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Ra, bdn Langley (Langley's problem) do nhd

Ifto6n hgc Edward M. Langley dC xudt th6ng

10 ndm 1922, dugcd[ng o "The Mathematical

Gazette" crta Anh. Bdi todn Langley oOl titing

vi n6 ld bdi to6n vC "96" ngdu nhiAn", m6i
tr6ng qua thi thdy r6t don giin nhrmg khi tim
cdch gritin6 thi kh6ng dE ti nAo.

BAI TOAN LANGLEY. Cho tam gidc ABC

cdn tqi A (AB : AC) voi BAC =20o. Tr1n

cqnh AC ldy di€m D sao cho 6Ei = 50'.

TrAn cqnh AB hy di€m E sao cho EdE:60".

T{nh sd do gdc DEC.

Trong qu5 trinh UOi AuOng hgc sinh gioi vd

tham kh6o tai liQu fr6n Internet,thc giitbdi vi6t
ndy dd bi6n so4n 10 c6ch gi6i cho bdi to6n g6c

md Edward M. Langley d6 xu6t. Sau ddy li
lcri gi6i vbnthtcira 5 trong 10 crich gi6i d6.

Cich giii I (.h.1). Tam giric ABC cdn t4i A vit

BAC=20" ndn ABC : BCA = 80o. Tftn AB

6y di6m K sao cho 6?i = 80o. Lric d6 LBKC

cdntaiC, suy ra CK: BC vir frE =20'.
Ta c6: BEC = 40' , KCE = 40o. Suy ra:

6ii =fri = LKEC cdn tai K + KE: KC.

LDBC c6n tpi C > CB : DC; ACKD d6u

= CK: CD : KD + LEKD c6n tai K.

Lai c6: DKE =40' n6n KED =70'.'^
li4it KED = KEC + DEC vi KEC = 4O' ,

do 116: DEC =3O".

KHAI THAC BAI TOAN

&AN@EEM
NGW NGUYEN PHI.TOC

(HiOu trvdng IHCS LO H6ng Phong, HuO)

BC
Hinh 2

C6ch gifli 2 (h.2). Tr€n AC l6.y D' sao cho

CBD'=60'; BD' cdt EC tqi P.

DE th6y LBCP vit LEPD'ld circ tam gi6c ddu.

Suy ra: BC: BP: CP vit PE: ED' : PD'.

LDBC cdn tli C > CB : DC > A,PCD cdn

tai C = CPD =(180" -PCD) : 2 :80'. Ta c6:

6FD, =40o. FDD:4oo ) 6FD,=FfrDi.
',D MD'D cdn tpi D > DP = D'D.
LPED : A,D'ED (c.c.c) n€n

^DEC : D' ED : PED' :2 = 60o :2 =30o.

C6ch gifli 3 (h.3). Tr€n AC l6,y D' sao cho

CBD'=60' . BD' cdt EC tqi P.

O5 tn6y LBCP vit MPD' ld cilc tam gi6c ddu.

> BC =BP =CP; PE=ED'=PD'l ED'llBC.

LDBC cdn tpi C> CB: DC ) BP : DC.

Duong thing song song voi AB k6 tu C cit
D'E tqi H.Tt gi6c BCHE ld hinh binh hdnh.

sd.* (r-ror4 T?8I#E! I

Hinh I

https://tieulun.hopto.org



^ ^
OE th6y: EBP = ECD = DCH =20".

MPE : LCDH (c.g.c) = ffiZ =frF = 40".

Mdt kh6c ffiE =frd =80' nOn IlD li ph0n

gi6c g6c EHC. L4i c6 CD lit phOn gi6c cria

g6c ECH + ED lilph6n gi6c cin g6c CEH.

^ ^
Do d6: DEC =CEH:2=30o.

AA

BCUBC- Hinh 3 Hinh 4

Cdch girii 4 (h.4). Dtmg dutrng tdn (C; CE)

cit tia cB tqi u vd AC tai v.

AEUCttdu = EU= UC =CE; fu =fri =ffi".

MEC c6n t4i E + AE: EC. LECV cilntai C
^ ^ ^+ CYE - CEY = (180' - ACE): 2 = 80o.

L,BEU : LVAE (c.g.c) = EY : UB.

LDBC cdn tai C + CB = DC

> B[J: CU - BC: CV - CD: DV.

vi th6 LDEV cdntili v (yE : LD).
^ ^

Cho ndn: DEV =(180' -EYD) : 2 = 50'.

Do d6: 6Ee =ffi -frD= 80o -50o = 30o.

Cich girii 5 (Ban dpc tu v€ hinh). Gqi B' li
diem dOi ximg voi B qua AC; C' li diem diii

ximg voi C qtnAB,tac6: frD=ffD=30o;
fu,=ffi,=frA=frA=2}":

^
BEC' = BEC =40';AC'= AEI = AC = AB'.

MB'C'dAu (vi lC' : AB'i 6fr' = 60o ).

L4i c6 B'D ld phdn gi6c cta g6c AB'C'n€n

- TORN HOC2 t cruoiga s.s * tt-*"t-

B'D lddudng kung tr.uc cria do4n thlng AC'.

MEC' cdn t4i E + EA : EC' . Vi this E nim
trdn dudng trung tr.uc cria do4n thing AC',

tuc li E eB'D. B'D citAC'tqiJ,tac6
^ ^ ^
JEC'+ BEC' + BEC + DEC = 180'

<=>70'+40'+40' *fii = 1800

ofii = 3oo.

Trong thu gui cho 6ngHyacinthists vC Bdi trd,
Langley, 6ng Nikos Dergiades <16 sri dpng m6y

tinh, g6n cho c6c g6c fu,fra,frd*,fr/
6Ee c6 so do li c6c so nguyen, c6 tAt cir

t13564 truhg hgp vd i15 ph6t hiQn 53 trulng

hqrp sO tlo g6c DEC lir sti nguy6n. T6c gi6 bdi

vii5t cirng da dung phAn m€m GeoGebra dd

ki6m tra .h"-th x6c 53 trulng hqp h bi6n th6

cilaBdi todn Langley nhu sau:

Hinh 4
STT tu ABC

= ACB
icB DBC DEC

I t20 30 24 12 6

2 120 30 24 18 t2

3 72 54 39 2L t2

4 72 54 39 27 18

5 72 54 42 24 t2

6 72 54 42 30 18

7 72 54 48 24 6

8 72 54 48 42 24

9 72 54 51 39 9

t0 72 54 51 42 t2

ll 56 62 59 31 J

t2 56 62 59 56 28

t3 52 64 58 32 6

14 52 64 58 52 26

I5 48 66 57 33 9

I6 48 66 57 48 24

t7 44 68 56 34 t2

18 44 68 56 44 22
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53 37121
24 28) 76

60i50 30

65 160 40
I70 i50 10

s0 40 30

-

42 36

Hodn todn kh6ng d6 eC dua ra tldy dri c6ch gi6i
cho cilc trucrng hqp tr6n. Tbc giitbdi vi6t cung
c6c em hgc sinh trong 16p bdi du0ng hoc sinh
gi6i To6n cira Phong GD&DT Thenh pnO Uuti
nim hoc 2013 - 2Ol4 dd c6 ghng dua ra ci{ch

gi6i cho mQt s6 trucmg hqp sau:

Tru'dng ho'p 2E (r'r.5)"

BAC ABC = ACB fru| 6Ba1 6Ei
20" 900 500120"1 z

Tam gi6c EBC c6 frE=S}o, ffiD=80' n6n

BEC =50" , suy ra LEBC cdn tqi B = EB = BC .

Tuong tv, LBDC c0n t4i B = BD = BC.

Tam gi6c EBD c6 EBD = EBC - DBC = 60o vit

BE:BD (: BC) n6n li tamgi6cddu. Do d6:

D̂EC = BED - BEC = 60o -50o = 10o.

Tru'0'ng hq'p ?9 (,1.6).

Tam gi6c BEC cL.n4i B (vlfra=6dE=50').

L4i c6 BD ld phen gi6c g6c BEC (viC BD = EBD
: 10) n€n BD li duong trung tryc cria tlopn
thdngEC.
Suy ra DE =DC > LEDC c0n tpi D. Vi vpy

DEC = DCE = ACB - ECB = 80o -50o = 30o.

fiinh 5 triitrh 6

s$g-t'e'e.-sH,H&g 6E
ob

30

4

fiitrh 6
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Truimg hgp 30 (ft.7).

BAC ÂBC = ACB ECB DBC DEC

200 900 600 300
,l

TrCn canh AC l6y <li6m F sao cho diF =60".

Gqi M ld trung ttir5m ctra BC, khi d6 AM liL

duong trung tr.uc vi ld phdn gi6c cintam grilc

cdn ABC, AM cht FB tai O. LBOC cdntqi O

c6 Gb=60' nen ld tam gi6c tl6u. Suy ra

frd=60". L4i c6 frE=6oo n6n oeEC.

n6 th6y: LEOB = MOC (c.c.c)

=oE =on =ffi=# > EF I BC

A,OEF cn LCOB =+ AEOF d6u.

BD liL phdn gi6c cta tam gi6c d6u BOC n€n

BD liLdudng trung tr.uc do4n thtrrg OC

> DO = DC + LODC cdntli D

-frc =fro =zoo.
Tam gi6c DOF cdntqi O > DO: OF.

Lai c6: OF: OE suy ra OD = OE

= MOD cdn tai O.
^

Do tl6: DEC =DOC:2=2Oo :2=l0o .

Trulng hqp 3a (ft.8).

BAC
^ ^
ABC = ACB ECB DBC DEC

200 900 700 500 ?

Tam gi6c ABC cdn tai A vit BAC =20o n€n

fre =frA=80". Tron AB l6y di6m K sao

cho fr=80". Lric d6 MKC cdr. tai C
^* CK: BC, KCB =20".

LDBCcdntpi C )CB=DC.
r 

^
LCKD d€u (KCD = ffi' ; CK = CD)= KDC =6A".

Tt d6 ta c6 dudng trdn tOmD di qua hai tti6m

Kvd C x6c dinh cung KC c6 s6 do le 60".

^ ^
Lai c6 KEC =30' (EBC = 80o; BCE = 70') nOn

E nim tr0n dudng trdn tdm D,bi.ri^kfufi, DC.

Suy ra LDEC cdn tpi D. Do d6:
-^ ^DEC = DCE =I0".

BMCB- 
Hinh I Hinh 8

Trulng hqp 35 (Bqn dpc try vd hinh).

6k ^ ^ABC = ACB ECB 6E DEC

200 800 700 600
,l

TrEn AB 6y di6m F sao cho 6dF =60'.
Gqi M ld trung diiSm cira BC, khi d6 AM ld

ducrng trung tnlc vi ld ph0n gi6c cria LABC,

AM cit FC t4i o. MoC can tai o c6

frd=60" nen ld tam gi6c dAu. Suy ra
^

OBC =60". Tri DBC =60" nOn O e BC . Dd

thdy MOB=LDOC (e.c.g) =OF=OD >

#=ffi= FD tt BC = a,oFD cn L,7BC

+ LFOD d6u. Ta th6Y MFC cdn t4i F
+FA=FC. D6 chimg minhEA: OC-Y|Y

EF: OF. MAt kh6c: OF: FD = EF: FD

> LEFDcdntliF
^) DEF =(180" -EFD):Z=50'.

Do d6: 6ii =frF -6Ea = 5oo -3oo =20o.

C6 the c6 th6m nhirng trudng hqp ld bi€n the

cira Bdi todn Langley md bdi vi5t chua tt€ cflp

d6n, r6t mong cilcbqnchung sric dC khai th6c

n6. Ri6ng nhtng trudng hgrp cdn lpi ld nhirng

bni tflp hay,rht cAn sy quan tdm, chia sd cira

c6c bpn !

TORN HOC
4 Ecrr.,oiU@
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.tJtr-^
oE Tm TUYEN $NH vAO toP IO THPT cHUYEN KHTN , t)H0G HA N9t

NAM HQC 2014 - 201s

vONc t (120 phrtt)

C0u 1. l) Giai phuong trinh
($ + x + $ - x)(2 + ZJt - * ) = a.

(-z "^,r.,2-r
2) GiaihQphuongtrinh ] 

n 

^-n'- : :' ..
lx2 + xY +ZJz = 4

Cd:r- 2. 1) Gia sft x, y, z ldba si5 thgc duong
th6a mdn di6u kien x * ! * z: xyz.

Chrmg minh ring:
x 2y , 3z xyz(5x+4y +32)

1 + x'z -l+*- l+ z' - (x +y)(y + z)Q + n
2) Tim nghiQm nguy6n cira phuong trinh:

xzyz(x+y)+x+y -3+xy.
Cflu 3. Cho tam giirc ABC nhgn v6i AB < BC.
D ld tti6m thuQc canh BC sao cho AD ld phdn

gi6c ctn BAC. Dudmg thlng qua C song song

vbi AD c6t trung tr.uc cira AC taL E. Dudmg

thing qua.B song song voi AD cht kung tr.uc

ciaAB t4i F.
1) Chrmg minh reng bm gi6c ABF ddng dqng
voitam gi6cACE.

2) Chtmg minh reng c6c tlutrng thtng BE, CF,
AD d}ngquy tpi mQt di6m, gqi diCm d6lilG.
3) Ducrng thing qua G song song vcri AE cit
ilucrng thing BF tai Q.Dudng thing QE cit
ducrng trdn ngopi titip tam giirc GEC tqi P
kJnic E. Chtmg minh ring c6c diiSm A, P, G,

Q, F cimgthuQc mQt du<rng trdn.

C0u 4. Gii sri a, b, cld cilc si5 thlrc ducrng thda
mdn tl[ng thirc ab+bc+ca=1. Chimg minh

ring 2abc(a + b + c) 3 ? * oo b' + ba cz + ca az .
9

VONG 2 (150 phtitt)

C0u 1. 1) Gia sb x, y ld nhimg sO ttrUc duong
phdn biQt th6a mdn

x 2vz 4va 8v8

x+y x2+y2 x4+yo x8-y'
Chtmg minh ring 5y =4*.

(.t -z L-.2 t .^,_1.,
2) ciaihQ phuong ftinh] :^ -:' -.:' -''-' 

f 6x+x'Y= 12+6Y+Yz x'

Ciu 2. 1) Cho x, y ld nhirng s6 nguy€n lon
hon 1 sao cho 4x'y'-7x+7y li s6 chinh

phuong. Chung minh ring x = y.

D Gie st x, y ld nhfrng st5 thUc khdng dm th6a
mdn x3 + y3 + xy = x2 + !2 .Tim gi6 tri lcrn nhAt

vd gi|tri nh6 nh6t cria bi6u thirc

o_l*Ji,z+JV
2*Jy 1+Jy

CAu 3. Cho tam gi6c ABC nQi titip dudng trdn
(O) vn di6m P nim trong tam gi6c th6a mdn
PB: PC.D h di6m thuQc cpnh BC (Dl<hirc B
vd Dldtilc Q sao cho P nim trong dulng trdn
ngopi titip tam gi6c DAB vd dudng trdn ngopi

ti6p tam gi6c DAC. Eucrng thing PB cit
ducrng trdn ngo4i ti6p tam giirc DAB t1i E
khilc B. Dulng thing PC cht dudng trdn
ngopi titip tatngi6c DAC t4i Fkhic C.

1) Chung minh reng b6n di€m A, E, P,F cr)ng

thuQc mQt tluong trdn.

D Gie sir duong thtng AD cit ducrng trdn (O)

tai Ql<h6cl, dudng thingAF chtduong thA"g

Qp t+i Z. Chrmg minh rdng tam gi6c ABE
d6ng dpng voi tam gi6c CLF.
3) Gqi K ld giao di6m cua duong thing AE vit
dudng thtng QB. Chrmg minh ring-^ ^
QKL+PAB=QLK+PAC.
C0u 4. Cho tap hW A g6m 31 phAn tu vd diy

l.
gdm m tflp con cila A thba m5n d6ng thoi c6c

tli6u kiQn sau: (i) m6i tpp thuQc ddy c6 it nh6t
hai phdn tn; (ii) n6u hai tpp thuQc ddy c6

chung nhau it ntr6t trai phan tu thi si5 phan tu
cria hai t$p niy kh6c nhau.

Chimg minh r5ng m3900.
NGUYEN vt] LtIoNG & PHAM vAN nriNc

(GI/ THPT ChuyAn KHTN, DHQG Hd N0) gilrd thi$u.

se n* o-,o,nr 
T9EI#E! 

s
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/lrcing tin
:EDI{SP

voliG I
C&u i. ei6n d6i vCtraicira ding thric:

-.1l[o+"ld' -b,lb +ul-o l,lo(,|"+Jb)
Y L : T; -JFs1o * 5o6$ -G +M -6

_ 3a'[i $aJE $b"[i _ &:- effiG+"["t+b) ,[a-JE

tJi 3JA _^
Ja - Jb ,la -,lb

Cf;u ?" Gqi C li vi tri xe m6y bi hong, ta tinh
dvgc AC: 90 km, CB:30 km. N€u x ld vfn
t6c (km/h) cta xe,m6y tr6n qu5ng tluong lC
(x > 10) thi vin t6c cria xe m6y tr0n qudng

tluong CB litx - 10 (km/h). Khi d6 xe m6y di

h6t qu6ng ducrng AC md,t ? ,t <li hiit qudng

dulng cB mdt -39 ^ 
h.

Thoi gian sfta xe m6y ld 10 phft: I fr.

Theo gii thitit, thdi gian xe m6y di tn A d6n B

ft€ ca thcri gian sira xe) h 4tr n: T n

Tt d6 ta c6 phuong trinh:
90 30 l14:-:+----:-:--+- = - o 3* - I 10r + 600 : 0x x-10'6 3

gy:3ohoac *:![oai).
Suy ra thdi gian di tir,4 tltin C fa ffi 

: : gr;.

Vfy xe m6y hong hic 10 gid (trua ctng ngdy).

Cflu 3. 1) Hoanh tlQ giao ditim ctra d vd (P) lit

nghiQm ctra phuong trinh: x2 =2rfu+D*+\

oflx):3/+2(m+ 1)x- 1:0 (1)

L' : (m + 1)2 + 3 > 0 v6i mgim, suy ra PT (1)

1u6n c6 hai nghiQm ph0n biQt (<lpcm).

