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TRUNG HOC €O SG
Mot da thire nhiéu bién ma céc bién c6 thé
hoén vi vong quanh hodc céc bién c6 vai tro
nhu nhau thi mét phuong phap hiéu qua khi
phén tich da thirc d6 thanh nhan tir 1a phuong
phap xét gia tri riéng.
Phuong phap x€t gia tri riéng nhu sau:
- Xac dinh dang nhén tir thuong la tong hoac
hiéu cua hai bién.
- Xéc dinh dang cua da thirc (dua theo bac va
tich cac nhan tir tim dugc). ;
- Chon céc gid tri riéng tlly y cua cac bicn (vi da
thirc d6 ding vai moi gia tri cua cac bién) sao
cho céc nhén tir khac 0 dé tim cdc hé so.
Thi du 1. Phan tich da thic
A=x"(y—- :}+.1':{: -X)+z°(x V) thanh
nhdn i,
A=y (y-2)+y*(z—=y)=0 nén A (x—y).
- Hodn vi vong quanh x —» y —>z —> x thi 4
khong d6inén Ai(y-z) va Ai(z - x).
-Do A va (x—y)Ny—z)z—x) cb cing bic 3
dbi voi cac bién nén A =k(x—y)y—z)z—x)
(vé&i k 14 hing sd).
-Chon x=0,y=1z=2 tadugc
0+12+4(-D)=k(-1)}(-D2=k=-1.
Viy A=—(x—-y)y—zNz—-x).
Thi du 2. Phdn tich da thiic
B=(x+y+z) —x’ =y =z thanh nhan t.
Léi giai. - Thay x=—y thi B=0 nén B(x+y).
- Céac bién x,y,z c6 vai trdo nhu nhau nén
B:(y+z) va Bi(z+x).
-Do Bva (x+ y)Ny+z)z+x) co cung bac 3
nén B = k(x+ y)y+z)(z +x) (v6i k 1a hing sd).
- Chon x=0,y=z=1 ta dugc 8-1-1=£k.1.2.1
= k=3 VayB=3(x+y)(y+2z)z+x).

PHAN TiCH BA THUC THANH NHAN TU/
BANG PHUONG PHAP XET GIA TRI RIENG

THAINHAT PHUQNG

(GV THCS Nguyén Vin Tréi, Cam Ranh, Khdnh Hoa)

Thi du 3. Phdn tich da thirc thanh nhdan ti:
('1=_r{“1-'--:}'1 F(z _1.'_|1 1 :.Ilr_t—}"]J -X =y =2 +4nz
Lai gidgi. - Thay x=y+z thi C=0 nén
Ci(x-y-2z).
- Céc bién x, y, z ¢6 vai trdo nhur nhau nén
C':.(y“z—x) va Cf(z—_r—y).
-DoCva (x—y-z)(y-z—x)(z—x-y) cb
cing bic 3 nén C=k(x-y-z)(y—z—x)(z—x-y)
(v6i k 1 hing s6).
-Chon x=0,y=1z=2 taduge
4+2-1-8=k(-3)(-1).1=k=-1.
Viy C=—{x~y~-z)(y—z—x)(z—x~y).
Thi du 4. Phdn tich da thirc
D=(x—y) +(y-z) + {2~ x)’ thanh nhén ni.
Léi gidgi. - Thay x=y thi D=0 nén Di(x-y).
- Hoan vi vong quanh x — y — z — x thi D
khong doi nén Di(y —z) va Di(z-x).
-Do D la da thirc bic 5 va ding cip dbi véi céc
bién nén D=(x—y)(y-z2)(z—x) {a(xz +y +22]
+b(xy + yz +2x) ] (v6i a, b 1a hiing s6).
-Chon x=2,y=1,z=0 tadugc
1+1-32=1.1(-2)(5a+2b)=>5a+2b =15 (1)
Chon x=1Ly=-1,z=0 ta dugc
32-1-1=2(-1)(-1)(2a-b)=2a-b=15 (2)
Tir(1)va(2)suyra a=5,b=-5. Viy
D=5{x—y]{y—z)(z—x][x2 +y +7 —J.y—_yz—n')
Thi du 5. Phdn tich da thirc thavh nhdn hi:
E=x+y +2' —0(x+y)-)z(y+z)—zx{z+x}-6pz
Loi gidi. - Thay x=-y—z thi E=0 nén
Ei(x+y+z).

(Xem tiép trang 4)
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EPEECN B AN
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@ Bai toin 1. Cho tam gidc ABC c6 diuing
tron ngoai tiép (O; R) va dudomg tron noi tiép
(I; r). Goi Ol =d, chiimg minh rdang:

& =R -2 (*)
Laoi gidi. Kéo dai Al cat
dudng tron (O; R) tai M,
ké duong kinh MN;
AB tiép xtic vai (I, r) |
tai K. Thé thi 31
AAKTen ANCM (g.g)

A IK
MN  MC

= /4- MC =IK - MN =2Ryr.

A _N

Mit khic, CIM = ICM| = nén

h( §EE*+;«IEI§]

ACMI can tai M vaMI = MC = IAIM = 2Ry,

Vi I nam trong dudng tron (O; R) nén theo
phuong tich ctia dudng tron ta ¢6 JAIM =R — &,
Tird6 suy ra R® —d* = 2Rrhay d° = R* - 2Rr. O
Loi binh:

- Hé thic (*) duoc goi la hé thirc Euler trong
tam gidc.

- Hé thitc Euler xédc dinh méi quan hé giita
khoing cdch cua hai tam v6i hai ban kinh
dudng tron ngoai ti€p va dudng tron ndi ti€p
trong mot tam gidc.

- M6t céu hoi rit ty nhién 1a: “Li¢u ¢6 mot hé
thitc Euler thit hai xdc dinh mdi quan hé gita
khodng cédch cia hai tim véi hai ban kinh
dudng tron ngoai ti€p va dudng tron bang ti€p
trong mot tam gidc hay khong?”

Tir ciu hoi nay ta di t6i Bai todn 2.

TOAN HOC
2 CTudilre S6 4522-2015)

. TUY TWONG VA EULER

NGO PUC MINH
(GV THCS Ngé Gia Tu, Hong Bang, Hdi Phong)

& Bai todn 2 ABC, goi (O; R),
(I; r) ldn lwor la dwong tron ngoai tiép, dueng

. Cho tam gidc

trdn bdang tiép goc A cua tam gidge va Ol = d.

Chutng minh rdang: " =R +2Rr.

Huong ddn. Tuong tu nhw cach goi cic diém
vt cach ching minh Bai todn 1, ta duoc
AAKI e ANCM (g.g) = IAMC = 2Ry,

180° — (4 +C)

ICM = MIC =
nén ACMI can tai M
vaMI =MC
= JAIM = 2Rr.
Do [ nidm ngoai dudng
tron (O; R) nén theo
phuong tich cua
dudmng tron ta co
IAIM=d -R.
Tir d6 suy ra & — R =2R&
hay d =R +2Rr.0
Loi binh:
Tu ¥ tudng cua Euler, phai chang c6 mot hé
thic xdc dinh méi quan hé gita khoang cich
cta hai tim va hai ban kinh dubng tron ngoai
ti€p va dudmg tron ndi tiép hay duong tron bang
ti€p trong mot tt gidc. Ta di tdi Bai todn 3.
@ Bai toan 3. Cho tii giac ABCD vita néi tiép
diome tron (O R), viia ngoai tiép ditong tron
(I: ) va Of = d. Chirng minh rang:
1 | i |

(i) E-a P
Loi giai.
e Trudc hét ta cdn nhéan biét dugc ddu hiéu cua
mot tir gide vira ¢6 duong tron ngoai tiép, vira
c6 dudng tron noi tiép.
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Mot tir gidc virta néi tiép duoc mét duomg tron
vita ngoai tiép dwoc mot duomg tron khdc khi
va chi khi tik gide do co tong hai géc doi dién
bang 180° va tong hai cap canh doi bang nhau.
DPiéy 1a diu hiéu quen thudc, viéc chitng minh
xin danh cho ban doc.

& Trdr lai bai todn.

Goi E, F 14n luot 14 giao diém cha A/ va CI véi
duong tron (O; R). Vi I 1a tam duong tron noi
tiép tf gidec ABCD nén E, F 1a diém chinh giita
clia hai cung BD bl nhau. Bdi vay, EF la
dudng kinh cta (O; R). Ap dung tinh chat
dutng trung tuyén vao AIEF, ta c6;

2 A
IE? + IF? 4 —
i A
7 1 ) Vel .EE‘;::':‘\*\B
=200° +—EF-~ . N\
I i) |I 1! II
. 3 f e
— +E(2R) |I | ) . I|
I'u l|lI." \ .I.'
=2(d” +R). e, -
Do / ndm trong D N
dudng trdn (O; Rynéen ~ —— — E

IA-IE=<IC-IF = R* -d*
(phuong tich cia dudmg tron).

) 1 1 AR +dH)

Xeét i = :

(R+d) (R=dyY (R°-d%)
1E? IF*? 1 1

= e === . 1
(I4IEY (ICIFY I IC* i

Goi M, N lan lugt 1a cdc tiép diém cua AB va

CD véi dudng tron (I; r). Pat BAD =2«

=AM =a; BCD=28=ICN=8 wi
@+ 3=90° Thé thi SinﬂrZ{E:L
4 I4

2 2

g IN r o0 ¥

— i sinff=—=—=sin" f=—r

7 i s

el
T A0 2 r2 ?_2

5 = sIn” a+cos af=—2+—2:l
IC A IC

ey (2)

i3
— 5N &=

1 1
=_fD

Tu(l)va (2 J >
gl (R+d? (R-dY

HAY BAT MUA TC THTT TAI BUU CUC GAN NH

Lot binh:
Nhur vay, moi quan hé gilta “d, R, r” dugc md
rong thanh cong tir mét tam gidc cho mét uy
gidc. Khong chi nhu vay, cong thitc (**) vin
con ding khi md rong cho “dudng tron bang
ti€p cua tf gidc”. (Ta hi€u dudng tron “bang
tiép” trong géc A cia ti gidc 16i ABCD la
duting tron nam trong géc A va tiép xic véi tat
ca cdc canh kéo dai cla nf gidc.)
@ Bai toan 4. Cho nr gide ABCD vira no
diiomg tron (O; R), viia bang tiép dueme tron (1 )
vt OF = d. Chiimg minh range: l — : -
(d+Ry (d—Ry

Hudng dan.

® TruGc hét ta cin nhéin biét duge dau hiéu clia
mot i gidc vira co dudng tron ngoai tiép, vira
co dudng tron bang tiép.

Mot tir gidc vica co duong tron ngoqi tiép, vira
co duomg tron bang tiép khi va chi khi tir gidc
dd ¢é tong hai géc doi dién bing 180° va hiéu
hai cdp canh déi bang nhau.

Ta sé chimg minh ddu hiéu #ir gide ¢6 duong
tron bang tiép khi va chi khi hiéu hai cdp
canh doi bang nhau.

¥

i

|

/

&
‘ gap
| i 3
/ \ _,_,_,-—""'_-_-'_ -~
_-'—"""_I,r'-_-’_’ _/".-.
Bfi N
/ \
/ s G'/-'/
r”l L
{ Ve C‘ 3
/ i '?‘-.\
/o g
o i o |
i - b - —
A D'D H

e Gia sir (I; ¥) 1a duwdmg tron bang tiép cua tir
gidc ABCD, tiép xtc véi céc canh kéo dai cia
tir gidc ABCD tai E, F, G, H nhu hinh v&. Theo
tinh chét hai tiép tuyén cit nhau, ta c6:

AB+BC = AB+BF —CF = AB+ BE—CF = AE—CF:

TOAN HOC
__* CTudilre 3
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7 AD+DC=AD+DG—(G=AD+DH-(G=AH—-(G

— AB+BC = AD+DC = AB—CD = AD— BC.
e Nguoc lai, gia st AB—CD = AD-BC. Goi
I 1 giao diém ctia phan gidc trong cia goc 4
va phin giidc ngoai cna goc B cua to giic
ABCD (hai phan giac nay cit nhau khi va chi
khi EAI # EBI <> BAD # EBC & AD, BC
khéng song song). Khi d6: [E = IF = [H=r (E,
F. H lan luot la chin duong vudng goc ha tir /
tGi AB, BC, AD).

Nhu vay dudmg tron (/; 7) tiép xtic voi AB, BC,
DA lan hwot tai E, F, H. Dung duémg thang qua
C tiép xiic (I; r) tai G' va cit AD tai D'. Khi d6
(%; ) la dudmg tron bang tiép tr gidc ABCD' nén:
AB—-CD'= AD'-BC <> AB+BC = AD'+D'C
< AD+ DC = AD'+ D'C

& AD'+ D'D+DC = AD'+ D'C (nhu hinh v&)
< D'D+DC=D'Ce D=D"

Viy (I; ) 12 duong tron bang tiép tr gidc ABCD.
o Tro lai Bai toan.

-------------------------------------------------

PHAN TICH PA THUC...

(Tiép theo trang 1)
-Dthdaﬁucmevadﬁ:mgcapvmwchlenmn
E=(x+y+2z)[a(x’ +y +2°)+b(xy+ yz +zx)]
(véi a, b 1a cac hing s6).

-Chon x=0,y=z=1 tadugc

1+1-2=22a+b)=>2a+b=0 (1)
Chon x=0,y=1,z=2 tadugc
14+8-6=3(5a+2b)= 5a+2b=1 (2)

Te()va(2)suyra a=1,b=-2. Vay
E=(x+y+2)[xX*+y +2° =2(xy + yz + zx)].
Dé nghi cic ban lam bai tip ap dung sau diy.
Phan tich cac da thirc sau thanh nhén tr:

1) xp(x—y)+yz(y —2) +2x(z - X)

X +y+2 30z

3) x(x+2y) - y(y+2x)°

4) (x+y+z)(xy+yz +2zx)—xyz

5) X' (y—-2)+y’ (z=x)+2'(x—y)

6) x+y+z) -x' -y -2

Bing phuong phdp chimg minh tuong tw, viéc
chitg minh bai todn xin danh cho ban doc, coi
nhu mot bai tp luyén tap.

Loi binh:

Bing cdch nam bit ¥ twong cua Euler, ta dd mo
rong dugc hé thic Euler trong tam giac cho tf
gidc. D6 14 mot trong nhimg con dudng phit
trién tr duy cha ngudi hoc todn. Mong cdc ban
cdc ban fim tdi vd phdt trién cho nhimg bai
todn khéc. Chic cic ban thanh cong.

-------------------------------------------------

7 *+y'+2 =2y +y*2°

8) x(y—z) +¥z—x) +z(x-y)’

9) x(P+z2)+p(2F +x")+z2(x* +y')+ 20z

10) x*(y-2z) +y'(z-x)+z'(x-y)

1) (x+y+2)° -4x*+y +2)—-12x2

12) x()? +2° +12)+ W2 +2 +z)+2( + +3)

13) (x+yXx+2)(y—2)+(¥+ 2}y +x)(z—x)
Hz+x)(z+y)x-p)

14) x(z+0(x—y)+ye(x+1Ny—z)+zdy+ifz—x)

15) (c+ )2 =)+ 42X =2 ) +Hz+3KE =)

16) ¥(z—)+V (x-2)+2'(y-x)+nz(nz-1)

17) x(y+z—xP +p(z+x—y)Y +z(x+y-2)
+(x+y—z)y+z—x)z+x—y)

18) .r(y+z)2(yuz) + Wz +2) (z—X)+2(x+ Wix—y)

19) ¥y (x— )+ 22 (y—2)+ 2°x* (2 = X)

20) AP +2IUL )+ +F)-20z—x ) =7

21) (x+y+2) —(x+y-2) ~(v+z—x) —(z+x-)).
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}Husng Adn gidi DE THIHOC SINH GIOI TOAN LGP 9 TP. HA NOI
NAM HOC 2013 - 2014

(Dé thi dang trén TH&TT s6 %51, thang I nam 20135}

Bai 1. 1) Tir gia thiét ta c6 Khi d6 P dat gi trj 1n nhit bing 28,
L R, P L T, SO thite xay ra khi (a; b; ¢) = (4; 2; 0) va
a b ¢ a+b+c ab  ela+b+c) cdc hoan vi ctia no.
& (a+b)b+c)c+a)=0 Bai 4. a) Taco IBM = IBC + EEHN
a+b=0;c=2014 ABC BAC A
=|b+c=0;a=2014. Vay M=;,m. = B B
c+a=0;b=2014 o eSS
2)Tach 20 ~6n+2=2n(n-3)+1]. Vin(n-3) _ ABC BAC
chin nén n(n-3)+1=2k+1 véik e Nu {~1}, 2 2

Suy ra IBM = BIM

= AIMB cin tai M. Tuong tir, AIMC cén tai M.

