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(1P, Hd Chi Minh)

(y' w nhitng didu that don slan, thle quen thude nhung vl sie khdo ldo, sdng o Hhidu khi

ching ta ¢ ghip cde em hoe

va khot dy tém Hangs tm (o1 sang

dicu Il thi v sdu sde ong: todn |
rong sach glao khoa Todn 8.

Bai todn O, {huuq minh rang n'
hét cho 6 v mol m NEUYEH n
(Bar 58, frang 25, SGK Todan 8. (P mot)

Laoi giai.
Tach n' ~n»

neoahila

nin' = 1)yw ntn o+ Din 1),
Vin,n+1,n=11& ba b npuyen én llé]'.l v
Mot 7 nén trong dé ¢ mot 80 chin hét eho 2,
mot 86 chia h { c¢ho 3. Ma (2, 3) = | nén
n(n+10)n=1) 6 vi moi 4 nEuyen »,

Viy n'=n ;6 véi moi Ht‘i npuyen .

Ta Lﬂng dé nhin ra n' = n A Gan' + 6bn ! 6
vOoi moi s nguyén n, a, b, Didu db gitp
chung ta co 1on gidi cun bal toan sau;

Bai todn 1. a) ( Jurm- minh rang vei mol 80
ngmft-’u n ta déuco n' v Sn chia hét cho 6
{f)e thi vao lop 10 THPT chuyén, DHKHTN,
DHOG Ha Noi, ndm 1996)

h) C hmig minh réang 17a" +a chia hét cho 6
véri moi 5O nguyen a

¢) Chung mrnh rdng 3n’
Vi moi 86 nguyén n,

Tir bii todn @ ta cling nhin thily

(@) +aj + .4 ay)=(d +ay +ta,)

moi 5-6. nﬂuyén )y gy vney Uy
Tir d6 ta ¢O 1 gidi cia bai toan sau:
Bai toén 2. a) Cho ba sO nguyén a, b, c.

Chitng minh rang nén a + b\ ¢ chia hét cho
6 thi a* +b' +¢' chia hét cho 6.

thi chon hoe sinh gidl Todn lop &, Qu;in L
(ﬂdﬂd Chi Minh, nam hoe 2011 = 2012),
b) Chon tﬁnguyén Ay lyy o A, aé*tdng

bt chia hét cho 6. Ch

N 3n chia hér cho 6

RS,

'-.-n.!".

 in, ig} +ag»-k_;.+ai‘ chia hd; MM |

10 rﬁpé e 124, Tach

sSinh cing o, on luvén, bl deom Hrhm cao kidn thiee todn
(o trong hoo todn cho cde em :’ff cdde em tye i ddn nhteng
o Ching ta hay cang lam didu acy e mot bal tep mdn

(D¢ thi chon hoe sinh giol Todn lip 9, T P Hd
Chi Minh, ndim hoe 1990 < 1991),

o) Cho ba sd nguyén a, b, ¢ thoa mdn
aobre=2012, Tim de cua phép chia
a’ = 0" 4= 'cho B

(D¢ thi chon hoe sinh g!ni Todan ldp 8, trueomg

FHCS Nowven Du, Quen L, TP, Ho Chi Mﬂh
neim hoe 2012 « 2013),

Hon thé ntta, taed bl todn:

Bl todn 3 ) Cho P wa vay bk, -:
Q= aq! +as, {u,.n;. oy s i cdaiJ 'FE
Htiyen), Hum,u m.‘nh H‘.'ug P GeQEGARR _:.%
BY Cho' Al y 4 2 21 e WV NN f‘i
(X, ¥, 2, 1 ldede ﬂfﬂgupﬁn) (P10 2 -- .
Chitng minh rang A6 &> B 6, “ﬁ‘ﬂﬁ'

¢)Cho M = X{' L_:‘ PP Ir'l

N l"i ' "J I X ) ('r”-rjjnﬂx f&ﬁﬁ‘ﬂ?
ngvin, (hu*ng minh rdng M ﬁé’Ni‘ e

Tacod (2x+ IJ(,r"‘-x)-'.’..r4+.t“ TPl
Do d6 v x & 2, gid ] uﬁnbiéu ﬂ. a5
X I+.'-:1 -2 X -

T Mkl Do vlj'“ ‘

o

Ching ta c6 bii todn méi:
Bai todn 4. Tim m:dawm ¢ gid

bidu thie M = - * ‘ I_ M

¢ Bii tokn O, Mﬁ
n-l,n-i-l lilui uwr uf \y

u‘pli,“ if I|.-f ]-1 |'||'. |J I I

. _| - j,r ) |
.= rﬁ,‘\ |.--"-. ; .
= B _____u_._'- I--.. "
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Cau 1. Ta c6:

F —1_.2-1
S oI 2:-2::«.(_1

= 2x+1=2 = 42 +4x—1=0;
V2% =L D=0 =1,
5 2
Do d6 4x5 +4x - +1=134x2 +4x—-D+1=1,
4x° +4x* =53 +5x+3=x(4x> +4x—-1)—
—x(4x2 +4x-1)+(4x> +4x-1)+4=4;

PR e i R
rEor e
J2

Vay A=19+(V2) +121 =10,

Ciu 2. 1) Vi x, y nguyén nén ta co:

5x*+2y: <2xy+4x+2y (*)
S (x—y)P+R2x—1)2+(y—1)?<2. Dodé
(2x—1)* <2, 2x—-11&8 = (2x-1)* =1
=a=00heac x=1. Valax =0 s (@ )co
0<y<l =>y=0 hoic y=1 (thda main); v&n
x=1, tr (*) c6 2y-1)?*<1=>y=1 (thoa
man).
Vay (x,y) €{(0; 0); (0; 1); (15 1)}.
2) Taco (—9)(4x? —y?) =

=(x+2y)(52x* —82xy+21y?)

< 8x2 +2x2y—13xy%2+3y° =0
< (x—y)(8x2+10xy—3y*)=0
< (x—y)4x—y)2x+3y)=0.
Tir d6 tim dugc nghiém (x; y) cua HPT la
(15 1) (=1 ~1).
Céu 3. 1) Phuong trinh hoanh d6 giao diém
cua (d) va (P) la: 2x* +ax+a-2=0 (*), ¢6

A=(a—-4)*. Vo1 a # 4 thi (*) co hai nghiém
—< 12 hoanh do cac

2
diém A, B. Co thé gid sir x, =—1; x, = 2';1

phén biét x, =—1; x, =

TOAN HOC
2 ' Cludilpe S8 455 3-2015)

£ NINAM HC G 2

Khi d6 A(=1; —2); [ 3 o
Taco AB=+5 & AB? =5

T A

Huﬂng din giﬁi oETHI clmn Hoc smH | GIOI KG‘ AN LG
TINH HUPNG Y

th f.-*u u"un prén TH&TT 50 452,

i kﬁé I{ 2014

thdang 2 nam 2015)

2-a. e=arY

& (a-2)(a® —6a*+35a +2)=0.

Vi fﬁ—-6&2+5a+2=0¢>a(a—])(a—-5)=._g
thi khong ton tai s6 nguyén a thoa man.

Vay a = 2 la gia tri duy nhat can tim.

2) Sir dung BPT Cauchy ta co:

1 3 1 g
a+—22:>4(ﬂ+ ) >
>

ad
9 s
b+E_3::>2(b+4b) 5

c+iz4:>l(c+i)::1.
C 4 C

Cong theo timg vé ba BDT trén ta co:

1a:1+lb+lu::-+— 3 g ) +—~3='4 (1).

4 2 -4 8b

Tor a+2b+3c=210 tacu
1 1 3 a+2b+3c 5
L i e el >
4ﬂ+2b+4? A 22 (2).

Cong theo tirng vé cua (1) va (2) suy ra

SRR P
+b+c+—+"+=
ST e e

Bﬁng thirc xay ra khi g =
Cau 4.

(dpcm}.
I; b=

S el

m[m
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| Thoi gian lam bai: 150 phut
Bai 1. (3 diém) Cho hai s6 duong a, b va 6 ¢

khac 0 thoa méan didu kién: l4 l +l = (),

Chimg minh rang: a + b

a+c+b+c.

Bai 2. (5 diém) Giai céc plmmlg trinh sau:
a) (x+D(x+2)(x+3)(x+6)=3x%,
b) 232+ x—x* =14+,
_ X
Bal 3. (3 diém) Giai hé phuong trinh:

}r
Y= _?': = 7 3]
Bai 4. (3 diém) Cho s6 thue x thoa man diéu

ed < 1 1 L4 X L A | o
kien 0 <x <—=. Tim gia tr] nho nhat cua bieu

2— 14+2x

lllllllllllllllllllllllllllllllllllllllllllllllll

—= 1) Ta co cac ti giac BEKI, DKIC ngi tlf.‘:p

_ABC: DKI =180°— ACB
s EKD =360° — EKI — DKI = ABC + ACB

—180° — BAC = EKD + BAC =180°
— tir gidc AEKD ndi tiép. Mat khac, dé thay
tit gidc AEHD cing no1 tiép, suy ra 4, E, H,
K. D cung thugc mét duong tron.

2) Ta co BEC = BDC =90° = tir giac BEDC
ndi tiép ﬁ;ﬁ=ﬁ; th giac AEKD no1
tiép :ﬁ=,ﬁnm:;ﬁ; tir giac
BEKI 1oi tiép => EKT+ABC =180

. EKI + AKE =180° = A, K, I thang hang.
3) Ta c6 ABDC vunng tai D va DI 1a trung
tuyén = ID=IC = IDC = ICD; ABDC c6

DM+!AC IDC = _ [CD = KCD+ICK ma tu

gn—ic DKIC’ noi tiép — DIA = ey,

=5 IAC ICK (1). Tir giac AEKD ndi tiép
:IAC—KED 2). Tix (1) va (2) suy ra
KED = ICK = tir gidc MEKC noi tiep
— MEC = MKC.

suy ra EKT =180°

Bai 5. (4 diém) Tix mot diém M bén ngoai

duong tron (0), ke hr.il uep tuyén MA, MB vGi
(()} (A, B la cac tn.,p dlcm) (o1 £ la trung

diém cua MB; C la giao d_lLrn cua AE va (0)
(C khac 4) va H la giao diem cua AB va MO.

a) Chimg minh HCEB la tir gidc noi tiép.

b) Goi D la giao diém cua MC va (O) (D
khac ). Chimng minh ABD la tam giac can.

¢) Goi J 1a giao diém ctia BO va (O) (J khéc B);

: : A
K la giao diém cua AD va MJ. Tinh ti S0 %

Bai 6. (2 diém) Tim tat ca cac su tir nhién n

biét n co hai chit s& va » chia hét cho tich céc
chit s6 ctia no.

NGUYEN pUC TAN

(TP. Ho Chf Minh) gioi Iﬁi&n

.............................................

Céiu 5. Chia luc gide déu ABCDEF tam O
thanh 6 tam giac déu c6 canh 4cm (hinh vE).
Theo nguyén li Dirichlet ¢6 it nhat 4 trong 19

i} €
M
A D
N
i E

diém nam trong hay trén canh cia 1 trong 6
tam gidc d6. Khong mat tong quat, gia su do
14 AOAB (cé trong tam G). Véi GM L AB
GN | OB, GP | 04, AOAB duge chia thanh
ba tir gibc GMBN, GMAP, GPON lan luot ndi
tiép cac duomg tron dudng kinh GB, G4, GO

déu bang 4‘]— =22 em. Theo nguyén li Diﬂqhi&f

¢ it nhat 2 tmng 4 diém dang xet nﬁm trong g2
hay trén canh cia 1 trong 4 tir gidc nﬁii’im 1‘;’
nén khoang cach giira hai diém d&'! | JJP'
vuot qua duong kinh M—cm uni tro; n ‘
3 q:l;dmr s .-..
ngoai tiép tir giac, ta cu dpcm ';: n
(Grmchuyén :..:.:_ i

1. - .
58453 @Mu _ ‘*"’"T.‘*f
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Tim gid tri lém nhat (GTLN) va gia tri nho nhat
(GTNN) c6 su ddnh gid tong cdc ham so theo
téng cdc ham so thucmg gdy khé khan cho
ngwdi giai todn. Bai viét gici thiéu phwong
phdp st dung tinh chat nghiém boi dé tim
GTLN & GTNN cuia mét biéu thir.

I. PHUONG PHAP

o Dé udc lwong biéu thie p(x) theo biéu thire
g(x) ta co thé xétham s f(x)= p(x)—kg(x)+m
trén mién D. Khi £ (x) 12 da thirc ta tim diéu kién
dé PT f(x)= 0 c6 nghiém boi chin k 12 x, trén
D, nghia 1a viét dugc: f(x)=(x—x, ) A(x)(*), khi
d6 trén mién D néu A(x)20 (A(x)<0) thi
f(x)=0 (f(x)<0).Chay ring, da thite f(x)
c6 nghiém boi & la x; khi va chi khi
flxg) = fi(x) = f(x)=0o= fE N (x) =0
f®(x,)#0.Khi f(x) khong la da thic ( f(x)
la ham phén thirc, ham vo t,...), thi ta van c6 thé
str dung y tuong trén dé dua f(x) veé dang (*).

« Phuong phép ¢ trén thuong ap dung dé thiét 1ap
cac danh gia co dang:

Zp(a )I-‘*.{Zq{a )—nm

i=]

hodc Z pla )= ﬁ:z g(a )—nm
=1 =1

(véi p(x), g(x) la ciac ham s6 xdc dinh trén
mién D ndo d6). Khi g(x) 1a mot nhi thirc bdc
nhat thi phucrnb phap da néu la phuong phap
dung an tuyén dé chimg minh BDT nhu ban

doc da biét.

TOAN HQC
4  CTudilpe S6 455 5-2015)

~ TimGATHLON HTVAGATA nntrn'.f?i.-
WG PAcOnG PHAP nGhIE Bl

NGUYEN VAN NHO
(G Vv THPT Ngu}'é:ﬂ Duy Trinh, Nghé Ar;)

[. MOT SO THI DU

Cho cdc SO thuc thoa min

Tim GTNN cua

Thi du I

""! " 9 ir . __3
il,b,f‘z—,a—-. @ +b+c =2
piéu thiee P=a> +b° +c2.

Phdn tich. Bé danh gia a theo a® ta xét ham
s6 f(x)=x—kx*+m vatu diéu kién dé PT

flx) = 0 co nghiem boi 2 tai x=1, suy ra:

f(H=f'(1)=0 trdo tim duoc k:%,m=%.
Loi giai. Ta co:
—1
X —%t +%=E(t 1)*(2x+1)=20, ‘v’\:l‘??
%uy 2 5 2%,\:1 ~—%, ‘?’12%1 (Z)
Ap dung (*) ta co:
a3 EEHE _l hfi Eé,bl_l C3 2-3-15'1 _l_

2 2 2 0% 2 2
2SS NG
Suy ra: P 2 S(grht Y et ===5
2 2
=b=c=1. Vdy min P=3.

Thi du 2. Cho cdc 56 thuc dwong x, y, z thoa

=t

man: xy+yz+zx<3xyz. Tim GTNN cia
biéu thire P:_.i'" - s + 2 :
£ MR R
L r ¥ r E ¢
Phan tich. Xét ham s6: f(x)=— <L +m
Nerlay
ta can tim diéu kién dé F) = ORsI
do ta tim dugec: k_—-% M = =
St ARSGE
Loi g:‘a’:'. Ta co:
3 ) l
X° —5x% —2x+3)

41 4 41(1+1)(

https://tieulun.hopto.org



4x+3 (x=])2
T Ax@+ ) 20Vas0.

