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CONG TY CO PHAN SACH CONG TY SACH - THIET Bl
VA THIET B| GIAO DUC MIEN BAC VA XAY DUNG TRWONG HOC HA NOI

Bién soan theo huéng phit trién ndng lu'c hoc sinh

— Sach dugc trinh bay hai mau, ting cudng kénh hinh va cdu trdc hién dai.

~ Gilip cling c6, nang cao kién thu, rén luyén ki nang, béi dudng HS kha gidi, gidp hoc sinh phét trién
néng luc chung va nang luc hoc tap toan hoc.

— Gitip HS biét mot s6 ing dung ctia kién thiic toén hoc trong cuéc s6ng. Khai ggi niém yéu thich mon
Toan va kich thich tu hoc, tu kham pha.

~Tac gia la nhitng ngui da c6 uy tin, nhiéu nam viét sach va ciing la gido vién c6 nhiéu kinh nghiém, tam
huyét véi nghé va su d6i méi gido duc, chi bién 1a NGND Va Hiu Binh.

—~ Néi dung sach bam sat cac chuong trong sach gido khoa, méi chuang c6 cac cha dé. Méi chii dé gém cac
muc nhu sau:

KIEN AN NHE

- On lai c6 dong nhiing kién thic can nhé, c6 thé bé sung kién thiic nang cao.
- St dung so d6, ban dé tu duy, biéu béng, hinh dnh gidp HS dé nhé.

- St dung hogt hinh (bong ndi) téng tinh hdp dén.

HOI DAP NHANH

G6m nhiing cau héi ngdn dang trdc nghiém hodc tu ludn, yéu cdu HS tra loi nhanh dé ciing ¢6 cdc kién thic

co ban va trdnh nhimg sai ldm dé mdc.

HOC GIAI TOAN

- G6ém nhiing vi du dién hinh co ban va néng cao.

- C6 nhdn xét, phan tich, huéng dén tu duy, suy ludn nhdm hinh thanh phuong phdp gidi todn.

gﬁ‘ BAITAP

- Bai tdp cang c6, van dung, tng dung, lién hé thuc té,... dugc phan lam hai logi co ban va nang cao.

- Bai tdp co ban ciing c6 kién thic gitp hinh thanh phuong phdp gidi, trinh bay khoa hoc. Bai tdp néng cao
yéu cdu ndng luc tu duy cao, ddo sau, méréng kién thic, van dung sdng tao phuong phdp gidi.

EM CO
ﬁ Huta hen dem dén su'thi vi cho HS. Ung dung hay thé hién cta todn hoc trong ddi séng; vén dé, su kién
hodc théng tin vé nha todn hoc néi tiéng.
5 ¥ DIXAHON

Gitip HS hiéu sau han néi dung dang hoc hodc la muc PO VUL

Cubn sach Béi duding Hoa hoc 8 thudc b sach B6i dudng cac mon Vat Ii, Hod hoc,
Sinh hoc danh cho HS THCS, nham dinh hudng phat trién nang luc va bam sat véi
thyc tién cuéc séng. HS sé dugc lam quen vi phuong phap nghién ciu khoa
hoc, biét phat hién, thu thap xi If thong tin va gidi quyét cac van dé hod hoc.
Séch gitip hoc sinh 6n tap va hiéu sau kién thic, rén ki nang gidi cac dang bai
tap tif co ban @én nang cao, qua d6 hoc sinh ¢6 cach nhin téng quét hon vé
phuong phap gidi bai tap trong pham vi chuang trinh Hoé hoc THCS.

¥ KET NOI KIEN THUC
Cdc bdng va so dé tém tdt toan bo noi dung kién thiic trong chuong
HOI DAP NHANH
Cdc cau hoi lf thuyét gitp HS tu kiém tra nhanh cdc kién thuc chinh cda chuong
'@ HOCGIAIBAITAP
Cdc vi du méu kém theo hudng dén gidi, gitip HS xdc dinh dang bai tap va ndm duoc cdch giai mét cdch dé dang
. VUOT THU THACH
Cdc bai tap khé véi muc dich boi dudng HS gidi, gitp HS rén luyén ki ndng phan tich, téng hop sdng tao &
muic dé cao
J CUNG LUYEN TAP
Cdc bai tdp & muc d6 co ban va ndng cao, tiing budc gitp hoc sinh phdt trién ndng luc tu duy, rén luyén kindng
phat hién, gidi quyét van dé va trinh bay bai mét cdch khoa hoc.
HOA HOC VA UNG DUNG
> Cdc bai tap thuc tién chi cho HS cdch ing dung nhu'thé nao tir nhiing diéu da hoc dé gidi quyét dugc nhing
vén dé trong cudc séng
i TAP LAM KHOA HOC
Huéng dén HS tu lam thi nghiém don gian dé ching minh hay dp dung cdc kién thuc da hoc vao viéc gidi quyét
cdc vén dé thuc tién ddt ra - :
DAP AN VA HUGNG DAN GIAI

BEEE DIA CHI LIEN HE MUA SACH o e e e e e

Khu vuc mién Bac:

CTCP Séach va TBGD Mién Bac, 187B Giang Vo,
Ha Néi - DT: 04.38562011 ; Fax: 04.35862493
Khu vuc mién Trung:

CTCP Sach va TBGD Mién Trung,

223 Lé Dinh Ly, TP. Ba Néng
PT:0511.3898687 ; Fax: 0511.3898282

Khu vuc mién Nam:

CTCP Sach va TBGD Mién Nam, 231 Nguyén
Vén CU, phudng 4, quan 5, TP. H6 Chi Minh

PT: 08.38358423 ; Fax: 08.38390727

Khu vuc Péng bing séng Ciru Long:
CTCP Séch va TBGD Cliu Long, 162D dudng
3/2, quan Ninh Kiéu, TP. Can Tho

— B6 sach Béi duéng Vat I 7, 8 dugc bién soan nhdm gidp hoc sinh 6n tap, ciing 6 va rén ki nang giai cdc
bai tap Vatlitir ca ban dén nang cao,... hudng téi muc tiéu phat trién nang luc ctia hoc sinh (nang luc tu hoc,
nang luc phat hién va giai quyét van dé, nang luc ngdn ng, néng lyc tinh toan, nang luc sang tao,...)

— Séch dugc thiét ké 4 mau, hinh thic dep, s dung nhiéu hinh anh sinh déng gan lién véi thuc té.

~ Séch dugc bién soan theo céc chuong clia séch gido khoa, méi chuong gém cac chti dé, méi chti dé ¢6
c4u triic gém cac muc nhu sau :

GIUP HIEU SAU

T6m tdt c6 dong cdc vdn dé Ii thuyét co ban cting mot s6 luu y vé Ii thuyét, két hop véi mét s6 hinh dnh minh hoa
6 néi dung thuc té. Giup hoc sinh hiéu sGu kién thic da hoc va la co sé dé gidi bai tap.

HO! DAP NHARH

Gém cdc cau héi Ii thuyét va cdc bai tap c6 c6 néi dung gdn véi thuc té. Gitip hoc sinh ndm viing kién thic
coban va lam quen véi viéc van dung kién thic vat i vao cdc tinh huéng cu thé trong cuéc séng.

HOC GIAI TOAN
G6m cdc dang bai tdp ca ban nhdt, cung voi nhiing luu y vé kién thuc, vé nhimg vuong mdc hoc sinh thudng gap.
Gitip hoc sinh c6 dugc phuong phdp gidi bai tép cho ting dang bai cu thé.

| CUNG LUYEN
* Pua ra cdc bai tap tu luyén tap & mic d6 co bdn va ndng cao, nhiéu bai tdp c6 ndi dung gdn véi thuc té va cé
ting dung cdia Vat I trong d&i séng, khoa hoc ki thudt hodc cdc bai tap thi nghiém du6i dang “Thi nghiém vui’y
nhém rén luyén cho HS ki ndng gidi bai tdp Vat Ii, déng thdi tiép can phuong phdp thuc nghiém trong Vat Ii.

A Cog NHIN XA HON
E\’% Gidi thiéu nhiing ung dung thuc té cta kién thic da hoc trong cuéc s6ng, khoa hoc ki thudt & miic d6 cao hon,
7 nhding hién tugng vat I ki thd cda tu nhién ma hoc sinh chua biét téi, tao hing th trong viéc hoc tap mén Vat Ii.

Cac cudn sach dugc viét danh cho hoc sinh 16p 7, 8 gip cling ¢8 va nang cao kién thitc vé THE GIGI

DPONG VAT, vé CO THE NGUOI trong chuong trinh Sinh hoc 7, 8. Néi dung cac cudn séch dugc viét theo

dinh huéng phat trién nang Iuc va theo trinh ty cac chuong nhu trong sach gido khoa. Méi chuong gém

cac chti dé. Cau tric méi cht dé gém cac phéan sau :

KET NOI KIEN THUC

Hoc sinh tu xdy dung cdc ban d6 khdi niém, hoan thanh so dé, cdc bang biéu dua vao tir khod la nhing khdi

niém da hoc trong chuong nhdm hé théng nhiing kién thic co bén, trong tam cla chd dé.

HOI - DAP

La nhing cau héi vdi tr 16i ngdn lién quan téi néi dung chinh trong sdch gido khoa, giip hoc sinh ndm viing

cdc kién thc tru6c khi budc sang nhiing bai tdp mdi véi nhiéu thir thdch tiép theo.

, CUNG LUYEN TAP

Bai tdp & muic d6 co ban nhdm cting c6 kién thiic. Hoc sinh van dung kién thic co ban dé tré loi.

VUGOT THU THACH

Bai tap & mdc 6 ndng cao. Hoc sinh phdi phan tich, téng hop, so sdnh, vn dung kién thic dé hoan thanh cdc bai tap.

NHIN XA HON

* Cung cdp nhiing ngi dung lién quan dén chi dé, théng qua d6 cung cdp thém théng tin nhdm ndng cao hting thi
déi véi mén hoc.
Cé4c bai tap dugc viét dusi dang trac nghiém khach quan va tu ludn véi cach viét theo hudng tap trung
phat trién tu duy, ki nang dién dat thong tin, ki nang gidi quyét van dé va gan lién véi thuc tién. Hi vong
réing véi cach viét d6 gitip hoc sinh thém yéu thich mén Sinh hoc va biét van dung nhiing kién thic d6 trong
ddi s6ng thuc té.

Phat hanh tai hé théng ctra hang
Sach - Thiét bi gido duc Habook
Siéu thi sach va TBGD - 458 Ly Thudng Kiét, Ha Noi
Ctra hang sach va TBGD - 11 Tran Huy Liéu, Ha Noi
Ctta hang sach va TBGD - 67 Phoé Bic Chinh, Ha Noi
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TRUNG HOC €O SG

<

VU HONG PHONG (GV THPT Tién Du 1, Béc Ninh)

(g\c gidi dugc cdc PT, HPT c6 chita phdn nguyén, phdn Ié (phdn phan) doi hoi chiing ta phdi
&7 nam vitng cdc tinh chdt ciia phén nguyén ciing nhu phan le. Sau day, chiing t6i xin gioi thiéu

101 cdc ban mot s6'tinh chdt ciia phdn I€ ciing cdc thi du cé van dung cdc tinh chdt nay.

A.MOT SO TINH CHAT CUA PHAN LE

Trude tién xin nhéc lai mot vai tinh chat (TC) ctia
phéan 1&: Vi x, y 1a s6 thuc, m; n 1a cdc s6 nguyén,
ki hiéu phan nguyén cta x 1a [x], phan 1& cta x 1a

{x} =x—[x], Z1a tap hop cdc s6 nguyén.
1. 0<{x}<1.

2.V6éinz1thi 0<[n{x}]<n-1.

3. {m+x}=1Ix}.

4. {nx} ={n{x}}.

.Véix e Zthi {x}={-x}=0.

G

un

Vé6ix ¢ Zthi {x}+{-x}=1.
6. {x}={y}ox-yelZ
Moé rong: v6i m > 1;n > 1
a)eVéi keZ; —n+1<k<m-1va
mi{x}—n{y} =k thi mx—ny e Z.
o Néu mx—ny eZ thi
m{x}—n{y}e{—n+l;—n+2;...;m—1}.
b)eV6i ke Z,0<k<m+n-1va
m{x}+n{y} =k thi mx+nyeZ.
o Néu mx+ny e Z thi

mix}+n{y} e {0;5;..;m+n—1}.

c)eVéikeZ, —n+1<k<m-1va

{xl} +{xz} +...+{xm} _{Jﬁ} f{yz} —...—{yn} =k thi

Nt+xXt.tx, -y —Y,—..—y, €L
*Néu X +x, +..4 X, — )=y, —...—y, € Z thi

{xl}+{x2}+"'+{xm}_{yl}_{yZ}_‘“_{yn}

e{—n+l;—n+2;...;m—l}.
T.a){x}+{x}+.+{x,}-n+1

S{xl +x, +...+xn} S{x1}+{x2}+...+{xn}.

Dang thitc xay ra & BDT v& trdi, vé& phai lan
lwotla  [{x}+{x,}+..+{x,}]=n-1;

b) {x}-{y}<{x-y}<{x}-{}+1.

Ding thic xdy ra & BDT vé trdi, v& phai lan
luot 1a [{x} - {y}]=0;[{x} - {y}]=-1.

8.Vé6i n>1 tacé:

{x}+{x+—1—}+...+{x+n_l}—n—_lz{nx}.
n n 2

Chirng minh

6.Gid st {x} ={y} taco
x=y=[x]+{x}-[yl-{y} =[x]-[y]eZ

Gidst x—yeZ thi

(- =x-y-[xl+[yleZ (1)

Do 0<{x};{y} <l nén -1<{x}-{y} <l (2

Tir (1), 2) suy ra: {x}—{y}=0= {x} = {y}.

: TOAN HOC
S6 450 (12-2014) & STusitre
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a) e Voi m{x}—n{y} =k thi mx—ny =
mx]—n[y]+m{x} —n{y} = m[x]-nly]+k € Z.
e Néu mx —ny € Z thi
m{x}—n{y} =mx—ny—m[x]+n[yleZ. (1)
Do 0< {x},{y} <1 nén —-n<mix}—-n{y}<m (2)
Tu (1) va (2) suy ra:
m{x}—n{y} e {-n+L-n+2;.;m-1}.
7. a) Taco §x; + 2y +...4 %, }
=X+ Xy ot X, =[x+ X+t X, ]
=[x ]+ {0 + 0]+ Do)+ [x ]+ {2}
L 1+ {3 + e 1+ 40} + o+ [, 1+ {x, ]
=[x ]+ {m )+ ]+ +. 4 [x, 1+ {x}
~x]-[x]— —[x 1= [ + o+ {x,}]
= {3+ o+ ) =0+ )+ {3 (D
Do 0<{x;}<1nén 0<{x;}+{x}+...+{x,}<n
= 0<[{x}+{xn}+.+F{x,}]<n-1 2)
Tir (1) va (2) suy ra TC7a.
Nhdn xét
e Tinh chét 7a c6 thé phat biéu nhu sau: Biéu thitc
{5 +3 o, —{x} — {0} == {x,}
nhén cdc gid tri —n+1; —n+2; ...;0.
e Tdng quat: biéu thic
[ +X + ot Xy = Y= Vo == V)
~{x)~{x) —={xa} H )+ 0+ A 0]
nhén cac gid tri —-m+1L,-m+2;..;n.
(Ban doc tu chiing minh cdc tinh chét con lai).
B. MOT SO THI DU
Thi du 1. Giai phuong trinh

(
|
|

[
| 1 pef
i3

+ P G ’

| 3 J )

Loi gidi. Theo TC8 ta c6
2 =
j£}+{f+l}+{f+:}—§—l={3.£}={x}.
| Ber arosboaag a2 3
TOAN HQOC :

2 CTugitre S5 450 (12-2014)

PT< {x}[x]+[2x]=6,2

< {x}[x]+[2([x] +{x})] = 6,2

< {x)[x]+[2[x]+2{x}]=6,2

< {x}[x]+2[x]+[2{x}] = 6,2 )
TH1: 0 < {x} <% (2) thi [2{x}]=0.

PT(1) < {x}[x]+2[x]=6,2

3)

Do (2) nén OSQ’—2;2—[3C—]<l
[x] 2

&2,48 <[x]<3.1<[x]=3.
: 0,2
Thay [x] = 3 vao (3) dugc {x}= 50

0,2 46
Suyrax= [x]+{x}=3+—"—=—.
y [x]+ {x} 3 15

TH2: %s (b <1 thi [2{x}]=1.

5,2 2[x]

PT(1) & (0[] + 2Ax]+1=6,2 < {x} = &
X

Giai twong tu TH1 ta dugc x = 2,6.
. _— ) 46
Vay PT c¢6 hai nghiém x = % vix=2,6.

Thi du 2. Giai phuong trinh

/T n = it
(VI+x}={0,5—+3—x] (1516

Lai gidi. DK: —1 < x < 3. Theo TC6 thi

PT() & A=x+1+3-x-0,5¢Z

C6 (Vx+1+3-x)> =4+2Jx+ DG~ x).
Theo BDT Cauchy thi 0<2/(x+1)(3—x) <4.
Suyra 4<(Wx+1+3-x)2 <8
=2<Jx+1+43-x<2\2

—1,5< 4<2J2-0,5~2,3 véi Vx e[-1;3].

https://tieulun.hopto.org



Dovay vx+1++/3-x-0,5=2
S Vx+1+3- =§<:>x:li¥

5
57

Vay PT(1) ¢6 hai nghiém x =1+ AR

Thi du 3. Giai phitong trinh
=y

fxt + {4x) [x]” —2[x]+3

@ {60+2 [ 42
Loi giai. D& thdy {4x}+{6x}+2> 0.
Theo TC4 ¢6 {4x} = {4{x}} = 4{x} —[4{x}].
Theo TC7 ¢6
{6x) = {x+x+4x} > {x} + {x}+ {4x} -2
= {dx} +{6x}+2 2 2({x} + {4x})

{x} +{4x} & 1 @)

Suyra VT (1) = <
Y VI = a2 2

VT(1) =% S+ {x}+{4x}]=2

©2<2xb+{4x} <3 © 2 < 2x} + {4{x}} < 3
& 2<2{x}+4{x} ~[4{x)}] < 3
<2< 6{x}—[4{x}]<3 (*)

THI: 0S{x}<% thi [4{x}]=0.
(F=2<60xl <3 @%S{x}<% (loai).
TH2: ig{x}<% thi [4{x}]=1.
(M) 2<6{x}-1<3 @%S{x}<§ (loai).
TH3: lS{x}<E thi [4{x}]=2.

2 4
(*)@%S{x}<%, suyra—i—s{x}<%

TH4: i—g {x} <1 thi [4{x}]=3.

(*)@%S{x}<1, suyra%ﬁ{x}<1.

A x 2.3) 5.,
Vay BPT( )@{x}e{3,4ju[6,l}

Ta c6: ([x]—Z)2 >0 suyra
2([xP = 2[x]+3) =[x +2.

[x]? —2[x]+3 i

Do dé VP(1) = >
@ [x]* +2

1
— 3
5 3)
Daéng thitc x4y ra < [x]=2.
T (2), (3) suy ta VE()=VP()= —;—

25 5

——Jul =31
= {x}eL} 4) {6 )@xe{g;ll)u{gﬁj

[x]=2

Téap nghiém PT(1) 1a T:[g;%ju[llﬁ].

Thi du 4. Giai hé phuong trinh

(6 TN St

9.2+ 3429 2= 2 =] (*)
[ i fron)y

| 4

It 1 7\* ; 5y k%
1 I (2 — Y | . e S D ) i Y
] N3] +7) L 2 )
|

Loi gigi. Ta c6 {xy} {-xy} #0 < xy ¢ Z.

DK: 2<% <2; xyeZ Dit T=q véi 2<a<2.
y y

PT(*) tr& thanh: {M}u{\/’z——a}:l (1)

Theo TC6b thi tir PT(1) ¢6

L= M+2\/z_—2 € Z nén

P =10-3a+ 44— =4+32—a)+ W42 > 4,

Theo BDT Cauchy c¢6:

I’ =10-3a+2/(8+4a)2-a)
<10-3a+8+4a+2—a=20.

Vay 4<I’<20,ma L>0,suyra L e{2;3;4}

TOAN HOC
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oVl L=2=>1’=4=a=2.

7 Sl
= xy =—. Nhu vay ta co
Thay @ =2 vao PT (1) thily khong thoa man. 2

V6i L=3 =10-3a+4J4—a® =9 Xt
@ g= == 20 — = R
b s i i i 5 25 7 5\(-7 -5
31211 Masdieion! =y R
A gt g e
s 2
Vay HPT da cho c¢6 nghiém
Thay a—3+12\/_ vao vé trai (1) dugc VY s
7.5\ (7.5
N5
53+124/11 o 47-12411
25 25 BAI TAP

{3+2\/ﬁ 1} 2{6-&} , 1. Giéi céc phuong trinh sau:
% . Al e 6{x}x*.
34121 b) {x{x}} +[x]=2,24.

Suy ra ¢ = ——— bi loal.
25

c) [x]{x + %} +2{2x} = %O— :

e V6i L=4 = a=-2 hodc a:%.

d) x[x]+

) {x}+{2x} Sy [7)6}
Thay a=-2 va a=— vao PT(]) ta thdy chi 3}

10

1
cé a= 14 1a nghiém. e)|x]+ [x + E} +2{2x} =8+ 4{4x}.
25 '

Do xy ¢ Z nén: [xy]+[-xy]=-1; ) {§+% +{2_xz+%}+m+{2 } [x]- [2255561
{o} + {0y =15 o {—xp} > 0.

1 x+1 x+4 7L x+43 ‘§+[ ]

Vi (m—n)220 nén m2+1f1223(m+n)2 va 451 7 a5 ) 3 Al

2. Giai cic hé phuo’ng trinh sau:

trén déu 1a m = n. Ap dung cdc BDT nay, ta c6: —y}
4 x_ x - =x+y+0,5

mn S—j‘—(ern)z. DPang thic xay ra ¢ 2 BDT

V() > ~ ([xy]+[—xy] R
(P} + {~o7})? (x} +[y] = {y} +[x]

=22 = VP(**), Suy ra Y By} +1
1 =2 —_—
ol=tmle7 el e
F, = Xy|=
2 g o TR | BB
o} = {0} {p=7 3y} +[30x}]+[x] =6.
{w}+{-w} =
TOAN HOC

* CTudilre S& 450 (12-2014)

https://tieulun.hopto.org



HitSng ddin gidi DE THI TUYEN SINH VAO LGP 10 TRUGNG PTNK,
DHQG THANH PHO HO CHi MINH nam hoc 2014-2015

(Dé thi dang trén TH&TT So6 449, thdng 11 ndm 2014)

VONG 1
Chu 1. a) Binh phuong 2 vé, dua PT vé dang
(3-x)(1-x*)=0. Tap nghiém : S = {3;1;-1}.

b) Z=—7.

y
Céu 2. a) HPT c6 5 nghiém (x; y) 1a:

(V75905 (V75 9); (0; 18); (4 2); (4; 2).
b) AB = BD = AD. Goi O 14 giao diém cua AC va

3

BD; OA = ABsin ABO = 4B~ => 4C =204

2
AC.BD:\BAB -
2 2
— AB=6(m); Chu vi hinh thoi ABCD la

AB.4 =24 (m); Tam giac ABC ndi tiép duong tron
tam D, ban kinh DB = 6m.

Ciu 3. a) Véim = -1, PT(1) c6 nghiém x = -1.

b) BK: x # —3. PT(1) c6 hai nghiém x;, x, phan
biét & mx® +(m—3)x+2m—1=0 c6 hai nghiém
phén biét khac -3

=34B=> 8 450p =

m=0
m=0
S {9m—3m-3)+2m-120e {M*1
A>0 ——9-<m<1
7

x1+x2=3—_—rﬁ;mx§+(m—3)x2+2m—l=0.
m

Do d6 21x, + 7m(2+ x, + x2) =58

S 215 + %)+ T mxd + (m —3)x, +2m—1] =51
17 .

®x1+x2:7<:>m=§(thoamanBK).

Xty

Ciu 4. a) =1oo:>“;b+\/ﬁzzoo

= (Va +b)” =400 = Va + /5 = /400 = 20.

b) Do x, y ti 1¢ nghich, x tang a% thi y giam m%
nén ta ¢ (x +x.a%)(y — y.m%) = xy
< (1 +a%)(1 -m%)=1(dox>0,y>0)
m 100 100a
——=—m= y

100 100+a 100 +a
Cau 5. (Ban doc tu v& hinh) a) AC | BD tai [
= tdm O cla (‘T) 14 trung diém cia CD. D& thiy:
BE = BC = BA = AABFE cén tai B; BO L CE va
DF 1 CE = BO // DF, DFBO la hinh binh hanh
= Fla trung diém ctia AB va AF = a.

b) OB la tia phéan giac cia E/O\C, OP la tia phan
gidc cia EOD. Ma EOC vi EOD k& bu nén
BOP = 90°. Goi K 1a trung diém cua BP,
ta nhan thdy F, K, I, O thing hang, KO L CD, suy
ra dudng tron ngoai tiép A4ABP ¢6 tam K, tiép xuc
véi CD tai O.

2

PEBESOp & pi="oeayppi
2a 2 2
a 3a AP

Taco AP=2a—-—="—. Dod6 —=3.
2 2 PD

¢) Ta c6 IEF = ICD = IAF =45° = tit gic AFIE
ndi tiép = IEM = AFI = 90° = IM 14 duong kinh
cia (T) = I, O, M thang hang = M e OF va
FM =3a. AAFM vudng tai F = AM* = AF* + FM?
=94 +a* =10a* = AM = \/Ea.

VONG 2
Ciu 1. a) D& thay PT (1) c6 hai nghiém phan biét

m? +4

< m>0. Dodo: 0<2m<

2m P m* +4 5 m*+5 _l
m*+5 2m*+5) 2m*+5) 2

=0<x+x, =
=S>xt+x,el.

b) m=2va m:—s—.
2

; TOAN HOC
6450 (12204 * CTigifre
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Cau 2. 1) DK: x>0,y > 0. D& thay x # 0, y # 0.
Do vai trd cta x, y nhu nhau nén co thé gia st
x>y>0.Taco:

1+ xyJy =1+ 2 1+ Jy iy =1+ yx
S 2(14xyy) 22(14 ) = 9px 2 0xy

= y>x = x =y. Tir 6 tim duogc nghiém (x; )

cua HPT 1a: (3/4; 3/4) va [i/%; igj

g3 MC _BC NB _BC BC? =
MA AB’NA AC’

(MC + MAYNB+ NA) [ MC NB

= = +1 || —+1
MA.NA MA NA
BC BC BC* BC BC

= —+1||—+l|=——+—+—+1
AB  J\AC " AB.AC AB AC

2 504
e i S o ABZ+AC‘[ L lj

AB? + AC?

AB.AC AB AC

52414 2ABAC 2| 1 34242,
\ 4B AC

l-i—lzl<:>ab=c(a+b):>abf(a+b).

Cau3l.a) T
(a+b) hoic
b (a+b) maa, bnguyénduongsuyraa>a+b
hodc b >a + b (vo 1i). Vay a + b khong thé 1a so
nguyén to.

b) Ta c6: (a +c)(b +c)=ab+ (a+b)c+c
=2a+b)c+c*=ca+2b+c)

= (a+c)(b+c) ic (M. Giastatcvib+e

Néu ¢ + b 12 s6 nguyén t6 thi a :

dong thoi 14 s6 nguyént. Doa+c>c, b+ c>c¢
va ¢ >1nén (a+c)(b+c) khong chia hét cho c,
mau thuin véi (*), ta c6 dpem.

Ciu 4. (Ban doc ty v€ hinh) a) Goi O 14 tim cua
nta duong tron duong kinh 4B. Ta co:

ACN = ANC (cing phu véi hai géc bing nhau)

= AN=AC. Tuong tu, BM = BC.

b) Goi L=AINCN, K=BJnCM . Caic
AACN, ABCM can nén: CL = NL, AL L CN,
CK = MK, BK L CM = KL /| MN =>CKL=CMN,

IKJ = ILJ =90° => tit gidc KLJI ndi tiép

TOAN HOC ]
“ Cludilre S8 450 (12-2019)

= CKL =CJI :@:m, suy ra bén diém
M, I, J, N cung nam trén mot duong tron. Dé théy:
MCN = MHI =45° = t& gidc HICN ndi tiép
— NIC =NHC=90° = NI L CM. Tuong tu,
MJ 1 CN. ACMN nhan MJ, NI, CH 1a ba dudng
cao nén ching déng quy.

¢) MN=AN+ BM— AB=AC+ BC—AB. AC’ + BC*
= AB* = 4R* AC.BC = CHAB va CH< OC = R.
Do d6: (AC + BC)> = AC* + BC* + 24AC.BC

= AR+ 2CH.AB = 4R* + 4R.CH < 4R* + 4R’
—8R® = AC+BC <22R

— MN<2J2R-2R=2(2-DR.

max MN =2(J2 -)R < H= 0 < C la diém
chinh gira ctia cung 4B.

CHMN _R2(N2-DR
Scuy =——5— < (*/; R _2-DR.

max Seyw = (2 -1)R?. Déng thirc xay ra

< H= 0 < (Cla diém chinh giita cua cung 4B.

Cau 5. Gisotunhlen phéan biét do la ay, ay, as,

ay, as, khong mat tong quat, gia st

as>a4> az > ax > a *)

a) Tl (*) ta c6: as — a3 = 2; as — az > 2. Theo @&

bi:aytamtaz>astas=>a>as—aztas—a

>2+2=4=>ag 25=Das>a>az>a>a; =5,

b)Tacd:as>as>a3>a,>a; 25;

a; +ax+as+ast as <40.

aitaytaztastas

>ata+1+a+2+a+3+a+4=5a +10

=5a;+10<40 = a,<6.V6i5<a;<6,a1 € N

=a,=5=a,+a3+as+as <35 Mat khac

ataztastas
>amtaytlta+2+at+3=4a,+6.

nén 4a, + 6 <35 :>a2<%:> a <7.

Vie6<a;<7,a, € N=a,=6hoaca="7.Co
hai bd s6 (a1; az; a3} as; as) thoa man bai toan la
(5,6, 7,8, DAIK7: 8;9; 10).

NGUYEN PU’C TAN (TP. H Chi Minh)

Swu tam va hwong dan gidi
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(Thoti gian lam bai:150 phut)

Bai 1 (1,5 diém). Cho biéu thirc
S 1 2x+f 1 2x&+x—\/_
1- \/_ f 14+xvx ’

¥ 1
voix>0,x # Z,x # .

1-x

a) Rut gon biéu thire 4.
b) Chitng minh ring 4 > /4 .
Bai 2 (3 diem)

a) Giai phuong trinh: l+ 5 =

o \/2—x2

b) Tim cac cip sd nguyén (x; y) théa man
didu kién 6x* + 517 = 74.
Bai 3 (1,5 diém). Cho tam giac ABC c6 ba
goc nhon. Céac duong cao 44,, BB;, CC; cua
tam gidc dong quy tai H. Ching minh rang:

HA b HB i HC .

H4, HB, HC,

Vang

Thai gian tham thoat thoi dua
Xin miing Bao Toan tudi vita ndm muoi
Ngodnh nhin nam thang veo tréi
Biét bao ki niém béi héi hién ra

Nao I6i day bao thiét tha
Cac nha toan hoc nang ta truéng thanh
Nhu hoa né tham triu canh
Nhiing dé toan la mai danh trong tim

Bai 4 (3 diém). Cho dudng tron tim O, day
cung AB (AB khoéng phai 1a duong kinh).
Piém M di dong trén cung 16n AB (M khong
trang véi 4 hoic B). Goi H 1a hinh chiéu cua
M trén AB; E, F 1an luot 13 hinh chiéu cta D
trén MA, MB.

a) Chimg minh duong thang MD lubén di qua
mdt diém cb dinh.

b) Goi Q, P lan luot 13 hinh chiéu cta D trén
MA, MB. Chimg minh ring DP.EF = PQ.HE.

MA>  AH.AD

MB> BDBH '
Bai 5 (1 diém). Cho céc sb x, ¥, z d61 mot khac

¢) Chirng minh

nhau, khac 0 va l+-1—+l = 0. Tinh gia tri cua
XYy Z
. L : Xz : A
X +2yz y +2xz z"+2xy
BUI VAN CHI
(GVTHCS Lé Loi, TP. Quy Nhon, Binh Dinh)
suwu tam va gioi thiéu

biéu thirc 4 =

mai Bai ca trong nguoi

Kinh ting Tap chi Todn hoc & Tudi tré

Tram ngan cau chuyén an tinh
Bao gin giif Itra yéu tin con nguoi
Canh chim bay suét cudc doi
Nhip cau néi nhiing chan trgi bao la

Tu trong tudi tré sinh ra
Bdo vang vong mai Bdi ca trong ngudi.

Thu 2014

Lé Quéc Han (GV Khoa Todn, PH Vinh)
, TOAN HOC
8450 (122014 * CTyGifre
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N\ Chudn bi
,‘ cho ki thi
M *:'f tot nghiép THPT
[ , va thi vao
— Dai hoc

NG PHAP HAT AN PHU BE GIAI

NGUYEN HOU TRUNG
(GV THPT Thudn Thanh So 2, Bac Ninh)

Trong cdc dé thi Pai hoc va Cao ddng xudt hién
khd nhiéu bai todn giai bdt phuong trinh (BPT)
vé ti ma cdch gidi thuomg la bién doi tuong
duong hodc ddt dn phu dé dua vé bdt phuong
trinh moi don gian hon. Téi xin gidi thiéu thém
Vvdi cdc ban mot s6 dang todn vé gidi BPT vo i
va nhiing cdch ddt dn phu dé gidi chiing.

