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NHUIIC NGUoI SONG UAI TRONG KY Uc...
Thdy Hodng Chrtng qu6 o Qudng ky Tod soqn dAu d€n cira Pi6o Todn hqc &Tu6i ffd .

i'ddng ndm 1974 tai 15 ki ni6m

dQng vd de nghi t6i thay mat cdc cong tac vi6n trd ph6t biOu 1i t i6n. Tdi r5t
so vi truoc mit ld nh[ng nhd todn hoc noi tieng minh hing ngu]ng mQ.

fhAy li6n d6ng vi6n: Hdn chi cAn n6i nh*ng tinh cdm chdn thyc cria minh .i,iii=

voi Bao Todnlddugc. Tdi vira run run vira n6i. Kh6ng ngo cd hQi truong im :=,

ldng 16ng nghe, vd khi t6i n6i loi cim on cu6i cung, c6c dai bi6u nh6t loat v6 . ,:
tay d6ng vi6n. Ddc biOt cdn dugc GS L€ Vdn Thi€m khen : Han gi6ivaq.eng{ 

1==

hon c6 to6n! Chia tay, tdi t{ng ThAy chi6c n6n mang tu qu€ ra. thAyrfhfur* -"

;. ^.,.:ngdn ngai, toi lien noi: DAy ld qui em tdng C6, Thdy mcri vui v6 nhdirrit::' :'

Tdi con mang orl ThAy da gi6'i thi6u t6i v6i GS Zd Vdn Thi€m,hic d6 ld HOi trucrng HQi To6n hoc ViQt Nam.
Nho v6y hai ndm sau (1976), nho su giirp cl0 cua Gido su, t6i dugc vdo th[ng Trucrng DHSP Vinh khong
qua kj thi chung. Mudi ndm sau (1984), th6y t6i kh6 kh6n trong viQc hgc l6n, ThAy hira nhAn tdi vdo Trudng
DHSP H6 Chi Minh (lfc d6 ThAy dang git chfc Hi0u truong) ee tam nghidn cuu sinh v6i ThAy Trdn Vdn
Hqo.Y\ di6u ki6n gia dinh, t6i da b6 16 dip may d6. Khi nghe tin ThAy m6t, t6i dd kh6c r5t nhiAu.

ThAy Ag, Dut Tri' qu6 o Nam Dinh. ThAy timg c6ng t6c o M6n Todn Hoc Vi6t Nam .

Qfrhdi gian Thil chul'€n san-u cong tdc o'Toa soan B6o Tban H7c & Tu6i
(LLz;'", t inh te nuoc i, gap ,ir-rteu-tt o khdn. thu nhAp nguoi dan cdn r6t
th6p. Boi vfly, Tap chi ctng nhidu phen lao dao, ntr6t ta khdu ph5t hdnh. Dd
c6 giai doan b6o chuy6n sang hai thring mot k!, m6i kj,chi c6 mAy trim
b6n. Toa soan c6 3 nguo'i md ph6i lo bao nhi6u viOc: Tir khdu bi€n tA.p, nhd
nguoi doc vd ch5m bdi, d€n khAu in 6n vd ph6t hdnh. D6ng lucrng lai qu6

th6p, khdng cli nu6i s6ng gia ctinh. Ay vQy md ThAy vin idm vi0c say sua vh
d6ng vi€n moi ngudi trong Tda soan c6i titSn n6i dung vd hinh thfc td b6o

tung bu6c tring bu6c m6t,ldm cho n6 h6p din hcrn, thi6t thuc voi thAy gi6o

khich 16 ctrafhAy,fthufln brit dao 5y thAp lam. V6l tin vao dip cudi ndm, ra Hd Ndi choi, t6i d6n Toa soan
nhdnnhudnb0t.sdtidnitoikhdngdu'baanhem(ThAy. anhVrtKimThuyvdtoi.lanmotbiracomchono.

,:' Thitnh Vinh, Xudn 2014

LE QUOC HAN (GZ Tradng Dai hoc Vinh)

ALmuOi ndm b6o lMrrlhc"A fri#fiid ra sd diu ti6n. Troi He Noi se lanh
r$.,** trongophong fri#Hftr',a.n sqn Phung H*g ,inY*.ep tlntr ngudi.
ei6t tol vuo,t gAn 500 c-$$'sd duoi niua bom bao dan ra hop, ThAy r6t cem

ffi

vd hoc sinh hon. Sau khi b6o chuyiin tir co quan chu quAn ld $.6.i To6a*h9c

Vi6t Nam sang Nhd xudLt ban Giiio duc, brio co moi trucrng phrir hanh'rQng
r6i hcrn. B6o d6n dAn h6i sinh. m6i thdng mdt k), s6 luqng phAt hanb_{{4d .- . ii
l6n hdng nghin. B5o tg nudi s6ng duqc minh vd vinh dE d6i thdnh Tqp chi. 

