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Bc‘zi toan Langley (Langley’s problem) do nha
toan hoc Edward M. Langley d& xuit thang
10 nam 1922, duoc dang & “The Mathematical
Gazette” cua Anh. Bai todn Langley noi tiéng
vi n6 1a bai toan vé “géc ngdu nhién”, méi
trong qua thi thiy rat don gian nhung khi tim
céch giai n6 thi khong dé ti nao.

BAI TOAN LANGLEY. Cho tam gidc ABC
can tai A (AB = AC) véi BAC =20°. Trén
canh AC ldy diém D sao cho DBC =50
Trén canh AB lay diém E sao cho ECB =60".
Tinh s6 do gdc DEC.

Trong qué trinh bdi dudng hoc sinh gioi va
tham khao tai liéu trén Internet, tac gia bai viét
nay da bién soan 10 cach giai cho bai toan gdc
ma Edward M. Langley d& xuat. Sau day 1a
161 giai van tit caa 5 trong 10 cach giai do.
Cach gidi 1 (h.1). Tam giac ABC cin tai 4 va
BAC=20° nén ABC =BCA=80°. Trén AB
14y diém K sao cho BKC =80°. Liic d6 ABKC
can tai C, suy ra CK = BC va KCB =20".

Ta c6: BEC =40°, KCE = 40 Suy ra:
BEC = KCE = AKEC cén tai K = KE = KC.
ADBC can tai C = CB = DC; ACKD déu
= CK=CD =KD = AEKD can tai K.

Lai c6: DKE =40° nén KED =70°.

Ma KED = KEC+DEC va KEC =40°,

do d6: DEC =30°.

KHAI THAC BAI TOAN

NGUT NGUYEN PHUOC :
(Hiéu trirdng THCS Lé Hong Phong, Hué)

A A

Hinh 1

Ciach giai 2 (h.2). Trén AC ldy D’ sao cho
CBD'=60°; BD’ cht EC tai P.

D@ thidy ABCP va AEPD’ 14 céc tam gi4c déu.
Suy ra: BC=BP = CPva PE=ED’ =PD".
ADBC céan tai C = CB = DC = APCD can
tai C = CPD =(180° — PCD):2 =80°. Ta cé:
DPD'=40°, PD'D=40° = DPD'=PD'D
= APD'Dcantai D = DP=D'D.

APED = AD’ED (c.c.c) nén
DEC=D'ED=PED':2=60°:2=30".
Ciach giai 3 (h.3). Trén AC liy D’ sao cho

CBD'=60°. BD’ cht EC tai P.

D& thy ABCP va AEPD’ 14 céc tam giac déu.
— BC=BP=CP; PE=ED'=PD"; ED'// BC.
ADBC can tai C= CB=DC = BP=DC.
DPuong théng song song voi AB ké tu C cat
D'E tai H. Tt gidc BCHE 14 hinh binh hanh.

TOAN HOC
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D& théy: EBP = ECD = DCH =20".
ABPE = ACDH (c.g.c) = DHC = BEP = 40",
Mit khac EHC = ABC =80° nén HD 12 phan
giac goc EHC. Lai c¢6 CD la phan giac cua
géc ECH = ED la phan giac cla goc CEH.
Do d6: DEC = CEH :2 =30

A

\BX\J/
o0 B B g
Hinh 3 Hinh 4

Cach gidi 4 (h.4). Dyng duong tron (C; CE)
cattia CBtai UvaACtai V.

AEUC déu = EU=UC=CE; UEC=ECU =60".
AAEC can tai E = AE = EC. AECV can tai C
— CVE =CEV =(180° — ACE): 2 = 80".
ABEU = AVAE (c.g.c) = EV = UB.

ADBC can tai C = CB=DC

— BU=CU-BC=CV-CD=DV.

Vi thé ADEV can tai V (VE = VD).

Cho nén: DEV = (180° —EVD):2 = 50°.

Do d6: DEC = CEV —VED = 80° —50° = 30".
Cach giai 5 (Ban doc tw vé hinh). Goi B’ 1a
diém dbi xtimg v&i B qua AC; C’ 1a diém a6i
xung voi C qua 4B, ta co: ABD=AB'D =30
BAC'=CAB'=ECA=EC'A=20";
BEC'=BEC =40°AC'= AB= AC = AB".
AAB’C’ du (vi AC’ = AB’; C'AB'=60°).
Lai ¢6 B’D 1a phéin giac ciia goc AB’C’ nén

TOANHOC |
* CTuGilre SO 446 (8-2019)

B’D 1a duong trung truc cua doan thing AC".
AAEC’ cén tai E = EA = EC’. Vi thé E nam
trén duong trung truc cua doan théng AC’,
tic 12 E€B'D. B’D cit AC’ tai J, ta c6:
JEC'+ BEC'+BEC + DEC =180°
& 70° +40° +40° + DEC =180°
& DEC =30°.
Trong thu giri cho dng Hyacinthists vé Bai todn
Langley, dng Nikos Dergiades da st dung may
tinh, gan cho cac goc BAC , XI?C, XC\B,E/@
DBC c6 sb do la cac sb nguyén, c6 tat ca
113564 trudng hop va da phat hién 53 truong
hop sb do goc DEC 1a s6 nguyén. Tac gia bai
viét ciing d3 dung phin mém GeoGebra dé
kiém tra chinh x4c 53 trudng hop 13 bién thé
cua Bai todn ELangley nhu sau:

—p—— |
str | gac | B¢ | EcB | DBC | DEC
— ACB |

7 120 30 | 24 | 12 | 6
2 120 30 | 24 | 18 | 12
3 6 205 se bt c@BBusl 2Lt 12
il 72 i, 6 k0 35 suedpid] a1
5o Slinsreeunt | 24 g
P oV SR S R R R T
7wy R st gt [ g4a g |
g T72 0= B 1 g (g gt 248 |
92| 172 1| 084 O “5ieio |1eaB. apitned |
10| 72| 54 | 51 | 42| 12
11 |56 6= 5 800d- 3138/ 03
12|56 | 62 589 - 3641 280
L5 hes G 580, |13 | DEIA|
14 {952F 6l 58 | 52 | 26
15 | 48 | 66 | 57 | 33 | 9
16 L %A8 T 66 57448t 54
77 Heda | 68 psgel g 1
18 | 44 | 68 | 56 | 44 | 22
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Hoan toan khong dé dé dua ra day du cach giai

19 | 40 | T 55 - 35kl 18 | lay du ca
20 | 40 70 55 40 20 01,10 cac truogg hop tren: Taci gia bai viet cling
1 cac em hoc sinh trong 16p bdi dudng hoc sinh
2036 72 | 54 36 18 ' gisi Ton ciia Phong GD&DT Thanh phé Hué
2 | 32 | 14 53 ' 32 16 | nimhoc 2013 - 2014 d4 c6 ging dua ra cich
23 39 74 53 37 2| giai cho mét s& trudng hop sau:
24 28 76 52 28 14 T Ehu"L, hop 28 (4.5). i goouk
25 28 | 76 | 52 | 38 | 24 | BaC | ABC=ACB| ECB | DBC | DEC \
el i TR )T BLY | pBR § A | e oRy I j‘ e
~2—Z i 7 5 cawhils Tam gidc EBC co BCE= 50°, EBC=80° nén
28 | 20 80 50 | 20 | 10
| BEC=50°, suy ra AEBC cén tai B= EB=BC.
2920 80 | 50 40 30 Tyong ty, ABDC can tai B = BD = BC.
30120, 80 | 60.4.59 |10 | iqum viso FRD S ERDEBCDBE= 60
31 20 80 60 S0 30 BE=BD (= BC) nén la tam giac déu. Do d6:
S B B R N e DEC = BED - BEC = 60° —50° = 10°.
Bk 20 80 65 = 60 40 e R . on
hop 2¢ D).
34 | 20 80 TONR B0 | 00 | T | —— — T e
- B DBC DE
35 1 20 80 70 | 60 | 20 e 0E] 1 22l C. | C
80° | 50°| 40° | ?
36 16 82 49 16 | 8 : ' -
37 16 32 49 Y Tam giac BEC can tz_uB(VlBEC=EC\E=5/O_\).
38 12 34 4 18 12 Laico Bl? la phén‘giéc géc BEC (vi CBD,= EBD
. =40° nén BD la dudng trung tryc cua doan
39 | 12 84 42 | 30 | 24 | gingEC,
| 40 | 12 84, |48 4712 6 | Suy ra DE =DC = AEDC can tai D. Vi vay
41 | 12| 84 48 4 36  DEC=DCE=ACB-ECB=80°"~50°"=30".
423k A2 84 574 L3354 198 4 r
NIv ~ \ -"\
68| 2] 8| 57| 2] A A
4 12 84 66 4 | 12 & al
5 il B b 68y Tty TA [ / \
Eia 84 68 iah nBlovinBe ;‘ \ {f
47 | 12 | 84 | 69 | 66 | 48 | [ / \
# | 12] 8 | 2| 2] 6 b i | Lid i
R F ) E. ‘* EL. \
49 | 12 84 72 | 66 | 30 N \ Pep
e e B B o B s SE 8 \‘ IF =N ~l
505 1B 86 | 47 | 8 4 /f N | fiag &7
S LN AR e AT S5 / ,X.\ \
51| 8 86 | 47 43 | 39 | ///\@D RN \\
S0l 4 1o gw) 3o 3|y gapifp et A W N
53] 4| | 4| a4 e~ o g R
. TOAN HOC
S6 446 (8-2014) ‘ Cludifre 3
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Trwong hgp 30 (4.7).
BAC | ABC=ACB | ECB | DBC | DEC
20% 80° 60711 30° 2

Trén canh AC lay diém F sao cho CBF =60°.
Goi M la trung diém cua BC, khi d6 AM 1a
duong trung tryc va 1a phan gidc cla tam giac
can ABC, AM cit FB tai O. ABOC cén tai O
c6 CBO=60° nén 13 tam gidc déu. Suy ra
BCO =60°. Lai c6 BCE =60° nén O < EC.
D@ thdy: AEOB =AFOC (c.c.c)

OF _ 0D
=0E=0F = 0C- OB =-EFJ[,BC

AOEF o> ACOB = AEOF déu.

BD 1a phén giac cua tam gidc déu BOC nén
BD 1a duong trung truc doan thiang OC

= DO =DC = AODC can tai D

= DOC =DCO =20".

Tam gidc DOF can tai O = DO = OF.

Lai c6: OF = OE suy ra OD = OF

= AEOD céan tai O.
Do d6: DEC =DOC:2=20°:2=10°.
Truong hop 34 (h.8).
BAC | ABC—ACB | ECB | DBC | DEC
20° 80° 0o S0 o

Tam gidc ABC can tai 4 va BAC =20° nén
ABC = BCA=80°. Trén AB liy diém K sao
cho BKC=80°. Lic d6 ABKC can tai C
= CK = BC, KCB=20".

ADBC can tai C = CB=DC.

ACKD déu(KCD=60°; CK =CD)=>KDC =6(".
Tu d6 ta c6 dudng tron tAm D di qua hai diém
K va C xac dinh cung KC c6 0 do 1a 60°.

Lai c6 KEC =30°(EBC =80°; BCE =70°)nén
E nam trén dudng tron tdm D, ban kinh DC.
Suy ra ADEC céan tai D. Do do:

PECLDCE210",

TOAN HOC
4 *Cléilré SG 446 (8-2014)

E
D
K
B M C

Hinh 7 Hinh 8

Trwong hop 35 (Ban doc tir vé hinh).
BAC | ABC - ACB | ECB | DBC | DEC |
20° 80° 78 | 60 | 7|

Trén 4B lay diém F sao cho BCF =60°.
Goi M la trung diém ctia BC, khi d6 AM 1a
duong trung tryc va 1a phan gidc cla A4BC,
AM cit FC tai O. ABOC can tai O co
BCO=60° nén la tam gisc déu. Suy ra
OBC =60°. Tit DBC=60"nén OeBC. D&
thdy AFOB=ADOC (g.c.g) = OF=0D =
OF 0D

F
== D// BC = AOFD o> AOBC
— AFOD d&u. Ta thdy AAFCcan tai F
= FA=FC . D& ching minh E4 = OC. Vay
EF = OF. Mt khac: OF = FD = EF = FD
= AEFDcéan tai F
— DEF = (180° — EFD):2 = 50°.
Do d6: DEC = DEF — BEC =50° —30° = 20°.
C6 thé ¢6 thém nhitng truong hop 13 bién thé
cua Bai todn Langley ma bai viét chua @& cap
dén, rit mong cac ban chung sirc dé khai thac
né. Riéng nhitng truong hop con lai la nhimg
bai tap hay, rat can su quan tdm, chia sé cua
cac ban !

https://tieulun.hopto.org



BETH TUYEN SINH VAO LOP 10 THPT CHUYEN KHTN, DHQG HA NOI

NAM HOC 2014 - 2015
VONG 1 (120 phiif)

Cau 1. 1) Gidi phuong trinh
WI+x +41-x)2+2J1-x2)=8.
. ) xX2—xy+y*=

2) Giai hé phuong trinh {xz ey il
Céu 2. 1) Gia st x, y, z 12 ba s6 thuc duong
thda man diéu kién x + y + z = xyz.
Chimg minh ring:

X, 2y N 3z xyz(5x+4y+3z)

I+x2 7 1+y2 1422 ~ (x+y)(y+2)z+x)
2) Tim nghiém nguyén ctia phuong trinh:
xX2y?(x+y)+x+y=3+xy.

Cau 3. Cho tam gidc ABC nhon véi AB < BC.
D 1a diém thudc canh BC sao cho AD la phan

giac cua BAC. Puodng thang qua C song song

véi AD cit trung tryc cia AC tai E. Duong
thing qua B song song v&i AD cét trung truc
cua AB tai F.

1) Chirng minh ring tam gidc ABF ddng dang
véi tam giac ACE.

2) Chung minh ring céc duong thing BE, CF,
AD dbng quy tai mot diém, goi diém d6 13 G.
3) Pudng thing qua G song song véi AE cit
duong thing BF tai Q. Puong thing QF cat
dudng tron ngoai tiép tam giac GEC tai P
khac E. Chimg minh ring céc diém 4, P, G,
0, F cung thuoc mot dudong tron.

Cau 4.7Gié st a, b, c 1a céc sb thuc duong thoa
méan dang thttc ab+bc+ca=1. Chimg minh

rang 2abc(a+b+c) < g+ a*b* + b*c* +c*a?.

VONG 2 (150 phiif)

Cau 1. 1) Gia st x, y 14 nhimg sb thuc duong
phéan biét théa man
X 2y? 4y4 8y
x+y x*+y% x*t+y*  x¥-—y8
Chimg minh ring 5y = 4x.

=4.

2) Giéi hé phuong tdnh{zxz PR v
6x+x2y=12+6y+y2x

Cau 2. 1) Cho x, y la nhitng sé nguyén 16n
hon 1 sao cho 4x2y2—7x+7y 13 sé chinh
phuong. Chimg minh ring x = y.
2) Gia sir x, y 12 nhimg s6 thyc khéng 4m thoéa
mén x3 +y3 + xy = x2 + y2. Tim gia trj 16n nhét
va gi4 tri nho nhét cua biéu thuc

1+ J_ 2+4x

N [ 1+y "
Cau 3. Cl}o tam glac ABC ndi tiép duong tron
(0) va diém P nejlm trong tam gidc théa man
PB = PC. D ladiém thucf)q canh BC (D khac B
vaD khg’xc C) sao cho P nim trong dudng tron
ngoai ti€p tam gidc DAB va duong tron ngoai

tiép tam gidc DAC. Puong thing PB cat
dudng tron ngoai tiép tam gidc DAB tai E
khic B. Pudng thing PC cit dudng tron
ngoai tiép tam giac DAC tai F khac C.

1) Chimg minh ring bbn diém 4, E, P, F cing
thuéc mot duong tron.

2) Gia sir dudng thing AD cit duong tron (O)
tai O khac A, duong thing AF cit duong thing
OC tai L. Chimg minh ring tam gidc ABE
ddng dang véi tam giac CLF.

3) Goi K 14 giao diém ctia duong thing AE va
duong thing OB. Chimg minh ring

— e~ e~

OKL +PAB =0LK + PAC.

Cau 4. Cho tip hop 4 gdbm 31 phan tir va diy
gdm m tap con cua 4 thoa man ddng thoi cac
diéu kién sau: (i) mdi tap thudc day cé it nhét
hai phan tir; (i) néu hai tdp thudc diy c6
chung nhau it nhit hai phén tir thi s phan tir
cua hai tap nay khac nhau.

Chimg minh rang m < 900.

NGUYEN VU LUONG & PHAM VAN HUNG
(GV THPT Chuyén KHTN, PHQG Ha Néi) gidi thi¢u.