. PHUONG PHAP DAT MOT AN PHU
Loai 1: Trong mot s6 bai todn ta c6 thé dat dn
phu truc tiép v6i 4n ¢ bing mot biéu thic can
thitc chita 4n. Khi d6 ta s& rit 4n cii theo &n méi
t va thay lai BPT ban dau, ta dugc mot BPT véi
4n méi. Giai BPT tim nghiém ¢, thay lai phép dat
suy ra nghiém x. Cu thé ta xét thi du sau:
Thi du 1. Giai bdt phuong trinh:

Je£1+232x 1322542, (1)

Loi gidi. DK: x> —1.Dat t=vx+1=>x=1"—1,
t>0. Thay vao (1) ta dugc BPT 4n r:

t<0
W wl= 2 e t2%
4 — 48 -7 -420 (2)

Véi <0, két hop DK ta dugc t=0. Khi do6
BPT (2) vo nghiém. Véi ¢t = %, khi do:

Q) (t-2)48 +42 +1+2)2 01> 2.

V6i t22=+/x+122< x>3. Két hop véi
DK ta dugc tap nghiém BPT (1) la: S =[3,+ ).
Thi du 2. Gidi bdt phuong trinh:

V7x-8 +12 (V2x-1-1)". (1)

Loi gidi. DK: xZ%.Deflt t=~l2x-1

2
= X=

14> 0). Kni 46 BPT (1) tr& thanh:

2
2_ 2z
*3/%2 2 i1z (-1 <::>43”—7t2—92t2——2t

TOAN HOC
* Cludilre S4 450 (12-2014)

o TP -922(8 -2t)

< 215 =128 +24¢* —16£° =71 +9<0
o (E-D)(=3)2t" -4 + 262 +4:+3) <0 (2)
Taco: 2t* =413 + 21> + 4t +3

=212(t-1)* +4t+3>0,Vt>0.
Thanh tht 2) < (t-1)(t-3)<0&<1<1<3.
Khi dé ta dugc: 1<4/2x-1<3 < 1<x<5. Két
hop v6i DK ta dugc tap nghiém cua (1) la
5= [1,5].
Loai 2: Néu mot bét phuong trinh vo ti c6 bod
phan chita 4n narn ngoal can biéu dién dugc theo
bo phan chia 4n ndm trong can khi d6 ta c6 thé
dit bo phan chita can d6 l1am 4n phu
Chu y: Trong thuc hanh c6 thé can thyc hién mot
s6 bién déi nhu nhan, chia, hoac thém bét hang
s6 thich hop,... dé lam xuét hién bo phan cin dat
an phu.
Thi du 3. Gidi bdt phuong trinh:
JTx+7 +Tx—6 +2/495% + Tx— 42

<181-14x (1)

Loi gidi. DK: ng. Khi d6

(1) < 14x—181++/7x+7
+/Tx—6 +24/49x* + Tx—42 <0
& (Tx+7) +(Tx—=6)+2/(Tx+7)(Tx—6)
+Tx+7 +/7x-6-182<0
& WTx+7 +7x-6)
+(Tx+7 +/Tx—6)—182<0 (2)
pit t=+/7x+7 ++/7x—6 (t>0). Khi d6 BPT

(2) cé dang: £ +1—-182<0 < —14<t<13. Két
hop véi ¢t >0 suyra 0<zt<13.

Vay: V7x+7 +47x—6<13.

Dit f(x)=7x+7 +7x—6 v6i ng.

https://tieulun.hopto.org



o Sl 1)
2WIx+7 207x-6

f(x)=

>O,Vx>§.
7

Suy ra ham s6 f(x) déng bién khi x> g Do d6

VIx+7 +07x-6 <13 f(x)< f(6) = x <6.

73 QN . 6 . 2
Két hop diéu kién x> = ta duoc tap nghiém cua

BPT (1) 1a: S =[g, 6).

Thi du 4 (DH khéi B-2012). Gidi bdt phuong

trinh: x+1+vx* —4x+1>3x. (1)
Phdn tich: Thoat nhin ta thay khong thé dat 4n
phu ngay vi BPT chita 2 can va biéu thitc ngoai
can khong biéu dién dugc theo biéu thic chita
can. Nhung néu ta chia 2 v€ ctia BPT cho

\/_¢O khi d6 ta duoc: \/;+——+

P ()ij 423

va ta ¢6 thé nghi dén phép dat £ =/x + £ )

Jx
Loi gidi. DK: 0<x<2—+/3 hoic x>2++/3 .
THI: Néu x=0, khi d6 (1) tr& thanh: 2>0
(ludn ding), suy ra x =0 1a mot nghiém.
TH2: V6i x>0, chia 2 v& ctia (1) cho vx ta
duoc:

1 1
VX +—=+,[x— 4+ >3
Vx
x+——+ / x+ -42>23(2)

Datt—x/;+—~ (t>2):>x+——t 2.
Jx’ x
Khi d6 (2) tr6 thanh:
3_l<0 t>3
VP -623-te| [3-120 = 1K
—<t<3
£ -623-1) 2

' 5
<:>t2§. Véi t > — ta dugc:
2 2

\/;+LZ§<:>2x—5\/;+220

Jx
& xS%hoac \/;22. Tt d6 ta duoc xsi

hodac x>4. Két hgp hai truong hop va DK ta

dugc tap nghiém cna
§=[0,1]U[4,+).

Nhan xét: Ta c6 thé chia hai v&€ BPT (1) cho

x+1>0 va bién déi vé dang 1+ [1-6.——
(x+1)

BPT; (1), Ila:

>3 a > vadat t = a =
(x+1) (x+1)
Thi du 5 (DH khéi A-2010). Gidi bdt phuong
D

trinh: =211 (1)
—2(x* —x+1)

Loi gidgi. PK: x> 0.

Nhan xét: Ta co

V202 —x+1) = J(x =12 + > +1>1
=1-2( —x+1) <O0.

Do d6: (1) & x—/x <1-2( —x+1)
o262 —x+) <1-x+x ().

TH1: Néu x =0, khi d6 (2) c6 dang: V2 <1 (vo
nghiém).
TH2: Néu x>0, chia 2 vé ctia (2) cho /x >0,

ta duoc: 2(x+l]—2 s(—\/l—;——ﬁjﬂ 3).

X

Dat el Sl il s 5,

Jx x

Khi d6 (3) tr& thanh: +2f* +2 <t+1

7] t>-1
SS9, , S 4 =il
2t +2<(t+1) (t-1D)"<0

Véit:l:»i—\/;ﬂ@xh/}—l:o

Jx
@\/;:—1;\/5 (dox>0)<:>x=3“2\/§.
Két hop 2 truong hop va DK ta duoc nghiém cua
(s f

Thi du 6. Glal bdt phuong trinh:
V2x* —6x° +10x* —6x+8 —/x* + x
< +1(x=2) ().
s {2x4 —6x° +10x* —6x+8>0

X +x>0

TOAN HQC
* CTuditre 9
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2 2 _ <8
- (x*+D(2x 6x+8)_0©x2
x=0

Khi d6 (1) Vx? +132x% —6x + 8
i 1x =¥ +1(x-2)<0
o +1(2x2 —6x+8 —Jx —x+2)<0
& 2¢ —6x+8 - -2+2202).
THI1: V6i x =0, khi d6 (2) vo nghiém.
TH2: V6i x>0, chia 2 vé& clia (2) cho vx ta

duoc: 2@%}-6-1-({-%}30

N }2(”3—6 s[\/;~72_;]+1 3).

bat t=\/;——2—3x+i=tz +4, thay vao (3)

Jx x
t>-1
ta dugc: 21> +2 £t+1<:>{

=21 +1<0

r>-1
& ) Ep=1,
(-D" <0

Nl L ok e i w5 "9
Jx
e Jx =—1 (loai), Vx=2=x=4.
Két hop hai trudmg hop va DK, ta thay BPT (1)
c6 nghiém x =4.
II. PHUONG PHAP DAT HAI AN PHU
Nhan xét. Trong trudng hop dat mot 4n phu ma
khong dua dugc vé BPT chi véi an phu d6 thi ta
6 thé dat hai 4n phu dé dua vé BPT véi hai 4n
phu vira dat. Cu thé ta xét mot s6 thi dy sau.
Thi du 7. Giai bdt phuong trinh:
7 L e ) S L - B M 0
Phan tich: Ta thdy néu dat ¢ bang mot biéu thic
nao d6 thi cc biéu thitc chita 4n x cdn lai khong
biéu dién duoc theo 4n ¢ nghia 12 khong thé dua
BPT (1) vé BPT mot 4n ¢. Khi d6 ta c6 thé st
dung dat hai 4n phu nhue  saw
a =\/x2 +1,b=\/1—x2 ta thu duoc:
J1-x* =ab, 3x* +1=2a" - b°.

Loi gidi. DK: —1<x<1.Pat a=+x" +1,
b=v1-x* =3x?+1=2a2 B> 1-x* =ab,

TOAN HOC .
* CTugilye _ S6 450 (12-2019)

v6i a>b>0.Khi d6 BPT (1) tr& thanh:
2(2a-b)—ab<2a* - b’
=2a° +(b-4)a+2h-b"20
< (2a-b)a+b-2)20. )
Via=2b=0 nén 2a—b=>0. Do dé
Q) a+b-220=>V1+x +y1-x> 22 (3).
Binh phuong hai v€& ctia (3) ta dugc:
Il=x*22l-x"2lcx=0

(théa man PK). Vay BPT (1) c¢6 nghiém x = 0.
Thi du 8. Gidai bdt phuong trinh:

.\"1+;\'i+lZ\[.\':T.\‘TIJFZ_.\“JJ. )
x(x“+1) x +1 X

Loi gidi. DK: x>0. Tacé:
x24x+1 ¥ —x+1
(1)<:>\/ - '

+1 %
- x° +x+l x +1
x%+1
Pt g = /x +x+1 /x —x+1
5=kl

(s Pl e B o

X
Khi d6 (2) trd thanh: ab>a+1-b’
& b-Na+b+1)20=b21(doa+b+1>0).

2
Véi b1 ta c6 Jx—-x—”m@(x—l)zzo
X

(luon ding). Vay BPT (1) c6 tap nghiém
8§ =(0,+0).

BAI TAP TU LUYEN

Giai c4c bat phuong trinh sau

L (P41 <5-x2x2 +4.
2k —AAx—x* +(x—2)" <2.
¥ =832 +13%+ 6+ (6x—18)x* —52+520.
\/x(x+1)(x+2)ﬁx2—x—4.
el x +1

\/x4+x+1> /xz—x+1_ &
242 o oY, ax’ 1 X
6. X2 +20x+4 ++/x <2x+4.

7. x* =25 = 2x% —x+102> (8 —4x)Vx’ +2x.
8 I PR 28,

!\)

=

b
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HUONG DAN GIAl BE SO 2

Cau 1.2) Ban doc,tu giéi. :

b) Gia sir A 1a tiép tuyén voi do thi (C,) di
qua 4 va cit dudng tron (S) tai hai diém
phén biét M, N.

Pudng tron (S) c6 thm I(-1;2), ban kinh
R =5 vadiém A4 nam trong dudng tron (S).
V& IH L A tai H. Tacé MN =2 R> - 147 .
Do d6 MN nhé nhét khi va chi khi H = 4.
Puong thang A di qua 4 va nhan vecto
IA = (4;-2) 1am VTPT, ¢6 PT 2x—y—6=0.
A tiép xuc véi <) néu va chi néu hé sau c6

by X —6x° +9x+m=2x-6

nghiém

3x2 -12x+9=2

36+
Ta tim dugc m = M
9

Cau 2. PK: sin4x—+/3cos2x#0 (*)
PT da cho tuong duong vai

2cos? [2x+gj+ 3 cos(2x+%) =1(),

.
Dap 6. x=?“+kn, x=—g+kn (keZ).

1+y2 d(—x2 0% 3)

o NI 3
d(x—l]
+= | : )

gt

1+\/£:2(\/§_‘\/§).

Cau3.Taco I =—

« Tinh [1=(2 —x2+2x+3)

2
«Tinh 7,. Dat —x;lzsint, te E; i
2 6 4

- 2 tan
dr 4 8
Taco I, = _—=1n(tan£j =In 8
- sint 2)n L
n = an—
6 12

Vay I=2(\/§—\/§)+—;—ln 8

tanﬂ
12

Cau 4.2) DK: x € (—0;-2) U (2;3) U (3;+0).
PT d4 cho viét lai 1a

logz01s (x2 = 4) =logs1s ((x +2)’[x— 3\)

& x-2=(x+2)|x-3| (*).

+V&i xe(—0;-2)U(2;3) (a), giai PT (*) va
d6i chibu véi (a) duge x =12+/2.

«V6i xe(3; +o0) (b), giai PT (*) va dbi chiéu
v6i (b) duge x =1++/5.

PT di cho c6 cac nghiém 1a x=+22 va
¥ =1 548,
b) Gia st z=x+ yi (x,y € R). Tir gia thiét suy

—2x=—4 =2 :
ra & =7 =24,
x—y=1 y=1

Do d6 w=z2-3z=02+1)? =32 +i)=-3+i.
Phan thuc ctia s6 phirc cin tim 14 -3, phdn 4o
lal.

Cau 5. Goi M (m;n;2m+ n), N(4 + k; k;-3k).
Goi I 1a trung diém cua MN, duong thing
A, €6 VICP u, =(}; 2; 2).

Vi M va N dbi xtmg véinhau qua A, nén

IeA,
Wv.@:o

Tim dugc m=1, n=—1, k=1=M(;-L1), N(5;L,-3).
Goi VTCP ctia A, A, lan luot 1a u, = (a;b;¢)
(a2 +b% 42 >o),TAl:(l; 1; —3); VTPT ca

mp(P) 1a n=(2; I, -1).

Vi ALA nén@.L@@b:?ac—a (1)
- TOAN HOC
ssas0az-2014  *cTugitye 11

https://tieulun.hopto.org



Tir gia thiét co

uAn

lZa+b c‘

)
l \/_\/a +if 4

T (1) va (2) tim duoc (a=1, b=2 va c=1)

hodc (a=11, b=-5 va c=2).

C6 hai dudng thing thoa man dé bai voi PT 1a

-1 ¢+l a-1cz-1 vl o2l
TR R A T sl

Cau 6. «Goi x la do dai canh hinh vudng

sin30° ‘cos Up, N i

1

1

7 a

« Chon hé truc Axyz sao cho

AO;O;O;Ca;a;O;IE;Q;EJ;J(O;E;E].
(0; 0; 0; C( )[2 %) o &

(77},
2

CAu 7. PT dudng thang 4B qua M c6 dang

T d6 d(AI,CT)= ‘[ﬂ E]‘

ax+b(y—§j=0 (a2 b2 >0), suy ra PT
duong thang CD qua N va song song voi
AB 1a ax+b(y—7)=0.

Do 4B va CD dbi xtimg nhau qua tAm I, nén

d(I,AB)=d(I,CD)
{I nam gitta hai dudng AB va CD
Chon a=4vab=23tadugc PT 4B:4x+3y—-1=0.
PT dudng thang BD qua I c6 dang
m(x—2)+n(y—-1)=0 (m2 +n? >0).

=3a=4b.

|4m+3nl -

Ta c6 cos(4B,BD) = =—
sum? +n® V5

< m=-2n hoac mz—%n-

Chon m=2 va n=-1 hodc m=2 va n=-11
ta dugc PT BD:2x—y—3=0 hoac 2x—11y+7=0.

Do B co6 tung d6 duong va B = 4B N BD

nén B(—l; 3). Tt BP=5Bi= P ﬁ; E]
53 Dl 4S5

TOAN HOC
* Clugilre S 450 (12-2014)

Cau8.DK: x>2 (*)
PT thr hai cia hé co thé viét lai dudi dang
**)
Pit t=Yx—2 (:>0), PT thir nhat ctia hé tré

thanh t+Vt* +5=y+y* +5 (1)

Xét ham s6 f(u)=u+u* +5, u=0. Tir (1)
suy ra t:y<:>x=y4+2 2) (dohémsé f(u)

4y=(x+y-2>=y20

ddng bién trén [0;+0)).
Thé (2) vao PT thi hai cia hé dugc

y(y7+2y4+y—4)=0 3)
Li luan PT (3) c6 nghiém y =0 hodc y =1.
Déi chiéu véi DK (*) va (**), suy ra HPT d3
cho c6 hai nghiém (x; y) 1a (2; 0), 3; 1).

1
it 8
2b
nén xyz =1. Thay vao biéu thirc P dugc

Cﬁu9.Détx=l,y= =—, do abc=%
a

x3 y3 Z3

== + + i
+D)(z+D) (@E+Dx+D) (x+D(y+1)
Ap dung BPT Cauchy cho ba sb duong ta c6

3
+1
X . +z+1

(y+D(z+) 8 8

>3.3 x> yt+l-z4bh 3%,
- (y+D(z+1) 8 8 4
Cung v6i hai BPT tuong tu, st dung BDT

Cauchy cho ba ) duong x, y, z tadugc PZ%-

Piéng thirc xay ra khi va chi khi
1 1

a=1, b=—, c==-
2 3

Vay GTNN cua P 1a , dat duoc khi

(@ brc)= (l 5 %)

PHAM TRONG THU
(GV THPT chuyén Nguyén Quang Diéu, Pong Thap)
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THU SUC TRUOC Ki THI
PDESO3
(Thoi gian lam bai: 180 phiif)

Chu 1 (1 diém). Cho ham sb
y=x"=3x"+(m-1)x+1 c6dd thi 1a (C,).
1) Khao sat su bién thién va vé dd thi khi m = 1.

2) Tim m dé & thi (C

m

) cat dudng thang
y=x+1 tai ba diém A(0;1), B, C sao cho
BC=+10.

Cau 2 (1 diém). Giai phuong trinh :

\/:3»— 5 4+2sin2x

COS2 X

Cau 3 (1 diém). Tinh dién tich hinh phing gi6i

_ — 243 =2(cotx+1).
sin2x

han béi cac dudng y =x;y = x(3+tan’ x);x =§ 3

Cau 4 (2 diém)
1) Tim tap hop diém M biéu dién s6 phuc z
thoa mén |z -2i+1|=|iz+i-1|.
2) Tim s6 nguyén duong » théa man
Cl +2C2,, +2C2, , +C2,, =149.
Céu 5 (1 diém). Trong khong gian Oxyz cho

=1 Pl m]

ba dudng thing d, :
g g 1 1 5 S

9

: . x=-2t

X+ e Z

dyi o i e s A

T2 heguiab 1 1421
zZ=-

Viét phuong trinh mit phing (&) di qua d,
va cit d,,dy 14n luot tai A, B sao cho AB=413.

Céu 6 (1 diém). Cho hinh chép S.ABCD c6
déy ABCD 14 hinh thoi canh a va BAD =60°.
Hinh chiéu ctia S 1én mat phing (4BCD) 1a
trong tAm tam giac ABC . Goc giita mit phing
(4BCD) va (S4B) bang 60°. Tinh thé tich
khdi chép S.ABCD va khoang cach tir B dén
mit phing (SCD).

Cau 7 (1 diém). Trong mit phang Oxy cho
tam gidc ABC ndi tiép duong tron (C) cb
phuong trinh: (x—2)2 +(y—3)2 =26 G(l;%}
1a trong tm tam gidc va M (7;2) nam trén
dudng thing di qua 4 va vudng goéc voi

duomg thang BC; M # A . Tim toa d cac dinh
ctia tam giac ABC , biét ring Yp > Ve

Céau 8 (1 diém). Giai hé phuong trinh :
(\/x2 #1 +x)(y—\/y2 -1) =1

2
(\/x2+1+\/y2—1) +8Jy—x+4=17.

Cau 9 (1 diém). Cho céac s6 thuc a,b e (0;1)

théa min a®+5% = av1-b2 +by1-a® . Tim
gi tri nho nhit cta biéu thire sau:

P=8(l_a)+9 fl—b.
1+a 1+b

NGUYENTAT THU
(GV THPT chuyén Lwrong Thé Vinh, Pong Nai)

MOI CAC BAN DAT MUA TAP CHI TOAN HOC
VA TUGI TRE QUY 1 NAM 2015 TAI CAC CO SG
BUU DIEN TREN CA NUGC

TOAN HOC
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hing ta biét rang dudng tron Euler cua
tam giac 1a duong tron di qua chin diém:
trung diém cac canh ctia tam giac; chan duong
cao ha tir ba dinh cta tam gidc xuong canh ddi
dién; trung diém cua cac doan thang nbi truc
tam cua tam glac t4i cac dinh. Bai viét nay xin
trinh bay mot so bai toan lién quan t6i duong
tron ddc biét nay.
Trudce hét ta c6 cAc tinh chat vé dudng tron Euler:
Tinh chat 1: Cho tam gidac ABC, cdc duong
cao AA;; BBy, CC, cat nhau tai H. Goi A': B';
C’; M; N; P lan luot la trung diém cia BC;
AC: AB; HA; HB; HC. Khi d6 chin diém: A';
B': C': A\; By; C,; M; N; P ciing nam trén mot
duong tron (goi la "dwong tron chin diém
Euler" hay goi wt la "dwong tron Euler" cua
tam gidac ABC).
4

Hinh 1
Chitng minh (h. 1) Ta c6 MN /| AB; NA' // CH.
T @6 MN L NA' hay MNA'=90°. Tuong ty
MPA'=90°; MB' MB'A'=90°; MC'A4'=90".
Miit khac theo tinh chét dudng trung tuyén trong
tam giac vudng ta c6 MA = MB;; A'Bi= A'C nén
A MAB, va A A'B,C la c4c tam giac can.

Do d6: ABM + A'B,C = MAB, + B.CA' =

9078

TOAN HOC
" CTugifre SO 450 (12-2014)

TiNH CHAT PUONG TRON EULER
VA MOT SO BAI TAP AP DUNG

Vit Cong Minh (GV. THCS Hong Bang, Hdi Phong)

Suy ra: MBA' 90°. Tuong tu MCA' 90°

Nhu vay 7 diém B C" Ay; Bi; Ci; N; P cung

nhin M4' dudi mot géc vudng. Vay chin diém

AksB: G dviBy, CiooM N, Pioing nam trén

duorng tron duong kinh MA'. O

Nhdn xét: Vi vai tro cua céc doan thang MA",

NB'; PC' 1a giéng nhau nén NB'; PC' ciing la

dudng kinh duong tron Euler cua tam giac

ABC. Nhu vay, la cac duong thang 4'M; B'N;

C'P ddng quy tai tim duong tron Euler cua

tam giac ABC.

Tinh chat 2: Tam dwong tron Euler cua tam

gidgc la trung diém cua doan thang noi tam

duong tron ngoqi tiép va tryc tam cua tam

giac do.

Chiemg minh (h. 1) Goi J va O lan Tuot la tim

dudng tron Euler va tim duong tron ngoai tiép tam

gisc ABC. Dé dang chimg minh A HAB > A OA'B’

(g.g). Tudo: QA—:le hay OA4'=MH. Tk
H4 BA 2

giac MOA'H 1a hinh binh hanh, ma J Ia trung diém

ctia MA' nén J 14 trung diém cia OH. O

Nhdn xét

1) Theo tinh chat 2, tim dudng tron Euler cua

tam giac nam trén duong thang Euler ctia tam

giac do. (Duong thang Euler 1a dudng thang di

qua ba dlem trong tam, tryc tdm, tdm duong

tron ngoai tlep cla tam giac).

2) Ban kinh dudng tron Euler cua tam giac

bang mot nira ban kinh dudng tron ngoai tiép

tam giac do.

Ta s& 4p dung cac tinh chat duong tron Euler

vao giai mot sé bai toan sau:

OBai toan 1. Cho tam giac ABC vuong tai A.

.Goi M la trung diém cua BC. Lay diém D trén

doan thang BM. Duong thang qua D vuéng
goc voi BC cat doan th(jno AC tai E. Goi F la
giao diém ciia tia BE va duong tron ngoqi tiép
tam gidac ADM sao cho E nam giita B va F.

Ching minh rang DAE = FAE.

https://tieulun.hopto.org



Hinh 2
N

Loi gidgi (h. 2). Goi N 1a giao diém cua DE va
AB. Théy rang E 1a tryc tm tam gidc BCN nén
BE_1 NC. Ta c6 dudng tron di qua ba diém 4,
D, M chinh la duong tron Euler cia tam gidc
BNC, ma BE cit duong tron trén tai F. Vay F
1a chan dudng cao ha tir B xudng NC. Céc tir
gidc BDEA; BDFN; AEFN ndi tiép nén:
DAE = DBE = FNE = FAE .00
Nhgn xét: Chung minh tuong ty ta ¢6 DE la
tia phan gidc cua goc ADF. Nhu vay E la tam
duong tron ndi tiép tam gisc ADF. DB va DC
lan luot 13 tia phan gidc ngoai goc D cua tam
gidc ADF. Tir 6 B va C lan luot 13 tim duong
tron bang tiép goc F va goc A cia tam giac
ADF. Ta c6 tinh chét: "Puong tron ngoaqi tiép
cia tam gigc di qua trung diém cua doan
thang noi tam hai dwong tron bang tiép tam
gidc do."”
OBai toan 2. Cho tam gidc ABC nii tiép
dwong tron tam O. Goi I la tam duong tron
bang tiép goc A cia tam gide. Goi M, N, P lan
liwot la hinh chiéu cua I lén BC. CA, AB.
Chung minh tam dwong tron Euler cua tam
gide MNP nam trén dwong thang Ol
Loi gidi (h. 3). Trude hét ta xét b dé sau:
Cho ba tia chung gbc Ox, Oy, Oz. Liy cac
diém A va A' trén tia Ox, B va B' trén tia Oy, C
va C' trén tia Oz sao cho 4, B, C khong thing
hang; A, B, C' khéng thing hing va
04' OB' 0OC'
04 OB 0OC
dudng tron ngoai tiép tam gisc ABC va tim
dudng tron ngoai tiép tam gidc A'B'C’ thing
hang. (Ban doc tw ching minh).

. Khi d6 ba diém O, tAm

Quay tré lai bai toan:
Goi H, K, L 1an luot 1a giao diém cua BI va
MP, AIva NP, CIva MN. H', K", L' lan lugt 1a
giao diém cua IB, I4, IC v6i dudng tron (O).
Theo hé thirc lugng trong tam giac vuong ta c6
IKIA=IHIB=ILIC (=IP*=IMP).
Mat khac IK'I4=IH'IB=IL'IC.

.. IK IH ik
Vay e

IK' [H' IL'
diém I, tim dwdng tron ngoai tiép tam gidc
HKL, tam duong tron ngoai tiép tam giac
H'K'L' thang hang. Pé ¥ rang tim dudng tron
ngoai tiép tam gidc HKL 13 tim dudng tron
Euler cta tam gidc MNP, dudng tron ngoai
tiép tam gidc H'’K’L’ 1a dudng tron (O). Tir d6
ta c6 diéu phai chimg minh. O :
@Bai toan 3. Cho tam giac ABC co6 truc tdm
H va mot dwong thang d bat ky qua tam dwong
tron Euler cug tam giac. Gia.sw A va H nam ve
mot phia so véi d, B va C nam vé mgt phia so
voi d. Chitng minh tong khoang cdch tir A va
H t6i d bang tong khodng cdch tir B va C tdi d.
Loi gidi (h. 4). Goi A'va M l4n luot 13 trung
diém ctia BC va HA; I K, I, K3, I», K> 14n luot
1a hinh chiéu ctia 4', M, B, C, H, A 1én d. Theo
tinh chat duong trung binh cta hinh thang ta
c0 B, + CK, =24'l; HI, + AK, =2MK.
Dé ¥ rang vi d di qua tim duong tron Euler
tam giac ABC ciing 1 trung diém ctia MA' nén
MK =A'l. Tk 86 BI, + CK, = HL, + AK,. O
(Xem tiép trang 30)

TOAN HQC
; quéict?;é 15
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CAC LOP THCS

Bai T1/450 (Lép 6). Tim cic s nguyén
duong a, b théoa min cic dicu kién:
(@a+2):bva (b+3):a.

NGUYEN KHANH TOAN
(GV THCS Bdc Hdi, Tién Hdi, Thdi Binh)

Bai T2/450 (Lop 7). Cho tam gidc ABC vudng
tai 4, E 12 mdt diém trén canh BC sao cho EC
= 2EB. Chimg minh rang

AC? =3(EC* - EAY).

‘ NGUYEN KHANH NGUYEN
(GV THCS Hong Bang, Q. Hong Bang, TP. Hdi Phong)

Bai T3/450. Giai phuong trinh

TN S SN "
x+axP—1 4 2x°+2
PAO QUOC DUNG

(GV THPT Dién Chdéu IV, Nghé An)
Bai T4/450. Cho BC la day cung cua duong
tron tAm O ban kinh R va BC = R. 4 1a mot
diém trén cung 16n BC (4# B,A#C), M va
N 13 cac diém trén day cung AC sao cho
AC=2AN=%AM.V€ MP 1 AB (P e AB).
Chimg minh ba diém P, O, N thang hang.

_CAONGOC TOAN
(GV THPT Tam Giang, Phong Dién, Thira Thién — Hué)

Bai T5/450. Biét phuong trinh

ax’ —x* +bx—=1=0 (a % 0)
¢6 ba nghiém thyc duong. Tim gié tri nhé nhat
ciia bidu thitc M = (1— 2ab)§ ;

NGUYEN NHU HUYEN
(GV CDBSP Ha Giang)

TOAN HOC
16 &Crudig;é

S8 450 (12-2014)

CAC LOP THPT
Bai T6/450. Cho hai sb thyc duong x, y thoa

man 32x°+4y° =1. Tim gia tri 16n nhét cia

1 S . 31 <
3()c2 + yz) =3(x+y)+2
TRUGONG TAN SANG

(TP. H6 Chi Minh)

Bai T7/450. Cho tam giac nhon ABC (4B > AC),

cac duong cao BB’ va CC’ cit nhau tai H. Goi

M, N lan luot 1a trung diém cua cac canh AB,

AC va O la thm duong tron ngoai tiép tam

gidc. AH cit B'C’ & E, AO cat MN & F. Chimg
minh rang EF // OH.

NGUYEN XUAN HUNG

(GV THPT chuyén Ha N¢i - Amsterdam)

Bai T8/450. Cho cic s6 duong a, b, c. Tim

hing s6 k 16n nhit sao cho bét dang thirc sau

2 2 2
ding £+b+§—32k[a—ii—1].

b ¢ ab+bc+ca
vO QUOC BA CAN
(Ha N¢i)
TIEN TOI OLYMPIC TOAN

Bai T9/450. Giai phuong trinh sau trong tap
hop s6 nguyén duong:

X+ x+2) Y@ +2)@+x)
x-»x-2)  -2)(y-x)

Z(z+x)(z+y)
(z—x)z-y)

biét ba sb x, y, z 1ap thanh mot cap sb cong.

BUI QUANG TRUONG
(GV BHXD Ha Ngi)

Bai T10/450. Cho mot bang 6 vuodng kich
thudec 999x999, cac 6 duoc t6 boi mot trong

= 2160+ (x+y—2z)’

hai mau Tring hodc Do. Gia sir T'1a s bd (Cy,
C,, C;) céc 6 ma hai 6 dau trong ciing mot
hang va hai 6 cubi trong cling mét cot, véi C,
va C; mau Tring, C, mau Po. Tim gié tri 16n
nhét ctia T.

KIEU BiNH MINH
(GV THPT chuyén Hing Vicong, Phu Tho)
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Bai T11/4. Tim tit ca cac sb nguyén duong

n > 1 va sb nguyén t§ p sao cho da thuc

f(x)=x"— px+ p’phan tich duoc thanh tich

clia hai da thirc khéc hang s6 voi hé sb nguyén.

LE XUAN DAI

(GV THPT chuyén Vinh Phuc)

Bai T12/450. Cho tam giac déu ABC va diém
M khéng thudc cac dudng thiang BC, CA, AB.

Chimg minh rang: Pudng thing Euler cua cac

tam gidc MBC, MCA, MAB hoac c¢6 diém

chung hodc d6i mot song song.
NGUYEN MINH HA
( GV THPT chuyén PHSP Ha N6i)

CAC PE VAT Li

Bai L.1/450. Trong thi nghiém Y-ang vé giao
thoa anh sang, nguon S phét bitc xa don sic co
budc s6ng A, man quan st cich mat phing hai
khe mot khoang khong déi D, khoang céch
gitta hai khe S5, = a c6 thé thay ddi (nhung S,
va S, luon céch déu S). Xét diém M trén man,
lic dau 1a van sang bac 4, néu lan luot giam
hoac tang khoang cach §,S, mot luong Aa thi
tai d6 1a van sang bac k va bac 3k.

Neéu tang khoang cach S,S, thém 2Aaq thi tai M
12 van sdng hay van t6i bac bao nhiéu?
VIET CUONG
(Ha Ngi)
Bai 1.2/450. Cho mach dién c6 so @ nhu hinh
v&. Cho C; = 2C; = 2C, = 2C. Ban du céc
khoa K ngit, cic tu dién chua tich dién. Pong
K. Sau khi can bang tinh dién duogc thiét 1ap,
ngit K va déng K. Sau khi cin bing tinh dién
duoc thiét lap, ngét K, va dong K.

It

1. Tim dién tich cac tu dién sau khi can béng
tinh dién duoc thiét lap.

2. Tim nhiét luong tong cong da tod ra trong
cac qua trinh do6.

VU THANH KHIET
(Ha Néi)

TOAN HOC
* CTugitre 1
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Bai T1/446 (Lop 6). Tim tat ca cdc s6 nguyén
10 p, q, v thoa man phuong trinh:
(p+ (g +2)r+3)=4pgr.

Loi gidi. Gia st co cac s6 nguyén 6 p, q, r
théa man phuong trinh

(@ + (g +2)(r + 3) = 4pgr )
Xét cac gia tri cua soO 7 trong ba truong hop sau:
a) Néu r =2 thi (1) tro thanh

5(p + Dlg +2)=8pq (2)
Vi(5,8)=1nén5 phal 14 wdc ctia s6 nguyén t6
p hoic s6 nguyén t6 ¢, do d6 p = 5 hodc g = 5.
* V6ip =5, thay vao (2) thi dugc g = 6 (khong
théa man).
* VGi g = 5, thay vao (2) thi dugc p = 7
(thoa man).
b) Néu =3 thi (1) tré thanh (p + 1)(g +2) =2pg.
Tedopg—2p—q=2,hayla

—-Dg—2)=4=14=2.2.