1

-

Suy ra

Lo
1—1 1 "X >0. Tuong tyr:
y? 5 3 22

B :
}*+1_'4 4}7'4\#‘}}0

Cong timg vé cic BPT trén, ta c6:

ppE_E[L+1+1]_1§_g_ Xy+yz+zx _ 3

4 -4\ x 1y 3z D

=1 thi P=§- Vay n'unP—g

Khi x=y=:

T'hi du 3. Cho cdc s6 thire dwong a, b, c
:hn::'fu man: a*+b*+c2=3. Tim GTLN cua
bieu thirc;

P=J3+a+J3+b+-3+c —(a+b+o).

Phan tich. Xét ham so:
fO)=VB3+x—x—k+m va tim didy kién dé

f()=f'(1)=0, ta tim duoc .{~§3 m:__g

Loi giai. Ta s& ching minh:

S x(§x1+% Vxe(0:43) (¥).

That vay: (*) < 8J3+x <—3x2+8x+11.

Vi x €(0;4/3) nén hai vé cia (*) lubn duong,
binh phuong hai vé cia (*), rit gon ta dugc:
Ox?—48x>-2x2+112x-71=0

< (x—1)2(9x2-30x-71)<0

BDT nay ding vi véi x € (0;+/3) thi

0x?-30x-71<0.

Khi do theo (*) ta co:

PE%B(a1+b3+c3)+-3§=3,P=3e;:;a=b:g:1,

Vay max P=3.

Thi du 4. Cho cdc so thuc duong a, b, c

thoa man. i-4r-‘é—+1=3. Tim GINN cua
a

bidu thire 0= 2a+1 2b+1 2c+1

iéu thirc: Barl \/3_3?"'— J3c_+-

Phin tich. Dé danh gia 0 ta can uéc luong

2x+1 1
biéu thi theo bl&: thl::c — taxét
pogdod o W ey

21

2x+1 k

ham s6 f(x)= ——+4+m va tim
; Ix+1 x
dicu kign dé f(1)= f'(1)=0 tatim dugc
=/ 31 |
k-—E,m—E.
Loi giai. Ta sé chirng minh BDT:
2% 11 L1 "
BT 16 1680 it
7
Né ol * —
end<x s a1 thi (*) dng, néu X >33 thi

binh phuong hai vé cua (*) va rat gon ta
dugc:
1024 x* —1859x* +597x2 +287x—49 >0

< (x—1)2(1024x% +189x-49)>0.

BDT nay dung véi moi x> % vi tam thurc

bac hai 1024x* +189x—-49>0 ‘v’x}% nhur

vay BDT (*) diung. Khi d6 ap dung (*) ta
05,7 (Ul
16 E6\ia 2B waih2
9

dugec: 0 =

Khia=5b
Thi du 5. Cho cac s6 thuc a,b, ce(0;1, 1)‘

iy
a+b+r——+—+—

thoa mdan:
gt hidg

Tim GTNN 1*

cuia biéu thirc: | i
&1 & il b = C.s —

@3 B3, N3

k- | j:-'-é

Loi gnu. Trudc tién ta chimg minh BBT:

Lou 3ot 1LYl gy

‘&2— (x J+2 Vxe(0;11) () £

Ta thdy (*}ﬁlﬁxz}\?xz +3(3x% +8x-3) (1) 2w

Néu 0<x<+ thi(l)ding: i

S A%
Néu xe(i 1 1) thi binh pfnwng halhﬁ _;_.__.f: o
(1), bién ddi dwavé PN mﬁ" .|;,<"+q

(x—1)2(9x* +66x" ~60x —ﬁt)xﬂ?)* o

sl it B ‘F*""‘ h.-:'
Lé_p-hang;_hién. ﬂuénta'-' f, “‘r' J__ o




.....
|||||||||||

sl |'I
& ,Iil-' l-'E' 1

fi‘_
.r. o) h.ﬂ[Fi
: -_ i '.I ""ﬁ.

_ q?-i—b’i, i+ - l.t“"'-lrtfit3
i a+2b hide ¢+2c¢
Lm,g: ""f:'Truérc tién ta ching minh BBT
;t3+1 e
x+2 18 18°
Ta ‘cé: (*) <= 18(X3+ 1) 2 (x+2)(Tx2+5)
& (x=1)Z(LIx+8)=0 * ()
BDT (1) dang v&d1 moi x>0 nén (*) ding.

Apdung (*) cho x lan luot 1a % % %-
@+ b ?az ﬁbz b +c3 sz Sc’-
a+2b 18 18 j b+‘2£ 18

:':3+a‘-‘}7e:3 5a?
c2a - 18 18

> 1X¢i§2+{h}=2. Ngoai ra ta thﬁy, khi

a=b=c=1 thi§ =2, Vaiymin§= 2.
Thi du 7. Cho cdc s6 thuc khong dm a;b, ¢
Chirng minh rang:

. Tir cac BDT trén suy ra:

thoa man a*+b*+c=1.

I ] ! 4
o R -+ + :)""
) B2 b2 " 2T

Phan tich. Dé thay dau bang xay ra & BDT
trén khi a=b=0, ¢c=1 va cdc hoan vi nén ta
|

can tim k, m dé o= Sy A +m thoa

man f'(0)=f'(1)=f(0)=f(1)=0, tirdd tim
-1 |

dlI{;I'C k '_—6— !?T—?

Léi gidgi. Ta can chimg minh BDT:

TOAN HOC
6  ‘ CTubilpe S0 455(3-2015

mr ﬂ% +b¥ 42 =30 Tim, GTI‘NN cua b:éu.

dﬁ#ﬁhﬂ xﬁyra lﬁﬂ],‘?& ﬂ 5__-; "l " o
(ﬂsb E)E)l(] 0; ﬂ') (@J . r,e

......

Két ludn. Tir bai viét & trén ching ta rit ra
mot kinh nghi¢m rit quy bau cho ﬂé‘ﬂ"m todn
la phai htf:t cach khai thac cac khﬁl nig¢ u tinh
chit toan hgc da blét dé bo sung Gﬁ&' -0n -__-'_" cu

trong giai toan. Dé thanh thao. phuemg h _31;;,; i
néu dé nghi cac ban hay giai cac bﬁn:pal;l

BAI TAP

. Cho céc sb thue a, b, ¢ khong bé hon Eﬁi
a® +b* +¢* <3. Tim GTNN ctia biéu thits :-

1 1 1 S
e 4+ L ; §OP=T,
o a—-a+l b*-b+1 —c+l =
2. Cho céc so thyc a,b,c, d, e khong bé hon
—4, atbtctd+e=5 A +P+F+dP+é2 =5
@A+ +ci+d>+e*=5.Tim GTNN cua hlﬂl} '
thic: O=a>+b>+c¢c3+d> +e?’. i
3. Cho cdc so thuc 4am a,b,c théa min
a>+b?+¢? <3. Tim GTNN cua biéu thic:
O=2a+b+c)— l+1+l !
: ad. b e
4. Cho cac so thwe a, b, ¢ khéng bé hon

=3 7
7 a+b* +c* -1-—-(.1:{z + b +c3)=%.

Tim GTLN cua biéu thirc:
woi | Rl U el :
0 4{1—&-.{11 R +X@ +b +3)+4a+b+c).

5. Cho céc s6 thuc duong a, b, ¢ thoa min:
o) |

~+—+-=3, Cht PR Sl opiiine
S 3. Chirng minh rang: 29 +2b 4+2¢ 26.

6. Cho tam gidc ABC c6 sd do cac goc A, B
CE[4 2] Chimg minh rang:

4 3 E -
32 41<sinT A+sing Besinz O < 3"‘*’103 ,

https://tieulun.hopto.org



HUONG DAN GIAI DE 5O 5

Ciau 1. 1) Ban doc tw giai,

2)TXD: D=R, ta ¢

x=0

; e (%)
Ham s6 ¢6 3 cuc tri < y'=0 c6 3 nghiém
phan bigt< (*)cé 2 nghiém phan biét khac 0
<> m>0. Khi d6 nghiém cta (*) 1a: x = +/m .
Goi A(0:1), B(—m;1-m?),C(JVmi1-m?) 12
ba diém cyc tri cua do thj ham s6. Do tinh déi
xung cil.izl do thi suy ra AB=AC. Goi M 1la
trung diém cua BC

= AM | BC va M(U; I=m?).

Tacé AM? =m*, BC? =4m . Theo gia thiét
S =42 -::.-%AMﬂczm < AM?.BC? =128
S AmS =128 &> m’ =32 <> m=2 Viy m=2.

Cau 2. Dat

y =R A e c::{

t=2x+1 =1 =2x+1:>.r=%(r1 —1)=>dx=1dr.

Cau 3. it z, =a+bi, z,=c+di
:::rzl—?z=(a—r:)+(b—d)i,
zi+zz=(a+c)+(b+d)i; (ﬂ,b,ﬂ‘,dER)
Khi do

Jaz+b* =2 13
Jet +d?* =5 ::racﬁ—bd-*f
J(H—E)z'f'(b—d): =

0 . ]

Vay |zl+zl|:\[(a+c) +(b+d)
=J(ﬂ2+b1)+2(ﬂc+bd]+(ﬂ'l +d1)=\/4_2-

M

Ciud.eTacd:
AB =(L;-L-1),n, =(2:2i=1), suy ™

ny =[A3,,n,,_ ]._(-_?i,_-.—-l,@l) va (Q) diqua

diém B(-1;1;~1). Véy :

(0):3 (,1'+I) [(y—1)+4(z+1)=0
S 3x—y+4z48=0,
e Ta c{i:R=d(B;(F])=]2(_1]+2'l_l(= 2_ 2|= 1.

e
Viy PT (S):(Jlr+l)2 +(y— ) (z-z-l]
Ciau 5. PK: 3*-5>0& x>log,5.Khi do
PT di cho tuong duong vdi: (\/ﬁ m)z

233 -5)(3 +5) + (LF+3) =0
& (V335 -437+5) =
> 343 -5 =43*+5

25
©9(37-5)=3+5 < x=log,
(théa man PK)

C#u 6. Trong mét phing (ABCD),ké IH LCD
i CD L SH . nén SHI =60° 1a géc gitra hai
mit phing (SCD) va (ABCD).
e Tacod S, =0a"; SI= — JHtan60P =a\/3.

1 ﬂu—

Vay Vi upep = 3 =S apcp S

;T.{;afﬁsac)jd(m SC) d( ,(SBC)) |
(54B), k

(dvtt) .

AK 1 SB thi AK L (SBC) = AK =d SC)

= Bl
SB = JSFHBE—JSaI 4a> _ a3l

3 (3
Tur SB.AK = AB.SI o
AR AB.SI aﬂJ— 35!\(_. 73 f; ¥ )
SB a3l «.131
3: ; - HEE 2 - iy
Céu 7. DPudmg thing AB di qua diém

gy O e ERRR
c6 VTPT H-—(ﬂ; ) aﬂ ..1.511-‘#@%& Bl
LR LT R .. }:eln ,1';;:'_';_.. *J » :r,;_._l
].é (AB) M+b},?3¢q_—b.=ﬁp__:;j I|Z| .._: '._.1-:1‘1 -:-uf'-‘-::. U ":"-I:_-:L e b

,'l:.l" n
3 l-“'_




o s L

o g 2&24

Chon bh=1 :b‘-ZdI__'B-a;Zzﬂ'g:;; a—ﬂl (cns-S— —3cos 5 ] (CUS 7 BEDET*..
e ke AR
e Véia=2va b=1 thi Céu 9. Theo gid thiét c6 xy>1
(AB):2x+y-7=0, (AC):i—2y+2={J. Nhan xét: Véi x>0,y>0 vad xy=>1 thi: :
2 11 1 1 > 2 A

18 1 - - : 1 | >

S"j’“[? "3) C(0;1) THRENRY: Tox Py B 1B Yy
3 1+ 22(1+x+y+

'Vﬁiaz—lvﬁb=] @(2-1-14“}’)( \/E) ( Y xy)

g & 2 xy +(x+y) oy 2 x+y+2xy

(AE)ZI—Z}’—1=0 (AC)‘Z.?:+‘\'“-11=U

Ta tim duoc A[E _J (loai). (‘/‘ \/_ ) (\/—- ) 0,

S BDT dung voi moi xy=1. Voi z<1 suy ra

1211 187 1 Y el
s (e 1) > P

Ciu 8. PK:y+5x+220. PT thir hai cia hé :( % +( y “) ldns
twong duong véi 1+y It 1+ xy

'+wf+x3= : =|—y |+ +—1J'2""‘ +1-|-1.,:
3x+v1+9 (y_l_m)[})\jl()[) =(1 [

] | 9
1+X 1+} 1+.1}=
2

Xét ham s6 f (1) =t + T+ 2 xac dinh trén R [ J
2(1+2/xy) ~2. Pit t=
o6 fil) =1 ol D ENIG ER T by o Vot IHT o
JI+2 1422 ’ +21) 2 5. AR
(vi J1+£2 }’f’) . Suy ra ham Sé}f(r)déng N\ 1+ 5 _1+r+1+ﬁ'
bien trén R, Nén tir (*) 6 3x=—y, thay vao  y&i pam <6 (s L o e
dinh tr
PT 8x3+2y=./y+5x+2 tadugc i 1'” EFT
: < o 2 2t
3 e ;+0), = %
() S5 O e O
PK: x>—1, dat r=2x=12>-2, taduoc : '
93— r“— 2(t=1) (> +2+1
: ¥ Pl A )z( > )20, Ve[ l;+w0).
o Néu r>2 thi £ -3t=r+1(1>-4) (£4+1)" (2 +1)

=t+t(t—-2)(¢+2)>t>+t+2, PT vo nghiém,  Suy ra ham s dong bién trén [1;+m), Vol
o Néu —2<¢<2 thidat t=2cosa, ae[[]; :rr]

. 3 .
i 1212 f(1)2 f(1)=2 . Viy minM =2 khi
ta dugc PT: 8cos® a—6¢cosa=+2cosa+2 2 )

+\':J?::: ].
HLg Lilt gl Y i =
& 2cos3a=2 cos -t}thEfszm-i ) NGUYEN QUANG E-HI
(GV THPT Bao Léc, Lam Dong)
TOAN HOC
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THU SUC TRUGC Ki THI
DE 5O 6
; | (Thoi gian lam bai: 180 phi)
Cau 1 (2 diem). Goi (C, )1 dd thi cua ham
X' =3x+4m (m 14 tham sé thye).

a) Khao sdt sy bicn thién va va dd
ham sO kht m=2

phuong trinh mat phing (rz) cit mat cau

(8):(x+2) +(y+1)2 +(z~1)* =5 theo t_hiét
dién la mot QUﬁrng tron ma ¢o dién tich S =n.
Xac di - A 1A =1l Cau 6 (1 diém).
1; 1 n: ‘E“ Cf”?:j ,“:I‘““ 0.m dé qua diém un cia o ok cm}m aidc S.ABCD, day ABCD 14
) (O ( 3 - : | ' :
tl b 'i‘:" I”: TL mfm n?rgt m“:f“g thing(d)tao  pin vuong canha, canh bén SA4 L (ABCD)
:-‘L‘:‘t r;t_‘l l;!;(( :, 11“;;31 .hmh phing (H) va (a') vaS4=a . Qua 4 dung mat phﬁng (ﬂ) vubng
ICp tUe chan tren hat tryc toa dd mot tam eidc e :
(T) 520 cho dién tich cua (H) va (T) bgf’mg goc v6i SC sao cho (ﬂ) cit SC, SB, SD lan

§0 y'=

thi cua

nhau déu bﬁl}g 2 (dvdt) . lwot tai G, M, N.
Cau 2 (1 diém). Giai phwong trinh Tinh theo @ thé tich khéi non (H), biét rang

tanx.cot2x =(1+sinx)(4cos® x + 4siny— dudng tron day cua (H) ﬂgﬂﬂi ticp tr giac
( )( e ot 5)' AMGN va dinh O cua (H) nam trén day

Céu 3 (1 diém). Tinh tich phan ABCD cta hinh chép S.ABCD.

it

3 Cau 7 (1 diém).

s ]‘ ln(4tan:r) A Trong mat phﬁng vOi1 hé tryc toa do Oxy, hay
? sin 2x.In (2 tan x) tinh dién tich tam giac 4ABC biét rang hai
?‘ diém H(5:5), 1(5;4) lan lugt 14 tryre tAm va

Cau 4 (1 diém).