2) Theo dinh li Vidte, ta c6
). . 1

x1* x2: -tt*+l) , x62: -;,

6iii eE^ rrflg Tt YflN s[Nh{ uAs U"sp 's0 TFIPT {l{uYf;N
-xr-A- xsq@x xAvr HQC 2ol4 - 2015

a

suyra mil: -)6+x2) vi -l:3xp2.
Ta c6: /(xr) -J@z)
: (x1 - x)fxl + qx2 + $.+(lzl+1)(x1 +x2 )-1]

T: (r, - dl1 i \x2* 4-trG,+ x2)' +Unf
: lt.'-.r)(4 +24x2 - *i) = -lf,,, - ,r)' .

Cfiu a. (Bqn dqc ttl v€ hinh)

1) ra c6 6Ed =@AWhan cung CD).

Do KP ll BC ndn DKP = DBC = DAP, suy ta

t0 grfuc AKPD nQi ti6p duong tron.

,Ig kcj_qa k€n suy ,u Fiil =@ (1)

APD=AKD :90o = CPD=CMD :90"
> ttr siirc CPMDnQi ti6p =FR=6de P1

rri (1) vdQjuv ,u Ffu *FEil =
= DCP + DAP:90o. Do d6 KP LPM.

3). Ta c6 BK: AK.cot6Oo=+

.Do 76d:90o, 1dD =trED :6oo n6n
1

CD =;AC = R =+ AD = RJi

= Di =.[7D[:7P = JrR2-, .

_.6
Ygy BD:BK+DK: ?+ J3R'-*'.

Ciu 5. Di6u kiQn 
" 
*|, * + -3J1.

Pr<+ #-5+1 -'\i'Z'=o
' | -__l_\-n<+ (x3 -2lx-20)[4_ 7x 

, 
x3 +21 -.

Tn d6 ta tim dugc tpp nghiQm cira PT li:
S: {1;5;-4;-t;2;-3).

VONG 2

Cflu l. Dgt m=X,n=I,o=Z.Tac6:

1*1*l= o =mn*np-tpm:o;mnp
m*n*p:1 + m2 +n2lp':(m+n+p)':1,
suy ra dpcm.

TONN E-{QC6 ;ckxm@
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Cffu 2. DK: 1 - f >0,2 - * >0,3 - * >0.

St dtmg BDT quen thuOc ab 
= 
4f , o 

"t,
3: x,[- y2 + yJi- r' + rJz-*

= l<* + | -f +f +z-* + * +3 -*1:3.
Ding thirc xity rakhi vd chi khi

f*=,[r-t ft=t
|y=JI-r' e]y=0.
t_t_
lz=J3-x2 lz=J2

Ddp s6: (x;y;z): 0;O;O).

Cflu 3. Ta co an -, * z'(1 '3 '5 "'(2n -!))' (n + 5)(n + 6)...(2n)

2'(2n1t'-'' 
12.4.6...(2n)l(n + 5)(n + 6)...(2n)

:, - (Zn)t'-' 
n!(n + 5)(n + 6)...(2n)

=r+ (n+l)(n+2)(n+3)(n+ 4) : 1n2 + 5n + 512.

Cffu 4. St dung BDT quen thuQc:

I .1(1*-l-).vx>o.v>0.x+y 4\x y)',

ding thric xiy ra khi vi chi khi x : y, ta c6

a|;n=i(;"-*.J
Suy ra --l - - ,L(-s-*-1-\ (l)ab+a+2- 4\c+l' a+ll

ruong w, 6|sa=+(h.-J_,A e)

a|;n=i|+-*J (3)

CQng theo trng vri (l), (2), (3) ta c6 dpcm.

Ding thric xiry rakhi a : b: c: l.
C6u 5. (Bqn dec tvvd hinh)Do NB I I AD, BM I I DP,

MN ll PA nln LNBM cn AADP.

^BNBNDADO)uy ra Bo= ABM = TDp= Dp.

r6t hqp voi ffio =FDd = 45o, suy ra

LBNO,a LDOP. Suy ra:

ffiF =180'- froE -FoD
:l8oo -ffiE -ffii =fiEd:45".

z)Yl LBNO cn L,DOP vd BO: DO n€n
oN BO DO -.-fr = :* = "fi . *a, kJrrilc NO P = NB O = 45o,

suy ra LONP cn LDOP <r> LBNO.

Gqi Q h tem dudng trdn ngopi liL6p LONP,

chri f r6ng LONP crt L,BNOtac6

Odfi=*P=eo"-dFfr
=ddE-BoN =ddfi.

Do d6 tia OQ trung voi tia ON.

Vty QthuOc OC.

3) Gqi E, F tht tp ld giao diiSm cria BD va
MN, PA. Chri y rdng N'\BM cn MDP; BD ld
dunng ch6o cria hinh vu6ng ABCD,tacf
EM 

=Spzu -BM =DP =Soo, =l!EN Saar BN DA Sore FA'

f6t hqrp vu MN ll AP, theo m Ad hinh thang,

suy ra B D, AN, P M d6ng quy.

CAu 6. Vot A li mQt tflp hqp con cta t$p hq"

{l; 2; ...; 2014) thoi mdn y6u cdu bii to6n, ggi

a h phAn tu nhd nh6t cta A.xet b e A, b + a

>b> oue fi,e A+ *. a+b<za (t)

Ggi c, dldhaiphAn tu 16n nhAt lr:ongA, c 1d,

tu(1)ta c6d<2a=d<2c (2)
,?2

Theo gi6 thiCt, + . e A. M$t kh6c, do (2)'d-c
^c2-c2c2.nln f,j>;-= c, suy ,u --A 

- 
e {c; dl.

.rHt: *=d, taco(5)' .(;)-,=o

+ 1=l+6, kh6ng t6n tai do c; d e Z.'d
-2.TH2: :' =c. tac6c2:dc-i +d=2c.

d -c
IdiL d < 2a 12c, suy ta c: a, d -- 2a, do d6

A: {o;2a},va a:1,2, ...,1007.

CLc tQp hqp tr6n <l€u thoi mdn y€u c6u bdi

to5n. Vfly c6tdt cir 1007 tQp hgrp thoi mdn.

NGTIYEN THANII HONG
(GV THPT ChuyAn DHSP Hd N|i) gildd thiQu.

sd.*,r--,o l?[]#ff Z
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Capa Tou - Swth A&icB

r. DOr Nfr roNc euAN

ri rru oLyMpIC ToAN HQC QUoc rE (IMo)
lAx rHtIss, NAM zot4

ttr,tO tAn thf 55 ndm 2014 (IMO 2014) duqc t6
chuc tu ngity 317 dtln ngiy 131712014, tai Dai hgc

Cape Town, thdnh phO Cape Town, CQng hda

Nam Phi. Dir thi IMO 2014 c6 560 HS, trong d6

c6 56 HS nfi, thuQc 101 qu6c gia vd virng lanh th6

trOn todn th6_gi6i. Doin ViQt Nam g6m 6 HS:

Vwong Nguydn Thu) Dwong (ry, lcrp 12, THPT
chuy6n LC Quf D6n, TP. Dd N[ng), Nguy€n Th€

Hodn (lop 11, THPT chuyCn KHTN, DHKHTN,
DHQG Ha NOi), Phqm Tuiin Huy (lop 12, PTNK,
DHQG TP. H6 Chi Minh), UA guiic Ddng Hwng
(lop 12, PTNK, TP. H6 Chi Minh), Trdn H6ng

QuAn Qbp 12, THPT chuyCn Thrii Binh, tinh Th6i

Binh) vi Nguy€n Huy Tirng (lop 12, THPT chuy6n

Tran Phri, TP. Hei Phong). Doin do TS. LA Bd
Khdnh Trinh, gihng vi6n khoa To6n-Tin, trudng
DHKHTN, DHQG TP. H6 Chi Minh,lim Trucrng

dodn vd PG,S. f^S. LA Anh Vinh, giing vi6n trudng
DH Gi6o dpc, DHQG He NQi, ldm Ph6 Trucrng

dodn; nguoi vii5t bdi ndy tham gia Dodn v6i tu c6ch

Quan s6t vi6n A (Quan s5t vi0n <li cring Trucrng

tlodn). Tham gia Doin v6i tu c6ch Quan s6t viOn

cdn c6: bd LA Thi Kim Nhung, Ch6nh vdn phong

Cuc Khio thi vd Ki0m tlinh CLGD; thi,y Nguydn

Hdi Ddng, GV tru<rng THPT chuy6n Thei Binh,
tinh ThAi B\nh; thi,y Nguydn Dinh Minh, GY trucmg

THPT chuy6n LC Quf E6n, TP. Dd N[ng; thdy
Phqm Vdn Quiic, GY truong TTIPT chuy6n KHTN,
DHKHTN, DHQG Hd NQi; th6'y Dodn Thai Son,

GV truong THPT chuy6n Tran Phf, TP. Hai Phdng

vi thAy Nguy(n Trqng Tudn, GV truong PTNK,
DHQG TP. HO Chi Minh.

Dai hgc Cape Town dugc chinh thirc thdnh lpp
ndm 1918; ti6n thdn cira truong ld trudng Trung
hoc Nam Phi denh cho hgc sinh nam, iluqc thinh
ldp vio ndm 1829. Trong khudn vi6n Nhd truohg,
d6i n6t cO kinh phin 6nh mQt thoi gian kh6 cria

chdu Phi thud xa xua v6n con do.ng l4i cho toi nhirng

ngdy h6m nay. Chc phong 6 trong khu Ky tue'+6
cta truong rdt chQthgp, tu0nh todng vd kh6ng t\rqc
lip ddtb6t cu thi6t bi ch6ng n6ng hay ch6ng linh
nio. Tpi Nam Phi, thbng 7 ld mta d6ng. D€ gifp
nhirng ngudi tham du IMO 2014 ch6ng 14nh ban

il6rn, Ban t6 chric phSt cho m6i nguoi mQt chln b6hg,

xin th6m (n6u cdn) kh6ng c6. Vi th6, c6 nhirng tlodn

da ph6i ra ctra hing mua ld sucri tli6n i10 ch6ng 14nh

NGTITENXTTAC MINH
(Cuc Khdo thivd Ki€m dinh CLGD - B0 GDS.DT)

,re dC*. Doirn ta, rdtmay,kh6ng mQt ai bi cim lanh,

kh6ng mQt HS ndo phdn ndn c6i lpnh Cape Town
1dm giim stt hi6u qu6ldm bai thi.

Sau hai ngdy thi, t6t ca HS vir quan s5t vi€n B, C
(quan s6t vi6n di cing Ph6 Trucrng doin vd HS)

dugc Ban t6 chric bd tri cho di tham quan ngQn

H6i tl6ng Cape Point vd Mfli H6o Vqng (the Cape

of Good Hope) - noi ti6p gi6p gita An DQ Ducrng

vd D4i TAy Duong.

Tai IMO ndm nay, Ngdi Geof Smlrft (nguoi Anh)
d5 tlugc bAu ldm Chri tich HQi d6ng Tu v6n c6c ki'
IMO (IMOAB) thay Ngdi Nazar Agakhanov (ngau
Nga) da fr0t nllQm tl;.

II. DE THI
DC thi cta IMO 2014 dugc xdy dr,mg theo nguy€n
tic vd phuong thuc nhu t4i IMO 2013. Cu th6, dr

c5c bditoin thu6c danh sdch citc bdi to6n tluqc dC

^rr6t 
su dgng ldm bdi to5n thi (do Ba1 tO chic IMO

xAy dr,mg tr€n co sd c6c bdi to6n dC xu6t cita c6c

nu6c tham dU IMO vd dugc gqi tdt bing tii5ng Anh
ld.Short List), HQi d6ng c6c Truong doin titin hdnh

bdu chqn cho m6i phdn m6n D4i s6, T6 hqp, Hinh
hgc vd 56 hqc I bei dA vd I bdi trung binh; tu d6,

xdy dlmg c6c t6 hqp 4 bdi to6n <l6m b6o m5i phan

mdn c6 I bdi vi trong 4 bdi to6n tl6 phii c6 2bdi b
muc d0 d6,2bdi6 mric <lQ trung binh, r6i bii5u quytit

chgn mQt tO hq,p trong.s6 d6; ti6p theo, cdn ct 4 bdi
to5n d5 dugc chgn, tl6 xu6t vd bi6u quy6t chgn ra

mQt cpp bei kh6 cho d6 thi. Theo sg sip xi5p ph6n

m6n trong Short List vd ki5t qu6 binh chgn ctra

H6i ddng c6c TruOng doirn, trong 6 bdi to6n cila
DC thi, bai I ld bdi d6 thuQc phdn m6n Dpi sii, bdi 2

ld bdi trung binh thuQc phdn m6n T6 hqp, bei 4 le
bdi d5 thuQc phdn m6n Hinh hsc vd bdi 5 ld bei
trung binh thuQc phdn m6n Sd hgc. Du6i tlAy ld
phuong 6n ti6ng ViQt cria pC ttri IMO 2014.

NG)Y THI TH(/ NHAT, 8/7/2014

Biri 1. Cho ao I q < az <... ld day v6 h4n c6c sd

nguyOn ducmg. Chrmg minh ring t6n t4i duy nh6t

s6 nguydn n ) I sao cho e,<99!!)!:!3t<an-,..,' 
n

Bii 2. Cho s6 nguy6n n > 2. Cho b6ng 6 vu6ng

n, n gdm r'6 .ru6rg don vi. MQt c6ch saP 
"6P

cita n qu6n xe trong bing tl6 dugc gqi ld binh yAn

TORN HOCS tduei@
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-n6u m6i hdng vd m6i cgt chria <lirng mQt qudn xe.

Hdy tim s6 nguy6n duong klc.rr,rth6't sao cho v6i
m6i c5,ch s6p 

^i5p 
binh y6n ctn n quAnxe ddu t6n t4i

mQt hinh vu6ng k x k md m5i 6 r,u6ng don vi trong

ri5 /.' O vu6ng clon vi cira n6 <l6u kh6ng chria qu6n xe.

Bdri 3. Cho tft gi6crc,iABCD c6 trEd=dDA=90'.
EiiSm H li chdn <ludmg vudng g6c h4 ttr I xu6ng
BD. Cbc <1i6m S vd Ztuong img nim tr6n c6c canh

AB vir AD sao cho 11 nim trong tam giSc SCZ vd

Chrmg minh ring ducrng thing BD tii5p xric ttudng
trdn ngo4i ti6p tam gi6c TSH.

NG)Y THI THU HAI, 9/7/2014

Bni 4. C6c <lii5m P vir Q tluqc 6y tr6n c4nh BC

cta tam giSc nhgn ABC sao cho ilB =6dA vit

6iD=FEd. ca" di6m MvitNdusc ld.y tr€ncic
ducrng thing AP vd AQ, tucrng img, sao cho P li
trung ili6m cin AM vd Q ld trung <li,5m cliura AN.

Chrmg minh thng giao di6m ci:r- cbc rluong th[ng
BM vir CN ndm tr6n dudng trdn ngo4i ti6p tam
gi6c ABC.

Bni 5. V6i m6i s6 nguy€n ducrng n, Ngdn hdng

Cape Town dAu ph6t hdnh c6c <l6ng xu c6 mQnh

t^:
si6 :. Cho mQt bQ suu tap g6m hiru h.an c6c tl6ng"n
xu nhu vQy (c5c tl6ng xu kh6ng nhSt thiilt c6

mQnh gi6 kh6c nhau) md t6ng mQnh gi6 cria chring
1.

kh6ng vugt qu6 S9 +1. Chtmg minh rlng c6 th6

ph6n chia b0 syu tQp d6 thinh kh6ng qu6 100

nh6m sao cho tdng menh gi6 ctra tdt ci c6c <l6ng

xu trong m5i nh6m kh6ng rugt qu6 1.

Bni 6. MQt tap hgp c6c tluong thbng tr6n mpt

phdng dugc coi ld 6 the tiing qudt n6u kh6ng c6

hai duong thdng nio thuQc t{p hqp d6 song song

vi khdng c6 ba dulng thlng ndo thuQc tfp hqp dQ

<I6ng quy. MQt tpp hqp c6c iludng theng 6 thii
tOng quat phdn chia mflt phing thinh c6c midn,
trong d6 c6 mQt s6 mi6n c6 diQn tich.hiru hqn; ta

ggi nhirng mi6n nhu 
"0y 

14 cdc mi€n hitu han.

Ctr-g -irh rirg vdi mgi sti r dri l6n, trong m5i

tflp hqp g6mntludng thing & th6 t6ng qu5t, ta ddu

c6 th6 t6 kh6ng it hcrn Jn dudng thing boi miu
xanh sao cho kh6ng c6 mi6n nio trong s6 cric

mi6n hiiu h4n c6 toan b0 ttulng bi6n c6 mdu xanh.

Luu j,: Loi gi6i cho bii to5n nhin du<r. c tu bdi ddra

bing c6chthay thi5 J" tA c ^[i sldusc cho tli6m;

diCm sO duoc cho php thuQc vio gi6 tri cua hing s6 c.

III. KET QUA
Cin cri ki5t qui ch6m thi vi Quy chi5 Itr,to 20t4,
HQi ddng Qu6c t6 tta bi6u quy6t thdng qua nguong

tli6m cho cilcloqiHuy chuong nhu sau:

- Huy chuong Ving (HCV): Tir 29 tl6n 42 di€m;

- Huy chucrng Bac (HCB):Tir 22 dr5n 28 tlitim;

- Huy chuong D6ng (HCD): Tt 16 tt6n 2l di6m.

Theo d6, t4i IMO 2014 co 295 HS dugc trao Huy
chuong; g6m: 49 HS tlugc trao HCV, trong d6 c6

3 HS <lat tli6m tuygt dOr qZtqZ (l HS cira Dodn

Oxtralia, I HS cria Dodn Dii Loan vi 1 HS cria

Doin Trung Qu6c); 113 HS dugc trao HCB vi
133 HS du-q c trao HCD. Ce 6 thi sinh cria Doin
ViQt Nam d6u dugc trao Huy chuong, gdm 3 em

dugc trao HCy, 2 em dugc trao HCB vd 1 em

dugc trao HCD. fi5t quA chi ti€t ci,r. c6c HS Doin
Vi€t Nam nhu sau:

TT Hg vh TOn
Di6m thi Huy

rhuongB1 82 B3 B4 B5 B6 T6ng

VucmgNguy6n Thu! Duong 7 7 7 0 0 17 B?c

2 Nguy6n Thti Hodn 7 6 7 7 2 0 29 Virng

J Pham Tu6n Huv 7 7 7 7 3 32 Vdng

4 Hd Qu6c Ddng Htmg 7 0 7 7 0 7'' B+c

5 Trdn H6ng Qudn 7 6 7 7
,7

0 34 Ving

6 Nguy6n Huy Tirng 3 6 0 7 2 0 18 Eiing

V6i t6ng <1i,5m 157, Dodn ViQt Nam tlimg thrir 10 trong Bing t6ng sip kh6ng chinh thric cria IMO

2014, sar_ c6c Dohn: Trung Qu6c (201 tli6m), My (193 cli6m), Dii Loan (192 di€m), CHLB Nga

(191 rli6m), Nhat Ban (77-di6g,Ucraina (175 rlirim), Hdn Qui5c Q72 di6m), Singapore (161 diCm)

vd Canada (159 diCm).

sd n* (r-*,o T?8I#ff g
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Ehrnrg minh bdt dSng thutr
b&ng phr-rung phap
d6nh gia dei diQn

I,ICUYEII UET NUNC _DAO TH!AN
(YOn ViQt, DOng COu, Gia Binh, Bdc Ninh)

r. KIEN THUC co sd

SO cr ggi li nghigm b}i k (k > 2, k e N) cira

da thrlcflx) ntiu:

(i) ,(x) chia h6t cho (x - o)0,

(ii) "(r) kh6ng chia htit cho (x o)o* '.

N6i crich khSc li flx) c6 tfr6 vitit dudi d4ng

flr) : (x - o)t.g(x), trong tl6 g(x) ld da thric

kh6ng chia h6t cho x - cr,.

Trudng hqp cr ld nghiQm bQi 2 ctaflx) thi ta
n6i ringflx) c6 nghiOm k6p x: ct.

Chung ta c6 mQt ktit qun d6ng chri 1f:

Dinh Ii. Diiu ki€n cin vd dil de sd a td nghiQm

b|ik(k>2,k e N)cda dathilrcflx)lit

J"f(')(cr)=0 vdi i=0, k-l
[7o1cr; * 0

trong il6 f (')1x1 h dqo hdm ciip i cfia flx) voi
quy udcf(o)(r):.{r).

tr. cAc rni ng MrNH HeA
't'hi dg l. Chu'ng minh ring tto'i mei sr) thur:

clu'ong a. b. c: ru luon co:
u3

a2 + ab +2b2
('3 ,a+b+c

4
I-

lt: y fia.-'t -.: (: - t.tl t 2tt:

Phdn tich

Ddu ti€n, ta dg do6n ding thric x6y ra khi
a : b: c. Tii5p theo, ta sE tim mQt tlSnh gi6

dpi diQn d1ng
a2 +ab+2b2

) ma+nb

Ldi gidi

Ta chims minh = 1' . 
' = ,9a-5b .-"""' 

a2 +ab+2b2 - 16

Thdt vdy, BDT ndy tuong duong v6i
(.a= 

. 
b,)' (7 

? 
+ 

!9?) > o (lu6n dring).
l6(az +ab+2b')

Tuong tg, ta c6 -=Y--r9b-5' ,o'+bc+2c2 - 16 )

c3 - 9c -5a
ct +ca+Za' - I6

Tt d6 ta suy ra clpcm. E

Thi dq 2. Chrt'ng minh rdng vo'i moi .so thtrc'

c{uong e,lt, c ta luon ,,0, Y;#
-51rt -7r,': -51't - , r:t-" '--22(u:+h:+r':).

b+t t'4 u

Phdn t{ch

DAu ti6n, ta dU do6n ding thric xiy ra khi
a : b: c. Ti6p theo, ta sE tim mQt d6nh gi6

. 5a3 -abz -oar dlgn o?ng - z ma" + nD'
a+D

a(S-m)at -mazb-(l+n)abz -nb3 >0.

(l - m)a3 - (m + n)az b - (2m + n)abz -2nb3 > O.

Xdt da thic fla): (1 - m)a3 - (m + fidb -
(2m + n)ab2 - 2nb3 (a > 0,, > 0). Ta s€ tim
hai s6 m, n sao cho fla) nhQn a: b ldm nghiQm

! ' "lf@)=ok6p. Mu6n vpy thi j'-r 1J 
L/'(b)=o

f 0-m)03 -(m+n)b3 -(2m+n)b3 -Znb3 =O
<><

[3(1-n)b2 -2(m+n)b2 -(2m+n)bz =0

lg
^ l4m+4n=1 - | 

*= 
t6t-r1 a--l

l7m+3n=3 I -5, 
tn= t6

b3

€ a3 ) (mn+nb)(az +ab+2bz)

TONN HOC10 ' tf,rditie SiS ans rs-2orar
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ld nghiQm cua hQ:

IlS-m)-m-(l+r)-n=0 lm=3

\zts - *l -zm -(l + n) =o 
e 

l, :- l'

X6t tta thttcfla): (5 - dd - mdt * (l + n)ab2

- nb3 (a > O, b > 0). Ta sE tim hai s6 m, n sao

cho fla) nhQn a : b ldm nghiQm k6p. Mu6n
vpy thi di6u kiQn ld f (b): f '(b)=0, hay m, n

Ldi gidi

Ta chimg 
^inh W23az -bz.

Th4t vQy, BDT ndy tucrng duong v6i
(a-b)2(2.a+b) >o (lu6n d[ng).

a+b
. 5b3-bc2 - -,, aIuong tu. ta co h+, 

) 3b'-c-;

5c3 -ca2 )3c2 -a2'c+a
Tt d6 ta suy ra dpcm. E

Thf dU 3. Cho o" b, c la cdc ,sd thtrc dtrrmg r:6

ong bt)ng 9. Ch{tng minh ring:
u. *h) /ll+t,r ,.r+at ^

-I- 

J->U
tthtg bt'-t9 t'rt+9-"

PhAn fich

Khi a : b: c:3 thi ding thric xiry ra.
Ta sE tim mQt drffi gi|dAi diQn dpng

a3 +b3
-----;-------= > m(a + b\+ n
ab +9

e a3 +b3 -(ab+9)lm(a+b)+nl>0.
X6t da thficfla): a3 + b3 - 1ab + 9)lm(a + b) +
+ nl. Ta sE tim hai s6 m, n sao cho fla) nhQn

a : b: 3 ldm nghiQm k6p. Di6u niry xity ra
khi f (b)= f '(b) =0, trong d6

f ' (a) = 3a2 - bfm(a + b) + n)- m(ab + 9).

Nshia n {2b, -(b2 +g)(2mb+n1:g
- e--'-- 

l3b' -b(Zmb+n)-m(bz+9)=0'

Trong hQ ndy, cho b:3 ta dugc

[S+-].8i(Om*n )=Q l*=l< <3<
127 -3(6m+n\-l8m =0 

' ' 
|.r=-3'

Ldi gidi

Ta chtug 
^inn ffi2a+b-3 (l)

Thdt vAv. 
a3 +b3 , 4(a3 +b3) , (a+b)3

'"' ab+9 - (a+672 +36- (a+b)z +36'

xdr BDT , @:!)' 
- -> a+b-3

(a + b)'/ +36

o (a+b)3 > (a+b-3)((a+b)2 +36)
a (a+b-6)' > 0, lu6n dring.

Nhu vfy BDT (1) duqc chimg minh. Tuong t.u:

+l+2b+c-3 (2) ry2c+a-3 (3)
bc +9 ca +9

CQng theo tung vi5 0), (2), (3) ta c6 tlpcm. E

Thi dg 4 (Moldot,a 2005). C'ho ccic sri thm'
du'ong a, l't. c, th6a mdn oa -l' ha * r'a : 3.

Chtrne ntinh t'itt,q: . L*l-* I 
<1.+-ah 4- bt ' 4-ttt-

Phfrn t[ch
Ta tim mQt d6nh gi6 dqidiQn dang

I

--: . <m(ab)2+n
+-aD

hay m(ab)3 - 4m(ab\2 + n(ab) - 4n+ 1 < 0.

Xdt tla thric f (t):mt3 -4mtz +nt-4n+1
(voi r : ab).Ta cin tim hai sd *, n sao cho

flt) nhln r: I ldm nghiQm k6p. Di6u ndy xiy
ra khi f (l)= f '(l)=0, tuc ld

Ldi gidi

ra chimg o,inh 4+=gT (4)

Th6t v6y, (4) <+ (ab)3 -4(ab)2 +5ab-2<0
e (ab-l)2(ab-2)<0.

BDT niy thing do
3 : aa + b4 + c4 > oo + b4 > 2@b)2.

IT
Suy ra ,U.l;<2. BDT (4) ttu-o. c chimg minh.

Tuong t.rJ:

.1. =(b').'=*5 
(5), .r- =Go)'=*5 6)4-bc - 18 \" ') 4-ca - 18

CQng theo trrng vii (4), (5), (6) ta c6 dpcm. E

lm-4m+ n-4n+t=o ^l*=*\3*-8*+n=o -1r:*

sd n* (r-roro T?8H#E: fl
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Thf dU 5. Cho cdc s6 thqc duong a, b, c thda

mdn ab2 + bc2 + ca2 :3. Chilmg minh riing:

Zas +3bs 2b5 +3cs 2c5 +3as

-L -I

ah bc ca

>15(a3 +b3 +c3 -2).
Phfrn t{ch

Dga vdo gi6 thitit, ta dg do6n BDT tlai dign

c6 dpng A#2ma3 +nabz + Pb3

+2as +3bs -ab(ma3 +nabz + pb3)>0.

X6t da thric bQc 5:

f (a)=2as +3b5 -ab(ma3 +nabz + pb3), tac6

f '(a)=loaa -4ma3b-2nab3 - Pb4,

f " (a) = 40a3 -t2ma2 b - 2nb3,

f "'(a)=l2oa2 -24mab.

Chung ta cdn tim c6c sd m, n, p de fld *Ar,
a: b litmnghiQm bOi 4. Di€u niy xiy ra khi

f (b)= f '(b)= f "(b)= f " '(b)=0, tuc ld

lsbs -Oz1mb3 +nb3 + pb3)=g
I

)10b4 -4mba -2nba -pba =0
l+OUt _l2mb3 _Znb3 =O
I

ll20b2 -24mb2 =0

2a5 +:3bs > 5a3 -!oab2 +lob' (7)
ab

Thpt vQy, (7 ) e (a - b)a (2a +3b)20(hi0n nhi6n).

Tuong t.u:

Zbs j3c5 > 5b3 -tobc2 +loc3 (g)
bc

\cs +3as > 5c3 _l1caz +10a3 (9)
ca

CQng theo tung v6 (D, (8), (9) ta c6 ttpcm. E

rzTeEil#@

Thi dB 6. Chmg minh bdt dting th*c sau dung

voi mpi sd thrtc drong a. b, c'.

4a3 +5ff -3azb+I\afr 4tr +5c3 -3Uc+70bcz
3r+b 5b+,

4c3 +5a3 -3cza+lOcaz+ 3;l;
2 5(az + bz + cz) - (ab + bc + ca).

PhAn fich

Ta dU tlo6n BDT dai diQn c6 dPng

4a3 +5b3 -3azb+lOabz ) maz +nb2 _ab
-- 3.+b

e f (a)=(4-3m)at -mazb+(lt-3n)ab2
+(5-n)b3 2O.

Ta cAn chgn m,n sao chofa) nhfn a: b litm
nghiQm k6p. Nghia liL f (b)= f '(b)=0

lm+n--S fm=l<>{ <>{' . 
[t trn +3n=23 ln=4

Ldi gidi

Ta chung minh
4a3 +5b3 -3azb+lUabz 2az +4bz _ab (LO)

3.+b
Thft vpy, BDT ndy tuong duong v6i

a3 -a2b-ab2 +b3 >0<> (a-b)z(a+b)>0
(lu6n dung). Tuong tU, ta c6:

4b3 +5c3:3bzc+l0bc2 >bz +4cz _bc (11)
3b+c

4c3 +5a3 -3c2a+l0cd )_c2 +4a2 _ca (lZ)
3r+"

CQng theo tung vti (10), (1 t), (12) tac6 dpcm. E

Thi dU 7. Cho cdc s6 thryc furong a, b, c th6a

mdn a2 + b2 + c2 : L Tim gia tri nho nhAt cila

bi\u thrc: g=--!-_-+ b . + =' .=
b2 + c2 ' c2 + a2 ' a2 + b2 

'

Phdn tich

Ta du dobn E dqt gi6fi nh6 ntr5t tal a: b : c
t-

= Y vd BDT ilai diQn c6 d4ng
J

aa\._ )maz+n€;-- 
^ 

>ma'+n
b'+c' l-a'

e a) (l-a2)(maz +n)

fm+n+ P=5 
I *--,

o)4m+Zn+r=100] n=-ro.
ltzm+n=4o Lo=ro
L/tt = )

Ldi gi,fii

Ta chimg minh
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-e f (a)=ma4 -(m-n)az +a-n)0.

Ta cln tlmm,n sao cho/( a)nhgna=* ,*

nghiQm k6p. rric,r r(+) = r'(*) =o

l2m+6n=3J: l*='8<>i _<>{ 2
l2m_6n=3,13 ln =O

Ldi gi,rti

a _3J3 .ra cnrmg mnn 1_rz. , o'.

Th$t vfy, BDT tr6n tuong ducrng v6i

3J1a'4J3a+2>0
<> (J-3a - 1)z (J3a +21> 0 (lu6n <tung).

ruong w, :*.fu,,;?r**.
Do d6 nr_Sg, +bz +c2)=+

vpy minE =+khi a= b=c=f.o
Thi dU 8 (Crux). Cho a, b, c ld cac s6 thryc

111^
dffOng thoa man -------- * -.----= *------: l." a+I b+l c+l

chlmg minh riing: ;^.;n*fr t r.

Phdn tich

Ta cAn tim hai sO *, n dO c6 tl6nh gi6

;-'ffi*'
hay 4na2 + (4m + 5n -l)a + m + n -l < 0.

Dqn f @)=4naz +(4m+5n-l)a+m+n-1.
Ta nhqn ttr6y d6ng thric xiy ra 0BDT c6n chimg

minh lr*ri a : b : " =)n€n ta phdi chgn m, n

sao cho fla) rhan ,=| A^ nghiQm k6p.

Di€u ndy c6 rruo. c * ,(+) =, (+)= 0, nic ri

I 4m+5n-l lm=7
l"* z +m+n-t=ro] 

t.
l4n+4m+5n-[=0 ['=-5

Ldi girti

Ta chims minh -]- > --1--1.--'-'"- 4a+l- a+l 3'
Thft vfly, BDT tuong ducrng vfi (2a-l\2 >0

(hi6n nhi6n). Tuong t.u:

I , 1 _1. 1 , 1 _1
4b+l- b+l 3' 4c+l- c+l 3'

111Dodo 4a+l- 4b+l* ara
>--!-+J-*-L-r=1. Ea+l b+l c+1

NhQn xit
Chirng ta c6 ktlt qui tting qu6t:

N6u a, >0 (i =tn1 thtn*a, 2-1= =n-l
-;-1 

a'lL

thi f -l- .2n- 3 
.

f,i 4a,+l 3

Thi dU 9 (Japan 1997). Chilmg minh vdi mpi s6

thqc daong a, b, c biit ddng thuc sau lu6n dung;

(b+c-a)2 , (c+a-b)2 , (a+b-c)2 
=3

(b+c)'z +a'z- 1r*rS4Y- (a+b\\C' 5'

Ldi gi,rti

Vi BDT c6n chimg minh ld thudn nh6t n6n

kh6ng mAt tinfr t6ng qu.lt ta c6 th6 gi6 sri (chuen

h6a) a + b + c: 3. Khi d6 phni chimg minh
(3-2a)2 - (3-2b)2 - (3-2c)2 ,3

2a, -6a+g- 262 4649- 2rz -6rqg' 5'
Ta sE tim mot d6nh gi6c6 dqng

(3-2a)2 ) ma+n
2a2 -6a+9

hay f (a)=(3-2a12 -(ma+n)(2a2 -6a+9)>0.
OC <Ia thric bflc bafla) nhfn a: 1 ldm nghiQm

k6p thi iti6u kipn Hfl1) :"f '(l):0. Tric li

(r-s(m*n)=o ^l*= -*
\t*-zn*i-0.,1"-D"

ln= x
(3-2a\2 - -l8a+23Ia chrmg mmh ,A:d+gz 25 .

Thflt vfly, BDT tuong duong v6i
(a-l)2(2a+ 1) > 0 (lu6n dfng). Tucrng t.u:

"cn*,r--,., 
T?EI#ES rr
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Q-2b)'1 ,-l8b+23.
zbr 4b+g' 25 '

(3-2c)2 , -l8c+23
zc'? -6c+9' N '

mr. 4z (b+c-a)2 . (c+a-b)2 . (a+b-c)2
ru do 

@+O\or* 1r*o1ayn 1r*6y *r,

,-18(a+ljc)+69 =1. I255
Thi dU 10. Cho a, b. c: ld c:ric v6 thu'c' tlurtng

thoa rndn a2 + b2 i t'2 :3. Chilng minh rang:

tlt.^

-T - 
+ 

- 

> -5.2-u 2-lt 2-L'
Loi gi,fii

Phdn tich tucrng fi; chc bdi to6n tr€n, chring ta

di d6n viQc chimg minh BDr *.+
That vay, BDT ndy tuong ducrng v6i
a(a-l)2 > 0, le BDT thing vdi mgi a ducrng.

I b2+l 1 c2+l
/.-D 2 '2-c- 2

lll
r,o do 2-o+ 2-b+ 2-c

,a2+b2!c2+3=3. E
2

rrr. BAr rdr oE NGHI

l. Cho x, !, z ld c6c s6 thlrc thoa mdn r, y, z I I
virx + y t z: L. Chrmg minh ring:

I _,. I ,l <27
1+x2'l+yz' l+22- l0'

2. lroland 19961 Cho a, b, c ld cdc s5 thgc

th6a mdn a, b, c =-1 rU a + b+ c : 1.

Chtmg minh ring:
a - b - ' a9

a2 +l' b2 +l' c2 +l - 10'

3. (usA 2003) Chtmg minh ring v6i moi sO

thuc duong a, b, c ru 
"0, ffiffi

* (2?+c+a)2_ o \21*o*b,)'_ <g.' 
2b2 +(c+a)2 ' 2c2 +1a+b)2

4. (China 2006) Cho c6c s6 thgc ducrng a, b, c

c6 t6ng bing 3. Chimg minh ring:

a2 +9 bz +9!-

2a2 +(b+ c)z ' 262 *1, *
a" +9

+(c + a)z

* c2+9 a,' 2c2 +(a+b1z -''

5. (France2007) Cho c5c si5 thlrc duong a, b, c, d
c6 t6ng bing 1. Chimg minh ring:

6(a3 +b3 +c3 +d3)7 az +b2 +c'+d'+f,.

6. Cho c6c s6 thlrc duong a, b, c c6 t6ng beng 3.

Chimg minh ring:

I .t
a2 +b+c ' bz +c+a ' c2 +a+b- "

7. Cho a, b, c ld c6c s6 thlrc duong th6a mdn

a2+b2*c2:3.
Tim gi6 tri nh6 nh6t ctra bi6u thtc:

E =3\a+b+o+2(!++.1)' \a b cl

8. Chimg minh ring Uat eing thfc sau dring

v6i mgi sd thgc ducrng a, b, c:

3a3 +7b3 3b3 +7c3 3c3 +7a3
.................................................._a 

-L-

2a+3b 2b+3c 2c+3a

> 3(a' + bz + cz) - (ab + bc + ca).

9. (Crux) Cho c6c si5 thlrc ducmg a, b, c
th6a m6n di6u kiQn a2 + b2 * c2 : l.
Chung minh ring:

ltl_
a + b+ c +L +|+!>4J3.

10. (Toan hpc vd fuiii trq Cho c6c sO tt4lc duong

x, !, Z thoa mdn di6u kiQn x + 2y + U : !.
, .iTim gi6 tri lon nhdt cua bi6u thfc:

232y3 - x3 78323 -Bv3 29x3 -27 z3
' 2xy +24y2 ' 6yz +5422 ' 3zx +6x2

TORN HOC
14 ' qLdiUA so 446 (8-2014)
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;;*X-t* _ Erd thggdt
to*,r,0il;;t"hh;; .o EfdiiS Vi SZekefe5
hqp. N[m 1932, E. Klein
c15 chimg minh dugc mQt vU oixn xdl
r A- - r . ,. *o. (GV DHSP He N}i)
k€t qud sau, sau ndy ld m6t
bdi to6n kh6 quen thuQc chimg minh cho truong hW n: 5. Tuy nhi6n,
ooi voi hoc sinh gi6i. c6cblanc6 th6 tim mQt c6ch chimg minh thir hai

Dinh Ii t. (E. Klein, lg32) Ti ndm dien Uit ki ngin gqn hon nhi,5u so vdi chimg minh cria anh

tr€n mjt phdng sao cho kh6ng co ba di€m ndo Dodn Htru D{ing.

thdng hdng, lu6n tin tqi b6n di1m h dinh cila Gi6 thuy6t Erdds vd Szekeres li mQt bei to6n i5t
m6t tth gidc lii. kh6. Ngay ci vcri circ gi6 tri nh6 cta n cfing

Tt bei to6n niry, Erdcis vd Szekeres d6c l6p vdi kh6ng dE chimg minh. Trucrng hap n: 6 6ugc

nhau dd chimg minh clugc k6t qui m4nh-hcrn, G. Szekeres vd L. Peters gi6i ndm 2006 bing
tdng qu6t cho moi s6 fr. cSch sir dung m6y tinh v6i 300 gio ch4y m6y.

Dinh li 2. (Erdds vd Szekeres. 1935) V6i mdi sii Dinh Ii 4. (G. Szekeres vd.L. Peters,200q r*
tts nhi€n k (k > 4), lu6n in tqi mQt sii nguy€n '.' 

d::y bd-t ki tran mdt phdng sao cho kh6ng c6

duong n(k) sao cho ir n(k) diam,W rt "u'"'*a't ?i ljny :u' t?d:s hd:s,lu6n tin toi sau di€m

pharrg ,ro'cho kh6ng co iidi€m ndo ihang hang, ld dinh cila mQt luc gidc l6i'

lu6n tin tqi k didm ld dinh cila m\t k gidc l6i. HiQn nay, nguoi ta md rQng bii to6n cua Erdds

K6t qu6 clra Erdds vir szekereskhdng chi 16 duoc vd' Szekeres' ching h?n:

s6 n(k) ld s6 ndo. Hai 6ng dua ra mQt d6nh gi6 Bhi to6n. Vdi m6i b0 sd tqr nhiln k, t (k >4) hdy

ldn(k)<2k-2+ l,dugcph6tbi6ucgthiSnhusau: xdc illnh sd n(k, t) nhd nhiit sao cho tic n(k, t)

Gi:i thuyat t. (Erdds vd szekeres, tg35) Tir u:dr'o'.'::"r"mfitphiing^sao.cho!lu:10,2"

zk-z + r (k e N, k > 4) diem tiry !, tren mgt p'hdng 7;:#r";"r,'1"{,i*'f;:;r';:;;::r'f": :';#-'Y,
sao cho khilry.g cd ba di€m ndo thiing hdng, ru6n cho b€n trong na.
t6n tqi k diam h dinh cfia m6t k gi(ic lii' 

nE ding kiilm tra ring n(4,0) : 5. N6m 197g,
TrudrnghSpk:4duo.cchimgminhtongDlnhli I nhd to6-n hoc ngucri Dric t6n lit Harborth dd"
boi E Klein. Truong hSp k: 5, theo Erdris vit chimg minh duql r.ing n(5,0) : 10. N6m 19g3,
Szekeres, tlugc chimg minh boi Endre Makai. Hori, da chimg t6 ;d n1i, Ol kh6ng t6n tai
Dlnh Ii 3. (Endre Makai) Tir chin di€m biit ki cho mgi k>7. Nicolas (2007) cl6 chimg minh
ffAn mfit phdng sao cho kh6ng cd ba tli€m ndo n(6, 0) < n(25) vd Gerken (2008) dd chi ra
thdng hdng, lu6n t6n tqi ndm di€m ld dinh cria n(6, 0) 3 n(9),ld d6nh gi6 t6tnh6t hign nay cho
met ngu gtac tot. giefr n(6,0). Gi6 fi chinh x6c cila n(6,0) chua
Endre Makai cflng chi ra . . <lugc x5c <linh. n6t c6 th6 n(6,0): 30 nhu tlugc
h n(5) : 9 bing c6ch x6y ph6t bi6u trong gi6 thuy5t sau:

dlmg mQt phin vi du t6m Gin thuy6t 2. n(6,0):30.
diiSm tr6n m[t phing sao 

^.cho kh6ng c6 n6m dirim ' ' ?-'::'?:',!^^"n}"^:d: 
ph"] l6u m6i gi6i quv€t

ndo trong chirng h dil ::?:^!::'!^?ul1o6Y 
co.vejl gi6n' nhtmg

,^. 
*""' 

, t,. t chic cfins cdn nhi6u cdng sfc c16 tim ra loi gi6i.
cria m6t ngf, gi6c l6i. (vi du cua Makui) Je ,n" ,i", .a. b4n tr6 Io trr6 tim mQt loi gi6i
Dodn Hiru Dilng, T4p chi To6n hgc vd Tu6i tre don gi6n cho Gid thuyilt 1 trong truong hqp
s,i 33, th6ng 6 ndm 1967 , trang l4-l6,tl6 c6 mQt k : 5. Chic c6c bpn thdnh c6ng!

re n*,r-rorn, T?0I#E! 
ts
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cAc lop rHCS

BiiT11446 (Lop 6).fim At cd cbc s6 nguy0n

t6 p, q, r thbamdn phuong hinh:

(p + t)(q + 2)(r + 3) : 4Pqr.

PHAM THANH HUNG
(CH Toan Klg, DH Cdn Tho)

Blii T21446 (Lop 7). Cho tam gi6c ABC c6

A =7 5o , i = 45' . Tr6n canh AB l6y diiSm D sao

cho frD = 45o. Chrmg minh ring DA : 2DB.

THAINHAT PHIJO. NG

(GV THCS Nguydn Vdn Trdi, Cam Ranh, Khdnh Hda)

BiLiT3l446. Giai he phuong trinh

NGUYEN ANH Vo
(GV THPT Nguydn Binh Khi*m, Hodi An, Binh Dlnh)

BdiT41446. Cho tam gi6c ABC c6 Q), (f 6n
luqt ld dutrng trdn n6i titip, dudng tron bdng

tifu cira goc A.Ducrng trdn (./1 Dn luqt ti6p xric

vli chc ducrng thtng BC, CA, AB tqi D, E, F.

Dudng thing JD cbt duong thing EF tai N.

Dudng thing qua 1 vd vu6ng g6c v6i duong

th[ng BC chtducrng thing AN tai P. Gqi Mlit
trung di0m cua BC. Chtmg minh rdng MN : MP.

TRAN NGQC THANG
(GV THPT chuYAn Wnh Phtic)

BitiTSl446. Gif,i phuong trinh nghiQm nguy6n

x3:4f+*y+y+13.
CAO MINH QUANG

(GV THPT chuyAn Nguydn Binh KhiAm, Wnh Long)

TORN HOC
16 rdtr0i@

CAC T6P THPT

BdiT6t446. Cho/(x) =-1 ". . 1ir1r'' 4r+2

r @ * r G+r 4)., Gid. . r m) * ro,
PHAMNGQC BQI

(GV khoa Todn, DH Vinh, Ngh€ An)

BiiTil446. Cho tu diQnABCD. GQi dt dz, dz

ldn luqt ld khoing c6ch gita cdc cip canh d6i

diQn AB vd CD, AC vir BD, AD vd BC, Chtmg
.l

minh rdng: V,qaco 2+d,d.d,.
3tzr

DANG THANH HAI
(GY khoa Co bdn, HV PKKQ, Hd N|i)

BAi T8/446 . Cho n s5 thUc ducrng a1, a2, ..., an

thay d6i vi th6a mdn ]*|*...* L=l
al a2 an

(r ld sO nguy6n duong kh6ng nho hon 2,

cO einfr cho tru6c). Chtmg minh rlng:

ai' + a| +...+ a|r+ a? + at+ az+...+ an> n3 + n.,

NGUYEN VAN XA
(GV THPT YAn Phong sii 2, Bdc Ninh)

rffiN TOI oLYMPIC ToAN

BhiTgl446. Gi6 sri T ldtAp hqp g6m n ph6,n

trr. X6t cilc tQp con khSc nhau cua 7 sao cho

m6i tpp con ndry c6 ba phdn tu vi kh6ng c6

hai tflp con niro rdi nhau. Hdy tim sO ton nhAt

c\c t}p con kh6c nhau ctra 7.

MAI TUAN ANH
(GV THCS Nga Diin, Nga Son, Thanh Hda)

Bni T10/446. Cho p ld mQt s5 nguy6n t6. tlm
tht ca cdc da th.uc JV) voi hq s6 nguy6n sao

cho voi moi sd nguy0n duong n, J(n) ld u6c

ci;a pn - l.
NGUYEN TUAN NGQC

(GV THPT chuyAn Tiin Giang, Tiin Giang)

B^iTlll446. Ki hieu [a] ld sO nguy6n lon nhat

kh6ng rugt qu6 a. An x,yldc6c sti thlrc duong

th6a mdn txl.[y] :304. Tim gi6trilcrn nhAt vd

nh6 nh6t cira bitiu thric P: lxlx]l + lyfyll.
v0 uONc PHoNG

(GV THPT, TiAn Du 1, Bic Ninh)
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Brili T121446. Cho tam giSc ABC. E, F l0n

lugt thuQc c6c do4n CA, AB sao cho EF ll BC.

Trung tryc cria BC cbt AC tqi M; trung truc

ctra EF cit ,qn tpi N. Duong tron ngopi ti5p

tam gifrc BCM cat Cp tar P V'hdc C. Duong
,,.

tron ngo4i ti6p tam gi6c EFN cdt CF tqi Q
ldthc F. Chimg minh ring trung tryc cin PQ

di qua trung di6m cua MN.
TRAN QUANG HI.]NG

(GV THPT chuyAn KJ{TI'{,DHQG Hd N|i)

cAc ni vAr ri
BldiLll446. Trong m6t xi lanh cao, c6ch nhiOt,

dat thing drlng, 6 du6i pitt6ng c6 m6t lugng

khi hcli & nhiOt do 7, = 240K.6 tren pittOng,

ngudi ta dat m6t vat ning c6 kh6i luong bang

mOt nita kh6i lucmg pitt6ng. Sau d6 ngudi ta
dQt ngQt ldy vAt nang di vi doi cho h0 tr6 vt)

trang th6i cAn bang. X6c dinh nhi0t d0 cira khi.

Bidt rang bOn trOn pittOng kh6ng c6 khi. 86 qua

moi ma sdt vi trao ddi nhiot.-

NGUYEN XUAN QUANG
(GV THPT chuyAn Hd NQi - Amsterdam)

BitiLZl446. M4ch dao d6ng gdm tg di6n thudn

dung kh6ng vh cuOn cim thuAn diOn cim dang

thuc hiOn dao d6ng diQn til tu do. Tu diOn c6

diOn tich cuc dai Qo ud cudng dO ddng di0n

qua cu6n cfim c6 gi6tt'r cuc dai 1r. Chon gdc

thdi gian (/ = 0) ld hic diQn tfch tu dien c6 dQ

lon lal = 9n vd c6 di'u nhu hinh vE. X6c dinh-___ tzl 2

thdi didm ddng diOn qua cuOn cim c5 chi6u tt

A danB vh c6 d6 lon l,l = 2
L

NGUYEN MINH TUAN
(GV THPT YAn Thdnh 2, NghQ An)

ffimrIressffim
FOR LOWER SECONDARY SCHOOL

T11446 (For 6e grade). Find all prime numbers

p, Q, r satisfoing

(p + l)(q + 2)(r + 3): 4pqr.

T21446 (For 7ft grade). Given atiangle ABC

with A=75o, B=45o. On the side AB, choose
^a point D such that ACD = 45o. Prove that

DA:2D8,

T3/446. Solve the following system of equations

,F+nTr+.r+y =2(x2 +y2)
1 1 l'1

: __;T_;
xyx'y'

T4t446" Given a triangle ABC. Ler (4 be the

insuibed circ.le and (4 the escribed circle

corresponding to the angle ,4. Suppose that

(.} is tangent to the lines BC, CA, and AB at

D, E, and F respectively. The line JD meets

the line EF at N. The line which contains 1

and is perpendicular to the line BC intersects

the line AN at P. Let M be the midpoint of
BC. Prove that MN: MP.

T51446. Find all the integer qolutions of the

following equation
1 ,1 .x':4y'+ry+y+13.

FOR UPPER SECONDARY SCHOOLS

Lxi2
"16t446. Let /(x) = fi71. rinA

/0)./(#)*/m)*. ./m)+ro)

{Xem ti€p trang2T)

"s 
n*,r-rorn, T?8I#EE 

rz
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Biti T11412 (Lop 6). Tim hui sr) tt.r nhiAn co

dqrg tth ,n l- (.a * b) thr)ct mcin

a3.r.3,h

s4=--.ilI,
ttl 6lJ,

Ldi sidi
D{t c: LJO. Tathdy 3c + 10 : lgzots.

chts63

Lric d6 tting thric d dC bei dugc vi6t thdnh:
l1a+b a.l02o1s +c+b
l1b+a b.102o15 +c+a
lOa+b a(3c+10)+c+b

A--I-----:----------- 
-I- 7}b+a ' b(3c+10)+c+a 

I

^ 9(a-b) _ 3(a-b)(c+3)
- l\b+a - 3bc+l}b+c+a

3 c+i<+ .^;__::- _# (doa_b+0).lob+a 3bc+lOb+c+a'-'-
Tu d6 ta c6:

9bc + 30b+ 3c + 3a: lUbc + 30b + ac t 3a

o 3c : (a + b)c e a t b :3 (do c I 0).

Bdi to6n c6 hai nghiQm (rb,b") h 02, 2l)
vd (21,12). Tht 14i dring. tr
F Nh$n x6t

Cicban sau c6 ldi giAi dung: Ph[ Thg: Nguydn DiQu

Linh, Nguydn Anh Euc, Nguydn Thiry Duong,6Al,

THCS Ldm Thao; NghQ An: Thdi Bd Bdo, Nguy€n

Dinh Tuiin,6C, THCS L), Nhat Quang, D6 Lucmg;

Tp. Hd chi Minh: Trin Gia vy,614, THCS ph4m

VIn Chi€u, Gd V6p; Quing Ngei: Dd Thi Irfi Lan,6A,
THCS Phpm VIn D6ng, Hdnh Phudc, Ngtria Hdnh,

Huynh Ddng Di€u fu.qtin, Phgm Thi Vy Vy,6A, THCS

Nghia M!' Tu NghIa' 

'IET 
HAI

BdiT2l442 (L6p 7). Cho tong A gim 2014,si

, , I 2 3 tt 2014llqtl{!; A:-, -F 
-.- 

+ 

- 
!

l9' 19 l9' lq" lq-'
Hiiv so srinlt ,-f')1t t,ti A)"|a.

Ldi gidi. Rd rdng A> 0 (*)
yd A20r4 _ A2013 : trzots1tr _ 1) c,*; n6n d6 so

s6nh dugc A2013 vd A2014 ta sE so s6nh A vor I.

'3n2014Ta c6: l9A =t + fr+ ft +...+ i*t +.. +#o-il

=l8A=19A- A

_r-( l - l _ _ I _ _ I \_Ul4-'-\19r -l9z - -r"'-rl92or3 
)-;VA

.r+lrl+l+...+ I *...*_l\.
\19' 19'. 19', 19'.u" J

EEt B=****...*j*...*,^.1" suy ra' 19' 19' lg' lg'u''
l8A < B + I. Ta lai c6:

l9B=r+I+A*. *I * *--]-' ' lgr ' 192' "" lg" ' "'' lg2otz

= 188 =teB - B =1-#< 1 = r.*.
I to 10

Dod6 18A<rrr+1= tg= A<#<1. (r'{'*)

Tri (*), (**), (***) suy ra A20r4 - A2013 < O

hay A2ola < A2013. a
F Nhfn x6t

1. X6c ttinh dugc mAu ch6t cria bdi to6n ld so srlnh I
vdi l, ta sE dinh hu6ng dugc c6ch gi6i vd luqc bcrt

ttuo. c nhi6u bii5n dOi, Untr toan ruorn rd kh6ng can thiist.