Do p, g déu la s6 nguyén t6 nén (g — 2) khac 2,
4 suyraqg =3 vap=>5 (thoa man).
¢) Néu > 3 thi tir (1) ¢6
4pgr=(p +1)(g + 2)(r + 3)<2r(p + 1)(g +2),
suy ra2pq <(p +1)(g + 2) hay la

O pDg-<4
T d6 moi thura s6 0\{6 trai nho hon 4, suy rap <S5.
Do p 1a s0 nguyén to nén p = 2 hodc p = 3.
* Vi p=2, thay vao (1) duoc 3(g + 2)(r + 3) =8qr.
Vi (3, 8) = 1 nén 3 phai Ia wéc ciia s0 nguyén t6
g hodc s0 nguyén to », nhung » >3 nén g =3 va
r =15 (théa man).
* Véi p =3, thay vao (1) duoc (g + 2)(r + 3)=3gr.
Tu d6 2pg —3g — 2r = 6, hay la
g— 1)2r —3)=9=195=33ma2r—3>3
nén2r—3=9vag-1=1,thclag=2var==6
(khong théa man).

TOAN HOC
* CTugilre S8 450 (12-2014)

Vay phuong trinh da cho c6 ba nghiém (p; g; )
18(7; 55 2).4(5; 3;.3) va(2; 3; 5)..0
> Nhin xét. Mot sb ban sau c6 161 gidi ding nhung
phép thir nhiéu hon: Vinh Phiic: Ta Kim Thanh Hién,
6A4, THCS Yén Lac; Nghé An: Thai Bda Bdo, 6C,
THCS Ly Nhat Quang, D6 Luong; Pht Tho: Nguyén
Thuy Dwong, TA3, THCS Lam Thao; Quédng Ngai:
Lé Tuan Kiét, 6A, D6 Thi My Lan, TA,THCS Pham
Vin Pdng, Nghia Hanh.

VIET HAI
Bai T2/446 (Lop 7). Cho tam giac ABC co

A= 739, B=45°.

cho ACD = 45°. Chirng minh rang DA =2DB.
Loi gidi

Trén canh AB /m diém D sao

Tir gia thiét suy ra ACB=180°—(45° +75°) =60°,
BCD=15° vi ADC=60°. Ha AH 1 DC
(H € DC), ta c6 AHAC vuong can tai f, nén
HCA=HAC =45° va HA
HAD =30°. Trong tam gi4c vudng AHD c6

= HC, suy ra

HD:%AD hay AD = 2HD (1)

Ta s€ chimg minh HB = HA = HC. That vay,
gia st HB > HA (= HC). Khi do6 trong AHAB

co HBA < HAB 2)
trong AHBC c6 HBC < HCB 3)
Tir (2) va (3) suy ra ABC = HBA+ HBC

< HAB + HCB = 30° +15° = 45°,
tirc 1a ABC <45°: Vo Ii.
Tuong tu, khong the xay ra HB < HA.
Vay HB=HA = HC. Tu do tacod
HBC = HCB =15°, DHB =30° = DBH
— ADHB cén tai D va DB = DH (4)
Tt (1) va (4) suy ra AD = 2DB (dpcm). O
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» Nhin xét
1) Nhiéu ban da dua ra 10i giai khac nhung déu ding
phuong phap chimg minh gian tiép, ching han goi O
1a giao diém ba dudng trung truc cua tam giac ABC
rdi chimg minh O tring véi H.
2) C4c ban sau c6 1oi giai t6t: Pha Tho: Vii Linh
Chi, 7A,, Nguyén Thuy Duong, Bii Quang Sing,
7A3;, THCS Lam Thao; Thanh Hoa: Ddng Quang
Anh, 7A, THCS Nguyén Chich, Péng Son; Nghé
An: Nguyén Dinh Tudn, 6C, Nguyén Vin Manh,
Tran Lé Hiép, Nguyén Thi Nhuw Quynh A, Nguyén
Thi Nhw Quynh B, 7A, THCS Ly Nhéat Quang, D6
Lwong; Nguyén Trong Bang, TA,, THCS T.T. Quan
Hanh, Nghi Loc; Ha Tinh: Nguyén Pinh Nhdt, TA,
THCS T.T. Cim Xuyén; Quéng Ngii: Nguyén Lé
Hoang Duyeén, Do Thi My Lan, 7A, THCS Pham
Vian Dong, Nguyén Pai Dwong, 7B, THCS Nguyén
Kim Vang, Nghia Hanh; V6 Thi Héng Kiéu, 7A,
THCS Nghia M§, Tu Nghia.

NGUYEN XUAN BiNH
Bai T3/446. Giai hé phuong trinh

J\/.\‘+y+2+.\'+_\*:2(_\'3+\\'3) (1)
139 o
£ ¥ 1 ¥

Loi gigi. PK: x +y>-2; xy # 0. (*)
Ta c6 (2) < xp(x +y) = x> + % Tir d6:

DeJx+y+2+x+y=2xp(x+y)
S Jx+y+2=(x+y)2xp=1)
X+y+2=(x+y)Qxy-1y7 €))

{(x +y)(2xy-1)20 (**)
Tiép tuc bién dbi, ta c6 (3) twong duong véi:
X+y+2=(x2+y*+2xy)(4x*)? —4xy +1)
S x+y+2=[xp(x+ )+ 2xp](4x2y? — dxy +1)
Sx+y+2=xp(x+y+2)(4x*y* —4xy +1)
S (x+y+2)(4x3)3 -4x2y? +xp-1)=0
S (x+y+2)(xy-D)(4x*y*+1)=0
[i; e ;;20: e 1)
-Néux+y+2=0thix+y=-2,taco:
() ©-2=2(x*+?), khong tbn tai x, .
-Néuxy—1=0thixy=1, taco:
() & x+y+2+x+y=2xp(x+y)

X+ y+2+x+y=2(x+y)

2= .
= x+y+2:x+yc>{x+)hL )
x+y=0

2 _ —_— =
<:>{(x+y) (r+)=2 O<:>x+y:2.

x+y=0

Véi {xy =L w7 (P,
=2
Vay HPT c6 nghi€ém 1a (x; y) = (1; 1).
» Nhdn xét
1) Ngoai cach giai trén, nhiéu ban con st dung cac
cach bién ddi, dat an phu, sir dung bat dang thirc va
déu cho 16i giai & rang, mach lac va ngén gon.
2) Hoan nghénh céc ban c6 101 giai dung: Vinh Phic:
Bui Thi Liéu Duong, 8A4; Pam Tudn Minh; Nguyén
Héng Anh, 9A,, THCS Yén Lac; Phing Vin Nam,
9E, THCS Vinh Yén; Phit Tho: Nouyén Hodng Anbh,
8C, THCS Van Lang, Viét Tri; Tran Quoc Ldp, 8A3,
Nguyén Anh Hao, 9A1, THCS Lam Thao; Thanh
Héa: Dang Quang Anh, 7A, THCS Nguyén Chich,
Dong Son; Quéang Ngai: V6 Thanh Hy, 9A, THCS
Hanh Trung, Nghia Hanh; Quang Tri: Tran Thi My
Na, 9A, THCS TT Hai Ling; Binh Pinh: Nguyén
Bao Tran, 7A, THCS Tay Vinh, Tdy Son; Nam
Pinh: Nguyén Hoang Huy, 9A2, THCS Tran Ding
Ninh, TP. Nam Pinh; Hung Yén: Pham Tién Dudt,
9A, THCS Binh Minh, Khoai Chau; Can The: Triéu
Phii Hiru, 9A2, THCS Thét N6t, quan Thét Nét, TP.
Can Tho; Kon Tum: Lé Viét Luu Thanh, 9A, THPT
chuyén Nguyén Tat Thanh; Binh Dwong: Pham
Ngoc Trinh, 9A9, THCS Chu Vin An; Pa Ning:
Trdan Nhdn Trung, 9/1, THCS Nguy&n Khuyén.
NGUYEN ANH QUAN
Bai T4/446. Cho tam <Tz'dc ABC ¢6 (1), (J) /aﬂ
lwot la dieong tron noi nc)p dwong tron /)ancr llep
cia géc A. Duong tron (J) lan luot tiép xiic voi
cac dirong fh(m(f BC, CA, AB tai D, E, F. Puong
Z/zanu JD cat dwong thang EF tai N. Duong
l/m/zv qua I va vuong goc voi duong Zhano BC
cat duong thang AN tai P. Goi M la trung diém
cia BC. Chimg minh rang MN = MP.

Loi gidi. Cach 1. Goi K=AJ N BC.
e Ta co tir gidc AEJF ndi ti€p nén

NEJ = KAB = KAC (1)
e Tt gidc JECD ndi tiép nén ACK = NJE (2)
T (1) va (2) suy ra ANJE e» AKCA, suy ra

NE 4K 3)
JE  AC
, TOAN HOC
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’
M D c
0 ~ L
a
Tuong tu ta co E=£ 4)
JF AB
NE AB
Te(B3)va(4)suyra —=——.
(3) va (4) suy WE 1ol

GoiM’=AN N BC, taco
MB t S aam’ £ Sapm' Sane Sane

M,C SACM' SANF SANE SACM’
_ABAM' NF AN.AE _ AB NF _
" AN.AF NE AC.AM' AC NE
Suy ra M’ 13 trung diém ctia BC hay M’ = M.

Mait khac, do MH = MD = M , suy ra

APHM = ANDM (g.c.g), dan téi MN = MP.
Céch 2. Qua N ké dudng thang song song v6i BC
cit 4B va AC thir tw tai O, L. D8 thy JN 1 OL.
Do cac tir glac JNQF va JNEL ndi tlep nén co

JOL = JFN = JEN = JLO .

Suy ra AJOL cén tai J, ma JN L QL, nén N la
trung diem QL.
Goi M= AN N BC. Do BC // QL nén
M'B__M'C_AM'___> MB NQ
ON LN AN MC  NL
Do d6 M’ 1a trung diém BC, hay M’ = M. Tur
do, tuong tu cdch 1, ta suy ra MN = MP. O
» Nhin xét. Chi c6 10 ban tham gia giai bai toan
nay va deu cho 101 gidi dung. Céc ban dudi day co
101 giai tot: Thanh Hoa: Pdng Quang Anh, A,
THCS Nguyen Chich, Déng Son; Phii The: Nguyén
Thdo Chi, Tran Quéc Ldp, 8A3, Duong Gia Huy,
" Nguyén Tien Long, 9A1, THCS Lam Thao; Vinh
Yén: Phung Van Nam, 9E, THCS Vinh Yén.
NGUYEN THANH HONG

TOAN HOC ;
& cruéit!;é S6 450 (12-2014)

Bai T5/446. Giai phuowg trinh nghiém nguyén
¥ =4y +x'p v +13. (1)

Léi gidi. Cach 1. Pat x = 2y + k (ke Z) rdi

thay vao phuong trinh (1) ta c6

Qy+k’ =4+ + Ry +y+13

S8+ (B -1+ -13=0 )

o Néu k=0 thi tir (2) suy ray=—13, do d6 x =—26.

e Xét ke N', xem (2) 14 phuong trinh bac hai

&ny, tacod A=(5k* —1)* —32k(k> —13)

= -7k —10k% +416k +1
+V6ik>4thi A=—Tk— 10° + 416k + 1
<74 k+416k+1=1-32k<0, PT(2) vd nghiém
+V6&ik<-1thi A=—T7k —10k° + 416k + 1

<416k + 1<0, PT (2) v nghiém.
+Véik=1,thay vao (2) c6 8* +4y—12=0

y=1
= 4

y 3 CYA

Tuy=1,s0yrax=23.
+V6ik=2thi A=681; V6éi k=3 thi A=592,
déu khong 14 sb chinh phuwong nén (2) khong
c6 nghi€ém nguyén.
Vay phuong trinh (1) c6 hai nghiém nguyén
(s y)1a(=26;-13)va(3;1).
Cdch 2. Bién d6i phuong trinh (1) thanh

=2 +xy+ 2 =y+13
Néu y =—13 thi tim dugc x = -26.
Véiy #-13: Vi x, y nguyén nén x — y va
x>+ xy + 2)7 1a cc ube sb cua (v + 13). Suy ra

2 o N
b;+13|2x2+xy+2y2=(x+1j LD gl
2 4 4

Viynguyénnény € {-2,-1,0, 1, 2, 3}.
Thay 14n lugt cic gia tri cua y O trén, ta thdy
y =1 thi x =3 (thoa min x la s6 nguyén).
Vay phuong trinh (1) c6 hai nghiém nguyén
;) 1a(26;-13)va(3; 1.0
» Nhin xét. Cac ban tham gia giai bai nay khong
nhidu va trinh bay tinh toan con dai dong. Tuyén
dwong cic ban sau ddy co 1oi giai tét: Phi The:
Nguyén Tién Long, Dwong Gia Huy, 9A1, THCS Lam
Thao; Thanh Héa: Dang Quang Anh, 7A, THCS
Nguyén Chich, Péng Son; Quang Binh: Phan Tran
Huéng, 9A, THCS Quach Xuin Ky, B Trach;
Quiéng Ngii: V5 Thanh Hy, 9A, THCS Hanh Trung,
Nghia Hanh.

PHAM THI BACH NGQC
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Bai T6/446. C =,
ai T6/446. Cho f(x) i3

I(O)”(zom) f(20214)+ ”@g}i) A

Loi gigi (Theo s6 déng cdc ban giri bai vé

Tinh:

Toa sogn). Nhan thay f (1-x)= 9 i

bl A 4P 5
16(4" +2)

nén f(x)+f(1-x)=———>~=16 (1)

4% +2
Goi S 14 tong can tinh, ta c6 S=(f(0)+f(1))+

1 2013 1006

(f [m}f (MD*“*(” (mj*
1008 it 1007 1007

+ (zzﬁzn*a[f (M)” (mD

Ap dung cong thirc (1) cho timg d6i s6 hang
trong mdi ddu ngoic, ¢6 tit ca 1008 diu ngodc

nhu vay, ta dugc S = 1007.16+%.16 =16120.

Vay f(0)+f(ﬁj+f(ﬁj+

2013
+f(mj+f(1)_l6120. 0

» Nhdn xét. Diy 12 bai toan kha co ban nén c6 nhiéu
ban giri bai giai vé toa soan va hau hét c6 két qua
dtng. Mau chét cia 16 giai 1a chimg minh
f(x)+f(1-x)=16. Céc ban sau diy c6 bai giai
tét: Vinh Phic: Nguyén Xudn Duong, Pai Van
Thueong, Nguyén Hong Anh, 9A1, THCS Yén Lac,
Phung Vian Nam, 9E, THCS Vinh Yén; Long An:
Pham Quéc Théng, 10T1, THPT chuyén Long An;
Bién Hoa: Hoang Trong Phuc, 10 Toan, THPT
chuyén Luong Thé Vinh; Hung Yén: Pham Tién
Dudat, 9A, THCS Binh Minh, Khodi Chiu; Thanh
Héa: Nguyén Khai Hung, 9D, THCS Nhit B4 S,
Hoang Hoa; Quang Ngi: V6 Thanh Huy, 9A, THCS
Hanh Trung, Nghia Hanh; Phi Tho: Tran Manh
Cuwong, Nguyén Hoang Phi, Tran Qudc Ldp, 8A3,
Nguyén Tién Long, Duong Gia Huy, 9A1, THCS Lam
Thao; Thai Nguyén: Trén Trong Pago, 10 Toan,
THPT chuyén Thai Nguyén; Cin The: Triéu Phi
Hitu, 9A2, THCS Thét Nét, TP Can Tho.

NGUYEN ANH DUNG

Bai T7/446. Cho tir dién ABCD. Goi d,, d,, ds
lan lwot la khoang cach glua cdc cgp canh
doi dién AB va CD, AC va BD, AD va BC.

Chitng minh rang: Vascp 3d d,d,.

Loi gidi

Ngoai tiép tir dién ABCD boi hinh hop xién
AEDF.MBNC (hinh v&). Ki hiéu ¥ 1a thé tich
hinh hdp nay, d 1a khoang cach. Khi d6 dé

4 1
thdy Vpaep =Vpsnc =Vepar =Viusc :gV,

Tir d6 suy ra Vpcp =V—%V=%V (D)

Mt khc, ¥ = Spucn.d(AEDF);(MBNC))
= Spuen-d(AD;BC) = Spyen.ds = BN.d(M;BN).ds
> BN.d(M:(EDNB)).ds = BN.d(AM:(EDNB)).ds
— BN.d(AMCF);(EDNB)).ds = BN.d(AC-DB).ds
— BN.d>.ds > d((AEBM);(FDNC)).dy.d

4 AR CDY D g d

Dodd Feeditids 2

Tur (1) va (2) suy ra VABCD Z%dldzd:;.