. . tAm duong tron ngoai tiép tam giac ABC va
a) Trong truong hgp khai trién theo nhj thic 5 & P :

: x+y—8=0 la phuong trinh duong thang
Newton cua bi¢u thue (l+.r1) ta co h¢é s0 chira canh BC cua tam gidc.

v : . 3 Tie TR
chira x* bang 210. Tinh tong cac h¢ so cua Clu § (1 dicm) 1T

: EERIY . .~ Giai phuong trinh nghiém thuc
cac sO hang dugc khai trién tir bicu thuc trén _ ——
theo m.rfmShg‘p do. (x—Tnx)V2x® +2 =x+1.

i o white Zahoarman el /a4 Caun9 (1 diem).
B S_D PR g I L . Cho ba s6 duong x,y,z théa man0<x<y<z.
va |z+1+mi =|z +m 2| Xdc dinh tham 80 po iy g bt cia biéu thite |
meRdé tbn tai hai sb phic z,2,dong thoi : s

A 2 ¥
thoa man hai didu kién trén sao cho |z —z,

e e yl(xz+y1)+ zz_(szryz)."'
|61 nhat. ) '
Cau 5 (1 diém).

Trong khong gian voi hé truc tod do .(fxyz, 2 D h .:_: 1‘_._,.4::-.;.-';
qua hai diém M(l-;—l;l);_.N(U;—];ﬂ) hay lap AENELL R O lias Ve

.......
.......
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Dé chimg minh siu diém cing thuée mot
dudng tron (hay dong vién), thong thudng ta
s& chi ra mét diem nao d6 cu the cach deu sdu
diém da cho hay 13 chimg minh modi diém
trong cdc diém da cho cung nim trén mét
dudng tron di chon trirdc. Sau diy xin gio1
thiéu mot cich ching minh séu diém cing
ndm trén mot dudng tron bang cach dua vao
mot k€t qua ma ta sé goi no 1a dink li sau
diem dong vién. Pinh i d6 c6 ndi dung nhu
sdau:

Dinh li siu ﬂiém di‘ing vien: Cho tam giac
ABC, cac diem A;A; thuoe BC: By.B> thuoc
AC; C,.C> thuoc AB. Biét J'ﬁiﬂg cac diem B;,
By, Oy, G thuoc mot duwonge tron; C,, C, A,
A> thuoc mor durone fron; 1 A>, By. B> thuoc
mat dwone tron. Khi do sau diem A, A, By,
B>, C,, & cung thuec mot dwong tron.

Chirng minh. (h.1)

Hinh 1

Gia sir (C,) 1a duong tron di qua bon diém B,,
B,, Cy, C; ; (Cy) 1a duong tron qua bén diém
Cy, Co Ay, 4> : (C) 1a duong tron qua bon
diém A4, 4>, By B> .

Ta thay: BC la truc dang phuong cua (Cp) va
(C.); CA la truc dang phuong cua (C,) va
(C.); AB la truc dang phuong cua (C,) va
(Cp). Néu (Cy), (Cp). (C,) do1 mit phan bigt
thi BC, CA, AB hoac dong quy hoiic d6i mot
song song, mau thuan. Vay co hai trong ba

TOAN HOC
10’ CTuGilre S6 455 5-2015)

e

.........

(C.), (C»), (C) dudmg tron tring nhau, suy

¥ i
.

Rt
rﬁ; P

sau diém Ah A?.- 'Bh Bz, Cl, Cz cﬁng th'l.lﬁn o

mot duomg tron. Bay gio ta di xét mot s6 thi
du sau:

OThi du 1. (Bai T4/245, TH&TT, thing
11/1997). Gia siu AD, BE, CF la ba diromg
cao cua tam gidac AABC. G, P la hinh chiey
ctia D lén AB, AC. I, K thie tie la hinh chiey
ctia E lén AB, BC. M, N thir twe la hinh chiéy
cua F len AC, BC. Chieng minh 6 diém G, P,
I K, M, N ciung nam trén mot duong tron,

Loi gidi. (h.2)
A
;;ix
/17 E

B 4 I e
! D K

Hinh 2

* Néu AABC vudng thi bai todn ding.

* Ta xet truomg hop A 4BC khong vudng.
Goi T 1a tryc tim cia AABC. Vi E, F, M. |
cung thuge duong tron dudng kinh EF nén
AMAE =AlAF = AE _ Al

e
L]

Theo dinh li

AF AM
b W R AT S S
Thales:ta o dte St \
AP — , tir 40 ta suy

Al AG=AMAP =P M, I, G cing thuc
mot duong tron. Tuong tr: /. G. N, K cung
thu?c mg}t dudng tron va N, K, P, M cung
tl!liloc mot dudng tron. Viy theo dinh li sau
diém ta cd dpem.0d

https://tieulun.hopto.org



oThi du 2, (IMO 2008) Che AABC
am H. My, Mo, My lan legt Ia n-:.m’;: gi : ”:I:'T
[ B. Duong tron tam .14'1' ;,',_.LT?;:“::
Vi H cdt 4'1_H.*'|';.|' pC tai 14], A5 E-"!rri‘r:;; tron ,l'”:“I
\f Oan kinh MLH cdt canh CA tai B ;;:“T
duong tron tam M, ban kink ﬂ'fif‘f r;'{ff];' IJ:.-;J
(B tai Cy, Co. Chung mink Say didn; ;11.';4
R, Ba, Ci, Cs cung thude mot dwong n'fh;. W
Loi giai. (h.3)

/ '.I L " J i

A

=\
5
B *‘11\ M, Ae

Hinh 3
Do M\M>//AB va AB1 HC nén MiM, L HC.
Suy ra HC la truc dang phuong cua cua
(M. M H) va (Ma,M>H)= CA,.CA, =CB,.CB,

suy ra Ay, 4>, By, B> cung thugc duong tron.
Tuong tu Ay, As Ci, C, cung thudc duong
tron va C, Co, By, B; cung thugc duwrong tron.
Ap dung dinh 1i sau diém dong vién ta co
dpem.O

OThi du 3. Cho tam giae ABC noi tiep
duong tron (0). My, Mo, M lan luot la trung
diem cua BC. CA, AB. Duong tron (A, A O_]
cit MaMs tai Ay, Ay dweng tron (B,BO)cd!
MM; tai By Ba ducong tron (G €0) cit
MM, tai Cy. Ch Chitng minh sau diem A,
A>, By, Bs, €y, (> L‘!‘a‘ﬂg I‘huéﬂ m{ir dlfd'”g tron.

Loi gidi. (h.4)

Ta c6 MA MA, = anoy AP =AMZ, Vi
MB M,B, = "[ﬂff_qu.m;} =BO* - BMj.
Ma AO=B‘O,AM1 =BM, nén:

MAMA, =M,B M,B, .
Hay 4y, 4,, By, B; cling thube dudng tron,
Tuong ty 4,, 4,, C;, C; cung thufe dudng
tron; C), Cy, B), B, cuing thude dudng tron.
Ap dung dinh If sau diém dong vién ta cé
dpem.O

Nhan xét. Véi cach giai tuong tu, ta chimg
minh duge bai toan tong quat sau: Cho tam
giac ABC va cdc duong tron (0y), (02), (O1)
thoa man (0,) di qua B va C; (O») di qua C
va A; (05) di qua A va B. Tir cac dinh cua
tam gidc ta dung cdc duong tron (4), (B), (C)
¢6 bdn kinh bang nhau sao cho dwong tron
(4) cét 0,05 tai hai diém phan biét Ay va As;
(B) cat 050, tai hai diém phdn biét By va Ba;
(C) cdt 0,05 tai hai diém phan biét Cy va C.
Chitng minh rang sdu diém Ay, Az, B, By, Cy,
C ciing thuge mot dwong tron.

OThi du 4. Cho tam gidc ABC ¢o truec tam
H. Chimg minh rang trung diém cde canh cia
tam gidc; chan duong cao ha tie A, B, :ﬁ’.'
fuong wng xuong BC, CA, AB;: trung diém
ctia HA, HB, HC cting thuoc mot diong fron.
(Puong tron nay goi la duong tron 9 - diém

Euler cua tam gide ABC),
Loi giai. (h.5) B
2 Ty

= :"...J '- i - "
HE Ly e .f‘F"-L-‘ o AR VAR,
wi s

:.'l'-"] e - LR : oE e :
Goi 4o, Bo, Co 1a chan duong cao g Hr, &,
€ xubng céc canh BC, CA, AB; Ma, My, Mc l¢

@ n AET (T {f-“n b *
- ! e A R R = N e
0 400 lU-&ULY)
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ﬂﬁ'}tﬂ&‘-’ﬁéﬁng thuﬁ'c"mét*duﬁng tﬂ’}n
ng i bon diém Mj, M., Bo, Co cling thuge
mqjt ﬂ‘lI - tron va hén diém M, M, Cu, Ay
cing thuge mot dudng tron nén theo dinh Ii
sﬁu diém d‘t’jng vién ta c6 6 diém Ay, Bo, Co,
Mﬁ, M;, M cung thugc mot duong tron.
T‘IIUﬂg tlI ]{étﬂHCA ﬂ:ﬂ 6 diém Ayg, Bo, Cos oa:
M,, O, cung thuoc mot duong tron va xeét
A HAB thi 6 diém Ao, By, Co, Oy Op, M, cling
thuc mot dlrcmg tron,

Tir d6 9 diém Ao, Bo, Co, Ma, My, M., O,, Ob:
O, cung thudoc duong tron ngoal tlep
ﬁAunCﬂ.[j

@Thi du 5. (Bai T9/170, TH& I'T) Gia sir M
la mot diém bat ki frong mat phﬂﬂg cua tam
gidc ABC khéng nam trén cdc duong rhang
chira cdc canh cua tam gidc sao cho cdc
dwong thang doi ximg véi AM, BN va CM lan
luot qua. cdc dmg phﬂn gide frong cua cdc

goc BAC, ABC va ACB dong quy tai M.
Chieng minh rang cdc hinh chiéu cia hai
diém M va M’ trén cac diwong thang BC, CA
va AB ciing nam trén mot duong tron (g0i la
dicong tron sau diém).

Lai gidi. (h.6)

Hinh 6

Goi X, Y, Z thir tu 1a hinh chiéu clia M trén
BC. CA, ABva X', Y', Z'th tu la hinh chiéu
cia M’ trén BC, CA, AB. N6i YZ va Y'Z' . Khi
d6 thi M va M'1a hai diém lién hgp dang gla{:
trong A ABC nén hai tam giac vuong AMY va

] 2 T?g?ug&c S6 453 (3-2015)

S ek e i

diém trong Thi dy 5. b

OThi dy 6. Cho tam giac ABC I frﬁ M,
d“lmfng tron ngi rlep tam gida Cac ﬁﬁ uilh e
CI cat dwong tron ngodi Hep tam gidc mﬁr de

.:‘fzemA B’ C'. Puong tron aﬁ:&nghﬂh i

;:_

cit BC tai A,,A,. Puong tron duong kfnﬁlﬁﬁ?‘" -:
cit CA tai B,,B,. Dwong tron ﬂ’wo‘ng kinh IC’ 'ﬁ.
cat AB tai C,,C, . Ching minh rang sdu ﬂrém ¥
A, A, B,B,, C,C, cung thugc mot de:n@

fron.
Loi giai. (h.7) o L

.
-
i

B .'

AT .lm": .H"

& I LT

St dung goe noi tiép, ta co:

A'IC=AAC+ICA=2C 4+ 458

._F-d-._‘__,_.d-._‘____.—-._‘_‘_._ﬁ‘_‘_

=A'AB+ICB = A'CB+ICB =A'CI nén AA'IC

cin tai A, suy ra 4’ nim trén trung true IC.
Tuong tu B’ n3m trén trung truc /C. Vay A'B’
la duong trung truc cua /C hay 4’'B’ vudng

https://tieulun.hopto.org



goe vo1 /C tai trung diém P oyg J¢ , ddn dén P
ndm trén céc tTll‘fimL. tron ﬂm‘mg Llnh 4" vi
IB'. Khi d6: CA,.CA, =CPC] = (H (H

= A,,A,;,B,,B, cling thuge mot
Tlfm'lg hrr fl]nfigs(-1|-£1:
dudmng tron va B,.B,,C,.C, clung thuge mot
duong tron. Viy theo dinh | sau diém dfmg
vién ta co dpem.OJ

BAI TAP

durdm g O1.

cung thuje mot

I. Cho tam giac ABC, P la diém bét ki trong
mit phing chira tam giac. Goi X, Y, Z tuong

ing 12 hinh chiéu vubng géc cia P trén BC,
CA, AB. M\, M>, M; lan luot 13 trung diém
cua BC, CA, AB.

a) Buong tron (M, M, P) cit duong thé’ing YZ
tat Ay, 4>; duong tron (M, M,P) cit du't:m;p
thﬂﬂg Z{Ytﬂ*l Bl, Bg, L'iLI'D’Tlg tron (M_:” MSP) Eﬂt
dudng thang XY tai C;, C,. Chimg minh ring
sdu diém A4, 4, By, By, Ci, C,; hodc clng
thang hang hodc cing nim trén mot duong
tron.

b) Pudmg tron (4, AP) cit duong thang YZ tai
Ay, Ay; duong tron (B, BP) cit duong thing
ZX tai By, By, dudng tron (C, CP) cat duong
thang XY tai C;, Co. Ching minh ring siu
diém A4;, A», By, Bs, Ci, C> hodc cung thang
hang hoic cling dong vién.

2. (Mo réng Thi du 2) Cho tam gidc ABC va
diém H bat ki cung nim trong mit mat
phing. Goi X, Y, Z tuong tng la hinh chicu
vuong goc ciia H trén BC, CA, 4B sao cho X,
Y, Z khéng thang hang. Pudng tron ngoai tiep
tam giac XYZ cit BC, CA, AB theo thu tu tai
diém the hai M, N, P. BPuong tron (M, MH)
cit BC tai A;, A,. Duomg tron (N, NH) cat CA
tai By, B,. Puomg tron (P, PH) cit AB tai Ci,
C; . Chirng minh rang sau diém 4,, A2, B1, Ba,
Cy, C; cung nam trén mot duﬁmg tron.