TOAN HOC
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Huing Adn gtm DE THI TUYEN S NH j VA(
N O I NAM HOC 2014 - 2015

BI—ISP HA

) LGP 10 THPT CHUYEN

VONG 1

CAau 1.Bién d6i vé trai cia dang thirc:

e (Ja+vB)' —mb+2ala__ HalJa+b)
(Va—B)a+Vab+b) (a+b)Ja—b)
5 3ava +3avb +3bJa o 3Ja
(Ja-vb)a+ab+b) Ja-+b
i, Blaince oED wg
Ja—b Va-{b

“4u 2. Goi C 1 vi tri xe may bi hong, ta tinh
dugc AC = 90 km, CB = 30 km. Néu x 12 van
téc (km/h) cia xe mdy trén quang duong AC
(x > 10) thi van tbc clia xe may trén quéng
duong CB 13 x — 10 (km/h). Khi d6 xe may di

hét quing duong 4C mét % h; di hét quang

h.

. 30
duong CB mat <-10

Thoi gian sira xe may 12 10 phit = % h.

Theo gia thiét, thoi gian xe may di tir 4 dén B
(ké ca thoi gian sira xe) 1a 4% = % h.

Tir d6 ta c6 phuong trinh:

90, 30 1 _14

< TG o < 3x* - 110x + 600 =0

& x =30 holic x = E (loai).

90
i

Viy xe may hong lic 10 gio (trua cung ngay).
Cau 3. 1) Hoanh d6 giao diém ctia d va (P) 1a
1

nghiém ctia phuong trinh: x? = —g(m +Dx +3

S fx)=3*+2(m+1)x—-1=0 1)
A= (m+ 1)*+ 3 >0 v6i moi m, suy ra PT (1)
ludn c¢6 hai nghiém phén biét (dpcm).

2) Theo dinh li Viete, ta ¢

Suy ra thoi gian di tir 4 dén Cla 2=

K T X = '—%(m-f-l) PRI —%,
T@ﬁN HOC
%; wgﬁ S 446 (8-2014) v

suyram+ 1= —%(xl +x) va—1=3xx,.

Ta cé: flx1) —fx2)

= (x —xz)[xl2 +x1%2 +x3 +(m+1)(x +x2)—1]

= (g — xz){xl2 + XX + X5 — %(xl + x2)2 £ 3x1x2}

1 1
= §(x1 = ?Cz)(—x12 +2x1%) — X3 ) = E(xl = x2)3.

Cau 4. (Ban doc tu vé hinh)

1) Tacod DBC = DAP (cung chin n cung CD).
Do KP // BC nén DKP = DBC = DAP suy ra
tir giac AKPD ndi tiép duong tron.

2) Tir két qua trén suy ra PKM DAP (1)
APD = AKD = 90° = CPD CMD = 90°
= tir giac CPMD noi tiép = PMK =DCP 2)
T&Ll)\vég)\suyra PMK +PKM =

= DCP+ DAP=90°.Do d6 KP 1 PM.

3) « Ta c6 BK = AK.cot 60° = XI

. Do ADC =90°, ACD = ABD = 60° nen
CD=%AC=R gyt s B9

— DK =+AD? — AK? =\3R? —x2.
Vay BD = BK + DK = x—‘/§+\/3R2—x2.

Chu 5. Diéu kién x¢ﬂ x;&—«f—

79
~56x 21x4+-22

il vt b

1 1
3 - T SRR T =
o (B -21x 20)(4__7 +x3+2)

Tir d6 ta tim dugc tip nghiém cua PT la:
S={1;5;-4;-1;2; -3}.

VONG 2

Cau 1. Dat m_x
a

L lagesa; Loy
E+—’;+;—O:>mn+np+pm—0,

mtn+p=1=m+n*+p’

g < Dend 3:
e P=7 Ta co:

=(m+n+p)=1,
suy ra dpcm.

https://tieulun.hopto.org



Cau2.PK:1-3220,2-220,3-2>0.
2

2
Str dung BDT quen thudc ab < a‘+b , ta co:

2
3= x1-)2 + yJ2 22 +2z3-x2

< %(x2+1—y2+y2+2—22+22+3—x2)=3.

Ding thirc xay ra khi va chi khi

x=41-y2

Pdp s6: (x; y; 2) = (l' 1 \/5)
27(1.3.5...(2n=1))
(n+5)(n+6)...(2n)
27(2n)!

[2.4.6...2n)|(n+5)(n+6)...2n)

@2n)!
n'(n +5)(n+6)...2n)
=1+(n+1)(n+2)(n+3)(n+4) = (n* + Sn+ 5)*.

Cau3.Tacod g, =1+

=1+

Céu 4. St dung BDT quen thudc:

= l( ), x>0,y>0,

déng thirc xay ra khi va chi khix =y, ta c6

o o
ab+a+2" 4\ab+1 a+1
1 P 1
<o
ab+a+2_4(c+1 a+1) 1)
1 1 a 1
Ttongiy, bc+b+2SZ(a+l+b+l) @)
1 Vb l)
L
ca+c+2_4(b+l+c+l 3)
Cong theo timg vé (1), (2), (3) ta c6 dpcm.
Ding thirc xay rakhia=b=c=1.
Cau 5. (Ban doc twvé hinh)Do NB /| AD, BM// DP,
MN /| PA nén ANBM <> AADP.

BN _ BN _ DA _DO
BO ~ 2BM _2DP DP’

Két hop véi NBO = PDO =45°, suy ra
ABNO > ADOP. Suy ra:

Suy ra

Suy ra —

NOP =180°— NOB — POD
=180°— NOB — ONB = NBO = 45°.

QON = =90°—OPN

2) Vi ABNO «» ADOP va BO = DO nén
9 _BO_BC. Matkhac NOP=NBO=45°,
suy ra AONP «» ADOP o> ABNO.
Goi Q 14 tim duong tron ngoai tiép AONP,
ch y ring AONP «» ABNO ta c6
180° — OON
Z
= COB - BON = CON.

Do d6 tia OQ trung v6i tia ON.
Vay Q thude OC.

3) Goi E, F thu ty la giao diém cua BD véi
MN, PA. Chu y ring ANBM o> AADP; BD la
duong chéo cia hinh vudng ABCD, ta c6

EM _ Sggy _ BM _DP _ Sppp _ FP

EN. Sggy BN 2DAT iS5s40 1 BA®

Két hop v6i MN // AP, theo bb d& hinh thang,
suy ra BD, AN, PM déng quy.

CAu 6. Vi 4 1a mét tdp hop con cia tdp hop

{1;2; ...; 2014} thod man yéu cAu bai toan, goi
a 12 phdn tir nhé nhét ctia 4. Xétb € 4, b#a

. 2
= hSg v~ —— eA:ia—Za:bSZa (1)

b-a b-
Goi ¢, d1a hai phan tir 16n nhét trong 4, c <d,
tr(l)tacéd<2a=>d<2c 2)

e A. Mit khéc, do (2)

2
dc—c € {c; d}.

o2
Theo gia thiét, d—
Wil 62 c?
nen > —

d—c 2c-

g
. cle) e} q2
o« THI: i =, taco(d) +(d) =0

C
C_—li\/g
ol sl 2

=c, suyra

, khong tdn taido ¢; d € Z.

« TH2: —c,tacc')c2=dc—c2:>d=2c.

2
e
Méds2as2c, suy ra ¢ = a, d = 2a, do d6
A={a;2a},v6ia=1,2,..,1007.

Céc tap hop trén déu thod mén yéu cau bai
toan. Vay c6 tit ca 1007 tap hop thoa man.

NGUYEN THANH HONG
(GV THPT Chuyén DHSP Ha N¢i) gidi thiéu.

TOAN HOC
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IMO 20+

Cape Town - South Africa

L. POI NET TONG QUAN

IMO 14n thir 55 nam 2014 (IMO 2014) dugc 10
chire tir ngay 3/7 dén ngay 13/7/2014, tai Pai hoc
Cape Town, thanh phé Cape Town, Cong hoa
Nam Phi. Du thi IMO 2014 c¢6 560 HS, trong do
¢6 56 HS nit, thudc 101 qudc gia va ving lanh thd
trén toan thé gigi. Poan Viét Nam gébm 6 HS:
Vieong Nguyén Thup Dwong (ni, l6p 12, THPT
chuyén Lé Quy DBon, TP. Da Néng), Nguyén T hé
Hoan (16p 11, THPT chuyén KHTN, PHKHTN,
PHQG Ha N01) Pham Tudn Huy (lop 12, PTNK,
DHQG TP. H6 Chi Minh), H6 Quéc Dang Hung
(16p 12, PTNK, TP. Hd Chi Minh), Trdn Hong
Qudn (16p 12, THPT chuyén Thai Binh, tinh Thai
Binh) va Nguye:n Huy Tiung (16p 12, THPT chuyén
Tran Phu, TP. Hai Phong). Poan do TS. Lé Bd
Khanh Trinh, giang vién khoa Toan-Tin, truong
DHKHTN, PHQG TP. H6 Chi Minh, lam Trudng
doan va PGS. TS. Lé Anh Vinh, gidng vién truong
PH Gido duc, PHQG Ha Néi, lam Pho Trudng
doan; ngudi viét bai nay tham gia Poan véi tu cach
Quan sat vién A (Quan sat vién di cung Truong
doan). Tham gia Poan vai tu cach Quan sat vién
con co: ba Lé Thi Kim Nhung, Chanh van phong
Cuc Khio thi va Kiém dinh CLGD; thay Nguyén
Hai Dang, GV truong THPT chuyén Thai Binh,
tinh Thai Binh; thy Nguyén Dinh Minh, GV trudng
THPT chuyén Lé Quy Doén, TP. Pa Ning; thiy
Pham Véin Quéc, GV truong THPT chuyén KHTN,
DHKHTN, PHQG Ha Noi; thdy Poan Thdi Son,
GV truong THPT chuyén Tréan Pha, TP. Hai Phong
va thdy Nguyén Trong T uan, GV truong PTNK,
PHQG TP. Ho Chi Minh.

Pai hoc Cape Town dugc chinh thuc thanh 1ap
ndm 1918; tién than cta trudng 1a trudng Trung
hoc Nam Phi danh cho hoc sinh nam, dugc thanh
1ap vao nim 1829. Trong khudn vién Nha truong,
d6i nét ¢d kinh phan 4nh mot thoi gian khé cua
chau Phi thué xa xura van con dong lai cho t6i nhiing
ngay hom nay. Cac phong ¢ trong khu Ky ticxa
cua truong rat chat hep, tuénh toang va khong d}rorc
1ip dat bét cir thiét bi chéng néng hay chong lanh
nao. Tai Nam Phi, thang 7 1a mua dong Pé gitip
nhitng nguoi tham du IMO 2014 chéng lanh ban
dém, Ban t6 chirc phéat cho mdi ngudi mot chin bong,
xin thém (néu can) khong c6. Vi thé, c6 nhitng doan
d phéi ra cira hang mua 16 sudi dién dé chong lanh

TOﬁN HOC
udilye S6 446 (8-2014)

Ki THI OLYMPIC TOAN HQC QUOC TE (IMO)
LAN THU 55, NAM 2014

~ NGUYEN KHAC MINH
(Cuc Khdo thi va Kiém dinh CLGD - B6 GD&DT)
vé dém. Poan ta, rat may, khong mot ai bi cam lanh,
khong mot HS nao phan nan céi lanh Cape Town
lam giam sut hiéu qua lam bai thi.
Sau hai ngay thi, tat ca HS va quan sat vién B, C
(quan sat vién di cung Pho Truong doan va HS)
duge Ban td chirc bd tri cho di tham quan ngon
Hai dang Cape Point va Miii Hao Vong (the Cape
of Good Hope) - noi tiép giap gitta An Do Duong
va Pai Tay Duong.

Tai IMO nam nay, Ngai Geof Smith (ngum Anh)
d3 dwoc bau 1am Chu tich Hoi dong Tu van céc ky
IMO (IMOAB) thay Ngai Nazar Agakhanov (ngudi
Nga) da hét nhiém ky.

IL. PE THI

Dé thi ctia IMO 2014 dugc xdy dung theo nguyén
tdc va phuong thirc nhu tai IMO 2013. Cu thé, tir
cac bai toan thudc danh sich céc bai toan dugc de
xudt str dung l1am bai toan thi (do Ban t6 chirc IMO
xdy dung trén co s¢ cdc bai toan dé xuat cua cac
nude tham du IMO va dugc goi tt bang t1eng Anh
1a Short List), Hoi dong céc Trudng doan tién hanh
bau chon cho mdi phan mén Dai sd, Té hop, Hinh
hoc va S6 hoc 1 bai d& va 1 bai trung binh; tir do,
x4y dung céc to hop 4 bai toan dam bao moi phan
moén ¢6 1 bai va trong 4 bai toan do pha1 6 2 bai 6
mirc d6 dé, 2 bai & muc do trung binh, i biéu quyét
chon mét t6 hop trong sO do; tiép theo, can cir 4 bai
toan da dugc chon, dé xuat va biéu quyet chon ra
mdt cap bai khé cho dé thi. Theo sy sdp xép phén
mon trong Short List va két qua binh chon cua
Hoi dong cac Truong doan, trong 6 bai toan cua
Dé thi, bai 1 1 bai dé thudc phan moén Pai 56, bai 2
la bai trung binh thudc phan mén Tb hop, bai 4 1a
bai d& thuéc phan mdén Hinh hoc va bai 5 1a bai
trung binh thudc phdn mén S6 hoc. Dudi day 1a
phuong 4n tiéng Viét ciia D& thi IMO 2014.

NGAY THI THU NHAT, 8/7/2014
Bai 1. Cho gy < a; < a, < ... 1a ddy v6 han céc )
nguyén duong. Chung minh rang ton tai duy nhét
sd nguyén n > 1 sao cho a, <Mal—:ﬂ< LT
Bai 2. Cho sb nguyén n > 2. Cho bang 6 vudng
n x n gbm n* 6 vudbng don vi. Mot cach sap xép
cia n quan xe trong bang d6 duoc goi 1a binh yén
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néu mdi hang va mdi cot chira ding mot quan xe.
Hay tim s0 nguyén duong k 16n nhét sao cho voi
mdi cach sip xép binh yén cua n quan xe déu ton tai
mdt hinh vudng k x k ma mdi 6 vudng don vi trong
s6 k* 6 vudng don vi ctia n6 déu khong chira quan xe.

Bai 3. Cho t&r gic 161 ABCD c6 ABC=CDA= 900
Piém H la chan dudng vudng goc ha tir 4 xubng
BD. Cac diém Sva T twong (mg nam trén cac canh
AB va AD sao cho H nim trong tam giac SCT va
CHS — CSB = 90°, THC — DTC =90".

Chimg minh ring dudng thing BD tiép xtc duong
tron ngoai tiép tam gidc 7SH.

NGAY THI THU HAI, 9/7/2014

Bai 4. Cac diém P va Q duogc lay trén canh BC
cua tam gidc nhon ABC sao cho PAB=BCA va
@ = ABC. Cac diém M va N duogc lay trén cac
duong thang AP va AQ, tuong g, sao cho P la
trung diém cua AM va 0 13 trung diém ciia AN.
Chitng minh rang giao diém cua cac duong thing
BM va CN nim trén dudng tron ngoai tiép tam
giac ABC.

Bai 5. Véi mf)i s6 nguyén dwong n, Ngén hang
Cape Town déu phat hanh céac dong xu c6 ménh
gia % Cho mot bo suu tap gém htru han cac déng

xu nhu vay (cdc dong xu khong nhét thiét c6
ménh gia khac nhau) ma tong ménh gia cua chiing
khong vuot qua 99 +l. Chimg minh ring c6 thé
phan chia b6 suu tap do thanh khéng qua 100

nhém sao cho tong ménh gia cta tat ca cac dong
xu trong mdi nhém khong vugt qua 1.

Bai 6. Mot tdp hop céc du:ong thang trén mat
phing duogc coi 1a & thé téng quat néu khong co
hai duong thing nao thudc tip hop d6 song song
va khong c6 ba dudng thing nao thude tap hop do
dong quy. Mot tdp hop cac duong thing & the
tbng quat phan chla mat phing thanh cic mién,
trong d6 c6 mot 6 mién co dién tich hu'u han; ta
goi nhiing rmen nhu vy la cdc mién hitu han.
Chimg minh rang v6i moi sb n du 16, trong moi
tap hop gdm n duong thang & thé tong quat, ta déu

c6 thé to khong it hon n du‘orng thang b0°1 mau
xanh sao cho khéng c6 mién nao trong s6 cac
mién hiru han c6 toan b duong bién c6 mau xanh.
Luu y: Loi giai cho bai toan nhdn duoc tir bai da ra
bang cach thay thé Jn boicn s& duge cho dlem
diém s6 duoc cho phu thudc vao gia tri cia hing s6 c.