S Th kel il
MC M

Suy ra 527 92 _13=25%+ 1113 13. Vi vily
52!42—(7*14-1_12 nguyén té @52342—(131112_12:]3 o
e nn-3)+l=1<n=0 hoic n=3. b) Ta co sin

Bai2. 1) DK:x>— . Dit 1—1=yZxsLs21 (do MPL BC va MI= MC);
2 AMBN vuéng tai B, c6 MP.MN = MB* = MP

ta co 12—2x=2£;12—2::2x MP M : st
= (x—-Dx+N=0=>x=¢ (vix+1>0). :'E—W( ) = AMPlen (c.g.c)
| Ml IP
Suyra x—1=v2x+l & B o el 4 dy
{xz —4&- = 0 lm JIEV s
2) Tir PT thir nhit suy ra 4z—5=(x—»)> 20  Tir (1), (2) va (3) suy ra sin B; e % ;

:>zz§-, Tir PT thir hai suy ra (4z—5)(z—-1)<0 c¢) Tac6 AB+A4C=3BC

{B+ AC-B
5 ! f i__—C:BC
=1<z<—.Dodb6 z=—, suyra x=y=0. 2
i BooLl D ol R e
Bai 3. Do vai tro cua a, b, ¢ nhu nhau, gia sir ATIB EIRRp
a=max {a,b,c}, khi 46 2<a<4. Ta co AEPAMCP(zg)
a +b* +cz+(a+b+c)2 @+ +c2+36 suy ra ﬁ:-{i{:l
P= : - il B A3
2 2 — IE = 2MP.
g Goi F 14 trung diém cua /K,

a’+b*+c? =a’ +(b+c)* ~2bc<a® +(6-a)’  AMCP = AMIF (c.g.c) do

=25:2-]2H+36:2[(&—2)(&-—4)+]0]520. MC=M?;.E1}E=E}:4=.@}};W=IF=1IE
2

Suy ra a® +b” +¢” dat gia tri 16n nhét bing 20
azhazc,be=0

& (a-2Na-4)=0 «:::[
atb+c=6 Viy B, C, H, K cing thujc mot dudmg tron.

= IFM = MPC =90° = AIMK cén tai M
a=4b=2,c=0 = MK = MI Tuong ty, MH = MI. Suy ra
a=4b=0c=2" MB = MC = MH= MK = MI.
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Fa’é THI HOC SINH GIOI LOP 9 TINH HUNG YENJ
NAM HOC 2013 - 2014

Thai gian lam bai: 150 phit

: i a2
1. (1,5 diém) Cho x=—
( ) S 2 ﬁ+l

gi4 tri cia bidu thire 4 =(4x° +4x* —x* +1)" +

1\451

2014
3 2
5 4 3 = v
(V{'q'x +4x" —5x +5.,‘C+3) +(—“7*—-J
V2x"+2x

). (2,5 diém) 1) Tim céc sd nguyén x, y
thoa mén: 2xy+4x+2y+l>5x2 £ 297,
4 —yP =x+2y
5222 —82xp+21)7 =9
Ciau 3. (2,0 diém) 1) Cho parabol (P): y = —
va dudmg thang (d): y = ax + a — 2. Tim 50
nguyén a sao cho (d) cat (P) tai hai diém
phan biét 4, B thoa man AB = /5.

. Tinh

2) Giai h¢ phuong trinh: {

o, b,C:’D 2 A o
2) Cho , chimg minh rang:
a+2b+3cz10
3 I)Taco 5 -2 =lep 2T 2§ L.

.Vm x=2k+1 keN taco:
oF et agt-l L G50
+ Néu y < 2 thi PT v nghiém.
+Néu y =2 thix = 1 (thoa mén).
+Néu y>2 thi PT v6 nghiém vi VT:8 con VP £ 8,
e Véi x=2k keN taco 2¥ =(5* —1)(5F +1)

5 =

=% voia,beN;0<a<b,a+b=y
5t +1=2°

2% =242 _p=1.

+Néua>2thi 292" 9-1)14, vo li.

+Néua=1;a=0thi 5*=3;5* =2, v i

» Viay (x; y)=(1;2).

2) » Nhdn xér: Trong nhieu truong hop,

M, [M2M3M54M§ suy blpél'}. khéﬂg con la luc glélC

nén sau ddy ta thong nhat goi 1a da giac M,...M;.

» Goi O la tim cua lyc giac déu ABCDEF (ki

hiéu la &). Néu P = O thi da giac M;...Ms= 2,

ta co dpcm.

~ TOAN HQC
6 ‘Clsilre S3 452 (2-2015)

=20

a+b+c+_+i+lz§.
da 8b ¢ 2

Ciu 4. (3,0 diém) Cho tam gidc ABC nhon
(4B < AC) ¢6 céc dudng cao BD va CE cit
nhau tai H (D thudc canh AC, E thudc canh
AB). Goi I 14 trung diém cia canh BC. Cac
duomg trdn ngoai tiép tam giac BEI va tam
g1ac CDI cit nhau tai K (K khac I). Goi M la
giao diém cua DE va BC. Chimg minh ring:
l)CacdlemA E, H, K, D thudc mdt dudmg tron.
NA,K 1 thang hang.

3) MEC = MKC.

du 5. (1,0 diém) Cho 19 diém nidm trong hay
nﬁm trén canh cua mot luL gidc deu co canh
bang 4cm. Chimg minh ring ludn tbn tai hai
trong s6 19 diém da cho ma khoang cdch gilta

NGUYEN THANH GIANG
(GV THPT chiyén Hung Yén) gm‘l .rfu{:u

................. e ErsEBEERR AR AR R R R

« Néu P thude mét trong ba dudng chéo lén cuia
Z P # O thi P thudc mét trong sau doan OA,
OB, OC, OD, OE, OF. Gi sit P & OD, khi do
hai tia AP, DP lan lugt di qua dinh D, dinh 4
cua Fvataco M, =D, My =4. Con lai 4 tia,
cit nhidu nhat 4 canh cia & Nhur vy ton tai
it nhit hai canh AB, AF cia & khéng chia
cac diém M,, ..., M, Xét tam gidc cO mot
canh 14 AB va mdt canh 1a M.M; cua da giac
M,...M; gin AB nhit (M; = A), ta luén c6
M,BM, >90° = MyM;> AB = 1.
. Néu P khong thudc ba duong chéo 16m clia &
thi P ndm trong mot trong sau tam gidc déu ctia
Z'ma ba dudmg chéo 16m chia ra. Gia sit P nim
trong AODE. Nhu véy, ton tai it nhit canh 4B
ctia Zkhéng chira cac diém M, ..., Ms. Khi d6
M Ms ludn 1a mot canh cua da giac M,... M va
ABM:M; 1a tir gide luén ¢ ABM, > 90°;
BAM, >90° = MMs>AB = 1.

DUONG TU (Ha Noi) gidi thigu

https: //t|eulun hopto.org
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Chuan bi
\ cho ki thi

tdt nghiép THPT
| va thivao

Dai hoc

PHUONG PHAP BUA VE PHUOUNG TRINH,
BAT PHUUNG TRINH THUAN NHAT

PAO VAN CHANH
(GV THPT Trdn Qudc Tudn, Phii Yén)

hwong trinh thudn nhét bic hai ddi véi
cac an x, v la phuong trinh (PT) ¢é dang
ax’ +bxy+ey’ =0, trong 36 a,b,ceR 1a céc
hing so.
Cdch giai: Ta xét truomg hgp y=0 c6 phai la
nghiém hay khong. Néu y # 0, chia ca hai vé PT
cho y* ta c6 PT (co bic tbi da la 2) d6i voi

X

t=":at’ +bt+c=0. Giai PT nay, ta tinh dugc

¥
thurong s6 X Ciing c6 thé lam twong tw véi x.

Phurong trinh thuin nhat bac ba déi véi cac én x,
y 1a PT ¢6 dang ax’ +bx’y+cxy’ +dy’ =0,
trong d6 a,b,c,d € R 1a cac hing so.

Cach giai: Ta xét truomg hop y=0 co phai la
nghiém hay khéng. Néu y # 0, chia ca hai vé PT
cho 3* ta cé PT (c6 béc toi da la 3) ddi véi

;t A e u ¥’
t==—:at' +bt* +ct+d =0. Giai PT nay, ta tinh
y

dwoc thirong s6 2 . Ciing ¢6 thé 1am twong tir véi x.
}J

Bat phuong trinh (BPT) ¢6 dinh nghia va cich

gial fuong tu.

Diéu ding luu ¥ la cac PT va BPT dang nay
khéng dé cdp cu thé trong Sach gido khoa, nhat
la PT, BPT thudn nhat bde 3, cho nén da sé hoc
sinh sé rat ling ting khi gdp cde dang nay. Béi
viét néy nham gitip d@o hoc sinh bot ling ting khi
gdp cdc dang do trong cde ky thi tuyén sinh vao
Bai hoc, Cao Ddng.

OThi du 1. (Khéi A-2011). Giai hé phirong

, [5x°y—dxy” +3y = 2(x+ ) =0 (1)
trink. < i
' (2)

x(x® + ¥y )+2=(x+y)

Léi gigi. Tl PT (2), bang cach dwa vé
(xy—1)(x* + 3" =2)=0 dé dang suy ra xy=1

2 z 1 i
hoic x* +y* =2. Néu xy=1<> y=—, thay vio
X

(1), tadé thiy x* - 2x* +1=0< x=£1.
(Nhung dén diy néu x* + y* =2, hoc sinh nio
khong théy dugc rﬁng khi thay s6 2 trong PT (1)
boi x° + %, ta dugc phirong trinh thudn nhdt
bic 3 thi & rat kho khan cho viée gidi tiép theo).
Voi x> +y* =2, ,tacod

Do 5y -4 +37 = (2 + ) x+3)=0
Sx—4xy+50° -2y =0

3 2
@(EJ —4[i] SE Ly
04 o A
(do y=0=>x=0,khéng thoa man x* +)° =2)
hay £ -4 +5(-2=0 (véi 1=2)er=1
y

hodc r=2.

(Thuong thi ta hy vong sé giai dugc PT bac 3
biang may tinh, c6 nghiém tuong déi dep).

Néu t=le>x=yp, thay vao (1) ta cb
4y’ -4y =0& y=0;y = +1.

Néu r=2<x=2y, thay vao PT (1) ta cb

15y° —6y=0«:>y=0;y=ig.

Viéc két luan nghiém xin danh cho ban doc.
©Thi du 2. (Khdi B-2012). Gidi hdt phiweng
trinh x+14 \.rt --4.1ﬁ 2 3\.":.1',

Lai gidi.

PK: x>0,x* —4x+120.

PDita=x+1b=vx*-4x+1=>a"-b" =6x

= 3x= %(az ~b*).(a2520).

TOAN HOC
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Lic d6 BPT tré thanh
a+bz %(az—bz)c:-az—élab—Sb:iO(*}.

Néu h=0 = a=0= x=-1 (khong thoa man).
Néu b#0 thi BPT (*) tro thanh
x+1

Vxl—4x+1

£ 450 (vbi === > 0)

0«15
=X —4x+l2%{x+l)axe(—m;%]u[4;+w}.
Két hop vé6i DK ta c6 dap s6

S =[[};i:|u[4;+m], |

O Thi du 3. (Khéi A-2010). Gidi bt phirong trinh

Lai gigi. PK: x=20.
Nhan xét ring 2(x* —x+1)—1=2x" =2x+1>0
= J2(x* —x+1)>1,¥xeR nén miu s6 am.
Viéy BPT da cho twong dwong voi:

x=vx S1—y2(x* =x+1)

27 —x+1) <1-x+x.

Pit a=1-x,b=Jx = a* +b
Viéy BPT trén tré thanh

J2Aa: +b) <a+bo(a-bY <0 a=b
345
2

=x"—x+1.

Sdr=l-xex= (thoa méan BPT).
OThi dy 4. (Khéi D-2013). Giai phirong trinh
2log, x + log, {] - \,_1] = %lug 5 1\ 2% + 3]

Loi gigi. PK: x e(0;1). BPT tuong duong vai

2 ={x-2x+2)(1-x) o2 = 1-x) +2(1-Vx] .

Néu dit a=1-+/x >0 thi ta ¢6 PT thudin nhét

X' =ax+2a’ & (x-2a)(x+a)=0

¢:>x=2cz<:>x=2[l—uf;) & x=4-2.03.

OThidu 5. {Caoding 2011). Gidi phwong trinh
4 3 pri-zmd g2 g

TOAN HOC
* CTudilpe SS 452 2-2015)

HAY BAT MUA TC THTT TAI BUU CUC GAN NH

Huong dan. PK: x* -2x-32>0. BPT tuong
- o ¥ 12 2x-3
duong véi 4 -32°2

bt a=2",
BPT tré thanh

2
a® —3ab-4b* {Oﬁ[EJ —3[3]—4{0
b b
@%dd@x{2+\lx2 Lhycig

bay 1a BPT co bin ctia chuong trinh 16p 10, ban

age e

_44" 23 g,
p=2"""23 i 4>0,b>0 va

OThi du 6. (mu hé phuong H'hrh
J_\-" -3 -9x+22=y

P _2x+10y=0

+ 3_5-': -9y
| x* +35y
Hirdng din. Hé d cho tuong duong véi
(x=17 =12(x-D) = (y +1)’ —]2{y+l)
{[x 1) +5(y+1)" =6
Dit a=x—1,b=y+1 thi h¢ trén trd thanh
a —12a=b"-12b
{az +5b" =6 )
Taco a* -b* —12(a—b)=0
=a —b -2(a’ +5b°a—b)=0 (PT thudn
nhit bic 3) = @’ —2a’b+10ab® —9b* =0

S22 +10t-9=01=1 (vé‘ii=%},

Suy ra a =b. Viéc giai con lai danh cho ban doc.
@Thi du 7. Giai phirong trink

b ey

Vx=5(Vx—vx-5) =2.
Loi gidgi. PK: x=5.
Pat a=x, b=Vx-5,(a>b20).
—by =2 ~-by =2
T
a’ _52 =5 (@a-b)Y(a+b) =25
BEL L PR BT ST
S arky 25 B 5
Tir d6 tim duge céc nghiém cua PT di cho 1a

x=9,x=E.D
16

(Xem riéiv trang 27)

https: //t|eulun hopto.org
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HUGNG DAN GIAI DE 6 4

Cau 1. 1) Ban doc ty giai.

b)Taco y'= mx” + 2im—-2)x+m—1;

Y =0 mx* +2(m—2)x+m-1=0 (*)
Dé xpp < Xer thi m>0,

Ham s6 c6 hai diém cyc tri <> PT(*) c6 hai
nghiém phan biét <> A'=(m-2)> = m(m—1) >0

<:>4—3m>[)¢:>m¢§-.Khid6

; 2—m—J4—3m 2—m+4-3m
=Xy =y =X = .
m m
Taco x,«:a;.c:lc:sg—-mMc;l
m
(2m-2>0

4-3m<2m-24 5
14—3m<{2m—2)

[m>1
= 2
1411:- —Sm=0

Dadp s6: . <m< b .
4 3

5
M —,
4

Ciu2.PT = 2[ = %sin2 2x]—%sin 2x=0

\
<> 3sin” 2x +sin2x -4 =0,
Ddp s6: x = %+ kn (keZ).
Cau 3. Ham s0 f(x) lién tuc trén doan [0;4] va
b FYR e e

201+ xWxax+1

.,f"(r):l)«'::-\.f’; =E Sx=— 4,} 6{04} (dom=1).
m n

Tir bang bién thién suy ra

max )= £ | < +4

Theo gia thiét Vm? +4 <3 = m<+/5 .

Vz_‘ayl{:mc:v’rg.

23}
Ciu4.a) Taco {I: ——)
X

HAY BAT MUA TC THTT TAI BUU CUC GAN NH

8 8-k £ v
=Sl [-2] - Yot
k=0 * k=0

Hé s6 cilax” tuong tmg voi 16 — 3k =4 <> k=4,
Do d6 hé s6 can tim la Gi.(-2)* =1120.

b) THI: 1<a<b<c<d :Mbi cach chon ra 4
chir sb tir tap {1,2,..,9} cho ta ding mot sb
thoéa man. Trong truomg hgp niy ¢d Cy sb.
TH2: 1<a<b<ec=d: Mbi cach chon ra 3
chir s6 tix tap {],2,.“,9} cho ta diing mét s&
thoa man. Trong trudng hop nay co C; $0.
Viy c6 tat ca Cy +Cy =210 s thoa man.
Céu 5. PT mit phang (ABC):x+y+z—6=0.

