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Gse,; ti todn hoc %iﬂ? Adp: Gidi nhat duge thudéng Yn x10° $
Méi dAu ai cling tuong » cang 16n thi ¥ cang 16n, khong ngo v6i n = 3 thi s& dugc sb tién 16n nhat,
tire 14 trong cac s6 ¢ dang &/n (neN, n> 1) thi s6 3314 16n nhat. Ta dung phuong phép quy nap dé ching
minh ménh dé nay, tirc 1a chimg minh: B>ine3>m véimoi neN, n>1, n+ 3. Thatvay:
Véin=2tacd: PB>Une3>n (ding); véin=4taco: 3 >4 < 3* >4 < 81 > 64 (ding).

Gia st ménh dé dung v6i mdi n =k, keN, k> 3 nghia la 3% > k3.

Ta cin ching minh ménh dé dung v&i n =k + 1, tirc 1a ching minh 3! > (k +1)>. That vdy, ta co:

L +%k3 +%k3 > 10 +3k2 +%.3.3Jc+%.3.3.3 S I+ 3k + 3k +1=(k + 1.

Vay ménh d& dang véi moi ne N, n> 3. Do d6 néu duoc giai nhat, ta s& chon 7 = 3, khi d6 s& dugc s tién
16n nhét 13 3/3.10° $.
Nhin xét. Khen ngoi em Tran Duy Qudn, 11T1, THPT chuyén Nguyén Binh Khiém, Vinh Long c6

101 giai dung cho bai nay. '
HOANG CHI

Nhén ngay hoi bong da thé giéi WORLD CUP BRASIL 2014, méi cdc bgn gidi bai todn xdu day giay.

Mot chiéc giay vai thé thao c6 8 16 dé xau day, day xau vao 16 s6 (1), di xuong duéi, xau qua mdi 16
chi mot 14n, va di ra 16 s6 (2). Nhin tir bén trén ¢ hinh v&, day giay da ndi 15 sb (4) voi 16 s6 (3); 16 s0
(6) v6i 16 $6 (5); 16 s6 (8) v6i 16 s6 (7) va day da kéo cang khép gan kin hai mép vai ¢ giita. O bén dudi,
day giay phai xau tu 16 & hang 1¢é sang 16 & hang chan. Hiy chi ra kiéu xdu day, tac 1a thir nr xau day
di khuét bén dudi hinh v& (v6i ba lan ndi bén trén da biét), sao cho doan day tir 16 (1) &n 156 (2) 1a

ngin nhat. Ban hdy giai thich cach xau day nhu thé.
: PHI PHI
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_BAN CiCHGLINOTDANG
ve PHUONG TRINEYO T

TRUNG HOC CO S6 |

.

LY VAN CONG
GV THPT Thanh Binh, Thanh Ha, Hai Duvong
5

rong tap chi 442 thang 4 ndm 2014 cta
Ttéc gia Luwu Van Bién - Tran Van Téi c6
gidi thi€u céch giai cho phuong trinh
ax*+bx+c=k~ldx+e €))
trong 46 b, c, k, d, e € R, a 14 s6 hitu ti khac
khoéng, c6 thé dwa duoc vé dang
(mx+n)* +k.(mx+n)=(dx+e)+kJdx+e (2)
théng qua viéc giai hé phuong trinh tham sb
(HTS) dé thu duoc (2).
Bai viét nay xin dwa ra mot céch giai khac
nhu sau:
- Budc 1. Bt y=+dx+e
- Burde 2. Thu duge hé phuong trinh
ax®> +bx+c=ky
dx+e=1y?
- Bwdc 3. T hé phuong trinh trén ta cong hai
vé dé thu duoc phuong trinh dang
u*+ku=v:+kv.
Dé minh hoa cho cach lam, xin 14y lai Thi du
trong bai viét s6 442.
*Thi du 1. Giai phuong trinh
=3x=1=2vx+1 (3)
Loi gidgi. PK: x>-1.
biat Vx+1=y,y>0 thi ta thu dugc hé

3x12y

h trinh:
gt {x+1 y?

Cong hai phuong trinh trong hé theo vé ta

duoc x?-2x=y’+2y = (x+y)(x—-y-2)=0

y=-x

- [yzx_z.

- Véi y=—x tacd Vx+1=-x. Giai phuong
1-45
B

trinh nay ta thu dugc x =

- Vo1 y=x-2 ta ¢6 Jvx+1=x-2. Giai

5+413

phuong trinh nay ta thu dwgc x = 3

Phuong trinh da cho c6 hai nghiém

55413, A5
== 2 s X= 2 .D

*Thi du 2. Gidgi phuong trinh
x2—x-1=yJ8x+1 (4)

Loi gigi. PK: xz—%.

Dat Vv8x+1=y,y>0 thi ta thu dugc hé
phuong trinh:
362—)6—1=y<___> 4x2-4x-4= 4y
8x+1=y? 8x+1=y?
Cong hai phuong trinh trong hé theo vé ta
dugc 4x2+4x-3=y?+4y (2x+1)2=(y+2)?
y=2x-1
y=-2x-3
- V61 y=2x-1 ta ¢c6 v8x+1=2x-1. Giai
phuong trinh nay ta thu dugc x =3.

TOAN HOC
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- V6i y=—2x-3 ta ¢c6 Bx+1=-2x-3. = Tiép theo ching ta xét cach giai phuong

Giai phuong trinh ny ta thdy v6 nghiém. trinh dang: ax® +bx? +cx+d =kImx+n. (6)
Phuong trinh d3 cho ¢6 nghiém x=3. O - Buéc 1. Dit y=3Imx+n.
*Thi du 3. Gidgi phuong trinh - Buwéc 2. Thu dugc hé phuong trinh
3 2 -
2T +18x = |x+ 5 (5) i b eare TR
3 mx+n=y3
Loi gidi. PK: x> —%. - Buée 3. Tt hé phuong trinh trén ta cong hai
Z vé dé thu duoc phuong trinh dang
Dat11x+§=y,y20,suyra: Jig Bl b g Ny
2 _ *Thi du 4. Giai phuong trinh
21 +18x=y (81,2 45453y * S+
= 2 8x3—36x2+53x-25=33x-5 (7)
x+~3—=y2 9x+12=9y
Loi giai. Pat Y3x-5=y, ta thu dugc hé¢

Cong céc pzhuong trinh trozng hé theo vé ta i 8x3 —36x2 +53x—=25=1y !
dugc:  81x2+63x+12=9y* +3y 3x—-5=y°

< (9x+3)* +(9x+3)=(3y)* +3y Cong hai phuong trinh trong hé theo vé, ta

& Ox+4+3y)Bx+1-y)=0 dugc: 8x3-36x2+56x-30=y>+y

{3x+1—y=0 ' (2x—-3-y)(4x%2+y?+2xy—12x-3y+10)=0
<2x-3-y=0

-Véi 9x+4+3y=0taco
(vi 4x2+y?+2xy-12x-3y+10=

05+4+3 [x 1t =0
L RREL N ESE S 4x2 +(2y-12)x+y? =3y+10>0 Vx,y € R,do
A =-16-12y? <0 Vy). Do do6 ta co:

-

Giai phuong trinh nay ta thu dugc

7433 2x-3=33x-5 < (2x-3)*=3x-5
b T8¢ & (x=2)(8x2=20x+11)=0
-Voi 3x+1-y=0taco &7 i -
3x+1—\/g=0- [8x2—20x+11=0© x=5i4‘/§.

Giai phuong trinh nay ta duoc *Thi du 5. Giagi phwong trinh
_5+m 8,\2_4,\—1:m (8)
X=———"0.
18 Loi gidgi. Pit Y6x+1=y, ta thu dugc hé
Phuong trinh da cho c6 hai nghiém iR 8x3 —4x=1=y
5+ 3T 7433 e pal O e
x= : ke
18 18 p
(Xem tiép trang 6)
TOAN HOC
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DUA MOT SO PHUONG TRINH, HE PHUONG TRINH CHUA CAN THUC
7¢ danq dor giar nbé tinh chdt don diéa c3a bame 5§

CHU TUAN (GV THCS Nguyén Thuong Hién, Ung Hoa, Ha N6i)

(“T‘ ai viét nay xin trinh bay mét sb phuong
trinh, hé phuong trinh chira cdn thirc

duogc dua vé dang don gian nho tinh chét don

diéu ctia ham s6 duogc gidi thiéu & 16p 9.

Véixg, x; € R:

Néu x; < x, md f(x,)<f(x,) thi ham s

y = f(x) dong bién (ting) trén R.

Néu x; < x; md f(x,)> f(x,) thi ham sb

y = f(x) nghich bién (giam) trén R.

Ham s tang hodc giam dugc goi 1a ham s

don di¢u.

Tir dinh nghia trén, ta c6 thé ching minh

dugc cac két qua sau:

Két qua 1. Néu f(x), g(x) 1a nhimg ham sb

tang thi f(x)+g(x), f(g(x)) ciing 14 nhing

ham sé ting con —f(x) 1a ham sé giam.

o y=""/x 1a ham s don diéu ting (n € N°),

tir d6 ta thu duoc

Kétqua’ 2.PT 2”+€/§+x=2"1\1/§+y Sx=y,

That vay, v6ix <y thi VT < VP; v6i x > y thi

VT > VP nén cic gid tri x <y va x > y khong

théa man PT, con véi x = y thoa man PT.

« y=%/x 1a ham s6 don di¢u ting (n € N")

v6é1i moi x > 0, tir 6 ta thu duogc

Két qua 3. PT Wx+x=%y+ycx=y véi

moi x, y > 0.

Thét vy, v6i 0 <x <y thi VT < VP; v6ix >y >0

thi VT > VP néncac gid tri 0 <x<yvax>y >0

khong thoa man PT, con véi x = y > 0 thoa

man PT.

Nho céc két qua trén, ta c6 thé bién ddi dua
dugc mot s6 phwong trinh, hé phuong trinh
chita can thirc vé dang don gian. Ching ta
cung theo ddi céac thi du sau day.

Thi du 1. Ap dung Két qud 1, gigi cdc
phuong trinh sau:

a) Vx+3+42x—-1=4-x3;
b) Yx +Bx+1=4-2x—1;

¢) Yx+1+3x+2+3Yx+3=0.
Loi gidi.
a) PKXD: x> —;— Viét lai PT di cho thanh:

BHlx+3+2x-1=4. (1)
Ta thdy x = 1 théa man (1);
Véix>1thi VT(1) > 1+/4 +¥1 =4;
Véix<1thi VI(1) < 1+/4 +41=4.
Diéu nay chimg t6 cac gia tri x > 1; x < 1
khong 1a nghiém cua (1).
Vay x =1 12 nghiém duy nhét cta PT d3 cho.

b) DKXD: x> % Vit lai PT d4 cho thanh:
B it

Ta thay x = 1 théa man (2);

Véix>1thi VIQ)> V1+31+V4 =4;
Véix<1thi VIQ2) < VI +¥1+/4 =4.

Diéu niy chimg t6 cac gid tri x > 1; x < 1
khéng 1a nghiém cua (2).

Vay x = 1 1a nghiém duy nhit cta PT d3 cho.
¢) Yx+1+¥x+2+3Yx+3=0. (3)

Ta thay x = —2 théa man (3);

Véix>-2thi VI(3)> ¥-1+30+31=0;

TOAN HOC
* CTusilge 3
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Véix < -2 thi VT(3) < ¥-1+30+31=0.

Diéu nay chimg td cac gid tri x > —2; x < =2

khong 13 nghiém cua (2).

Viy x = -2 la nghiém duy nhét cia PT da cho.

Thi du 2. Giai phwong trinh:
Y2x—1-5x—2 =5x-2—-2x-1

Loi gidi.

PKXD: x> % Viét lai PT da cho thanh:

Sx—2+x-2 =2x-1+2x-1. (4)
V6i 5x-2<2x—1 thi VT(4) < VP(4);
Véi 5x—-2>2x—1 thi VT(4) > VP(4).
Pidu nay chimg to céc gié tri x thoa man DKXD
va thoa min 5x-2<2x-1; 5x-2>2x-1
khong 13 nghiém cua (4).
Xét 5x-2=2x-1&x =%, khong théa mén
DKXP. Viy PT (4) vo nghiém.
Thi du 3. Giai phuwong trinh:
y BT ;G coarie, SRR [ A
Loi gidi.
PKXD: x2 ——;—.
Thém 1 vao hai vé, PT da cho tr& thanh:
Qx+D)+2xr 1 =(1+/x+3) 1+ Vx+3. ()
Ap dung Két qua 3, ta co
(5) 2x+1=1+Jx+3 & 2x=/x+3
x>0 gl
it {4x2 -x-3 =0<:> 55 =—§.
4
Ta thdy x = 1 thda mén DKXD.
Viy x = 1 12 nghiém duy nhét ctia PT da cho.
Thi du 4. (TH&TT, Bai T5/425) Giai phuong trinh:

X2 —2x+T7+x+3 =241+ 8x +1+v1+8x.

Lai gidi.

TOAN HOC |
4  *Clugilye SO 45 (7-204)

PKXD: x> --é. Viét lai PT da cho thanh:

(x+30 + x+3=(1+m)2+m. (6)
Ap dung Két qua 3, ta co
(6) <> x+3=1+1+8x & x+2=1+8x
% 2l x=1
Q{xZ —4x+3=0c>|:x=3
(thoa man DKXD).
Vay {1; 3} 12 tap nghiém ctia PT da cho.
Thi du 5. Gidi hé phwong trinh:
x=3yP+y=y-Ix¥+x
{xﬁ +y’=2.
Loi gidi.
Viét lai HPT d4 cho thanh:
x+3F+x=y+ 2[)2_3+_y (7
{1‘5 +y’=2. (8)
Ap dung Két qua 2,taco (7)< x =Y.
Thé x=y vao PT (8),taco 2y’ =2 y=1.

Vay HPT di cho c6 nghiém duy nhét
() =15 1).
Thi du 6. Gidi hé phuong trinh:
[ ==y -3x
N\Tl +4B3y-2=3.
Lo gidi.
PKXD: x>1;y2 % Viét lai HPT d cho thanh:
B+lx=y+y O
{\/}?T +By-2=3. (10
Ap dung Két qua 2,taco (9) & x=Yy.
Thé x=y vao PT (10), tacé
J-1+By-2=3. 1D
Ta thdy y = 2 théa mén (11);
Véiy>2thi VT(11) > 3;

https://tieulun.hopto.org



Véil<y<2thi VI(11)<3.
Pibu nay chimg té cac gia tri 1 <y <2;y>-2
khong 1a nghiém cuia (11).
Suy ra y = 2 la nghiém duy nhét cua (11).
Vay HPT da cho c6 nghiém duy nhét
(x5 ¥)=(2;2).
Thi du 7. Gidi hé phuwong trinh:
Yx-4fy =(y-0(y+2) (12)
{xl +y2=2. (13)
Loi gidi.
PKXD: x>0; y>0.
Thay 2 = x* + »* vio VP ctia (12) ta c6
Yx =4y =O0-0x2 +xy+y?)
o+ix=y3+4y. (14
Ap dung Két qua 3,ta c6 (14) < x =.
Thé x=y vao PT (13),tacd 2y =2 y=1
(do y = 0). Vay HPT d3 cho c6 nghiém duy
nhat (x; y) = (15 1).
Thi du 8. Giai hé phuong trinh:
{\-3+,\-=:L,\v+1)\:_\~+1 (15

x—2{2y+1+1=0. (16)

W

)

Loi gidi.
20

PKXD: yz—l. Pit \2y+l=t<
2 2y+l=22.