3. Cho tam gidc ABC ndi tiép duong tron (O)
va A4°, BB, CC' la cac duong cao. Puong

ban kinh A4'O cit BC tai A, A4, ;
ban kinh B'O cit CA tai
ban kinh C'O ¢t

, Ching minh rang sdu diém

tron tam A
dudng tron thm B8,
B,,B, ; duong tron tam Bk
AD ta1’ C[,C,
o Vs O 1 0 B
tron, ‘ .
4. Cho tam gidc ABC v diém P nidm phia
trong tam giac. Trén cac doan thing PA, PB,

PC lay cac diem A, B', C'. Duong tron ngoal
tiép tam gidec PB’C’ cit BC tai Al,ﬂ“ duong

tron ngoai tiép tam giac PC'A’ cit CA tai
B,.B, ; dudng tron ngoai tiép tam giac PA'B’

cit AB tai C,,C,. Chimg minh ring sdu diém
A,A,,B,,B,,C,,C, cung thugc mot duong

tan

. Cho tam glac ABC va diém P nam phia
tmng tam giac. Goi 4', B' .C’ lan luot 1a tim
dudng tron ngoai tiép cac tam gidc PBC,
PCA, PAB. Buong tron duong kinh P4~ cat

BC tai A ,A,; duong tron dudmg kinh PB’ cat
CA tai B,,B,; duong tron duong kinh PC” cat
AB tai C,,C,. Chimg minh rang sau diém
A,A,,B,,B,,C,,C, cung thuoc mdt duong

tron.
6. Cho tam gidc ABC va diém P nam trong

tam giac. Goi 4, B', C' la cac diém d6i ximg
cta P lan lugt qua BC CA, AB. Puong tron

dwong kinh PA cat B'C’ tai A ,A,; dudng
tron duong kinh PB cit C'A’ tai BB, ;
dwong tron duong kinh PC cat A'B’ taiC,,C, .
Ching minh rang sau diém A, A,, B,, B,,

C,, C, cung thuoc mot durong tron.

", cung thuge mot duong

s Lﬁ}r cac canh cua tam giac ABC lam canh
day, dung ra phia ngoai cac tam giac can
A'BC, B'CA, C'AB.

a) Chimg minh rang cic duong thang lan lugt
qua A4, B, C lan luot vudng goc voi cac dudng
thang B'C’, C’4’, A’B’ dong quy tai dtém L.

b) Gia sur dch:rng tron duong kinh /4" cat BC
tai A,,A,; dudng tron dudng kinh /B’ cit CA4

tai B,,B, va duong tron dudng kinh IC’ cat
AB tai C,,C,. Chimg minh rang siu diém
A, A, B, B, C,,C, cuing thugc mot duong
tron.
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Cé t&t ua 6 Iuéu xiu diy gidy nhu tr&n cﬁc hinh (1a),
(2a), (3a), (1b), (2b), (3b). Ban doc tu v& cic hinh
(2b), (3b), d6 la cic hinh d6i ximg véi hinh (2a),
hinh (3a) qua trung trwe cua doan noi 16 (1) va 16 (2).
Goi do dﬁn doan dﬁy noi tir 16 sé. (1) dén 16 56 (4) 1a

ﬁéﬂ 15 ﬁ& (ﬁ)nai*m eﬁc:"'*hinlt‘i éa}a

hay lap>n . Tachi con so sanh. Jr}vﬁ._ﬂ

11&11 p e (a+2£r+c) iz,ﬁ. %wa,?% et

gide v6i ba dinh 1 (1), (). (O) (mﬁ;; ,: :

a-l-r:::-Eb do diir

hay lﬁm::n

gu y kiéu xdu day ngén nhat tir 18 (1) dén Igﬂ (2':1 i f,f

@ céc hinh (1 a) hodc (1b).

I-I.I-Il.'lll!l.lllll'l-l-l"illilllllllllllllillllililll-lllllIl.li"lliIlllll'iil'l.Ill-'.l..lﬂil'-‘-lh"lw

HM THU VI ... (Tiép theo trang 1)

Bai todn 5. Voi a la m nguyén to, a > 3. Chimg
rmm‘: rang a*—a chia hét cho 24a.

fﬂ& thi chon loc hoc sinh giol Toan, Quegan 1, TP, 1 {0
Chi Minh, nam hoc 2013 - 2014).

Vi ta co 32" + 2015 chia cho 6 du 2, giup ching ta
dé xuét duoge bai todn mai.

Bai toan 6. 'ST{]I kLA 7{115 duge viét dudi dang

tang cua cac 50 md mol m la mot so neuyven. Ta liy

thira bdc 3 tung so hang day, roi cong c hung lai, dem
tong nay chia cho 6. Tim 50 di ciia pheép chia nay

“Gia cong” thém chit nira, ching ta co bai toan:

Bai todn 7. Cho 20 so nguyén a,, d,, ..., dy thoa

man u’,‘ Fad +.. s, =2014, Vier 20 50 nguyén
Ay, Ay, e theo n'n." fue tiy v [rén cung mot hang.

Lm moi 80 trar di s thir nr cua no ta duge m{:r hidu.
Tong cua mf ea cde hiéwdo chia cho 6 ¢o 50 dula

bhao nhiéu?

Ta con cb: bla® —a)—a(b®—b)=a'b-ab’,
dén duge voi mot bai toan hay sau:

Bai toan 8. Chitng minh _r:iu_}; a'h—ab’
cho 6 voi moia, b la cac'so nguven,

Bai toan © cho ta n® —n=6m. Vivay ta co thém
duoe bai todn “kh6 ma dé” sau:

Bai todn 9.
wiet dieore dudi dang n’

14 T?g{'qugl?;é S6 455 (5-2015)

giap

chid heét

Chung il pdang mol 8o neuven n déu
—Gm trong do m cing la

mor s6 nguyén. A
Ching ta c6 voiyeZ: 2
- Néu y<0 thi 6”khong la s6 nguyén. ‘_"
- Néu y=0 thi 6 =1. A9
- Néu y>0 thi 67 : 6. 5
Day la co so dé giai quyét bai toan 10. )

Bai toan 10. Giai cae phuwong trinh Hgflff,jﬂ;f NEUYEnt:
a) X7 =x=0"+23
b) ¥ 411y =4.6"— 12y =26

¢) 5x* ~8.6" + x 24y =130 3)
Vi chung ta con c6: '
DINH LI FERMAT NHO |

Cho p la s6 nguyén t6, a la s6 nguvén sao cho
(a, p)= 1. Khido ar-' =1 chia hét cho p.

HE QUA' Cho p la s6 nguyén 6, a 1a sb nguyén.
Khi ¢6 a” —a chia hét cho p, .

Mat khic @”va a cung tinh chin, & nén a’ —a

chia hét cho 2. Vi viy vai p # 2, ta di dén duoc vﬁi
bai toan t6ng quéat cua Bai toan €

BAI TOAN TONG QUAT

Cho ;} la 50 _nguyén 1o, p > 3. Chiimg minh rang
i —n chiaheét cho 2p véi moi SO nguyén n.

Cac ban hay tiép 8{: tim kiém cdc bai toan HAY va
KHO tir Be‘u toan © va hay di tim diéu tha vi cua

todn tong quat, Chac chin ring s& con nhléu dicu
dang chd chung ta.

https://tieulun.hopto.org
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CAC LOP THCS
Bai T1/453 (Lép 6). Tim cac S0 tur nhlen X,
z thoa man x4+ yl4z 7! = xyz Xyz , voi w.a 1a sb tur

nhién c6 ba chirs6 va n!1=123.. n, 0l=1,
; NGUYEN ANH VU
(GV THPT Nguyén Binh Khiém, Hoai An, Binh Dink)
Bai T2/453 (Ldp 7). Cho tam giac ABC cb
EAC =50“,}ABC' =060". Trén canh AB va BC
lan luot ldy cac diém D va E sao cho

ACD = CAE =30° . Tinh sb do géc CDE .
NGUYEN KHANH NGUYEN (Hdi Phong)
Bai T3/453. Cho ba 50 thuc duong a, b, c.

Tim gid tri 16n nhat cua biéu thirc
a+b+c
(4a® +2b% +1)(4c* +3)

PAO QUOC DUNG
(GV THPT Lé Viet Thugt, TP. Vinh, Nghé An)
Bai T4/453. Cho tam gidc ABC nhon co ba

dudng cao AD, BE, CF cat nhau tai H. Lay K
trén doan DC. Vé A.S'J_HK tal' S, Ef cat AH

tai /. Chimg minh rang SH la phén giac cua
goc DSI .

T

NGO VINH CHIEN

(GV THCS Bach Pang, 03, TP. H6 Chi Minh)
Bii T5/453. Cho cac sb a, b, ¢ duong thoa
mén a* + b +c* < 2(a?h? +b*c* +c’a’).

Chimg minh it nhit mét trong cac phuong
trinh sau v6 nghiém
ax? +2bx+2c=0, bx?+2cx+2a=0,

cext+2ax+2b=0.
CAO MINH QUANG

(GV THPT chuyén Nguyén Binh khiém, Vinh Long)

CAC LOP THPI

Bai T6/453. Giai hé phuong trinh sau

X +yr=1
{1‘5 +yS=1
NGUYEN XUAN NGHIA (Nam Binh)
Bai 17/453. Cho hinh chép tir gidc S.ABCD
c6 day ABCD l1a hinh binh hanh. Mét diém
M di dong trén canh day AB (M khac 4, B).
Mit phiang (o) di qua M dfﬁng tho1 song
song véi S4, BD. Xac dinh thiét dién cua
hinh chép S.ABCD cat bai (o) va tim vi tri
diém M dé thiét dién d6 c6 dién tich 16n
nhat.

NGUYEN ‘U:E.N XA
(GV THPT Yén Phong 2, Bac Ninh)

Bai T8/453. Giai phuong trinh

3Isin® x+2cos’ x=2sinx+cosx.

DUONG CHAU DINH
(GV THPT chuyén Lé Quy Don, Quang Tri)

TOAN

Bai T9/453. Tim tit ca céc cap sO nguyén
duong (a;b) thoa man 4a + 1 va 46 — 1
nguyén t0 cung nhau va @ + b la uéc cua
16ab + 1.

TIEN TOI OLYMPIC

PAO HUY TRUONG
(GV THCS Ldp Thach, Vinh Phiic)

Bai T10/453. Cho da thirc
P(x)=ax"+..+ax+a, (a, #0,n22)

co cac hé 50 de:u la s6 nguyén. Chimg minh
rang ton tai vO s0 sO nguyén k sao cho P(x) +
k khong phén tich dugc thanh tich cua hai da
thirc hé so nguyén voi bac lon hon 0.
LE XUAN DAI
(GV THPT chuyén Vinh Phuc)
Bai T11/453. Cho ham f:N—» N la toan
dnh va ham g:N—> Nla don anh thoa man
f(n)=g(n), Vne N . Ching minh rang
f(n)=gn), VneN,

NGUYEN TUAN NGOC
(GV THPT chuyén Tién Giang)

TOAN HQC

' CTusitre 15
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Bai T12/453. Cho tam gidc ABC ndi tiep
dudng tron (). M, N la hai diém c dinh trén
(O) sao cho MN //BC. P la mot diém di
chuyén trén duong thing AM. Puong thang
qua P song song véi BC cit CA, AB lan luot

tai £, F. Pudng tron ngoai tiép tam gidc NEF

cat duong tron (O) tai O khac N. Chirng minh

rang duong thing PO luén di qua mot diém
¢6 dinh khi P di chuyén.

TRAN QUANG HUNG

( GV THPIchuyén KHTN, PHOG Ha Noi)

CAC PE VAT LY
Bai L.1/453. Cho 4 vién bi hinh cau dong
chfit, cung kich thudc va duoc ché tao chinh
xac. Sap xép chung thanh mot khdi doi mot
tiép xtc nhau trén mot mit ban phang. Xéc
dinh p;, p 1an luot 14 hé sb ma sat giita cac

j I Fat -

; 4 iy
# = i |
] : |

-
|
y ] i |
N
. -

FOR SECONDARY SCHOOL

Problem T1/453 (For 6" grade). Find all
natural numbers x, y, z such that
x!+}1!+z!:ﬂ and ﬁ is a three-digit
number. Recall that #!=1.2.3...n and 0!=1.
Problem T2/453 (For 7" grade). Given a
triangle ABC with BAC =50", 4BC = 60", On
the sides 4B and BC, choose D and E
respectively such that ACD = CAE = 30"
Find the angle CDE .

Problem T3/453. Given three positive
numbers a, b, and ¢. Find the maximum value
of the expression

vién bi va giua bi v&i mait bﬁn ﬁé CEI Hﬁﬁ!" :.
thé duy tri trang thai can bang ban Sl

NGO AN HOA KY (TP. Ho Chi Minp,

Bai 1.2/453. Hai ban tu di¢n dat trong khong
khi ¢6 cung dién tich S, ¢6 thé chuyén dong
khong ma sat doc theo mét soi day céch digy
nim ngang xuyén qua tdm cta chung, Ban |
c6 khoi lugng m, dién tich O, con ban 2 ¢¢
khéi lugng 2m, dién tich —20. Ban dau ha;
ban dugec giit cdch nhau mot khoang 34 (d rit
nho so voi kich thudce cac ban),
1) Xac dinh ndng luong dién trudng gitta hai
ban tu dién.
2) O mét thoi diém nao do, ngudi ta buéng
hai ban ra. Xé4c dinh vén toc clia moi ban khi
chung cach nhau mét khoang d.

VU THANH KHIET (Ha Noi)

on the side DC and choose § on HK 511‘3]1
AS L HK . Let I be the intersection between
EF and AH. Prove that SH is the angle
bisector of the angle DSI .

Problem TS5/453. Let a, &, ¢ be positive
numbers satisfying

R
a*+b*+ct < 2(a’b £ b2c? + Pty N

Prove that at least one of the ﬁ:-llnwlﬂg
equations has no solution

ax*+2bx+2¢ =0, bx* +2ex+2a=0,
cx® +2ax+2b =0

FOR HIGHSCHOOL

I = — s ; Problem T6/453. Sol | 3 of
(4a’ + 2b2+l)(4.:-2+3) , n} Solve the system
Problem T4/453. Suppose that ABC is an ©quations : “: +'1: o
acute triangle. Its altitudes AD, BE. and CF ¥+ yi=1
are concurrent at the point /. Let K be a point (Xem tiep trang 29)

TOAN HOC
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S . va EI song song voi CA(K eCA,leCB).

[y By o
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Chirng minh rang CK = CI

—

h ]
=~

‘fr‘

Bai T1/449 (Lép 6). Cho ndm s6 nguyén
phdn biét sao cho tong cia ba s bat ki trong
chiing lén hon tong cia hai s6 con lai. Tim
gid tri nho nhat cua tich nam sé nguyén do.

Loi giai. Goi nam sO nguyén can tim l1a a, b,

Léi gidi
Do CA+CB > AB suy ra
AE+BD > AE + EB = BD > BE, nén E nim

gifta B va D. Tuong tw, D nam giita 4 va E.

i

e
X

c.devol a<b<c<d<ethie-c=22;d-
b =2 2. Theo giﬁthiélcﬂa+h+ﬁ >d + e
Néu diéu kién ndy thoa mén thi tong cua ba
s6 bat ki trong chiing déu khong nho hon a +
b + ¢, con tong cua hai so bat ki trong ching
déu khong 16n hon d + e , do do tong ctia ba
s6 bat ki trong ching 16n hon tong cua hai 50
con lai. Tir diéu kién tréncdba>d-b+e—c
>2+2=4 haya=>5.Tud6b=6,c=7,d=
8 ¢>9 nén tich abcde =5.6.7.8.9. Viy gia
tri nho nhat cta tich nam so nguyén do bang
5.6.7.8.9=15120.0
» Nhén xéi. Nhiéu ban cho két qua ding nhumg
lap ludn khong chit ché. |
C4c ban sau c6 loi giai tot: Pha Thqi Ngo Br‘n'h
Minh, Ngv:ygn Chi Céng, Lé Trung Hiéu, Bui Tién
Manh, 6A3, THCS Lam Thao; Vinh Phue: Bac‘{n
Thi Minh Huong, Nguyén Duy Todn, N, guyén
Khdc Tii. Neuyén Duy Quyét, 6A1, Ta Kim Thanh
Hién, 6A4, THCS Yén Lac. |
VIET HAI

Bii T2/449. Cho tam gidc ABC vdi AB > AC,
AB > BC. Trén canh AB cua tam giac ABC
Idy cde diém D va E sao cho BC = BD va AC
= AE. Qua D va E ké DK song song vwoi BC

i :q 1

f T

Goi H 14 giao diém cua KD va IE.

Ta c6 ACE = AEC (do AACE can ta1 4),
EE=E’EF(SG le), suy ra fﬁ=!ﬁ hay
EC 1a phan gidc cta DEI . Tuong tir, DC la

phan giac cua EDK . Nhu vay C l1a giao diém
hai duong phan gi4c ngoai tai D va E cua tam

cide DHE, do d6 HC la phan gidc ciia DHE,
tirc 14 CHK = CHI.
Ma CHK =HCI, CHI =HCK (so le) nén

HCK = HCI. Ta c6 AHCK =AHCI (g.c.g),
suy ra CK = CI (dpem). O

> Nhan xét. Bai toan tuong doi d& va c6 nhiéu
céich giai. Tt ca cdc ban tham gia gidi bai déu cho
I giai ding. Céc ban sau ddy co 101 giai tot nhét:
Phiéi Tho: Lé Na, 7A, THCS Thi Tran II, Yén
Lap; Vinh Phie: Ta Kim Thanh Hién, 6A4,
THCS Yén Lac: Ha Ngi: Dinh Hoang Nhat Minh,
7A5. THCS Ciu Gidy; Nghé An: Vo Phuong
Tam. 7B, THCS H6 Xuin Huong, Quynh L,
Déng Niv Quynh Anh, Neuvén Dinh Tudn, Thai
Bé Bao. 7C. THCS Ly Nhéit Quang, D6 Luong;
Quing Ngiii: Mai Thi Thu Thao, 7C, THCS Thi
trhn  Song V@&, Tu Nghia, V& Thanh Hy, 7A,
THCS Hanh Trung, Neuyén Thi Kiéu Man, 7B,
THCS Nguyén Kim Vang, Truong Thi Mat Tram,

TORN HOC _




iRy i = e e o R '

Déng, NghtaHamh.
~ NGUYEN XUANBINH
Bai T3/449. Giai phrmg' trinh
1 R
J3x+1 l $ 3%

JX+3
Loi giagi. DK: x > 0. PT tuong duong vai:

1 1
1+ = — | =
( E)(JI+3 J3x+1]
Ap dung BDT Cauchy ta co:

1 _Jl x+1 ‘:l[ 1 +.1'+1)
Brsl Nx+13x+1 " 2\x+1 3x+l

‘/; = _1. 2x {1[14_ 2X )
axaT Y2 3x+1 282" 3x+1
1+x l[l 3]
TR S (1)
= WPl 2 il 2
e ava 2
HeEra 9 3 =D X3
Jx _J X x+1{1[ X +I+1)
e N Tl v+ 2%+l x43
1+J_ l( X +§) 2)
= a3 D\l 2
Tir (1) va (2) suy ra:
| 1
+
(1+\E)[JI+3 J3x+l)
ﬂl( £ i +3)
2\ x+1 =x+1

Pang thirc xay ra khi x =1, thoa man PK.
Vay PT da cho c6 nghiem duy nhat x=1.0

> Nhdn xét. Céc ban sau day co 101 giai tot nhét:
Vinh Phtic: Bui Thi Liéu Duong, 8A4, THCS
Yén Lac, Yén Lac, Nguyen Lé Son, 9A, THCS Ly
Tu Trong, Binh Xuyén; Ha NoOi: Nguyén Duy
Khiweong, 9A9, THCS Giang V0, Ba Dinh; Nghé
An: Nguyén Vin Manh, 8A, THCS Ly Nhat
Quang, D6 Luong: Thanh Hoa: Dang Quang
Anh, 8A, THCS Nguytn Chich, Déng Son;
Quéng Binh: Phan Tran Hudmg, 9A, THCS
Quach Xuén Ky, Hoan Lio, Bo Trach.

NGUYEN ANH QUAN

TOAN HOC
18 ‘clugitre S6 455 (3-2015)

nrue fd’"—- M!I{d w _., 42 “'t Mt bi
S0 cho Mﬂﬂﬂﬂ Gﬁﬁ& r

hmh chiéu vudng goc cua M L ' ' Cde .
B, AC va 1. J teong g la m;mén mﬂiﬁéﬁ

Mi Chirng minh rdng cac ceomg thdng W .ﬁ\
EF va 1) dong quy. _ L) 5:

Loi giai

e Goi P, O lan lugt la trung diém cua MB va
MC. Dé thay /PMOQ hinh binh hanh, nén ¢o6

IPM = IOM. (1)
Lai c6 MPE =2EBP =2QCF = MOF (2)
Tir (1) va (2) suy ra IPE = FQI (3)
Dé thﬁy

~FO= E . [0=EP= % @)
Tir (3) va (4) = AIPE = AFQI=> IE = IF.
Riiring JE = I % Do dé IJ 12 trung

truc cua doan EF.
e Goi R 1a giao diém ctia HB va ME, S 1a giao
diém cta HC va MF. Ta 6 HBA = HCA

90° — BAC, suy ra

AERB o AFSC (g-g) (5)
Hon nita, dé thay

AEMB <> AFMC (g-g) (6)

) . ER FS
Tt (5) va (6 ¥ |

Vi MRHS 1a hinh binh hanh nén MH di1 qua
trung diém cua RS. Tir d6 suy ra MH di qua

https://tieulun.hopto.org



trung diém cua EF. Vay EF, [J vy MH dong
quy tai trung diém cua EF. M |

» Nhin xét. an&, ¢ nhicu ban tham g gia gial bai
todn trén. Mot sO 1oi gidi con dai. Cée ban sau cd 1di
giai tOt: Biic Ninh: Nguyén Thi Vién, 9A, THCS
Yén Phung* Ha Ni: D6 Hoai Ph:rmrg 9C, THCS
Tuyet Nghia, Quic Oai. Nguyén Thanh Long,
Ngm én Tuan Anh, 9B, THCS Nguyén Thugng
Hién, Ung Hoa; Thanh Ho4: Déng Quang Anh,
8A, THCS Nguyén Chich, Pong Son, Nguyén

Khai Hznig, Nguyén Thi Hong, 9D, THCS Nhit B4
Sy, Hoang Hoa.

NGUYEN THANH HONG

Bai T5/449. Tim tdt ca cde cdp s6 npuvén
(x; ¥) thoa mén phuong trinh

o g 41,
Loi gigi. Tacd x*+y* =xp*+1 (¥)
—D+(y* —xy*)=0
Sx—-DP+x2+x+1)—(x=-1)y* =0
&S (x—D(xP+x2+x+1-y*)=0

=l i

‘:::’[,1 1=0

X+x2+x+l—-y'=0

o VGi x— 1 =0thi x=1, thay vao (*) ta dugc
I +y* =1+ luén nghiém diing vi moi y.
Do dé ¢cé vo s6 cap $0 nguyén (x, y) = (1 3 1)
voit € Z thoa man (*).

oG PR g Ry =

o Cretx+tl=y,

lT +—3-::-0 voi mol X,
2] 4

néan' -f-i_y (1:‘
Lai do x €Z nénx(x + 1) 20, suyra
x3+x2+x+1-=:x3+x2+x+1+2x(x+1)
(x+ 1), ueny3<:(x+l) 1(23)
Tir (1), (2) vax, y €Z suymﬁ=(.:ff_jd
Piéu nay xay ra khi x(x * 1)=0, tac la ,11 o
hogic x = 1. Khi x = ﬂtmy—l kmx;— 2
v =0. Viy cdc cap s6 nguyén (x; y)téll am
(*)“lé (0; 1), (=13 0), (151 voit eZ

do «x? +x+1=[1+

» Nhin xét. |) Rit nhiéu ban tham gia gidi bai va
déu cho dap s6 dng. Tuy nhién, viée suy ludn dé

- 45 LA P A )
Y = (x + 1) cha mot 80 ban con chira chit ché

hofic dai dong.

2) Tuyén duong cac ban sau co lin gial tt; Ha
NoOi: D6 Hodi Phuwong, 9C, THCS 'I'uyrf:l Nghia,
Quoc Oai; Phi Tho: Neuyéen Ting Ldam, Nguyén
Hiru Trung Kién, TA3, THCS Lam Thao, Nguyén
Lé Son, 9A, THCS Ly Ty Trong; Vinh Phie:
Phan Thi Neuyét, 9A, THCS Yén Lac, N;,'I{Fé?n Lé
Son, 9A, THCS Ly Tu Trong, Binh Xuyén;
Thanh Ho6a: Dang Quang Minh, 8A, THCS
Nguyén Chich, Pong Son, Neuyén Van Hung,
Nguyén Thi Thao Linh, 8D, THCS Nhir Ba S¥;
Nghé An: Nguyén Vin Manh, Nguvén Thi Nhuw
Owpnh A, 8A, Neuyén Dinh Tuan Ngoc, 8C, Lé
Dinh Linh, Nguyén Thi Hang, 9B, THCS Ly Nhit
Quang, D6 Luong; Ha Tinh: N;;zryén Thuc Hién,
9D, THCS Xuan Diéu; Vinh Long: Ngo Hoang
Anh, 9/12, THCS Lé Quy Do6n; Quang Ngii:
Triecong Thi Mai Tram,TA, Neguyvén Lé Hoang
Duyén, 8A, THCS Pham Vian Péng, Nghia Hanh.

PHAM THI BACH NGQC
Bai T6/449. Giai phuong trinh
89X =Z—3".
Loi giai. Phuong trinh tuong dwong vo
g+ +3x=9|x|+2 (1).

Néu x<0:tacé
8r +37 <80 +30=2<9|x|+2.

Phuong trinh (1) khong thoa mén.

Néu x=0: phuong trinh (1) twong duong
vl 8 +3*-9x-2=0 (2)
Xét ham s6 f(x)=8*+3*—9x-2.

Tac6 f'(x)=8In8+3*In3-9 ;
f"(x)=85In?8+3*In*3>0 VxeR.

i (,x:) 14 ham so lién tuc va 1om trén R nén
phuong trinh f(x)=0 c6 khong qua hai
nghiém thue. Lai ¢6 f(0)=0; f(1)=

T@mt;é 19
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»Nhan xét. Néu ham sé f(x) c6 dao ham cdp

hai va f(x)>0, VaeR thiham so f'(x) lién
tuc,dénghlén trén R ; phuong trinh [ (,r} =0 ¢co
khong qua 1 nghigm; suy ra phuong trinh
f(x)=0 c6 khong qua hai nghiém thyc.

Tong qudt : Néu ham s f(x) c6 dao ham cap n
va f(n (,x,):wﬂ VxeR (hodc f™ (x)<0 VxeR)
thi phwong trinh f(x)=0 c¢6 khong qui »
nghiém thyc. C6 thé st dung bar dang thirc
Bernoulli @& chimg minh 8*+3*<9x+2 khi
xe(0:1) va 8¥+3*>9x+2 khi x>1; suy ra
phuong trinh f (x)=0 khéng c6 nghiém trong
moi khoang (0;1) va (1;+0). Bat ding thirc nay
it duge dung khi giai cac bai toan trong chuong
trinh pho théng.

Bic Ninh: Vi Pdang Chién, 11AQ1, THPT
Thuén Thanh so [; Ha Tinh : V6 Duy Khdanh,
Nguyén Van The, 11T1, THPT chuyén Ha Tinh ;
Quang Binh: Hoang Thanh Viét, 11 Todn,
THPT chuyén V& Nguyén Gidp; Séc Tring :
Vieong Hoai Thanh, 11A2T, THPT chuyén
Nguyén Thi Minh Khai ; Quang Negii: Hupnh
Tién Phdt, 11A7, THPT sb [ Dirc Pho, H. Dirc
Phé ; Vinh Long : Tran Chi Nhét Nam. 11T1
THPT chuyén Nguyén Binh Khiém :

Nghé An: Ho Xuan Hung, 11T1, THPT b6
Luong I, Ba Son, D6 Luong ; Gia Lai : Nguyén
Quang Nhat, 11C3A, THPT chuyén Hung
Vuong, TP Pleiku ; Yén Bai : Vit Hong Qudn, |1
Todn, THPT chuyén Nguyén Tat Thanh.

NGUYEN ANH DUNG

3

Bai T7/449. Cho tam gidc ABC vdi ba canh
laAB=c:BC=a,CA=b, bdn kinh duong
tron ngoai rfé}J la R, ban kinh duong tron noi
;fé}:; lar. Chung minh r&ng:

TOANHOC
20 * CTudilre_S3 453 3-2015)

G lin luot 14 tim dudng tron ngoai tidp vi
trong tim AABC . Khi do tir céc cong thie

o
j
|

ARG R
rg abe
R 2R*(a+b+c
Ap dung cong thicc Leibnitz
|

0G? = R? _g(al +b? +c.'z)ta co

| I A2
R’ zg(az +b? +c1)z§-3—(a+b+-:)
(theo BDT Bunyakovsky) (2)

Miit khac, theo BPT Cauchy cho ba s6 duong

ta thiy
(a +b +L‘)(ﬂb+bc+ca) >3Yabe 3Ya*b*c* =9abe.

