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NHUNG NGUOI.SONG MAI TRONG KY UC...

Thay Hoang Chiing qué & Quang N

hu ky Toa soan dau tién ctua Bio Todn hoc & Tudi tré .

re ra sO dau tién. Tgo1 Ha Noi se lanh
hl‘lng Hu’ng van am.ap tinh ngu’()’i

dong va dé ngh1 toi thay mat cac cong tac V1en tré phat bleu y kién. Toi rat
so Vi trudc mit 1a nhitng nha toan hoc nbi tiéng minh hing ngudng mo.
Thay lién dong vién: Hdn chi cin néi nhirng tinh cam chén thuc cua minh
V&1 Bdo Toan 1a duge. Toi vira run run vira néi. Khong ngo ca hoi truong im
lang ling nghe, va khi toi néi 161 cam on cudi cung, cac dai biéu nhit loat vo
tay dong vién. Dac biét con dugc GS Lé Van Thiém khen : Hdn gioi Van con
hon ca toan! Chia tay, t6i ting Thay chiéc nén mang tir qué ra. Tha
ngan ngai, t6i lién néi: Pay 1a qua em ting Co, Thay méi vui vé nhan

T6i con mang on Thﬁy da gioi thidu t61 voi GS Lé Van Thiém, lac d6 1a Hoi truéng Hoi Toan hoc Viét Nam.
Nho vay hai ndm sau (1976), nho su gitp d& ctia Gido su, t6i duge vao thang Truong DHSP Vinh khong
qua ky thi chung. Muoi ndm sau (1984), thiy t6i khé khan trong viée hoc 1én, Thiy hita nhan t6i vao Truong
DHSP H6 Chi Minh (lic d6 Thiy dang gitt chirc Hiéu truéng) dé 1am nghién ctru sinh véi Thiy Trdn Viin
Hago. Vi diéu kién gia dinh, t6i da bo 15 dip may d6. Khi nghe tin Thay mat, t6i da khéc rat nhiéu.

Thay Ngé Dat Tir qué & Nam Dinh. Thay ting cong tac & Vién Toan Hoc Viét Nam .

hoi gian Thay chuyén sang cong tac & Toa soan Béo Todn Hoc & Tudi
UT/‘é, kinh té nudc ta gap nhiéu khé khan, thu nhép nguoi dan con rat
thap. Boi vay, Tap chi cing nhiéu phen lao dao, nhat la khau phat hanh. Pa
c6 giai doan bao chuyén sang hai thang mot ky, mdi ky chi c6 méy tram
ban. Toa soan cd 3 ngudi ma phai lo bao nhiéu viéc: Tir khau bién tap, nho
ngudi doc va chim bai, dén khau in 4n va phat hanh. Pdng luong lai qua
thap, khong du nudi sdng gia dinh. Ay vay ma Thiy van lam viéc say sua va
dong vién moi nguoi trong Toa soan cai tién ndi dung va hinh thire to bao
timg bude timg bude mot, 1am cho né hap dan hon, thiét thye v6i thiy gido
va hoc sinh hon. Sau khi bdo chuyén tir co quan chi quan la Hai Toan hoc
Viét Nam sang Nha xuat ban Gido duc, bdo c6 moi tru‘ong phat hanh ron £
rai hon. Bdo dan dan hdi sinh, mdi thang mot ky, ) luong phat hanhgtang
1én hang nghin. Béo tu nudi séng dugc minh va vinh du ddi thanh Tap chi.

Xin not thém 01 gian trén to1 may mén c6 nhiéu bai ding Tap chi dugc céc ban tre yéu thich (Toi da
séng véi cde dn nhue thé nao, An sau Dinh Iy Ptélémé, ...). Pugc thé mot phan cling nho sy dong vién
khich 1¢ ctia Thay. Nhuan but dao 4y thdp 15m. Mdi 1an vao dip cudi nam, ra Ha Noi choi, toi ¢én Toa soan
nhan nhuén but. Sé tién it 6i khong du ba anh em (Thay, anh Vu Kim T) huy va t01) an mot bua com cho no.
Thé ma van vui, Van say sua viét, boi Xem Tap chi nhu L doi
ban tré thay thoi 4y the hé chung toi song dep the naoggi

tAm hon yéu toan ca nudc.

Khi nghe tin Thay mat dot ngot o
nhu thdy mot con Hac tring bay vi

-~ Thanh Vinh, Xuan 2014
LE QUOC HAN (GV Truong Pai hoc Vinh)
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/ /7 rong s& bao 442 thang 4/2014 c6 néu
cach giai phuong trinh v6 ti c6 dang
ax® +bx+c=kdx+e (1%) va cudi bai béo c6
dat cau hdéi mo “hay tim cach gidi cho phuong
trinh ax® +bx2 +ex+d =k3px+q”.  (2°)
Bai viét nay sé trinh bay cach giai cho PT (2°)
véiy tudng dua vé PT dang
(mx+n)? +k(mx+n)=(px+q)+k3 px+q.(3)
Dié}l dac biét la dang toan nay xuét hién
nhiéu trong cac ki thi tuyén sénh, thi chon hoc
sinh gioi va thuong ding kién thirc dao ham
v6i tinh don di€u cia ham s6 dic trung dé
giai, nhung & day chung t6i trinh bay cach

giai so cap hon khong can dung t6i dao ham, -

giip cac em hoc sinh bao g(“)m’cé bac THCS
cling c6 thé hicu va vén dung tot.
I. Li THUYET
PT (27) twong duong véi

ax® +bx®> +(c+p)x+d+q=px+q+kipx+q
PT nay dua dugc vé dang (3") khi va chi khi
ton tai cac s6 m va n sao cho:

(mx+n)® +k(mx+n)=ax® +bx* +(c+p)x+d+q
hay m®x®+3m*nx® +(3mn® + km)x+n’®+kn =

=ax’ +bx* +(c+ p)x+d+q.
Str dung ddng nhét thirc ta dugc HPT (4n m
m =g

. |3m’n=b
van): 3mn* +km=c+p *)
n*+kn=d+q.
Dén day ta c6 két qua:
— Néu HPT (*) c6 nghiém thi PT (2") dua
duogc vé PT dang (3 ).

(Bai dw thi Viét chuyén dé Toén chao mieng 50 ndm Tap chi TH&TT)

— Néu HPT (*) v6 nghiém thi PT (2") khong

dua duoc vé PT dang (3°).

Dé thun tién trong trinh bay, ta goi HPT (*)

la hé tham s6 (HTS) cua phuong trinh (2).

Chii y: Céc hé s6 cua (2) s& thay doi khi ta

cing nhén hai vé cua (27) v6i mot sb khac

khong va do d6 hé (*) khong phai duy nhat.

I1. THI DU MINH HQA

% Thidu 1. Gidi phuong trinh:

8x° ~36x2 +53x—25=33x-5. (1)

Phdn tich. HTS cia PT (1) 1a
m? =38 ‘
3m?*n=-36 - {m =2
3mn? +m=>56 p==3.
m+n=-30

Loi giai. Ta c6 PT (1) twong duong voi

(2x-3)*+2x-3=3x-5+33x-5.

Pit {”:2"_3  khi d6

v=33x-5
wru=vi+ves u—v)w?+uv+v?+1)=0.
2
Vi u2+uv+v2+1=(u+%) +%v2+1>0
VYu,veR nén ta chi ¢c6 u = v. Do d6 ta co
2x—-3=3/3x-5 < 8x*-36x*+51x-22=0
Xi=2
| 5143
&2l
% Thi du 2. Giai phuong trinh:

A3 +6x2 +4x+1=2x+1. (2)

.- d

m3 =4
. : y J3mn=6
Phan tich. HTS cta (2) 1a Tern? o o=
n+n=2
- TOAN HOC
S§ 444 (6-2019) ' Cludilre 1
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HPT nay v6 nghiém. Tuy nhién diéu d6 khong
c6 nghia 1a chiing ta khong dua duoc PT (2)
vé& dang PT (3"). Thuc hién phép nhan ca hai
vé cta PT (2) véi 2 ta dugce:

8x3 +12x2 +8x+2=232x +1.

PT nay c6 HTS la
m3 =8
3m*n=12 &= m=2
3mn* +2m =10 pir=l]
n*+2n=3

Loi gidi. Ta c6 PT (2) tuong duong véi
8x3 +12x2+8x+2=232x+1
S QRx+1)2+2Q2x+1)=2x+1+22x+1.

u=2x+1
bat , khi d¢
i {v=\/32x+1 T

ud +2u=v3 +2v & (u—v)@® +uv+v? +2)=0.
2
Vi u2+uv+v2+2=(u+%) +%v2+2>0

Vu,veR nén ta chi ¢c6 u = v. Do do6 ta co
2x+1=32x+1 & 2x+1)* =2x+1
& 2x+1D)(4x?+4x)=0
1

=0 x=-lx=——.0
< x=0r% S >

% Thi du 3. Giai phuwong trinh:
e Sl | e e
9x3 +9x° + = X +1=31-2x. (3)

m?*=9

3m2n=9
Phin tich. HTS cua (3) 1a 14
3mn*+m= =3
n+n=2.

HPT nay vo nghiém. Tuy nhién diéu d6 khong
c6 nghia 1a ching ta khoéng dua dugc PT (3)
vé dang PT (3"). Thyc hién phép nhéan ca hai
vé cta PT (3) véi 3 ta duoc:

2753 +27x2 +20x+3=331-2x.

=27
3min=27 m=3
PT nay ¢6 HTS 14
iy ot BRI 3mn? +3m=18 {n=1.
n+3n=4

Loi gidi. Ta ¢6 PT (3) twong dwong véi

TOANHOC
9 * Cludilye S5 444 (6-2019)

27x3+27x*+20x+3=331-2x
< Bx+1)3+3Bx+1)=1-2x+331-2x.
_ |u=3x+1 S ;
Dat{v:m,khldotaco

wW+3u=v3+3ve (u—v)@? +uv+v? +3)=0.

2
Vu,veR nén ta chi c6 u = v. Do do6 ta co
3x+1=31-2x & Bx+1P =1-2x
< x(27x2+27x+11)=0< x=0.
Phuong trinh c6 mdt nghiém x =0. O
% Thi du 4. Giai phuong trinh:
4x3—18x2 +30x—17=-32x-1. (4)

2
Vi u2+uv+v2+3=(u+1) +%v2+3>0

m3 =4
3m*n=-18
hén tich. HTS cua (4) 13
Phéntich. HTS cia (D 1a ¢, 2,
n3—n=-18.

HPT nay v6 nghiém. Tuy nhién diéu d6 khong
c6 nghia la ching ta khong dua dugc PT (4)
vé dang PT(3"). Thuc hién phép nhan ca hai
vé cua PT (4) véi -2 ta duoc:

—8x3 +36x% —60x+34 =232x-1.
PT nay c6 HTS la:

m?=-8

3m2n =36 . m=-2
3mn? +2m=-58 =3,
n*+2n=33

Loi gidi. Ta c¢6 PT (4) tuong duong voi
—8x3+36x2 —60x+34=232x-1
< (3-2x)P°+2(3-2x)=2x-1+232x-1.
u=3-2x
bat , khi d¢
i {v=\3/2x—1 yhery
W4+2u=v3+2ve (u—v)w? +uv+v? +2)=0.
2
Vi u2+uv+v2+2:(u+—;—) +%v2+2>0
Vu,veR nén ta chi c6 u = v. Do d6 ta co
3-2x=3Y2x-1(3-2x)P*=2x-1
&> —8x3 +36x2 -56x+28=0
o —A4(x-1)2x2-7x+7)=0
sy =1. 1] \
(Xem tiép trang 4)
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Hunong Adn

- —(x+y)y+1=0 6))
s {(x2+1)(x+y—2)+y:0 )
Tir (1) suy ra x* + 1 = (x + )y, thay vao (2):
Q) (x+y)y.(x+y-2)+y=0

&y ((x+y)(x+y-2)+1D)=0

L y=0
(x+y-12=0

Trudng hop y = 0, (1) tr& thanh x* + 1 =0,

phuong trinh v6 nghiém nén hé v6 nghiém.

Truong hopx +y — 1 =0 < y = 1 —x, thay

vao (1) ta tim dugc x = 0 hodc x =-1.

Néux=0thiy= I;néux=-1thiy=2.

Vay hé c6 hai nghiém (x; y) 1a (0; 1), (=1; 2).

2) DPKXD: 1<x<7. Taco:

x+4T—x =4Jx =1+ JT-x)(x-1) +1

o Wx—1-VT-x){x-1-4)=0

@[«/);—_1—\/7—)(:0@[)6:4
Jx-1-4=0 o

Theo DPKXD thi x = 4 thoa man.

Vay phuong trinh c6 nghiém x = 4.

Bai 2. 1) Nhdn xét: 23 14 s6 nguyén td.
bat T = {1; 2; 3; ...; 2013}, ki hi¢u [4] la
phin nguyén cia sb thuc A, ta co:

Trong T c6 ding [29213—3}:87 $6 chia hét cho 23;

c6 dung {%}:3 s6 chia hét cho 23 va khong
¢6 s6 nao chia hét cho 23°.

Suy ra 2013! = 23k v6i (23; k) = 1.

Vi 23* ™ 14 uéce cta 2013! nén x + 13 < 90, suy
rax <77. Vay x € Z" 16n nhét can tim 1a 77.

2) Taco4n +14n+7= (n+3)(4n+2)+ lvan
13 sb nguyen duongnénn + 3 va 4n* + ldpr 1
nguyén to cung nhau. Vi vy, dé 4 1a so chinh
phuong thi 4n* + 14n + 7 phai la s6 chinh

phuong. Don € Z' nén ta thay:

(2n+3Y <4n’ + 14n+7< (2n+4Y,
suyra4n2+14n+7=(2n+3)2:>n:1.

gifii DE THI TUYEN SINH VAO LGP 10 THPT CHUYEN

TINH THAIL BINH NAM HOC 2013 2014
:  (Dé thi dang trén TH&TT 56 443, thang 5 nam 2014) 5 ’

Véin=1tacéA4=10%1asd chinh phuong.
Vay s6 nguyén duong can timlan=1.

Bai 3. Do ! .

2k + =2 nén ton tai
1+ 1+b 1+c :

céc sb duong x, , z aé Lo

AR S S e L
1+b x+y+z l4+c x+y+z
=a= x;bz y;c= P
y+z Z+Xx x+y
Bét dang thirc cin ching minh tr& thanh:
YHzZ ZHX XY, ( P =
x y z y+z z+x x+Yy

(1 1, 4 ) (1 1 & )
= +y| —+—-— +
Yoz Y7 2T ZEE

; aly—z) 2 —+—=2
Do y; z duong va(y-z) 20= T
Tuorngtutacol+l> - l+1>—i"—

X z+x ' x y Xx+y

Tir d6 suy ra BDT cén chirng minh.
Bai 4.

Py

1.2) Vi AB L AC nén 4B 1a tiép tuyén cia
duong tron (C; CA) = AED = BAD
= ABAD > ABEA (g.g)
BA_BE_ .m_
= =g 4B = BD.BE 1)
Theo gia thiét, ta c6: BH.BC = AB* (2)

Tir (1) va (2) = BHBC=BD.BE (3)

TOAN HOC

S6 444 (6-2014) * CTusilye 3
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Ta nhan thdy ABDH <» ABCE (c.g.c) do ¢6 gbc
BD BH

B chung va — BC-BE (theo (3)).

Suy ra BHD = BEC = CHD + DEC =180°.
Suy ra tir gisc DHCE ndi tiép (dpem).

1b) Tir cdu a) ta o6 4 SH2 = “ED wa acpE
CHE =CDE

can tai C nén CfD\E=C/'1—EB:>I§-I\D=C/H\E
Lai cé A/H\C:A/ILE?‘:9O° 3@:@;

tia HA nam giita hai tia HE va HD nén HA 1a
phén giac cua EHD.

2) Goi I 14 giao diém AH va BE.

Tac6 AED = %A/C\D (cung bing %sd,@ 3
Ta lai co BDM :%A/C\D (gia thiét), suy ra
AED = BDM , hai goc ¢ vi tri ddng vi nén
MD /I AE.

Vi HA 12 phén giac cia DHE , HA | HB nén
HB la phén giac ngoai tai dinh H cua ADHE.
Theo tinh chat dudong phan giac ta co:
ID_HD BD_HD_BD_ID
IE HE'BE HE BE IE’

Vi MD /| AE va ND /| AE nén

ID ND BD _MD

TE= AE' BE _AE ——(dinh 1i Thales). (5)
Tu (4), (5) suy ra MD = ND, ma D nim gitra
Mva N nén D 14 trung diém cia MN.

4.“,,__._,,.,,,_._._._,_,_,_._._._._

VEBAITOANMO...

(Tiep theo trang 2)

i [II. XAY DUNG BAI TOAN MOI
g Tu cach giai phuong trinh vO ti trén, chung ta
; ¢6 thé sang tao nhimng bai todn moi.
1 1. Xét ding thirc u® +2u=v> +2v.
1a) Cho u=x+1v= 33x+5. Ta dugc phuong
| trinh: X3 +3x2 +2x -2 =233x+5.
' b) Cho u=2x-3,v=3/3x—4. Ta duoc phuong
; trinh: 8x* —36x2 +55x — 29=233x—4.

-—.—-.—a.—.-—-—-—-—..—-_.—-—-—-—

TOAN HOC
4 ‘Cluéilgé S 444 (6-2014)

Bai 5. 1) Ta co ay = (ak -+ ak_l) + (ak_l = ak_z) 4

& (ak.z = ak_3) A (az = al) +ar=a; S (k— l)OL

5(5: W B0 bl LR 18

Xét m, n nguyén duong théa man m + n = 2014

ta cd ay + a, = (a1 + (m — Do)+ (a1 + (n — Do)
= 2(611 S 10060() = 2(11007

nén ay + ax + ... + axonz + azo13 = (a1 + az013) t

+ (ay + ax12) + ... + (@1006 + @1008) T A1007

=201 301()07.

Taco O(x) =

=2013x> +2013x + (a1 + a2 + ... + @012 + A2013)

= 2013(x + %+ 611007) 2013P1007(X)

Vi O(x) c¢b nghiém nén tdn tai xo d& Q(xo) = 0

suy ra P1oo7(xo) = 0.

Véy da thuc P1007(X) cod nghlém

2) Xét m, n nguyén duong va m + n = 2014.

Taco A, +A, =(1-4a,)+(1-4a,)

=2(1-2(a, +a,)) =2(1-4a,,,) =24, 20

nén it nhit mot trong hai s6 A P A P phai

khong am hay it nhét mot trong hai da thuc

Palx), P,,(x) c6 nghi€ém.

Ma c6 tit ca 1006 cdp (Pm(x), P,(x)) nhu trén

(khong ké tha tu m, n trong moi cap do), do

d6 c6 it nhat 1007 da thirc c6 nghiém hay c6

khong qua 1006 da thitc v6 nghiém.

Chéng han: Chon a; = i- + (i — 1007) thoa
miftbgppiatz Lvbii=1: 27 3:4.; 2012,
Khi d6 Pi(x); Pa(x); ...; Pioo7(x) c6 nghiém;

1006 da th\’x‘c con ’lai v6 nghiém.
Vay c6 nhiéu nhat 1006 da thirc v6 nghiém.

2. Xét ding thirc u3 +3u=v>+3v. )

a) Cho u=x-1,v=33x-5. Ta duoc phuongg
trinh: x3 —3x2+3x+1=333x-5. 1
b) Cho u=3x—4,v=2x+4. Ta dugc phufo*ngi
rinh: 27x° 10822 +151x—80=332Zx+4. |

Nhu vy véi cach giai trén, ching ta da dual
ra cach giai tron ven cho ciu hoi m¢ cua ba1|
béo “Cdch gidi mot dang phuong trinh vo 1’
trong TH&TT s6 442, thang 4/2014 ma nhleu
ban doc quan tam, dong thoi qua bai viét nay, !
ban doc con ¢ thé sang tao ra nhidu bai toan !
méi dé van dung cach giai trén. i
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MOT TiNH CHAT THU VI
cUA tam thdc Bac hai & nhi thac Bac nhat

/ am thirc bac hai va nhi thirc bac nhat 1a
hai phan kién thirc quan trong va gin
glii vdi hoc sinh pho thong khi hoc mon
To4n. Nhimg tinh chét dep va déc trung ctia
ching da dugc st dung rat hiéu qua trong
nhiéu linh vuc khéc nhau ctia Toan so cap.
Phan 16n cac tinh chit d6 da dugc gi6i thiéu
trong nhiéu bai viét khac nhau trén céc tap chi
nhu Toén hoc & Tudi tré, Toan Tudi tho, .
0 day, trong bai viét nay, ching t6i xin duoc
gidi thiéu cung cac ban mot tinh chat khé dac
biét cua tam thirc bac hai va nhi thirc bac nhat
ma tir tinh chit nay véi mot cach st dung
khéo léo, ta co thé giai duoc cac bai bat dang
thtrc thi Olympic Toan Qudc té kha dé dang.
Tinh chat d6 chinh la:
Dinh Iy. Xét ham s6 fix) = ax* + bx + ¢ trén
mién D = [x,, X;]. Pdt: m = min{fix), f(x2)}
va M= max{fix)), fx2)}. Khi do, ta c6 cdc két
qua sau: Q) Néua=0thim<fix) < M;

b) Néua>0thi ix)<M;

¢) Néua<0thi fix)=m.
Viéc ching minh két qua nay kha dé dang,
xin duge danh cho ban doc. O ddy, ta chi ban
vé y nghia va g dung cua no.
C6 thé thiy day 1a mot két qua kha quan trong,
c6 thé duge tng dung rong rai trong linh vuc
bét dang thirc va cuc tri. N6 chi ra rang:
Véi cdc nhi thirc bac nhét: Hai bién x,, x»
cua x ciing chinh la hai vi tri ma ham 6 sé
dat duoc gia tri lom nhat (max) va gia tri nho
nhat (min) ctia né.
Véi cic tam thire bic hai cé hé so cao nhit
dwong (a > 0): Gid tri lon nhdt ciia ham sé6 sé
dat diroc tai x, hodc x;.
Nguoc lai, véi cdc tam thirc bdc hai cé hé s6
cao nhat am (a < 0): Gia tri nho nhat cia
ham sé sé dat duorc tai x, hodc x,.
Cho nén, tuy theo trwdong hop cu thé, ta chi
cAn xét bién cta bién 1a c6 thé tim duoc cuc
tri (Ing vGi ting truong hop) cua ham f(x).

vO QUOC BA CAN (Ha Noi)

Va ta ciing c6 thé tan dung diéu nay trong cac
bai toan chimg minh bat dang thirc. Chang han,
ta dang c6 ham fix) v6ia > 0 va dé bai yéu
cau chimg minh fix) < K voimoi x € [x1; X2].
Theo két qua trén, chi can xét bit ding thic
nay tai x = x; va x = x, la du. Néu né ding tai
hai truong hgp nay thi cling c6 nghia 1a bai
toan dugc chirng minh xong.

Tinh chit nay ciing duoc ng dung kha nhiéu
trong phwong phdp don bién dé chimg minh
bat dang thirc, mdt phuong phép ma hién nay
da khong con xa la v6i nhidu ban doc yéu
Toan. Béy gi0, chung ta s& cling dén v6i mot
s thi du d minh hoa cho tinh chit dep nay.

% Thidu 1. Cho a, b, ¢ € [1, 2]. Chirng minh
rang (a+b+c)(l+%+l_)slo.

Loi gigi. Quy d6ng va khir mau, ta thiy bat
déng thirc can chitng minh tuong duong véi
fla)=(a+b+c)ab+bc+ca)—10abc £0.
Cb dinh b, ¢ ta thdy f{a) 1a tam thirc bac hai
clia a v6i hé sb cao nhat dwong. Do d6, chi
cAn xét a = 1 va a = 2 1a du. Néu bt dang
thirc dung trong hai truong hop nay thi cling
s& ding trong moi trudng hop.
Tuong ty, ta cling chi can xét b, ¢ € {1; 2}.
Tir d6, do tinh d6i xtmg, ta dua dugc bai todn
v& xét tai bon trudng hop sau:

Caph, )= D11 2061 2.2); (2,2, 2).
Bang tinh toan truc tiép, ta thdy ca bbn
trudng hop déu cho két qua ding. Tu do, ta
c6 diéu phai chimg minh.

% Thi du 2. Cho x,, xa, ..., X, € [0, 1].
Chitng minh rdang

(L+x, +x, 4+ x,)? 242 + X2 +---+x2).
Loi gigi. C6 dinh x,.,..., x,. Dit:

Pl A et 2 = (%, F s TP
D2 théy f(x;) 1& tam thirc bc hai ciia x; v6i hé
s6 cao nhat duong. Va nhur vay, f{x;) dat gia tr1
16n nhét tai x; = 0 hodc x; = 1, suy ra chi can

TOAN HOC
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kiém tra tinh dting d3n cua hai bét dang thirc,
thu duoc tir bt ding thirc ban dau véi x; = 0
va X) = 1.

Lap lai cac li ludn nay véi mbi mot trong hai
bét dang thirc thu duoc, ta nhan duoc két qua
tuong tr: chi cAn kiém tra tinh ding dén cua
mdi mot trong hai bét dang thirc tai Xy = 0 va
Xy =1. Tlep tuc li luan twong tu, chi cin kiém
tra tinh dung dén cua tAt ca 2" bat dang thue,
thu dugc tir bat dang thirc ban dau véi mot
phan (c6 thé 13 rdng) cac bién sb bang 0 va
phan con lai bang 1. Do tinh dbi ximg cta bét
déng thirc ban dAu, c6 thé xét:

x,==x=1
{xkﬂ ==X, =0
Vé6i cac gia tri nhu vay ciia bién s, bit dang
thirc ban dau c6 dang (k+1)? > 4k.
Day 1a mot két qua hién nhién, boi vi né
twong duwong véi (k—1)* 20.
% Thidu 3. Choa, b, c € [1,2]

rang a®+b*+¢* < Sabc.

(0<k<n).

. Chitng minh

(Todn hoc & Tudi tré)
Loi gidi. Khong mét tinh tdng quat, gia sir
azbzc, tlrg1athlettac02c>a>b>c Suy ra

a? +b? +c3 —5abc < 2ca? +b* +c3 —Sabc.
Tir dy, ta dua duoc bai toan vé chimg minh
f(a)=2ca?+b*+c3—Sabc £0.
Cb dinh b, c ta thiy f(a) 1a mdt tam thirc béc
hai vé&i hé s cao nhét duong va ae(b, 2c].
Theo két qua trén, ta chi cAn chimg minh
f(B)<0 va f(2¢)<0 la dn. That vay, ta co
f(b)=b*(b-2c)+c(c>-b*)<0 va
f(2¢) =b*+9c* —10bc? = (b—c)(b* +bc -9c?)
< (b-c)(4c? +2c2 —=9c?)=-3c*(b—¢) <0.

% Thidu 4. Cho a, b, c,dla cac s6 khong am

c6 tong bang 1. Chirng minh rang

, : 194196
abc+bed +cda+dab £ —+———abcd.
DA e 2T

- (IMO Shortlist 1993)
Loi gidi. C6 dinh ¢, d. Khi do, tr gla thiét
suy ra hai tdng ¢ + d va a + b cling dugc cb dinh.

(a+b)
4

Pit x=ab, taco 0<x< va bét dang

thirc cin ching minh tré thanh

TOAN HOC
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176 1
e 5 —— <
fx)= (c-l»d 77 Cde+cd(a+b) 77 0.

Dé théy f(x) 12 mdt nhi thirc béc nhét nén dé
chimg minh bt ding thirc trén, ta chi cAn xét
(a+b)?
S mac
Mot cach tuong duong, & bat ddng thirc ban
diu, ta chi can xét ab=0 (ing v6i x=0)
(a+b)?

4 )
Li ludn twong tu, ta cling chi cin xét cd =0
hodc ¢=d. Tu do, dé y ¢ tinh d6i xing cua
bét ddng thirc d4 cho, ta dua dugc bai toan veé
xét mot trong hai truong h0'p sau:
Truong hop 1: C6 mét s6 bang 0. Khong mét
tinh tdng quat, ta co thé gia sit d =0. Khi do,

x=0 hodc x=

hoic a=b (ing véi x =

ta cin chimg minh abc < — 77

Két qua nay hién nhién dting theo AM-GM:

3
at+b+c 1
Cq [t e A s
abc_( 3 j 7

Trwong hop 2: a=b va c¢=d. Lic nay ta co

i
2
va bit ddng thirc can chimg minh tré thanh

176

2ac(a+c) < 1 —+—=a’c?

2hA 2
< (1-16ac)(1-11ac) 0.

Két qua nay hién nhién dung do ta co

arcY 1

acs( 3 ) e
i% Thidu 5. Cho a, b, c la dj dai ba canh cua
mot tam gidc. Chirng minh rang

a’b(a-b)+b*c(b—c)+c?a(c—a)=0.
(IMO 1983)
Loi gidgi. Ta viét lai bat dang thirc dudi dang
@b +b3c+cda>a*bh? + bt +cral.

Khoéng mét tinh téng quat, co thé gia sur
a>c>b. (V& nguyén tac, day 1a bt dang
thirc hoan vi nén ta phai xét ca truong hop
a>b>c nita méi day di. Tuy nhién, & day ta
lai c6 thé lugc bét truong hop nay. Ban doc
hay tu giai thich vi sao nhé !)
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Sir dung bit dang thirc AM-GM, ta c6
a* >2ac—c*.
Do d9, ta chi can chimng minh
ab(2ac —c?)+b3c+cda>a*b? +b*c* +c*a,

hay
f(a)=—(b—c)*a®+(c—b)ac* +b*c(b—c)2 0.
Do hé s cao nhit cia f(a) khong duong,
aelc; b+c¢) va do fla) lién tyc trén
[c; b+c] nén ta chi can chimg minh f(c)20
va f(b+c)20 ladu.
Thét vay, ta co

fley=belb=£)* =0
va f(b+c)=b*(c—b)=0.
% Thi du 6. Cho a, b, c la ba canh cuia mot
tam gidc. Chirng minh mng

1 ) >0,

112(—13—1\'4-])2 ~-—1 +('-(E—
) a \ b
(Moldova TST 2006)

!\ e
Loi giai. Cling glong nhu thi du trén, & bai
toan nay ta chi can xét a>c¢>b la du (va ban
doc hdy tu giai thich vi sao). Luc nay, su

dung bét dang thitc AM-GM, ta c6 %2 ¢ —%.

Do d6, chi can chirng minh

a{é—l}b{l—ﬁjﬂ{ﬁ—l]zo,
G & b

hay

fla)= [-—1) (sz——%jaﬂﬂ —c220.

Bo' f(a) ¢6 he s6 cao nhat khong duong,
aelc; b+c) vado fla) lién tuc trén [c; b+c]
nén ta chi can chimg minh

f(c)=0 va f(b+c)20.

Thét vay, ta co

Jlof=—er——
(b+c)(b—c)2 ¥
==

c(b )2 >0

va fb+c)=

% Thi du 7. Cho cdc c'cfp s6 cong (a,), (b,

va s6 nguyén m>?2. Xét m tam thicc bdc hai

P(x), By(X), wous By (x) Vi
P(x)=x*+ax+b, k=1,2,.., m

Chimg minh rang néu hai tam thicc. P(x) va
P, (x) déu khong c6 nghiém thuc thi tat ca cdc

da thirc con lai ciing khéng co nghiém thuc.
(VMO 2012)

Loi gidgi. Goi d,, d, 14n luot 12 cong sai cia
(a,) va (b,). Khi do, theo tinh chét cta cép
s6 cong, ta c6
a,=a,+(k-1d,, b, =b+(k-1d,

voimoi k=1,2,...m
Ta s& chang minh a;
k=120 %

Fy=[a, +(k=1d,] —4[b,+(k-1)d,]<0

Do flk) 1a tam thitc bac hai cua k véi hé s0
cao nhat khéng am va 1<k<m nén dé chimg
minh bét ding thirc trén, chi can ching minh

f()<0 va f(m)<0.
That vay, tacé f(1)=a?—4b, <0 va
Fm)=[a, +(m~Dd,] -4
=a? -4b, <0,
do gia thiét P,(x) va P,(x) cung v nghlem

® Thi du 8. Cho a, b, ¢ la cac s6 khéng am
théa man ab+bc+ca+abc=4. Chimg minh
rang a+b+c2=ab+bc+ca.

—4b, <0 v6i moi

., m, hay

[b,+(m—1)d,

(VMO 1996)
Loi gidgi. T gid thiét, ta suy ra
| 4—
ab+bc+ca=4—abc va c =——ﬁb—.
a+b+ab

Do do, ‘pét dang thic can chimg minh c6 thé

duoc viét lai thanh

(ab+1)(4—ab) >4
a+b+ab

bat S=a+b va P=ab thitacod

S2
0<P< min{4, —4—}

+b+

2 x
(P S%— la két qua quen thudc, con P<4

4—ab
a+b+ab
BAt déng thirc trén trd thanh

dugc suyratr c= va c20)

TOAN HOC
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N atite. Gl
S+P
& FP1=(P+14- P)+(S—-4)S+P)=0.

Cb dinh S. Tacé f(P) la mot tam thirc bac hai

=

vo1 hé s6 cao nhit Am va P e {0, min{4
Do d06, ta chi can chitng minh
f(0)=0 va f(m1n{4 %—}) >0.
Dé dang tinh dugc f(0)=(S-2)* 20.
Con voi f [min{4, %}], ta xét nhu sau:
Néu S>4 thitaco
f(min{4, %H =f(4)=(S+4)(S-4)20.
Néu S<4 thitacé
2 2
(ol 515
% (16—S2)(S—-2)2

4
Bai toan dugc chirmg minh xong.

=0.

Loi két. Cac ban théy déy, co nhitng cai thét
su don gian nhung néu ta biét 4p dung chung
mot cach sang tao va khéo 1€o thi co thé bién
nhitng cai don gian d6 thanh mot phuong
phap, mot ky thudt méi gitp ta cd thé giai
dugc cac bai todn khé ma trude mit 14 phuc
vu cho céc ky thi hoc sinh gioi. Bai viét trén
van con nhiéu thiéu sét va cin dugc hoan
thién thém, chung t61 rat mong nhan dugc su
trao d6i gbp ¥ cling céc ban doc gan xa! Cubi
cung, dé két thiic bai viét nay, xin dugc néu
1én mot sb bai tdp ma ta c6 thé &p dung tinh
chét dep nay dé giai:

1.Cho a, b, ¢, d [0, 1]. Chimg minh ring
a2(b—d)+b2(c—a)+c2(d—b)+d2(a—c)é—287

2.Cho a, b, ¢ 1a d6 dai ba canh cia mQt tam
gi4c. Chimg minh ring

a) ‘b @ b= a
e i [ |80 1 | s O
3[b+_c+a 1)_2(a+b+6)'

3.Cho a, b, ¢ 1a d0 dai ba canh ciia mgt tam
giac. Chirmng minh rang

2 2 2
3(%2—+%+%2—j2(a2+b2+c2)[i+512—+ 1
(4MM)
4. Cho a, b, ¢, d 13 cic sb khong am c6

\_/

téng bang 4. Chirng minh ring
(1+3a)(1+3b)(1+3c)(1+3d) £125+131abcd.
5. Cho a, b, ¢, d 14 cac sb khong am c6 tong
bang 4. Chitng minh rang
3(a? +b? +c? +d?)+4abcd 2 16.
6. Chung minh réng véimoia, b,c,d>0,ta
déu c6 bit ding thirc
a*+b*+c*+d* +2abcd
> a?b? +a?c? +a?d? + b c? +c*d.
7. Tim hing s& k 16n nhét dé bat dang thic
sau ding voi moi sb thuc khong 4m x, y, z
X2+ 33 + 2% + k(xy? + yz2 +2x?)
> (k+1D(x2y+y*z+22x).
(Mongolia TST 2008)

8. Tim tit ca cac sb thuc k dé bét dang thirc
sau dung véi mot $b thuc duong a, b, c:

3
a b c 1
S=
(b-&-c+k)(c+a+kj(a+b+k)_(2+k) ’

(Vietnam TST 2009)
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Chuan bi

—seee—n\ Cho ki thi

t6t nghiép THPT

va thi vao
— Daihoc

hu ching ta d3 biét bai toan tim gia

tri 1on nhat (GTLN) va gia tri nho
nhéat (GTNN) cta bidu thirc nhiéu bién bang
cong cu dao ham thuong lam theo hudng:
Dua biéu thirc vé ham mot bién @) va xét su
bién thién ciia ham s6 fl7). Bai viét xin giéi
thiéu mot sb bai toan thudc loai ndy véi 101
giai la dung cac bét dang thirc (BDT) co ban
dé tim GTLN, GTNN cua ham so f{7). Khau
quyét dinh trong cach gii nay 1a du doan
duge gia tri cua bién ¢ khi ham so ) dat
GTLN hoic GTNN. Trong bai viét c6 sir
dung hai BDT sau:

1) (ax + by)* < (& + B2 +37) (¥) v6ia, b, x, y
e R. Péang thirc xay ra khi va chi khi ay= bx.

Lo e 2
1+a? 14b* l+ab
ab < 1. Dang thirc xay ra khi va chi khi a = b.
Viéc chimg minh céc bat dang thirc (*) va
(**) xin danh cho ban doc.

* Bai toan 1. Cho cdc s6 thuc khong ém x, y, z
théa man x +y + z = 1. Tim gid tri nho nht
ctia biéu thirc: P=x* +y* + 2 + 4xyz.

Loi gidi. Vi diéu kién cia bai toan thi trong

2)

(**)voigz0,b=0,

basb x, y, z s& cb it nhét mot s6 thude [O; %]

Khong mét tong quét, gia st z € [O; %]

P=(x+y)2
xty=1=Z
P=(1-2)" +22+2(2z-1)x
x+y=1-z

AT P—2z2422-1
(2=l

—2xy+2z2+4xyz

Ap dung BDT (x + y)* = 4xy ta dugc:

P-2z2+2z-1
B s b s B L
= 2(2z-1)

= (1-2)2(Qz-1)<2(P-222+2z-1)
(vi2z—-1<0).
Suyra 2P 222 —-z2 +1= f(2).

Dy doan ring P dat GTNN khi x=y=z=l

3
nén ta tim GTNN ctia f{z) nhu sau:
Ap dung BDT Cauchy d6i voi hai s6 22° va %Z
taco: f(z)= (z3+ z) zz~%z+1
sS4 2
3 Z 9z+l
1 1 26 ., 26 13
= - Eacidis, Falill >
3( 3) v d Ty

Ding thirc xay ra <:>x=y=z:—%.

Vay GTNN cua P 1a .0

* Bai toan 2. Xét ba 56 thu'c 0<x<y<z<4
théa man xyz = 1. Tim gia tri Ion nhat ctia

1 1 1
- - 4

Jiex?  [fl+y? 4z

Loi gidgi. Tacox,y,z>0val<z<4 suyra
sy % <1. Khi d6, 4p dung BDT (¥) va (*¥)

biéu thirc P=

2
; 1 1 1 1
. <7l =2 <
ta co: ( = + 1+y2j _2(1+x2+1+yzj_

4 1 DAl

<4 = + < .
l+xy — J1+x2  J1+y? "~ Jl+xp

2 1 2 1

S P< o = + =
WSS iy Ntz [ 1 vz
4
f,H_J; L_ #(2), véil<z<4.
) TOAN HOC
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Du doan ring P dat GTLN khi z = 4 nén ta
tim GTLN cua f{z) nhu sau:
Ap dung BDT (*)tacé 2z +1)?<(4+1)(z+1)

:>2«/E+131/5(z+l):>P$f(z)S———"5(Z+ll):\/§.

z=4,

Dang thirc xay rakhi x=y —%

Vay GTLN cia P13 /5. O
Nhin xét. Trong 161 giai trén, c6 18 ching ta da
gip may khi du doan P dat GTLN tai z = 4.
Néu ham sb f{z) & trén khong dat GTLN tai
z = 4 hoac z = 1 thi viéc tim GTLN cua P
béng cac BPT co béan 1a khong dé.
* Bai toan 3. (Pé thi DH khoi B nim 2013)
Cho a, b, ¢ la cdc s6 thuc dwong. Tim gid tri
I6n nhat ciia biéu thirc

i 4 B 9

" it (a+b)(ar 2006120

Loi gidi. Ta co

o +b2+c2+42%(a+b)2+%(c+2)2

=%[(a+b)2+(c+2)2]_>_—41’:(a+b+c+2)2.

Suyra JaZ+ b7+ 2 14 2%(a+b+c+2). (1)
Ap dung BPT Cauchy ta c6

(a+b)J(a+2c)(b+2c)

S—é—(a+b)[(a+2c)+(b+2c)]
=%(3a+3b)(a+b+4c)

1 2
<— + 2 — 2
_24(4a 4b+4c) 3(a+b+c) . (2)

T (1) va(2) tacod
8 _ 27
~ ghbe+ld 2(a+b+c)2.

Patt=a+b+c,taco >0 va

8 27
P<—————=

t+2 28 f()
DudoanrangPdatGTLNkhia=b=c=2,tL'tc
14 khi 7 = 6 nén ta tim GTLN cua f{¢) nhu sau:

‘ 1 Ll sl ;
Ap dung BDT ———< ta co:
S +y 4( yJ

TOAN HOC
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3oL 1Y)
PRl A
‘2[2t+4(t+2ﬂ 20

Ding thirc xay rakhia=b=c=2.

Véay GTLN cua P 1a % 0

* Bai toan 4. (Pé thi PH khoi A ndm 2013)
Cho cdc sé thuc dzro‘ng a, b, ¢ thoa man
(a+ )b+ c) = 4c.
3 -
(h+3c)
Loi gidi. (Ban doc xem chi tiét budc thir nhat
trong TH&TT s6 433, thang 7/2013, trang 8,
sau ddy chi trinh bay vin tat budce thir nhat.)

Tim gia tri nho nhdt cua
320 Ja2+b?

o Ja? +b?
(a+3¢) ¢

biéu thirc P=

bat x:E’ yzg, voix>0,y>0,xy+x+y=3

ta chimg minh dugc P2 (x+y—1)* —{x* +y°.
Ditt=x +y,khido r>2va
P>(t-1p -2 +2t-6 = f(2).
Du doan réngPdat GINN khia=b=c <
x =y =1, tirc 1a khi # = 2, nén ta tim GTNN
cua f{¢) nhu sau:
Ap dung BPT Cauchy ta c6:
(t-12 =(2+45)-3> —t-1242 =32 -1 -1
=2 +4)-t-524t—-t-5=3t-5.

Suyra f(£)=3t-5-+t*+2t-6
=3t—6+(2 - +2t-6)+1-+2

21 2r—3

B R o A
_[a_ t+4 2 i
_(3 \/§+\/t2+21—6)(t e
= A(t-2)+1-+2.

t+4

Ta s& chu inh 4=3— >0
a s€ chirng mi W e

vai ¢t > 2. That vay:

ASV 3T —651+4-3y2
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& 412 +(5+32)t +1242 - 44 > 0,
BDT nay luén diing véi moi £ > 2.
Do d6, f(¢)>1-+2. Ping thic xay ra khi
t=2ox=y=1oa=b=c
Vay GTNN cia Pla 1-v2. O
* Bai toan 5. Cho hai sé thuc dwong x va y
théa man x*+ y* %—1— =xy+2. Tim gia tri
xy
I6m nhat cua biéu thirc
2 2 3

P=—=—+ i

kx>

Léi gigi. Ta c6
1

+2=x*+y*+ -
Xy Xty X

Tan ]
SHRE L (2 2)2
xy_z(x +y?)?* +

1 1 1
. et 2 4= =2(xy)? +—.
2(2xy) +xy (xy)* + o=

Datxy=tthir>0va

t+222t2+%c>2t3—12—2t+130

<:>(t+1)(t—1)(2t—1)£0<:>%£tSl.
Véididukienx >0,y >0var=xy<1,
ap dung BDT (**) ta co
< 4 3 _ 4
T l+xy 1+2xy 14t

3
T ratACs
Dy doén ring P dat GTLN khix=y=%, tirc

lakhi ¢t = 1 nén ta tim GTLN cua f{#) nhu sau:

2
; A 5t+1 o 5]
Taco fO)=qrpa+an 28 +3t1”

voi —12— <t<1. Ap dung BDT Cauchy ta duoc:

2 _(»p2 1) 1
212 +3t+1 (2t +2 +3t+2
1 10r+1
> £ 3
_2t+3t+2 7
2(5¢+1) 1
< -
Suyre PG TR
S } =%:Ps%.
10.=+1
2
Déngthﬁcxéyrakhix=y=71—_5.

Vay GTLN cta P I —2— 0

Két ludn. Qua céc bai toan trén ching ta thiy
1o giai phy thugc nhiéu vao viéc dy doan gia
tri clia bién khi ham s6 dat GTLN, GTNN.
Chinh vi vy, ta c6 thé coi ddy 1a cach giai
thtr hai sau khi da giai bai toan bang phuong
phéap dao ham. Trong bai viét ndy, chung toi
d3 c6 gang lya chon nhirng kién thirc phu hop
véi ca nhitng ban hoc sinh THCS.
BAI TAP
1. Cho céc sb khong am x, y, z thoa man diéu
kién x + y +z=1. Tim GTNN cua biéu thirc
P=x*+y3+23+6xyz.
2. Cho céc sb khong 4m x, y, z thoa man diéu
kién x + y +z=1. Tim GTLN cta bicu thirc
P ="T(xy + yz +zx) —9xyz.
3. Cho céc sb khong 4m x, y, z thoa man diéu
kién x +y +z= 1. Tim GTLN cua biéu thic
P=5(3+y? +722)-6" + 1* +2°).

4. (Dé thi DH khdi B nam 2010) Cho ba sb khong
ama, b, cthbamana+ b+ c=1. Tim GTNN
cua biéu thic

P =3(a?b? +b%c? + c?a*)+3(ab+bc+ca) +

N sy
5. (Pé thi PH khéi B nam 2009) Cho x, y € R va
(x +y)* + 4xy > 2. Tim GTNN ciia biéu thirc
P=3(x*+y*+x2y?)-2(x*+y?)+1.

6. Cho hai sb duong x, y thoa méan diéu kién
xy +x +y=23. Tim GTLN ciia biéu thic

_ 3%, 3 YD - 5l
_y+1+x+1+x+y i)

7. Cho hai sb duong x, y théa man didu kién
x +y+1=3xy. Tim GTLN ctia biéu thirc
> BT AT e

FlorHly Tyl TR g2
8. Cho ba s dwong x, y, z théa man diéu kién
x+y+z=1.Tim GTNN cua biéu thirc

okl DB 3 g2 g AT VE EEY
P=x*+yp*+z +x2+y2+zz.
) TOAN HOC
S3 444 (6-2014) ' CTuéitre 11
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Céu 1. 2) Ta ¢6 d:y:—%x-% Hoanh do

giao diém cta d va (H) 1a nghiém cia PT
LRt il Eh
Hes Ltvon B Hidy
hay x?+(m+5)x-m-9=0,x#1. *)

Ta cOA=(m+7)>+12>0vé1 moi m. Suy ra

PT (*) ¢c6 2 nghiém phén biét. Hon nita ca hai
nghiém x,, x, déu khac 1. Do d6 d ludn cit (H)
tai hai diém phan biét M(x,; ), N(x,; ¥,)-
Tacod AM =(x, -1 3,), AN = (x, =L ,).
AM AN =0 < (x, ~1)(x, =)+ 3,5, =0
< 10x,x, +(m—=9)(x; +x,) +m? +9=0.
Pdp s6: m=—6.
Cau 2. PT da cho tuong duong véi
sin3x —sinx+2cos2x =

=3(sinx +1) + cosx(sinx +1)
&< 2co0s2xsinx+2cos2x =

=(sinx +1)(cosx+3)
& (sinx +1)(2cos2x—cosx—3)=0
& (sinx +1)(4cos® x —cosx—5) =0
& (sinx +1)(cosx+1)(4cosx—5) =0.
PT c6 nghiém x=—12£+k211:, x=m+k2n, keZ.

Cau 3. Pidu kién: x >—1.Nhén thdy x = -1 13

mot nghiém cua BPT. Xét x > —1, khi 6 BPT

da cho twong duong voi:
4(Vx+1-2)+2(¥2x+3-3)<x3 —x2-2x-12

4(x 3)  4(x-3) e A2
‘E;—+2 J2)c—++3<(x 3)(x2+2x+4)

<:>(x—3)[ DN ik B8

ik BOOUD ety
drele2 «ﬁx+3+3( ) j

<0.
Nghiém cua BPT la x=-1 va x> 3.

In(3x+1)
Cau4d.Tacod I= I( 1)2 2.[( ) dx.

3dx .

e 3xal’

=In(Gx+1)=>du=

TOAN HOC
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gy dx ey
dv_(x+l)2:>v_ x+1

21n(3x+1)
x+1

Khi d6

= I (x+1)2 i I (3x+1)(x+l)

)dxm“(

1
J(x-%—l (1Y 3x+l1 x+1)

%

—1n4+3ln|3x+1|
x+1

0

=——2—+41n2

0
8\/—a

1
3

d(M,(SBC)) = d(4,(SBC)) =ld(H ,(SBC). (1)
2 2

Ké HK | BC tai K, HH’ L SK tai H'’. Vi BC
L (SHK) nén BC L HH’ = HH’ 1 (SBC). (2)

Caus. V; pop ==SH.S jgep = . Ta co

on s (i e ] 1ot 1
Matkhdc s = Fer * 7 ~ 2442
An SppErTE 2\/661 e 2\/_ a. (3)
V11 11
Tir (1), (2) va (3) = d(M, (SBC)) = */161_6a

Cau 6. Ta co 5x2 +%(y+z)2
<5x2+5(y? +2%) =6(xy + yz + zx)
S6x(y+z)+6.—zli(y+z)2.
Do do6 5x2
y+Z
5)

—6x(y+2z)+(y+2)? <0, hay

<x<y+z Suyra x+y+z<2(y+2z).

Khidé P<2(x+y+z) —t,lz—(y+z)2
<J4(y+2) —%(y+z)2 =2Jy+z —%(y+z)2.

4
bat (y+z=¢khidé >0 va P<2t—%

Xét ham sb f(t)=2t—%t4 v6i 0.

Tacd f'(1)=2-2¢; f(H)=01¢=1.
Lap bang bién thién ctia ham s6 A7) (¢ € [0; +o0))

ta duoc £(2) < £(1) =% v6i moi > 0.

MaxP=% dat duoc khi x=l,y:z=%.

https://tieulun.hopto.org



Cau 7a.
ViA € dsuyra A(-3a+1;2a+1). Vi M(2; 1)
13 trung diém cta AC suy ra C(3+3a;1—2a)

5 HA=(-3a+1;2a+4)
HC = (3+3a; 4-2a).

Tir HAHC =0= a=1 hoic a=—%.
Véia=1thi A(=2;3), C(6;~1) thoa man.

Véia= —% thi c(—%; f_sl) khong théa man.
Véi A(-2;3), C(6; 1) taco
PT CE: x+17y+11=0, PT BC:x-3y-9=0.
Suy ra B(3b+9;b)e BC, do d6 trung diém
3b+7. ﬂ)

2.2 2
MaN e CE = b=-4= B(-3;-4).

Céu 8a. PT mat cau (5) 14
(x+4)2+(y-3)2+(z+2) =

cua AB léN(

Ol O|—

hodc (x+5)?+(y—4)>+(z+4)* =

Ciu 9a.
S6 cac s6 thude M co 3 chir s 1a A3 = 60.
S6 céc s6 thude M co 4 chit s6 1a AZ =120.
S6 céc sb thude M co 5 chit s 1a A3 =120.
Suy ra s phan tir ciia M1a 60 + 120 + 120 =
300. C4c tap con cua E c6 tong cAc phan tir
bing 10 gdm

E ={;2;34},E,={2;3,5}, E; = {1, 4 5}.
Goi 4 1a tap con cia M ma mdi s thude 4 ¢o
téng cac chir s6 bang 10.
Tu E; lap duoc s6 cac sb thudc 4 1a 4!
Tir mdi tép E, va E; 1ap duge s6 cac sb thuoc

Ala3!

Suy ra s phén tir cia 4 12 4! +2.3! = 36,
sl e s 36

Xéac suat can tinh 1a P T 0;12;

Ciu 7b. Phuong trinh dudng tron cin tim la:
(O):(x-1)2+(y+3)* =25

' BN oo SLY 1 1525
hoac(C).(x 13) +(y 13) =769 "

Céau 8b.
Vi (P) // dy, (P) I/ d nén (P) co6 cép VICP

u, = (L-1;1 g SRS
{ul ( ) :>nP:[u1, u2:|=(1;2;1).

ty=(E 2-3)
Suy ra PT (P) c6 dang x+2y+z+D =0.
3+D| D=3
d(M,(P))=vV6 o —F—=V6&
RN S
(P):x+2y+z+3=0 )
(P):x+2y+2z-9=0. (2)

Liy K(1; 3; 1) € d; va N(1; -3; 2) € d»

thir vao cac phuong trinh (1) va (2) ta cé

Ne(P):x+2y+z+3=0

nén"d, c(P): x+2y+2+3=0.

Suyra (P):x+2y+2z-9=0.

Cau 9b.

Véi moi x € R va moi sb nguyén duong n,

theo cong thitc nhi thitc Newton ta co
Colx—Clx? +...+(=1)"Clx™

- (Cg S0 s +(—1)nczxn)x =(1-x)"x.
Suy ra }(ng—Csz +...+ (=D Cix™ )dx

0

1
= j(l—x)"xdx.
0
Hay lC3—1C1,+...+(_1) G
27" 3 n+2

1j(l —x)"dx — 1_[(1 ~ Yl

L e YLy 1
n+l n+2 (n+1)(rz+2)’

véimoi neN'.
T d6 __L_:_l_
(n+D)(n+2) 156

o nt+3n-154=0<n=11(vi neN").

LE XUAN SON, TU BUC THAO
(GV THPT chuyén DH Vinh)

TOAN HOC
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76&1 nay dugce dang trong Tap chi “Khoa
hoc va Thiéu nién’ > (Science et Junior )

thang 4/2010) dé phuc vu ban doc tré yéu Toan.
Trong toan hoc chiéu dugc dinh nghia nhu
thé nao? Ba thé ky truge Cong nguyén trong
tac phAm “Cdc yéu t6” chuyén ban vé Hinh
hoc, Euclide dvara cac dinh nghia: “Diém la
cdi khong cé thanh phan” tic khong thé cat
ra dé c6 nhiéu phan va trong doi song khong
c6 cai nhu vay. Euclid viét tiép: “Puong la
cdi chi ¢é bé dai ma khéng cé bé rong, ma
cilng khong cé bé day”. Ba d6i tuong d6 duge
“dinh nghia”, du c6 cach noi khac nhau, cling
chi ra mét cach 4n tang khong gian 0, 1,2 chiéu
(h.1). Con khong gian ba chiéu ? Euclza’ cho
rang khong cin néi dén, “d6 13 hién nhién”!

~ Diéem.

 Duong thing

CANTOR: MOT DIEM, BU ROI !

Trong hon mot ngan ndm céc nha Toan hoc
cling cho rang cac “dinh nghia” cia Euclid vé
chiéu cua khong gian nhu thé 13 dugc roi, va
ching cn thic méc thém l1am gi cho rac rbi.
René Descartes, vao thé ky 17 c6 sang tao ra
toa do 1, 2, 3 chiéu (h.2). Véi cong cu do
chiéu ctia mét d6i tugng hién nhién thanh s
toa d0 can thiét dé xac dinh noé: trén duong
théng, chi cin cho biét khoang cach tir diém
dén mot diém cb dinh tiry chon goi 1a “gdc”
va thém dAu + hay — 14 x4c dinh dugc diém do.
Trén mit phang, mbi diém dugc x4c dinh béi
hai toa d6. Va cir thé tiép tuc, ngudi ta c6 khong
gian 3 chiu (3 toa do), 4 chiéu (4 toa do), ...
Thyc ra ciing khong khic miy y tuong cua

TOAN HOC

14 ‘' CTudilpe SO 444 62019

Euclid, nhung cach thé hién c6 khéc.
(2 5,4)

Hinh 2

T4t ca moi viéc xem nhu 6n ca, cho dén nam
1887, nha Toan hoc Georg Cantor dua ra mot
phét minh “dong troi” 1am dao 16n hét, mot
phat minh ma chinh tac gia ciing “chodng vang”.
Trong birc thu gui cho nha Toan hoc Richard
Dedekind dng viét: “Té6i thdy né ma téi khong
tin vao né”. Ong thdy ring: Mudn xac dinh
mdt diém trong khong gian chi can mot toa do!
Truéc hét néi v& khong gian hai chiéu: Hay
ty dit minh vao trong mdt hinh vudng co
canh 12 1. Mot diém trong hinh vuéng 4o
dugc xac dinh béi hai s6, vi du 0,112341...
va 0,21135... v6i mot sb vo han s6 thap phan.
Nhung chinh diém d6 c6 the duoc “méa héa” boi
s6 0,1211213345...,1a s6 c6 duge khi xen k&
nhitng chit s6 thap phan cta hai toa d6 (xem
hinh dudi). RS rang
v6i mot sb c6

duoc bang
cach nhu
a ] F Q,Iﬂ 35
trenung  (° 042HMAIBILA
v&i mot
diém va oML G

nguoc lai X, L8
(quan hé 1-1).
Khéng c6 mot su 14n 16n
mo hd ndo cé thé xay ra.
Déi v6i khong gian ba chiéu,

thi cach xur li cling twong tw. Thay vi cho ba
toa do ta chi cAn xen k& cac chit s6 thap phan

PN
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cac toa do theo thir tu, va clr thé dbi véi khong
gian4, 5, ..., n chiéu ta chi cin mot diém ! Véy
thi phai chang khai niém chiéu ching c6 y nghia
gi ca, va sy phan biét ma ching ta gan ghép cho
cac khong gian chang qua 12 cAm tinh ma tho61 ?
Y nghi d6 1am “dién daw” Cantor.

DEDEKIND: PE NGHI MOI VE CHIEU

Dedekind tra 101 Cantor bang mot dinh nghia
hoan toan méi vé chiéu cua khong glan bat dau
bang mot mot nhan xeét rat cy thé va dé hiéu:
Lay mot duong thang, dat trén d6 mot diém
bat ki (h.3). Dudng thang bi chia 1am hai phan
phan biét. Nguoc lai, dat mot diém trén mat
phang, n6 chang c6 vai tro gi giup ta phan biét
cac diém khac nhau. D6 1a mot diéu khac nhau
rat r rang gitra 1 chidu va 2 chiéu. Lai tlep tuc:
Néu ké mot duong thing trén mat phing, ta
s€ phan mat phing ra thanh 2 phan riéng biét.
Mot khong gian 3 chiéu khong thé bi cat béi
mot quong thang, ma phai boi mot mat phang
Va ctr thé, “mdt cach ty nhién” mdt mat phéng
khong the nao phan khong gian 4 chiéu thanh
hai phan khac nhau, ma phal 6 mot khéi !

Hinh 3

Véi cach tiép can dé Dedekmd khong nhirng
gift dugc y niém cam tinh vé chiéu, ma con dua
ra dugc nhitng dinh nghia chét ché vé chiéu.

FELIX HAUSDORFF VOI DPINH NGHIA
CHIEU CO TINH CACH MANG.
Trude hét n6i vé Hinh
hoc fractal, 14 hinh hoc
cia nhimg ddi tugng
ma mod tip tao hinh

chidu 13 bao nhiéu ? R4t don gian: Khi ta phong
dai mot vat duéi kinh lap, c6 s6 phéng dai 1a 3
(lam to 1én gip 3), thi dd dai clia no tang
gap 3, dién tich tdng gip 3.3=9, va thé tich
tdng gap 3.33=27 (h 4). Nhu vay, c6 thé no6i
mot dbi tuong co s6 chiéu 13 » khi né 16n
1én 3 lily thira # 1dn khi nhin n6 qua kinh ldp
c6 sd phong dai 1a 3. Noi cach khac dé biét
chiéu cuia mot dbi twong chi can nhin xem no6
d3 16n 1én bao nhiéu lan trong sy phong dai
cta chinh no.

Nhu vy nguoi ta co thé “do” sb chiéu cua
cua duong cong ¢6 tén Von Koch, mét trong
nhitng hinh fractal n01 tiéng nhét (xem so o
dudi). Liy mot mau cla du’O‘ng cong va
phong dai cho n6 to 1én 3 1an ta ¢ toan bd
hinh. Néu dudng cong d6 c6 so chidu 1a 1, thi
hinh phéng dai clia n6 to 1én ghp 3 lan. The ma
c4c ban hiy xem, bay gio no lai to 1én glp 4
lan ! C6 ky la khong ? Nghia 1a nd khong co
so chiéu 1 ma cfing khong co s6 chiéu 12 2 (vi
néu nhu thé né phai to len gap 9 14n). Chi c6
thé c6 két luan 1a n6 cd s6 chiéu khoang 1,26!