Suy ra 2(y+1){2y+1 =2+t =1 +t.

PT (15) tr¢ thanh x3+x=£3+t. (17)

Ap dung Két qua 2,ta c6 (17)<> x=t, suyra
x=+2y+1. Thé x=.2y+1 vao PT (16), ta c6
2y+1-22y+1+1=0<2y+1=1<y=0,
suytax=1.

Ta thdy x = 1 va y = 0 théa min PKXD. Vay
HPT da cho c6 nghiém duy nhét (x; y) = (1; 0).

Thi du 9. Giai hé phwong trinh:
{\/x+1 +¥x-1-y*+2=y

x2+2x(y—=1)+y?—6y+1=0.

(Cau 3, Dé thi Pai hoc Khéi A & A, nim 2013)
Loi gidi. |
, t20
PKXD: x>-1. bat {x-1=t< ks
x—1=1.

Suy ra vx+1=+t*+2, HPT da cho tré thanh

t+Vrr+2 =y+y*+2  (18)
(x+y-1)2=4y. (19)

DKXD ctia HPT nay 1a t>0; y 20.
Ap dung Két qua 3,taco (18) = t=y.
Suy ra x =y*+1, thay vao PT (19) taco

O +yP =4y y(y +2y* +y-4)=0
S y(y=DOP+y> +y* +3y3 +3)2 +3y+4) =0
< y=0 hoiic y=1 '
(Viy®+y’+y*+3y3+3y? +3y+424>0,Vy=0).
Do d6 HPT (18), (19) tuong duong véi hé

xi=l
y=0

= H=
le X=2
y=1.

x=y*+1

Véay HPT di cho c6 hai nghiém (x; y) la
(1;00va(2;1).
Thi du 10. Giai hé phuong trinh:
2y +y+2x/1-x =3J1-x (20)

{y+m:4+m. (21)
Loi gidi.
bKXDb: 4<x<I1.
Pit Vi-x =t & {t 2

1-x=12.

Suy ra 2x1-x =2t(1—12) =2t -283.

TOAN HOC
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Do d6 PT (20) tr& thanh 2y® +y =2 +1. (22)

Ap dung Két qua 2 ta c6 (22) <>y =t, suy ra
y=0

y=il-x o
yPEl=k

Thé y>=1-x va y=+1-x vao PT (21),taco

Vi—x+3-2x =4+Jx+4

& (W3-2x -3+ 1-x-2)=Vx+4-1

@(x+3)( Liag tlong - )=0
+d+1 1—x+2 B-2x+3

Shx =93y

Tu d6 suy ra y=2. Vay HPT di cho co
nghiém duy nhét (x; y) = (=3; 2).

Cudi c?tng, moi ban doc dp dung cdc két qua
trén dé lam cdc bai tdp sau.

BAI TAP
Giai cac phuong trinh va hé phuong trinh sau:
1. ¥*-6=Yx+6
V5—x —Bx+1=8x2+16x-24
V2x—1-3x—2 =(5x-2)* - (2x-1)
Y2+ 1+2x2 +2 =Yx+2+3Yx+3

5 X+ 2x=l+ x+l
x X

el

6. 4x+x—(x+DV2x+1=0
x3+2x=3(y+1)\/3y_+7

i {mmm:z

. {3y3+2y+3xﬁ—_x=8m

V5= 4x+ By+1=3

b {J?+Jx+2+&+4=Jy—1+Jy—3+Jy—5

X+y+xt+y*=44

2 x3+12y+x+2=8y*+8y
1
x2+8y +2y=5x

11{ —3x2+2 =y +3)?

3Jx—2 =/y*+8y

TOAN HOC
6 & cruo.lme S3 445 (7-2014)

;Cong hai phuong trinh trong hé theo vé, ta!
jduge: 8x3+2x=y3+y

!@ Qx-y)4x2+2xy+1+y*)=0

|
I
|
1
|
1
i
|<:>|:2x y=0 <::{Zx—yzo :
1| 4x2+2xy+1+y?=0 | 3x?+(x+y)*+1=0 |
: & y=2k. |
!Dod(')tacé:szi/m :
| .
I
i
|
I
|
|
|

| & 8x-6x-1=0<4x3 —3x=cos%.

ESfI dung cong thirc lugng gidc goc nhén 3, ta
1 thu duge céc nghiém ctia phuong trinh 12 :

; x=cos~ x=coss—7t .rzcosﬂt—.

9’ 9"’ 9

Nhan xét. RO rang cac phuong trmh (1), (6)1
-6 thé giai duge bang cach nay néu thyuc hién I
;dugc bude 3. Dac bict do do phuc tap cua'
phu'O'ng trinh (6), thi trong budc 3, sau khi !
lphan tich (u—v)?*+v?+uv+k)= 0cin bao

!dam u? +v? +uv+k =0 phai v6 nghiém.
I

MOT SO BAI TAP LUYEN TAP

- Giai cac phuong trinh sau:

1
|
|
I
1
I
1
: I
'1. x2=4+22x+4 I
I
]
i A 2x 1
! 2/— 2
|2 5x2+1= 5 +5 :
:3 4x2+4x+1=2V4x+2. '
1
'4. 49x2 —65x+17 =3y2x+1. |
I
I
15, 7552 —79x+28 = 243x—4. :
I
16, 1 +6x2 +10x%+13=23Ax—1. :
|
1
I

7. 8x3 +12x2 +Tx+5=233x-2.
'S, 128x% —288x2 +218x61=3x+2.
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DE THI TUYEN SINH VAO LGP 10 THPT CHUYEN DHSP HA NOI
NAM HOC 2014 - 2015 ,

VONG 1 (120 phiit, ding cho moi thi sinh)

Cau 1. (2 diém) Cho cac sb thyc duong a, b
v6i a # b. Chimg minh ding thirc
(a-b)®
s SO Y
e —Jo P L 3a+3ab _
aJa-bJb b-a

Cau 2. (2 diém) Cho quing dudong 4B dai
120km. Luc 7 gio sang, mdt xe may di tir 4

0.

dén B. Pi duoc —j:— quang dudng xe bi hong

phai dimg lai sira mét 10 phat rdi di tiép dén B
v6i van toc nho hon vén toc lac dau 10 km/h.
Biet xe may dén B lic 11 gio 40 phut trua cing

ngay. Gia sir van toc ctia xe may trén 231— quang
dudng ban dau khong thay ddi va van tc cua
xe may trén % quang duong con lai ciing khong
thay d6i. Hoi xe may bi hong lic may gid?

Cau 3. (2 diém) Trong mat phéng toa o Oxy,
cho parabol (P): y = x* va dudong thing d:

ye —%(m+1)x+% (Vi m 12 tham sb),
1) Chimg minh réng véi mdi gi4 tri caa m thi
d cat (P) tai hai diém phan biét.
2) Goi x1, x 12 hoanh d¢ cac giao diém cua d
va (P), dit fix) =x° + (m + 1)x* — x. Chimg minh

dﬁng thite f(x;)=f(x,)= ——;—(x, =)

CAu 4. (3 diém) Cho tir gisc ABCD néi tiép
duomg tron (O) duong kinh AC = 2R. Goi K va M
theo thir tir 1a chan cac duong vudng goc ha tir
A va Cxubng BD, E 1a giao diém cua AC va BD,
biét K thudc doan BE (K # B, K = E). Pudng
thang qua K song song véi BC cit AC tai P.
1) Chimg minh tr gidc AKPD ndi tiép dwong tron.
2) Chimg minh KP | PM.
3) Biét ABD =60° va AK = x. Tinh BD theo
R vax.
Cau 5. (1 diém) Giai phuong trinh

¥x2=56) 21x+22 Uiy

4-Tx x3+2 ]

VONG 2 (150 phit, ding cho thi sinh thi vao chuyén Todn va chuyén Tin)

Cau 1. (1,5 diém) Gia st a, b, ¢, x, y, z 1a

i : hpeaoa . b)oc !
cac sO thuc khac 0 thoa man —+—+—==0 va
x ¥y 2

X ¥ g : iy Lo R
—+=+==1. Ch minh —t—t—=].
a b ¢ Chimg g b2+c2 g
Cau 2. (1,5 diém) Tim tit ca cac sb thuc x, y, z
thoa man x\1-y2 + yJy2—z2 +z3-x2 =3.
Cau 3. (1,5 diém) Chitng minh ring véi s6
nguyén dwong n > 6 thi sb

ol 2.6.10...(4n-2)
" (n+5)(n+6)...(2n)
1a mét s6 chinh phuong.

Cau 4. (1,5 diém) Cho a, b, ¢ 1a cac sb thuc
duong thod mén abc = 1. Chimg minh bat ding
1 1 ol

oy ab+a+2+bc+b+2+ca+c+2 =4

Cau 5. (3 diém) Cho hinh vudng ABCD véi
tam O. Goi M 1a trung diém cuia canh 4AB. Cic
diém N, P theo thit tu thudc cac canh BC, CD
sao cho MN // AP. Ching minh rang:
1) Tam gidc BNO d6ng dang v&i tam gidc DOP
va NOP =45°.
2) Tam dudng tron ngoai tiép tam gidc NOP
thudc OC.
3) Ba duong thing BD, AN, PM dbéng quy.
Cau 6. (1 diém) C6 bao nhiéu tap hop con A
cua tdp hop {1;2;3; ...; 2014} thoa min
diéu kién: 4 c6 it nhat 2 phan tir va néu x e 4,
2

A,x>ythi L —cA.

y €A, x>ythi v =
NGUYEN THANH HONG
(GV THPT Chuyén DPHSP Ha Néi) gidi thigu.

TOAN HQC
! CTudilre

S4 445 (7-2014)
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P = én tap chi
= TH&TT s6 348,

;ﬁdame PHAP
thang 6 nam 2006,

GIAT TOAR :
tac gid Tran Xudn

Ddng, gido vién
truong THPT chuyén Lé Hoéng Phong, Nam
Dinh d4 gi6i thiéu cho ban doc bit dang thirc
Schur va mét s img dung. Trong bai viét nay,
chiing t6i xin mdi cac ban tiép tuc khai thac
nhitng két qua dep clia bét déng thirc nay.
Trudc hét xin nhdc lai bit ding thirc Schur:
Cho a, b, ¢ la cdc s6 thue khong dm va r la 56
thuc duwong. Khi do :

a (a—b)a-c)+b (b—c)b—a)+
+c"(c—a)(c—b)20.
Ding thirc xay ra khi va chi khi a = b = ¢ hodc
hai trong ba s6 bang nhau, s6 con lai bang 0.

BAt ding thirc Schur 1 mot trong nhimg bat
dang thirc c6 nhiéu tng dung cho 16p cac bét
déng thirc ddng bac ba bién. Tuy hinh thuc
twong d6i phirc tap nhung b4t ding thirc
Schur lai ¢6 mot cach ching minh v0 cung
don gian va dep d€ nhu sau.
Chirng minh. Khong mét tinh téng quat, gia
st a2b>c20.Taco

a (a-b)a-c)+b (b—c)b-a)+

+ ¢’ (c—a)(c-b)

=" (a—c)(b-c)+(a-b)[a’ (a—c)-b" (b—c)]20.
Trong nhiéu truong hop, ta thuomg chi 4p dung
bt ding thirc Schur g véi nhitng gid tri
twong dbi nhé cua sb thyc duong .
Néu =1 thi ta c6
a(a-b)(a—c)+b(b—c)(b—a)+c(c—a)(c—b)20.

Mot dang twong duong cua truong hgp ndy ma
ta dic biét quan tam dén 12 bat dang thirc sau.

TOANHOC
8 *Cluitre SO 445 (7-2014)

NET BEP TU BAT BANG THUC SCHUR

CAO MINH QUANG

(GV THPT chuyén Nguyén Binh Khiém, Vinh Long)

(a+b+c)*+9abc>4(a+b+c)(ab+bc+ca) (*)
bat s=a+b+c.
« Khi s = 1, ta nhin duoc két qua.

Bai toan 1. Néu a, b, ¢ la ba so thuc khong
am co tong bang 1 thi

9abc > 4(ab+bc +ca)—1 (1)

Bit ding thirc (1) that sy rét ¢6 y nghia. Ta dé
% 2 ’

y rang ab+bc+cas(a—+—b3+—c—)——=% . Phoi hop

véi (1) ta thu dugc hai bit dang thitc sau day.
Bai toan 2. [United Kingdom 1999] Cho a, b, ¢
la cdc s6 thue dwong c6 tong bang 1. Chimg
minh rang 1(ab+bc+ca)<2+9abc.

Bai toan 3. [IMO 1984] Cho a, b, ¢ la cdc s6
thuc khong am cé tong bang 1. Chirng minh

rang 0<ab+bc+ca—2abc < 77"
Chu y rang véi cac s6 thyc bt ki a, b, c ta c6
déng thirc

@’ + b3 +c3 -3abc

=(a+b+o)[(a+b+c) —3(ab+bc+ca)] (*%)
Do d6 tir (1), ta nhan dugc
Bai toan 4. Cho a, b, ¢ la cdc s6 thuc dwong
6 tong bang 1. Chitng minh rang
4(a*+b*+c?)+15abc=1.

Loi gidi. St dyng (1) va {%%),1d co

4(a® + b3 +c*)+15abc
=27abc+4-12(ab+bc +ca)
>3[4(ab+bc+ca)-1]+4-12(ab+bc+ca)=1.
Va mot két qua yéu hon 1a
Bai toan 5. [USA 1979] Cho a, b, ¢ la cdc s
thuc dwong c6 tong bang 1. Chitng minh rang

a’ +b3+c3+6abc > % .

https://tieulun.hopto.org



Ngoai ra con c6 mét két qua kha dep, d6 1a
Bai toan 6 Cho a, b, c la cdc s6 thie dwong
co tong bang 1. Chirng minh rang

Gl +5* +-6*)+ 12 5(a* + 52 +c%).
Loi gidgi. St dung (1) va (**), ta c6

6(a®+b*+c%)+1
=1+18abc+6(a* +b* +c?)—6(ab+bc+ca)
=1+5(a%? +b*+c?)+18abc+(a+b+c)?
—8(ab+bc+ca)

= 5(a2 +1? +2 )+2[(9abc+1—4(ab+bc+ca))]
> 5(a® +b* +c?).

Tuy nhién, chua dimg lai & d6, BPT (1) con
rat hiru ich cho 16 giai ctia bai toén sau.