(ﬂ+b+c)(ab+bc +ac)
9

suy ra

o
7

- - p Y » i
] J i T S PR
- it S 5 J .,
P 'li"u‘l--m - ol B R e -

Suy raabe <
Tu (1), (2) va (3) suy ra
r _21(at+b+c)(ab+be+ac) 3(ab+be+ac)

— < -
R |8(ﬂ+b+£‘)3 2(.11!+.E:r+u::)1

Pang thirc xdy ra khi va chi khi O0=G va
a=b=c.Nghiala khi AABC déu.0J

»Nh@n xét. Tat ca cic 10 giai giri vé Toa soan
dr.’i:u ding theo cac hudng: sir dung lwong gidc, bat
dang thuc Jensen, bat dang thire Schur bic
4...Sau ddy la nhing ban co 14 gial gon hon ca:
Ha N@i: Dang Thanh Tung, 9B, THCS Nguyn
Thueng Hién, Ung Hoa, Nguyén Neoe Chi Lan,
LA Todn, THPT chuyén KHTN, DPHQG Ha Noi,
Vil Ba Sang, 11 Toén 1, THPT chuyén Nguyén
Hu¢, Ha Dong; Pha Tho: Nguyén Anh Heao, 9A1,
THCS Ldm Thao, Nguyén Pirc Thuan, Lé Bao
Anh, 10 Toan, THPT chuyén Hiing Vuong; Vinh
Phac: Bii Thi Liéy Duong, Tran Pirc Duy, 8A4,
THCS Yén Lac, Bii Duy Cuong, 11A1, THPT
chuyén Vinh Phiic; Bfic Ninh: Nguyén Thi Thanh

https://tieulun.hopto.org



Huong, 10 lToan, THPT chuyén Bic Ninh: Yén a b’ 2ab F
Bai: Vi Hfmg Qudn, 11 Toan, THPT chuyén +) h? +l+u3+léﬂh+l Z(IJEH)({F -l-I')(.t;iu'F;—ik_i.]d1
Nguyén Tat Thanh; Nam Dinh: Doan Thi Nhai, |
10 Toén 1, THPT -:huycn Lé Hong Phong; Ngh@
| An: Nguverr f r'ﬂng Qum Khdanh, Phan Dic Tién,
'. 10A1, THPT chuyén Phan Bai Chéau, TP. Vinh,
Ho Xuan Hung, 11T1, THPT Dé Luong I, Dwong
L irc Manh, 11A1, THPT Quynh Luru I: Ha Tinh:
. Lé Minh Tuan, 10T1, THPT chuyén Ha Tinh;
| Binh Dinh: Trdn Hitu Tri, Tran Ven Thien, 10
Toan, THPT chuyén Lé Quy Dén; Phi Yén: Ho

trong do
F=a2(d? +1)(f1b+l)+i}3(r':f3 +1)(ab+1)

~2ab(b* +1)(a* +1)

=ab(a* +b* —2a°H ) +(a4 +b*~a*b—ab )
+(a*+b* —2ab)

= HFJ(HE —hz)l +(ﬂ.-b)(ﬂ3 —b? )+(a~b)1 > ().

|
L Minh Hoang, Ng6 Lé Phiong Trinh, 10 Todn 1, ; £
[ THPT chuyen Luwong Vian Chanh; Long An: Do dé: a’ + 2 Z 240 =—C = - (D).
. Nguyén Hong Ha Vy, 12T1, THPT chuyén Long Pl a4l T ab 1R 1 e
[’ An; Vinh Long: Trdn Duy Qudan, 12T1, THPT ¢
B uyen Binh Khiem., Ding thirc xay ra khi va chi khi a =0
¥ 2 | +2¢* 5 G
HO QUANG VINH 1) + T

l+¢  14+c¢* 2 2(l+cr)(l+{.‘3)ﬂ
trong do

G=2(2(1+c2)+(1+c)(1+2c2))=5(1+c)(1+¢%)
=2(2+2c2 +1+c+22+26%)=5(1+c+c* +c3)

B2ai T8/449. Cho ba 56 thuc duong x, v, z
thoaman x> z. Tim gid tri nho nhat ciia

biéu thirc

b 2 i =1—3¢c+3c*>—c’ =(I—c']3 >()  doc<<kEE2).
XZ ) Wiy 8 4y
Ee i Sale. M

yotyz Xz+yz Xtz Tir (1) va (2) ta suy ra Pz-i.ﬁ‘!ﬁng thirc xay

Loi gidgi: Ta c6 ra khi vachikhi a=b,c=1<x=y=:z

N R Sl Vay gid tri nho nhat ciia P bing > .00

y2+yz xz+yz X+z i
Xz y? 7 » Nhdn xét. Bai tnén*cuc tn trén ¢ bién ﬂu?:i phtrc
e R e tap, nhumg 12 cac bién dbi co ban ciia kién thic
@ e 2 lép 8. Céc ban hoc sinh sau c6 15 giai t6t: Béc
o Giang: Nghiém Van Nghia, 10A1, THPT Lang
o 2 Giang so 3; HA N@i: Nguyén Tuan Anh, 9B,
o Y 1+=— THCS Nguyén Thuong Hién, Ung Hoa; Phu
=% 4 Z 4 'z Tho: Nguvén Pire Thugn, 10T, THPT chuyén
l+1 £+1 1"’;_,‘ Hung Vuong: Hung Yén: Triéu Ninh Ngan,
zﬂ2 y 3 e IUAQL THPT Duizmg Quang Ham; Nghé A?:
T o TP Neguyén Hong Quéc Khanh, 10A L THPT chuyén
gn el ﬂ, +.1 g Phan BOi Chéu; Ha Tinh: Neuyén Khanh Hung,
trong d6ta ky hicu 10T2, THPT chuyén; Binh Dinh: Trdn Van
| X pr_2 2=Z (a,bc eR*). Thién, 10T. THPT chuyén Lé Quy Dén, TP. Quy
i & Nhon; Phi 'Yén: Nguyén Chi Licong, Ngé Lé
Chu Vv alh? == ?}1 do x=2z2. Egm:g Trinh, 10A1, THPT chuyén Luong Vin

anh.

Hai bién d61 sau 13 quen thugc VO nhieu ban
hwhmh

NGUYEN MINH bUC

TOﬂN HQC
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o

Lth gﬁ‘t. (Thea han Hbang *ﬁmnh Vféi' 11
Todn, THPT chuyén V& Nguyén Giép. Quing
Binh).
Taco
Ak 41 2
B= | —— —_—— == T ].
2k 2 s O
Theu d’;nh I Lagrange ta c6
In,(4k+3)-ln(4k-»l)—+-(4k+3 4k+1)= f
| i
i 4k—1 T
V <c<4k+3hay 4k+3{c{4k—1
Tir d6 suy ra
2 _In(4k+3)-In(4k-1) = 2
4h+3 2 “T—1
B t C 503 2 2 503
: _;4£’+ e ;Z
T (2) ta co
503

C{ZZ[IH 4k+3)~In(4k—1) ]+—
=ln2015—1n3 2

5 +§":4.
303 S04
2 2
RC L T T

304 In(4k +3)—In(4i-1) In2019—1In3

::-Z :

Do do 501 > B = 504 — C > 500, suy ra
[B]=500.0

»Nhgn xeét. 1) Mot 50 ban chimg minh BBT:

500 < B < 501 bang cach ding BDT Cauchy cho
n 50.

2) Chi co it ban tham gia giai bai nay. Cac ban ¢
[¢ri gml dung la: Ha Tinh: Vo Duy Khdnh,
Neuyén Vin Thé, 11T1, THPT chuyén Ha Tinh,
Gia Lai: Nguyén Quang Nhdt, 11C3, THPT
chuyén Hing Vuong, Pleiku; Phii Yén: Neuyén
Huynh Huy Man, Pang Bao Vinh, 10T1. THPT
chuyén Luong Vian Chanh.

DANG HUNG THANG

TOFIN HOC
22 ' Clubitré S8 455(5-2015)

JAln) ma fln)e {-1,1,-2.2}. Vi Ap)|(3" -
pl(3" - 1) hay 3"=

rrrrr

' "E-:*-' b '; 3 }
ﬂnxétrﬁngcﬁcdathm_. )= e 4

b '{1-1'

thoa man diéu kign bai ra khi vq' chikhi #g:f
¢.efsl; 1 _2,2} Soa ﬁ‘, { ::._
Gia sir f{x) 1a da thirc véi hé s6 ngu}*éﬂ bic ﬁ

(m > 1). Khi d6 ludn ton tai s0 nguyén duong

lé n dé fin)e{~1,1,-2,2}. Thit vy, néu nswa 3 ;j_:;;_

lai, ta ludn c6 A2m +1)e{-1,1,-2,2} véi moi
m e N nén ton tai / e{-1,1,-2,2} sao cho ¢
vo s6 s6 nguyén duong k dé A2k + 1) =1
Piéu nay dan dén phuong trinh fx) = / ¢6 vé
s6 nghiém nén f{x) = /, tréi véi gia thiét 1a f{x)
khong la da thirc hing so.

Lay p ((p.3) = 1) la wdc nguyén to tly y cua
1) nén
1 (mod p). Mit khac, theo
tinh chat co ban cua da thirc thi fint+p) - Ain)
chia hét cho p nén f{n+p) chia hét cho p. Vi

fintp)|(3"? - 1) nén p|(3"? - 1) hay 3" = |

(mod p). Theo dinh li Fermat nho thi 3 = 3

(modp)nén 1 =3"7=3"3=] x 3 =3 (mod

>3. p).Suyrap = 2. Vay fin) chi c6 ube nguyen

t6 2. hay f{n) = fi2m +1) chi ¢6 udc nguyen {0
2: =1 =34 _ =g o] = 2 (mod
4). Suy ra 3" — 1 khong chia hét cho 4. Ma 3"
- 1 chia hét cho fln), tic fin) = +2. mau
thudn. Két lugn: f(x) = ¢ vdi ce {-1,1,-2,2}.0

»Nhdn xét. Cic ban say day co 1o giai ding;

Ha Noi: Vit Bd Sang, 11T1 THPT chuyén Nguyén
Hu¢; Yén Bai: Vi Hong Quan, 11T, THPT
chuyén Nguyén Tt Thanh; Vinh Phic: Bii Duy
Cuong, 11A1, THPT chuyén Vinh Phuc; Phi
Yén: Nguyén Chi Luwong, 10T1. THPT Chu}*ﬂn
Luong Van Chanh; HA Tinh: Nguyén Vin The,
Vo Duy Khdnh, Tran Manh Tudn Vi, 10T1, Phan
Duy Son, 12T2, THPT chuyén Ha Tinh: Binh

https://tieulun.hopto.org
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Dinh: Tran Vin Thién, 10T, THPT chuyén Lé
Quy Don; Quing Trj: Nguyén Vin Tudng,
Hodng Thai Lé, 11T THPT chuyén Lé Quy Bon.

NGUYEN VAN MAU

Bal T11/453. Cho ddiy so (x.) thoa man diéu

0 oo 7 SR R T

kien: ¢ |
foh e et ot (1 2 £ LBa SR v (1)
Bat o, l Ay TN ( a'erH_!_' NN range
verl mot sO enhiénlén, taluon co: S ¢ 66
{9 ; . ()]
Lai giai: Ta s¢ chimg minh: x = D“;z (2)

voi moi nelN. That viy voi n=0 thi
x, =4, (2) dung. Véi n=1 thi x, =34, (2)
ding. Gia sir (2) dong véi n va n + |, ta sé
chirg minh (2) ding véin + 2. Ta cé:

42 \2
xn+1*xn=x5+1+13.]{]""1 =(]{}"3+2) +18. 10!
107442 102444102 +44162.10""
S X2 IR 9
100+ +2  1077+44202.10M +4
‘.:"’%4.1 : 3 3 9
10142 107142 10°+2
¢IH+2 3 = 3 3
s A
2 3 ¢
Nhu vay (2) dting voin + 2.

Theo nguyén ly quy nap (2) diing vdi moi
neN, Khi dé

10'”’(I+1U+101+...+101'5)+2.27=1‘
8= 3 3

Ta lubn co:
10 =1(mod 9), 10F =(-1) (mod 11), vkeN.
Do dé; T'=1.27+2.27=0(mod 9);
 T=1.14227=55=0(mod 11) (vinle).
Suy ra 739,711, RO rang T:2 va do 2, 9,
lﬁi ba sé nguyén tb ciing nhau timg d6i mot
nén 7:29.11. Viy 5,:66.0

»Nhin xét. 1) Pé tim ra cong thirc (2), ta c6 thé
lam nhu sau;

Tir (1) suy ra; X, =x +18,10" hay
10%x,,,x  =10x2+18,107*" . V@y

X% ~10x % =X ~10x
&> x (%, +10x)=x, (%, +10x, )

XoatlOx X . +10%.

= = L Do db
‘Inlfi "tn
.rm1+i[]x":,xﬂﬂ+lﬂx,,*|: =x2+1{].x[,=1|.
'rm]”- 'rﬂ Il

Suy ra x.,=11lx,,~10x,. Viy (v,) la ddy hoi
quy tuyén tinh thuan nhédt bac hai c6 PT dic
A =10
=1
x =a. 100 +a, . Tir diéu kign x;=4,X =34 ta tim
duge 4 =?. ﬂ2=% , do dé co (2).

2) Céhc ban tham gia déu giai ding bai nay voi
nhiéu céch gidi khac nhau. Cic ban c6 1o giai
ngan gon la: Yén Bai: Vi Hong Qudn, 11 Toan,
THPT chuyén Nguyén Tt Thanh; Phi The:
Nguyvén Pirc Thuan, 10 Todn, THPT chuyén Hung
Vuong; Vinh Phiac: Bui Duy Cuong, 11Al,
THPT chuyén Vinh Phic; Thanh Hoa: Nguyén
Tién Tai, 11 Toan, THPT chuyén Lam Son; Nghé
An: Tran Quang Huy, 11A1, THPT chuyén — Dai
hoc Vinh; Ha Tinh: Nguyén Van The, Vo Duy
Khdnh, 11T1, Phan Nhat Duy, 10T1, THPT
chuyén Ha Tinh; Quéng Binh: Hoang Thanh
Viét, 11 Toan, THPT chuyén Vo Nguyén Giap;
Vinh Long: Tran Duy Quan, 12T1, THPT
chuyén Nguyén Binh Khiém; Long An: Neuyén
Gidp Phuong Duy, 11A2, THPT Hau Nghia.

TRAN HUU NAM

Bai T12/449, Cho tam gide ABC co dinh.
Cae diem E. F lan luot di c;huyﬁ-n trén cac
doan CA, AB sao ¢ho BF = CE. BE cit CF
tai D. Goi H, K thie nie la triee tdm tam giac
DEF. DBC. Chitng minh réng dwomg thang
HK ludon di qua mot diem co dinh khi E, F di

chuyen.

tmng:i’-—IlAHﬂ:Uﬁ[ Do do

b
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Z, T theo thir t 1a hinh chiéu cia 4, 8, C. D
Foea gy Hviiarhni v aabite x0 a2 o
trén C}'Bf 04, OD, OC (hat)—

. - sk
[ S 4
:

Hinh 1

D% thiri}’ E;;EH,.:'{M}: A HX = HDHT = a?;-mm;

Pon=KBKY=KCKZ = Fpy:

Do d6 MN la truc dang phuong cia (M), (N).
Két hop voi AB = CD, suy ra HK 1a trung tryc
ctia doan thing MN.

Tré lai giai bai T12/449.

Trwong hop 1. AB = AC. Dé thay HK luén di
qua diém 4.

Truong hop 2. AB #AC. Goi (O) la dudng
tron ngoai tiép tam gidc ABC; P 1a diém chinh
gilra cung BAC cua (0); M, N theo thtr tir 14
trung diém cua BF, CE (h.2).

TOAN HOC

24 ¢ CTuditre_S6 453 (3-2015)

[ . | "  N=hy
W P i iR, i 1
e, T ra &

ki 1 5 X - *. |

])E't]:iﬁy;BF: CE;;BPﬁFF"CP; Pl oy T A0

FBP—ABP—ACP=FCP. Do d6 APBF = APCE.,
Két hop véi MB = MF; NC = NE, suy ra
APFM =APEN.Do @6 PM=PN. = =
Vay theo bd dé trén, KH luon di qua mot
diém c6 dinh (diem P). O

»Nhén xét. Bai todn nay d& va quen thuge, tuy
nhién chi ¢6 sau ban tham gia giai: Yén Bai: Vi
Hﬂ:ng Qudn, 11T, THPT Ehu}rén Nguyén Tat
Thanh; Vinh Phic: Nguyén Hiu Huy, 10Al1,
THPT chuyén Vinh Phic; Phu Yén: Nguyeén
Huynh Huy Nhan, 10T1, THPT Luwong Vin
Chanh; Ha Tinh: Neuyén Van Thé, Vo Duy
Khdnh, 11T1, THPT chuyén Ha Tinh; HA Ngi:

Nguyén Ngoc Chi Lan, 11A1, THPT chuyén
KHTN, DPHQG Ha Noi.