-4 a' r{ t A

$ilG Ty $Hffit Gt[0ruiltyfiIiltr m0ffoltc ng0mfln'xny Dtstc
IAA'

ntlffi Hg( nmil mH{ llg( $illl il$ q( lln Tp flirmil $( o nfi ni
Fhnihgp tE EhLE trno thrrtrnq thrffiq xugen cho hpc sinh du.ur neu t6n tren Tqt Ehl

t ";i'',.4-+
l'd J

r:i -r'i
. ,.:3

TORN HOC18 icruotu@
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2. C6 nhi6u ban tham gia gidi bdi toSn niy. Ea s6 c6c

ban d6u giAi <hing; mQt si5 ban qu6n di6u ki6n,4 > 0;

mQt sii bpn tl6 cO ging md rQng, t6ng qu6t bdi to6n,

rut ggn biiiu thirc bing cdch sri dpng c6c c6ng thirc
bi6n clOi ph6n sd ttic bigt, t6ng qu6t, ... Cbc b4n c6

loi gi6i don gi6n, lpp lupn chflt chE vd trinh bdy ngin
gon nh6t ld:

Binh Dinh: Nguydn Bdo Trdn,7A, THCS TAy Vinh,
Tdy Scrn; Thanh H.6a,z Ddng Quang Anh,7A, THCS

Nguy6n Chich, E6ng Son, Nguydn Vdn Hi.mg, Nguydn

Thi Hodng Cuc,7D, THCS Nht B5 Sy, TT Brit Son,

Ho6ng H6a; Vinh Phic: Biti Thi LiSu Ductng, Ts

Thuy TiAn,7A5, THCS YOn Lpc; Hir finh: Nguydn

Phuong DuyAn,7C, THCS Li6n Huong, Vfr Quang,
Nguydn Dinh Nhdt,7A, THCS TT CAm Xuydn, L€
Dinh Khanh, Nguydn Ngoc Sctn, Nguydn Thi Qu)nh
Nga,7A, THCS Phan Huy Chri, Th4ch Hi; NghQ An:
ni tfnil Quang,7A, THCS Cao XuAn Huy, Di6n
Chdu, Biri Duy Khdnh, Ui Udu Phuc,TA,THCS Ho
Xu6n Huong, Quj,nh Luu, Trdn LA HiQp, Nguydn

Thi Nhw Qu)nh A, Nguydn Vdn Mqnh,7A, THCS Li
Nh4t Quang, D6 Lunng; Quing Ngfli: Phqm Th! Vy

Vy,7 A, THCS Nghia M!, Tu Nghia, Nguydn Thi Hq
Vy, 7A, THCS Hdnh Phudc, Nguy1n Dai Duong,
78, THCS Nguy6n Kim Vang, Nghia Hdnh.

NGLIYEN ANH QUAN

BitiT3l442. Cho ta giac: ABCD co hai durlng
cheo AC yA BD wtong grlc vcri nhau. Goi lvI yd

N lan ltrcrt la tnrng diim c'ua AB vu AD. K; ME
vtrong goc vrti CD tai E; NF vtrong goc voi BC
tqi F. Chintg ntinh rdng tir giac MNEF noi riep.

Ldi gidi

C'
Gqi P vd Qldr luqt ld trung di6m ctra c6c cpnh

CD, CB. DC th6y IIINPQ la hinh cht nhat n0n
, ^. -.in6 nQi ti6p itucrng tron (O) duong kinh MP

vd NQ. Mat kh6c, ffiF =90o n€n E thuQc
^

tlucrng tron dudng kinh MP; QFN = 90o n6n F'

thu6c duong trdn dudng kinh NQ. Nhu vpy E
vd F cung thuQc du<rng trdn (O), tirc ld tu giric

MNEF nQi ti6p. D

F Nhfln x6t

1. Ngodi c6ch gi6i tr6n, da s6 c6c ban sir dpng tinh
ch6t durmg trung binh cua tam gi6c tl6 chi ra ME,
NF, AC diing quy rOi Al Ai5n t6t tu6n.

2. Ta c6 ki5t qua mo rQng cua bdi to6n:

V6i hai dr€m M, N theo thri 1u thuQc AB, AD sao cho

+ =4,rr' kdt quA v6n tlfng Qdy di6m K ffin ACAB AD
AK AM

saocho _=_).
AC AB

3) Cdc b4n sau ddy c6 loi gi6i t6t: Phf Thg: Nguydn

D*c Thudn, 9A3, THCS Ldm Thao; Vinh Phric:
Nguydn Htru Huy,9A1, THCS Y6n Lac; Hir Nam:
Nhir Nggc iinh,9F., THCS Dinh C6ng Tr5ng, Thanh
Li6m; Hi NQi: Z€ Phuc Anh,gA, THCS NguySn
Huy Tudng, D6ng Anh; Thanh H6a: Nguydn Khdi
Hwng,8D, LA Quang Dfing,9D, THCS Nht 86 Sy,

Hoing H6a, Drtng Quang Anh,7A, THCS Nguy6n
Chich, D6ng Son; Hi finh: Nguydn Phuong DuyAn,

7C, THCS Li6n Hucrng, Vfr Quang; Quing Ngii:
Nguydn Thi Hq Vy, Phqm ThiAn Trang,7A, Vrt Thi
Thi, 8A, THCS Henh Phudc, Phqm Thi Yy Vy, 7A,
THCS Nghia M!, Nghia Hdnh; TP. Hd Chi Minh:
Nguydn Phudc Bdch, 9A8, THCS Trin Dpi Ngtria,
Nguydn Thanh Hung, 9/3, THCS Nguy6n Du,
Gd V6p; Cin Tho: Hu)nh LA Ngpc Trdn,9A8,
THCS Th6tNiit, rp. CAn Tho.

NGUYEN XUAN BINH

BdiT41442. Giai phtrong trinh
4x3 +4x. -5x+ g = 4\f16x+g (1)

Ldi gidi. DK: l6x+8 > 0 <> -r--+ (*)

Ap dUng BDT Cauchy cho 4 s6 kh6ng 6m,

ta c6: 4*ll6x +8 = 4*1722.(2x +t)
12+2+2+(2x+l) =22ta7.

Ding thftc xay rae 2x*l =2 o r =;.
Do d6 tu (1) suy rai 4f +4f -5x+9 !2x+7
e (4"t' + 8x2) - (4* + 8x) + (x + 2) < 0

<> (x+ 2)(4* -4x+1) < 0

e (x+2)(2x-tY <0 (2)
1

Vi x > -1 n€n x+2> 0. Do d6:

r,i n*,r-rorn, T?El*Ht! 
rg
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(2)o (2x-ff <0 <> 2x-I=0
1

e v-i (thoamAnPT(l)).
z

Vay nghiQm cira PT(l) lh x = l. I
F Nh$n x6t. 1. Ddy 1d mQt PT v6 fj'kh6 hay' DiAu

quan trqng trong c6ch giii tr6n ld dung b6t ding thtic

Cauchy tlffi gi6 mQt v6 PT vd k6t hqp voi didu kiQn

cAn dO tdn tpi PT' Tri d6 dAng thirc x6y ra cho ta

nghiQm cria PT. Tuy nhi6n, c6 th6 gi6i PT(l) bing

c6ch bii5n AOi Ui6u thtc 1i6n hqp nhu sau:

Vdi EK (*) thi 0) e 4i + 4l -5x+l=4"lldxl8-8

e(zx-r)Qf +zrl1=@'61-(t/t6x+8+ 
2)(Ji6x+8+a) "

. V6i x = | ta nghiQm cria (3).

. v6ix>Lrthi vP(3) < 1 <vT(3), kh6ng th6aman (3).

. Ybi -l<x<| ,ni vr1:) < I < VP(3), kh6ng th6a

min (3). VflY ( 1) c6 nghi€m x = j.

2) HAu h6t cic bpn tham gia d6u tim dugc dring

nghiQm bii to6n. C6c loi giii cflng chir y6u.le mQt

trong hai c6ch fi0n. C6c b4n sau c6 lcri gi6i ngdn gqn:

Hlr Nam: Ng6 Nhqt Long,7A2, THCS Trin Phri;

Phrri Thg: iguyAn Duc ThuQn,9A3, Nguydn TiAn

Long,8Al, THCS Ldm Thao; Dinh Trung Thdnh,

9A, THCS Doan Himg. Bic Ninh: Nguydn Thi

Thanh Huong, 9A, THCS YOn phong' Hn NQi: Id
Phuc Anh,gA, THCS Nguy6n Huy Tu&ng, Ddng

Anh. Thanh Hl6a; LA Quang Dfing,9D, THCS Nhfr

86 SY, Hoing H6a; Ddng Quang Anh, THCS

Nguy6n Chich, D6ng Son. NghQ An: Nguydn Thi

Hdng, 8B, THCS Li NhSt Quang, D6 Lucrng;

Nguydn H6ng Qu6c Khanh,gc, THCS D4ng Thai

Mai, TP. Vinh. Hn Tinh: Nguydn Phuong Duy€n,

7C, THCS Li6n Hucmg, Vff Quang; Hd Thi Phuong

Anh,9A, THCS TT Ky Anh' Quing Binh: Phan

Trin Hudng, 8E, THCS Qu6ch Xudn Kj', TT Hodn

L6o, Bi5 Tr4ch. Quing Nam: LA Phudc Einh,9ll,
THCS Kim D6ng, HQi An. Quing Ng5riz Vil Thi Thi,

8A, THCS Hdnh Phudc, Nghia Hinh; Phf YOn:

Ng6 LA Phuong Trinh,9E, THCS Luong Th6 Vinh,

TP. Tuy Hda. Binh Dinh: Nguydn Bdo Trdn,7A,

THCS Tdy Vinh, T6y Scrn. TP. HA Chi Minh:

Nguydn Phwdc Bdch,9A8,THCS Trdn D4i Nghia'

TRAN TTOU NEU

BiLiT5l442. Cho cdc s6 thwc x, y, z thda mdn

x * y * z = l. Chdmg minh riing

44(xy * yz t zx) 3 (3x + 4Y + Sz12 (t1

Ldi gidi

Crich 1. BDT(1) tucrng ilucrng v6i

9x2 +16y2 +2522 -20xY-4Yz-l4xz20
<> 81x2 +144y2 +22522 -l8AxY-36Y2

-l26xz>-0
e (81x2 +100y2 +4922 -I80xY+l40Yz

- 126 xz) + (44 Y2 - 17 6 Yz + 17 6 z2 ) >- 0

e (9x-10y -7 r)' + 44(Y -22)2 20 (2)

Nhfln thAy, vC trai cua BDT(2) ld t6ng cita hai

bi6u thrlc kh6ng dm voi mgi x, y z nCnBDT(2)

1u6n dring. E6ng thtc xiY ra khi
(gx-lyv-72 =Q lx=32

\Y-z'=o 
o\'="'

Do it6 BET(I) dugc chimg minh. f6t hqp voi

di6u kiQn r * y * z: 1, thi ding thric o

BEr(l) xity rukhi x = 1, , =Ir, =l
Crich 2. Tri x + ! * z: l,tad|t

1 1 
bt z =L -r-o(a,b e lR')'*=r*a;y=-+ , 6 .

Ta c6 (3x + 4y + 5z)z - aa@Y + Yz + zx)

=(\-ro-o\' -+q(L-\-b.-,' -o' -,b\-[: ") (ro 3 6 )
=48a2 +45b2 +48ab

= l2(2a + b)'? + 33bz > o, Y a,b.

Do d6 BDT (1) tl6 dugc chimg minh'

Ding thric xity ra*, 
{i'::= 

o o 
{; = :,

) Nh$n x6t

1. Ngodi hai c6ch tr6n, mQt s5 ban da srl drpg c6c BDT

Cauchy, Bunyakovsky d€ chimg minh. Ban LA D*c

Thinh ddn6u vd chimg minh bdi to6n tr5ng quSt:

Cho cdc sd thtnc x, y, z. Chtrng minh ring:

((b + c)x + (c + a)y + (a + b)z)'z

2 4(ab + bc + ca)(xY + Yz + zx)

trong d6 a, b, c ld cdc sil duong.

tuc ld * =Lrt , =I, , --L. a

ZOT?ET#@
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(Bii to6n dd cho img vdi a: 3, b :2, c: l).
2. Tuy6n duong c6c b4n sau c6 loi gi6i t6t:

Hir NQi: L€ Philc Anh,gA, THCS Nguy6n Huy Tu&ng,

D6ng Anh; Phrri Thg: NS"y6" Tidn Long,IAl, Nguydn

Dtbc ThuQn, 9A3, THCS Ldm Thao; Bic Ninh:
Nguydn Thi HiAn,9,A., THCS YOn Phong; Hi finh:
Nguydn Thuong DuyAn,7C, THCS Li6n Hucmg,

Vt Quang; NghQ An: NSuyA" H6ng Quiic Khanh,

9C, THCS Dqng Thai Mai; Thanh H6az D(ng Quang
Anh,7A, THCS Nguy6n Chinh, D6ng Scrn; LA Quang
Dilng,9D,THCS Nht B6 S!, Hodng H6a; Binh Dinh:

Nguydn Bdo Trdn,7A, THCS TAy Ninh, Tdy Scrn;

Quing Ng5;iz Phqm Thi Vy Vy,7A, THCS Nghia M!,
Vil Thi Thi, 8A, THCS Henh Phu6c, Nghia Hdnh;

TP. HA Chi Minh: Nsrrye, Phudc Bdch,9A8,THCS
tran Opi Nghia; Quing Nam: Zd Phudc Thinh,gll,
THCS Kim D6ng, HQi An.

PHAM THI BACH NGQC

BiLi T61442. Chtng minh riing phaong trinh

sau v6 nghiQm ffAn fip sd thryc:

sf+x1tzl+6;r-l)
+(x+ l)(9x2+12x+ 5)+ 1=0 (1)

Ldi gidi
Pr(1) e exa +r2r +r5*;r6.;ii;.+5)=s

e x2 (9 xz + l2x + 5) + (x + l)(9 xz + t2x + 5)

+xz -x+l=0
e(xz +x+1)(9x2 +l2x+5)+xz -x+l:O. (2)

Yt xz+r+1 =(r.;)' *1 r0, vx e IR

9x2 +l2x+5=(3x+2)z +1>0, VxelR

(rt'^
xz-x+l=lr-* I **r0, VxelR

\ .) T

n6n (2) kh6ng c6 nghiQm th1rc, vd do d6 (1)

kh6ngc6nghiQmthUc. D

F Nhfn x6t.

1. R6t d6ng c6c bpn tham gia gi6i bdi ndy. Lcri gi6i
ci:r. cdc ban ktr5 phong phri, nhung chri yi5u v6n tfp
trung vdo vi6c bii5n d6i VT(l) thanh t6ng, tich cria

nhirng bitiu thirc 1u6n c6 gi6 fi duong ho[c kh6ng

6m. Tu d6 d6n toi k6t lufln PT(l) v6 nghiQm. Dudi
ddy li mQt st5 k6t qua dta cdc c6ch bii5n e6i AO:

(l) e(x'z + x+l)(3x+2)2 +2x2 +2=0.
(l) <+ 9xa +21x3 +27x2 +l6x+6=O

8x+3)=6.
+2x2 =0.
16x+6=0.
2 _-

9X+_=0-
59

10^ 38+-Xz +-=U.449

MQt vdi b4n dirng c6ch <t4t An phir de dua PT(l) trr

bflc 4 vd b4c 4 khuytSt s5 trang chria lty thira bQc 3 cria

An, sau <16 dirng b6t tting thric Cauchy Ae eann gia.

2. Cbcb4n sau c6 loi gi6i t5t: tnei Nguy6n: Ma Thi

Khdnh Huyin, l6p Toan, TIIPT chuy6n Th6i Nguy6n.

Hii Drrong: Vil Quang Minh,l}Tobn, TIIPT chuy6n

Nguy6n TrIi; Nam Dinh: Nguydn H6ng Ddng, l0 Tl,
Pham Nggc Nam,lOLi,TlIPT chuy6n LC Hiing Phong;

Hda Binh: Dinh Chung Mirrg, 11 To6n, THPT

chuy6n Hoang Vdn Thu; Bic Giang: Drong Thi Hqnh,

10 Torln, THPT chuy6n Blc Giang; Hung YGn:

Phqm Tidn DuQt,9A, THCS Binh Minh, Kho6i Ch6u;

Th6i Binh: Phqm Anh Son, 10, To6n 2, THPT
chuy6n Th6i Binh; Hn NQi: Nguydn Ngec Thanh Tdm,

10 Todn, THPT chuy6n KHTN, Luong Th! Hing Nhi,
10A1, THPT Ddng Quan, Phri Xuy6n; Hir Nam:
Hodng D)rc Mqnh,l0 To5n, TIIPT chuy6n Bi6n Hoa;

Phf Thg: Nguydn Tidn Long,8Al, THCS L6m Thao;

Vinh Phric: NS"yA" Hiiu Huy,gAl, THCS YCn Lac;

Thanh H6az Nguydn Thi Thanh Xudn, l3B, ph6

Phuqng Dinh l, phuong Tiro Xuydn, TP. Thanh H6a;

NghQ An: Duong Thi Thtiy Quj*h, Nguydn Thanh

Thity KhuyAn, llAl, THPT chuyCn Phan BQi Ch6u,

Chu nr Tdm,l0Al2, TIIPT Di6n Ch?*tL, Ud Xuan

Hilng,l0T1, THPT D6 Lunng I, Dd Son; Hi finh:
Phqrn Sudc Cudng, Ng.tydn l/dn Thi!,l0Tl, Trdn Doan

Trang, l0 T2, THPT chuy€n Hd finh; Quing Tr!:
Biti Trung Hodn,l0 Toin, TIIPT chuy6n LO Quf D6n;

Ninh Thufn: Nguydn Trin L€ Minh, ll 'fodn,

THPT chuyCn L6 Quli D6n; S6c Tring: Vwrng Hodi
Thanh,LOA}T, TIIPT chuy€n Nguy6n Thf Minh Khai;

EIk Lik NguyAn Ngpc Gia Vdn, l0 CT, THPT
chuy6n Nguy6n Du, TP. Bu6n M0 ThuQt; Ci Mau:
L€ Minh Phuong,12 chuyOn To6n, THPT chuy6n

Phan Ngqc Hi6n, TP. Cd Mau; Gia Lai: Vii Vdn Quy,
12 Al, THPT Nguy6n Chi Thanh, TP Pleiku;

TP. Hd Chi Minh: Nguydn Xudn Son, l0 To6n,

PTNK, DHQG TP. Hd Chi Minh; PhfiYiln: Dodn

Phil Thi€n,12A1, THPT LC Hdng Phong, Tdy Hoa.

