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5
TRUNG HOC CO S b

b1 v6i cac ban THCS thi phuong trinh

(PT) va hé phuong trinh (HPT) 1a phin
kién thirc hét stc quan trong. Vi 1& d6 mot 1an
nita chiing toi giri dén cac ban bai viét vé mot
loai h¢ phuong trinh ma d6i khi gip trong
céc ki thi hoc sinh gi6i hay ki thi tuyén sinh
vao THPT chuyén. B6 1a hé phwong trinh
nira doi xirng.
Heé phuong trinh nira d6i xtmg (gém hai phuwong
trinh hai 4n) 14 hé phuong trinh ma trong dé
c6 mot phwong trinh d6i xtg va mot phuong
trinh khong d6i ximg. Pé giai hé nay ta can
lwu y dén tinh d6i xtmg cia an.
* Néu tinh d6i ximg khong tham gia vao 101
gii thi tir phwong trinh khong ddi ximg ta rut
an nay theo an kia va giai hé bang phuong
phap thé hoic phuong phép cong dai sb.
* Néu tinh ddi xtmg tham gia vao 101 giai thi
khi d6 ta tim cach danh gia dé so sanh hai 4n.
Ta cing theo doi mdt s6 thi du minh hoa:
Thi du 1. Gidi hé phirong trinh:

{2,\’+x2 =8 =3:(1)
(x> +y?=1 (2)
Loi gidi
Cong theo timg vé PT(1) va PT(2) ta dugc
25 Folx =4 3* +x—2=0<:>{x:1_2.

xX=
V61 x =-2, thay vao PT(2) khong thoa man.
Véi1 x =1, thay vao PT(2) dugc y=0.

Vay HPT da cho c¢é nghiém la: (x; y) = (1; 0).

HE PHUCNG TRIND
NUA AQI XUNG

KIEU DINH MINH
(GV THPT chuyén Hung Vwong, Phu Tho)

Thi du 2. Giai hé phuong trinh:

{\/,\Tl +y-1=3
xy+x+y=x*-2y%* (2)
Loi giai
bidukién: x> 1,y>1 (¥)
Ta nhan thidy néu binh phuong hai vé cta
PT(1) thi khong thu dugc két qua kha quan.
Vi thé, rat ti nhién ta xét PT(2). Ta co:
PT2Q) = (3 —y)—(x+y)—(xy+y*)=0
S x+y)(x-2y-1D)=0 x=2y+1 (do (*)).
Thay x=2y+1 vao PT(1), ta dugc

2y +y-1=3
& (V2y -2)+({y=-1-1)=0

2y-4 Fed

< 2y +2+1/y—1+1
2 I
= =0
N ){.m 2 -1 +1}

< y=2. Suy ra x =5 (théa man (*)).
Vay HPT da cho c6 nghiém la: (x; y) = (5; 2).

=0

Thi du 3. Giai hé phuong trinh:

[+ 3 +T(x+y)xy =8xy,22 +y?) (1)
|y —v2x=3=6-2x @)
Loi gidi
Diéu kién: x> —;—, e )
PT(1) 12 PT dbi ximg cua hai 4n x va y. O thi du
nay, ta khong thé bién doi PT(2) nhu thi du
trén. Vi diéu kién (*), ta tim cach danh gia

PI(1) béng BDT Cauchy.
PT(1) twong duong véi
! TOAN HQC
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(x+y)(x? +y? +6xy) = Sﬁy_m
Theo BDT Cauchy, ta co:
0< T2 1y < 2xy+;2+y2 & (X+2y)2;
X2 +y? +6xy

= dxy+(x+y)? 224xy(x+y)*

= 4(x+y)Jxy.
Suy ra £)54—2—}))2—()& +y? +6xy)
> [2xy(x? +y*).4(x+ y)\/—xy

o (x+y)(x2 +y2 +6xy) 28[xy 2xy(x> +¥%).

Diéng thirc xay ra khi va chi khix=y.

" x=y
HPT da cho
i {«/2x—3—\[)7=2x—6

X=Y %

o tgl i gl @{
i 3)[5-—34& 2} Ay

3 /3_\/6 1

(do xZE:M/xZ 5= >2

1 1
=J2x-3+ st=————-2<0).
‘ \/; 1 =3 aiE )

3
o,

Vay HPT da cho c6 nghiém la: (x; y) = (3; 3).
Thi du 4. Gidi hé phwong trinh:

4y =2y J2(x% + 3%) D
Ax+x2 =1 =(y-Dv2x-2 2)
Loi gidgi

Pidu kién: x> 1. TuPT(2)suyray > 1.
Ta ¢6 o«/@s%l; 0< 2y +2)

2 2
S_______ny+;c YT < x2 432 S2X2+ Y —xY).

Suy ra xy2(x2 +y?) <(x +y)(x? +y* = xy).
Do d6 PT(1) tuong duong véi

(x+ )2 +y> —xy) = xp2(x% +y?) S X =Y.
Tir @6 HPT d3 cho twong duong voi

x=y
{2\/)7+1+2\/P “1+x-1=9x-DVx-1
& .
2Jx+1=0Ox-11)Vx~1

TOAN HOC
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X:yZ‘g‘

81x3 —279x2 +315x-125=0

1
e
<:>xy—9

(3x-5)(27x> —48x+25)=0

R
=
il

<=

| W

S
Il

wlu:
Wl
¥._/

vay HPT da cho ¢6 nghiém la: ()= (

Thi du 5. Gidi hé phu’ong trinh:

1 1
J1+2x? f+2y2 JlT”xv

Jx+2Jy +2WT=2x + [~ 2y 3”—“) @)
Loi gidi

Diéu kién: x, ye[ i\ ™)

@

Véi didu kién (*) thi x? < % y2<
i

—>2 =52

,/1+2x \/T-sz ,/1+2y 3

= 2xy < 1. Mit khac,

Vi Mol @ b e [0; 71_2—} fhi ab < 1 (*%) va ta

a1l 1 1 2

ludn co - < . 3
ke o o P ey ®)
That vay, BDT(3) twong duong voi

%
1 4
[\/1+a2 Jl+b2) “1+ab
1 1 4
) T T
Q\/1+a2\/1+_b_2'+1+a2+1+b2 Lhab

Theo bit déng thirc Bunyakovsky ta c6

Jd+a>)(A+b?) 21+ab

2 2
< 4
j,/(1+a2)(1+b2) 1+ab “)
1 3 loatu, &
1+a* 1+b* 1+ab
_ (a=b)*(ab-1)
(l+ab)(1+a*)(A+b%)
Tu BDT(4) va BDT(5) ta suy ra BDBT(@3).

Ta lai co

<0 (5), theo DK (*¥).
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Véi a=2x, b=+2y, 4p dung BDT(3) ta c6: x3+y3=91
e Sl =
JI+2x2  \[1+2y2 © \[1+2xy

Ding thirc xay ra khi va chi khi x = y. 6 3’ ~y° =x+y
Do d6 PT(1) < x =y, thay vao PT(2) ta co: X2 +y?2 =1

\/§+\/1—2x = ﬁ;l
& Ux +201-2x =2 +1.

(Pé thi Hoc sinh gioi 16p 12 TP. Ha Nji 2011)
Pt u=+x,v=vI-2x (u,v=0) ta dugc HPT { i
5 { TPy

2u+2v=+2+1
2u? +v? =1.

Bang phuong phép thé (riit u theo v & PT dau,
thay vao PT sau, giai PT bac hai theo v, ...) + y

- s _ : o A 9.
ta tim duoc nghiém (u; v) cua HPT trén la: ﬁ+2_x=fcﬂ_l
(1.&) [2&—1_&%] 8 3 Y3y 4 2

2°727 PTG (Dé thi chon D6 tuyén tinh Nghé An 2012)
Tir d6 suy ra nghiém (x; y) cia HPT da cho la: 5
8(x2+y*)+4xy+ >=13
[l'lj (9—4«/5,9—4\5] 10 (x+)
4% 4 ) 3 ’ ' i
. = 2x+ =i}
x+y
BAI TAP AP DUNG (Dé thi Hoc sinh gidi I6p 12 tinh Thdi Nguyén 2011)
Gidi cdc hé phwrong trinh sau: (2x2 =3x+4)(2y? =3y +4)=18
11.
; x2+y2=% {x2+y2+xy—7x—6y+14=0
: (Dé thi chon Pji tuyén chuyén DHSP Ha Néi 2010)
2x3+6xy? =1
x2+y? \/xz +xy+y?
2y= + =%y
z.{("”)y‘z [ N
Y gl Xo2xy+5x+3 =4xy—5x-3
{xz +y=y2+x (T6/407 TH&TT)
2y=x"-1 (x+ x2+l)(y+,/y2+1)=l
(Dé thi vao THPT chuyén Quang Trung, Binh Phudc 13, ] y 35
) + + +—=
ndam hoc 2010 —2011) y o1 12
2xy )
24y24——=1 =
4" Ty x+y (x+ 1+x2)(y+,/1+y2)—
/ g5 14. 5 1
Xty=x--y 2(x3+y2)+§—1———1——=1+‘/;(x+y)
(Dé thi vao THPT chuyén DHSP Ha Néi nam hoc \ AL
2011 —2012) (D@ thi chon Dji tuyén tinh Phii Tho 2011 —2012)
; TOAN HQC
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D THI TUYEN SINH VAO LOP 10 THPT CHUYEN LAM SON, THANH HOA

NAM HOC 2014 - 2015

VONG 1 (120 phiit)

Ciu 1. Cho biéu thic:

=9 _ g=r=32
a-16 Ja-4 Ja+4

1) Tim diéu kién ciia a &€ biéu thirc C c6 nghia

va rut gon C.

2) Tinh gié tr1 cua biéu thuc Ckhi a=9-4/5.

CAu 2. Cho hé phuong trinh (m la tham s0):
{(m —Dx+y=2

mx+y=m+1

1) Giai hé phuong trinh khi m = 2.

2) Chimg minh rang v6i moi m, hé phuwong
trinh ludn ¢ nghiém duy nhét (x; y) thod man:
2ekp=3.

Céu 3. 1) Trong hé toa d6 Oxy, tim m dé duong
théng (d) y=mx=m+2 cét parabol (P y=2x"

2, 3Jx+2y=4-x-2y
2) Giai hé phuong trinh: .
SR S5 {«3/2)(4—6 fiy =2

Céu 4. Cho duong tron tdim O dudng kinh BC
va mot diém A bat ki trén duong tron (4 khac B
va C). Goi AH 1a dudng cao cua tam g1ac ABC.
Puong tron tAm / duong kinh AH cit cac day
cung AB, AC cua (O) twong ung tai D, E.

1) Chimng minh: DHE =90° va AB.AD = AC.AE.
2) Céc tiép tuyén ctia dudng tron (1) tai D va E
cat BC tuong ung tai G va F. Tinh s6 do GIF.
3) Xac dinh vi tri diém 4 trén duong tron (O)
dé tlr giac DEFG c6 dién tich lon nhat.

Céu 4. Cho ba sb thuc duong x, y, z. Tim gié tri
16n nhét cta biéu thic:

xyz(x+y+z+m)

= (x2+ 2+Zz>(ﬂ‘+\"+*x) .
4

VONG 2 (150 phiit)

Cau 1. Tinh gié tri biéu thic:

1 el I o=l
§S= \/17+F+§+\/17+§2—+§7+...
+\F+—1—+ 1
20132  20142°

Céu 2. 1) Giai phuong trinh:
(x+ D222 —2x = 2x>~3x~2.
2) Giai hé phuong trinh:
{(xy—2y2)(x+2)=—6
x(y+1)=-1

Céau 3. 1) Chimg minh rang néu p 1a sO nguyén

t6 16m hon 3 thi (p — 1)(p + 1) chia hét cho 24.

2) Tim c4c nghiém nguyén cua phuong trinh
X+ =3xy-3=0.

Cau 4. Cho tam gidc ABC vudng tai 4 ¢

AB < AC ngoai tiép dwong tron tam O. Goi D,

E, F 14n luot 1 tiép diém cta (O) voi cac canh

TOAN HOC
* CTugilpe SO 447 (9-2014)

AB, AC, BC; I 1a giao diém cua BO vé6i EF; M
1a diém di dong trén doan CE.

1) Tinh s6 do géc BIF.

2) Goi H 1a giao diém ctia BM va EF. Ching
minh ring néu AM = AB thi t& gidc ABHI la tr
gidc ndi tiép.

3) Goi N la giao diém cua BM véi cung nho
EF ctia (0); P va Q 14n luot 1a hinh chiéu cua
N trén cac duong thing DE, DF. Xac dinh vi
trf ctia diém M dé do dai PQ 16n nhat.

Cau 5. Trén bang, cho 2014 s6 tu nhién tur
1 dén 2014. Thuc hién lién tiép phép blen dbi
sau: Mbi 1an bién ddi ta x6a di hai s6 bat ky

» I %o SEsastimel 1
a, b c6 trén bang roi viet thém sd a+b——2—ab
vao bang. Khi trén bang chi con lai dang mot
s6 thi dimg lai. Tim s6 con lai do.

PHAM NGOC QUANG
(Ha Noi) gidi thigu

https://tieulun.hopto.org
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Judng Adn gidi DETHITUYEN SINHVAO LGP 10 THPT CHUYEN

VONG 1
Cau 1. 1) Didu kién: ~1 <x< 1.
Tacd (V1+x+1—x)2 =2+241-x2,
Do d6, PT da cho twong duong véi
W+x+1—x)P =8> l+x+/1-x =2
o22f1-2 =4 I-x2 =1 x2=0
= x=0e[-1,1]
Vay PT c6 nghiém duy nhit x = 0.
2) Tr HPT ra c6 4(x?—xy+y?)=x2+4+xy+2y*
< 3x2-5xy+2y? =0 (x—y)(3x—-2y)=0.
¢ Véix —y=0hay x =y, thay vao PT thir nhit
ciaHPTtaco x> —x* +x* =1 < x==1.
« Véi3x -2y =0 hay y‘z%x, thay vao PT thir
nhét cua HPT ta c6

3 9 2 3
XR-—=xt+=xl=lox=tF=y=1t—F.
2x 4x X 7 y N
Vay HPT c6 bon nghiém (x; y) 1a:
2.3 2 3
LhatLivlh e ite=th irmss mo il
av. -0 (Fi g (-Fi-F)
Chu 2 1) P a=2, pstk a1
o y Z

Tir gia thiét ta ¢c6 ab + be + ca = 1. Do do,
dang thirc can chimg minh tuwong duong voi:

a__. 2b 3¢ __Sbct4ca+3ab
1+a? 1+b*> 1+c* (a+b)b+c)c+a)
a 2b 3c
S @tb)a+c) Bro)bra) (cra)c+b)
_ 5Sbc+4ca+3ab
~ (a+b)(b+c)c+a)
< alb+ce)+2b(c+a)+3c(a+b)
=5bc+4ca+3ab

ludn dung. Vay dang thirc dugc chitng minh.