Gor I(x;y;2) la tim dwuong tron ngoai tlép
AABC, ta co

Ie(4BC)  |x+y+z—-6=0 [x+y+z-6=0
IA=IB <{I4=IR EMp=z
M= H=IC ez
S x=y=z=2.Viy 1(2;2;2).
Cu 6.
A
B TR R c

Theo dinh li cosin trong tam giac ABC thi
AB=AC =a. Tacd

2
CI* = AI* + AC* - 2AI.AC.cos120° =%
= CI = “‘f. Do d6
2 2) _ 2
g AP ad)-c* 32 a8
4 16 4
suy ra SH = AH .tan 60° =
) TOAN H
Sé 452 (2-2015) s cruﬁgcé 9

https: //tleulun hopto.org



hittps:rwww. facebook com/letrungldenmath

https:/isites. google. com/site/letrungldenmath

1 TR
Taco S gpc = ABAC.sin120° = R :r.

a3

e

Gia str A_H'cét BC tai K. Goi A", H',I' lan lugt

14 hinh chiéu cua 4. H,I trén BC. Ta cé
d(A4:(SBC)) AK 44" _
d(H:(SBC)) HK R

= d(A;(SBC)) = 4d(H;(SBC)).

Goi E 1a hinh chiéu cia H trén SH' thi

HE 1 (SBC)= d(H;(SBC}) =

LE Ay 418 0 04

HE? HS® HH®'

1

HH = 4AA' — va tir

Ja
4\.‘@ ‘

suy ra HE =

33@

37

Viy d(A;(SBC)): 4HE =
Céu 7. (C) cotam [(1;2),
béan kinh R =3.

Taco 1M=\IE<:R nén
M nam trong duong tron (C).

Goi Hlahinhchiducial ANM H /7
wen ARVId B =i, 02FED,

Taco Sy = %IHAB = y9—¢ . Xét ham s0

F)=tN9-72; 0<t <42,
(U;\}E], suy

o 2?; >0, Vie
Vo -7

ra f(1) ddng bién trén (042 | = f(0 < F(N2).
Viy S, 16n nhét khi d(/;4)=1=+/2, lic
46 H = M. Khi @ A nhian IM 1a VTPT, suy
raA:x+y=5=0.

Cdu 8.Néu x,y cung duong thi

2x . 3 10

=—+ =4 >—.
¥ x ek

Ta co f'(t)=

x2+l vz+]
42

Tt PT(2) thi x, v khong thé cting m. Do do x, y

réi . PT(1) & e+ y+1)(22 + )2 —4xy) =0
Vi x,y trai ddu nén 2x* +y* —4xy>0,suyra

TOAN HOC
10 * Susitre S8 4522-2015)
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3,03
: x+y -1 10
x+y+1=0.Khidé (2)@.*—“1—':—
xy 3
o3 +y°)-3=10xy < xy =—6.
Hé cd hai nghiém (x; ) 1a (25 =3); (-3; 2).
Ciu 9. Khong mét tinh tong quat, gia sit 0 < a
<b<ec Pitx=b—a,y=c—bthix>0,y=0.
Taco
2 it i S | 1
P:[az +a+x) Ha+x+y) ] —+— - _
' 2P ()

l‘:[f +(x+y}1][x%+}%+ 1 2}

(x+v)

2

) ol BT
'y (x+y)

Ding thirc trong (1) xay ra <> a = 0.

(21 +2xy+y°

Taco (2x +2xy+ ¥ ]M

2y (x+y) ,
el ]
516+

i \1: p ’ .
Bétr=FJ +2,6>0 tathdy PEM-
1 ¥y
Rl ah f{r}:u—H:_”gb;U,re(O;m)_
1+J_

Tacéd f(H)=0<

Lip bang bién thién ta dm;ic

1+~£‘J_u+5\6
2

_f(:}zf( 3 .Dodd P>

Ding thirc xay ra khi 7 = “;g

x SIS o ips

y” 2

11+5{5
e

.Suyra
11+55
e

LE XUAN DAI
(GV THPT chuyén Vinh Phiic)
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THU SUC TRUOC Ki THI
DESOS
(Thoi gian lam bai: 180 phiif)

Cau 1 (2 diém). Cho him s6 y=x* —2mx? +1.
1) Khéo sat va vé dd thi ham sé khi m = 1.

2) Tim m dé ham sb c6 ba cye tri dong thdi ba
diém cye trj cua dd thi ham sé tao thanh mét tam

gidc ¢6 dién tich bing 4+/2.

1
Céu 2 (1 diém). Tinh tich phan / = [

%
dx

g V2x+1
Céu 3 (1 diém). Cho hai sb phic z,, z, thoa
man |z|=2, |2,| =5, |z ~z|=4. Hiy tinh |z, + z,|.
Ciéu 4 (1 diem). Trong khéng gian vdi hé truc
topa d§ Oxyz, cho hai diém A(-2; 2: 0),
B(~1; 1; —1) vi mat phing () c6 phuong trinh
2x + 2y -z + 2 = 0. Hay viét phuong trinh mt
phﬁng (Q) chita AB, vudng goc vai (P) va viét

phuong trinh mit cau (S) ¢ tim B tiép xtic véi (P).
Ciu 5 (1 diém). Giai phuong trinh:

33 =5 +4/3° +5=23Y9* _25 x e R).

Céu 6 (1 dicm). Cho hinh chép SABCD c6 day
ABCD 14 hinh vuéng canh a. Hinh chiéu vuéng

CHAO XN AT M)

(Bai xudng)

Dén At Mui sang, rudc Ioc vé
Sudng vui nao sdnh khoé bang Dé
Tai ndng hién hiu nhe lao déng
Tri tué - tuong lai boi luyén nghé

Nhiéu ban, chan hoa ai cdng quy
Ldm tién, di biét khéi ngudi ché
Niém tin kh6i phé mimg xudn méi
56ng dep, séng vui git dung Ié

PAOTAM
{Khoa Todn, £H Vinh)
Chui thich:

gbc cua S 1én mat day 1a diém 7 thudc AB sao
cho BI = 241 Géc gitra mat bén (SCD) va miit
phing déy bang 60°. Tinh thé tich khéi chop
S.ABCD va khoang céch giita hai duong thing
AD va SC theo a.

Cau 7 (1 diem). Trong mat toa do Oxy, cho tam
gidc ABC vudng cin tai A, canh BC cb phuong
trinh x + 3y -3 = 0. Céc diém I(3; 1), J{4 3) lan
Iegt ndm trén cac duong thing AB va AC. Tim
toa d6 cdc dinh ctia tam gidc ABC biét ring dinh
A ¢ hoanh @6 nho hon 3.

Ciéu 8 (1 diem). Giai hé phurong trinh;

8x° +2y=y+35x+2
(3x+\(1+9x )(}:+Jl+_y2)=l

Céu 9 (1 diem). Cho x, y, z 1a ba sb thye duong
thoa min xyz > 1 va z < 1. Tim gi4 trj nho nhét

(x,yeR).

e
cta bidu thioe M=—> 4+ 4 4=z -
1+y 1+x 3(l+xy)

NGUYEN QUANG THI

(GV THPT Bao Lie, Lam Déng)

SIAC SAN 2UE AU ONG

{Bai hoa)

Béic sdn qué t6i ", ban cé vé
Dung quén cdc mon ndu ti' dé.
Khdch hang ta xir ét sanh soi
Bau bép nai ddy qua thao nghé.

Xao - nudng, thom liing khéng ké ngdn
Ldu - hdm, ngot lim chéng ai ché.

Chén say téi ngudng, xin diing budc
Hdy nhé cdu ca “ddt c6 18" 2.

'NGUYEN KHAC PHI
(NXBGD Viét Nam)

(1) Tac gia qué & huyén Huong Son, tinh Ha Tinh, dia phwong ¢6 mén dic san thit dé vao loai ngon bac nhit ca mrde.

(2) Rit tir cau tuc ngir "Dt cé Ié, qué co thoi",

TOAN HOC

° Clugilre 11
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_._A

GIGI HAN CUA MOT DAY SO
DANG TRUNG BINH VA UNG DUNG

vO QUOC BA CAN (Ha Noi)

rong bai viét nay, chimg t6i sé trinh bay két qua tong quat cho mét bai todn gici han cua day so
dang trung binh va cdc img dung cua né trong cdce bai toan tinh gidi han day so.

1. Loi ddn
Trong qua trinh tw hoc va rén luyén, chic han
nhiéu ban da duoc lam quen vai bai todn sau:

Bai 1. Cho day sé (u,) bi chdn dwdi va thoa
U,

!J+

L Ym=1,3.,

man u,, , <
Chitng minh rang day (u,) hoi ty.

Dédy 1a mét bai toan thu vi dic trung cho
phuong phap sur dung day phu (day sd max-
min) dé tim gii han day sb. Tuy nhién, néu
chi dimg lai & day thi ta chua thé thdy hét
dwoc nét dic sic cia no.

Mbt bai todn hay s& cang hay hon néu ta (mg
dung dugc no cho cac bai toan khac. Nhung vi
bai toan 1 qua cu the (giéng nhu mot tru{mg
hop riéng) nén muén 1am duoc didu nay, ta
can md rong bai toan hon nira. Cy thé, ta hay
thir thém nhiéu s6 hang hon thay vi chi co

el
VA uy, ddng thoi hay thir thay cac hé sb —,—

22

bang cac s6 khac xem sao?

Két qua thu dwoc thit bit ngod! Sir dung
phuong phap day phu max-min, ta chimg minh
dugc két qua tong quat cho bai todn 1 nhu sau:
Bai 2 (Tong quat hoa cua bai 1). Cho k la mot
56 nguvén dwong va oy, 0,..., 0 la cdc 56
thuc dwong co .fri'ng bang 1. Xeét day 56 (1) bi
chdn dwdi théa mdn tinh char:

Upep < Oyl + Qlpe) + ..+ Oyt

vai moi n e N*_ Chirng minh r.f.:rng (1) hoi tu.
2. Lo giai bai toan tong quat

Dit A, = max {uy, tp+1,. .., Upik-1}-

Khi d6, dé thay day (4,,) ciing bi chiin duéi v
Ap 2 Oy + oty + ...

TOAN HOC
12 ¥ crugitpe S8 4s22-2015)
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vaimoin =1, 2,... Do viy

A, = max {um Upt1se s Ut 15 H!H'k}
2 MAX | Uypt15e - o Utk Untk) = Ayl
Két qua nay cho thay (4,) la day glam va bi
chan dudi. Va nhu thé, n6 hoi tu vé mot hang

s6 A nao do. Theo tinh chét gidi han cua day
s, voi mdi & > 0, thn tai mot s6 tu nhién ny da
l6m dé: A —e<A,<A+g, ¥n=n. (1)
Ta s& chimg minh day (,) ciing hdi tu vé 4.
Tr(l),suyrau,<4,<4+eg Ynzn

— 2—a,
Pat K=max{2 e % ] Ta chimng
minhu,>A4—-Ke, Vnznm+ k- 1. (2)

Néu u, > 4 — ¢ thi BDT (2) hién nhién ding do
K>1.Giastcosdbnzm+k—1mau,<4-c
Khi doé, trong cac SO Uys 1.y Uprk1 phai co it
nhét mot s6 16n hon 4 — & (do (1)). Goi s6 do
12 ttyyepy. Khi d6, v6i chi ¥ tang n + m —k = g,
200 Moinih oiis M) = A 4 2. Suyra
k

Upim = Z

i=1izk+1-m

Ol ki + Olpsimbly

< (1 = O 1-m)(A + €) + Opey j—mtty. Tl A0

m _U L * 7 - ]{A +S_:'_

n
U, >

l:"'JHI—m
A-e-(1-0p_, )(d+e)

Clpsl-m
Nhu vdy, BDT (2) luén duge thoa man von
moin=2n =nytk—1. Suyra
A-Ke<u,<A+e<A+Ke, Vnzn.

https: //tleulun hopto.org
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bit ¢ = Ke, BDT trén ¢6 thé dugc viét lai
thinh 4 — &' <u, < A4 + ¢, hay |L|r,.I - A ] ek
Vn = ny. St dung dinh nghia gidi han, suy ra
day (u,) cting héi tu vé 4. Bai toan duoc
chimg minh.

Nhdn xét. Mot trong nhitng mﬁju C!’lét cua bai
toan 1a danh gia BDT (*). Co thé thay ring néu
day (u,) bi chan dudi boi 0 thi ta c6 thé thay
do6i gia thiét thanh o + ap + ... + ag < 1. Lic
nay, BPT (*) vﬁn’dl’mg. Do d6, cac 1y ludn van
duoge dam bao. Ket qua bai todn va 101 gidi trén
vian gilt duoc tinh dang dian. Ngoai ra, dé thay
ring lic nay lim u, = 0.

Déy la mét chu y quan trong dé ta co thé (mg

dung két qua bai toan tong quat cho cac bai
toan phia sau.

Ngoai ra, ciing cén chu ¥ ring két qua bai
todn s& khéng con ding néu thay gia Ithiét o
duong thanh khéng dm. Thét vay, chiang han
ta c6 thé xét truomg hop k=2 vao; =1, a3 =0,

. Fi ¥ - *
Khi d6, (u,,) thoa man u,.» £ u,, Vvne N .

F s & \ -
Lic nay, néu chontp, =1 vam,_1 =2, Vne N

thi ddy nay phan ky.
3. Mét s6 bai toan tmg dung
Bai 3, Xeér day (u,) dupc xdc dinh boi uy = 1y = 1

2u,., +u,

PG
5

, Vne N*,

va i
Chirmg minh rfing day (uy) co gici han hiru
han va tim gici han do.

Lai gidi. Tir gia thiét, d& thdy u,, > 0, Vn e N .

Do do, sir dung két qua bai toan tong quat 2
trong truong hop: day bi chan dudi boi 0, k=2,

1 e
o =§, Oy :; va o) + aa < 1, ta thu duge
lim u,, = 0 (theo nhan xét trén). O3

Bai 4. Cho a’a) (u,,) thoa man uy, 1, 113 € (0, 1)

nq-l-h'

va U, 4 = , WneN. Timlim Uy,

Lo gidi, Tir gia thiét, dé thiy 0 <, < 1, Vn e N,

Sir dung két qua nay, ta thu duoc

Uy B i, Uy i Uanl tu

= VneN.
3 3

Dén day, sir dyng két qua bai toén 2 trong fruomg

I“n+3 =

hop: day bi chan dwoi, k=3, o, =0, =0, =—

3
va oy + oy + az = 1, ta dé thiy u, hoi tu. Dat
lim u, = A, thi 0 < 4 < 1. Chuyén phuong
trinh sai phin ¢ dé bai sang gidi han, ta

duoc A-%Az Tr ddo 4 =0 (do 4 < 1)

= limu,=0.0
Bai 5. Cho diy s6 duong (u,) thod madn

ik -1.2
U g =oJU, +8. 4, YR=1,2

Chitng minh rang day (u,) co gidi han hitu
han va tim gioi han do.
Loi gidgi. Trude heét, ta chimg minh ring ton tai

50 tur nhién g dé u, 1. Thét vy, gia sir u, < 1

vOimoin N". Khi do, tir cong thirc cna day,

*
U, +it, ., =u, <1, vne N.Suyr

&
Uy 3 =\JUy, +y 2 >U, +U, 5, >U,.,, VneEN .

Diéu nay chimg to (u,) la day ting ké tir sd
hang thir ba trd di. Day (u,) ting va bi chin
trén boi 1 nén ton tai limw, = A v6i0<A4 < 1.
Tuy nhién, khi chuyén phuong trinh & @& bai
sang gidi han, ta lai thu duoc A =0 holic 4 =2
déu khéng thea man 0 < A4 < 1.

ta co

. . #
Nhu vdy, phai ton tai np € N sao cho u, 21.
Khi d6, dé thay w, ,3.u, 4.4, ,s>1. Do ta

can tim gi6i han ctia ddy (u,) nén khong mét
tinh tong quat, c6 thé xem nhu day dugc bat
déau tir ba s6 hang nay tr¢ di. Nghia 1a c6 thé
gia sur uy, Uy, 3 > 1.

Dén day, lai sir dung cong thirc truy hdi cua
day, suy rau, =1, Vn N Tir do, ta co

|tz -2 = |,||'u +u,, 2|

}u +u,,

U, T, —|-2

H
9’3%&% 13
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]u,, —2t+&u”+2 - 2[

=
< ,Ynel.
‘.
L]
Pit v, = |u,—2|. Khidé, tacd v, 20,Vne N
. v, +V 1 1
va v B2 gy =V = Vs

sl Wi

Str dung két qua bai toan tong quét 2 trong

truong hop: day bi chin dwdi boi 0, k =3
I 1 1

o =—, Oty =—, O, =— vada;+tozx+oaz<l,

PL¥ h, Bk o

ta thu dugc lim v, = 0. Tir d6 limu,, =2. 0

Bai 6 (Chon Dg§i tuyén TP. Ha Noi, 2013).

Cho day s6 (u,) thoa man uy, uy € (0, 1) va
| 5 4

U, »=—t,.  +—3Ju, , In=1,2

1+ . | ::"\, [

Chirng minh rang dav s6 (u,) ¢ gidi han hitu

han va tim gici han do.

Loi gidi. T cong thic truy hoi cua day (u,,),
- *

dédangsuyra0<u,<1,Vne N .

Sir dung BBT AM-GM, ta ¢6

0y
1 3 4 o 4 I

E 5
g”n+1 +g\u'3 uy, = un+]'(3\}un] HH+1HJIE :

4
Trdd u,., 2 u,”lun , Vne N

Ldy logarith nepe hai vé va dat v, = —In u,, ta

CO Vs S VneN .

T

Do 0 < u, <1 nén v, >0, Vn e N. Tir day,
sir dung két qua bai toan téng quat 2 trong
truong hop: day bi chan dwoi boi 0, k = 2,

3 4

o, =—, IIZ:E va {11+(I.2-=E{1-, co

limv,=0=limu,=1.0
Bai 7 (Truomg Péng TH mién Nam, 2013).

Cho day so thuc (a,,) dwgc xac dinh boi

] 2
ady = —, 04 = —
3 7
L. i “, v
”.'.'—l i == Vi = 3
2 3 6
TOAN HOC
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Chiing minh rang day (a,) c6 gici han hitu
han va tim gici han do.
L] 57w 5 * - £ A
Loi giai. T gia thiét, dé thay 0 < a, < 1,
* ¥
VneN.Ditv,=1-a,taco

b
l—ﬂn+1 1-&"

s i
1_""’Ia‘.|'+2 Y 3 e

, suy ra

1 l+a 1 1

e R e bt
2 1 +1
n+ 3 n+ 6 n P’]' 3

Do %% <1 v (v,) bi chiin dudi béi 0 nén theo

két qué bai toan tong quat 2, ta chimg minh
duge limv,=0. Tk dosuyralima,= 1.0

Bai 8 (Chon Ddi tuyén TP. H6 Chi Minh,
2014). Cho day s6 (x,,) thoa mén x; =1, x> =2014

AL i ; g o)
V@ Xy = N ke TH= 1,20

Chimg minh rang day (x,) cé gioi han hitu

han va tim gioi han do.

Loi gigi. Tir gia thiét, ta dé thay x, 2 1,
~ s . ok :

Vn € N, Lay logarith nepe hai vé PT sai

phan & dé bai r6i dit v, = In wy, ta ¢6 v; = 0,

BT et

*
n+d = n+l+§vn' VneN.

Sir dung két qua bai toan tong quat 2 trong

truedmg hop: day bi chan duwoi, k=2, o, = &

= =% Vi o+, =1, tacd (vy) hi ty. Mat

khéc, ta dé thiy
= g Vg

L %m 2014. Véi két

3vpsa + Vit ! =30

Do d6 limv, =

3
qua nay, ta tim dugc limx, =20144. O

Bai 9 (Romaman TST, 2004). Tim 1t ca cde

- _* ; ‘.
donanh N — N thoa man
IR ol B L
flfin))< N E YnelN.

Léi gigi. Co dinh n va dat

https: //t|eulun hopto.org
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g =1, thy = fou() = K. fin)....) (m an f).
Tir gia thiét, ta chimg minh bang quy nap

Uy + Uy

duoc ring: u,,, < , Vm e N.

Ngodi ra, d& thay day (un) bi chan dudi bai 1
nén theo két qua bai toan 2, day nay héi ty va
¢6 gidi han la A. Tu do, theo dinh nghia gioi

5 1 o i
han, véi moi O <& <§, ton tai mp € N du

S
I6m sao cho 11;,,,—A| <g, Vme N, m2zmy.

Tir 86 |u " A\ /I‘<Za<l.

my+l gy
Vi

n._-,*i

u la sb tu nhién nén tr BDT

mp+H ™ ¥

trén, ta suy ra |u

|=U, thc la

my+1 ~ Um
oy (£ ().

Mt khac, do /don édnh nén d& thiy e (n)
ciing 1a don anh. Tir ddy két hop véi dang

Hm, i m +1 <:>jm {ﬂ)

thirc trén, ta suy ra f{n) = n voi mdi n e N
Thir lai, ta d& thiy ham sé fin) =n, Yn e N'

théa man yéu cau bai toan. 0

Bai 10 (Chon Dai tuyén Bac Ninh, 2014). Day
e : ! g .
(x,) duoe xde dinh boi x, =—, %, =— va
L ME T
X2 =% +3X,. Yo € N . Tim lim x,,.

Léi gidgi. Tt gia thiét, ta d& dang chimg minh
dugc x, > 1, Y 2 3. Goi @ > 1 la nghiém
dwong duy nhit ciia PT a* = a + 1. Khi d6

HJT i, -a :

*| [od’=a’+a)

=|E\.,'IH T + %j'lxu "—("r ‘(‘\I _0314_‘3\]"‘:!1 —az‘
¥ 1{‘”_‘_1 {]‘ | T - |
| +a’ 1( +a*3¥x, +a’
E—-|x,,_L1—a6.+—xn -aﬁ|, Ynz3.
2
L
Pit v, =|x, —af’l, tacov,20,Vne N va

1

Vns2 = EVHH +

V., ¥n23.

HAY BAT MUA TC THTT TAI BU’U CUC GAN NH

Str dung két qua bai toan 2 trong trudng

SoRe b i B O, =

1 -l et
Oy =3 oy +0, <1, ta co lim v, = 0. T do
suy ra lim x,, = a0
Bai 11 (Viét Nam TST. 1990). Cho bén so
thue duong a, b, A, B. Xét day s6 thuc (x,)
dinh :‘J{ﬁ Xy = a, X2 b va:

dwoge xdc

¥u=1,2

X5 = I\;‘ X0y + B\fx”,

Chirng minh ra?ng day (x,) co gidgi han hitu
han va tim gioi han do.
Léi gidgi. Bé cho cac 1y ludn va bién dm dugc

thufn tién, ta dit x, = (4 + B} u, va
= a S e .Khidotacoa+p=1
A+ B A+B

Va U, 5 :a«.}JHﬁH +P3ul, Wne N

Pat M = min{uy, uy, 1}. Ta s& chimg minh
Xp2M,¥neN .

Ta ching minh bang quy nap theo n. D& thay

khing dinh ding véi n = 1, 2. Gia sir khang
dinh dung véi n = k (k = 2). Khi do, theo gia

g 2 3 2
thiet quy nap, faco Uyn = (13 2 SR +'5-\3|| u,

}a:h' 2_!_)33 E_jll 2}M
Do d6, khiang dinh ciing dang voi n =k + 1.
Theo nguyén ly quy nap, ta co khing dinh
ding voi moi n. Bay gid, dat v, = |u, — 1], taco

2 — 1| - al%ﬁuiﬂ —1‘ +,{i’l%iu§ ~1

a1, +1) un41—1| ﬂ(un+1)‘un—l|
T ) T g
H?l'+| +u3+l +1 3'I.EH +un 1+1
" a(tyy + ity — 1| > B, +1)u,, —1|.
e+l 2u, +1

1 2 o 2 oo x
Do filt)= zH : nghich bién trén R nén ta dé
r+

+1 s

théy: ll‘”+1+l,u” < ) <1, vneN.
20, o+ 20+ 2M 4]

(Xem tiép trang 27)

TOAN HOC
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CAC LOP THCS

Bai T1/452 (Lép 6). Cho x, y 1a cac sé tu
nhién khéc 0, tim gia tri nho nhét cua biéu thirc
4=[36" -5’

: ~ HA VAN NHAN
(GV THCS Hoang Xudn, Hoang Hoa, Thanh Hoa)
Bai T2/452 (Lép 7). Goi O la trung diém cia
doan thing AB. Trén mdt nira mat phing bd
AB, v& hai tia Ox, Oy vudng goc vai nhau. Trén
Ox, Oy lan luot iy hai diém M, N khéng tring
v6i O. Ching minh ring: AM + BN > MN .

CAO NGOC TOAN
(GV THPT Tam Giang, Phong Dién, Thira Thién — Hug¢)

Bai T3/452. Giai hé bat phwong trinh

2«.,'.1"2 —.ch+y2 < If.vc+y)2
J1=(x+p)* =1=x

LAI QUANG THO
(Phong GD&DT Tam Duong, Vinh Phiic)

Bai T4/452. Cho tam giac ABC cén tai A, ndi
tiép duong tron (0), 4K 1a duong kinh, 7 1a
diém bit ki trén cung nho AB (I khic 4, B). KI
cit canh BC tai M. Puong trung truc cua M/
cit cac canh 4B, AC thir tu tai D, E. N la trung
diém cta DE. Chirng minh ring ba diém A, M,
N thing hang.

BUI VAN CHI
(GV THCS Lé Lai, TP. Quy Nhom, Binh Dink)

Bai T5/452. Tim s6 nguyén m dé phuong trinh
X +m+Dx? —Cm-Dx—2m* +m+4)=0
¢6 nghiém nguyén.

BUI HAI QUANG
(GV THCS Van Lang, TP. Viét Tri, Phii Tho)

TOAN H
16 @ crufng-co S3§ 452 (2-2015)

CAC LOP THPT
Bai T6/452. Cho ba s6 khong dm a, b, c.
Chimg minh ting

(a+be)? +(b+ca) +(c+ab)

> J2(a +b)b+c)c+a).

LE VIET AN

(SV Ldp Todan 28, DHSP Hué)

Bai T7/452. Cho tam gidc ABC cén tai A,

ndi tiép dudng tron (0). D la trung diém

AB, tia CD cit dudmg tron () tai E. Ké

CF//AE v&i F thude (0), tia EF cat AC tai

(. Chimg minh ring BG la tiép tuyén cta
duong tron (O).

PHAN VAN NAM
(GV THPT chuyén DHSP Hi Noi)

Bai T8/452. Hay xéc dinh gid tri nho nhat cia
ham sb

f(x)=+fsinx+tanx + Jeosx +cotx .

PHAM VAN THUAN (Ha Néi)

TIEN TOI OLYMPIC TOAN

Bai T9/452. Trén mat phing toa do Oxy, xét
tip hop M cic diém c6 toa d (x; ¥) vdi
x,yeN va x<12,y<12. Mdi diém trong
M dugc t6 bdi mét trong ba mau: mau do, mau
triing hofic mau xanh. Chirng minh réng ton tai
mdt hinh chit nhit cé cic canh song song voi
céc truc toa d6 ma tat ca céc dinh cua nd thude
M va duge t6 cling mau.
~ TRUONG QUANG AN
(GV THCS Nghia Thang, Tu Nehia, Qudang Negdi)
Bai T10/452. Xac dinh s nguyén duong ¢ nho
nhét sao cho ton tai 7 s6 nguyén x;, x,, ..., X,

thoa man
4 L O
X =2+%—e (=1 = 206571,

TRAN VAN MINH CHIEN
(GV THPT chuvén Nguvén Hué, Ha Néi)

htt)gf:_/l/_tieijlun.hopto.org
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Bai T11/452. Cho a la s6 nguyén duong va
day s6 (x,) xacdinh boi x, =1 va

Xpy = \/x,:: +2ax, +2a+1

—\/x,‘:‘ ~2ax, +2a+1,VneN .

Xdc dinh a dé day sb (x, ) ¢6 gidi han hir han.

NGUYEN LAI

(GV THPT chuyén Lieong Vén Chdnh,

Tuy Hoa, Phi Yén)

Bai T12/452. Cho tam giac ABC. Pudng

thang A khong di qua 4, B, C cit BC, CA, AB

thir tyr tai A, B,,C,. A,, A theo thir tir 1a diém

ddi ximg cia 4, qua AB, AC. A, i trung diém

cia A4,4,. Cic diém B,, C,dugc xac dinh

twong ty nhu diém A4 . Chimg minh ring céc
B, ,C, thiing hang.

BAO THANH OAl
{ THPT Nguyén Du, Thai Binh)

diém A4

ar

CAC PE VAT LI

Bai 1.1/452. Mot xylanh dat thing ding, dau
dudi chim trong nurde, dau trén thdng véi khi
quyén. Trong xylanh c6 mét pittong dit nidm
trén mat nude. Kéo chdm pitténg 1én dé cao
H = 15m. Tim céng kéo pittdng. Cho dién tich
pittong 1a S = ldm’ ép sudt khi quyén
po=10° Pa. Bo qua khdi hrgng pitténg.
NGUYEN XUAN QUANG
(GV THPT chuyén Ha Ngi - Amsterdam)
Bai L2/452. Cho doan mach dién xoay chiéu
g6m dién tr¢y thuédn R, cudén cdm thuén c6 do nr
cam L va tu dién c6 dién dung C mac noi tiép.
Trong dé cic dai luong (R, C, m) khong ddi
con L thay déi dugc. Biét rang khi L = L, va
L = L, thi thdy dién dp giita hai ddu cudn cam
thuén U/, déu nhu nhau. Xac dinh L theo L, va
L, dé dién 4p hai ddu cuén cam dat cuc dai.
VIET CUONG (Ha Noi)

PROBLEMS IN THIS ISSUE

FOR SECONDARY SCHOOL
Problem T1/452 (For 6™ grade). Let x, y be
positive natural numbers, Find the minimum

value of the expression 4 =|[36" —5" | ;

Problem T2/452 (For 7™ grade). Let O be
the midpoint of the interval 4B. On a half
plane determined by the lines through AB,
draw two rays Ox, Oy which are perpendicular
to each other. On Ox, Oy, respectively choose
two points M, N which are different from O.
Prove that AM + BN = MN .

Problem T3/452. Solve the following system
of inequalities

2\Lx2 —xyiry2 £I{Jc+y}2
JI=(x+y) =1-x

Problem T4/452. Given a triangle ABC which
is isosceles at A4 and is inscribed in a circle (O).
Let AK be a diameter. Let 7 be any point on the
minor arc AB (I is different from 4 and B). KI
intersects BC at M. The perpendicular bisector
of MI intersects the sides 4B, AC respectively
at D, E. Let N be the midpoint of DE. Prove
that 4, M and N are collinear,

Problem T5/452. Find integers m so that the
following equation

X (m+1)2 - 2m—Dx—Q2m? +m+4)=0
has integral solutions.
FOR HIGHSCHOOL

Problem T6/452. Suppose that a, b, ¢ are
three non-negative numbers. Prove that

(a+bc) +(b+ca)’ +(c+ ab)®
>\2(a+b)(b+c)c+a).
(Xem tiép trang 26)

TOAN HOC
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Bai T1/448 (L6p 6). Cho m, n la hai s6
nguvén dwong thoa man diéu kign 3" +5"
chia J'n;:r cho 8. Chimg minh rang 3" +5" ciing
chia het cho 8.
Loi gidi. Nhn xét. * V6i u, v 1a céc s6 nguyén
tiy v thi tich hai s0 (8u« + 1)(8v + 1)
= 8(8uv + u + v) + 1 1256 chia cho 8 du 1.
* Véis = 2r 1a s nguyén chan thi 3° chia cho
8 du 1 va 5° chia cho 8 du 1.
Thue vay, 3 =37 =9 =(8.1+1) =8k+ 1va
5'=5"=25"=(83+1)=8h+1,trong do k,
h 1a cac s0 nguyén.
e Véir = 2r+ 1 1a s6 nguyén 1¢ thi 3' chia cho
8 du 3 va 5’ chia cho 8 du 5.
Thue vay, 3' = 3% =337 =38k +1)
=83k+3=8p+3vas =5"""=55"
= 5(8h+ 1) =8.5h + 5=8q + 5, rong d6 k. h,
P, ¢ 1a cic s6 nguyén.
Trd lai bai toan. Ap dung Nhdn xét trén vao
bon truomg hop sau.
1) Néu m 1a s6 chiin va » 1a sb chin thi 3" + 5"
=@Bk+ 1D+ Bh+1)=8k+h)+2

khong chia hét cho 8.
2) Néu m 1a s6 chén va n 1a 56 1é thi 3" + 5"
=Bk+1)+(8g+5)=8(k+qg)+6

khong chia hét cho 8.
3) Néu m 1a s6 1é va n 1a s6 chin thi 3" + 5"
—(8p+3)+(Bh+1)=8(p+h)+4

khong chia hét cho 8.
4) Néu m 1a s 1& va n1a s6 1é thi 3™ + 5"
= (8p+3)+(8g+5)=8(p+q+ 1)

chia hét cho 8.

TOANHOC |
18 ' Clugilye S8 452(2-2015)

Theo gia thiét 3™ + 5" chia hét cho 8 nén chi
c6 thé xay ra m, n déu 14 s6 1&, lac do 3" + 5"
ciing chia hét cho 8. O
» Nhgn xét. Cic ban sau 6 10i giai diing va trinh bay
10 rang: V"inh Phic: Nguyen Thi Khanh Ly, Ta Kim
Thank Hién, Pham Thinh Ti, 6A4, THCS Yén Lac;
Nghé An: Lé Dinh Linh, 6E, THCS Ly Nhit Quang,
bé Luong; Ha Tinh: Nguyén Minh Anh, Pham
Phiwong Chi, Pham Yén Nhi, Thai Thi Thu Sang, Trdn
Thi Kim Oanh, Hodang Tuan Tai, Pham Anh Nguyét,
Nguyén Hai Ly, Bii Thi Minh The, Tran Nhie Quynh,
6A, THCS Hoang Xudn Han, Bic The: Kon Tum:
Lé Viét Luu Duy, THCS Ly Tu Trong, TP. Kon Tum;
Quing Ngii: Lé Tudn Ki¢t, Huynh Hoang Huy, 6A,
THCS Pham Vin Péng, Nghia Hanh; Mai Thi Thu
Thao, 6C, THCS TTr. Song V¢, Huynh Ddng Digu
Huyén, 6A, THCS Nghia M§, Tu Nghia.
VIET HAI
Bai T2/448 (Lo
goc A ti. Goi M g diem BC. Beén 1
Hd_f-( : vé hai (e
BAx = CAy
trén Ax, [ la hinkh «
do goc HMI.
Goi N, P lan Tuot la B N
tung diémeva B /M %
canh AB, AC, taco ’ H
MP /I AB, MN [l AC ~

I

1 :
va MP _EAB MN :EAC (day l1a két qua
quen thuge, ban doc tu chimg minh).

Theo tinh chit dwomng trung tuyén trong tam
gidc vubng ta c6 HN = %AB,
suy ra HN = MP, IP = MN 1).
Mat khac, M = BAC = MPC (df’mg vi) va
BNH = IPC = 44° (gbc ngoai cua tam gidc),
suy ra HNM = MPI (2).
Tu (1) va (2) ta co6 AHNM = AMPI (c.g.c),

suy ra HMN = MIP. Tacé HMI =

360° — FIMN — IMP— NMP=360° — MP— IMP— MPC

P -—-—l-AC,
2

— 360° — MIP — IMP — MPI — 44°
—360° —180° —44° =136°. Vay HMI =136°. O
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» Nhiin xét
1) Ddy la bai toan tuong dbi khé ddi véi 16p 7, vi phai
sit dung tinh chit dudmg trung binh clia tam gidc.
2) Ta c6 két qua téng quat: Néu thay gia thiét
Bdx=CAp=22° boi BAx=Cdy=a (u £ 45°) ta co
két qua FMT =180° - 201
3) Chi c6 ba ban tham gia giai bai nay va c6 két qua
ding: Nghé An: Thdi Thi Hoai Phuong, Hoang Thi
Bao Ngoc, Nguyén Dinh Tudn, 7C, THCS Ly Nhiit
Quang, Po6 Luong.

NGUYEN XUAN BINH
Bai T3/448. Giai phuwong trinh

8 3n 2 2 :
Yt +3x4+3+Y2x* +3x+2 =6x* +12x+8

Loi gidgi. V&i moi x, ta co:

2
x% +3x+3=(,r+§J +§> 0;
2 4

>
2x2+3x+2=2(x+%j +%>0.

i M i
Do d6 ¥Yx% +3x+3>0; ¥2x? +3x+2>0,
Ap dung BDT Cauchy cho ba s6 ta c6:

%’rx2+3x+3 ={{(x3+3x+3).1.1
> X + 33 F141 =x2+3x+5_
W 3 <
Pox? +3x+2 =32 +3x+2).1.1

) LI LT Gy G | ] 2x2 +3x+4
— 3 LY 3 .

Suy ra
6x% +12x 48 =x? +3x + 34322 4354 2
C4+3x+5 230 +3x+4
= +
3 3

= 5x* +10x+5<0=>5(x+1)* 0= x=-1.
Ta co x =-1 thoa min PT di cho.

=x>+2x+43

Vay PT da cho c6 nghiém duy nhat x = 1.0
¥ Nhin xét

1) Cac ban tham gia giai bai nay déu tim duoc
nghiém ding, héu hét cac ban déu co loi giai nhur trén.
Mot s6 ban mai tham gia giai bai trén tap chi, chua
biét cich lam nén di viét gdp loi giai cta nhiéu bai.
Do mdi thay chi cham mét bai nén mbi bai giai phai
viét trén mot t&r riéng, ghi déy dua ho va tén; dia chi

lop, truﬁrpg, huyén, tinh; tén bai. Cac bai gin vé tap
chi chi edn giri chung trong mdt phong bi.

2) Sau ddy I mit cach giai khdc, khong st dung BDT
Cauchy cho ba s6: Taco x2 +3x+3>0; 222 +3x+250.

bt a=V+3x+3>0; b=V22+3x+20.
PT tro thinh a+b=2a"+20 -2, (1

Ta lai ¢6 (a+b)a—bP =0 vdi moi sé duong a, b

:>2a~‘+2b‘2%{a+b)3. @)

Tir (1) va (2) suy ra a+4€32%(a+-!:r)G =2

< (arb-2)[(a+bP +2(a+b)+2]<0
a+b-220 < a+b=2. (3)
Tir PT ban dau, ta con c6 a+b=6(x+1¥+2z2. (4)

T (3) va(4) suyra ga+b=2=x=-1.

3) Céc ban co o giai 6t nhat 1a:

Quing Binh: Téng Ngoc Chung, Phan Tran Hudng,
9A, THCS Quach Xuan Ky, Hoan Lio, B& Trach;
Nam Bijnh: Neuyén Hodang Huy, 9A2, THCS Trin
Dang Ninh, TP. Nam Dinh; Thira Thién — Hué:
Huynh Hitu Nhdt, 9°, THCS Nguyén Tri Phuong,
TP. Hué; Kon Tum: Lé Viét Lun Thanh, 9A, THPT
chuyén Nguydn Tat Thanh; Phi Yén: Nguyén
Huynh Huy, 9H, THCS Nguyén Chi Thanh, Déng
Hoa; TP. Hd Chi Minh: Lé Neguvén Khoi Nguyén,
9A6, THPT chuyén Tran Pai Nghia; Quing Ngii:
Nguvén Dai Dwong, 9B, THCS Nguyén Kim Vang,
Vé Thanh Hy, 9A, THCS Hanh Trung, Nghia Hanh;
Ha Nii: !\-"g,mye?n Thanh Long, Pdng Thanh Ting,
9B, THCS Nguyén Thugng Hién, Ung Hoa; Bie
Ninh: Nguyén Thj Vién, Ngé Thi Hué, 9A, THCS
Yén Phong; Phi Tho: Nguyén Thao Chi, 8A3,
THCS Lam Thao; Ha Tinh: Trdn Thi Twong Vy,
9B, THCS Hoang Xuan Han, Duc Tho: Nghé An:
Nguyén Dinh Hoang, 8E, Nguyén Nhir Quynh B, 8A,
Nguyén Dang Huy, 9A, Pham Trdn Anh, 9E, Hodng
Van Nam, 9B, THCS Ly Nhit Quang, D6 Luong;
Vinh Phiie: Nguyén Thanh Mai, 9A, THCS Tuin
Chinh, Vinh Tudng, Nguvén Lé Son, 9A, THCS Ly
Ty Trong, Binh Xuyén, Phiing Vin Nam, 9E, THCS
Vinh Yén, TP. Vinh Yén, Dam Tuan Minh, 9Al,
THCS Yén Lac.

NGUYEN ANH QUAN
Bai T4/448. Cho tam gidc ABC vudng o A co
AB = a, AC = b, Hai phdn gidc BB, va CC) cit
nhau ¢ R, AR ¢t B\C) o M. Tinh khoang cach
tit M dén BC theo a va b.

TOAN HOC
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Loi gidi. Gmchanduongvuﬁnggockﬂmﬂd'den
BC, CA, AB lan lugt 1a D, E, F. D& thiy AEMF
14 hinh vuéng. Pat ME = MF = AE = AF = x.

B
i D
G
F_|
A"—F B, c
e Theo tinh chit duomg phan gic, ta c6
AB, AB _ AB, 4B
BC BC ~ AC AB+BC
Sy 15 AR = ABAC _ ab )
AB+BC  g4+a® +b?
Tuong twtacé AC, = L (2)
2 1= Y
b+va* +b*
Mt khac, do MF // ABy, ta co
E:E@@ i@x(’l—_'.L]:]_
AG 4B~ AG 4B T \4B 4G

ab

a+b+ N+
e Vi M nim trong tam gidc ABC nén
Ssc= Sapm+ Sacmt Spem
ab _ MFAB MEAC MDBC
2 2 2 2

Két hop véi (1), (2) tacod x =

ath

@ab(lr ]zMD. a3

a+b+2Va® +b*
Vay khoang céach tir M dén BC 1a
MD = =2 b

a+b+2va* +b*
» Nhdn xét. Bai toan khong khé nhung khéng c6
nhicéu ban tham gia giai. Ciic bar} sau cho loi gidi ding
va gon: Ha Tinh: Nguyén Tran Khang, 9B, THCS
Nguyén Du; Phit The: Ta Anh Diing, 9A3, THCS
Lam Thao; Vinh Phie: Nguyén Minh Hiéu, 9D,
THCS Vinh Yén; Quang Ngi: Vo Thanh Huy, 9A,
THCS Hanh Trung; Nguyén Pai Duong, 9B, THCS
Nguyén Kim Vang, Nghia Hanh; Thanh Hoa: Ding
Quang Anh, 8A, THCS Nguyén Chich, Dong Som;

20 TQ&P&%& S6 452 (2-2015)

Pha Yén: Nguyén Hupnh Huy, 9H,
Chi Thanh, DBong Hoa.

THCS Nguyén

NGUYEN THANH HONG
Bai T5/448. Cho a. b, ¢ la cdc 56 thue dwong
théaman a +b +c =1. Chimg minh rang

e +a’ Qe
z2—. (%)

4 ) i)

a- +b° b° +c¢*
3 3

calc+a) 4

TR 3+
ab(a+b)y  be(b+c)

L gid@i. Trude hét nhin xét ring: V6ia, b, ¢ 14

céc sb duong ta luon co ab(a+b) < a +b (1);

o =] l
(a+h)~52(a2 +5) (2};-i~+l+—2 2 (3)
h ¢ a+b+c
Bﬁng thite & (1) va (2) xay ra khi a = b; & (3)

xayrakhia=b=c.
Thét viy, vai a, b, ¢ 1a cac so duong, ta co

* (a +b)—(a+b)ab=(a+h)a-b) 20
* 2a’ +b*)—(a+b) =(a-b)’ =0
] a b\ (b L'| ff? c)
* (a+b +— |=3H =+ | H -+
43 +C}[a+h c} (b aJ Lc' bJ I\c a/l

Lai co f+£_ >2ib:2 Tuong tu

a ab ah

at +b*

o T a ¢ .
cO—F+—22:—4+—22. Dodé
¢ =h c a

(a+b+c](l+—+-l—J23+2+2+2=9.
a

¢
Suy ra cac BDT (1), (2), (3) dugc chirng minh.
Ap dung BDT (1) va (2), v6i a, b, ¢ duong ta co
P R o
ab(a+by abla+b)a+b )?
a’ +b ofi
(@ P2+
¥ cj___ . 1 , _!:f . i
.-f)c(.b+c‘]j E ?.{b?' +03) ; a::.:zr[cﬂ.-}'1 T2 +u3)-
Dit vé trai cia BDT (*) cin chimg minh 14 4,
ap dung BDT (3) va gia thiét @® +b°+¢° =1

1
suyra 4=—
y 2[

2(03 D) Tuong ty

-

+

B g ] 1 }
d% P P & ya

I 9
e

22a +b +c)

o
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Viy BDT (*) da duge chimg minh. Dang thirc xay

ki a=h=c ) i .
ra khi =a=b=c=-——.
alﬂ';' +c =1 éﬁ

¥ Nhin xét

1) Céc ban tham gia giai bai nay da phat hién duge dé
danh may thiéu diu klu‘l cic sd a, b, ¢ (hrfmg (Toa
soan dd dinh chinh & s6 443, tr. 26) va da b6 sung thém
diéu kién ndy vao bai toan. Mot s0 ban da giai bai nay
bang cach vin dung BDT Cauchy cho ba 56 khong 4m,
hoac BDT Bunyakovsky cho hai b ba sd.
2) Tuyén duong cac ban sau co 1oi gidi tot: Ha Nii:
Pham Thién Long, 9A0, PTDL Luong Thé Vinh,
Nguyén Duy Khieomg, 9A9, THCS Giang Vo, Ba
Dinh; Phi Tho: Phan Phi Ding, 8A3, THCS Lam
Thao; Vinh Phiic: Biu Thi Liéu Duomg, 8A4, .?\Tg;gfé"n
Binh Nghia, 9A1, THCS Yén Lac; Thanh Héa:
Nguvén Khdi Humg, 9D, THCS Nhir Ba Sy, Hodng
Hoa; Nghé Am: Nguyén Thi Hdang, Nguvén Van
Qudan, 9B, THCS Ly Nhit Quang, Bé Luong; Ha
Tinh: Vo Thi Hrjng Lién, 9B, THCS Hoang Xufn
Han, Pirc Tho; Thira Thién Hué: Hivnh Hine Nhdt,
9/7, THCS Nguyén Tri Phuong, TP. Hué; Phii Yén:
Nguyén Hupnh Huy, 9H, THCS Nguyén Chi Thanh,
Pong Hoa; Kon Tum: Lé Viet Luu Thanh, 9A, THPT
chuyén Nguyén Tat Thanh; TP. Hé Chi Minh: D6
Hoang Timg, 9A6, THPT chuyén Tran Dai Nghia.
PHAM TH] BACH NGOC
Bai T6/448. IHay biéu thi so 2015 thanh tong

cdc 80 nguyén dwong ay,as,...a, lon hon 1

sao cho i‘{ﬂz lom nhat.
i=1
Léi gidgi. Trude hét ta chimg minh réng néu a
a sé tw nhién 16n hon 3 thi ¥z <33 (1).
Taco 4° <3* = ¥4 <33, BDT (1) ding véi
a=4. Gia st Ya<B véi a>4, suy ra
a’ <3 Pé y ring voi a>4 cb 3a® <a’;
3a+l<a’ suyra (a+1) =a’ +3a® +3a+1
<3a®<339=3" 5 a1 <3

BDT (1) dang véi a+1. Theo nguyén ly quy
nap, BDT (1) diing v&i moi s6 tu nhién a > 3.

Nhu vay dé > %/a, 1én nhét thi a; € {2; 3}
I=l

(i=1,2,...,n). Laithiyring 2 +2+2=3+3

va V2 +2 +42 >33 +33 nén trong cac sé
a; khong thé ¢6 nhiéu hon hai s6 3, vi khi d6 ta
¢6 thé thay hai s6 3 bdi ba s6 2 dé duge tong
can tim 1én hon. Nhu vay trong cac sb a, chi

¢6 khong qua mot sé bang 3, cac s6 con lai
bing 2. Vay max[z%f. ]=l(}06\5 +33
i=1

khi 2015=1006.2+3.0
> Nhin xét
1) C6 thé chimg minh BDT (1) bing cach str dung dao

1
ham nhu sau: Xéthamso f(x)=xx; f(x)>0 khi x>(;

In f{x):ilnx. I 4y doo hém hai vé theo bidn 56 x, 12 c6

.;Efj)zmxlzlnx+$. Do do f’(x}zf(x}xzi(]_]nx)m khi
1

x>3,hamsd f(x)=x nghich bién va lién tyc khi x> 3.
Vay néu a la so tir nhién 1ém hon 3 thi Ya<33. BT
(1) duge chimg minh.
2) Céc ban sau ddy cb bai giai tit: HA Tinh: Phan
Nhat Duy, Lé Minh Tuan, Nguyén Quang Diing, Trédn
Quang: M‘?nh. Ngg‘ Vietr Hoang, Nguyvén Dinh Hung,
Neuvén Anh Triéu, 19 Toan 1, THPT chuyén Ha
Tinh; Pha The: Nguyén Dirc Thugn, 10 Toan, THPT
chuyén Hing Vuong; Binh Binh: Nguyén Trong
Khiem, 10A1, '[HPT Quang Trung, Tay Son; Hung
Yén: Duwemg Hang Som, 10A9, THPT Duong Quang
Ham, Van Giang; Bic Gifing: Nohiém Van Nghia,
10A1, THPT Lang Giang s6 3.