Cudi cling, ngdy nay co nhiéu dinh nghla vé
chiéu. Vay thi chon dinh nghia nao ? Vén dé dat
ra 1a: Ban mudn dinh nghia chiéu dé 1am gi ?

Tuy theo linh vyc ma ban dang lam vi€c,
chinh ban la ngudi chon s chidu ciia ddi twong

cho phu hgp véi cong
viéc ciia minh.

duge 1ap lai vo han 1an (
Hinh hoc fractal co sb

TOAN HOC
* Cusitre 15
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CAC LOP THCS

Bai T1/444 (Lép 6) Tim so nguyén duong n
16n nhét sao cho sé 2013 viét dugc dudi dang
atat. .+ ay, trong d6 a1, az, ... Gn déula
hop s0. Ket qua bai toan trén co thay d6i khong,

néu thay s6 2013 bing s 2014?
NGUYEN BUC TAN
(TP. H6 Chi Minh)

Bai T2/444 (L6p 7). Cho tam gidc ABC vudng
tai 4, B =60°. Trén canh AC lay diém E sao cho
ABE =20°. Trén tia BE 1éy diém K sao cho

EK = BC. Tinh s6 do BCK
NGUYEN XUAN BINH
(NXB Gido duc VN)

Bai T3/444. Giai bt phuong trinh

x2+8 x*+8 x*+8 x4+ 8 > 800.
bl ARt e lanGo nal 150
vU HONG PHONG

(GV THPT Tién Du 1, Béc Ninh)
Bai T4/444. Cho tit gidc ABCD ndi tiép duong
tron (O) co BAD tu. Qua 4 v& cac tia vudng

gbc voi AD, AB 1an lugt cit cac canh CB, CD
tai P va Q. Gia su duong thang PQ cit dudng

thang BD tai M. Chimg minh ring MAC =90°.

NGUYEN KHANH NGUYEN
(GV THCS Héng Bang, Hai Phong)

Bai T5/444. Giai hé phuong trinh
{\/2):—3—\/} =2x-6

B+y’+T7(x+y)xy= 8xy2(x% +y?).
KIEU QUANG CUONG
(GV THPT Thanh Ba, Phii Tho)

CAC LOP THPT
Bai T6/444. Cho a, b, c 1 c4c s6 thuc duong
théa mén abc = 1. Chimg minh rang
i bc L e 2
b2+c? c*+a 2
KIEU BINH MINH
(GV THPT chuyén Hing Viong, Phii Tho)

TOAN HOC
* Cludilye S4 444 (6-2019)

a@+b+c3+

ab
a?+b?

16

Bai T7/444. Cho tam giac ABC, D 1a trung diém
ctia canh BC, diém M tuy y thudc khoang BD.
V& hinh binh hanh MEAF v6i E thudc AB va F
thuoéec AC, MF' cét AD tai H. Duong thang qua B
song song v6i EH cit MF tai K; AK cit BCtai L.
Tinh 75' PHAN CUNG BUC

(Ha N¢i)
Bai T8/444. Cho ddy sb (v,), thoa man

v, =5
il spd=dyl 2,
Xac dinh s6 hang tong quét v,.
NGUYEN THI MINH NGUYET
(GV THPT chuyén Lé Quy Dén, Quang Tri)
CAC PE VAT LI
Bai L1/444

Mot qua cau nho, dan hdi nam & chan ném c6
tiét dién 1a tam giac vudng cén AOB, cb dinh do
dai hai canh bén 1a [ (hinh ve&). Cén truyen cho

qua cAu vén tc vo bang bao nhiéu hudng doc
mit ném dé quéa cau roi ding diém B cta ném?

A B
: ~ TRAN KHANH HAI
(GV THPT Quéc hoc Hué - dich tir Kvant Magazine)

Bai L2/444.

Cho mach dién nhu hinh v&, trong d6 nguon
dién c6 hiéu dién thé U khong dbi, Ry 1 bién
trd va Ry > R,. Di chuyén con chay C trén bién
trd thi thay s6 chi cua ampe ké 4 thay dbi tir
0,084 dén 0,24 va s6 chi ctia von k& V thay doi
tir 16V d@én 20,8V. X4c dinh gia tri cua U, R;,
R, va Ry Cho biét cac dung cu do 1a li tuong.
B qua dién tré cia nguon dién va day noi.

1

M ———cg:——D——Cﬁ——Q;R

R,

@

NGUYEN NHAT HUY
(Ha Noi)
(Xem tiép trang 27)
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THE M&Y 50™ ANNIVERSARY CONTEST

{ Bai T9/THCS.
| Tim tAt ca cac bd ba s6 nguyén duong (x, y, p)
i p 14 s6 nguyén t6, thoa man phuong trinh
8x3+y3—-6xy=p-1.
NGUYEN VIET HUNG
(GV THPT chuyén KHTN, PHKHTN,PHQGHN)
Bai T10/THCS.
Cho tam giac ABC, I 1a mot diém nam trén tia
han giac trong cua goc BAC. Dudng thang
qua B song song v6i CI cit AC tai D; duong
ng qua C song song voi Bl cit AB tai E.
- Goi M, N theo tht ty 1a trung diém cua BD, CE.
Chimg minh rang AI vudng géc véi MN.
TA HONG SON
(Ha Ngi)
. Bai T9/THPT.
' Tim tit ca cac tip con khac rong 4, B cla tap
cac sb nguyén dwong Z" sao cho céc diéu kién

a+tbeAvala+beB.
NGUYEN TUAN NGOC
(GV THPT chuyén Tién Giang)
Bai T10/THPT.
Cho tam gidc ABC khong can tai 4 ¢6 O, H
14n luot 13 tAm dudng tron ngoai tiép, tryc tAm
cla tam gi4c. Puong thing qua 4 vudng goc
v6i OH cit BC tai K. Ching minh rang H va
tam dudng tron Euler cua cac tam gidc ABC,
. ABK, ACK cuing thudc mot dudng tron.

NGUYEN VAN LINH
(SV K50 TCNH, PH Ngogi Thuong Ha N¢i)

T9/Junior.

Find all triple of positive integers (x, y, p)

where p is a prime number and
8x*+y*—6xy=p-1.

T10/Junior.

In a triangle ABC, let I denote a point on the
internal angle-bisector of the angle BAC. The
line through B and parallel to CI intersects AC
at D; the line through C and parallel to BI meets
AB at E. Let M, N denote the midpoints of BD

CE respectively. Prove that A/ is perpendicula

to MN.

T9/Senior.
Find all nonempty subsets 4, B of the set o
positive integers Z" such that the following

conditions are satisfied:

1A B =i

ii) Ifa € 4; b € B,
thena+beAval2a+b e B.

T10/Senior.

Let ABC be a triangle, non-isosceles a
vertex 4. Let O, H denote its circumcenter an
orthocenter respectively. The line through 4
and perpendicular to OH intersects BC at K.
Prove that H and the centers of the Euler circles
of triangles ABC, ABK, and ACK lie on a circle.

Translated by LEMINHHA

TOAN HOC
* CTusitpe 17
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Bai T1/440 (Lép 6). Hay so sanh P va Q, biét
Pl 2Ll
30 70 126 798’
O (—1—113—3;’70} 3.5...59).

» 10 10 10 10
Loi gidgi. Tacd P= E+§§+§+ +ﬁ
—5(i+—2—+ Z 24 2 )
35757779 1921

5(l_l+l~l 11 L__l_j
B BBl %79 19 21
1 1) 10
‘5[§_ﬁj‘7’
©1.23..30 31.32.33.60 1
0=123.30 222.2 '135.59
30 thira s62
1.2.3...60

T (2456..60).(1.35.. 59)
Dol<¥nénQ<P.D

> Nhén xét.
1. Bai toan st dung cac ki thuét bién ddi phan sb quen
thugc. Néu tinh Q = 1 truéc, ta cb thé nghi dén viéc
so sanh P véi 1, tir d6 tim cach dénh gia P, ching han:
Do _20_>£ 20+20+20 220>1
126 © 210 30, 190 5210 210
D4y chinh 1a cich dénh gia cua ban Tdng Trung Nghia,
6A, THCS Hoa Hiéu II, Thai Hoa, Nghé An.

suy ra P>

2. Thit dang tiéc, mot sb ban giai duoc bai nhung Két
qua cuoi cung khi tinh P va Q lai viét sai; mot ban lam
dting nhung quén ghi tén va dia chi trén bai lam nén
khéng dugc néu tén khen ki nay.
3. Ngoai ban Nghia, cac ban ,cﬁng cé 1o giai ding la:
nymg Ngdi: Ngé Ngoc Hudan, 6A, THCS Pham Vin
Dépg, Hanh Phudc, Nghia Hanh; Vinh Phuc: ‘Dufon,g
Tiéen Pat, 6A2, TH‘CS Yén Lac; Nghé An: Ho Khac
Huy, 6A, THCS Ho6 Xudn Huong, Quynh Luu; Ddng
Nit Quynh Anh, 6C, THCS Ly Nhat Quang, D6 Luong.
NGUYEN ANH QUAN
Bai T2/440 (Lép 7). Cho 2014 diem A\, Ay, ...,
Aao14 va mét duong tron ban kinh 1. Chimg
minh rdng luén ton tai diém M trén duong tron
sao cho MA, + MA, + ... + MAjy4 2 2014
Loi gigi. Liy diém Mbat ki trén dudng tron da
cho, ké dudng kinh MN, ta c6 MN = 2. Theo
bat dﬁng thirc tam giac ta c6 MA;+ NA, = MN
hay MA;+ NAx 22 (k=1,2,3, ...,2014).
Cong timg vé tat cac cAc bét ddng thirc trén ta
du’qc (M41 + M42+ R M42014) T (NA1 +NA2+
.+ NAaos) = 2.2014 (*), suy ra ton tai it
nhat mot tong trong ngoic & vé trai cua (*)
khong nho hon 2014.
Vay trong hai diém M, N ton tai it nhét mot
diém, chéng han M, thoa man
ml =+ m2+ e T M42014 >2014 (deIl’l) 0
> Nhin xét.
1. Bai toan kh(‘)ngq khé, chi can ap dung bét ding thirc
tam gi4c v6i ba diém va str dung nguyén li Dirichlet.
2. Céc ban c6 101 giai tt: Phi The: Ddang Quéc Ldp,
TA2, THCS Lam Thao; Nghé An: Nguyén Thi Ngoc
Huyén, 7A, THCS Cao Xuan Huy, Dién Chau.
NGUYEN XUAN BINH
Bai T3/440. Chirng minh rang
n' -5’ —2n" - 10n+4
khong chia hét cho 49 véi mbi s6 tw nhién n
khéng cé du 3 trong phép chia cho 7 va chia
hét cho 49 trong truong hop con lai.

TOAN HOC
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Loi gidi. Chia biéu thuc
A=n*—5n~2n*— 10n + 4 cho n - 3 ta duoc
A=n-3)n-2n"—8n—34)—98

=(n-3)[(n-3) (n*+n —5)—49]- 98

=(n-3)Y(n*+n-5)-49(n—-1).
Xét hai trudng hop.
eKhin=7t+3hayn-3="Tt v6i s6 nguyén ¢
thi d& thdy 4 = (n = 3)°*("’* + n—5)—49(n - 1)
chia hét cho 49.
« Khin =7t +rvoisdnguyéntvar e {0, 1,
2,4,5 6 thiddthlyn -3 =Tr+r-3va
W +n-5=n(m+1)+2 —7 cing khong chia
hét cho 7, do d6 A khong chia hét cho 49. O
> Nhén xét.
1. C6 thé bibn @6i 4 = (P + n + 2)(n" — 6n + 2) =
(R+n+2)(—6n+9-T =@ +n+n-3) -7
1di xét hai truong hop nhu trén.
2. Céc ban sau c6 161 giai dung: Vinh Phic: Nguyén Hitu
Huy, 9A1, THCS Yén Lac; Thanh Héa: Dang Quang
Anh, 7A, THCS Nguyén Chich, Dong Son; Nghé An:
Hoéang Thi Thao Hién, 9C, THCS Ding Thai Mai,
TP. Vinh; Quang Nam: Lé Phudc Dinh, 9/1, THCS
Kim Dbng, TP. Hgi An.

VIET HAI

Bai T4/440. Gia su R la ban kinh cua duong
tron ngoai tiép tam giac ABC. Tia phdn gidc
trong va tia phdn gidc ngoai cua ACB lan luot
cdt dwong thing AB ¢ E va & F. Chimg minh
rdng néu CE = CF thi 4R* = AC* + BC~.
Loi gidgi. Do CE, CF la céc tia phan giac trong
va phén gi4c ngoai ciia AABC, nén CE L CF.
Vay AECF vudng can tai C, suy ra
CEA = 45°= ABC+BCE. (1) »
Mt khac, 135° = CEB
—BAC+ECA. (2)
Tir (1) va (2) suy ra C
BAC - ABC =90°. |
Suy ra BAC tu.
Ké duong kinh BD
thi 4 khac phia véi D

B D

so véi BC va BCD =90°. Mt khac, do tu gidc
ABCD nbi tiép nén ABD +ACD = 180°
:>XI-S\C+C{BT)+2B/C}\E =90°.

Két hop v6i (1) ta c6 CBD+ACE =45°.  (3)
Lai c6 CE 1 tia phan gidc cia ACB, tir (1)
va (3) suy ra ABC =CBD => CA =CD.

Ap dung dinh li Pythagore ta c6
AC*+BC*=CD*+BC*=BD*=4R*.0

> Nhin xét.

101 giai tot hon ca:
Ha Noi: Lé Duy Anh, 9°, THCS Nguyén Huy Tudng,
Dong Anh; Phu Tho: Vi Thuy Linh, 9A3, THCS
Lam Thao; Quang Nam: Lé Phudc Dinh, 9/1, THCS
Kim Déng, Ho6i An; Pha Yén: Ngé Lé Phuong Trinh,
9E, THCS Luong Thé Vinh, Tuy Hoa; Nghé An:
Déu Thi Khanh Linh, 9C, THCS Ly Nhit Quang,
Po6 Luong; Quang Tri: Nguyén Thuy Ngoc, 9D,
THCS Nguyén Trai, Dong Ha.

NGUYEN THANH HONG

Bai T5/440. Giai hé phwong trinh

1 1%
Y 2 2 —
\_(.\ +y )[1+-————X - 2) 5

Loi gigi. PK: x =ty (1). Pdta=x+y,b=x—y.
Khi dé:

a+b=2x,d+b =202 +y%),ab=x"—)".
Hé da cho tr¢ thanh:

1
(a+b)(1+%j:5

1 17
(a? +b2)(1+ T j S5

o)

a+zll—+b+%=5
I
" a2+-1—+b2+L—1—7— v
a? b 2

bat u=a+l, v=b+l, ‘1422, MZZ 2).
a b

TOAN HOC
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u+v=>5
Khido: () & 25
ur+v:=—
v
u+v=>5 u+v=>5
=
(u+v)2—2uv:% uv=—24§.