2)Patu=x+y,v=xy, PT di cho tr¢ thanh:
v+3

v24+1

Dox;y e Z nénu,ve Z',suyrav’ + 1 la ude

Viu+u=3+vu=

KHTN, PHQG HA NOI NAM HQC 2014 - 2015
: (Dé thi dang trén TH&TT 56 446, thang 8 nim 2014)

ciav+3 =1+ 1laudcciay’ -9 =V +1
14 woc cia v? +1 — 10 = v* + 1 1a u6c cua 10.
Lan luot xét cac udc nguyén duong cua 10 dé
x4c dinh v, u rbi tim nghiém nguyén duong
x, y tuong tmg, thir lai véi PT ban dau.
PT c6 ba nghiém nguyén duong (x; y) la:

(0; 3), (3; 0), (1; 1).
Cau3. 1) Ta co
AABF va F
AACE
ddng dang
do chung
lan lugt can B D ¢
tai F, E,va @:M/E=ﬁ?=@.
2) Goi G la giao diém cta BE va CF. Ta co:

GF _BF _AB _DB o il
—G—E_CE_AC—DC:>DG//BF. Mit khac,

DA // BF suyra 4, D, G thing hang, suy ra dpcm.

3) Ta eé: @=@=@=@Z’+@
— GAB + BAF = GAF suy ra AGOF 1 ti gic
noi tiép. Mit khac, é]% =GCE = @ nén
OGPF la ti gidc noi tiép. Suy ra dpecm.

Céu 4. Ap dung BDT Cauchy ta co:

a*b? +%q££2 +%cg >a’bc;

bc? + %bca2 +%ab > b%ca;

a* +%cab2 + ébc > c2ab.

Cong theo timg vé cta ba BDT trén, thay

ab + bc + ca = 1 vao va rut gon ta dugc:
%abc(a+b+ c)<a*b? +b*c? +cta? +%. @®
Ta c6 abc(a+ b+ ¢)=ab.ca+ bc.ab + ca.bc

1 it 4
<= 2 - =L L
_3(ab+bc+ca) 3:> 3 abc(a+b+c)< 9" 2)

Cong theo tung vé (1) va (2) ta c6 dpcm.

Dang thirc xay ra <:>a=b=c=—‘/3§.
) TOAN HOC
S§ 447 (9-2014) * CTuditye 5
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VONG 2
Céau 1. 1) V6i moi a # b ta c6:
el Tah
a+b a-b a?-b*
Do d6 ding thirc di cho twong duong voi
Yoo in2p +2( i L2y j

x—y_xZ——y2 i

x2 __y2 x4 _y4

y 2y8 8y
+4 —~ -+ = 4
[x“—y4 xg—ygj x8—y8

2 L
<:>x_y 4 & 5y =4x(dpcm).

u (x—y)2x+3y)=12
2) HPT da cho < {(x—y)(6+xy) 10
Suy ra (x — y)(2x + 3y) = (x = »)(6 + xp)
— x —y = 0 (loai) hodc 2x + 3y = 6 + xy.
Taco2x+3y=6+xy <= (x-3)y-2)=0.
DPén day ta nhanh chéng tim ra céc nghiém
(x; y) ctia HPT, d6 1a: (3; -1), (3; 2), (-4; 2).

Cau2. )Taco6x=22vay=2.
Suyra—dxy+1<-Tx+7y<4xy+ 1l *)
That vay: 4xy + 1 <-Tx+Ty & 1+ 7x <
4xy + Ty < 1 + Tx < y(4x + 7) 1a BDT ding,
do 1+ 7x <2(@x +7) <y(4x + 7). Tuong tu,
—7x + Ty <4xy + 1 ciing 12 BDT dung.
Tiép tyc bién dbi, ta c6 (*) twong duong véi
AP —dxy+ 1 <4y = Tx+ Ty <4y +dy + 1
& (2xy — 1P <4AP—Tx+Ty < Qxy + 1),
Mit khac, 4x%? — 7x + 7y 12 s6 chinh phuong
val<2xy—1<2xy+1nén
4’y —Tx+ Ty = (2xy)* & x =y (dpcm).
2)Tacc’>x3+y3+xy=x2+y2
< (x+y-D(x?-xy+y?)=0

x+y-1=0 x+y=1

[xz—xy+y2 =0<:>[x=y=0‘
o Véix=yp=0thi P=%;
e Véix+y=1thix;y € [0, 1], suy ra:
AV 24T o thite xdy ra khi v

< +

2+4J0 1+40

"y . 140  2+/01 .4
chikhix=1vay=0); P2——=+ =—
e L e i e
(d4ng thirc x4y ra khi va chi khix=0vay=1).

VAy Powx =4 Prin -;i

P

I

TOAN HOC |
* CluGilré S0 447 (9-2014)

Cau 3.

1) Ta c6 EAF
~EAD+DAF |
=EBD+BCF
=180°~BPC
=180° — EPF
4. FE P K
cung thudc mot L
duong tron. K
2) Tir két qua trén, suy ra LFC = BEA Laicé
LCF =LCB+BCF =0AB+EBC=0AB+DAE
= BAE. Suy ra AABE > ACLF (dpem).

3) AABE e» ACLF = AE LF = CF. .BE. Tuong tu,
ta ching minh dugc AF.KE = BE.CF. Suy ra

b LF _KE
AE.LF = AF.KE = y T AE:>EF//KL.

\

Tir 46: OLK = ALK — ALQ = AFE — 4BE
— APE — ABE = PA4B.

Tuong ty, @(\L=PE’.

Suy ra OKL + PAB = QLK + PAC (dpcm).

Ciu 4. Theo gia thiét, m tép con thugc day la
phéan biét. Vi 4 c6 31 phan tir nén s6 tap con
31.30
5
Ki hiu a; 12 s6 cac tap hop c6 ding k phan tir
(2 k<3l nam trong ddy da cho. Suy ra
m=a2+a3+...+a31.
Xét mot thp hop c6 k phdn tir thi s6 cdc
tap hop con c¢6 2 phan tir cua tap hop d6 1a
k(k -1) k(k 1)
ATy 2
tap con 2 phén tir. Theo gia thiét, 2 phan bét
ki cia 4 khong thé dong thoi thude 2 tap hop
cung co k phén tir cia déy, suy ra c4c tap hop
con 2 phén tir néi trén 1a phan biét. Tir d6:
k(k—1) 1

31.30
<z - - < _—
<= a <3130

=ay+taz+..+as 331.30.(513+3—%—2—+...+311'30)

—sm<5l .30.(1—l+l—1+...+L—-1—) — 900.
252 .3 30, 31

Vay m <900 (dpcm).

NGUYEN VU LUONG & PHAM VAN HUNG
(GV THPT Chuyén KHTN, PHQG Ha Nbi) gidi thi¢u

c6 dung 2 phan tir cua 4 13

suy ra a; tp nay s€ co ay.

ay.

https://tieulun.hopto.org



»

Chuan bi
====—1\ Cho ki thi

10t nghiép THPT
il va thivao
Dai hoc

a

Trong nhimg nim gin day, mdi dé thi Dai
hoc thudng ¢ mot vai ciu vé nghiém
cta phuong trinh (PT), bat phuong trinh (BPT),
hé phuong trinh; tim gia tri 16n nhat va nho
nhit ctia ham sb, ching minh bit dang thirc
(BDT), ... ma cong cu hiru hiéu dé giai chiing
la st dung tinh don diéu cuia ham s6 (HS).
Nhim gitip cac ban hoc sinh 1am tét phan nay,
bai viét xin gi6i thiéu mot sb dang toan trén
va phuong phap gidi chung.

I. KIEN THUC CAN NHO

Ki hiéu K 12 mot khoang hodc mot doan hodc
ntra khoang.

Pinh li. Gia st ham s6 y= f(x) c6 dao ham
trén K. Khi d6

« F'(x)20,VxeK va f'(x)=0 chi tai mot s6
hitu han didm cia K= f(x) ddng bién trén K.

«f'(x)<0,VxeK va f'(x)=0 chi tai mot sb
hiru han diém cua K= f(x) nghich bién trén K.

II. MOT SO DANG TOAN LIEN QUAN

1. Tim diéu kién ciia tham s6 dé ham s6 dong
bién hodic nghich bién trén mét mién cho truéc
D4 giai bai toan tim diéu kién cta tham s6 m dé
ham sb Vi Lix) déng bién hodc nghich bién
trén mot mién D nao do, ta thuong lam nhu sau:
« Tinh f'(x).

. Ap dung dinh li v& diéu kién da d¢é HS
don diéu.

« Bién d6i BPT f'(x)=0 (hodc f'(x)<0) vé
dang g(x) > h(m) hodc g(x)< h(m).

« Lap bang bién thién ctia HS g(x).

MOT SO DANG TOAN

\{ tinh don diéu clia ham s0

LE HO QUY
(GV THPT Lé Loi, Kon Tum)

o Tim mgx g(x); mDin g(x).
« Tir bang bién thién suy ra két qua bai toan.
% Thi du 1. Cho ham s6

y:—%)@ +mx? +(m—2)x~%

(m 1& tham s6 thuc). Tim m dé

a) Ham sé dong bién trén khoang (1, 3).

b) Ham s6 dong bién trén mét doan cé dé dai
khong nho hon 4.

Loi gigi. Tacd y'=—x2+2mx+m—2.

a) HS ddng bién trén (1; 3)

S y'=—x2+2mx+m-220,Vxe(l; 3)

&S 2x+Dm2x2+2,Vxe(l;3)

oSm> ;)Hj, Vx e(l; 3).

2
Xét HS g(x)= ;xﬁ

trén [1; 3].
2x2+2x-4
2x+1)?
Miat khac, d& thiy g(x) lién tuc trén [1; 3].

Do dé g(x) déng bién trén [L; 3].
Vay m2g(x), Vxe(l;3)

oSm> rnaxg(x) g3 = 17—1
b) Tam thitc y' c6 biét thirc A'=m? +m—2.
« Néu A'<0 thi y'<0,VxeR, HS luén
nghich bién trén R (loai trudng hop nay).
¢Néu A'>0< m<—-2 hodc m>1thi y'>0

Tacog'(x)= >0, Vx e(l; 3).

& x <x<x,, HS dong bién trén [x;; x,].
Dé HS ddng bién trén doan c6 d6 dai khong
nhé hon 4 thi |x,—x,|24 & (x,—x,)? 216

< (% +x,)?—4x.x, 216. (1

TOAN HOC
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Theo dinh li Viéte, ta co
x, +x, =2m; XX, =2-m.

Thay vao (1) va rit gon, ta dugc

m2+m—-6>0<m<-3 hoic m=2
(théa man PK). U
Luwu y. « Cho HS y=f(x) lién tuc trén tap D.
Khi d6 BPT f(x)<m nghiém ding voi moi
xeD <:>maxf(x)<m
« Khi gip bai toan tim diéu kién cta tham s6
dé HS y=ax®+bx?*+cx+d (a<0) ddng bién

trén mot doan c6 do dai 16n hon hoidc bang k
(khong nhé hon k) ta thuong lam nhu sau:

Tinh y'; khi d6 yéu ciu cta bai toan tuong

duong véi PT y'=0 co hai nghiém phan biét

x,,%, (A>0) thoa man \xl —xzt 2k
(-5l 2k < +x,)? —4xx, 2 k2.

Str dung dinh li Victe suy ra két qua.

* Thidu 2. Timm dé ham soé

y=—x3+3x2+mx+4

nghich bién trén khoang (0; + o).

Léi gidi. Taco y'=-3x*+0x+m.

HS nghich bién trén (0; +o0)

o y'=-3x2+6x+m <0, Vx &(0; +0)

—6x, Vx €(0; +0).

Xét HS g(x)=3x?

& m<3x?
—6x trén (0; +0).
Tacod g'(x)=6x—-6; g'(x)=0= x=1.
Béng bién thién

Tir bang bién thién, ta c6
m < g(x), Vx € (0; +0)
o m<mingx)=gl)=-3.U
(0;400)

TOAN HOC
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Luwu y. Cho HS y= f(x) lién tuc trén tap D.
Khi d6 BPT f(x)>m nghiém dung voi moi
xeD @mDinf(x)Zm.

% Thi du 3. Tim m dé ham s6 y= L

m=%
nghich bién trén khoang (=3; 1).
m?* —4
(m—x)*
HS nghich bién trén khoang (-3; 1)

m?—4<0
'<0,Vxe(-3D) <
< y'<0,Vxe (=31 {me(—3;l)

Loi gigi. Taco y'=

{_2<m<2 o1<m<2. Q

mS—3hoacle
Luwu y. Cho HS y—

ad —bc
(cx+d)*

. HS ddng bién trén (o P)
o y'>0,Vxe(o )

(c;tO ad—bc#0).

Tacod y'=

ad—bc>0 ad—bc>0
&= &
—ie(a; B) —QSOL hoac —QZB.
c G c

« HS nghich bién trén (a; B)
< y'<0, Vxe(a; B)

ad—bc<0
=

——e( B

ad—bc <0

—QSG hoac —EZB.
c ¢

2. Sir dung tinh don di¢u ciia ham s6 dé
giai phwong trinh, bit phuong trinh va hé
phwong trinh

a) Dbi véi cac bal toan vé nghlem cua PT,
BPT ma tham s doc 1ap voi 4n hozc bién a6i
PT, BPT, dit 4n phu dé duge didu d6 thi ta co
thé s dung tinh don diéu cua HS dé giai.
Luoc dd chung ciia phwong phéap nay nhu sau:
« Bién d6i PT (BPT) da cho vé mot trong cac
dang f(x)=g(m); f(x)2 g(m); f(x)<g(m).

« Tim tép x4c dinh D cta HS f(x).

https://tieulun.hopto.org



« Lap bang bién thién caa HS f(x).
o Tim mz})x F(x0); miglf(x).
» Tir bang bién thién, suy ra két qua bai toan.
% Thi du 4. Tim m dé phwong trinh
Yx2 +1 =[x =m c6 nghiém thuc.
Loi giai. PX: x>0.
Xét HS f(x)=4x2+1—/x trén [0; + ), ta co:

fim) sl Lonid
2417 24x
hm f(x)— lim (\4/x7+ ~Jx)

X—»+00

<0, Vx>0.

gt <m+&xm THE

Bang bién thién
x 0 +o0
f'(x) -

e s e I .

Theo bang bién thién, PT f(x)=m c6 nghiém
thuc trén [0; +0) < 0<m<1. O

Lweu y. Cho ham s6 y= f(x) lién tuc trén tap
D. Khi d6:
Phuong trinh f(x)=m cé nghiém x e D

= mDin FlE)<m= mglx yiGo

*Thi du 5. Tim m dé bat phuong trinh
m(Nx? =2x+2 + 1)+ x(2-x)<0 co nghiém
x €[0; 1++/3].

Loi gidgi. Dat t =+x*-2x+2.

Ta o pevenebapy Magipacs

JI2—2x 4D
Béng bién thién
x. 10 1 1443

t' — Osrlit:

Doddé 1<¢<2. Suyra >=x2-2x+2
= x(2—x)=—(¢* -2). Khi d6 BPT di cho tr&

-2 @)

t+1°
frémy “[1:°:2].% “Fa* c6

thanh m(t+1)—- (2 -2)<0 & m<

’ W
Xét HS f()= S

fn= A Vi >0, Vre[l; 2] = f(t) dong
(r+1)?
bién trén [1;2]. BPT d& cho cé nghiém

x€[0;1++/3] < BPT (2) ¢6 nghiém ¢ e[1; 2]
oSm< r[r]12221§<f(t):f(2)=—§‘. a
Luwu y. - Trong bai tqén giai Vf‘i bién luan PT
(BPT) c6 chira tham so, khi dat an phu = g(x)
thi ta phai tim diéu kién ciia 4n phu d6 bing
cach tim tap gia tri cua HS g(x).
« Cho HSy = f(x) lién tuc trén tdp D. Khi do:
- BPT f(x)2m c6é nghiémxe D

& mlz)ix fx)=m.
- BPT f(x)<m cé nghiémxe D

& mgn f(x)<m.

f)=f()

8(x,y)=0

Ta c6 thé tim 15 giai theo hai hudng sau:

Huomg 1. Bién d6i PT tht nhét vé dang
f(x)=f(»=0,

sau d6 tim cach dua vé PT tich.

Huéng 2. Xét ham sb z=f(r) (thuong la

ham sb lién tuc trén tap xac dinh ctia no).

- Néu ham s6 z= f(r) don diéu thi tir PT thu

nhat ta suy ra x=y. Luc d6 bai toan quy vé

b) Khi gap hé PT dang {

giai hodc bién luan PT thit hai theo 4n .

-Néuham sb z= f(t) cOmdt cuc tri tai r=¢,

thi né thay d6i chiéu bién thién mot 1an khi

qua #,. Tir PT thir nhat suy ra x=y hodc x,y

nim vé hai phia cia 1,.

% Thi du 6. (Khéi A - 2013) Gidi hé phuong
s A Tt =

i \/.x+l+«/)a 1 \/y - y
2426y~ 1)+ > —hy+1=0.

. TOAN HOC
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Loi giagi. PK: x21.
PT thir hai ctia hé twong duong véi
(x+y-1)? =4y = y=20. 3)
Vi DK(3), PT thir nhét ctia hé tuong duong voi
S +4x 1= "+ D+1+40A +D-1. (4)
X6t HS F(t)=i+1+t—1 trén [1;+0), ta co:
X 1 1

=571 F ey
= f(t) dong bién trén [1; +0).
Te @) taco f(x)=fOy*+) e x=y"+1.
Thay vao (3), ta dugc
Ot +yR =4y &y +2y* +y-4H =0.

>0, Vt>1

«V6i y=0, tacod x=1.

V61 y? +2y* +y=4. (5)
xét HS g(y)=y7 +2y*+y trén [0; +0), ta co
g'(») =Tyt +8y* +1>0,Vy>0 = g(») dong
bién trén [0; +0). Mit khéc, g(1) =4 nén PT(5)
c6 nghiém duy nhit y=1 = x=2. Vay HPT
d3 cho c6 hai nghiém (x; y) 1a (1;0) va (2: 1.
Lwu y. Cho HSy = f(x) don digu va lién tuc
trén tap D. Khi do:

. Néu PT f(x)=m (m 1a hing s6) c6 nghiém
trén D thi PT d6 c6 nghiém duy nhét trén D.
cfw)=fv)cu=v, Vu,veD.

3. Sir dung tinh don di¢u ciia ham sb dé
chirng minh bAt ding thirc

Pé st dung phuong phap nay, didu quan trong
1a tuong Gng v6i modi BPT can ching minh, ta
cAn x4y dung mot HS, roi nghién ctu tinh don
diéu cta nd trén cac doan thich hop.

% Thi du 7. Cho cdc s6 thiee duong x,y,z

: : 3
thoa man diéu kién x+y+z éi. Chitng minh
1ior neai 24
mnq —t—F—txtytzz—.
Xy yz oz 2
Loi gidgi. Goi P 13 vé trai cta BDT can chimg
minh. Ap dung BDT Cauchy, ta c6

’?’ e
> =3 xVyz.
~ 3(xyz)? +Hfxy

TOAN HOC
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A 48
bit ¢t =3/xyz , ta co: O<t££+§ do

<

Do —

:i>te(0;-1—1 va P2—3;+3t.
2| 7z

XétHS f(r) :%'f" o1, ViE (O; %} Taco

fi(=3-8<3-622<0, Vre(o; ﬂ

Suy ra f(¢) nghich bién trén [G; %‘l
B
Do 36, voimoi t € (O; %} ta co:

/
fO=g+3zf| 1] =3

Do d6 Pz %7— Déng thic xay ra khi va chi

1

—2—.D

khi x=y=z=

BAI TAP
1. (Khdi A - 2013) Tim m dé ham so6
y=-x3+3x2+3mx—1
nghich bién trén khoang (0; + ).

2. Tim m dé phuong trinh sau c6 nghiém:

m(Jx—2 +247—4)—Jx+2 =242 -4.

3. Tim m dé bét phuong trinh sau c6 nghiém

vO1 moi x: m2x2+9 <x+m.

4. (Khdi A - 2010) Giai hé phuong trinh

{ (432 +Dx+(y-3)5-2y =0
|4x2 +y2 +2J3-4x =T

5. Cho ba sb thuc duong a,b,c thoéa mén
diéu kién a3 +b* =¢3. Chimg minh rang:
a2 +b*—c? >6(c—a)c->b).

6. (Khdi A - 2011) Cho x,y,z la ba sb thuc
thudc doan [1;4] va x2y, x>z Tim gia tri
nho nhét cta biéu thirc

X v z

= - .
2x+3y y+z z+x

https://tieulun.hopto.org
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rong giang day, viéc phat huy tinh tich
Tcuc cua hoc sinh la diéu quan trong nhét
ctia ndi dung d6i méi phuong phap. Pé lam
duge didu nay mdi gi4o vién ching ta can dau
tu thoi gian, ludn tim toi va phat hién nhiing
vAn d& méi la tir d6 huéng hoc sinh dén véi
chén troi rong mo cua Toédn hoc, khot day long
dam mé Toan hoc & cac em. Trong qua trinh
day hoc t6i thay co nhing bai tdp nhin qua
thay rat don gian, nhung néu chung ta chiu
khé tim hiéu thi s& kham phé dugc nhiéu diéu
th vi tir nhimg bai toan do. Trong bai viét nay
t6i xin trao doi cung dong nghiép vé hai bai
toan bat ding thirc (BPT) trong Sach Gido
khoa (SGK) 16p 10 chuong trinh Nang cao.

I. HAI BAI TOAN GOC

Bai 6 (trang 110, SGK Todn 10 ndng cao).
Chiing minh rang néu a >0 va b >0 thi
a’ + b > ab(a + b).
Loi giai
That vay, BDT trén trong duong véi
(a+ b)(a* —2ab+b*) =0
< (a + b)(a — b)* > 0 1a BDT dung, dang
thirc xay ra khi va chi khi a = b.

Bai 7b (trang 110, SGK Todn 10 nang cao).

Chitng minh rang voi hai so thuc a, b tiy y

tacéa+b*2a’b+ab’.

(Chirng minh tuong ty Bai 6)

I1. CAC HUOGNG KHAI THAC
1. Huéng khai thac tong quat hoa

Theo hudng nay, ta c6 thé tong quat Bai 6 va
Bai 7b nhu sau:

Bai 6.1. Chimg minh rang néu a=0va b >0
’ 4 L 2 % ek
thi @'+ b "' > @b + ab™ véi n 1a 0

nguyén diong.

Loi giai

That vay BDT trén tuong duong v6i

(@ — b*")(a - b) = 0, 1a BDT diing, dang thirc
xay ra khi va chi khi a = b.

Bai 7.1. Chimg minh rang véi hai sé thuc a, b
fiy ¥, ta cé a® + b 2" 'b+ ab”" !
1o 56 nguyén diong.

(Chirng minh twong tu Bai 6.1)

VOi n

Tir két qua trén, t6i luu y hoc sinh khi gidi mot
bai toan c6 thé chi ¥ dén cac truong hop riéng
hodc kha ning téng quat hoa bai toan d6.
2. Hwong khai thac mire do ning cao
Véia>0,b>0,¢c>0,th Bai 6 ta co
2 2 2 2 2 2
B s s Ly TS
b a & o Cgripl
Cong theo timg vé ctia cac BDT niy ta e
xuat duoc bai toan sau.
Bai 6.2. Cho a, b, ¢ la ba 56 duong.
Chimg minh rdng
2 2 22 2 2 2
a+c? | ¢ +b _+_b +a
b a é

Tiép tuc bién doi, ta cod

>2(a+b+c).

azzcz+czzb2+bzza222(a+b+c)
@az(l+l)+b2(l+l)+c2(l+l)z
¥ ¢ c @ asb
2(a+b+c)

I AN el i N S Y S |
bc ca ab

TOAN HOC
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Véia+b+c=1,BDT trén twong duong voi

gitlcaodnd Lo boesy
¢ ca ab

& ad(l-a)+b3(1-b)+c3(1-c) 2 2abc.

Ta tiép tuc @& xuét duge bai toan sau.

Bai 6.3. Cho a, b, ¢ la cdc s6 dwong théa man

a+ b+ c = 1. Chimg minh rang S+b+c >

a*+ b*+ ' + 2abc.

bit a =¥x, b= %/jv_, ¢ =3z, talai c6 thém bai

toan sau.

Bai 6.4. Cho x, y, z la ba sé dwong théa man

S {/} +3z =1. Tim gid tri ln nhat ciia biéu

X”'—X

+2\f-+ﬁ - =y

thire P =
VX

[

y2— z
+ ' A
{/y‘2+23\/;+§/;+i/; %/:7—3+2-3/E+i/?+§/y

+23xyz.

Néu coi a, b, ¢ 12 d0 dai ba canh cua mot
tam giac thi tir Bai 6.2, két hop v6i dinh 1i sin
ta c6 bai toan sau.

Bai 6.5. Cho tam gidc ABC. Chiing minh rang
sin? 4+sin? B sin® B+sin?C | sin? C +sin* 4
sinC sin 4 sinB

> 2(sind + sinB + sinC).

Dén day, néu ap dung cong thirc

sin’a = 1 - cos’a
thi ta lai duoc bai toan sau.
Bai 6.6. Cho tam gidc ABC. Chitng minh rang

1 1 1
. >
Z(SinA+sinB smC) 2(sm 4+smB+smC)

,.cos’ 2 4+cos? B | cos? B+cos~C cos? C+cos? A4
I .
sinC sin A sinB

Bay gio, xuét phat tir Bai 7.1 v6in = 1, ta c6
BDT quen thudc &+ b*>2ab,véimoia,b € R.

TOAN HOC
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e V&in =2 tacbd Bai 7.b: Véi moi a, b € R
tacéd +b*=db+ab. (*)
Néu thay gia thiét bdi a = 0, b 0 thi

(*)Qa 4+ bt S

+b?
b* +c* ct+at

Tuong tu: >bc >ac.
gl b2 +c? > e +a?

Cong theo tung vé cac BPT nay, ta co bai
toan sau.

Bai 7.2. Cho a, b, ¢ la cdc s thuc khdc khong.
a4l . Ped  F+ral

A ~ 9
@+ b+t ct+a’

Chimg minh rdng

>ab+.be+ea.

o Véin=3tacoBDT: a® + b’ > a’b +ab’ (**)
véi moi @, b € R. Tuong tu nhu trén, ta co
bai toan sau.

Bai 7.3. Cho a, b, c la cac 56 thuc khac khéng.

+b5  BE+cS  S+at
AL P+t t+at

; g o
Chirng minh rang -

ab+ bc + ca.

Tong quat Bai 7.2 va Bai 7.3 ta dugc bai toan

sau.

Bai 7.4. Cho a, b, ¢ la cdc s6 thuc khdc khong.