Mathematicorum] Cho a, b, ¢ la cdc 56 thuc duwong
thoa man a+b+c=1 va m, n la cdc sé thuc
dwong thoa man 6m = 5n. Chimg minh rdng
ma+nbc mb+nca mc+nab _ 3m+n
+ - >
c+a a+b 2

b+c
Loi gidi.
St dung bat dang thirce AM — GM, ta duoc

ma+nbc 9(ma+nbc)(b+c)
+
b+c 4

Tur d6 suy ra

> 3(ma+nbc)

ma+nbc+ mb+nca i mc +nab
b+c c+a a+b

23m+3n(ab+bc+ca)— %[(ma +nbc)(1-a)
+(mb+nca)(1-b)+(mc+nab)(1-c)]
= %m +%[n(ab+bc +ca)+3m(a® +b* +c?)+
+9nabc]
2%m+%[n(ab+bc+ca)+ 3m ( l~2(ab+bc+ca))
+4n(ab+bc+ca)-n)

23m—%n+%(5n~6m)3(ab+bc+ca)

23m—%n+%(5n—6m)(a+b+c)2 . SRS

Dang thirc xay ra khi va chi khi a=b=c:%.

« Bay gi0, néu cho s = 3, khai trién (*) va thu
gon ta nhan dugc
3abc+9> 4(ab+bc+ca). (2)

V6i két qua (2) ta s& giai quyét duoc bai toan
kho sau.
Bai toan 8. [Vasile Cirtoaje, Gabriel Dospinesscu]
Cho a, b, ¢ la cdc sé thuc théa man diéu kién
a*+b* +c* =3. Chirng minh rang

(ab)’ +(bc) +(ca)s <£3.
Loi gidi.
Ap dung bét ding thirc AM — GM, ta c6

a*+b*+2=a*+b*+1+124%a*b* >4ab.

Suy ra 4a°b’ < a*b*(a* +b* +2).

Do d6, néu dat x=a*, y=b*, z=c* thi ta chi
can chimg minh
XY(x+y+2)+yz(y+z+2)+zx(z+x+2)<12
trong d6 x, y, z 1a cac s6 khoéng 4m c6 tong
bﬁng 3.
Ta céd
Xy(x+y+2)+yz(y+z+2)+zx(z+x+2)<12
S (x+y+2z)(xy+yz+2x)+ 2(xy + yz + zx)
<12+3xyz
< S(xy+yz+2zx) <12+3xyz.
T (2) va chil y ring xy+yz+2zx<3, ta suy ra
S(xy+yz+2zx)<12+3xyz.
« Trong truong hop téng quat s>0, (*) co
dang 9abc > 4s(ab+bc+ca)-s3. 3)
Két qua nay cho ta mot 16i gidi dep dbi voi
bat ddng thirc hay sau day.
Bai toan 9. [Darij Grinberg] Cho a, b, ¢ la cdc
s6 thuc dwong. Chirng minh rcfng
a*>+b%+c*+2abc+1>2(ab+bc+ca).

; TOAN HOC
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Loi gidi.

BDT cén ching minh twong duong voi
(a+b+c)?*+2abc+124(ab+bc+ca)

< 2abc+1>4(ab+bc+ca)—s?

véi s=a+b+c.

Tuy nhién, tir (3) ta co

%abc >4(ab+bc +ca)—s>.
Do d6, ta chi can chimg minh

2abc+12—2—abc hay (%—ZJabc <1,

Néu 52 % thi hién nhién bt ding thic ding.

Nguogc lai, ap dung bét déng thitc AM — GM,
ta dugc

o 3
(22222 2

s 27

3
S—l— s+s+(9-2s) Lo
27 3

Néu khéo 1éo van dung dang thiic (**), ta s&

c6 bai toan sau.

Bai toan 10. [Cao Minh Quang] Cho a, b, ¢ la

cdc sé thuc khong dam théa man diéu kién

ab+bc+ca=1. Chitng minh rang
a+b>+c3+6abc>a+b+c.

Loi gidgi. V6i s=a+b+c,tacd

a® +b? +c? +6abc

=9abc+s(a* +b* +c? —ab—bc—ca)

>4s5—s*+(a*+b*+c?)s—s

=s(3-s2+a*>+b2+c?)=s.

Bai toan (*) s& con rt nhiéu tmg dung.

Chic cac ban s& tiép tuc khdm phé thém

nhirng tha vi cua két qua dep nay thong qua

cac bai tap sau.

TOAN HQC .
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BAI TAP
1. [Cao Minh Quang] Cho a, b, ¢ 1a c4c sd thyc
duong c6 tong bang 1. Chirng minh rang

3@ +b* +c3)+5(ab+bc+ca)=2 .

2. [Vasile Cirtoaje] Cho a, b, c 1a cac s6 thuc
khong am thoa man diéu kién a® +b* +c* =3.
Chirmg minh ring

(ab)* +(bc)* +(ca)* <3.

3. [Eward T.H.Wang] Cho a,b,c la cac s6 thuc

khong am co tong bang 1. Chirmg minh rang

ab+bc+ca<ad+b3+c3+6abc<a?+b?+c?
<2(a®+b*+c)+3abc.

4. [Poland 2005] Cho a, b, ¢ 1a cic sd thuc
khong 4m théa man diéu kién ab+bc+ca=3.
Chirng minh rang
a® +b*+c3+6abc=9.
5. Cho a, b, c la cac s6 thuc khong 4m c6
tong bang 2. Chirng minh rang
27(a?® +b? +c?)+54abc 252 .
6. Cho a, b, c la cac s6 thuc khong am co
tong bang 3. Ching minh rang
a’+b>+c*+abc=4.
7.Cho a, b, c 12 cac sb thuc duong théa man
abc =1. Chling minh rang
2(a? +b* +c?)+12
>3(a+b+c)+3(ab+bc+ca)

8. [Olympic 30/4] Cho a, b, ¢ 1a cic sd thuc
khong am c6 téng bang 1. Ching minh rang

2@+ b +c3)+3(a® +b? +cz)+12ach%.

9. [APMO 2004] Cho a, b, c 1 cac sb thuc
khoéng 4am. Chirng minh rang
(a? +2)(b? +2)(c? +2) 2 Xab+bc +ca) .
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UNG DUNG TU HAI DINH Li €O BAN

HUYNH VAN MINH (GV Truong PTDTNT huyén Sa Thay, Kon Tum)

I. LI THUYET

1. Pinh Ii co ban 1

I 1a trung diém doan thang 4B khi va chi khi
v&i moi diém M ta co MA+MB =2MI.

e Hé qua 1

I 13 trung diém doan thing AB thi v6i moi
diém Mta c6 'm +W3| = ZI_A_ﬁ‘

Ung dung thit nhit ciia Hé qua 1

Cho hai diém phan biét 4, B va dudng thing d.
Goi 7 la trung diém ciia doan thing AB va
didm M e d. Khi do |m+m[ c6 gié tri nho
nhét khi va chi khi M 13 hinh chiéu vudng géc
cua/ trén d.

Ung dung thir hai ciia H¢ qud 1

Cho hai diém phan biét 4, B va mit phing (P).
Goi 7 14 trung diém doan thing 4B va diém
M e (P). Khi do \m+m’ c6 gié tri nhé nhat
khi va chi khi M 14 hinh chiéu vuéng géc cua
I trén (P).

o« Hé qua 2

Néu 7 14 trung diém doan thing AB thi véi moi
diém Mta c6 MA® + MB* =2MI* + L AB".
Ung dung thi nhit ciia H¢ qua 2

Cho hai diém phan biét 4, B va dudng thing d.
Goi I 1a trung diém doan thing AB va diém M
€ d. Khi d6 MA? +MB? c6 gia tri nho nhat
khi va chi khi M 13 hinh chiéu vuéng géc cta
Itrén d.

Ung dung thir hai ciia H¢ qua 2

Cho hai diém phén biét 4, B va mit phing (P).
Goi 7 12 trung diém doan thing AB va diém

M e (P). Khi &6 MA?+MB? c6 gia tri nhé
nhét khi va chi khi M 13 hinh chiéu vuéng géc
cua / trén (P).
2. Dinh li co' ban 2
Véi G 1a trong tm tam gidc ABC va M 13 diém
bét ki, ta ludn co: MA + MB + MC =3MG.
o« H¢ qua 3
V6i G la trong tdm tam giac ABC, v6i moi
diém M ta ludn c6: ]m+ﬁl§ +M5' = 3\%'
Ung dung thir nhit ciia Hé qua 3
Cho tam gidc ABC va dudng thang d. Goi G
1a trong tim tam gidc ABC va diém M e d.
Khi 6 [MA+MB+MC)| c6 gia tri nhd nhit
khi va chi khi M 13 hinh chiéu vuéng goc cia
G trén d.
Ung dung thir hai ciia H¢ qua 3
Cho tam giadc ABC va mit phing (P). Goi G
1a trong tAm tam giac 4BC va diém M e (P).
Khi d6 |MA+MB+MC| c6 gi4 tri nhd nhét
khi va chi khi M 12 hinh chiéu vuéng géc cua
G trén (P).
s Hé qua 4
Véi G la trong tdm tam gidc ABC, khi d6 véi
moi diém M ta luén c6 MA*> + MB* + MC? =
MG +3 (4B + BC* + CAD),
Chirng minh
Ta c6: MG =%(W+W+ME), suy ra
o 1 N e I )

MG? = MG =§(MA+MB+MC)

= —19—(MA2 +MB? + MC? +2MA.MB +

+2.MB.MC +2.MA.MC).

TOAN HOC
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Vi AB? =(M”1§—‘MZ)2 — MB*+MA® -2 MB.MA
nén 2.MB.MA = MB? + MA? — AB2.
Tuong ty 2.MB.MC = MB?+MC?-BC?> va
2.MA.MC = MA?> + MC?* — AC?.
Do dd MG? =5 (MA? + MB* + MC?)-
—é(ABZ +BC? +CA?)

Suy ra MA? +MB? + MC?

=3MG? +%(ABZ +BC?+CA?).

Ung dung thit nhit ciia H¢ qud 4

Cho tam gidc ABC va duong thang d. Goi G 1a
trong tAm tam gidc ABC va diém M e d. Khi d6
MA? + MB* + MC? ¢6 gié tri nho nhét khi va
chi khi M 13 hinh chiéu vudng goéc cta G trén d.
Ung dung thir hai ciia H¢ qua 4

Cho tam gidc ABC va mit phang (P). Goi G
14 trong tAm tam gidc ABC va diém M e (P).
Khi d6 MA> + MB? + MC? ¢6 gié tri nho nhét
khi va chi khi M 13 hinh chiéu vuéng géc cta
G trén (P).

1. MOT SO UNG DUNG

Bai toan 1. Trong khong gian voi hé truc toa do

Oxyz, cho cdc diém A(3; 3; —1), B(5; 3; —11)

va dieong thang d: Al O e OO
10 =7 2

trén d diém M théa man |MA +MB| ¢ gia tri

. Tim

nhé nhat. Tim gid tri nho nhat dyin do.

Loi gidi.

Theo Ung dung thir nhdt cia Hé qua 1 thi
diém M théa man bai toan 12 hinh chiéu vudng
goc ctia diém 7 (13 trung diém doan AB) trén d.
Diém I(4; 3; —6) va d ¢ vecto chi phuong
u=(10;-7; 2).

Vi M € d nén M(10 + 10z, -8 — 7¢; 2 + 20),
IM = (6+10t; —11-7¢; 8+21).

TOAN HOC |
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Diém M 13 hinh chiéu vudng géc cta I trén d
khi va chi khi u.IM =0, tirc 12

10(6 + 107 + 7(11 + 76 + 2(8 +2£) = 0

& 153t+153=0<t=-1.

Vay M(0; —1; 0). Gia tri nho nhat cua
‘KTAJ@ biing 2MI VA dyin =417,

Bai toan 2. Trong khéng gian voi hé truc toa
do Oxyz, cho diém A(3; 0; 1), B(T; —6; 5) va
mdt phang (P): 3x — 2y +z + 4 =0. Tim trén
(P) diem M thoa man rM—Aerj co gid tri
nh6 nhat. Tim gid tri nho nht dyi do.

Loi gidi.

Theo Ung dung thit hai ciia Hé qua 1 thi diém
M théa min bai toan 1a hinh chiéu vuéng goc
cua diém 7 (13 trung diém doan AB) trén (P).
Diém I(5; -3; 3). PT dudng thing d qua 7 va

x=5+3¢
vudng goc voi (P)la §y=-3-2¢
z=3+t.
x=5+3¢
GisiHPT ¥~ 0% ta duge 1 = 2.
z=3+t¢
3x-2y+z+4=0

Khi d6 hinh chiéu vudéng géc cta I trén (P) 1a
M(=1; 1; 1). Gia tri nhé nhét cia |m + ME\
bang 2MI VA dmin=4/14.

Bai toan 3. Trong khong gian voi hé truc toa
do Oxyz, cho diém A(2; 3; 3), B(2; =1; 7) va
=3 y=<2d 5t
s )
diém M théa man MA* + MB® ¢ gid tri
nhé nhat. Tim gid tri nho nhat dopin do.

.Timtrénd

dwong thang d: <

Loi gidi. ,

Theo Ung dung thir nhét ciia Hé qua 2 thi diém
M thoa mén bai toan 13 hinh chiéu vudng géc
ctia diém 7 (14 trung diém doan 4B) trén d.
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Diém I(2; 1; 5) va d c6 vecto chi phuong
u=(3-1-2).

Piém M € d nén M3 + 31, 2 — 1, -1 — 20),
IM=(1+3t 1-1; —6-20).

Diém M 13 hinh chiéu vudng gbc cua I trén d
khi va chi khi u.IM =0, tic 13
31+3H-(1-6H)-2(-6-20)=0

S 1l4t+14=01=-1.

Vay M(0; 3; 1) va gia tri nhé nhét dp,;, = 64.
Bai toan 4. Trong khong gian voi hé truc toa
do Oxyz, cho diem A(3; -2; 2), B(1; —-8; 8) va
mdt phang (P): x -2y +3z+ 1=0. Tim trén (P)
diéem M théa man MA* + MB® ¢6 gid tri
nho nhat. Tim gia tri nho nhat d,,,;, do.

Loi giai.

Theo Ung dung thir hai cua Hé q’ud 2 thi diém
M th(’)e} man bai toan 1%1 hinh chiéu vuéng géc
cua diém [ (1a trung di€ém doan AB) trén (P).
Diém 1(2; -5; 5) va PT dudng thing d chira J,

x=2+t
vuong goc voi (P) la < y=-5-2¢
7=5+43t.
xX=2+t
Gt HPT AT o ta duoc £ = —2.
z=5+3¢
x-=2y%3z41=0

Khi d6 toa @6 hinh chiéu vudng géc cua / trén
(P) 1a M(0; —1; —1) va diin= 150.

Bai toan S. Trong khéng gian vdi hé truc toa
do Oxyz, cho tam gidc ABC véi A(10; =2; 7),
B(=6; —6; —13), C(2; 14; 6) va duong thing
d. '\'1_1 = “\555 — :_+42. Tim trén d diém M

sao cho |MA+MB+MC| c6 gid tri nhé nhat.

Tim gid tri nho nhat d;, do.