Dang thirc xay ra khi va chi khi AEDF.MBNC
1a hinh hop chir nhét, luc d6 4B = CD (= FN),
AC = BD (= EN), AD = BC (= MN), hay
ABCD 14 tir dién gan déu. O
> Nhdn xét. S6 151 giai gm vé Toa soan khong
nhleu Hai ban sau c6 10i giai twong dbi tot: Ha Ngi:
Trdn Manh Hing, 12 Toén A, THPT chuyén Nguyén
Hué; Quang Ngai: Dang Thanh Huy, 12 Toan 2,
THPT chuyén Lé Khiét.

; HO QUANG VINH
Bai T8/446. Cho n so thyc duong ay, as, ..., a,

thay doi va théa man »L+i+...+i:1

al a2 an
(n la s6 nguyén dwong khéng nhé hon 2, cé
dinh cho truoc). Chirng minh rang:

+..4ar +ah +a,+a,+..+a,>n+n.(1)

n—1

a, a

a, +Cl2

TOAN HOC

.56 450 (12-2014) * CTugitre 21

https://tieulun.hopto.org



Léi gidi. (Theo da s6 cdc ban)
Tu gid thiét suyraaq;>1voik=12,...,nva

= 1 1
l=—4+—+..+—2ng|——.
4 a4 a, @85 4a,

Vay nén a1a,...a, > n" )
Ap dung bét dang thirc Bernoulli
a®+b—-1>ab,Va, b>1suyra
a®+d, >aa,+1
a; +a, >a,a,+1

. Vay nén
+a,>a, a,+1

111

dictd, > 6,4 =1

a,

a”+ay +..+a} tad +a +a,+..+a,

n—1
>0, T a0t a0+ 3)

Ap dung bit dang thirc Cauchy va st dung
(2), ta duoc aa, +a;q, +..+a,a

>nmif(aya, )(a,a5)...(a,a;) =nil(a,a,...a,? 2n* (4)

Tu (3) va (4) cho ta dpem.03
» Nhin xét. Cac ban sau day co 101 giai dung: Bic
Ninh: Pham Thi Kim Ngan, 11T, THPT chuyén Bic
Ninh; Bén Tre: Nguyén Xudn Pgi, 12T, THPT
chuyén Bén Tre; Binh Pinh: Nguyén Trong Khiém,
10A1, THPT Quang Trung, Tay Son, Vo Thé Duy,
12A1, THPT Phu My 1, Mai Tién Luat, 12T, THPT
chuyén Lé Quy Don; Cin Tho: V5 Thuong Son,
11A1, THPT Chuyén Ly Tu Trong; Pidk Lak:
Nguyén Ngoc Gia Vin, 11CT, THPT Chuyén
Nguyén Du; Ha Noi: Hoang Lé Nhdt Ting, 11A2,
THPT chuyén KHTN, Trdn Phwong Nam, 12A13,
THPT Ngoc Tao, Phuc Tho, Vii Ba Sang, 11TA,
THPT chuyén Nguyén Hué; Ha Tinh: 7) van Hau
Manh Cuong, 12T1, Pham Quoc Cuong, Vo Duy
Khénh, 11T1, THPT chuyén Ha Tinh; Nghé An:
Pham Viét Anh, 11A1, THPT Quynh Luu 1, Nghé
An; Long An: Chdu Hoa Nhan, 12T2, THPT
chuyén Long An; Nam Binh: Bui Trung Diing, Ong
Tung Duwong, 11T1, THPT chuyén Lé Hong Phong;
Phit Tho: Nguyén Anh Hao, 9A1, THCS Lam Thao;
Quang Binh: Tran Nam Quang Trung, 11T, THPT
chuyén V& Nguyén Giap; Thanh Hoéa: Lé Hung
Cuong, 12A7, THPT Luong Pic Bang, Hoang Hoa;
Vinh Phiic: Nguyén Hitu Huy, 10A1, THPT chuyén
Vinh Phuc; Ba Ria-Viing Tau: Pham Van Huy,
11H4, THPT Viing Tau; Yén Bai: Vi Hong Qudn,
10T, THPT chuyén Nguyén Tat Thanh.

NGUYEN VAN MAU

TOAN HOC
22 *Clugilre S6 450 (12-2014)

Bai T9/446. Gia su T la tap hop gom n phan
tr. Xét cac tap con khdac nhau cua T sao cho
moi tdp con nay ¢o ba phan tu va khong co
hai tdp con nao roi nhau. Hay tim so [on nhat
cac tap con khac nhau cua T.
Loi gidgi. (Theo ban Vii Bad Sang, 11Toan 1,
THPT chuyén Nguyén Hué, Ha Ngi)
Goi k(n) 12 s6 can tim.
Khi 3 < 7 <5 rd rang tit ca cac tip con gom 3
phan t ctia 7 déu d6i mot c6 phan tir chung.
Do d6 k(n)=C> néu3<n<s.
Xét n > 6. Khong giam tong quat gid su
F=4iadied
tir cia tp {2, 3, ..., n}. V&i moi tap con 4 cla
{2,3,..,n}taxéttdp 4 U {1} co 3 phan tu.
RO rang céc tip ¢6 3 phan to dang 4 U {1}
v6i A 1a tAp con ¢6 2 phan tir cua {2, 3, ..., n}
thoa mén diéu kién dé bai. Do vay
(n-D(n-2)

z

Bay gio ta chi can chitng minh k(n) < Cn  1a
Gia st khang dinh

ding vai moi s6 6 < m < n (vol

n}.Ta xet Ciﬁl tap con 2 phan

k(m)2Cpy =

bai toan dugc gial
bl By
m = 6 dé& thdy khang dinh dung). Gia su Z1a
ho céc tap con 3 phan tir thoa man diéu kién
dé bai. Xét tap 4 e ¥, khong giam tong quat,
gia st 4 = {1,2,3}. Néumoi B € #déu chira
hai phan tr ctia A thi || =1+3(n-3)<C>,
(do n > 7). Gia str ¢6 it nhat tap B € S chi chira
1 phén ttr ciia 4 va gia s B = {1, 4, 5}. Néu tat
ca céc tap cua ¥ déu chira 1 thi |¢|=C2
Trai lai gia st tap C € #khong chira 1.
ViCmA#@vvé‘CmBi@néntagiés&
C=1{2,4,6}. Deyrang

(n-D(n-2) (n-2)(n-3) _

2 - 2 _

Do d6 néu c6 khéng qua n — 2 tap chua 7 thi
do gia thiét quy nap thi ld}éng dinh dung. Trai
lai gid sir 7 thudce ve it nhat n — 1 tap. V&1 moi
tap nhu the phai chtra 1, 2 hoac 3.

=i
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Néu n6 chtta 1 thi né phai chira 2, 4 hoac 6,
diéu nay xay ra néu tap d6 1a {1,2, 7}, {1, 4, 7}
hodc {1, 6, 7}.
Néu n6 chira 2 thi n6 phai chta 1, 4 hoic 5.
Nhu vy c6 thém hai kha nang nira 1a cac tap
{2,4,7} hodc {2, 5, 7}.
Néu né chira 3 thi n6 phai chira 1, 4, 5, do d6 chi
co 1 kha nang 1a {3, 4, 7} (vi tap do phai giao
khac rdng véi cac tap {1, 4, 5} va {2, 4, 6}).
Nhu vay chi c6 6 kha niang cho cac tdp con
chira 7. Vi thé néu n — 2 > 6 tic 1a n > 8 thi
khong c6 qua n — 2 tap chua 7. Xét n = 7,
T=1{1,2,..., 7} tali ludn twong tu va di dén
két luan rang khong qua n — 2 tap chira 6. Vay
Cr3=ncs
£ Ain b gels B
0: 2 1xwx3
» Nhin xét. Chi c6 3 ban tham gia giai va c6 duy
nhat 1 161 giai dung trén day cua ban Sang

DANG HUNG THAN G
Bai T10/446. Cho p la mot 6 nguyen 16. Tim
tat ca cdac da thirc Ax) voi hé so nguyén sao
cho véi moi sé nguyén dwong n, fin) la woc
cuay —ix
Loi giai. Ki hiéu 4 la tap hop tat ca cac udce
sO nguyen cua pP- 1. Nhén xét rang tat ca cac
da thirc hang sb, fix) = b, b € A thoa man bai

—1): b). Ta sé&
chimg minh d6 1a tat ca cac da thirc thod mén
bai toan. Phan chting ton tai da thirc f{x) thoa
man bai todn, da thirc f{x) c6 bac duong. Gia

dap s6 1 k(n) =

toan (vi Vo e N', p"—1: (p

sttn € N” va g 1a wéc s6 nguyén té bét ki ctia
fin). Ta ¢& f(n+q)—f(n):(n+q—n)=q.
Két hop voi f(n): g = f(n+q): g. Nhu vay
“lif(m)ig,p*i-1:f(n+q)iq
=Pl -D=p(pi=1)iq
Turcacsukiéntréntasuyrap#¢q, pi—1:q.
Mt khac theo Dinh li Fermat p? = p (mod g)
S5 sp ()
Xétn e N', n—1:(p—1). Sb cac sb n nhu thé
la v6 han, trong khi d6 4 1a tap hop hiru han va
da thie f{x) c6 bac duong, suy ra c6 sb n nhu
vay ma fn) ¢ A. Mat khac p" — 1 = (p — 1).B,
trongd6 B=p" ' +p"*+.. +p+1=n(modp—1)

=]l (modp-1)=@-1,B)=1.
Do fn) & A = c6 udc sb nguyén t ¢ cua f{n)
miBig=p-1]y. Mﬁuthuénvc’ri(l) a
> Nhan xét. Pay la bai toan da thirc — $6 hoc hay, kho.
Trong s6 cac ban g 10 giai tdi Toa soan co ba ban
gial ding: Ha Ngi: Nguyén Viét Anh, 12T1, THPT
chuyén Nguyeén Hué; Ha Tinh: Tran Héu Manh
Cuong, 12T1, THPT chuyén Ha Tinh; Binh Dinh: Mai
Tien Lugt, 12T, THPT chuyén L€ Quy Don. i
NGUYEN MINH BUC
Bai T11/446. K hiéu [a] la s6 nguyén Iom nhat
khong virot qud a. Cho x, v la cdc s thiee duong
théa man [x].[v] = 30". Tim gid tri I6n nhat va
nho nhat ciia biéu thirc P = [x[x]] + V1]
Loi gidi. Ta co: [x][y]=30"=[x], []# 0. Ma
X,y duong nén: x >[x]>0, y>[y]>0. Kihiéu

{x} 1 phan & cuax, vay: 0<{x} =x—[x]<l.
Khi d6: P=| (be]+{x})ix] ]+ [ (1 + {3}) ]|
= +[ {(x} o ]+ D7 +[{v} ] | = 261 = 2.30%
[x] = [y] =307

[30° {x} | =[30°[»1] =0

302

P=230"<

(] =0= iy A
30%,30°+— |.
= OS{ }{y}<i<:>x,ye{ ; +302j

30°
Str dung tinh chit : Véi neZ, n>1, a e R thi
nla]l<[na]<nlal+n-1 ()
ta co:

P=[dx]]+ [y < +[x] -1+ [y +[y]-1
=[x’ +[yT* +[x]+[y]-2 ).
.| xI=-D{y1-D =0
Do [x]=1,[¥]=1 nén {([x]z —1)([)/]2 120
i {[x]+[y] <[x][y]+1=30* +1
P+ <P +1=308 +1
P =30° +30*
[x]=1 hoac [y]=1

=P <30% +30%

[x]=1 hoac [y]=1
S [ =0+l <
[ =bT +b1-1

[x]+1—i <x<[x]+1
[x]

[y]+1—é£y<[y]+l

TOAN HOC
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xe[l;2),y e[304 +1—i4;304 +1j
30
= 1 A
B {304 +1—W;304 +lj,y e[L;2)

Vay max P=30°+30%, minP=2.30* O
» Nhin xét
1) Str dung BDT ¢ VT(1) ta cling c6 danh gia:

P > [x][x]+ Iy IEIT + D) 2 2[x][y] = 2.30"
2) Tir (2), c6 thé tim GTLN ciia P bang cach: Gia sir
x<y, suy 1 xe[l; 302]. Xét ham sb

3 4

f=t +—3t0—+t+%—2 véi t€[l;30*]. Dung BDT
Cauchy hodc dung dao ham, chimg minh dugc fnghich
bién trén [1; 30%]. Vay f(t) < f(1) =30° +30°.
3) Céc ban tham gia giai bai nay déu tim ra dung két
qua. Tuy nhién khi tim gia tri cla x, y xay ra maxpP,
mot sb ban con bi nhdm. Vi du: C6 ban két luan:
max P =30% +30% khi x=1,y=30%+0,999 . Diéu
nay khong dung vi

le[l;2), 3o4+0,999¢[304+1—§(1)w;3o4+1].

Tinh chat (1) ciing nhu nhimg tinh chat khdc vé phan
nguyén va phan 1é, ban doc c6 thé xem thém trong
TH&TT s6 449, 450 (T11, T12/2014).
4) Cac ban sau c6 101 giai tot: Ha Noi: Tran Manh
Hung, Nguyén Viét Anh, 12 Toén 1, THPT chuyén
Nguyén Hué. Thai Nguyén: Nguyén T vieu Minh, 11
Toan, THPT chuyén Thai Nguyén; Yén Bai: Vi
Hong Qudn, THPT chuyén Nguyeén Tat Thanh; Nam
Pinh: Nguyéen Hoang Huy, 9A2, THCS Tran Dang
Ninh. Nghé An: Pham Viét Anh, 11A1, THPT Quynh
Luwu I; Ho Xudn Hung, THPT D6 Luong I; Long An:
Nguyén Binh An, 10T2, THPT chuyén Long An.
TRAN HUU NAM
Bai T12/446. Cho tam gidc ABC. E, F lan lwot
thugc cac doan CA, AB sao cho EF /| BC.
Trung truc cua BC cat AC tai M; trung truc
ciia EF cat AB tai N. Duong tron ngogi tiép
tam gidc BCM cdt CF tai P khic C. Puong
tron ngoai tiép tam giic EFN cat CF tai O
khdc F. Chimg minh rang trung truc ciia PQ
di qua trung diém ciia MN.
Loi gidi (Theo ban Nguyén Anh Hao, 941,
THCS Lam Thao, Phi Tho).
Goi H, K theo thr tw 1 hinh chiéu ctia M, N
trén CF; S, T, U, V theo thir tr 13 trung diém
cia MN, HK, BC, EF (hinh v¢).

TOﬁN HOC

uditre S8 450 (12-2014)

\C
D& thiy cac tir gidc MCBP, NEFQ nbi tiép.
Két hop véi MHP=MUB =90°=NKQ=NVE,
suy ra cac cap tam giac (MHP, MUB) va
(NKQ, NVE) ddng dang. Tir d6, cht ¥ rang U,
V theo thir ty 1a trung diém cua BC, EF, suy ra

TGS ot et G B VR
MP MB 2 MB
K VE _EF N
xk0=N0.XC _ no TE N
NO NE 2 NE

Vi ¢ tir gide MCBP, NEFQ ndi tiép va BC /| EF
! {@—W—@-%—@—EFC
nen

— —

NQE=NFE=CBF;QNE=EFC=BCF
Do d6 cac cap tam giac (MBP, FCE) va (NQE,
MP _FE NQ _CB
MB FC'NE CF a?

BC.EF - KO.

2CF
Két hop v6i TP = TQ, suy ra TH = TK. Két hop
vGi MH // NK; SM = SN, suy ra ST // MH // NK.
Diéu d6 c6 nghia 1a ST 1a dwong trung tryc cia
PQ (dpecm). O

» Nhdn xét. Bai toan nay kho, ngoai ban Hao khong
¢6 ban nao tham gia giai ca.

CBF) dong dang. Vay —

Tu (1) va (2) suyra HP=

NGUYEN MINH HA
Bai 1.1/446. Trong mét xi lanh cao, cach nhiét,
ddt thdng ditng, & dudi pittong c6 mot luong
khi héli & nhiét do T, = 240K. O trén pittong,

https://tieulun.hopto.org



c6 khot luong bang

ftong pittong. Sau do nguol ta
'S g ¢ Oy BTN s ek

e LA 5 A i A AL e S
Biét rang bén trén pittong khéng co khi. Bo qua

mol ma Sar va trao doi nhidt
mol ma sdat vd rrao aoit nnietl.

Loi gigi. Diéu kién can bang co hoc & trang
thai dau va cuéi: p,S = [m + %)g,pzS =mg,

trong d6 m 1a khoi luong cia pittong.
Sau khi dat cidc hé thic trén vao cic phuong
trinh Clapeyron-Mendeleev tuong ung, ta

duac: %mgh1 =vRT,, mgh, =vRT,.

Str dung cac hé thic nay va dinh luat bao toan
3

nang luong, ta co: mgh, +EVR7] =mgh, +%vRT2.

