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TTII-]NG II co sd

FI6i vdi cdc ban THCS thi phucrng trinh
I-,1grl vir hd phuong trinh (HPT) ld phAn

ki6n thric ht5t sfc quan trgng. Vi 16 d6 mQt l6n

nfia chring t6i gui d6n c6c b4n bii vi6t vC mpt
lopi hQ phuong trinh md d6i khi g6p trong
c6c ki thi hoc sinh gioi hay ki thi tuy6n sinh

vlro THPT chuy6n. D6 h hQ phwong trinh
- -/.nto dot xwng.

HQ phuong trinh nua dOi xrmg (g6m hai phuong

trinh hai an) h hQ phuong trinh mi kong d6

c6 mQt phucrng hinh d6i ximg vd mQt phuong

trinh kh6ng d6i xrmg. De giai h9 niy ta cdn

luu 1i d6n tinh d6i ximg cira An.

. N6u tinh d6i ximg kh6ng tham gia vdo ldi
gi6i thi tu phuong trinh kh6ng dOi ximg ta rut
i.,:.
An niry theo dn kia vd gini hQ b6ng phucrng

ph6p th6 holc phucrng ph6p c6ng dpi s6.

. N6u tinh d6i ximg tham gia vdo loi gi6i thi
khi d6 ta tim c6ch drinh gi6 dC so s6nh hai An.

Ta cing theo ddi mQt sii thi d$ minh ho4:

Thi dg l. Giai hQ phtcrng trinh:

[2x+x2 -)2 =3 (l)
lxr+Y:=1 t2)

Liri gidi

Cdng theo trng vti PT(1) vd PT(2) ta dugc
f ."- .

2x2 +Zx = 4 <> x2 + x -Z=0 €) I " - -' .

lx=1
V6i x =*2, thay vdo PT(2) kh6ng thoi m6n.

Vdi x = 1, thay vdo PT(2) duoc y:6.
Vfly HPT dE cho c6 nghiQm li: (x; y) : (1; 0).

Tbq #TbM@fl@ @xlrfrTh

N3trA pcop x?trN6
KEU DiNH MINH

(GV THPT chuydn Hing Vuong, Phl Thq)

Thi dtr 2. Giai hQ phwong trinh:

Ji,! +.0-l=3 (t)

l.rv+-l +Y = -rr - 2.\'i (21

Loi gi,rti

Di0u kiQn: x2I,y2 | (*)

Ta nhfln thSy n6u binh phumg hai v6 cria

PT(1) thi kh6ng thu du<r. c ktit qui khi quan.

Vi th6, rAt tl nhi6n ta x6t PT(2). Ta c6:

PT(2) e (xz - y2) - (x + y) - (xy + y') =O

e (x + y)(x -2y -1) = 0 .e x =2y +l (do (*)).

Thay x=2y+1 vdo PT(1), ta dugc

.!fi +,ly -t =z
a(Jzy -z)+(r5-r -r)=o

2v-4 v-2
-J J - _n

,l2y +2 ",!y-1+1
[r-1

<+rv-2il -j-*J- l=o'l,l2y +2 Jy-t +1j
<> y - 2. Suy ta x = 5 (th6a mdn (*)).

Vay FIPT dd cho c6 nghiQm ld: (x; y): (5;2).

Thi dU 3. Giai hQ phuong trinh:

[-.'+ y' +7(x+y)ry:Zxy,l{*Ti\ 1t1)'

Ldi gidi
a

Ei6u ki6n: x> j.l>0 (*)

PT(1) ld PT d6i ximg cua hai 6n ;r vd y. Othi dq

nity, ta khOng ttr6 Ulen A6i fflZ; nhu thi dp

tr6n. V6i diOu kign (*), ta tim c6ch dfu.* gi6

PT(l) bing BDT Cauchy.

PT(1) tucrng ducrng v6i

"e 
*r,r-rorn, T?EilrHEE I
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(x + Y)(xz + Yz + 6xY) = 8{xi J'ry@ +fr '
Theo BDT CauchY, ta c6:

o<$WTfr=?"#t-=Y,
x2 +yz +6xY

-- 4 xy + (x + Y)' >- 2 J 4 *J@ +ff
-- a@ + fl,fxY '

Suy ra @+))? 6z +yz +6xy)

> JrxY@Tfr 'a(x + i"fxY

e (x + yXx ? + Yz +6x7)>8,[xY JTry'@ + Y\'
Ding thric xirY rakhi vd chi khi x:Y'

. fr=y
HPT dA cho <+ i ,=

6tIx-z-JY =2x-6

lr=Y - (x=3
^ I [- r -1 

- l"* 
lr,-:r[fr;g-'.] =o - 1, = 3

(do x> tr-G'-fi=+'+
11.> JLrl+.E, )*--------o- /<o)'

;; ;r; )*" *"^o "l,*Ju'; 
;u1 [.5 :(3 ; 3 )

Thi drl 4. Gidi h€ Phaong trinh:

f.*, +y' = xyJ2@Trt (1)

LN gidi

Di0u kiQn: x 2 1' Tri PT(2) suY raY ) 1'

Tac6 0 .^[ry =T, O<JTry'@Tfr

alxy + x2 + yz 1 xz + yz <Z(xz + yz - xy).
2

Suy ra xyJXF +fr < (x + Y)(x2 + Y2 - ry)'

Do d6 PT(l) tuong duong v6i

(x + y)(xz + Yz - xY) = xY JTFTfr Q x = Y'

Tt d6 HPT de cho tuong tluong v6i

lr =Y

\z@=e(x-l)Jx-1
lr=yo 
lzV, *1 = (9x -l 1)J7- I

lr="*
[atr, -zze xz +3t5x-tz5=o

t' rr
)r =Y> q

f1:, - s;1zz x2 - 48x +25) = o

ls
l,=cei :l5
I.r=r

(a-b)2(ab-l) <0 (5), theoDK(**)'
(1+abXl+ rz11l+b2\

Vay HPT dd cho c6 nghiQm li: (x;Y) = (;' :)
Thi dq 5. Gidi h€ Phuong trinh:

[t*t:LG)
l.lt +rF',[t+zy' .,!t +zry
I _ r7-__ ltJl+t)
[..tr.25 

+2$:2x +f- 4 =\2 (2)

Ldi girti
I- rl

Diiju kiQn: x. y e Lo,;l 
(*)

V6i di6u kiQn (*) thi x2 ,i,r' < |, "'v 
tu'

2ltF
@:f,fr7-(Ffi--'; -

+ 2xy < 1. M[t kh6c,

' ll th\ ab < 1 (*x) vd tav6i msi a.b ell;-r^
,.1.- ^r I , _l_ <_L. (3)
lUOn CO ---:+-- Jl+az Jt+bz Jl+ab

Thflt vQy, BDT(3) tuong duong v6i

(-l-*L)'.-9.
l.-Ji.irt'll+F)-t+ab

) | - I _ 4 <0.o66-Tit- ubr- r+aa-"'

Theo bdt ding thric Bunyakovsky ta c6

J@7fr+m>-r+ab

-ffi=fi*ro,
112

Ta lai cb ,*oz+ 1*y- l+rb

TORN HOCz ';4i,bi@
Tt BDT(4) vn BDT(S) ta suv ra BDT(3)'
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Yoi a = J-zx, b = J-2y, 6p dung BDT(3) ta c6:

l-l
",lt+T? [+rf - [TTxy'

Ding thric xiry rakhi vi chi khi x:y.
Do tl6 PT(l) <> .r * y , thay vdo PT(2) ta c6:

G +$-zx =
JT+t

l# +y3 =91
s.{

l4x'+3y'=l6x+9y

lr*, -v3 - 1

6.{ ' x+y

l*' * v' =1

(x2 +^t2 =Zxv+l
7.1

lrt+y'+1=0
(Di thi Hpc sinh gidi lop 12 TP. Hd N|i 20ll)

Itl
I x-- = v-.-

8'j x3 " Y'

lG-q^Qr-y+4)=-36

a zJi +2$-2x = $ +1.

Ddt u- Ji,v =JAi (u.v> 0) ta dugc HPT

llu +2v = JI +1
{

l2u2 +v2:1.

Bing phuong ph6p the (rft u theo v 0 PT ilAu,

thay vdo PT sau, gi6i PT bflc hai theo v, ...)
ta tim dugc nghiOm (u; v) cua HPT tr6n ld:

( t . A\ (zJr-r. J7++)
lr'z)' [ 6 ' 6 )'

Tt d6 suy ra nghiQm (x;y) cua I{PT de cho ldr:

(r.r) (s-+J1.e-4Jr)
14'41 [ 36 ' 36 I

rAr rdr Ar ogNc
Gidi ctic hQ phrong trinh sau:

l. , 1

1. ]'' +Y'=1
I

l2x3 +6xYz =1

, t(x+ilrt =2
-' 

Lr'*Y3 = 1

lx2+y=y2+x
3.{

l2Y="-l
(Di thi vdo THPT chuyAn Quang Trung, Binh Phudc

ndm hpc 2010 * 201 1)

f^ ^ 2m
I X2 +y2 + -"' =l4.1 ' x+v
t_
[Jr*Y = xz -!

(Di thi vdo THPT chuy\n DHSP Hd N|i ndm hsc

20tr - 2012)

(Di thi chon DOi tuyiin tinh NghQ An 2Ol2)

istr, 
*y, )+4xy*fi;._=n

10. {

l2r* 1 
=tL ,+y

(Di thi Hpc sinh sidi lop 12 tinh Thdi NguyAn20ll)

l(2x' -3x + 4)(2yz - 3y + 4) = 13
11. {

Lr'+y= +ry-7x-61'+14=0
(Di thi chon DAi ruydn chuyAn DHSP Hd Ni.i 2Ol0)

{ F** E+l.vT',
I l----_----L L l-----------!---!- 

- 
1'I1!

n.)\ 2 '! 3 -^'t
t_
lx"lzxy +5x + 3 = 4tt - 5x -3

(T61407 TH&TT)

f(r+"F+r)(r*Jl*r)=r
13'i v 35lv+-++=]=0l' J*'-l 12

lDi thi chon Dai uydn finh Phil Tho 20ll - 2012)

.,rnnr,r-rorn, 
t9S#S 
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oirttt ruvfn $NH vAo top t0 THPT cttuYtn uiil sON, THANH tton
NAvt HQC 2at4 - 201s

vONC t(120 Phrt\

Cflu 1. Cho bi6u thric:
a22

"- o_16 J"_+ Ja++
1) Tim diAu kien cin a d€bi€u thric C c6 nghia

vd rut gen C.

2) Tinh eilr-ctra bi6u ttrirc C khi a =9 - 4J5'

Cflu 2. Cho hQ phuong trinh (m ld tham s6):

l@-l)r+Y=21'
l***! =m+l

1) Giai hQ phuong trinh khi m:2.
2) Chtmg minh ring voi mgi m, hQ phuong

trinh 1u6n c6 nghiQm duy nh6t (x;y) thoi m6n:

)y+y33.
Cflu 3. 1) Trong hQ tqa dQ Oxy,twrmde duong

thdng (d): y=rnx-m+2 cit parubol (P):y=)'f
t4i hai diOm phin biQt nim b6n phii tryc tung'

D GieihQ phuong.n*, {W .: h*=-r"
Cflu 4. Cho ttuong tron tdm O tlucrng kinh 'BC

vd mQt di6m,4 Uat n fen dudng trdn (l l*tdc B

vd C). Gqi AHlddudng cao cria tam gi6c ABC'

Eudng trdn tdm l dulng kinh AH cdt cbc ddy

cung AB, AC cna (O) tucrng tmgt1r D, E.

1) Chrmg mJrrrh DHE=90'vdAB.AD: AC'AE'

2) Cbc ti6p tuy0n cira dudng trdn (1) tqi D vd E

cht ACtucrng ring tpi G vd f. firf, sO ao &'
3) X6c dinh vi hi di6m A tr}nducrng trdn (O)

ee tu giac DEFG c6 diQn tich 16n nhdt.

CAu 4. Cho ba sti thlrc duong x,!, z. Tim gi6 tri

lcrn nhAt ctra bir5u thric:

^ xyz(x+y+z+F+Yr+Z)s=6'

Cflu 1. Tinh gir{ tri bi€u thric:

Ciul.1) Giai phuong trinh:

@+DJT( 4x =Zxz -3x-2.
2) GiaihQ phuong hinh:

l{w -zt'l1x +2): -6
a.

['(Y+l) = -l
CAu 3. 1) Chmg minh r6ng ni5up hs6 nguyOn

tO ttvn hon 3 thi (p - lxp + 1) chia h)t cho 24.

2) Tim c6c nghiQm nguyCn ctra phuong trinh
*t+Y'-3xY-3:0'

Cflu 4. Cho tam gi6c ABC vuOng tai A c6

AB < AC ngopi ti6p dudng trdn tdm O. Ggr D,

E, F ldnluqt ld tiep di6m ctra (O) v6i c6c c4nh

TO6N HOC4 ';4i.ol@

VONG 2 (1s0 Phitt)

AB, AC, BC; I ld giao di6m ctra BO v6r EF; M
ld di6m di dQng tr6n tlo4n CE.

1) Tinh s6 do g6c BIF.

2) Gqi H ld gtao di,5m cira BM vit EF. Chtmg

minh ring n€u AM - AB thi ib gi6c ABHI liL tit
gi6c nQi ti6p.

3) Gqi N ld giao di,5m cira BM vor cung nho

fF cU Q); P vd Q6,nluqt li hinh chi6u cua

N tr6n c6c dulng thdng DE, DF. X6c dinh vi
tri cia di)m M dedQ ddi P}l6nfi6t.

Cflu 5. Tr0n bing, cho 2014 sO tU nnien tu

I d6n20t4. rnuchien li6n tii5p ph6p bi6n d6i

sau: M6i 6n biOn dOi ta x6a di hai sO U6t t<y

a, b c6tr6n bing r6i virit th6m sd a+b-laA
L

vio bing. Khi tr€n bang chi cdn lai thing mQt

sO thi Crmg 14i. Tim s5 cdn lai d6.

PHAM NGQC QUANG
(Hd Nli) gidd thiQu

_11
t+ P+7+
lr - r'' 2013, ' 20142'
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llwing ilin 6;ii of; rnl TUYEN slNH vA0t6?1ryf cLUIFT

VONG 1

CAu l. i) OiA,, kiQn: -1 <, < t]
Ta c6 (J+x aJ1- *12 =)12J1- az .

Do d6, PT dA cho tucrng ducrng v6i

(.i1+r +Jt-x)' - 8 e Jl+ x +^fr- =2
e2+2$--7 :! s $-V = | 4e xz =0
<>x-0e[-1,i].
Vfly PT c6 nghiQm duy nhdt r : 0.

2) Tt HPT ra c6 4(x2 - xy +y2):12 + xy +2yz

e 3xz - 5x7 +2y2 = Q 4:1 (.r -y)(3x - 2y) = 0.

. Vcrix -y:O hayx: 1;,thay vdo PT thtnhat
cria HPT ta co i - I + x2 : | (> x : *1.

. V6i 3x -2y:0 hay y = ].t, thay vdo PT thri

nh6t ctra HPT ta c6
?o)3

-rr -i.rr +4.rr - I <> .r =t* = J' : t;.24J7.17
Vpy HPT c6 b6n nghiQm (x; y)lir

(1; 1), (-1; -tr, (h,il ( h' -+)
| ,-l ^-lCiu 2. t) EAt a:L. o =-. c'=-.xyz

Tri gi6 thit5t ta co ab + bc -t ca : I. Do d6,
rling thirc cAn chimg minh tuong tluong v6i:

a 2b 3c 5bc+4ca+3ab
l+a2' l+b2' l+cz (a+b)(b+c)(c+a)

2h 3c
' (b+ c)(b+ a)' lc + a)(c +b)

_ 5bc +4ca+3ab

r(trThT, Dr{ r NAM HQC 2Ot4 - zots

(a+b)(a+c)

(a+b)(b+c)(c+a)
a a(b + c) +Zb(c + a) +3c(a + b)

:5bc + 4ca+3ab

tu6n dtng. Vay ding thric dugc chimg minh.