Chung minh ring

aln-l +b:n+2 . b?_n+2 +C2n+2 ’rw" +a2n+7 >
a*" + b S 2+ an

ab + bc + ca, vdi n nguyén duong.

Viéc cung véi hoc sinh khai thac, mé rong,
phat trién c4c bai toan co ban cia SGK trong
qua trinh giang day mon Toan trong truong
THPT, dic biét 1a cac 16p chuyén Toan da
thiic ddy manh m& sy tim toi kham pha cua
cac em. Rt mong céc ddng nghiép bd sung
thém nhitng két qua méi, nhimg van dé moi
dé chung ta cing nhau trao dbi, hoc hoi.
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[ KHAI THAC BAI TOAN HiNH HOC |
TRONG KI THI IMO 2074

TRAN QUANG HUNG
(GV THPT chuyén KHTN, BHQG Ha Noi)

Ki thi IMO nam 2014, ngay thir 2 c6 bai toan
hinh hoc nhu sau:

Bai toan 1. Cho tam gidc ABC c6 BAC la
goc lon nhat. Cac diém P, Q thuoc canh BC
sao cho Q/A\B = EEJ\A va 647’ = A/B% Goi M,
N lan luot la cde diém doi ximg ciia A qua P,
Q. Chirng minh rc%ng BN va CM cdt nhau trén
duwong tron ngoagi tiép tam gidc ABC.

Loi gigi (h.1)

o
P
B
Q C
R
M N
Hinh 1
Goi R 14 giao diém cua BN va CM. Ta thiy
RABC &> APAC o> ROBA 0 d6 BC = £4
QA PC
QB _PM
ON = PC Mit khac MPC = NQB nén

AMPC o> ABON = BNQ = PCM = tit gi4c
OCNR ni tiép = CRN = CON = BAC.
Vay tir gidc ABRC ndi tiép (dpcm).

Nhdn xét. Bai toan thir 4 cua ngay thir 2 nay
14 mot bai toan khong kho va c6 nhiéu 16i giai.

Céch giai trén c6 thé coi 1a cach giai ngin gon
nhat tiép can bai toan nay, khong nhiing thé
né con md ra nhidu hudng téng quat khac nhau.
Trong bai viét nay toi xin gii thiéu mot vai
hudng tong quat khac nhau cho bai toén trén.

Trong bai toan, d& thdy tam gidc 4PQ cén.
Viéc 1y dbi xtmg 4 qua P, Q dugc M, N
thuc chét c6 thé hiéu 1a PM.ON = AP.AQ =
AP? = AQ". Day la diém méu chdt quan trong.

Chuing ta ciing tim hiéu mé rong dau tién.

Bai todn 2. Cho tam gidc ABC c6 BAC la
gbe 1om nhat. Cac diém P, Q thugc canh BC
sao cho Q/A\B = BCA va CAP = ABC. Goi M,
N lan luot la cde diém thuée tia doi cia cdc
tia PA, QA sao cho PM.OQN = AP.AQ. Chumng
minh rang BN va CM cdt nhau trén duong
tron ngoai fié}) tam giac ABC.

Nhgn xét. Day 1a mot mé rong don gidn va cé
101 giai hoan toan twong ty nhu bai toan trén.
Dé tiép tuc mé rong, ta d y dén cac gia thiét
PAB=BCA vi C@: ABC. Thuc chét cac
gia thiét nay cho thay duong tron (4PB) tiép xuc
v&i AC va duong tron (AQC) tiép xuc véi 4B.
Tiép diém c6 thé thay thé bang giao diém. Sau
day 1a mot hudng khai thac cho y tudong nay.

Bai toan 3. Cho tam gidc ABC c6 cdc diém P, Q
thuéc canh BC sao cho AP = AQ. Duong tron
ngoai tiép tam gidc APB cdt CA tai E khdc A.
Durong tron ngodi tiép tam gidc AQC cdt AB tai
F khac A. chy cdc diém M, N lan luot thudc
tia doi cua cdc tia PE, QF sao cho PM.QN =
PE.QF. Chitng minh rang BN va CM cdt
nhau trén duong tron ngoai tiép tam gidc ABC.

TOAN HOC
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Lai gidi (h.2)

Hinh 2 N

Ta nhan thiy AABC v» APEC o> AQBF, do d6
két horp voi gla thiét PM.ON = PE. QF OB.PC

va MPC = NQB (cing bu voi BAC ) suy ra
AMPC > ABON = BNQ:PCM = tir giac
OCNR nbi tiép = CRN = CON = BAC.

Vay tir gidc ABRC ndi tiép (dpem).

Nhdn xét. Khi goc ¢ day cua tam giac can APQ
bing BAC, ta c6 Bai toan 2. Doan sau 11
giai hoan toan tuong tu. Ta s€ c6 mot mo
rong y nghia hon nhu sau.

Bai toan 4. Cho tam gide ABC c6 cdc diém P,
O thuéc canh BC sao cho AP = AQ. Duong
tron ngoai tiép tam gidc APB cat CA tai E
khdc A. Duong tron ngoaz tiép tam giac AQC
cdt AB tai F khac A. Ly céc diém M, N lan
luot thudc tia déi ciia cdc tia PA, QA sao cho
PM.ON = PE.QF. Ching minh rdang giao
diem cua BN va CM Iluén nam trén mot
duong tron co dinh khi M, N di chuyen

Loi gidi (h.3)

Goi R 1a giao diém cta BN va CM. Ta thy
AEB=APB=AQC=AFC suy ra BEC=BFC
nén ti gidc BCEF ndi tiép duong tron (K) ch

TOAN HOC
14 ¢ uditreé S8 447 (9-2014)

N

Hinh 3
dinh. Ta s& chimg minh BM va CN cit nhau
trén (K). That véy, ta thdy AABC «» APEC <>
AQBF, do d6 két hop gid thiét PM.ON = PE.OF
= OB.PC (vi ABQF «» AEPC) vd AAPQ can
suy ra MPC = NOB. Tir 46 AMPC «> ABON
_, BNO=PCM = tit gidc QCNR ndi tiep
. CRN = CON =180° —~CQA =180° ~CFA
_ BFC. Tir d6 tir giac BFCR ndi tiép nén R
thudc dudng tron (K) (dpem).
Nhgn xét. Khi géc ¢ day cia A4PQ bang
BAC ta cling dugc Bai todn 2. Phén sau cua
161 giai co khac Bai todn 3 mot chut, tuy nhién
y nghta van khong d6i. Trén mo hinh cua bai
toan goc va céc bai toAn m¢ rong con ¢o nhiéu
hudng khai thac dang cha y sau day, coi nhu
bai tap luyén tip, cic ban hay tr giai nhé!
Bai tofn 5. Cho tam gide ABC c6 BAC 1a goc
I6m nhét. Cdc diém P, Q thugc canh BC sao
cho Q/A\BzB/CT‘X va EA\P:XB\C Goi M, N
lan luot la cdc diém thudc tia déi ciia cac tia
PA, QA sao cho PM.ON = AP. AQ.

a) Chirng minh rang BN va CM cat nhau tai
diém R trén duong tron (O) ngoai tiép AMABC.

https://tieulun.hopto.org
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b) Puong tron ngoai tiép ARMN cit (O) tai X
khdc R. Chitng minh RX luén di qua mot diém
¢ dinh khi M, N di chuyén.

¢) Duong tron ngoai tiép ARBP va ARCQ cdt
nhau tai Y khdc R. Chirng minh rdang RY luén
di qua mot diém cé dinh khi R di chuyén.

d) Goi Z la giao diém ciia BM va CN. Chimg
minh rang XZ luén di qua mot diém co dinh
khi M, N di chuyén.

Bai todn 6. Cho tam gidc ABC c6 cdc diém P, Q
thuéc canh BC sao cho AP = AQ. Puong tron
ngoai tiép AAPB cat CA tai E khdc A. Duong
tron ngoai tiép AAQC cdt AB tai F khdc A.
Lci;y cac diém M, N lan lwot thudc tia doi cuia
cdc tia PE, QF sao cho PM.ON = PE.QF.

a) Chirng minh rang BN va CM cdt nhau tai
diém R trén duong tron (O) ngogi tiép AABC.
b) Goi K la tam dirong tron ngoai tiép ARMN.
Chimg minh rang AK 1 BC.

Bai toan 7. Cho tam gidc ABC ¢é éde diém P,
O thuéc canh BC sao cho AP = AQ. Duong
tron ngoai tiép AAPB cit CA tai E khdc A.
Duong tron ngoai tiep AAQC cdt AB tai F
khdc A. Ldy cdc diém M, N thudc tia doi tia
PE, QF sao cho PM.ON = PE.QF.

a) Chimg minh rang BN va CM cdt nhau tai
diém R thudc dieomg tron (O) ngoai tiép AABC.
b) Puong tron ngoai tiép ARMN cdt (O) tai X
khdc R. Ching minh rang RX luén di qua mét
diém cé dinh khi M, N di chuyén.

¢) Duong tron ngoai tiép ARBP va ARCQ cat
nhau tai Y khdc R. Chimg minh ring RY luén
di qua mot diém cé dinh khi M, N di chuyén.

Bai toan 8. Cho tam gidc ABC c6 cdc diém P, O
thuéc canh BC sao cho AP = AQ. Duong tron
ngodqi tiép AAPB cat CA tai E khdc A. Puong
tron ngoai tiép AAQC cdt AB tai F khdc A.
Ld’y cde diém M, N lan lwot thudc tia déi ciia
cdc tia PA, QA sao cho PM.ON = PE.QF.

a) Chimg minh rang BN va CM luén cdt nhau
tai diém R thudc mét duong tron (K) c6 dinh
khi M, N di chuyén.

b) Goi L la tam duong tron ngogi tiép ARMN.
Chimg minh rang AL 1 BC.

Bai todn 9. Cho tam gidc ABC c6 cdc diém P, Q
thuée canh BC sao cho AP = AQ. Duong tron
ngoai tiép AAPB cdt CA tai E khdc A. Puong
tron ngodi tiép AAQC cat AB tai F khdc A.
Ldy cdc diém M, N lén lwot thudc tia doi ciia
cdc tia PA, QA sao cho PM.QN = PE.QF.

a) Chumg minh rang BN va CM ludn cdt nhau
tai diém R thuéc mot dwong tron (K) c6 dinh
khi M, N di chuyén.

b) Pucng tron ngoai tiép ARMN cdt (K) tai X
khdc R. Chimg minh RX luén di qua mot diém
c6 dinh khi M, N di chttyén.

¢) Duong tron ngoai tiép ARBP va ARCQ cat
nhau tai Y khdc R. Chitng minh rang RY luén
di qua mot diém cé dinh khi M, N di chuyén.
Ban ndo quen v&i phép nghich dao c6 thé giai
thém bai todn sau.

Bai toan 10. Cho tam gidc ABC ngi tiép
duong tron (O). Cdc diém P, Q thudc cung
BC khong chira A sao cho AP = AQ; PB, QC
lan leot cit CA, AB tai E, F. Ldy cdc diém M,
N thugc tia doi cua cac tia PA, AQ sao cho
PM QN AM AN
PE QF  AE AF’
AACM va AABN cdt nhau tai R khdc A.
Chimg minh rdang R Iuén thuéc mot duong
tron cé dinh khi M, N di chuyén.

Duong tron ngoai tié:D

Loi két. Bai toan IMO nay tuy 1a mét bai toan
khong kho, tuy nhién vé dep va tinh goi md cua
n6 13 khong thé phil nhan. N6 hoan toan xing
dang 13 mot bai thi IMO. Bén canh bai toan goc,
bai toAn m& rong con rat nhidu y dé khai thac
mo hinh va phét trién thém ma trong mot bai viét
khong thé liét ké hét. Xin danh cho ban doc.

TOAN HOC
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CAC LOP THCS

Bai T1/447 (L6p 6).
Giai phuong trinh nghiém nguyén:
l+x+x*+x° =y2.

TRAN MINH HIEN
(GV THPT chuyén Quang Trung, Binh Phudc)

Bai T2/447 (Lép 7).
Cho x, y, z 1a ba s6 nguyén dwong nguyén té
cliing nhau va théa mén (x — z)(y — z) = 2%
Chimg minh rang tich xyz 1a s6 chinh phuong.
NGUYEN KHANH NGUYEN
(GV THCS Héng Bang, TP Hai Phong)
Bai T3/447. Giai phuong trinh:
1 1 1 1
+ = + 1
V3x  Ox-3 5x-1 7x-2
BUI HAI QUANG
(GV THCS Van Lang, TP Viét Tri, Phu Tho)
Bai T4/447. Cho duong tron (O; R), mot day
AB cach O mét khoang d (0 < d < R). Hai
dudng tron (/), (K) tiép xtic ngoai nhau tai C,
clng tiép xtc voi AB va tiép xuc trong voi
dudng tron (O) (I va K cung nim trén mot
nira mat phing bo AB). Khi hai duong tron (1)
va (K) thay déi, tim quy tich cac diém C.

TRAN XUAN UY
(Nam Dinh)

Bai T5/447. Tim tat ca cic sé nguyén duong
a, b sao cho cac phuong trinh x* — 2ax — 3= 0;
x* — 2bx — 3a = 0 déu c6 nghiém nguyén duong.

NGUYEN NGOC HAN
(Ha Noi)

TOAN HOC |
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CAC LOP THPT

Bai T6/447. Tim céac sb thuc dwong x, y, z
théa man h¢ phuong trinh:
1 " 1 " L. g
x+l v+l z+1 :
xyz(x+y+2)(x+D(y+1)(z+1)=1296
_ CAO MINH QUANG
(GV THPT chuyén Nguyén Binh Khiém, Vinh Long)
Bai T7/447. Cho tir dién ABCD véi d¢ dai cac
canh AB=BD=DC=x,BC=CA=A4D =y.

Chimg minh rang; % iy %
y
NGUYEN VAN THIEN

(GV THPT Tdn Phit, Pong Nai)
Bai T8/447. Tim gi4 tri 16n nhat cua biéu thic
P =|(a® - B)(b* - &*)(c* - )|, trong d6 a, b, c
1a cac s khong 4m théa mén a + b + ¢ = /5.

LE XUAN DAI
(GV THPT chuyén Vinh Phiic)

TIEN TGI OLYMPIC TOAN

Bai T9/447. Giai phuong trinh:
X+ ad + b+ 2ax +4 =0,
biét ring 9(a* + b*) = 16.
_ LE BA HOANG
(Phong GD-DT Hong Linh, Ha Tinh)
Bai T10/447. Tim tit ca cac cip s6 nguyén
duong (a; b) thoa man 4a + 1 va 4b — 1 nguyén
t6 cing nhau va a + b 13 wdc ctia 16ab + 1.
PAO HUY TRUONG
(GV THCS Lép Thach, Vinh Phiic)
Bai T11/447. Cho hai day sé:
a=0,a,=16,a;=18, a,+>,=8a,+ 6a,_ va
b1=3,b,=19,b3=69, b, +2=3b,+1+ 5b,—
b,_1, n = 2. Chimg minh rang;
b =Cg +ta  +.+0a~+3E7%
a =Ch Co., +0Ds— 3 (0 Ch
Sl B
DAM VAN NHI
(GV THPT chuyén DHSP Ha Noi)
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Bai T12/447. Cho tam giac ABC va dudng tron
tam O ngoai tiép tam giac. Céc diém 4., B;, C,
theo thtr tu thudc cac doan BC, CA, AB. Cac
duong tron (4B,Cy), (BC14,1), (CA1B1) theo
thir tu cét (O) tai 4,, By, Co. Tim vi trf clia cac

S
diém A4,, By, C; sao cho “4BG pho nhét.

A,)B,C,

NGUYEN MINH HA
(GV THPT chuyén DHSP Ha Noi)

CAC PE VAT Li

Bai 1.1/447. Mot thAu kinh mong hai mat 16i
¢6 ban kinh bang nhau. Khoang cach gitra hai
tiéu diém chinh khi dat thiu kinh trong khong
khi va dat trong nudc lan luot 1a 2 va 25.
Cho chiét suét tuyét ddi ctia khong khi bang 1,
chiét suét tuyét dbi cia nude bang n,,.

5 \/‘9’x‘:3’ J5x T \f7x 7

1) Tim chiét sudt tuyét dbi ctia chét lam théu kinh.

2) it thau kinh ngép mot nira trong nudc sao
cho truc chinh vuong goéc vé1 mat phang phan
cach gifta nudc va khoéng khi. Tim khoang
cach giita hai tiéu diém chinh.
NGUYEN XUAN QUANG
(GV THPT chuyén Ha N¢i - Amsterdam)
Bai 1.2/447. Dién ning dugc truyén tir noi
phat dién dén mot khu dan cu bang dudng
day mot pha v6i hidu suat truyén tai 1a 90%.
Coi hao phi dién ning chi do téa nhiét trén
duong day va khong vuot qua 20%. Néu cong
suit sir dung dién cta khu dén cu nay tang
20% va giit nguyén dién 4p & noi phat dién
thi hiéu suét truyén tai dién nang trén chinh
duodng day khi do la bao nhiéu?

PINH THAI QUYNH
(Ha Ngi)

. Fmd all positive mtegers a and b~
at both equatlons x) 2ax 3h = 0 d

‘ ﬁ‘;T61447. Fmd 4
satisfying the

TOﬁN HOC
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Bai T1/443 (Lép 6). Cho 21 56 nguyén doi mot
khéc nhau théa man diéu kién tong cua 11 s6
tiy ¥ trong ching ludn Ién hon téng ciia 10 56
con lai. Biét trong 21 $6 ney c6 mot $6 bang 101
v $6 I6n nhdt bang 2014. Tim 19 s6 con lai.
Loi giai

Goi 21 sb nguyén do 1a ai, as, ..., a0, a2
va gid suring a; < a; < a3 < ... < ay < ay thi
ay, = 2014. Theo gia thiét ta co:

T T 12 ) i o R N 7 7 i £ S Vi PO (2
nén a,> (an—a) + (a3 —asz) + ... + (@ —an).
Mdi hiéu sb & vé phai bat dang thirc khong
nhé hon 10 va c6 10 hiéu s6 nén a; > 100,
suy ra a; > 101.

Vi a; 12 s6 nguyén nho nhét nén a; = 101 va
100 > (a1 — a2) + (a3 % a3)‘+ ... + (a1 — an),
suy ra 10 hiéu s0 nay déu bang 10.

Do d6 aj1=ay —10=2014 — 10 = 2004.

Tir ay = 2004 dén ay = 2014 ¢6 11 s6 khac
nhau nén day ) dlz, ai ,..., axy la day cac sb
nguyén lién tiép a1, = 2005, a;3 = 2006, ...,
ao=2013, suy ra a,= a;, —10=2005 -10 =
1995, a3 = a;3 — 10 = 2006 — 10 = 1996, ...,
aw = ax— 10=2013 -10 = 2003.

Vay 19 sb phai tim 1a cac s6 nguyén lién tiép
tir 1995 @én2013. O
» Nhén xét
Cic ban sau c6 10i gidi ding va gon: Ngh¢ An:
Nguyén Binh Tudn, Thdi Bd Bao, 6C, THCS Ly
Nhat Quang, D6 Luong.

VIET HAI
Bai T2/443 (Lop 7). Cho tam gidc ABC co
BAC = 40° va ABC = 60°. Hai diém D va E lan
lwot thuoc canh AC va AB sao cho C/’l—?T) = 40°
vé BCE =170°. Goi F la giao diém ciia BD va
CE. Chitng minh rang AF vudng géc véi BC.

Lévi gidi
;. A

20°
B G I

_]/E/‘\

K¢ tia phan gidc ctia CBD, cit AC tai M, ta ¢
ABD = DBM = MBC =20°. Tam gi4c BMC c6
MBC = 20°, MCB =80° = BMC =80° nén
BMC 14 tam giéc can tai Bva BM=BC. (1)
Tam giéc BFC c6 FBC = 40°, BCF = 70°
— BFC =70° nén BFC la tam gidc cn tai B
va BF = BC. 2)
Tu (1) va (2) suy ra BF = BM. 3)
Trén tia BC lay diém I sao cho BI = B4, ta c6
ABI 13 tam giac déu. Xét hai tam gidc BMA va
BFI, c6 BI = BA (cach dung), BF = BM (theo

TOAN HOC |
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(3)), MBA = FBI = 40° suy ra hai tam giéc nay
bang nhau (c.g.c). Suy ra FI = MA. Ta lai ¢6
AMBA cin tai M (do MBA = MAB = 40°) nén
MA = MB, ma MB = FB suy ra FB = FI. Két
hop véi AB = Al ta c6 AF 1a dudng trung tryc
cua BI. Vay AF | Bl hay AF L BC (dpcm). O
> Nhan xét
1. Bai toan twong dbi d& va cé nhidu cach giai. Co
thé 14y diém K ddi xtmg voi F qua 4B, bang phuong
phép phan chimg ta chimg minh duge KAF = 60°,
= BAF =30°, kbt hop v6i ABC =60° ta cé dpem.
2. Céc ban sau ddy c6 101 giai ngén gon:
Phit Tho: Hoang Lé Céng Khéi, 7B, THCS Thanh Ha,
Thanh Ba; Hai Phong: Phung Quang Minh, TAl,
THCS Hong Bang; Thanh Héa: Kiéu Xudn Bdch,
7A, THCS Lé Httu Lap, Hau Loc; Nghé An: Tang
Trung Nghia, 6A, THCS Hoa Hiéu 11, TX Thai Hoa,
Nguye:n Trong Bﬁng, 7A2, THCS TT Quan Hanh,
Nghi Ldc, Nguye:n Dinh Tuén, 6C, Tang Van
Minh Hung, 7A, THCS Ly Nhat Quang, D6 Luong;
Ha Tinh: Nguyén Pinh Nhdt, 7A, THCS TT Cam
Xuyén; Quéng Ngii: V5 Thi Hong Kiéu, 7A, THCS
Nghia My, Tu Nghia, P Thi My Lan, Trwong Thi
Mai Tram, Phan Kiéu Trinh, 7A, THCS Pham Vin
Dong, Nghia Hanh.

NGUYEN XUAN BINH

Bai T3/443. Giai hé phwong trinh
22x -y =1 ()
s+ =(x+fy-1) @

Loi gidi

Diéu kién: x>0, y > 0.

Véimoia>0,b >0 dé ding ching minh BDT

NG s e S

%/Z D

déang thirc xay ra khi va chi khi a = b.
Ap dung BDT trén d6i véi vé trai caa PT(2)

taquge sl + )° = 2’;/% Y, (*)
A8 T |
Ta lai ¢ 2(\/,;—-2») 4 (\[)7_-1) +§ >0
& 2x+y > 2(Mx+y -1). (%)

Twr (*) va (**) suy ra:

A& ) > 2(E+ {7 -1)
= B+ y >R (Vx+y-1).
Do d6 PT(2) v6 nghiém.

Véy HPT da cho v6 nghiém. O

» Nhin xét
1. Mot s6 ban dua ra nhiing cach giai khac, st dung
ca PT(1).
2. Cac ban c6 101 gidi ding:
Quing Nam: Lé Phude Binh, 9/1, THCS Kim Dong,
TP. Hoi An; Hung Yén: Pham Tién Dudt, 9A,
THCS Binh Minh, Kho4i Chau; Phii Tho: Nguyén
Tién Long, 8A1, THCS Lam Thao; Binh Binh:
Nguyén Bao Trdn, TA, THCS Tay Vinh, Tdy Som;
Ha Tinh: Lé Thi Thu Uyén, Tran Thi Tuong Vy,
Nguyén Lé Giang, 9B, THCS Hoang Xudn Hén,
Dtrc Tho; Thanh Héa: Lé Quang Diing, 9D, THCS
Nhit Ba Sy, Hoang Hoa, Kiéu Xudn Bdch, A,
THCS Lé Hiru Lap, Hau Loc; Ha Noi: Lé Phiic Anh,
9A, THCS Nguyén Huy Tudng, Déng Anh.
NGUYEN ANH QUAN

Bai T4/443. Cho tam giac ABC. Trén hai canh
AB, AC lan luot /c}i\' hai diém E, D sao cho
ABD = ACE. Puong tron ngogi riép tam gidc
ADB cdt tia CE tai M va N. Puong tron ngogi
tiép tam gidc AEC cdt tia BD tai I va K.
Chimg minh rang bon diem M, I, N, K ciing
nam trén mot dwong tron.

K

Theo gia thiét ABD=ACE, suy ra BCDE la ti
gidc ndi tiép. Goi H 1a giao diém ctia BD va CE.

« Do ABEH «» ACDH (g.g) nén
HD.HB = HE.HC. (1)
TOAN HOC

S6 447 (9-2014)

* CTugitre 19

https://tieulun.hopto.org



« Do AHBN o> AHMD (g.g) nén
HD.HB = HM.HN. (2)
o Do AHIE o> AHCK nén
HE HC = HLHK. 3)

T (1), (2), (3) suy ra HM.HN = HL.HK.

Tur d6 ta ¢6 AIHN o> AMHK (c.g.c).

Do d6 NIH = KMH , suy ra NIMK 1a tr giac
ndi tiép, hay bon diém N, I, M, K cing thudc
mot duong tron. O3

> Nhin xét
1. C6 thé chimg minh duoc bén diém N, I, M, K ciung
thudc dudng tron tdm A4.
2. Goi F 1 giao diém thir hai cta dudng tron (4DB) va
dudng tron (AEC). Khi d6 ba diém 4, H, F thing hang.
Chimg minh xin danh cho ban doc.
3. Céc ban sau day c6 10i giai tot:
Phi Yén: Ngo Lé Phurong Trinh, 9E, TNCS Luong Thé
Vinh, Tuy Hoa; Ha Noi: Lé Phiic Anh, Lé Duy Anh,
9A, THCS Nguyén Huy Tudng, Dong Anh; Bic Ninh:
Nguyén Thi Hién, 9A, THCS Yén Phong; Phi Tho:
Nguye:n Purc Thudn, 9A3, THCS Lam Thao; Ha Nam:
Ngé Nhdt Long, 9A2, THCS Tran Phi, Phu Ly;
Vinh Phie: Nguye:n Hitru Huy, 9A1, THCS Yén Lac;
Thanh Hea: Lé Quang Diing, 9D, THCS Nhit Ba Sy,
Hoang Hoa; Thira Thién - Hué: Hupnh Hitu Nhdt, 8/7,
THCS Nguyén Tri Phuong, TP. Hué; Pik Lik: Nguyén
Van Nhdt, 9A4, THCS Nguyén Du, TX. Buén Hb.
NGUYEN THANH HONG

Bai T5/443. Chimg minh bat dang thicc sau
dung voi moi sé thuc dwong a, b, c:

@& o b ‘/_

a+b b+c c+a

(J 24+ B2+ PP+ +a?).

Loi gidai
« Nhan xét: V&i moi x, y duong ta lubn co:
(x-yP202(x2+)) 2 (x+yy

S 202+ ) =2 x+ . (1)
Piang thirc xay ra khix =y.
2
S e BB
a+b b+c c+a
c? &
Q= a+b b+c+c+a
TOﬁN HOC
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- b Bt e
Sy a+b b+c c+a
=a-b+b—c+c—a=0
suy ra P= Q. Vi vdy, két hop véi BDT(1) ta co:
a+b P+ A+ad
+
a+b b+c c+a
a+b? Pt &% 4

J2(a2 +b%) ﬂbz +c?) ﬂcz +a?)
<:>P2‘—/4_—(«/52+b2 +VP2 + 2+ +ad).

