hoc k¥ thuat.

Déi véi cac hoat dong phong trao khac thi Truong luén
tham gia tich cuc va dat két qua tot: Pat giai Nhat trong
Hoi khoe Phi Déng cép Tinh; Ludn la don vi dan dau
trong cac Hoi dién Van nghé, cac cudc thi TDTT va
phong trao do c4c cép t6 chiic. Truong luon dat danh
hiéu Xuat sic vé xay dung phong trao trudng hoc than
thién hoc sinh tich cuc. Trugng THPT Kon Tum ciing la
truong pho thong duy nhét cua tinh co Pang bé vai 49
dang vién, ludn dat danh hiéu Co sd Pang frong sach,
viing manhhang nam, dugc Trung uong Dang tang Bang
khenvé “Hoc tap va lam theo tdm guong dao diic H6 Chi
Minfi’ theo chi thi 03 cta B¢ Chinh fri.

Tu hao vé doi ngli can bg, giéo vién day nang luc va
nhiét huyét, tu hao vé nhimg thanh tich da dat duoc,
Thay va Tro truong THPT Kon Tum tiép tuc phan dau dé
dat nhing thanh tich t6t hon niiia treng cac nam hoc 161,
xtng dang voi su quan tam cla cac cdp lanh dao, xing
dang vai su tin tuong cta nhén dan dia phuong.

Gidy phép XB s6 510/GP-BTTTT cap ngay 13.4.2010
In tai Xi nghiép Ban do 1 - BQP
In xong va ndp Iwu chiéu thang 4 nam 2015

Gia: 10.000 déng
Miréri nghin déng