r,1 i"'l.:::ri:lri .:ir.i,,.. : . r len nang ngn1n. trao tU nuol SOng duqc mlnh va Vlnh dr,l dO1 thanh t?p chl. E' ::t,
r rI

Xin n6j th€m-|p,a,, ,ttrEi'gian tr6n t6i may min c6 nhi€u bdi tl6ng Tap chi duoc c6c ban tr6 y6u thich (T6i dd '"##

ta"giateii,a Aii'i,* 
" 

thii ndo, An sau Dinh ly Pt6t€m€, ...). Dugc thd m6t phAn ctng nho sg clong vi6n ,ffiu"
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'l'ilt Hlirs{i E {'$ s{6

(Bdi dV thi Vi6t chuy,Sn de ToAn chda mung 50 ndrn Tqp chi TH&TT)

-STrong sO b6o 442 th6ng 4l2ol4 c6 nOu
ll c6ch gi6i phucrng trinh v6 ti c6 d4ng

axz + bx + s = t(.\[dx + e (1.) vd crrOi bai b6o c6

d{t c6.u hoi mo "hdy tim c5ch giii cho phuong

trinh ax3 +bxz + cx+ d = 11.'$* a r ". (2.)

Bii vit5t niy sE trinh bdy c6ch gi6i cho PT (2.)
voi f tuong ilua v0 PT dang

(mx + n)3 + k(mx + n)=( px + q)+ f .t$r 4 12.1

Di€u dac biet le d4ng to6n ndy xu6t hi6n
nhidu trong c6c ki thi tuytin sinh, thi chgn hgc
sinh gioi vd thudng dirng ki6n thric dao hdm
vdi tinh ilon aligu cria hdm s6 dac tnmg dO

giAi, nhrmg o d6y chirng t6i trinh bdy c6ch
gi6i so cAp hcrn kh6ng cdn dirng t6i cl4o hdm,
girip c6c em hgc sinh bao g6m c6 bflc THCS
cf,ng c6 th6 hi6u vd v6n dung t5t.

I. Li THTJYE:T

PT (2-) tuong duong vdi
ax3 + bx2 +(c + p)x + d + q : px + q + k.{px + q

- Ni5u HPT (*) v6 nghiOm thi PT (2-) kh6ng
dua duoc vC PT dang (3.).

OC tfruan tiQn trong trinh biry, ta goi HPJ (*)
ld he tham sO 6tfSl ctra phucrng trinh (2-).

Chtt i; C6c hQ s5 cira (2-) sE thay d6i.khi ta
cirng nhdn hai vt5 oia (2.) v6i m6t sO kh6c
kh6ng vd do d6 h9 (*) kh6ng phdi duy nhAt.

Il.1'l{i D!,r $4X}iH H{.}A

* Thi dqt l. Gi*i phursrzg trin*:__---
8.r' - j(r i': ' 5-i.r'- fi -- tl r - 5. i I t

Phdn tich.HTS ctra PT (1) ld

fm3=8
lz*'r=-36 lm=2i <fi
l3mn2*m=56 

" 
ln=-3.

I

lnr + n: -30
Ldi gidi. Ta c6 PT (1) tuong duong vdi

(2x -3)3 + 2x -3 = tu - J a lfiy - 5.
(,, -) " -aDat { "' :'-:-. khi d6' 
[,' = 1l3x -5'

tt3 +Lt=v3+v<) (u-v)(u2 +uv+v2 +1)=0.

Y\ u2 + uv +v2 +r =(r* ;)' .1r'+ I >o

Vu,veIR n6n ta chi c6 u = v. Do d6 ta c6

2x-3 = i/5rL <> 8x3 -36x2 +51x-22=0
f x:2
I

<+ | -5+.6
L'=?'' o

* Thi ttp 2. Giai phwnna tt'ircli:

4,r'' + 6.rr + -1.r -- 1= irJ.* 1. rl)

lfi:4
Phan tich. HTS cua (2) ld ]1*'::u

l Smn'*m:b
I

ln3 +n =2

T#fifq HQ(

P.T ndy dua dugc vA dpng (3.) khi vd chi khi
t6n tai c6c sd mydn sao cho:

(mx + n)3 + k(mx + n)= ax3 + bxz +(c + p) x + d + q

hay m3x3 +3m2nxz +(3mnz +km)x+n3 *kn =
=ax3+bxz+(c+p)x+d+q.

Sir dqng dOng nh6t thric ta dugc HPT (6n m

l*t :,
I

l3m2n=h
vdn): {Ya tt'' 

)3mn2 + km = c * p (*)
I

ln3+kn:d+q.
Dtin dAy ta c6 k6t qu6:

- N6u HPT (*) c6 nghiQm thi PT (2.) dua
dugc vd PT d4ng (3.).

gg f$ l6:zqtfl - q-firdi6& t
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IIPT niy vO nghiQm. Tuy nhi6n diAu d6 kh6ng

c6 nghia ld chring ta kh6ng dua tlugc PT (2)

vC dpng PT (3-). