= TOAN HOC
usige

NHA XUAT BAN GIAO DUC VIET NAM - BO GIAO DUC VA PAO TAO

HUET Bﬁ" Tl:r'l 064 TAP CHi RA HANG THANG - NAM THU 51

DANH CHO TRUNG HOC PHD THONG VA TRUNG HOC cd Sﬂ
201 4 Tru sd: 187B Giang Vo, Ha Nai.
Sfi 449 BT Bien tap: (04) 35121607; BT - Fax Phat hanh, Tri su; (04) 35121606
Email: toanhoctucitrevietnam@gmail.com Website: hitp:/fwww.nxbgd vniloanhoctuoitre

94 Chao mimg Ngay Nha gido Viet Nam 20-11



PHUONG TRINH CHHA
PHAN NGUPEN
VU HONG PHONG (GV THPT Tién Du 1, Bac Ninh)
Khi gap mdt phuong trinh cé chita phin nguyén ching ta khong chi

thdy cdi hay trong thudt todn gidi phiong trinh md con thdy ¢ do
rhiing tinh chdt tha vi ciia phdn nguyén duoc sir dung. Hi vong bai

viél ndy sé dem lai nhitng diéu mai la va bé ich cho cdc ban.

A. Mot 50 tinh chit cia phin nguyén

Trudc tién xin nhac lai mét vai tinh chét (TC)
ciia phin nguyén: Vi x, y,a 1a cic s6 thuc, m,
n 1a s nguyén, Z 12 tap hop s6 nguyén, ta ki
hiéu [x] 14 s6 nguyén 16n nhét khong vugt qui
x, doc 13 phin nguyén cla x, phdn 1& cua x 12
{x} =x—[x]. Khi do ta cé cdc tinh chit sau

Tinh chit

L x—l<[x]<x.Haqui: 0<{x}<l.

2. [xl=nensx<n+l.
Pacbiét[x]=0=0<x<1.

3 [x+n]=[x]+n.

4. Vi x e & thi [-x]=-[x]
Véi xgZ thi [-x]=-[x]-1.

5.Véi n=1 taco

[x]+[x+ﬁ:|+...+|:x+ﬂ——]-}=[rlx].

n
6. Vi x2 p thi [x]=[y].
7.Vo1i nz1 thi 0= [ni{x}]=<n-1.
8. Vai n=1 tacté: n[x]<[nx]<nlx]+n-1.

+n[.r]=[nx]<::-{]'£{x}{l.
Fr

+[nx]:n[x]+n—l-:::-n—_1£{x}¢:1,
H

9.Vai m=z1l,nzl tacs:

e x|+ y] E[ne+ny] Smx] 4+ y]+m+n-1.

om{x]=m{y]=n <[ —ny] < mfx]-H{y]+m—1.

10. Véi x, e Ritacd:

[+ 0]+ + 0, 1 <0y + x5+ 4 X, ]
gl ]+...+[x, J+2r—1.

Pang thic xdy ra & BDT v& trdi, v& phai ldn

lugt Ja: [{x}+{x} +...+{x, }]=0;
[0+ oy} ot {x, )] = 1.

« Hé qud (ctia tinh chét 8, 9, 10): Biéu thirc

Pe[p+x 4. .+x, —W—¥——1,]

—[x]-[x] =[x, ]+ 0]+ D2 ]+ + (]
nhén cic gia tri nguyén —n;—n+L...; m—1.

Il.a) Néu x=0,y 20 thi [xy]2[x][v]

b) Néu x <0,y <0 thi [xy] =[x][¥]
c)Néu x <0< y thi [xy] 2 [x][v]+][x]
12« Néu a>0va glx] =[y] thi-]l c ax—y < o

sNéna<O0vigx]=[ythig- 1 <ax—y<.
Tong qudt: V6i a3 5,6 R, > 0.8, > 0.
Néu a[x ]+ as[x]+...+ a, [x,]

=B+ Bly ]+ + B[y, ]+ 6 thi

X + sy o+ X, — By = B — .. = By,

c-A-f-..-F+da+m+...+a,+d

Chimg mink

3. Gia st [x] =m thi theo TC2 ta cé:
mEx<m+l=—m+nsx+n<m+n+l

=[x+n]l=m+n=[x]+n.

4.-V&i xeZ thi —x € Z nén —x |a s6 nguyén

l6n nhdt khong virgt qud —x va x 13 s& nguyén

I6n nhit khéng virgt qud x nén

[x]=x;[-x]=-x,suyra [-x]=—x={x].

- Véi x ¢ Z thi theo TCI ta cé:

x-l<[x]l<x=[x]<x<[x]+1
= -{x]-l<-—x<-{x] = [-x]=-x]-L
6. Theo TC1 ¢ x <[x]+1 va [y] < y.
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Gia sit [x] <[y] suyra
[x]+12[yl = x<[x]+1<[y]sy D x<y
mav thuin véi gia thigt x = y.
7.Do0<{x} <1 nén 0<n{xt<n

= 0=[n{x}]=n-1.
8. Do n[x] € Z nén theo TC3 b
[x]=[n([x]+ {x})]=nlx] +[n{x}]. Ma theo
TC7c6 0<[n{x}]<n—1,suyra

Ax] Z[nx] < n[x]+n-1. nlx]=[nx]

< [nfxt]=0<0<nx} <1 ¢:>U£{x}-=:l.
n
[(mx]=n[x]+rn=1<[n{x}]=n-1
<> n—1< n{x} -:tri*::b”—_li{.x}{L
n

9. [mx +ny] = [mlx]+ mfx} +nly]+ n{y}]
= mlx]+nly]+[mix} +ni{y}]
[Px —ny] =[m[x]+ m{x} - n[y]—n{y}]
= mlx] - nly]+[m{x} —n{y}].
Do 0 < {x};{y} <1 nén
D<mi{x}+niyl<m+n; -n<mix}—n{yt<m.
Suyra: 0= [mi{x}+n{y}]<m+n-1;
—n<[mixt=-n{y}]sm-1.

Do vay m[x]+ n[y] <[mx + ny]

<mlx]+n{y]+m+n—1.
mx] = Y]~ < [mx—ny] < ]~ y]+ m—1.
10. [x + x5 +...+x,]
=[x+ {n}+x]+{x}+..+x]+{x}]
=[x ]+ [xa ]+ o+ [y ]+ [} + {3 b+ 4 {x, 1 (1)
Do 0<{x;} <1 nén 0 {x}+{x}+..+{x }<n
suyra: 0<[{x}+{xl+..+{x,}]<n-1 (2.
Tix (1) va (2) ta c6 difu phai chitng minh.
Chimg minh hé gud:
Bign déi twong tr TCS, 9, 10 duoc:
P=[fa}+{x}+.+ - - - = )]
el (1).

2 T?gPuﬁH]gCe S 449 (11-2014)

Tacd: —-n<{x}+{x}+..+{x,}
-i—1{r}-..—{y,} <m nén

[} + )+t = 1)~ D)= )]
<m-1 (2).

Tir (1) va (2) suy ra P nhin cdc gi4 tri nguyén

-m=n+l...m—1.

11. Do [x][¥] € Z nén

[ ] =[{x]+ {x3 X1+ {p})]

=[x]0y1+ [[x] 4} + [yl + {x} {3}

HII )+ [vI{x} + {x} )]
= [x]Dy1+[[x1{} + {xHy]+{1]
=[x][y]+[[x1{»} + {x} ]

a) Vai x,ypz0 thi [x]20 ma {x};{y}=20
nén [x]{y}=0, {x}y=0, suyra
(X1 +{xhy 20 = [[x]{y} + {x}¥]2 0
do vay [x]=[x][y].
b) Véi x,y<0 thi [x]<0 ma {x};{y}=0
nén [x]{y} <0, {x}» <0, suyra
[xl{y}+{x}y <0 = [[x]{y} + {x} ] <0
do vay [xy] <[x][¥].
c)Vaix<O<ythix]<0<yma0< {x}; {v} <1,
suy ra [x]{y} >[x]va {x}y 20, suyra
(<1} +{xy > [x]
= [[x]1{»} + {x}»] 2 [[x]] =[x] (theo TC6)
do vay [xy] 2 [x][y]+[x].
12. V6i afx]=[y] thi
ax—y=a([x]+{x}) —({[¥]1+ {}) = efx} - {»}
-khi @ >0 co6
~l<a{xi-{yi<a=>-l<ax-y<a.
-khi <0 c6
a-l<a{x}-{y}<0=a-1<ax-y<0
-Tacod
&% + Xy ot @y Xy — By~ By~ = B ¥,
=ay[x ]+ a;[x]+..+a,[x,]
~Bilnl- Ay = By, ]+

+a (X b+ o fxs ) + e o

-B {}’1}_ﬁ2{}’2}“---—ﬁn {¥,}
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=d+a{x}+a{n}+..+a,ix,)

=Bnt-Binl—= By} (1)
Do 0 *_:{.ri};{yj} <1 nén
§+al{xl}+a2 {Iz}+~~~+ﬂm{xm}—ﬁ1ff1}
=iy} —.— B,{y,} thudc khoing

B~ Bo—.m
Tir (1) va (2) ta ¢d dpem.,

(Ban doc tu chiing minh céc tinh chdt con lai).
B. Mot sis thi du

@ Thi du 1. Giai phuomg trinh

x+1 x+3 x+13 22
B E M L - T
Ldi gidi, Theo TCS ta cé:
VT(1) =[I+l]+|:x+1 +-1-]+m+[£]4+1}
16 16 8 _ 16 8
=|:E*I+1]=[I+l}.
16 2
22 23

Do 0< {x} <1 nén ?swm_—n &

B+ &0y +ay .+, +5)(2)

Lai c6 VT(1) e Z nén VT(1)=VP(]) =8.

x+1

x+1 eyt g

W(1)=3¢[—2—}=3
& 15<x <17 < [x] =15 hodc [x]=16.

vp{1)=3¢{x}=§. M x=[x]+{x} nén

PT(1) c6 2 nghiém x—i;:{ VA x = 5::}

© Thi du 2. Gigi phuong trinh

j[ll.r—l? [ 5x-2
9 | [ 3
Lo gigi. Theo TC12, tix PT(*) suy ra

1:-1?__5.:—2
9

—1«::3.l <3e=2cx<cd

8 5x-2 Sx—2
=—<

3

{5:.':25[ :|=VP("')£5.

a VT(*) 1a s6 nguyén chia hét cho 3 nén
VT(*)=VP(*)=3,suyra

T11x-17 ”
[ - ]=1 X1
i A 1 5 92
[I_ =1 W G i)
3 3
(26 35
115 1 26 14
*CC'**]I 14 ﬁ:}ﬁix{-—L
— sy e — 3
L5 5

Viy thp nghiém clia PT(*) ]a T = [ e

& Thi du 3. Giai phueng trinh

5. 65x° —81
_I' - 1
h >3 (1)

Lai gidi. Theo TC1 c6 [x*]> x2 —1 nén

[x[x*])+ {x*

]z (x

—)=x*-x

Theo TCH suy ra [x*[x*]]= [x* —x*]. Tacé

VI 2 [x* -x2)+{x* 2%} =2 -2 (2

65x” —81
25

Tir (2) va (3) suy ra VT(l) 2 VP(1). Vay

VT(l) = VP(l) <> ddu “="xay ra tai (2) va (3).

[ =[x* — 5]

9
Vay (1) < 2 = =i‘j:.
y (1) [f-%} o x 3

>
Ma [x %J >0 xt-32 (3

i 9 9
o P 2ngtiem <= Zxm 2

© Thi du 4. Gidi phuong trinh

4[5'”1}_5[,;4.1]*{“1“3}
3 i) 6

_ 25x* —130x+229
6
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Loi gidi. Ap dung TC9 ta c6
VT(D) < 4L5""3+]_5.[x+%)]+5+{mx+3}

6
_lﬂx+3} {]ﬂx+3}
= + 2 g
6 6

10x+3 10x+33
= +5= 2
6 6 @

Ma (5x—-14)* 20

10x+33 _ 25x% =130x+ 229
= =
6 6
nén tir (2) va (3) suy ra VT{1) < VP(1). Vay

VT(1) = VP(1) <> dfu “=" x4y ra tai (2) va (3)

4|i5x+]j|_5|ix+l} =[lﬂx+3]+5
o 3 6 6
(5x—14* =0

Vay PT(1) c6 nghiém x =28,
© Thi du 5. Giai phuong trinh

(3)

[2x*]  [3x°]  [4x’] [5%*] . ». 163
2 T3 ¢t 4 v g g0
Loy gidi. Theo TCS ta cé
[2x°] _ 20%]+1 . [3x%] _ 3[x%]+2
23 2 {1},3£ 3 2
[4.»:] AA1+3 L [5x°] _ S[x*1+4
2 r (3); - = 3 ()
Cong vé& véi ve (1),(2),(3),(4) ta dugc

VI St )
Ma x* 20 nén [x%]20 suy ra

2, 163 _ }E
4x"1+— e X1+ (6)

Tir (5} va (6) suy ra VT(*) < ‘ﬂ'-'{*] 1

VT(*) = VP(*) & dfu “=" xdy ra tai (1), (2),
(3), (4, (5), (6). Do d6

TOAN HOC
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1
-t
-
]
e
M
—

1A

{x*1 <1

PT(*) - ﬁgixiz{xz}{l

<{x*}<l

PN TP ey

, - Viy tp nghiém ciia PT(*)

-l<xs—
J5

Sl T
AT =|-;—~= —11.
é ( JE]ULE]
BAI TAP
Giai cdc phuong trinh sau
D B = 2

2) [,x][—x]+5{x }1+4=0

3 [hj _£+l]=[2x+l:|
33 3

% 2[11,-vc—23]+[5:.:+1} e
12 6
1 1 121

3) [Ji']+[1|.‘2l;14:]+ﬁ+mzﬁ

2PVr1+[6Vx]  T-4x][2- V]
Wxl+BVx]+1  [WaP+l

1 x 1 1
7 + = +=|+..+ =
J[z :J [22 J Lﬁ+2:| 4
3.: +0,8]+[3x+0,8]

15x—{3x% +3x+0,2} - 1,8
12[x ]+12 #(5)+2)

[
13x"+?x’-+25 25
[.xz +0 :=.-][3J¢2 +0,5]+3x +2x2 -0 ?5}

[7x*] 2.6
g [x*]+[2x7]+[4x7]+ 2 _[x +?]'

6)

9) 23Hx}]=
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FHubng déin gidi BE THITUYEN SINH VAO LOP 10 CHUYEN ToAN
TRUOUNG THPT CHUYEN HA TINH NAM HOC 2014-2015

(Dé thi ding trén TH&TT S6 448, thing 10 nim 2014)

Céu 1. Vi ac = -1 < 0 nén PT ludn cé hai
nghiém phén biét x,x,. Tacod x' —x, -1=0
ﬁx|+1=xf‘ suyra x =-1 va

33x, +25=9(x; +1)+24x;, +16 = (3x; +4)?