Léi gidi,

Goi G la trong tam tam giac ABC, theo
Ung dung thir nhdt cia Hé qua 3 thi
MA+MB+ MC| c6 gia tri nhé nhét khi va chi
khi M 14 hinh chiéu vuéng goc cia G trén d.
Ta c6 G(2; 2; 0) va mit phing (P) qua G,
vuong goc void co PT: x — 5y —4z+ 8 =0.

x=1+1¢
Puong thang d ¢6 PT tham sb 13 { y=—-5—5¢
z=-2-4t.
x=1+t¢
Gigi OPT {7 = DA ta dugc £=—1.
z=-2—-4¢

x—5y—-4z+8=0
Khi d6 giao diém cua d va (P) 1a M(0; 0; 2).
M 13 hinh chiéu vuéng géc ciia G trén d. Nhu
1ap luan trén thi M(0; 0; 2) 1a diém céan tim.
Ta c¢6 G(2; 2; 0) nén duin = 3GM = 6+/3.
Bai toan 6. Trong khong gian voi hé truc toa
do Oxyz, cho tam gidac ABC, vdi A(-8; =5; 2),
B(4; 1; 2), C(-8; 7; —4) va mdt phang (P):
x =2y + 3z —8=0. Tim trén (P) diéem M
sao cho im+m+M—C‘ c6 gia tri nho nhat.
Tim gia tri nho nhat din dO.
Loi gidi.
Goi G la trong tam tam giac 4ABC, theo
Ung dung thir hai cia hé qua 3 thi
MA+MB+MC| c6 gia tri nhé nhét khi va chi
khi M 13 hinh chiéu vuéng goc cia G trén (P).
Ta c6 G(—4; 1; 0), PT duong thing d di qua G

x=—4+t
va vudng goc voi (P)la <y=1-2¢
Z= 31
x=—4+t¢
Giai HPT el <2t ta dwocr=1.
z =3t
x—2y+32+-8=0
Khi d6 M(-3; —1; 3) va dmin= 3MG = 3./14.
TOAN HOC

S 445 (7-2014)

* CTusite 13

https://tieulun.hopto.org



-

Bai toan 7. Trong khong gian voi hé truc toa
dé Oxyz, cho tam gidc ABC, voi A(5; —6; 2),
B(1: 2; 0), C(3; =2; 10) va duong thang d:
x—-1 y+4 z-3

'S e
cho MA* + MB* + MC” c6 gid tri nho nhat.
Tim gid tri nh6 nhat dyi, do.

. Tim tréen d diem M sao

Loi gidi.

Goi G 1a trong tdm AA4BC, theo Ung dung
thir nhét ciia hé qua 4 thi MA> + MB* + MC*
c6 gia tri nho nhét khi va chi khi M 1a hinh
chiéu vudng goc cua G trén d.

Ta ¢6 G3; -2; 4). Goi M la mot diém
thuoc d, khi d6 M(1 + m; —4 + m; 3 — m) va
GM =(=2+m; —2+m; —1-m),
phuong cia dla u =(1;1;-1).

vecto chi

Vi M 1a hinh chiéu vudng géc cia G trén d

nén GM. u =0, tic la
D+m-2+m+1+m=0m=1.

Khi d6 M(2; -3; 2).

Ta c6 A(5; -6; 2), B(1; 2; 0), C3; -2 10),

M(2; —3; 2) 1én doin= MA* + MB* + MC* =114,

I PINH CHINH
i Trén TH&TT sb 444, trong 161 giai bai T8/440,
- khi 4p dung BDT Chebyshev, BDT nhan dugc
. d3 bi nguoc ddu. Xin duoc giai lai nhu sau:
! R& rang néu AABC déu thi ta c6:
| 442 + HB? + HC? = 4(HA? + HB? + HC?) (1).
I 3
- Gia stt ¢6 (1), ta s& chimg minh A4ABC déu.
! That vay, ta da c6 HA.HA, = HB.HB, = HC.HC,
| (dinh Ii vé phuong tich). Khi d6:
2 2 2
1)< 4 HA; HB; L HC;
HA.HA, HB HB,  HC.HC,
. s Rl L -\ oy
HAHA  HB.HB, HC.HC,

TOAN HOC
* Clusitre

S§ 445 (7-2014)
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Bai toan 8. Trong khong gian voi hé truc toa

dé Oxyz, cho tam gidc ABC, vdi A(S; Ti-2),

B(1; -9; -2), C(9 ; =7 ; 9) va mdt phang (P):

3x —y+z+1=0. Tim trén (P) diém M sao

cho MA* + MB* + MC* ¢6 gid tri nho nhat.

Tim gid tri nho nhat dyiy d6.

Loi gidi.

Goi G 1a trong tdm AABC, theo Ung dung

thi hai ciia hé qua 4 thi MA® + MB* + MC? c6

gi4 tri nho nhét khi va chi khi M 1a hinh chiéu

vudng goc cua G trén (P).

Ta c6 G(5; —3; 3), PT tham s6 ctia d qua G va
x=5+3

vudng goc vai (P)la s y=-3—1

z=3+1.

x=313

y=—3—1

z=3+t

3x—-y+z+1=0

Khi d6 giao diém cua d va (P) la M(-1; -1; 1).

Theo 14p luén trén thi diém M thoa man d& bai
13 M(=1; =1; 1), dyin = MA* + MB* + MC® = 378.

Giai HPT ta dugc £ = —2.

Tacs: 1S <SZ+S3 =l(i+ij

I

I

I

HA _ S, S |
GG E R !

Cung v6i hai BDT tuong tu, ta thay: |
S,+5, Si+8 S+, |
Sl S2 SS I
_HA HB  HC 3) |

HA1 HB, HC I

Tir (2) va (3) suy ra Sy = S, = 83, hay H 1a trong I
tam A4ABC, suy ra AABC déu. I

Thanh thdt xin 16i ban doc. I
TH&TT

VTQ) <

https://tieulun.hopto.org



-

) F\IW
%Q

Xl
o

P

Gidi Aap:
Loi giai da hoan chimh chuia ?

(Dé diing trén TH&TT s6 442, thing 4 nim 2014)

Loi giai cua ban hoc sinh d6 chua hoan chinh,
bdi vi 101 giai d6 chi dung trong truong hop
E nam gita O va B, F nam giita O va D.
Loi giai nay con thiéu trudong hop E nam giita
O va D; F nam giita O va B.

Loi gidi hoan chinh: Xét hai trudng hop.
Truwong hop 1. E nam gitta O va B; F niam
gitta O va D (da chung minh).

Trwong hop 2. E nam gitta O va D; F ndm
gitta O va B (hinh v& dudi).

Tir gi4 thiét BE = DF = BF + FE = DE + EF
= BF =DE. Do OB = OD nén
OF = OB - BF=0D - DE = OE.

Tt giac AECF 1a hinh binh hanh do c6 hai
duong chéo cit nhau tai trung diém O cia
mbi dudng. Vay AF // CE (dpem).
Nhin xét. Cac ban sau c6 10i binh tét, giri bai v& Toa soan
som hon ca: Nguyén Duy Khirong, 8A9, THCS Giang V3,
Ba Binh, Ha Noi; Nguyén Ngoc Thanh Tém, 10 Toan, THPT
chuyén Thai Nguyén, Thai Nguyén; Dinh Trung Thanh, 9A,
THCS Doan Hung, Phi Tho; 77 van Vin Hai, 10 Toan 15,
THPT chuyén Hung Yén, Hung Yén; Nguyén Vin Cuong,
11A4, THPT Ba Chuc, Tri T6n, An Giang.

NGOQC HIEN

BAI TOAN CO HAI NGHIEM HINH ?

Trong gio’ hoc todn thay gido cho bdi tip sau:
Trong mdt phang Oxy cho tam gidc ABC c¢6
dinh B(1; 2) va duong phdn gidc trong AK co
PT: 2x +y — 1 = 0. Biét khodng cdch tir C dén
AK bang hai lan khodng cdch tir B dén AK va
diém C nam trén truc tung. Xac dinh toa do
dinh A, dinh C.

Sau ddy la loi gidi cia ban Hung:

A

K
B

E
Khodng céch tir B dén AK 1a: d(B; AK) = %

Gia str C co toa d6 (0; ¢), theo dé bai ta co:
d(C;AK)=2d(B; AK) < 2.==

S le-1]=6< c=7hoicc=-5.

Véi c =7, diém C c6 toa do (0; 7) thi B va C
nam cung phia d6i voi phan gidc 4K (loai).
Véi ¢ =-5, diém C c6 toa d9 (0; —5). Khi dé:
Gid st A(a; 1 — 2a). Do AK 1a phan giac trong

cua tam giac ABC nén AB _BK _BH _1

ACTOE T B o
Suy ra 448 = AC? hay

4((—ap+(1+2ap) = a*+(6—2a)’

9 4 2 1
<= 15a*+32a-28=0& it = 33
A S aBang i _H.ﬁ)'
5 S5
2.1 . 14,33
Vay: C(0; -5) va A(3,—§) hodc A(—?, 5).

Bai todn c6 hai nghiém hinh.

Theo cdc ban thi ban Hung gidi diing hay sai?

PAO CHI THANH

(GV THPT chuyén Vinh Phuc)
; TOAN HOC
S3 445 (7-2019) * CTusitre 1
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CAC LOP THCS
Bai T1/445 (Lép 6). Chimg minh ring:
111..111222..222-333...333
—_— N~

2014 chits6 1 2014 chirs6 2 2014 chits6 3

12 mot sb chinh phuong.
PHAN MANH HA
(GV THPT Nam Yén Thanh, Yén Thanh, Nghé An)

Bai T2/445 (Lép 7). Cho tam gidc ABC co

BAC >90° va @b dai ba canh 12 ba s6 chin
lién tiép. Tinh d6 dai ba canh clia tam gidc do.
NGUYEN BUC TAN
(TP. Ho Chi Minh)
Bai T3/445. Cho hai sé thuc duong a, b thda
mén a + b va ab 1a cac sb nguyén duong va
[a2 +ab)+[b? +ab] 14 sé chinh phuong, & d6
ki hiéu [x] 1a sb nguyén 1on nhat khong
vuot qua x. Chirng minh ring a, b 1a cac s
nguyén duong.
: NGUYEN TAT THU
(GV THPT chuyén Luong Thé Vinh, Bién Hoa, Dong Nai)
Bai T4/445. Cho tam giac nhon ABC véi cac
duong cao AD, BE, CF. Trén tia dbi cuia cac
tia DA, EB, FC lan luot 14y cac diém M, N, P
sao cho B/AR‘=C{NT4=@=90°.
Chimg minh ring céc dudng thang chira cac
canh cta luc gidc APBMCN clng tiép xtic véi
mot dudng tron.
NGUYEN KHANH NGUYEN
(GV THCS Hong Bang, Hai Phong)
Bai T5/445. Tim sb nguyén m dé phuong trinh
C+m+ 1P —Qm—x—QCm*+m+4)=0
c6 nghiém nguyeén.

BUI HAI QUANG
(GV THCS Vén Lang, TP. Viét Tri, Phii Tho)

TOAN HOC
16 * CTudilye SS 445 (7-2019)

CAC LOP THPT
Bai T6/445. Chimg minh ring v6i moi sb
‘thuc a, b, ¢ 16n hon 1 ta luén co:
(log, a+log, a-1)x(log, b+log, b—1)x
x(log, c+log, c—-1)<1.

NGUYEN VIET HUNG
(GV THPT chuyén KHTN, DHQG Ha Noi)

Bai T7/445. Cho tam giadc nhon ABC (4B <AC)
n6i tiép duong tron (0). Céc dudng cao AD,
BE, CF cit nhau tai H. Goi K 1a trung diém
ctia BC. Céc tiép tuyén vai duong tron (O) tai
B va C cét nhau tai J. Chirng minh rang HK,
JD, EF d6ng quy.
HO QUANG VINH
(Ha Nbi)
Bai T8/445. Tim ham s6 f: R — R bi chin
trén mot khoang chira diém 0 va thoa man
2f(2x) =x + fix), véimoix € R.

NGUYEN VAN XA
(GV THPT Yén Phong s6 2, Bac Ninh)

TIEN TOI OLYMPIC TOAN
Bai T9/44S. Cho da thirc:
fx)=x* —3x* + 9x + 1964.
Chimg minh ring tdn tai s6 nguyén a sao cho
Aa) chia hét cho 3%,
TRAN XUAN DANG
(GV THPT chuyén Lé Hong Phong, Nam Dinh)
Bai T10/445. Tén tai hay khong ham s6 lién tuc
f: R — R sao cho vdi moi x R, trong cac s6
Ax), fox + 1), fix + 2) ubn c6 hai s6 hitu ti va
mot sb vo ti.
NGUYEN KIM DOANG
(SV khoa Co Khi, PHBK TP. H6 Chi Minh)

Bai T11/445. Cho day s6 {a,}, dwoc xc dinh
béi  cong. thic: - a;r =, 1, & = 2014,

2013a ( 2013
= Ll
n n—1

)an_l voimoin =2,

an+1
3, ... Tim lim(i+—1—+...+ij.
noo\ 4 d, a

PHAM HOANG HA
(SV CLC K49, Todn Tin, DHSP Ha N¢i)

n
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Bai T12/445. Cho t& gidc ABCD ngoai tiép
duong tron (7). Cac canh AB, BC tiép xuc véi

(D) 1an lugt tai M, N. Goi E 14 giao diém cta

AC va MN; F la giao diém cua BC va DE.

DM cit (]) tai diém T khac M. Chimg minh
rang FT 14 tiép tuyén cua (7).

TRAN QUOC LUAT

(GV THPT chuyén Ha Tinh)

CAC PE VAT LI

Bai L.1/445. Mot thanh cung dong cht, tiét
dién déu, chidu dai L duoc treo nim ngang
béi hai soi diy manh, khong giéin cing chiéu
dai / nhu hinh v&. Kich thich cho thanh cing
dao dong nho trong mit phing hai day.
Xac dinh chiéu dai / theo L dé chu ki dao dong
cua thanh 13 nhé nhét va tinh chu ki d6.

/ /
L

NGUYEN NHAT HUY
(Ha Néi)

Bai 1.2/445. Mach dién vé han la mach dién
tao thanh tir v6 s6 mdt mach giong nhau, ndi

* lién tiép theo mét quy ludt nhdt dinh, sao cho

khi thém vao (hay bét di) mét mdt mach thi
dién tré ciia ca doan mach van khong thay doi.
Cho mach dién v6 han biéu dién trén cac so dd
(a) va (b).

Mach (a) tao thanh tir v6 sb cdc mat nhu nhau
gém c6 ba dién tr¢ 7, 2r, 3r; Mach (b) tao thanh
tir vo s6 cac hinh vudng, cdu tao tir cac ddy dén
ddng chat, ndi ndi tiép trong hinh vuéng khéc,
ma dién tr& ctia mdi canh hinh vudng 1 7.
X4c dinh dién tré cia mdi doan mach.

: : c
2r A
r 3r
iz 3r -
. B
(@) (b)
TRAN KHANH HAI
(GV THPT Quéc hoc Hué)

FOR LOWER SECONDARY SCHOOL

Problem T1/445 (For 6™ grade). Prove that
111111222 299333 333

2014 chits6 1 2014 chirs6 2 2014 chir s6 3

is a perfect square.
Problem T2/445 (For 7" grade). Given a

triangle ABC with BAC >90° and the lengths
of its sides are three consecutive even numbers.
Find these lengths.

Problem T3/445. Let a, b be two positive real
numbers such that a + b, ab are positive integers
and [a2+ab]+[b? +ab] is a perfect square,
where [x] is the greatest integer not exceeding x.

Prove that a, b are positive integers.

Problem T4/445. Let ABC be an acute
triangle with altitudes 4D, BE, CF. On the
opposite rays of the rays DA, EB, FC, choose
three points M, N, P respectively such that
BMC =CNA = APB = 90-. |

Prove that the lines containing the sides of the
hexagon APBMCN are both tangent to a circle.

Problem T5/445. Find all mtegers m such that
the equation

x+(m+1)x (2m—1)x Qn? +m+4) 9

has an integer solution.
(Xem tiép trang 26)

TOAN HOC

S& 445 (7-2014) ' Cudilre 17
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Bai T1/441 (16p 6). C6 bao nhiéu bg ba s6
nguyén duong (a; b; ¢) thoa man BCNMa, b)=
1000, BCNN(b, c¢) = 2000, BCNM(a, c) = 20002

Loi gidi. T gia thiét suy ra mdi s6 a, b, ¢ déu la
wdc s6 ctia 2000 = 2*.5%, do d6 chiing ¢ dang
a=2"5b=2"5,c=2.5.DoBCNN(q,b) =
235 thi sb 16n nhét trong hai s6 mii m, n bing
3 va s6 16n nhét trong hai s6 mil 7, s bang 3.
Do BCNN(g, ¢) = 2*.5° thi s6 16n nhét trong hai
s& mii m, ¢ bang 4 va sb 1én nhét trong hai s6 mil
r, v bing 3. Do BCNN(b, ¢) = 2*.5 thi s6 16n
nhét trong hai s6 mi », ¢ bang 4 va sb 16n nhét
trong hai s6 mil s, v bang 3. Tir cac diéu trén
phéi xdy ra ¢ = 4. Ta ¢6 bang céc gid tri cac s6 mil
ctia bd sb (a; b; ¢) thoa man gia thiét nhu sau:

m n t r S 14
31314 el
31214 e
31114 3 ot sl
31014 300000
2 31 4 3ai2 23
1 (3|4 bl 3
0|34 3 | 0 -}3

2 1313

1 R i)

0713 3

Két hop 7 bd s6 mil (m; m; £) va 10 bd s6 mil
(r; s; v) thoa man gid thiét s& c6 70 bd s
(a; b; ¢) thoa mén dé bai. O
s& nghiém.

VIET HAI
Bai T2/441 (16p 7). Cho tam gidc ABC can
tai A co BAC = 100°, diém D thugc doan BC
sao cho CAD =20°, trén tia AD ldy diém E

sao cho tam gidc ACE cdn tai C. Tinh s6 do

cdc goc trong cua tam gidc BDE.

Léi gidi. Ké tia phan gidc BF cia ABD (F €

AD), ta cé ABF = DBF =20° (do A4BC c6
ABC = ACB = 40°).

Theo gia thiét,

CAD = 20° = BAF =100° —20° =80°

s BFA =180° —80° —20° = 80° = BAF

— ABAF cén tai B = BF = BA.

Ta lai c6 AB = AC = CE = BF = CE.

Xét AFBD v ACED ¢6 B,=E,=20°, BF = EC
(chimg minh trén), BFD = ECD (do B,=E,
va D,=D,), do d6 AFBD = ACED (g.c.g),
suy ra BD = DE. ADBE can tai D, co
BDE = BAD + ABD =80° +40° =120°, suy ra

DBEwpEn- 180 B0 g

TOAN HOC
* Clugitpe

S46 445 (7-2014)
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Vay c4c géc trong ctia ABDE 1a BDE =120°;
DBE =DEB=30° 0J
» Nhin xét.

1. Bai toan nay thudc loai dé va cé dang quen thudc.
Ngoai cach giai trén, cac ban con dua ra nhidu cach
giai khéc. Ching han, v& thém tam gidc déu BDK
(K va A cing thudc nira mit phing c6 bd 1a BC)
hodc 14y diém H trén tia DC sao cho DH = DE.

2. Céc ban sau day c6 10i giai ngin gon hodc ¢ nhidu
cach giai: Phii Tho: Nguyén Thdo Chi, Bii Pinh
Huong, Nguyén Quéc Trung, Tran Manh Cuong,
D6 Trong Td'n, Tran Quo”’c Lap, TA3, Nguyé~n Diic
Manh, 7A2, THCS Lam Thao; Vinh Phic: Pai Thi
Hién, B6 Lé Huyén Ngoc, 7A4, THCS Yén Lac;
Nam Pinh: Nguyén Himg Son, 7TA, THCS Pao Su
Tich, Truc Ninh; Hung Yén: Lé Thi Hurong Giang,
7A, THCS Tién Lir; Hai Phong: Nguyén Nit Minh
Ngoc, 7A1, THCS Hong Bang; Thanh Héa: Kiéu
Xudn Bach, Trinh Thai Quang, TA, THCS Lé Hiru
Lap, Hau Loc; Nghé An: Tran Lé Hiép, Nguyén
Tran Phwong Anh, Nguyén Thu Giang, Nguyén Vin
Toan, TA; Dinh Viét Ty, 7D, THCS Ly Nhét Quang,
D6 Luong; Vé Phuong Tdm, Tran Ngoc Khdnh, TB,
Hoang Minh Khdnh, 7C, THCS H Xuén Huong,
Quynh Luu; Cao Khdic Tan, 7A, THCS Cao Xuan
Huy, Dién Chau; Ha Tinh: Bii Bd Vi, 7A, THCS
Phan Huy Chu, Thach Ha; Nguyén Dinh Nhdt, TA,
THCS T.T Cédm Xuyén, Cdm Xuyén; Quing Ngii:
Nguyén Dai Duwong, 7B, THCS Kim Vang; Nguyén
Lé Hoang Duyén, TA, Bui Thi Lé Giang, 7D, THCS
Pham Vin Podng, Nghia Hanh; Phi Yén: Pham
Minh Chién, 7G, THCS Hung Vuong, TP. Tuy Hoa.

NGUYEN XUAN BINH

Bai T3/441. Tong cia m sé nguyén duwong
chan khdc nhau va ciia n s6 nguyén duong le
khdc nhau bang 2014. Tim gid tri Ién nhat
cua 3m + 4n.

Loi gidi. Ta co:

Tong ctia m sb nguyén duong chin doi mot
khac nhau lu6n 16n hon hay bang

(2+2m)m .

2% [Py = m*+m. (1)

Tdng cua n s6 nguyén duong 16 d6i mot khac
nhau luén 16n hon hay bang

1+3+... +(2n—1):%’;‘1)’1=n2. 2)
Tir (1) va (2) suy ra m* + m + n* <2014

1 3 1
=1 2< xl
:>(m+2) +n _20144.

Tt do, ap dung BDT Bunyakovsky ta co:

1 3

+4p= = =2

3m+4n 3(m+2)+4n >
1\ ) 3 153
< 2 2 2 LA il
_\/(3 +4 )((m+2) +n 7=>. 20144 2

~ 222,902

Do m, n nguyén duong, gia st 3m + 4n = 222
thi # chia hét cho 3, vdi £ nguyén duong ta 6 hé:

m="74—4t

n=73t

m?*+m+n?<2014. (3)
Thay m, n vao (3) va bién déi ta dugc:

25— 596¢+ 3536 < 0. 4)

Gidi BPT (4) va chu y ¢ nguyén duong ta
dugc 1= 12, khi 36 m=26; n=136.
Ta c6 tong ciia 26 s6 nguyén duong chin dau
tién va 36 s6 nguyén duong 16 ddu tién 1a:
2+4+ ... +50+52+1+3+..+71=1998.
Do 2014 — 1998 = 16 c6 thé thay d6i mot sb
s6 hang ctia téng trén dé c6 duogc téng thoa
méan diéu kién bai toan. Thi dy, thay 52 bdi 68.
Vay gi4 tri 16n nhit ctia 3m + 4n bing 222
khi m = 26; n = 36. C6 thé chi ra nhiéu téng
théa man, nhar: 2 +4+ ... +50+68 +1+3 +
.. +71=2014.0

> Nhin xét.
Phén chég minh 3m + 4n <5. 2014%—% (= 222,9)

1a phan quan trong cta bai toan nhung chi ra tbn tai
m, nva téng thoa man diéu kién 1a viéc cin thiét é
di dén duogc két luan cubi cung. Chi c6 hai ban dua ra
161 giai ding va ddy du 1a Pdang Quynh Anh, A,
THCS Nguyén Chich, Péng Son; Lé Quang Diing,
9D, THCS Nhit Ba S¥, Hoang Héa, Thanh Héa.

NGUYEN ANH QUAN
, TOAN HOC
S8 445 (7-2014) ¢ CTugitre 19
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Bai T4/441. Cho tam gigc ABC néi tiép
duong tron tam O. Qua cdc diém A, B, C ta
vé ba duong thang song song véi nhau
(khong song song vdi canh nao cua tam gidac
ABC). Cdc dwong thang nay cat (O) theo thir
tw tai Ay, By, C| khdac A, B, C. Chung minh
/‘clmg truc tam cua cac tam giac A\BC, Ci48B,
B\CA thang hang.

Loi giai. Goi H,, H,, H; thtr tu 1a tryc tdm cac
tam giac 41BC, B1CA, C14B; H 1a truc tam
tam gidc ABC, K
14 hinh chiéu
cua Clén

A1B.

Xét hai
tam giac
vudng B
A KH,
va CKB, c6
K4 H,=KCB,
suy ra AA1KH; > ACKB, ta c6
A1H1 AK o= =
——=""—=cotB4C=cotBAC
BC " KE .

= A1H1 =BCcotA.
Tuong tu, AH = BCcot A4, suy ra AH = A1H,.(1)
Mait khac, 4,H, L BC, AH 1 BC nén

AHy Il AH 2)
T (1), (2) suy ra AHH A4, 1a hinh binh hanh,
dan dén A4, // HH,. Tuong tu, ta c6 BB, /| HH,,
CC,// HH3, ma AA, // BB, // CC.
Do d6 H,, H,, Hs, H thang hang. O
> Nhin xét.
Bai toan khong khé, miu chét 1 chimg minh AHH, A,
12 hinh binh hanh (c6 nhiéu cach). Tuy nhién chi cé
bbn ban tham gia giai bai toan nay, ca bén ban déu
cho 161 giai ding: Nguyén Pirc Thudn, 9A3, THCS
Lam Thao, Pha Theo; Lé Quang Diing, 9D, THCS
Nhit B4 S§, Hoing Hoa, Thanh Hod; Lé Duy Anh,
9A, THCS Nguyén Huy Tuong, Pong Anh, Ha Ngi;
Nguyé~n Hitu Huy, 9A1, THCS Yén Lac, Vinh Phic.

NGUYEN THANH HONG

TOAN HOC
* Cludifre SS 445 (7-2019)

A

Bai T5/441. Giai hé phuong trinh
(Lel+x0 + 2=l 90
A+ »)A+yHA+yH=1+x". (2)
Loi gidi. (Dya theo 10i giai cua ban Vii Thi Thi, 8A,
THCS Hanh Phudc, Nghia hanh, Quing Ngéi)
HPT (1), (2) tuong duong véi
x+x2+x3 + x4+ 20 +x8 +x7 = y7
Y+ +y+ 0+ =x
= x+x2+x3 +x*+ x5 +x0 +x7
==(p+y2+ P+ yt+P204y7)
< x(x+D)(x* +x2 +1)
=—y(@+D(r* +y* +1). (€)
« Néu x = 0 thi tir (1) suy ra y = 0. Ta thiy
(0; 0) 12 mdt nghiém cua hé da cho.
« Néu x = —1 thi tir (1) suy ra y = —1. Ta thy
(-=1; =1) ciing 1a mot nghiém cua hé da cho.
«Néu x <—1thi VT(3)>0
=>y+1)<0e-1<y<0.
Khi d6 VT(1) <0, VP(1) > 0, mau thuan.
«Néu x>0 thi VT(3) >0
=yt 1)y liend =iy <0
Khi d6 VT(1) > 1, VP(1) < 1, mau thuin.
«Néu-1<x<0thi VT(3)<0
y>0
=y(y+) >0 [y g
-V6iy>0thi VT(2)> 1, VP(2) < 1, mau thuan.
-Véiy<-1thi VT(2) <0, VP(2) >0, mau thuan.
Vay hé di cho c6 hai nghiém (x; y) 1a (0; 0)
va(-1;-1).3
> Nhin xét.
Ngoai ban Thi, cac ban sau cling c6 101 gidi tht:
Ha Nbi: Lé Duy Anh, 9A, THCS Nguyén Huy Tudng,
bong Anh; Pha Tho: Pinh Trung Thanh, 94, THCS
Doan Hung; Quang Nam: Lé Phudc Dinh, 9/1,
THCS Kim Ddng, Hoi An; Binh Pinh: Nguyén Bdo
Trdam, 7A, THCS Téy Vinh, Tay Son.
TRAN HUU NAM
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Bai T6/441. Tim tdt ca cdc da thike P(x) voi
hé so thuc thoa man cac diéu kién sau:
[P(x)-10=\[P(GZ+3)-13 (x20) ()
113(2014) =2024 )
Loi gidi. Tur diéu kién (1) ta co
P(x*+3)=(P(x)-10)" +13. 3)
Thay x =2014 vao (3) va ap dung (2) ta dugc
P(2014% +3) =(P(2014)~10)’ +13
=(2024-10)% +13
=(20142 +3)+10.
Dit x; = 2014% + 3 thi ta ¢6 P(x;) = x; + 10.
Laidat x, =x2+3,tu (3) suy ra
P(x? +3)=(P(x)-10)" +13
=((x,+10)~10)" +13=(x2 +3)+10.
Do d6 P(x;) = x, + 10.
Béng quy nap ta s& chimg minh duoc
P(x,) = x, + 10, trong d6
X, =2014, x, =x2, +3 (v6i neN").
Nhan thiy x, <x, <x, <...
Xét da thuc Q(x) = P(x) — (x + 10), ta ¢o
0(x,)=0véimoin=0,1,2,3, ...
Piéu nay ching t6 da thic O(x) c6 vo sb
nghiém x,, x,, x,, ... do d6 da thirc O(x) déng
nhat véi da thirc 0, tire 1a O(x) = 0 véi moi x.
Suy ra P(x) = x +10 v&i moi x.
Thir lai ta thdy P(2014) = 2014 + 10= 2024;
P(x)-10=x+10-10=x;
JP*+3)-13 =[x +3+10-13 =x
(do x >0).
Vay P(x) = x +10 thoa man cac diéu kién cua
bai toan. O

> Nhin xét.
1. Ta c6 két qua bai toan téng quat nhu sau: Néu da
thitc P(x) véi hé sb thuc thoa méan diéu kién

{P(x)—az,/P(x2+b)—a—b (x=0)

P(x))=x,+a

trong d6 a, b, xo cho trude (voi xo> 0) thi P(x) =x + a
v&i moi x > 0.
2. Tuyén duong céc ban sau c6 101 giai tbt:
Ha Néi: Vi Bd Sang, 10 Toan 1, THPT chuyén
Nguyén Hué, Biii Hitu Thanh, 12 Toan 1, THPT
chuyén DHSP Ha Noi; Hung Yén: Tran Bd Trung,
11 Toan 1, THPT chuyén Hung Yén; Pha The: Ngé
Trong Anh Tudn, 11A1, THPT Thanh Ba; Vinh Phuic:
Nguyén Thi Huyén T rang, 10A1, THPT chuyén
Vinh Phuc; Bic Ninh: Lé Huy Cuong, 10 Toan,
THPT chuyén Bic Ninh; Hoa Binh: Pinh Chung
Mimg, Hoang Bdo Linh, 11 Toan, THPT chuyén
Hoang Van Thu; Ha Tinh: Lé Van Truong Nhdt,
Nguyén Van Thé, 10T1, Tran Hdu Manh Cuong,
11T4, THPT chuyén Ha Tinh; Nghé An: Duwong Thi
Thuy Quynh, 11A1, THPT chuyén Phan B6i Chau;
Thanh Héa: Pham Vin Thing, Lé Thanh Thdi Binh,
11T, THPT chuyén Lam Son; Vinh Long: Tran Duy
Qudn, 11T1, Huynh Hao, 11T2, THPT chuyén
Nguyén Binh Khiém; Viing Tau: Triéu Gia An,
10 Toén 2, THPT chuyén L€ Quy DPon.

PHAM THI BACH NGOC

Bai T7/441. Cho tam giac ABC. Ki hiéu h,,
hy, h. theo thir tw la do dai cua cac dwong
cao; 1, Iy, l. theo thir tw la do dai cua cac
dwong phan giac trong ké tir cac dinh A, B, C
cua tam gidc ABC. Chitng minh rang:

1 1 1 1

1,1
it =t IR
h.h, " hh, - hh, I " I w 7z

Loi gidi,
V61 AABC, tacé: 28 =ah, =bh, =ch,
1 1 1 _ab+bc+ca,

> hahb - hbhc 5 hcha E

452 ®

2bccos 4 2bcsin 4 cosg

/= - 2
bie (b+c)sin§
__besind  _ 28
it .
(b+c)s1n§ (b+c)s1n5
., A
:l_(b“')z SIN* S (b+c)(1-cos A)
JET MgrgRE o [T 8S?
b+c)>—(b+c)* cos A4
~{bte) bt cosd, @)
TOAN HQC
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b? +c? —a?
2bc
nén (b+c)>cos A=2(b? +c?~a*). (3)

l<(b+c)2 -2(b*+c?—a?)

Lai c6: cos4 = va (b + ¢)* = 4bc

T (2), (3) suy ra

o 85?2
W2gpe2be-br-c i
= 25 . Tuong tu, ta co:
i<2b2+2ca—a2 —c? . _1_<202+2ab—az—b2
L 852 o 852 ’

Cong theo timg vé ba bét ding thirc trén va
luu v hé thire (1), ta co

1 1 1 _abtbetca_ 1 1 g 1

ETRYEST 45T nh kb hB,

Bét déng thirc trong dé bai dugc chirng minh.
Ping thite xdy ra khi va chi khi AABC déu. O
» Nhin xét.

1. Trong tam gidc ABC bat ki véi ban kinh dudng

1
._+_
ha hb

2
g T e A T
SR e o Bl SR > P <y Wi L=
i (ha+hb+hcj 2 3(hahb+hbhc+hh]

c a

tron néi tiép r,tacod +hi=l.
\ 7

suy ra két qua khé dep sau #2é+é+%.

A
2bc cos 5

Ban doc c6 thé chimg minh cong thirc /| =———*
a b+c

bang cach: Goi M 1a giao diém ctia dudong phan giac
trong ctia goc A v6i BC, ta c6 Sypc = Sapm + Simc =

besinA=1, (b+ c)sing ; tir d6 suy ra cong thirc trén.

2. Céc ban sau diy c6 bai gidi t6t: Quiang Nam:
Trdn Nhdt Huy, 10/1 THPT chuyén Bdc Quéng
Nam, TP. Hoi An; Gia Lai: Vii Van Quy, 12Al,
THPT Nguyén Chi Thanh, Pleiku; Héa Binh:
D& Quang Vinh, 11 Toan, THPT chuyén Hoang Van
Thy; Ba Ria - Viing Tau: Triéu Gia An, 10 Toan 2,
THPT chuyén L& Quy Dén; Ha Tinh: Nguyén Van
Thé, 10T1, THPT chuyén Ha Tinh; Ngh¢ An:
H6 Xudn Himg, 10T1, THPT D6 Luong I, Ba Son,
b6 Luong.

NGUYEN ANH DUNG

TOAN HOC .
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Bai T8/441. Biét rang 0 < x < -g- Hay chimg
1

1
i o 1 2 1/ Yein:
minh trong hai s6 |— L sin-x
Sinx COSX

c6 it nhdt mét sé 1om hon /3.

Loi gidi. (Theo da s6 cc ban)
Trong khoang (O;g) thi 0 < sin2x < 1 nén

1

, >2>+/3. Vay nén, néu ca hai so
SIN XCOS X

1 |
( 1 )coszx’(_l_jsmzx déu nho hon hoic
sinx COS X
bang /3 thi
1
( 1 )coszx <3
sinx 3 :
1 = in2

COoSXx

1 COSz.r 5 sSin~x
Biym it 0
SIN XCOSX

méau thuan. Ta c6 dpem. O

» Nhian xét.
Céc ban sau day co loi gidi dung:
Ha Tinh: Nguyén Van Thé, Lé Van Twong Nhdt
10T1, THPT chuyén Ha Tinh; Thanh Héa: Lé Thanh
Thdi Binh, 11T, THPT chuyén Lam Son; Lé Hung
Cueong, 11A7, THPT Luong Dic Bing, Hoéng Hoa;
Binh Pinh: Mai T ién Ludt, 11T, THPT chuyén Lé
Quy Don; Hung Yén: Tran Ba Trung, 11T1, THPT
chuyén Hung Yén; Gia Lai: Va Van Quy, 12A1,
THPT Nguyén Chi Thanh, Pleiku; Ha N§i: Hoang
Lé Nhat Timg, 10A2, THPT chuyén KHTN; Tran
Manh Himg, 11 Toan A, THPT chuyén Nguyén Hug;
Vinh Long: Hujnh Héo, 11T2, THPT chuyén Nguyén
Binh Khiém; Nghé An: Ho Xudn Hing, 10T1,
THPT D6 Luong I, Tran Ngoc Linh, 11A2, THPT
Quynh Luu 1; TP. Hd Chi Minh: DS Nguyén Vinh
Huy, 10T, PTNK DPHQG TP. Ho Chi Minh; Pik
Lék: Nguyén Ngoc Gia Vin, 10CT, THPT chuyén
Nguyén Du; Quang Binh: Nguyén Minh Ngoc,
H6 Anh Tién, 10T, THPT chuyén Quang Binh.
NGUYEN VAN MAU
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Bai L.1/441. Mot dvea tré dung mét soi ddy co
dé dai | dé diéu khién mot mé hinh may bay co
khoi lwong m. Pira tré cam dau ddy di chuyén
trong mdt phang nam ngang theo dirong tron
ban kinh r. Mdy bay chuyén dong trong mt
phdng nam ngang véi van toc khong doi v theo
dwong tron ban kinh R > v, 0 do cao h bén trén
mdt phang chuyén déng cia ndm tay. Céc tam
cuia hai vong tron ciing nam trén mot duong
thang dimg. Truc ctia mdy bay nam ngang,
huweéng theo phwong tiép tuyén voi quy dao clia
né. Mgt phang ciia cdc canh ciing nam ngang.
Hay xdc dinh lyc nang tac dung lén mé hinh.
Loi gidi.

Ki hi¢u o la gbéc 1ap bédi soi ddy va phuong
thing dung. Luc cang ddy 7 c6 thanh phan
thang dimg va nim ngang lan luot 1a 7 va 7.

3 h : h?
Ta co: 7;=Tcosoc:T7;T2 =istior =1 1—1—2.

Luc nang

may bay:
F=mg+T,
=mg+T ? . (D
Trén hinh v§,

B 1a may bay,
A 1a hinh chiéu
ctia nim tay 1én

mit phing quy dao clia may bay. Ta co:

h2 VZ
El,=T2cosB=TJ1—chosB=mF. (2)

Dung dinh 1i ham sb cosin cho tam gidc OAB
R*+12-ri-h? 3)
2RVP-h?
Tt (1), (2) va (3) ta tim duoc:
2v2h
F:m(g+R2+lz—r2—h2]' d
> Nhin xét.

Ban Nguyén Manh Ddn,10A3, THPT Chuyén Vinh
Phic c6 101 giai dung.

ta tinh dugc: cosp=

NGUYEN XUAN QUANG

Bai L2/441. Can ldp mot cau chi bao hiém
vao mach dién co mot day déng duong kinh
d = 2mm, véi yéu cau la khi ddy dong nong
thém AT = 8°C thi ddy chi ¢ cau chi sé nong
chay. Tinh dwong kinh d’ ciia ddy chi can chon,
cho biét: Ddng c6 khéi luong riéng D = 8600 kg/m’,
nhiét dung riéng ¢ = 395 J/kg d6, dién tré suit p =
1,72.10® Qm; Chi c¢6 khéi lwong riéng D’ = 11300
kg/m’, nhiét dung riéng ¢’ = 131 J/kg do, nhiét do
ban dau T, = 27°C, nhiét néng chay A’ = 25000 J/kg,
dién tro sudt p’ =21.10° Qm; Chi néng chay & 327°C.

Loi gidi.

Do ddy ddng va ddy chi méc ndi tiép nén
cudng do dong dién I chay qua diy dong va
day chi nhu nhau.

— Khi dong dién chay qua diy dong, ta c6 PT
can bang nhiét: mcAT = I?R

<:>DSchT=]2p—é::>DSZCAT=12p (1)

(trong d6 R 1a dién tro clia ddy dong, S 1a tiét
dién cua day dong).

— Tai thoi diém day chi néng chay, ta ¢ PT
can bang nhiét: m'c'AT'+m'\' = I*R'

e DS AT = DS IFY =12p'é

=S DS (eAT '+ K )y =1*p",

Tul):(2) va AT=8C, ATT=827-27=300PC;

WE L v 2 LA -
S—T, S = i , ta co:
P _ Dd*cAT
pl DVd’4(ClATU+7\‘|)
DcAT
i R
4 ‘{/p'D'(c'AT'ﬂ')

Thay s ta tinh duoc: d'=1,644 (mm). OJ

> Nhén xét.

Trong sb céc ban giri bai ki nay, ban Nguyén Vin
Himng, 11B, THPT chuyén Quang Trung, Binh Phwéc
c6 15i gidi chinh x4c va ngan gon. Ngoai ra, ban
Phan Quéc Vwong, 11A1, THPT Dién Chau 3, Dién
Chau, Nghé An ciing c6 101 giai dung.

DANG THANH HAI
, TOAN HOC
S& 445 (7-2014) * CTusilre 23
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SIAI TOAN PAC BIET

00 00 o
c5 DX RN X4 t‘j

00000000080 O

T3/THCS. Giai hé phuong trinh:
Xy 2+xy+y @

Loi gidi. (Cua ban Lé Phuoc Pinh, THCS Hoi An,
Quéang Nam)
D3 thdy x = y = 0 khong phai 12 nghiém.

2 2
Dodé x> —xy+y" = (x—%) 20 g,

4
2 2
Tﬁ(l)suyrax+y=£2+—xy—_|_—y2—
X —xy+y
20x—-y) 1 20x+ )
i vJ S at B i@
X oxy+yt 33T -xp+y)
T1‘I(3)suyra%£x+ys3. *)
Lai co

oA = - Y <2l ()
Tir (2) va (4) suy ra

Buin-o-3<2l0 O

Néu xy < 0 thi tir (5) ta co
3
13
trai vi (*). Suy raxy > 0. T (5) ta co:
13 3

= Dt

7 ()= 2xy—7< 2%y

<:>13(x4£-’f y)-3

S e = X+ < —
l(x+V) 2xy i 2xy X V= <3,

<Axy=(x+yy—(x—yP<(x+y)
:>(x+y—3)(x+y—%)20.

Do x+y2—1—>l nénsuyrax+y 3.

374
xy >0
Pang thirc xay rakhi {x=y :>x=y=%.
x+y=3
Thit lai ta thay (x; y) = (%, %—) 1a nghiém cua

TOAN HOC |
24 * Clugilpe SO 445 72014

HPT da cho. Vay HPT c6 nghiém duy nhét
3 3)

=== 0
(x;¥) (2 >
> Nhin xét.
Céc ban sau day c6 10i gidi tbt:
Thanh Héa: Pdng Quang Anh, 1A, THES Nguyén
Chich, Pong Son; Ha Tinh: Trdn Nguyén Dirc Tho.
9B, THCS Hoang Xuan Han, Ptc Tho; Quang Binh:
Phan Tran Hudng, 8D, THCS Quach Xudn Ky,
B& Trach; Binh Dinh: Nguyén Bao Trdn, TA, THCS
Téy Son.

PANG HUNG THANG

T4/THCS. Cho tam gidc ABC, (0), (I) va I
theo thir tw la duong tron ngoai tiep, duong
tron noi tiép va tam duong tron bang tiép doi
dién dinh A cua tam giac. Goi D la tiép diém
ciia (I) v6i BC; P la trung diém cung BAC
cua (O) va Pl, lai cdt (O) tai K. Chirng minh
rang DAI = KAL

Loi gidi. Goi A
M1a giao \ 7h
diém cua
PO va
BC;Nla |
giao diém
thtr hai cua B
PO va (0),
F la tiép
diém ciia
(I) va AB.
D& thay
IBI,=90° = ICI,
va NI=NB = NC.
Do dé NI = NI, = NB = NC. Noéi cich khac
tir giac IBL,C noi tiép duong tron (V).

\i NM// ID; NI, = I4 nén MNI,=DIA.