Suy ra: 7, =%Tl =208K . O

> Nhin xét
1) Khi giai bai todn nay, mot sai 1dm thuong gap la
trong v€ trdi cua phuong trinh béo toan nang luong
nguoi giai thuong viét thé nang ban dau 1a 1,5mgh, ,
chtt khong phai 12 mgh, , tic 12 ké ca vat nang ndm
trén pittong. Diéu nay 1a khong dang, vi pittong bét
déu chuyén dong chi sau khi bd vt nang ndy ra va he
pittong — khi 12 mot hé kin.
2) Chi c6 ban Pham Ngoc Nam 16p 11 Ly, THPT
chuyén L& Hong Phong, Nam Pinh c6 101 giai ding.
NGUYEN XUAN QUANG
Bai L.2/446. Mach dao dong gom tu dién thudn
dung khdng va cuon cam thudn dién cam dang
thuc hién dao dong dién tir tu do. Tu dién cé
dién tich cuc dai Q, va cuong dé dong dién
qua cudn cdm co gia tri cuc dai I, Chon goc
thoi gian (t = 0) la luc dién tich tu dién cé do

, i \ - [N ~ Yrz .
[on |q| = == va c6 dau nhu hinh vé. Xdc dinh

75

thoi diém dong dién qua cudn cam cé chiéu tir

. ’ S 10 [y
AdénBvacodolon i =—.
14 2
4 e
| |
q 1
1 G (e J
LI}
C

Loi gidi. Vi mach dao dong LC li tudng, ta co:

q=Qysin(awt +¢) va i=I,cos(at+¢@) voi

1y r o
Chon chiéu duong 1a chiéu cua dong dién chay
qua cudn cam L 13 tir 4 dén B.

_O 3
2

B 3
Tai thoi diem ¢ = 0 thi = [ig| =710.

9|

a) Tai thoi diém ¢ = 0, dong dién c6 chiéu tir 4
sang B. Khi do6 tu nap dién nén:

iy =]Ocoscp=7[oz>¢):£
6

i'=0
: ; I
Theo dau bai ta co: i = ,cos EtJrE =2 (1)
TasGisd 2
Giai phuong trinh (1) ta dugce :

t=(k+i)T, k=0,12..
12

tz(k—l)T;k:I, 2%
4

b) Khi dong dién c6 chiéu tir B dén 4. Lic d6
tu phong di€én nén:

3 S5
iy=1I,cosp=———I1, => @p=—.
0 = 140C0sQ 5 1o ¢ 6

; I
Theo dau bai ta co: i = Iocos(@t +E =L (2)
56 2
Giai phuong trinh (2) ta duoc :

t= (k—le, g 95
4

t=[k—l)T;k=1, L
12

» Nhdn xét. Bai nay khong ban nao c6 161 gii ding.
Loi giai cia ban Vi Quang Huy, 12B, THPT chuyén
Quang Trung, Binh Phwée giai bing cach ding vong
tron luong giac, 10i giai ngén gon. Tuy nhién, 161 giai
clia ban chwra dy da va chinh xéc.

DPANG THANH HAI

) TOAN HOC
S6 450 (12-2014) L Oy umtr;@ 25

https://tieulun.hopto.org




R& gud cwse i VIET CHUYEN DE TOAN

-

CHAO |

Cudc thi viét chuyén dé Todn chao mung

T

: thang 10 nam 2014. Cudc thi da dugc cdc

{ thudc cac phan mén Dai sd, S6 hoc, Hinkh hoc, T

# Giai Nhat (1 giai) Pang Thanh Hai, GV THPT Triéu
Quang Phuc, Yén My, Hwng Yén.

% Giai Nhi (2 giai)

1. Trén Xuan Pang, GV THPT chuyén Lé Hang Phong,
Nam Binh.

2. Nguyén Tuan Ngoc, GV THPT chuyén Tién Giang,
Tién Giang.

* Giai Ba (4 giai)

1. Nguyén Van Nho, GV THPT Nguyén Duy Trinh, Nghé An.
2. Lé H6 Quy, GV THPT Lé Lgi, Kon Tum.

3. Trdn Minh Ngoc, SV K38, Khoa Toan-Tin BHSP TP.
Hé Chi Minh.

4, Nguyén Truong Son, GV THPT chuyén Lwong Van
Tuy, Ninh Binh.

# Giai Khuyén khich (14 giai)

1. Lé Viét An, 15, Xém 2, Ngoc Anh, Phu Thuwong, Pha
Vang, Thira Thién-Hué.

2. Nguyén Van ’Thiét, GV THPT Vinh Xuan, Phu Vang,
Thira Thién-Hue.

3. Thai Nhat Phuong, GV THPT Nguyén Van Tréi, Cam
Nghia, Cam Ranh, Khanh Hoa.

4. Chu Tuén, GV THCS Nguyén Thuwong Hién, U'ng Hoa,
Ha Noi.

5. Pham Béc Phu, GV THPT A Hai Hau, Nam Binh.

( T& bao Todn hoc va
el 9 \ Tuéi tre dau tién ra

i
|
i
5
|

A i ==

e e ] mét ban doc vao ngay
¥ iai tri toan hoc _/

15.10.1964.

Sau 50 nam, dén thang 12.2014 di xut ban
dugc 450 to tap chi, trung binh 12 9 t& mdi
nam. Nhén dip ki niém 50 nim xuét ban Tap
chi TH&TT, moi cac ban giai bai toan dién
cac sb nguyén tir 4 dén 18 (ké ca ba s6 da ghi
13 15, 10 va 9) vao hinh hoa bén sao cho mdi 6
tron chtra mot sb va téng céc sb nam trén mot
dudng tron bat ki déu bang 50.

TOAN HOC

* Cludilpe S 450 (12-2014)

hop g ve

G 50 NAM TAP CHi TOAN HOC VA TUOI TRE

) nam Tap chi TH&TT dugc khai dong tli thang 1 ndm 2014 dén :
Thay, co gido {i'Cn toan quoc hudng tng. Co 65 bai viét chuyén dé :

Toa sogn. Sau day la danh sach cac tac gia doat gidi.

6. Nguyén Viét Hung, GV THPT chuyén KHTN, DHQG,
Ha Noi.

7. Vid Hoang Lam, S6 642 L6 22, L& Hong Phong, Q. Ngd
Quyeén, Hai Phong.

8. Phung Chi Tw, SV K60-CLC Khoa Toan, DPHSP Ha Néi.

9. Cao Hai Van, GV THPT Nguyén Chi Thanh, Pleiku,
Gia Lai.

10. Trén Ngoc Duy, GV THCS Nguyén Ba Loan, Mo D,
Quang Ngai.

11. Pao Chi Thanh, GV THPT chuyén Vinh Phtc.

12. Hoang Minh Quén, GV THPT Ngoc Tao, Ha Néi.

13. Pham Thj Viét Thai — Pham Quéc Phong, GV THPT
Nghen, Can Léc, Ha Tinh.

14. Tran Quéc Luét, GV THPT chuyén Ha Tinh.

Co cau giai thuéng:

Giai Nhat: Gidy chi*ng nhan, 1.000.000 déng va 1 bd
sach Tuyén chon theo chuyén dé Toan hoc va Tui tré (6
cudn tir Quyén 1 dén Quyén 6).

Giai Nhi: Gidy chiing nhan, 700.000 déng va 1 bd sach
Tuyén chon.

Giai Ba: Gidy chirng nhan, 500.000 dong va 1 bo sach
Tuyén chon.

Giai Khuyén khich: Gidy ching nhan va 1 bo séach
Tuyén chon.

Dién s6 vao hinh hoa

/
S
PHI PHI (Ha N6)
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e 0 )» TRONG CAC BAI TOAN
Vs HINH HOC TO HOP

HERE U
S AL
PO MINH KHOA (Warszawa, Ba Lan
Email: khoakarol@gmail.com)

THE ™M
TOAN HOC SG CAP

Trong nhitng nam gan ddy, bai todn lién quan dén hinh hoc 10 hop xudt hién nhiéu tr ong cdac ky thi
hoc sinh gici Qu& gia, Vimg, Khu vuc, Chédu luc, va Quéc té IMO. Thay vi dwa ra nhitng bai tap
don le, bai bao nay gidi thiéu va tém lwoc co so cia hinh hoc t6 hop va mot phirong phdp bat bién
6 vai tro quan trong cho loi gidi nhiéu bai todn hay va khé nham dem dén ban doc mét cach nhin
day du va toan di¢n hon. Bai bdo nay dwoc chia lam ba | ,)/1(117 Phan I la gioi thiéu va nhitng bai
toan veé  hinh phang; Phan 11 la nhiing bai toan vé hinh khoi; P/mn [ la tuyen chon nhing bai toan
vé hinh hoc t6 hop va mgt m bai toan mo lién quan. Hy vong rang, Phan 111 nay sé dem den ban

doc mot cach nhin day di vé hinh hoc t6 hop, va niém dam mé sdang tao todan hoc.

PHAN I: Bai toan v& hinh phang

1. Mé dau

Hinh hoc t6 hop va hinh hoc roi rac 13 hai linh
vuc cua hinh hoc nghién ctru nhung tinh chat
t6 hop va cac phuong phép kién thiét cho cac
dbi twong hinh hoc rdi rac. C6 nhiéu bai toan
trong hinh hoc roi rac lién quan dén s6 luong
hitu han hay v6 han cac d6i tuong hinh hoc
nhu: diém, duorng thang, mat phiang, du’orng
tron, mat cau, da dién hay da giac,. Chang
han, nhung dbi tuong vira néu co the cat nhau
nhu thé nao, hay xap sép chiing ra sao dé phu
mdt dbi trong khac 16n hon,... Hinh hoc roi
rac ¢6 sy giao thoa véi hinh hoc 16i va hinh
hoc tinh toén, va c6 quan hé méat thiét véi
nhiing vin dé nhu hinh hoc hiru han, t6i vu t&
hop, hinh hoc sé, hinh hoc vi phan roi rac, 1y
thuyét d thi, va topo tb hop.

Co thé noéi rang hinh hoc ro1 rac hién dai duoc
khoi ddu vao cubi thé ky thtr 19, mic dau
trude do da co nhung nghién ctru cua Cauchy
va Kepler vé khéi da dlen phén giao clia céc
hinh phang, va cac lat cit trong khong gian ba
chiéu. Nhimg chu dé dugc nghién ciru kha
sém nhu: mat d¢ cua goi cac hinh tron bai
Thue, hinh dang chiéu béi Reye va Steinitz,
hinh hoc cta nhitng s6 béi Minkowski, va to
ban d6 boi T. ait, Heawood, va Hadwiger.

2. Bdi todn trong mt phing

Chung ta bat dau tir mot bai toan don gian.
Bai toan 2.1.
thanh 64 miéng vuéng hinh ban co 8 x 8. Can

Mot thanh so c¢6 la dwoc chia

phdi bé it nhdt bao nhiéu lan (theo mach chia
va khong chong cac miéng lén nhau) dé cé
duoc 64 miéng?

Loi gigi. Nhan thiy ring sau mdi 1an bé thi ta
c6 thém dting mot miéng nhoé hon. Pé c6 duoc
64 miéng, ta cin bé dung 63 1an. m|
Bai toan 2.2. Ban co 6 vuong 8 x 8 duoc phii
bcing cac thanh hinh chir nhdt 1 x 3 (cdce thanh
phu khong ché‘ng lén nhaw). Hoi cdc 6 o vi tri
nhw thé ndo sé khéng bi phu? (can toi da 21
thanh 1 x 3, khi d6 sé phui t6i da la 63 6, luén
c6 mot 6 trong).

Chu’ng minh. T6 mau nhu H1nh L: (r, w, b) :=
(46, tring, xanh). Nhan xét rang khi dat cac
thanh 1 x 3 1én ban c& thi mdi thanh phu ba 6,
mdi 6 mot mau. Sau khi phu, s§ cic 6 khac
mau déu 13 21. ta suy ra thira 6 mau tring, theo
phép d6i xtmg va phép quay ban c& goc 90°. 7
Nhin xét 2.3. Ta thdy mot bat bién mau trong
cach t6 nhu 101 g1a1 néu trén. Thuc ra, ta cling
c6 bét bién sb, néu thay viéc t6 mau bang viée
danh du b(n céc con s6. Ban doc tr kham pha
cach danh s6 phii hop.

TOAN HOC
* Cuéitre 27
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Hinh |
Bai toan 2.4. Dung nhitng vién gach 2 x 2 va
3 x 3 deé lat san kich thude n x n (n 2 2). Xac
dinh diéu kién ciia sén n x n de lat dwoc ma
khong phai cdt gach?
Léi gigi. Trude hét, nhan xét rang:
e Néu n chin thi c6 thé dung toan gach 2 x 2
dé 1at dugc.
e Néu 7 = 3k thi ciing 14t duoc bang gach 3 x 3.
Ta s& chimg minh ring, néu n 1& va khong
chia hét cho 3 thi khong thé 1at kin san n x n
bang hai loai gach trén.
Chang han, xét kich thuéc san 12 7 x 7. Ta t6
mau do cho cac cdt 1é, t6 mau xanh cho cac
cot chin. Ca thay c6 4 cot do gdom 4 x 7 =28
0, va 3 cOt xanh gém 3 %7 =216, Ta théy
rang, vién 2 x 2 lu6én phu 2 6 mau do va 2 6
mau xanh, va vién 3 x 3 phu 3 6 dd va 6 0
xanh, hogic pht 6 6 4o va 3 6 xanh. Néu san
7 x 7 dugc phu kin thi hi¢u s6 cac téng cua
cac 6 d6 va 6 xanh 14 boi s6 cua 3. Tuy
nhién, hidu sb ctia tong cac 6 do va tong cac
Oxanhlubnla4 x7-3x7="7.
DPéi v6i n = 7, phép chimg minh hoan toan
twong tu. Vay kich thudc san phai la 2k x 2k
hoac 3k x 3k. a
Bai toin 2.5. C6 thé chia ban co 10 x 10
thanh cdc hinh co kich thuoc 1 x 4 khong?
Loi gigi. T6 mau (tring-den) ban cd 10 x 10
hinh mét c4o véi kich thuéce 2 x 2 (cac 6 mau
xen k& nhau nhu Hinh 2. Ta thy mot bat bién
sau: moi thanh 1 x 4 ludn chira dung hai 6 den

TOAN HOC
28 * cTusilre

S§ 450 (12-2014)

va hai 6 tring. Mit khac, tong sb cac 6 den
bing 13 x 4 = 52, va tong cac 6 trang bang 48.
biéu nay vo 1i.

N | A | A
\ER\ N\
7\ N
N ZB
7N\ W7\
2 WV S
NN | 7N | |
 XYZ N |
7)) /N 7N
YW 2 | W

Hinh 2. T6 mau 2 x 2 cho ban co 10 x 10

Ban doc tham khao céach t6 mau (den-tring)
nhu Hinh 3 va giai bai todn néu trén theo cach
khac do cich t6 mau nay ciing c6 mot bat
bién: mdi thanh 1 x 4 chira ding mot 6 den.CJ

%, | U, | Y
N7 7 %
| Z % |
| 7 Z |
7z | g || 7
7 7 %
% 7| |
| 7 2]
7 | | 7 |
‘A 1 | % %

Hinh 3. Mot cach té mau cho ban co 10 x 10

Bai toan 2.6. Sanh hinh chit nhdt m x n cua
mét toa nha dwoc lat bang mot s6 vién gach

kich thude 2 x 2 va 1

x 4. Néu bi v& mot $6
16 vién 2 x 2 thi ¢6 thé ldt thay thé bang cdc
vién 1 x 4 khong?

Loi gigi. Ta t6 mau cac 6 vudbng ban m x n
theo quy tic sau: cac 6 (18, 1) := (do, do) (xem
Hinh 4); nhitng 6 con lai mau trang (chi cac 6
nim vi tri (x, y) = (18, 18) méi duoc t6. Nhan
thdy rang: cac vién 2 x 2 s& chira ding mot 6
do (vi cac s6 1é-chin luan phién nhau), con céc
vién 1 x 4 s& chira 0 hodc 2 6 do. Tu do suy ra,
néu mot sb 1& cac vién gach 2 x 2 bi v& thi
phai thay mot s6 1é cac 6 do. Tuy nhién, nhu
trén ta da thdy cac vién gach 1 x 4 ludn chira
s6 chin cac 6 d6. Vay cau tra 161 1 phu dinh.0
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Hinh 4
Bai toan 2.7. Cho 2n so thuc doi mot khac
nhaw: ay, aa,..., ay; by, by...., b,. Viét cdc sé
vao bang n x n nhu sau: 6 (i, j) (hang i va
cot j) la s6 (a; + by). Chitng minh rang néu
tich tdt ca cac so trén cac cot bang nhau thi
tich tat cac cdc so ¢ méi hang ciing bang
nhau.
Loi gidi. Tich cic sb & cot thi j bang
W= (bj+a)) b+ a)... (bj+a,). Khido m; = m;
véimoii,j=1,2,..., n. Xét da thirc
P(x)=(x+a)(x+ ay)...(x + a,).
Ta suy ra P(by) = P(by) = ... = P(b,) = C,
trong do C 1a hang s0. Ta lai xét da thtic
Gx) = Plx) —C.