=> P(x)=3x —33x, +25 = 3% — (3 +4) =4
(Do 3x;+4>0 vai x> -1).
Twong tw P(x,)=—4. Viy Pxq)=Px,) (dpcm).
1+4/13

Ciu 2. a) Pdp 56: x = 5

b) Diéu kién: x =0,

Dé hé PT c6 nghiém thi x+y>0.

Tir PT thir nhét ciia hé ta c6

X4yt =y + 63y +9 )
Tir PT thit hai cia hé suy ta

64= (V2 + 7+ ) +7)2 S22 +74+ 12 +7)

Kéthgp () tacéd (o -3)" <0 Jxy =3
Tirdd x+y=6.Pdpsé: x=y=3.
Ciu 3. a) Tir hé di cho ta c6

(x+y) =2 +2(x+y—z)
r{x+y—zix+y+z-2)=0 ﬁ[z:xri-y

z=2=x-y

Thay vio PT ban du ta ¢ két qua:
x=3,y=4,z=-5 hodc x=4,y=3,z=-5.
b) Gid tri I6m nhét
Fr=(Ja+b+yb+c+e +a) <Bla+b+c)=6

::rF*_Zu"E.Bfmgthirccékhi a=b=c=%.

Gid tri nho nhdt
Fr=(a+b+btc+Veta) =2a+b+c)+
2 Jla+b)o+o) +BroNe+a) +fla+cXa+h)

Taco (a+b)b+c)=b* +ab+bc+caz b
Biing thirc xay ra khi ab+ be +ca = 0.

Tuong ty cho 2 BDT khic ta cé: F*>4=F>2.
Ding thirc xay ra khi c6 mét sb bing 1, hai sb

bing 0. B.
Céu 4,
Iel
1
! IA
A M

C
a) « Tam gidc ACE cén tai C nén c?gzg;p__zc,

-~

—— C o u ————
:}BAEzE = AE 1a phin gidc cia BAH .

Tuong tw AF 13 phan gidc ciia CAH . Suy ra 4,
11, E thing hang (dpcm).
« Do CI phin gic cia ACE, A ACE cin tai £

nén Cf 14 trung trye cla AE, do d6 I4 = IE.
Twong ty fA = IF. Viy IE = IF.

b) Ki higu (C) 14 dudmg tron dudmg kinh EF.
Tir cdu a) ta ¢ / 13 tim dudmg ton ngoai tiép
AAEF suy ra EIF = 2FEAF =90°, do d6 I < (C).
Do C7 14 trung tryc ciua AE nén tam giac HAE
cin tai I :.@EE:EEE=45° suy ra
Eﬁz?ﬂ” hay f; € (C). Twong tx /1 € (C).

Do d6 (C) la dudmg tron ngoai tiép Al L/,
(Xem tiép trang 13)
TOAN H
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VONG 1 {liﬂpﬁmf}

Ciu 1. a) Gidi phuong trinh
(3-x)(3+x)9+x%) =453 -x).

b) Tinh < biétx>1,y<0va
¥

(x+¥)x* =) {1—\1'4:—1:]1
(I-ﬁ}(xzyz g +_].-'4) )
Ciiu 2. a) Giai hé phueng trinh

{J:E —y+ 2}(1.1'{12 +9}{y+?}—15)={]
ﬂ12+9+ﬁ=8 |

b) Hinh thoi ABCD ¢6 dién tich 1a 183 (mét

vuéng), tam gi4c ABD déu. Tinh chu vi hinh thoi

va ban kinh dudng tron ngoai tiép tam gidc ABC.

rw:1+{m =T+ 2m-1 -0 (1)
x+3

a) Giai phuong trinh khim=-1.

Ciun 3. Cho phuong trinh

ol
Cin 1. Cho phrong trinh (m” + 53 — 2mx — 6m =0 (1)
(m 1a tham s).

a) Tim m sao cho phuong trinh (1) co hai nghiém
phén bigt. Chimg minh rang khi do tong cha hai
nghiém khéng thé 1a sé nguyén.

b) Tim m sao cho phuong trinh (1) ¢ hai nghiém

5 4
x), X thoa mén diéu kign [i:::..:vr2 — 5 +x; ] =16.
Céu 2.

1[1+x.ﬁ}z =‘;‘y-u"E
201+ 3x) =90y

2) Cho tam giac ABC vuling tai 4 vdi cic dudng
phén gide trong BM vi CN. Chimg minh bét ding
i (MC+ MAYNB+NA) 4 o
MANA

Ciiu 3. Cho céc si nguyén duong a, b, ¢ sao cho
1 1 1

—— = —

a b c

a) Chimg minh ring a + b khéng thé 13 s6 nguyén to.

1) Giai h¢ phwrong trinh

6 T?g]ﬂuggg S4 449 (11-2014)

VONG 2 (150 phiif)

b) Tim m dé phuong trinh (1) ¢6 2 nghigm phén
biét xy, x3 sa0 cho 2Zlx +Tm(2+x; +x§] = 58.

y=+Jab lin luot 14

trung binh cong vi trung binh nhén cia 2 sb
duong a va b. Biét trung binh cong cia x va y
bing 100. Tinh § = Ja +5.

b) Gia sir hai dai lwgng x, v ti I nghich (x, y lubn
duong). Néu x ting a% thi y gidm m%. Tinh m
theo a.

Ciu 5. Hinh vudng ABCD ¢6 AR = 2a, AC cit BD
tai 1. Goi (T') la dudng trén ngoai tiép tam gidc
CID, BE tiép xtic véi (T) tai E (E khic C), DE
cit AB tai F.

a) Chimg minh A4BE cin. Tinh AF theo a.

b) BE ciit AD tai P. Chimg minh dwémg trén ngoai
tiép tam giac ABP tiép xie véi CD. Tinh %

c) EA cit (T) tai M (Mkhéc E). Tinh AM theo a.

Ciu 4. 2) Goi x:%ﬂ,

T
h}Chungnunhrﬁng nEuc':* lthia+ecvab+e
khong thé dﬁng theri 14 s6 nguyén td.
Ciu 4. Cho diém C thay d6i trén nira duimg tron
r.‘hmnglﬂuh,w 2R(C»4,C=B). GoiHIa hinh
chiéu vudng goc cua C 1én AB; I va J lan lugt 12
tim dudmg tron ndi tiép céc tam gidgc ACH va BCH.
Cic dudmg thing CI, CJ cit AB lin ot tai M, .
a) Chimg minh mng.dﬁ =AC, BM= BC.
b) Chimg minh 4 diém M, N, J, ] cing ndm trén
mét duong trdn va céc dudmg thing MJ, NI, CH
dong quy.
¢} Tim gia trj 1ém nhat ciia MN v gid tri lén nhét
cia dign tich tam giac CMN theo R.
Ciu 5, Chn 5 sé ty nhién phin biét sao cho tnng
ciia ba sb bat ki trong ching 16n hon téng ciia hai
sé con lai.
a) Chimg minh ring tét ca 5 s& da cho déu khéng
nhé hon 5.
b) Tét ci céc bd gdm 5 s6 thod min dé bai ma
téng cia ching nhé hon 40.

NGUYEN pUC TAN (TP. HS Chi Minh) gigi thigu
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| Int nghiép THPT
i ué thi vao

MOT SO BAI TOAN LIEN QUAN T01
TRUC TAM TAM GIAC

NGUYEN TRUONG SON

(GV THPT Chirvén Liong Vin Tuy, Ninh Binh)

Dé thi tuyén sink véo Pai hoc, Cao déing hién
nay, theo cdu tric cia B GD&PT, cdc bai
todn Vé toa dp trong mgt phing thirong xuyén
xudt hign. Dé gidi quyét cde bai todn nay cdc
thi sinh can ném vitng mit tinh chét hinh hoc
phang nao do, diéu 36 lam cho cdc thi sink cam
thay ling ning. Bdi viét ny mong mudn giip
mpt chit kién thiec nhé cho cdc thi sinh sdp
bt vao ki thi tuyén sinh Pai hoc, Cao ding.

I. KIEN THUC CAN NHG

Cho tam gidc ABC ndi tiép dudmg trdn (), A 1a
trec tim cla tam giac. Goi E, F lan luot la
chin dudmg cao ha tir B, C. M 13 trung diém
ciia canh BC (h.1).

Nhgn xét 1. AH = 2IM = 24J (trong &6 J 12
trung diém cua doan 4H).

Hinh 1

Nhgnxét2, IA | EF .

C6 nhicu cach chimg minh nhan xét niy, cé
thé st dung nhan xét 1. San ddy 13 mét cach
khéc:

Ta c6 CFB=CEB=90" nén tir gidc BCEF
néi tiép dudme tron, do 46 ACE = AFE .

Dung At 14 tiép tuyén cia dudmg tron (). Khi do

ACB =BAt . Tt d6 AFE = BAt nén At // EF.

Suyra I4 1 EF .

Nhdn xét 3. Goi P la giao diém thir hai cia

duémg thing BH véi dudmg tron (7). Khi dé, P

1a diem dbi ximg ciia H qua dudmg thing 4C,

Nhdn xét 4. Goi Q 14 chin dudmg cao ha tir

dinh 4 clia AABC. Khi d6 H 13 tAm ndi tiép

cia AEFQ.

Chimg minh céc nhén xét 1, 3, 4 13 kha dé dang.

1. THi DU AP DUNG

GThi du 1. Trong mdat pﬁu‘;‘?ng veri hé true toa

ds Oxy, cho duong won (C):x* +y° =25

HEoai H'é:.f} tam gide nhon ABC ¢d chan cdc

dudmg cao ha tir B, C ldn heot la M(—1: -3),
2; =3). Tim tpa di cdc dinh cua tam gidc

ABC biér rang diém A cd tung do am.

L gidi (h.2)

Cich 1. PBuing

tron (C) cb tim

O(0:0), ban kinh »

R=5. Ta co: i

MN =(3;0), i

B \_/C

ffink 2

» ¢

Theo mhdn xét 2,
tacd O4 L MN.
Khi d6é duong
thing OA qua O,
nhin MW =(3;0)lam vecto phip tuyén c6
phuong trinh: x=0.

Toa d5 diém A Ii nghiém ctia hé phuong trinh

x=0

{x1+f=25
S4 449 (11-20149) T?ﬂ];_ludngCé 7
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Ta thdy AM =(-1;2), AN =(2;2)1an lugt 12
vecto chi phrong ciia dudmg thing AC, 4B.
Phuong trinh duéng thing AC: 2x+ y+5=0.
Phwong trinh dudmg thing AB: x—y—5=0.
Toa d6 diém C 1a nghiém cnia hé phwong trinh:

2x+y+5=0 x=0y==5
. = = C{—4;3).
X +y =25

x==4y=3
Toa d9 diém B 13 nghiém cia hé phuong trinh:
x=y=5=0 x=0y==5

2 2 ~
{x + 35 =25 L=5;y=ﬂ
Do AB.AC>0,BC.BA>0,CBCA>0, nén

tam gidc ABC nhon. Viy A(0;=5), B(5;0),
Ci—;3).0

Cich 2. Gia st H(a;b) 14 truc tim A ABC,
Goi P, Q lin lugt la giao diém thir hai cna
dudmg thing CH, BH voi duomg tron (C).
Theo nhdn xét 3, P, Q lan lugt 1 diém dbi
ximg cua H qua AB, AC. Viy
P(4=-a;—6-0),0(-2—a;—-6-5). Taco hé:

(4-a)’ +(6+b)Y =25 [a=1b=-2
{{zm}z +(6+5b) =25 = [a=l*b=—1n
V& H(l;-2) thi HM =(=2;-1),

AN =(1;-1) = HM.HN = -1 <0,
Vi H(l;—-10) thi HM =(-2;7),
HN =(;7)= HM HN =47>0.

Suy Ta BAC la
H(l;=-2).

Taco AC: 2x+y+5=0;48: x—y-5=0.

Goi / 1a trung diém cta BC. Tir AH =201
I &

suy ra I[E;E].P’TBCI:&: x+3y-5=0.

= B(5;0}.

géc t (miu thuin). Do do

Tk d6 suy ra cic diém A(0;-5), B(5;0),
C(~4;3) thoa min yéu ciu bai toan. 0

Lot binh: RG réfng khi lam theo cach 2 thi diéu
kién tung dd diém 4 am la khong cén thiét.

TOAN HOC
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OThi du 2. Trong mt phing véi hé truc toa
dp Oxy, cho tam gigc ABC co A(-2; -1), truc
tém H(2;1), BC=2-5. Goi E, F Idn luot Ia
chdn duong cao ké tir B, C ctia tam gidc ABC.
f_ﬂp phuong trinh ci':mng thiing BC, biét trung
diém M cia BC nam trén duong thing
d:x—2y—1=0va Mco tung dj duong.

Loi gidi. Do M thude dudng thing 4 nén
M(2a+1La)(a>0). Goi I 14 tim dudng tron
ngoai tiép tam gide ABC.

Tacd AH =(4:2), AH =25 va AH =2IM,
suy ra I(2a-1;a—1),IM =+/5 . Vi M1a trung
diém BCnén IM L BC . Do dé:

2
I4* =[—-ﬂ§~] +IM =10 = (2a+ 1V +a° =10

& 5a'+4a-9=0 < a=1 hojc a=—%.
Doa>0néna=1= M3;1). Budng thing
BC di qua M(3:1), nhin AH =(4;2) lam
vecto phap tuyén cé PT; ?.F+y—'}={}.

& Thi du 3. Trong mdt phang vdi hé fruc toa dg
Oxy, cho tam gﬁ-C?‘ABC cdn tgi A, truec tdm
H(=3;2). Goi D, E ldn lwpt I3 cfhﬁn_cﬁ:dng cao ké
tie B, C ciia tam gidc ABC. Biét diém A nam trén
dwong thing d:x-3y-3=0, diégm F-23)
thuge dwong thang DE va HD=2. Tim toa dj
diém A.

Loi gidi. Do 4 ni3m trén dudng thing
d:x=3y=3=0 nén AGr+3) voi reR.
FA=(3t+5;t-3), HA=(3t+6¢-2). Do
tam gidc ABC cin tai A nén AH | DE.

Tacod AD? = AH* — HD* . Khi dé:

FA® - FH*? = DA* - DH?

— FA* - FH? = AH® -2 HD?