2P =

Piéng thirc xayrakhia=b=c. O

» Nhan xét
T4t ca cac ban tham gia déu giai ding bai ndy. Cac
ban c6 101 giai ngén gon la:
Phi Tho: Nguyén Pic Thudn, 9A3, Nguyén Tién
Long, 8A1, THCS Lam Thao. Vinh Phiic: Nguyén
Hiru Huy, 9A1, THCS Yén Lac; Ha Nam: Nhit Ngoc
Anh, 9B, THCS Dinh Céng Trang, Thanh Liém, Ngé
Nhdt Long, 26, Ngd 1, Phuong Minh Khai, Phu Ly:;
Hung Yén: Pham Tién Dudt, 9A, THCS Binh Minh,
Khodai Chau; Ha Ngi: Vwong Tién Dat, Pdng Thanh
Timg, 8B, THCS Nguy?n Thuong Hién, Ung Hoa,
Lé Phiic Anh, Lé Duy Anh, 9A, THCS Nguyén Huy
Tuéng, Pong Anh; Béc Ninh: Nguyén Thi Hién, Cao
Thi Quynh Nga, 9A, THCS Yén Phong; Thanh Héa:
Kiéu Xudn Bdch, 7A, THCS Lé Hiru Lap Hau Loc,
Lé Quang Diing, 9D, THCS Nhir B4 S§, Hoang Hoa,
Béng Quang Anh, TA, THCS Nguyén Chich, Dong
Son; Ha Tinh: Lé Thi Thu Uyén, 9B, THCS Hoang
Xuan Han, Btrc Tho; Quang Binh: Phan Tran Huong,
8D, THCS Quéch Xuan Ky, Hoan Lio, B6 Trach;
Thira Thién-Hué: Hupnh Hiru Nhat, 8/7, THCS
Nguyén Tri Phuong, Hué; Quang Nam: Lé Phudc
Dinh, 9/1, THCS Kim Déng, Ho6i An; Binh Pinh:
Nguyén Bdo Trdn, TA, THCS Tay Vinh, Tay Son.
TRAN HUU NAM
Bai T6/443. Gidi phwong trinh dn x € R:
@ +x—1) +x =2,
Loi gidi
Cach 1
Ta nhén thy x = 1 nghiém dang PT(1).
«Voix>1thix’+x—1>1nén
C+x-17>1 vax > 1.
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Suy ra ‘(" + x =147 2.
Do d6 PT(1) khéng c6 nghiém khi x > 1.
«Véix<1lthix’+x—1<1nén
C+x—1Y<lvax’ <l.
Suyra (- +x—1r+ ¥ <l
Do d6 PT(1) khéng c6 nghiém khi x < 1.
Vay PT(1) c6 nghiém duy nhat x = 1.
Céch 2
Patx’ +x—1=athid’+a-1
= +x—1P+xX+x-1-1=2+x-2=x.
Do d6 ta ¢6 h¢ phuong trinh
¥ +x-l=a

{as +a-1=x.

Trir theo vé hai phurong trinh trong hé ta dugc
X — i 0 dy= 0

Sk-a)' +xXa+x*d +xa’+a*+2)=0

2 TS
@(x—a)[(xbr%) +(%+a3) +x'2a +2}=0

> X=da.

Suyrax’ +x—1=x < x*=1< x=1(thoa
man).

Vay PT (1) ¢6 nghiém duy nhat x =1. O

» Nhin xét

1. Rat nhidu ban giri bai va déu cho 151 giai dung.
Ngoai hai cach trén, mot s6 ban da sir dung tinh chét
ham s dé giai.

2. Tuyén dwong cac ban sau c6 101 giai tot:

Ha No§i: Vi Ba Sang, 10 Toan 1, THPT chuyén
Nguyén Hué; Hoa Binh: Tran Bdo Linh, 11 Toén,
THPT chuyén Hoang Vin Thy; Bac Ninh: Cao Thi
Quynh Nga, 9A, THCS Yén Phong, Vii Bang Chién,
10A1, THPT Thuin Thanh S6 1; Thédi Nguyén:
Ma Thi Khanh Huyén, 11 Toan-K25, THPT chuyén
Thai Nguyén; Ha Tinh: Lé Nguyén Khanh Ly, 10T1,
Tran Poan Trang, 10T2, THPT chuyén Ha Tinh;
Nghé An: H6 Xudn Himg, 10T1,THPT D6 Luong 1,
Phan Viét Anh, A1, THPT Quynh Luu I, Dwong Vin
Hiéu, 10T1, THPT Anh Son [; Thanh Héa: Bach Mai
Linh, 10C5, THPT Bim Son; Quang Binh: Phan Trdn
Hudng, 8D, THCS Quach Xuin Ky, B6 Trach;

Binh Pinh: Nguyén Bdo Trdn, 7A, THCS Tay Vinh,
Tay Son; Quéang Ngii: Hupnh Tién Phdt, 10A7,
THPT S6 1 Btc Phé; Quang Tri: Trdn Anh Minh,
Lé Van Binh, 10Toan, THPT chuyén Lé Quy Dén;
Binh Duwong: Pham Ngoc Binh, 10T1, THPT
chuyén Hung Vuong; Vinh Long: Trdn Duy Qudn,
11T1, Hupnh Hao, 11T2, THPT chuyén Nguyén
Binh Khiém; Long An: Tran Quéc Khdnh, 10 Toan,
THPT chuyén Long An; Péng Nai: Nguyén Nam
Binh, 11 Toan, THPT chuyén Luwong Thé Vinh;
Gia Lai: Va Van Qup, 12A1, THPT Nguyén Chi
Thanh, Pleiku, Nguyé~n Dire Thanh, 10C3A, THPT
chuyén Hung Vuong; Ninh Thuén: Nguyén Tran
Lé Minh, 11 Toan, THPT chuyén Lé Quy Don;
Tién Giang: Nguyén Minh Thanh, 11 Toan, THPT
chuyén Tién Giang; Ca Mau: Tran Ngoc Bdch,
11 Toan, THPT chuyén Phan Ngoc Hién.

PHAM THI BACH NGOC

Bai T7/443. Cho tam giac ABC va M la mot
diém nam trong tam gidc. Goi x, y, z lan lwot la
khoang cach tuw M dén cdc canh BC, CA, AB.

Chimg minh rang BAM = CBM = ACM khiva

TR P i R e
C a b

Loi gidi

* Gia sit BAM = CBM = ACM = . Ap dung
dinh li c6sin cho cac tam gidc MAB, MBC, MCA
ta c6 AB* + AM? — BM* = 24B.AM.cos ®
= 4845.cot ®;
BC* + BM? — CM? = 4Spc.cot o;
CA* + CM? — AM* = 4Syc4.cot .
Cong theo timg vé ba dang thirc trén ta co:

B b2a D
cotco=£~tb—+c—:cotA+cotB+cotC )
48 4c

(theo dinh 1i cbsin suy rong cho tam gidc ABC).

TOAN HOC
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Tir (*) ta co: vb _ Suca
ZC S]\/[AB

_f_g_s_l_rl{l__(’)_) b(smAcotco cos 4)

AB.sin® €
2
:ésm A(cot B+cotC) = b, @
¢ be
l:a cy
Suy ra e e b .
bx _ oy

; Q{_QL 4z rxx
Tu’(mgtu,c—a,dodo b.( )

e Nguoc lai, gia st ta ¢6 hé thirc (*%).
Pt BAM =a, CBM =P, ACM =v. Khi d6
| Syuc _ ACsin(4 —a)

zc Sy ABsina
b(sm Acoso—cosAsin oc)
c.sina
: b ot Y
T (**) ta co 22 -2 nén
zc c?

a? bsind bcos 4
4 ="—"cota———
o2

bsin A4 b2 +c2—a?
= coto, — ——.
c 2¢2

2 bsin 4 a+b%+c?
T d6 suy ra ——c——cota =
a2 +b>+c?

= cota =
4S 4pc

a2 +b2+c?

Tuong tu cotf =coty = Yy
ABC

Do d6 cota=cotp=coty >a=p=7y. O

» Nhén xét

1. Pidm M trong tam giac ABC thoa man BAM
- CBM = ACM = duge goi la diém Brocard va
o 14 géc Brocard tmg voi diém M. Hé thic (*)
& 101 giai trén 1a mot tinh chit dac trung cua
géc Brocard trong tam gidc.

2. Céc ban sau c0 101 gidi tot:

Hoa Binh: Pinh Chung Mimg, 11CT, THPT chuyén
Hoang Van Thy; Thanh Héa: Lé Quang Diing, 9D,

THCS Nhi Ba SY, Hoang Hoa, Nghé An: Hé6 Xudn
Himg, 10T1, THPT D6 Luong I; Ha Tinh: Lé Vin

TOAN HOC
¢ CTudi 2 Ee S5 447 (9-2014)

Truong Nhat, Nguyé~n Vén Thé, 10T1, THPT chuyén
Ha Tinh; Quéng Binh: Nguyén Minh Ngoc, 10
Toan, THPT chuyén Quang Binh; Pik Lik: Truong
Quang Minh, 11CT, THPT Nguyén Du; Pha Yén:
Nguyé~n Trdan Hdu, 10T2, THPT chuyén Luong Vian
Chanh, TP. Tuy Hoa.

HO QUANG VINH

Bai T8/443. Cho x, v, z la ba so tity y thugc
doan [0; 1]. Tim max P vdi

P X g b e B g
y+z+1 z+x+1 x+y+1

Laoi giai

Véix,y,ze[0;1]thil-x20; 1-y20;
x+y+ 1=,

Ap dung bAt ding thic Cauchy, ta co:

(1—x)+(1-—y)+(x+y+1)
3

= {/(T—x)(l -y)(x+y+D)
= (1-x)(1-yx+y+h=l

Nhan hai vé cia BDT nay véi 2 —z > 0,
ta duoc (1-x)A-Y)(x+y+D2-2)< 2-2)

7

3(1“\)(1—\ (2 Z)_-m

:>x+_\ 1+\l N1-y)2-2)<

2
x+y o M
Mat khéc tir gia thiét, ta co:

nRiTol 2%
y+z+1T x4+ y+l )

Théat vay, BDT(2) tuong duong vOi:
x(x+y+1)<2x(y+z+1)

Sx(y+2z+1-x)20(BDT dang).

J g Ladt gt Ay
Tuong tu, ta co: et e AR (3)

Cong theo timg vé cac BPT (1), (2), (),
2(x+y+1‘l:2

ta duge P <
x+y+1
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Ping thirc xdy ra khi va chi khi:
l—x=l-y=x+y+l

i = ):O
Wy+2z+1-x)=0 o 277
! ze[0:1]
Yx+2z+1-y)=0
X = ):O
Vay max P =2 khi g
ze[0;1]

» Nhin xét
1. M6t s6 ban cho rang vai tro cta x, y, z nhu nhau
nén gia thiét x < y < z. Pidu d6 1a khong dung, trong
bai todn chi ¢6 vai tro cua x, y nhu nhau ma thoi.
2. C6 thé giai bai toan bang cach xét ham sb
) z
y+);+1Jr Z+ic+1 +x+__v+1
+(1-01-»2-2)
(coi y, z 13 hiang s0) va ching minh duge v6i moi

J(x)=

x € [0; 1] ta c6 dao ham cAp hai
Wy 2y , 2z g
f &) (z+x+1)? i (x+v+1)° &
(ban doc tu xét trudng hop v = z = 0); ham s6 Ax)
16m trén doan [0; 1]; do d6 max P = max {f(0), A)};
suy ra két qua bai toan.

3. Céc ban sau day co bai giai tbt:
Ca Mau: Lé Minh Phuong, 12 chuyén Toén, Trdn
Ngoc Bich, 11 chuyén Toan, THPT chuyén Phan
Ngoc Hién; Nghé An: H6 Xudn Himg, 10T1, THPT
D6 Luong I, Da Son; Thanh Héa: Pham Vin Thing,
11T, THPT chuyén Lam Son; Pik Lik: Nguyén
Trigu Hupnh, 11CT, THPT chuyén Nguyén Du;
Bic Giang: Nguyén Thi Tuyét Nhung, 10 Toén K23,
THPT chuyén Bic Giang; Ha Tinh: Lé Van Truong
Nhdt, 10T1, THPT chuyén Ha Tinh; Quéng Binh:
Nguyén Minh Ngoc, 10 Toan, THPT chuyén Quang
Binh; Quang Ngii: Huynh Tién Phdt, 10A7, THPT
86 1 Pc Phd.

NGUYEN ANH DUNG
Bai L.1/443. Mot khoi ldp phirong nho, khoi
luong m = 100g, dimg vén trén mét mdt phdng
nghiéng véi mdt phang nam ngang mot goc
o =30°. Hé 56 ma sat gitra khoi lap phuwong va
métphcfng la p=0,8. Hay xdc dinh mot luc F
nam ngang cuwc tiu dimg dé day khoi ldp
phurong dé né bat dau chuyén dong. Biét ring
luc F tdc dung trong mdt phing nghiéng.

Loi gidi

)»/

C6 4 luc tac dung lén vat. Lyc thir nhit la
luc F song song véi duong sinh cua mit
phang nghiéng (cling tirc 1a giao tuyén cia
mit phang nghiéng va mit phing nidm
ngang). Luc thir hai 13 trong lyc mg hudng
thang dmg xudng dudi vé phia tdm qua dat.
Luc thitr ba 1a phan lyc N ciia mit phing
nghiéng, c6 huéng vudng goc voi mat phang

d6. Luc tht tw 13 lyc ma sat F_ nim trong

mit phang nghiéng nhung c6 hudng con chua
xac dinh. RS rang 14 bon luc nay dinh hudng
trong khong gian.

Khi nay phuong trinh dinh luat II Newton c6
dang F+mg+N+F, =0 vi theo dé bai a=0.
Bay gid can phai chon mot mat phing thudn
tién sao cho ¢6 thé chiéu trén d6 ca bén luc
nay. RG rang mit phang chira trong luc hoac
mat phang chira phan luc 13 khong thuén tién,
vi ching ta con chua biét hudng thyuc cia luc
ma sat va do d6 khong thé chiéu né 1én cac
mit phang d6. D& thdy ring mit phing thuin
tién nhit dé chiéu cac lyc chinh 4 mit phing
nghiéng. Nam trong mit phang nay 1a cac luc
F ,ﬁms va thanh phin cta trong luc bing
mg sina. Pé thuan tién, ta coi hinh chiéu nay
la mot luc doc 1ap nao do tac dung 1én vt theo
huéng truc y. Cac luc F,F_ vathanh phan da

chon cua trong luc duwoc goi 1a cac hoat luc,
vi chinh nhitng lyc d6 lam cho vét chuyén
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dong. Vi ching ta tim diéu kién gi6i han cta
can béng, nén luc ma sat nghi dat gia tri cuc
dai cua no:

F  =uN =umgcosa.
Luc nay can bang voi tbng hop ctia hai luc
vudng goc voi nhau 1a luc can phai day vat va
thanh phén d3 chon cua trong luc. Do do, ta co:

F2 =F*+(mgsina)’.