NGUYEN ANH DUNG
Bai T7/448. Cho nr giac ABCD. a, b, ¢, d theo
thir 1w la phdn gidc ngoai cua cdc goc
DAB,ABC,BCD,CDA. Ki hi¢gu K =anb,
L=brne, M =cnd, N=dna. Chimg minh
rang tir gidge KLMN ngi tiép mét dwong tron
va dwong tron do co ban kinh bang

KM.LN
AB+BC+CD+ DA

Loi giai. Ta bo qua truong hop don gian
AD /I BC. Goi S 1a giao diém cua AD va BC.
Khéng mét tinh tﬁng quat gia sir § thude céc

tia DA, CB., Taco NKL+LMN—
180° — KAB—KBA+180°— MCD—MDC

TOAN H
A cru&i%Z 1

Sb 452 (2-2015)
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_180° —[9@0 i B‘;D ]—[900 b C]

+180°~[90° = (;D ){900

tir giac KLMN
noi tiép, Goi E, F
theo thirty lahinh &
chiéu ctia K, M 1én dudng
thang AD. Ro rang K 1a

tim duong tron ndi tiép N
ASAB; M la tim dudmg tron bang tiép goc S
AS+AB-SB
~ o a
. Suyra EF =EA+AD+DF

cua ASCD. Tu d6 EAd=
_ CS+CD-SD
2
AS+AB-SE CS+CD-SD
+ +
2

+AB+BC+CD—AD_AB+BC+CD+AD

2 2 ‘

:é!.p dung dinh 1i sin cho ALKN ta duge Rixram

LN LN LN it LN
2nNKL ASB ASB 2(535]
; 7| Zcos—— =
2»1n[90°+ 5 J 5 SK

LN e KM.LN
2[ EF] AB+BC+CD+DA

KM
» Nhdn xét. Tt ca céc 101 giai giri vé Toa soan déu
ding va twong ty nhu cach gidi trén. Céc ban sau co lin
giai ding va gon hon ca: Ha N§i: Hoang Lé Nht
Timg, 11A; Toan, THPT chuyén KHTN, DPHQG Ha
Noi; Hung Yén: Dwong Hong Som, 10As, THPT
Duong Quang Ham, Van Giang; Nam Binh: Dodan Thi
Nhai, 10 Toan 1, THPT chuyén Lé Hong Phong; Thai
Binh: Trdn Quang Minh, 10A,, THPT Bong Thuy
Anh, Thai Thuy; Thanh Hoa: Nguyén Huong Giang,
10A,, THPT Hodng Hoa IV, Hoang Hoi; Nghé An:
Dau Thi Khanh Linh, 10T, THPT Bé Luong I, Do
Luong: Ha Tinh: Ng6 Viét Hoang, Nguyén Anh Triéu,
Newvén Ba Hiéu, Tran Dinh Himg, Bui Huyén Trang,
10 Toan 1, Nguyén Vén Thé, 11 Toan 1, THPT chuyén
Ha Tinh; Binh Dijnh: Trdn Ven Thién, Tran Hin Tri,
10 Toén, THPT chuyén Lé Quy Bon.

HO QUANG VINH

DF

=AD

(dpcm). O

TOANHOC
22 * clugitre S8 452 (2-2015)

Bai T8/448. Gia su da thirc

f)=x"+ ax® +bx+c
co ba nghi¢m thyc khong dm. Tim 56 thye a
lom nhdt thoa man: f(x)za(x—a ¥, ¥x20.
Loi gidgi. Goi 0<x; < x, < x; 1abanghiém khong
amcva f{x). Taco: f(x)=(x—x)x—x)x—x3)
VA x—a=x+x +x +x;. Xét cdc trudmg hop:
THI1: 0< x < x,. Ap dung BDT Cauchy ta cé:

= f(x) =0 = x)(x; —x)(x; —x)

1 I
i:E(xl'sz +x3—3:-:]3 EE(’;U] +x2+x3+x)3

1 3 : 1 3
=—({x—ay = f(x)z——(x—-a) .
i )y = f(x) 2?[ )
Ping thirc xdy rakhi x =0, x, =x, = x3.

TH2: x; <x<x, hodc x > x;. Taco:

1
J(x) = (x =2 )x =2 )(x = x3) :-oz—E(x—af
(do x—a20).
TH3: x, <x<x;. Ap dung BDT Cauchy ta
c6: —f (x) = (x =% )(¥ =%, )(x; = x)

1 3 1
C<—(x—% =X, +X:) E—(x+Xs+X;+X
2?( | =Xy X3) 2?(1 5+ X3 +X)

rhs
27

3 ! 3
x—ayf = S
E—a) = I S (x—a)
Ping thirc xay rakhi x, =x, =0,x= -%.1'3 :
Tomlai: f(x)= —;—?(x —aY. Wx 20,

Viy a = —2}—? la s6 thyc can tim. O

» Nhin xét. Cac ban sau co 101 giai ding: Ha Ni:
Vii Ba Long, 11T1, THPT chuyén Nguyén Hug; Ha
Tinh: Ngﬂyé'n Véan Thé, Tran Bao Trung, 11T1, Tran
Manh Tudn Vii, Phan Nhdt Duy, 10T1, THPT chuyén
Ha Tinh; Séc Tring: Vwong Hodai Thanh, 10A2T,
THPT chuyén Nguyén Thi Minh Khai.

TRAN HUU NAM
Bai T9/448. Goi [x] la so nguyén lén nhat

khéng viegt qua x, {x}=x—[x] la phan le cua x.
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ang p, ¢ fa edc

Loi gidgi. (Theo ban Nguvén Céng Phic, 11
Todn, THPT chuyén Luong Thé Vinh, Bién
Hoa, Ddng Nai)

2012

Vip, q lénén ;J'EE 1 (mod8)=p~ “=1(mod 8);
¢*=1(mod8) = ¢°*'® = 1 (mod 8).
VéypZ()IZ_'_qﬁﬁl(]Ez(de 8) (1)

Theo dinh Ii Fermat p* = ¢* = 1 (mod 3). Do

46 p*% = 1 (mod 3), ¢**'® = 1 (mod 3).

Suy l'ﬂpzmz + qz{]iﬁ =2 (mod 3). (2)
Cing theo dinh 1i Fermat p4 = (;4 = | (mod 5)
:>p2012 A q’imﬁ s | (mod 5)
:>p2m2+q2ﬂ1652(1110d 5). (3)

Tir (1), (2), (3) suy rap™ 2 + g% =2 (mod 120),

tir 13 g7 + ¢™010 = 120k + 2, k € Z.

2012 , 2016
Viy {A}_{h,_l_}:L_ 0
| 120 60) 60

» Nhgn xét. Diy 1a mot bai toan dé nén co nhicu ban
tham gia giai va tat ca cac loi giai déu dimg. Cac ban co
loi giai tot: Thanh Héa: Nguyén Hoai Thu, 11T,
THPT chuyén Lam Son; Ha Tinh: Phan Nhdr Huy,
10T1, THPT chuyén Ha Tinh; Nam Dinh: Ngwvén
Hoang Huy, 9A2, THCS Trin Ding Ninh; Nghé An:
Nguvén Hong Ouoe Khanh, 10A1, THPT chuyén
Phan Boi Chéu, TP. Vinh; Pha Yén: Lé Vi Minh
Huy, 10T1, THPT chuyén Lwong Van Chanh; Pha
Tho: Nguvén Hirc Thugn, 10 Toan, THPT chuyén
Hiung Vuong: Vinh Phic: Nguy@n Hime Huy, 10A1,
THPT chuyén Vinh Phuc.
PANG HUNG THANG
ic 80 thue duwong

. Hay

=i \._'I.; +1

(1)

r3)+

“\3x "3x 3x 3

L .4 +(L+£+£+£]
s ¥ z2 9 9 9

Lai gidi. (Theo da s6 cac ban)

2~’3+1_[L+L+_L+1

Taco P+ 3

Ap dung BDT Cauchy, ta co

abirg Angud il 2 4(1]1'_3_&
W 3% 9k 3 53 S TS )
1 s g5 L% 2243
y1+322 5 (3)
€ Rt 4J(E)3l_ﬂ
+9+9+924 i (4)
Tir (2), (3) va(4) suy ra
Py 2J‘+1 4. .23 4Ih psHB+9
3 3 9
Diu da.ng thirc xay ra khi va chi khi
Lox
3x 3
J 3 x=1
4_}’2— 3 h=— '=ﬂ§
L_E z=43.
=9
B4+ +z=243+1
Vay minP = 4"%+9 khi (x,y,z) =(1,43,43). O

» Nhin xét. Piy 1a dang todn co ban thude loai d&
nén ¢6 nhiu ban tham gia giai bai niy. Céc ban sau
ddy c6 1o giai ding: Bic Giang: Nghiém Vin Nghia,
10A1, THPT Lang Giang; Bac Ninh: Lé Quang Bdo,
9A, THCS Yén Phong; Binh Binh: Trdn Van Th:’éir,
10T, THPT chuyén Lé Quy Don; Pong Nai: Nguyén
Céng Phiic, 11T, THPT chuyén Luwong Thé Vinh;
Ddng Thap: Neé Hidu Nhan, 12A5, THPT Cao
Lanh; Ha Ngi: Vi Ba Sang, 11T1, THPT Chuyén
Nguyén Hug, Tran Thign Nam, 11A1, THPT Ung
Hoa A; Ha Tinh: Doan Thi Minh HLgJen Tran Manh
Tudn Vi, ‘»gmen Tudn Minh, Tran Dink Hing, Lé
Minh Tuan. \gmen B4 Hreu Phan Nhdr Huy, Ha ﬂr;
Phuong  Anh, Ngmen Hitu Khdnh Duy, Nguyén
Khdnh Huyén, Nguyén Anh Triéu, Neé Viér Hoang,
Lé Hoang Minh Hang, Nguvén Khanh Himg, 10T1-2,
Nguven Van Thé, Tran Rao Trung, V6 Duy Khdnh,
Nguyen Duy Tudn, 11T1, THPT chuyén Ha Tinh;
Hung Yén: Nguy.«f;n Thi Huong Giang, 12A9, Triéu
Ninh Nedn, Dwong Héng Sen, 10A9, THPT Duong
Quing Ham: Long An: Pham Quéc Thang, 10TI,
THPT chuyén Long An; Nam Binh: Trinh Tuan
Giang, 10T2, THPT chuyén L& Héng Phong; Nghé
An: Ngwyén Hong Quéc Khdnh, Phan Priec Tién,
10A1, THPT chuyén Phan Boi Chau, Dwong Dirc
Manh, Pham Viét Anh, 11A1, THPT Quynh Luu 1,
Phan Van Khai, 11A1, THPT Cia Lo; Phi The:
Nguyén Dire Thugn, 10T, THPT Chuyén Hing

TOAN HOC
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Vuong: Phii Yén: Neuvén Chi Lwong, 10T1, THPT
chuyén Lwong Vian Chanh; Tién Giang: Nguyén
Minh Thanh, 12T, THPT chuyén Tién Giang; Vinh
Long: Doan Hodng Gia Bao, 10T1, Trdn Duy Qudn,
12T1, THPT chuyén Nguyén Binh Khiém; Vinh
Phiic: Nguyén Minh Hiéu, 9D, Phing Van Nam, 9E
THCS Vinh Yén, Nguvén Thanh Mai, 9A, THCS
Vinh Tuéng; Yén Bai: Vii Hong Qudn, 11T, THPT
chuyén Nguyén Tét Thanh.

NGUYEN VAN MAU

Bai T11/448. Cho day 56 (a,) ¢6 tdt cd cdc 56

! L . In{lna,)) 1

hang lém hon 1 va thoa man  lim Hink) =,
' I | 2014

Chimg minh lim b, 16m tai va hivu han, vii

=3+

Loi gidi. Taco b, =Ja, +ya, +..,+\/a'ﬂ
T e \/a] +\[a2 +.ootyla, +ija,,, Vne N*,

tirc1a by <by< b3 <...Suyratontai lim b,.
A—y-+0

Pé chimg minh lim b, <+ ta s& ching

n=3tw
minh ddy s6 {b,} _ bi chan trén. That vy,
In(In a,,) .5l

theo gia thiét lim

A—+o n

ek S
2014 ¥

2014

o T Py

2014
In(Ina, )

M

ﬂloémﬁnVnEN*,nzm, <In2

n o
= Inag,<2” =a, <e

:)bnE\/fq+<..+\{am_|+.|’am+...+\/a

< ai+...+\/am_1+\Jezm+...+\Je2"

=Ja,+.+.+\{am_|+ezm_l gl sy 790
_.v,_f

m=m+1 50 1

Nhan xét: PT x=+/l4+x ¢ nghiém
LS

2

>1.Dod6Vne N

TOAN HOC .
¥ Cluditye SS 4522-2015)
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\/l+le+...+\ﬁ- <Jl+\p’l+,.*+ J1+—a

ms6 1 n-1s61
=\/1+1.,'l++.,+\.ﬂ+a =.=d (2)
n-2 561
Tir (1) va (2) tacod

2M—l *
b, <&y +...+4a, +tae” ,VnelN.

Nhu vy day s6 {b,} _ bi chan trén. Do do
ton tai gidi han hiru han lim b,. O
H=>+00

¥ Nhgn xét. Pay 14 bai toan gidi han cua dﬁy_sé dang
co ban, Cé ba ban giri 1o giai té1 Toa soan, tt ca céc
ban co lon gidi tot: Yén Bai: Vi H&ng QOudn, 11T,
THPT chuyén Nguyén Tét Thanh; Ha Nai: Vi Bd
Sang, 11T, THPT chuyén Nguyén Hué; Gia Lai:
Phan Thanh Nhan, 12C3A, THPT chuyén Hing
Vuong, TP. Pleiku.

NGUYEN MINH PUC

Bai T12/448. Cho tam gidc ABC. O la diém
hat ki trong tam gidc. P, Q, R thir tuw la hinh
chiéu cua O trén B( CA, AB. A\, B, C, lan
heot la cac diém bat ki trén cdac dwong thang
BC, CA, AB (4,, By, C\ phdn biét vai A, B, C).
As, Bs, Cs lan lwot la cde diém doi xieng cuia
A, By, Cyqua P, O, R. Dat

Z, =(ABC)N(BCA)N(CAB);

7, =(AB,C,) " (BC,4,) " (CA,B,) .
Chitng minh rdng O cdch déu Z,va 7.
Lai gidgi. Trong loi 4
gidi nay, ki hiéu D,

chi phép d6i ximg
truc A.