Ia

Vi ]7]\/1\B=90°=I/FT4; Wz%l;\\(fzﬁ nén

AMNB o AFIA. Két hop véi ID = FI; NB = NI,

Sl ra_f\f_f‘izl_vﬂzﬂﬁzﬂll
YR p EL A A
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Vay ANMI, > AIDA. 1)
Vi NB = NI,; NBP=90°, BM 1 NP nén
NI? = NB* = NM.NP.
Do d6 NI, tiép xtic véi dudng tron (LMP) (2)
Tir (1) va (2) véi cht y ring I,P = KP; AN = Al
suy ra
DAI =MIN =T PN =KPN =KAN = KAL O
> Nhin xét.
Bai toan nay kho, chi c6 ba ban tham gia giai. Xin
néu tén cd ba ban. Quang Nam: Lé Phudc Pinh, 9/1,
THCS Kim Ddng, TP. Hoi An; Thanh Hoa: Deing
Quang Anh, 7A, THCS Nguyén Chich, Péng Son,
Lé Quang Diing, 9D, THCS Nhit B4 S§, Hoang Hoa.
NGUYEN MINH HA

T3/THPT. Day cdc sé thuc duong {a

Ix
nJ p=0

s 2 i
thoaman a, 6 =—-=——véin=12,3, ...
R

Chitng minh rang ton tai cdc soé thuc s, t ma
S Sapstvoin=031:2.02

Loi gidi. Dt 1 = max{ao, el i}.
9, g
= min{ao, a, —1—, —1—}. Ta s& chung
a4, aq

minh bing quy nap theon=1, 2, 3, ...

Ta €o:

~ | —

%SaiSt véii=n—-1;i=n. (*)
Véi n = 1, khing dinh (*) ding theo cach x4c
dinh ctia . Gia sir khing dinh (*) da ding véi
n =k, tuc la %S a,_, a, <t. Ta chimg minh
khang dinh (*) ciing dtng véin =k + 1.

That vay: a,,, = B +2ak ; < 1 2 T =75
A ='_2—2 2 l

aq.t+a,_, frET
Khing dinh (*) d3 dugc chimg minh.

Nhu vy s<a,<t Vrn>0,trongdé s=-. O

~ | —

> Nhin xét.

Méu chét clia bai toan 1a xac dinh 7 va phat bidu
khéng dinh (*). C6 5 ban giri 10i giai v& Toa soan va
tit ca cac ban déu giai ding:

Hai phong: Liong Thé Son, 11T, THPT chuyén Trin

'Phu; Nam Binh: Nguyén Hong Pdang, 10T1, THPT

chuyén Lé Hong Phong; Ha Tinh: Nguyén Vin Thé,
10T1, Tran Hdu Manh Cuong, 11T1, THPT chuyén
Ha Tinh; TP. H6 Chi Minh: D3 Nguyén Vinh Huy,
10T, PTNK PHQG TP. Hb Chi Minh.

NGUYEN MINH BUC

T4/THPT. Cho tam giiac ABC (AC > AB).
Cdc duong cao BB’ va CC’ ciia tam gidc cdt
nhau tai H. Goi M, N theo thir ty la trung diém
ciia BC’, CB’. MH cdt duong tron ngoai tiép
tam gidc CHB’ tai I, NH cdt duong tron ngoai
tiép tam gide BHC’ tai J. Gid sir P la trung
diém cia canh BC, chimg minh rang AP 1 1J.

F B

Bé dé. (Pinh li Brocard) Cho tr gidc ABCD
ngi tiép duong tron (O, R). Goi E, F, H lan heot
la giao diém cua AB va CD; BC va AD; AC
va BD. Khi do O la truc tém cua tam gidc EFH.
Chirng minh bé dé. Gia sit dudng tron (A4FB)
cit doan EF tai G. Khi d6 d& chimg minh
EGBC, FGDC la céc tir giac ndi tiép. Tir d6
EF* = EG.EF + FG.FE = EC.ED + FB.FC =
:7515/(0) -+ <75F/(0) =EQ?-R*+FO* - R?

=EQ*+ FO* - 2R? 1)
Ciing c6 EH? = EO* + HO* - 2R? ?)
Tt (1) va (2) suy ra EF? — EH? = FO? — HO?
< EF? - FO* =EH* - HO? = FH 1 EO.
Chirmg minh twong tu ta ciing c6 EH L FO.
Do d6 O 1a truc tAm cua tam giac EFH (dpcm).

s, GRS S R H,

Tro lai bai todn. Dit k= ﬁlci
dudng théng chira dudng phéan giac trong cla
BHC. Xét phép ddng dang FA(H, k)-S, (trong
d6 F(H, k) 1a phép vi tu tAm H, ti sb k; S, 1a

TOAN HOC
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phép dbi xing qua duong théng d). Ta thay:
FA(H, k):S;: H— H; B— C; B’ — C’. Do d6
¥(H, k)S;: M+ N; (BHC’) — (CHB);

HM — HN.
T 86 H(H, k)Sy:J — L
Vay do ¥ (H, k)-S; : J — I, M — N nén
d& thay HM.HI = HN.HJ, suy ra bbn diém
M, N, I, J cung nam trén mot duong tron  (3)
Gia st F 1a giao diém cua B'C’ vé6i BC;
FH cit AB, AC theo thir tw tai X, Y. Khi do,
do (AXC’B) = (AYB’C) = —1, véi chl y ring
M, N 14n lugt 13 trung diém ciia BC’ va CB’,
theo hé thirc Maclaurin ta co:
AC'AB = AX AM; AB'AC = AY.AN.
Vi :4?’21—9- = —/_IFZC— nén AX.AM = HZN
Tu d6 bon diém M, X, Y, N cung ndm trén
mot duong tron 4)

‘ ) mmm

; f‘(Tzep theo trcmg 17)

oblem T6/445. Gwen any triple of
‘numbers a, b, ¢ - 1. Prove the follo
nequahty (1ogba+10gca 1)x

og, b+10gab ‘l)x(log c+log,

Problem T7/44 Let ABC (4B <_“A be‘,an

TOﬁN HO
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FOR UPPER SECOND ARY SCHOOLk . “Vk;Problem T10/445. Does there exist a contmuous

Tu (3) va (4) suy ra XY // IJ. Rd rang theo
dinh i Brocard thi AP L FH hay AP 1 XY.
Do d6 AP 1 IJ,ta c6 dpcm. O

> Nhén xét.
1. Mot s6 ban d3 chi ra AP 1a dudng trung truc cua
doan 1J. Bé chimg minh 4P L IJ, ngoai cach sir dung
dinh li Brocard, cé thé sir dung bd dé sau:
Cho tam gidc ABC, cdc dwong cao BB’, CC’ cdt nhau
tai H: F la giao diém ciia B’C’ v6i BC. Khi dé FH L AP.
2. Céc ban sau c6 101 giai tot hon ca. Hai Phong: Lirong
Thé Som, 11 Toan, THPT chuyén Tran Phu; Phd The:
Pham Ngoc Hai, 10 Toan, Vii Thi Mai, 11 Toan 1,
THPT chuyén Hung Vuong; Nghé An: Nguyén Vin
Huy, 9D, THCS Ly Nhat Quang, D6 Luong, Hé Xudn
Himg, 10T1, THPT D6 Luong 1; Ha Tinh: Nguyén
Vein Thé, 10T1, Tran Hau Manh Cuong, 11T1, THPT
chuyén Ha Tinh; Ninh Thuén: Nguyén Tran Lé Minh,
11 Toan, THPT chuyén Lé Quy Don.

HO QUANG VINH

b 3 polynomial. Prove that there exists an
; lnteger a such that f{a) is divisible by 32014
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BAI T4 © TAONG 41 TH
(10N D01 TUVEN OUDC GIA 1RAN NAM 2012

NGUYEN VAN LINH
(SV K50 TCNH DH Ngoai Thuong, Ha N6i) )

(Tiép theo ki trudc)

I1I. MO RONG

* Bai todn 1. Cho 2n diém Ay, By, A, B, ...,
An, B, (n = 2) theo thir tw nam trén dwong
thing 1. Hai cung o) va dung trén day A;By
(k=1,n) sao cho 2n cung cting nam trén
mét nira mdt phang bo 1 dong thoi oy tiép xiic
VOI W1 VA Ok+1, Vi tiép XUC VOi Yp-1 va Vi1
Khi dé giao diém ciia tiép tuyén chung ngoai
cua cdc cdp cung ) va Y, Y1 va o nam
trén I; giao diém ciia cdc tiép tuyén chung
ngoai cua cdc cdp cung ®; va Oysi, Y1 va
Yok+1 CUNgG nam trén | (h 152 o)

Chirng minh
Cach 1

Dé chimg minh bai toan m& rong trude tién ta
phat biéu mot bo dé sau.

B6 dé 6. Cho 6 diém A,, By, Ay, By, A3, B; ciing
nam trén duwong thang I sao cho cdc doan thing
A\B1, A3B,, A3Bj tach roi nhau. Hai cung o; va
Yi cung dung trén dday A:B; (i=1,3) sao cho 6
cung ciing nam trén mot nira mdt phdng bo 1.
Ki hiéu dj la tiép tuyén chung ngoai cia cdp
cung o; va o, k; la tiép tuyén chung ngoai
cua cdp cung y; va ;. Gia sir giao diém cua dy,
va ki, dy va ky cung nam trén I Khi do
giao diém cua dys va ks ciing nam trén 1.

Loi gidgi. Goi X, Y 1an luot 14 giao
cua d12 va k12, d23 va k23;
Z la giao cia di3 va l.

Tur Z keé tiép tuyén k[, t6iy, (h.9).

Ap dung Bé dé 3 cho hai dudng tron
®;, v1 va hai diém X, Z suy ra tdn tai mot
dudng tron C; ndi tiép tir gidc tao boi giao
diém cia 4 dudng thing d,,k,,d,, k..
Tuong tw, ton tai dudng tron C, ndi tiép
tir gidc tao bdi giao diém clia 4 dudng thing
dyy, kiy, dyy, kyy. Goi C; 12 dudmg tron noi tiép
(hoic bang tiép) ciia tam gi4c tao boi giao diém
cua cac duong thing d,,, s Ko

Ap dung dinh li Monge-D’Alembert cho ba
dudng tron Cy, C;, C; ta ¢ X 1a tAm vi tu
ngoai cua C; va Cy; Y 1a tdm vi ty ngoai cua
C; va C; nén tam vi ty ngoai cia C; va C;
nam trén XY.

Do di; 14 tiép tuyén chung cta C; va C; nén
di3 cat / tai tdm vi ty ngoai Z cia C; va Cs.
Ma k, tiép xtic véi C) nén k!, tiép xtc véi Cs.
Tir Z ké tiép tuyén ki; toi ys, lai 4p dung
B6 dé 3 cho hai dudng tron ; va y; vaoi
hai diém Y, Z suy ra C; tiép xtic voi Rt
Tuxdo k, =k/;=k,.

Ta c6 dpecm.

-
e
-
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Tré lgi bai todn. (h.10, h.11)

Ki hiéu dj; 1a tiép tuyén chung ngoai cia ; va
Y, kij 1a tiép tuyén chung ngoai cla v; va o;
d;la tiép tuyén chung ngoai cia o; va wj, k;;1a

tiép tuyén PN, PF t6i y3, y1. Cling theo
Céch 2 cho Bai todn Iran TST 2013 thi
ton tai duong tron (O1) tiép xic
vO1 ©1, Y1 1an luot tai E, F;
dudng tron (O) tiép

B, e B Ao Bt dayt B
Hinh 11

tiép tuyén chung ngoai clia y; va y; (i <Jj). Goi
X; 1a giao cuia dj va ky; X 1a giao cua d;vak;.
Theo Bai todn Iran TST 2013 ta cb X12 va Xo3
nam trén /. Do d6 ap dung bd @& 6 suy ra X,
n3m trén /. Lai c6 X34 ndm trén / nén lai 4p dung
BG @ 6 suy ra X4 ndm trén /. Chimg minh twong
tu ta thu dugce Xior va X{opa nam trén /.

Cdch 2 (h.12)

xuc voi o3, 73
lan luot tai M, N.

Theo B6 dé 2, tam vi tu ngoai clia cac cap
dudmg tron ((0), (On)): ((On), (Ox)) nam
trén . Do d6, theo dinh Ii Monge-D "Alembert,
tam vi tu ngoai cua (O1) va (Ox) nam trén /.

Ciing theo B4 dé 2, tam vi tw ngoai cua (Ox) va
(O5) n3m trén [ nén lai 4p dung dinh li Monge-
D’Alembert, suy ra tim vi tw ngoai cua (0y) va
(0s) n3m trén /. Piéu nay c6 nghia 1a P, N, F
thang hang hay giao diém cua tiép tuyén chung
ngoai cua cac cip (o1, ®3), (Y1, v3) nim trén /.
Truong hop tong quat dugc chimg minh tuong &r.

Tuy nhién ching ta chua dimg lai & day. Bai toan
md rong lai dem dén mot bai ton thu vi khac.

* Bai toan 2. Cho 6 diém A,
B, A>, By, A3, B3 cung ndm trén
dwong thang | sao cho cdc
doan théng A1Bi,
Asz, A3B3 tach roi

B, A3 B
Hinh 12

Theo Cdch 2 cho Bai todn Iran TST 2013 thi
ton tai mot dudng tron (O12) tiép xuc voi o1, Y1,
2, Y2; duong tron (O23) tiép xtic véi @2, Y2,
o3, v3. Goi P 1a giao cua tiép tuyén chung
ngoai ME cua o va s, tir P 1an luot ké cac

TOAN HOC
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nhau. Hai cung o;

va y; cung dung trén
day AiBi (i=1,3) sao cho 6 cung cing nam
trén mot nira mat phdng bo 1. Gia st rang o
tiép xiic v&i @y, Y1 tiép xiic voi Y2, ©3 tiép xiic
VoI y va Y1, Y3 tiép xiic v6i y2. Khi do ys tiép
xuc voi o;.
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Loi giai. (h.13) Ki hiéu nhu 16i gidi Bai todn 1.
Tacé X|, ndm trén I

4, B, 4y By 43 B
Hinh 13

Goi 7, 1a cung qua 4, B3 va tiép xtic véi .
Theo Bai toan Iran TST 2013 suy ra giao
diém cua tiép tuyén cua céc cip cung m; va
@3; y1 va 7, ndm trén /. Hay tiép tuyén di qua
X/, ctay; tiép xtc véi ¥}, diéu nay c6 nghia
1a y; =y,.Tacé dpcm.

Dua theo Bai toan 1 va st dung cach chung
minh twong tu & trén, ta cd theé tOng quat
Bai toan 2 nhu sau.

* Bai toan 3. Chuoi duong tron ®, vy, 0,
Y25 oo O2ky Y2ks W2ks1, Yo2ke1 QWQC xay dung
gidng nhie Bai todn 1. Khi do néu oy tiép xiic
voi @) thi Yo tié'p Xuc voi vy, néu oy tiéb xuc
VoI Y1 thi Y2k+1 l‘lé"p Xuc voi m;.

Ngoai ra, st dung phép nghich dao phuong
tich bat ki v6i cuc 1a diém bét ki ndm ngoai
cac duong tron va duong thing / trén, ta c
thé thu dugc mét mé hinh thu vi twong tur
Bai todn 3 véi cac diém 4., By, 4a, B, ...,
A1, Bags cing nam trén mdt dudng tron.
Cudi clng, trong Bai todn Iran TST
2013, ta c6 thé nhan thiy 4 cung
01, Oy, ©3, ®4 cUng tiép xac
véi mot dudng tron.

mdt md rong khac nhu sau.