III. KET QUA

Can ctt két qua chim thi va Quy ché IMO 2014,
Hoéi ddng Qudc té da biéu quyét théng qua ngudng
diém cho cac loai Huy chuong nhu sau:

- Huy chuong Vang (HCV): Tir 29 dén 42 diém;

- Huy chuong Bac (HCB): Tir 22 dén 28 diém;

- Huy chuong Dong (HCD): Tir 16 dén 21 diém.
Theo do, tai IMO 2014 c6 295 HS dugc trao Huy
chuong; gém: 49 HS dugc trao HCV, trong do cé
3 HS dat diém tuyét dbi 42/42 (1 HS cua Poan
Oxtralia, 1 HS cta Poan Pai Loan va 1 HS cua
Poan Trung Qudc); 113 HS duge trao HCB va
133 HS duoc trao HCD. Ca 6 thi sinh cia Doan
Viét Nam déu dugc trao Huy chuong, gém 3 em
dugce trao HCV, 2 em dugc trao HCB va 1 em
duoc trao HCP. Két qua chi tiét clia cac HS Poan
Viét Nam nhu sau:

TT Ho va Tén A i T ey
) B1 B2 B3 B4 B5 B6 | Téng |chuwong

1 | Vuong Nguyén Thuy Dwong ) il 1 i 0 0 22 Bac
2 | Nguyén Thé Hoan 7 6 7 7 2 0 29 | Vang
3 | Pham Tuan Huy 7 7 1 7 7 3 32 | Vang
4 | H6 Quéc Pang Hung 7 0 7 7 1 0 22 | Bac
5 | Tran Hong Quan 7 6 7 7 7 0 34 | Vang
6 | Nguyén Huy Tung 3 6 0 7 2 0 18 | Pong

Véi tong diém 157, Poan Viét Nam dung thtr 10 trong Bang tdng sip khong chinh thic cua IMO
2014, sau cac Poan: Trung Quoc (201 diém), My (193 dlem) Pai Loan (192 diém), CHLB Nga
(191 diém), Nhat Ban (177 diém), Ucraina (175 diém), Han Qudc (172 diém), Singapore (161 diém)
va Canada (159 diém).

TOAN HOC
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PHUONG PHAP

GIXI TOAR

I. KIEN THUC CO SO

S6 o goi 12 nghiém bdi k (k> 2, k € N) ciia
da thirc f{x) néu:

(i) fx) chia hét cho (x — a)’,

(ii) fx) khong chia hét cho (x — o)* .
Néi cach khac 1a fix) c6 thé viét dudi dang
Ax) = (x — a)F.g(x), trong d6 g(x) 1a da thirc
khong chia hét cho x — o..

Trudng hop a 1a nghiém boi 2 cua fix) thi ta

n6i rang f{x) c6 nghiém kép x = a.

Chung ta c6 mot két qua dang chu y:

Dinh li. Diéu kién can va di dé sé o la nghiém

boi k (k= 2, k € N) cua da thirc f(x) 1a
fO@)=0 v6i i=0, k-1
f®@)#0

trong do f(x) la dao ham cdp i cia fx) véi

quy wdc f O (x) = flx).

II. CAC THi DU MINH HQA

Thi du 1. Chitng minh rang véi moi sé thuc

5 ; a
dwong a, b, ¢ ta luén co:

a*+ab+2b?
b3 e
54 = e ﬁz””“,
b>+bc+2c¢* ¢ +ca+2a? 4

Phan tich
Dau tién, ta du doan ding thirc xay ra khi
a=b = c. Tiép theo, ta s& tim mot danh gia

5 a’
gt e e

< @ > (ma+nb)(a® +ab+2b*) hay

TOAN HOC
" CTusitpe SO6 446 (8-2019)

>ma+nb

Chuing minh bat dang thic
bang phuong phap
danh gia dai dien

NGUYEN VIET HUNG - DAO TH| AN
(Yén Viét, Béng Ciru, Gia Binh, Bac Ninh)

(I-m)a® —(m+n)a*b—2m+n)ab? —2nb? >0.
Xét da thitc fa) = (1 — m)a® — (m + n)a’h —
(2m + n)ab® — 2nb* (a> 0, b > 0). Ta s& tim
hai s6 m, n sao cho fla) nhan a = b 1am nghiém
f(b)=0
f'®)=0
(1-m)b> —(m+n)b> —2m+n)b®> —2nb* =0
{3(1—m)b2 -2(m+n)b*—-2m+n)b>=0

4m+4n=1__|™ :“95

m+4n= 1
{7m+3n=3c> =5
16

kép. Mudn vay thi {

Loi gidgi
a 5 9a-5b
a®+ab+2b* ~ 16
That vay, BDT nay tuong duong véi
(a—b)*(7Ta+10b)
16(a® +ab+2b?)

Ta chirng minh

>0 (ludn dang).

B 9%-5c
b2+bc+2c* 16 °
¢ >9c—Sa
ct+ca+2a> - 16

Tuong tu, ta co

Tir d6 ta suy ra dpecm. O

Thi du 2. Ching minh rang voi moi 5o thuc

. 0@ —ab?
duong a, b, c ta luén co: ————
a+b

563 —bct  5¢3 —ca?
+

>2(a? +b% +c?).
b+c c+a

Phan tich
Pau tién, ta du doan ding thirc xay ra khi
a=b=c. Tiép theo, ta s€ tim mét danh gia
L) 5a® —ab? g 3
dai dién dang B > ma?* +nb
< (5-m)a® —ma*b—(1+n)ab? —nb* > 0.
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Xét da thirc fla) = (5 — m)a® — ma*b — (1 + n)ab®
—nb* (a> 0, b > 0). Ta s& tim hai sb m, n sao
cho fla) nhan a = b lam nghiém kép. Mudn
vay thi diéu kién 1a f(b)=f'(b)=0, hay m, n
la nghiém cua hé:
{(5~m)—m—(1+n)—n=0<:>{m=3
3(5-m)—-2m—-(1+n)=0 n=-1
Loi gidi
S5a® —ab?
+b
That vay, BDT nay tuong duong vai
(a-b)*(2a+b)

Ta ching minh >3a?-b2.

20 (ludn dung).

a+b
, 5b*—bc?
Tuong tu, ta co ——3*23b2—62;
+c
N5 S
X a4
CE=a

Tur d6 ta suy ra dpcm. O

Thi du 3. Cho a, b, ¢ la cac so thue dwong co

tong bang 9. Chirng minh rang:

a+b3 b+ A+ad
-+ + =9.
ab+9  bc+9  ca+9
Phan tich

Khi a = b = ¢ =3 thi ding thirc xay ra.

Ta sé& tim mot danh gié dai dién dang
a’+b?
ab+9

< a*+b*—(ab+9)[m(a+b)+n]=0.

Xét da thic fla) = @ + b° — (ab + 9)[m(a + b) +

+ n]. Ta s& tim hai s6 m, n sao cho f{a) nhan

>m(a+b)+n

a = b = 3 lam nghiém kép. Piéu nay xay ra
khi f(b)=f'"(b)=0, trong d6

f'(a)=3a*> —blm(a+b)+n]—-m(ab+9).
2b% - (b* +9)(2mb+n)=0

Nghia I .
e {3b2 —b(2mb+n)—m(b? +9)=0
Trong hé nay, cho b = 3 ta duoc

54—-18(6m+n)=0 o m=1
27-3(6m+n)—-18m=0 "~ |n=-3

Loi gidi

a +b3

ab+9 1

a’+b3 ot 4(a®+b3) 1 (a+b)?

ab+9 ~(a+b)*+36 (a+b)*+36
(a+b)

(a+b)*+36

< (a+b) 2(a+b-3)((a+b)* +36)

& (a+b—-6)? 20, ludn ding.

Nhu vay BDT (1) dugc chitng minh. Tuong tu:

[:CJ;C; C3+"932c+a—3 3)

Cong theo timg vé (1), (2), (3) ta c6 dpem. O

>a+b-3

Ta chiing minh

That vay,

Xét BDT Za+b-3

>b+c-3 (2)

Thi du 4 (Moldova 2005). Cho cdc s6 thuc
duong a, b, ¢ thoa man a + b+t =3

I 1
4-dbr Hobe Aled

<=

Chitng minh rang:

Phan tich
Ta tim mét danh gia dai dién dang

4—1ab <m(ab)* +n

hay m(ab)? —4m(ab)? +n(ab)—4n+1<0.

Xét da thuc f(t)=mt>—4me> +nt—4n+1
(v6i t = ab). Ta can tim hai s& m, n sao cho
A7) nhan 7= 1 lam nghiém kép. Piéu nay xay
rakhi f(1)=f'(1)=0, tic la

m—4m+n—4n+1=0<::> 18
3m—-8m+n=0 n:i'
18
Loi gigi
2
o S T, e )

4—ab” 18

That véy, (4) < (ab)? —4(ab)? +5ab—2<0
& (ab—1)*(ab-2)<0.

BDT nay ding do

3=a*+b"+* > a* + b > 2(ab)’.

Suy ra ab<\/g <2. BDT (4) dugc chirng minh.

Tuong tu:

1 (bc)? +5 ; 1 (ca)* +5
4—bcS 18 ) 4—caS 18 ©)
Cong theo timg vé (4), (5), (6) ta c6 dpem. O

TOAN HOC
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Thi du 5. Cho cdc 6 thwe dwong a, b, ¢ théa
man ab* + bé + ca® = 3. Ching minh rang:

2a°+3b° 2b5+3¢5 2% +3a’
+ +
ab bc ca
>15(a®> + b+ -2).

Phén tich

Dua vao gia thiét, ta du dodn BDT dai dién

2a° +3b°
ab

& 2a5 +3b5 —ab(ma® + nab* + pb*) 2 0.

Xét da thirc bac 5:

f(a)=2a® +3b° —ab(ma® + nab* + pb?*), ta co

f'(a)=10a* —4ma*b—2nab* — pb*,

f"(a)=40a*> —12ma*b—-2nb?,

f"(a)=120a? —24mab.

Chung ta can tim cac sd m, n, p d¢ fa) nhan

c6 dang > ma?® +nab® + pb?

a = b 1am nghiém bdi 4. Diéu nay xay ra khi
fb)=f'(b)=f"(b)=f"(b)=0, tic la

(5b5 —b2(mb? +nb? + pb*)=0

10b* —4mb* —2nb* — pb* =0

4063 -12mb? —2nb3 =0

12062 ~24mb? =0

9

(m+n+p=5
m=3>
4m+2n+p=10
9 n=-10.
12m+n=40
p=10
|m=5
Loi gidi
Ta chirng minh
2a° +3b3

—= 250 -10ab? +106° (1)

Thét vdy, (7) < (a—b)* (2a+3b) >0 (hién nhién).
Tuong tu:

5 5

%i;izsw —~10bc? +10¢3 ®)
5 5

39%3“—25@ ~10ca? +10a® ©)

Cong theo timg vé (7), (8), (9) ta c6 dpem. O

TOAN HOC |
* CTugilye SO 446 (8-2014)

Thi du 6. Chung minh bat dang thirc sau diing
véi moi s6 thie du"ong a, b, e
4@ +5b° -3a2b+10ab*  4b*+5c3-3b*c+10bc?
3a-+b 3b+c
4¢3 +5a% -3c*a+10ca?
3c+a
>5(a? +b*+c?)—(ab+bc+ca).

Phén tich

Ta du doan BDT dai dién c6 dang
4a3 +5b* —3a?b+10ab?
3a+b
< f(a)=(4-3m)a® —ma*b+(11-3n)ab?
+(5-n)b* 20.
Ta cén chon m, n sao cho f{a) nhdn a = b 1am
nghiém kép. Nghia la f(b)=f'(b)=0

m+n=>5 m=1
= <> .
11m+3n=23 n=4

Ta ching minh

4a3 +5b* —3a*b+10ab?
3a+b

That vy, BDT nay tuong duong véi

@B -atb—ab? +b3>20< (a-b)*(a+b)20

(lu6n dung). Tuong tu, ta co:

4b3 +5¢% —3b%c +10bc?

3b+c

3 3_3¢2 .
4’ +5a° -3c’a+10cd® , 40 0 2)
3c+a

Cong theo timg vé (10), (11), (12) ta c6 dpem. O

> ma? +nb?> —ab

Loi gidi

>a? +4b* —ab (10)

>b2+4c?2-bc (11)

Thi du 7. Cho cdc 56 thuec dwong a, b, c thoa
mén & + b* + ¢ = 1. Tim gid tri nhé nhdt ciia
a b G

+ \
2 c24a? a?+b?

biéu thirc: E =—
b*+c?

Phdn tich
Ta du doan E dat gid tri nho nhit taia=b=c

= :/3_31 va BDT dai dién c6 dang

>ma’+n<s >ma*+n

a
b*+c? 1-a?
< a>(1-a?)(ma? +n)
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< f(a)=ma*—(m—-n)a* +a-n=>0.

Ta can tim m, n sao cho fla) nhina = —\/;l lam
V3 ] 2z

nghiém kép. Ttc 1a f (-\/5_3—] =f '(T

_33

R

{2m+6n=3J§
n=0

=
2m—6n=33
Loi gidi
533
b 2 E
That vay, BDT tren twong duong vai
3V3a* -33a+2>0
& (3a-12(Ba+2)=0 (luén ding).
b 3f ¢ 3f
b 2 1) bag s 2
2%(02 +b2+c?)= 3‘f

Viy minE = %

Tuong tu:

Do do E
‘B a

khi a=b=c=—.
ia s
Thi du 8 (Crux). Cho a, b, ¢ la cac 6 thuc

e U 1 kAR
dwong thoa man o +b+1 +C_{_1 — A

1
>1
4c+1

Chung minh r(frng: 4a1+ i + P it

Phan tich
Ta can tim hai s6 m, n dé c6 danh gi4
1 m
2——+n
4a+1 a+l1

hay 4na?+(4m+5n—-1)a+m+n—-1<0.

bit f(a)=4na> +(dm+5n—-a+m+n-—1.

Ta nhan thiy dang thirc xay ra & BDT can chimg
1

minh khia=b=c =5 nén ta phai chon m, n

330 ohio fla) Hika a=% lim nghiem kép:

Eidunay o6 duve ki f(%) n f(%) —0, tirc 13
4dm+5n-1 m=1
n+——————+m+n-1=0
2 = . ke
4n+4m+5n-1=0 iy e

Loi gidi
i
4a+1 a+l 3
That vay, BDT tuong duong véi (2a—1)2 20
(hién nhién). Twong tu:

el fon M o) 1 A 8h

Ta ching minh

4b+1"b+1 3’ 4c+1 c+1 3’
g i 1 1
D08 el e d
I |
i 267 Rl
] Tl
Nhdn xét

Chung ta c6 két qua téng quat:

=n-1

Néu a >0 (z—ln) thoa man Z

e a +1

i | 2n—3
thi =
; ;4a,.+1 3

Thi du 9 (Japan 1997). Chitng minh véi moi s6
thue diong a, b, ¢ bat déang thirc sau luén ding:

(bte—ay ) (era—bP . (ath=e) 3
(b +a*: (c+a+b _ (a+bP+c2; .3
Loi gidi

Vi BBT cin chimg minh 13 thuan nhét nén
khong mt tinh tdng quat, ta c6 thé gia sir (chuan
héa) a + b + ¢ = 3. Khi d6 phai chirng minh
(3-2a)* (3-2b)? (3-2c)?
2a>-6a+9 2b>-6b+9 2c*—6¢c+9
Ta s& tim mdt danh gié c6 dang
(3-2a)?
2a*> -6a+9
hay f(a)=(3-2a)?> —(ma+n)(2a*—-6a+9)=0.
Pé da thirc bac ba fla) nhan a = 1 1am nghiém
kép thi didu kién 1a (1) =1”(1) = 0. Tuc 1a
_ 18
1-5(m+n)=0 _ R e
3m-2n+4=0 i 23

>3,
5"

>ma+n

o5
" (3 2a)? . —18a+23
Ta ching mlnh o192 25
That vay, BDT tuong duong véi

(a-122a+1)=0 (luén dang). Tuwong tu:

TOAN HOC
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(3-2b) _ -18b+23
202 —6b+9° 25
(3-2c)?  —18¢+23
2c7—6c+9° 25

< 2. (b+c—a)* (c+a-b)* (a+b—c)?
T8 (G ci+@ T (crap+t? T (arby e
2—18(a+b+c)+69=§. 0
25 5

Thi du 10. Cho a, b, ¢ la cdc 56 thie dirong

o le p Sy, :
thoa man a” + b~ + ¢ = 3. Churng minh rang:

Loi giai
Phan tich tuong tu cac bai toan trén, chung ta
i it e R o D BT -i—a > %‘L—l
That vay, BDT nay tuong duong véi
a(a—1)? >0, 1a BDT ding v6i moi a duong.
S 2117 = bzzﬂ; 2ic 3 szH
21a+2£b+2ic
S@+b2+c?+3 4 g

2
I11. BAI TAP PE NGHI

Do do

1.Cho x, y, z1a cac s6 thuc thoa man x, y,z<1
vax +y+z=1. Chirng minh ring:
1 1 1 27
+ - <=
1+x2 1+y* 1422710

2. (Poland 1996) Cho a, b, ¢ 1a cac sb thuc
théa méan a, b, ¢ 2—% viat+tb+c=1.