T do suyra F = \/an_y —(mgsina)’

= mg+/(ucosa)’ —sin’ a = 0,48N. O

» Nhén xét
Céc ban co 1oi gidi dung:
Cin The: Huynh Hitu Hang, 11A1, THPT Nguyén
Viét Hong, Quan Ninh Kiéu; Ha N@i: Khudt Duy
Héng, 10 Toan, THPT Son Tay; Nghé An: Phan
Vén Khai, 10A1, THPT Cira Lo; Pong Thap: Tran
Hodng Nhut, Nguyén Thanh Dat, 10L, THPT Chuyén
Nguyén Quang Diéu; Théi Binh: Pham Anh Som,
10 Toan 2, THPT Chuyén Thii Binh; Ha Tinh:
Lé Nguyén Khdanh Ly, 10T1, THPT Chuyén Ha Tinh;
Thanh Héa: Nguyén Tién Pat, 11T, THPT Chuyén
Lam Son; Nam Dinh: Pham Ngoc Nam, 10 Li, THPT
Chuyén Lé Hong Phong; Binh Phudrc: Nguyén Vin
Hiing, 11B, THPT Chuyén Quang Trung.

NGUYEN XUAN QUANG

Bai 1.2/443. Tir mot khdi cau thity tinh cé chiét
sudt n = 1,5 va ban kinh R = 10cm, nguoi ta
tach ra hai chém cau la hai thau kinh mong
phang, 16i c6 dwong kinh ria la 1cm va 2cm.
Ghép sat hai thau kinh chung truc chinh. Ddt
trén truc chinh nay mot nguon sang diém, cdch
hé thau kinh 1m. O’phz’a bén kia cua hé théu
kinh dat mot man chdn vuong goc voi truc
chinh. Tim vi tri dat man dé kich thuédc vét
sdng thu dwoc trén man co dién tich nho nhat.

Lyoi gidi
Tiéu cy cua thau kinh don cé ban kinh ria

R =2cm la

TOAN Hgg S48 447 (9-2014)
& u.é] 2 ) (=

197 '§
=(n-1| —+— |=20cm.
hi=( )[Rl RJ
Tiéu cyu cta hé thdu kinh:
1

fZ =F=100m (Dh:D]+D2)

h
Anh S, tao qua thau kinh c6 ban kinh R, = 2cm
va S, tao qua hé hai thau kinh duoc mé ta nhu
so dd sau:

Anh S, tao béi thdu kinh don cach hé thiu

Kinh it kROt e S 5e

d=F
Anh S, tao béi hé thdu kinh cach hé théu kinh
ghép mot khoang d, = 4./, oL

cd=f 9

Qua hinh v& ta thdy dién tich vét sang tron
nho nhét khi man MN dit trong khoang S5,
nhu hinh vé.
Xét cac cap tam giac ddng dang, ta co:

SE_ME SE_ME

SO A0’ S,0 DO’
Mit khac ta ¢c6 A0 = 2DO nén ks sl

2d, 34,

= S,E = 6,54cm. Tur d6 tinh dugc:

OE =d, +5,E ~17,65cm. O

» Nhin xét
Céc ban sau co 101 giai dung:
Binh Phuwéc: Nguyén Vin Himg, 11B, THPT chuyén
Quang Trung; Nam Dinh: Pham Ngoc Nam, 10 Li,
THPT chuyén Lé Hong Phong.

DANG THANH HAI
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éi e 20 b“li
CUOC THI GIAI TOAN PAC BIET
| KI NIEM 50 NAM TAP CHI TH&TT |

’0 @, ol
(o 0.00.00.0‘)

R e R mCORC E OM( K

Bai T7/THCS. Cho n s6 khéng ém ay, ay,. .., ay
a4y 20y 2.2,
(n e N,n>2)théamans a;+a, <2014
ay+a,+..+a, <2014
Tim gid tri I6n nhdt ciia biéu thiec:
A:a]2 +a§ +...+a§.
Loi giai
» Véi truong hop # = 2 thi
A=a’+a? <(a, +a,)* <2014%
aa, =0
a, +a,=2014
< (a,,a,)=(2014,0).

Ding thic xay ra khi {

* V6i truomg hop n = 3, s dung gia thiét
a >a,2a, 20, taduoc A=al +a +a;
<a’+a?+aa, <(a +a,)? <2014%
a,a, =0
DPang thtrc xay ra khi < a, +a, =2014
@ =aa,
< (a,,a,,a;) =(2014,0,0).
* V6i truomg hop n = 4, st dung gia thiét
a,2a,2a,2a,>0, taduoc A=af +aj +aj +a;
<a?+a}+2aa, =(a,+a,)* <20142,
aa, =a; =a;
a,+a, =2014
< (a,,a,,a,,a,) =(2014,0,0,0)
hodc (a,,a,,a;,a,)=(1007,1007,1007,1007).

Ding thirc xay ra khi {

s Xét truong hop n > 5. st dung gia thiét
a,2a,2---2a,20 va a, +a, <2014, ta dugc

a,(a, —a )+ ala*a )+ Fala -a,)<0

nén A<(2014-a?)+a2+a?+...+a?
=2014? —4028a, +2a2 + a2 +...+a?
<2014%2 —(a, +a, +...+a,)a,
+2a2+a2+...+a’
<20142 +a,(a,—a))+a,(a; —a,)
+..+a,(a,—a,)
<20142.
Piang thic xay ra khi
a,=2014~a,
a,(a,+a, ++--+a,)=4028a,
a,(a,—a)=a,(a;—a,)="--=a,(a,—a,)=0
<(ay, ay, 05 a,)=(2014,0,...,0)
hofic (@@ 85,8y 9557 59,
=(1007,1007,1007,1007,0,:--,0).
Vay max A=2014%. 0O

> Nhén xét
C6 rat it bai gidi giri vé Toa soan. Hiu hét déu ngam
xét truomg hop n>5 nén dap so khong phu hop khi
n=2,3,4.

NGUYEN VAN MAU
Bai T8/THCS. Cho tam gidac ABC c6 dinh, noi
tiép duwong tron (O). P la mot diém di dong trén
cung Z/?E khong chita A cua (O). Goi (K) la
duwong tron qua A, P dong thoi tiép xic véi AC.
(K) cdt PC tai S khdc P. Goi (L) la duong tron
qua A, P dong thoi tiép xiic véi AB. (L) cdt PB
tai T khdc P. Chimg minh rang dwong thang ST
luén di qua mét diém c6 dinh khi P di déng.

Loi gidi
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Goi D 1a diém d6i xtmg ctia A qua BC (hinh v&).
Chi y ring BA tiép xuc v6i (L), ta co
BD?=BA?=BP.BT.
Do d¢6 ABDT «» ABPD.
Vay BDT=BPD. (1)
Tuong tw, CDS=CPD.  (2)
Tir (1) va (2), chu ¥ ring 4 va D dbi xtmg voi
nhau qua BC va tlr giac ABPC nbi tiép, suy ra
SDT = BDT +SDC - BDC
— BPD+CPD - BAC
_ BPD + CPD - (180°- BPC)
- BPD+ CPD + BPC —180°
=360°-180° =180°.
Didu d6 c6 nghia 1a S, D, T thang hang.
N&i céch khac, ST luon di qua mot diém cb
dinh (d6 12 diém D). O
» Nhén xét
Bai toan nay khong kho nhung chi ¢ ba ban tham gia
giai: Thanh Hod: Lé Quang Diing, 9D, THCS Nhit
Ba Sy, Hoang Hoé; Dang Quang Anh, 7A, THCS
Nguyén Chich, Pong Son; Nghé An: Cao Hiru Dat,
9C, THCS bang Thai Mai, TP Vinh.
NGUYEN MINH HA
Bai T7/THPT. Cho hai 6 thiee a va b théa man
a+b>0. Xét day s6 (uy) cé uy = o> max{a, b}
u,% +ab

*
Va Uy, = voimoine N .
a+

n —_—
Dat S, =ZL55. Tinh lim S,.

o Yitl T n—+o0

Léi gidi

’ u’ +ab
Taed w8y~ U,

a+b
_u3+ab-—un(a+b)_(un—a)(un—b) )

a a+b a+b

Két hop v6i u, = o> max{a,b}, chimg minh

bang quy nap theo # ta nhan dugc u,,, 1, > 0

TOANHOC
26 * CTugilpe SO 447 (92019

veimoin =1, thcla u <u, <uz <.
Ta nhan thay lim u, =+
n—>+0
vinéu lim u, =u <-+oo thi tlr cong thue (1)

(u—a)u->b)

tasuyra u—u=
Y a+b

= u-a)u-b)=0,
mau thudn véi max{a,b} <u, <u, <..
Ciing tir cong thic (1) ta suy ra

u —a)u,—b
Gty 1), -y = Lo = D=0

a+b
a+b a+b u,—a

s . *
. o véimoin € N
un - un+1 b un+1 i

(cong thuc tach).

’ ) n u-a _ " (a+b a+b
DodOS,,—gu _b_i_](ui—b ui+1—b)

i+l

a+b a+b a+b a+b a+b
_9

e B R e =

khi n — +oo, vi lim u, =+oo.

n—>+w0

1 g
Vay lim S oy

n—»+0 4 ¥ —b

» Nhin xét
Day la bai todn ddy s6 dang co ban, khong qua kho.
Céc ban sau day c6 1i giai tot:
Hoa Binh: Hoang Bdo Linh, 11T, THPT chuyén
Hoang Vin Thy; Ha Noi: Kiéu Thu Huong, 10T,
THPT Son Tay; Trdn Phwong Nam, 11A13, THPT
Ngoc Tao, Tam Hiép, Phiic Tho; Hung Yén: Tran Bd
Trung, 11T1, THPT chuyén Hung Yén; Nam Dinh:
Nguyén Hong Ding, 10T1, Vil Tudn Anh, 12T2, THPT
chuyén Lé Hong Phong; Hai Phong: Luong Thé Son,
11T, THPT chuyén Trin Phu; Thanh Héa: Nguyé~n
Tién Dat, 11T, THPT chuyén Lam Son; Nghé An:
H{ Xudn Himg, 10T1, THPT Db Luong [; Ha Tinh:
Lé Van Truong Nhdat, 10T1, THPT chuyén Ha Tinh;
Quéang Binh: Nguyé~n Minh Ngoc, Hoang Thanh
viet, 10T, THPT chuyén Quang Binh; Quéang Tri:
Trén Trong Tién, 11T, THPT chuyén Lé Quy Don;
Quing Nam: Lé Phuéc Pinh, 9/1, THCS Kim Dong,
Hoi An; Gia Lai: T) van Nguyén Try, 12C3A, THPT
chuyén Hung Vuong, TP. Pleiku.

NGUYEN MINH PUC
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n

Bai TS/THPT. Cho 100 diém Ay, A, .-y A100
nam trong hinh vuéng ABCD ¢6 canh bang 1.
Chu'ng minh rang luén ton tai mét tdp con X
cuaE={1,2,... 100} gom 50 phan tir sao cho

ieX ieE\X

Loi gigi

bit hinh vudéng ABCD vao hé truc toa dd
vudng goc sao cho toa do cua Ase Be € 4D
twong tmg 14 (0, 0); (1, 0); (1, 1); (0, 1). Gia
st A; ¢6 toa @6 (a;, b;). Khong gidm tbng quat,
ta glé s a > a 2 .es 20100

Ta goi cac cip (Aak-1, A2¢) 1a mot b doi.

Ta phén céc diém cia b§ doi vao hai nhom
ty y. Goi X 1a thp chi s6 ctia nhém thir nhat
va Y= E\ X1 tap chi sé cia nhém th{r hai.
Khoéng giam tdng quat, ta gia st » b, = D b,

ieX i€y

bit b” =max{b;} <1
a) Néu Zbi ——Zb,. =c<b" thita co ngay X

ieX ieY
a tap con cn tim vi |Y a4, - D a,
ieX ieY
<(a,—ay)+(a,—ay)+..+ (A — ) S 4 <]
e
ieX ieY
2 2
= [(Ta-Ya)+(Zb6-2b) V2.
ieX ieY ieX ieY
b) Néu trdi lai D b, — Y b, =c>b" thikhido
ieX ieY

ton tai k € X, j € Y sao cho (4, 4;) 1a mot bd
d6i va by 2 b. Dt X’ = (X \ {k}) v {j} va

=Y\ {j}) v {k} (tirc 12 chuyén A4; sang
nhém 2 va 4; sang nhém 1) thi ta c6:

> b= b|=le-2(b, ~b;|<c<1

ieX' ey’

Lai c6 Zai—Zai

ieX' ey
<(a,—ay) +...+(ag —ay) S @ <1

Thanh thir khi d6 X’ 13 tp can tim. O

» Nhén xét

Bai todn nay chi c6 ba ban tham gia giai va giai
dung la:
Nghé An: H6 Xudn Hing, 10T1, THPT D6 Luong [;
TP. Hd Chi Minh: DS Nguyén Vinh Huy, 10T, PTNK
PHQG TP. Hb Chi Minh; Ha Tinh: Lé Van Truong
Nhdt, 10T1, THPT chuyén Ha Tinh.