* Bai todn 4. Cho 4 diém A, B, C, D theo
thir tir cimg nam trén dwong thing |. Hai cung
Wy, 0y dung trén ddy AB va hai cung ms, 04
dung trén day CD sao cho 4 cung trén cung
nam trén mot nira mdt phang bo la dwong
thang | dong thoi o, nam giita ®; va [; o,
nam gita o3 va . Gia sir ton tai mot dwong
tron tiép xic voi 4 cung trén. Khi do giao
diém cia riép tuyén chung ngoai cua cac cap
cung (©y, ®4) va (o), ®3) nam trén 1.

Lai giai cho Bai todn 4 dugc thyc hién tuong
tu Cdch 2 cua 101 gidi Bai toan Iran TST 2013.
Ta ciing c6 thé tdng quat cho » dudng tron
nhu sau.

* Bai toan 5. Cho 2n diém Ay, By, 4, By, ...,
An, B, (n 2 2) theo thir tu nam trén dwong
thang 1. Hai cung o va y¢ dung trén day AB;
(k= 1,n) sao cho 2n cung cung nam trén mot

niea mdt phang bo | dong thoi o nam giiva i

va l. Véi méi gia tricua k (k=1,n-1), gia sur
16n tai mét dwong tron tiép xiic véi 4 cung oy,
YVi» Ops1, ¥ ko1, Khi d6 giao diém cua cde lié’p
tuyén chung ngodi ciia ®; va ©,; Y Va y, nam
trén l.

Pén day tac gia xin dugc két thuc bai viét.
Xung quanh Bai todn Iran TST 2013 con rat
nhiéu diéu thu vi, mong ban doc tiép tuc
kham pha.

Y tudng d6 gitip

chung ta

nghi dén Y A 7 BC D l
Hinh 14 *
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6t ngay dau thang 9 ndm 1550, ciu bé
& 2110 tubi Francois Viéte trén dudng tir

truong tré vé nha, vé mat dim chiéu. Cau di doc
theo b song va ma1 me suy ngh1 t¢i mirc ching hé
nhén ra anh nang am ap gin nhu mua he, cling
ching nghe thdy tiéng nudc chay dao dat dudi
sdng va tiéng rao cua nhimg ngudi ban hang rong.

Chuyén la thé nay. Sau ki nghi he, thiy gido todn
mubdn kidm tra xem dam hoc trd 16p 3 clia minh
c6 con nhé nhimng diéu ma ong da day cho bon
chung nam ngoa1 hay khong Va ong bat dau
bang mon S6 hoc. Ong viét 1én bang ba so 1,2, 3
va yéu cau hgc sinh tinh téng cua ba so do voi
tAt ca cac tich co thé cua hai trong ba s6 trén va
véi tich cia ba sb dé.

Sau mot lat, trén modi tAm bang con cua dam
hoc trd (tat nhién chi cua nhimg dira hiéu diéu
kién bai toan) da xuét hién dong sau:
1+2+3+12+13+23+123

Hiu nhu tit ca di tim ra d4p s6 1a 23. Nhung
ong thay van to vé chua hai long:

Chém qud! Cdc em tinh qud cham. C6 1€ la do
nghi hé qud ldu day. Chiing ta sé g phai luyén tap
thém théi. Bdy gio chung ta van gidi baz toan

truoc, nhu'ng khong phai ddi véi ba s6 ma véi
bénsé 1,2,3va4.

Bon tré lai cam cui tinh toan. Ngucn ta nghe
thy ca tiéng lach cach cua phén go xudng bang
Céc sb hang dugc Xap xép theo timg hang nbi
theo nhau:

1+2+3+4 ,
+12+13+14+23+24+34
+123+124+134+234+1.234

Viete quyet dinh tiét kiém cong stc, cau chi tim
tong cac so hang khong co trong bai toan trudc.
D6 1a tong cac s6 hang c6 chua s6 4:

TOAN HOC
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T : ’\
Giai thoai vé

Bai toan cua Vié

LUQONG T djch tir Kvant

4+14+24+34
+124+134+234+123.4

Tong nay bang 96. Sau khi cong 23 va 96, Viete
viét trén tAm bang con cua minh dép s6 119, roi
dua cho thay glao xem. Thay glao nhin vao vo
cla mmh d6i chiéu véi dap sb cia cau hoc tro
yéu, rdi gat du hai long.

Thay gido va Viete phai doi kha 14u cac ban méi
lam xong. Trong thoi gian d6 hai ngum theo dudi
nhitng ¥ nghi rleng ctia minh. Thay gido thi tri
tinh khong biét néu 1am thém bai toan nita voi
nam sb thi c6 k1p thO’l gian hay khong Con Viete
cling suy nghl vé téng véi nam s61,2,3,4,5.
Khong hiéu bay glo s& c6 bao nhiéu s6 hang nhi?
Liéu c6 du chd dé ghi tat ca trén tAm bang con
nay khong? Néu chi cong nhirng s6 hang méi thoi
thi c6 du khong?

Cudi cung thi con s6 119 cung da xuét hién trén
tAt ca cac tAm bang con. T4t nhién, khong phai
tht ca déu ty 1am dugc. C6 ai d6 don gin dé ..
chép cuia ngudi bén canh. Tét nhién, day khong
pha1 1a bi mat gi dbi véi ong gido gia. Nhung
biét 1am sao duge! Toan hoc vbn 13 mdn hoc kho,
khong pha1 hoc trd nao ciing vuot dugc qua.
Nhung nhiéu nguoi trong s6 ho lai c6 nhimg
tai nang khac..

Pé giai thém bai toan méi, khong con du thoi gian
nira. Va bai toan tinh tong véinamsb 1,2, 3,4,5
dugc thay gido cho vé lam o nha. Trude khi roi
1op, thay con din: Cac em ¢ nghi xem c6 cach
ndo that hay dé gidi bai toan d6 khong? Noi doan,
thay nhin Vlete nhu gui gim & cdu hoc tro yéu
toan bo niém hi vong cia minh.

Dbi v6i Viéte, nhitng 1oi ciia thay thuong khuyen
khich cu dat t6i nhirng phat minh thuc su. Tt
nhién, d6 chi 1a nhimg phat mlnh dbi véi riéng
cdu ma thdi. Toan hoc da phat trién fir bao nhiéu
thé ki, bat dau tir nhiig nha toan hoc c¢b Ai Cap
va Hy Lap! Khoa hoc da vuot qua mot chang
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duong 16m. Pé dat dugc trinh do hién dai, con can
phai biét rat nhiéu. D6i khi cdu tim ra nhimg céi
ma thyc ra ngudi ta di biét tir lau. Nhung Viere
van goi d6 13 phat minh cta minh. Nhitng luc
nhur thé, cau vo cung sung sudng, mot cam giic
khong gi sanh ndi cia nhiing nguoi kham pha.
Ong thdy gido gia da biét nhing gi dién ra trong
trai tim cdu hoc trd tai ndng va 6ng da cd ging
tim cho c4u nhiing bai toan thich hop.

Ngoai ra, nhitng ban be cung 16p, khi chia tay
con khich Viéte: Nay, nhé ngay mai thay cho
gidi bai todn tir 1 dén ... 100 thi sao nhi?
M c6 khi cho n s6 ciing nén. Moi hi vong bon
minh trong vao cdu day, Pythagore cua to a.
Viéte khong hé gian khi cac ban cung 16p goi minh
la Pythagore Trai lai, trong thdm tdm cdu con cam
thay thich thu nita 1 khac. Nhung gio ddy can phai
gxu tiéng cho c4i tén Vi dai do. Biéng c4ch nio day?
Bing cach phai giai dugc bai toan tinh tong. ..

Thay gido da bét dau loai bai todn clia minh tir s6 3.
Thé bai toan don gian hon, véi n = 2 thi sao nhi?
O déy can phai tim tong cua ba sb hang 1+2+1.2.
Ba con s6 1, 2 va 1.2 hinh nhur Viéte d “nghe thiy”
& dau d6 rdi thi phai. Nhung & dau nhi? Chan budc
trén duong phd nhung y nghi cua cdu ¢ mai tan
dau dau. Réi cau chot nhd ra la may hom trude ciu
da tinh tich (x + 1)(x + 2) va nhan dugc tam thitc
X*+ (1 +2)x+ 1.2. Hé sb ciia tam thire ny (trir s6
hang thir nhét) chinh 12 ba s6 cua tdng trong bai
toan néi trén. Thé con tdng sinh béi ba s6 1, 2, 3?
Leg tur nhién phai xét tich (x + 1)(x + 2)(x + 3). Liéu
he s6 cua da thic nay c6 gilip ta tinh duoc tong
can tim khong? L& ra lic nay Viéte c6 the ding
lai, nhat mot canh ciy bén duong roi vach
nhirng tinh toan can thiét trén cat. Nhung cdu da
1am moi tinh toan & trong dau. Thuc té c¢6 ba dau
ngoac. Khi mé ngodc ra, ta sé nhan duorc mdt sb
s6 hang (tirc 1a mot da thu’c) Mbi mot s6 hang d6
1a tich ctia ba nhén tir, mbi nhan ti thuoc mot dau
ngodc. Ban dau ta chi nhan duge s6 hang x* mot
1an. Nhung lam thé nao nhan dugc hé sb cua x*?
(6] day nhéan tir x dugc lay tir hai diu ngoac, con
nhén tir thir ba 14 con sb trong dAu ngodc con lai.
Va sau khl nhém cic s6 hang nay lai, ta dugc
hé s6 cua x* chmh 1atbng 1 +2 + 3, tic 14 tong
clia cac con s ldy trong mdi d4u ngoic.

Tuong tu, néu nhém céc sb hang chira x, thi cac
hé s6 khi d6 phai 1a tich hai con sé trong hai
diu ngoic khac nhau. Tong ciia cac tich nay la
12413 +2.3.
Cudi ciing, 13 tich cua ba con sb trong ba diu
ngodc, la 1.2.3. Nhu vay, Viéte d3 hinh dung
nhu sau:
Gt Dix +2)(e+3)
=X+ (1+2+3)+x(1.2+13+23)+1.23
Dé dang nhan dugc tong ma thdy gido yéu cau
khi cho x = 1. Téng d6 chinh 1a vé phai cta
déng thirc trén, chi thira mét con sé 1. Ki hiéu
tong nay la S;,taco: §3=2.3.4-1
Béay gio thi Viéte hoan toan tin ring, ddi véi
cac s6 tir 1 dén 5 twong tmg véi tong Ss, bing
2.3.4.5.6 — 1. Thuc vay, bay gid ta chi can khao
sat da thirc (x + 1)(x + 2)(x + 3)(x + 4)(x + 5) va
lam tuong tu nhu trén.
Con chuyén céc ban néi vé tdng sinh ra boi cac
sd tir 1 dén 100 thi sao? T4t nhién, thdy gido
khong yéu cau tinh téng nay, né 12 mot con sb
rat 16m: Sipo =2.3.4...101 — 1
Vay la ngay mai, “ngai Pythagore tré tudi” di c6
ci dé néi véi cac ban vé nhing tong th vi nay.
Viete ciing hiéu réng, dbi v6i mot sb tu nhién »
bét ki, ta s& nhan dugc mot dap sb rat dep:
S,=234...(n+1)-1

Viy la bai toan da dugc giai dudi dang téng
quat. Viete vd cung sung sudng vi ciu lai 1am
dugc mot phat minh nira dbi véi minh. Nhung
cau van con mot ndi ban khoin, cong thirc thi
dep diy nhung viét hoi dai. Néu ta nghi ra dugc
moét ki hiéu méi nao d6 cho tich cia cac sb tu
nhién tir 2 dén 7 thi hay biét bao! (Nén nhé ring
vao thoi Viéte, cac nha toan hoc mdi bat diu
dua cac ki hiéu vio moén dai sé.) Hay la viét n
v6i ddu chdm than (!) nhi? Va khi d6 cong thirc
trén s& dugc viét gon lai la:

=(n+1)!-1

Viete mim cudi va ngoai nhin xung quanh. Moi
nguoi van héi ha di qua bén canh ciu. Tu xa
vong dén tiéng chudng ctia mot thap ddng hd.
Mot ngay that hanh phuc déi véi Viete.
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hinh ? ctia MC. Escher ndm 1948.
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BAN GIAO DUC VIET NAM

‘ “Hoang Sa, T ru'o’ng Sa
* s& gitp ban doc nam
dwoc mot cach khai quét vé vi tri dia 1i, diéu kién
tu nhién, tiém nang kinh té... cua hai quan dao

- Hoang Sa va Truong Sa: nhimg tr liéu lich st

chu yéu vé chu quyen cua Viét Nam d6i voi ha1

'quan dao; vé cude song noi tuyén dau TH quéc

hién nay - noi ma nhirng nguoi dan Viét, du la

~ ngu dan hay nguoi chién si, ngudi cong nhan...

dang kién cudng bam bién, bam dao; vé sy du
tu ddc bi¢t cua Nha nudce, cua cac td chire, doan
thé x4 hoi va nhan dan da tao nén su déi thay ki
diéu ctia quan dao Trudng Sa.

Nhoém bién soan di tuyén chon ki ludng céc birc
anh tr nguon tu li¢u phong phu va da dang cua

~nhitng phong vién — nghé si nhiép anh tryuc tiép

ng tao tai noi dién ra nhumg su kién dugc ca

\g quan tam. Phan 16n céac bu'c anh 1a
in ddm hoi tho cua cudc song, vira
ch str, vira o6 tinh thoi sy, lai giau

—gla tri nghe thuat

' V'VAnh duoc sap, xép theo kiéu phong su vé6i 10i
binh tinh té, khién ngudi xem nhu dang duogc

doi theo mot cau chuyén voi nhiéu chu dé. Pic
biét c6 nhitng buc anh ghi lai nhitng sy kién hao
hung, bi trang..., ki thac tdm huyét cua ngudi
ngh¢ si - phong vién anh.

Xem va doc “Hoang Sa, Truwong Sa — Khit
vong hoa binh”, ban doc s€ c6 nhitng phut gidy
cham cht ngdm nhin nhiing buc anh va suy tu

Tac gia: Bui Tat Twom, Vii Bd Hoa
Khé sach: 23x25¢cm; S6 trang: 200 trang
Gia bia: 119.000 déng

vé nhitng su kién gin v6i qué trinh lich st xay
dung va bio vé bién ddo qué huong cia biét bao
the hé Viét Nam.

Day thuc su 1a tac pham ton vinh chu nghia yéu
nudce Viét Nam, ton vinh pham chét va khi phach
cao dep ctua nhiing ngu dan va nhitng nguoi linh
dang ngay dém bao vé chu quyén thiéng liéng
ctia T6 qudc ¢ ving bién dao Hoang Sa, Truong
Sa. D¢ ciing 14 tai liéu tham khao can thié, phuc
vu truc tiép viéc cap nhat kién thire bién, ddo;
boi dudng, gido duc cho hoc sinh vé& nhiém vu
bao vé chul quyén bién, dao qué huong.

Ban doc c6 thé mua sach tai cac Cong ty Sach - Thiét bi Truwong hoc & cac dia phuwong
hoac cac Cira hang Sach ciia Nha xuat ban Giao duc Viét Nam.

Website ban hang true tuyén: www.sach24.vn

Website: www.nxbgd.vn
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