HOANG CHI

e 3x2(3x2 +7x+5)+2(6x2 +
(1) <+ (3x'z +5x+3)(3x2 +2x+2)
(1) e x2(9x2 +21x+16)+llxz +

rrr <+ (:x, .+-)'.?(..#)

rrr<+ [:x, 
.+-)' .(+-.+)'

". 
n*,r-ro,n, T?!I#E! 

zr
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r-

BdiT7l442. Cho tam giac ABC npi tiip dad'ng

tritn tam O. ban kinh Rvo'i CA* CB, ACB *90" -

MQt dud'ng trdn tam S ngoai tiip tam gidc AOB

cdt cat' drrrtng thdng CA, CB tqi cac diim

tu'o'ng u'ng M, N. Goi K ld anh doi xtTng cila

di€tn S qua du'dng thang MN. Ch{ntg minh

ring SK: R.

LN gidi. (TlteobanNguy€n Long Duv' 1 lT1, TIIPT chuy6n

Hrmg Ydn, Hung YOn)

Su dgng g6c dinh hu6ng theo modun n:

(MO, Mq=(BO, BA) (modn)

=(BO, O^' + (OS,BA) (mod n)

:(OB,O.')+ L, ={Ca,CA)+ $ @odn) (1)

M6t kh5c

(MO, Mq: (MO, BC) + (BC, Mq (mod r)
: (MO, BC) + (BC, CA) (mod n) (2)

Tri (1) ve (2) _ MO LBC, suy ra M?ldcluong

trung tn;c oia BC,n€n LBMC cdntqi M.

Xetcirctam grftc cdn A,SMKvi ABSO c6

(sM, sro : (BM, mD : (BM, Bq: (cB, cM
: (OB, O.Y) : (BS, BO) (mod n)

* (SM,SK) : (BS, BO) (mod n).

Trid6 LSMK: LBSO,Adntoi SK: BO:R. D

) Nh$n x6t

C6 kh6 nhi6u ban tham gia giai bei todn t6n, tuy nhi6n

da s6 c6c loi giai tt6u phr; thuQc vdo hinh v6. Ngodi ban

Duy,cdcb4nsau cflng c6 loi giai t6t:

NghQ An: Ui Xuan Hilng,l0Tl, TIIPT DO Luong I;

Hi finh: Trdn Hdu Mqnh Cactng,l lTl, TTIPT chuyCn

Hd Tinh; Quing Nam: Trin Nhdt Huy,10/1, TI{PT

chuydn Bic Quang Narn, Hgi An; Binh Dqnhz Mai TiAn

LuQt, IIT,TFIPT chuy6n LC Quf D-on.

NGTIYEN TIIANH HONG

Biti TBl442. Cho x, !, z ld cac s6 thu'c thoa

mdn x2 + y'+ z2 = 8. T'im gia tri lon nhirt vd

nho nhiit cua bi€u th*c sar.

P = (x -l)s + (,' - t)' ' 1; - x)5 (1)

Ldi gidi. (Theo tla si5 c6c ban)

Do vai trd ctra x, /, Z trong bi6u thirc lPl nhu

nhau, kh6ng m6t tinh t6ng qu6t, c6 thO coi

x 1 ! 1 z vdlPl = lQ - is - Ky- r)t + (,' y)tll
DAt y - x : a, z - y : b (a>- 0, b > 0). AP d\rng

BDT AM-GM (ho[c Bernoulli, Holder), ta c6

a, +brr@!!)' hay (y-x)s +(r-y)'r(z -{)' .

,L

vav lrl =(t-J,)c-o' Q)

NhQnx6t rdng xz +zz +Zyz +2xz>0
o(z-x)2 <2(x2 +Yz +zz)

nan (z - x)2 < 16, k6t hqp v6i (2) suY ra

lrl < (r -*). :e6o hay -e6o < P <e60.
("--)
l^

P =96}khi ]y=g ; P= -960 khi
I " -'tl'-'

Vpy maxP: 960; minP: -960. D

lx =2
jr=o .

t--_,)
L4 -

) Nhfln x6t. C6c b4n sau eld bei di5n Tda soan d6u c6

ldi gini dtng: Bi Ria - Vflng Tinz Phqm Vd.n Huy,

11T1, THPT Vfrng Tdu; Binh D!nh: Mai TiAn LuQt,

I lT, THPT chuy6n L6 Quf D6n; Dik Ltrk: Nguvdn

Ngpc Gia Vdn, l}CT, THPT chuy6n Nguy6n Du;

Hir Nam: Bqch Xudn Dqo,l2T, THPT chuy6n Bi6n

Hda; Hi NQiz Hodng LA Nhqt Titng, lDM, THPT

chuy6n KHTN, Nguydn Vi6t Hodng, 10T1, THPT

chuy6n DHSP, fii Bd Sdng, 10T1, THPT chuy6n

Nguy6n Huq; Hi Titthz Trin Hqu Mqnh Cadng,llTl,
LA Vdn Tnrcrng NhQt, Nguydn Vdn Th€,10T1, THPT

chuyCn Hd Tinh; TP. Hd Chi Minh: Dd Nguydn Wnh

Huy, I}T,PTNK DHQG TP. H6 Chi Minh; Hrmg YGn:

Nguydn Long Duy,l lT1, THPT chuy6n Hrmg YCn;

Nam D!nh: Ngaydn Hing Ddng,l0T, NguySn Duc

Trung, llTl, Vfi Anh Tudn, |2T2,THPT chuy6n L6

H6ng Phong; NghQ An: Hd XuAn Hitng,|}T|,THPT
D6 Luong I; Phf Thqz Nguydn Drhc Thusn,9A3,

THCS L6m Thao; Quing Binhz Hodng Thanh ViQt,

10T, THPT chuy6n Quing Binh; Thanh H6z: LA

Quang Dilng, 9D, THCS Nhfi 86 S!, Ho[ng H6a'-

NGI.IYEN VAN MAU

zz'?31#8! "ry*
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Bni Ll 1442. D(tt ruot diAn dp xoa1, chiiu
u =(J^llcosax(V) vao hai dau doctn muc'h AB
(hinh vd). BiAt 4t diQn co ctung khdng Z(.: 6OQ,
c:udn cam thuin co can khang Zt.: 20Q, diOn
tro thuin tt1; co gia tri xuc dinh vit R ld mot
bi6n trri. Diiu chinh biAn ffo'di cong sttat tuu
nhiet tren nri dat ktn nhdt. trhi ctd cOng straf foa
nhi& tAn R bing hai lin cong suat too nhi€t
tAn Ro. Hoi phai diiu c:hinh biln tro'hing bao

^:nhieu thi t'ong strot ti1u thu tAn doan mac'h

AB lo lo'n nhat ? no

Ldi gidi
A

Cdng su6t toa nhi6t tr6n bi6n tro:

(, R& )'
g,=Ui - ['*^, ,J,.RR

_ urRRi 
_

(zL-zc)2(R+rq): + Rrry

U'R3

Itz,-2,)' + otl *.At#&+(,,-2,)z \
Ap dpng BDT Cauchy cho bi6u thric o m5u
ta f.h6y g R l6nntr6t ttri:

l{zr-zr)'*o1l*=@*W,
\lz,-z,lsuy ra: R = R, = ----- (1)-'r \tETa=J'

Vi R vdrRo mic song song ndn khi c6ng su5t toa
nhiQt tr€nR b[ng hai l6n n6nRo thi R0: 2R. (2)

Tri (1) vd (2) suy ra: 4=,{512, -Zr)=40{3Q.
Khi c6ng su6t ti6u thu tr6n doan mach AB 16n

nhit,taa6 Oang chimg minh duoc:

R^Rv _.7 .7

&+R -Lc-LL

=R= n=ffffi=ffixe4,6e. D

F Nhfn x6t. C6c b4n c6 loi gini drurg:NtmDyrh: Phqm
Ngpc Nam,l0 Li, TFIPT chuyCn LO H6ng Phong; Thanh
H6az Phqm Ngoc Bdch,l2A4, THPT finh Gia 2.

NGUYEN XUAN QUANG

Bdi LZl447. M6t ngmii pha mor lurng trd da
battg t'uch trdn ldn 5009 ntro'c trd nong vo'i mot

khtii tu'ottg bing no ntrri'r: cla dang tan. Neu nhiQt

do bcrn diu ua nur'rc tra nong lin lmil la:

a) fl5"C; b) 75"C

Hdi nhi€t dQ va khoi luo'ng cila da cdn lai
hing bao nhiAtt khi trd vir dd clqt to'i cilng mot
nhi)t dQ'/

Ldi gi,rti

Goi r, ld nhi6t d0 ban ddu cria nudc trd n6ng;
/2 ld nhiOt dO cira tri vd dd khi ci hai dat ddn

cing m6t nhi0t d0.

Nhiet luong Q, do nudc tri n6ng nhi ra ld:

Qr= cm(tr- tr). (1)

Nhi0t luong Qrdo nu6c hdp thu ld:

Qz= Lm + cmtz. Q)
Theo dinh lu0t bio tohn ndng luong Qr= Qz,
ta c6: cm(tt - tr.) = Lm + cmtr.

r 1( t\
Suy ra: (t, - t) = : + 4hay tr= ;l /, -: I- c - zU c)
_ n .( . 3,33.105 \
= 0,5[rr ): o,Stt,-79.sr. (3)

a) Vdi tr : 85oC, thay vdo (3) ta nhAn du-o. c:

/z = 0,5(85 -79,55) :2,72oC>0.

V tr> 0, nOn nu6c d6 tan hdt.

b) Vdi t2:75oC, thay vdo (3) thi r, < 0. Didu
d6 chrlng t6 ld nu6c dd chra tan hdt, vAy trong
PT(l) thi 4 - 0. Ta phii tinh nhu sau:

Qr= cm(tr- 0) = 0,5.4,186.103.75 = 1,57.10sJ

Khdi luong m, nrrlc d6 tan ra dd hdp thu nhi6t
luong Q,li:

Q, 1,57.10stflr:* = -.=- :0.47ks.:470s' L 3,33.10s -', " -'o '' - D'

VAy luong nudc d6 chua tan hdt bang:

mz=500-470=309. D

F Nh$n x6t

Bqn NguydnThiThanhXurin, sd nhi 13B, phd Phuong
Dinh 1, phuong Tdo XuyOn, TP Thanh Ho6, Thanh Hori
c6 ldi giii dring vd l6p ludn fuong ddi chat ch6.

DINH THI THAI QU1NH

"e 
n*,r-ro,n, BEil#EEer

C
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g* *t'Et
xxxxxxxxxxxxx

TS/THCS. Tim tdt cd cac b0 ba s6 nguyAn

daong (a; b; c) th6a mdn a, b, c ld d0 ddi ba

cqnh cua mQt tam giac vd

ld sd w nhian l,i khdc l.

Ldi girti. Ta c6 c6c nhfln x6t sau:

1) NCu x,yldc6c s6 htu ti kh6ng 6m,

Jr+Jy .Q thi .6; .F . Q.

Thpt vpy: xdt trudng hqp x +.Y > 0

(truong hW x:y:0 khing dinh dung)' Ta c6

x-yJ.-J, =ffi. q

* 2Ji = fJi - Jil+ (Jx +.F)' q
+Ji; J . Q.

2) N6u x,!, z lir c6c sO tttru ti kh6ng 6m,

Ji+.!y +J2 e Q thi Ji; Ji;G' Q'

Thfltvfly, dlt a=Ji*JY+J7 e Q

= a-Ji = ,{y +JZ +G-Ji)' =(JY *Ji)'

=ar-ZaJi+x=y+Z,!yz+z
- 2(Jy, + o^l*) = az + x - Y -z e Q'

Tri nhan x6t 1 suY ra ..8 e Q.

Do vai trd tucrng tlJV; G . Q'

Ap dung vdo bdi to6n:
l- 10- r- 5 t 79

F = h#-.lTi-+{;f7 'x
ffi*u-,''ffiFu'q

19 =L (*,r e N*. (m,n\: l)
a* b-C n

E=L (n,p,q € N*).
Yc+a-D q

Dod6 F=L*!*!<t*1+l=3.-npq
Nhrmg theo gi6 thi}t F e {3; 5; 7; "'}, tu do

la+b-c=19
suyra n:p:q:l )]b+c-a=5 =

lc+ a-b =79

o = tl{o 
+ u - c) + (c + a - bl= 49, b : 12, c : 42'

VaV .O duy nhAt bQ ba s6 nguy0n duong thoa

mdn bii to6n li: (a, b, c) = (49,12, 42)' J

) Nhfn x6t

1. Ding ki6n thric da thric cira lop 10, ta chimg minh

duqc kheng dfnh t6ng qu6t:

N6u x,, x2, ..., xn ld c6c si5 hiru ti kh6ng 6m vd

Ji* Ji*...+ Ji.Q thi ff, Ji,, ",.8 = Q'

2. Trong s6 c6c ban gui loi giii toi Tda so4n' c6 ba

b4n c6 loi gi6i hoin chinh: Thanh H.6a: LO Quang

Dilng, 9D, THCS Nhtr 86 SY, Hoing H6a; NghQ

An: Nguydn Hing Qu6c Khanh,9C, THCS D[ng

Thai Mai, TP' Vinh; Quing Nam: I€ Phudc Dinh'

9/1, THCS Kim Edng, HQi An'
NGUYEN MINH DUC

T6/THCS. Cho tam gidc ABC, D ld chdn

dtdng cao hq tit C; TrAn AB lay cdc di€m E' F

sao cho frE =6dF =90'. x ld di€m tron doan

CD; K ld diAm ffAn FX sao cho BK = BC vd L

ld di€m ffAn EX sao cho AL = AC; AL vd BK

,iit nho, tai M. Ch*ng minh rting ML = MK'

Ldi sidl Ta ei6i bdi to6n trong trudns hqp

frErgo", c6c trulng hq1 frE=9oo vit

frE .90" chimg minh tuong tu.

K6 duong thing qn A vu6ng g6c v6i XE' cdt

cD taiN. Khi d6 xliL truc tam cija N{AE,

stty raAX LNE, tu db m =ffii' (1)

4PAE ndnltz ti6o_11c v6i

ducrng trdn(EDL) =-ALD = LED = AEX' (2)

Tt (1) vd (2) suy ra ffiD =ffi n€n b6n

di6m N, A, L, D ctng nim fi6n mQt dudrng trdn'

d6n di5n trI-l--fiiA=90" haY NL LAL'

Gi6 stt

> lgnz = (a*b- c)mz + 19 : m' = m=l'

Nhu vfly . Tuong t.u, ta c6:1

n
19

;T6-

TONN HQC
Sd aes (8-2014)

79
; +4:6

24 -cfudi$W
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Laic6 LXEDn>LAND(g.g) =*=? fzlAD ND
Y\ LACE vd MCF cr)ng vu6ng tai C n6n

CDz: AD.DE: BD.FD =+=+ g)
BD ED

Tt (3) ve (a) suy ra XD - BD

FD ND

= LBDN'nLXDF =6frD=6F*:6Fk (s)
Mdt kh6c, BI( : Be : BD.BF suy ra BK
.. ttiep xuc voi duong tri:n (DKF), din ct6n

m:6FR (6)

Tt (s) vd (6) suy ra END=68d nghia ld
b6n di6m B, D, K, N cing nim tr6n m6t

rludng tron. Suy ra NK L BK. Ap dpng dinh li
Pythagore ta ilugc: MI( - ML2 : ttt2 - Ut(
: (NA'- AL') - (NB'- BP)
: (NA2 - NB,) + (CB2 - CAr)
: (cA' - cn\ + (cB' - cA1 : o @o NC L AB).

YQy MK: ML (dpcm). J
F Nh$n x6t

l. Truong hqpfrE = 90o ctrffi ldnQi dung Bdi todn 5

trong ki thi IMO ndm20l2.

2. 56 ldi gi6i grii vA tda so4n kh6ng nhi6u. Ba bpn sau

c6loi giii tOt. quang Ng5ri: Nguydn Thi Hq Vy,7A,
THCS Hdnh Phu6c, Nghia Hinh; Thanh Hoiz Dfing

Quang Anh,7A, THCS Nguy6n Chich, D6ng Son,
LA Quang Diing,SD,THCS Nht t: tr, Hoing Ho6.

HO QUANG VINH

TS/THPT. Tim tiit cd cdc bQ sO nguyAn daong
(a; b; p) trong d6 p td s6 nguy€n t6, a vd b nguyAn

# citng nhau sao cho tQp troc nguyAn t6 cua
a * b trilng vdi tQp adc nguyAn 6 cila d + H.

Ldi gidi
i) NCu a: b th\ v\ (a, b): 1 n6n sry ra a: b
: 1. Tir d6 v6i mei p ta co a * b : 2 : d + ff .

Thdnh thir (1, l, p)ldmQt b0 s5 th6a mdn.

ii) Xdt a * b. Gi6 str a > b. Ggi K vd Il tuong
rmg ld tdp u6c nguy6n t5 cira a + b vd d + U.
Gii sir K: H.
. X6t p :2. Gli sri q e K suy ra a = -b (modq)
> d : b2 (mod,q). Vi q e H n€n a2 + b2 = 0
(modq) )21 = 0 (modq). Niiu q > 2 thl a = 0
(mod q) > b = 0 (mod q). DiCu niry trfui gih
thi€t (a, b) : 1. Vay q : 2 vit K : H : {2}. Do
d6 az + b2 : 2' v6i s > 1 (do a > 1). Niiu a 16

thi b le, do d6 I + b2 = 1 + I : 2 (mod,4),

mdu thu5n. Do d6 a, b chin: a:2a1, b :2bt
suy ra 4 * t = 2'-2.Sau mQt s6 bu6c, tatli d6n

4*4 =2 hodc 4 *Fr = 1. Didu ndy kh6ng

xiry rav|a22, b> 2.