G{_)l X=0PNAIZI;Y=OQHB|Z|;

htt)gf:_/l/_tieijlun.hopto.org
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Z=0Rﬁqzl, M:."‘f’dz ﬁYBz;N = YB: ﬁZCI-
S g T
0 qua truomg hop don gian: NZT
Dé thiy (XZ,,X0)
=(XZ,,YZ))+(YZ,,YO)+(YO, XO)(mod )
=(4Z,,B,Z,)+(YZ,,YO)+(AC,BC)(mod )
(viYO L AC; XO L BC)
=(AC,B,C)Y+(YZ,,YO)+(AC, BC)(mod )
(viZ; € (CAB)))
=(BC,AC)+(YZ,,YO)+(AC,BC)(modr)
=(¥Z,,YO)(mod ).
Do dé X, ¥, Z,, O cing thudc mdt dudng tron.
Tuong ty X, Z, Z,, O cung thugc mdt dudng
tron. Vay X, Y,, Z, Zy, O cung thugc mdt dudng
tron (1). Dé thay
(XM, XO) = (X4,, X0)= (X0, XZ,)(mod 1)
(ViXZ, = X4, =D(X4,))
=(Y0,YZ,)(mod r) (vi (1))
= (YB,,YO)(modn) (vi YZ, = YB, =D(YB,))
= (YM,Y0O)(mod ).
Do doé X, ¥, O, M cung thugc mét dudng tron
(2). Tuwong ty Y, Z, O, N ciung thudc mét
dudng tron (3).
Tir (1), (2) va (3), chi y ring M #V;N Y,
suyra M =N.
Diéu d6 c6 nghia la XA,, ¥B,, ZC; déng quy
tal M=N vaX, Y, Z O, M=N cing thudc
mot durong tron. Vay (MB,, MC,)
=(MY,MZ)=(0Y,0Z)(modn)(vi M € (0YZ))
=(AB,, AC,)(modm) (ViOY L 4B,;0Z 1 AC,).
Do d6 M thude dudng tron (AB,C). Tuong tu
M thudc cac duomg tron (BCyA4z) va (CA»B,).
Viy M =Z,. Do d6
(X0, XZ)) =(XZ,, X0)(modm) (ViXZ, = D(XZ,)).
Tir d6, cha y rﬁng X, O, Z,, Z; cing thudc mét
duong tron, suy ra 0Z,=0Z,. O
¥ Nhiin xét. Bai toan nay kho. Toa soan khong nhin
duogc 15i gii nao giri ve.
NGUYEN MINH HA

HAY BAT MUA TC THTT TAI BUU CUC GAN NH

Bai L1/448. Trong mdt xi lanh cao, cach
nhiét, ddt thang dimg, & duoi pitténg cé6 mot
lwgng khi héli & nhiét do T, = 240K . O trén
pittong, nguoi ta ddt mét vat ndng cd khoi
luomg bang mot nika khoi lwong pittong. Sau dé
ngudi ta dot ngdt ldy vat nang di va doi cho hé
tré vé trang thdi cdn bdng. Xdc dinh nhiét do
cuia khi. Biét rdng bén trén pittong khong co
khi. Bo qua moi ma sdt va trao doi nhiét.

Lo gidgi. Diéu kién can bing co hoc cua pitténg
& trang thdi ddu va cudi: p,S = [m + %) e

p,S = mg, trong do m la khoi luong clia pittong.

Sau khi dat cdc hé thic trén vao cic phuong
trinh Clapeyron-Mendeleev tuong (ng, ta

dugc: %mghl =vRT}; mgh, = vRT,.
Sir dung céc hé thiic nay va dinh lut bao toan nang
lugng, ta cé: mgh, +%vRT, = mgh, +%vRT2.

Suy ra: T, :%Ti =208Kk. O
¥ Nhin xét Diy 1a bai L1.446 da dang trén THTT
s6 446. Céc ban c6 101 gidi dung: Thai Binh: Ngo
Vin Khoa, 11A2, THPT Bic Dong Quan; Nghé An:
Phan Van Khai, 11A1, THPT Cia Lo; HA Tinh:
Trén Béo Trung, 11T1, THPT chuyén Ha Tinh; Nam
Binh: Pham Ngoc Nam, 11 Li, THPT chuyén Lé
Hdng Phong.

NGUYEN XUAN QUANG
Bai 1.2/448. Dat dién ap xoav @ = U, cosmt (V),

vdi @ thay doi diroe vao mot doan mach gom
dién tro thudn R, cuon cam thudn co do fw cam

4 ; AT L N
k= o (H) va ty dién co dién dung C mdc noi
s

tiép.

Khi @= ey thi cuong do dong dién hiéu dung
qua doan mach dat gia trj cwc dai I,

Khi @ = @ hoic @ = an thi cuweng dj dong
dién cuc dai qua doan mach déu cé gia tri
bang I,,,. Biét @) = an = 2007 rad’s.

1) Tinh R.

TOAN H
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2) Cho bhier 1,

tinh Uy, an va C.

14 va axy = 1007 rad/s, hay

Léi gidi. 1) - Khi @= ax, thi c6 cong hutmg dién
Uit

e Ll e
ncn = vil] =] =—= ]
- Khi @= @y hoic o= ap thi [, =
i el -.(2)
IPTRER P
i Ve &g oNe
Tir (1) va (2) suy ra
1 1
R=Loy——=———Law,. 3
@ aC a@C @k (3)
Tir (3) suy ra @@, =..fs}5.
PROBLEMS ...
(Tiép theo trang 17)

Problem T7/452. Given a triangle ABC which
is isosceles at A and is inscribed in a circle (O).
Let D be the midpoint of AB. The ray CD
intersects () at E. Let F be the point on (0)
so that CF//AE. The ray EF intersects AC at G.
Prove that BG is tangent to the circle (O).

Problem T8/452. Determine the minimum
value of the function

F(x) =sinx+ tan x +/cosx +cotx .

TOWARDS MATHEMATICAL
OLYMPIAD

Problem T9/452. On the plane Oxy, consider
the set M consisting of the points (x; y) such
that x,yeN" and x<12,y<12. Each point
in M is colored by red, white or blue. Prove
that there exists a rectangle satisfying the
following properties: its sides are parallel to
the coordinate axes and its vertices are in M
and are colored by the same color.

TOAN HOC
* CTugitre S8 452 (2-2015)

Tir (1) 2. )

L= 5—(H] (dé bai) ta tim duge R =
e

D —®, =200m rad/s va
160 (Q).

2) T dit kién cua d& bai va R = 160 (Q) ta tim
duge U, = 16032 (1);0, = (v2 + 1)100x(rad/s)

va C _&{F) O

¥ Nhin xét. Cac ban sau co 161 gidi ding: Bf_lc Giang:
Luwong Van Hung, 12A6, THPT Tan Yén so 1; Nam
Dinh: D6 Thiry Trang, Pham Neggc Nam, 11Li, THPT
chuyén L& H(")ng phong; Nghé An: Hé6 Thanh Ting,
12C1, THPT Kim Lién, Nam Ban, Phan Xudn Sang,
12A1, THPT Phan Bing L, Yén Thanh; Thai Binh:
Ngé Van Khoa, 11A2, THPT Ric Pong Quan, Dong
Hung; TP. Cén Tho: Huimh Hiru Hang, 12A1, THPT
Nguyén Viét Hf‘mg, Ninh Kiéu.

PINH THAT QUYNH

Problem T10/452. Find the minimum positive
integer 7 so that there exist ¢ integers

X{s X3, ..., X, Satisfying
A IR O e s L

Problem T11/452. Let a be a positive integer
and (x,) a sequence given by x, =1 and

Xy = (X2 +2ax, +2a+1

-\fx;: ~2ax, +2a+1,Vne N,
Find a so that the sequence (x,,) has a finite limit.
Problem T12/452. Given a triangle ABC. A
line A which does not contain 4, B, C

intersects BC, CA, AB respectively at
A,B,,C;. Let A,,A. repsectively be the

symmetric points of A, through AB, AC. Let
A, be the midpoint of 4,4 . The points
B,, C, are determined similarly to the way we
construct the point 4, . Prove that the points
A,,B,,C, are collinear. e

Translated by NGUYEN PHU HOANG LAN
(College of Science-Vietnam National University, Hanoi)
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GIOI HAN ...
(Tiép theo trang 15)
Dedd v, &y +av . =12,

n+2 —

B(M +1) i a(M+1)
IM+1 "2 2M 41
Dén déy, st dung két qua bai toan tdng quat 2
trong trwong hop: day bi chan dwdi boi 0, k=2,

1 1 :
a =i a, =4 a; +a, <1, ta thu duge lim
v, = 0. Tir d6 suy ra lim x, = (4 + B)°. O

Bai tdp tu luyén

I. (Viégt Nam TST, 1991) Day sé (x,) duoc
xacdinhboix;=x3=1, x; =x3 =9 va;

trong d6 a; =

— =
Fnrd = VX1 Xns2 X3 0 ¥u=1 4%

Chimg minh ring day (x,) c6 giéGi han hitu
han va tim gidi han do.

PHUONG PHAP PUA VE ...
(Tiép theo trang 8)
BAI TAP
Gidi cac phuong trinh, hé phuong trinh, bat
phuong trinh sauw:

1) Vx(Vx -E=1) =1,

2) Va? —x+1+Vx2 +x+2 = J32x+1).

3) VP —x+1+3P +x+6 =227 +7).
{xz —2,\‘1}’ + 3.1‘}«'2 —4}!3 =-2

6) {x3 +3x2+5x+6=2y3—6y2+?y.
x2+2x=4y—2y2

7 2(x* +2)=5Vx* +1. PK x> -1.

HD: Phan tich \x* +1=J(x+1)(x* = x+1),

dat a:\fx+l,b=v'x2—x+l, ta co PT

2(a® +b%) = 5ab.

HAY BAT MUA TC THTT TAI BUU CUC GAN NH

2. (TH&TT, 2010) Cho a, b € (0, 1). Day sb
(u,) dugce xac dinh nhu sau: wy=a, uy = b va
T 1 T 04 u,, ¥vr=12,...
2010 2010
Chimg minh ring ddy (u,) c6 gidi han hiru
han va tim giéi han do.

3. Cho day (x,) thoa mdn x; = x, = x; =% va:

g & TR ;

J =—X at—X,  +—=3x , VoeN.
n+3 18 n+2 18 n+l 9 "

Tim lim x,,.

4. Cho day s6 duong () thoa man

Upon = Ju . +Ju,, Y'neN,

Chimng minh ring ddy (u,) c6 gidi han hiu

han va tim gidi han do.

5. Cho day s0 (x,) thoa man x; > 0, x» > 0 va:
2

® = i
, Ve N.Tim lim x,.

3
8) X’ +3x+1=—§\ix4+x2+l ’

HD: Phdn tich \Xx‘i +x°+1= \/(xz + 1)2 —xt

=\ —x+ D)2 +x+1) réi dar a=vx* +x+1,

b=vx?—x+1

=2a°—b*=x*+3x+1, ta

V3

¢ PT 2a° — b :_Tab.

9) 2(x* -3x+2)=3x’ +8 . DK x> -2.

HD: VX’ +8=y(x+2)02 -2x+4), ddt a=vx+2,

b=vx>-2x+4 =>b°-a’> =x*-3x+2.

R
i

HD: Va2 +1 = (x+ D) —x+1), dit a=vx+1,

b=vx’—x+1=b’+a*=x*+2. Ta c6 PT

10)

2 3 2
b=—(a"+b").
a 5(ﬂ )

TOAN HOC
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EPEECNY ¥R AN

NG DUNG CUA HAM LIEN TUC
TRONG BAI TOAN PHUOUNG TRINH

VAN PHU QUOC
(GV THPT chuyén Nguyén Binh Khiém, Qudng Nam)

//" am lién tuc mang mot cdi -:."ep rfu chiéu tr ong todn hoc boi tinh tng dyng rong rdi. Nhitng két
*J qua clia no hét sirc ngdn gon nhung lai la céng cu ghip ta giai quyé 't mot cach toi wu nhmu bai
todn kho. Trong pham vi mét bai bdo ngdn, i chi xin gidi thigu vai bai tedn dién hinh vé phuong
trinh co sur dung nhitmg tmg dung ciia ham lién tuc.

I. Nhirng y twdng

Sir dung tinh chit: “Néu ham sé f{x) lién tuc
trén doan [a;b] va fla)f(b) < 0 thi phuong trinh
fix) = 0 c6 it nhit moét nghiém x e (a;b)”, dé
chimg minh mét phuong trinh ¢6 nghiém hodc
cd nghiém trén mdt doan (khoang, nira
khodng,...) cho trudce, ta thyc hién nhur sau:

* Buede 1 Bién doi phuong trinh vé dang fix) = 0.
e Bude 2: Tim hai s6 a, b thich hgp sao cho
fa)fib) <0.

e Bude 3: Néu bai toan khong cho sin ham sé
flién tyc trén [a;b] thi phai di chirng minh diéu
nay. Tir 6 suy ra phuong trinh ¢ it nhit mot
nghiém thudc khoang (a;b).

Pé y ring :

o Néu fla)(b) < 0 thi phwong trinh c6 nghiém
thude [a;b].

o Néu ham sb £ lién tuc trén [a; +o0) va co
f(a). im f(x)<0 thi phuong trinh f{x) =0

X—»+o0

co nghiém thude (a; +oo).

e Néu ham sb f lién tuc trén (—oo; @] va c6
f(a). lim f(x)<0 thi phuong trinh Ax) = 0
X—p

¢0 nghiém thudc (—o; a).

e Mt phuong trinh bac ba (téng quat: phuong
trinh bac 1€) ludn c6 it nhat mét nghiém thuye.
II. Phén tich, binh luin mét s6 bai todn
di¢én hinh

© Bai todn 1. Chumg minh rang phirong trinh
x2015" = 1 co nghiém duy nhat nam trong
khoang (0; 1).

28 T?g?uggg S6 452 (2-2015)

Phén tich-binh ludn. Déu tién, ching ta cing
¢b kién thirc vé ham lién tuc biing mét bai toan
tuong doi don gian. Tuy nhién can doc ky yéu
cau dé bai va dé y dén hai chir “duy nhat”’ mot
chiit béi vi sir xudt hién cua no mang mot y
nghia rit riéng.
Ta phan chia 16i giai bai toan thanh hai phan:
Phén 1: Chirng minh sy ton tai nghié¢m.
Xét ham s6 f{x) =x.2015 — 1. R3 rang f{x) xdc
dinh va lién tyc trén tip R.
Ta c6 f0) = -1; 1) = 2014. Suy ra f0).A(1) < 0.
biéu nay nghia la phuong trinh fix) = 0 co
nghiém xp € (0; 1).
Phan 2: Chimg minh tinh duy nhat.
Gia sir ring phuong trinh di cho c6 nghiém
x1 € (0; 1) vax; #xp.
Khéng mit tinh téng quat, gia sir ring 0 < x; <
X <1 =0=x,2015% -1<x,.2015% -1=0.
Pay la diéu vo 1y. Do d6 xo € (0; 1) 1a nghi¢m
duy nhét. O
Chiing ta sé khdm phd duwoc nhiéu diéu hay va
méi mé trong nhitng bai todn tiép theo.
@ Bai todn 2 (IMO 1988). Ching minh tap
nghiém ciia bat phirong trinh:

1 2 70 5

+
x-1 x=-2

_|_ o —

x=-70 4
la hop cdc khodng roi nhai ve co tong do dei 1988,
Phén tich-binh lufin. Diy la mdt bai todn
twong doi kh6. Ddu tién, ching ta can dé y dén
nhitng bién d6i sau day:

1 2 70 =

+ +..+ -Z=

X—2 x~10 4

x—-1

https: //tleulun hopto.org
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K - ; 43 k[ - n-s[ [0
= i*k

J=k

[T 4 4

R6 rang g(x) = 0 co 70 nghiémx € {1;2;...; 70}.
Va f lién we tén R, )ALk + 1) < 0 véi
k=169 va lim f(x)<0, f70)> 0 nén cling

X—+m0
¢o du 70 nghiém xen k& la:
l<x <2<x <. € x50 < T0O < Xq.

Téng d6 dai cac khoing nghiém cua bt
phuong trinh /) =20 la:
g(x)
S = {.Tl = I)+ (.r: = 2] o s (_x?n _?D]
=0 +x3 +...+ X99) — (14 2+...+ 70).
Dé y da thirc f ¢6 bc 70, hé s6 cao nhit 1a -5
va hé s6 ctia x* 13: 9(1 + 2 + ... + 70). Do dé:

— t+70
§= 9(”2*5 7 _(142+..4+70) =1988.0
& Bai toan 3 (Uhmplc 30/4). Cho phiong
trinh: x'7 +1=4x*Vyx" 1. (1)

Tim s6 n nguyén dirong bé nhat de phuong
trinh co nghiém.