Vay u va v 12 nghiém cia phuong trinh:

2
25 5 5
2. Byl —Z| = ==
t 5t+4 0®(t 2) Ut >
Suy ra u=v=—§— (thoa man (2)).
at+1—5
] 2a*-5a+2=0
Do d6: a 2
s I g ®{2b2—5b+2=0
b il
o 1
a=2 hodc A5
£ 1
b=2 hodc.b==1
oac b 3
Co cac truong hop:
a=12 X+y=2 x=2
TH1:
{bzz 3{x—y=2®{y=0.
a=2 x+y=2 x:é
TH2: = = 4
b:a Ko— :-2— :é
y 4'
o | R i
;o L L e P 43
b:2 = =2 = ——,
XY y 4
a=l x+y=l 1
TH4:{ 2 = e iTy
a2 ol

Céc cap gia tri (x; y) tim duoc déu thoa man
PK (1). Vay hé phuong trinh dd cho c6 4

nghiém 1a: (2;0), (%,%), [%;—%j, (%;Oj-

> Nhin xét.

Cac ban c6 101 giai t6t 1a:

Ha Noi: Lé Duy Anh, 9A, THCS Nguyén Huy Tuéng,
Dong Anh; Binh Dinh: Nguye:n Bao Tram, TA, THCS

TOANHOC
20 ‘Cludilye SA 444 6-2014)

T4y Vinh, T4y Son; Quing Nam: Lé Phuéc Pinh, 9/1,
THCS Kim Pdng, Hoi An; Phd Yén: Lé Thi Phuong
Linh, 9E, THCS Luong Thé Vinh, Tuy Hoa.

TRAN HUU NAM
Bai T6/440. Xdc dinh ham 56 fix) = ad + bx + ¢
véi a, b, ¢ la cac s6 nguyén thoa man
f0) = 2014, £2014) = 0 va A2") chia hét
cho 3 véi moi s6 ti nhién n.
Loi gidgi. Ta co f0) = 2014 suy ra ¢ = 2014,
Ma £2014) = 0 nén 2014%a +2014b + 2014 = 0,
suyrab=-1-2014a. (1)
Do d6 fix) = ax® — (2014a + 1)x +2014.
Cach 1.
Khi d6 271 = 22D g+ 27 b +2014;

A2 =2"a+ 2".b+2014 (n € N).
Theo gia thiét thi A27") : 3vaf2") : 3
pén A2 Y =2 =3Le+2"b 3
suyrab: 3. (2)
Tu (1) va (2) suy ra
1+2014a=2013a+(a+1): 3,
doddoa=3k+2 (ke Z).Suyra
fx) = Bk + 2)x* — (6042k + 4029)x + 2014
voik e Z.
Thir lai ta thdy f{x) thoa man cac diéu kién
cua bai toan.
Cdch 2.
Do /(2") : 3 véimoine N,nénf1) : 3;A2) : 3.
ek f()=a+b+2014:3
(0]
f(2)=4a+2b+2014:3

a+b+1:3 b:3
o=y = .
a+2b+1:3 a+1:3.
Suyraa=3k+2 (k € Z).

Tur d6 ta c6 két luan nhu Cdch 1. O

> Nhén xét.

Céc ban tham gia giai bai nay déu cho két qua ding va
da sé st dung kién thirc vé dbng du. Tuyén dwong cic
ban sau c6 101 gidi tht:
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Hoa Binh: Nguyén Thiry Linh, 10 Toan, THPT chuyén
Hoang Vin Thy; Yén Bai: Vi Héng Qudn, 10 Toan,
THPT chuyén Nguyén T4t Thanh; Bic Giang: Duong
Thi Hanh, 10 Toén, THPT chuyén Béc Giang; Ha
Tinh: Nguyén Vin Thé, 10T1, Tran Hau Manh Cuong,
11T1, THPT chuyén Ha Tinh; Vinh Long: Ngo Hoang
Anh, Lép 8/12, THCS Lé Quy Pon, TP Vinh Long;
Huynh Hao, 11T2, THPT chuyén Nguyén Binh Khiém;
Pong Nai: Nguyén Nam Binh, 10 Toan, THPT chuyen
Luwong Thé Vinh; TP. Hb Chi Minh: D6 Nguyén Vinh
Huy, 10 Toan, PTNK-DHQG TP. Hb Chi Minh.

PHAM THI BACH NGOC

Bai T7/440. Cho ba §6 thuc dwong x, y, z
thay déi thoa mén xy = 1 + z(x + y). Tim gid
2xy(xy+l) |z

1+x)A+y?) 1+z%

tri lIom nhat cua P =
Loi gidgi. Ta co

l...z iz
xy=l+z(x+y)<:>;+;+;=l. (D)
—; —=tan—; z=tang

20y 2’ 2

véi 4, B, C € (0; ), ta c6 (1) trd thanh

sl
Piat —=tan
x

B B c C A
Etan—2—+tan7tan7 ftanitani =

Tir d6 ching minh duge 4, B, C 1a ba goc cua
mot tam giac.

tan

Ta co

2xy(xy+1) =2x2y% +2xy < 2x2y? +x7 +)°

Y& 2xy(xy+1) 2x2y% 4+ x2 42
(1+x2)(1+y?) (1+x2)(1+y?)

I 1
1+?+1+?

1 1

o o e 1
(14‘?)[14‘?) 1+F 1+?

= PE - - : —
1 1 1 1 1+22
7 +}7

C
tan 5

C
2
1+tan 5

PE : + 1 +

1+tan2% 1+tan2g~

+0052£+lsinC.

A
< 2.-
P <cos > )

Ta dugc P < 1+%(cosA+cosB+sinC).
Ta co

+BCOSA—B
2 2

a5
= 2s1n§ 3)

cosA+cosB=2cos

S2cosA+B

g >0; cosA—B <1),

; A
(vi cos

dang thirc xay ra khi 4 = B.

! . 2n C C =
sinC +sin— 3 —2sm(2 3jcos(-2———3—j
Corp T
<
,’Zsm(2 3)

(vi sm(g 3)>O cos(%—g)<l),

dang thirc xay rakhi C = 2;
Do do cosA+cosB+sinC+—J§S

C C- m
&
2(sm2+sm(2 3))
C C m
Masm2+sm(2 3)

v [1C s B T % [ Com T
= —_— 4 — —= —+—|<
2sm(2 -+ 6)cos6 ﬁsm(z + 6j_\/3,

dang thirc xay rakhi C = —23£

Suy ra cos A+cosB+sinC s%. 4

3J§

Tir (2) va (4) ta c6 P <1+>,—, dang thiic xay

ra khi va chi khi C—23n A=

Vay maxP=1+ﬂ—3— khi

y 1LY
6

x=y= cotﬁ—2+\/—3_ z—tangzﬁ a

> Nhin xét.

T (2), 3) suyra P < 1+sm% EsmC e

st dung dao ham khao sat ham s6 AC) véi C e (0;m);

suy ra két qua nhu trén.

TOAN HOC
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. A B B (& (6 A\
Tir tan?tan—2—+tan—2—tan3+tan7tan~—2- =1

A B
tan—+tan— A

LA e 8 .
:>cot2 1_tanétan§ tan 2
2 2

Vay 4, B, C 1a ba gbc cia mdt tam giac.

B:>A+B+C=n.

Cac ban sau day c6 bai giai tot:

Gia Lai : Vi Van Quy, 12A1, THPT Nguyén Chi Thanh,
Pleiku; Ha Tinh : Lé Van Truong Nhdt, Nguyén Van
Thé, 10T1, Tran Hdgu Manh Cuong, 11T1, THPT
chuyén Ha Tinh; TP Ho Chi Minh: DS Nguyén Vinh
Huy, 10 Toan, PTNK BPHQG TP Hb Chi Minh; Long
An: Nguyén Minh Tri, 11T1, THPT chuyén Long An.

NGUYEN ANH DUNG
Bai T8/440. Cho tam gidc nhon ABC, ba dwong
cao AA,, BB, CC, cua tam giac cf(i\ng quy tai H.
Chirng minh rdng diéu kién can va di dé tam gidc
ABC déu la

HA® + HB* + HC® = 4(HA? + HB} + HC})

Loi gidgi. Qua 4, B, C 14n luot ké céac duorng
thing song song v&i BC, CA, AB, ching cét
nhau tao thanh ADEF (hinh v€&). Khi do6 dé
thdy HA, HB, HC tht ty 1a cac dudng trung
truc cua EF, FD, DE va do 6 H la tam
duong tron ngoai tiép ADEF. Goi (O, R) 1a
duong tron ngoai tiép AABC. Theo cach dung,
R BC

AABC «»» ADEF = HF EF

=» HF=1R,

A

NS o
AN AR

D
Ap dung dinh 1i Pythagore cho tam gidc vudng
HAF ta c6 HF® = HA* + FA?
hay 4R = HA* + BC?,
suy ra HA* = 4R* — BC*.

TOAN HOC
29 * Cludilré SG 444 (6-2019)

Dit Suse = S1; Stac = S2; Stag = S35 Sapc = S,

ta thiy gf S ;S HA=HA1.S2;:S3 :
twong tu:
HB=HB, 55 po-ne, 552
S, S,
Khoéng mét tinh téng quat,
gia st BC< CA< AB
= 4R: LBCHS URPL CAPS AR~ AL ' (D)

Kéo dai A4, cét (O) tai 4,. D& ching minh
dugc A1H = A14,. Do @6

Puoy = HA.HA, = HA.2HA,.
2
Vay HA? =—1%. Tuong ty ta ¢6
1
HBZ - 9212/(0) 2 > 9?-12/(0) ;
4HB?’ 4HC!
T (1) suy ra HA> > HB* > HC?
2
91)‘12/(0) S @2/(0) > gil/(O)
4HA? ~4HB? 4HC]

= HA? < HB} <HC.

Ti dhy c6 5, < $, < 55 = g—z; >

2
" S, +8; > S]+S3 s & 8y .
S S, S5

Ap dung bat ding thirc Chebyshev cho hai day

wfﬂloa

2
’ X o
don diéu ngugc chiéu ta c6 HA? (ig—SiJ +
1

HBZ[S +8, ) HCZ(S +5, j 5
SZ S3
>~ (HA? + HB? + HC? )
Sy 45, SI+S3 S, S, 3
(2
x[( 51 j+( Sz + 53 2)

Ap dung bat ding thirc Bunyakovsky va bét
ddng thirc Cauchy ta dugc

5,48, 2+ 8 45, 2+ §+5 )
Sl S2 SS

u.)|r-—t
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1 SZ +S3 Sl +S3 Sl +S2 - Tur hinh vé ta co:
>— + - ;
T 8 S, i=atb 3)
r=b-c 4)
s ey 3) g
3 Thay (3) va (4) vao (2) ta thu duogc:
Tw (2) va (3) suy ra n(a+b)=n'(b—c) (5)
HA* + HB* + HC* > 4(HA? + HB? + HC?). _ JH IH IH IH IH
: - . . Talai ¢6: a=—Fr—=—;b=—~r—
T d6 ta thdy diéu kién cin va di && A4BC SH SA d OH R
déu 1a g EIEE . %Z A T

HA?> + HB* + HC* = 4(HA? + HB? + HC?). O
Thay céc gia tri cia a, b va c vao (5), ta dugc:
> Nhin xét.

Ba ban sau ¢6 101 giai tuong abi tbt: n l-;-l =n' l—_lT =d' :_'iﬁ——,

. v s A R"d R d (n'-n)d—nR
Ha Nam: Pham Tién Khoa, 9A1, THCS Tran Phu, Phu
Ly; Ha Tinh : Nguyen Van The, 10T1, THPT chuyén  Thay s6 thu dugc két qua: d'=44,65cm. O
Ha Tinh; TP Ho Chi Minh: D6 Nguyén Vinh Huy, 10
Toan, PTNK-DHQG TP Hb Chi Minh. > Nhén xét.

HO QUANG VINH Céac ban c6 101 giai ding:

Binh Phwéc: Nguyén Vin Hing, 11B, THPT chuyén
e Limi S el gl Quang Trung; Quéng Ngai: Bui Vi Hoan, 11 Li,
c6 day la mot mika mdt cau C co ban kinh R = THPT chuyén L& Khiét.
15cm, chira day DANG THANH HAI
hat long  trong 41& \8/ xe / A 2 i
chat long Irong 5 Bai L.2/440. Mét qua béng dwoc tha roi tir do

sudt chiét sugtn® S A\ O A e %
ust chiét suat n 4 A ® cao h = 2m so voi san nam ngang. Sau moi

Bai L1/440. Mot ong nghiém thuy tinh mong

. ’1 ’6" (‘)'7‘5’ dug v o 4 va cham, bong bao toan k = 81% co nang.
nit kin va dat nam ngang. Mot diém sang S s cau théi gian bao ldu thi béng dimg lai?
dat trén truc doi xung AO va cach A la Trong thoi gian d6 bong di dugc quing
240cm. Hay xac dinh vi trz,' anh S’ cua S duoc dieong Bl 2 bao nhiéu?

tao bdi cdc tia sang xuat phat tir S khong ' :

nghiéng qua so voi truc AQ. Loi gidi. Ban dau co néng cua vat 1a W= mgh.
Sau khi cham dit 14n tht nhét, co nang cua
vat con W, = kmgh, vét lén dén @6 cao h= kh.
Sau khi cham dét 1an th@ », co ning cia vat

con W, = K'mgh, vat lén dén 6 cao h, = K'h.

Loi gidi.

Téng quing duong vat di duoc:
S=h+2h 42k +...+2h,
=h+2h(k+k>+....+ k).

V&i n rat 16m ta tim duogc:

k
= —x1 )
S h+2h1——k 9,05m

Theo dinh lut khiic xa anh sang ta co:

nsini =n'sinr (D
Vi g6c i va r nho nén tinh gan dung ta cé: Tong thoi gian qua bong chuyén dong la:
ni=n'r Q) T=t+24+2t+....+2¢,,

] TOAN HOC
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trong do ¢, = Iz:—’ =122 ...; n).

Tt 36 tim duogc:

T = z}£+2 fz—h\/E+2 f%\/k_2+
8 g 8
o2 gfl—\/k_”
8
= '/2—h—+2 fz—h(\/i+\/k_2+....+ k")
4 8
2h 2k
=2 ==l 1+=—=—=|=12s. O
g 1-k& :

> Nhin xét.
Céc ban c6 101 giai ding:
Quang Ngii: Bui Vi Hoan, 11 Li, THPT chuyén
Lé Khiét; Binh Phwéc: Nguyén Vin Hing, 11B, THPT
chuyén Quang Trung.

NGUYEN XUAN QUANG

BB

TOAN HOC
24 * CTudilré SO 444 (6-2019)

éi- 2 e ﬁ ~ o
CUOC THI GIAI TOAN DAC BIET
KI NIEM 50 NAM TAP CHI THXTT

’0 Fo o ‘
& R X XA XS o]

O mC R O R R O R O R R

TUTHCS. Tim tdt ca cdc cdp 6 nguyén (x, y)
thoda man phuong trinh Y02 - 1) =x(3x - y).
Loi gidi. (Theo da sé cdc ban)
Phuong trinh d cho c6 thé viét du6i dang
X7 —3) =3 —xy hay X’(4" - 11) = 2y —x)".
Tur day suy ra
hodc ¥2(4* — 11) =2y —x)*=0
hoic 4* — 11 =2 véiz € Z.
Trudng hop d4u cho ta nghiém (x, y) = (0,0).
Truong hop thir hai cho ta

@[y|-[zh@y]+[p =11

2yl-fd =1 [p]=3

2|+ =11 ||¢|=>5.