2) EiLt Lt : x t !, v : xy, PT da cho trO thdnh:

vzu+u=3+v eu=Jll.
v2 +l

Dox;y eZ*n)nu;v e Z*,suyral+ 1ldu6c

ctra v * 3 ) i+ I ld u6c cira v' - g > v2 + |
ld udc cta i +1 - 10 > t? + 1 ld u6c ctra i0.
LAn luqt xet c6c u6c nguy6n duong cira 10 d6

x6c clinh u, , ,6i tim nghiOm nguy6n duong

x, y tucrng img, thir lai v6i PT ban dAu.

PT c6 ba nghiCm nguyOn duong (x; y)ld:
(0;3), (3;0), (1; 1).

Cflu 3. 1) Ta c6

LABFvd F
AACE
-;. L
dong oang

do chring
ldn lugt cAn

tai F, E,vit FEL=6ZD =5k =Ed).
2) Ggi G ld giao di6m cria BE vir CF. Ta co:

GF BF AB DP

-=---- 
?+DGllBF. M{t kh6c,GC CE AC DE

DA ll BF suy raA,D,G thdng hdng, suyradpcm.

3) ra c6: 6QG =0d2 =dtrE =ile *OE
=dis +EiF :6IF suy ra AGQF ld ru gi6c

noi ti6p. M[t kh6c, 1FG =ddE =(fiQ n)n

QGPF ldttr gi6c nQi ti6p. Suy ra dpcm.

Ciu 4. Ap dpng BDT Cauchy ta c6:

aob2 +!abc'+!ro> a2bc;3.- 9

bac'+!bca' +!ab> bzca:-39
l1

caa2 +icab')+ ,bc) czab.

C6ng theo tung vti cria ba BDT tr€n, thay

ab + bc * ca:1 vdo vd rut gqn ta dugc:
.l
iabc@+b+c\<aab2 +bac2 +caa2 +i. (1)
3----' - 9

Ta c6 abc(a + b + c): ab.ca + bc.ab * ca.bc

<ltou * u, *, of =!= ! abc(a + b + c> <f, . fz>

CQng theo tung v6 (1) vd (2) ta c6 dpcm.
t;

Ding thftc xhy ra o a - b = c = t.

se *, rr-rornr 
T?!I#E! 

s
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voNc z
Cflu 1. 1) Vdi mgi a + +b ta c6:

bb2b2
oTb=;:6-A:F'

Do d6 ding thric dd cho tuong tluong v6i

v -2v' *.t( f - 2)')
x-y- xz:rz ''lP -Yz *o -Yo )

.o( yo _ zyt )*,8)t,=4.
' -f x+ -r+ xt -y* ) x, -yr

<> Y =4a5y=4x(dpcm).x-y
2) Hpr rt6 cho o {(, -v)(2x+3Y)=12
't LL' L - [(, - yX6 + xy) =17 '

Suy ra (x - y)(zx + 3Y) : (x - Y)(6 + xY)

> x - y: 0 (1o4i) ho$c 2x I 3! : 6 + xY.

Ta c6 2x I 3! : 6 + xy e (x - 3)O - 2) : 0.

EOn diy ta nhanh ch6ng tim ra c6c nghiQm

(x;y) ctnHPT, d6 li: (3; -1), (3; 2), (4;2).

Cial. 1) Ta c6 x22vdY> 2.

Suyra 4xy+l<-7x+7Y<4xY+ l. (*)

Thflt vfy: 4xY + t < -7x + 7Y o | * 7x <

4xy + 7y e | + 7x < Y(4x+ D lA BDT dring,

do 1 + 7x < 2(4x + 7) < y(4x + 7). Tuong t.u,

-7x + 7y < 4xy + 1 cflng ln BDT ilung.

Ti6p tuc bitln d6i, ta c6 (*) tuong- tluong v6i
+*1? - axy + I <4li -7x +7y < aff + 4xY + 1

a(zxy 1)'< +if -tx+7y<(ZxY+l)2.
M4t kh6c, 4"'f - 7x + 7! li s6 chinh phuong

vd1<zxy-l<2xY+1n6n
4h? - 7 x + 7y : (Zxy)' Q x : Y (dPcm).

2)Tac6 *'+y'txy:*'+Y'
e(x+Y-l)(x'-D+!2)=0

[x+v-1 =0 [x+ v =1ol'*' 1*y * !2 =Oo [, = Y = g'

. Vdix :y:Otni e =];

. V6i x 1- y: I thi x; y e [0, 1], suy ra:

r< l*{ * 4-{ =a(dang thfc xby rukhi vd
2+"10 1+"i0

chi klri x : I vit y: o); P .t:{ *1t E =X-v)2 t - z+JT' t+Jt 3

(ildng thric xiy ra khi vd chi khi x : 0 vir/ = 1)'

Vfly P,,* : q; P*: t.
TO6N HOC6'c[udi@

Cflu 3.

\Tac6 fuF
=fuD+frF
=fED +EdF
=180o -EFe
= 180o -fFF
=A,E,P,F
cirng thuQc mQt

duong trdn.

2) Tt k6t qui tr€n, suy ,u fFe =6Ta L4i c6

feF =IcB +EeF =O@ +fEe =@ +dZE

= ilE. Suy ra MBE <n LCLF (dPcm).

3) MBE <n LCLF > AELF: CF.BE Tuong t'u,

ta chimg minh dugc AF.KE: BE.CF' Suy ra

AE.LF: AF.KE - # =#+ EF ttKL'

- 

'+: "-== --:?:-
rir d6: OIR =frR -fr7 =1FE -IBE

=aFE _aEE =Ftri.
Tuong w, @,=Ftre.
Suy ra @,+fuB =fiR +fIe @Pcm)'

Cflu 4. Theo gi6 thtdt, m lap con thuQc d6y id

ph0n biQt. Yl A c6 31 phdn tu n6n s6 t4p con

c6 tlring 2 phAn tu cira Ar3l;0.
Ki hiQu ar li s5 cilc tdp hqp c6 dung k phAn t(r

(2 < k < 31), nim trong d6y dA cho' Suy ra

fil: az* a3* ...+ A31.

X6t mQt tap hqp c6 k PhAn ff thi si5 c6c

tflp hqp con c6 2 phAn fll ctra tpp hqp d6 li
k(k-l\ .^- --:-- ^: ^.. ^ k(k-l\'Y, suy ra ar tiP nay se co ak'-T-
tOp con 2 phAn trl. Theo gi6 thiel I nlan tu b6t

ki ctra,4 kh6ng th6 d6ng thoi thuQc 2 tip hqp

ctng c6 kphin tu cria d6y, suy rachc tflp hqp

con 2 phin tu n6i tr6n li phdn biQt. Tir d6:

k(k-r\ -31.30 _ I
o tY tff * ar< 3 I .30.fr 

(/r -1)

* a2* a3*...+ a3133!.30 (*-F#. .|-rrh)

*m_3t 3ol-+.i'+. .*-*)= eoo

YAym<900(dPcm).
NGUYEN VU LTIONG & PH4'M VAN nt)Nc

(GVHPT Chttyhn KHTN, DHQG Hd N|l gidtithiCu
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Chudn U
cho lriilri
t6t nshi0r illPI
vi thi vio
Oaihoc

tfrong nhtng ndm gAn dfly, mdi Cc tfri pai

I hq. thulng c6 mQt vdi cdu vO nghiQm

cria phuong ftinh (PT), b6t phuong tinh (BPT),

hQ phuong trinh; tim gi fr lon nhAt vd nho

nh6t cria him sti, chimg minh bdt d6ng thric

(BDT), ... mi c6ng cp hiru hiQu tt6 giai chring

li str dpng tinh dcrn diOu ctra hnm s6 6S).
NhAm grup c6c bpn hgc sinh lim t6t phan ney,

bdi vi6t xin gi6i thiQu mQt sO aang torln tr6n

vd phucrng ph6p gi6i chtng.

I. KIf,N TH TC CAN NHO

Ki hiQu K li mQt khoang hoic mQt doan hotc

nrla kho6ng.

Einh li. Gii srl him s6 y = f (x) c6 dpo hdm

tr6nK. Khi d6

. f '(x) )0,VxeK vi ,f '(x)=0 cht tpi mQt s6

hiru han diiSm cira K = f (x) tl6ng bii5n fr6n K.

. f '(x) ( 0,Vx e K vi f '(x) =0 chi tai mQt sii

hiru han di6m criaK+/(x)nghich bitin t€nK.

rr. MQr so o4Nc roAN LrtN QUAN

1. Tim tli6u kiQn cria tham s5 e6 mm s6 adng

bi6n ho{c nghich bi6n tr6n mQt midn cho tnnfrc

De giei bdi toan tim diAu kipn cua tham s6 z tt€

hdm s6 y = f (x) d6ng bi6n hoac nghich biiin

fr6n mQt mi6nD ndo d6, ta thuong llm nhu sau:

. Tinh f '(x).

. Ap dsng dinh li vA AiA,, kign ilir dC HS

don t1iQu.

. Bi6n tOi npf f '@)20 (ho[c /'(x) <0) vA

dpng g(x) >h(m) hoflc s(x) <h(m).

. Lflp b6ng bi6n thi6n ctra HS g(x).

^ MoT sd DSNF ToAN
Yi tintr'don di0u sfia ham sd

r-E x0 ouY
(GV THPT L6 Lqi, Kon Tum)

. Tim maxg(x); mring(x).

. Tir bing birSn thi6n suy ra k6t qun bii to6n.

*Thi drtrl. Cho hdm sii
11y:-;r, +mxz +(m-z)x-i

(m ld tham s6 th$c). Tim m d€

a) Hdm sA dAng bi€n ffAn khodng (1; 3).

b) Hdm sa dAng bidn trAn mQt doqn c6 d0 ddi

kh6ng nhd hon 4.

Ldi gi,fii. Ta c6 !'=-x2 +2mx+m-2.

a) HS d6ng bi6n tr6n (1; 3)

<9 y'= -x2 +2mx+m-2> 0, Vr e (l; 3)

e (2x +l)m2 x2 +2, V; e (1; 3)

x2+2..Q m);fr, vx e (1;3)'

x6t HS 8(x) = # tr€n [1;3].

2*z q)r_4
Ta c6g'(x) =ffi >0, vxe(1;3).

M[t kh6c, dC thay g(x) li€n tuc h6n [1; 3].

Do d6 g(x) ddng bi6n tr6n [1;3].

Y0,y m2 g@), Vx e (1; 3)

e m) Il$strl = ee)=I.

b) Tam thrlc y' c6 biQt thirc A' = m2 +m-2.
. N6u A'f 0 thi y'<0,VxelR, HS lu6n

nghich bitin tr6n R (loai truong hqp ndy).

"Ntiu A'>0 em<-Zhodcn >l thi y')0
<+ rr ( x 3 xy HS ddng bii5n tr6n lxr; xr).

Oe US tt6ng bi6n tr€n tlopn c6 dQ dii ktrOng

nho hon 4 thi lx, - *rla4 <+ (x, - xr)z 216

<+ (xr + xr)' -4xrxr>-t6. (1)

"a*r,r-rorn, 
T?!$#S 

z
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Theo dinh li Vidte, ta co

Xt+X2=2m; XtXz=2-m'

Thay vdo (1) vd rut gqn, ta dugc

m2+m-6>0 om3-3 holc m22

(thoa mdn EK). tr

Lwu !.. Cho HS y = f (x) li6n tpc tr6n tpp D'

Khi d6 BPT/(x) <m nghiQm dring vdi mei

xeDemas'f(x)<m.
D'

. Khi g6p bdi toSn tim diOu kiQn cira tham sd

dC HS y = ax3 +bxz + cx+ d (a < 0) ddng biOn

tr6n mQt doan c6 dO dei 16n hon hoflc bing ft

Gn6ng nho hon ft) ta thudng ldm nhu sau:

Tinh y'; khi d6 y6u cdu cira blri to6n tucrng

duong vdi PT )' =0 c6 hai nghiQm phin biQt

x'x, (L> 0) th6a mdn lx, -'rl' k

<> (xr - xr)'2k2 e (xr+ x2)z - xrxr> k2 '

Str dgng dinh li Vidte suy ra k6t qu6'

*Thi dq2. Tim m dA hAm sa

)=-"tj +3xz +mx+4

nghich bi€n tr\n khoang (0; + oo)'

Ldi gidi' Ta c6 Y' = -3x2 +6x+m'

HS nghich bitin tr6n (0; +co)

<+ )'= -3x2 +6x+m10, Vx e (0; +oo)

€ ml3xz -6x, Vx e (0; +m).

x6t HS g(x) = 3xz -6x trcn (o; +m)'

Tac6 .q'(x)= 6x-6; 8'(x)=0<>x=1'

Bing bi6n thi6n

x 0 1 +oo

g'(x) 0+

s(x)
o -------* 

_, ----u
Tri bing bi6n thi6n, ta c6

m< g(x), Vx e (0; +m)

e ml min g(x) = 8(1) = -3. E
(0i+6)

Lwu !t. Cho HS y = f (x) 1i6n tuc tr6n tAp D'

Khi d6 BPT/(x)>m ngltiQm dirng v6i mqi

xeD <>minf(x)2-m.

nw-4
*Thi dU 3. Tim m de hdm sd Y =

nghich hidn tr|n khodng 1-3r 1)'

Ldigidi.Tac6 Y' =#+

m-x

HS nghfch bi6n tr6n khoAng (-3; 1)

e y'<o.vxe(-3;l) o{*' -o::
- lme(-3:1)

,-!-z<m<Z el< m<2. e
- [rrS-3hoacm2l

Lwu!,.ChoHS y:# (c+or ad-bc*O)'

. ad-bc
Ta co v'= - ---------;-." \cx+df
. HS ddng bi6n tr€n (o; F)

<+y')0,Vxe(a;F)
I ad'bc >O lad -bc>0

* 
t+ e (a: F) 

* 
t-* < cr ho{c -t'u

. HS nghlch bi6n tr6n(o; B)

<> y'( 0, Vx e (cu 9)

lad -bc <O lad -bc <0

-t , Al a d-- l-: e (ct; F) - l-: < cr ho{c -? - B'

2. Sfr dgng tinh tlon tliQu cfia hhm s6 Ai!

gif,i phuong trinh, b6t ptruong trinh vn hQ

phuong trinh

a) OOi v6i c6c bdi to6n vC nghiQm cita PT'

BPT mi tham s6 dQc 10p v6i An ho[c biOn d6i

PT, BPT, dat An phu dC dugc did;u d6 thi ta c6

thO sir dung tinh d$n digu cua HS dC giai'

Luqc d6 chung cira phuong ph6p niy nhu sau:

. Bi6n d6i PT (BPT) dd cho v0 mQt trong c6c

dqne f @)= s(m); f (x)> s@); f (x)< s(m)'

. Tim t6p x6c dinh D cira HS/(x)'

TORN HQC
B ';"ii,Afta s-i.., tr-*ro
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. Ldp bing bi6n thi6n cta HS /(x).

. Tim max/(x); min/(;r).
reD xeD

. Tu bing bi6n thi6n, suy ra ktit qu6 bdi toiin.

*'Thi du 4. Tim m d€ pttu'ong trinh

tT'+ 1 *Ji = m co nghi€m thac.

Ldi gidi. DK: x > 0.