= (H+5 + (-3 -2=(3+6)2 +(t—2)* -8
=t=0. Viy 4 (3:0). 0

Léi binh: Mot tinh chit thi vi duge sir dung
trong thi du ,?., thudmg gap do 1a: Cho 4 diém
A, B, C, D, néu AB1 CD thi

ACE - AD?* =BC*-BD?.
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WOThi du 4. Trong mdt phing véi hé truc
toa do Oxy, cho tam gidc ABC cdn tai A,
hai diéng cao BE, CF cat nhau tai H(2:2),
biét HE=3. Tim toa dp dink A ciia tam gidc
ABC biét dinh A thuse duomg  thang
d:x+y+12=0va khodng cdch tir A dén
dwng thang EF nhé nhd,

Loi gidi. Ta thiy rﬂngH khong thugc dudmg
thing 4. Du.dnﬁ.mtrcndm’mgthﬁng
d:x+y+12=0 nén A(;=t-12) véi teR.
HA=(t-2,-t-14).

Vi tam giac ABC cén tai 4 nén AH | FE .
Xeét tam gidc vudbng HAE ta co:

E* = AR - HE? = (1 =2)* + {1 +14)* =9
=212 +241+191
2
va d(A,EF) = AE™ _ 20% + 241 +191
AH 27 1+ 241 4200
=27 + 241 + 200 — 2
V2E + 241+ 200
= 2t +6) +128 - :
J2(1+6)* +128
L128-9 11942
T ogf2 16

Ding thirc xay ra khi va chi khi r = -6,
Khoing cich tir 4 dén EF nho nhit bing
”ff khi A(—6;-6). 0]

O Thi du 5. Trong mdt phing voi hé truc ioa

dg Oxy, cho tam gidc ABC cdn tai dinh A. Goi

N la trung diém ciia doan thang AB. Gpi
11 13

E(T:1). F[-é— —J ldn lueat Ia chdn diromg cao
J

ha tr cac dink B, Cc:xiarmfrgwc.-!'ﬂc Tim
toa dj cua dinh A biét rang phiwone trinh
diomg thing CN la 2x+y—13=0.

Loi gidi. Goi G 1a trong tim A ABC. Do
A ABC cén tai 4 nén AG chinh [3 dudng trung
tryc cia doan thing EF. PT AG 1A
=3x+y+12=0,

Toa do diém G 14 nghiém cua hé PT:

2x+y—13=0 x=5
= = 7(5;3).

-3x+y+12=0 3
Ae AG= A(a;30-12),C e CN = C(e;13 - 20).
Do G 14 trong tAm tam gidc ABC nén suy ra
B(l5-a-¢;8-3a+2¢c),
CB(15—a-2c;~5—3a+4c)
Eé(ﬂ—a—c;?~3a+2c],ﬁ_'-ﬂ’(c—?;12—-Ec}
Taco AG L BC:EB | EC nén

15-a-2e+3(-5-3a+4c)=0
B—a-cle-T+(7-3a+2c)(12-2¢)=0

—a=c=T.
Khi do A(7;9), B(;1),C(7:-1). 0O
S Thi du 6. Trong mdt p.fni:ng vt hé true toa
do Oxy, cho tam gidc ABC ndéi tiép dieomg tron
tam K1:2), bdn kink R =5. Chdn duime cao
ha tir B, C cua tam gigc ABC lan heot 1
H(3:3), K(0;-1). Viét phrong trink dieing tron
ngoai fiép nr gide BCHK, biét ring tung dp
diém A dwong.
Lo gidi. Tacé KH = (3;4).
Theo nkdn xét 2, ta ¢ IA L HK. Do d6
duimg thang I4 c6 phuong trinh 13:

x=1+4¢ B "
y:E-—BrUER]' 4 thufe dudmg thang 14

nén A(l+4¢2-31), vdi r-::i;‘,

r=1
TacﬁM=5¢1m1+9r1=15a[ .
Viy A4(-3;5).
Duing thing AR b phuong  trinh:

2x+y+1=0. Pudng thing AC cb phuong
tinh: x+3y-12=0. Pudong thing BH co
phurong trinh: 3x - y—6 =0, Budng thing CK
¢6 phuong trinh: x -2y -2 =0,

Khi d6 dé dang suy ra B(1;-3),C(6:2).

Goi J I3 tim dudmg trdn ngoai tiép tit gide BCHK

thi J 13 trung diém cia BC. Khi d6 J[E —%J

Oﬂll'ﬂxg
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Phuong trinh duémg tron ngoai tiép tir gidc

i 2
BCHK la: ::—1] +(y+lj =§.
2 2 2

Léi binh: C6 rit nhiéu cach xéc dinh toa do
tAm dudng trdn ngoai tiép tir gisc BCHK. Ta
¢6 thé xac dinh toa d6 tim V dudmg tron ngoai
tiép tam gidc AHK. Sau d6 suy ra toa d6 tdm J
bang cach sir dung nhdn xét 1.

SThi du 7. Viét phwomg trinh ba canh cria
tam gide ABC biér E(-1:-2), F(2,2), O(-1,2) lan
lieat la chan ba diwong cao ha tir A, B, C cua
tam gidc ABC.

Ldi gidi. Theo nhgn xét 4, true tam H cia tam
gidc ABC chinh 14 tim dudng tron néi tiép tam
giac EFQ. Do d6, ta tim toa d6 diém H nhu
sau;

Goi U 12 giao diém cia AE v6i OF. Khi do ta
c0:

Ug E0 -4 [TQ:—EETF:U[I z]
g EF 5 5 3
IO N W
HE FE 3 3

Phuong trinh dudng thing AB1a —x+y—3=0.
Phuong trinh dudng thing AC1a2x+y—6=0.
Phwong trinh dudng thing BC la x + 3y + 7=0.

I1I. BAI TAP TU LUYEN

1. Trong mit phing véi hé truc toa d§ Oxy, cho
tam gidc ABC voi ((-3;0), dudmg thing di qua
chin dudmg cao ha tir A, B ¢ phuong trinh la
Txhy+5=0. Viét phuc!ng trinh dwdmg trén ngoat
tiép tam gidc ABC biét ring M(4;1) thudc dudmg
trén do.

2, Trong mét phing vdi hé truc toa do Oxy, cho
tam gidc ABC cdn tai 4, goi M va K(%,?] lin

lrot 14 chén dudmg cao ha tir 4 va B coa tam giac
ABC. Didm E(-3;0) 14 diém d6i ximg cla M qua
trung diém N cia canth AB. Xac dinh toa dd cic
dinh cia A ABC biét M nam trén dudmg thing
ddx+v—-2=10,

3. Trong mit phing véi hé truc toa d6 Oxy, cho
tam gidc ABC cén tai 4, duémg thing BC cb
phiromg trinh 2x+)2=0, E, F lin luot 13 chin

TOAN HOC
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dudmg cao ké tir B, C cia tam gidc ABC. BE ¢b
phuong trinh x+p+1=0, diém M(1;1) thudc
duémg thing CF. Tim toa d6 céc dinh cia tam
giac ABC.

4, Trong mit phang v&i hé tryc toa 4§ Oxy, cho
tam gidc ABC ndi tiép dudmg trén c6 ban kinh

R=:10, G[— E] Ta trong tAm tam giac ABC.

Cic diém K(4:4), H(3;1) lan lugt I3 chén dwing
cao ha tir A, B cia tam gidc ABC. Tim toa d§ cac
dinh cua tam giac 48C.

5. Trong mit phing véi hé toa dd Oxy cho tam
gidc ABC cd chin dwong cao ha tir B, Cxudng
canh d6i dién lan Twot 13 K(—2:2), E(2:2).
Piém P[?,_?z) la hinh chiéu vuéng goc

cia E xudng BC. Tim toa dé cdc dinh cia
A ABC.

6. Cho tam gidc nhon ABC véi AK, CD 14 hai
dudmg cao va H 1 tryc tim A ABC. Biét PT
dudmg trdn  ngoai tiép tam giac DHK:
(x—2) +y* =5, trung diém cia AC 1a P(7;5).
Tim toa 4§ cic diém A, B, C biét ring BC di qua
diém 0(1;4) va hoanh d6 diém D lém hon 3.

7. Trong mit phﬁng toa d6 Oxy, cho AABC co
A(2 :3), chén hai dwimg cao ké tir A va B 1an lugt

la H[_? _”} K[ il 23} Goi 7 14 tim
137 13 1010

dutmg trén ngoai tiép AABC, E 14 mit diém
thugc cung nhé 4B. Ké EM1BC, EN1AC. Tim
toa dp diém E d& MN ¢ do dai 1ém nhat.

8. Trong mit phing véi hé truc toa d6 Oxy, cho
tam giac ABC. Goi E{7;1), F[I; 153] an lugt 13

chin dudmg cao ha tir cic dinh B, ,C qﬂa tam giac
ABC. Tim toa di cua dinh A bigt rang phuong
trinh dudng thing BC la 2x+ y—13=0va diém
B co tung d6 duong.

9. Cho tam gidc ABC c6 trye tim H, dudmg tron
ngoai tigp tam giac HBC co phuong trinh :
x*+y*—x=5y+4=0. H thubc dudng thing
A:3x—y—4=0, M2:3) 1a trung diém AB.
Tim tga dd cac dinh cia tam gidc ABC.
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] -
THU SUC TRUOC Ki THI
PE SO 2
(Théi gian lam bai: 180 phiit)

Ciu 1 (2 diém). Cho him sé y=2' 62 +9c+m
(m 1a tham s6) c6 dd thi (C,,).
a) Khao sat sy bién thién va v& 45 thj cta ham
86 (C) khi m =0,
b) Tim m dé ton tai tidgp myén véi dd th
(C,,) di qua diém A(3;0) vi cét duémg tron
(S) cb phuong tinh (x+1)* +(y-2)? =25
theo mdt diy cung MV co d6 dai nhé nhit,
Ciéu 2 (1 di¢m). Gidi phwrong trinh

[:n54.t——w"§5in2x+ 2

e
sindx — ﬁcus Py

Ciu 3 (1 diém). Tinh tich phan

I_”-"[E 2x% —4x+3 -
3 (r—IW—x? +2x+3
Ciu 4 (1 diém).

a} (Giai phwong trinh

< | 4
lﬂgzms{xz —4) =logyys (x+2) +EIDEZUI5{I -3)
b) Cho sd phirc z théa mn z+(1-2i)F =2(1-2i).
Tim phén thire va phin 4o cta sé phirc
w=z" -3z

Ciu 5 (1 diém). Trong khéng gian véi hé toa
d Oxyz, cho mat phing (P); 2x+y=-z=1)

vi hai duing thing ﬁl:f;—4=%=%,
il ‘?' 5 - -
ﬁz:%ﬁ—§=z+ - Tim diem M trén mit

phang (P), diém N trén dudng thing A, sao
cho M va N d6i xémg v6i nhan qua duomg

thing A,. Viét phuong dudmg thing A di qua
M, vudng goc véi A; va tao v6i mit phﬁng
(P} mét goc 30° _

Céu 6 (1 diém). Cho hinh chép S.ABCD cé
diy ABCD 1a hinh vuéng, SA L (A4BCD),
SA=a Dién tich tam gidc SBC bing
a’\2

2

theo a. Goi /,J lin lugt 13 ung diém céc
canh SB va SD. Tinh khodng céch giira hai
dudmg thing A7 va CJ.

Cau 7 (1 diém). Trong mit phing véi hé toa
d9 Oxy, cho hinh thoi ABCD ¢6 tim I(2: 1)

- Tinh thé tich khéi chép S.4BCD

vi AC=2BD. Piém M({};%J thudic duimg

thing AB, N(0; 7) thuéc dudng thing CD.
Tim toa d6 diém P biét ring BP=5B7 va
diém B co tung d6 duong.

Ciu 8 (1 diém). Giai hé phuong trinh

{Jx+3+$x—2-1|'y4+5=y .

x2+2x(}r—2}+f —8y+4=0

Cau 9 (1 diém). Cho a, b, ¢ 14 cdic sé thuc
dueng théa min abr.::é- Tim gia tri nho
nhét cia bidu thirc

= 3 I + 7 :
a (2b+1D(3Bec+]) 165 Be+Dia+1)

+ ] 5
Blc*(a+1)(2b+1)

PHAM TRONG THU
(GV THPT chuyén Nguyén Quang Diéu, Déng Thip)

< TOAN HOC
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HUGNG DAN GIAI BE $6 1

Ciul.b)Tacod y==x+m(m=2)va{-1;1).
PT hoanh dd giao diém cia (H) va 4 1a
x-1

x+1
(do x =—1 khbng thoa méin).

=—x+me> xt +(2=m)x=(m+1)=0(1)

Tacd A=m*+8>0;%¥m nén (H) vi d luén
cit nhau tai 2 diém 4,8 vd&i A(xy;=x; +m);
B{xy;—xy +m) trong 46 x;,x, 1a 2 nghiém
cia PT (1) thoa mén x+x, =m-2% xx =—-m-1.
Tir Spp =23 = d(Ld).AB=43

= %42&1 -x,) =43

o m(m® +8)=48 <= m=-2 (do m=2).

Céu 2. PK: CDSI.C-’JS-;- =+ 0. PT d4 cho twong

.. cos2x
+

sinx
duong val

=2sinx+1

COsX COSX

S eos2x—-sin2xy=cosx—-sinx
s s
s eos| 2x+— |=cos| x+— |.
[ 4] [ 4]
2 Fy 1T i
Bdpso: x=k2m;x =—E+k?,k & &,

9.I'1+ —(l+x)+x(l=v1=x)
CAY

Cidu 3. Taco L=1lm I

~ lim -x-3
= (Jc'+l)(~3;{[|[l+3.:cj|2 +(1+ X1 +3x +{1+x)

T W §

(x+DA+1-x)| 2
Ciu 4. a) Goi s6 cap vo chong 14 n(n=2). Ta
c6 s8 lugng cai bat tay 1a C3, —n=2n(n—1)
(do mdi cich chon 2 ngudi trong 2n ngudi thi

TOAN HOC
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¢ 1 cip bt tay va mdi ngudi khong bit tay
vo/chéng minh). Ta cd 2n(n-1)=40 < n=5.

Sn=11k
b) Tacd P(x) = Zc’f( ity 2
k=0

bai ra 2CL(-1)" +4C2(-1)"* =2" Do 2" >0
vi 4C2>2C. nén n chin. Khi d6 n=2k
k(k-1)

. Theo

(keN'). Thay vao duge ot

Suyra k=2 n=4. Hésécﬂaaéhangthfr
4 ¢in tim la -32.

Ciu 5, Ta co C(0;0;¢) voi c>0. Do
BC=CA=AB nén ¢*+9=18 < c=3. Goi
G la tim AABC ta ¢d G(L;1;1). PT duimg
thing A di qua G va vubng goc véi ( ABC ) 1a
x=1. y=1 :z=1|

1 1

. Vi§ e Anén S(s;s5;5).