Chimg minh ring:
a b ¢ 9
L
Zr1 B4l eh 10!

3. (US4 2003) Chimg minh ring v6i moi sd
2a+b+c)?
2a* +(b+c)?

(2c+a+b)? »
2c?+(a+b)*

thuc duong a, b, c ta co:

2b+c+a)?
2b* +(c +a)?

TOANHQC |
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4. (China 2006) Cho cac sb thuc duong a, b, ¢
c6 tdng bang 3. Ching minh ring:

b>+9
2b* +(c+a)?

a*+9
2a* +(b+c)?

c?+9
2c¢?+(a+b)>

5. (France 2007) Cho cac s6 thuc duong a, b, ¢, d
c6 tong bang 1. Chirng minh ring:

6@ +5 +C )2 @ 4B+ +d
6. Cho céc sb thuc duong a, b, ¢ co téng b?lng 3.
Chimg minh rang:

1 il 1
+ + <1.
a’+b+c b +c+a ct+a+b

7. Cho a, b, ¢ 1a cac sb thuc duong théa man
a+ b+t =3.
Tim gié tri nho nhit cua biéu thic:
E= 3(a+b+c)+2(l+l+l).
avib e
8. Chimg minh ring bit dang thirc sau ding
v6i moi sb thuc duong a, b, c:
3a°+7b%  3b3+7¢3
2a+3b 2b+3c
>3(a? +b%+c?)—(ab+bc +ca).

3c3+7a
2¢c+3a

9. (Crux) Cho cac sb thuc duong a, b, ¢
thoa man diéu kién & + b* + ¢ = 1.
Ching minh rang:

atbres i ilsu
aib. ¢

10. (Todn hoc va Tuéi tré) Cho cac s thue duong

X, ¥, z thoa mén diéu kién x + 2p+3z5= l

4
Tim gia tri 16n nhét ciia biéu thirc:
1958y~ I83¢° -3y "20#N= 077
2xy+24y?  6yz+54z2  3zx+6x%
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,@én dé ctia Erdos
bét dau tir mot bai
toan nhé trong hinh hoc &
hop. Nam 1932, E. Klein
da chung minh dugc mot
két qua sau, sau ndy 1a mot
bai toan kha quen thudc
d6i véi hoc sinh gioi.
Dinh li 1. (E. Klein, 1932) Tir ndm diém bdt ki
trén mdt phdng sao cho khong ¢é ba diém nao
théng hang, luén t6n tai bon diém la dinh cua
mét ti gide 16,

e J

Tu bai todn nay, Erdos va Szekeres doc 1ap va6i
nhau d3 chung minh dugc két qua manh hon,
tong quat cho moi s6 k.

Dinh 1i 2. (Erdos va Szekeres, 1935) Véi méi s6
tw nhién k (k > 4), luén ton tai mot sé nguyén
duong n(k) sao cho tir n(k) diém tiry y trén mdt
phdng sao cho khéng cé ba diém nao thiang hang,
Iuén ton tai k diém la dinh cua mot k gidc 16i.

Két qua ctia Erdos va Szekeres khong chi rd dugc
s6 n(k) 1a sb nao. Hai ong dua ra mot danh gia
lan(k) < 25241, duoge phat biéu cu thé nhu sau:

Gia thuyét 1. (Evdés va Szekeres, 1935) Tw
224+ 1 (k € N, k >4) diém tiry y trén méit phéing
sao cho khépg c6 ba diém néo thdang hang, luén
ton tai k diém la dinh ciia mét k gide 16i.

Trudng hop k=4 dugc chimg minh trong Pink I 1
boi E. Klein. Trudng hgp k = 5, theo Erdos va
Szekeres, dugc chimg minh boi Endre Makai.

Dinh i 3. (Endre Makai) Tir chin diém bat ki
trén mdt phdng sao cho khéng cé ba diém nao
thing hang, luén ton tai ndm diém la dinh cia
mét ngi gidc 16i. .

Endre Makai ciing chi ra .

14 n(5) = 9 bang cach xay
dung mét phan vi dy tdm
diém trén mit phing sao
cho khéng c6 nim diém
nao trong chung la dinh
clia mdt ngil giac 16i.

(Vi du cua Makar)

Doan Hitu Diing, Tap chi Toan hoc va Tubi tré
s0 33, thang 6 ndm 1967, trang 14-16, d c6 mot

Gid thuyéet

Erdos va Szekeres

VU BINH HOA
(GV BHSP Ha Néi)

chimg minh cho truong hop » = 5. Tuy nhién,
céc ban c6 thé tim mot cach chimg minh thi hai
ngin gon hon nhiéu so véi chimg minh cta anh
Doan Hitu Diing.

Gia thuyét Erdos va Szekeres 13 mot bai todn rét
khd. Ngay ca voi cac gia tri nhé cia n ciing
khong d& chitng minh. Trudng hop # = 6 dugc
G. Szekeres va L. Peters giai nim 2006 bing
cach stir dung may tinh vdi 300 gio chay may.
Dinh i 4. (G. Szekeres va L. Peters, 2006) Twr
17 diém bat ki trén mdt phdng sao cho khéng c6
ba diém nao thang hang, luén tén tai séu diém
la dinh ciia mét luc gidc I6i.

Hién nay, nguoi ta mo rdng bai toan cia Erdds
va Szekeres, chéng han:

Bai toan. Véi méi b s6 tu nhién k, t (k >4) hay
xdc dinh s6 n(k, f) nhé nhdt sao cho tir n(k, f)
diém tiry y trén mdt phing sao cho khéng cé ba
diém nao thang hang, luén ton tai k diém ldp
thanh mot k gidc 16i chira khéng qud t diém da
cho bén trong no.

Dé dang kiém tra ring n(4, 0) = 5. Nam 1978,
nha toan hoc ngudi Puac tén 1a Harborth da
chimg minh dwoc rang (5, 0) = 10. Nam 1983,
Horton &3 chimg to rang n(k, 0) khong ton tai
cho moi k£ > 7. Nicolas (2007) da chitng minh
n(6, 0) < n(25) va Gerken (2008) da chi ra
n(6, 0) < n(9), 1a danh gia tot nhit hién nay cho
gia tri n(6, 0). Gia tri chinh xac cua n(6, 0) chua
duogc xé4c dinh. Rét c6 thé n(6, 0) = 30 nhu dugc
phat biéu trong gia thuyét sau:

Gia thuyét 2. n(6, 0) = 30.

Gid thuyét 1 chic con phai 1au méi giai quyét
duogc. Gia thuyét 2 trong cb vé don gian, nhung
chic ciing cAn nhiéu cong stc dé tim ra 101 giai.
Dé thir sirc, cac ban tré c6 thé tim mot 1o giai
don gian cho Gid thuyét 1 trong truong hop
k= 5. Chic cac ban thanh cong!

TOAN HQC
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CAC LOP THCS

Bai T1/446 (Lép 6). Tim tat ca céc sb nguyén
t6 p, g, r thda man phuong trinh:
(p + (g +2)(r +3) =4pqr.

PHAM THANH HUNG
(CH Todn K19, PH Can Tho)

Bai T2/446 (Lép 7). Cho tam giac ABC co
A=750 , B=45°. Trén canh AB léy diém D sao

cho ACD =45 Chimg minh ring DA = 2DB.
THAI NHAT PHUONG
(GV THCS NguyéNn Véin Tréi, Cam Ranh, Khanh Hoa)

Bai T3/446. Giai h¢ phuong trinh

Jx+y+2+x+y=2(x*+y?)

| O :
t—=—t—
Y

oL
X X2 y?

¢ NGUY]’EN ANH VU

(GV THPT Nguyén Binh Khiém, Hoai An, Binh Dinh)
Bai T4/446. Cho tam gidc ABC c6 (I), (J) lan
Iwot 12 dudng tron ndi tiép, dudng tron bang
tiép ctia goc A. Pudng tron (J) 14n luot tiép xuc
v6i cac dudng thang BC, CA, AB tai D, E, F.
Pudng thing JD cit duong thang EF tai N.
Puodng thing qua / va vudng goc véi duong
thing BC cit duong thang AN tai P. Goi M 1a
trung diém ctia BC. Chimng minh rang MN = MP.
TRAN NGQC THANG

(GV THPT chuyén Vinh Phiic)

Bai T5/446. Giai phuong trinh nghiém nguyén
C =4y Fay iy 13.

CAO MINH QUANG
(GV THPT chuyén Nguyén Binh Khiém, Vinh Long)

TOAN HOC
16 * CTudilye S 446 8-2019

CAC LOP THPT
. 45+2
Bai T6/446. = Sk
ai T6/446. Cho f(x) ye Tinh

FO)+ f(-zo—llz)Jr f(z—()%)+...+ f(%g—}—i)+ £(D).

PHAM NGOC BOI
(GV khoa Todn, PH Vinh, Nghé An)

Bai T7/446. Cho tr dién ABCD. Goi dy, da, d3

1an luot 12 khoang cach giira cac cdp canh d6i

dién AB va CD, AC va BD, AD va BC, Chung
minh réng: Vigcp 2 —13—d1d2d3.

DANG THANH HAI

(GV khoa Co ban, HV PKKQ, Ha N6i)

Bai T8/446. Cho n sb thuc duong ai, as, ..., Gx

Rt LG g i u Wi 1
thay doi va' théa: min —+—F..—=1
@ Say a

"
(n 1a s6 nguyén duong khéng nho hon 2,
¢6 dinh cho trudc). Chimg minh rang:
a®+ap +..+ay, +at +a +a, +..+a, > +n.
NGUYEN VAN XA
(GV THPT Yén Phong s6 2, Bac Ninh)

TIEN TOGI OLYMPIC TOAN

Bai T9/446. Gia sir T la tap hop gom » phan
tir. Xét cac tip con khic nhau cua 7 sao cho
mdi tdp con ndy c6 ba phan tir va khong c6
hai tp con nao roi nhau. Hay tim $6 16n nhit
céc tap con khac nhau cuia 7.
; MAI TUAN ANH
(GV THCS Nga Dién, Nga Son, Thanh Hoa)
Bai T10/446. Cho p 1a mot sb nguyén t6. Tim
tat ca cac da thirc flx) v6i hé s6 nguyén sao
cho vé&i moi s6 nguyén duong n, f(n) 1a wéc
cuap”— 1.
NGUYEN TUAN NGOC
(GV THPT chuyén Tién Giang, Tién Giang)
Bai T11/446. Ki hiéu [a] 1 sb nguyén 16n nhét
khong vuot qué a. Cho x, y 14 céc sb thuc duong
thoa man [x].[y] =30*. Tim gi4 tri 16n nhat va
nho nhét cua biéu thie P = [x[x]] + Vv]]-
VU HONG PHONG
(GV THPT, Tién Du 1, Bac Ninh)

https://tieulun.hopto.org



Bai T12/446. Cho tam giic ABC. E, F lan
lugt thudc cac doan CA, AB sao cho EF' // BC.
Trung tryc cua BC cit AC tai M; trung truc
clia EF cit AB tai N. Puong tron ngoai tiép
tam gidc BCM cit CF tai P khac C. Duong
tron ngoai tiép tam gidc EFN cit CF tai O
khac F. Chimg minh rang trung tryc cua PQ
di qua trung diém ctia MN.
TRAN QUANG HUNG
(GV THPT chuyén KHTN, PHQG Ha Noi)

CAC PE VAT LI
Bai L1/446. Trong mot xi lanh cao, cich nhiét,
dit thing ding, & dudi pitténg c6 mot luong
khi héli & nhiét do T, = 240K. O trén pittong,
ngudi ta dat mot vat nang c6 khéi luong bang
mot nira khoi lugng pittdong. Sau d6 nguoi ta
dot ngot 14y vat nang di va doi cho hé tro vé
trang théi can bing. X4c dinh nhiét do cua khi.
Biét ring bén trén pittong khong c6 khi. Bo qua

' p.qr satiszing“ -
(p+1Dg+2)(r+3)= 4pqr

- T2/446 (For 7" grade). Given a triangle AB

| A=75°, B=45°. On the side 4B, choos

de). F‘iI"ld,: | prime numbers

moi ma st va trao d6i nhiét.
NGUYEN XUAN QUANG
(GV THPT chuyén Ha N¢i - Amsterdam)
Bai 1.2/446. Mach dao dong gém tu dién thuan
dung khang va cudn cam thuan dién cam dang
thuc hién dao dong dién tir tu do. Tu dién c6
dién tich cuc dai Q, va cuong do dong dién
qua cudn cam c6 gia tri cyc dai I,. Chon goc
thoi gian (¢ = 0) 1a lic dién tich tu dién c6 do

16n |g| = % va c6 ddu nhu hinh v&. Xéc dinh
thoi diém dong dién qua cudn cam c6 chiéu tir

A dén B va c6 do 16n | il

4 WL B
i s
LR
(G

NGUYEN MINH TUAN

(GV THPT Yén Thanh 2, Nghé An)

A p tran
. TOAN HOC
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)
@F\“”m"m‘?ff ; ‘*; ‘_» §

T

\, J

Bai T1/442 (Lép 6). Tim hai s6 tw nhién c6

dang ab va ba (a # b) thoa man

a3.3h
[

2014
ah __ chirso3

2014
chusol3
Loi gidgi
Pit ¢ = 3...30. Ta thiy 3¢ + 10 = 10%°%5.
2014
chirs63

Luc d6 dang thirc & d& bai duoc viét thanh:
10a+b al02+cib
10b+a b10®54c+q
10a+b_1: a(3c+10)+c+b
10b+a b(Bc+10)+c+a
Ya=b). a—-b)c+3)
10b+a 3bc+10b+c+a
3 c+3
= =
10b+a 3bc+10b+c+a
Tt d6 ta co:
9bc + 30b+ 3¢ +3a=10bc +30b+ ac + 3a
&3c=(a+bcea+b=3(do c# 0).
Bai toan c¢6 hai nghiém (ab, ba) 1a (12, 21)
va (21, 12). Thir lai ding. O
> Nhin xét
Céc ban sau c6 16i giai ding: Phii The: Nguyén Diéu
Linh, Nguyén Anh Dirc, Nguyén Thity Duong, 6A1,

(doa—b#0).

THCS Lam Thao; Nghé An: Thdi Bd Bdo, Nguyén
Dinh Tudn, 6C, THCS Ly Nhat Quang, D6 Luong;
TP. Ho Chi Minh: Trdn Gia Vy, 6/4, THCS Pham
Vin Chiéu, Go Vép; Quéang Ngii: DS Thj My Lan, 6A,
THCS Pham Vin Déng, Hanh Phudc, Nghia Hanh,
Huynh Dang Diéu Huyén, Pham Thi Vy Vy, 6A, THCS
Nghia My, Tu Nghia.

VIET HAI
Bai T2/442 (Lép 7). Cho tong A gom 2014 so
hang: A :J~I+%+i§+...+ ”” ol 201%

L5 19 e 19

Hay so sanh A" va A7,

Loi gigi. Ro rang A > 0 (*)

va A2 — 4208 = 47954 — 1) (**) nén @ so

sanh dugc 42" va 4%°' ta & so sanh A vi 1.
gl i B gl n 2014

Ta c6: 194 _1+19+192 +...+19n_1 +...+192013

=184=194-4

(1 plednibogs, 1 )_2014

e otz
19" 19 194 Jiga

l 92014

1 1 1 1
<l+|=+—=+.+—+.+—=]
(19l 19? 19" 192‘”3)

3 1 1 I 1
bit B=E+EE+...+19"+...+19W suy ra
184 < B+ 1. Talai co:

T 1 1
19B=14+—+—+...+ +.ot—
19" 19? 19" 19+
=188=19B-B=1-—_<1=B<L.
19

18
ior I | RN | 1 S
Dod018A<18+1—18:>A<182<1.()

Tir (*), (**), (***) suy ra 42" — 427 <0
hayA2°‘4<A2°13. m)

» Nhén xét

1. Xé4c dinh dugc miu chét cia bai toan 14 so sanh 4
véi 1, ta s& dinh hudng dugce cach gidi va luge bét
duoc nhiéu bién déi, tinh todn ruedm ra khong can thiét.

CONG TY €O PHAN GMO RUNSYSTEM, BCD PHONG TRAO THI DU "KAY pque
 TRUGNG HOC THAN THIEN, HOC SINH TiCH cUC” VA TAP CHi TOAN HOC & TUOI TRE

Phai hop t6 chirc troo thudng thuang xuyén cho hoe sinh duge néu tén trén Top chi

TOAN HOC |
* CTudilre S8 446 8-2014)
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2. C6 nhiéu ban tham gia gidi bai toan ndy. Pa sb cac
ban déu giai ding; mot s6 ban quén diéu kién 4 > 0;
mot s6 ban di cb gflng mo rong, tong quat bai toan,
rit gon biéu thirc bang cach sir dung céc cong thuc
bién ddi phan s6 dac biét, tong quat, ... Cac ban co
161 giai don gian, 1ap luan chat ch& va trinh bay ngin
gon nhit 1a:
Binh Dinh: Nguyén Bdo Trdn, 7A, THCS Tay Vinh,
Tay Son; Thanh Héa: Ddang Quang Anh, 7A, THCS
Nguyén Chich, Pong Son, Nguyén Vin Himg, Nguyén
Thi Hoang Cuc, 7D, THCS Nhit B4 Sy, TT Bt Son,
Hoing Hoéa; Vinh Phac: Bii Thi Liéu Duong, Ta
Thuy Tién, TAS, THCS Yén Lac; Ha Tinh: Nguyé~n
Phuong Duyén, 7C, THCS Lién Huong, Vii Quang,
Nguyén Dinh Nhat, 7A, THCS TT Cim Xuyén, Lé
Dinh Khanh, Nguyén Ngoc Son, Nguyén Thi Quynh
Nga, TA, THCS Phan Huy Chti, Thach Ha; Nghé An:
H6 Nhdt Quang, 7A, THCS Cao Xuin Huy, Dién
Chau, Biii Duy Khdnh, H6 Mdu Phic, 7A, THCS Hb
Xuan Huong, Quynh Lwu, Tran Lé Hiép, Nguyén
Thi Nhu Quynh A, Nguyén Vin Manh, 7TA, THCS Ly
Nhat Quang, D6 Luong; Quang Ngai: Pham Thi Vy
Vy, 7A, THCS Nghia My, Tu Nghia, Nguyén Thi Ha
Vy, 7A, THCS Hanh Phuéc, Nguyén Pai Duong,
7B, THCS Nguyén Kim Vang, Nghia Hanh.
NGUYEN ANH QUAN

Bai T3/442. Cho tir giac ABCD c6 hai duong
chéo AC va BD vuéng goc voi nhau. Goi M va
N lan luot la trung diém ciia AB va AD. Ké ME
vuong goc voi CD tai E; NF vuéng goc voi BC

tai F. Chung minh rang tir giac MNEF néi tiép.

Loi giai A
M N
B \ u! D
0 P
F
c E

Goi P va Q lan luot 13 trung diém cta cic canh
CD, CB. D& thdy MNPQ 1a hinh chit nhét nén
né ndi tiép dudng tron (O) dwdng kinh MP
va NQ. Mat khac, MEP =90° nén E thudc
dudng tron duong kinh MP; OFN =90° nén F

thudc duong tron duong kinh NQ. Nhu vay E
va F' cung thugc duong tron (0), tic 1a tr giac
MNEF noi tiép. O

> Nhin xét

1. Ngoai cach giai trén, da sé cac ban sir dung tinh
chat duong trung binh cua tam gidc dé chi ra ME,
NF, AC dong quy roi di dén két luan.

2. Ta c6 két qua mo rong cua bai toan:

Véi hai diém M, N theo thir tu thudc AB, AD sao cho

AM _ AN ikt qua van ding (l4y diém K trén AC
AB  AD

3) Céc ban sau dy c6 10i giai tt: Phii Tho: Nguyén
DPuc Thugn, 9A3, THCS Lam Thao; Vinh Phuc:
Nguyén Hiru Huy, 9A1, THCS Yén Lac; Ha Nam:
Nhit Ngoc Anh, 9B, THCS Dinh Cong Trang, Thanh
Liém; Ha N@i: Lé Phic Anh, 9A, THCS Nguyén
Huy Tuoéng, Dong Anh; Thanh Héa: Nguyén Khai
Hung, 8D, Lé Quang Diing, 9D, THCS Nhir Ba Sy,
Hodng Hoéa, Ddng Quang Anh, 7A, THCS Nguyén
Chich, Déng Son; Ha Tinh: Nguyén Phirong Duyén,
7C, THCS Lién Huong, Vi Quang; Quang Ngii:
Nguye:n Thi Ha Vy, Pham Thién Trang, 7A, Vi Thi
Thi, 8A, THCS Hanh Phudc, Pham Thi Vy Vy, 1A,
THCS Nghia My, Nghia Hanh; TP. Hd Chi Minh:
Nguyén Phuée Bdch, 9A8, THCS Tran Pai Nghia,
Nguyén Thanh Hung, 9/3, THCS Nguyén Du,
Go Vap; Cin Tho: Hupnh Lé Ngoc Trdn, 9AS,
THCS Thét Nét, TP. Can Tho.

NGUYEN XUAN BINH

Bai T4/442. Giai phuong trinh

4> +4x* —5x+9=4Y16x+8 (1)
Léi gigi, PK: 16x+820<:>x2—% *)
Ap dung BPT Cauchy cho 4 s khong 4m,
tacod: 4YT6x+8=44222.2x+1)

S24242+(2x+1)=2x+7.

1
5
Do do tir (1) suy ra: 4x* +4x2 —5x+9<2x+7
& (45 +8x2) — (4x2 +8%) +(x +2) <0
S (x+2)(4xr—4x+1)<0
S (x+2)(2x-1$ <0 2)

Diang thirc xdy ra < 2x+1=2 < x =

Vi xz—% nén x+2>0. Do d6:

TOAN HOC
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@) & x-1F <0 & 2x-1=0
o x=% (théa mén PT(1)).

Vay nghiém ciia PT(1) 14 x= % 0o

» Nhin xét. 1. Day 1a mot PT vo ty kha hay. Diédu
quan trong trong cach g1a1 trén 13 dung bét dang thirc
Cauchy danh gia mot vé PT va két hop voi diéu kién
cAn d@é ton tai PT. Tur do déng thirc xay ra cho ta
nghiém cia PT. Tuy nhién, c6 thé giai PT(1) bing
cach bién ddi bidu thirc lién hop nhur sau:
Vé&i DK (%) thi (1) < 4x° +4x2 —5x+1=4¥16x+8-8
32(2x-1)
(6x+8+2)(V16x+8+4)

Sx-)2x*+3x-1)=

“ Véi x :% 3 nghiém cta (3).
- Vi x> 5 thi VP(3)<1 < VI(3), khong thoa méin (3).
. Véi —%Sx<% thi VT(3) < 1 < VP(3), khéng thoa

mén (3). Vay (1) c6 nghiém x = %

2) Hau hét cac ban tham gia déu tim duorc dung
nghiém bai toan. Céc 10i gidi cling chu yéu 1a mét
trong hai céch trén. Cac ban sau co 101 giai ngan gon:
Ha Nam: Ngé Nhdt Long, TA2, THCS Tran Phu
Pha Tho: Nguyen Purc Thudn, 9A3, Nguyen Tién
Long, 8A1, THCS Lam Thao; Dinh Trung Thanh,
9A, THCS Poan Hung. Bic Ninh: Nguyén Thi
Thanh Huwong, 9A, THCS Yén phong. Ha Ngi: Lé
Phiic Anh, 9A, THCS Nguyén Huy Tudng, Dong
Anh. Thanh Héa: Lé Quang Diing, 9D, THCS Nhir
Ba S9, Hoing Hoéa; Ddng Quang Anh, THCS
Nguyen Chich, Pong Son. Nghé An: Nguyén Thi
Hang, 8B, THCS Ly Nhat Quang, D6 Luong;
Nguyén Héng Quéc Khanh, 9C, THCS Ding Thai
Mai, TP. Vinh. Ha Tinh: Nguyén Phuong Duyén,
7C, THCS Lién Huong, Vil Quang; Ha Thi Phuwong
Anh, 9A, THCS TT Ky Anh. Quéng Binh: Phan
Trdn Hudng, 8D, THCS Quach Xuan Ky, TT Hoan
Lio, B6 Trach. Quéng Nam: Lé Phudc Dinh, 9/1,
THCS Kim Dbng, Hoi An. Quang Ngai: Vi Thi Thi,
8A, THCS Hanh Phudc, Nghia Hanh; Pha Yén:
Ngé Lé Phuong Trinh, 9E, THCS Luong Thé Vinh,
TP. Tuy Hoa. Binh Dinh: Nguyen Bao Tran, TA,
THCS Tay Vinh, Tay Son. TP. H6 Chi Minh:
Nguyén Phiréc Bach, 9A8, THCS Tran Dai Nghia.
TRAN HOU NAM

TOANHOC
* CTudilpe S6 446 (8-2014)

Bai T5/442. Cho cdc s6 thuc x, y, z théa man
x +y+z=1. Chitng minh rang

44(xy +yz +zx) < (3x +4y + 52)* (1)
Loi giai
Cidch 1. BDT(1) tuong duong véi

9x2 +16y2 +2522 —20xy—4yz—14xz20
& 81x2 +144y? +22522 —180xy —36yz

-126xz20
< (81x2 +100)2 + 4922 —180xy +140yz
—126xz)+ (442 -176yz+1762*) 20

& (9x-10y-T7z)* +44(y—22)* 20 2)
Nhan thiy, vé trai cia BDT(2) 1a tong clia hai
biéu thirc khong 4m véi moi x, y, z nén BDT(2)
ludn dung. Pang thirc xay ra khi

9x-10y-7z=0 wesiz
=
y=2z=0 YyEz

Do d6 BDT(1) duoc chimg minh. Két hop véi
didu kién x +y +z = 1, thi dang thirc &
1 1

1
BPT(1)xayrakhi x=—;y=—;z=—.
(1) xay R

Cich 2. Tu x+y+z=1,tadat

1 1 1
:__+a, =_+b’ =— — —b a,beR.
X 7 y 3 Z 6 a ( )

Tacd (3x+4y+52)" —44(xy + yz + 2x)

2
=(£—2a bj (ll—g——é—az—bz—ab)
3 36806

= 48a* +45b" +48ab
=12(2a+b)’ +33b” 20, Va,b.
Do d6 BPT (1) d dugc chung minh.
2a+b=0 {a =1
&=

Dang thirc x3 khi ,
ang thuc xdy ra 1{b:0 b0

. g 1
trcla x=—; y=

1ot (n
3776

[\S)

» Nhin xét
1. Ngoai hai cach trén, mot s6 ban d4 str dung cac BDT
Cauchy, Bunyakovsky dé chimg minh. Ban Lé Duc
Thinh da neu va chiing minh bai toan tong quat:
Cho cdc s6 thuc x, y, z. Chirng minh rang:

((b+e)x+(c+a)y+(a+ b)z)’

> 4(ab + be + ca)(xy + yz + zx)

trong dé a, b, c la cdc 56 dwong.

https://tieulun.hopto.org



»

(Bai toan dd cho tmg v6ia=3,b=2, c=1).
2. Tuyén duong céc ban sau c6 151 giai tot:
Ha Nbi: Lé Phiic Anh, 9A, THCS Nguyén Huy Tuéng,
Dong Anh; Phii Tho: Nguyén Tién Long, 8A1, Nguyén
Dirc Thudn, 9A3, THCS Lam Thao; Bic Ninh:
Nguyé~n Thi Hién, 9A, THCS Yén Phong; Ha Tinh:
Nguyén Thwong Duyén, 7C, THCS Lién Huong,
Vil Quang; Nghé An: Nguyén Hong Quéc Khénh,
9C, THCS DPing Thai Mai; Thanh Héa: Dang Quang
Anh, 7A, THCS Nguyén Chinh, Péng Son; Lé Quang
Diing, 9D, THCS Nhir B4 S§, Hoing Héa; Binh Dinh:
Nguyén Bao Trdn, TA, THCS Tay Ninh, Tay Son;
Quang Ngii: Pham Thi Vy Vy, TA, THCS Nghia My,
Vi Thi Thi, 8A, THCS Hanh Phuéc, Nghia Hanh;
TP. Hd Chi Minh: Nguyén Phudc Bdich, 9A8, THCS
Tran Pai Nghia; Quang Nam: Lé Phudc Thinh, 9/1,
THCS Kim Ddng, Hoi An.

PHAM THI BACH NGOC

Bai T6/442. Ching minh rdng phwong trinh
sau vo nghiém trén tap 56 thuc:
Ot + x(12%* + 6x — 1)
+(x+ 1O +12x+5)+1=0 (1)
Loi gidgi
PT(1) <'9x* +12x3 +3x°> ¥ 22 —x+1
+Hx+D(O9x2+12x+5)=0
Sx2Ox2+12x+5)+(x+1)(9x2 +12x+5)
+x2—x+1=0
S (X2 +x+1D)O9x*+12x+5)+x2—x+1=0. (2)
2
Vi x2+x+1:(x+%j +%>O, VxelR
Ox2+12x+5=0Bx+2)*+1>0, VxeR

100 3
2L 2 = —_— —
x>—x+1 [x 2) +4>O, VxeR

nén (2) khéng c6 nghiém thuc, va do do (1)
khong c6 nghiém thyc. O

» Nhin xét.

1. R4t dong cac ban tham gia giai bai nay. Loi giai
cua cac ban khd phong phi, nhung chu yéu van tip
trung vao viéc bién dbi VT(1) thanh tbng, tich cia
nhitng biéu thitc ludn c6 gia tri duong hoic khong
4m. Tir 6 din t&i két luan PT(1) v6 nghiém. Dudi
day 12 mot sb két qua ciia cac cach bién ddi do:
e +x+1)(3x+2)2 +2x2+2=0.

(1) & 9x* +21x3 +27x2 +16x+6=0

< 3x2(Bx2 +Tx+5)+2(6x* +8x+3)=0.
(D)< BGx?+5x+3)(3x%? +2x+2)+2x% =0.
(1)< x>(9x* +21x+16)+11x2 +16x+6 =0.

2 2
e (3x2+%x] +5—9(x+32j +%=0.

4 59
2 2
(1)©(3x2+—;—xj +(%x+1—76—) +¥x2 +z31_220'

Mot vai ban ding cach dat 4n phu dé dua PT(1) tir
béc 4 v& bic 4 khuyét s6 hang chira liiy thira bac 3 cua
4n, sau d6 ding bét ding thitc Cauchy dé d4nh gi.

2. Céc ban sau c6 151 giai t6t: Thai Nguyén: Ma Thi
Khdnh Huyén, 16p Toan, THPT chuyén Thai Nguyén.
Hai Dwong: Vi Quang Minh, 10 Toan, THPT chuyén
Nguy@n Trai; Nam Binh: Nguyén Hong Pdng, 10 T1,
Pham Ngoc Nam, 10 Li, THPT chuyén Lé H6ng Phong;
Hoa Binh: DPinh Chung Mung, 11 Toan, THPT
chuyén Hoang Van Thuy; Bic Giang: Duong Thi Hanh,
10 Toan, THPT chuyén Bic Giang; Hung Yén:
Pham Tién Dudt, 9A, THCS Binh Minh, Khodi Chau;
Thai Binh: Pham Anh Son, 10, Toan 2, THPT
chuyén Thai Binh; Ha Ngi: Nguyén Ngoc Thanh Tam,
10 Toan, THPT chuyén KHTN, Luwong Thi Hong Nhi,
10A1, THPT DPoéng Quan, Phi Xuyén; Ha Nam:
Hoang Purc Manh, 10 Toan, THPT chuyén Bién Hoa;
Phu Tho: Nguyén Tién Long, 8A1, THCS Lam Thao;
Vinh Phtic: Nguyén Hiru Huy, 9A1, THCS Yén Lac;
Thanh Hoéa: Nguyén Thi Thanh Xudn, 13B, phd
Phuong Pinh 1, phuong Tao Xuyén, TP. Thanh Hoéa;
Nghé An: Duong Thi Thity Quynh, Nguyén Thanh
Thuy Khuyén, 11A1, THPT chuyén Phan B¢i Chau,
Chu T Tém, 10A12, THPT Dién Chau 2, H6 Xudn
Himg, 10T1, THPT D6 Luong I, Pa Son; Ha Tinh:
Pham Quéc Cuong, Nguyé~n Van Thé, 10T1, T van Poan
Trang, 10 T2, THPT chuyén Ha Tinh; Quéng Tri:
Bui Trung Hoan, 10 Toan, THPT chuyén Lé Quy Pon;
Ninh Thuin: Nguyén Tran Lé Minh, 11 Toén,
THPT chuyén Lé Quy Doén; Séc Trang: Vicong Hoai
Thanh, 10A2T, THPT chuyén Nguyén Thi Minh Khai;
bik Lak: Nguyén Ngoc Gia Van, 10 CT, THPT
chuyén Nguyén Du, TP. Buén Mé Thuot; Ca Mau:
Lé Minh Phuong, 12 chuyén Toan, THPT chuyén
Phan Ngoc Hién, TP. Ca Mau; Gia Lai: Vii Vin Quy,
12 Al, THPT Nguyén Chi Thanh, TP Pleiku;
TP. Hd Chi Minh: Nguyén Xudn Son, 10 Toén,
PTNK, PHQG TP. H6 Chi Minh; Phii Yén: Poan
Phii Thién, 12A1, THPT Lé Hong Phong, Tay Hoa.

HOANG CHI
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Bai T7/442. Cho tam gidc ABC noi tiép dwong
tron tam O, ban kinh R voi CA# CB; /1/5 B #90°.
Mot dwong tron tam S ngoai tiép tam gidc AOB
cdt cde duwong thang CA, CB tai cdc diém
tuong umg M, N. Goi K la anh doi xvmg ciia
diem S qua dwong thang MN. Ching minh
rang SK = R.

Loi gidi. (Theo ban Nguyén Long Duy, 11T1, THPT chuyén
Hung Yén, Hung Yén)

Str dung goc dinh hudéng theo modun 7
(MO, MC) = (BO, BA) (mod m)
= (BO, 0S) + (0OS, BA) (mod )
= (OB, OS) + g = (CB, CA) + -’2’i (modm) (1)
Mat khac
(MO, MC) = (MO, BC) + (BC, MC) (mod )
= (MO, BC) + (BC, CA) (mod r) 2)
Tir (1) va (2) = MO L BC, suy ra MO 14 duong
trung truc cua BC, nén ABMC cén tai M.
Xét cac tam giac can ASMK va ABSO c¢6
(SM, SK) = (BM, BN) = (BM, BC) = (CB, CM)
= (OB, 0S) = (BS, BO) (mod n)
= (SM, SK) = (BS, BO) (mod 7).
T d6 ASMK = ABSO, dan t6i SK=BO=R. O
» Nhian xét
C6 kha nhiéu ban tham gia giai bai toan trén, tuy nhién
da sb cac 101 giai déu phu thudc vao hinh v&. Ngoai ban
Duy, cac ban sau cling c6 101 giai tt:
Nghé An: Ho Xudn Himg, 10T1, THPT D6 Luong L,
Ha Tinh: Tran Hau Manh Cuong, 11T1, THPT chuyén
Ha Tinh; Quang Nam: Trdn Nhdt Huy, 10/1, THPT
chuyén Béc Quang Nam, Hoi An; Binh Dinh: Mai Tién
Lugt, 11T, THPT chuyén Lé Quy Don.

NGUYEN THANH HONG

TOAN HOC |
* CTuGilpe SO 446 8-2014)

Bai T8/442. Cho x, y, z la cac s6 thuce thoa
man x> + y* + 22 = 8. Tim gid tri lon nhat va
nhé nhdt cia biéu thirc sau:

P=(x-y'+p-2’+E-x (1)
Loi gidi. (Theo da s6 céc ban)
Do vai tro cua x, y, z trong biéu thire |[P| nhu
nhau, khong mat tinh tong quat, c6 thé coi
x<y<zvi|Pl=lz-x) - [0 -2’ + -]l
Paty-x=a,z—y=b(az0,b20). Ap dung
BDT AM-GM (hoic Bernoulli, Holder), ta ¢6
a5+b52(—“—;r4—b)i hay (y—x)5+(z—y)52(i;{“i.
Vay |P| < (1 —%)(z - x)° (2)
Nhén xét ring x2 + 22 +2y*> +2xz 20

< (2=x)P < 2x2 +y* +22)

nén (z — x)° < 16, két hop véi (2) suy ra

Pl < (1 ——217)45 ~ 960 hay —960 < P < 960.
x=-2 Te=2
P=960khi{y=0 ; P=-960khi{y=0 .
7=2 zi==2

Véy max P = 960; min P =-960. O

> Nhan xét. Cac ban sau gui bai dén Toa soan déu co
161 giai dung: Ba Ria - Ving Tau: Pham Van Huy,
11T1, THPT Viing Tau; Binh Pinh: Mai T ién Ludt,
11T, THPT chuyén Lé Quy Pon; Dak Lik: Nguyén
Ngoc Gia Van, 10CT, THPT chuyén Nguyén Du;
Ha Nam: Bach Xudn Pao, 12T, THPT chuyén Bién
Hoa; Ha Noi: Hoang Lé Nhdt Tung, 10A2, THPT
chuyén KHTN, Nguyén Viét Hoang, 10T1, THPT
chuyén PHSP, Vii Bd Sdng, 10T1, THPT chuyén
Nguyén Hué; Ha Tinh: 7» van Hou Manh Cuong, 11T1,
Lé Véin Truong Nhat, Nguyén Vin T hé, 10T1, THPT
chuyén Ha Tinh; TP. Hd Chi Minh: D6 Nguyén Vinh
Huy, 10T, PTNK PHQG TP. H6 Chi Minh; Hung Yén:
Nguyén Long Duy, 11T1, THPT chuyén Hung Yeén,
Nam Dinh: Nguyén Héng Pang, 10T, Nguyén Durc
Trung, 11T1, Vii Anh Tuédn, 12T2, THPT chuyén Lé
Hong Phong; Ngh¢ An: H6 Xudn Himg, 10T1, THPT
D6 Luong I; Pha The: Nguyén Duc Thudn, 9A3,
THCS Lam Thao; Quang Binh: Hoang Thanh Viét,
10T, THPT chuyén Quang Binh; Thanh Héa: Lé
Quang Diing, 9D, THCS Nhit B4 S§, Hoéng Hoa.
NGUYEN VAN MAU
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Bai L1/442. Ddt mot dién dp xoay chiéu
u=U~2cos wt (V) vao hai dau doan mach AB
(hinh vé). Biét tu dién c6 dung khang Zc- = 60€2,
cuon cam thuan cé cam khang Z; = 20Q, dién
ré thuan Ry ¢ gid tri xdc dinh va R la mot
bién tro. Piéu chinh bién tro dé cong sudt toa
nhiét trén né dat Iém nhat, khi dé cong sudt toa
nhiét trén R bang hai lan céng sudt téa nhiét
trén Ry. Hoi phai diéu chinh bién tro bang bao
nhiéu thi cong sudt tiéu thu trén doan mach
AB lé I6m nhat ?
Loi giai P
A — T

Cong suat toa nhiét trén bién tré:

%)
{p:U_'z?: R+R,

SOl g R
& U?RR3 o
“(Z,-Z.)*(R+R)*+R’R?

UR?
_7 V2 p2
[(ZL_ZC)2+R§]R+(ZL %) RO +(ZL_ZC)ZR()

Ap dung BDT Cauchy cho biéu thirc & mau
ta thiy £ 16n nhét khi:

[(Z,-Z.»+RZ]R

suyra: R=R = RO‘ZL_ZC__. (1)
V R(% + (ZL 13) Zc )

Vi R vi Ry mic song song nén khi cong suat toa

nhiét trén R bang hai 14n trén R, thi Ry = 2R. (2)

Tir (1) va(2) suyra: R,=+/3(Z.~Z,)=403Q.

Khi cong suét tiéu thu trén doan mach AB 16n

nhét, ta dé dang chimg minh dugc:

_(Z,-Z: R}
S :

R
& =Ly=y

R,+R
(Zc—Z)R, 403
Ro _(ZC _ZL) N \/§—'1
> Nhin xét. Cac ban c6 101 gidi ding: Nam Binh: Pham
Ngoc Nam, 10 Li, THPT chuyén Lé Hong Phong; Thanh
Hoéa: Pham Ngoc Bach, 12A4, THPT Tinh Gia 2.
NGUYEN XUAN QUANG

~94,6Q. O

= R=R,=

Bai 1.2/441. Mgt nguoi pha mét luong tra da

bang cdch trén lan 500g nudc tra nong voi mot

khéi heong bang né mede dd dang tan. Néu nhiét

do ban dau cuia medc tra nong lan luot la:

a) 57 TS ®

Hoi nhiét do va khoi luvong cua da con lai

béng bao nhiéu khi tra va dd dat t6i cting mot

nhiét do?

Loi giai

Goi ¢, 1a nhiét d6 ban dau clia nudc tra nong;

t, 1a nhiét do cua tra va da khi ca hai dat dén

cung mot nhiét do.

Nhiét luong Q, do nudc tra néng nha ra la:
Q,=cm(t; — 1. (1)

Nhiét luong O, do nuée hap thu la:
O,=Lm+cmt,. (2)

Theo dinh luat bao toan nang luong Q, = Q,,

ta co6: cm(t; —t,) = Lm + cmt,.

il 1 L
S :(—-t)=— +tthayt,= —| t,——=
uy ra: (¢, —1,) C 2 hay i, 2(1 c)

3,33.10°
_0’5(t1_4,186.103

a) Véi t; = 85°C, thay vao (3) ta nhan duoc:
t, =0,5(85 -79,55) =2,72°C> 0.
Vit, >0, nén nudc d4 tan hét.

b) V6i t, = 75°C, thay vao (3) thi ¢, < 0. Diéu
d6 ching t6 1a nuéc da chua tan hét, vay trong
PT(1) thi ¢, = 0. Ta phai tinh nhu sau:

0, =cm(t; —0)=0,5.4,186.10°.75 = 1,57.10°J
Khéi lugng m, nu6c da tan ra dé hap thu nhiét
lugng Q, 1a:

0 1,57.10°
e e T W Rt s 4 :4 N
g g, 33aps + O S5 s VOB
Vay luong nudc da chua tan hét bang:

m,=500-470=30g. OJ

> Nhin xét

Ban Nguyén Thi Thanh Xudn, s6 nha 13B, ph6 Phuong

Dinh 1, phuong Tao Xuyén, TP Thanh Hod, Thanh Hoa

c6 10i giai diing va lap luan tuong déi chat ché.
DINH THI THAI QUYNH

TOAN HOC
‘ CTusitre 23

jz 0,5(,-79,55. (3)
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éi e 260 bdi
CUQC THI GIAI TOAN PAC BIET
Ki NIEM 50 NAM TAP CHI TH&TT

—-‘_--..-_...--_--—...—...-.—-.-.u...—...—.—.,—

5 7 t
L5 d 0.0 0.0

O ORC O R R R R0 XK

T5/THCS. Tim tdt ca cdc by ba s6 nguyén
dwong (a; b; c) thoa man a, b, ¢ la do dai ba
canh clia mét tam gidc va

/ 19 / 5 79
a+b—cJr b+c—a+ c+a—-b

1& 56 tw nhién 1é khdc 1.

Léi gidi. Ta cb cac nhén xét sau:

1) Néu x, y 1a cac $6 hitu ti khong am,
«/—+\/§e@th1\/_,\/§e(@

That véy: xét truong hop x +y >0

(trudng hop x = y = 0 khang dinh ding). Ta c6

ik
J}—\/;=\/;+)j/)—} eQ

= 2Wx=Cx-P)+Ex+y) €Q

= Jx; \/} e Q

2) Néu x, y, z 1a cac s6 hiru ti khong am,
Jx+y++z € Q thi Vx; y; vz € Q
That vay, dat a=\/§+\/§+\/z eQ
:>a—\/§=\/}+«/2:>(a—x/;c)2=(\/}+\/§)2
— - 2alx+x=y+2fyz+z
:2(ﬁ+a\/§)=a2+x—y—z e Q.

Tir nhén xét 1 suy ra Vx € Q.

Do vai trd tuong tu/y; JzeQ

Ap dung vao bai toan:

_f 19 5 79
= a+b—c+\/;+c—a+ c+c‘4—bEN
79

A e Q.

a+b—c’ \b+c—a’ Nc+a-—

19
a+b-c

Gia st =% (m,n € N*, (m,n)=1)

— 197 =(a+b-O)m* =19im* = m=1.

19 1t ]
Nhu vay g T TR L Tuwong tu, ta co:
TOAN HO
¢ Cludilre S3 446 (8-2019)

*
b+c o, Vc+a =4 (np,qu).

DodoF_l+ +1<1+1+1 %
P q

Nhung theo gia thiét F e {3;5;7; ...}, tw dd

a+b-c=19
suyyran=p=q=1= b+c—-a=5 =
cta-b=179

[(a+b o)+(ct+a— b] 49, b=12,c=42.

Vay ¢6 duy nhét bo ba s6 nguyén duong thoa
man bai toan 1a: (a, b, ¢) = (49,12, 42). d

» Nhin xét

1. Dimg kién thirc da thirc ciia 16p 10, ta chimg minh
dugc khing dinh tong quat:

Néu xi, Xz, ..., X, 1a céc s6 hiru ti khong &m va

\/'x_1+f++xe<@th‘1\/_\/' ,Jx, € Q.

.....

2. Trong s6 cac ban gui 1oi giai téi Toa soan, co ba
ban c6 10i giai hoan chinh: Thanh Hoéa: Lé Quang
Diing, 9D, THCS Nhit B4 SY, Hoing Hoéa; Nghé
An: Nguyén Hong Quéc Khanh, 9C, THCS Pang
Thai Mai, TP. Vinh; Quéng Nam: Lé Phuéc Dinh,
9/1, THCS Kim Dono Hoi An.

NGUYEN MINH pUC
T6/THCS. Cho tam gidc ABC, D la chan
duwong cao ha tir C; Trén AB lay cdc diem E, F
sao cho ACE —BCF =90°. X la diém trén doan
CD: K la diém trén FX sao cho BK =BCva L
Ia diém trén EX sao cho AL = AC; AL va BK
cdt nhau tai M. Chirng minh rang ML = MK.
Loi gtat Ta giai bai toan trong truong hop
ACB >90°, cac trudng hop ACB=90° va
ACB < 90° chung minh twong tu.
Ké dudng thing qua A vudng goc v6i XE, cit
CD tai N. Khi d6 X 1a truc tm cua ANAE,

suy ra AX L NE, tr d6 AEX = AND. (1)
Do AL* = AR =AD. AE nén AL tlep xac voi
duong tron (EDL) = ALD = LED = AEX N

Tu (1) va (2) suy ra AND = ALD nén bén
diém N, A4, L, D cung nim trén mot dudng tron,

din dén NLA = NDA = 90° hay NL L AL.
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G
X
L
M
A F D E B
XD ED
Lai c6 AXED > AAND =S e
(g2 g (3)
Vi AACE va ABCF cung vuong tai C nén
CD? = AD.DE = BD.FD = AD FD 4)
BD ED
XD BD
Tr(3)va(d)suyra —=——
(3) va (4) suy =

— ABDN>AXDF = BND=DFX=BFK (5)
Mit khac, BK* = BC* = BD.BF suy ra BK
tiép xic véi duong tron (DKF), din dén
BKD=BFK (6)
Tir (5) va (6) suy ra BND=BKD, nghia 2
bén diém B, D, K, N cung ndm trén mot
duodng tron. Suy ra NK L BK. Ap dung dinh li
Pythagore ta dugc: MK* — ML* = NL* — NK?
= (NA?> — AL*) — (NB* - BK?)
= (NA> — NB?) + (CB* — CA?)
=(CA*—CB*)+(CB*-C4%*=0(doNC L 4B).
Vay MK = ML (dpcm). O
» Nhén xét
1. Truong hop ACB = 90° chinh 13 néi dung Bdi todn 5
trong ki thi /MO nam 2012.
2. S6 1o giéi giri vé toa soan khong ~nhiéu. Ba ban sau
¢ 1oi giai tot. Quang Ngii: Nguyén Thi Ha Vy, TA,
THCS Hanh Phudc, Nghia Hanh; Thanh Hoa: Pdng
Quang Anh, 7A, THCS Nguyén Chich, D(?ng Son,
Lé Quang Diing, 9D, THCS Nhir B4 S, Hoang Hoa.
HO QUANG VINH

TS/THPT. Tim tat ca cdc bé s6 nguyén duwong
(a b; p) trong do p la s6 nguyén 16, ava b nguyen
16 ciing nhau sao cho tdp wée nguyen 16 ciia
a+ b trung vdi tdp woc nguyén 16 ciia & + V.

Loi gidi

i) Néua=bthivi(a, b))=1nénsuyraa=b
=1.Tudovéimoiptacoba+tb=2=d" + 1.
Thanh thir (1, 1, p) 1a mot bo sb thoa man.

i1) Xét a # b. Gid stt a > b. Goi K va H tuong
tng 14 tap udc nguyén t6 cha a + b va o + B
Giasu K=H.

« Xétp=2.Gidsttq € K, suy raa=-b(modq)
= da* =b*(modg). Vige Hnén o + b* =0
(mod q) = 2a* = 0 (modg). Néu g > 2 thi a =0
(mod q) = b = 0 (mod ¢). Diéu nay trai gia
thiét (@, b)=1. Vayg=2vaK=H= {2}. Do
d6 > +b*=2"v6is>1(doa>1).Néualé
thi b 18, do @6 &* + b =1+ 1 = 2 (mod 4),
mau thuin. Do d6 a, b chén: a = 2a,, b = 2b,,
suy ra a; + b7 = 2° % Sau mét s6 budc, ta di dén
a; +b} =2 hoic a; +b =1. Piéu nay khéng
xdyravia>2,b>2.