Xdt HS f (i=\lf +l-Ji tr6n [0; +oo), ta c6:

xl^/ (,r): --, < U. V_r > U.
2tlQ2 +t)3 2Jx

,tla /(x) :,ltg<tfr' * t - Ji)
_. 1=l:m#:O.,-*o 1V.r2 +1 + JxXJx2 + I +x)

Bing bi6n thi6n

Do d6 l< t < 2. Suy ra t2 = x2 -2x+2
> x(2*x)=-(tz -2). Khi d6 BPT dd cho tro

t2 
-')thirnh m(t +l)-(t' *2) <O e m <' : . (2)' t+l

t2 -)Xet HS f(r)=- rr€n ll;21. Ta co
1+I

f '(t)=t'jll.l' >0, vr eU;21+ /(r) d6ng
(r+l)'z

bi6n tr6n ll:21. BPT de cho c6 nghidm

x e [0; t + J3] <+ BPT (2) c6 nghiQm t eU;2)
)o m < max f1r; : .f (2) =;. tr

It:21 J

Lttu i.. Trong bdi to6n gi6i vi biqn luQn PT
(BPT) c6 chria tham s6, khi d[t An php t = g(x)

thi ta phai tim di€u ki6n cira An phs d6 bing
c6ch tim tdp gi6 tri cria HS g(x).

. Cho HS y = f (x) 1i6n tuc tr6n tflp D. Khi d6:

- BPT/(-r) > m co nghiQmx e D
emaxf (x)> m.

D

- BPT/(x) < m c6 nghiCmx e D

ominf (x)<m.
D

b) Khi e4p he Pr dang {t<rt= f?)
[g(x,y) : U

Ta c6 thii tim loi gi6i theo hai hu6ng sau:

Huong 1. BirSn O6i pr thri nh6t rC d4ng

f (x)- f (Y)=0,

sau cl6 tim cdch dua vd PT tich.

Hrbng 2. Xet hdm s6 z = f (t) (thu<rng ld

hdm s6 li6n tuc tr6n tflp x6c clinh cua n6).

- Ntiu hdm s6 z = f (t) d<rn diQu thi tu PT thri

nh6t ta suy ra y=y. Lllc d6 bei to6n quy vd

giii ho{c bi6n ludn PT thf hai theo An x.

- Ntiu him s5 , = f (t) c6 mQt cgc t4 tai t = to

thi n6 thay d6i chi6u bi6n thi6n mQt lAn kni
qua /0. Tti PT tht nhAt suy ra x = y hoic x,y
.: )..

nam ve nar phra cua /0.

*Thi dU 6.1Kh6i A - 2013) Gidi he phucrng

,-.)-.r^ lJ;*l * VrJ -,[yo +2 = ytrtnh <

lx2 +2x(y-l)+12 -6y+ I =0.

x 0 +cc

.f '(x)

f(x)
I

0

Theo bing bi6n thi6n, PT/(x) =m c6 nghi6m

thgctrdn [0;+co) <+0< m<1. tr
Lta !,. Cho hhm sO y = /(x) li6n tr;c tr6n tfp
D. Khi d6:

Phuongtrinh /(x) =m c6 nghi€mxe D

e min /1x; < m< max f (x).
D"D"

*Thi dr; 5. Tim m ae Urit phurmg trinh
mdV -Zx +Z + 1) + -r(2 - "r) 5 0 co nghi€m

x e [0; 1+ J3].

Loi giol Dat r = Jir:Tx+2.

Bing bi6n thi6n

x 0 1 t+J3

t' 0+

t
J' 2

te *r,r-roro T?EilrHBE 
g
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Ldi gidi. DK: x)1.
PT thf hai ctra hQ tucrng duong v6i

(-r+Y-I)z =4Y =y>0' (3)

Voi EK(3), PT tliri nh6t cta hQ tucrng duong vc'i

,ti n +{V -r=.(7 +1)+ I +i1@T9-1. 10,

xdt HS f (t)=.trt+l+\lA tr6n [1;+m), ta c6:

I _-L>0, v/> I
"f 

'(r)= rffi* 4V(/_l)j

> f (t) ddng bi6n tr6n [1; +'rc)'

Tt (4) ta co /(x) =.f(yo +1) e> a =ya +1'

Thay vdo (3), ta dugc

(yo +y)' : 4Y e Y(Y' +2Yo +y-4) : o'

.V6i y=0, tac6 -r=1.

. V6i y7 +Zya +y = 4. (5)

x6tHS g(y): ,-7 *2ya +y trdn [0; +m), ta c6

g'(y):7y6 +8y3 +1>0' Vy>0 = g(y) d6ng

bi6n ffin [0; +co). MAt kh6c, g(1) = 4 n6n PT(5)

c6nghi€mduYnh6t )=1 =x=2' vayHPT

dd cho c6 hai nghiQm (x; v) ld (1; 0) vd (2; 1)'

Lwu j,. Cho HS -t = f (x) tton diQu vh li6n tqc

trdn t4p D. Khi d6:

. N6u PT f(x) =m (m ld hing so; cO nghiQm

trln D thi PT d6 c6 nghiQm duy nhAt tren D'

..f (u):"f(v) e u=Y, VLI,Y e D.

3. Six dgng tinh tlon tliQu cira hilm sO Oe

chr?ng minh b6t ding thi'c

Dd sir dpng phuong ph6p ndy, diAu quan trong

ld tucrng img v6i m6i nOt cAn chung minh, ta

cAn x6y dpg mQt HS, riii nghiOn ciru tinh don

di€u ctra n6 tr6n c5c dopn thich hqp.

*Thi dtg 7. Cho cac sij th1rc dmmg x,y,z

thda mdn diiu ki€n x+-)'+ =r). Cnong minh.Z
. I I I -27rdng: -+-+-+,t+.\'+ - > 

^ 
.

-XVYZ:XL

m siai.cni p ld v6 tr6i cua BDT cdn chimg

minh. Ap dung BDT CauchY, ta c6

pr- -J_-.+ i[:v:.
{(xYz)'

D{t t= W,tac6: 0.,r:jy=+

=,.[o']] ,t p>1+zt

.f '(t) =

f (r):1+ lt.vr. [0,
l-\

3-9< 3-6.23 <0, vr
t'\

" (o'*]
r 1\ 27+l - l:-Ll"tl )\. /

a

.f \r)=i+3r>-
I

1l
I

2)

=(,\,

0;.

€

l. Ta c6
l

,,;]

1l_t
)t

I

khi x= !=z=;. tr

Xdt HS

Suy ral(r) nghich bi6n tr6n

Do d6, v6i moi ta co:

Do d6 Or-+ Ding thfc xaY rukhi vd chi

BAI r.+P

1. (Kh6i A - 2013) T\rnm Oe nam sO

''3 ' 3-vr +3mr-ly--^ T

nghictr bi6n tr€n khoing (0; + 'c).

2. Tim nc d6 phucrng trinh sau c6 nghi6m:

nt(Jx1+2*t7=4- Jx+2 =2*,lV 4'
3. Tim m a|adt. phuong trinh sau c6 nghiCm

voi moi x: mJTx' +g < x + m.

4. (Kh6i A - 2010) Giai h9 phucrng trinh

It+.r' +l )x + (y -:tr6{ = o

]+.t, * ,'z a-2,134x =7.

5. Cho ba sd thr,rc ducrng a,b,c thoa mdn

di6u kiQn a3 +b3 = c3. Chung minh ring:

a2 .+ b2 - c2 > 6(c - a)(c - b).

6. (Kh6i A - 2011) Cho x,!,2 ld ba s6 thqc

thuQc dopn [1;4] vi xZy, x]2. Tirn gi6 tri

nho nh6t cua bi6u thirc
Y\':P=- -' I ' +-.' 2t+3t' Y+: :+x

TOAN HQC
lO 

- I cfuA6a stS ng tr-rortt
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xrf, xreFrr ffi)&&ir
s!.f=

rll.rrong giang dly, viQc ph6t huy tinh tich

I "0. 
cua hgc sinh le didu quan trqng nhAt

cira nQi dung cl6i m6i phucrng ph6p. D6 ldm
- -.1 . :.
dugc di6u ndy mdi gi6o vi6n chtng ta c6n d6u

tu thdi gian, 1u6n tim toi vd ph6t hiQn nhirng

v6n dO m6i la tu d6 hucvng hqc sinh d5n v6i
ch6n troi rQng mo cua To6n hoc, khcri dpy long

dam mC ToSn hgc 6 c6c em. Trong qu6 trinh
day hqc t6i th6y c6 nhirng bdi tQp nhin qua

thl,y rht don gi6n, nhmg n6u chung ta chiu

kh6 tim hi6u thi sE kh6m ph6 duoc nhiOu di6u

thir vitu nhirng bdi to6n d6. Trong bdi vi6t ndy

t6i xin trao d6i cing d6ng nghiOp vC hai bdi

to6n b6t ding thuc (BD'I) trong S6ch Gi6o

khoa (SGK) lcrp 10 chuong trinh NAng cao.

I. HAI BAI TOA\ GOC

Bdi 6 (trang 110, .SGK Toan 1A ndng cact).

Chi'ng minh rang trett a > O va b >0 thi

a3+b32ab(a+b).

Loi girti

ThQt vfly, BDT trdn hrong ttucrng vdi
(a+ b){a2 *2ab + b2) > 0

a (a + b)(a - b)' > 0 le BDT dirng, ding
thric xiy ra khi vi chi L$i a : b.

Bdi 7 b Qrang 710, ,SGI{ Toan 10 ndng cao).

Chirng minh rting voi hai so thrc a, b tity y Ti6p t.uc bitin d6i, ta c6

ta co aa + b4 > o'b + ab3.

(Chrmg minh tucrng W Bdi 6)

u. CAC HUONG KHAI THAC

1. Huring khai thic t6ng qu6t h6a

Bdi 6.1. Chmg minh ring ne, o > 0 va b >- 0

thi a2n 
+ 1 I 62n 

* 1 > aZ'b + abz" vbi n ld sd

nguyAn dtro'ng.

Loi gi,rti

ThAt vpy BDT tr6n tucrng tluong v6i
(i" * b'")(o - b) > 0, le] BET dtng, ding thric

x6y ra khi vi chi khi a: b.

Bdi 1.1. Chtimg minh ring vdi hai s6 thqrc a, b

ti.ty y, ta co azn + 62n'> oztt 'b + ob'" -1 vdi n

ld sd nguyAn duong.

(Chung minh tuong W Bdi 6.1)

ftl ktit qud tr6n, tdi luu jr hgc sinh khi gi6i mqt

bdi to6n c6 thO chri y dtSn c6c trudng hqp rt6ng

ho[c khi ning t6ng qu6t h6a bdi to6n d6.

2. Huring khai thric mri'c tIQ nffng cao

Yoi a > 0, b ) 0, c > 0, tt Bdi 6 ta c6

4*b17 a+b. !1*42c+b.4*1) a+c..hacbca
C6ng theo tung vii cua edc BDT ndy ta d6

xuAt dugc bdi to6n sau.

Bdi 6.2. Cho a, b, c ld ba s6 clu'ong.
:

L hung mtnh rang

o':rt *c2 +b2 nb2 +a2 22(a+b+c).hac

a2 + r'2 c2 + b2 b'14> 2@+ b+ c)b - o --,

* * (1. l). u,(i. *) . * (:- *) =
2(a +b + c)

Theo hu6ng niry, ta c6 th6 t6ng qu6t Bdi 6vit e a?.+:+b'.c!:l +"'.olrb >2(a+b+c).
bc ca ab

Bdi 7l) nhrr sau:

TONN HOC
sti eaz rs-zorel n 6Tudig6 ll

https://tieulun.hopto.org



Y6i a * b * c: 1, BDT tr6n tuong ducrng vot

,r.l = 
o a62.1-b *rr.l-r' 22hc ca aD

e a3 (t - a) + b3 (l -b) + c3(1 - c) > 2abc.

Ta ti6p tuc dC xuAt dugc bii to6n sau.

BAi 6.3. Cho a, b, c la cac s6 dt'rtmg thda mdn

a + b *c : 1. Chti'ng minh ring a3 + h:' + c'-r )
aa+ba+ca+2ahc.

Df;t a ={i, b = tfi , " =1t7, ta14i c6 th6m bii

to6n sau.

Bni 6.4. Cho x, v, z la ba s6 dtro'ng thoa mdn

iE * iF + <[i :1. Tim gia tri lon nhar rua hiiu

- rl --rtltirt'P=++
Vxr +2Vx-i.r -V:

+ll.Y]:.

N6u coi a, b, c le d0 dni ba c4nh cua mdt

tam giilcthi tu Bdi 6.2,k€thqp vdi dtnh li sin

ta c6 bii toSn sau.

Bhi 6.5. Cho tam giac ABC. Chil'ng minh rcing

sinr .4+sin2 B 5ip: ff+sinr C , sin2 C+sin: J

--=in(' *-;in.l -- *-* t*B
>Z{sinA+sin-B+sinC).

D6n ddy, n6u 6p dpng c6ng thric

sin2ct: 1 - cos2ct

thi ta lai dugc bdi to6n sau.

BAi 5.6. Cho tam giac ABC. Chti'ng ruinh rdng

z( .l .u -1-r* .l;lt:(sin.1+sinB'sinC)+
\srnl slnd slnL/

* c'osl l +cosl B *-cosr B{gs'] q 
* 

cosi C ' clt-lsl ,4 
.

sinC sin I stn I

Bdy gid, *u6t ph6t fi Bdi 7.1v6r n: l, ta c6

BDT quen thuQc / + * >2ab, vcr.mgi a,b e R.'

. V6i n : 2 ta cb Bdi 7.b: Voi mPi a, b e IR'

ta co aa + b4 > o36 + ab3. (*)

N6u thay giA thi6t bbr a* 0, b r 0 thi

(*) e oo,! 
?1 ,_ ot.

a2+b2

rucrns *, !i*'i- -6r, !!!> ac.
b' +c' c" + a'

CQng theo tung v0 c6c BDT ndy, ta c6 bdi

to6n sau.

Bii 7.2. Cho a. b. r' td t:ac sd thuc khac kh6ng'

-t ' :.t-..;-..- q:ttt .b'-r'' .. co+r'14
Lhlmg tntntt rang 

u: ^ 6: 
t 

h, * J - ,* o:

2ab+fi6*ca.
o yor n:3 tac6 BDT: a6 + b6 > asb + abs 1**1

v6i mgi a, b e JR^. Tuong t.u nhu tr6n, ta c6

bii to6n sau.

Bni 7.3. Cho a, b, c ld cac ,sd thrrc khar-' khong'

-t , r.. i.-^ o^ alrh , I" t{ - t- *tt' ,L lttntg tntttn rang ,f * b, 
. 

7,., ; - ;: _ d '
ob+hc+ca.
Tong qu6t Bdi 7.2 vd Bdi 7.3 ta dugc bdi to6n

sau.

Bdi 7.4. Cho a, b, c ld cac s6 thuc khac kh6ng'

ChLlng minh rang

nl:.-lfn-2 fi:n':.y6)n-) , C'l" l+nl'r-I 
-

,t: * h'." fi)n ;_g)tt ('l -r.J-a

ab * bc - cc. t'6i n nguY1n drccntg.

ViQc cring v6i hgc sinh khai th6c, md rQng,

ph6t tri6n c6c bdi to6n co bin cira SGK trong

qu6 trinh gi6ng dpy m6n To6n trong trudng

THPT, d{c bipt ld clc lop chuy€n To6n dd

thirc dAy manh mE sU tim toi kh6m ph6 ciia

c6c em. RAt mong cric diing nghiQp b6 sung

th6m nhirng k6t quA m6i, nhirng v0n d6 mdi

dd chring ta cing nhau trao d6i, hqc hoi.

TOAN r-to(l2 tcfuoi@
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Ki thi IMO nlm 2014, ngiry thri 2 c6 bdi to6n

hinh hgc nhu sau:

Bii toin l. Cho tam gidc ABC co 6ii m

goc lon nh&. Cac didm P, Q thupc cqtnh BC
^

sao cho QAB- BCA vd CAP = ABC. Gpi M,

N tin luqt ld cac didm diSi x*ng cila A qua P,

Q. Chtlng minh rdng BN vd CM ch nhau tr€n. ',.duong trdn ngoai ti€p tam giac ABC.

KHAI THAC NAI TOAN HiNH HO(
TRONI rci Wt tHO 201+ 

'

TRAN QUANG HUNG
(GV THPT chuyOn KHTN, DHQG He Nfli)

Cich giititrCn c6 thri coi ld c6ch gi6i ngin ggn

ntr6t ti6p cfln bii to6n ndy, kh6ng nhirng thti

n6 cdn m0 ra nhi6u hucmg t6ng quit kh6c nhau.

Trong bdi vi6t ndy t6i xin gi6i thigu mQt vii
hu6ng tdng qu6t kh6c nhau cho bdi to6n tr6n.

Trong bdi to6n, A6 tfrAy tam gi6c APQ cin.
ViQc 6y eOi ximg A qua P, Q dugc M, N
thyc chAt c6 th6 hi6u li PM.QN : APAQ:
AP :,lf.oay h di6m m6u ch6t quan trgng.

Chring ta ctrng tim hi6u mo rQng dAu ti6n.

Bii toin 2. Cho tam giac ABC cd 6k m

gdc t6n nhdt. Cac di€m P, Q thuoc cqnh BC
^

sao cho 8AB = BCA vd CAP = ABC. Gpi M,

N ldn ttrqt ld cac diem thu\c tia d6t cila cdc

tia PA, QA sao cho PM.QN: AP.AQ. Ch{rng

minh riing BN vd CM cdt nhau ffAn dudng. .:
tron ngogi tiep tam giac ABC.

NhQn xel D6ry li mQt mo rQng don gi6n vi c6

loi gi6i hodn todn tucrng tU nhu bii to6n trdn.

Oe titlp tuc m0 rQng, ta AC y ACn c6c gi6 thitit
-^

PAB=BCA vir CAQ=ABC. Thgc ch0t c6c

gi6 thiiSt niy cho thAy duong frin(APB) ti6p xric

vli AC vd duong trdn (AQQti6p xric vli AB.

Ti6p tli6m c6 th6 thay thti bing giao ditim. Sau

ddy h mQt hudng khai th6c cho;f tuOng niy.

Biri toin 3, Cho tarn giac ABC co cdc di€m P, Q
thuQc cqnh BC sao cho AP: AQ.Dadng trdn

. ..;ngoqi fiAp tum giac APB cdt CA tqi E khdc A.

Dtrdng trdn ngoqi fidp tum gidc AQC cdt AB tqi

F khdc A. Liiy cdc didm M, N lAn luqt thu\c
fia diSi cila cdc tia PE, QF sao cho PM.QN:
PE.QF. Ch{mg minh rdng BN vd CM ciit

Hinh I

Ggi .R li giao di6m cira BN vd CM. Ta

LABC cn A,PAC <n LOBA. do d6 ry =,QA

=P,=y.Mat kh6c frFi=fffu nen
QN PC

LMPC u> A,BQN =ffiD=fdfu + tu gi6c

QCNR nQi ti6p = CRN = CQN = BAC.

Vfly ffi gi6c ABRC nQi titip (tlpcm).

NhQn xit. Bii toin thf 4 ctn ngiry thf 2 niry

ld mQt bdi toin kh6ng kh6 vi c6 nhi€u lcri gi6i.

thlry
PA
PC

nhau trAn duons trdn ngoqi ti€p tam gidc ABC.

se *, p-,gg r?eilrHff 
rB

Ldi gidi (h.t)
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Lirt girti (h.2)

Ta nh4n thdY MBC <n LPEC u> LQBF, do d6

k0t trqp voi gia thrlt PM.QN: PE'QF: QB'PC

vit frFi = @B (cirng bt v6i fk ) suy ra

LMPC,T> M;QN *6r't0=fefu = tu gtitc

, a:'-
QCNRnQi titiP + CRN =CQN = BAC'

Vay ff gi6c ABRC nQiti6P (dPcm)'

NhQn xdt \3ig6c o d6y ctta tam gifuc cln APQ

bing ili. h co Bdi toan 2' DoPn sau ldi

gi6i hodn toin tucrng t.u. Ta sE c6 rnQt mo

rOng y nghia hon nhu sau.

Blri to6n 4. Cho tam giac ABC co cdc di1m P'

Q thu6c canh BC sao cho AP : AQ' Dwdng

lrd, ,gooi ti€P tam gidc APB cat CA tai E

khac A. Drdng trdn ngoai ti€p tam giac AQC

cat ,q.n @i F khac A LAy cac di€m M' I'l ldn

laot thudc tia d6i cua cac tia PA, QA.sao cho

PIILQN : PE.)F. Chung minh rdng giao

diAm ct a BN vd CM ludn ndm tAn m6t

du'ong rron ci dinh khi M, N (li chuyen'

LN gidi (h.3)

Gqi R li giao diiim cua BN vi CM' Ta thdy
-^ --a

frE=TPB=AQC = EPC SUY TA BEC = BFC

n6n tu gitrc BCEFnQi ti6p dudng tron (,(l c6

Hinh 3

dinh. Ta sd chimg minh BM vir CN cit nhau

tr6n (K). Thpt v4y, tathdy LABC cn L'PEC <n

LQBI;,do d6 k0t hqp gi6 rhiet PM'QN = PE'QF

: QB.PC (v\ LBQF u> MPQ vd LAPQ cin

suy ra 
-frFi 

= Nan. n d6 LMP] <n LBQI'I

= 6iD = FCit = tu si6c QCNR nQi ti6P

- 
^

* 6ntt =fQN = 180' -CQA= 180' -CFA

= 6Fi. Tt d6 fi gi6c BFCR nQi ti€P ncn R

thu6c durYng trdn (el (dPcm)'

NhQn xdt. Khi g6c o dfty oia LAPQ bing

6iC tucfrng duoc Bdi toan 2' PhAn sau cua

lcri gi6i co kh6c Bdi toan 3 mOt chirt, tuy nhi6n

f nghia v6n kh6ng dOi. tren md hinh cria bdi

ioi e6"vh c6c Uai toan mo r6ng con c6 nhiAu

hu6ng khai th6c d6ng chir y sau d6y, coi nhu

bni t4p tuyQn tflp, c6c bpn hdy qu giai nh6!

Blri tofn 5. Cho tam gidc ABC co BAC ld goc

lon nhiit. Cdc didm P, Q thut2c cqnh BC sao

cho 6iB=6c1 va aeP=ABC' Gei M, !{

ldn luqt lii cac didm thuQc tia d1i ct\a cac tia

PA, gA sao cho PM.QN: AP'AQ'

a) Chrirng minh riing BN vd CM cdt.nhau tqi

diAm R rAn dtdng trdn (O) ngoqi tidp LABC'

TORN HQC
t4';"iil}if,6 se*t*
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b) Daong trdn ngoqi ti€p LRMN cdt (O) tqi X
khdc R. Chrimg minh RX lu6n di qua m\t di€m

cA dint khi M, N di chuydn.

c) Dtrdng trdn ngoqi ti€p LRBP vd LRCQ cdt

nhau tai Y khdc R. Ch{mg ntinh rdng RY lu6n
^. t'i : 'di qua mpt di€m c6 dinh khi R di c'huy€n.

d) Goi Z td giao di€m c{ta BM vd CN. Chtimg

minh riing XZ luin di qua mlt di€m cii dinl,

khi M, N di chuydn.

Bii tofn 6. Cho tam gidc ABC co cdc diAm P, Q

thuQc canh BC sao cha AP: AQ. Drdng trdn

ngoqi ti€p LAPB cdt CA tqi E khdc A. Duong

trdn ngoqi tiep MQC cdt AB tqi F khac A.

Liiy cdc di6m M, N lin hqt thu6c tia d6i cila

cdc tia PE, QF sao cho PM.QN: PE.QF.

a) Chtimg minh ring BN vd CM cdt nhau tqi

di€m R ffAn dumry trdn (O) ngoqi tiAp LABC.

b) Gqi K ld tdm &rdng trdn ngoqi ti€p MMN.

Chang minh riing AK L BC.

Blri tofn 7. Cho tam gidc ABC co bdc didm P,

Q thuQc canh BC sao cho AP: A8. Drdng

trdn ngoqi ti€p LAPB ,at C.l tqi E khac A.

Dudng trdn ngoqi ti€p LAQC cdt AB tqi F
khdc A. Ldy cdc diAm M, N thuQc tia diii tia
PE, QF saa cho PM.QN: PE.QF.

a) Chtimg minh riing BN vd CM cdt nhau tqi

di6m R thuQc &fing trdn (O) ngoqi ti6p MBC.

b) Dffong trdn ngoqi ti€p LRMN cdt (O) tqi X
khdc R. Chilmg minh rdng RX ludn di qua mQt

di€m c6 dinh khi M,N di chuy€n.

c) Dudng trdn ngoqi ti€p A,RBP vd LRCQ cdt

nhau tqi Y khdc R. Chilmg minh ring RY lu1n
^. -.; .l t. t t1. t, 

^t 
,. , :

di qua mot di€m cd dinh khi M,N di chuy€n'

Bdri tofn 8. Cho tam gidc ABC co cac di€m P, Q
thu\c cqnh BC sao cho AP : AS.Dadng trdn

ngoqi ti€p LAPB c& CA Ui E khdc A. Dtdng

trdn ngoai fiep MQC cdt AB tqi F khdc A.

Ldy cdc didm M, N tdn luqt thuQc tia ddi cfia

cdc tia PA, QA sao cho PM.QN : PE.QF.

a) Chung minh rdng BN vd CM ludn cdt nhau

Ui di6m R thulc ntSt dtrdng trdn (K) ,ii dinh

khi M, N di chuyAn.

b) Goi L ld tdm dadng trdn ngoai tiAp M.MN.

Chtimg minh ring AL L BC.

Blri tofn 9. Cho tam gidc ABC c6 cdc didm P, Q

thu6c cqnh BC sao cho AP: AS.Dudng trdn

ngoqi ti€p LAPB cdt CA tai E khac A. Dudng

trdn ngoqi fiAp LAQC cdt AB tqi F khac A.

Ldy cdc diAm M, N ldn ltrqt thu6c tia d6i cila

cac tia PA, QA sao cho PM.QN: PE.QF.

a) Chang minh rting BN vd CM lu6n ,iit nhou

tqi di€m R thu\c mgt drdng trdn (IQ c,i dirt
khi M, N di chuy€n.

b) Duong trdn ngoqi ti€p M.MN cat (K) tqi X
khac R. Chilmg minh RX lu6n di qua m\t di€m

"a 
dint khi M, N di chuydn.

c) Dwdng trdn ngoqi ti€p M.BP vd LRCQ cdt

nhau tqi Y khac R. Chimg minh ring RY lu6n
^. r.: / +. r t r. tr 

^I -1: ^1--.-.1di qua mAt di€m cd dinh khi M, N di chuy€n.

Bpn niro quen vdi phdp nghlch tl6o c6 the giai

th6m bdi to6n sau.

Biri tofn 10. Cho tam gidc ABC nQi ti€p

dudng trdn (O). Cdc di€m P, Q thuQc cung

BC kh6ng chaa A sao cho AP: AQ; PB,8C
tdn fuqt ciit CA, AB tqi E, F. Ldy cdc di6m M,

N thu\c tia ddi ctia cdc tia PA, AQ sao cho

PM ON AM AI,I

PE'QF AE'Al
MCM vd MBN cdt nhou tqi R khdc A.

Chtimg minh rdng R ludn thu6c mQt fudng

trdn cd dinh khi M, N di chuydn.

Loi kOt. Biri to6n IMO ndy tuy ld mQt bdi to6n

kh6ng kh6, tuy nhi0n vd de.p vi tinh gqi m& ctra

n6 li kh6ng th6 phir nhQn. N6 hoin todn ximg

d6ng ld mQt bdi thi IMO. BOn canh bdi toan g6c,

bdi to6n md rQng cdn r6t nhi€u y de khai flrac

m6 hinh vd ph6t ri6n th6m md tong mQt bili vitit

kh6ng thC figt ke h6t. Xin ddnh cho bpn dqc'

t, nnr,r-ror, T?!I#EE t5
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cAc lop rHCS

BitiTll44T (Lop 6).

Giii phu<rng trinh nghiQm nguydn:

1*x*r'+rt:Y'.
TRAN UINH HIBN

(GV THPT chuydn Quang Trung, Binh Phrdc)

BhiTZl447 (Lop 7).

Cho x, y, z ld ba s6 nguydn du<rng nguy6n td
cirng nhau vi th6a m6n (x - ,){g - 4 : }.
Chrmg minh ring tichxyz ld s6 chinh phuong.

NcuvEN rUANH NcuvEN
6v fucs tting Bdng, TP Hdi Phdng)

B iT3l447. Giai phucrng trinh:
1111

_f _:_f

BUI HAI QUANG
(Gl/ THCS Vdn Lang, TP Viet Tri, Ptui The)

B.diT4l447. Cho dutrng tron (O; R), mQt ddy

AB cilch O mQt khoing d (0 < d < R). Hai
ducrng trdn (1), (r(; ti6p xric ngoii nhau tai C

. ..t
cirng ti6p xric vdi AB vir ti6p xric trong v6i
tluong trdn (O) (1 vi K cring nim tr6n mQt

ntra m{t phing bir AB). Khi hai ducrng tron (1)

ve (KJ thay tl6i, tim qu! tich c6c tli€m C.

TRAN XUAN UY
(I{am Dlnh)

Biti TSl447. Tim tdt ce c6c sd nguyen duong

a, b saocho c6c phucrng trinh I - 2ax - 3b : 0;

* -Zbx-3a:0 ttAu c6 nghiQm nguy6n duong.

NGUYEN NGQC HAN
(Hd N4i)

CAC LOP THPT

Bhi T61447. Tim c6c s5 thuc ducrng x, !, Z

th6a mdn hQ phucrng trinh:

It l 1l-r-a-- I

] x+l ' y+l' z+1 -'
I

lryz(x+ y+z)(x+ lXy+ lXz +l)=1296
CAO MINH QUANG

(GV THPT chay€n Nguydn Binh Khi€m, Wnh Long)

Bii T71447. Cho tu di€.n ABCD vcri dQ dii c6c

canh AB : BD : DC: x, BC: CA: AD : y.

:3x5
Untmgmlnnrang: ;(-(;.5y

NGUYEN VAN THIEN
(GY THPT Tdn Phu,Ding Nai)

FlitiT8l447. Tim gi6 fi 16n nhAt cria bi6u thric

P: l(d - t')(t' - c1k2 * d)1, trong d6 a, b, c

ld c6c sO kh6ng 6m thoa mdn a + b + c: !5.

TIN

rs xuAx oer
(GV THPT chuyAn Wnh Phuc)

N TOI OLYMPIC TOAN

BitiT9l447. Giai phucrng trinh:

x4+ax3+bi+2ax*4:0,
bi6t ring 9(l + b'): 16.

LE BAHOANG
(Phdng GD-DT Hdng Linh, Hd TTnh)

Bni T10/447. Tim tdt ch cic cip s6 nguyOn

ducrng (a;b)thi:,amdn4a+ 1vd 4b-l nguy6n

t6 ctng nhau vi a + b ldu6c cira l6ab + l.
DAO HITY TRTIONG

(GV THCS LQp Thqch, Wnh Phuc)

BAf T11/447. Cho hai ddy sl5:

at:0, a2:16, a3:18, an+2:8an-f $qr-rY6
h : 3, bz: 19, bz : 69, bn +z: 3bn+ r + Sbn -
bn-t, n> 2. Chtmgminh ring:
b n = cona n + cf,a,-, + ... + ci-1 a, + 3Ci;
a, = Cf;b, - C',b *, + Clb,_r-... + (- 1)'-' Ci,' b,

+(-1)'3C[.
DAM VAN NHi

(GY THPT chuyAn DHSP Hd NQi)

TORN HQC
16 Eciua@
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l3*i'f I 21 447. Cho tam gi6c ABC vdduong tron

tdm O ngo4i ti6p bm gifrc. C6c di6m At, Br, Ct

theo thir t.u thuQc c6c do4n BC, CA, AB. Cdc

duong trdn (AB{), (BCd), (Cfu81) theo

thf t.u cht Q) lai A2, Bz, Cz. Tim vi tri cua c6c

C

diem I t. Br. Ct sao cho dr nho nh6t.

NGUYEN MINH HA
(GV THPT chuYAn DHSP Hd N|i)

cAc *fi rzas r.{

Bli E.ii"14?" Mqt thau kinh mong hai mat 16i

c6 b6n kinh bing nhau. Khoing c6ch gita hai

ti6u c1i0m chinh khi dflt th6u kinh trong kh6ng

khi vd d6t trong nudc lAn luqt li 2f1 vd 2f2.

Cho chi6t su6t tuyet d6i cua kh6ng khi bing 1,

chi6t su6t tuyQt d6i cua nu6c bingn,.

F:Ofi LCIWER SECONDARY SCH{}OL

Tll447 g'or 6tt' gracle). Find all the integral

solutions of the following equation

1 *x* I +*':y'.
TZ]4fV (For ?th grade). Let x, y, z be three

coprime positive integers satisfuing
(x - z)(y - 4: *.

Prove thatxyz is a perfect square.

T31447. Solve the following equation
1111

---:--Jlx 'lgx -3 J5x - | J7 x -2
T41447. Given a circle (O; R) and a chord AB

with the distance from O is d (0 < d < ft).
Two circles (0, (-&) are externatrly tangent at

C, are both tangent to AB and are internally

tangent with (O) (1and K are in the same half

plane determined by the line through ,'48).

Find the locus of the points C which vary

when (1) and (K) vary.

1) Tim chi6t sr6t n ygt dOi cua chAt lim th6u kinh.

2) EAt th6u kinh ngpp mQt nua trong nu6c sao

cho tryc chinh vu6ng g6c vdi m[t phing ph6n

cbch giira nu6c vd kh6ng khi' Tim khodng

c6ch gifra hai ti€u di6m chinh
NGUYEN XUAN QUANG

(GV THPT chuY€n Hd NQi - Amsterdam)

Bni 1,2/447. EiQn n6ng duqc truydn ff noi

ph6t diQn d6n mQt khu dAn cu bing tlucrng

ddy mQt pha vdi hi6u su6t truyirn 6i lil 90%.

Coi hao phi diQn nlng chi do toa nhiQt tr6n

ducmg dAy vd khdng vucrt qu6 20%. N€u c6ng

su6t su dgng diQn ctra khu d6n cu nhy ting

20o/o vit giir nguy6n diQn 6p <r noi ph6t di6n

thi hieu so6t t*ydtt tii dipn n[ng tr€n chinh

dudng ddy khi cl6 ld bao nhi6u?
DINH THAI QU\'NH

(Ha N2i)

ffiTffiffiil$TSffi'E
TSl447. Find all positive integers a and b

so that both equations I - Zax - 3b :0 and

* -2bx-3a:0 havepositive integral solution.

F'OR UPPER SECONN,{RY SCT{OOLS

T61447. Find all positive real numbers x, y, z

satisling the foilowing system of equations

I r I I _rl-+-+-
] ,*1- y*l tA- L

lxyz(x + y + z)(x + 1)(y +1)(z +l) =1296

T41447. Given a tetrahedron ABCD and

the lengths of its sides AB : BD : DC : x,

?15
BC : CA: AD : !. prove that i <-: <;.

))3

'f8/44?" Find the maximum value of the

expression P : l(d - b')(b' - c\(cz - d)1,

in which a, b, c are flonnegative numbers

satisfying a*b* r: J5.

(Xem ti6p trang2T)

TONN HOC
qe fq-eeoqt.*-*i*tri,#ike^ 17
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Vfly 19 s6 phii tim 1i c6c sO nguy0n li6n titip

fri 1995 d6n 2013. D
F Nh$n x6t

C6c bpn sau c6 loi gi6i dring vd gon: NghQ An:

Nguydn Einh Tuiin, Thdi Bd Bdo, 6C, THCS Ly

Nhf,t Quang, E6 Lucrng. 
,IET HAI

Bri.d TZl443 (Lop 7). Cho tam gidc ABC co

EL :4oo vit lEa:60o. Hai di€m D vd E lin

laqt thbc csnh AC vd AB sao cho eED: qOo

,, 6dE: 70o. Gpi F tit giao diem cua BD vit

CE. Chmg minh rang,4F t'u6ng g6c vcti BC.

Ldi gi,rti 
A

BCI

Ke tia phAn gi5c ci,r- dED, clt,Ec tai M, ta co

1ED =6EM :ffie =20o. Tam gi6c BMC c6

ffid :2oo,ffiE = 8oo 3 ffri = 8oo ncn

BMC ldtam gi6c cdntqi B vd BM : BC. (1)

Tam giitc BFC c6 FEd = 4O',EG = 70o

-6Fe = 70o nOn BFC liLtam gi6c cln@i B

Bii T1/443 (Lop 6). Cho 2l so ngqt€n d6i mAt

kltac nhau thoa mdn diiu ki€n t6ng cua 11 so

tity y trong chdmg tuon ton hon tong t'irct lO so

cdn lai. Bi€t trong 2l so n,ty co mot so bang 101
, ;,, , :. r J

va so lon nhat bang2014. Tim 19 so t'ott lui.

Ldi gidi

Gqi 21 s5 nguyCn do ld ay a2, ..., a2o, azt

vir gi6 sir ring at 1 a2.- a3 < ... I azo < ax th\

an:2014. Theo gii thi6t ta c6:

a1* a2* az* ... + ... + as) ap* an* ... + a21

n6n a1 > (an- or) + (atz - at)+ ... + (a^- o1n).

Vt6l trieu sO O v6 phii bAt ding thirc kh6ng

nho hcrn 10 vd c6 10 hiQu s6 ndn q > 100,

suyraar> 101.
t^Vi ar lir so nguy€n nh6 nhat n6n a1 : 101 vd

100 : (arr- a2) + (ap- ot) + ... * (at - a1n),

suy ra 10 hiQu si5 ndy dAu bing 10.

Do d6 alt: a21- 10 : 2014 - l0 : 2004.

Tti arr : 2oo4 d6n azt : 2oI4 c6 11 si5 kh6c
,( rr rt -4

nhau ndn d6y s6 o1z, a13,..., a20 h dey cac sO

nguy6n li6n ti,5p an: 2005, as:2006, ...,

a2s:2013, suy ra az: an - 10 : 2005 - 10 :
1995, az: at3 - 10 : 2006 - 10 : 1996, "',
ato: a2o - 10:2013 - 10:2003'

vd BF: BC.

Ttr (1) vd (2) suy ra BF: BM.

(2)

(3)

TrCn tia BC l6y diOm 1 sao cho BI : BA, ta c6

ABIlittam gi6c d6u. X6t hai tam gi6c BMAvit

BFI, c6 BI: BA (c6ch dpg), BF: BM (theo
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(3)), MBA = FtsI = 40o suy ra hai tam gi6c ndy
b[ng nhau (c.g.c). S,v ra FI --_!. Ta lai c6

LMBA cin tai M (do MBA = MAB = 40o) n6n

MA: MB, md MB : ,FB suy ra FB: ff. KCt

hqp vdi AB : AI ta co AF ld duong trung tryc
curaBI.Yay AF LBlhay AF LBC (dpcm). D

F Nhfln x6t

1. Bdi todn tucrng d6i d6 vd co nhi6u cdch giai. C6

th6 lAy di6m K AOi xrmg voi F qua AB, bing phucmg

ph6p phdn chfmg ta chrmg minh duoc tFF = 60o ,

*6iF =30", k6tbspv6i lda=60o tac6clpcm.

2. Circbansau diy c6 loi giii ngfn g.2n:

PhriThg:flodng L€ C6ng Kh6i,7B, THCS Thanh Hd,

Thanh Ba; Hii Phdng: Fhirng Quang Minh,lA1,
THCS H6ng Birng; Thanh H6a: Kiiu Xudn Bdch,

7A, THCS LC Hiru Lip, Hiu L6c; NghQ An: Tdng

Trung Nghia, 6A, THCS Hoa Hi6u iI, TX Th6i Hda,

Nguydn Trgng Bing,7A2, THCS TT Qu6n Hdnh,

Nghi LQc, Nguydn Dinh Tudn. 6C, Tdng Vdn

Minh I'Iilng,7A, THCS Li Nhat Quang, D6 Luong;

Hlr finh: Nguydn Dinh Nhqt,7A, THCS TT CAm

Xuy6n; Quring Ngfli: tr/d Thi Hing Kiiu,'/A,THCS
Nghia M!, Tu Nghia, Ed Thi Mi Lan, Tructng Th!

Mai Trdm, Phan Kiiu Trinh,7A, THCS Pham VIn
E6ng' Nghia Hdnh' 

NGUYEN xuAN B,NH

BitiT3l443. Giai h€ phLrottg trinlt

- I (1)

=VJ(.,/.t*.F-r) e)

LN gidi

Di6u kiQn:x ) 0, y>0.

Vdi moi a> A, b > 0 dC ddng chimg minh BDT

4(a3 + b')>- {o+ b)3. Suy ra 1ld'+F ,#,
ding thuc xdy ra khi vd chi khi a : b.

Ap dung BDT h6n OOi vOl v6 trai cua PT(2)

ta duo.'c: $il} ,'*r*' .

v+
(*)

lz"6 -,[iI t,
1^f ..
[ '{8x' +.v'

ra lai co r(f; --l)' - tC- r)' +j > o

T* (*) vi (**) suy ra:

1FGTTT >z(G+,{1,-t)

= ifiFT/ >{1(Ji +,{y -r).
Do d6 PT(2) v0 nghiQm.

Vay HPT dd cho vO nghi6m. tr
F Nhfn x6t

1. Mgt s6 ban dua ra nhirng cdch giii kh6c, sir dung

c6 PT(1).

2. Cdcbqn c6 loi gi6i dring:

Quing Nam: Zd Phadc Einh,9l1, THCS Kim D6ng,

TP. Hgi An; Hung YEn: Phsm Tiiin DuQt, 9A,
THCS Binh Minh, Kho6i ChAu; Phri Thg: Nguydn

TiAn Long, 8A1, THCS LAm Thao; Binh D!nh:

i,lgryAn Bao Trdn,7A, THCS Triy Vinh, Tdy Son;

Hi finh: Le Thi Thu {JyAn, Trdn Thi Tadng Vy,

Nguydn LQ Giang, 98, THCS Hodng Xu6n Hdn,

Dric Thq; Thanh IJ6al. LA Quang Dilng,9D,THCS
Nht BA S!, Hoing H6a, Kiiu Xudn Bdch, 7A,
THCS LC Hiru Lfp, Hflu LQc; Hn NQi: LA Philc Anh,

9A, THCS Nguy6n Huy Tu&ng, D6ng Anh.

NG{.IYENANH QUAN

BdiT1l443" Cho trun giac' ABC. TrAn hai cqnh

-48. ^4C lcin luor lti.t' hai di€tn E, D sao cho

iED = ii, or'rtg trdn ngoqi ti€p tctm giac

.LDB c'at tia CE tai M vd N. During trdn ngo4i

ti€p tam giac AEC cdt tia BD tqi I vd I{.
:,

Chang ntinh rang b6n cli€m M, I, lV, K cilng

ndm tren m6t dtrdng trdn.

Theo gi6 thi6t ABD: ACE, sry ra BCDE ldtir
giric nQi ti€p. Gqi Hld giao cli6m cua BD vd CE.

"Do LBEH u> ACDH (g.g) n6n

HD.HB: HE.I{C. (1)o2x+ y >2(Ji+.fr-1). (**)

=s 
nor,r-rrrn, 

T?8ilr5?! 
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(2)

(3)

.Do NiIBN u> NIMD (g.g) n6n

HD,HB : HM.HN.

.Do LHIE cn M:ICK n1n

HE.HC: HI,HK.

Tir (1), (2), (3) suy ra HM.HN: HI.HK.

Tir d6 ta c6 NHN ct> A'MHK (c.g.c).

Do d6 fiiE =tfu, suy ra NIMK li tu gi6c

n6i ti6p, hay b6n diOm N, I, M, K cing thuQc

mQt ttuong tron. I
F Nh$n x6t

1. C6 th6 chimg minh tlugc b6n di6m N, I, M, K cixtg

thuQc dudng trdn tdml.

2. Gqi F ld giao <ti6m thri hai cua dudng trin (ADB) vit
dudng trdn (AEC). Khi d6 ba tliiim A, H, F thinghing.
Chimg minh xin dinh cho ban dQc.

3. C6c ban sau ddy c6 loi gi6i t6t:

Phri YGn: Ng6 LA Phaong Trinh,9E, TNCS Luong Thti

Vinh, Tuy Hod; IIir NQi: 16 Philc Anh, L€ Duy Anh,

9A, THCS Nguy6n Huy Tu&ng, D6ng Anh; Bic Ninh:

Nguydn Th! HiAn,9A, THCS YCn Phong; Phrri Thg:

Nguydn Duc Thuqn,9A3, THCS LAm Thao; Hi Nam:

NS6 Nhdt Long, 9A2, THCS TrAn Phf, Pht Lli;

Vinh Phtfic: Nguydn Htru Huy,gAl, THCS Y6n Lac;

Thanh IJ:o6: LA Quang Dfrng,9D, THCS Nhfr BA Sy,

Ho6ng HoC Thira Thi6n - HLu6 Hu)nh Htru NhAL 817,

THCS NguyCn Tri Phu<rng, TP. Hu6; DIk Lik: Nguydn

Vdn NhQt,9A4, THCS Nguy6n Du, TX. Bu6n H6.

NGLIYEN THANH HONG

B^i TSl443. CMmg minh bh diing thtrc sau

dung voi mpi sd thryc &.cong a, b, c'.

d ts c2 - J2, F-i--=; t;-;---' r-.-.--
---*;--*--- z, tJA+u+rF+7+J7+7).a+b b+c c+a 4'

Lbi gi,rti

. Nhfln x6t: V6i mei x, / ducrng ta lu6n c6:

@-yY 20e 2(f +f)>(*+yY
a WTfr> x+y. (1)

Ding thric xity rakhi x: y.

.Ddt: P = d,+!-+ C
' a*tt b+c c+a'

^ECd
Lt = ---------;- T ;-- -r 

-.
a+b b+c c+a

Ta c6: P - o =4a! *bz - c2 
*c2 - a2

a+b b+c c+a
= a-b+b-c+c-a=0

suy raP : Q.yh4y, k6t hqp voi BDT(I) ta c6:

a2+U E+c2 c2+a2', u 
=_ 

f,-r-
a+h b+c c+a
az+U b2+c2 c2+a2

\:|:L:
- Jz1r, + b,) ,12(B + c2) ,t2(c2 + a2)

t;
e P > Y|JFIP +,[F +? +,[7T71.

4

Ding thric xby rakhi a : b: c.3
F Nhfln x6t

tdt ca c6c b4n tham gia dAu gini dring bdi ndy. C6c
!

bpn c6 loi gini ngln ggn ld:

Phr[ Thg: Nguydn Duc ThuQn, 9A3, Nguydn Ti6n

Long,8Al, THCS Ldm Thao. Vinh Phitc: Nguydn

Htcu Huy,gAl, THCS YCn L4c; Hi Nam: Nhte Ngqc

.inh,9B, THCS Dinh C6ng Tr6ng, Thanh Li6m, Ngrl

NhQt Long,26, Ng6 l, Phucrng Minh Khai, Pht L!;
Hrrng YGn: Phqm Tidn DuQt,9A, THCS Binh Minh,

Kho6i Chdu; Hir NQi: Vuong Tiiin Dqt, D(ng Thanh

Ting,8B, THCS Ngul'Fn Thuqng Hi6n, Ung Hda,

LA Phuc Anh, LA Duy Anh,gA, THCS NguySn Huy

Tu&ng, D6ng Anh; Bic Ninh: NSuyA" Thi Hiin, Cao

Thi Qu)nh Nga,9A, THCS Y6n Phong; Thanh H6a:

Kiiu Xudn Bdch,7A, THCS LC Hiru L|p Hau L0c,

LA Quang Dilng,9D,THCS Nht BA Sy, Hoing H6a,

Dfing Quang Anh,7A, THCS Nguy6n Chich, D6ng

Son; Hi Tinh: LA Thi Thu UyAn,99, THCS Hodng

XuAn HEn, Dtc Thg; Quf,ng Binh: Phan Trin Hwdng,

8D, THCS Qu6ch Xudn Kj,, Hoin L6o, 86 Trach;

Thira Thi6n-Hu6: Hu)nh Hibu I{hQt, 817, THCS

Nguy6n Tri Phucrng, Hu6; Quing Nam: Zl Phubc

Dlnh,9ll, THCS Kim D6ng, HQi An; Binh D!nh:

Nguydn Bdo Trdn,7A, THCS T6y Vinh, T6y Son.

TRANTTOUNEV

BitiT6l443. Gidi phtrong trinh dnx c IR:
5(i(x'+x-l)'+x"=2.

Ldi gidi

Cfch 1

Ta nhQn thdy x: 1 nghiQm tlnng PT(l).

. V6ix> 1 thi xs + x- 1 > 1 n6n

(rt+x-1)s>1vir.r5>1.
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Suyra (xs +x-1)'+ xs >2.

Do d6 PT(l) kh6ng c6 nghiQm khi x > 1.

.V6ix< l thi xt +*- 1< l nen

1x5 +x- l)t. I vdxs < 1.

Suy ra (xs + x-1)t + xs <2.

Do d6 PT(l) kh6ng c6 nghiQm khi x < 1.

Vfy PT(l) c6 nghiQm duy nhAt x: L

C6ch2

D{tx5 *x-l:athias+a-l
: 

1x5 +r- l)t +x5 + x - | - | : 2 -t x *2: x.

Do 116 ta.c6 hQ phuong hinh

l*t +*-l=a
{
l5la'+a-l=x.

Tru theo 16 hai phuong trinh trong h€ ta dugc

xt -at +2(x-a):o
e (x - a)@4 + x3a + x2d + xo3 + aa + 21:0

fr 12 r t2 I
<+ (x-a)[x' *ff) +1ff + t) +ff +z)=o

ex-a.
Suy ra xs + x - | : x <> xs -1 <> x=1(thoa
m6n).

Vay PT (1) c6 nghiQm duy nh6t x :1. tr
) Nh$n x6t

1. R6t nhidu bpn gui bii vd dAu cho lcri gi6i tlung.

Ngoiri hai c6ch tr6n, m$t si5 ban dd st dpng tinh ch6t
i -;ham so de gral.

2. Tuy6n duong c6c b4n sau c6 lcri gi6i t6t:

Hn NQi: V{i Bd Sang, l0 To6n 1, THPT chuy6n

Nguy6n HuQ; Hda Blnh: Trin Bdo Linh, 1l To5n,

THPT chuyCn Hodng VIn Thu; Bic Ninh: Cao Thi

Qu)nh Nga,9A, THCS YCn Phong, Vil Ddng Chi€n,

1041, THPT Thufn Thinh S5 t; rnei Nguy6n:
Ma Thi Khdnh Huyin, ll To6n-K25, THPT chuy6n

Th6i Nguy0n; Hi finh: LA Nguydn Khdnh Ly, 10T1,

Trdn Doan Trang, 10T2, THPT chuy6n Hd finh;
NghQ An: H6 XuAn Hilng, II}TL,THPT D6 Luong I,

Phan Vigt Anh, Al, THPT Qujmh LuuI, Duong Vdn

Hidu,L}TL,THPT Anh Son I; Thanh Hda: Bqch Mai

Linh,|}CS,THPT Bim Son; Quing Binh; Phan Trdn

Hudng, 8D, THCS QuSch Xudn Kj,, 86 Trach;

Binh D!nh:Ngzy€n Bdo Tr1n,TA,THCS Tdy Vinh,

T6y Scrn; Quing NgLi: Hu)nh Tidn Phdt, 10A7,

THPT 56 1 Dirc Ph6; Quing Tri: Trin Anh Minh,

L€ Vdn Binh, l}Todn, THPT chuy6n L6 Quf Edn;

Binh Duongz Phqm Nggc Binh, 10T1, THPT

chuy6n Htng Vuong; Vinh Long: Trdn Duy Qudn,
llTl, Hu)nh Hdo, 11T2, THPT chuy6n Nguy6n

Binh Khi6m; Long An: Trdn Qui5c Khdnh,l0 To6n,

THPT chuy6n Long An; Ddng Nai: Nguy6n Nam

Binh, 11 To6n, THPT chuyCn Lucrng th6 Vintr;

Gia Lai: Vil Vdn Quy, 12A1, THPT Nguy6n Chi

Thanh, Pleiku, Nguydn Duc Thdnh,10C3A, THPT

chuy6n Hirng Vucrng; Ninh Thu$n: Nguydn Trin
LA Minh, 11 To6n, THPT chuy6n L6 Quf D6n;

Ti6n Giang: Nguydn Minh Thdnh, 11 To6n, THPT

chuyCn Tidn Giang; Cir Mau: Trdn Ngpc Bdch,

11 To6n, THPT chuy6n Phan Ngqc Hi6n.

PHAMTHIBACHNGQC

BiLiT7l443. Cho tam gidc ABC vd M ld m1t
,.; J
di€m ndm trong tam giac. Gpi x, !, Z ldn lffqt ld

khodng cdch t* M ddn cac cqnh BC, CA, AB.

Chilmgminhrdng BAM =CBM = ACM khivd

Ldigirti

. Gi6 str EFil :dEfu =70M = r,r. Ap dung

dinh li c6sin cho ciic tam gi6c MAB, WC, MCA

ta c6 AB2 + AM2 - BM'z : 2AB.AM.cos a
: SM$.cot ;,o:.

BC + BArf - CM'z :4SMsg.cota;

CA2 + C*f -,,M'z :4S,ag1.aot(n.

CQng theo trng vO ba ddng thric tr6n ta c6:

^2,L2,^2
cot(D: u :! TL 

=cotA+cot8+cotC (*)
4s,qac

(ttreo dinh li cOsin suy rQng cho tam gi6c ABQ.

chi lrhi + =Z =ff voi BC : a, CA : b, AB : c.
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s6 aaz rg-zorar r cludiEa Zr

https://tieulun.hopto.org



Tt(*) tac6: &=W

_,aC.sin(,a - co) 
= 41rir,4"otro - cos,4)

lB.sin ro c

=4rin A(cotB+cot rr:2*
c

-va2cyazSUVfa!-=-=L--' z DC u b'
bx cY , *rbx cY-a:

Tucrngnr.? =!-/ . dod6? =T=?'(**)
. Ngugc lai, giA sir ta c6 he thirc (**)'

D$ -Iilfu 
= a, dEfu = P, 1er[ = Y' Khi d6

yb -Su.tc -ACsLn(A-a)Z- s*ou- ABsinu

btsin Acos cr - cos'4 sin u)
c. sin cr

.vb a2
Tt (**) ta co - = -t nen

a2 _bsinA.oto-b"o.1
c26c

hsinA b2+c2-a2
- 

-COTu------;-'r-'

c zc'

bsinA---. a2+b2+c2-
Tt do suy ra - .-cot a: --- N

a2 +b2 + c2
=> COIG =----;-;-.+J,lnc

Tuong t.u cotB = coty = 
o' !o{;;

l)o do cotct =cotP = coty = 61 = p =y' fl

F Nhfn x6t

1. Di6m M ttong tam gi6c ABC thoa mdt EAM

= dBM = trCi[ = o dugc goi \d di€m Brocard vit

a lit goc Brocard img voi di€ot. M' H6 thirc (*)

0 ldi gini trdn ld mQt tinh ch6t d[c tnmg cira

gdc Brocard trong tam gi6c'

2. Cicbqnsau c6loi gi6i t6t:

Hda Binh: Dinh Chung Mirng,l lCT, THPT chuy6n

Hodng Vin ThU; Thanh IJl6a LA Quang Dilng' 9D'

THCS Nht BA Sy, Hoing H6a; NghQ Aw Hi Xudn

Ilirng,\}T|,THPT Ed Lucrng i; Hi finh: LA Vdn

Trrdng Nhdt, Nguydn Vdn Th6, 10't 1 , THPT chuy6n

Hi finh; Quing Binh: Ngary1n Minh Ngoc' l0

To6n, THPT chuy6n Qu6ng Binh;Dik Ldk: Truong

Quang Minh,llCT, TI{PT NguySn Du; Phri YOn:

Ngq,6n Trin HQu,l0T2, THPT chuy6n Luong Vdn

Chenh, TP. TuY Hda.
HO QUANG\'INH

BAi T8/443 . Cho x, 1t, z ld ba s6 ti'ry y thuoc

doan lO; l). Tim maxP vo'i

5 - '1" - ' --
' - ,'----l Ztx-r1 'Y+.1 +l

+(1 -"t)(1-1')(2-:)'

LN girti

V6ix, !, z e [0; 1] thi 1 -x ] 0; 1 - Y 2A;

a+y+L21.
Ap dung bAt Oing thirc Cauchy,ta co"

=+ (1- x)(l- y)G+ y + 1) < i.

Nhffn hai v6 cua BDT ndY vot 2 - z ) 0'

ta dusc (1 - ;rXl - y)(x + y +l)(2 - z) 3 (2 - z)

-(r-xr(r-.vx2 -4<#h
)

+;;;+1 +(l-xxi - Y\(2- z)<---=,' (1)

M[t kh6c tu gi6 thi6t, ta c6:

x ,, 2* .. (z)
v+z+1- x+y+l

Thdt vQy, BDT(2) tuomg ducrng vfi:

x(x+Y + 1) < Zx$t+ z+ l)

e xO + 2z * 1 -x) > 0 (BDT dung)'

ruong ts, ta c6: #;A=#tre (3)

CQng theo ttrng v6 c6c BDT (1), (2), (3)'

ta duoc p a2(* + Y !rl) =2.' x + v*l

TONN HOC
ZZ';"fi#La_ss ..r,*

https://tieulun.hopto.org



ft-r=l-y=x+y+l
j r(y + 2z +l-r) = 0

y(x+22+1-v):$

["- rr-o
Vdv maxP:2 khi l.' ' ". tr

l._- e [0r l]
) Nhfn x6t

1. Mgt sii ban cho ring vai trd oha x, y, z nhu nhau

n6n gia thi6t x < y < z. Di6u d6 ld kh6ng dfng, trong
bdi to6n chi c6 vai trd cua x,,v nhu nhau ma th6i.

2. C6 th€ gi6i bdi to6n bing c6ch xet hdrn s6

i(r)= r *- l' ., --
v+z+l :+x-.1-l x+.u+l

+ (1 - x)(1- 
"v)(2 - z)

(coi -y, z ld hing s61 va ch{rng minh duoc voi moi
:r e [0; 1] ta c6 d4o hdm c6p hai

lr' )-l,'(x\= =_+i "- ,)0t:+.r+l11 1x+.i'+l)1' -

(ban dc.)c t.u x6t truong hqp ., : z : 0); hdm s6 l(x)
l6m tr6n do4n [0; 1]: dc d6 maxP: max fl0),11)];
suy ra k6t qui bdi toan.

3. Cdc ban sau dAy c6 bdi gini t6t:
Cir S{au: L€ Minh Phuong,12 chuy6n Tobn, Trin
Nggc Bich, 11 chuy6n To5n, THPT chuy6n Phan

Ngqc Hi6n; NghQ An: tl6 Xudn Himg,l0Tl,THPT
D6 Lunng I, Dd S<rn; Thanh H6a Phqm Vdn Thdng,

1 lT, THPT chuyCn Lam Son; Oft f,it: Nguydn

Tri€u I{u)nh, l1CT, TFIPT chuyCn NguySn Du;
Bic Giang: Nguydn Th! Tu1,€t Nhung,10 To5n K23,
THPT chuydn Bic Giang; Hi finh: LA Vdn Tradng
Nhdt, 1071, THPT chuy€n Hi T"inh; Quring Binh:
Nguyin Minh Nggc, 10 To6n, THPT chuy6n QuAng
Rin&; Quing Ngfri: Hu)nh Ti€n Phdt,10A7, THPT
Sa f Ptc PtrO.

NGT,YEN ANH DUNG

B,iti Lll443. MOt khoi lap phtro'ng nho. khoi
laong m : 7009, dmg vAn tuAn mot mdt phdng
nghiAng vo'i miit ph,lng nim ngong mdt gdc

cr = 30o. H€ so ma sdt gitta khoi lqp phtrcrng vd

mat phdng ld p = 0,8. Hdy xac dinh mot lac F
J .: "ndm ngang cuc fiAu ditng ri€ ddy kh6i lqtp

phaong d€ no bat ddu chry,€n dQng. Bi€t rang
lm F tac dtlng lrong mQt phang nghieng.

C6 4 luc t6c dung 16n v0t. LUc thri nlat ta
1;luc F song song voi ducrng sinh cua mdt

phSng nghiOng (cfrng tuc lir giao tuy6n cira
- .:mAt phdng nghieng vd mAt phSng nAm

ngang). Luc thir hai ld trong luc mS huong

th6ng dimg xu6ng duoi vC phia tOm qu6 d6t.

Luc thir ba ld phin luc -& ciia m4t phing
nghi6ng, c6 hudng vudng g6c v6i mflt phing

d6. Luc thf tu ld luc ma s6t -{, nim trong
.:

mflt phang nghieng nhrmg c6 hufng con chua

x6c dinh. R6 rdng ld b5n luc ndy dlnh huong
trong kh6ng gian.

Khi niy phuong frinh dinh luAt II Newton c6

dang F +mg+fr+F-,=0 vi theo dd bdi d=0.