Véi y = 3, thay vao phuong trinh da cho ta
dugc 2 +x-3=0,véixe Zox=1.

Véi y = -3, thay vao phuong trinh da cho ta
duge 2* ~x-3=0,véix e Z&x=-1.

Két luan: C6 ba cip s6 nguyén (x, y) théa man
phuong trinh da cho 1a (0, 0), (1, 3), (-1, -3).

» Nhén xét.

Pay 12 bai toan s6 hoc thudc dang quen thudc. Tuy nhién
rAt nhidu ban chua nhén dugc hét dap sb, thuong 14
thiéu nghiém (0, 0). C4c ban sau day c6 loi giai va
dap s6 ding:

Binh Dinh: Ldm Bd Thinh, 9A2, THCS Trin Hung
Pao, Quy Nhon; Pa Niing: Lé Quang Anh, 9H, THCS
Nguyén Khuyén, Cim Lé&; Nghé An: Nguyén Trung
Hiéu, Hoang Thi Thao Hién; Pham Quang Toan,
Nguyén Qudéc Hong Khdnh, 9C, THCS Ding Thai
Man, TP. Vinh; Trdn Lé Hiép, 7A, THCS Ly Nhét
Quang, D6 Luong; Tdng Pirc Thinh; Ngé Tri Nguyén;
Truong Diép Anh, 8C, THCS Cao Xuan Huy, Dién
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Chéau; Phti Tho: Qudn Ditc Binh, 9AL; Chu Thi Anh,
8A3; Nguyén Hai Duong; Nguyén Hoang Phi; Bii
Héng Thdi; T van Quoc Ldp, TA3, THCS Lam Thao;
TP. Hb Chi Minh: Hoang Hudn, 9A6-09, THCS Trin
Dai Nghia; Ha Tinh: Lé Thi Thu Uyén; Nguyén Lé
Giang, 9B; Tran Thi Tuong Vi, 8B, THCS Hoang Xuan
Han, Pic Tho; Kon Tum: Lé Viét Luu Thanh, 8A, THPT
chuyén Nguyén T4t Thanh; Quang Nam: Lé Phudc
Dinh, 9/1, THCS Kim Déng, Hoi An; Thanh Héa: Lé
Viét Hoang, TA, THCS Lé Hiru Lap, Hau Loc; Ha Nam:
Ng6 Trung Kién, 9A2, THCS Tran Phu, Phi Ly.

NGUYEN VAN MAU

T2/THCS. Cho da thirc
P(x) =x*—4x* + 7x* - 8x + 16.
Chitng minh rang
P(a).P(b).P(c) 2 144(ab + bc + ca)
v&i moi a, b, ¢ la cac s6 thuee.
Loi gidgi. Ta co
P(x) = (¢ — 42° + 4x%) + (2x" - 8x + 8)+x"+8
=22 +2x - 2P + 2+ 82X +8,

dhng thirc xay ra khi va chi khi x = 2. Do d6
P(a).P(b).P(c) > (a* + 8)(B* + 8)(* +8). (1)
Mit khac (a2 + 8)(5* + 8) = @’b* + 84> + 8b” +
+ 64 = (b* — 8ab + 16) + 2(a* — 2ab + b?) +
+6(c +2ab + b)) + 48 = (ab— 4 + 2(a— by’ +
+6(a+ b)’ +48 > 6[(a+ b)* +8].
Suy ra (a® + 8)(b* + 8)(c* + 8) 2 6[(a + b +
+ 8](c* + 8) = 6((a + b) /8 + V8.c) (theo
bét dang thitc Bunyakovsky) = 48.(a +b + c)?
= 24.024* + 2b* + 2¢* + 4ab + 4bc + 4ca)
=24.[(a— b)Y+ (b—c)+(c—a) +6(ab+bc+

+ ca)] = 144.(ab + bc + ca). 2)
Tu (1) va (2) ta nhan dugc bét dang thirc can
chirmg minh.

Ding thirc xay ra khi va chikhia=b=c=2.
» Nhén xét.
BAt ding thirc (2) da co6 trong mot s6 sach tham khao.

Céc ban hoc sinh giri 161 giai téi Toa soan chu yéu theo
hai cach giai, 101 giai trén day 14 mdt cach. Cac ban hoc

sinh sau ¢ 101 giai khac hai 101 giai do:

Thanh Héa: Pdng Quang Anh, 7A, THCS Nguyén
Chich, Pong Son; Nghé An: Nguyén Hong Quéc Khdnh,
9C, THCS Ping Thai Mai, TP. Vinh; Binh Dinh:
Nguyén Béo Qudn, TA, THCS Téy Vinh, Tay Son.

NGUYEN MINH PUC

TUTHPT. Ta viét vao cdc 6 ciia bang 10 x 10
cdc chits60,1,2,3, ..
xuat hién 10 lan.

., 9 sao cho moi chit s6

a) Ton tai hay khong mét cdch viét ma trong
moi hang va méi cot xudt hién khong qud bon
chit $6 khdc nhau?

b) Chirng minh tén tai mot dong hodc mot cot
trong do co it nhdt bén chir sé khdc nhau.

Loi gidi. (Theo ban Nguyén Nhu Hoang, 10T1, THPT
chuyén Ha Tinh, Ha Tinh)

a) Ton tai. Chang han véi cach dién sé & bang
sau thoa man yéu cau.

1 L L bdlad sl 2: L3 b7 dal 1) 7
1 ikl sk cdilh i 8 | T TdT 400
1 | 14 184 €4 6np6: |57 1747 470
3121216 |6|6{8-p8]8 |0
2121215151518 81810
2h2.12 150 5/}.8 18/ 8% ¢
:RERERERE"" " LRk
313 'y L4 4@ 2 1949 [9{0
33 13 VA 141 49 | 9 ) 9
6|5|4|4|4|4]|0]0f0]0

b) Véimdiie {0,1,2,...,9}, ki hiéu ¢; va h;
1an luot 1a s6 cot va 56 hang ma i xuat hién.
Goi S 1a tong s cac s6 khac nhau & mdi hang
9
va mdi cot. D& thiy S=Y_(c; +h,).
i=0
Do ¢b ¢; cot va h; hang chia 36 i va sb i xuét
hién dtng 10 1an nén c¢;.h; > 10.
Ap dung bét dang thirc AM — GM ta co
¢+ 22,Jc l =2NT0=>¢,+ 1, =2[ V10 [+1=T.
Vay S =70.

TOAN HOC
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Theo nguyén 1i Dirichlet, luon ton tai mot
dong hodc mot cot co it nhét [%}— 1=4 sb
khac nhau. O

> Nhan xét.

Ngoai ban Hodng, cac ban sau ddy da gui 161 giai ding:

Ha Tinh: Lé Vin Truong Nhat, Nguyén Vin Thé, 10T1,

THPT chuyén Ha Tinh; TP. Ho Chi Minh: D6 Nguyén

Vinh Huy, 10T, PTNK — DPHQG TP. H6 Chi Minh.
DANG HUNG THANG

T2/THPT. Cho tam gidc ABC cé H la truc
tam va M la trung diém ciia BC. P la mot
diém thuéc duwong thang HM, duong tron (K)
duwong kinh AP cit CA, AB lan luot tai E, F
khdc A. Chirng minh rang tiép tuyé’n taiE, F
cua (K) cdt nhau trén trung truc BC.

Loi giai. Goi T 1a giao diém cua cac tiép tuyén
véi (K) tai E, F; Y, Z theo thit tur 1a giao diém
cua CH, BH va CA, AB; (Ko) 1a duong tron
duong kinh AH, S 13 giao diém tht hai cia
(K) va (Kp). C6 hai truong hop xay ra.

r
Trwong hop 1. P trung voi H.
Déthdy E=Y; F=Z. Dodé T =M.
Trwong hop 2. P khong trung véi H.
D@ thiy cac tam gidc SEY va SFZ ddng dang
cung huéng.

TOAN HOC |
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Do d6 cac tam giac SEF, SYZ dbng dang cling
hudng (1).

Tu (1), cha y ring TE, TF tiép xuc véi (K) tai
E, F va MY, MZ tiép xtc véi (Ko) tai ¥, Z, suy
ra cac tam giac TEF, MYZ ddng dang cung
hudng (2).

T (1) va (2) suy ra cac tam giac STF, SMZ
ddng dang ciing huéng.

Do d6 cac tam giac STM, SFZ ddng dang
cung hudng (3).

D3 théy ASH=90° = ASP.

Do d6 SH = SP.

Két hop véi P e HM, suy ra SM =SH (4).

T (3) va (4), chu y rang A, S, Z, H cling

thudc mot duong tron, suy ra

(TM,AH)=(TM,FZ)+(FZ,AH)
=(SM,SZ)+(AZ,AH)(mod )
=(SH,SZ)+(SZ,SH) =0(mod 7).

Vay TM /[ AH L BC.

No6i cach khéc tiép tuyén véi (K) tai E, F cat
nhau tai mot diém thudc trung truc cua BC. O

» Nhin xét.

1. Py 12 bai todn hay nhung khong qué kho, c6 10 ban
tham gia giai bai va cung giai dung.

2. Xin néu tén ci 10 ban: Ha Tinh: Nguyén Vin Thé;

Pham Quéc Cuong; Lé Vin Truong Nhdt, Nguyén
Nhu Hoang, 10T1, THPT chuyén Ha Tinh; Nam Dinh:
Vil Tudn Anh, 12T2, THPT chuyén Lé Hong Phong;
Hai Phong: Luong Thé Son, 11T, THPT chuyén Tran
Phti; Thanh Hoa: Nguyén Tién Dat, 11T, THPT
chuyén Lam Son, Yén Bai: Vi Hong Qudn, 10T,
THPT chuyén Nguyén Tat Thanh; Binh Dinh: Truong
Minh Nhdt Quang, 10T, THPT chuyén Lé Quy Don;
TP Hd Chi Minh: DS Nguyén Vinh Huy,10T, Truong PTNK-
PHQG TP H6 Chi Minh.

3. Mot sb ban c6 nhan xét ding: can c6 thém gia thiét
BAC # 90°.
NGUYEN MINH HA

https://tieulun.hopto.org



%tﬁt‘ /fﬁiya.:

DIEN €0

| dénxuan Yidp ngo

(Pé dang trén
TH&TT s6 440 thdang 2 nam 2014)

Tac()1SGS2,nhu‘ngI+N>0nénG=1.
NéuP +OQ=4=0+4thi A> 0 vakhong
xéyraA+1=11,dodéP+Q=14vaA=9.
Do9$I+Ns17=9+8nénI+N=9=2+7
—3+6=4+5ViP+Q=14=6+8, nén
c6theP=6vaQ =8 hoicP=8vaQ=6.

Tir dé chico: I=2vaN=7,
hoic I=7vaN=2,
hoic I=4vaN=35,
hoic I=5vaN=4.

Bai toan c6 tam nghiém sau:

1296 + 718 = 2014; 1298 + 716 = 2014;

1796 + 218 =2014; 1798 +216 =2014;

1496 + 518 = 2014; 1498 + 516 = 2014;

1596 + 418 = 2014; 1598 + 416 = 2014.

Hoan nghénh ban Nguyén Van Cuong, 11A4,

THPT Ba Chtc, Tri Ton, An Giang da tim

duoc @i nghiém cua bai toan.

DAN QUYNH

(Xem Dé ra ki nay muc Gidi tri todn hoc ¢ trang 24)

PROBLEMS 1N TS 1SSUE

(Tiép theo trang 16)

FOR LOWER SECONDARY SCHOOL

T1/444 (For 6™ grade). Find the maximum
possible value of positive integer n such
that 2013 can be written as the sum of #

compound numbers. How does the answer
change if 2013 is replaced by 20147

T2/444 (For T grade). Let ABC be a right
triangle, right angle at 4, B=60°. Point E
on side AC such that ABE=20°. Point K
on the half line BE such that EK = BC. Find
the measure of the angle BCK.

T3/444. Solve the inequality
x> +8+x3+8 x4 8

x101 48
ST b e el

g

T4/444. . The ABCD is

inscribed in circle (O) where angle BAD is
obtuse. The rays through 4 and
perpendicular to AD, AB meet CB,CD at P
and Q respectively. PQ intersects BD at M.

Prove that W =90°.

quadrilateral

T5/444. Solve the inequality
N2x-3 —\/37- =2x—6
B+ +T(x+y)xy= 8xy[2(x2 +¥?).
FOR UPPER SECONDARY SCHOOL

T6/444. The positive real numbers a, b, ¢
satisfy the equation abc = 1. Prove the
inequality

ab i bc we &4 >2
Toselaa DR T ek
T7/444. Let ABC be a triangle. D is the
midpoint of side BC and M is an arbitrary
point on segment BD. MEAF is a
parallellogram where vertex E lies on AB,
F lies on AC, MF and AD intersect at H.
The line through B and parallel to EH
intersects MF at K; AK meets BCiat [

ad+b+c+

; 1B
F th t10 —.
ind the ratio D

T8/444. The sequence (v,), satisfies

{vl =5 ‘
— 4 2
Vg =, —4v2 +2.

n

Find a closed formula for v,.

TOAN HOC
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NGUYEN VAN LINH
(SV K50 TCNH BH Ngoai Thuwong, Ha Noi)

I. GIOI THIEU BAI TOAN

Trong ngay thi thir hai cta ki thi chon D1
tuyén Qudc gia Iran nam 2013 xuét hién mot
bai toan kha th vi:

Cho 4 diém A, B, C, D theo thir tir cung nam
trén duong thang . Hai cung o, @, dung trén
ddy AB va @3, 04 dzmg trén day CD sao cho 4
cung nay cung nam trén mgt nica mdt phéng
bo la dzr(mg thing [ dong thoi o, tiép xiic vOi
o3 va o, tiép xuic vOi @ Chimg minh rang
giao diém ciia tiép tuyén chung ngodi cua cdc
cdp cung (@, ®3) va (m,, ©4) nam trén .

O bai viét nay, tac gia s& dwa ra 4 cach ching
minh cho bai toan trén va 101 giai cho bai toan
téng quat.

IL. LOT GIAI BAI TOAN

* Trude tién ta phdt biéu mét s6 bé dé.

Bé & 1. (Pinh li Monge - D’Alembert) Cho ba
dwdng tron C1(01, Rl); C2(02, Rz); C3(0;s, R3)
phan biét trén mat phcfng. Khi do tam vi tw
ngoai cua cdc cgp dwong tron (C, C);
(Cs, C3); (Cs, Cy) cimg thudc mot dwong thing.
Hai tam vi tw trong ctia hai trong ba cdp dwong
tron trén va tdm vi ty ngoai cua cdp duwong
trom con lai ciing thuéc mot dwong thang.

C6 thé chimg minh B d@é 1 twong d6i don gian
dua theo dinh 1i Menelaus, xin phép khong
trinh bay lai & day.

B dé 2. Cho hai déy cung y1 va y: cing dung
trén ddy AC sao cho ching ciing nam trén
mot nira mdt phing bo AC. Goi C,, C, la hai
dwong trom tiép xiic voi y1 va yo. Khi do tam vi
ty ngoai cua Cy va C, nam trén AC.