DANG HUNG THANG
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PHUONG PHAP

GIAXT TOAR

rong toan hoc, nguyén li Dirichlet co rat

nhiéu tng dung. Nhiéu két qua sdu sac
cia Toan hoc, dac biét 1a trong T 6 hop va
Todn roi rac c6 thé chimg minh dya trén
nguyén 1i Dirichlet. Bai viét nay xin gioi
thiéu voi cac ban mot ing dung kha tha vi
ctia nguyén li Dirichlet trong cdc bai toan
chirng minh bét dang thic (BDT).
O dang don gidn nhét, nguyén 1i Dirichlet
duoc phat biéu nhu sau:
Néu nhét n + 1 (neN) con Thé vao n cdi
chuéng thi luén cé it nhét hai con Thé bi nhot
trong mot cdi chuong.
Str dung nguyén 1i Dirichlet, ta co: trong ba 56
thue x, y, z ludn ton tai hai s6 c6 tich duong
(cung déau) hodc tich bang 0, khong mét tinh
tdng quat gia st hai s6 d6 14y, z, khi 46 yz > 0.
Bay gio st dung ¥ tudng ndy ching ta gidi
quyét cac bai todn sau

CAC BAI TOAN AP DUNG
Bai todn 1. Cho cdc s6 thuc a, b, c. Chimg
minh réng (a*+2)(b*+2)(c?+2)2Ha+b+c).
Loi gigi. Theo nguyén li Dirichlet, trong ba
s6 a2 —1,b2-1, c2~1 luén ton tai hai sé ¢o
tich khéng am. Khong mét tinh téng quat,
gia st (b> —1)(c* —1) = 0. Khi dé:
(b2 +2)(c* +2) =3(B> + 2 + )+ (B> = D(c* - 1)
23> +c2+1).

TOAN HOC
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Nhu vay ta chi can chirg minh
(@+2)(b*+c2+) 2 (a+b+c)
BDT nay hién nhién ding vi theo BDT
Bunyakovsky thi
(@ +1+)A+b2+c?) 2 (a+b+c).
Diang thirc xay ra khi va chi khi a=b=c=1
hoac a=b—¢ =..
Nhign xét. Do (a+b+c)* 23(ab+bc+ca)
nén tir két qua trén ta thu dugc bai todn sau
trong d& thi APMO 2004:
(a* +2)(b* + 2)(c* +2) 2 9(ab + bc + ca).

Bai toan 2. Cho cdc sé thuc a, b, ¢ théa mdn
ab + bc + ca = abc + 2. Chitng minh rang:
i) a2 +b*+c*+abc=4.
i) a?+b*+c*+abcla+b+c-2)24.
Loi gigi. Theo nguyén li Dirichlet, trong ba
$6 a—1,b—1,c—1 luén tdn tai hai sé co tich
khoéng am. Khong mét tinh tong quét, gia su
(b—1)(c—1)=>0, suyra b+c<1+bc. Do do:
abc+2=bc+a(b+c)<bc+a(be+1)
hay a+bc>2.
i) St dung BDT Cauchy va a+bc =2, taco
a?+b*+ct+abc—4>a?+2bc+abc—-4
=(a+2)(a+bc-2)=0.
Ding thirc xay ra khi va chikhi a=b=c=1.
ii) Str dung BDT Cauchy va 1+bc2b+c,
a+bc>2,tacd
a?+b2+c?+abc(a+b+c-2)
= a*(1+bc) +abc(b+c)+b* + c? —2abc
> a*(b+c)+abc(b + ¢) + 2bc — 2abc

https://tieulun.hopto.org



-

=a(b+c)(a+bc)+2bc—2abc
>2a(b+c)+2bc —2abc = 4.
Piang thic xay rakhi va chikhi a=b=c=1.

Bai toan 3. Cho cdc so thuc duong a, b, ¢ thoa
man a* +b? +c? + abc = 4. Chimg minh rang
i) a?+b*+c?+(a+b+c)* <12

~ 2
i) 1 1 1 2(a+b+c)

<7
2a%+1 2b%+1 2c*+1 3 gl

Loi giai. i) Do a>+b>+c*+abc=4 nén

BDT can chimg minh twong dwong véi
2(4—abc)+2(ab+bc +ca) <12

< ab+be+ca—abe <2,

Tir gia thiét ta ciing ¢6 a, b, c €(0;2). Do d6

4=a>+b*+c*+abc > a*+2bc+abc

S Q2-a)2-a-bc)20=>22a+bc.

Theo nguyén 1i Dirichlet, trong ba sb a—1,

b—1, ¢ —1 ludn ton tai hai $6 ¢o tich khong am.

Khoéng mét tinh tong quat, gia st (h—1)(c~1)20,

suy ra b+c<l+bc. Vay ab+bc+ca—abc

=bc+a(b+c)—abc < bc+a(l+bc)—abc

= bicbare 1.

L. Gy 2q°
2a2+1 2a%+1
BDT can chimg minh dudi dang

2?2 " 2603 % 2§2 > 2(a+b+c)? .
2a°+1 2b*+1 2c*+1 5

bat (a+b+c)*=x,tacd a®> +b* +c? <12 —-x.

i1) Do nén ta cé thé viét

St dung BDT Schwarz, ta ¢6

@, BE T (a+b+c)?

2a2+1 22 +1 2c*+1 2(a?+b*+c?)+3
e
27-2x

Ta chi cin ching minh

2y 2x . AxI) L
i~k 2 3(27-2x)

4+

BDT cudi hién nhién ding. Pang thirc xay ra
khivachikhia=b=c=1.

Bai toan 4. Tim hang sé k nhé nhdt dé bat
ddng thirc sau ding véi moi sé thuc khong ém
ab e
abc+2+k[(@a-1)?+(b-1)2+(c-1)*]za+b+c
(Tap hudn Déi tuyéh Viét Nam d thi IMO 2009).

L34 gt $°Chip a =0, b4 e =141, 14 65

V2
levd

2+k(1+—+-)2\/§+2:>k2

1
AL P

« Ta chimg minh k = s G % e kién

V2
bai toan. That vay, theo nguyén i Dirichlet,
trong ba s0 a—1,b—1,c¢—1 ludn ton tai hai
s6 ¢6 tich khong 4m. Khong mat tinh tong
quat, gia st (b—1)(c—-1)=0. Str dung BDT
Cauchy va BDT Schwarz ta c6
(a=-1D)*+b-1)2+(c-1)y
> {a—1p +%(b+c—2)2 > J2(a-1)2-b—0).
Do d6
abe +2 +%[(a 12+ (=12 +(c~17]
>abc+2+(a-1)2-b-c)
=a+b+c+abc—ab—ac+a
=a+b+c+alb-(c-1
>a+b+c (dpcm).
Ding thirc xay ra khi va chi khi a=b=c=1

3 1 SIRAL P AP
hodc a=0, b =c=1+—= hodc cac hodn vi.

N

Vay hang s k nho nhit can tim 14 k =

-

; 1
Nhdn xét. 1) Viéc chon a=0,b=c=1+—=

J2
dé tim hang sb k trong 1oi gidi trén khong
phai mét cach tinh co. Do BDT trén 1a BDT
dbi xtmg ba bién nén cé 2 truong hop dang
chti y vé déu bang 13 ba bién bang nhau hodc
c6 bién nhdn gid tri tai bién. Trong trudng
hop ba bién bang nhau thi bai toan dung voi
moi k. V6i truong hop con lai, ta gid st a = 0,
khi @6 BDT tr¢ thanh:

TOAN HOC
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24 k(b= +(c-12+1]2b+c
& k(b= +(c—=1p+1]2b+c-2.

Ta c6: (b—l)z+(c—1)2+12%(b+c—2)2+1
>2(b+c-2).
Tur day ta thay 12218 =p a)e

J2’ 2
2) Cho k = 2 ta thu dugc BPT sau trong cudc
thi HELLO IMO 2007:

abc+2(a* +b*+c?)+825(a+b+c).

Bai toan 5. Cho cdc s6 thuc duong a, b, ¢
théa man: a+b+c=3. Chirng minh rang
(a+b+ab)(b+c+bc)c+a+ca)=2Tabc.
Loi gidi. Theo nguyén li Dirichlet, trong ba
sd bc—a, ca—b, ab—c ludn ton tai hai s6 co
tich khong 4m. Khong mat tinh tong quét, gia
st (ca—b)(ab—-c)=0. Khi do
(a+b+ab)c+a+ca)=@B+ab-c)3+ac-b)
=@B3-b~-c+ab+ca)+(ab-c)(ca-b)
>3(3—-b-c+ab+ca)=3(a+ab+ca).
Do d6 ta chi can chig minh
(a+ab+ca)(b+c+bc)=9abc.
BDT nay hién nhién ding vi theo BDT
Bunyakovsky
(a+ab+ca)(bc+c+D)

> (\Jabc +~/abc +~/abc)? =9abc.

Diéng thirc xay ra khi va chikhi a=b=c=1.

Trong cac bai toan chimg minh BDT, thong
thudng nhitng BDT it bién s& d& chimg minh
hon nhitng BPT nhidu bién. Vi vy mot y
tuong ta co thé ap dung 13 s dung nguyén li
Dirichlet dé dua bai toan vé it bién hon.

Bai toan 6. Cho cdc sé thuc duong a, b, ¢
théa mén abe =1. Chirng minh rang

J9+16a% +J9+16b% +/9+16¢2 23 +4(a+b+c)
(Middle European Mathematical Olympiad 2009).

TOAN HOC
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Loi gigi. Theo nguyén li Dirichlet, trong
ba s6 a—1,b—-1,c—1 ludn ton tai hai so ¢
tich khéng am. khong mét tinh téng quat,
gia st (b-1)(c-1)20, suy ra b+c<1+bc.
St dung BDT Minkowski, ta ¢o:

JO+16b7 +0+16¢2 > [(3+3)* +(4b +4c)
= J36+16(b+c)?.
Nhu véy ta chi cin chimg minh
J9+16a2 +.36+16(b+c)* 23+4(a+b+c).

Pé yrang 36+16(b+c)? —4(b+c)

N 36
J36+16(b+c)* +4(b+c)
36

J36 +16(1+bc)? +4(1+bc)
= J36+16(1+ bc)? —4(1+bc)
2
L 36+16(1+l) —4(1—1).
a a)
Ta chirng minh

2
JO+16a + f36+16(1+-61;) 24a+7+%.

Binh phuong hai vé va riit gon, ta cd thé viét
BDT nay dudi dang
\E+16a2)(13+%+545)214a+5+§

a

2
<:>(9+16a2)(13+ C -4 4) (14a+5+g)

12

1262 -12a - 12+

12
>O<::>12(a 2(a+1)20

BDT cubi hién nhlen dting. Phép chimg minh
hoan tit. Pang thiuc xay ra khi va chi khi
a=b=c=1.

Bai toan 7. Cho cdc sé thuc dwong a, b, ¢
théa man a+b+c =3. Ching minh rang
| e

Ztpte 2@t + P ¥e,

(Romania Team Selection Test 2006).
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Loi giai. Theo nguyén li Dirichlet, trong ba

s6 a—=1,b-1,¢c—1 lubén tdn tai hai sb c6 tich

khong 4m. Khong mét tinh tong quat, gia sir

(b—1)(c-=1)20, suyra b+c<1+bc. Khidd

P +c2=(b+c)*-2bc<(b+c)*-2(b+c-1)
=(3-a)*-2Q2-a)=a*-4a+5.

Str dung BDT Cauchy, ta co:

e 8
i =
P bobicr. G-ar

Nhu vay ta chi can chimg minh

%+(3—_82?22a2~4a+5
@%%-2—9—322a3~4a+5
@32—22(—;%%9422@—1)2
i 1);(29(; 2 i;’[ D

Str dung BDT Cauchy, ta c6:

a(3—a)£%(a+3—a)=—£9—1—.

, 9+12a-34* 4(3+4a—a2)
D L) "]
Bug a*(3-a)’ = 3a(3-a) .

:2a2——2a+12

3a(3—a) gv

Phép chtmg minh hoan tit. Ping thirc xay ra
khivachikhi a=b=c=1.

BAI TAP

Qua cac bai toan trén, chung ta théy duoc
phan nio tmg dung don gian nhung thd vi ciia
nguyén li Dirichlet trong chimg minh BDT.
Viée két hop cac BDT cb dién va nguyén li
Dirichlet cho ching ta nhitng 101 giai kha don
gian va ngin gon. cudi cling moi cac ban van
dung phuong phap nay dé lam cac bai tip sau.

1. Cho céc sb thuc duong a, b, ¢ thda man
a* +b? +c? + abc = 4. Ching minh ring

ab be cayp pry e
G i ~aaiub
2. Cho céc sb thuc duong a, b, ¢ thdéa mén

a+b+c=3. Chimg minh ring
(@ —a+1)(B?* -b+1)(E —c+1) =1,

3. Cho cac sb thuc duong a, b, ¢ thoa man
ab+bc + ca = abc + 2. Chimng minh ring

a b ¢
+ + <va+b+c.
Ja+2bc Jb+2ca ~Jc+2ca 3 ¢

4. Cho cac sb thuc a, b, ¢ thoa man abe > 0.
Chimg minh ring

2+abc+—é—(a2+b2+cz—ab—bc—ca)2a+b+c.

5. Cho cac sb thuc duong a, b, ¢ thoa mén
ab+bc+ ca = abc + 2. Chirng minh ring
ab(2-c) H bc(2—a) 3 ca(2-b)
a+abc+b* b +abc+c? E4abe+at T

6. Cho cac sb thuc duong a, b, ¢ thoa man
a* +b* + ¢* =3. Ching minh rang
(a® +b* + abc)(b* +c* + abc)(c* + a* + abc)
>3abc(a+b+c).

7. Cho céc sb thuc a, b, ¢ thoa mén abed =1.
Ching minh ring

(@ +D)@B*+D(+D)(d*+) =2 (a+b+c+d) .

8. Cho céc s6 thuc a, b, ¢ thoa méan abed =1.
Chimg minh ring

T, Ll sl 9 25
a5 etad athicrd 4

(China Girls Mathematical Olympiad 2011).

9. Cho céc sb thuc a, b, ¢ thoa mén abe =1.
Chimg minh ring

Jat —ag+l + P b+l %t =eilz2avhre

TOAN HOC
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