Ta ¢ %5{}5(1&(3}:91:» SG=2y3<s=3
hodic s =-1. Do vay 5(3;3;3),5(-1;-1.-1).
Ciu 6. Ta ¢ 0<SB -S4 = HR* —HA* < AR*
nén tam gidc S4B wvudng tai §. Dt
HA=HO=x ta ¢c6 OB=2x. Theo dinh U
cosin ta c6 BH =xJ7;BC=2x/3. Ta ¢
SAE+8SB = AR =P +a* -+ 7 =124

142 3, , 2
ﬁ‘r_x@ J_dqaz .513

Goi 1 1a tAim dudmg tron ngoai tiép tam giac
SAC thi I 12 trung diém cia AC. Do HI // OC

lwot 14 hinh chién ciia H trén cde dwdng thing

Khi d6 Vs =7

CO va SK. Tacé HK _a3_ =2
J5 2 2
HK HS J22

“'u;csco:-ﬁ‘rﬂ:mz Tk
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Céu 7. Do tam gidc ABC vubng taid co H e (C)
va C4 |4 tiép tuyén ciia (C) nén B e (C). Ta cb

7]
ac=2Pwc 2 gy, B4 _ g
AB 3 AR + 4C°
Gid sit B(a;b) (b>0). Khids | |
ia st B(a; > 0). Khi dé
BH =3

(a—1f+bz=1ﬁﬂ_l £ ‘{I]
(a=2P+F =3 Ca s

Ciu 8. PK: y21;x° —x* +120. PT thir nhit
cua hé twong duong véi

e+ 3x) + (fy =17 = 206+ ¥x)pfy -1
¢x+%§=m+ﬁ
xz0
o= ﬁ@[ S
PT thir hai ciia hé try thanh
PR N R B
D AT L Y S D SR

& (=52 + 2 —1)[1—

1
=0
‘-J{xj' B J

B e o w0 M N S R S R MR S P o E o o mm a mm b e R EE S E

HUONG DAN GIAIDE ...
(Tiép theo trang 5)
Taco ABAM = ABFM (c.g.c)

nén BFM = BAM =90° suy a EF 1 FM (dpem).
Cfiu 5. Cac s6 duge viét trén bang 14 1, 5, 11,
23,47, 71...

e Nhin xét ring céc sb dwge viét trén bang (trir
56 1) ¢d tinh chit chia 3 du 2.

Thit viy, cdc sé dAu tién trén bang (trir s& 1)
co dang (3k+2) .

Néu sir dung s6 1 dé viét thi s mdi cé dang:
(3k+2).1+(3k+2)+1=06k+5chia 3 du 2.

c::-rx iy ﬂ«:::-[x 0 (do x=0).
f:

 -x2 +1=1-x*

Pdp s6: (x;y) = (0:1):(x; _}'} = (1;2).
2 2

a {a+.-5+c)
Ciu 9. Taco 1+T+_[ —l+l 1
2 H 6 2 3 06
=a’ +3¢* +28=34" +20* +5¢* = Aa+b)a+c).
Mitkhic ——= =82
a“ +be+7 2a*+a"+(b+c)
= Ba 4 < 2
- 2a* +2a(b+c) a+b+e Ja(b+c)
Do viy P< = 1 s

a+b (a+b)’ +Jafb+a) alb+c)

2 2
5 \a+b 5/ 3 \Jab+d) 3| 15

Khi a=3;b=2c=1 thi P=%. Viy maxP=—

TRANQUGCLUAT
(GV THPT chuyén Ha Tinh)

bW N D Em AR RS o oromE R NN D MR D ER S ES g EE T mm ok oEmonomm o omm o Em ok oam s

Néu khéng sir dung sé 1 dé viét thi s6 méi co
dang Gk +2Y3m+ 2)+ 3k +2)+ B3m + 2)
chia 3 dur 2.
Ta thiy 2015 = (3.672-1)*" chia 3 dur 1
nén khong thé viét duge sb 20157,
eDoz=xy+x+ynénz+1=0x+1)p+1)(1)
Néu cong thém 1 vao cac sb dirge viét trén bang
thi duge day cic s6 2, 6, 12, 24, 48, 72, ..
Céc s6 dau tién c6 dang 2™.3" nén tir (1) suy
ra céc s dugc viét thém cong vdi 1 eiing cé
dang do.
Mt khac 2015 + 1 = 2016 = 256.63 = 2* 327
nén khong thé viét dirge sé 2015.

T HUPU SON (5o GD-BT Ha Tink) gidi thigu
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-."ﬁai toan Té hgp ngay cang xudt hién nhiéu

hon trong cac d& thi HSG Quéc gia ciing nhu
Quéc té, nhim gitip cac em hoc sinh tiép can bai
todn ndy mat cdch bai ban va chuyén séu htm toi
xin gidi thi¢u dén cic em mot .m vén dé lién
quan. Mdr diu la mot ki ning goc cha bai todn
dém: cong hay nhian?
Thi du 1. Xdc dinh E‘{J Iém nhdt thu dwoce khi xéa
di 100 chir 36 trong s6 sau:
12345678910111213__.99100,

V& 56 trén diege tao théinh tir cdc 56 nguyén tir |
dén 100 Ié:p I.‘rs:’ﬂ If’ui' fur fir trai sang _ufr:if:
Léi gigi. Ta bt dau val mét vai phép dém. Co 9
s6 ¢6 1 chit s6. Tir 10 @&n 99, ¢6 99— 10+ 1 =90
s ¢ hai chil s6. Do d6, con 56 trén ¢6 9 +2.90 + 3
= 192 chir sb. Sau khi x6a di 100 chir 9, ta co
duge sb gom 92 chir sb. Vi bét cir hai s co
eiing s6 chir s6, sb co chir sb dau 16n hon s& Ién
hon, Do d6, sb chling ta cﬁn tim phal bit diu
bing cang nhu:u 56 9 cang tot. Vi viy, dau tién ta
x6a 8 chir s& ngoai cting bén trii. Sau d6, ta xda
chudi 101112...181 gom tong cjng 9 x 2+ 1=19
chir s6. Tuomg ty, ta x6a chudi 202122...282,
303132...383, 404142...484. Viy ta dd xoa B +
19 x 4 = 84 chir s&, hién ta thu dugc sb sau:

0959950515253...99100 *)
Ta cin x6a 16 chit sé nira. Khdng cin nghi
nhiéu, chi cén xéa chudi 505152...57 gom 16
chit s dé thu dugc sb:

9999958596061...99100
Bimg qué nhanh, ban a. Néu chung ta dé 5 chir
sf.n 9 dimg déu, gid tri 1ém nhit cé thé cd cia chir
so tiep theo la 7, thu duge khi xua chudi
505152...565 gbm 15 chir s6. Chir s cudi cimg
cin x6a 1 5 trong 58. Do d9d, cdu tra 1o 13;
9999978596061...99100. O

Thi du 2. Gido sie A, B, C va D dang cho sinh
vien E thi vin deip vé todn 16 hop. Bon gido sie
dang ﬂgm thanh hang. Vi la déng chi fich cua
ty ban ky thi, gido su A va D phai ngoi canh
nhau. Vi lé c6 vdn cho sinh vién E, gido st € can
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PHEP CONG HAY PHEP NHAN

Nguyén Dinh Huy (GV THPT chuyén Nguyén Quang Diéu, Dong Thip)

ngdi canh dong chu tich cia ky thi. Cdc gido su
co thé n‘grii' theo bao nhiéu cach?
Léi giai. S6 vi tl ma gido su C c6 thé ngdi s&
thay déi khi vi tri ngdi ciia gido su 4 thay ddi.
Diéu nay cd thé lam ching ta bdi roi va dém
khong cu phuo‘ng phap Meo cua bai nay khong
phai la xép vi trf ngdi cu the cho mdt gido s bat
ky trude tién, ma ta phai :-:ép bbn gido sir vio cic
vj tri ngdi cé tirong quan véi nhau rdi sau 6 méi
xép chd cho ho. Theo diéu kién dé bai, gido sir 4,
D va C c6 thé ngoi theo mot trong cac cach sau:
(ADC}{CAD}{DA C'}{C'DA]VU]
méi céch xép chd trén, gido su B cd thé ngdi &
ghé déu hodc cudi. Do d6, céu tra 1&i 12
2+2+2+2=8.0
Ouy tic cing. Néu su kién A cé thé xay ra theo a
cdch va sie kién B 6 thé xay ra theo b cdch thi sie
kién hode A hodc B c6 thé xay ra theo a + b cdeh,
Co thé dé deang dp dung y tieang trén cho nhiéu
sir kién. Ta cé thé dién dat quy tde cong hang
ngdn ngit tdp hop. Cho 8 la mot tap hop. Néu
A, A, A, la mot phin hoach cia S thi
|S|=| 4| +| 4| +...+|4, | rong dé|X| 1a ky hiéu
56 hegng phdn tir clia tap hop X.
Thi du 3. Xde dinh 56 hwong hinh vudng vé duge
sao cho moi dinh cua hinh Lutmg déu nam trong

mang 10 * 10 tao thanh tir cdc day diém nhw
hinh 1. (Cac diem cach dew nhau).

* ® ® B @& & & & §F ®
& @ ® % ¥ ¥ = = & @
[ | E = & B & ¥ @& L]
& @ = B B 8 & & & ®

"= & &% & & & & & =

O B B = A = & W
* ® ® % @# @& # F 4 @B
& B & &% § ® 82 & 4 ®
* w ¥ @ & & 4 & 4 B
*® & & &% & ¥ 4 ® ¥ =

L]

Hinh |

Léi gidi. Ta goi 4 diém bat ky 1a mét bj tirn x n
néu ching la cac dinh cia mgt hinh vudng ma
cic canh hinh vudng song song v&i mép cua
mang. Ta cling goi mdt hinh vudng véi céc dinh
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hop thanh mét by tr 13 hinh vuéng bd tr. Co
P =81 botil =1,

[

" 5 & O & B F B & &
T

i@ = & = LI I I

- o w [ " % ¥ ¥ F 2 W 4

L L o - s B B F 8 B W

- W
& B o @

Hinh 2.
DE thay riing c6 8 b tir 2 x 2 trong méng 3 * 10
nhur hinh 2. Khéng kho thiy ring c6 8 mang 3 x 10
nhwr vy trong mang 10 x 10 & dé bai. Do do, co
87bo tir 2 x 2. Suy luén tuong tr, ta cé 7° bo tir
3 x 3 va cir nhu thé. Véi 1 S£<9,¢6 (10-k)’
b tir k x k. Nhungdfémkhacc.a bai nay 14 c6 cac
hinh vudng ma canh cila ching khﬁng SONE SOng

vol mép cia mang. Tuy nhién, méi hinh vudng
nhw viy déu ndi tiép véi mét hinh vuéng bé tir,

@ & & = & 5 8 ®

Hink 3, & R A 4
Do d6, dé dém du thi phai dém tat ca hinh vudng
I:I{fi fr vd moi hinh vuéng ndi tlcp Khong kho
théy rﬁng trong mt hinh vudng bd tir k x &, ¢d &
hinh vuéing néi tiép, bao gdm chinh hinh vuéng
b tir. Viduy, véi k=4, ta ¢ hinh 4.

75

i‘l‘ er:
Hink 4. ]
Tong hop lai, ta co duge ddp dn bai toan:

i(lﬂ—k}l.k = i[mm: ~ 20" +&°)

k=1 k=]

= lﬂt}ik —Eﬂikz +ik’
k=l k=1 k=1

2
=100 9,10 _20. 9. 10.19+[9.1ﬂ
2 6 2

=4500-5700+ 2025 =825.
Thi du 4. [Tdi ligu Todn PEA, Richard Parris]
Dé ¢ thé me ti dung do cila minh tai phong tap
H'i:: hinh, An phai nhé ma s6. Day ma sé gom 3
56 va hai frong 56 do fa 17 va 24, ninmg anh lai

q:.re*n mat 56 thir ba va khéng biét thir hr cila ede
50 nay. So thie ba nhan mét trong cdc gid tri tir |
dén 40. "n."; 1 mﬂ: lan thir nhdp mdt 10 gidy thi
nhiéu nhat mdt bao liu dé An thir hét taf ca cde
kha néng?

Léi giai. Ta xem xét 6 tdp hop con. Pit;

4, ={(x,17,24) /1< x <40}

4, ={(x,24,17) /1< x £ 40}
4, ={(17,x,24) /1= x < 40}
A, ={(24,x,17) /1< x < 40}
A4, ={(17,24,x) /1< x < 40}

A4, ={(24,17,x) /1= x < 40}

Khéng khé dé thiy ring mdi tdp con c6 40 phin
tir. Do d6, theo quy thc cqng, c6 40.6 = 240 day
sﬁ dé thir va cin n]:ut..u nhét 13 40 phit, Vi qua
rbi, ban a! Mt diéu quan trong nhung d& bi bd
qua khi dp dung quy tic cong la cac tip hop Ai
phdi 14 mjt phan hoach thi quy tic nay mdi
dung, Wrcla i N dj= @ véii#j. Nhung trﬂng
bai nay, diy sc- {17, 17, 24} thuge vé ca 4, vi A,
Tuong tw, méi day s {17, 24, 17}, {24, 17, 17},
{17, 24, 24}, {24, 17, 24}, {24, 24, 17} ciing
thu:fn: vé hai tip hop nén ching dum; dém hai
lin. Do &, chi ¢6 240 — 6 = 234 day dé thir, va
céu tra lod dang 1a 39 phat. O
Phep cong va phép nhén cb lién quan mat thiét
voi nhau. Phép nhén 14 cach viet ngin gon cho
phép cong lap nhiéu lan. Vidy,3.5=3+3+3+
3+3=235+5+5, Dung phép nhén mét cach higu
qué co thé gitip hiéu thiu ddo dé giai céc Dbai toan
dém. Co ngudi s& dé da‘:mg bo qua dﬁy s6 bj dém
hai lin trong budc cudi cling khi gisi Thi du 4.
Cﬂ thé cd ngudi s& tyr héi ligu con diy s6 ndo b
ﬂf:rn nhlcu lan khong. Nghi sdu hon mft chit, ta
Lhd:.r ring nhimg ddy s6 bj dém nhiéu lin chi cé
thé 1a dﬁ)’ gcm {a,a, b} véi {a, b} = {17,24}. a
va b co thé nhan hai gi4 tr 14 (g, b) = (17, 24) va
(a, B) =(24,17). C6 3 céch sp xép cic sb a, a, b
la (a, a, b), (a, b, a) va (b, a, a). Do 46, ¢6 chinh
xéc 6 ddy s6 bj dém 2 lan.
Ta ciing ¢ t]'-e gjm Thi du 2 b:?ing phép nhin.
Diu tién, ta sip xép vi tn twong d61 cho gido su
A va D. C6 hai cich xép 13 (4, D) va (D, A).
Gi4o sw C ¢6 hai cach d& ngdi canh gifo sir 4 va
D, d6 14 ngdi & bén phai hodc bén trai.

(Xem tiép trang 27)
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CAC LOP THCS

Bai T1/449 (Lép 6). Cho 5 sé nguyén phén
bigt sao cho tong cua 3 s0 bit ki trong chiing
16m hon tong cla hai sé con lai. Tim gid tri nho
nhét cia tich 5 s6 nguyén do.
NGUYEN BUC TAN
(TP. Hé Chi Mink)
Bai T2/449 (Lép 7). Cho tam gidc ABC véi
AB > AC, AB > BC. Trén canh AB cia tam
gidc ARC ldy céc diém D v E sao cho
BC = BD va AC = AE. Qua D vA E ké DK
song song vai BC va Ef song song vai CA
(K € CA,I € CB). Chimg minh ring CK = CI.
VU HU'U CHIN
(GV THCS Hong Béng, Q. Hing Bang, TP. Hai Phong)
Bai T3/449. Giai phuong trinh

1 1 2
_+_.-_.=_..._'
JX+3 JIx+l 1+\|";
NGUYEN TAT THU

(GV THPT chuyén Liremg Thé Vinh, Bién Hoa, Ding Nai)
Bai T4/449. Cho tam giac nhon ABC voi H la
tmre tdm. M la mt diém nim trong tam giac
sao cho MBA=MCA. Goi E, F lin luot 1
hinh chiéu vuéng géc clia M trén cic canh AB,
AC va I, J tuong (mg 13 trung diém cia BC,
MA. Chimg minh ring céc duong thang MH,
EF va IJ dong quy.

LE VIET AN

(S¥ lop Togn 4B, DH Sw pham Hué)

Bai T5/449. Tim tit ca cic cap sb nguyén (x; )
thoéa mén phuong trinh x* + 37 =x° +1.

TRAN VAN HANH
(GV BH Pham Vin Bang, Ouang Nedi)

CAC LOP THPT
Bai T6/449. Giai phwong trinh 8% —9|x|=2-3"
_ CAOMINH QUANG
(GV THPT chuyén Nguyén Binh Khiém, Vinh Long)
Bai T7/449. Cho tam gidc ABC vdi ba canh 13
AB = c,’BC =g, CA = b, ban kinh dutmg rtrén
ngoai tiép la R, ban kinh dwéng tron ndi tiép 1a
Mab+bc+ m]
2a+b+ec)?

BINH VAN TAM
(GV THPT B.ini: Minh, Kim Son, Ninh Binh)

Bai T8/449. Cho ba sb thyc dwong x, y, z thoa
min x =z, Tim gia tri nho nhit cia biéu thirc
2

r. Chimg minh ring E <

o KB ¥ x+2z

B=r + + :

vy +yz xz+yz x+z
DUONG VAN SON

(GV THPT Ha Huy Tap, Neghé An)

TIEN TOI OLYMPIC TOAN
Bai T9/449. Tim phén nguyén ctia biéu thirc 8

1 5 9 2!‘.}13
vii B=—+—+—+...+
3 7 11 2!‘.]15
NGO QUANG HUNG

(SV K54, ldp KTD, DH Nong Nehiép Ha Noi)
Bai T10/449. Tim tit c4 céc da thirc f{x) vdi hé
sd nguyén sao cho véi moi sé nguyén duong
n, fm) la ude coa3d” —1.

NGUYEN TUAN NGQC
(GV THPT chuyén Tién Giang)

Bai T11/449. Cho day s6 (x,) théa min diéu

: Xp =4x =34
kién: 3
Xz Xy =Xog +18.10™ ¥neN

26
bat §, = Zx,ﬁk ,neN’, Chimg minh ring
k=0
viri moi s6 tr nhién 1é », ta lubn c6 S, 166.
NGUYEN VAN THANH
(GV THPT Chdu Thinh A, Bén Tre)

Phﬁ’ihcptﬁ‘chﬁctmmmgmmgmyenchuhucsnmamnéuhent:én'rapdu Tf%
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Bai T12/449. Cho tam gidc ABC cb dinh, Cac
diém E, F lin lugt di chuyén trén cac doan CA,
AB sao cho BF = CE. BE ciit CF tai D. Goi H,
K thir ty 1a true tim tam gidc DEF, DBC.
Chimg minh rang duémg thing HK luén di qua
mét diém cd dinh khi E, F di chuyén.
TRAN QUANG HUNG
(GV THPT chuyén, DHEHTN - DPHOG Ha Ngi)

CACPE VAT LI

Bai L1/449. Mét vién dan khéi lrong M duoc
bén Ién v&i vén tée v, hop véi phuong ngang
goc o . Dén diém cao nhét thi né nd, v thanh
hai manh. Manh nhé ¢6 khoi hegng m véi vin

tbc c6 mbdun v, bt ra sau theo phuong ngang
0 voi manh lém. Héi tAm xa ciia manh lén
tang thém bac nhiéu so véi truéng hop dan
khéng nb?

VU THANH KHIET
(Ha Ngi)

Bii L2/449. Dé do chu ki T ciia mét chat
phdng xa ngudi ta ding may dém xung. Biét
rang trong #; = 45 gidr ddu tién may dém doc
n) Xung ; trong f = 2#1 gitr tiép theo miy

dém duoe my = %n, xung. Xdc dinh chu ki
binra T.

PINH THI THAT QUYNH
(Ha Ngi)

TOAN H
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L "

Bai T1/445 (Lop 6). Chirng minh .!ﬁ'ng:
1115311232070 —3383.. 333

e
2004 chisa |

04 chirsn 2 204 chirsg 3

Ic moit 56 chinh phwong.

Léi gigi. Data = 11...11 1a‘tsuwéttmnghéﬂ1ip
phin c6 2014 chiy s6 1. Lic dé sé duge viét béi

2014 chit s6 b 1a bb..bb = b.11...11 = b.a va
10%'% — 1 = 99..99 =94 Tacé

C=111..111222...222 -333...333

= 111...111.10°" + 222222 — 333...333
=al0™™+2a-3a=a10" " -

=a (10 - 1) = a. 9a = (3a)* = (33..33 ).
Vay sb C 1a s chinh phuong. O

» Nhdn xét. Mit s6 ban bién ¢bi dii. Cdc ban ¢6 14
pidi ding, pon l4: Phl Tho: Pham Thu Thiy, 6A,
THCS Thj Trdn II, Yén Lip; Vinh Phiic: Nguyén
Nhgr Loan, Pao Neoc Hai ﬂﬁng.Tr:fn Mink Huy,
Tran Dan Trwong, Ta Thi Thu Hodi, Bii Thu Hién,
Nguyén Lé Hoa, 6A, THCS Ly Tu Trnng., Binh
Xuyén; Ta Kim Thanh Hién, GA, Ngﬁ_}ren D:eﬂ
Linh,Lé Pirc Thdi, Nguyén Thi Huang Bii Tudn
Anh, Neuyén Anh Linh, 6A, : Biic Ninh: T Vigt
Hodn, 6C, THCS Nguyén Cao, Qué Va5; Hii Phing:
Mai Quang Vinh, 6A,, THCS Hong Bang; Ha Nam:
Nhir Thi Thwong, 6B, THCS DPinh Céng Tréng,
Thanh Liém; Nghé An: Tran Ngpe Khanh, 6B,
THCS Hé& Xuin Huong, Quimh Luu; Neuvén Dinh
Tudn, Thdi Bé Bdo, 6C, THCS Ly Nhit Quang, Do
Lueng; Tang Trung Nehia, 6A, THCS Hoa Hiéu 11,
TX. Thai Hoa; Quing Ngii: Lé Tudn Kia, 5B, TH
s6 1, Hanh Phudec, Nguyén Prrc Hdn, 5B, TH Hanh
Trung, Nghia Hanh.

VIET HAI

TOR
18 ?clf-‘uggce 546 449 (11-2014)

Bai T2/445 (Lap 7). Cho tam gige ABC ¢o
BAC >90° va dé dai ha canh I ba s6 chén
lién tiép. Tinh do dai ba canh cua tam gide do.
Loi gidgi H
Vé BH 1 AC tai
H. Vi BAC >90°
nén BC 13 canh
Iém nhit ciia tam
giac ABC va A nam gilta H va C.
Tam gidc HAB vudng tai H
= AB® = BH* + 4H” (dinh li Pythagore)
Tam giac HBC vudng tai H
= BC = BH* + CH” (dinh li Pythagore).
Ta c6 BC = BH® + CH® = BH" + (AH + ACY’
> BH* + AH* + AC? hay BC* > AB* + AC (%)
Goi do dai ba canh cia tam gidc 1la n — 2, n,
n+ 2 (n chin, » > 2). Vi BC la canh lén nhat
nén BC=n+2.
Tir (F)tacd (n+2) > (-2 +n’ = 8n>n"
2> n<8 Ma(n-2)+n>n+2(BPT tam
gidc)nénn>4. T4 <n <8, nchin=n=6.
Viy 46 dai ba canh cla tam giac 1a 4; 6; 8. O
¥ Nhin xét
1) Bai todn tuy don gian nhimg kha hay. Tat ca céc
bai giri déu cho dép 56 ding. Nhiéu ban sir dung két
qui BC* > AR + AC nhvmg khéng chfmg minh.
2) Néu ta thay gia thiét “ba canh 12 ba sb chan lién
tiép” bing gia thiét “ba canh 14 ba s tr nhién lién
tu":p" hodie “ba canh I3 ba s6 1¢ lién tiép” ta ciing
dirge nhimg két qua thi vi!
3) Céc ban sau c6 1&i gidi tit: Vinh Phic: Hodng
Minh farc, TA;, THCS Lim Thao; Tg Kim Thanh
H:'én, 64, THCS Yén‘Lg-c:; Thanh Hod: Phimg Ha
Neguyén, 7D, THCS Trén Mai Ninh, TP. Thanh Hoa;
Nghé An: Nguyén Thu Giang, Tran Lé Higp,
Nguvén Thi Nlur Qujmh A, Nguyén Nhw Qujnh B,
7A; Hoang Tran Birc, 1D, Nguyén Thdi Higp, 7B,
THCS Ly Nhit Quang, Bé Luong; Neuven Trong
Bang, 7A,, THCS T.T. 'Quz'm Hanh, Nghi Lic;
Quing Ngii: Trwong Quéc Binh, 7C, THCS Huynh
Thic Khang, 53 Thi My Lan, Truong Thi Mai Tram,
Nguyén Lé Hoang Duyén, V5 Quang Phu Thai, TA,
THCS Pham Vin Bong, Nghia Hanh; Binh Bjnh:
Nguyén Bao Trdm, TA, THCS Tay Vinh, Téy Son.
NGUYEN XUAN BiNH

B C
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Bai T3/445. Cho hai s6 thuc duwong a, b théa
man a + b va ab la cde 50 nguyén dwong va
[a* + abl+[p? + ab) Ia sé chink phiceng, o
dé ki higu [x] la so nguyén lon nhdt khang
viegt qua x. Chirng minh rdang a, b 14 cde s6
nguyven dirong.
Lai gigi. s Dox— 1 <[x] <xnén
[ +ab]+ [ +ab] <o +ab+ B +ab=(a+ by
vi [@ + ab] + [B* + ab] > (a + B)* — 2. Ta co:
(a+ by —2<[d"+ab] + [B +ab] < (a+ b
+Néua+b=1 thi0<a<1va0<b<l,suy
ra ab <1 trai vai gia thiét.
« Néu a + b > 2 thi giita hai sb (a + b)* va
(@ + b)Y — 2 khong tdn tai mdt sé chinh
phiromg nao. Do dé
[ +ab] + [B? + ab] = (a+ b} =a* + B + 2ab.
Mat khic, do ab nguyén duong nén
[@ + ab] + [b* + ab] = [a"] + [F*] + 2ab.

Suy ra [@'] + [b] =& + B~
Taco [a'] 2 [B1< P = [@]+ [P <P+ H,
dﬁngﬂluﬂxayrakhwﬁchlkhj []=d; [b*]= P
= " va b* 14 céc s nguyén duong, (*)
« Mit khéc, a + b nguyén duong va

at — b

a+b

a—h=

hitu ti, suy ra @, b hiru ti. (**)
Tir (*) va (**) suy ra a, b nguyén duong. O

> Nhin xét

1) Ta cé thé dé dang chimg minh cac tinh chét sau:
Néu a + b vi a — b hiru ti thi @, b hiru ti; Néu g hitu t
duong vi & nguyén ducng thi a ciing nguyén dirong,
2} Cdc ban c6 161 gidi ding 1a: Binh Bjnh: Nguyén
Bdo Trdn, TA, THCS Tay Ninh, Tdy Som; Vinh
Phie: Nguyén Minh Hiéu, Ngu}en Hitu Ting,
Nguyén Kim Birc, 8AS5, Nguyén H.c:rng Anh, BAI,
THCS Yén Lac; Nghé An: Ngwén Hing Quﬂr:
Khanh, 9C, THCS Bing Thai Mai, TP. Vinh, Newyén
Trong Béng, TA2, THCS Thi Trén Quén Hanh, Nghi
Ljc, Tdang Vin Minh Hing, Nguyén Vin M.;mh ?A.
Hoang Trdn e, TD, THCS Ly Nhit Quang, Db
Luung, Quéng Nedi: Nguyén Dai Dirong, 88, THCS
Nguyén Kim Vang, Nghia Hinh, HA Ni: Ddng
Thanh Tung, 8B, Ngwm Thanh Long, 9B, THCS
Nguyen Thtmna Hién, Ung Hoa, Lé Duy Anh, 9A,
THCS Nguyén Huy Tudng, Béng Anh.

NGUYEN ANH QUAN

Bai T4/445. Cho tam gidgc nhon ABC véi cdc
dwong cao AD, BE, CF. Trén tia doi cia cdc
tia DA, EB, FC lan luot ldy cde diém M, N, P
sao cho BMC = CNA = APB = 90°,

Chitng minh rang cde ducmg thing chira cde
canh ciia lue gide APBMCN cimg tiép xiic v
mgt diwang tran,

Lai gidi
A N
£
)
F

s
By n c

M

Vi BE, CF 14 cic dudmg cao trong tam gidc
ABC nénta c6 AE.AC = AF AB (N
Ap dung hé thirc trong céc tam gidc vudng ANC
vi APB ta co AEAC= AN*, AF AB=AP* (2)
T (1) va (2) suy ra AN = AP. Tuong tr ta
nhin duge BP = BM va CM = CN.

Goi O la giao diém cia cac duimg trung tryc
cia MN, NP, PM. Do céc tam giic PAN,
PBM, MCN cén nén A0, BO, CO tuong img

la cac duéng phén gidc cla cic goc PAN .
PBM , MCN . Mit khic, theo tinh chét déi
Xing ta ¢o

OPA=0NA; ONC=0MC; OPB=OMB (3)
Lai ¢4, OPA=ONA = OPB=0NC .