Chitng minh. (h.1) Goi (Oy, R)), (Oa, Ry) 1an
lugt 12 ducmg tron chira cac cung v1, v2; £ 13 tam
vi ty ngoai cua C va Cz X, Yla tlep diém cua
C,Gvoiy; 2, Tla tlep diém cua C;, C, vé6i Ya-

TOANHQC
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N

Hinh 1
Ap dung dinh li Monge - D’Alembert cho bo ba

duodng tron ((01), 11, v2) va ((O2), 11, 12) suy ra
I, X, Y thang hang va I, Z, T thang hang.

Goi [4,4; 1a tlep tuyen chung ngoai cta v, ¥».

Phép nghich ddo I Loy A ddng thoi
cac cap duong thang LZ va LT, LX va I,Y
khong song song nén 1Z.IT = IA JA, = IX.IY.

Suyra X, Y, Z T cung nam trén mot duong tron.
Ba dudng tron (0), (0,), (XYTZ) ¢6 truc dang
phwong 14n luot 13 AC, XY, ZT nén AC, XY, ZT
ddng quy. Tir d6 suy ra € AC.

Bé dé 3. Cho hai cung o, va o, cimg ndm trén
mot nira mdt phdng bo la dwong thing 1 va
ciing dung trén ddy AB nam trén 1. C, D la hai
diém bat ki trén [ va nam ngodi doan

P‘ thing AB. Khi d6 4 tiép tuyén
ke twe C, D toi 1 va o,

cdt nhau tao thanh

mot tir gidc

0 ngoai tiép.

"X/ o,

O

cA B £

Hinh

Chirng minh.

https://tieulun.hopto.org



GoiXvaZ;,YvaT lan luot 14 cac cip diém

trén ®;; o, sao cho CX, CY, DZ, DT la cac

tiép tuyén cia hai dudng tron (Oy) va (0) chira

cac cung m; va w,; MNPQ la tir giac tao boi

giao diém ctia CX, CY, DZ, DT (h.2).

Do C, D nim trén truc dang phuong cua

®; va 0, nén CX=CY, DZ = DT.

Tir d6 CM+ DP = X+ XM+ DI+ 1P
=CY+MZ+DZ+PY=CP+DM.

Theo dinh li Pithot suy ra t gidc MNPQ

ngoai tiép.

* Tro lai bai todn.
Céach 1. (h.3)

g A ) g S D

Hinh 3
Goi (0y), (02), (03), (O4) 1an luot 13 cac dudng
tron chira cac cung ®;, @y, 3, W4. P 5 O 1an luot
1a tiép diém ciia (0)) va (02); (O3) va (Os).
Qua P ke tiép tuyén chung trong cua (Oy) va
(05), catdtai X.
Ta c6 XP* = XA.XB = XC.XD nén X thudc
truc dang phuong cua (0y) va (Oq), tiac
1a XQ la tiép tuyén chung trong cua
(Oy) va (Os).
Gia st tiép tuyén chung ngoai
ME ctia o, va o; cat d tai Y,

suyra Y, N, F thang hang (dpcm).

Cach 2. (h.4)

Véi ki hiéu twong tu nhu Cdch 1, tiép tuyén
ME clia o, vd o3 cit [ tai Y, 1an luot ké cac
tiép tuyén YN, YF t6i @, va ws. Ta can chimg
minh Y, N, F thing hang.

Do XP = XQ, YM = YN, YE = YF nén ton tai
dudng tron C; lan lugt tiép xuc véi (0)) va
(O3) tai P; tiép xtic véi (0,) va (Oy) tai 0;
dudng tron C, tiép xic voi (0y) tai M va (01)
tai N; duong tron Cs tiép xtc voi (O;) tai E va
(Og) ta1 F.

Tir B6 dé 2 suy ra MQ cit NP tai tim vi tu
ngoai Gcua C;vaC,va G € [, EP cat FQ tai
tam vi tu ngodi Hcua C;va C, va H e L.

Ap dung dinh 1i Monge-D’Alembert cho ba
duong tron Cy, Gy, Cs suy ra ME cat d tai tAm
vi tu ngoai cua C, va Cs, hay Y 1a tdm vi tu
ngoai cia G, va Cs. Suyra Y, N, F thing hang.

qua Y ké tiép tuyén YN ¢

¥ A

toi @1, YF t61 o).

Ap dung Bé dé 3

cho hai duong tron (0;) va (O) v6i hai diém
X, Y suy ra YM, YN, XP, XQ cit nhau tao
thanh mot t gidc ngoai tiép duong tron (7).
Lai 4p dung B6 dé 3 cho hai duong tron (O0s)
va (O4) v6i hai diém X, Y suy ra suy ra YF tiép
xuc vGi duong tron ndi tiép tam gic tao boi
cac dudng thing XP, XQ, YM hay dudng tron
(D). Nhu vay YN, YF cung tiép xuc voi (1),

Cach 3. (h.5)

Véi y tuong tuong tw Cdch 2 ta can chimg
minh Y, N, F thang hang.

Nhu Céch 2 ta da ching minh ton tai céc
duong tron Ci, Gy, Cs.

Tu d6, theo cach chimg minh Bé d@é 2 suy ra
M, N, P, O cung thugc mot duong tron va E,
F, P, O cung thudc mot dudng tron.

TOAN HOC
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Mat khac, ap dung dinh 1i Monge-D’ Alembert
cho ba duong tron Cy, (0,), (0Os) suy ra
PO cat EM tai tAm vi tu ngoai 7 cla
hai duong tron (O,) va (Os).

Suyra TM.TE=TP.TQ, nghiala M, E,
P, O ciung thudéc mot dudng tron.

Nhu vay 6 diém M, N, E, F, P, Q

cung thudc mot duong tron.

Suy ra tir gidc MNFE ndi tiép. F
Gia st YN cat-dudng tron /
(Y, YE) tai F’. Do hai / @2

duong tron (Y, YM) v
va (¥, YN) dong tam

va hai duong thang ME, NF’ giao nhau tai ¥
nén tr giac MNF’E 1a hinh thang cén, suy ra
MNFE 14 ti gic noi tiép.

Lai ¢c6 F va F’ cing nam trén (Y, YN) nén
F=F’, hay Y, N, F thang hang. Ta c6 dpcm.
Cich 4. Trudc tién ta phat biéu hai bd d& sau.
Bo dé 4. Cho hai duomg tron (O)) va (O,)
khong chira nhau. Goi Cy, C; la hai dwong
tron tiép xuc ngoai voi (0y), (Oy) lan lwot tai
A, Bva C, D. Khi do A, B, C, D ciing thugc
mot dwong tron.

Chirng minh.
Ap dung

dinh 1i Monge-
D’Alembert
cho ba duong tron
(0y), (0y), Cy suy ra
AB di qua tam vi ty ngoai T cua (O)) va (Oy).
Tuong ty ta cling c6 CD di qua 7 (h.6).

Tir 46 TATB=TCID=k. Suyrad, B, C, D
cung thugc mot dudng tron.

TOANHOC
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Hinh 6

Hinh 5

Bé d@é 5. (Chudi dwong tron Apollonius - Bai todn 9
duomg tron). Cho ba duwong tron (O)), (02), (Os)
trén mdt phéng. Ta xdy dung mét chudi dwong
tron xoay vong nhu sau: Goi C, la dwong tron
tiép xic véi (0y) va (0y); Cx la dwong tron
tiép xiic vdi Cua, (O), (0s); Css la duong tron
tiép xiic véi Cas, (03), (Oy); Cys la duwong tron
tiép xiic voi Css, (O), (0s); Css la duomg tron
tiép xiic véi Cas, (02), (03); Ce1 la duwong tron
tiép xiic véi Cse, (03), (O1). Khi d6 Cia, Cas, ...,
Ce1 la mét chudi dong, hay Ce, tiép xiic véi Cy.

Chirng minh. Ta chimg minh bai todn trong
truong hop ba duong tron (0,), (0,), (0s) doi
mdt ngoai nhau (4.7). Cac truong hop khac
chung minh tuong tu.

Bt Goi Py, P; lan lugt 1a
tiép diém cua C), véi
(O va (0y); P; la
tiép diém cua Cp; v6i
(0s); Py 12 tiép diém cua Cs4 v6i (0)), tuong
tu voi Ps, Pg, P;. Nhu vay ta can chirng minh
P 7= P |

Ap dung Bé @ 4 cho hai dudng tron Cy; va
Cs4 cung hai dudng tron tiép xic Cys va (0))
suy ra Py, P, Ps;, P4 cing thudc mdt dudng tron.
Ap dung Bé @ 4 cho hai dudng tron (0,) va
(05) v6i hai duong tron tiép xtic Cp va Css
suy ra P,, P, Ps, Ps cung thugc mét duong tron.

https://tieulun.hopto.org



Tiép tuc ap dung Bé dé 4 cho hai duong
tron (O)) va (0,) v6i hai duong tron

tiép xtic Cys va Cy, suy ra
P1, Pz, P4, P5 cfmg
thudc mot duong
tron. Cs

T d6
P Py Py, Pa, P5, Ps
cung thudc mot
duong tron o.

Ap dung Bé dé 4 cho
hai duong tron (O;) va (Os) v6i hai dudng
tron tiép xuc Cg va Caq suy 1a Ps, Py, P, P;
cing thude mot dudong tron. Tir d6 P; la giao
ciia @ voi (O)) hay P; = Py. Nhu vy Cg tiép
xuc véi Cyp. Ta cé dpem.

Tré lai bai todn (h.8).

Cha y rang chudi duong tron Apollonius van
dung trong trudng hop duong tron suy bién
thanh duong thing. Tiép tuyén chung ME cua
(0,) va (Os) cét [ tai Y. Ké tiép tuyén YN cua
1, dung duong tron C3 tiép xtic véi YM,

YN lan luot tai E, F'. Duong tron C;
va C, duoc dinh nghia gidng Cdch 2
va Cdch 3. Ap dung Bo dé 5 cho
duong tron C; va hai duong
tron suy bién thanh hai
duong thing YM va

YN, ta ¢6: (O,) tiép

Hinh 7

- O

Do chubi (0,), Ca, (01), (03), G5, (0)) la chudi
déng nén (0)) tiép xuc v6i (0y), C1, YN.

Diéu nay nghia 1a (0;) tiép xtc véi C tai P
va tiép xic véi YN tai F.

Lai c6 tiép tuyén tai Q cua (0,) cét tiép tuy‘é'n
tai P cua (pl) tai X va XP = XQ nén X nam
trén truc dang phuong cua (0;) va (0s).

Ma YE = YF’ nén Y ciling thudc truc dzfmg
phuong ctia (0;) va (0s). Vay XY 1a truc déng
phuong cua (O;) va (0s) hay
(0;) diqua

&

xtc v6i Cy, YM: C, Y A

tiép xic véi (0»),

YM, YN; (O) tiép xtic v6i Cy, YN, Ci; (Os)
tiép xtic v6i (01), Ci, YM; C; tiép xtc voi
(03), YM, YN; (O}) tiép xuc véi Cs, YN, Ci.

Hinh 8

Suy ra (0;)=(0,). Ta c6 dpcm.
(Ki sau dang tiép)

TOAN HOC
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TRONG SO NAY

o Danh cho Trung hoc Ca s&
For Lower Secondary School

Hoang Minh Qudn - V& bai toan mé trong
bai Cach gidi mét dang phuong trinh vé ti.
Huéng din giai D& thi tuyén sinh vao 16p
10 THPT chuyén tinh Thai Binh nam hoc
2013 - 2014.

V6 Quéc Bd Cdn - Mot tinh chat thid vi cha
tam thitc bac hai va nhi thiic bac nhat.
Chuén bi thi Pai hoc

University Entrance Preparation

Luu Vin Bién - Thit khong ding dao ham.

Huéng din gidi Dé s6 9

e 6 6 O

Ban c6 biét ?

Do you know ?

Phan Thanh Quang - Chuyén li thd vé
“chiéu ctia khong gian”.
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Pé ra ki nay

Problems in This Issue

T1/444, ..., T8/444, 1.1/444, 1.2/444.

Cudc thi giai toan dac biét

The Y&Y 50" Anniversary Contest
T9/THCS, T10/THCS, T9/THPT, T10/THPT
Giai bai ki trudc

Solutions to Previous Problems

Giai cac bai ctia S6 440.

Giai bai cudc thi giai toan d#c biét
TITHCS, T2/THES {T1/THPT, T2/FHPT.
Giai tri toan hoc

Math Recreation

Giai dap S& 440.

Ban doc tim toi

Reader’s Contributions

Nguyén Vén Linh - Bai toan 6 trong ki thi
chon d6i tuyén Qudc gia Iran ndm 2013.

https://tieulun.hopto.org



BANf?GIAO DUC VIET NAM

— Khdt vong hoa bmh” s& gitip ban doc nam
~ dugce mot cach khai quat Ve vi tri dia li, dleu kién
tu nhién, tiém nang kinh té... cua hai quan dao
~ Hoang Sa va Truong Sa; nhitng tu liéu lich su
'chu yéu vé chu quyen cua Viét Nam abi voi ha1
_quan ddo; vé cudc song noi tuyén dau Té qudc
~ hién nay - noi ma nhu’ng nguoi dan Viét, du la
u dan hay nguoi chién si, nguoi cong nhan...
~ dang kién cuong bam bién, bam dao; vé su dau
tu dac biét cua Nha nudc, cua cac t6 chirc, doan
thé xa hoi Va nhan dan da tao nén su doi thay ki
diéu ctia quan dao Truong Sa.

Nhom bién soan da tuyén chon ki ludng cac burc
‘ ,anh tir nguon tur liéu phong phu va da dang cua
_nhitng phéng vién — nghé si nhiép anh truc tiép
o tai noi dién ra nhung su kién dugc ca
ng quan tam. Phan 16n cac buc anh 1a
chi in dam hoi tho ctua cudc song, vira
tinh lich str, vira c6 tinh thoi su, lai giau
i nghe thuat.

Anh duoc sap xep theo kiéu phong su véi 16
- binh tinh té, khién ngudi xem nhu dang duoc
d6i theo mot cau chuyén véi nhidu chu dé. Pac
biét c6 nhu'ng burc anh ghi lai nhirng su kién hao
hung, bi trang..., ki thac tam huyét ctia nguoi
nghé si - phong vién anh.

Xem va doc “Hoang Sa, Truwong Sa — Khdt
vong hoa binh”, ban doc s& c6 nhiing phut gidy
chim cht ngdm nhin nhitng btc anh va suy tu

Y

Tac gia: Bui Tat Twom, Vii B4 Hoa
Khé sach: 23x25¢m; S6 trang: 200 trang
Gia bia: 119.000 d&ng

vé nhirng su kién gan vGi qua trinh lich sur xay

dlmg va bao vé bién dao qué huong cua biét bao
thé hé Viét N?‘,mz

ha nghia yéu

nude Viét Nam, ton vmh pham chat va khi phach
cao dep cua nhimg ngur dan va nhung nguoi linh
dang ngay dém bao vé chi quyén thiéng liéng
ctia T qudc & ving bién dao Hoang Sa, Tnm‘ng
Sa. bo cung 1a tai liéu tham khao can thiét, phuc
vu truc tlep viéc cap nhat kién thirc bién, dao;
boi dudng, gido duc cho hoc sinh vé nhiém vu
bao vé chu quyén bién, dao qué huong.

Ban doc co thé mua sach tai cac Cong ty Sach - Thiét bi Truong hoc ¢ cac dia phwong
ho#c cac Cira hang Sach cia Nha xuat ban Gido duc Viét Nam.

Website ban hang true tuyén: www.sach24.vn

Website: www.nxbgd.vn
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