BAy gio cin ph6i chon m6t mflt phlng thufln

tiQn sao cho c6 th€ chi6u tr6n d6 cA b6n luc
ndy. Rd rdng mdt phing chria trong luc holc
m[t phing chr?a ph6n lqrc li khdng thupn tiQn,

vi chtng ta cdn chua bi6t hudng thuc cua luc
ma s6t vd do d6 kh6ng thd chi6u n6 16n c6c

mpt phing d6. De thAy ring mflt phing thufln

tiQn nh6t d€ chi0u c6c lgc chinh ld mflt phing
nghi6ng. Nim trong m[t phing ndy ld c6c lgc

F,F.,vi thdnh phAn cua trong luc bing

mgsincr. OC tnuAn tiQn, ta coi hinh chi6u ndy

la mQt luc t16c lpp ndo d6 t6c dgng l6n vdt theo

hudng tryc y. C6c lgc F,F,,,, vi thdnh ph6n dd

chgn cua trong luc dugc ggi ld c5c hoqt lqrc,

vi chinh nhirng luc d6 lim cho v{t chuydn

. [x=;,,=Q
[z e [0; 1]

us *, ,r-ro,n, 
T?E$#EE 

za
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dQng. Vi chring ta tim diAu kiQn gi6i hpn cira

c6n bing, n6n lgc ma s5t nghi ,rlpt gi5 tri cgc

cl4i cira n6:

F*, =tr1N :Pmgcosa.

Lgc ndy cdn bing v6i tdng hqp cua hai lgc

vu6ng g6c v6i nhau lir lpc cAn phai dAy vdt vd

thdnh phdn dd chgn cua trong lgc. Do d6, ta c6:

F],, = F' + (rngsinu)2 '

Tt d6 suy ra F:

(pcoso)2 -sin's :0,48N. D

F Nh{n x6t

C6c ban c6 ldi giAi tltng:
Cin Tho: Hu)nh Hiru Hsng, 11A1, THPT Nguy6n

ViQt H6ng, Qufn Ninh KiAu; Hi NQi: Khudt Duy

H6ng, l0 To6n, THPT Scrn TAy; NghQ An: Pftar

Vdn Khdi,10A1, THPT Cua Ld: Diing Thfp: Irdr
Hodng Nhart, Ngtrydn Thanh Dqt,10L, THPT Chuy€n

Nguy6n Quang Di6u; Thii Blnh: Phqm Anh Son,

l0 Todn 2, THPT Chuy6n Th6i Binh; Hi finh:
LA Nguyin Khanh Ly,70T7, THPT Chuy6n Hd Tinh;

Thanh H6az Nguydn TiAn Dqt.11T, THPT Chuy€n

Lam Son; Nam Dinh: Phqm Nggc Nam,l0 Li, THPT

Chuy6n L6 H6ng Phong; Binh Phufcz Nguydn l/dn

Hirng,llB, THPT Chuy6n Quang Trung.

NGUYEN XUAN QUANG

BhiL2l443. Ti'm6t khat ciu thtiv tinh co chidt

sudt n: 1,5 vd ban kinh ft: 10cm, ngutti ta

tach ra hai chom cdu ld hai thau kinh mong
, J ,;.phdng, loi co dudng kfnh ria /ri 1cm ,'d Zcm.

Ghep sat hoi thau kinh chung trtlc chinh. D\t
ftAn ftt1c chinh na1, mQt ngttitt sang tliAm, cdch

h( thiiu kinh lm. O phia hAn kia ctia hA thiiu

kinh dqt mdt mdn chdn vudng goc v'o'i tnlc

chinh. Tint vi tri ttdt mdn tld klch thu'rtc vdt

sang thu duoc ftAn mdn c6 cli6n tich nhd nhdt.

Ldi gi,fii

Ti6u cr,r cira th6u kinh dcrn c6 b6n kinh ria

Rr :2cm ld

Ti6u cg cria h6 thdu kinh:
1

f. ==-=10cm (Dl: D1+ D2)rt 
Dh

Anh ,Sr tao qua th6u kinh c6 ban kinh ftr :2cm

vir Sz tao qua hQ hai th6u kinh dugc m6 t6 nhu

so dd sau:

f,=(n-rl[+.;-)=ro"-

-'-" i

Anh ,Sr tao boi thdu

kinh mQt khoang d, :
tlon c6ch hC thAu

=25cm.

kinh
d.f
d-f

Anh .S2 tao bOi he th6u kinh c6ch hQ thAu kinh

ghep mQt khodng d, = 44= #.*.d-Jn 9

Qua hinh vE ta th6y dien tich vQt s6ng tron

nho nh6t khi mdn MN dilt trong khodng Sr,Sz

nhu hinh ve .

X6t c6c c{p tam gi6c ddng dpng, ta c6:

s,E: ME. s2E 
=MEs1o Ao' szo Do'

(tr S,E
Mht kh6c ta co AO : 2DO ndn 5 = 

-2d. dl

> S,E x6,54cm. Tt d6 tinh dugc:

oE : dz* srE =17,65cm. J
F Nh$n x6t

C6c b4n sau c6 ldi giai dirng:

Binh Phufc: Nguydn Vdn Hilng,1 1B, THPT chuy6n

Quang Trung; Nam Dinh: Phqm Ngqc Nam,10 Li,
THPT chuy6n LE H6ng Phong.

DANG THANH HAI

- (mgsinu)2

TORN HOC24.;cruaE@
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qirti bdi
CUOC THI GIAI TOAN DAC BIET

g**.;'E
xxxxxxxxxxxxx

Bii T7|THCS. Cho n sd khdng dm a1, a2,".., an

I or, ,ru...> an

(n e N, n>-2)thdamdnlal+a232014

lat+aa+...+an<2014

Tim gia tri l6n nhdt cila bidu thwc:

A=a? +ol+...+"?,.

Ldi gidi
. V6i trubng hqp n:2 th\

A: a? + a; < (a, + a2)2 <20142.

Ddng thric xay ralrli, {o'o' 
= o 

^^. .' 
f 
r, * az =2014

e (at,ar) = (2014,0)'

. V6i trudng hW n: 3, sir dpng gi6 thitit

ar) aru orr 0, ta dugc A= a? + ai + a!

< a? + a| + ara, < (a, + a)2 < 20142.

la,a, =o
Ding thirc xdy ra khi ] a, + q =2014

la! = a,a.

Q (a,a,ar) = (2014,0,0)'

. Vdi trudng hW n: 4, stt dpng gi6 thi6t

at) az) ar) a+>0, ta dugc A: al + a| +'al + al

< al + al +2ara, -- (a, + a2)z < 2Ul4z.

D[ng thric x6y ra khi {o'o': o3 
:^oi.' 

lo, * az =2014

o (a,a.r,a,ao) = (2014,0,0,0)

holc (a' a,a3, aa) = (1007,1001,1007,1007).

. X6t trudng hW n > 5. sit dung gi6 thi6t

ar2arr " '> an>0 vd a1+ a2 <2014, ta dugc

ar(a, - ar) + ar(a, - a.r) + "' + an(an - ar) < g

n6n A < (2OA - a'zr) + al + Q + ...+ a|

=20142 -4028ar+2al + a?, +...+ al

< 20142 - (a, + a, + ... + a,)a,

+2al + al +...+ al

< 20t42 + ar(a, - ar) + ar(a, - ar)

+...+ an(an'ar)
<20742.

Ding thric xay ra khi
( a. =2014-a.lr.
I ar(a, + o 2 + "' * a,) = 4028a z

I

lor(a, - a.,\= ar(a, - ar)=. " : an(an * ar) =0

e (a' a2; ' ' ' , a,): (2014,0, ..., 0)

hoic (a' ar, a3,a4, as,. . .,an)

: (1007, 1007,1007,1007,0,' ",0).

Vdy maxA:20142. A

) Nhfn x6t

c6 rit itbdi gi6i gui vA rda soan. HAu h6t dcu ngAm

x6t trucrng hgp n 2 5 n6n d6p sO khOng pht hqp khi

n=2,3,4.
NGLIYEN VAN MAU

Bni T8/THCS. Cho tam gidc ABC cii dinh,n6i

tiAp dtrong trdn (O). P ld mflt diAm di dQng trAn

cung BC kh6ng chua A cila (O). Gpi (19 ld

dudng tron qua A, P ding thni ti€p xtic voi AC.

Q{1 ch PC ei S khdc P. Gpi (L) ld duong trdn

qua A^ P ding thdi tiAp xilc voi AB. (L) ciit PB

tai T khac P. Chtimg minh riing fuong thiing ST

luon di qua m6t diiim cii dinh khi P di d$ng.

Loi girti

ta*r,r-rorn, T9!ilrffiz5
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Gqi D ld di6m dOi xrmg ctn A qua BC (hinh vC)'

Chf ), ringBAtiOP xirc vdi (I), ta c6

BDz =BAz =BP'BT'

Do d6 M.DT cn MPD.
^ 

-Y0,'y BDi=BPD. (1)

Tucrng w, fr=6F0. Q)

Tt (1) vd (2), chir f ring Avd D d6iximg vdi

nhau qua BC vitnk grbc ABPC nQi ti6p' suy ra

ffi=6fr*fie -6oe

=6FD*6FD-fu
=6FD *GD-(180" -6Fa)

=6FD *GD *6Fi - 18oo

= 360o - 180' = 180o'

EiAu d6 c6 nghia le 
^S, 

D, Ithing hing'

N6i c6ch kh6c, S71u6n di qua mQt di6m cO

dinh (d6 ld di6m D). 3

) Nh$n x6t

Bdi toan ndy kh6ng kh6 nhrmg chi c6 ba b1n tham gia

gi6i: Thanh Ifrot; LA Quang Dilng,9D' THCS Nht

ia Sy, Hoang Ho6; DQng Quang Anh,7A' THCS

Nguy6n Chich, D6ng Son; NghQ Anz Cao H{tu Eqt'

9C, THCS Dang Thai Mai, TP Vinh'

NGUYEN MINH HA

Bni T7|TIIPT. Cho hoi s6 thqc a vd b thda mdn

a * b > O. Xdt dAy sA @) c6 u1= o > max{a' b}

, u2r+ab
ta unal =;+ 

b

*
voi mqin e N

Ddt sn=Zti+ rinh,tl%t,

LN gidi
u? +ab

Ta c6 u,*1-un = j;; -u,

(a+b) -(u,- 
a)(u-,'b). (1)
a+D

vdi mqi nZ l,tfc ld ut luz < u3 < "'

Tanh0n thLV ffyu,, = *@

vi n6u ff*u, =t't <+@ thi tu cOng thtc (1)

(u - a)(u -b)
ta suY ra u -u = ---; + b-
=(u-a)(u-b)=0,
mdu thudn vdi max{o, b\ < u, < uz < "'

Cfing tu c6ng thitc (1) ta suY ra

(un*r-b)-(u,-b)=@*-L

^a+b _ a+b =u,-o= voimoire N*
'r,rn-b un*t-b un*1 -b

(c6ng thirc t6ch)'

! u,-a {( a+b a+b \
Do 116 s,= *;:4= *l;u- u;b )

a+b a+b -a+b - 
a+b --o*2=in- u*14: a-i u'+t-b ' u-b

khi n _+ *co, vi )Hr, = *co.

a+L
vav lim s- =--]. J

" n-+* " A-D

) Nh$n x6t

D6y ld bdi toan d6y s6 dqng.ctr b6n, kh6ng qu6 k1r6'

C6c b4n sau dAY c6 ldi gi6i t6t:

Hda Binh: Hodng Bdo Linh, 11T, THPT chuyOn

Hoang V6n Thu; Hn NQi: Kiiu Thu Huong' l0T'

THPi Son Tdy; Trin Phaong Nam,11A13' THPT

Nggc T6o, Tam HiQp, Phtrc Thq; Hrmg Y6n: Trin Bd

Tling,l1T1, THPT chuy6n Hrmg YOn; Nam D!nh:

NCrryk Hing Ddng,l0Tl, Vil Tudn Anh' 12T2' THPT

lffi;; Hd"c Pirone; Hii Phdng: Luong *9 tI'
11T, THPT chuy6n tran pUtr; Thanh H6a: NguyAn

Ti6n Dgt,1lT, THPT chuy6n Lam Son; NghQ An:

Hi XuAn Hitng, \OTI,THPT DO Luong I; Ht finh:

LA Vdn Trudng NhAL lOTl, THPT chuy6n Hd finh;

Quing Blnhz Nguydn Minh Ngpc, Hodng Thanh

irer,lot, THPT chuyon Quing Binh; Quing Tri:

Tr:dn Trpng Tidn,llT, THPT chuy6n LO Qulf D6n;

Quing Nam: Ia Phuoc Dinh,gll,THCS Kim D6ng'

lfOi A"; Gia Lai: TrAn NguyAn Try' L2C3A'THPT

chuy6n Hirng Vuong, TP' Pleiku'

NGUYEN MINH DLTC

u? +ab-u
a+b

f€t hqP vbi ur= cr ) max{a,b}' chung minh

b[ng quy n4p theo n ta nhfn dugc z,nt -un)O

TOAN HOC26';4ina@
https://tieulun.hopto.org



Bni T8/THPT. Cho IOO diem Ab A2, ..., Atw
niim trong hinh vu6ng ABCD c6 cqnh bilng l.
Chtimg itnh riing lu6n in tqi m?t tQp con X
ctia E": {1, 2,..., 1OO1 gim 50 phAn tu sao cho

lza- >.a;1<J'lt.x ieE\x I

Ldi gi,rti

D6t hinh vudng ABCD vio hQ truc tAa d0

wdng g6c sao cho tga tIQ cira A, B, C, D

tuong ung ld (0, 0); (1, 0); (1, 1); (0, 1). Gie

str,41 c6 tqa d0 @6 b). Kh6ng gi6m t6ng qu6t,

ta gii st! a12 a2 2 ... ) ctoo.

Ta gqi chc cSp Q4a,- t Azr) ld m$ bA ddi.

Ta phdn c6c di0m cta b0 d1i viro hai nh6m

tuy f. Ggi Xli t$p chi s6 cria nh6m thrl nh6t

vit Y = E \ XH t$p chi s6 cua nh6m thri hai.

Kh6ng ginm t6ng quat ta gin sri Zt,>|t,.
ieX ieY

DAt b' = max{4} 31.

a) N6u LU, -Zt, = c 1bu thi ta c6 ngaY X
ieX ieY

ld tflp con cdn tim vi lla, -Ir,l
li.x ieY I

3 (a, - ar) + (a, - ar) + ...+ (agg- aroo) 3 a, <l

*,alID.-t7G;l'- l#'"' a'-"1

= <.t-2.

b) Ni5u trililai Zb, -Zt, = c > b' thi khi d6
ieX ieY

t6n tpi k e X, j e Isao cho (A1,,,4;) h mQt bQ

d6i vi br, >- bi. DAt X' : (X \ {f}) u tl} ve

Y'= (Y \ {l}) u {fr} (tric li chuyOn Apsar$

nh6m 2vdAl sang nh6m 1) thi ta c6:

lI A -Ia,l= lc-z(bo-b,lcc<t.
li.x' ieY' I

Lpi c6 lZ o,- I ,,1

li.x' ieY' I

< (o, - ,r) + ... + (ar, - aroo) 1 ar 31.

Thlnh thri khi tl6X'h tfP cdn tim. D

F Nh$n x6t

Bii torin niy chi c6 ba b4n tham gia gi6i vd gi6i

tlung ld:

NghQ An: tti Xudn Hilng,l0Tl, THPT D0 Luong I;

TP. HA Chi Minh: D6 Ngwen Wnh Huy,10T, PTNK

DHQG TP. H6 CH Minh; Iri finh: La vdn Trudng

NhALlOTl, THPT chuY6n Hd finh.

EANG HL]NG THANG

**r,r-rorn, T9!I#Sz7
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PHUOTUG PHAP

cr*r ro8n
rfirong to6n hgc, nguyOn li Dirichlet c6 tdt

l, ,ftie" img dqng. Nnieu k6t qud sdu sic

cria To6n hoc, d[c biCt la trong Td hqp viL

Todn rdi rQrc co th6 chimg minh dga tr6n

nguyOn li Dirichlet. Bai vi6t ndy xin gi6i

thiQu v6i c6c ban mQt ring firng kh6 thir vt

cua nguy0n li Dirichlet trong c5c bii to6n

chring minh b6t ding thric (BET).