Két hop vai (3), suy ra OMB=0MC .
Tuong tir ta céd 5@?3:5:5’:1; ONA=ONC
Viy cic dudmg phin gidc clia céc goc BMC :
MCN , EEE:I, NAP, Fﬁ, PBM déng quy

tai O, Do do cac canh cia luc gidc APBMCN
cung tiép xic véi mdt dudmg tron. O
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» Nhdn xét. Che ban dudi ddy o6 1o gidi 1t Ha Nii:
Lé Duy Anh, 9A, THCS ngym Huy Tudmg, Dong
Anh; Pha Tho: Trdn Qudc Lip, Tran Manh Cueomg,
8A3, Ddo Thanh Phic, 9A3, THCS Lam Thao.

NGUYEN THANH HONG

Bai T5/445. Tim s6 nguyén m dé phwong trinh
A+ (m+ = (2m—Dx—2me +m+4)=0
co nehiém nguyén.
L gidi. Cdch 1. Bién d8i PT (1) nhur sau
24+ (m+1)x? - (2m-Dx—(m+D2m-1)=5
I{x+m+D)=5
& (x+m+1)(xE=2m+1)=5 (2)
Do m va x 1a cdc s6 nguyén nén x +m + 1 va
x* —2m + 1 14 céc sb nguyén va 14 ue cita 5.
Ta c6 5 = 1.5 = (~1).(=5). Nhén thay x + m + |
vax® — 2m+ 112 s 18 nén x vi m 14 sb chin.
Suy rax” — 2m + 1 chia 4 du 1. Do d6
%% —2m+ 1 bing 1 hofic 5. Xdy ra hai kha niing

x+m+l=1 m=-x
l) 2 =, 2

X =2m+l1=5 x“+2x—-4=0(*%
PT (*) c6 nghiém x = —1+/5 khéng nguyén
nén loai.

xt+tm+l=5 m=—x+4

x> =2m+l=1 |x*+2x-8=0(*%
PT (**) c6 nghiém x = 2 va x = —4 déu la sb
nguyén. Suy ra m =2 va m=8.
Céch 2. Bién ddi PT (1) thanh
It —(x* =2x-Dm—(° +x* +x-4)=0 (3)
Coi (3) 14 PT béc hai 4n m véi
ﬂ=(.r2 —Ex—]jn2 +8(x° +x° +x=4)

= (x? + 2x+3)* - 40.

Dé PT (1) c6 nghi¢m nguyén thi PT (3) phai
co nghiém nguyén, suy ta A phai la s6 chinh
phuong. Dat ( + 2x+ 32 -40= K (k e N)
& (7 + 20+ 3+ ) + 2+ 3 — k) = 40.
DoxeZkeHM,
G2+ 2x+3+k) — (P + 2+ 3 k) =2k,
K +2x+3+k>0nén

20 T?ﬁc?ua% S3 449 (11-2014)

< x(x+m+1)—(2m—

(2 +2x+3+0)> (P +2+3 k),

Iz+2x+3+kvﬁx2+2x+3—kcﬂng 14 sb tur
nhién chan. Ta ¢6 40 = 20, 2= 10. 4. Xy ra hai
kha ndng sau:

P 42x+3+k=20 [k=9
ni, &1,
X +2x+3-k=2 x“+2x=-8=0

e
=
x=2x=-4

2 +2x+3+k=10 k=3
2) . =
¥ +2x+3-k=4 4+ 2x—4=0

.Timduwgecm=2, m=28,

k=3
— khong thdéa mén x nguyén.
L:_]iﬁ, g tho guye
Viay ki m = 2 hodc m =
nghiém nguyén, O
¥ Nhin xét. Co nhidu ban tham gia pidi bai nay va
lam theo hai edch trén. Mot s6 ban lam cich 1 do
khéng dira ra nhin xét vé cde nhin tir & v& trdi cia PT
(2) nén phidi xét dén bin kha ning; mat 56 ban lam
cich 2 cho k< Z nén phai xét nhiéu kha nang hon din
dén bai gidi dai dong. Tuyén duong cic ban sau diy
6 1o pidi tot: Phi Thg Neguyén Thdo Chi, Tran
Manh Cudng, Tran Quoc Ldp, 8A3, THCS Lim
Thao; Ngh§ An: Nguyén Xudn Todn, TA, THCS Ly
Nhit Quang, D6 Luong; Quéng Binh: Phan Tran
Hwemg, 9A, THCS Quich Xuin Ki, Bé Trach;
Quing Ngdi: Negwyén Dgi Duwomg, 9B, THCS
Nguyén Kim Vang, Nghia Hinh; Kon Tum: Lé Viét
Luert Thanh, 9A, THPT chuyén Nguyén Tit Thanh,
PHAM THI BACH NGOQC
BAi T6/445. Ching minh rdng véi moi s6
thue a, b, ¢ lon hom 1 ta ludn co:

1)x(log b+log, b—1)x

g thi PT (1) co

(log,a+log.a-

x(log,c+log,c-1)=1.
Léi gidi. (Theo s6 dong cdc ban giri bai vé téa soan)
Do log,b.log, clog.a=1 vaa, b, ¢1om hon 1
nén ton tai céc so thue duong x, y, z thoa mén ;

lﬂgﬂbti; lngbczig lcgﬂn':fr-,
¥ z x

Bit déng thirc cin chimg minh twong duong

Vo (Li—q(hi—q(hi_ )g
X 0 y oy z z
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ﬁ-[y+z—x){z+x—y]{x+y—z}£.t}a (1.
Néu cé hai trong ba thira s6 trong vé trai cia
(1) m, chidng han y+z—-x<0, z+x-y <0
=2z=(y+z-x)+(z+x-y) <0, Didu nay
khong xayravi z>0.

Néu co mot trong ba thira 56y+z -x,z+x—y,
X +y—zamvaha1 thira s ¢on lai duong
(hodc bang 0), thi bét ding thire (1) diing,
Neucabathﬁa‘sﬁy-l-z X,Ztx-y,x+y-z
duong (hodc bang 0), 4p dung bat dang thirc
Cauchy, ta co: ,J(_].?+z—x}(z+.r—y} <z

J[x+y—z}[y+z——:c} <y(zx—y)(x+y-z) <x
Nhin theo vé babﬁtdﬁng thirc trén, ta duge (1).
E.?él dding thirc trong diu bai duge chimg minh.
Biéng thire xdy rakhi va chikhi x=y =z

= a=h=g 0
» Nhin xét. Diy 12 bai todn kha co ban nén c6 nhitu
ban giri bdi pidi vé toa soan. Mét 56 ban dat
log b=x;log,c=ylog a=z=x,y,2>00z=1
vigc trinh bay 1éd giai phire tap hon.

Trong cich dat log, b=—;log,c=2;log a==, ta
¥ z x

e thé chon x 13 56 thre duong bét ki;

y=xlugﬁa;z=y]ng£b=>lﬂg a= 2

Curong, Il Todn, TI-IPTchu}rén Bic Ninh; Nghé An:
Ho Xudn Himg, 10T1, THPT Da Luong I, Pa Som,
P4 Luong, Ha Nfi: Fii Bd Song, 10 Toan 1, Trdn
Manh Hiing, 11 Toan A, THPT chuyén Ngu}rén Hué,
Kim Van Hing, 12A1, THPT My Bac B, Tran
P.F!In:i?rg Nam, 12A3, THPT Ngpe Tio, Phic Thy;
Tién Giang: Neguyén Minh Thang, 11 Toan, THPT
chuyén Tién Giang, My Tho; Long An: Chau Hoa
Nhdn, lETE THPT chuyén Long An; Viing Tau: Lé
Hodng Tuan, 12A2, THPT Binh TlE:I.'l Hoang, TP
Ving Tau.

NGUYEN ANH DUNG
Bai T7/445. Cho tam gidc nhon ABC (AB < AC)
ndi tiép duwong tron (0). Cdc dwdng cao AD,
BE, CF ciét nhau tai H. Goi K la trung diém
cia BC. Cdc tiép tuyén véi duwong rrc:-n (N tai
B va C cdt nhau tai J. Chimg minh rang HK,
JD, EF déng guy.

Iugfb log, a=—.
x

Lovi gidi A

o
Giast EFNBC=G,HKNEF =1,
CAN(N=R(R+A),04dnEF=M Tacbé

— — —

GB.GC=GR.GA=GF GE, suy ra R nim trén
dudng tron dwong kinh AH, hay HR L AG.

Ap dung dinh i Brocard cho tir gidc néi tidp
BFEC v6i BF ~ CE = 4; EF n BC = G va
chi ¥ ring X 13 tim duéng tron ngoai tidp i
gidc BFEC ta duge HK 1 AG. Tir 46 ba diém
H, K, R thing hang. Xét cwe va dbi cuc d6i
voi dudmg tron (0). DE thiy (GDBC) = -1,
nén dudmg d&bi curc cia D di qua G (D
Mit khéc, ta thay duémg ddi cuc cia D di qua
J (do dudmg ddi cyc cia J 1a BC di qua diém
D) (theo dinh If La Hire) (2)
Tir (1) va (2) suy ra GJ 1a duomg déi cuc cia
D déi vdi dudmg tron (O). Theo tinh chit ciia
cyc — di cuc ta thdy OD L GJ. Két hop vai
GK L OJ suy ra D 14 trye tim tam gidc GOJ,
do d6 JD L GO (3

Tiép theo ta s& chimg minh Df L GO. Thit
viy, goi N = DI n GO, dé thdy OA L EF tai
M nén tir gidc ARIM ndi tiép. Tir do

GI.GM =GR.GA=GB.GC=GD.GK

(do (GDBC) = -1, X 14 trung diém BC nén

theo A¢ thire Maclaurin GB.GC=GD.GK ).
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Suy ra tir gidc JMKD néi tiép —BDN=IMK,
ma 1T gide GMOK nbi tiép nén, IMK=NOK.
Vi viy Jﬁ=ﬁ, suy ra tr gisac DNOK
ndi tiép. Do d6 DNO =90°, hay DI L GO (4)

Tir (3) va (4) suy ra ba diém D, 7, J thang
hang, hay ba dwing thing HK, JD, EF déng
quy taif {dpcm} I:I
diing theo cdc hlmng Sir dung tinh chét cia Tir gidc
diéu hoa, Hang diém — chim didu hoa, Cyc — dbi
cue, Phuong tich cia mot diém déi voi mit dirémg
trom... Céc ban sau c6 1o gidi tor: Ha Ni: Hoang Lé
Nhét Timg, 12A2 Todn, THPT chuyén KHTN,
DHQG Ha N§i, Lé Duy Anh, 9A, THCS Nguyén Huy
Tuimg, Dong Anh, Neuyén Viér Ank, Tran Manh
Himg, 11Toanl, THPT chuyén Nguyén Hué; Yén
Béi: Vi Hong Qudn, 11Todn, THPT chuyén Nguyén
Tét Thanh; Ha Nam: Hodng e Manh, 11Toan,
THPT chuyén Bién Hoa; Nghé An: HS Xudn Himg,
11T1, THPT Bé Luong I, Trdn OQuang Huy, 10Al,
THPT chuyén BH Vinh, Phan Vén Khai, 10A1,
THPT Cita Lo, TX Cira Lo; Ha Tinh: Nguyén Vein
Thé, Lé Vin Truomg Nhdt, Nguyén Nhe Hoang,
11Toan]l, THPT chuyén Ha Tinh; Binh Dinh:
Nguyén Trong Khiém, 10A1, THPT Quang Trung,
Tay Som.

HO QUANG VINH

Bai T8/445, Tim ham 5o f: B — R bi chdn
trén mot khoang chira diém 0 va théa méan
202x)=x+ f{x), vai mpix € IR.

Léi gigi. Gia sit flx) 1a ham sb thod min bai

todn, Cha y x = 2%—% Do dé

228 =x +fix) ml[ﬂh}——J -2
Bit g(x) =f{.r]——§. Tasuyra

w03l
2) 2ol 7)o

Tir gia thiéttacé 3a e B, M € B sao cho

TOAN HOC
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xét n € N ma L%'{a, ta nhin dugc
|g{.r)|——‘ ]{——[M+ )—:H‘.} khi n — +oo.

Trdésuyraglx)=0vx e R, tircla f(x) EE'
Céc bién dbi trén 12 twong duong, do dé ta
khang phai thir lai. Viy ¢6 duy nhat mdt ham

s& thoa mén bai todn 14 £(x) =§ vxek.O

» Nhin xét. Diy 13 bai tofn fim him sb gidi bing
phuang phap diy so, loai bai toan da xuat hién nhigu
trong cdc ki thi hoc sinh giéi todn quuc gia, thi hoc
sinh gi61 todn cia cée nude khac, thi IMO. Cac ban
hoe sinh sau o6 1&i gidi tot: Ha Ngi: Vi Bd Sang,
10T1 ; Nguyén Viét Anh, Trdn Mgnh Himg, 11T1,
THPT chuyén Nguyén Hué ; Hogng Lé Nhér Ting,
11T-A2, THPT chuyén KHTN DHQG Ha Niji;

Nam Pinh: Ong Timg Ducmg, 11T1, THPT chuyén
Lé Hung Phong; Ha Tinh : V5 Duy Khdnh, Nguyén
Ven Thé, 11T, Tran Hdu Manh Cuwomg, 12T,

THPT chuyén Ha Tinh.

NGUYEN MINH BUC
Bai TY445. Cho da thirc:
fix)=x" =3 + 9x + 1964,
Chiing minh rdng 16n tai s6 nguyeén a sao cho

fla) chia hét cho 32",

Léid gidi. (Theo ban Tran Hau Manh Cudng,
12T1, THPT chuyén Ha Tinh)

Tacé flx) = (x— 1) + 6(x - 1) + 1971
= fl9 + 1) = (9x)° + 6.9x + 1971
=277 + 2+ 73).

Xét da thirc g(x) = 27x° + 2x + 73 va tip

={2()}".,. Ta chimg minh 4 1a mét hé diy
dit mod 3", That véy, gid sir trdi lai 4 khéng la
hé diy di mod 3”. Khi dé ton tai 1 <i<j<3”
sao cho g(f) = g(j) (mod 3”}
=277 + 2§ + 73 =27 + 2j + 73 (mod 3")
= (- D276+ 2 +ip+2] "
VI 27(P + /2 +i)+2 [ 3nén j—i: 3" (vé D).
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Viy A 13 hé ddy di (mod 3"). Do d6 tbn tai
1 <k,<3"saocho g(k,) : 3"

Dit a, = 9%, + 1 tacé f(a,)=27g(k,) } 3"

Véin=2011tacod flayy,) 3 0O

» Nhén xét. C6 khéng nhiéu ban tham gia gidi bai
todn ndy véi céc cach gidi khde nhau. Cic ban sau
diy co 161 gidi 1ot HA Ni: Tran Manh Hinmg, 11
Toin A, THPT chuyén Nguyén Hué; Di Ning:
Nguyén Hira Hoang Hai, 11A1, THPT chuyén Lé
Quy Pdn; Quang Tri: Tran Trong Tidn, 12Todn,
THPT chuyén L& Quy Pén; Binh Pjnh: Mai Tién
Lugt, 12Todn, THPT chuyén Lé Quy Dbn; Nam
Pinh: Ong Timg Dwomg, 11Todn, THPT chuyén L&
Héng Phong.