. xdt p > 2.Ddt B = 
o' ! bro 

= aP- | - aP -2b +
a+b

...-ab?-2+bP-r-
Ldy ql B + q e H = q e K ) q : -b (mod,q)

= 0 = B = paP-1 (mod4). N6u q + p thl q I a

= q I b trii vdi gi6 thi6t (a, b): t. Vfly Q 
: p,

tuc ld B : p', a = -b (mod q) vd a, b ddu
kh6ng chia htit chop. Df;t a: lq - b tac6:

. _(kp-b)r q6t
D--

kp

= A(ko\2 - P@--D fp6e-z a O6n-r

= pfit'l(rnodp'?).

Do b / p n€n B / p',thenh thri s : 1, tuc ld
B: p.

Vi a > D n6n a> b + | = a(a - b - I)> 0 =
a2 - ab) a.

Yay p = B >d-+ = a2 - ab+ b2 > a+b> p.

tan*,r-rorn, T?HHSzs
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Ding thric xiy ra khi vd chi khip : 3, a : b + l,
a* b:3. Suy rap:3,b: t,a:2.
Thir lai ta thdy b0 sO (a, b, P) : (2, l, 3)

th6a mdn.

Edp sd: (1, l, p); (2, l, 3); (1, 2, 3). A

F Nhfn x6t

Trong s6 11 ban tham gia gi6i bdi to5n ndy c6 l0
b4n cho il6p st5 dirng. Tuy nhi6n ldi gi6i cdn ddi vd

cdn c6 d6i ch5 chua ch{t chE. C6c b9n sau c6 loi gi6i

tucrng d6i t6t:

Hd finh: Nguydn Vdn Th6,10T1, THPT chuy6n Hi
Tinh; Thanh IdL6a; LA Quang Dilng,9D, THCS Nhfi

86 Sy, HoIng H6a; Nam Dinh: Vil Tudn Anh,12,

THPi chuyOn L6 H6ng Phong; Quing Tri: Trin

Trgng Tidn,l1, THPT chuy6n LC Quf D6n.

EANG HLTNG THANG

T6/THPT. Cho tant giac khdng cdn ABC.
.. .. j

Drottg lrin noi tiep Q) theo rhfi' try ti€p xtic

vo'i BC, CA, AB tai All, Bo, G; Atr, Bj, Ci theo

thtr ta ctit BC, CA, aE {ai A1, Bt, Ci BoCtt,

CsA6, AoB0 theo tlu tu' ,dt B',C1, C1Ai, AiBl

tqi .42, Bz, Cz" Ohtirtg ininh ring AtAz, Btfiz,

CoCz ding qu.v- tqti m\i Ciirx thtt$c (l).

Ldi girti

BA dA. Cho tam gidc ABC. Cdc cQp didm As,

Ai Bo, Bi Co, Cr theo tha W thuQc BC, CA, AB

sao cho AAs, BBo, CCovd AA1, BB1, CCl ding

Qu!. Cz ld giao di6m cfia AoBo vd ABt Bz ld

giao didm cila AoCo vd ArCt. Khi dd A, C2, 82

thdng hdng.

Chirng minh. (h.l).

Yl AAo, BBo, CCovd AAy BBr CCt d6ng quY

n€n ,4,o(ArABrCr) = A(!ACyB) = -l
= 4(4ACtBr) = Ar(\MrCr).

Do t16 A, Cz,B2 thing hing'

Tro lai Bei T6/THPT (h.2).

A

Ap fimg dinh li Menelaus cho MBoCo v6i

sg thing hingA2, By C1,tac6

4Bo Cpo B,A _,::
\Co CrA BrBo

B,C" A,A" {n _,Tuons tu 4.+.: - |
Br4 A,B CrCo

,uga..!&..8=r.
crB, BrC 44

Nhdn theo tung v6 cira ba ding thric tr6n, chri

y rlng AA1, BBy, CC1 d6ng 9uY, 5P dung tlinh

li Ceva cho LABC, tac6

, Ar4 rlic, C.4" Bn C,B 49
r-:::-:-:.:

4C, Bo4 CoBz ClA 48 Bp

= 4!L .!rC-, .Cr4z .1-11.
4C, Bo4 CoBr'

,,^-. 44 4c, Cre" ,

- 

z --1 .

1hC2 Bo4 CoB2

TOf,N HOC
Z8' ; 

"tuOirt*i_:q 
$_q-ro*l__
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Tt d6, 6p dpng dlnh 1i Ceva cho LA\)BoCo,

suy ra As,42, BoB2, Ct)C2CI6ng quy, tai K (1)

M[t kh6c, theo b6 dd tr6n, A,B2,C2thing hang.

Tar d6, 6p dpng dinh li Pascal cho s6u di6m
(,+n^c^\
| ' " l, chu y rbng A=BoBoaCoCo;
lKCoBo )
B, = 4Co a BrK; Cr. = 4Bo aCrK, suy ra K
thuOc (4

Tt (1) vd(2) suy ra clpcm. D
) Nh$n x6t

Bii to6n nay tuong d6i kh6, chi c6 7 bpn tham gia
^ i,

gidi. Xin n€u t6n mQt s6 bpn c6 loi gi6i tuong d6i t6t:

Hi Tinh: NSrryA" Vdn The, Le Vdn Tnrdng NdAL lOTl,
THPT chuy6n'Hd Tinh; Thanh }JLo6: Nguydn Ti6n

Det, 11T, THPT chuydn Lam Scrn; Quing Binh:
Nguydn Minh Ngpc,10T, TI{PT chuy6n QuAng Binh.

NGUYEN MINH HA

MOBIMFNffiMFf,'E
(TiAp theo trang 17)

T:/-1.{.6. Given a tetrahedron ABCD. Let
dr, dz, d: be the distances between the pairs of
opposite sides l.B arrd CD, AC and BD, AD

and BC.Prove that Vaaco r!d,d"d..5"
l.S,'-t";!6" Given an integer n which is gteater

than 1. Let a1, a2, ..., anbe arbttrary positive

real numbers satisfying

111 r 
-l

-T-7...7- - r.at az an

Prove that

af +a| +...+af;r+a* +a1+az+...+an>n3 +n.

TOWARDS MATHEMATICAI, OLY1VIPIAD

Tql416. Let 7be a set of n elements. What is

the maximal number of subsets of 7 which
can be picked so that each subset has exactly
3 elements and any two subsets has nonempty
intersection?

(2)

NfqT 5[} TLI'OT{C Lf&*'H
TRONC KT{OI NGHIA T{,T.tr [}A TRTI]qG
(Di itdng tAn TH&TT sa UZ thdng 4 ndm 2014)

Al - 84 A2 - B& .1,3 - E2 A4 - !t1)

,t5-86 46-E7 A7-Bl A8-Bli!
A9-85 AtO-[}3

Hoan nghAnh cdc bgn sau cd liti gidi tlfing:
Vinh Phrfic: LA Duc Thdi, 6A2, THCS Y6n Lac;

Hrmg YGn: Trin Bd Trung,ll To6n 1, THPT chuy6n

Hrmg Y6n; NghQ An: Phan Xudn Duc, C4K47,
THPT Nam Ddr'r. 2; Hi finh: Nguydn Einh NhQt

Nam, l0 To6n 1, K23, THPT chuydn Hd finh;
Ci Mau: LA Minh Phwong,12ToSn, THPT chuyCn

Phan Nggc Hi6n, TP. Cd Mau.

VIET AN

TWl446. Let p be a prime number. Find all
the polynomials/(x) with integer coefficients

such that for every positive integer n,fln) is a

divisor of pn - l.
'{lll446.Letx,y be the positive real numbers

satisfring txl.[y] :304, where Lal is the

gteatest integer not exceeding a. Find the

minimum and maximum values of
P: [.r[x]l + UUl.

T121446. Given a triangle ABC. Let E, F
be points on CA, AB respectively such that
EF ll BC. The perpendicular bisector of BC
intersects AC at M and the perpendicular

bisector of EF intersects AB at lf. The circle
circumscribing the triangle BCM meets CF
at P which is different from C. The circle
circumscribing the triangle EFN meets CF
at Q which is defferent from F. Prove that
the perpendicular bisector of PQ contains the

midpoint of MN.

Translated by NGUYEN PHU HOANG LAN
College of Science - I/ietnam National (Jniversity, Ha Noi.

Sd aas (8-2014)
TOAN HOC. ctry
--*YiilOtge:r r
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B4N o9C

TiM
rOr

Oau tldv tirc eih dC xuat mQt dang kh6i

@qu6ttou "tu 
uai to6n md t|c gitttla dua

vdo mgc "Di ra ki ndy" cua Tqp chf Toan hoc

vd TuiSi td dinh cho c6c ban hqc sinh b4c

THCS @diT5l429,thing3 ndm 2013).

Phit bi6u biri toin

Blri to6n. Gid s* ABC ld mQt tam gidc nhqn,

nQi tiep drdng tron (O) voi BC > CA > AB'

TrAn (O) ta ldy sau di€m phdn biet M, N, P, Q,

R vd ,S (kh6ng tri.mg voi biit cu dtnh ndo cila

tam gidc ABC) sao cho'. QB: BC: CR (I)

SC: CA: AM (II) vd NA: AB: BP (I[)
Ggi fu, Ia vit Ic lin luqt ld tdm dwdng trdn n6i

ti€p cdc tam gidc APS, BNRvd CMQ. Th€ thi:

NeInIc'" LABC (*)

Ghi chfi
. N6u ki hiQu ca h (su) d6ng dqng thuan (cung huong)

thi +le (sU) <t6ng d4ng nghfch (ngu-o. c huong).

. Ni5u phdn lopi (kh6, d6) thi bdi to6n ph6t tri6n tr€n

c6 tdrnc0 cria mQt bdi to6n IMO, khdng dA hon bdi

to6n sri 6 cria ki thi IMO 2011.

t. n6 ad. Goi T ld m\t di€m bdt ki ffan (o)
(trong bdi todn ffAn). Tran (O) ta tiiy m aiem

A', B', C' sao cho cdc tam gidc ATA', BTB'

vd CTC' ldn laqt cdn tqi A, B, C (ttu y rdng

mQt trong chting c6 th€ suy bidn thdnh m\t

doqn thiine rc ttai lin khi r e {A;E;e\).
fne tni sii do cdc g6c cila tam gidc A'B'C'
kh6ng phy thuQc vao vi trf cila di€m T.

1A: boQa), ...,xem Hinh l).

Chftng minh

Ki hiQu s6 do c6c g6c ctra MBC vd M'B'C'
nhu sau: A= cL, B =9,6 = y (theo gi6 thi6t thi

o< y <B < cr < lrlrt = x,E' =!,e'=2. Ta sE

tinh x, y, z theo o, F, Y (don vi rlo g6c ld radian).

zsr?el#@

friqt !{ng hbfit qufit bou
tu mOt bar toiin nh6

NGUYEN DANG PHAT
(Ha Nai)

B'

. Tru6c h6t, trong M'B'C' thi 16 rdng lir:

- 

l- l/-..._\
x ='8, A, C, =* B' oC' =:loB', oC' ) [modzr] (1)

22.
. M4t kh6c, theo clh dgng M'B'C' thi B'd6i

ximg voi r qua @E)=b vd zlai d6i ximg voi

C' qua Ge) =c. Boi th6 n€n C' h enh ci;a B'
qua tich 5""}6 cira hai ph6p il6i ximg trgc qua

hai duong kinh (BOB) = b vd (COe1 = s.

Tich ndy chinh ld ph6p quay tdm O, g6c quay

q : 2(b, c), ki hiQu ld Q(O, q), trong d6

^ ^
(b, c) : n- BOC :v-2BAC: B +Y - cr (2)

Ph6p quay 4O, q) bi6n B' ,- C'; OE' -'
Od' vili viy (Og, Od') = I =2x[mod2n]'

. o6i chitiu (1) vd (2) ta duqc n: B + y - a.

Tuong W,!:Y+cr- 9;z: cr+ F -Y (3)

Suy ra tlpcm.

Ta cd nhQn xit quan trgng sau iIiY:

Tru6c h6t, ta n6i ring: "Tam gi6cVI(A'B'C)

dugc sinh boi di€m T cua dudng tron (O) :
(ABC) vd gdn fAt dOi ngdu vbitam gi6c ABC

cO Ainl cho tru6c tr6n (O)." Khi di6m T thay

OOi vi tri tr6n (O), tdt ctt citc tam grdcn, ein

A'
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t<6t OOi ng5u v6i MBC diu bdng nhau vd

cirng hahng nhrmg nghich hu6ng vft MBC
(do chring d6ng dpng v6i nhau nhtmg cirng
nQi ti6p mQt tludng hdn ld (O); chtmg minh
tinh ch6t ndy kh6 dcrn gi6n).

2. Ap dgng bO ili: viro Bdi to6n ban tIAu

. Tru6c net ta AE ddng ki6m tra duoc ring, hQ

th6ng (I, II, ilI) crlc b0 di6u kiQn dflt ra trong
Bdi todn dugc suy ratir Bii aeWtchring ta cho.n

T 6 ba vi tri tlflc biet, d6 ld c6c dinh A, B, c
ct-a LABC dd cho, nhrmg dd du-o. c sAp xtip lai rtd

thufn ti6n cho vi6c vE hinh (ducrng gAp khfc
(md), m6i ducrng ba it6t bing nhau) sao cho

v6n thoa mdn ddy dri 6 d5ng thric vO dO dei.

. Cu5i ctng, vcri Tlin luqt htng voi A, B r}i C
thi c6c tam giirc<(o(A'B'C) gin t<Ct AOi ngdu

v6i MBC vi sinh boi f ld ba tam gi5c beng

nhausau ddy: MPS:ANBR: LMQC

en)(48,C,), v6i i:r,2,3) (4)

3. Chrfrng minh mQnh dO (*)

Cu5i ctng, ta chimg minh MQnh dA (*) v6
m6i quan hQ tl6ng dang nghich cira tam gi6c

IaInIc tao boi cdc tdmducrng tron ndi ti6p cira

batamgiricbingnhau%i (i: 1,2,3) (4)

(duqc chi ra o cudi phAn 2) vd MBC dd cho.

a) Trudc h6t, chring ta luu y reng ba tam gi6c
APS, NBR vd MQC dtu bdng nhau thudn
(cung huong) vd cilng nQi ti€p duong trdn (O).

Boi vfy, chring d6i mQt ld enh cria nhau qua

mQt phdp ddi hinh thuQnvdbi6n (O) ngoai ti6p
chring thAnh chinh n6.

Chinh vi 16 d6, c5c ph6p ddi hinh thufln ndy
chi c6 theh,nhhng ph6p quay xung quanh t6m

O vot g6c quay q [mod2n] phir hgrp Chdng hqn:

b) Tn AN : BP (di6u ki6n (III)), thlrc hiQn/ 
- 

_\
phep quay Qt\O,er=(OA.ON)) thi A r--+ N,

P =+ B vd,S r--+ R. Do d6 MPS -+ ANBR.

ay Qz(o,q.r:1oV,ofr1)
taduocN-rM,B*QviR+C.

PA
Hinh 2

d) Thsc hiQnphdp euay Qz(r,*, =1Ofr,OA1)

ta dugc M,-- A, Q - P vd C r-+ S.

e) Dtln ddy, tu tich ba ph6p quay Qr, Qz, Qz

theo thri t.u d6, ld phdp quay Q(O,,p=Iq,)
: Qz(O,2n) thlbatam gi6c APS,NBR vd MQC

d€u trimg nhau 6 vi tri cua tam gi6c,4PS. D6ng

thcri, voi Qt: Ie r--+ Ia; Q2: Ia ++ Id Q3: Ig F+ 11.

D Dd y ring, hr (III): NA : AB : BP (hay
PB : BA: AI9 ta dusc:
(OA, OtQ: (OB, OA),fmod,nl (;); tucrng t.u:

(ON,OM:(OC, OB), [modnl (ii);
(OM, OA): (OA, OC),lmodn) (iii)
(vbi OA: OB : OC ld b6n kinh ctra (O)).

g) Tr0 vC vryi c6c nhfn x6t n6u o b), c) vd d).
Xin nhic lpi ld v6i 8r thi I,qF-+ Ist v6i Q2 thi

h F-+ Is; vfi Qzthi 16' r+ 11 tuongimg v6i
LAPS -+ ANBR -+ LMQC -+ MPS

6n luqt img v6i I,t* Inr-+ Ic++ It.
C6c tuong img ndy k6o theo hn tuqt ld circ ddng
th*c gdc sau dAy (vor OIe: OIt : OIs : p trong

d6 p ldban kinh dudrng tron ngo4i tiep NAIBI):

Itoto,otu)=(oB,oA), Imodnl (i')

l{otu,otr)=(oc,o.B), [modn] (ii')

Itotu oI )=(oA'oc)' lmodn] (iii')

h) Tri (i'), (ii') vi (iii') c6 NtInIc + LABC
(tlpcm).

sd n* (s-ro,n, T?AH,HEE29
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THiL'=l Tr4B*H 
-# ,i

d,0a
l*!frir H!

-1

ili I?g

-n 
hai th6 ki naY c6c nhd h6a hgc vin

- (4kh6rg ngimg ph6t hiQn nhtng ph0n tu

m6i tu phin img h6a hgc. Cho tdi gAn tldy'

c6c nhir h6a hgc mu6n tim ra mQt phin tu m6i

hq ti6n hdnh mOt c6ch md mdm hri hga, kh6ng

chic dem lai kOt qui gi. Ngdy nay, hq chi cin

xu $ mQt co sd ctra dt kiQn t}p hqp khoing

10 triQu phdn tu vd 7 triQu phin img da bi6t'

rdi chuong trinh h6a sg t6ng hqp cira phin tu

md hq hy vqng ring c6 th€ thu duqc' Nhu

vfly su tOt g t qp ndy cdn nhirng thdnh phAn

thucrng c6 gi6 rd vd d6 tim' Vi) phuong diQn

thlrc hdnh, it khi c6 ngay tlugc mQt phan tu

m6i trong dn ddu. Qu6 trinh t6ng hqp thuong

diSn ra trong nhi6u, thQm chi tdi hdng chpc

giai dopn. Hcrn nira o m6i 16n nhu vQy nguoi

t"a c6 th6 sir dqng nhi6u phuong ph6p dC c6

cirng m6t phAn tu. Vi the sO thUc cua nhirng

khi n[ng c6 thO 16n d6n hdng nghin fj"

C6c nhd h6a hgc dlra vlro cf,m tinh dd chqn

mQt phin img mi theo hq hinh nhu thich hqp

nh6t trong m6i giai dopn; nhrmg di6u d6 kh6ng

dim bio gi di d6n thinh c6ng cira phdn tu

cu5i ctng. Hcrn nta cdn c6 th6 xiy ra trudng

hqp mQt phdn tu ngay tu ddu t6.ra kh6ng

quan trqng, nhtmg 14i thich hqp d6 lim dcrn

giin h6a nhtng phin img h6a hgc cira nhirng

giai tlo4n ti6p sau. VQy thi c6c nhd chuy6n

mdn phii lim thti ndo d6 tim tlugc con dulng

tOng hqp dcrn gi6n nhAt, hay ld 16 nhAt?