NGUYEN MINH HA
1.1/449. Mpt vién dan khéi liwong M duwoe bin
lén véi van toc ;ﬂ: hop voi phwong ngang goc
o.. Pén diém cao nhat thi né né, vz thanh hai
manh. Manh nho cé khoi liong m véi van tée
co modun v, bat ra sau theo phwong ngang so
voi manh lon. Hoi tdm xa ciia manh lém tang

thém bao nhiéu so véi truong hop dan khéng
no"

https://tieulun.hopto.org




Loi giai: Goi v'1a van toc manh nho so véi
mit dit, V 13 van tde manh 16n so vGi mat
dit taco: vVi=—v+V |
Ngay trudc khi no dan cé dong luong
My, cosa . fip dung dinh luit bao toan dong
lwgng theo phuong ngang ta cé:
Mv,cosa = (M —m)V + m(V —v)

m
=V =V, CoSa@+—v

M
Biét vat ném ngang tr do cao

h= (v,, sin c:::)‘ /2g vGi véan toc u thi c6 tam
2h _ uv;sina

g gy 1\

Truong hop dan khong no thi u = V, COsa va

Xa: =1

’,__'vé sin 2
2g
Trudng hop dan nd, manh lén co

m
U= V—vucﬂsa*%ﬂv nén manh lén co6 /'

my v, Sina

g

» Nhdan xét. Cic ban ¢6 o1 giai ding: Binh Dinh:
Tran Lé Huynh Pire, 10 Ly, THPT Chuyén Lé
Quy DPon; Nghé An: Phan Xuan Sang, 12Al,
THPT Phan Pang Luu, Yén Thanh.

i

[én hon / mét doan:

NGUYEN XUAN QUANG

Bai 1.2/449. Pé do chu ki T cua mot chat

phdng xa nguadi ta ding may dem xung. Biét
réng trong t, = 45 gio dau tién mdy dém doc

ny; xung ; trong h = 21, gio tiep theo mady
dém dwpe ny = %n, xung. Xdc dinh chu ki
G

Lévi gidi. S6 xung dém dugc bing so hat da bi
phan rd, nén ta co:

n, =kAN, = kN, {1 —2“:':}
Noy =Ny T5 1, =21,

n,=kAN, = kN, ( ! —2‘?')

— kN, 2 1(1-2 Tl]

kN, 2T [1—(2}} J
", .

Il

U

Patx=2 7 ,voidicukiénx>0vax#1

x(1—x2
~::~;= (1_1_ )f::}‘;‘(l—.r)=64(.r—.x3)
= 64x° -T73x+9=0 :>,1‘=—§;.r=1: .1':-%—.
&5 Sant V5T dida Kia tenv ,1'=-;- Paiin
duoc EIT =l=2—3 c.:}f—’=3
' 5 i
HEPES
::T-—S-—— 3 =15 gio. O

»Nhan xét. Mot sb ban c¢6 1o giai ding va chit
ché: Ha Noi: Tran Phuwong Nam, 12A13, THPT
Ngoc Tao; Nam Pinh: Pham Ngoc Nam, 11 Ly,
THPT chuyén Lé Hong Phong; Ha Tinh: Trdn
Bao Trung, 11T1, THPT chuyén Ha Tinh; Quang
Nam: Huynh Van Phic, 12A1, THPT Caoc Ba
Quéat, NGi Thanh; DPéng Nai: 76 Dang Xudn
Hinh, 11Anh 2, THPT chuyén Luong Thé Vinh:
Cin Tho: Hwynh Hiru Hang, 12A1, THPT
Nguyén Viét Hong, Quan Ninh Kiéu, TP Céan
Tho.

PINH THI THAI QUYNH

TOFIN HOC
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 KJ THI CHON HOG SINH GIOI QU(SC GIA THPT

NAM 2015 - MON TOAN

(Cuc Khdo thi va Kiém dinh CLGD - Bo Grdb a‘uc va B&o m; A

K v thi chon hoc sinh gioi :;mfc- gia THPT nam
2015 da dwoe to chire frong cac ngay 8, 9 va
LOO122015, cho 12 mon hoc (ngay 10001 fa
ngay thi thye hanh cho cde mon 'Vt v, Hoa hoc
va Sinh hoc). Tham dw ky thi, ¢ mon Todn co
460 hoc sinh (nhiéu hon 4 hoc sinh so vai ndam

2014) thuoc 68 don vi die thi
1. PE THI

Ngay thi thir nhat (8/1/2015)
Bai 1 (5 diém). Cho a 1a mot sé thuc khong
am va (u, ) 1a day s6 xdc dinh boi:
n’

1
=3, U . ==l T+ —
4n-+ a

(B i 2 n
vor moi n>1.
a) Vo1 a =0, chung minh ring ddy so6 co gioi
han hiru han va tim gid han do.
b) V6i moia €[0;1], chimg minh ring day s6

U+ 3

cO g161 han htru han.

Bai 2 (5 diém). Cho a, b, c
khong am. Chirng minh ring
3({:3 +b? +i‘3) > [ﬂ+b+ﬂ)( ab ++/bc + {‘ﬂ)

+(ﬂ—b)1 +(a!:-—¢r)2 +(r:'~u):
Bai 3 (5 diem). Cho sO0 nguyén duong K . Tim

s6 cdc so tu nhién n khong vuot qua 10K
thoa man dong thoi cac di€u kién sau:

i) n chia hét cho 3:

ii) cac chir so trong biéu dién thap phin cta
n thude tap hop {2; 0; 15 5}.

Bai 4 (5 diém). Cho duong tron (O) va hai
diém B,C cO dinh trén (0), BC khong la
dudmng kinh, Mot diém A thay doi trén (O)
sao cho tam giac ABC nhon. Goi E, F lan

la cac s6 thyuc

2(u+b+rf.

TOAN HOC
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lugt 1a chin dudng cao ké tir B, C ciia tam
gitc ABC. Cho (1) la dudng tron thay d6i di

qua E, F' vacotam la /.
a) Gia su (!] tiép xic vai BC tai diém D,

0} sk

Chimg minh ring —— B - i

cotC

b) Gia sir (1) cit canh BC tai hai diém M, N
Goi H la tryc tdm tam giac ABC va P,Q la
che giao diém cua (/) véi dudng tron ngoai
tiép tam gidc HBC. Pudng tron (K) di qua
P,Q va tiép xic voi (O) tai diém T (T cung
phia 4 d6i véi PQ). Chitng minh rang dudng

phan .l-:,lfLC frong cua goc MTN N di qua mot
diém cd dinh.

Ngay thi thie hai (9/1/2015)
Bai 5 (7 diém). Cho (fn{.r)) la ddy da thuc
xdac dinh boi:
fo(x)=2, fi(x)=3x,
f,(x)=3xf, _(x)+ (1=x—2x2 )T e5(%)
vo1 mo1 n = 2.
Tim tat ca cdc sd nguyén duong n dé 1. (x)
chia hét cho da thire x3 —x2 + x.
Bai 6 (7 diém). Véi a, n nguyén duong, xét
phuong trinh 'a:x+6uy+36z=n, trong do
X, ¥, 2 la cdc s0 tu nhién.
a) Tim tit ca cdc gla tri cha g dé voi moi
n =250, phuong trinh da cho ludn ¢6 nghiém
(%, 2).
b) Biét ring a@>1 v nguyun to cing nhau
voi 6. Tim gid trj 1on nhit cta » theo a dé

phuong trinh dd cho khéng c6 nghiém

(65,2
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). CO m hoe sinh nir va n hoe sinh
ahk 2) tham gia mot Lién hoan Song

I# ACT hoan bﬂnb ed, 'IHI.'H I'HII.JI hicu d“_n
h m ong trinh viin nghe. Mo chuong trinh
bﬂ“ gﬁm mot sO bai song ca nam-ni
__f‘ Gﬁ moi doi nam- ntr chi hat véri nhau
| A mot bai va moi hoc sinh déu dwoc
{t nhat mot bai. Hai chuong trinh duoc con
¢ nhau néu c6 mot ciip nam-nir hat véi
au ¢ ahm:rng trinh nay nhung khong hat vén
thau & chuong trinh kia. Lién hoan Song ca
‘ it thic khl tit ca cde chuong trinh khac
| 9 cﬁ thé ¢ déun dugc biéu dién, moi
55-‘-'* C mm trinh duge biéu dién dung mot lan.
::; ‘ét chuong trinh duoc goi la 1¢ thude vao
| hgﬂ sinh X néu nhu hiy tat ca céc bai song ca
ma X tham gia thi cé it nhat mot hoc sinh
khée khong dugc hdt bai nao trong chuong
trinh d6. Chimg minh ring trong tat ca cic
cl'amng trnh & thudc vao X thi so chuong
trinh c6 s0 1é bai hat bang so chuong trinh ¢o
56 chin bai hat.
h) Chung mmh rﬁng Ban m chirc Lién hoan
co thé sap xép cdc bum biéu dién sao cho )
cac bai hat tai hai budi biéu dién lién tiép bat
ky khong cung tinh chin 1é.

2. GIAI THUONG

Cin ¢t Quy ché thi ch(;m hoc sinh gioi cap

qudc gia hién hanh va két qua cham thi, theo
'; dé nghi cua T cham thi mon Toan va Hoi
~ &bng chdm thi chon HSGQG THPT nim
? 2015, Lanh dao Bo GD&DT da quyét dinh
trao giai cho 222 thi sinh (chmm 48,68%0
? tfm s6 thi sinh dur thi), véi mic diém cho
E moi lum glm nhur sau:
j

L
:3
r.

8

-
i,

- Giai Nhat: tir 33 dlém dén 40 diém; :

- Giai Nhi: tir 21,50 dlem dén 32,75 diém;

- Gidi Ba: tir 17 diém dén 21,25 dmm

s Grai Kﬁ;{yen khrck tir 13 diém dén 16,75

bl smh duqc trao giai Nhat, 47
f1; | T thi sinh duﬁfc

- Khuyér khich ' &
- Dudi day @ﬁg&q}l sach céc thi sinh dugc trao

Ih{:z‘ I:'_-'-'.;li -l ._.I

Veuven Tuan Hai Dang (THPI
DHOG Ha Noi; 33 diem)

o (ricr Nhat:
chuyén KHI'N

o (Giai Nhi: Neuven Minh Qudn (THPT chuyén
Lé Quy Don, Ba Ria - Viing Tau), Le Th Hai
Linh, Nguvén Ddng Qudn (THPT chuyéen, Bic
Ninh), Lé Nhat Hoang, Mai Tién Ludt (THPT
chuyén Lé Quy Don, Binh Dinh); Hoang Dang
(THPT chuyén Quang Trung., Binh

."v."g.rn't"n Neoe Bao, Tran Trong Hieu,
Cao Xuan Huy, Newven Van Gia Thinh {TIIFT
chuyén Lé Quy Don, Da Ning); Neuyen Tien
Thanh (THPT chuyén Bién Hoa, Ha Nam), Tran
Hau Manh Cuong, M:un“u Thi Viet Ha, "v'f:n-.a:rn
Nhie Hoang (THPT chuyén, Ha Tinh); 7dng Vi
Pat., Pham Van Tuan (THPT chuyén Nguyén
Trii. Hai Duong), \.s,mu:r Khanh Hung, Lieong
Thé Son. Lé Xuan Tung (THPT chuyén Tran Pha,
Hiai Phong); Pham Thi Minh Phwong, Vi e
Tai {THPT chuyén Lé Hum. Phong, Nam Dinh);

Neuyén Bd Tuan Anh, Thai Ba Manh, Phan Duy
Phiic, Hoang Anh Tat, "'Us:mua Van Tam, "v,s:mvn
Déc Tién Trinh, Nguyén Tat Tuan, Nguyén Anh
Tu (THPT chuyén Phan Boi Chiau, Ngh¢ An);
Pham Ngo Thanh Dat (THPT chuyén Lé Khiét,
Quang Ngii), Nguyén Manh Linh (THPT chuyén
Ha LunL, Quing Ninh); Do Trong Dat, Cao
Minh Hiéu, Hodang Trung Hiéu, Vii Xudan Trung
(THPT Chuyén, Thai Binh); Trinh Hoang e
(THPT chuyén Lam Son, Thanh Héa); Nguyen
Tien Thep, Neuyén Qurjc' Trung (THPT chuyén,
Vinh Phic); Neuvén Duc Minh, Phan Minh
Nghia, Ta Ha Nguyén (THPT chuyén KHTN -
PHQG Ha Néi); Nguyén Huy Hoang, Nguyen
Vinh Khang (PTNK - PHQG Tp. Ho Chi Minh);
Nguyén Chi Hiéu, Nguyén Truong Som, Tran
Hoang Som, Chu Van Trang (THPT chuyén,
PHSP Ha Nji).

e (viai Ba: Huynh Van Y (THPT chuyén Lé Quy
Pon, Ba Ria - Viing Tau); Nguyén Thity Quynh
(THPT chuyén, Bac Ninh); Pham Lwong Hao,
Phan Thanh Hao (THPT chuyén Lé Quy Don,
Binh Pinh); Vit Xudn Anh (THPT chuyén Quang
Trung, Binh Phwéc); Duong Dirc Thinh (THPT
chuyén Trin Hung Pao, Binh Thuin); Nguyén
Bdc Nhdn Tam (THPT chuyén Ly Ty Trong, Cén

The); Lé Vii Nam Anh, Nguyén Hieu Minh Thong
(THPT chuyén Lé Quy Don, Da Ning); Trdn
Xudan Luong (THPT chuyén Lé Quy Pon, Dién
Bién); Pdng Vii Pire, Nguyén Thi Hué, Trinh
Ngoc Tii (THPT chuyén Bién Hoa, Ha Nam);
Phung Dac Vii Anh (THPT chuyén Ha Noi-

Thign
Phirde),

TOﬁNHQC
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Quy Anh, Tg Hitu Nam, Lé Tudin Nghia (THPT

chuyén Luong Vin Tuy, Ninh Binh), Nguyén
Trong Pirc, Lé Minh Hoang, Pham Minh Hing,
Nguyén Quang Khai, Vi Thi Mai, Hira Ha
Phuwong, Nguvén Hoang Vigr (THPT chuyén
Hung Vuong, Phi The); Nguyén Triemg Nhat
(THPT chuyén VO Nguyén Gidp, Qu Binh);
Vo Quang Hiumg (THPT chuyén Nguyeén Binh
Khiém, Quang Nam); Pham Tho Hai Minh, Vi
Xuan Truomg, Dinh Ngoc Timg, Nguyén Thanh
Ting (THPT chuyén Ha Long, Quing Ninh);
Van Tién Diec, Nguyén Vin Thanh (THPT chuyén
Lé Quy Pon, Quang Tri). Bui Thi Ngoc Anh,
Nguyén Van Huy (THPT chuyén, Thii Binh); Lé
Thanh Thai Binh, Bui Thi Thiey Dung, Nguyén
Tién Pat. Lé Pinh Quang Huy, Lé Duy Thai,
Pham Van Thang (THPT chuyén Lam Som,
Thanh Héa); Phan Thi Bang Dung, Nguyén Ha
Duy, Nguyén Pai Nghia, Pham Lim Tung (THPT
chuyén, Tuyén Quang); Nguyén Viét Hoang
(THPT chuyén, Vinh Phic); Nguyén Xuan Ding,
Tran Quang Huy, Nguyén Tién Khai, Phan Anh
Qudn, Trinh Huy Vi (THPT Chuyén KHTN -
PHQG Ha N@i); Pham Thao Nguyen (ni),
Nguyén Minh Quang, Nguyén Vo Thanh Thién
(PTNK - DPHQG Tp. Hd Chi Minh); Tran Quoc
Nam (THPT chuyén, DHSP$ Ha NOi); Pham
Trung Diing. Lé Ngoc Hao, Tran Nhat Hi¢p, Thai
Doan Hung, Dinh Xuan Bao Hwung (THPT
chuyén, PH Vinh).