PANG HUNG THANG

Bai T10/445. Ton tai hay khing ham sé lién tuc
[ B — R sa0 cho voi mei x €, trong cdc so
_fil'_r},ﬁ:t + 1), fix + 2) luén cé hai 56 hivu ti va
maot 50 vo I,

Léi gidi. Nhan xét: Khéng thé ton tai ham
lién tuc f:R —> R sao cho véi moi x, trong
hai s6 [f(x),f(x+1), ¢6 mft 36 v6 1y va mét
56 hiru 1.

Ching minh nhin xét: Gid sir tén tai ham
Jf thoa min nhin xét, Xét cic him sb

@)= F@)+ F(x+1), g(x) = F()— f(x+1).
Néu /(x) va g(x) déu 1a ham hiing thi

hop nay bi loai vi khong thoa man diéu kién
cua nhidn xét.

Néu h(x) vi g(x) khong déng thoi la ham
hang thi khéng mét tinh tdng quat gid sir A(x)
khéng la ham hing. Suy ra ton tai X, X% 830
h(x)<h(x,) = tbn tai sb hiu ty
g € [A(x):h(x)] va vi h(x) 13 ham lién tuc
nén theo dinh Iy gia tri trung gian, tén tai
% ebpn]: Mx)=g. Do dé fix)+/(g+D=g.
Nhimg vi ¢ hitu ty nén f(x,), f(x,+1) déng
thoi 12 sb hitu ty hoac déng thai 13 s6 vé ty.

cling 1a ham hiing, Truong

cho:

Diéu nay trdi v&i gia thiét. Nhin xét duoc
chimg minh,

Quay lai bai todn da cho, vi trong cic sb
J(x), f(x+1), f{x+2) lubn c6 hai s6 hitu ty
va mét 6 v t¥ nén co 3 treémg hop xay ra:

o f(x) 1a s himu t§, F(x+1),/(x+2) 1a hai
s0 v tv.

o fx+1) 1asd hitu ty, f(x) va f(x+2) &
hai s6 v ty.

o f(x+2) 12 6 hitu ty, f{x) v f(x+1) 1A
hai s6 v ty.

Tir nhin xét trén ta thdy trong ci 3 trrong
hop déu khong tén tai ham £ O

» Nhin xét

1) Béing chimg minh phan chimg v sir dung dinh Iy
gid tri trung gian c6 thé chimg minh nhén xét sau (tir
d6 gial dore bai toan da cho).

Néu f:R =R ia hém lién tyc va chi nhén cdc gid
tri vo 1y trén R thi f(x)=C, véi C i hing 56 vé tj
nao Jo.

2) Cée ban tham gia déu giai dung bai niy, tén cia
cidc ban l&: Yén Bal: V& Hong Oudn, 10 Toan,
TH'FT chuyén Nguyén Tét Thinh. Binh Binh: Mai
Tién Lugt, 12T, THPT chuyén Lé Quy Béan, TP. Quy

Nhom. Long An: Chdu Hoa Nhdn, IETE THPT
chuyén Long An.

TRAN HUU NAM

Bai TI1/445. Cho ddy 56 {a,| duoc xde
dinh  bagi cong thire: a) = 1. a2 = 2014,
2013a, [' EDHJ % ;
Gy = +| 1+ &, Voi  moi
n v a1
A=203 .

L ] 1 1
Iim hm| —4+—+...+— |,
I ]

]

Lt gidi. (Theo da 56 cdc ban)

Cach 1. Tacé a 204 (1 gﬁ]an_,

'+l =

n n—1
=Zﬂ13[5"—+£J+au_l
n n-1
=2{}13[i’£+£ +2013) 22 o3 | g
n n-—l n—2 ?1'—3
=2013| L2 4 Bt | G2 | G ]+a,,_3
n n-1 n-2 n-3

OHN HOC

S§ 449 (11-2014) 8 23
https://tieulun.ho to.org




n

=L..=2m3[zif]+al‘ Suy ra

i=]

ekl

n+l
- 201
a,,= 2{}13[213]+a1 _2013a,,,

it n+1
Viy nén a,, =2013% +q =aﬂ['2-ﬁ£‘ ¥ I},nle...
H n
Eoith, Doy o BV ey
ﬂ'n ﬁ ] 1=
o - OBHY013+2). Q0B D)
(n-1)!
1 1
Suyra —+—+..+—
a  a a,
H i :r
. (k—1)!
2014 S(2013+1(2013+2)..(2013+k 1)

1 2!
=1+ Jres
2012[ 2[}14]
1 & ( (k—1)!

=+
zmzé (2013+1)(2013+2)..(2013+ k- 2)

k!
(2013 +1)(2013 +2)...(2013 +kv1')]

1 n!
+ - ;
2012 2012x2014x2015x(2013+n-1)

bé ¥ rﬁng

=1

I
lim L =0
n=m2012%x 2014 % 2015% (2013 +n-1)

) 1 1 1 2013
nén Im| —+—+..+— |=——,
H—a0 ﬂl ﬂz il Eﬂlz

T

Cdch 2. Dé dang chimg minh a, =C.5,,, tir
dosuyra

1 _2013! 1

a, 2012 | (n+2011)(n+2010)..(n+D)n

1
~ (n+2012)(n+2011)...(n + 1)]'
Tir d6 ta cé dpem. [

24 5 crug?tce S3& 449 (11-2019)

# Nhin xét. Cic ban sau ddy co loi giai ding: Ha
Tinh: ¥Fo Duy Khanh, Newvén Van Thé, Lé Van
Tucmg Nhdt, Nguyén Dinh Nhgr Nam, 11T1; Tran
Héauw Moanh Cuwdng, 12T1, THPT chuyén Ha Tinh;
Tién Glang: Nguyén Minh Théng, 11T, THPT
chuyén Tién Giang; Hung Yén: Nguyén Thi Hirong,
12A1, THPT chuyén Hung Yén; Yén Bdi: Vit Hong
Quan, 10T, THPT chuyén NTT; Ha Noi: Neuyén
Viet Ank, 11T1; Tran Mgnh Hing, 11TA, THPT
chuyén Ngu}rén Hug; Quang Ngidi: Lé Thj Bich
Nga, Bach Thi Thién Ngdn, 11T2, THPT Lé Khiét;
Nghé An: Phan N Trinh, 11Al, THPT Dién Chiu
3; Binh Dinh: Mai Tién Luat, 12T, THPT chuyén
Lé Quy Dén; Vinh Long: Trdn Cao Nhigm, 11T1,
THPT chuyén Nguyén Binh Khiém.

NGUYEN VAN MAU
Bai T12/445. Cho tir giac ABCD ngoai rfcﬁp
dwong tron (I). Cde canh AB, BC tiép Xtic voi
(1) lan hept tai M, N. Goi E la giao diém cua
AC va MN, F la giao diém ciia BC va DE.
DM cdt (I) tai diém T khdc M. Chiing minh
ring FT Ia tiép tuyén cua (I).
Lei giai (Theo ban Phung Ddc Vii Anh, 12T1,
THPT chuyvén Amsterdam, Ha Ngi).

Goi P, O theo thir tyr 13 tip diém cia CD, DA
va (f); 514 giao diém cua TN va PO (hinh v&).
Céc két qua sau 1a quen thudc:

+P. O E thﬁng hang.
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+AC, BD, MP, NQ dong quy (tai K).
Viy, 4p dung dink H Pascal cho siu didm
MN :
OPT , chu y ring OO~ MT = D,
OQPNNT =S, MPNNQ=K, suyra D, §, K
thing hang,
Xét eye va doi cwe d6i véi (7). Ta c6 B 14 cire
ctia MWV, D 13 euc cia PQ. Do 46 E 13 cuc cia
BD (vi E=MNnPQ). Suy ra E, § lién hop
(vi S€ DK =BD). Diéu d6 co nghia Ia § 12
cyc cia DE (vi D, § lién hop). Viy 8, F lién
hop (vi F e DE). Do d6 F 1 cyrc ciia SV (vi
N, F lién hop). Suy ra F, T lién hop (vi
T & SN ). Néi céch khéc FT tiép xtic véi (). O
# Nhin xét
1) Ngoai ban Vi Anh, c6 8 ban tham gia gidi. Tuy
nhién vi khong biét sit dung cye va déi cye nén 19i
gidi ciia 8 ban déu dai.
2) Xin néu tén ca 8 ban: Kon Tum: Nguyén Hodng
Lan, 11A1, THPT Nguyén Tét Thinh, TP Kon Tum;
Ngh¢ An: H6 Xudn Himg, 10T1, THPT D& Lwong I,
B6 Luong; Thanh Hod: Hing Ouang Anh, TA,
THCS Nguyén Chich, Pong Som; Ha Ni: Trén
Megnh Himg, 11 Todn A, THPT chuyén Nguyén Hué,
TX Ha Ding, Hi Tih: Lé Van Truomg Nhdl
Nguyén Nhwe Hodng, Nguyén Van Thé, 11T1, Trdn
Hdau Manh Cudmg, 12T1, THPT chuyé&n Ha Tinh, TP
Ha Tinh.

NGUYEN MINH }m
Bai L1/445. Mgt thanh cimg ci'ong chat, tiét

dign déu, chidu dai L dwpc tree ndm ngang
boi hai sgi ddy mdnh, khdng gidn ciing chiéu
dai | nhuw hinh vé. Kich thich cho thanh cimg
dao djng nho trong mdt phang hai day.
Xdc dinh chiéu dai | theo L d¢ chu ki dao déng
ctia thank I nho nhét va tinh chu ki d6.

Loi giai, Xét khi thanh léch khéi phuong
ngang mot géc nho ¢ (dudng cao OG léch
khéi phuong thing dimg géc ). Phuong trinh
quay quanh O: mgOGsing=—/{ 0"

[ 2
& mg P -=—=-
£ 4

Vi gde @ nhd, bién déi ta duge:
i A -2 0
6/t —I?

a
B
. &
4 !
Nhur vy thanh dao déng diéu hoa vii chu ky:
2 2n 6P -L

Pl 22
w A% —
Dé chu ky dao dﬁng nho nhat ta cé the sir dung
dao ham hodc bét ding thirc Cauchy ta s& tim

duge: /= % va chu k¥ nho nhét khi dy bing:

2 L
g
¥ Nhén xét. Cic ban c6 1o gidi ding: Nam Bijnh:
Pham Ngoe Nam, 10 Ly, THPT chuyén Lé Hnng
Phnng Nghé An: Pham Oudc Fuomg, 12A1, THPT
Dién Chau 3; Binh Phwéc: Newyén Van Himg, 11B,
THPT chuyén Quang Trung,

NGUYEN XUAN QUANG
Bai L.2/445, Mgcﬁ d':gn vé han la mach :fz¢n
tao thanh tir vé s6 mdt mach g:ﬁng nhau, noi
lién tiép theo mot quy ludt nhat dinh, sao cho
khi thém vao (hay bot di) mét mat mach thi
dién tro ciia ca doan mach vdan khéng thay dbi.
Cho mach dién vé han biéu dién trén céc so do

(a) va (b).

ijn =

1'2.!': A

(@) P w

Mach (a) tao thanh tir v6 56 cdc mdt nhue nhau
gdm co badigntror, 2r, 3r; Mach (b) tao thanh
1tr vé 56 cdc hinh vuing, cdu tao B cde day dén
dong chat, néi npi nep trong hinh vuéng khdc,
ma dign tra ciia méi canh hinh vudng Ia r. Xdc
dinh dién tré ctia méi doan mach.

: TOAN HOC
S4 449 (11-2014)
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Léi gidi. Trong s6 cAc bai giai, ban Chu Minh
Théng co o1 giai cdu b) hay, sang tao. Xin
gidi thiéu 1&d gidi cia ban Chu Minh Thong.

a) Goi dién tré cia doan mach 13 R, Vi mach
vO han nén khi thém hay bét mét mét mach thi
dién trér cua ca doan mach khéng thay ddi nén
ta ¢6 so 46 doan mach nhur sau:

E— 4
2 H R
Ir
—f 1]
F B
Bién trér cua ca doan mach:
2rR

R= +4r e B2 —drR =812 =0,

R+2r
Giai phuong trinh ta thu duge: R = 2r(1++/3).
b) Do tinh di ximg nén nhimg diém cé ciing
dién the co thé chap lai vai nhan, Ta cé mach
dién tuong duong nhr sau:

A ; B
Tir hinh v& trén ta co thé v& lai mach dién
tirong dirong nhir sau:

4 2 R r ¥
-
r4 rid rid rid
S SO N SRR
i =
Tuong tir mach a) ta co phuong trinh:
Riuﬁ-—PRA-H-“?’%:ﬂ
Nghiém cua phuong trinh: R ;. 5. —{\F;I} F.
L, {J_H) 5
Foogq = 2
Tir 6 tinh duge: B p=— :
= B {J_+l) 2
4 2
TOAN HOC
26 cTusilpe SS 49 w1-2019)

» Nhiin xét, Cic ban sau cé 1 gidi ding: Nam
binh: Pham Ngoc Nam, 10 Ly, THPT chuyén L&
Héng Phong; Nghé An: Chu Minh Thing, A3-K41,
THPT chuyén Phan Bgi Chau.