. < a’ +b”
. > =
Xétp>2.DiatB pipe

WY e o
Léyq|B:>qeH:>qu:>as—b(modq)
= 0=B=pa’ ' (modg). Néug#pthiq|a
= q | b trai v6i gia thiét (a, b) = 1. Vay g = p,
tec 1a B = p*, a = —b (mod q) va a, b déu
khéng chia hét cho p. Pit a = kp — b ta c6:

_ p p
B:(kp b)? +b

kp
= Akpy ~ 2B Do 4 pir-

=a? - af b+

= pb”™ (mod p?).
Do b / p nén B / p?, thanh thu s = 1, tirc 1a
B=p.
Via>bnénaz2b+1=a@-6-1)20=>
& —-ab2a.

5, yd
g S me @+ g 2
Vay p B_———a+3 a —ab+b°2a+b2p.
. OF\N HOC
S6 446 (8-2014) t,;e
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Ding thirc xay rakhi vachikhip=3,a=b+1,
a+b=3.Suyrap=3,b=1,a=2.
Thir lai ta thiy bd sb (a, b, p) = (2, 1, 3)
théa man.
Ddp sé: (1, 1,p); (2,1,3);(1,2,3). O
» Nhin xét
Trong s6 11 ban tham gia giai bai todn nay c6 10
ban cho dap s6 ding. Tuy nhién 10i gidi con dai va
con c6 ddi chd chua chit ché. Céc ban sau o 10 gidi
tuong doi tot:
Ha Tinh: Nguyén Vin Thé, 10T1, THPT chuyén Ha
Tinh; Thanh Héa: Lé Quang Diing, 9D, THCS Nhit
B4 Sy, Hoang Héa; Nam Binh: Vi Tudn Anh, 1‘2,
THPT chuyén Lé Hong Phong; Quang Tri: Tran
Trong Tién, 11, THPT chuyén Lé Quy Don.

DANG HUNG THANG
T6/THPT. Cho tam gidc khéng can ABC.
Duong tron ngi tiép (I) theo thir ty !i’ép xuc
v&i BC, CA, AB tai Ao, Bo, Co; Al, BI, CI theo
thir t cdt BC, CA, AB tai A1, Bi, Ci; BoCo,
Codo, AoBo theo thir tu cdt BiCi, Cidi, 41B)
tai A>, By, C,. Chirng minh r(?ﬁg AoAs, BoBo,
CoCs d(f;ng quy tai mot diéem thuée (D).
Loi gigi
Bé @é. Cho tam gidc ABC. Cdc cdp diém Ay,
Aq; By, Bi; Co, C theo thir tw thuoc BC, CA, AB
sao cho Ado, BBo, CCo va AA,, BBy, CC; dong
quy. C, la giao diém ciia AyBoy va A\B1, By la
giao diém ciia AoCo va 4,Cy. Khi do A, Cs, By
thing hang.
Chirng minh. (h.1).

G

y

Hinh 1

TOAN HOC _ |
* CTuditye S8 446 (8-2014)

Vi A4y, BBo, CCo va AA;, BB, CC; dong quy
nén A,(AAB,C,) = A(AAC,B))=-1
= A (AACB) = A (AAB,C,).
Do d6 4, C, B, thang hang.
Tré lai Bai T6/THPT (h.2).

Ap dung dinh i Menelaus cho AABC, v&i
su théng hang 4,, B, Cy, ta cd

4,8, B A =

@
P

1
< . 1%
A2C0 CIA BlBO
Tuong tu BG, éﬁo el =]
B,A, AB CC,
va ot BB AC
C,B, BC A

Nhan theo timg vé clia ba déng thirc trén, chu
y rang AA,, BBy, CC ddng quy, ap dung dinh
1i Ceva cho AABC, taco
l= o { :
AC, BA, C,B, CCA AB BC
- A8\ BiCio
AC, ByA
Vﬁy AOBZ . BOCZ COA’Z — it
AOCZ BOA’Z COBZ
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Tt d6, 4p dung dinh li Ceva cho AA,B,C,,
suy ra Aoz, BoBa, CoCy d(“)ng quy,tai K (1)
Mit khéc, theo bd dé trén, 4, B, C, théng hang.
Tir d6, 4p dung dinh 1i Pascal cho sdu diém
AOB OCO
KC,B,
B, =AC,NBK; C, =A,B,"C,K, suy ra K
thude () 2
Tu (1) va (2) suy radpem. O
> Nhén xét
Bai toan nay twong ddi kho, chi c6 7 ban tham gia
giai. Xin néu tén mot s6 ban c6 10i giai twong ddi tot:
Ha Tinh: Nguyén Vin Thé, Lé Vin Truong Nhdt, 10T1,
THPT chuyén Ha Tinh; Thanh Hoa: Nguyén Tién
Dat, 11T, THPT chuyén Lam Son; Quédng Binh:
Nguyén Minh Ngoc, 10T, THPT chuyén Quang Binh.

NGUYEN MINH HA

PROBLEMS 1N TES ISSUE

(Tiép theo trang 17)

], chi y ring A=B,B,NC,C,;

T7/446. Given a tetrahedron ABCD. Let
d\, d», ds be the distances between the pairs of
opposite sides AB and CD, AC and BD, AD

and BC. Prove that Vygcp = %dldzdy

T8/446. Given an integer n which is greater
than 1. Let a1, ay, ..., a, be arbitrary positive
real numbers satisfying

beo 1

TELEER R
al an

Prove that
a a a; 3
a’ta’t tartaltata t..ka =1 +h.

TOWARDS MATHEMATICAL OLYMPIAD

T9/446. Let T be a set of n elements. What is

the maximal number of subsets of 7" which
can be picked so that each subset has exactly
3 elements and any two subsets has nonempty
intersection?

.
pAY 3
.g' / S

& Cau lac b0 idi Aip:
MOQT SO TUONG LINH
TRONG KHOT NGHIA HAI BA TRUNG
(Dé ding trén TH&TT 50 442 thding 4 ndm 2014)

Al-B4 A2-BS§ A3 - B2 A4 - B9
A5-B6 A6-B7 AT -Bl1 A8 - B10
A9 - BS A10 - B3

Hoan nghénh cdc ban sau co loi gidi dung:
Vinh Phic: Lé Pikc Thai, 6A2, THCS Yén Lac;
Hung Yén: Trdn Bd Trung, 11 Toan 1, THPT chuyén
Hung Yén; Nghé An: Phan Xudn Dirc, C4K47,
THPT Nam Dan 2; Ha Tinh: Nguyén Dinh Nhdt
Nam, 10 Toan 1, K23, THPT chuyén Ha Tinh;
Ca Mau: Lé Minh Phuong, 12 Toan, THPT chuyén
Phan Ngoc Hién, TP. Ca Mau.

VIET AN

T10/446. Let p be a prime number. Find all
the polynomials f{x) with integer coefficients
such that for every positive integer », f(n) is a
divisor of p"” — 1.

T11/446. Let x, y be the positive real numbers
satisfying [x].[y] =30%, where [a] is the
greatest integer not exceeding a. Find the
minimum and maximum values of

P=[x[x]] + ]l

T12/446. Given a triangle 4BC. Let E, F
be points on CA, AB respectively such that
EF /| BC. The perpendicular bisector of BC
intersects AC at M and the perpendicular
‘bisector of EF intersects AB at N. The circle
circumscribing the triangle BCM meets CF

~ at P which is different from C. The circle

circumscribing the triangle EFN meets CF
at O which is defferent from F. Prove that
the perpendicular bisector of PQ contains the
midpoint of MN. 4

Translated by NGUYEN PHU HOANG LAN
College of Science — Vietnam National University, Ha Noi.
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au day tac gia dé xuit mot dang khai
équét hoa ctia bai toan ma tac gia da dua
Vao muc “Pé ra ki nay” caa Tap chi Todn hoc
va Tudi tré danh cho cac ban hoc sinh bac
THCS (bai T5/429, thang 3 ndm 2013).
Phat biéu bai toan
Bai toan. Gia sir ABC la mét tam gidc nhon,
néi tiép duong tron (O) véi BC > CA > AB.
Trén (O) ta ldy sdu diém phdn biét M, N, P, O,
R va S (khéng tring voi bat cir dinh nao ciia
tam gidc ABC) sao cho: QB=BC=CR ()
SC=CA=AM (H) va NA=AB=BP (Ill)
Goz Ly, Igva lc lan luot 1o tém dwong tron ngi
tiép cdc tam gidc APS, BNR va CMQ. Tl hé thi:
ALdplc <P AABC (*)
Ghi chu
= Néu ki hiéu o» 1a (syr) dong dang thuan (cing huéng)
thi <14 (su) ddng dang nghich (ngugc huéng).
= Néu phan loai (kho, dé) thi bai toan phat trién trén
co tam ¢& ctia mdt bai toan IMO, khong d& hon bai
toan s6 6 cua ki thi IMO 2011.
1. Bb d@é. Goi T la mot diém bt ki trén (O)
(trong bai todn trén). Trén (O) ta ldy ba diém
A’, B’, C’ sao cho cdc tam gidac ATA’, BTB’
va CTC’ lan lwot cdn tai A, B, C (luu y rang
mot trong chiung co thé suy bién thanh mét
doan théng ké hai lan khi T € {Z B; E})
Thé thi s6 do cdc géc cua tam gzac A’B’C’
khong phu thuc vao vi tri cua diém T.

(A— Do(A), ..., xem Hinh 1).
Chirng minh

Ki hiéu so do cac goc cua AABC va AA’B’C’
nhu sau: A=a, B= B, C= v (theo gia thiét thi

0<y<B<a<§);A':x,B'=y,C'=z. Ta s€
tinh x, v, z theo a., B, y (don vi do goc 1a radian).

TOFIN HOC

Ee S3§ 446 (8-2014)

Mt dang kbai quat hoa

tirmot bar todn nhé

NGUYEN DANG PHAT
(Ha Noi)

Hinh 1

* Trudce hét trong A4’B’C’ thi 1o rang la:
x=B'A'C'= 23 B'OC'= 2(@, 0C') [modx] (1)

Mt khac, theo cach dung A4 ’B’C’ thi B’ 461
xtmg véi T qua (BB)=b va T lai d6i ximg v6i
C’ qua (CC)=c. Boithé nén C’la anh ca B’
qua tich Do Dy clia hai phép d6i ximg truc qua
hai dudng kinh (BOB)=b va (COC) =c.

Tich nay chinh 1a phép quay tdm O, goc quay
¢ = 2(b, ¢), ki hiéu 1a Q(O, ¢), trong d6
(b, c)= n—-BOC=n—-2BAC=B+y~0 (2)
Phép quay QO, @) bién B’ — C’; OB' —
OC' vavi vay (5§, &"‘) =q=2x[mod 2rl

e Péi chiéu (1) va (2) tadugc x =B +y — a.
Tuong tw,y=y+a—-B;z=a+p-y ()
Suy ra dpcm.

Ta c6 nhan xét quan trong sau day:

Truée hét, ta n6i ring: “Tam gidc “G(4'B’C’)
dwoc sinh boi diém T cla dudng tron (O) =
(ABC) va gdn két doi ngdu voi tam gidc ABC
¢é dinh cho truéc trén (0).” Khi diém T thay
d6i vi tri trén (O), tit ci cac tam gidc <0 gan
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két d6i ngdu v&i AABC déu bang nhau va
cung hudéng nhung nghich hudng véi AABC
(do chiung ddéng dang vé6i nhau nhung cing
ndi tiép moét dudng tron 14 (O); chimg minh
tinh chat nay kha don gian).
2; Ap dung bo dé vao Bai toan ban déu
e Trudc hét ta d& dang kiém tra duoc réng, hé
théng (I, IT, IIT) cac bo diéu kién dit ra trong
Badi todn dugc suy ra tir Bo dé khi ching ta chon
T & ba vi tri dac biét, d6 1a cac dinh 4, B, C
ctia AABC di cho, nhung d3 duoc sip xép lai dé
thuan tién cho viéc v& hinh (duong gip khuc
(md), mdi dudng ba dbt bing nhau) sao cho
van théa man day da 6 dang thirc vé d6 dai.
* Cudi ciing, voi T lan luot tring véi A, B rdi C
thi cac tam gidc “G(4'B’C”) gin két d6i ngiu
v6i AABC va sinh boi T 1a ba tam gidc bang
nhau sau day: AAPS = ANBR = AMQC
(=C(ABC), véii=1,2,3) (4)
3. Chirng minh ménh dé (*)
Cudi cing, ta chimg minh Ménh dé (*) vé
mdi quan hé ddng dang nghich cua tam gidc
Lyl tao béi cac tim dudng tron ndi tiép cua
ba tam gi4c bang nhau ; (i = 1, 2, 3) (4)
(duoc chi ra & cudi phan 2) va A4BC d cho.
a) Trudc hét, chung ta luu ¥ ring ba tam giac
APS, NBR va MQC &&u bang nhau thudn
(cing huéng) va cimg néi tiép dudmg tron (O).
Boi vdy, chung doi mot 13 anh cta nhau qua
mot phép doi hinh thudn va bién (O) ngoai tiép
chung thanh chinh né.
Chinh vi 1€ d6, cac phép doi hinh thuén nay
chi c6 thé 1a nhitg phép quay xung quanh tAm
O véi géc quay ¢ [mod2n] phi hop. Chdng han:
b) Tir AN = BP (diéu kién (III)), thuc hién
phép quay Ql(O, 0, =(0A, bW)) thi 4 — N,
P+ BvaS+— R.Dod6 AAPS — ANBR.
¢) Thuc hién phép quay ¢» (0,(p2 =(ON,0OM ))
ta dwgc N+— M, B— QvaR— C.

d) Thyc hién phép quay @ (O,(p3 =(W,O—A))

tadugc M— A, Q+— PvaC+—S.

e) Dén day, tir tich ba phép quay Qi, @, @

theo thir tur d0, 1a phép quay Q(O, (pzz:q)i)

=(5(0, 2) thi ba tam giac APS, NBR va MQC

déu trimng nhau & vi tri ciia tam giac APS. Ddng

thoi, voi Qy: Iy — Ip; Oy Ip— Ic; Qs Ic— Iy

f) Dé y rang, tir (IIl): NA = AB = BP (hay

PB = BA = AN) ta duogc:

(04, ON) = (OB, 04), [modn] (i); twong tu:

(ON, OM) = (0OC, OB), [modw] (ii);

(OM, O4) = (04, OC), [mod ] (iii)

(v61 04 = OB = OC 1a ban kinh cua (0)).

g) Tro yé Vv6i cac nhan xét néu & b), ¢) va d).

Xin nhdc lai 1a v6i @ thi I, — Ip; voi @, thi

Ig— Ic; vOi Qs thi I — I, tuong tng voi

AAPS — ANBR — AMQC — AAPS

lan luot (g véi Iy — Iz — Ic— L.

Céc twong tmg nay kéo theo 1an luot 1a cac ding

thire goc sau day (voi Ol = Ol = Ol = p trong

d6 p 14 ban kinh dudng tron ngoai tiép ALJlc):
(01,,0I,)=(0B, OA), [modn] (i)
(0l,,01.)=(0C, OB), [modn] (ii)
(0l.,01,)=(0A,0C), [modn] (iii")

h) Tu (i), (i’) va (iii’) ¢ ALdplc < AABC

(dpcm).

, TOAN HOC
S& 446 (8-2014) * CTugitre 29

https://tieulun.hopto.org



"\ahhai thé ky nay céc nha héa hoc van
ong ngimg phat hién nhimg phan tu
mai tir phan ung hoa hoc. Cho té1 gan day,
c4c nha hoa hoc mubn tim ra mot phén tir mdi
ho tién hanh mét cach mo mam hi hoa, khong
chéc dem lai két qua gi. Ngay nay, ho chi can
xir Iy mot co so clia dit kién tap hop khoang
10 triéu phan t& va 7 triéu phan ung da biét,
rdi chuong trinh hoa su tong hop cua phan tir
ma ho hy vong rang c6 thé thu duge. Nhu
vy su tong hop ndy can nhitng thanh phan
thudng co6 gia ré va dé tim. V& phuong dién
thyc hanh, it khi c6 ngay duoc mot phan tir
méi trong 1an dau. Qua trinh tbng hop thuong
dién ra trong nhiéu, thidm chi t&i hang chuc
giai doan. Hon nita ¢ mdi 14n nhu vay nguoi
ta co thé sir dung nhiéu phuong phép dé co
cing mdt phén tir. Vi thé s thuc cua nhimng
kha néng co thé 1én dén hang nghin ty.

Céc nha hoa hoc dwa vao cam tinh dé chon
mdt phan ung ma theo ho hinh nhu thich hop
nhét trong mdi g1a1 doan; nhung diéu @6 khong
dam bao gi di dén thanh cong cta phan tir
cudi cung. Hon nita con co thé xay ra trudng
hop mot phén tir ngay tir dau to ra khong
quan trong, nhung lai thich hop dé 1am don
gian héa nhimg phan mg hoéa hoc cta nhimmg
giai doan tiép sau. Vay thi cac nha chuyén
mon phai lam thé nao dé tim dugc con duong
tong hop don gidn nhét, hay 1a ré nhat?