o Gidi Khuyén khich: Nguyén Hoang Thii Khoa
(THPT Chu Van An, An Giang); Nguyén Thanh
Lam. Lé Thanh Long, Lé Thi Anh Thuw (THPT
chuyén Lé Quy DPon, Ba Ria - Viing Tau);
Nguyén Manh Diing, Nguyen Thi Huyeén, Th.-:fn
Thi Quvnh, Nguyen Van Tien (THPT chuyén, Biic
Giang); Trdn Minh Danh (THPT chu;.'én, Bac
Liéu); Lé Huy Cwong (THPT chuyén, Biic Ninh);
Trwong Minh Nhat Quang, Nguvén Thinh Tin
(THPT chuyén Lé Quy Dén, Binh Pjnh); Neuyén

TOAN HOC
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Trung (THPT chuyén Ha No» m,
g:&mﬂ), Nguyén Vigt Anh (THPT chuyén
Nguyén Hué, HA N@i); Tran Thi Thiy Quink
(THPT chuyén, Ha Tinh); Nm&'m Anh,
Hoang Xudn Bich, Nguyén Dink Dric, Nguyén
Vit Hoang, Vi Quang Minh (THPT chuyén
Nguyén Trdi, Hil Dwong); Pham Van Chién,
Nguvén Trung Kién, Duong Minh Trung (THPT
chuyén Trin Pha, Hai Phéng); D6 Quang Vinh
(THPT chuyén Hodng Vin Thy, Héa Binh);

Nguvén Long Duy, Tran Huy Phan, Phan
Ouy (THPT Chuyén, Humg Yén); Nguyén Vit
Hing (THPT chuyén Nguyén Tit Thanh, Kon
Tum); Tran Xudn Chién (THPT chuyén Lé Quy
Don, Lai Chiu); Poan Thi Kiéu Ngdn, Dd Quang
Thinh (THPT chuyén Thing Long, THPT chuyén
Bao Loc, Lim Ddng), Dink Minh Hiéu, Khudt
Minh Quyén (nir), Nguyén Ddac Thanh (THPT
chuyén, Lao Cai), Tran Phic Tai (THPT chuyén
L& Hong Phong, Nam Dinh); Ngé Thi Tra (THPT
chuyén Phan B§i Chéu, Ngh§ An); Pham Duy
Minh (THPT chuyén Lwong Van Tuy, Ninh
Binh); Nguyén Minh Nhédt (THPT chuyén Lé Quy
Bon, Ninh Thudn); Pham Quy Viegmg (THPT
chuyén Hung Vuomg, Phi Tho); Neuvén Tran
Hau (THPT chuyén Lwong Van Chanh, Pha
Yén); Tran Thanh Binh, Nguyén Tran Duy, Ho
Anh Tién (THPT Ehuyén VO Nguyén Giap,
Quang Binh); Nguvén Vinh Ngoc Nir (nir) (THPT
chuyén Nguyén Binh Khiém, Quing Nam), Dinh
Thanh Hdi, D6 Chau Trinh (THPT chuyén Lé
Thanh Téng, Quing Nam): Nguyén Lé Duy
(THPT chuyén Lé Khiét, Quing Neai): Doan Thi
Hién (THPT chuyén Ha Long, Quing Ninh); Lé
Ngoc Tuan Khang (THPT ch uyén, Thai Binhlf; Le

g
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au 9&{1 Minh Hoang, Vi Huy Hoang,
Ny u Thanh Tdam (niy), Bii Xudn Tr oy
*nﬂu én, Thai Nguyén): N,uu'.'m Juang
auyer mf Nguyin Kiina Nmn't*u Ho Minh
e (1 I'H .1' - ¢huyén Qube hg:u. Hué, Thira
.-.=_-;'-*=L“I.. ‘) Lran Minh Hién, Chan Hoang
ong, Ngwyen Minh Thong (THPT chuyén, Tién
| Ll}:;;'-"a f.,., h lf;gwgﬁ Toan (THPT thl}ful Trin

N I. n , Tp. I Minh); Doan Neuvén Tre
Ith ) (THPT chuyén, Tuyén Quang); Nguyén
?’" ‘hong, Nguyén Vi Hiw Thang (THPT
chuyén N 'gu}'En Binh Khiém, Vinh Long), Lé
”:,r.wﬁ ; n Anh, Neguyén Hﬁng Ngoc (nix), Lé Tan
) .rm-'J .Ha Van Thdi, Puong Thi Thao (THPT
_._::qe‘ug,ﬁtj , Vinh Phice); Hoang Ngoce Hiéu, Nguyén

- Khadnh Hoa, Nguyén Huy Hﬂﬂﬂg Vii Hnﬂg Qudin
u;ar'“l' chuyéu Nguyén Tt Thanh, Yén Béi);

o iﬂyn{f J én Huy Tuyén (THPT u::huycn KHTN -
DE !G Ha Noi); Darma Lé Manh ¢ wong, Vi

. t’ g @TNK DHQG Tp. HO Chi Mmh}
eIl cmg Trung Hiéu, Nguyén Viér Hodng, Neuyén
Nhdt Minh, Nguyé'n Dodn Thanh Ting (THPT
.__yen, DHSP Ha Noi).

3 3. TUYEN CHON HOC SINH THAM DU/
e ICY THI CHON HOC SINH n!, THI
. OLYMPIC TOAN HOC QUOC TE NAM
e 2018 (mo 2015)

ey i*
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Cén ¢t Quy ché thi th,,il'.l hoc sinh giéi cip
quc gm hign Imnh v két qua ky thi chon hoe
sinh gioi quoe gia THPT mon Todn, B
GD&DT {|L3yét dinh tri¢u tap hoc sinh
Newven Thé Hoan (lop 12 truémg THPT
chuyén KHTN - DHQG Ha N§i, thanh vién
doi tuyén hoc sinh Viét Nam dy thi IMO
2014) va 48 hoc sinh dat tir 21,50 diém tr6
Ién trong ky thi vira néu tham dy ky thi chon
hoc sinh dy thi IMO 2015, dugce t6 chire trong
cac ngay 25 va 26/3/2015 tai Thu d6 Ha Noi.
Theo Quy ché, 06 thi sinh ¢6 diém thi cao
nhat trong ky thi nay s€ duge tri¢u tip vao doi
tuyén hoc sinh Vi¢t Nam dy thi IMO 2015,
Dudi day la danh sach cde don vi ¢ hoe sinh
duoge triéu tip tham du ky thi ¢hon hoe sinh
dur thi IMO 2015:

Nghé An (8 hoc sinh); DHOG Ha Ngi (5 hoc
sinh); Da Nang, Thai Binh, PHSP Hea Noi (mbi
don vi c6 4 hoc sinh); Ha Tinh, Hai Phong (mdi
don vi ¢6 3 hoc sinh); Bde Ninh, Binh l".)fﬂfi,. Hai
Duwong, Nam Dinh, Vinh Phuc, DHQG Tp. Ho Chi
Minh (mdi don vi ¢é 2 hoc sinh); Ba Rja - Viing
Tau, Binh Phude, Ha Nam, Quang Ngdi, Quang
Ninh va Thanh Héa (mbi don vi ¢6 1 hoe sinh).

with integral coefficients. Prove that there are
mﬁmta]y many mtegers k lueh phat P(x + gc
cannot be ﬁactﬁnze& as a prod ue
positive degree polyno omials wit
E’éfﬁcieﬁt&'””” VLN wh, ﬁw- qw

Problem T11/453. Suppose m:tﬁﬁﬁﬂmﬁt’ﬁi

4 dt”‘rr Ja

-:t :nuh Aar
o e
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Néu c6 nguoi
hoi: A1 la nha
toan hoc vi dai
nhét trong moi
thot dai, khong
ngan ngai 16i
Se =S ras Vlon
Euclid.  Néu
hoi tac pham
toan hoc nao
anh huong sau
EUCLID sic nhat toi su
(Khoang 325 - 265 TCN) phat trién cia
nén van minh nhan loai, xin tra 151 ngay: tic
pham Nguvén Iy cua Euclid. Vi sao vay? Vi
Euclid da dat nén méng virng chac dé cac thé
hé ké tiép xay dung nén lau dai toan hoc trang
|é, va chinh Nguyén Iy ciing toa bong mat dén
tan ngay nay.
. THAN THE VA SU NGHIEP
Thét dang tiéc 1a ngudi ta bict qua it vé doi
song va con nguoi cua Euclid. Ngay ca ngay
thang va noi sinh cua 6ng cung khong dugce
biét. Nhung theo nhimg tur liéu lich sir dé lai,
Euclid song cung thoi vol Prolemy, mot
hoang dé 1én ngdi vao khoang nam 306 trudc
cong nguyén va dinh d6 tai thanh phd
Alexandria (Ai Cép). Tai ddy, vi hoang dé
nay da cho xay dung mot trurong dai hoc curc
lén va méi nhitmg nguoi tai nang khip noi
dén lam viéc. Euclid, mot nha toin hoc Hy
Lap theo truong phai Plato & Athens cling

TOAN HOC
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JHICLD R
VATAC PHAN "NGUYEN LI" BAT HU

duoc moi dén dam nhiém chirc vy dimg déu
Ban todn va ong da dat nén méng cho truong
phéi todn hoc Alenxandria noi tiéng va ton tai
ngot nghin nam.

Hai cdu chuyén sau day noi Ién phim chit
dao dic trung thuc ctua Ewclid. Trong tac
pham 7om heoe Eudemus, Proclus da ké lai
ring mot lan hodng dé Ptolemy héi c6 con
duomg ndo ngan nhat danh riéng cho cdc
hoang dé dé t&i kién thirc vé hinh hoc khéng,
Euclid da thang thin tra 10i: khong ¢6 con
duomg hoang gia nao trong hinh hoc ca.
Stobaus lai ké mot cau chuyén khac: c6 mot
mon sinh theo Euelid hoc hinh hoc da hot
rang liéu kiém dugc g1 khi1 hoc m6n nay, ngay
luc do Euclid ra 1énh cho mot né 1é dua cho
anh ta mot d:f”:-ng xu “vi anh ta phai kiém duoc
lo1 tr nhirng diéu hoc dugce”.

Euclid 1a tac gia cua it nhat 10 cong trinh
kKhoa hoc nhung hién nay chi con luu ot
dugc 5 cong trinh véi van ban kha diy du.
Trong d6 Nguvén Iy 13 tac phdm chinh lam
cho Euclid tré thanh bat tr. Theo cic nha
lhéng kf: hoc, ké tir 14n 4n loat diu tién nam
1482 dén nay, Nguyén Iy da duoe xuat ban
trén mot nghin lan va trong hai thién nién ky
qua da ngu tri trong giang day hinh hoc cua
hau hét cac nude trén thé g101.

2. NOI DUNG CUA “NGUYEN Ly

Irai voi nhitng nhén dinh khai phd bién,
Nguyén ly cua Euclid khong phai chi noi vé
hinh hoc ma con chira dung khong it nhimg

https://tieulun.hopto.org



ndi dung cua Ly thuyét s§ va Dai
iy la mot cong trinh ¢ s¢ v 13 quyén,
Quyén I bat dau bang nhimg dinh nghia co
50, nhimg dinh de va cac tien de. 48 manh d.;,
cua quyéen I chia thanh 3 nhom. 26 ménh g
dau tién chu yéu noi va tinh chat tam gldc, ﬁ
ménh d& tiép theo xac lap 1y thuyét dumlg
thang song song. Cic ménh dé con lai néi vé
hinh binh hanh va hinh vuong, dic biét cé
nhic dén cac quan he dién tich.

Quyen II néi vé phép bién db; dién tich va
dai sO hlnh hoc cta truong phai Pythagoras.
Cudi quyén nay 13 hai ménh dé x4c lap su
khai quat hoa cua dinh 1y Pythagoras ma ngay
nay fa gol la “Ludt c6sin”. Quyén III bao
gom cac dinh ly quen thudc vé dudng tron,
cac dﬁ}’ cung va cac Tlép tuyén Quyéﬂ IV
tnnh bay nhimg lap ludn vé céc phép dung
hinh Pythagoras bang thuée ké va compa dé
dung céc da giac déu c6 3,4,5.6 va 15 canh.
Quyén V chu yéu trinh bay vé Iy thuyét ty 1¢
thitc ctia Eudoxus. Quyén VI ap dung Iy
thuyét d6 cho hinh hoc phing. O day ta tim
thay nhitng dinh ly co ban vé tam gidc dong
dang, cac phép dung thanh phan cua ty 1¢ thi
ba, thir tir va trung binh nhan, phép giai hinh
hoc cac phuong trinh bac hai.
Céc quyén VII, VIII, IX gom 102 ménh de
trinh bay vé 1y thuyét sé so cap. Quyén VII
bit dau bang mot qué trinh ma ngf:l}’ nay goi
1 thudt todn Euclid dé tim udc so chung lt::rn
nhat cia ha, sO tur nluen Qnyen VIII nbi vé
lién phan s6 va cac cap so nhén lién quan.
Mot s6 dinh 1y quan trong c0 thé tim thay
trong quyén IX nhu ménh dé IX.14 tuong
du:mg Vol D;nh Iy co ban cua so hoc, noi
ring méi s6 tw nhién lom hon 1 deu co fhe
biéu dién duy nht dudi dang tich ciia cde 50
nguyén 14 (theo thi tur tang dan). Phép chimg
minh ctia Euclid cho ménh dé 1X.20 n6i rang

SO o cap.

fies lécdamnguyenté!ﬂvﬂhﬂ" duge cde nha

toan hoc doi sau danh gia la mot mau muc
cua sur tao nha trong toan hoc.

Quyén X noi vé cie s6 vo ty, tirc la noi vé cac
doan thrﬁng vOo urde vol mot doan thfmg cho
trude nao do.

Ba quyén cudi cung X7, XII, XIII néi vé hinh
hoc khong gian. Cac dinh nghia, dinh 1y vé
dudng thang va mit phang trong khéng gian
va nhitng dinh ly vé hinh hop duogc dé cap
trong quyén XI, phuong phap gi¢i han giir
mot vai trd quan trong trong viéc xem xet thé
tich & quyén XII va cac phép dung ndi tiép 5
da dién déu trong hinh cau dugc trinh bay
trong quyén XIII.

3. GIA TRI CUA “NGUYEN LY”

Gia tri cia Nguyén Iy khong chi ¢ nhitng noi
dung toan hoc phong phu dugc trinh bay ma
con chinh & hink thire trinh bay. C6 thé néi
Nguyén Iy cua Euclid da tr¢ thanh nguyén
mau cuia hinh thirc toan hoc hién dai.

Thanh tuu to 16n nhat ctia Nguyén [y 1a da
tfrinh bay mot cach chat ché va trong sang
hinh thirc suy ludn theo kiéu tién dé cuia cic
nha toan hoc Hy Lap co6 dai. Hinh thirc suy
ludn nay da tac dong 1én nhing thé hé ké tiép
mdt 4n twong qua manh mé téi mirc cong
trinh ndy di tré thanh miu muc trong phép
chirng minh chat ché vé toan hoc. Mic dau &
céc thé ky XVII va XVIII, hinh thic suy ludn
dé bi lang quén song phwong phdp tién dé
ngay nay da thdm nhép vao hau hét cac linh
vuc cua toan hoc va cac nha toan hoc tin
tuémg rang: tu duy tién dé khong chi la te duy
toan hoc ma chinh la tir duy toan hoc.

Tuy nhién, phuong phép tién dé can dua vao
mot s6 diém xuét phat ndo d6 duge mic nhién
thira nhén 14 ding. Piy 1a han ché kho trdnh
khoi cua Nguyén Iy do tinh thoi dai ma Euclid
da song.

LE QUOC HAN
(GV Khoa Todn, DH Vinh, Nghé An) Suu tam
i, TOAN HOQC
S 453 (3-2015) ' CR
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