DANG THANH HAI

PROBLEMS ... apgil

'  (Tiép theo ﬂ‘:mg 17]
TUWARDS MATHEMA’I‘ICAL

Bl gt DLYMPIAD

P;l‘-l:lhlem T9!449. Fmd the mtegr&l part of I‘.he
55 902 2013

1
ex ssu-u B=-—+ +—+ e
DRS00 & 5 ok B0

Problem T10/449. Find all pnlynammls )‘(x}
with mtegral cuefﬁments such that fln) is a
divisor of a3 -1 for every pumnve mtegern :
Problem TIIMJI'J Let {x, } be a sequance:
Xy 4-"1“34 :

satls ; '
fymg {xﬂg.x x’,+13 m"*’ ‘E’HEN

Let S Z ”:,HEH vae that, for

everyﬂddnamralnumhern S 66

Problem T12/449, Given a triangle ABC. The
points £ and F respectively vary on the sides
CA and AB such that BF = CE. Let D be the
intersection of BE and CF. Let H and K
respectively be the orthocenters of DEF and
DBC. Prove that, when E and F change, the

line HK always passes through a fixed point.
POC LAI CHO PUNG

Trén Tap chi 5O 448, trang 16, xin dwpe doc
lai dé bai T5/448 nhur sau:

Cho a, b, ¢ 13 cic sb thuc dirorig thoa min
a* + b + ¢’ =1. Chimg minh ring

b +c* T
be(b+¢)  calc+a)

Thanh thét xin 161 ban dor.

a’ +b
abla+b)

https://tieulun.hopto.org



PHEP CONG... (Tiép theo trang 15)

Cudi cling, gido s B ¢6 hai cdch ngdi, d6 12 ngdi &
bén phai hofic bén trai. Do do,dapanla222=8
Nhimg suy lufn nay din ta dén mdt quy tic dém
quan trong khic,

Quy tic nhin. Néu sie kién A, ¢6 thé xay ra theo
ay cdach khac whau va sir kign A- co thé m; ra
theo as cach khdae nhau, ... va s kign Ay co thé
xdy ra theo a, cdch khdc nhau thi tong s6 cdch
de su kién A, xay ra roi dén sir kién A xay ra,.

réi dén s kién f‘I xay ra la enes...ay,

Ta ciing co thé dien led quy tdc whdn bmrq ngén
ngir 1gp hop, tic la néu

S ={(5.5,..8,)/ 5, €8, 1<i < n

thi |S|=|8,|.[Ss]-IS..].
Thi du 5. Mjr hién s6 xe co 3 ky daw I ddy
gom 3 chit cdi trong h:iug chit cai va 3 ky tw sau
la day ge:-m 3 con so. Co thé lam ra bao nhiéu
bién 56 xe khic nhau néu .Uzmrg duere ditng 50 0
va chit O trong ciing mét bién s0?
Léi gigi. Goi S, 14 tip hop cac bién sb xe khong
c6 56 0 va S, 14 tap hop céc bién sb xe khong cé
chit 0. Néu afy — O 12 mét bién sé xe thuge
S, thi 8, @, w# 0. Tiép theo, khong cé yéu chu gi
déi véi @, £, y nén mdi g, f, y ¢ thé nhin 26 gid
tri, trong khi méi 6, ¢, w nhén dwge 9 gis tri. Do
d6, [5]=26'9". Suy Iuin twong 1y,
=25".10° (vi vai trd cia chir va sé duge dbi
vl nhau). Dudng nhir ddp an coa bai todn la
|8:]+|S,| =26".9° +25°.10°. Tuy nhién, diy
khong phédi 1d dép &n chinh x4c. Nhung mdi

buée lam dudmg nhu rit hop I¥. Viy sal & dau?
Ciu hdi méu chét hon 1a: Lam sao ta biét c6 sai

hay khong?

Ta tra 16 ciu héi thir hai trude. Goi 5 13 tip hop
moi bidn sb xe tao durore ﬂlmnhu;l.rau caudcbéu

MGi chir trong ddy 3 chir cdi c6 26 lya chon va méai
con so trong diy 3 con sb co 10 Iya chon. Theo quy
tic nhin, |5|=26"10". Khong khé dé kiém tra
duge: |5,|+]5,]| =26%9" + 25°.10° > 26°.10° =|5].

RS ring |5)|+|S,| khong phai 12 cdu tré 101 ta
muén. Giér ta phai sira 15i sai. Lwu ¥ ring cé vai
ché tring nhau gma.‘j‘ va S§,, d6 12 nhimg bién
) khéng ¢é ¢a sb 0 hodc chit O, Goi §; 1a tip
hop cic bién s6 nhw  vay. Suy ma
8, =5, M8, V6i mbi chir cai trong mt bién sb

thuge §,, c6 25 lua chon va vdi mbi con sé, ¢ 9
lya chon. Do d6 |S,|=25%9". Vi mdi bién sb
trong 5; dl.n;lc: dém 2 1an trong 5, va S, nén ciu
trd 1 cudi clung cia bai todn la:
|51 +[8,] - |S,| = 26*.9° +25°.10° - 25°.8°
=17047279. ‘
Ky thuit bao ham nhilng tdp hop chong chéo 1én
nhau va loai trir nhimg phén dugc dém hai lin
goi 12 Quy tic Bao him — Loai trir.

Thi dy 6. [AIME ]1996] Trong mit giai dau ¢ 5
dii tham gia, moi dgi dau mot b an vii fimg dgi
con lai. MGi doi co 50% co hii chién thing hdr Ky
fran nao ma no tham gia (khong co trén hia). Tinh
xde suat gidi deiu khong co hoge mot dgi khong
thua trdn nao hode mot dgi khong thang trén neio.

Lai g.rm. Mai ddi phai chai 4 trin. Do d6, c6 5.4
trdn néu mdi trin dwge dém hai lan, Viy 5 doi sé

choi tong cong %zlﬂ trin. Vi méi trin co thé

co hai két qua nén co 210 két qué cho giai déu,
Co 5 cach dé chon mﬁt doi khéng thua trin nao.
Gia sir doi A thing tht ca 4 trﬁ.n ma nd tham gia.
Vay mdi trin trong 6 trdn con lai c6 theé c6 2 két
qué trong tong s6 2" =2°két qui. Vi chi co
nhiéu nh t mit ddi khong thua trin nao nén co
5.2° gidi déu cho ra mot doi khéng thua tréin ndo.
Suy luén tuong tir cho ta 5.2° trong 2" giai ddu
cho ra mét di khﬂng thiing trdn ndo.
Tuy nhién, hai xdc suit niy khéng loai trir 1in
nhau. C6 thé c6 chinh xdc mét dai khéng thua
trin ndo va chinh xac mot doi khnng thﬁng tréin
nio trong cling mét gidi déu. Cé A} =20 hoan
vi hai d¢i nhu vay. Gia sir d6i 4 khong thua trén
nao va dji B khﬁng th,ang trdn nao. Cé bay (chir
khéng phai tim, vi 4 va B ddu v6i nhau!) trén
trong do hodc ddi A hojic ddi B hﬂﬁc cd hai d-:;:l
tham gia. Két qua cia 7 trin nay di duge xic
dinh. Méi trén trong 3 trin ¢con lai cé hai két qua
u§ tong s 2"7 =2° gidi déu. Néi cach khac,
02" =52° trong 2" gii ddu c6 ca doi khung
thua trdn ndo va dji khéng thing trin ndo. Do
do, theo quy tic Bao ham — Loai trr, co:
292529452 =2°(2°-5.22 +5)=2%17
gidi diu khéng cho ket qué hodc mét ddi khong
thing trdn ndo hodc mt doi khong thua trin nao.
Moi két qua c6 xAc sudt gidng nhau nén xdc sudt

5
I o7 il

= —

L
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Thi du 7. Hoa co cdc hép som gém 8 mau khde
nhau. Cé mudn son mot bs bon hinh vuéng cia
mot tam bang 2 x 2 sao cho cdc hink vudng canh
nhau diege son méu khie nhaw. Tim s6 phuemg
dan som mau khdae rhaw ma Hoa co fhrf.: igo ra.
Hai phiong dn som mau diwgc xem Ia grang nhatt
néu co thé thu dwoe phuong dn néay béng cdich
xoay phirong an kia.

Léi gidi. Hoa can it nhét 2 va nhiéu nhit 4 mau.
Co 3 trurdmg hop nhu Hinh 5.

A|D Pl s AlB
BlC BlA BlA
Hinh 5. (i) (ii) (iii)

Trong trudmg hop (i), c6 A7 cach dé chon miu A,
B, C va D khic nhau. Mdi cdch son mau trong
trudomg hop ndy 6 thé duge xoay 90 dd nguge
chidu kim dong hé 3 1in & c6 3 edch son mau
khac nhau nhwr trong hinh 6. Néi cdch khic, moi
céch son mau trong trudmg hop ndy bj dém 4 1an,
tinh dén ca truong hgp Xoay tron. Vay co

4
% = 420 cach som mau khac nhau.

AlD D|C C|H B|A
B|C A|B D4 C|D
Hinh 6
Trong trudmg hep (i), 6 A; cach chon mau
khac nhau, Méi cach som méu trong trdmg hop
niy ed thé dugc xoay 90 dd nguoc chiéu kim
dong ho 3 lan dé co 3 cach son méu khac nhau
nhur trong hinh 7. Néi cich khac, méi cich son
méu trong truémg hop nay bi dém 4 lin, tinh dén

3
cd trnudmg hop xoay tron. Viy co %zﬂ-ﬂl cich

som maun khac nhau.
A|C Cl4 A
B A A|B &
Hinh 7
Trong trudmg hop (iii), 6 4; cdch chon méu
khic nhau 4 vd B. Mdi cich son mau trong
u'm:mg hop n:zt:yr o thé dtr-;rc xoay 90 db ngugc
chiéu kim ddng ho 1 1an dé thu duge mét cach
son mau khac nhu trong hinh 8. M&i céch son
mau trong trudomg hgp nay bi dém 2 1an, tinh dén

B B4
c

e
b

2
ca trudmg hop xoay tron. Viy co %: 28 céach

son mau khac nhau.

TOAN HOC
28 & quﬂlt_l:e S8 449 (11-2014)

4|B B4
B|A Al|B

finh B
Cudi cling, ta c6 420 + 84 + 28 = 532 cich son
mau khic nhau.
Ta di xong chuwa? Chua dau ban a! Ngudi doc co
thé di tim ra mdt cdu tra 16i khac. Nhung tnrde
khi chi ra 18i sai ciia minh, ching t6i mudn hoi
xem lam céch nio phat hién ra 15i sai ¢6 thé ¢6
trong khi dém. Vang, mét cach hidu qua 1a 4p
dung phuong phap tuong tr cho cac gid i ban
ddu khéc nhau. Trong thi du nay, s6 lrong méau
dd cho khong dong vai trd quan trong trong bai
giai ciia ching t6i. Néu ban dau ching t6i duoc
cho 7 miu thi sao? Ving, viy ta s& co
4 105

2 T cach son mau khic nhau trong trudmg
hop (ii). Thét ra ching ta khéng ¢é 4 cich son
mau khdc nhau trong hinh 9. Cich son thir ba
tinh nr trdi sang giéng voi cach son dau tién vi
cdc cdch phin bd mau B va C dugc dém khi

chon mau ¢ thit tr (Aj) . Tuong tu, céch son

mau thir ba va tu ciing giong nhau khi chon méu
3

co thir . Viy, co %= 168 cach son mau khac

nhau trong treomg hop (ii). Vay dap dn chinh xac

cho Thidu 714420+ 168 + 28 =616,

BAI TAP

1. Tim s6 hromg sb nguyén dueng cé 2 chir s chia
hét cho ca hai chir sb cia no.

2. [AIME 2000] C6 2 hép, mdi hip chira ca bi den
va trﬁng, va tong sb bi trong hai hip 14 25, Lay
ngau nhién mét bi tir mdi hdp. Xdc sudt dé ca hai bi
déu la bi den 12 % . Xéc sudt dé cd hai bi déu 13 bi
tring 14 bao nhigu?

3. Co 10 nif va 4 nam trong I th hop cia thiy
Diing. C6 bao nhiéu cich d& x¢p nhimg hoc sinh
nay ngdl quanh mdt ban trdn sao cho khong co hoe
sinh nam ndo ngdi canh nhau?

4. Cho n 1a mét s6 nguyén lém hon 4, va cho PR,..P,
1a céc da gidc 161 # canh. Binh mudn vé n — 3 duimg
chéo phin ving khﬁng gian bén trong da gidc thanh n
— 2 tam giac va céc dudng cheéo chi gjau nhau tai
dinh cta da gidc. Ngodi ra, anh mudn méi tam giac

c6 it nhét 1 canh chung vdi da gide. Binh c6 thé
chia nhu viy theo bao nhiéu cdch?

https://tieulun.hopto.org
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Tap chi TOAN HOC va TUOI TRE . - L

BT Bién Hp: 0435121607
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BAN CO VAN KHOA HOC CHIU TRACH NHIEM XUAT BAN
GS. TSKH. NGUYEN CANH TOAN Chi tich Hoi déng Thiinh vign
e WXB Gido duc 1‘.’n&t Nam
GS.ISKH.TRENV_ NHUNG e
L 5 VAH e Tdng Gidm dée kitm Tdng bién tap
GS. DOAN QUYNH NXB Gido duc Viet Nam
PGS, TS. TRAN VAN HAO GS.TS. VO VAN HUNG
HOI PONG BIEN TAP
Téng bién tdp : TS. TRAN HUU NAM Thir ki Toa soan : ThS. HO QUANG VINH

TS. TRAN DINH CHAU, ThS. NGUYEN ANH DUNG, TS. TRAN NAM DUNG, TS5. NGUYEN MINH BUC, 75. NGUYEN
MINH HA, TS. NGUYEN VIET HAL PGS. TS. LE QUOC HAN, ThS. PHAM VAN HUNG, AGS. 7S. VU THANH KHTET
(5. TSKH. Nuwém VAN MALL, Ong NGUYEN KHAC MINH, 75, PHAM THI BACH NGOC, PGS. T5. NGUYEN DANG PHAT,
PGS. TS. TA DUY PHUONG, TAS. NGUYEN THE THACH, G5. TSKH. DANG HUNG THANG, PGS. TS. PHAN DOAN THOAL
ThS. VU KIM THUY, PGS, TS. VU DUONG THUY, GS. T5KH. NGO VIET TRUNG,

TRONG SO NAY

o Déanh cho Trung hoc Cd 8¢ @ Ban doc tim toi
For Lower Secondary School Reader's Contributions
Vii Héng Phong — Phudng trinh chita phdn Nguyén Dinh Huy — Phép ciing hay phép
s nhén.
nguyén.

©

o Hudng d&n gidi D& thi tuyén sinh vao ldp Dé ra ki nay

10 chuyén Toan truding THPT chuyén Ha T xphisncy s Tie fame
e e, T1/449, ..., T12/449, 11/449, 1.2/449,

Giai bai ki trudce
Solutions te Previous Problems

=

Pé thi tuyén sinh vao 1ép 10 truong PTNK,
PHQG TP. Hé& Chi Minh nadm hoc 2014-
K&t qua cude thi giai Toan va Vat li trén

Tap chi Toan hoe va Tudi tré ndm hoe
2013-2014.

3

€ Chudn bi thi vao dai hoe
University Entrance Preparation

Nguyén Trutmg Son — Mat 56 bai todn lién
quan tdi true tAm tam mae.

Anh Bia 1. Théy gide Nguyén Vén Tin - Gido
vién Todn trsmg THCS Luong Yeén, Qudn
€ Thi ste trude ki thi - Dé s6°2. Hai Ba Trung, Ha Néi - nhidu nam lidn la

@ Hudng dan giai Dé sé 1.

gido vién day gioi.
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