O d4ng tton giin nh6t, nguyCn li Dirichlet

dugc ph6t bi6u nhu sau:

NAu nhifi n -t | (n e N) con Thd vdo n cai

chu6ng thi lu6n co it nhdt hai con Thd bi nh6t

trong m6t cai chuing.

Sir dling nguy6n li Dirichlet, ta c6: trong ba sd

thlrc x, y, z iru6n t6n t4i hai sd c6 tich duong

(ctrng dAu) ho[c tich bing 0, kh6ng mat tiott

t6ng qu6t gi6 sir hai s6 d6 ld y, z,Ichi d6 yz > 0-

Bdy gio sir dung y tuong ndy chring ta gidi

quy6t c6c bdi to6n sau

cAc nat roAN Ar nryNc

Biri to4n l. Cho cdc si thqrc a, b, c. Chung

minh riing (a2 +2){b? +?)(cz +2\2Xa+b+c}2.

Ldi gi,rti. Theo nguyOn li Dirichlet, trong ba

s5 a'-1, b'-1, c2 -1 lu6n t6n tai hai sti c6

tich kh6ng 6m. Kh6ng mat tinh t6ng qu6t,

gii str (b'z -Dk'z -1) > 0. Khi d6:

(b2 +2)(c2 +2) =3(b2 + c2 +l)+(b2 - l)(c'? -1)
>3(b' + c2 +l).

Nhu v4y ta chi cAn chtmg minh

(a2 +2)(b2 +c2 + i) > (a +b+c)2.

BDT ndy hiiin nhi6n dirng vi theo BDT

Bunyakovskf/ thi

(a2 +l+1)(1+ b1 +c2)> (a+b+c)2.

Ding thuc xay ra khi vd chi khi a - b - c - |
hodc a-b-c--1.
l,thQn xdt. Do (a + b + c)2 > 3(ab + bc + ca)

n€n tu k6t qu6 tr6n ta thu dugc bhi to6n sau

trong dd thi APMO 2004:

(a, + 2)(bz + 2)(c2 + 2) > 9(ab + bc + ca).

Biri tof,n 2. Cho cac: so thryc a, b. c thoct rttdrt

s6 + hc * ce: abc i 2. Chung minh rin*.
i) a2+b2+c?+abc>4.
'ii) a2 + bz + c1 + ahc(a + b + c -Z) > 4.

Ldi gi,rti. Theo nguy6n li Dirichlet. trong ba

s6 a - l, b _1, c - 1 lu6n t6n tai hai s5 co tich

kh6ng 6m. Kh6ng m6t tinh t6ng qu6t, gid su

(b -l)(c-1) > 0, suy ra b + c <l+ bc. Do d6:

abc + 2 = bc + a(b + c) < bc + a(bc +I)
hay a+bc> 2.

i) Sir dr;ng BDT Cauchy vd a + bc > 2, ta co

az +b2 + c2 + abc - 4) a2 +2bc + abc -4
=(a*2)(a+bc-2)>-0.

Ding thric xity rakhi vd chi khi a - b - c - l.

ii) St dpng BDT CauchY vd 1+ bc)b+c,
a'f bc ) 2, tac6

a2 + b2 + c2 + abc(a + b + c'2)
= a2 (r + bc) + abc(b + c) + bz + c' - 2abc

> a,(b + c)+ abc(b + c)+Zbc -2abc

TOfiN l'ffC(
'cltudi@
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= a(b + c)(a + bc) + 2bc * 2abc

> 2a(b + c) + Zbc -2abc = 4.

Ding thric xily rukhi vd chi khi a - b - c -1.

Bii to6n 3. Cho cdc sd thqc daong a, h, c thda

mdn a2 + b2 + c2 + abc = 4. Ch*ng minh riing

i) az + b1 + c2 + (a + b + c)2 <12.

Ldi gidi. i) Do az + b2 + c2 + abc = 4 n6n

BDT cdn chimg minh tucrng duong v6i

2(4 - abc) + 2(ab + bc + ca\ 372

a ab+bc+ca-abc<2.

Tt giA thi6t ta cfrng c6 a, b, c e (O;2). Do d6

4 : a2 + b2 + cz + abc ) a2 +2bc + abc

a (2-a)(2-a-bc) > 0 + 2> a+bc.

Theo nguy6n li Dirichlet, ffong ba s6 a -1,
b -1, c - 1 ludn t6n tai hai s6 c6 tich kh6ng 6m.

Kh6ng mAt tinh t6ng quat, gi6 sir (b-1)(c-1)>0,

suy ra b+c<1+bc. YQy ab+bc+ca-abc
: bc + a(b + c) - abc < bc + a(l + bc) - abc

-bc+a<2.
I 1^2 "ii) Do ,;ri=r-;; n n€n ta c6 th6 vi6t

BDT cin chimg minh du6i d4ng

2a2 - 2b2 , 2r' ,2(a+h+c)2
2a2+l' 2b2+I' 2c2+7- 3

Ddt (a+b+c)'=x,tac6 a2 +bz +c2 112-x.

Sir dqng BDT Schwarz,ta c6

a2 b2 , c2 _ (a+b+c)2
Tt, +l+ %, +l- 2c2 +l' Z1r, *W *rry*3

\x' 27 -2x
Ta chi cdn chimg minh

4* 2x ,ZLo 4(x-9)2 ,n"27-2x-3 -3(27-2x)-""
BDT curii hiOn nhi6n dring. Ding thric xiy ra
khivirchikhi a-b-c-1.

Bni l,rlhn 4. Tim hing sii k nhd nniil da U,it

diing thac sau dung voi mpi sd thwc kh6ng dm

a, b, c:

abc + 2 + kf(a *1)2 + (b *l)2 + (c - l)'?1 > a + b + c.

(fqp hutin DOi tuydn Vi€t Nam dv thi IMO 20A9).

Ldi gidi.. Cho a = 0, b = c =l+ {., ta c6

'12'
zt *(r*1*l\ >J1+z*k=+.\ 2 Z) J2

. Ta chr?ng minh fr = { thoa mdn clieu kiQn
Jz

bdi to6n. Thflt vfly, theo nguydn li Dirichlet,

trong ba sO a-1, b-L,c-l 1u6n tdn tai hai

s6 c6 tich kh6ng Am. Khdng *5t tith tting

quht, gid sir (b - lXc - 1) > 0 . Sit dpng BDT

Cauchy vd BDT Schwarz ta c6

(o -l)' + (b -I)2 + (c -I)2
1

> (a -t;z + {1a + c - 2)2 > Jd@ -r)(2 - b - c)..Z

Do tl6

abc + 2+*[t, - l)' + (b -\'+ (c - l)'z]/a"\IL

> abc+2+(a-l)(2-b-c)
=a*b+c+abc-ab-ac+a
:a*b+c+a(b-l)(c-1)
> a+b+c (dpcm).

Eing thric xdy ra khi vd chi khi a - b - c - |

hodc a =0, b=c:l** no6.cdcho6nvi.
,12

Vay hing s6 /, nho ntr6t cin tim lir k = +.
'lz

NhQn xdt. l)ViQc chqn a = 0,b= c = 1+ 1

J'
dC tim hing sd k trong loi gi6i tr6n kh6ng

ph6i mQt c6ch tinh cd. Do BDT tr6n h BDT

dOi xtmg ba bi6n nOn c6 2 truong hqp d6ng

cht 1f v6 d6u bing Ld ba bi€n bdng nhauho$c

c6 bidn nhdn gid tri tqi bi€n. Trong trucrng

hqp ba bii5n bing nhau thi bdi to6n ihing v6i
mgi k. Vdi trucrng hgp cdn lai, ta gi6 sir a: 0,

khi d6 BDT trO thdnh:

sr,*rrr-ror?,, 
T4H,HSpg
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2 + kl(b- 1)' + (c - 1)'z+11 2 b + c

e kl(b-1)' + (c -i)'?+l1 2 b + c -2.

Ta c6: (b -r)'+ (c - 1)2+1 ,*fU + c -2)2 +1

>J1(b+c-2).
,tl

Tir ddy ta thdY k = : - b = c =I +---F'Jz' ..lz

2) Cho k = 2 ta thu dugc BDT sau trong cuQc

thi HELLO IMO 2OO7:

abc + 2(a2 + b2 +c2) + 8 2 5(a + b + c).

Bei to6n 5. Cho cdc sd thrc duong.a, b, c

thda mdn: a + b + c = 3. Chung minh rdng

(a + b + ab)(b + c + bc)(c + a + ca) > 27 abc.

Ldi gidi, Theo nguy6n li Dirichlet, trong ba

s6 bc' a, ca - b, ab- c lu6n tOn tpi hai sl5 c6

tich kh6ng dm. Kh6ng m6t tinh tting qu6t, gi6

sri (ca - b)(ab - c) > 0. Khi d6

(a + b + ab)(c + a + ca) = (3 + ab- c)(3 + ac - b)

Do d6 ta chi cAn chimg minh

(a + ab + ca)(b + c + bc) > 9abc.

BDT ndy hi6n nhi€n dirng vi theo BDT

Bunyakovsky

(a+ab+ca)(bc+c+b)

>- (J obc + ",[-abc + J oU")' = 9abc.

Ding thric xity rakhi vd chi khi a = b - c - l.

Trong c6c bdi to6n chimg minh BDT, th6ng

thuong nhfrng BDT it bi6n sE d6 chimg minh

hon nhirng BET nhiAu bi6n. Vi vay mQt 1f

tuong ta c6 thi5 6p dung ld su dpng nguy€n li
Dirichlet dC dua bii to6n vC it bi6n hon.

Bni toin 6. Cho cdc sd thwc daong a, b, c

th6a mdn abc =1. Chilmg minh riing

Jg +t6o, + J, +16b, + Ji +t;r, > 3 + 4(a + b + c)

(Uiaate European Mathematical Olympiad 2 009).

Ldi gi,rtL Theo nguy6n li Dirichlet, trong

ba s6 a-l,b*l,c*l 1u6n t6n tai hai si5 c6

tich kh6ng 0m. kh6ng mat tinh t6ng qu6t,

gii sir (b -l)(c - 1) > 0, suy ra b + c <1+ bc.

Sri dung BDT Minkowski, ta c6:

Nhu vpy ta chi cAn chimg minh

Ji +te* + JN +tAtU + 
"Y 

> 3 + 4(a + b + c) .

oe 1i ring $Gr@+ry -4@+c)

-JT6+@+8 +4(b+c)

36

Jt6+@+W +4{t+bc)

= (3 - b - c + ab + ca) + (ab - c)(ca - b)

>3(3' b - c + ab + ca) =3(a + ab + ca)' Ta chimg minh

= J36 + 16(1 + bc)z - 4(l + bc)

-o('.*):o+ro(r+1)'

Binh phuong hai v6 vd rut gQn, ta c6 thi5 vi6t

BDT ndy du6i d4ng

Wl4a+5+9
o 0 +16a2\ {rl *&*4\ rh+o* s *9j'v \/ , ,v- /\-" , a' arJ-\'-" '" ' aJ

* t1a2 -t1a -12 +Q) 0 e 12(a - l)2 (a +l), 
o

aa
BDT cuOi hiOn nhi€n dring. Ph6p chimg minh

hodn t6t. Ding thric xity ra khi vi chi khi

a=b=c-1.

Bni to{n 7. Cho cac sd thvc &rong a, b, c

thda mdn a + b + c = 3. Chung minh ring

+.+.+2az +b2 +c2.
D'L

(Romania Team Selection Test 2006\.

TORN HQCBo'i4i,3i@
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Lirt girtL Theo nguyOn li Dirichlet, trong ba

s6 a- l,b-l,c-l lu6n t6n t4i hai sO c6 tich

kh6ng 6m. Kh6ng m6t tinh t6ng qu6t, gi6 sir

(b -l)(c-1) > 0, suy ra b + c < I + bc. Khi d6

b? +c2 =(b+c)2 -2bc<(b+c)2 -2(b+c-l)
= (3 - a)z - 2(2 - a) = a2 - 4a + 5.

Sri dlrng BDT Cauchy , ta c6'.

1. Cho c6c s6 thgc duong a, b, c thoa mdn

az + b' + c' + abc = 4. Chimg minh ring
abbcc_*_*4) a2 +b2 +c2.cab

2. Cho c6c s5 thgc ducrng a, b, c th6a min
a+b+c = 3. Chimg minh ring

(a'z - a + l)(b2 - b + l)(c2 - c + 1) > 1.

3. Cho c6c si5 thgc ducrng a, b, c th6a mdn

ab + bc + ca = abc + 2. Chtmg minh ring

-L---J-+-L<J;b+c.
^la+2bc,lb+2ca'lc+2ca

4. Cho cric s6 thlrc a, b, c thbamdn abc>0.
Chtmg minh ring

z+abc+l@2 +b2 +cz -ab-bc-ca)> a+b+c.

5. Cho c6c si5 thgc ducrng a, b, c thoa mdn

ab + bc + ca = abc + 2. Chrmg minh ring

ab(2-c) bc(2-a) ca(Z-b) /1
A +;;;TF- b, + abc + CT--i--:-----:--r 

> t'

6. Cho c6c s6 tfuc duong a, b, c th6a mdn

a2 +b2 + c2 =3. Chimg minh ring

(a2 + b2 + abc)(b2 + c2 + abc)(c2 + a2 + abc)

23abc(a+b+c).

7. Cho c6c s5 thytc a, b, c thba mdn abcd =1.
Chimg minh ring

(a'z +l)(b'z + 1)(c2 +L)(d2 +l) > (a + b + c + d)2.

8. Cho c6c s5 thgc a, b, c th6a mdn abcd =I.
Chrmg minh ring

l 1 1 I 9 -25_!_f-!-

a'b'c' d' a+b+c+d- 4'
(China Girls Mathematical Olympiad 2011).

9. Cho c6c s5 thtyc a, b, c th6a mdn abc =1.
Chrmg minh ring

J;') -a+1+Jb'z -b+l+JA -c+1> a+b+c.

I 1- 2- 8 8

-l- 
=-

bz 
, 

c2 - bc- (b+c)2 (3_q1z'

Nhu v4y ta chi c6n chimg minh

1* --L=^ >2a2 -4a+5a" (3 - a)'

^9a2 -6a+9 _?>)a2 _4a+5
" d(3-ay -r'-L

o9a1=6a!9 -3>2(a-r),a'\5- ar
(a-l\2(9 +l2a -3c"<=>.---_;*-2>Z@-t)'1.a"v-ar

Str dgng BDT Cauchy, ta c6:

ro
a(3-a)<4@+3-a)=U.

hn rrA 9+l2a-3a2 
-r.,4(3+4a-a2) -,a2(3-a)2 3a(3-a)

2a2 -2a+12 ^= 3o73-o1 
>v'

Ph6p chimg minh hohn tAt. Oing thirc xiy ra

khivdchikhi s-fi=s=1.

BAI TAP

Qua c6c bii to6n tr6n, chirng ta thAy duqc

phAn ndo ung dung tlon gi6n nhung thri vi cria

nguy6n li Dirichlet trong chimg minh BDT.

Viec k6t hgp c6c BDT c6 di6n vi nguy€n li
Dirichlet cho chring ta nhirng loi gi6i kh6 dorr

. ,.i A. r ^glan va ngan gQn. cuol cung m01 cac Dan van

dirng phuong ph6p nny dC ldm cic bdi tfp sau.

"a*r,r-rorn, 
TPEI#SSI
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b6mac.Theonhanx,4t,i3nngracua\haihoTrA.nEdngKhoa'TruongbanGi6mkhacr-:.' ..'arnctao\XBGD
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