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qi/ii fiiy: Giei nndt drrgc thrrilng W x 10' $

irAOi AA., ai cf,ng tucrng n cdng lon thi 3li cing lcrn, kh6ng ngcr v6i n:3 thi sE dugc s6 tiOn lcrn nh6t,

ruc ld trong c6c s6 c6 d4ng Ji @e N, rz > 1) thi sO i/5ld lon nh6t. Ta dung phucrng phap quy n?p dO chimg

minhmQnhdOndy,tricldchimgminh: {1><lie3'>n3 voimot ne N, z}1, n+ 3.Thptv4y:

yoin:2tac6: {1><lie3,>n3 (dring); voin:4tac6:{1r{4<>3a>43<> 81 >64(dring).

Gi6 sir mEnh dC Atrng v6i m6i n : k, ft e N, k> 3 nglfiald 3k > k3.

Ta cdn chimg minh m$nh dC dtrng vli n: k + l, tuc ld chring minh 3r+1 > (,t + 1)r. Th4t r-dy'. ta c6:

3k,t =3.3k >3k3 : k3 + k, +Ik, *?rr , k3 +3kz *l.z.l* *!S:.1> k3 + 3k: +3k s 1 :1k + i)3.
3353

VQymQnhdeeringvdimoin eN, n>3.Dod6n5udugc gidinhdt,tasEchon n:3,khid5sEduocsOtiAn

l6n nhAt la il5.to, $.

tYhQn xdt. Khen ngoi em Trdn Duy Qudn,

loi gi6i dfng cho bdi ndy.

11T1, THPT chuy6n Nguy6n Binh Khi6m, Vinh Long c6

HOANG CHI

NhAn ngdy hQi bdng ttti thA gi6n WORLD CL-P BRISIL 2011. ntci ccic bqn gidi bdi todn xiu dAy gidy.

&tigt cliie giir5 rai tir€ rha* c* S t* dS x6u di1,.. da1 rriu rio 16 s* i1i, di x;-rir"rg tJud'i, xfr* qua r:rfri lfr

ehi rc*r ian, vA di ra 1i :rr iJ;. r\i:rn lu b*n tl-etr s hinir ri. tii3'gia,v el5 x*;;* sc t-{; ro, lii si: qi;; tr} s&

{Si v*i l* s* {:); i6 si, {8 t r,si 1* s* {;i v& d*,v di keo cing kliep gir, kin hai ;:up r.'*i ry gi*a. * b*n cius:i,

d*_v gi&3, 6*riii x&1r t* 1* o hiing 1* sar g li, u hnng chin. llir citt rit .r'l:r; .i',j, ci-,,'".;;,e 1* rhzt, tit" :',i* t1&y

di kh*ir **n ntno'; irjr:!: ve 1i.*'i ba iiin ne;i b*r: tr*n dE bietl, :tr cl:fr do.in .ia'. liL 1* t I I ,i*i-, li: i;i i*
:. ,^ ,' : 1*g*ii rti:ii. tsan i;a5' giai rhich cire?-r xiu d*,v rh* ih*"

PHI PHI
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_BlN c[cncrlr morDANG
rH=rE 

rutlo'ltcrniilHvori
GV THPT Thanh Binh, Thanh'Jr:i!3*?

gicri

rong tnp chi 442 th6ng 4 n6m 2014 cua

tfuc gi6 Lru Ydn Ain - Trin Vdn Toi c6

thiQu c6ch gi6i cho phuong trinh

ax2+bx+c=1s.J4*q, (l)
trong it6 b, c, k, d, e e IR., a li sO frm ti kh6c

kh6ng, c6 th6 dua tlugc roe dang

(mx + n)2 + k.(nx + n) = (dx + e) + *.JE* Q)

th6ng qua viQc giei hQ phuong trinh tham s5

(HTS) d,5 thu ttuo. c (2).

Bii viiSt niy xin dua ra mQt c6ch giii k*r6c

nhu sau:

- Bwhc 1. DAt y = Jrki
- BuOc 2. Thu tlugc hQ phuong trinh

lax2 +bx+c =lq{
ldx+e = Yz

- Bwd,c 3. Tn he phuong trinh tr€n ta cQng hai
v6 AC tnu duo. c phuong trinh dang

u2 +ku=v2 +kv.

D6 minh hga cho c6ch lim, xin 6y l1i Thi du
trong bii viet s6 qqZ.

*Thi drt l. Gidi phaong trinh

x2 -3x-1=2Jra1 (3)

Ldi gidl DK: x > -l .

DAt .,ET=1,,1l)0 thi ta thu duo.c he

-L---- d-1- . lx2 -3x-l=2yphuong tnnh: ir -----o ------- 
lx+l=yz

CQng hai phucrng trinh trong hC theo vti ta
dugc x2 -2x=!2 +2y e(x+y)(x-y-2)=0

[-v = -x* 
L; = x-2'

- Vcvi y =-x ta c6 .,8+1=-x. Gi6i phuong

trinh niy ta thu dugc x =t-f .

- Voi !=x-2 ta c6 ^1.+l=x-2. Giei

phuong trinh niy ta thu rlugc x =t*f .

Phuong fiinh de cho c6 hai nghiQm

*=ltfl,.,=+.o
*Thi dV 2. Gidi phmrng trinh

.rr-.r-1=#_r+l (4)

Ldi gi,fiL DK: x> -1.8'
DAt JE +1=y,y>0 thi ta thu tluqc h9

phuong trinh:

Ixz -x-l=y ^ l4xz -4x-4=4y
]8x+1=yz -l8r+t=r,

CQng hai phucrng trinh trong hQ theo vti ta
dugc 4xz +4x-3=y2 +4ye(2x+I)2 =(y+2)z

fv=2x-1<) l"
lY =-2x-3

- Vdi !=2x-l ta c6 JGTJ =2x-1. ciei
phuong trinh niy ta thu dugc x = 3.

sd *u (r-*,o T?AI#E[ 
r
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r-

D4t = ),) 2 0, suY ra:

- Voi !=-2x-3 ta c6 J8ITT=-2x-3.
Gi6i phuong tinh niy ta th6y vd nghiQm.

Phuong trinh dA cho c6 nghiQm .r = 3. E

*Thi dg3. Gidi phtrong trinh

27 xz +t8, = ,f+1 (5)
\/J

Ldi gidl DK: x ,-+.

. Titip theo chirng ta x6t circh giiti phuong

trinh dpng: ax3 + bxz + cx + d = k{ t?lx + n. (6)

-Butcl. DAt y=1lrta+n.

- Butc 2. Thu tlugc h0 phuong trinh

[af +bxz +cx+d=lc!
lmx+n=Y'

- Bntitc -r. Tn he phuong trinh tr6n ta cQng hai

viS OC ttru dugc phuong trinh d4ng

u3 +ku=v3 +kv .

*Thi drt 4. Gidi phaong trinh

8rr -36xr +53x-25 = V3rt (7)

Ldi gidl DIt {E;L -J, td thu dugc hQ

, .\, l1xr-36x,+53x-25=yphuong trinh: 
llr_S = r,

CQng hai phuong trinh trong hQ theo v6, ta

duo.c: 8x3 -36x2 +56-r-30 =y3 +y

e (2x-3)3 +(2x-3) = y3 +y <>

(2x -3 - y)(4xz + y2 +Zry -12x-3y + 10) = 0

eZx-3-Y =Q

(vl 4x2 +yz +2ry-l2x-3y+lO=

4x? +(2y -12)x+yz -3y+10 > 0 Vx,y e IR., do

A, = -16-12y' <0 Vy) . Do d6 ta c6:

2x -3 = llTx - 5 e (2x -3)3 =3x - 5

<+ (.r-2X8x2-20x+ 1 1) : Q

f*-.t-n lx=2^tr-L-w ool "_51J3-[8*'-zox+11= 1". 4

*Thi dg 5. Giai phwtng trinh

8x3 -4x-1= 1/6r+1 (S)

Ldi gi,rti EAt lre-r+l -!, ta thu tlucv.c h€

, .r, llx'-4*-L=yphuongffiffi' 
{6r*1=r,

4
3

:2+

4

*:

',tx'
4*T

x+

27:

x+

l8x=) .. fgrx, +54x=3y
yz Q 

\9x+tz=9y,

CQng c6c phuong hinh trong hQ theo vC ta

duo. c: 8lx2 + 63x + 12 = 9yz +3y

e(9x+3)2 +(9x+3) =(3y)z +3y

<+ (9x + 4 + 3y)(3x+ 1 - Y) = 0

[9x+4+3v =0o[r** 
1-y =o

-Yor 9x+4+3y =Q 1s t6

ex+++rffi =0.

Giii phuong trinh niy ta thu duo. c

*=-'*,F .
18

- Voi 3x+1-Y =0 ta c6

"*1-1ffi=o'
Giii phuong trinh niy ta dugc

-s+J37'- 18 '

Phuong trinh de cho c6 hai nghiQm

-s+$7 -7 -$3*- 18 ' 18

TORN H9C2 rctuoi@
(Xem tidp ffang 6)
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Dua MOT sd pHuorur rnlruu, nE pnuour rnlmn rnfu ctrru rHfc
vG d4se dvx 4),Ass\$tisN sRdi /vx diGv sSa hdn **$

CUU fUAru (Gy fHCS Nguy,n ThuEng Hien, {fng Hda, Hd NQf,1

TAdi virit niy xin trinh bny mQt sd phucrng

!+n trinh, hQ phuong trinh chria c6n thric
dugc dua vC d4ng don giin nhd tinh ch6t dcrn

tliQu cria him s6 duoc gicri thiQu & lorp 9.

Vdi x1, x2 e IR:

N6u x, < x2 mil f(xr)<f(xr) thi hdm s6

y = f (x) d6ng bii5n (teng) tr€n R.

N6u x, < x2 mi f(xr)> f (x) thi hdm sd

y = f (x) nghfch bi6n (ginm) tr6n R.

Him s6 ting ho[c gi6m dugc ggi ld hdm sd

don dieu.

Tt dinh nghia tr6n, ta c6 th6 chimg minh
tlugc c6c k6t qui sau:

KAt qud 1. N6u f (x), S@) ld nhfing hdm s6

ting thi f (x)+ g(x),/(s(r)) cfrng li nhirng

hnm s6 t5ng cdn -f tx) ld him sd gi6m.

. y =z"tlfi h him sti don diQu tlng (n e N-),

tu d6 ta thu dugc

KAt qud 2.PT 2"*1[i +x-r"*ly +! € x=y.

Thft v$y, v6i x <y thi VT < VP; vdi x >y thi
VT > VP n6n c6c giiLtri x < y virx >y kh6ng
th6a m6n PT, cdn vfix: y thoa mdn PT.

. y =zdi td hdm sO don diQu tlng (n e N.)

v6i moi x ) 0, tu d6 ta thu dugc

KAt qurt -r. PT 'Uli + x =r<li +y (=) ,r = y v6i

mqix, y20.
Thpt vfy, voi 0 < x <y ttri VT < VP' voi x >y > 0

ttri \rf > VP n6n circ g|ki 0 Sx < y vit x> y > 0

kh6ng th6a mdn PT, cdn vdi x : y > 0 thba
mdn PT.

Nhd c6c ktit qui tr6n, ta c6 th6 bien d6i rtua
itugc mQt s6 phucrng trinh, he phuong hinh
chria c6n thric vA dpng tlon giin. Chtng ta
ctng theo ddi c6c thi dg sau ddy.

Thi dB l. Ap dang K€t quit l, gidi cac
phaong trinh sau:

a) +r+3 +tlzx-t=4*x3;
b) V;+"6x+t :4-J2*1'
c) i,[+l +1,,ti+Z+Vx+3 =0.

Ldi gidl
1

a) DKXD: x ) i. Vi6t lpi PT de cho thinh:
z

x'+Jx+5+112x-1=4. (1)

Tathdy x: 1 th6a m6n (1);

V6ix > l thi VT(l) > l+J4 +tlT =4;

V6i x < 1 thi VT(l) < l+ J4 +1ll = 4.

Di6u niy chimg tb cdc gi6 d x > 1; x < I
kh6ng li nghiQm cria (1).

YAy x: 1 li nghiOm duy nh6t cria PT di cho.
1

b) DKXD: x 2 i. Vi6t lai PT dA cho thinh:'2
JDt+{i+J366a1=4 (2)

Tath|yx:1th6a mtu(2);

V6ix> l thiVT(2), J1+Vt + J4=4;

v6ix < I thi vT(2) < Jr +Vt + J4 = 4.

DiAu niy chimg tb cbc gi6 tri x > I; x < 1

kh6ng li nghiQm cnaQ).

VAy r : 1 li nghiQm duy nh6t cria PT dE cho.

Q {aaalllea2+ViT: -0. (3)

Ta th6y x: -2 th6a mdn (3);

V6ix > -2 thi VT(3) > GT+{i0+i[ =0;

sd 4nd (r-*rn) T?AI#ff 
B
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V6i x < -2 thi vr(3)' VJ+V6 +{h =o'

Di6u ndy chimg t6 c6c gi6 fr x > -2; x < -2
kh6ng ld nghiQm cira (2).

Vay r = -2ldnghiEm duy nh6t ctra PT ttd cho'

Thi dU 2. Giai phtrrrng trinh:

ttT;:T - {ii:1 =..Ex -2 - J'A
Ldi gi,rti.

,l ,

EKXD: *r;.Viet lai PT da cho thirnh:

J*J +{i;=1 -- JTA + 12x':t. (4)

Y6r 5x -2 <Zx-L thi VT(4) < VP(4);

YOi 5x-2>2x-l thi VT(4) > VP(4)'

DiAu niy chimg to c6c g6fr x thoa mdn Drc(D

vd thoa mdn 5x-2<2x-l; 5x-2>2x-l
kh6ng li nghiQm cira (4)'

Xet 5x-2=2x-1e x -1, moos thoa min

DKXD. Vfly PT (a) v6 nghiQm.

Thi dg 3. Giai phtrong trinh:

:,+J2*+t =Jx+3*Jl+ffi
Ldi sidl

1

DKXD: x>-1.

ThOm 1 vio hai v6, PT dd cho tro thdnh:

(2x +l)+ JTx +l=1t+"6+3 l+.,[r +ffi . (5)

Ap dung K€t qud j,tac6

(5)e 2x +L =l+ Jx+3 a 2x = J;+3

[x>o ['='-*\;;"---3=o*1, =-1

Ta th6y x = 1 th6a m6n DKXE.

Vay r : I ld nghiQm duy nhAt cira PT dd cho'

Thi dU 4. (TH&TT, Bei r5/42s) Gidi phu:ong trinh:

.r.r -2x+ 7 + Jr+3 = 2./ilgx *.,/Grffi
Ldi gi,fiL

TO6N t{QC
4 rcflrdi@

1,
DKXD: *>-). viet hi PT da cho thinh:

IJ

(x+3Y+.8+: =(t+Ji+a.;r)' +r[+ffi. 1o;

Ap dung KAt qud 3,tac6

(6)e x+3=1+{+8x e x+2= JT8f
lx>-2 [x=1crl el- |.r, -4x+3=0' [x=3

(thoa mdn DKXD).

Vfly {1; 3} h tflP nghiQm ctra PT d6 cho'

Thf dU 5. GiAi hQ Phuong trinh:

Ir-t/F*Y =Y-1'li4iI ""
[x'+Y' = 2'

Ldi gi,rtL

Vi6t lai HPT dA cho thdnh:

l*+{*'+*=Y+1[Y'ry 0)
i
lxt + yt =2. (8)

Ap dung Kih qud 2,tac6 (7)e x=Y'

ThC x=y viro PT (8), tac6 ZYs =2eY=l'
Vay HPT dA cho c6 nghiQm duy ntrAt

(*;v): (1;1).

Thi dg 6. Gidi h€ Phuong trinh"

[.,t-,6=)'5-V;I'

lJFi + ,!Tv -z =t.
Ldi Si,rtL

')
DKXD: x> l; y>i. ViltQi IIPT tla cho thdnh:

fx'+{i =y'+{F (9)
1-
L#:T +T1=3. (10)

Ap dpng X€t qud 2, ta c6 (9) e x = Y'

Thti x = y viro PT (10), ta c6

.r-T +,fiY1=2. (11)

T a thdy y : 2 th6amdn (1 1);

Y6iy>2thiVT(11)>3;

https://tieulun.hopto.org



V6i 1<y<2thiVT(l1)<3.
Di6u ndy chimg tb cfuc gi6t4l <y <2;y, -2
kh6ng ld nghiQm cta (1 1).

Suy ray :2ldnghiQm duy nhAt cria (11).

Vay HPT dA cho c6 nghiQm duy nhAt

(x; y) : (2;2).

Thi dU 7. Gidi h€ phtrong trinh:

l*f- -C. =(r'-.rt(.ry+21 (12)
{ '"
I _2 ,.r _-r (13)
[^ r_t

Ldi gidl
DKXD: x>0;y>0.

Thay 2: i * y'vdo VP cua (12) ta c6

lV - {, = (y - x)(x2 + xy + yz)

e}3+*fi=f+Ifr. (r4)

Ap dpng Kiit qud 3,tac6 (I4)e x=y.

Th6 x = y viro PT (13), ta c6 2Y2 =2 e Y =l
(do y ) 0). Vfly HPT dA cho c6 nghiQm duy

nh6t (x;y) : (1; 1).

Thi dB 8. Giai h€ phtrong trinh:

[.rt -,r - ]tr'+ 1 r, 2 v - I t l5 r

1_
lx-2",12y+l+l=0. (l6r

Ldi gidi.

r-lto
DKXD: y > -;. Egt .!2y+t =, olzy*t=,r.

Suy ra 2(y +\,tTy n = (t2 +l)t = t3 + t.

PT (15) trd thanh x3 +x=t3 +t. (17)

Ap dlrng K€t qud 2, ta c6 (17) e .r = ,, suy ra

x=.t-2y+1. Th6 x=JTy+l vio PT (16), ta c6

,pyn -zr$d+l = 0 e,!Ty +t= 1 <> y -0,
suytax:1.

Ta th6y x: 1 vir"y: 0 th6a m6n DKXD. Vfy
HPT de cho c6 nghiQm duy nh6t @;y): (1; 0).

Thi dU 9. Gidi hQ phuong trinh:

f.n.t+V*-l-./F+z =y
1

[x2 + 2x(y- I t+y2 -6y+ I = 0.

(Cdu 3, DC thi Dai hqc Kh5i A & Ar, ndm 2013)

LOt grut.

DKXD: x>-1. DAt {i-1 =tc.{'=o
lx-l=ta.

Suy ra J-x+l - Jt4 +2, HPT de cho tro thinh

It+JVi=y+,[y\2 (18)
)

[(x+y-l)2 = 4y. (19)

DKXD ctra HPT ndy li r 2 0; y ) 0.

Ap dpng K€t qud 3, ta c6(18)e r = y.

Suyra x=ya +1, thayvdoPT(19)tac6

(yo +y)'=4y ey(y' +Zyo +y-4)=Q

e y(y-lX yu +ys +ya +3y3 +3y2 +3y+4) =0

<>)=0 hodc y=l
(viy6+y5 +ya +3y3 +3y2 +3y+424>0,Vy)O).

Do d6 HPT (18), (19) tuong ducrng voi h0

lx=ya +t [{;=l][r=o ol ]'-:
LLr=r l)*=2

LLY=t'

Vfly HPT dd cho c6 hai nghiQm (x; y) h
(1; 0) vd (2; L).

Thi dU 10. GiAi hQ phuong trinh:

lzy, *y+2.rJl -r =3J1-* (20)
i_
[y*6'*t=4a,[x+4. Ql)

Ldi gi,rti.

DKXD: 4<x<1.
It>o

DAt Jl-x = I €) i
tl-x=t2.

Suy ra 2x$- x =2t(!- tz) =2t -2t3 .

sd *, s-rorq T?eI#tE r
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Do tt6 PT (20) trO thenh 2y'+y =2t3 +t. (22)

Ap dut g KAt qud 2 ta c6 (22) e y: t, s\Y ta

Iv>0
Y=Jl-x el'y, 

=t-*.
Thd yz =l-x vi y=lJ-, vao PT (21),tac6

Jl_, +JT:D =4,aJya4

a dT-u-3)+(Jt-, -2) = Jx + 4 -t(rl2\
<+ tx + :r 

[6;U7 
+ #r+ ffiA )=o

€ x=-3.
Tt d6 su ra Y = 2. vOY HPT dd cho c6

nghiQm duy nh6t @; y) - (-3; 2).

Cui5t cilng, mdi bqn itgc dp d4ng cdc k€t qud

trAn dd ldm cdc bdi tqp sau.

BAI TAP

Giii c6c phuong trinh vd hQ phuong trinh sau:

l. x3 -6=?lx+6

z. J5- x -.,BxA =8x2 +l6x -24

3. ^lLx 
q _ Jji:Z = (5x -Z\3 - (2x -t)3

a. {7 +t +{TFT, =18+2 +{i1
,a,

5. x+ J2x =l+./x+:xY.r

t,
iCQng hai phuong trinh trong hQ theo v€, ta

idugc: 8x3 +2x=y3 +y
t.e (2x-y)(4xz +2ry +1+yz; =g

f2x-v=O f2x-v=0olo *' izxy +t+ y'=o 
o 

L3r' +(x+y)2 + I =o

7.

8.

9.

4x3 + x-(x+DJZx+t =O

If +2x = 3(y + 1).,/6]' + I
1_

lJzx-l +,t3y -z =2

[zf +zy+lxJT-x =9,{2-r

L.6-+x+fy+t =3

I 
C + Gn +.[i + 4 = { t -t +,[-y a + $ a

[x+y+x' *y2 =44

aY=2x'
ioo do ta c6 : 2x =116x+l

<> 8x3 -6x-1= 0 <> 4x3 -3x-.or{ .

; Sir dlrng c6ng thirc lugng gihc gbc nh0n 3, ta

,thu dugc c6c nghiQm cria phuong trinh li :

n5n7n
J = cos 

9 
,-x = coS 

n ,-r = cos ,-.

'.NnAn xit Rd rdrng cd,c phuong trinh (1), (6)

ic6 thC giai cluqc bing c6ch niy n6u thuc hign

jAuqc bu6c 3. D[c biQt do d0 phric t4p cira

iphuong trinh (6), thi trong budc 3, sau khi

iphdn tich (u-v) (uz +v2 +uv + k)=0 cAn b6o

rdirm uz +vz +uv+k=0 phii v0 nghiQm.

MQT SO BAI TAP LUYEN TAP

Gi6i c6c phuong trinh sau:

l. xz =a+ZJZx++.

2.5x2 *1=2^fi.Y) )

3. 4x2 +4x+l=2J4x+2.

lq. 4gr, -65x+17 =3JTii.

S. 7 5 xz _7 9 x + 2g = Z^\TF4.
lf+l}y+x+2=8y3+8y

10. {
[./x2 +8y3 +2y - 5x

lf -3xz a2="ty'Tif
11.{

l3Jx-2=/y2+8y

r6.
I

i.7.

ls.
I

x3 +6x2 +10x+13 =2114*1.

8x3 +12x2 +7 x + 5 = 21lla -2.

l2gx3 - Zggxz + 2l8x6l = 1E + 2.

TORN H9C6 ';{irli[a ss *r rr-*t
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-at-- 3 --------!- e. A r ^
OE THI TUYEN sINH vAO TOp I O THPT cHUYEN oHsP ITA NoI

NAM HgC 2014 - 2015

VOXC I (120 phrtt, ding cho mgi thi sinh)

cau 1. p aie4 cho c6c sri thuc duong a, b , = -?@+t;x+l (vor mli tham s6).
v1i a + b. Chung minh tting thuc - 5 J

/^_k\3 l) Chung minh ring voi mdi gi6 d cira rn thi
-+-!+ . -bJE +zala a a r--i- a cit14 tai hai ttiem ph6n biQt.
Gla -'lb)' *3a+3'lab -0. 2) Ggi xl,x2ldhodnh tio c6c giao dii5m ctu,d@-r-"

vi (P), dgtflx) : f + @ + \l-.r. Chtmg minh
Cflu 2. (2 diefi Cho qu6ng duong AB ddi ..'"-..': 1

120km. Lilc 7 gid s6ng, m6t xe m6y di ttr A dlng thr?c f (x,)- f (xr1=- ,{xr-xr)''
d€:n B. Di tlusc I qrarg duong xe bi h6ng Ciu 4. Q diAfi Cho tu gi6c ABCD nqi titip

phdi dtmg lpi stra m6t tO ptlit r0i t13 ti6p Atin f tneo itrt ,.o ta ,fran ciic dudng vu6ng g6c hg tu
voi vin t6c nh6 hon v0n t6c hic dAu 10 q/t ;;;;;"d BD,Etd,siaodifu siu'ACvirBD,
Biiit xe m6v dtin B lfrc l1 gio 40 phrit tua ctrng bitit r thuQc dop BE (K + B, K* E"). Duong

.i, j
ngiy. Gid su vAn t6c cria xe m6y t6n f, quing thlng qua K song song vor BC cit,qC @i p.

duong ban tliu kh6ng thay tl6i vd vfn t5c -,-- 1) Chtmgminh t&gtilcAKPDnQitiifoduongtrdn'

I _ 1'1", ":' 1"."T':: 'uu 2) chwrg minh Kp L pM.
xe m6y oe, A quang duong con lai cfing khOng 3) Bii5t frD =60o vd AK : x. Tinh BD theo

thay tl6i. H6i xe m6y bi hong hic m6y gio? R vi-r'

cffu 3. (z diem)rrong mflt phing to1 dQ oxy, cau 5' U 
1(3'-oru]'Hn-,}t*

choparabol (P):y:lvdduong thhngd ffi=a.
VO\G 2 (150 phfit, dilng cho thi sinh thi vdo chuyAn Todnvd chayAn Tin)

Ciu 1. (1,5 di€m) Gi6 sri a, b, c, x, y, z ld CAu 5. (3 cfie@ Cho hinh vu6ng ABCD va
c6c sti thuc kh6c 0 tho6 *an 9+L+9=0 vd timO. GqiMlitrungdirSmcriacpnh AB.CLc

x y z di6m I/, P theo tht ttr thuQc c6c c4nh BC, CD
L*I*Z=1. Chtmg minh rrng #.#.3=, 

sao cho MN ll AP. Chimg minh r[ng:

ciu 2. (t,5 di€m)rim t6t cir circsri trrsc x, t, z :'^'#'::{ 
tt6ng dang voi tam gi6c DoP

thoi m6n x,tt:f +y,12-rz 'l,-r,fl-az =z
cflu 3. (r,5 di€m) chimg minh ring uoiro :;J:?8:ons 

trdn ngo4i titip tam gidc NoP

nguy6n duong z > 6 thi s6 ,., o^ ,.-^-- ,

2.6.10 ...Gn_z) 3) Ba duong thing BD,AN, PMtl6ng quy.

o,=l+ffi Cf,u 6. Q diefi C6 bao nhi6u t4p hqp con A

,!, ^1 f, t,, , -' ctatgphqp{l;2;3;...;2014) thoimSn
ra mQt so cnmn pnuong' 

di€u kiQn: A e6 it *5t z phAn tu vi n6u x e A,
CAu 4. (1,5 di€m) Cho a, b, c li c6c s6 thuc rZ
duong thoi man abc = l.Ch?ng minh U6t tteng y € A,x >y thi in. e.

thuc 1 * 1 .3 NGUvtNTHANHTTONG
ab+a+Z bc+b+2 ca+c+2- 4' (GVTHpTChuy6nDHSPHdNl,i)gitdthi1a.

=d 
*u,r--r., T?8I.#EE 

7
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PHUONG PHAP

NIT ilEP rir nflt uf,us tttut srHUR
CAO MINH QUANG

(GY THPT chuyiln Nguy$n Binh Khi6m, Wnh Long)

r6n t?p chi
TH&TIsO348,

thang 6 ndm 2006,
titc giit Trin Xudn
Ddng, gi6o vi6n

truong THPT chuy6n I-e UOng Phong, Nam

Dinh de gioi thiQu cho bpn ttqc b6t ddng thric

Schur vd mQt sO rmg dgng. Trong bdi vii5t ndy,

chring tdi xin mdi c6c ban ti6p tuc khai th6c

nhtng k6t qua dgp cria U6t Aing thirc nly.

Trw6c hiit xin nhdc lqi bfu itdng th*c Schurz

Cho a, b, c td cdc s6 thryc kh6ng dm vd r ld s6

thlrc drmtg. Khi al6:

a' (a - b)(a - c) + b' (b * c)(b - a) +

+ c'(c - a)(c - b) > 0.

Ddng thr?c xay ra khi vd chi khi a : b : c hoac

hai trong ba si5 biing nhau, so cdn lqi bang 0.

BAt iting thric Schur ld m$t trong nhimg bAt

ding thric c6 nhi6u img dung cho lorp cfucbdt

tl6ng thric tt6ng bflc ba bii5n. Tuy hinh thric

tuong AOi pfrtc tpp nhrmg b6t tlang thric

Schur 14i c6 mOt cich chimg minh v6 cirng

don giin vi tlgp dE nhu sau.

Chftng minh. Kh6ng m6t tinh tlSng qu6t, gi6

stra>b>c20.Tac6
a' (a - b)(a - c) + b' (b - c)(b - a) +

+ c'(c-a)(c-b)

= c' (a - c)(b - c) + (a - fila' (a - c) - b' (b -c) ] 
> 0.

Trong nhi€u tuong hqp, ta thuong chi 6p dUng

UAt eang thtc Schur img v6i nhirng gi6 tri
tuong aOi ntrO cira sti thgc duong r.

N6u r: I thi ta c6

a(a - b)(a - c) + b(b - c)(b - a) + c (c - a)(c - b) > 0.

MQt dang tuong duong cira trudmg hgrp niy mi
ta dflc biQt quan tdm tl6n h b6t ding thric sau.

TONN HOC
8'c[udi@

(a + b + c)3 +9 abc>-4(a+ b + c\(ab + bc + ca) (*)

D[t s =a+b+c.
. Khi s : l,bnhfln dugc ktit qu6.

Bii to6n L NAu a, b, c ld ba sd thuc kh6ng

dm co t(ing bing I thi
gabc> 4(ab+bc+ca)'1 (1)

n6t ding thfc (1) thflt su rdt c6 f nghia. Ta tt6

y ring ab+bc+ca=g+q=]. m,oi nen

v6i (1) ta thu tlugc hai UAt aing thric sau ddy.

Bii toSn 2. [united Kingdom 19991 Cho a, b, c

td cdc s6 thryc duong cd t6ng bdng l. Chang

minh ring 1(ab+bc + c:a) <2+9abc.

Bii toSn 3. UMo itrl}1|- Cho a, b, c ld car so

thru: kh6ng dnt cr5 tong bing 1. Chmtg minh

rottg O1ttlt- ht -tct_ 1r,b, <).

Cht y ring voi cic s5 thuc b6t ?i a, b, c ta c6

tt[ng thric

a3 +b3 +c3 -3abc
= (a + b + c)l@ + b + c)2 -3(ab + bc +c4)] (**)

Do d6 tu (l), ta nhan <lugc

Bii tofn 4. Cho a, b, c td cac s6 thqrc dacrng

c6 t6ng bdng l. Chtmg minh rdng

4(a3 + b3 + c3 ) +l\abc: > I .

Ldi gi,rtL Sti dung (1) vn (**), ta c6

4(a3 +b3 +c3)+l5abc

=27 abc + 4-12(ab +bc + ca)

>ll+1aU + Uc + cQ -lf+ 4 -12(ab + bc -t ca) =1.

Vi mQt k€t qt$y€u hon li
Biri to6n 5. IUSA 19791Cho a, b, c ld cac s6

thryc drong c6 t6ng biing l. Chung minh ring

at + b3 +," +6abc> I .
4
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Ngodi ra cdn c6 mQt k6t qu6 kh6 dgp, 116 ld

Blri todn 6. Cho a, b, c ld c:ac .co thu.c cluong
t'a tdng bing l. Chrtng minh ring

(:(u3 + b3 +r'3)+ 1 > -5(ar +b: +r'r ).

LN gidl Sri dpng (1) va (**), ta c6

6(a3 +b3 +c3)+1

= I + lSabc + 6(a2 + b2 + c2) - 6(ab + bc + ca)

= I+ 5(a2 + b2 + c2) +l8abc + (a + b + c)z

-8(ab+bc + ca)

= 5(az + U + c2 1 + zl(9 ab c + r - 4(ab + b c + c e))
> 5(a'+E +c2).

Tuy nhi6n, chua dring lpi o t16, BET (1) con
r6t huu ich cho loi giii cria bdi to6n sau.

Bhi to6n 7. [Cao Minh Quang, Problerr 3-s33, Crux
\{athematicorum) Cho a, b, t: lt) c,ctc. -s,t thtrc duong
thoa mdn a+b+t' = I yd tn, n lit cdc, s6 thrc
chrong thoa mdn 6m> 5n Chmg minh rdng

tttit I rtbc . mb + nt'u ntt + ttLth _ 3m + n!- \ _
/,-r' , i, 

' 
,,-f 

t 
2

Lai gi6l

Su dpng b6t ding thuc AM - GM, ta dugc

ma+nbc .9(ma+nbc)(b+c) _ ^,O+, +:>3(ma+nbc)

Tt d6 suy ra

ma+nbc mb+nca mc+nab
b+c c+a o+b

> 3m +3n(ab + bc + ca) -11*, + nOc)(t - a)
+

+ (mb + nca)(l - b) + (mc + nab)(l - c)l
??

= ; m + |[n(ab + bc + ca) + 3m(az + bz + c2) ++4
+9nabcl

,1 *.]l"tab + b c + c a) + z m (t -z1a b + b c + c a))

+4n(ab+bc+cQ-nf
?l

>3m - |n + 
O6n 

*6m)3(ab + bc + ca)

>z* -]n * )ts, -6m)(a + b + c)2 :'*; n 
.

Ding thric xiry rakhi vd chi khi a = b =, =! .3'
. Bdy gid, n6u cho s : 3, khai tri€n (*) vd thu
ggn ta nhfn tlugc

3abc +9> 4(ab+ bc + ca). e)
Vdi k6t quA Q) ta sE giii quyet duoc bdi to6n
kh6 sau.

Bii tofn 8. fVasile Cirtoaje, Gabriel Dospinesscu]

C'ho a, h, c td cac s6 thtrc thoa rndn diitr kiOn

ua + ba + c4 =3 . Chti'ng minh rdng
(ab)s +(br:)s +(r'a)s S3.

Ldi sidi
Ap dung b6t eing thric AM - GM, ta c6

aa +ba *2=aa +b4 +l+I>4{aaY > 4ab.

Suy ra 4asbs < a4b4(a4 +ba +2) .

Do tl6, n6u d[t x = a4, y =ba, z = ca thlta chi

cAn chimg minh

xy(x + y +2) + yz(y + z + 2) + zx(z + x +2) <L2

trong d6 x, !, Z ld cdc sO kh6ng dm c6 t6ng
bing 3.

Ta c6

xy(x + y + 2) + yz(y + z + 2) + zx(z + x +2) < 12

<+ (x+y + z)(xy + yz + zx) +2(xy + yz + zx)

<12+3xyz

e 5(xy +yz + zx) <12+3xyz .

Tt (2) vi chri y ring xy + yz + zx 13 , ta suy ra

5(xy + yz + zx) 312+3xyz .

. Trong truong hgp t6ng qurit s Z 0 , (*) c6
dqng 9abc> 4s(ab+bc+ca)-s3. (3)

K6t qui ndy cho ta mQt loi gi6i dgp ddi vOi
b6t eing thric hay sau tldy.

Biri tofn 9. [Darij Grinberg] Cho a, b, c ld cac
sd thu'c dtxmg. Chu'ng minh ring

a.2 + b2 + c2 +Zabc + I >*Z(ab + bc + r:a) .

sd *, (r-*,.) T?8I#EE g
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LN gidi

BDT cAn chimg minh tucrng tlucrng v6i

(a + b + c)2 +Zabc +l> 4(ab + bc + ca)

e Zabc +l> 4(ab + bc + ca) - sz

v6i s= a+b+c.

Tuy nhiOn, tu (3) ta c6

o
1abc24(ab+bc+ca)-s2 .

s

Do tl6, ta chi cdn chimg minh

2abc+tr2ob, hav f2-2) abc <t.
s '[s )

,o
N6u s > I thi hi6n nhi6n U6t ding thric ching.

2

Ngugc lqi, fry dpng b6t ding thric AM - GM,

ta dugc

(2-r.\,0r. e-2s. s3

Is 'f""- s '27

=+("'f-)'='
N6u kh6o 16o vfn dung ding thric (**), ta sE

c6 bdi to6n sau.

Blri todn 10. lCao Minh Quangl Cho a, b, c ld

cdc sd thac khong dm thda ntdn diiu ki€n

ab + bc + ca =7 . Chtrng tninh ring

a3 +b3 +c3 +6abc> a+b+t'.

Ldi gidi V6i s = a*b+c ,ta c6

a3 +b3 +c3 +6abc

=9abc*s(a2 +b2 +c? -ab-bc-ca)
)4s-s3 +(az +bz +c2)s-s
:s(3-s2 +a2+bz +c2)-s.

Bdi to6n (*) sE cdn rAt nhi6u ring dung.

Chric c6c bpn sE ti6p tpc kh6m ph6 th6m

nhirng thri v! cta kiit qui i19p ndy th6ng qua

c6c bdi tdp sau.

BAI TAP

1. [Cao Minh Quang] Cho a, b, c ld cdc si5 thUc

duong c6 t6ng bing 1. Chimg minh ring

3(a3 + b3 + c3) + 5(ab + bc + ca) > 2 .

2. [Vasile Cirtoaje] Cho a, b, c ld c6c s6 thgc

kh6ng dm thoa mdn didu kiQn a3 +b3 + c3 =3 .

Chrmg minh ring

(ab)a +(bc)a +(ca)a <3 .

3. lEward T.H.Wang] Cho a,b,c ld c6c s6 thUc

khOng 6m c6 t6ng bing 1. Chrmg minh ring

ab+bc+ca1a3 +b3 +c3 +6abc lqz 1fi2 a.z

<2(at +b3 +c3)+3abc.

4. fPoland 2005] Cho a, b, c ldr c6c sd thUc

kh6ng 6m thoa mdn didu krQn ab+bc+ca=3.

Chimg minh ring

a3 +b3 +c3 +6abc>9.

5. Cho a, b, c ld c6c s6 thUc kh6ng dm c6

t6ng bing 2. Chtmgminh ring

27(a2 +bz +c2)+54abc> 52.

6. Cho a, b, c li c6c s6 thgc kh6ng 6m c6

t6ng bang 3. Chrmg minh ring

az +bz +cz +abc> 4.

7. Cho a, b, c ld cdc s6 thgc duong th6a mdn

abc =1. Chtmg minh ring

2(az +bz +c2)+12

> 3(a + b + c) + 3(ab + bc + ca)

8. [olympic 30/a] Cho a, b, c ld cbc s6 thUc

kh6ng dm c6 t6ng bing 1. Chimg minh ring

2(a3 +b3 +c3)+3(a2 +b2 +c2)+l2abc>-1r.
J

9. [APMO 2004] Cho a, b, c ld c6c s6 thUc

kh6ng 6m. Chimg minh ring

(a2 + 2)(bz +2)(cz + 2) > 9(ab + bc + ca) .

TONN HOC
10 
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uNrG DqlNTG'ru itAt olNtit ti co $)AN
HUYNH VAN MINH (GV Tntng PTDTNT huyen Sa ThAy, Kon Tum)

I. LI'THUYET

1. Dinh li co bfrn 1

1li trung di6m donn ttring AB ld:ri vd chi khi

v6i msi di6m Mtac6 tutA+UE =ZMi.

.HQqudl

1 ld trung di€m doan ttring AB thi voi mgi
, t-- _t l_l

di6m M ta co IMA + MBI = 2lM Il.tttt
Ung dqtng th* nhiit cfia HQ qud I
Cho hai di6m ph6n bi}t A,B vd dudng thing d.

Ggi 1 ld trung diiSm cria tlopn thing AB vir

di6m M e d. Khi d6lMA* ual c6 ei6 tri nhotl
ntr6t ttri vd chi ldri Mlilhinh chi6u vudng g6c

cila I trln d.

Ung dqrng thft hai cfia HQ qudl
Cho hai di6m ph0n biCJ A,B vd mflt phdng (P).

Gqi 1 td trung di6m dopn thfutg AB vd di6m

M e (P\.Khi d6lMA+ MBlc6 gibtri nh6 nhAt
I

khi vd chi khi Mh hinh chi6u vudng g6c cria

ltrdn (P).

. HQ qud2

N6u t h trung diiim dopn thing AB thi voi moi

di6mM:mco MAz +MB2 =2M12 *!e}r.,2

(/ng dqtng th* nhiit cfia HQ qud2

Cho hai di6m phdn bi}t A,B vi dudmg thing d.

Ggi 1ld trung di6m do4n thdng AB vit di6m M
e d.Y.hid6 MAz+MBz c5 gi|tri nh6 nh6t
khi vi chi khi Mle hinh chi6u vu6ng g6c cria
I tr€n d.

Ung dqtng thrt hai cfia HQ qud2

Cho hai tli6m phdn bi.9tA,B vd mflt phdng (P).

Gqi / li trung di6m doan thdng AB vd di6m

M e (P). Khi d6 MAz + MB2 c6 gi6 fi nh6

ntrAt ttri vi chi l,hi MliLhinh chitiu vudng g6c

ctra / tr6n (P).

2. Dinh li co bin 2
Voi G ld lrgng tam tam giSc ABC vd Mlddi6m
bAt ki, ta lu6n c6: tytA+ twi + ue =3MG.

.HQqud3

Vdi G li trgng t0m tam giirc ABC, v6i mgi

di€m M taluon c6: lue+ tutn. *l=rl*ol.
Ung dgng thft nhdt cfia HQ qud3

Cho tam gi6c ABC vi dudng thing d. Gqi G
ld trong tdm tam gi6c ABC vd diiSm M e d.

Khi d6 lue* ui*turcl cO si6 fi nho nh6t
I

khi vd chi khi Mle hinh chitiu vu6ng g6c cria

G tr€n d.

Ung dqtng thft hai cfia HQ qud 3

Cho tam gi6c ABC vi m[t phing (P). Ggi c
li trgng tdm tam giSc ABC vd tti6m M e (P).

Khi d6 luA*ntn**tCl 
"O 

si6 d nh6 nh6t
I

khi vd chi khi Mh hinh chiiSu vu6ng g6c ctia
G h6n (P).

.HQqad4

Voi G ld trgng tdm tam gi6c ABC, [{ri d6 vdi
mgi t1i6m M taludn c6 MA2 + MB2 + MC :

3Me *tOea'+ Be + cA2).

Chimg minh
I t-

ra c6: MG = i(m. uo + uc), suy ra

-. 

'l !- 

-.-2
MG2 = MG = glMA+ MB + MC 

)
Ir

=:lMA2 +MBz +MCz +2MA.MB+9'
+ z. pti. tute + z. uA. twe) .

tt *r,r-*rn, t?[I#EE fl
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-\2vl AB2 =(MB-MA\' =MBz +MAz -z.lrtn.ue\/
n)n 2.ME.MA,= MBz + MA2 - AB2.

Tuong W 2.MB.MC=MBz+MCz-BCz vit

2.MA.MC_MA2+MCT-AC2.
.l

Do tl6 MGz =*(Ue',+ MB2 + MC'z)-
J'

-*(or, +BC2 +CA2)
9\

Suy ra MAz + MBz + MCz
1

=3MGz +|(m' + BC2 +CA'?).
J'

Ltng dpng thfi nhiit cfia HQ qud 4

Cho tam gi6c ABC vd tludng thing d. Gqi G li
trgng tdm tamgrfucABCvd di6m M e d. Khi d6

MA2 + MB2 + MC c6 gi6 t4 nh6 nhAt khi vd

chi khi Mlillltnhchi6u vu6ng g6c cira G ff€n d.

Ung dqtng thft hai crta HQ qud 4

Cho tam grSc ABC vd mflt phing (P). Gqi G

ld trgng tdm tam gi6c ABC vd di6m M e (P).

Khi d6 MAz + W2 + MC c6 gi6 tri nho nhAt

khi vd chi khi Mle hinh chitiu vu6ng g6c ciia

G trOn (P).

II. MQT SO UNG DUNG

Blri to6n l. Trong khdng gian vrri hQ tnlc toa dq

Oxyz, cho cac: dient A(3,3: -1), B(5; 3; -11)

t,d cfurd'ng thling a; '' , ,!0 = )':8 =' ^2 . Ti*l0 *1 2

ftAn d diem M th6a mdn lu,qn ttlnl ,o gia trilt
,:

rtho nhit. Tin gia tri nho nhal J,,,,,, clt).

Ldi girti.

Theo (ing &.tng thu nhdt cita HQ qud I th\
di6m Mthoa mdn biri to6n ld hinh chi6u vu6ng

g6c ctra tli6m 1(ld trung tli6m cloan AB) ff€n d.

Di6m I(4; 3; -6) vd d c6 vecto chi phucrng

lr=1to:-7;2).
Y\Medn\nM(10+ 10r; -8 -7t;2+2t),
1fi = 16 +tOt; -ll-l t; 8 +2t).

Di6m M ld hinh chi6u vu6ng g6c ctra I tt€n d

khi vd chi khi ;.llfi =0, tuc ld

10(6 + 10r) + 7(11 + 7t) + 2(8 + 2t): g

e l53r+ 153:0 <) t:-1.
Yay M(0; -1; 0). Gi6 tri nho nh6t cira
t--
Itnu* unl ai"e2Ml vit d-i":4$7 .ll

Biri toin 2. Trong kh6ng gian vcti h€ trqtc tpa

dQ Oryz, cho di€m A(3;0; l), B(7; -6; 5) vd

m\t phiing (P): 3x - 2y + z + 4:0. Tim tr1n

@) rriam M rhda n a, luA+ twnl ,a gid tri

nho nhfu. Tim gia tri nho nhdt d*i, do.

Ldi gi,fii.

Theo (/ng dtlng thlh hai cila HQ qud 1 thi di6m

M th6amdn bdi to6n ld hinh chi6u vudng g6c

cira ili,5m 1(ld trung tli6m doan AB) trdn (P).

Di6m (5; -3; 3). PT clucrng thtng d qua 1 vd

[.r=5+3r
r,uong goc voi (P) le j )'= -3-2r

I z -?+tt"
r-ix=5*J/
1.,--"-r,

Giai HPT 4' - ^- '' ta dugc t: -2.lz:'3+t
I

l3x-2Y+z+4=O

Khi d6 hinh chi6u w6ng g6c ctra l tr6n (P) le

M(-r;1; 1). Gi6 tri nh6 nh6t cira lro. *l
bingLMl vd d^i,:4J14.

Blri toin 3. Trong khong gian vo'i h€ truc toa

dQ Oxyz, cho didm A(2; 3;3), B(2; -l;7) vd

, : , r-3 Y -2 z+l T:.--
du'dng rhang d: i=:=;. Tim t2n d

di€m M thda mdn MAz + MBz co gia tri
nhd nhdt. Tim giir tri nhd nhdt dn,;n do.

LN gioi.

Theo (/ng dung thttnhAt ,i,o HQ qud2 thi tli€m

Mthbamdn bii to6n li hinh chi6u vu6ng g6c

cira dii5m 1 Qd tnrng ditim dopn I B) tt}n d-

TONN HOClz;quaE@
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Ei6m I(2; l; 5) vd d c6 vecto chi phuong

i=(3; -t; -2).

Ei6m M e d n€n M(3 + 3t; 2 - t; -l - 2t),

iil =(t+3t; t-t; -6-2t).
Ei6m Mldhlnh chi6u vu6ng g6c cria I tr€n d

khi vd chi khi ;.iil =0, tuc ld

3(1 + 3/) - (1 - t) - 2(-6 - 2t): s
oI4t+14:0<+/:-1.
Yqy M(0;3; 1) vd gi6 h!nh6 nh6t d^in:64.

Biri toin 4. Trong khong gian vbi hQ trqtc tqa

dQ Ox.y':. cho di€m A(3; -2;2), B(l; -8; 8) vc)

mdr phing (P):-r - )y + 3z + I :0. Tim ffAn (P)

diem .\t thoa mdn lvL42 + MB2 co gia tri,,:
rtJto nltrit. Tint gia tri rtho rtltut d,,,;,, do.

Ldi gidl
Theo Ung dung th* hai cila HQ qud 2 thi di6m
M thba mdn bii tor{n ld hinh chi6u vu6ng g6c

cria diiSm 1(ld trung di6m tloan AB) tr€n (P).

Ditim I(2; -5;5) vd PT rlucrng thdng d chua I,
('-)+t

vuong goc voi (P) le )') =1t-r,
l1=.*.,t-

I x =2+t
1.,--5-1,

Giei HPT 1-'- -' '' ta duoc t: -2.
I z = 5*'3t
I

lx-2y+32+1=0
Khi d6 tqa d0 hinh chi6u ru6ng g6c cua l tr6n

(P) h M(0; -1; -1) vd d-6: 150.

Bii toin 5. Trong khdng gian voi h€ truc toa

d6 Oxt'2. cho tam gidc ABC vdi A(10; -2;7),
8(-6; -6; -13), C(2; 14, 6) vd drdng thdng

r-l r'+5 --t)
).-yrJ_rru-- I _5 _; Tim tren d didm M

sao cho lme+ MB+ MCI co pia tri nho nhat.I -l - o--'

Tim gid tri nho nhat d,,i, do.

LN gidi.

Ggi G ld trgng tAm tam grbc ABC, theo

t S dwn7 thtir nhtit ctia H€ qud 3 thi

IMA+ MB+ MCI co gi6 tri nh6 nhat khi vd chitt
kJni Mlithinh chi6u vu6ng g6c cira G tr€n d.

Ta c6 G(2; 2;0) vd m[t phdng (P) qua G,

rnr6ng g6c v6i d c6PT: x - 5y - 4z -t 8 : 0.

lx=1+t
Ducrng thing d c6 PT tham sr5 H ] y = _5_ 5tI't__ 1_4t.

L'- L

ta duoc t: -1.

Khi d6 giao diOm cila d vd (P) h M(0; 0;2).

Mlilh\nh chi6u ru6ng g6c cua G tr€nd. Nhu
lpp lu4n tr0n thi M(0; O;2) ld di6m cAn tim.

Taco G(2;2; 0) n6n d*i,:3GM: 6J1.

Bii toin 6, Trong kh6ng gian v6'i h€ truc toa

dQ O4':. cho tam gidc ABC, voi A(-8: -5 2),

B(4. l: 2), C(-8 ; 7 : -4) va mdr phang (P):

.ri: - 2_r' -r 3z - 8 : 0. Tim ftAn (P) diOm M

sao clto IMA+ MB+ MCI co sia tri nho nhat.
llo;

Tim gia tri nhd nhdt d,,in do.

lx:l+ t
')I

Giei HPT ).t - -"-'
l: = -2-4r
[r-5Y -42+8=O

Loi gidi.

Gqi G ld trqng tdm tam gi6c ABC, theo
tn7 dwng tha hai cr)a hC quA 3 thi

IMA+ 
MB+ MCI co gi6 hinh6 nhat khi vd chi

k}ri MliLhinh chi6u vu6ng g6c cria G tr€n (P).

Ta c6 GGa;1; 0), PT duong thing d di qua G

lx=-4+t
vd vuong g6c vcri (P) le ll = | -Zt

lz =3t.

lx=-4+t
I ., -, .t,

Giei HPT 1' - :. '' tadugc /: 1.lz=5t
I

lx-2y+32-8=0
Khi d6 M(-3; -1; 3) Yd d^in:3MG: 3JA.

TONN HOC
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Bdri to6n 7. Trong kh6ng gian vbi hQ trqtc tpa

dQ Oxyz, cho tam giac ABC, vdi A(5; -6;2),
B(l;2;0), C(3; -2; lO) vd dadng thiing d:

,--1- Y+4 =!:1. 7;* ran d didm M sao
I I -l

,lto U,q' + MBz + UC co gia tri nhd nhlft.

Tim gid tri nhd nhdt d*i, d6.

Ldi gi,rtL

Gqi G ld trgng $Lm LABC. theo tlng dung

thtb nhiit crta h€ qud 4 thl MAz + MBz + uC
c6 gi6 tri nh6 nnat nri vi chi k}li M B hinh

chi6u vuOng g6c cira Gtt)r. d.

Ta c6 G(3; -2; a). Gei M li mQt di6m

thuQc d, khi d6 M(l + m;4 + m;3 - m) vit

ffi=?2+m; -2+m; -l-m), vecto chi

phucrng ct,r- dliti : (t; 1 ; -1).

Yl M la hinh chi6u ru6ng g6c otn G trln d

nel Cfr.T =0, tfc ld

-2+m-2*m+lf-m:0e m:1.

Khi d6 M(2; -3;2)'
Ta c6 A{5; -6;2), B(l;2; 0), C(3 ; -2; 10),

M(2;-3;2)n€n d^o: MAz + ld + l'tc: 114'

Blri toin 8. Trong kh6ng gian vbi hQ trqlc tqa

dQ Oxyz, cho tam giac ABC, voi A(5;7; 2)'

B(1; -9; -2), C(g ; -7 ;9) vd mfrt Phdng (P):

3x - y + z't 1 :0. Tim ftn (P) di€m M sao

cho A442 + MBz + MC co gia tri nhd nhdt.

Tim gid tri nhd nhdt d*i, d6.

LN sidi
Gqi G ld trqng 6m LABC, theo Ung &lng

tha hai ctia h€ qud 4 thl MAz + MBz + MC c6

gi6 tri nh6 nhAt khi vi chi khi Mld hinh chi6u

vu6ng g6c cua G tr6n (P).

Ta c6 G(5; -3;3), PTlham s6 cua d qua G vir

lx = )+JI
vu6ng g6c vdi (P) ld 

I ! = -3-t
lz =3+t.

lx = 5+3r
lv=-3-t

Giei HPT <' ta tlugc t: -2-lz=3*t
I

l3-.-l'*z*1:0
Khi d6 giao di6m cuadvit(P)ld M(-l;-1; 1)'

Theo l$p lufln tr€n thi tlii5m Mthbaman dA bdi

lirM(-l;-l; 1), d*in: MAz + ld + PtC:378'

I

: DINH CHINH HA HB HC
--L-L-- H4' HBt' HCI

r .&+s,-!(,t *!)rac6: s,*E< 4sA =a[s, *EJ

=o#.*.+

HA HB HC
--L-+-- HAl' HBt' HCt'

(2)

Tr€n TH&TT s6 444, trong ldi gi6i bdi T81440,

L*ri 6p dUng BDT Chebyshev, BDT nhfn dugc

<15 b! ngugc d6u. Xin <lugc gi6i l4i nhu sau:

R6 rlng n€u MBC dAu thi ta c6:

HAz + HBz + HC: 4(H4 + HBI + HC?) 0.
Gi6 str c6 (1), ta sE chimg minh A,4BC tlAu'

Thftvfly, taddc6 HA.HA: HB.HB.: HC.HCI

(dinh li vi phrong tich).Khi d6:

.( H,4? HB? -_!9i_\(1) <+ 4lilEA\ * 
En En,* Ed.Hq )

HAZ HBl HC2
= g1V4+ HeHAr Hclrcl

Tt (2) vd (3) suy ra Sr 
= 

Sz: 53, hay I/ ld trqng

tdm MBC,suy ra MBC d€u.

Thdnh thQt xin lfii bgn ctgc'

TH&TT

Ctng v6i hai BDT tucrng tr;, ta th6Y:

.S,+S.. . S, +S, , S, +S,
vr(2) <ff*T*-q:

(3)

TONN HQC
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,{* o+o-M
-4. L. ! /

7t4t filtfo:
Idi dff da hofur chinh chrta ?
@i dAng trAn TH&TT sO 442, thdng 4 ndm 2014)

Loi gini cira bpn hgc sinh t16 chua hodn chinh,

bdi vi loi gi6i tl6 chi dring trong truong harp

E niim gitca O vd B; F niim gitra O vd D.
Loi gini ndy cdn thi6u trunng hqp E niim giica

O vd D; F niim giira O vd B.

Ldi girti hodn chinh.'X6t hai trudng hqp.

Tradng hW 1.E' nim giira O vd B; F nim
gifta O vdD (dA chimg minh).

Tradng hW 2. E nim giffa O vit D; F nim
gina O vd B (hinh vE ducri).

AB

o

Tri gi6 thi}t BE: DF > BF * FE: DE + EF

=BF:DE.DoOB:ODnln
oF: oB _ BF: OD - DE: OE.

Tir gi6c AECF H hinh binh henh do c6 hai
tlucrng ch6o cit nhau tpi trung di6m O ci-r-

m5i dudng. YQy AF llCE (dpcm).

NhQnxit C6c bpn sau c6 ldi tintr tOt, gui bdi vd Tda so4n

sdm hon cd Nguydn Duy Khuong,8A9, THCS Gi6ng V6,
Ba Dinh, HdN6.i; Ngydn Nggc Thanh Tdm, 10 To6n, TFIPT

chuy€n Th6i Nguy6n, Thrfli Nguy6n; Dinh Trung Thdnh,9A,
THCS Eoan Hung, Phri Thg Trin Vdn Hdi, l0 To6n l,
THPT chuy6n Hrmg Y€n, Ilung YGn; Nguy1n Vdn Crdng,
11A4, THPT Ba Chric, Tri T6n, An Giang.

BAI TOAN CO HAI NGHIEM HINH ?

Trong gid hgc todn thAy girio cho bdi tQp sau:

Trong mqt phdng Oxy cho tam gidc ABC cd

dinh B(l;2) vd &fing phdn gidc trong AK c6

PT:2x + y - 1-- O. Bi€t khodng cdch ti C dAn

AK bdng hai lin khodng cdch t* B dAn AKvd
di€m C ndm tr€n trqc tung. Xdc dinh tpa dA

dinh A, dinh C.

Sau tftiy ld ldi gifii cfia bgn Hilng:

Khoing c6ch tu B dln AK lit: d @; e$ = fr.
Gi6 sir C c6 tgatlQ (0; c), theo dC bdi ta c6:

d(C; AK) = 2d(B: AKI e 2.1= l#' ,15 v5

olr-lJ -6 <> c : 7 holc c : -5.
Voi c :7, di€m C c6 tga tlQ (0; 7) thi B vd C

J . -4.n6m cirng phia tl6i vdi phAn gifrc AK (loai).

V6i c : -5, di6m C c6 tgadQ (0; -5). Khi d6:

Gi6 sir A(a; 1 * 2a).Do AK ld ph6n gi6c trong

ctta tam gi6c ABC nen ffi=u#=#=r.
Suy ra 4AB2 : AC hay

4 (Q - o)' + (l + 2a)2) = a' + (6 - 2a)'

l,=4 144,-i)ot5a2+32a-28=ool rro=1 
.)'l'=-T L"f?'?)

/2 l\, - ,l 14 4\.vay: c(0; -5) vd o\i -i)no6c l(-f ; : 7

Bdi to6n c6 hai nghiQm hinh.

Theo cdc bgn thi bqn Hilng gihi.itung hay sai?

EAO CHI THANH
(GV THPT chuyAn Wnh Philc)

re *u,r-rorn, T?[I#EE 
ts

NGQC HIEN
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cAc lop rHCS

Bni T1/445 (Lop 6). Chung minh ring:

1 1 1... 1 t 1222...222 - 333...333\------#\------vJ \------v-
2014chfsd1 2014chns62 2014chfr sd3

ld mQt s6 chinh phuong.
PHAN M4,NH HA

(GV THPT Nam YAn Thdnh, YAn Thdnh, NghQ An)

Biti T21445 (Lop 7). Cho tam gi6c ABC co

BAC > 90" vir d0 ddi ba cpnh ld ba s6 ch6n

li6n tii5p. Tinh dO ddi ba c4nh cira tam gi6c d6.

NGUYEN DI.IC TAN
gP Hi Chi Minh)

Bii T3/445. Cho hai s5 thgc ducrng a, b th6a

mdn a + b vd ab ld circ sti nguy6n duong vd

laz + ab7+lbz + ab7 h sO chinh phucrng, o al6

ki hiQu [x] h sO nguy6n lon nh6t kh6ng

vugt qu6 x. Chimg minh r[ng a, b ld c6c s5

nguYcnduong' 
NGUYENTATTHU

(GV THPT chuy€n Luong Thii Vinh, BiAn Hda, Ding Nai)

BitiT4l445. Cho tam giric nhgn ABC vbr c6c

ducrng cao AD, BE, CF. TrOn tia d5i cria c6c

tia DA, EB, FC lin luqt l6y citc di€m M, N, P
^ ^

sao cho BMC =CNA= APB =90'.
Chtmg minh ring c6c dudng thdng chua ctrc

cpnh ctra lpc gi6c APBMCN cung titip xric v6i
mQt dudng trdn.

NGUYEN KHANH NGUYEN
(GV THCS Hing Bdng, Hdi Phdng)

Bni T5/445. Tim si5 nguyOn z dO phuong tinh
x3 + 1m + l)i - (2m- 1)r- (2*' + m + 4) : o

c6nghi.mnguYcn' 
BUTHATeuANG

(GV THCS Vdn Lang, TP. Viil Tri, Phil Tho)

CAC IOP THPT

Fiiti "t61445. Chimg minh ring v6i mqi si5

'thqc a, b, cl1nhcrn 1 ta lu6n c6:

(log, a + log, a -1)x (1og, b +log,b -l)x
x(1og, c+1og, c-1) < 1.

NGUYENVIETHUNG
(GV THPT chuy€n KHTN, DHQG Hd N|i)

Biti T7 I 445. Cho tam gi6c nho.n ABC (AB < Aq
nQi tiiip ducrng trdn (O). C6c dulng cao AD,
BE, CF cit nhau tqi H. Gqi K ld trung di6m

cua BC. C5c titip tuytin v6i dudng trdn (O) tpi

B vd C cit nhau tai -r. Chr?ng minh ring HK,

JD, EF d6ng quy.
uo queNc vrxur

(Hd N,i)

BAi T8/445. Tim hdm s6/: IR -+ lR bi ch[n

tr6n mQt khoing chria tli6m 0 vir th6a mdn

2fl2x): x +J(x), v6i moi x e R.

NGUYEN VAN XA
(GV THPT YAn Phong s6 2, Bdc Ninh)

TT6N TOI OLYMPIC TOAN

BitiT9l445. Cho tla thric:

JU): x3 -3*' + 9x + 1964'

Chtmg minh ring t6n tai s6 nguy6n a sao cho

fla) chiah6t cho 32014.

TRAN XUAN EANG
(GY THPT chuyAn L€ H6ng Phong, Nam Dinh)

Bii Tl0/445. Tdn t4ihay kh6ng hdm s6 1i6n tpc

/: IR -+ IR. sao cho vdi mgi x elR, trong c6c s5

J(x),/(* + t),/(x + 2) lu6n c6 hai sO hiru ti va

mot s6 vo ti' 
NGTJYEN KrM D.ANG

(SV khoa Co Khi, DHBK TP. H6 Chi Minh)

BdiTrrl445. Cho dey sd {a,}i euoc x6c dfnh

b6i c6ng thilc: a1 : 1, a2 : 2014,

2013a I - 2013\
onnt = ,-*\' 

+ nq )a*r 
vfl mQl rt : /'

(r I 1\
3. ... Tim liml -1-+-j-+...+-i- l.- r-+o\ 4, Az A, )

PHAMHOANGHA
(SV CLC K49, Todn Tin, DHSP Hd N1i)

TOAN HQC
16'6lirdi @
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tsni l"l2l4,15. Cho tft gi6c ABCD ngo4i ti6p
ducrng tron (/). Cdc cqnhAB, BC tii5p xirc vdi
@ lAn lugt t4i M, N.Gqi E li giao cli6m cua
AC vit MN; F ld giao dii5m cua BC vd DE.
DM cit (D tai tli6m 7 kJrhc M. Chimg minh
ring FTldti6p tuy6n cria (f .

TRAN QUOC LUAT
(GV THPT chuy€n Hd TTnh)

cAc +rii r,i'l' r-f
$Sai LXi445. MOt thanh cimg dOng ch6t, tiet
di6n cldu, chi6u ddi Z clugc treo nim ngang
bdi hai sqi dAy m6nh, kh6ng giSn ctng chidu
ddi / nhu hinh vE. Kich thich cho thanh cimg
dao d6ng nho trong m[t phing hai dAy.

X6c dinh chi6u dii I theo L cl6 chu ki dao d6ng
cua thanh ld nh6 nhAt va tinh chu ki d6.

NGUYENNHAT HUY
(Hd N,i)

F-(}R I,C}WER SECONDARY SCHOOL

Protrlem Tl1445 {For 6th grade). prove that

1 1 1... 1 | 1222...222 _ 333...333\__-__nJ\_/
2014chtsdl 2014chts62 2014chrisd3

is a perfect square.

Problem T21445 (For 7th grade). Given a

triangle ABC with fu ,90" and the lengths
of its sides are three consecutive even numbers.
Find these lengths.

Froblem T3/445. Let a, b be two positive real
nurnbers such that o a b, ab arepositive integers

and faz+abl+[b,+ab) is a perfect square,

where [x] is the greatest integer not exceedingx.

Bni I-2l445. Mqch di€n v6 hqn ld mqch di€n
tao thdnh t* vO s6 miit mach gi6ng nhau, n6i

' li€n ti€p theo mQt quy luQt nhiit dlnh, sao cho
khi thAm vdo (hay bot di) m|t mh mqch thi
diQn trd cria cd doan mach vdn kh6ng thay d6i.

Cho mach di6n vd han bi6u di6n tr6n c6c so d6
(a) vd (b).

Mach (a) t4o thenh tu v6 s6 cdc mitnhu nhau
gdm c6 ba diQn trb r,2r,3r;Mach(&) tAo thdnh

tu vd sd c6c hinh ruOng, c6u t4o hr c6c ddy din
cl6ng ch6t, nOi nEl ti6p trong hinh vudng kh6c,

md diQn trd cira m6i canh hinh r,u6ng ld r.

X6c dlnh diQn tro cira m5i doan mach.

TRAN ruANu uAr
(GV THPT Quiic hec Hu€)

Prove that a,6 are positive integers.

Protrlem T41445. Let ABC be an acute

triangle with altitudes AD, BE, CF. On the
opposite rays of the ruys DA, EB, FC, choose

three points M, N, P respectively such that

6fid =dfrA=frB =e0,.
Prove that the lines containing the sides of the
hexagonAPBMCN are both tangent to a circle.

Protrlem T5/445. Find all integers z such that
the equation

f + 1m + D* - (2m- 1)x- (2m2 + m + 4) : o

has an integer solution.

(Xem ti6p trang26)

PBffi,ffiIilUNSI$S'E

se *ur,--,nr B3{#B[,,
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f6t t 9p 7 b0 sO mi (m; n; t) vit
(r; s; v) th6a mdn gid thiiit sE

(a; b; c)th6a mdn dC bdi. D

F Nhfln xlt. Cbc b4n gui bdi gi6i d6u kh6ng n6u dir

s6 nghiQm' 
'IET 

HAI

Bili TZl44l(crp 7). Cho tam gidc ABC can

tai A co 6ZC=100', di€rtt D thudc doan BC

sao cho dID=2}o, ftAn fia AD tdY di€m E

sao cho tam giac ACE cdn tai C. Tinh td do

cac goc trong cua tam gidc BDE.

Ldi gidi. K6 tia phAn gi6c BF cin ABD (F e
^AD), ta co LgF = DBF:20" (do A'ABC c6

^ ^ABC=ACB=40').

Theo gi6 thii5t,-^ ^e,qD =20' + BAF =100" -20o = 80'

=fr)= 180" -80" -2oo = 8oo =67F

= LBAF cdn tPi B = BF : BA.

Ta lpi c6 AB: AC: CE + BF: CE.

Xet LFBD vit A,CED c6ar=f,r=20o,BF: EC

(chimg minh trcn), 6FD = idD @o i,=i,

"e A =A), do d6 LFBD : LCED (g.c.g),

suy ra BD : DE. LDBE cdn tqi D, cb

6iE=6trD+IED=80"+40" =120o, suy ra

ffiE =58-B- 
180':120" -3g".

10 bO s6 mfr

c6 70 b0 sO

Bi[ Tll44lflop 6). Co bao nhiAu b0 ba s6

nguyAn daong (a; b; c) thoa mdn BCI'{N(a, b):
1000, BCMI( b, c) :2000, BC,^W( a, c) : 2004?

Ldi gidi Tri gi6 thi6t suy ra m5i s6 a,b,c d6u ld

udc s5 cua 2000 : 2a.53, do d6 chring c6 dpng

a : 2*.5', b : 2".5t, c : 2'.5u. Do BCNN(a, b) :
23.53 thi sO ton nh6t trong hai sd mim, nbing
3 vd s6 lcrn nhAt trong hai s5 mt r, s bing 3.

Do BCNN( a, c):24.53 th\ so t<vn nhSt trong hai

s0 mfi m, rbktg4 vd s6 lon nh6t trong hai sti mt
r, vbing3. Do BCNN(b, c):24.53 thl sO ton

nh6t trong hai s6 ml n, t bing 4 va sO ton nn6t

trong hai s6 mfr s, v bing 3' Tt c6c di6u tr€n

phii x6y ra t : 4.Ta c6 bing citc g:riLf-cac si5 mf,

cria bO sf, (a; b;c) thoa mdn gi6 thi6t nhu sau:

m n t
aJ J 4
aJ 2 4

J I 4

3 0 4

2 J 4

I J 4

0 5 4

r .s v

J J
aJ

3
aJ 2

J
a., I

3 J 0

-l 2 J

J I J

J 0 J

2 J 3

I J 3

0 J J

TOAN HOC
18 
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Ygy cic g6c trong ct,r A,BDE ld 6DE =120o;

dEE =6EB =30". J
F Nh$n x6t.

1. Bdi to6n ndy thuQc loai d6 vd c6 dqng quen thuQc.

Ngoii c6ch gi6i tr6n, cic bqn cdn dua ra nhi6u c6ch
gi6i kh6c. Ching h4n, vE th€m tam gi6c d}u BDK
(K vd A cing thuQc nria mdt phlng c6 bd ld BC)

hoflc l6y tli6m H tr6n ria DC sao cho DH = DE.

2. Cicbansau d6y c6 loi giii ngin ggn ho{c c6 nhi6u

c6ch gi6i: Phrfi Thg: Nguydn Thdo Chi, Bii Dinh
Huctng, Nguydn Qulic Trung, Trdn Mqnh Cudng,
Dd Trgng Tdn, Trin QuiSc LQp,7A3, Nguydn D*c
Mqnh,7A2, THCS Ldm Thao; \tnh Phric: Dqi Thi

HiAn, Dd LA Huyin Ngpc, 7A4, THCS YCn Lpc;

Nam D!nh: Nguydn Hi,mg Son,7A, THCS Ddo Su

Tich, Tryc Ninh; Hung Yin: L€ Thi Hrong Giang,
74, THCS Ti6n Lt; Hii Phdng: Nguydn Ntc Minh
Nggc,7Al, THCS H6ng Bdng; ThanhH6a: Kiiu
Xudn Bdch, Trinh Thai Qudng,7A, THCS Le Hiru
Lflp, H4u LQc; Ngh€ Anz Trin LA HiQp, Nguydn

Trin Phwtng Anh, Nguydn Thu Giang, Nguydn Vdn

Todn,TA; Dinh Vi& Ty,7D, THCS Ly Nh6t Quang,
DO Luong; VO Phuong Tdm, Trdn Ngpc Khdnh,7B,
Hodng Minh Khanh, 7C, THCS H6 Xuen Huong,

Qu "h Luu; Cao Khdc Tdn,7A, THCS Cao Xudn
Huy, Di6n Ch6u; Hir finh: Bii Bd Vrt,7A, THCS
Phan Huy Chu, Thach Hd; Nguydn Dinh NhQt,7A,
THCS T.T CAm Xuydn, CAm Xuydn; Quing Ngiii:
Nguydn Dqi Duong,78, THCS Kim Vang; Nguydn

L€ Hodng DuyAn,7A, Biti fhi Le Giang,7D, THCS
Ph4m V[n Ddng, Nghia Hdnh; Phrri YGnt Phgm
Minh Chidn,7c, THCS Htrng Vucrng, TP. Tuy Hda.

NGUYEN XUAN BiNH

Biti T3l44l. T6ng cia m so nguyen drong
ch&n khdc nhau vd cila n sd nguyAn duong le
khdc nhau bdng 2014. Tim gid tri lon nhiit
ctia 3m * 4n.

Ldi gi,rti. Ta c6:

TOng cira z sd nguy€n duong chin d6i mQt

kh6c nhau lu6n 16n hon hay bdng
(2+2m\m

2+4+...+2m =\' :"-' =mz+m. (l)
2

T6ng cria n s6 nguy6n ducrng le d6i mQt kh6c

nhau lu6n lon hcrn hay bing

I +3+ ...+(2n- 1): U!)" =n,. (2)

Tri (l) vd(2) suy ra m2 * m + n2 <2014

-(*.*)' +nz ,-2u4+.

Tt d6, 5p dr,mg BDT Bunyakovsky ta c6:

3m * 4n4(**+)*0"-*

@4-1
=222,902

Do m, n ngry€n duong, gii str 3m + 4n:222
thi z chia h6t cho 3, voi r nguy6n duong ta c6 hQ:

Thay m,n vdo (3) vi biiin AOi ta du<y. c:

25/-596t+3536<0. (4)

Giai BPT (\ vit chir y / nguy6n duong ta

dugc r: l2,k}rid6 m:26;n:36.
Ta c6 t6ng cira 26 sO nguyOn duong chin t16u

ti6n vir 36 s6 nguyOn duong 16 tldu ti6n li:
2 + 4 +... + 50 + 52 + 1 + 3 + ...+71: 1998.

Do 2014 - 1998 : 16 c6 thi5 thay eOi mQt sO

s6 ha.rg ctra t6ng tren dC c6 du-o. c t6ng th6a

mdn di6u kiQn bdi tor{n. Thi dg, thay 52 boi 68.

YAy gi6 tri lcrn nh6t cira 3m + 4n bing 222

khi m : 26; n : 36. C6 ttr6 chi ra nhi6u t6ng

th6amin, nhu: 2 + 4 + ...+ 50 + 68 + 1 + 3 +
... + 7l :2014. A

F Nhfln x6t.

PhAn chimg minh3m+ +n<s.@uj-| {=zzz,s)

li phAn quan trgng cria bii to6n nhrmg chi ra tdn t4i
m, n vd t6ng th6a mdn diAu ki6n ld vi6c c6n thi6t d6

tti ili5n dugc ki5t lufn cutii cirng. Chi c6 hai b4n dua ra

loi gi6i ttirng vd dAy dri ld DSng Q"i"h Anh, 7A,
THCS Nguy6n Chich, D6ng S<m; LA Quang D{ing,
9D, THCS Nhfi BA S!, Hoing H6a, Thanh H6a.

NGUYEN ANH QUAN

lm =74-4t
), n =3t
l*'+*+r'<2014. (3)

**L)'()(

ae nnr,r-rrrn, T?8ilrHEE 
tg
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Bdi T4l44l. Cho tam giac ABC nQi ti€p

du'dng trdn tdm O. Qua cdc diem A, B. C ta
vd ba daong thdng song song vo'i nhau
(kh6ng song song voi canh ndo cua tam gidc

ABC). Cac &rd'ng thiing ndy ch (O) theo thu
tu tai At, Br Cr khdc A, B, C. Chu'ng minh
:^rang tr4rc tdm cua cac tam gidc A$C, CAB,

B{A thdng hdng.

Ldi gidi. Gqi FIr, Hz, Ht thf t.u li tr.uc tdm cbc

tam gi6c ABC, B:CA, CAB;.FI li tryc t0m

tam gi6c ABC, K
ld hinh chi6u

ctra C 16n

{fi.
X6t hai
tamgiitc
vu6ng B

ArKHt
vit CKB, c6

KA;H.=KCB,

suy ra MtKHrcn A,CKB,tac6
A,H, A,K =-*.-
ffi=ffi=cotBArC=cotBAC
> AtHt: BC cotA.

Tuong W,AH: BCcotA,sty raAH: Afll.O)
MAt kh6c, ArHt L BC, AH L BC n€n

Afir ll AH (2)

Tt (1), (2) suy ra AHHlAl h hinh binh hdnh,

ddn d6n AAt ll HHt.Tuong tu, ta c6 Bh ll HHz,

CCt ll HH3,mdAAr ll BBt ll CCl.

Do d6 Ht, Hz, H3, H thtnghdng. D

) Nh$n x6t.

Bii toSn kh6ng kh6, mdu chi5t h chimg mitth AHHl1
ld hinh binh hanh (c6 nhi6u c6ch). Tuy nhi6n chi c6

bi5n ban tham gia gi6i bdi to6n niry, ci b6n bpn d6u

cho loi gi6i dring: Nguydn D*c Thugn,9A3, THCS

Ldm Thao, Phri Thg; L€ Quang D{ing,9D, THCS

Nht 86 S!, Hoing Ho6, Thanh IdLo6; LA Duy Anh,

9A, THCS Nguy6n Huy Tudng, D6ng Anh, Hn NQi;

Nguydn H{tu Huy,gAl, THCS YCn Lpc, Vinh Phric.

NGUYEN THANH HONG

BdiTsl44l. Giai hQ phaong trinh

[1t-u*ttt +x'Xl t xa1 =1,r rt (l)
I

f tl +y)1t + y'Xl + y4 1 =l + x' . 127

Ldi gidi. (Dua theo lcri gi6i cria b4n l/ii Thi Thi,8A,
THCS Henh Phudc, Nghia hdnh, Qunng Ngii)

HPT (1), (2) tucrng ducrng v6i

lx+x2 +f +# +x5 +x6 +x7 : !7
ly+ y' + f + y4 + ys + y6 * y7 = x7

= x+x2 +x3 +x4 +xs +x6 +x7

=-(y + y2 + y3 + y4 + ys + y6 + y7 )

e x(x+1)(xa + x2 +l)

=-y(y+I)(ya + y2 +l). (3)

. N6u x : 0 thi tu (1) suy ra y :0. Ta th6y
(0; 0) H mQt nghiQm cua hQ dd cho.

. N6u x: -l thi tu (1) suy ra y : -1. Ta th6,y

(-1; -1) cffng ld mQt nghiQm cira h€ dd cho.

. N6u x < -1 thi vT(3) > 0

+y(y+1)<0<+-1 <y<0.
Khi d6 VT(1) < 0, VP(l) > 0, mdu thu6n.

.N6ux>0thiVT(3)>0

=yO + 1)<0e-1 <y<0.
Khi d6 VT(1) > 1, VP(1) < 1, mdu thu5n.

. N6u -1 <x < 0 thi VT(3) < 0

=y(y+1)>o* [;:1,
- Vtri.y > 0 thi VT(2) > 1, VP(2) < 1, mdu thu6n.

- v6iy < -1 thi vT(2) < 0, vP(2) > 0, m6u thu6n.

Vfly he dd cho c6 hai nghiQm (x; y) ld (0; 0)

vi (-1; -1). tr
F Nhfn x6t.

Ngodi bpn Thi, cdc b4n sau cflng c6 loi gi6i tr5t:

Hi NQi: LA Duy Anh,gA, THCS Ng,ry6n Huy Tutrng,

Edng Anh; Phrri Thg: Dinh Trung Thdnh,91, THCS

Doan Hr)ng; Quing Nam: Z€ Phuctc Dinh, 911,

THCS Kim D6ng, HQi An; Binh Einhz Nguydn Bdo

Trdm,TA,THCS TdyVinh, T6y Son.

TRAN TTUU NEU

TONN HOC20'c[udi[@
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Biti T6144l. Tim tdt cd cdc da thuc P(x) voi
he sd thwc thod mdn cac diiu kiQn sau:

I et*l - lo : JF(r' + 3) - l3 (x > o) (r)
{Y

f P120l4) = 2024 (2)

Ldi girtL Tu tti6u kiQn (1) ta c6

P(xz +3)= (r1x; - tO)'z +13. (3)

Thay x:2014 vdo (3) vi 6p firng (2) ta duqc

P(20142 +3) = (P(20 r 4) - 1O)'? + 13

=(2024-t0)2 +t3
=(20142+3)+10.

D{t x1 :20142 + 3 thi ta c6 P(x):;r1 * 10.

LAi ddt xz: x? + 3 , tt (3) suy ra

P(xl $) =(P(x, ) -10)'z + 13

=((x, +10)-10)2 +13=1x,, +3)+10.

Do d6 P(x): x2* 10.

Bing quy nap tasE chimg minh dugc

P(rr) : r,, * 10, trong t16

xo =2014, x, = 4_r +3 (v6i n e N- ).

NhAn thdy xo 1xt < xz <...

X6t tla thtrc Q@) : P(x) - (r + 10), ta c6

Q@) =0 voi moi n:0, 1, 2,3, ...

Di6u ndy chimg to da th.uc Q@) c6 v6 s6

nghiQm xs, x1, xr,... do tt6 da thtc Q(.x) tt6ng

ntr6t vOi da thirc 0, tftc ld Q(x): 0 vcri mgi x.

Suy ra P(r) :x +10 v6i moi x.

Thri lpi tathdy PQOI4):2014 * 10: 2024;

P(*)-10 = x+10-10 = x;

,lP@ $>t3 =Jxdti:l3 =r
(do x > 0).

Vpy P(x) : x *10 th6a mdn c6c didu ki6n cria

bei toen. D

F Nhfn x5t.

1. Ta c6 ki5t qu6 bdi to6n t6ng qu6t nhu sau: Ni5u tta
thirc P(x) voi hQ s5 thuc th6a mdn tti6u kiQn

!16-a= "[p(f +b1-ct-b (x >0)

[r1xo) - xo+a

toong d6 a, b, xs cho tru6c (vcri xs > 0) thi P(x) = x * a
v6i mgix > 0.

2. Tuy6n duong c6c b4n sau c6 ldi gi6i t6t:

Hn NQi: Vfr Ba Sang, l0 To6n l, THPT chuy6n
Nguy6n IJ:ut€, Biti H{tu Thdnh, 12 Todn l, THPT
chuyBn DHSP He N6i; Hung YGn: Trin Bd Trung,
l1 To6n 1, THPT chuy6n Hmg YCn; Phrri Thg: Ngri
Trgng Anh Tudn,llAl, TIIPT Thanh Ba; V-rnh Phric:
Nguydn Thi Huyin Trang, 10A1, THPT chuy6n
Wnh Phirc; Bic Ninh: LA Huy Cudng, 10 To6n,

THPT chuy€n Bic Ninh; Hda Binh: Dinh Chung
M*ng, Hodng Bdo Linh, 1l To6n, THPT chuy6n

Hoang Vdn Thu; Hd finh: L€ Vdn Trudng NhQt,

Nguydn Vdn Thii, l0Tl, Trdn Hdu Mqnh Cudng,
1 1T4, THPT chuydn Hd Tinh; NghQ An: Duong Thi
Thriy Qu)nh,1lA1, THPT chuyCn Phan B6i Chdu;

Thanh H6a: Phqm Vdn Thdng, LA Thanh Thdi Binh,
I lT, THPT chuyCn Lam Son; Vinh Long: Trdn Duy

Qudn, llTl, Hujmh Hdo, 11T2, THPT chuy6n
Nguy6n Binh Khi6m; Vflng Titu: TriQu Gia An,
10 To6n 2, THPT chuy6n LC Quf D6n.

PHAM THI BACH NGQC

Biti T7l44l. Cho tam gidc ABC. Ki hi€u h,,,

hr,, h, theo thu' tA ld d0 ddi cila cac duong
cao; lo, 16, l" theo thn tW ld d0 ddi cita cac

dtrong phdn giac trong kri tir cac dinh A, B, C
cia tam gidc ABC. Chtmg minh ring:

I + I + I >l+l+l
h"hh hhh, h,h, - tj t| ' ti

Ldi gi,rtL

Vot MBC, ta c6: 25 - alto = bhu = ch"

I I I ab+bc+ca
= 44* nrn"* hh=T; (l)

/AA
Zbccosi 2bcsinf cosftZLz'a b+c A

\b+c)s,n,
bcsinA 2S

- /- /(b+c)sinj (b+c)sin|
I

* I _(b+c)2sin'zj _@+c)r(t_cosl)

-

l: 4s2 g,s2

_(b+c)2 -(b+c)2 cosA
8,S2

(2)

* *u,r-ro,n, T?EI#EE 
er
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-
Lai c6: cosl = ry# vd (b + c12 > 4bc

nOn (b+c)2 cosl ) 2(bz +cz -a2). (3)

1 -(b+c)z -2162 +c2 -a2)Tu(2),(3)suyra *<ffi

Bni T8/441 . Bi€t riins 0 < x < * ruav chttng

ll
minh trong hai s6 lt-l-\'"f..[--i-'1""'\sinx/ 'Icosx/

co it nhat n6t so ton hon Jl.
Ldi gidi. (Theo tla si5 c6c bPn)

rrong khoang (rt;) thi o < sin2x < 1 n6n

t_
.-l- >-2> J\. vay non, n6u ca hai s6

smxcos-r
I .1

(-f-)*J,.f --l- 1",4 d6u nh6 hcrn holc
\smx/ '\cosx/

bang J3 thi

f, I I cos2x

l(J_'1.",,, < .6 l_l_ < 3ot=
l\sln.r/ ^.) srnx
1, I -l , sin2x

I(_L]'*'x<^t; I I <\-i-
It *.r.,l 

- vr lcosx 
- "

Suv ra 2 < --)-a 3t?-' 
* + :.,6,' sln xcosx

mdu thudn. Ta c6 dPcm. fl
F Nhfn x6t.

2a2 +2bc-bz -c2 Tuong tu, ta c6:

2c2 +2ab-a2 -b2
8,S2

8,S2

| .2b2 +2ca-a2 -c2 . I .
E=-- aY '- -

CQng theo tung vC ba b6t ding thirc trOn vi
luu f hQ thric (1), ta c6

1 I l-ab+bc+ca I I I

I:* G* t: = 4y-= hh- hu4- hh'

n6t ding thric hong AA tai dugc chimg minh.

Ding thic xhy rakhi vd chi khi LABC d6u. D

) Nh$n x6t.

l. Trong tam gi6c ABC bdt ki vdi b6n kinh dudng

rrll
trdn nQi ti6p r, ta c6 t1,+i+ h=;

nrr(l-l-l)'r,f I I I )*' 
[4 

*4 * 
or) ''lm* ,r,r* ,r,r)

suy rak6tqud kh6dsp sau +r+.+.i
2bct A

Ban dgc c6 thti chimg minh c6ng thttc lo=-;?

bing c5ch: Gqi Mld giao di6m cira ducrng phin gi6c

trong cita g6c A vot BC, ta c6 Serc = Snv * Seuc )

bcsin A= /, (6 + c)sin !;* da suy ra c6ng thfc h6n'

2. Cic bpn sau ddy c6 bdi giAi t6t: Quing Nam:

Trdn Nhdt Huy, 10ll THPT chuy6n Blc Qu6ng

Nam, TP. HQi An; Gia Lai: Vil Vdn Qu!, l2{l,
THPT Nguy6n Chi Thanh, Pleiku; Hda Binh:

Dd Quang Vinh,ll To6n, THPT chuydn Hodng VIn
Thu; Blr Ria - Vting Tiru: TriQu Gia An,l0 To6n 2,

THPT chuy6n LO Quf Ddn; Hh frnh; Nguydn Vdn

The, lOTl, THPT chuY6n Hi Tinh; NghQ An:

Ui Xuan Hitng,l0Tl, THPT DO Luong I, Dd Son,

D6 Lucrng' 
NGIJYEN ANH DcrNG

C6c ban sau ddy c6 lcri gi6i <litng:

IIi finh: Nguydn Ydn Th6, LA Vdn Tuong NhQt

l0Tl, THPT chuy6n Hd Tinh; Thanh H6az LA Thanh

Thdi Binh,11T, THPT chuy6n Lam Scrn; LA Hitng

Cudng,llA7, THPT Luong Dic Bing, Hoing H6a;

Binh Dinh: Mai Ti6n Luqt,l1T, THPT chuy6n LC

Quf D6n; Hung YGn: Trdn Ba Trung,11Tl, THPT

chuyOn Hmg Y6n; Gia Lai: Vil Vdn Quy, l2Al,
THPT Nguy6n Chi Thanh, Pleiku; Hir NQi: Hodng

Le Nhil Titng, 10A2, THPT chuy6n KHTN; Irdn

Mqnh Hilng,l1 To6n A, TI{PT chuyOn Nguy6n HuQ;

Vinh Long: H")mh Hdo,llT2, TIIPT chuy6n Nguy6n

Binh Khi0m; NghQ An: Hi Xudn Hitng, \0T1,

THPT DO Luong l, Trdn Ngpc Linh, llA2, THPT

Qulnh Luu 1; TP. Hd Chi Minh: Ed Nguvdn Wnh

Huy, l0T, PTNK DHQG TP. H6 Chi Minh; Dik
l,ilxz Nguydn Ngoc Gia Vdn, l}CT, THPT chuy6n

Nguy6n Du; Quing Binh: Ngzry1n Minh Ngpc,

ni ,l,nn Tidn,l0T, THPT chuy6n Quing Binh.

NGLIYEN VAN MAU

TORN HOC22';4ua@
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BitiLll44l. M|t d*a trd dilng m7t sqi day co

dA ddi t aa aiiu khi€n m\t m6 hinh mdy bay co

kh6i twng m. Du'a trd cim ddu ddy di chuydn
- ,J l

trong ntit phdng nam ngang theo dadng trdn

ban kinh r. May bay chuydn d6ng trong mdt
:,phdng nam ngang vni vQn tdc kh6ng d6i v theo

dudng trdn bdn kinh R> r, d dQ cao h b€n tr€n
. ,: , :

nrur phdng chuyen dQng cita ndm tay. Cdc tdm

ctia hai vdng trdn cilng nim tr€n mQt dadng

thang dtrng. Trqrc ctia mdy bay ndm ngang,

huong theo phaong fidp nry6n voi qu! dao cua

no. M\t phdng cila cdc canh cting niim ngang.

Hdy xdc dinh lu:c nang tac @tng Mn m6 hinh.

Ldi gidl

Ki hiQu o ld g6c lQp bei sqi d6y vh phucrng

thing dimg. Lgc clng d6,y T c6 thdnh phAn

thing dimg vd nim ngang dn luqt lit Tr vit Tz.

Ta c6: 4 =Icoscr= f !;fr=f rino:T FT.
Luc n6ng

m6y bay:

F:ntg+7,

-*o*T 
h /l\

't'6 t L 
l' 

\L)

TrOn hinh vE,

B ldmdy bay,
I ld hinh chiOu

cira nim tay l6n

Biti L2l44l. Cin tdp mQt cd:u chi bdo hi€m

vdo mqch di€n cd m6t ddy ding fi,rdng kinh
d: 2mm, vdi yOu ciu ld khi ddy ding nong

th€m LT: 8oC thi ddy chi 6'ciu chi sd n6ng

chdy. Tinh daong k{nh d' cila day chi cin ch7n,

cho biiit; D6ng c6 khOi luqng ri6ng D : 8600 kg/m3,

nhiQt dung ri€ng c: 395 J,4<g d0, diQn trd su6t p :
1.72.10-8 Qm; Chi c6 khiii lucrng ri6ng D' : 11300

kg/m3, nhiQt dung ri6ng c' : 131 J/kg d0, nhiQt d0

ban dAu To:27oC, nhiQt n6ng chdy )"' : 25000 J/kg,

di6n trd su6t p' : 21.10-8 Qm; Chi n6ng chriy 6 327"C.

Ldi gidi.

Do d6y d6ng vd ddy chi mic n6i ti6p n6n

cudng dQ ddng diQn 1 chpy qua d6y d6ng vd

ddy chi nhu nhau.

- Khi ddng diQn chpy qua ddy d6ng, ta c6 PT

c6n bing nhiQt: mcM = 12R

I
e DSIcM = 120= > DS2cM : Izp (1),s,

(trong d6 R h diQn tro ctn ddy d6ng, S le tiet
diQn cira ddy ddng).

- T4i thcri di6m dAy chi n6ng chtty, ta c6 PT

cdn bing nhiQt'. nl c' 1J'+ m'X' = I2 R'

<+ D'S'1'r'M'+ D'S'/'),'= /'p'$

= D'S'2(cdfl'+)t'1 : 7zr' .

Tir (1), (2)vd M=SoC, dJ,'=327*27=30(PC,

^ ndz td'2
S = -i-. $'= J:-. 1s g['44

DdacM

+d'

B

rt

mflt phing qu] dpo ctra m6y bay. Ta c6:

Fr,=TrcosB=r ff"orB=r*. (2)

Dung dinh li hdm s6 c6sin cho tam gi6c OAB

p_
p'

ta tinh dugc: cosB:
R2 +12 _r2 _h2

zR",lP -W
Tt (1), (2) vn (3) ta tim duoc:

Thay sd ta tinh dugc: d' =I,644 (mm). D

) Nh$n x6t.

Trong s6 c6c b4n grii bdi ki niry, bqn Nguydn Vdn

Hirng, 11B, THPT chuy6n Quang Trung, Binh Phudc
c6 ldi gi6i chinh x6c vd ngin gon. Ngodi ra, bqn
Phan QuiSc Vactng,1lAl, THPT Di6n Chdu 3, Di6n
ChAu, NghQ An cflng c6 loi gi6i dfng.

DANG THANH HAI

rs nn, ,r-rorn, 
T?0H,58! 

za

(3)

- ( 2v2h
I, :ntlg+ R\p _r, -*) "

) Nhfln x6t.

Bqn Nguydn Manh Ddn,10A3,THPT Chuy6n Vinh
Phric c6ldi gidi tlfng' 

NGIT'EN xuAN euANG

p,4,+(s,Afl'*)u,)

.lp DcLT ,4l--.U.
p' D'(c'LT'+)"')
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CUOC THI GIAI TOAN DAC BIET

g**'l'Ef
xxxxxxxxxxxxx

T3/THCS. Giai he Phtrong trinh:

Quf,ng Nam)

oc ttr6Y x : Y 
:o kh6ng Phni ld nghiQm'

Do d6 * -xy + y' : (.-+)' *S'o'
Tt(1)suyra x+y=W

. 2(x-y)' -l - 2(x+Y)2=3-#=i+offi,'(3)
Tn (3) suy ra 1. , * Y 33. (*)

Lqic6

J6?7:V:V 4TW-@-W <21*Y1. g)

Tir (2) vd (4) suy ra

)t, * v) - zxv -1= ,l*l (5)

N€u ry < 0 thi tu (5) ta c6

)f* * v) - zxv -1= -'* > x + Y' *'t'
tr6i v6i (*). Suy ra xy 2 0. Tri (5) ta c6:

){**r,>-zw-}=z*v
*WPA I 4 xy = (x + y)' - (x - y)' < (, + Y)'

>(x+y-3){,r.r-})=r.

Do x+ ,r-],r] nensuyra 1+Y23-

l*Y'o
DingthircxiYrakhi {x=l = x- Y=+'

lx+Y=3

rhir lai ta th6y @;y): e,i) ld nghiQm cira

HPT da cho. VQy HPT c6 nghiOm duy nhdt

(x;y): {i,i) "
D Nhfn x6t.

C6c ban sau ddY c6 ldi giii t5t:

Thanh H6az DSng Quang Anh,7A, THCS Nguy6n

Chich, D6ng Son; IIdr finh: Trin Nguydn Dtrc Tho'

98, THCS Hoing XudnHSn, Dirc Thg; Quing Binh:

Phqn Trin Hudng,8D, THCS Qu6ch XuAn Kj"

B6 Trach; Binh Dinh: Nguydn Bdo Trdn,7A, THCS

TAy Son.
DANGHI-INGTHANG

T4/THCS. Cl'to tam giac ABC, (O).,\tl vu I

theo thtb tty ld dultng trdn ngogi tiep' dLratg

trdn nQi fiAp vd tarn dtxrng trdn bdng tlel d9i

di€n dinh A cila tam giac. Gtti D ld ti€p di€m

cila (l) vbi BC; P ld trung di€m cung 6Id
c{ra (O) vd PI,lqi c;it (O\ tqi K. Chung minh

,arg 6it = fut.

Ldi gidi. Gei
Mld giao

di6m cua

PO vir
BC; Nlit

. -.1glao dlem

ththai cua B'
Povd(o);
Fli ti6p

diiSm cria

(I)vdAB.

nC tnay

vdNl: NB:NC.
Do d6 NI : NI,: NB : NC' N6i cSch kh6c

t0 grbc IBI,C nOi ti6p duong trdn ('AI)'

Yl NM I I ID; NI, = IA n€n MNI,=DIA'

Y\ fifr* =eo" =iFA; trElt4 =+ila =ifi n6n
2

LMNB cn LFIA.fetfrqp votlD: FI;NB: NIo

NM NM NB NI.
suy ra n = ft =78=-lA'

f rt *.y' = -x' + x.1'* 1'2 (1)

irt=r-;= =1,*+y)- z*y*] P1
['

Liri gidL (Cira ban LA Phubc Dinh,THCS HQi An'

trK

TORN HQC
24' ; cii.Oifta se *t s-r.ro
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YQ'y N,lMI"<n NDA. (1)

Vi NB : NIoi NBP = 90o; BM L NP n6n

NI:=NB2=NM.NP.
Do tt6 Nl,frlpxric v6i duong trdn(I,MP) (2)

Tt (1) ve (2) voi chri y reng I*P = KP; AN = AI
suy ra.^ ^ ^DN =MI,N =I"PN =KPN =KAN= KAI. J
D Nh$n x6t.

Bdi torin ndy kh6, chi c6 ba ben tham gia gi6i. Xin
n6u t6n cA ba b4n. Quing Nam: Zd Phudc Dinh,9ll,
THCS Kim D6ng, TP. HQi An; Thanh HLo6 Dfing

Quang Anh,7A, THCS Nguy6n Chich, D6ng S<rn,

LA Quang Dfing, 9D, THCS Nh& 86 S!, Ho[ng Ho6.

NGUYEN MINH HA

T3/THPT. Ddy cac s6 th4c duong {",}7=o

thoamdn a-,= 2 vdin=1.2.3ntt a.. + o,, 
r-. " .

Chung minh rdng t6n tai cac s6 thrc s, t md

s 
-{ an 

-< 
t voi fr : 0, l, 2, ...

Loigini.D[tr=ma I t llx\ao' av 4'4J'
ra c6: 1=*{*,r,,!,1} ," sE chimg

t " ao ar)
minh blng quy nAp tbeo n: 1,2,3, ...

I
|<a,<t vori=n-l;i:n. (*)t'

YOi n: 1, kh8ng dinh (*) dring theo c6chxdc
tlinh cria t. Gie st kh6ng dinh (*) d6 itring v6i

1

fi : k, tuc li 13 o,_t, au 3t. Ta chimg minh'tK-
khing dinh (*) cfing dring v1in: k+ l.
n-^a-^ 2 - 2rnatv?y: lk*t=;fr=fr=r,

tt
2_> 2 =!ak*t= ooTur'7at=i'

Khing dinh (*) dd dusc chimg minh.

Nhu vfly s 3 a,< t V n) O,hong d6 
" = 1. Ot

D Nh$n x6t.

M6u chiit cta bii torin li x5c ttinh I vi ph6t biiSu

khing dinh (*). C6 5 ban gui lni gi6i vA tda so4n vd
tAt ce circ ban <l6u gi6i tlung:

Hii phdng: Lrmng Thd Son,l lT, THPT chuy6n Tr6n
Pht; Nam Einhz Nguydn Hdng Ddng,l0Tl, THPT
chuy6n L6 Hdng Phong; Hi finh: Nguydn Vdn Thii,
l0Tl, Trin HQu Mqnh Cudng,llTl, THPT chuy6n
Hd finh; TP. H6 Chi Minh: D6 NguyAn Wnh Huy,
l0T, PTNKDHQG TP. H6 Chi Minh.

NGI.ITEN MINH DUC

T4ITHPT. Cho tam gidc ABC (AC > AB).
Cac dudng cao BB'vd CC' cua tam gidc cdt
nhau tqi H Gqi M, N theo thilr q ld tung di€m

cfia BC', CB'. MH c& dudng trdn ngoqi ti€p
tam gidc CHB' tai I; NH ciit drcrng trdn ngoqi
ti€p tam gidc BHC' tai J. Gid su P ld trung
di€m cila canh BC, chtrrug minh riing AP L IJ.

A

BO dA (Dinh li Brocar$ Cho hir gidc ABCD
nQi tiiip dudng trdn (O, R). Gpi E, F, H lin luqt
ld giao didm c*a AB vd CD; BC vd AD; AC
vd BD. Khi dd O ld tryc tdm cfia tam gidc EFH.

Chtng minh bd AA. Ciasri dudng trdn (,4F8)
c6t dopn EF tqi G. Khi d6 de chimg minh
EGBC, FGDC li c6c t0 gi6c nQi titip. Tt d6
EF2 __ EG.EF + FG.FE: EC,ED + FB.FC:
ferot+ frrro.t= Ed - R2 + Fd - R2

: Ed + Fd -2R2
Cfing c6 EII: Ed + ttd -Zn2

(1)

(2)

Tn (1) ve (2) suy ra Etr - EIP = rd * nd
€EP_Fd:EI?_Hd+FHLEo.
Chtmg minh tuong t.u ta cflng c6 EH LFO.
Do <16 O ld tr;c tim cua tam gi6c EFH (dpcm).

TrO lgi bdi todn. DAt k=# vd gei d ld

tlucrng thing chria duong phdn gi6c trong cta
ffia. X6t ph6p tt6ng dang vf7H, k1.}1(trong

d6 VflH, k) ld phdp vi S t6m H,ti s6 k; Salir

**u,r--,n, t9Eil,Ht[zs
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-ph6p d6i ximg qua dudng thhne d). Ta thAy:

l{gl, tcl.Sa: H ++ H; B *+ C; B' ,-- C'. Do d6

Vf1U, tc1.So M r---> N; (BHC') ++ (CHB');

fll7t*+ HN.

Tn d6 lf(tt, k).so'. J,- I.
Vpy do ff(U, k).Sa : J ,-- L M r--+ N n6n

aC tnay Ulrt.t-tt = HNHJ, suy ra b5n di€m

M, N,/, -rctng nim tr6n mQt duong tron (3)

Gi6 sir F ld giao di6m cira B'C' vli BC;

FH cit AB, AC theo thri tt; t4i X, f. Khi d6,

do (AXC'B): (AYB'C): -1, v6i chf 1f ring
M, N ldn luqt ld trung di6m ci,r- BC' vd CB',

theo hQ thric Maclaurin ta c6:

-AC' 
AB :,qX -qtnt; AB' AC =,q,Y.m.

Yl ACAB = AYAC nln AXAM : AY.AI'I.
Tt d6 b5n di6m M, X,I, N cing nim tr€n

Tt (3) vd (a) suy ra XY ll IJ. R6 rirng theo

dinh li Brocard th\ AP L FH hay AP L XY.

Do tl6 AP L IJ, ta c6 dpcm. D

F Nh$n x6t.

1. MOt s6 ban dd chi ra ,4P ld tluong tmng truc cila

doqnIJ. EC chung m:rr,hAP I1J, ngodi c6ch su dgng

dinh li Brocard, c6 th6 sir dpng b6 d6 sau:

Cho tam giac ABC, cac dwrtng cao BB', CC ' car nhau

rai H; F la gioo diem caa B'C'vrti BC. Khi dd FH 1.LP.

2. CAcbqnsau c6 loi giAi t6t hon c6. Hii Phdng: Zrorr-e

Thd Son,l1 To6n, THPT chuydn TrAn Phri; Pht[ Thg:

Phqm Ngpc Hdi,10 Toitn, Vfi Thi Mai,l1 To6n 1.

THPT chuy6n Hiing Vucmg; NghQ An: Nguy€n Vdn

Huy,9D, THCS Li Nhpt Quang, D6 Lucrng, H6 Xudn

Hi.mg,l0Tl, THPT D6 Lucrng 1; Hi finh: Nguydn

Vdn Th€, 10T1, Trdn Hdu Mqnh Cadng,1lT1, THPT

chuy6n Hd TTnh; Ninh Thuin: NSuyA, Trin LA Minh,

1 I To5n, THPT chuy6n L6 Quf Ddn.

HO QUANG VINH

be a polynomial. Prove that there exists an

integer a such thalJfu\ is divisibie by 3to'o'

Frotrlem Tl0 l-15. Does there exist a continuous

function/: R -+ R satisffing the following

property: for any x e IR, amongf.r), JU + I),

/(x + 2) there are exaclty two rational numbers

and one irrational number?

Problem Tlll44s.Given a sequence {a, ii
where: ar: l, az-- 2014 and

2013a t - 2013\
a--, = " +l l*-- . la- ,.n*t r \ n-ll n-'

Find tirnfl*l*...*l) for n : 2, 3, 4,...
,+-f a, a2 o,, )

Problem Tl2l445.Let ABCD be a quadrilateral

circumscribing a circle (11. The sides ,48 and

BC are tangent to (I) at M andNrespectively'

Let.E be the intersecnon of AC and MN, and F
be the intersection of BC and DE. DMintersects

(I) at another point, say T. Prove that FZ is

tangent to (4.

Trans I at ed by NGUYEN PHU HOANG LAN

m6t duong tron

pn0mmffiIr{rffimffiE
(Ti6p theo trang 17)

FOI{ UPPIIR. SECONDARY SCHOOLS

Prolrlem T61445. Given any triple of real

numbers a, b, c > 1. Prove the following

inequalify: (log, a + log, a -l)x
x(log, b +log.b-1)x (1og, c +logbc -1) < 1.

Problem 'f7A45. Let ABC (AB < AQ be an

acute ffiangle inscribed in a circle (O). The

altitudes AD, BE, CF intersect at H. Let K be

the midpoint of BC. The tangent lines to the

circle (O) at B and C meetss at ./. Prove that

HK, JD, EF are concurrent.

Problem T8l445.Find all functionsf R' -+ R'

such that / is bounded on a certain interval

contaning 0 and/satisfi es

2fl2x):x+J(x) foreveryx e R.

TOWARDS MAT}IEMATK]AI, OLYMPIAD

Problern T9/445. tetfix) : I - lf + 9x + 1964

(4)

TONN HOC26 - Gf,roifua Soj45 (7-2014)_
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III. MO RQNG

* Bili to6n 1. Cho 2n di€m At Br, Az, Bz, ...,
An, Bn (n > 2) theo thtr ta niim ftAn dadng
thdng l. Hai cung iuo1;vd y1, dmg ffAn ddy ApBp

(k=|il sao cho 2n cung cilng nim tr€n
- ,:

m6t nua mat phang bd I d6ng thdi ap ti€p xtic
vcti cil1,-7 t,a 0D161, y1, ti€p xuc vcti ^{r-r vd ^{r-t.

Khi do giao di€m cila fidp tu1,e, ,Pr,rf ngodi
ctia cac cQp cung {\ vd Tzt, yr vd t.-ozr ndm

-.;tr2n l; giao didm ctia cac tiep tuy€n chung
ngodi ctia cdc cdp cung o1 vd o)2p1, f 1 vd

.J
Tz*-t cilng ndm trin I (k = 1.2^ ...).

Chfing minh

Cdch I
DO chrmg minh bai to6n md r6ng trudc ti0n ta
ph6t bitiu mQt bd d6 sau.

g6 Ae 6. Cho 6 di€m Au Bt, Az, Bz, A3, 83 citng
niim trAn AmnS thiing I sao cho cdc itoqn thdng
A181, A282, A3fu tdch rdi nhau. Hai cung aivd

\; cilng dqng tr€n ddy AiBi (, = lJ) sao cho 6

cung citng ndm t€n mQt n*a mqt phdng bd l.
Ki hiQu d;1 ld ti€p tuydn chung ngodi crta cfip
cung @i vd UDi, ku ld tiep Uydn chung ngodi
cila c(p cungf;vdy1. Gid su giao dihm da dp
vd k12, dzz vd. ky citng ndm tAn l. Khi dd
giao didm cia dpvd ks cfing niim tAn l.

Ldi gidi" GqiX, Idn luqt ld giao
cila dnvit k12, d4 vd ky;
Zlit giao cta ds vd l.

z

I$l To{il s T}oil( J{l T#t
62€

(Il0lt Dor Tlju{il QlJ0( 0fl tlfl}t [flIll 20t)
NGUYEN VAN LINH

(SYK50 TCNH DH NgoqiThuong, He Nfli)

(TiOp theo ki trwdc)

Tn Zketi6p tuytin l% tliyr G.9).

ep ilng BO di 3 cho hai duong trdn
ror, yl vd hai diem .Y, Z suy ra t6n tai mOt

duong trdn C1 nQi ti6p ft gi6c tao bni giao

ditim cria 4 tluong thing dp, k12, dB, k'8.

Tuong tU, tdn tai iluong trisn C2 nQi tiiip
tb gi6c t4o boi giao dii5m ctra 4 dudng thing
dp, k12, dz3, kx. Gqi C3 li duong trdn nQi ti6p

(hoac bing tiep) cua tar,r_ glio, tao bcri giao <li€m

cltrac6c tluong thing dB, dx, kB.

Ap dqng dinh li Monge-D'Alembert cho ba
ducrng trdn Cr, Cz, Ct ta cb X li tdm vi t.u

ngodi cria Cr vir Cz; Ylil$Nt vi tu ngoii cria
Cz vit C: n6n tim vf ftr ngoii cta C1 vir Cz:,^
nam ffend-r.

Do dn li titlp tuytin chung cta Cr vd C3 n€n
dn ctt t @i tlm vi t.u ngodi Z cta Ct vit Ct.
Me fl titip xric va Crn6n fti. ti6p xirc va Cz.

Tn Z k6 titip tuytSn kli ffn yz, l?i 6p dsng

86 dA 3 cho hai duong trdn rrr3 vi y3 v6i
hai di6m Y, Z suy ra Ct ti6p xric viti ki:r.

Tt d6 ki, = kil, = lqr.

Ta c6 dpcm.
/-u-

-

Hinh 9

**r,r-rorn, T?8l#ffzz
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TrO lgi bdi totin (h.10, h.ll)

Ki higu d;ilitfilp tuyi5n chung ngoii cria roi vi
yi, kii ld titip tuytin chung ngoii ctia y; vi o1;

d|ldtilptuyiSn chung ngodi cta ro; vi co;, fti li

Theo Cdch 2 cho Bdi todn lran TST 2013 thl

tdn tai mQt dulng tdn (Orz) ti6p xric v6i rot, Yt,

cDz, lzi iludmg trdn (Ozr) tiiSp xric vli roz, Yz,

co3, y3. Gqi P li giao cria ti6p tuyi5n chung

ngodi ME cua ror vi ol:, tr P l6n lugt k6 c6c

84 Ac BzAt Bz A2 Br A1

Hinh 11

tiiSp tuyiin chrurg ngodi cira y; vdyl Q <i)' Gqi

Xiilir giao ctn diivdkiiiXi,ld giao cnad'uvirk'r'

Theo Bdi todn lran TST 2013 ta c6 XovitXzz

nim tr6n /. Do t16 6p dung UO a6 6 suy ra Xf,

nim t€n l.Ld c6 Xvnam n6n / n6n l4i 6p dUng

BO de6 suy raXla nam rcn /. Chrmg minh tuong

tU ta thu dugc X1121,y vd X'rrro*rrnim trCn /'

Cdch 2 (h.12)

A1 Br Az Bz Az 83

Hinh l2

1,A3 82 Az 81 At

Hinh l0

ti6p tuy€n PN, PF t6i Y:, Yr. Cing theo

Cdch 2 cbo Bdi todn Iran TST 2013 'hl
t6n tai dudng trdn (O1) ti€P xric

vfi to1, Y1 Dn lugttqi E, F;

duong trdn (O3) tiCP

xtic v6i co:, Y:

6n luqt tai M, N.

AzBz, AtBt tdch rdi
P nhau. Hai cung tli

vd Y; cilng drng tr€n

ddy A,Bi (r=13) sao cho 6 cung citng ndm

tr\n mdt rufua mfrt phdng bd l. Gid sir ring a1

tiiip xuc voi r;l2, yt tiiip xuc voi ^Yz, (Dz tidp xuc
- .i r r/1-: lA ^,voi az vd yt, yz ti€p xuc vbi yz. Khi do yz ti€p

xilc vdi .l.lt.

Theo 86 di 2, tfum vi tu ngoii cira c6c c[p

dudng trdn ((O1), (OoD; ((Orz), (Oz:)) nim

t€n /. Do d6, rheo dinh li Monge-D'Alembert,

tdm vi t1r ngoii cira (O1) vi (Oz) nim tr6n /'

Cf,ng theo AA ai 2,tfumvi ty ngoii iua (Ozr) vd

(O) nim tr6n / n6n lpi 6p d\mg dinh li Monge-

D'Alembert, suy ra t6m vi t1r ngoii cria (O1) vi
(O) nim tr6n /. Di6u niy c6 nghia ld P, N, F

ttreng hang hay grao <tir5m cua tiep tuy€n chung

ogoui cirac6c cf,p (ror, ro:), (Yr, y3) nim tr6n /'

Tnronghqp t6ng quattlu-o. c chimg minhtucmgtp'

Tuy nhi€n chung ta.chua dtmg lar d diy' Bei to6n

m0 rQng lai ttem dtin mQt bdi toan thir d kh6c'

* Bii tohn 2. Cho 6 iti€m At,

Bt, Az, Bz, Az, fu citng ndm tAn

dudng thing I sao. cho cdc

doqn thdng AtBt

TORN H9C28';4ira@

https://tieulun.hopto.org



.-

Ldi gi,rtL (h.13) Ki hiQu nhu loi giii Bdi todn l.
Ta c6 Xf, nim tr6n /.

Ar Bt Az Bz A3 83

Hinh 1i

Gqi f'r ld cung qua A3,,8: vi tiiSp xirc voi ror.

Theo Bdi todn lran TST 2013 suy ra giao

di6m cria tiiip tuytin cta c6c c[p cung ror vi
o:i yr vi y!, nimtr€n /. Hay titip tuytin di qua

Xi, cinyl tiiSp xric v6i /, diAu niy c6 nghia

ld yl = y, .Ta c6 dpcm.

Dua theo Bdi todn 1 vd sir dpng c6ch chimg
minh tuong tU 0 tr6n, ta c6 th6 t6ng qu6t

Bdi todn 2 nhu sau.

* Bii to6n 3. Chuoi drong trdn ruo1, ^ir, 0)r,

Y2, ..., a2k, T2k, cDzt*t, Y:r-t dtoc xav dqmg

giiing nhu Bdi todn l. Khi do n€u itl,21, tiep xuc
,:vdi at thi y21, fidp xtic vdi y; n€u au,*t fiAp xilc

voi y1 thi y21,+1 fidp xilc voi ra,t.

Ngoii ra, st dlmg ph6p nghich d6o phuong
tich b6t ki vcri cgc li t1i6m b6t ki nim ngoii
c6c dudng trdn vi duong thing / tr6n, ta c6

th6 thu dugc mOt m6 hinh thri vf tuong tU
Bdi todn 3 vbi cic di6m At Br, Az, 82, ...,
Azr*r, Bz*t cr)ng nim tr6n mQt tludng trdn.

Cu6i cr)ng, fiongBdi todn lran TST

2013,ta c6 th6 nhfn th6y 4 cung

o)1, 0)2, 0)3, cD4 cirng tiiip xric
vdi mQt dudng tron.
Y tuong d6 giirp
chring ta

nghi tttin

m$t mO rQng khic nhu sau.

* Bili b{n 4. Cho 4 di€m A, B, C, D theo
.J

rhtr ttr cirng ndm tr1n dadng thdng l. Hai cung

o)r, 0J2 dlrng tr€n day AB vd hai cultg (D3, @4

dung ftAn ddy CD sao cho 4 cung tr€n cirng

nim t)n mQt rufua mqt phiing bd ld dudng
thiing I ding thdi az nim gifia a1 vd l; aa

J ,-
ndm gifia a3 va l. Gid sn t6n tqi mQt dudng
trdn ti€p xtic vdi 4 cung t1n. Khi do giao
-.: . .: :
di,im cia ti€p tuyen chung ngoiti cua cdc cfrp

cung (ro2, ooa) vd (cDr, cos) niim tr1n l.

Loi gi6i cho Bdi todn 4 tlugc thlrc hiQn tuong

\r Cdch 2 cria loi giili Bdi todn lran TST 2013.

Ta cf,ng c6 th6 t6ng qu6t cho n dudrng trdn
nhu sau.

* BAri tofn 5. Cho 2n di€m Ar, Br, Az,82, ...,
An, B, (" > 2) theo thtr tq niim tAn drdng
thdng l. Hai cung ri-i,1, va yk dqng tAn day ApB1,

1t<=l,n) sao cho 2n cung cilng ndm tren m6t
,j

ntra ntat phang bd I ddng thdi a* ndm giira yp

t,d l. voi mdi gid tri cua k (k =1,,? {-) , gid stb
:

ton tai mQt dtrdng trdn fiAp xuc vdi 4 cung ap,

f k, o)k+t, y 1,a1. Khi do giao di6m cua cac fidp
.1 .)
tuyen Chung ngoat Cua (D1 Ya (Dn,y1 VAynnam
tuAn L

D6n d0y titc giir xin duo. c ttit thric bni viiit.
Xung quanh Bdi todn lran TST 2013 cdnrilt
nhi6u t1i6u thri vf, mong ban dgc ti6p tqc
kh6mph6. E

A .on BC D I
Hinh 14

sd 445 (?-'o14 r9a[58!2e

I
I
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Qt ngiy dAu th6ng 9 nim 1550, cfu b6

10 tu6i FranPis Vidte tr€n tluong hr

Giailhoaivd,

Bni torfur cfra ViOtP
LUqNG tU aicn $t Kvant

4+1.4+2.4+3.4
+ 1.2.4 + 1.3.4 + 2.3.4 + 1.2.3.4

T6ng ndy bing 96. Sau khi cQng 23 vd,96, Vidte

vitit tr6n t6m b6ng con cira minh t16p s6 1i9, r6i

dua cho thAy gi6o xem. Thiy gi6o nhin vlro vd

cira minh itOi ctrii5u vdi d6p s5 ctra cQu hgc trd

y6u, r6i gft dAu hii ldng.

ThAy gi6o vd Vidte phdi dqi kh6 16u c6c b4n moi

h- 
"o'ng. 

Trong ttr<vi glan d6 hai nguoi theo du6i

nhtng f nghi ri6ng cira minh. ThAy giSo thi tnl

tinh khdng bii5t niSu ldm th€m bdi toSn nta voi

n[m si5 thi c6 kfp thoi gian hay kh6ng' Cdn Vidte

cfing suy nghi vd t6ng voi nIm si5 1,.2,3, 4, 5'

fhing tti6" Uay gid sE c6 bao nhiOu si5 hang nhi?

lieu cO dn ch6 dC ghi tAt cd ttdn.t6m bing con

nay kh6ng? N6u chi cong nhtng so hang moi thdi

thi c6 du khdng?

Cuiii cung thi con sO t tg cfing de xu6t hiQn tr6n

tdt ce 
"ei 

timbdng con. T6t nhien, khdng ph6i

t6t ca d6u t.u lim tlugc. C6 ai d6 tton gi6n 116 " '
chdp cira nguoi b6nc4nh. Tlit nhi6n, <tdy kh6ng

phni h bi mft gi d5i v6i 6ng gi6o gii' Nhung

tii5t fu- sao duo. c! Toan hqc v6n h m6n hqc kh6,

kh6ng phii hqc trd ndo cflng wqt clugc qua'

xtrung ntriAu nguoi trong s5 hq bi c6 nhirng

tii nlng khic...

DO giei thOm bii to6n moi, kh6ng con. <lir thoi gian

nua. Va bei toan tinh t6ng voi ndm s6 l, 2, 3, 4, 5

tluo. c th6y gi6o cho v6 lirm & nhe. Tru6c khi roi

lop, thAycdn d[n: C6c em cd nghixem c6 c6ch

ndo thflt hay d6 giei bei to6n d6 kh6ng? N6i do4n,

thAy nhin Vidte nhu gur gim 0 cfu hqc tro y6u

toin bQ ni6m hi vqng ctra minh'

OOi voi Vidte, nhimgloi cria thdy thuong khuy6.n

khich cfu dat toi nhtng ph6t minh thgc sy' T6t

nhi6n, d6 chi ld nhtrng ph6t minh il6i v6i ri6ng

cfu mi th6i. Toan hqc dd ph6t tri6n tt bao nhi6u

th6 ki, Uit eiu tu nhirng nhd to6n hgc cO Ai Cflp

vi Hy L4p! Khoa hqc d6 vuqt qua mQt ch[ng

trulng trd vd nhe, vd m[t tl6m chi6u. Cpu di dqc

theo bo sdng vd mai mC suy nglri toi mric chdng h6

nhfn ra 5nh ning 6^ep gin nhu mta hd, ctng

ching nghe th6y titing nudc chiy dao dat du6i

sOng vi tii5ng rao cira nhtng nguoi b6n hd. rg rong'

ChuyQn ld th6 ndy. Sau ki nghi hd, thiy gi6o to6n

mul5n ki6m tra xem dim hgc trd lop 3 cria minh

c6 cdn nh6 nhirng tliAu md 6ng tl6 d4y cho bqn

chring n6m ngo6i hay khdng. Vi 6ng bat ddu

bing m6n SO hqc. Ong vi6t16n bang ba so l, 2, 3

vd y6u cdu hqc sinh tinh t6ng cua ba s6 tl6 voi

tht cit circ tich c6 thd cua hai trong ba s6 tr6n vir

voi tich cria ba s6 d6.

Sau mQt l6t, tr6n mdi dm bing con ctra d6m

iqc trd (tAt nhiOn chi ctra nhtng ttria hii5u diAu

kiQn bdi to6n) itd xudt hiQn ddng sau:

| + 2 + 3 + 1.2+ 1.3 + 2.3 + 1.2.3

Hiu nhu tAt cil 6d tim ra d6p sl5 ld 23. Nhmg

Ong thiy vdn t6 v6 chua hii long:

Chdm qudt. Cac em tinh qud chQm. C6ld ld do

nghi hd qud l6u d,6y. Chilng ta sd phdi luy€n fip
thArn thbi. B,iy gid chilng ta vdn gi6i bdi todn

tnrdc, nhrng kh6ng phdi d6i voi ba sd md voi

b6n s61,2,3 vd 4.

Bgn tr6 lai c6m cui tinh to6n. Ngudi ta nghe

th6y ce ti6ng Hch c6clr cirl ph6n go xu6ng bang'

C6c sO t aoE Auqc xip x6p theo t&ng hdng ndi

theo nhau:

l+2+3+4
+ 1.2+ 1.3 + 1.4 +2.3 +2.4+3.4

+ 1.2.3 + 1.2.4 + 1.3.4 + 2.3.4 + t.2.3.4

Vidte qay6tAhfr titit kiQm c6ng sric, cfu chi tim

t6ng c6c sO trang khdng c6 tron! bdi to6n tru6c'

D6 ld tdng c6c si5 hgng c6 chria sd 4:

TONN HOC
AO 

' ;'qLdiEA sti las tz-Porat
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tludng Ifu. E6 dpt tlugc trinh dg hiQn <lai, cdn c6n
ph6i bi6t rdt ntri6u. DOi khi c6u tim ra nhirng c6i
md thlrc ra ngudi ta dE biiit tu l6u. Nfumg Vidte
v6n ggi d6 ld ph6t minh cria minh. Nhirng ltc
nhu th5, cfu v6 cing sung sudmg, mQt cim gi6c
khdng gi s6nh ndi cta nhfi'ng ngudi kh6m ph6.
6ng thAy gi6o gid <Ia bi6t nhirng gi di6n ra trong
tr6i tim cfu hgc trd tdi nf,ng vd 6ng dd cO ging
tim cho c6u nhirng bii todn thich hqp.

Ngodi ra, nhirng bpn bd cirng l6p, khi chia tay
cdn khich Vidte: Nay, nhd ngdy mai thdy cho
gidi bdi todn tir 1 diin... 100 thi sao nhfr
Md cd khi cho n s6 cilng n€n. Moi hi vpng b7n
minh tr6ng vdo cQu ddy, Pythagore cila tct q.

Viitethdngh6 gtfl" khi ciic ban cirng lorp ggi minh
ldff.,thagore. Tnii lai, trong thAm t6m cdu cdn cim
th6y thich thri nira h klxic. Nhrmg gid dey cnn ph6i
grt titing cho c6i t6n vi <tai d6. BEng cr{ch ndo ct6y?

Bing cSch phii gini dugc bdi to6n tinh t6ng...
ThAy gi6o da bit dau loai bdi ro6n cua minh tu sO :.
Th6 bei to5n <lon giin hon, vbin:2 thi sao nhi?
O d6y cdn phni dm t6ng cria ba sO trarrg 1 + 2 + l.Z.
Ba con sd 1, 2 vd 1.2 hinh nhu Viite d6 'hghe th6y,,
0 d6u d6 rOl ttri pnai. Nh,mg d ddu nhi? Chdn bu6c
tr6n cluong ph6 nhrmg y nghi ctra cfu d m6i tan
dAu d6u. Rdi cqu chot nh6 ra tu *iy h6m trudc c6u
de tinh tich (x + 1)(r + 2) vd nhan du_o. c tam thric
* + 1t + 2)x + I .2. HC s6 cua tam thtc ndy (trri s6
hang thir ntr69 ctrintr ld ba s6 cria t6ng trong bdi
toan n6i tr6n. Thti cdn tdng sinh boi ba s5 1, 2, 3?

LC t.u nhi6n ph6i x6t tich (r + 1)(x + 2)(x + 3). LiQu
hQ s6 cira da thric ndy c6 giirp ta tinh eluoc t6ng
cdn tim kh6ng? LE ra hic niry Vidte c6 th6 dimg
lpi, nh{t mdt cdnh c6y b6n tlucrng r6i vach
nhfl'ng tinh to6n cAn thi6t tr€n c6t. Nhmg cdu 116

ldm mgi tinh to6n 6 trong dAu. Thuc tt5 c6 ba d6u
ngoflc. Khi m0 ngo[c ra, ta s6 nhdn clugc m6t s5
s6 hang (tuc ld mQt da thric). M6i mQt si5 hpng d6
h tich cria ba nhan dr, m5i nnan flr thu6c mQt d6u
ngoflc. Ban dAu ta chi nh6n clugc sd hang x3 m6t
lin. Nhrmg ldm thri nio nhfn dugc h€ ,ri 

"riu 
rj?

O tldy nh6n tu x dugc 6y fi hai d6u ngoflc, cdn
nhan ffi thr? ba li con s5 trong d5u ngopc cdn lai.
Vi sau khi nh6m c6c s6 hpng niy lai, ta duo. c
h0 si5 cria.r2 chinh ld t6ng I + 2 + 3, tuc ld t6ng
cua c6c con s5 l6y trong m6i AAu ngo{c.

Tucrng t.u, n6u nh6m c6c sii hpng ch?a x, thi c6c
he sO Uri d6 phii ld tich hai con sd trong hai
d6u ngo{c kh6c nhau. T6ng cria cic tichndy ld
1.2+t.3+2.3.
Cu6i ctng, li tich cta ba con s5 trong ba d5u
ngo{c, ld 1.2.3. Nhu vdy, Viite dd, hinh dung
nhu sau:

(x+ 1)(x+2)(r+3)
: x3 + x'1t + 2 + 3) + x(1.2+ 1.3 + 2.3) + 1.2.3

O6 dang nhQn dugc t6ng mi thAy gi6o y6u ciu
khi cho x : 1. T6ng d6 chinh ld vi5 phii cria
tling thtc tr6n, chi thria mQt con s6 1. Ki hiQu

tdng ndy ld 
^S3, 

ta c6: S, : 2.3.4 - |
Bdy gio th\ Viite hoin todn tin ring, AOi vcri
c6c sti tu I d6n 5 tucrng img v6i t6ng 

^S5, 
bing

2.3.4.5.6 - 1. Thuc vfy, b6y gid ta chi can khao
s6t tla thric (x + 1)(x + 2)(x + 3)(x + 4)(x + 5) vd
ldm tuong tu nhu tr6n.

Cdn chuy€n c6c b4n n6i vd tdng sinh ra b0i c6c
sO tu t d6n 100 thi sao? Tdt nhi6n, thAy gi6o
khdng y6u cdu tinh t6ng ndy, n6 ld mQt con s5
r6t 16n: Srrxr : 2.3.4...101 - I

Vay h ngdy mai, "ngii Pythagore tr6 trt6i" dd co,. -;c6r d€ noi v6i ciic ban v6 nhirng t6ng thri v! niy.
Vidte cinghiiiu rang, OOi voi iO, ,3 ,.rr JiCm
b5t ki, ta sE nh{n du-o. c mQt dip sd r6t dgp:

S,:2.3.4...(n+l)-1
Vay ld bii to6n dd duoc gi6i du6i dpng t6ng
qudt. Vidte vd ctng sung sudng vi cfu lpi lim
duqc mQt ph6t minh nta rl6i v6i minh. Nhmg

^ i r ^. i.cflu v6n con m6t n6i b[n kho6n, c6ng thr?c thi
dgp d6y ,h.mg vi6t hoi ddi. N€u ta nghi ra duoc
mQt ki hiQu m6i nio d6 cho tich cria c6c s5 qu

nhi6n tu 2 d6nn thi hay biiit bao! (NOn nh6 ring
vdo th<ri Vidte, cdc nhd to5n hgc moi #t eau
dua c6c ki hiQu viio m6n rlai s6.) Hay ld vi6t n
v6i d6u ch6m than (!) nhi? Vd khi 116 cdng thirc
trdn sE tlugc vi6t ggn lpi ld:

Sn=(n+1)!-l
Vidte mim cuoi vd ngoSi nhin xung quanh. Moi
ngudi v6n h6i he <li qua b6n c4nh cfu. Tir xa
vgng d6n ti6ng chu6ng cria mQt th6p d6ng h6.
MQt ngdy thflt hanh phirc tt6i vot Vidte.

TORN HOC
sri ss rz-zorer ' i CiudiEa at
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Problems in This Issue

TLI 444, ..., T8l 444, Lll 444, Lzl 444.L! Vd.n C6ng - Bdn th6m vd c6ch giAi m6t

d4ng phuong trinh v6 ti.

@ cn"Tudn -Drra m6t sdphuong trinh, hQ

phrrong trinh chira cln thrlc v6'd4ng don

giin nhd tinh chdt ddn diQu ctra him sd'
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Nguyilt.Vd.n Linh - Bii to6n 6 trong ki thi
chon tlQi tuydn Qudc gia Iran n[m 2013

(tidp theo ki trxdc).
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Lxong Tfr (d'ich til Kuant) - Giai tho4i v6'

Bdi to6n cria Vidte.

Anh Bia L BAc fianh "Stud.Y for Stars"

cia MC. Escher nd.m 7948.

@ ciai bai ki trddc
Solutions to Preuious Problems

Giii c6c bhi cira Sd 441.

@ oia bdi cuQc thi siai to6n d4c bi6t

O ,U thi tuydn sinh vio l6p 10 THPT chuv6n T3/THCS, T4ITHCS, T3/THPT, T4ITHPT.

DHSP He NQi n[m hgc 2Ol4'2075.
@ ,Un dgc tim tdi

@ efrrrong ph6p giii toAn

co bi'n.
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Cao Minh Quang - N6t ttgP tt bdt d&ng

thrlc Schur.

@ n*"nVdn Minh - Ong dsng tt hai dinh li @ li.r, srl ToAn hgc

@ s"i ldm 6 dau ?
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Dd.o Chi Thanh - Bii to6n c6 hai nghiQm
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t/tidrt, tei, Ar* dar,

HOANG SA, TRUONG SA. KHAT VSNG HOA BINH
a.*6i hon 500 buc anh duoc tuyen chon

ilt cdng phu tu nhi0u ngu6n * 1i9, ,rorg

*Ivd ngodi nu6c, "Hodng Sa, Trrdng Su
\Khtit vgng hba binh" sE giiip ban doc n6m
dugc mQt crlch kh6i qu6t vA vi tri dia 1i. didu kien
tu nhi6n, tidm nSng kinh te... cua hai quan dao
Hodng Sa vd Truon_e Sa: nhtn_e tu lieu lich su

I:
chu yeu ve chu qu1,6n cua Vi€t Nam doi voi hai
quAn d6o; r e cudc s6ng noi tuytin dAu T6 qu6c
hiQn nay - noi md nhirng nguoi dan ViCt, du la
ngu ddn hay nguoi chi6n si, ngudi c6ng nhdn...
dang ki6n cudng b6m bi6n, b6m dio; v0 sg dAu
tudflc bi6t cua Nhd nu6c, cria c6c t6 chric, dodn
th€ xd h6i vd nh6n dAn dd t4o n6n su d6i thay ki
di€u cua quAn dio Trudng Sa.

Nhom bi€n soan dd tur.en chon ki luOng cdc birc
6nh tu n-euon tu lifu phon-u phri r a da dan-e cua
nhirng phong r iin nehi si nhiep anh truc ti€p
s6ng tao tai noi di6n ra nh&ng su ki0n duoc ca
cQng d6ng quan tam. Phan lcrn c6c buc enh le
inh b6o chi in dAm hoi tho cua cuOc sdng, vua
mang tinh lich su, rua co tinh thoi su. lai gidu
gi6tri nghQ thupt.

Anh dugc sap xep theo ki6u phong su voi loi
binh tinh tC, khi6n nguoi xem nhu dang duoc
d6i theo mdt c0u chuy6n vdi nhiOu chu d€. E6c
biQt c6 nhtng bric 6nh ghi lAi nhfrng sp kiQn hdo
hung, bi tr6ng..., ki th6c tim huy6t cira ngudi
ngh6 si - ph6ng vi6n 6nh.

Xem vi doc "Hodng Sa, Trwdng Ss - Khdt
vgng hita binh", bpn dgc sE c6 nhfrng phirt gi6y
ch6m chri ngfm nhin nhtng birc 6nh vh suy tu

NHA XUAT BAN GIAO DUC VIET NAM
,.--
\-/- t../.'bznn, t/zruM/ qi"@t/

@u6m Ldnh d;f{

S*.'g'**t"''*"*

T6c gii: Bni TAt Twom, Vu Bd Hoi
Kh6 s6ch: 23x25cm; Si5 trang: 200 trang

Gi6 bia: 119.000 diing

:. ^r'€ nhirng su kien g[n v6i qu6 trinh lich su xdy
dtmg vd bio vQ bitin dio qu6 huong cua bi6t bao
th6 h9 ViQt Nam.

Ddy thgc su ld t6c phAm t6n vinh chri nghTa yOu

nu6c MCt Nam, t6n vinh phAm chAt vd khi ph6ch

cao dep cua nhirng ngu ddn vi nhirng nguoi linh
dang ngdy d6m bio vQ chu quy6n thiOng li6ng

, -i ;. .,

cua To qu6c o vung bi€n d6o Hodng Sa, Trudng
Sa. D6 cfrng ld tii 1i0u tham khio cAn thi6t, phuc

.i
vu tnrc ti6p viQc cpp nhflt ki6n thttc bi6n, d6o;
b6i dudng, giSo duc cho hoc sinh vA nhi6m vu
bio vQ chu quyOn biOn, d6o qu6 hucrng.

B4n tlgc c6 th6 mua sSch t4i cfc COng ty SSch - Thi6t b! Trulng hgc ti c6c dia phucrng
ho{c c6c Cfra hing Sich cria Nh}r xu6t ben GiSo dqc ViQt Nam.

Website b6n hing trqc tuy6n: www.sach24.vn Website: www.nxbgd.vn
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