Phin tich-binh lugn. Céi hay cua bai toan nay
la di tim gia tri bé nhét cia # bai vi nd yéu
cdu ngudi lam toan phai biét “khén khéo”
trong qua trinh bién ludn dé loai bo nhimg gia
tri khong cin thiét va su dung linh hoat
phuong phap danh gia bing bat dang thirc.
Diéu kién: x" — 1 > 0.

e x = | khong phai la nghiém cuia phwong trinh (1).
* Vi n chan thi néu x, 1a mét nghiém cuoa (1)
thi —x; cling 1a mdt nghiém cua (1).

s Voinléethix > 1 Khi d6 phuong trinh (1)
xac dinh va ta chi cdn xét x > 1.
Tuex>1taco:x*+1>27%va

B ext e l=at =15 2x3xt =1

Nhén vé theo vé cta hai bat ding thirc ndy ta
duge: (x* +1)(x* —x* +1) > ax*/x* -1

s Isdatyrteg 2)

Tir (2) ta thiy v&i n = 4, phuong trinh (1) vo
nghiém va do x > | nén véi n < 4 thi phuong
trinh (1) cling v6 nghiém.

o Voin=5 Xéthamsb f(x)=x"?+1-4x*/x’ -1
lién tuc va xéac dinh trén [1; +0). Ta cé:

12 4 5
A=2>0; f@:(‘—é] +1—4@ @ ~1<0,

Nhur vy, phuong trinh f{x) = 0 c6 nghiém

6
X, € (0;5].

o V6in> 5 lai xét ham sé g(x) =02 +1-4x*\x" -1
lién tyc trén [1; +e0). Lap ludn hoan toan twong tu,
ta cling chirng minh dugc phuong trinh g(x) =0

co nghiém x; € [ 2] Do d6 phuong trinh ¢

nghiém v6i moi # = 5 va s6 tu nhién bé nhit
can tim la n = 5.
© Bai tean 4. Ching minh cdac phuong trink
sau luon cé nghiém vai moi tham soé:
R —mkx—n) + rplx—n)ox—p)+ prc—p)x—nn) =0,
Phén tich-binh ludn. Hoi kho khin & bai toan
nay day! C6 I sy “d6 s0” clia n6 1am céc em
hoc sinh cam thdy “ngop”. Vi thé, chiing ta bat
d4u bing nh\:mg gid tr1 dac biét cua x nhur 0, m,
n, p Xem thur ¢0 triét tiéu duge mét phén nao do
cua cac tham so hay khéng?
Xét ham sb: fix) =
o Y — )+l — Y —p)+ prfx—p)x —m)
Ta c6: A0) = m’n’ + W’p* + p’m* 2 0, Ym, n, p.

Sim) = np(m — n)(m —p)

S(n) = pm(n —p)(n—m)

fip) = mn(p —m)(p —n)
Dén day ta chwa thé chimg minh dugc tinh
duong va am cua cac f(m), fin), Ap). Nhu vay
phai lam sao ddy? Theo t6i, cic em thir léy
tich clia ching xem nao? Vi ¢6 xuét hién céc
cip dbi nhau nhu: m—-nvan—mm—pva
p—m;n—pvap—nnéntaco:

fmfAnfip) = —n'n’p*em — ny(m — p)’(n - p)* <0.
Diéu nay din dét ta dén: dq € {m, n, p} sao
cho f{g) < 0. Do dé: i0)g)< 0.3
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© Bai toan 5. Cho ham s6 v = fix) lién tuc
trén [a; b] ma fla) = fb). Chimg minh rang
phuong trinh cfla) + dfib) — (¢ + afix) =0 co
nghiém vai hai 56 ¢, d bar ki ¢o tich ed = 0.
Phén tich-binh ludn. Tuong tu cach xét ham
0 phu nhur ¢ bai todn trén, ta xét ham so:
8(x) = ¢fla) +dfib) — (¢ + dfix).

Vi fix) lién tuc trén [a; b] nén g(x) ciing lién
tuc trén [a; b]. CO ve gia thiét bai toan dang
quan tam dén hai s6 @, b nén ta thir tinh g{a)
@(b) r6i sau d6 lay tich cta ching xem cé gi
dic biét khong nhé. Ta co:

gla) = d[fib) - fa)]; g(b) = c[fla) —f(b)].
Suy ra: g(a)g(h) = —cd[fla) ~Ab)]'.
Dé v gia thiét bai toan con cho ed > 0 va
fla) # f{b) nén din dit ta dén g(a)g(h) < 0.
Nhu viy, phuong trinh dd cho co nghiém.OJ

© Bai toan 6. Gia s ham so [ lién e trén
T L L8 f(x) 2014

[0; +oo), fx) 2 0 ¥x 20 va lim - -,
vt X 2015

Chimg minh rang phuong trinh fix) = x co

nghiém trén [(); +oo)

Phén tich-binh ludn. Bai todn dang ban luin
dén chuyén phuong trinh c6 nghiém trén
[0; +w0) chir khong phéu la trén (0; +o0) nén
chung ta nhan thay s0 0 cling mang dén nhimg
diéu dac biét sau day :

e Néu f{0) = 0 thi hoan toan yén tam khi két
luén phwong trinh fix) = x ¢d nghiém.

 Néu f{0) > 0 thi ta giai quyét nhu sau:

Bat g(x) = f{x) — x. Vi flién tyc trén [0; +e0)
nén g ciing lién tuc trén [0; +o0).

Ta c6: g(0) = £0) — 0 =(0) > 0, Vx > 0. Vén
dé dat ra la phai tim _FIUQC S0 b nao do sao cho
g(b) < 0. Bay git dé y den mot gia thiét nira
S _2014
2015
fx)_2014
2015

cua bai todn 12 lim

X—4m X

xem co gi

dic biét? Ta thiy lim

x=+w X

<1. Suy

ra Eib::-[):i—(t-f)—)-c:l hay 3b > 0: fib) < b. Cb

nghia la g(b) = f{b) — b < 0. Suy ra: g(0)e(b) <0
= Jdec € (0; b) < [0; +o0): g(c) =0

< 3Je20:flc)=c.

TOAN HOC
" Cudilre S6 452(2-2015)

Viy PT da cho ludn c6 nghiém trén [0; +20).00
@ Bai toan 7. Cho [ la ham 5o lién tuc trén
doan [U 1] thoa diéu kign f0) = A1). Chimg
minh rang véi bat ki s6 te nhién n néio phiong

b

cling co nghiém thuoc

: |
trinh f(x)= __f| ¥

j:“ ,J
doan [0; 1]
!
Phén tich-binh ludin. Xét g(x)= f(x)- f{x-l——).
n
Vi gia thiét bai toan da cho 13 ham lién tuc trén
[0; 1] nén g(x) cling la ham lién tyc trén [0; 1].
Su kién f{0) = f(1) & gia thiét bai todn goi ¥
cho ching ta phai tinh nhitng gia tri dac biét
=1
ctia ham sd nhur g((}} g( ] Ta thiy

2(0) =f{0)—f[1}g[”—‘}=.f\ —‘]—.m).
H n \ #n
Viéc tinh céac g({)),f[n—_]J lai goi y cho

ching ta tiép tuc tinh cdc g[i] VOl
n

k=0,n—1 véi muc dich 1a sau khi ldy tong

3 . k - .- s i .4 .
cua cic g(—] s& triét tiéu rat nhiéu dai luong
n
di nhau. Ta tiép tuc gidi quyét bai todn niy

nhur sau: g(0}+g(ij+...+g{”_4] s

|

o2 o

1 " n H

=f10) - A1) =0 (do gié thiét cho A0) = A(1)).

Nghia 1a ton tai i,i € {0;1;2;“-;2_—1} (<))
nn nn n

sao cho: g[ )“i(} g[
n

nghié¢m trén doan {

]20. Suy ra PT co

-

= |~
- e ]

(i< j). Ro rang 13

o
k]

zl-«.

{i i] [0;1] nén PT da cho cd nghiém
non

thude doan [0; 1]. O
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k] B&i toan 8. Gia suw fix) la ham 56 lién e
wen R nhan gia tri khac dau. Chitng minh
rdng ton tai cdp so cong a, b, ¢ (a< b <
cho fla) + fib)+ fic)=0.

Phin tich-binh ludn. B&i v6i bai nay doi hoi
mot tu duy todn hoc sic bén méi 6 thé phat
hién va giai quyét duoc vén dé.

) Sao

Do f'lién tyc trén R va nhan gia tri khac diu
nén chung ta hdly twong tugng ring s& cd mot s6
& = 0 du bé va hai 50 x;, x; sao cho:

Ax)<0khix=x
fxX)>0khix=x-6,x
Nhing bai toan trén ching ta gip thuin loi &
viée co san mdt ham so so lién tuc dé ap dung
dinh 1y gia tri trung gian. Nhung bai toan
nay thi khong hé don gian! Bai vi gia thiét bai
toan da qua “tiet kiém 1oi n6i” khién ching ta
ctr mai loay hoay tim klcm mét hudng di trong
viée thiét 1ap mot ham s6 trung gian.

-8, x=x;,x=x,+0

=X, X=X3+8.

Néu ching t61 di xét th mdt ham 50 (tat nhién
van ¢o y do nghé thudt), chang han la ham
g(0) = fMxy = 8 + t(xy — x1)) + fory + H(x2— x1))

+ fx; + 8+ txz —x1))
thi cac em xem thir ¢6 gi déng luu ¥ khéng
nao. Tat nhién 1a c6 phai khong? Su that la vay
vi khi cho =0, 1 =1 thi ham s6 d4 xuat hién
vai hinh anh quen thudc da néu & trén. Do la:
g(0) = = 8) + flxy) + flxy +8) <0,

g(1) =flx; — 8) + flxz) + e +8) <0,
Diéu nay kéo theo: Jxy € (0; 1): g(xo) = 0.
Hay 1a: 3xp € (0; 1): Ax; — & + xo(x2a —x))) +
Jixy + oz —x1)) + flxy +8 + xo(x2 — x1)) = 0.
'Dét a=X]= o +.I'0I:X_:; —.T]:I, b =X +I{|(xg —X]),
c=x1+8+xx2-x). Déthly a< b <c va
b—a=c—b. Viy bai toan da chimg minh xong. O
Tom lai, tir nhitng bai todn trén ching ta da
kham pha mét g dung dep dé ciia ham 50
lién tuc. Hy vong diéu do sé gitip chiing ta co
cdi nhin sdu sdc hon khi tiép cdn véi nhitng
bai todn phwong trinh ma khé gidi quyét bang
nhitmg phwong phdp thong thiong. Sau ddy la
mot s6 bai tap dé eac ban ti luyén.

BAI TAP
1. Chimg minh rang cac phuong trinh sau ¢
nghiém:
a) x> +7x*=3x% +x+2=0;
b) 2" +3* +4%+5" =77,
c) x+lnx=0.
2. Chimg minh ring cac phuong trinh sau luén
c6 nghiém véi moi tham s6 mr:
a) msin2x + 2(sinx — cosx) = 0;

WA I s i e gt
Smx COsSXx

=m.

3. Chirng minh ring
a) Phuong trinh x* —x—2=0 c6 nghiém x, e(¥2;2);

b) Phurong trinh cos”x =, |+ 6 nghiém x, E[C‘;E).

¢) Phuong trinh 2x+tanx=1 c6 nghiém duy

nhét x, € (0;;).

d) Phuong trinh Vx+1+3x+27 +3¥x-16=0

ludén ¢ nghiém x; € [0; 8].

4. Chimg minh ring phwong trinh e + bx + ¢ =0

luén c6 nghiém x, € (0; 1) véi didu kién
b

a c = 2
—+t—4—=0vam<n>pn“zmp.
m n p

5. Cho ham sb y = f(x) lién tyc trén doan [a; b].
Chimg minh ring v&i moi x1, x2 € [a; b], v6i moi
mf (%) + nf(x,)

m, n> 0 phuong trinh f(x) = s
m+n

c6 nghiém thugc doan [a; b].

6. Ton tai hay khong ham liégn tye /iR - R
sao cho khi x vo ti, f{x) nhan gia tri hitu ti con
khi x hiru ti, f{x) nhan gi4 tri vé ti.

7. Cho ham f: [a; b] — [a; b] théa man diéu
kién | /) — )| < [x—v], vx,y € [a; b] va

x # y. Chimg minh phuwong trinh f{x) = x ¢d

nghiém duy nhét trén [a; b].
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Thdi Nhat Phuong - Phén tich da thitc @ Ban doc tim 11
thanh nhén ti bing phuong phap xét gia 5 2 :
tri ritng E L V6 Quéc Bd Cdn — Gidi han cia mot day sé
; g dang trung binh va dng dung.
@) Dién dan day hoc Toan © ¢ rakinay
Ng6 Buic Minh - Tit § tubng cia Euler. Problems in This Issue
© Huong din gidi Dé thi Hoc sinh gidi Toan T1/452, ..., T12/452, L1/452, L2/452.
lép 9 TP. Ha N§i, nam hoe 2013-2014. @ Giai bai ki trude
o Dé thi Hoc sinh giéi 16p 9 tinh Hung Yén, Solutions to Previous Problems
nam hoc 2013 — 2014. Giai cac bai cua S5 448.
€) Chuin bi thi vao dai hoc € Dién dan Phuong phép gidi Toan

University Entrance Preparation Vin Phi Quéc — Ung dung cia ham lién

Péo Vin Chdnh — Phudng phap dua vé
phuong trinh, bat phudng trinh thuén nhat.

tuc trong bai toan phudng trinh.
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mat phién ban tiéng Viét ctia cudn Tt dién

ﬁha xuat ban Gido duc Viét Nam vira cho ra
ach khoa Britannica cia My.

Tir dién Béch khoa Britannica gom 25.000 muc ;FH }RIEN
tir, 2.500 hinh minh hoa va ban d®, 51 finh virc (o RTOA
khoa hoc va doi séng, gan 300 mue i vé Viét 2im Bt 1tannica
Nam do cac tac gia Viét Nam bién soan theo S :

thoa thuan voéi phia My, Céng ty Bach khoa thw
Britannica My xét duyét.

Viéc chuyén dich sang tiéng Viét dwoe thue hién
rat cdng phu, do 54 dich gia, 62 chuyén gia (trong
d6 co cac chuyén gia tlr dién) hiéu dinh, tham
dinh, bién tap dwéi sw chi dao cta Héi doéng biér e
soan - bién dich, do 6ng Ngb Tran Ai - Chu tick s B o Brifamyica
Hoéi déng thanh vién - Téng giam déc Nha xuat i
ban Giao duc Viét Nam - lam chu tich.

Bo sach gom hai tap, téng cong 3.056 trang.
Hinh thire trinh bay céng phu, trang trong: in bén
mau toan b, dong bia cirng chir dap chim, ép
nhi vang, c6 bia 4o cho tirng cuén, dat trong hop
ctrng, duge phat hanh tr ngay 20/11/2014.

TUDIEN

Gido sw, Vién si Pham Minh Hac, Nguyén Bo T H KHOA
trwédng B6 Gido duc - Pao tao, danh gia bd BI’I’E&I’[I‘L]C&&
sach dat ba tiéu chi: Khach quan, Chinh xac, r— -
“Quyen uy” va viéc phat hanh T dién Bach khoa
Britannica tai Viét Nam c6 thé duoc coi la mét sy
kién Ién trong doi song van hoa - gido duc nuoce
nha. Theo Giao sw, moéi tred'ng nén cdé mét cudn
dé céac nha gido va cac em hoc sinh tham khao.

Theo Nguyén B6 truwéng: “Nhw Loi nha xuét :

ban viét: cfmg viec het stre kho khan, cac dich ) aessoceariw Briliipica

gia, nguoi hiéu dinh va bién tap vién da lam viéc ; 5

cat lwc trc-ng nhiéu nam tuy thé ciing ‘kho tranh
-~ khoi sat sot'.

~.Ban doc co nhu cau xin liénhe:

~ Conglty/CPISachidich va Tu dién Gido duc. Tel: 04.38266359 - 0904608096

Hoac timithem thong tin fai www.facebook. com/pugesﬁu—dlen -Bach-khoa-Britannica/
- Bo sach co g:a 3 triéu dong. Giao sach tan noi. mién phi,
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ON TAP GHI.IAN Bl CHO Ki THI
TRUNG HOC PHO THONG QUOC GIA

Pé gitp cac em hoc sinh Trung hoc phé thong, dac biét la
hoc sinh Iép 12, én tap va thi dat két qua tét trong ki thi
Trung hoc phé thong quéc gia nam hoc 2014 - 2015, Nha xuat ban
Gido duc Viét Nam t6 chiic bién soan, xuat ban bé sach
On tap chuan bi cho ki thi Trung hoc phé théng quéc gia.

B& sach tap trung bién soan, lua chon nhifng cau hoi, bai tap
dién hinh, tiéu biéu theo huéng déi méi kiém tra, danh gia va
thi tét nghiép Trung hoc phé théng quoc gia do B Giao duc
va Dao tao chi dao.

ON TAP SN TA ON TAP . ONTAP

ETOAN Evat li Hoa hoc Sinh hoc

CHUEN 1 THI A TN O Wl CHIAAN B CHO i THE UiH |GHDK.|11<
TRLHG THOMEG QLT i O G, TRUNG HOE PHO THONG QUOC Gl nuur,ur,u: BHS THONG GUSE 1A

ON TAP

fLich sir

EHaRiN bl cHo nm CHUEM B CHO m hu"
THLMG HOC PHO THONG GUEC S, TRUNG HOC FH
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