Gini ph6p dd tim dugc viro th€ kj/ 18 nho mQt

bdi to6n kho xu6t phSt tu mQt vAn dC ttruc t6

cta thinh phO Konigsberg (trong thoi XO Vi6t

gqi ld Kaliningrad;. OO fa Bdi todn bdy chi€c

ao 
T?8H,H8[ 

'r,* ,'.,erp

(Q
\^)

s0

cilip nmm Fflffiffi rlm ffifi ffiHflT mtrl
PHAN THANH QUANG

(f heo Co u rri e r i nte rn atio n a[)

ciu o Kdnigsberg'."C6 hay kh6ng co con daong

iti thdm todn b6 thdnh phA bang cach di qua

bay chiAc cdu, voi diiu kiQn *5i chiAc ciu chi

daqc ili qua mQt l6n ?". Nlm 1735 nhh to6n

hqc tdi ndng Ldonard Euler dd chimg minh

ring"khbng thA ca con dadng di qua 7 ciu

md"mdi cAu chi di qua mQt ldn"' Nhirng k6t

qui do Euler tim dugc ldm xu6t hiQn mOt

ngdnh To6n m6i ld"Li thuY€t d6 th{''

DO thi ld mOt tap hqp nhirng di6m gqi li dinh vd

nhirng do4n nOi chirng lai voi nhau gqi ld.canh'

Vi dg, cay gia pha: chirng tavdcdc bflc ti6n bdi

gin xa ld nhirng dinh, vd quan hQ gia tQc ld c6c

eop ttOi c6c dii5m d6 lpi. OOi voi Euler, circ dtn

vd bd cira con s6ng ii dinh, cdu h canh' nat ae

d6 quan s6t thiy ring c6 ba dinh c6 ba bd vir

mOt dinh c6 n[m bo (xem cfc hinh vE)' Theo

Euler,cuQc dao choi (m5i cAu chi di qua mQt

Dn) c6 th0 thlrc hiqn dugc nOu d6 thi ho[c

kh6ng c6 dinh ndo, ho[c t6n t4i hai dinh c6 mQt

s6le canh.

:. ,'.

Ban di Kt')ttigsherg tho'i Eirie'r, ma m t'! iri thLrt

t:t)u btit' t'ut' t'urr r a 'sorg PregaL
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M6 hinh u€ biri toan bay chidc catt i'Kcinigsberg

V6 ttgp cria khoa hgc ld 0 chd sg phdn tich
nht'ng bei to6n tucrng Ld"v6 nghia","cl7o vtti",
vi dU nhu bii toan "di qua bay cdu, *5t,d,
chi &rqc di qua mlt lin th6i-,mi lai aan ei5n

m6t cuQc c6ch m4ng khoa hgc, d itdy ld mQt

ngd.mh To6n hgc mcri gqi liL*Ly thuyAt di thi-.
Nguoi ta cfing dd ph6t hiQn ra rdng Li, thuy€t

di thi hodn toan c6 th6 6p dUng dugc trong
nhi6u linh vr;c, trong d6 c6 H6a hgc.

Chinh vdo th6 L<y 20 md L!,thuy€t d6 thi ru6t
hiQn trong khrli niQm vd nhfrng mO hinh cria

phdn tu. Nhrmg chinh sg ph6t tri6n cria Tin hqc

vio th6lq 2l mdLy thuy€t dO thi tluqc 6p dung

rdt aic l1rc trong H6a hgc, Gi6o su Marcin
Fiallkowski o Vien Han 16m Khoa hoc Ba Lan,

ld tic gi6 chinh cria cu5n s6ch vC *Li, thuy€t

dO thi trong H6a hoc".Trongthoi ky 6ng vi6t
,l x

ttlc phdm ndy, 6ng vdn cdn Ld"nghiAn ctu sinh

sau ti6nsi"'0 Dai hgc Northwestem - Chicago,

trong phdng thi nghiQm cria Gi6o su Bartosz
Grzybowski. 'T.{guryi ta c6 th6 bi6u di6n hau h€t

H6a hec duoi dpng aO tfri - theo kri gi6i thich
ct;r. Fialkows stci. Mrqng tIo ra rdt lon nhmg nhd

c6 Tin hgc, ngucri ta c6 thiS phAn tich m4ng ndy

nhanh ch6ng vi tim ra nhirng tlac tinh cira n6".
Nhd c6 sp phdn tich mpng, nguoi ta c6 th6

lim viQc tr6n t6t cir circ ngdnh ctra H6a hoc

ctng mQt lAn, vd d6 ld mQt cuQc c6ch m?ng.

Tru6c hi5t, ngudi ta ph6t hiQn ra r[ng nhdn

cimg cria H6a hgc hiQn tlpi g6m c6 khoing
340 phdn tu vi 500 phan img. Tpp hqp nho

ndy ttir tt6 tao ra gdn 80% tit ci nhtng ch6t

dugc ding trong c6ng nghiQp h6a hqc hiQn

nay. Hon nta nguni ta t15 phSt hiQn ra ring

AO tfri OiCu

vi ph6n img
hinh fractal:

tQp hqp nhtng phdn tu
h6a hgc hiQn tpi ld mQt

nh6nh rE c6 mQt c6u truc
gi6ng nhu mQt cinh md tu t16 n6 xu6t ph6t ra.
^.1Ei6u d6 ilugc gi6i thich boi di6u md tdt ctt

cric nhd H6a hgc c6 trong tay mQt s6 gi6i hpn

phAn tu co bin.

SW phdn tich nhtng bdi to6n v6 nghia c6 th6
, ,lg6p phdn vdo nhirng cuQc c6ch mang th$t sg.

Nhirng nhd khoa hsc 6 phong thi nghiQm

Pr.Grzybowski dd chu f tliin ntirng th6ng s6

phg, nhu li ngiy tim ra m5i phan tu vd m6i
phin img. Di6u tl6 tld cho ph6p phdn tich sg

ti6n tri6n cria dO thi. CLc nhd nghiCn cfu cflng
nhpn th6y r6ng nhtng dinh trr tt6 xu6t ph6t

nhi6u cpnh, ph6t fi6n nhanh hcrn. "C6 nhi6u
phdn tu gi6ng nhu nhimg sdn bay l6n, vdi
mQt s6 l6n sg li6n hQ, theo ldi gi6i thich cira

M. Fialkowsti. Nhrmg cfing c6 nhirng ph6n tu
kh6c, v6i s6 lugng nhi6u hcrn nta, kh6ng ldm

cho c5c nhd h6a hgc quan tdm. Chring tlugc
xem nhu h nhirng sdn bay iUa phuong". CLc

nhi khoa hgc cf,ng quan s6t th6y ring nhirng
tlinh c6 nhi6u c4nh c6 xu hufng ph5t tri6n
bdn viing, tli€u <16 girip h9 dy kitin H6a hqc

trong tuong lai tli theo hu6ng ndo.

MuOn cho sg phdn tfch htu hiQu hon, trong
, .l

nhi€u n[m qua c6c nhd khoa hoc 0 Dpi hgc

Northwestern 0 Chicago phrit tri6n phAn m6m

Chematica, phAn m6m ndy ld mQt luQn 6n
A'tlugc bio vQ 0 cdp qu6c t6. Mpc dich cria n6

li t6i uu h6a nhirng phin img h6a hgc theo

nhi6u ti6u chuAn. Vi ftr nhirng tic gih c:ila

Chematica dd phdn tich sg t6ng hqp cria mQt

duqc phAm ch6ng cholesterol, dugc thiet kti
ldm 19 giai doan. Nhd c6 chucrng hinh md

chi hong vdi gi6y, c6c nhd khoa hgc tl5

ph5t hiQn ra rihg s6 giai dopn c6 the rut
xu5ng cdn 5. DiAu tl6 c6 thd k6o theo sg

gi6m bot r6t quan trgng cira gi5 thdnh vi
thcri gian sin xu6t duqc phAm.

diSn

cua

mol

TOfiN HOC
sd eae rs-zoral d +udi.tfa Af
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CS STA. NCUYEN CANH TOAN

GS. T sKH. rnAN vaN Nm-rNc

rs.NcuvENvnNvolc
cs.ooaNquirvn

PGs. rs. rnAN vaN nao

IHIU rnAcn NrutEu xuir natt
Chi tich HOi ddng Thanh vien

NXB Gido duc Vict Nam

lrcur.NcOrnANar
Tdng Gi6m d6c ki€m Tdng bi6n taP

NXB Girio duc Vi0t Nam

cs.rs.v0vaNmxc

ruQr o6ttc arutt r$r
Tdng bian fip : TS.rndN ntru N.q.n Thu ki Tda soan : ThS' ffd QUANC VrNn

rs. rniN oiuH cHAu, rls. NcweN ANH DLTNG. rs. rniN Nen't o[ruc' 7s' NCLTYEN trlnu ouc' rs' NcwEN

;#iA,;;ffiE vlpr Het, pcs. 
-rs. tu q;6c ;A^;, ,^."t*M vAN HLTNG, PGs' rs' vu rHaNH xndr'

;; ;;#. ir;r6u.;a* ml", ffii,;ffi ,iila. ,r*r, rs. rHAM rHr BACH NGec, pcs rs hrcuyEN oeNc psAr,

pcs. rs. TA DU1, pH1xJNG, ils. N6urCN rnd ru4cH, GS.TSKH. DANG HuNG rnANc, PGs. rs. pgaN ooAN THoAI,

ri,i. vu KtM THUy, pcs. rs. vU DUONG THUy, GS.TSKH. NcO v4r TRUNG.

For Lower Second.ary School

Nguy1n Pfutdc - Khai th6c bdi to6n Langlev'

Solutions to Preuious Problems

GiiLi c6c bdi cria Sd 442.

 ,
TRONG SO NNY

@ oa"r, cho Trung hgc Co s6 @ ciai bei ki tnrdc

(9 oU thi tuydn sinh vdo 16p 10 THPT chuvon @ CAi bdi cu6c thi giAi to6n d4c biQt

KHTN, DHQG He NQi, n5'm hoc 2074-2015. T5/THCS, T6/THCS, Ts/THPT, T6/THPT.

@ Nguy\n Khd.c Minh - Ki thi Olvmpic To6n @ ,U" dgc tim t6i
hoc Qudc td (IMO) lAn thrl 55, nim 2014. Re ad.er's Contributions

Nguydn Dd.ng Phdt - MQt d4ng kh6i qu6t

h6a tt m6t bii to6n nh6.@ Pt oons phep giii toan
Math Problem Soluing
Nguy|nViAt Hing - Edn ThiAn - Chrlng

minh bdt d&ng thrlc bing phrrong ph6p

tt6nh gi6 ttai di6n.

@ ,u" c6 bidt ?

Do you hnow ?

Vfi. Dinh Hba - Giithuy6t Erd6s vd

Szekeres.

@ foanhgcvhddisdng
Math and life
Phan Thanh Quang (Theo Coutier
international) - Ly thuydt d6 thi gilip
H6a hoc tim ra chdt m6i.

Anh Bia 1. L6 tl6n Doin ViQt Nam drr thi
IMO 2014 tai SAn baY NQi Bii.
Tt tr6i qua phAi: Thdy LA Anh Vinh, Ilndv Nguvdn

Khd;c Minh, Csc tnrtng Cqc KT&KDCLGD MaiVdn
Trinh, em Trd,n Hdng Qud,n, em Pham Tudn Huy,

em Nguy\n Thd Hodn, Thrl tnr6ng B0 GD&DT B''
Va, Co, e Vttong Nguydn Thiiv Dtong, em H6 Qu6b

Dd,ng Hxng, em Nguy1n Huy Ting, Tbiry La Bd

KtuinhTrinh.

@ oO ra ki nAy
Problems in This Issue

Tll 446, ..., T 721 446, L7l 446, Lzl 446.
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hxr""x-& xuAy md&Nt GtAo m&Je TAr x{& ruCIx

NHAXuAT BAN GtAo oucvtrr NAM

%rdru trstag Virli thaia cilruV [,qn dot

G& Ldil ruyiN cHoN rHEo cHuvrx pi
t^,

, PHd rnOruo mOru roAu

liQo s6ch gdm hai tap tuydn chon theo

Pchuyen dd nhung bai viSt hay tren Tap

ihi ruarr va mot sd Oai viSt them cla c6c

nha giao c6 kinh nghiem nhim gifp c6c ban

HS THCS 6n tAp vA thi c6 hi6u qu6 vao l6p 10

c6c truong THPT vd THPT chuy6n. Bo sach

c0ng la tai lieu tham kh6o hrtu ich cho c6c thdy

co giSo va c6c bAc phu huynh HS.

Sll l[i3;ffi ffi;"* i?l llxlLHt ff3"'
g(y srtfrh ruYdN cHoNrHEo cHuyexpi
CHUAN, BI CHo Ki THI T6T NGHIEP THPT VA THI VAo DAI HOc,
cAo oArrrc MON ToAN ffi' : 

!qO o sSch co hai tip gdm 10 chrlong vdi r*cEi€en*x'iif,ifLili1Tfi i r*xdxe*r-'iifsif,1lf?,?*!

2lBnhidu chuy6n OA d't'rqa tuydn chon ttf l*rr.tiirpirrirs*,il*rcmr i riirl1r1lrrpln*irriiueridrrl*ne
!*^ "*, .,r{+ ^...^ 

,^;,^.r1.. 
^a _i.!.^ _,., -.1...*- iJf;Trlir,irrttrirriljr mriittfil: i '"'iir'iniulro-iisrirli*.iiuri*iic
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NGtl'T Nguy6n Phuoc
Bi thu chi b6, Hi6u truing nhi trulng

Gfrtwng THCS Le H6ng Phong nam

\LJ,trOn duong Lti Nam D6, cdch trung

tAm thdnh ph6 Hud chtng 5 km vd Phia
TAy. Truong khai gidng ndm hgc ddu ti6n

vdo ndm 2004 - 2005 vd mang tdn 'Truong

THCS Hwng Long' (lheo Quydt Olnfr sd

11731@.UBrngdy 13/8/2004 cia Ch0 tich

UBND,Thanh phd Hu6). Tuth6ng 1 1i2005

Tiucing duoc ddi t6n thenh 'Trudng THCS

Ld Hdng Phong'i Lric moithdnh lflp,.TruCIng

c6 16 phring hOc dungc xdy theo hinh ch0
l...k0n rn0j bdi ddt tr6ng. Gio d&y.:Tiuong
Oa cO m phdng hqc duqc xay 3 tdng theo

hinh chu U voi to sd vQt chdt khang tranE

hi$n dai: C6 khu hi0u bQ, hQi iruong, s&n

vdn dQng, phong thi nghiQm, phong vi tinh,

85% ,

Nhidu

tt6i d6ng Su pham nha trudng

tren dao tao.

gi6o vi6n vinh

Bq GD&DT,

Thta Thi6n-

nhd truong

danh hi6u

Truong dA

nhi6u hqc

Qudc hoc.

Thanh pho,

trong 4

Tu khi thanh lap ddn nay, nha truong li6n

tuc dat danh hiQu liip thd lao d\ng xudi
sdc, duoc B0 GD&OT t4ng Bdng khennan
hoc 2007-2008. UBND Tinh tdng Cothi dua

va cong nhan Truong dat chui),n Quoc gia

nam hoc 2008-2009; Th0 tuong Chinh phir

ldng Bang khenndn hoc 2009-2010; Ch0

tich Nroc trao tang Hu,in chwng Lao dQng

hang Ba nam hqc 2010-2011. Chi bo nhd

truung h0ng nam d6u duoc c0ng nhan Chi

bd trong sach, vang manh, duo, c ThAnh fiy

tang Gidy khen vd Chi bA ti6u bidu 3 ndn
lidn (2010-2013). C0ng dodn nhd truang

luOn duqc cong nhAn C1ng dodn vung

manh vd nhieu ldn dugc nhdn bang khen

cia Li6n 1odn Lao Dpng Tinh,...

Tu hao vd dQi ngu can b0, giao vi6n dAY

ndng luc vd nhi$t huy6t, tr,r hdo vd nh0ng

thanh iich da dat du.rc, Truong THCS L6

Hdng Phong s6 tieip tqc phr{n ddu dd dAt

nhung,.lhdnh tich tdt hon nua trong nh0ng

ndm hQc tdi, xung ddng voi sq quan tAm

ctia cdc cdp l&nh dAo, xung d6ng voi su tin

tu0ng cira nhAn dAn.

grao vren gr0l

Thanh phd: 25

du duop ldng Bdng

Chinh ph0, Bdng
Bdng khen cla
Hud. Ddng chi
dugc Chi tich

Nhd giao $t ti nitr*

Hdng ndm, nhi6u

dat giAi cao troRg

cdp Thanh ph6,

thu viQn th0ng minh.$AMSUNG,... Xung sinh thi d0 vao
bqc bang he thdng Trong hOi thi hgc

c6nh, non b0, ... tAo n6n mOt Truong d6 dat giAi
xanh - sach- dQp.

Khdi ddu voi 26 giao vi6n, 20 lop hoc vd

832 hoc sinh, d6n nay, Truong dA c6 70

cdn b0, gi6o vi6n, voi 28 lop vd 882 hoc

sinh. Ooi ngu c6n b0 giao vi6n ngdy cdng

nam giAi Khuydn khich.Ddo$iQI nam hgc

2012-2019. truong co 3 hQc sinh dAn dAu

mon Mdy tinh cem hy 8,TaAn 9, Van 9

trong hQi thi hqc,siilh gi6i cdp Tinh,

dat danh hiQu

i Tinh:7GV, Cdp

HSC l(116i I (20X3-2014) aroat giai Nhiit toin iloin
trong Flgi thi HSG c5p Th6nh Ph6
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