Do G(x) c6 n nghi€m by, by,..., b, nén no la da
thirc bac 1a n véi hé s6 bac cao nhat bang 1. Tur
day ta suy ra G(x) = (x — by)(x — b3)...(x — by)
Véy, (x + a))(x + a2)...(x + a,) - C

= (x = bl)(x - bz)...(x - bn).
Thay x = —a; (j =1,n) vao dang thirc cudi,
ta.duge —C = (=& ~b)d=a;— b2 i(~ap =

n
by) = (=1)(a; + b1) (a; + by)...(a; + by).
A% n+l

Hay (a; + b1) (aj + b2)...(a; + by) = (1) C.
Veé trdi dang thirc cudi nay 1a tich cac so thudc
hang j. Bai toan dugc chimg minh. a
Bai toan 2.8. Trong ban co 6 vudng n x n viét
tat ca cac s6 tir | dén n”. Chitng minh rang ton
tai hai 6 ké nhau (co chung canh) ma hiéu hai
so dwoc ghi o do lon hon hodc bang n.
Chitng minh. Gia st nguoc lai, hai 6 ké
nhau bat ki déu c6 hi€u nho hon hodc bang
n—-1.Dat4,= {1, 2,..., k},

Bi={k+1,.,k+n—1}, C={k+n,..,n},
trong d6 k=1, 2,..., n —n. Ta th'fiy trong s6
bat ki k 6 chira cac s6 thudc A s& khong thé ké
v6i cac 6 chira s6 thude Cy. Suy ra By 1a "6p
dém" gilta A, va Cr. Do |Byf =n — 1 <n ta suy
ra v&i moi k ¢b dinh, ton tai dong va cot dugce
ghi cac s6 hodc thudc A4, hodc thude C,. Khi
d6 chon k=1 thi ton tai dong va cot co cac )
thuc Cy va chon k = n* — n thi ton tai dong va
cot ¢6 cac s6 thude Ay Xét m € Nla gia tri bé
nhit @& cac sb tir 4,, ghi kin mot hang va mot
cot. Vay, cac sb tir C,,_; ghi ddy mét hang va
mot ct. T do ta suy ra, tdn tai it nhit hai 6
thudc 4,, N Cp1. Méu thuan vi 4,, N Cpoy =
. a
Bai toan 2.9. C6 m x n nguoi linh ding thanh
m hang ngang va n hang doc. Ching minh
rang trong bat ki 37 ngwoi dé luon ton tai 10
nguoi ditng khong lien ké nhau ( khong cung
hang, cot, hodc lien dinh).

Loi gidgi. T6 bang kich thuéc m x n bdi bén
mau theo cach sau: ding hai mau (ching
han, tring-hdng) t6 xen k& hang thtr nhit,
dung hai mau (xanh-den) t6 xen k& hang
thi hai, (xem Hinh 5); cu thé, céc 6 c6 cac
hang va cot duoc to theo quy tic sau:

O (18, 1&): mau trang. O (18, chin): mau hong.

O (chin, 1&): mau xanh. O (chin, chin): mau do.

Hinh 5
Theo nguyén li Dirichlet, t6n tai 10 ngudi dimg
0 6 cung mau. Ta thay, do cac so nguyén chan-
1¢ 1a xen k& nhau nén cac 6 cung mau 1a khong
lién-ké nhau. Bai toan dugc chimg minh. O
(Ki sau déng tiép)
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* STugitre 29

S48 450 (12-2014)

https://tieulun.hopto.org



(Tiép theo trang 15)

TINH CHAT ...

Hinh4a C

@Bai toan 4. Cho tam giac ABC nhon noi tiép
dirong tron (0), H la triec tam tam giac. Ve
duwong kinh AD. Goi M la trung diem cua BC.
[ J. K theo thir tr la hinh chiéu ciia D lén BH,
CH va BC. Chimg minh bon diém I, M, K, J
cung /scim trén mot dirong tron.

Hinh 5

Loi gidi (h. 5). Goi P 1a giao diém ctia DJ va
BH, O 1a giao diém cua DI va CH. Thay rang
O 1a tryc tdm cla tam giac PHD. Mat khac do
tlr giac BHCD 1a hinh binh hanh nén M la
trung diém ciia HD. Goi R 1a trung diém cua
PQ, khi d6 theo tinh chét dwong tron Euler ciia
tam gidc HPD, cac diém M, I, J nam trén
duong tron duong kinh RM.

Lai c6 AHCD > APDQ (g.g), CM va DR la
hai trung tuyén twong tmg cua hai tam gic
dong dang trén nén APRD > AHMC. Tur d6
RDP = MCH . Vi it glac KJCD nbi tiép nén

KDP = MCH . Vay RDP = KDP hay R, K, D

TOAN HOC
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thing hang. Cudi cung vi MKR =90° nén
diém K nam trén duong tron dudng kinh MR.
Tir d6 ta co diéu phai chimg minh.

@Bai toan 5. Cho tam giac ABC. Cac duong
cao AA', BB’ ("("’cd! nhau tai H. Goi O la tam
duong tron ngoai 'lep tam giac ABC. Duong
ron tam A' ban kinh A'O cat dwong thang BC
tai A;, A>; dwong tron tam B' ban kinh B'O cat
dirong rfu?no AC tai By, By, duong tron tam C'
ban kinh C'O (/ff dwong !/m/( AB tai C,, Cs.
Chirng 1?11/7:/ rang sau diem . », By, By, C,

C, cung nam trén mot J‘l/()n;r tron.

Loi gidi (h. 6). Goi J 1a trung diém cua OH, R
12 ban kinh dudng tron ngoai tiép tam giac
ABC. Ta thay J 1a tdm duong tron Euler cla
tam giac ABC. T d6 A J=BJ=CJ= §

Hinh 6

Theo dinh 1y Pythagore va cong thirc duong
trung tuyén ta cé:
AH* =A'H +A'4’=A'H*+4'0°

iz i) OB _R’+OH’

. Lap luén

twong ty voi céc diém Ay, By, By, Ci, C; cho ta
két qua 4|H? = A,H* = B\H* = B,H* = C,\H =

2 2
CH? ( —R——zﬂ_]—j ). Nhu vay sau diém A4,
As, By, By, Ci, C, cing nam trén duong tron

2 2.
{am 27 ban link Efzﬂ.g &
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PROBLEMS .

o ’tI) theo trang 17)

FOR HIGHSCHOOL
Problem T6/450. Let x and y be two positive
real numbers satisfying 32x° + 4y’ =1.

Find the maximum value of the expression
(2x* + y +3)’

3(x +y)=3x+y)+2°
Problem T7/450. Given an acute triangle ABC
(4B > AC). The heights BB’ and CC"” intersect
at H. Let M, N respectively be the midpoints of
the sides 4B, AC and O the circumcenter. AH
intersects B’C’ at E, and AO intersects MN at
F. Prove that EF / /OH .
Problem T8/450. Given three positive
numbers a, b, and c¢. Find the maximum value
of & so that the following inequality holds

a. b ¢ a b o
& O LG T e TR0
b+c+a 3—k(abntbc+ca lj'

TOWARDS MATHEMATICAL
OLYMPIAD
Problem T9/450. Find all positive integers x,
¥, z which form an arithmetic progression and
satisty the following equation

&

I. Cho dudng tron (O) ngoai tiép tam giac
ABC va MN 1a mot duong kinh thay doi cta
dudmg tron. Goi My, M, lan luot 13 hinh chiéu
cia M 1én AB, AC; N), N, lan luot 13 hinh
chiéu cia N lén 4B, AC. Cac dudng thing
MM, va NyN, cét nhau tai /. Chirng minh réng
I ndm trén mot duong tron cb dinh.

2. Cho tam giac ABC cé truc tam H. Goi I 1a
tam duong tron Euler cua tam giac; d 1a mot
duong thang bét ky sao cho 4, B, C, H ndm vé
cling mdt phia so véi d. Chimg minh rang tong
khoang cach tir 4, B, C, H t6i d bang 4 lan
khoang cach tu l toi d

X (x+y)E+2) Y (r+2)r+x)

(—piex 2) (y-2)y-%)
Zz+x)z+y) e
+m~2160+(x+y Z).

Problem T10/450. Given a 999x999 table of
squares. Each square is colored by white or red.
Consider a set of triples of squares (C;, C,, C3)
which satisfy the following properties: the first
two squares C;, C; are in the same row, the last
two squares C,, C; are in the same column, C;,
C; are white, and C, is red. Find the maximum
number of elements in such a set.

Problem T11/4. Find all positive integers n > 1
va and all primes p such that the polynomial

f(x)=x"-px+p’
product of two non-constant polynomials with
integral coefficients.

Problem T12/450. Assume that ABC is an
equilateral triangle and M is a point which is not
on the lines through BC, CA, and AB. Prove that
the Euler lines of the triangles MBC, MCA, and

MAB are either concurrent or parallel.
Translated by NGUYEN PHU HOANG LAN
(College of Science-Vietnam National
University, Hanoi)

can be factorized as a

BAI TAP

3. Cho tam giac ABC nhon c6 AB > AC. Ké
cac dudng cao AD, BE, CF. Pudng thang EF
cit BC tai P. Puong thing qua D song song
v6i EF cit cac dwong thing AC, AB theo thir
tw tai Q va R. Goi M la trung diém cta BC.
Chimg minh bén diém M, P, Q, R cing ndm
trén mot duong tron.

4. Cho tam giac ABC. M 1a mét diém nam
trong tam gidc khong trung véi tam duong tron
noi tiép tam giac d6. Chirng minh rang ton tai
diém N khac M sao cho cac hinh chiéu vudng
goéc clia N va M xudng cac canh cta tam giac
cung thudc mot duong tron.

G@Mﬁ v ﬁii Fimi GM@ HUNSYS’% EM Bﬂ%’i PHONG TRAO "fﬁ! B&!A Xﬂﬁﬁmﬁ b
TRUDNG HOC THAN THIEN, HOC SINH TiCH CUC™ VA TAP CHITOAN HOC & TUBITRE ~ =

Phéi hgp t6 chiic trao thudng thuong xuyén cho hoc sinh dugc néu tén trén Tap chi .
: d ; ? 5
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BAN CO VAN KHOA HOC CHIU TRACH NHIEM XUAT BAN
GS. TSKH. NGUYEN CANH TOAN Chii tich Hoi déng Thanh vién
iy NXB Gido duc Viét Nam
b . e Téng Gidm déc kiem Tdng bién tap
63 BON QUYNH NXB Gido duc Viéet Nam
PGS.TS. TRAN VAN HAO GS.TS. VU VAN HUNG
HOI DONG BIEN TAP
Téng bién tdp : TS. TRAN HOU NAM Thu ki Toa soan : ThS. HO QUANG VINH

TS. TRAN DINH CHAU, ThS. NGUYEN ANH DUNG, TS. TRAN NAM DUNG, 7. NGUYEN MINH PUC, TS. NGUYﬁN
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TRONG SO NAY

@ Danh cho Trung hoc Cd s& @ Ban doc tim toi
For Lower Secondary School Reader’s Contributions
Vii Héng Phong — Phuong trinh, hé phuong Vi Céong Minh — Tinh chit duong tron

trinh c6 chita phén 13, Euler va mét s6 bai tap ap dung.

@ Huéng dan giai D& thi tuyén sinh vao 16p @ D& ra ki nay
% 3 ) Prot s in This Is
10 trudng PTNK, PHQG TP. Hb Chi Minh, Mablernprin i Sapist
G T1/450, ..., T12/450, 11/450, 1.2/450.

Giai bai ki trudc

Solutions to Previous Problems

D& thi tuyén sinh vao 16p 10 trusng THPT

chuyén Lé Quy Don, Binh Dinh, nam hoc

2014-2015. Giai cac bai cua S6 446.
Lé Quéc Han — Vang mai bai ca trong nguoi. @ Két qud cubc thi viét chuyén dé Todn chao

fos, FELIREL 38 ) miéng 50 nam Tap chi Todn hoc va Tudi tré.
Chuan bi thi vao dai hoc

University Entrance Preparation

Giai trf toan hoc

Nguyén Hitu Trung — Phuong phap d4t 4n Tim hiéu sdu thém toan hoc sd cap
phu dé giai bat phuong trinh vé ti. Dé Minh Khoa — Vé nhiing bat bién trong
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ehi dep

60 GIAD DUC VA DAO TAC

TIENG ANH
CHO HOC SINM LOP

ABC Enxhc'rl

AT

PEARSON

= XUAT BAN VA PHAT HANH SACH BO TRO SACH GIAO KHOA

= XUAT BAN VA PHAT HANH SACH THAM KHAO CHAT LUONG CAO, CAC SAN PHAM GIAO DYC

= XUAT BAN VA PHAT HANH LiICH BLOC GiIAO DUC

— TRIEN KHAI HOI THAO - TAP HUAN CHO CAC DONG SACH pUgC sU DUNG TRONG TRUGNG HOC

SACH GIAO KHOA TIENG ANH

(THEO DE AN NGOAI NGT QUBC GIA)

TIENG ANH (SACH HS, BT, GV) LOP 1 DEN LOP 12
VO BAI TAP TIENG ANH LOP 3 DEN LOP

VO TAP VIET TIENG ANH LOP 1 DEN LGP 5

SACH THAM KHAO TIENG ANH LOP 1 DEN LOP 12
THIET B TIENG ANH

EM LAM BAI TAP TIENG VIET - TOAN
(LGP 1 DEN LSP 5 DUNG CHO BUSI 2/ NGAY)
Tdc gid: Nguyén Minh Thuyét - Vii Duong Thuy

ivis

THUC HANH TIENG VIET VA TOAN wor 1 sn 1675
Tdc gid: Nguyén Minh Thuyét - D6 Dinh Hoan

4 VG CHINH TA (LGP 1 DEN LOP 5)
Tdc gia: Lé Ngoc Diép - Mai Nhi Ha
5/4%{% chink la - fﬂ(yfn nel chit - Ren nél ngedci

BAI TAP CUOI TUAN TIENG VIET wor 1ot i6r5)
Tdc gid: Tran Manh Hudng

GIUP EM LUYEN VIET CHU DEP

(LGP 1 DEN LOP 5)

Tdc gia: Tran Manh Hudng - Lé Hitu Tinh
Yovce tion soan lheo qrey @ dink

il iy e diing ctia Bé Gido (/uc va %ac lae

BAI TAP CUGI TUAN TOAN o 1 oen10r5)
Tdc gid: D6 Trung Hiéu...

TOAN BOI DUGNG HOC SINH ase 1 ouices
Tdc gid: Nguyén Ang O

LUYEN TU VA CAU aor208n16p5
Tdc gid: Lé Ngoc Diép - Nguyén Tri Ding..

2? - -
TU SACH ON THI
sk BOI DUONG HOC SINH VAO LOP 6
(c&c mon Toan, Tiéng Viét, Tiéng Anh)
sk BOI DUONG HOC SINH VAO LGP 10

(cac mén Toan, Van, Anh)

sk HUONG DAN ON TAP THI TN THPT, CB, BH

2

SACH DICH VA TU DIEN
3% TUBIEN CAC MON HOC TRONG NHA TRUONG
s TUBIEN HOC TIENG VIET
sk TUDIEN TRA COU
3 SG TAY KIEN THUC CAC MON (tirI6p 1 dén iép 12)
s SACH DICH
sk SACH PHUC VU THU VIEN NHA TRUONG CAP TH, THCS, THPT

Website: sachgiaoduconline.net
' CUAHANG GISITHIEUSANPHAM

HO SO QUAN LY NE NEP
s SG THEO DOI CHAT LUGNG GIAO DUC TIEU HOC
(s6 diém 16p 1 dén l6p 5)
k HOC BA
% SOLIENLAC
3 6 CHO NHIEM
* s6DYGIo
sk LICH BAO GIANG TIEU HOC (2 BUOI/ NGAY)
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e Diachi: 231 Nguyén Van Cu, Quéan 5, TP. H6 Chi Minh
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7 Zm%g gzo’z Zkze% m%g éﬁm dbc
di liéu chuyén todn THCS

n Trung hoc co s6¢”

B6 sach “Tai liéu chuy,
'8, 9, méi l6p gébm | PP

cb tat ca 8 cudn, cho cac |
2 tap: tap mot 1a Dai s6 (¢ ap mot la S6 hoc),
tap hai 1a Hinh hoc. Noi trong mbi cuén déu
bam sat chuong trinh Toan & cac lép THCS.

- Ma&i cuén déu c6 hai phan: phén Cdc chuyén dé
 ¢o bdn (vigt theo tiing chuong clta SGK) va phén
Mot s6 chuyén dé nang cao. Phan dau trong méi
huyén de 1a tom tat cac kién thu’c ly thuyét clia
p theo gidi
4c bai tap

 trong sach du’dc cac tac gla
trong do co nhleu vi du ba1

| rosemeny
el Cuoma MG
A S ko

NL&EUC!‘HNEHYQANTHLK{)—PCC COsy

TOAN &

TAP HAL =

HINH HOC

n Hudng “
cudi moi | e
. TALLIEY CHUYEN TOAN TRUNG HOC COS0

TOAN 6

TAP HAL %

HINH HOC

cb gido da

1| e s

=
H
£
rl
£

& Tap chi Toan
 duc Vié Nam,

_ PGS.TS Pam
Ngoc, PGS TS. Lé

)i liu thist thuc
u sau sdc nhing
han vao viéec nang
6ng hoc sinh gi6i
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