Giai phéap da tim duge vao thé ky 18 nho mot
bai toan kho xut phét tir mot vAn @& thyc té
ciia thanh phb Konigsberg (trong thoi X6 Viét
goi 1a Kaliningrad). D6 1a Bai toan bay chiéc

TOAN HOC
30 ¢ Cluditre S6 446 (8-2014)

=
R

MIRIE =y m s T
== B = DU ]

PHAN THANH QUANG
(Theo Courrier international)

cdu & Konigsberg: “Co hay khong c6 con duong
di tham toan bé thanh phd bang cdch di qua
béy chiée cdu, véi diéu kién moi chiéc cau chi
dwoc di qua mot lan 7°. Nam 1735 nha toan
hoc tai ning Léonard Euler da chimg mmh
rang “khong thé c6 con a"u"ong di qua 7 cau
ma méi cau chi di qua mot lén”. Nhimg két
qua do Euler tim dugc lam xuét hién mot
nganh Toan méi la “Ly thuyét do thi”.

Db thi 12 mot tép hop nhimg diém goi 1a dinh va
nhitng doan néi chung lai véi nhau goi 1a canh.
V1 du, cdy gia pha: chung ta va cac bac tién bdi
gin xa 1a nhing dinh, va quan hé gia tdc la cac
doan ndi cac didm d6 lai. Do VO’I Euler, cac dao

va bo cta con song 1a dinh, cau 12 canh. R4t dé
dé quan sat thay rang c6 ba dinh c6 ba bo va
mdt dinh c6 ndm bd (xem céc hinh vé). Theo
Euler, cudc dao choi (mdi cau chi di qua mot
1an) co thé thuc hién dugc néu @b thi hodc
khong c6 dinh nao, hogc ton tai hai dinh c6 mot
s6 1& canh. '

er, mo ta vi tri
cua bay cay cau va séng Pregel.

thire
muc
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M& hinh vé bai todn bay chiéc cau ¢ Konigsberg
Vé dep ctia khoa hoc 1a & chd sy phan tich
nhimg bai toan tudng 13 “vé nghia”, “cho vui”,
vi du nhu bai toan “di qua bdy cau, mbi cau
chi dwoc di qua mot lan théi ”, ma lai dan dén
mdt cudc cach mang khoa hoc, & day la mot
nganh Toan hoc méi goi 13 “Ly thuyét dé thi .
Nguoi ta cling da phat hién ra rang Ly thuyét
dé thi hoan toan c6 thé ap dung dugc trong
nhiéu linh vuc, trong d6 c6 Hoa hoc.

Chinh vao thé ky 20 ma Ly thuyét do thi xut
hién trong khai niém va nhitrng mo hinh cua
phan tir. Nhung chinh sy phat trién cia Tin hoc
vao thé ky 21 ma Ly thuyét do thi duge ép dung
rat dic luc trong Hoa hoc, Gido su Marcin
Fiallkowski & Vién Han 14m Khoa hoc Ba Lan,
1a tac gia chinh cta cubn sach v& “Ly thuyét
do thi trong Héa hoc”. Trong thoi ky ong viét
tac phdm ndy, 6ng van con 13 “nghién ciru sinh
sau tién s & Pai hoc Northwestern - Chicago,
trong phong thi nghiém cia Gido su Barfosz
Grzybowski. “Ngudi ta c6 thé biéu dién hau hét
Héa hoc duéi dang db thi - theo 161 giai thich
ctia Fialkowsski. Mang tao ra rat 16n nhung nhos
c6 Tin hoc, ngudi ta c6 thé phan tich mang nay
nhanh chéng va tim ra nhitng dic tinh ctia nd”.
Nh& cé su phan tich mang, ngudi ta c6 thé
lam viéc trén tit ca céc nganh ctia Hoa hoc
cung mot 14n, va d6 12 mot cudc cach mang.

Trudc hét, ngudi ta phat hién ra ring nhan
cling clia Héa hoc hién dai gdm c6 khoang
340 phan tir va 500 phan ing. Tép hop nho
ndy du dé tao ra gin 80% tit ca nhitng chét
dugc dung trong cong nghi€p hoa hoc hién
nay. Hon nita ngudi ta da phat hién ra ring

d6 thi biéu dién tidp hop nhimg phan tir
va phan ung ctia hoa hoc hién tai la mot
hinh fractal: mi nhanh r& c6 mot cdu triic
gidng nhuw mdt canh ma tir 46 né xuét phat ra.
Didu d6 dwoc giai thich boi didu ma tit ca
cac nha Hoa hoc c6 trong tay mot sb gidi han
phin tir co ban.

Su phan tich nhimg bai toan v6 nghia co thé
g6p phén vao nhitng cudc cach mang that sy.
Nhitng nha khoa hoc & phong thi nghiém
Pr.Grzybowski d3 chi ¥ dén nhimg théng s6
phu, nhu 12 ngay tim ra mdi phan tir va mdi
phan tng. Piéu d6 d3 cho phép phan tich sy
tién trién ctia d6 thi. C4c nha nghién ctru ciing
nhan thdy ring nhitng dinh tir 46 xuit phat
nhiéu canh, phat trién nhanh hon. “C6 nhiéu
phan tir gidng nhu nhimg sin bay 16n, véi
mdt s 16n sy lién hé, theo 10 giai thich ciia
M. Fialkowski. Nhung cling c6 nhitng phan tir
khac, v6i s6 lwong nhiu hon nita, khong 1am
cho cac nha hoéa hoc quan tdm. Ching dugc
xem nhu 12 nhitng san bay dia phuong”. Céac
nha khoa hoc ciing quan sat thdy rang nhitng
dinh c6 nhidu canh c¢6 xu huéng phat trién
bén vimg, diéu d6 gitp ho du kién Hoéa hoc
trong tuong lai di theo hudng nao.

Muén cho sy phan tich hitu hiéu hon, trong
nhiéu nam qua céc nha khoa hoc & Pai hoc
Northwestern & Chicago phat trién phin mém
Chematica, phin mém nay 1a moét ludn &n
dugc bao vé & cip qubc té. Muc dich caa nd
1a t6i wu héa nhitng phan tng héa hoc theo
nhiéu tiéu chuén. Vi du nhing tic gia cia
Chematica &3 phén tich su tong hop ciia mot
dugc pham chéng cholesterol, dugc thiét ké
lam 19 giai doan. Nho c6 chuong trinh ma
chi trong vai gidy, cac nha khoa hoc di
phat hién ra ring sb giai doan c6 thé rut
xudng con 5. Pidu d6 co thé kéo theo su
giam b6t rat quan trong ciia gid thanh va
thoi gian san xuit duwoc pham.
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Tap chi TOAN HOC va TUOI TRE : AL

BT Bién tap: 04.35121607
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BAN CO VAN KHOA HOC CHIU TRACH NHIEM XUAT BAN
GS. TSKH. NGUYEN CANH TOAN Chi tich Hoi dong Thanh vien
NXB Gido duc Viét Nam

GS. TSKH. TRAN VAN NHUNG

il NGUT. NGO TRAN Al
TS.NGUYEN VAN VONG

Téng Giam déc kiem Téng bién tap

GS. DOAE\I QUYNH NXB Giéo duc Viét Nam
PGS.TS. TRAN VAN HAO GS.TS. VO VAN HUNG
HOI PONG BIEN TAP
Tong bién tdp : TS. TRAN HUU NAM Thu ki Toa soan : ThS. HO QUANG VINH

TS. TRAN DINH CHAU ThS. NGUYEN ANH DUNG, T8. TRAN NAM DUNG, TS. NGUYEN MINH PUC, T5. NGUYEN
MINH HA, TS. NGUYEN VIET HAI PGS. T8. LE QUOC HAN, ThS. PHAM VAN HUNG, PGS. TS. VU THANH KHIET
GS. TSKH. NGUYEN VAN MAU, Ong NGUYEN KHAC MINH, TS. PHAM THI BACH NGOC, PGS. TS. NGUYEN DANG PHAT,
PGS. TS. TA DUY PHUONG, ThS. NGUYEN THE THACH, GS. TSKH. DANG HUNG THANG, PGS. TS. PHAN DOAN THOALI,
ThS. VU KIM THUY, PGS. TS. VU DUONG THUY, GS. TSKH. NGO VIET TRUNG.

TRONG SO NAY

@ Dpanh cho Trung hoc Cosé @ Giai bai ki truse
For Lower Secondary School Solutions to Previous Problems
Nguyén Phudc - Khai thac bai toan Langley. Giai cac bai ciia S6 442.
e D& thi tuyén sinh vao 16p 10 THPT chuyén @ Gi4i bai cudc thi giai toan dac biét
KHTN, PHQG Ha Nai, nam hoc 2014-2015. T5/THCS, T6/THCS, T5/THPT, T6/THPT.
© Neuyin Knée Minh - Ki thi Olympic Toan € Ban doc tim toi
hoe Quéc t& IMO) 14n thit 55, ndm 2014. Reader’s Contributions

Nguyén Pdng Phdt - Mot dang khai quat

@ Phuong phap giai toan héa tit mét bai toan nho.

Math Problem Solving

Nguyén Viét Hung - Pao Thi An - Chiing @ Toan hoc va doi song
minh bat ding thiic bing phucng phap Math and life
danh gia dai dién. Phan Thanh Quang (Theo Courrier

international) - Ly thuyét d6 thi giap
Hoéa hoc tim ra chit méi.

Anh Bia 1. L& d@6n Doan Viét Nam du thi
IMO 2014 tai San bay Noi Bai.

Ti trai qua phai: Thay Lé Anh Vinh, Thay Nguyén
@ Bie pa ki niy Khée Minh, Cuc trubng Cuc KT&KDCLGD Mai Van
Trinh, em Tran Hong Quén, em Pham Tudn Huy,
em Nguyén Thé Hoan, Thit trudng Bo GD&DT B
T1/4486, ..., T12/446, 1.1/446, L2/446. Vén Ga, em Vuong Nguyén Thiy Duong, em Hb Quéc
Déng Hung, em Nguyén Huy Ting, Thay Lé Bd
Khdnh Trinh.

@ Ban co bist?

Do you know ?

Vi Dinh Hoa - Gia thuyét Erdés va
Szekeres.

Problems in This Issue
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~ Céutric dé thi tuyén sinh Bai hoc, Cao dang

GD NHA XUAT BAN GIAC DUC TAI HA NOI

NHA XUAT BAN GIAO DUC VIET NAM]-

CET&Z% ﬁ'O%g 720’2 ZkZ@% C%%g é&l% &ZLOC

DBoé saech TuyEN CHON THEO CHUYEN Pi

CHUAN BI CHO KI THI VAO TRUNG HOC PHO THONG MON TOAN}"T? |

7 6 sach gém hai tap tuyén chon theo »
chuyén dé nhiing bai viét hay trén Tap TOYEN CHDY THED CHUYEN OF
OR TH&TT va mot s6 bai viét thém cla cac i oL

nha gido c6 kinh nghiém nham gidp cac ban : T
HS THCS 6n tap va thi ¢ hiéu qua vao I6p 10
cac truong THPT va THPT chuyén. B sach
cling la tai liéu tham khao hiiu ich cho cac thay
¢ giao va céc bac phu huynh HS.

200 trahg; Kho 17x24cm 200 trang, Kho 17x24cm
Gia bia: 35.000 déng Gia bia: 35.000 dong

D6 saclt TUYEN CHON THEO CHUYEN DR

CHUAN Bl CHO Ki THI TOT NGHIEP THPT VA THI VAO DAI HOC,
CAO DANG MON TOAN

- wmwﬁmnmnt - T SACH TOAN HOC VA TUGH TRE

() 6 sach c6 hai tdp gém 10 chuong V@i  TUYENCHONTHED CHUYENDE | TuvEN cHN THEO CHUYEN BE
. ,I F o ) = :  CHUAMBICHORITHE CHUAR 81 CHO Hi I
. nhiéu chuyén dé dudc tuyén chon tir TOTAGHICP TRUNGHOC PHOTHONG = T IGHIGP TRUNG HOC PHO THONG
. M e s e A THIUAD DAIHOC. CAODANG mwﬁuﬂazuﬁﬁ oA BN
~ cac bai viét cua cac thay c6 giao gidi chuyen Mé’?N TC?A.N ,
~ mén va c6 kinh nghlem giang day trong ca , TAP MOT

SO LUTIGBIC. 6T

" nudc, dudc sap xep theo dung thu tu trong

cua Bo Gido duc va Do tao.

~ Phan cugi méi cudn gidi thiéu mot s6 dé tv |
- luyén va c6 hugng dan giai. 260 trang, Khé 17<24cm 240 trang, Khé 17x24cm
. | Gi4bia: 46.000d6ng  Gia bia: 44.000 dong

Moi chi tiétxin lién hé:  TAP CHi TOAN HOC VA TUGI TRE
‘ , 187B, Giang Vo, Ha Noi .
° BT Fax Phat hanh Tri Si: (04)35121606 ® Email: toanhoctuontrevnetnam@gma:l com
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TP Hue & 054.3519437 - Website: thcs-Ihphong.thuathienhue.edu.vn

. ~ NGUT Nguyén Phwéc Héi déng Sw pham nha trueng
~ Bithwchibg, Hiéu trrong nha truong
rudng THCS L& Hong Phong nam  duoc néng cao vé cht luong: 100% giao  Tu khi thanh I&p dén nay, nha truong lién
Ltrén duong Ly Nam Dé, cach trung  vién dat chuén dao tao, trong do co trén  tuc dat danh hiéu 7dp thé lao dong xuét
am thanh phd Hué ching 5 km vé phia  85% gido wené un trén dao tao.  sdc, duoc Bo GD&DT téng Bang khenndm
Ty Truong kheu glang nam hoc dau tien  Nhiéu gido- ong dat danh higu . hoc2007- 2008, UBND Tmhtang Cothidua
~ vao nam 2004 - 2005 va mang tén ‘Truong  gido vién gioi Tinh: 7GV, Cdp  va cong nhan Truong dat chuan Quéc gia
 THCS Huong Long” (theo Quyet dinh 86 Thanh ph: 25 G\ u gido viénvinh  nam hoc 2008-2009; Thd tuong Chinh phi
ngay - 13/8/2004 ctia Chi tich  dy duoc tang Béng khel cua Thi tusng  18n9 Bang khen nam hoc 2009-2010; Chu
h6 Hué). Turthang 11/2005  chinh .ph(j Bang khe Bs GD&PT. tich Nudc trao tang Huan chuong Lao dong
 Truong duoc d6i tén thanh “Truong THCS  gpg A UBND Thia Thien. hang Ba nam hoc 2010-2011. Chi bo nha
Lé Hong Phong’. Lic méi thanh 1 A

hi¢

uong s, Pong chi H nha truong trucng hang nam déu duoc cong nhan Chi
ch duoc Chﬂ t tanihi higu b trong sach, vang manh, dugc Thanh Gy
uong g tang Gidy khen ve Chi bo tiéu bigu 3 nam

da 6 26 phong hoc duoc xay 3 tang theo
hinh char U v6i co s6 vét chét khang trang  Hang ném, nhiéu:
hién dai: Co khu hiéu b, hoi truong, san  dat giai cao trong.
van dong, phong thi nghiém, phong vitinh, ¢cdp Thanh pho
thu vién thong minh. SAMSUNG,... Xung sinh thi d6 vao
quanh‘truonwygrﬁmc 'bao bo bing he thdng  Trong hoi thi hoc s Thanh phO,  nang luc va nhiét huyét, ty hao vé nhing
1hod, cay canh, non bo, ... taonénmdt  Tryong da dat giai oantrong4  thanh tich da dat duoc, Truong THCS Lé
‘moi truong xanh - sach- dep.
: nam, 3 nam giai N, 2 nam giai Ba, va 1 Hong Phong sé tiép tuc phén dau dé dat
; Khéi dau voi 26 gido vién, 20 16p hoc va  nam giai Khuyen khich. Bac biét nam hoc - nhing thanh tich t6t hon nda trong nhing
832 hoc sinh, dén nay, Truong d& c6 70  2012-2013, truong co 3 hoc sinh ddn ddu  nam hoc toi, xtng dang véi su quan tam
can bo, gido vién, voi 28 lop va 882 hoc mon May tinh ca tay 8, Toan 9,Van 9  clacac cap lanh dao, xting dang voi su tin
sinh. i ngd can bo giao vién ngay cang t 6i thi h | | . tuong clia nhan dan.

lién (2010-2013). Cong doan nha truong
Truong da  luén dugc cong nhan Cong doan ving
oc sinh gioi  manh va nhiéu lan duoc nhan bang khen
nhiéu hoc  cua Lién Doan Lao Bong Tinh,..

Qudc hoc. Ty hao vé doi ngd can bo, gido vien day

én HSG khéi 8 (2013-2014) doat gi
trong Hoi thi HSG cap Thanh
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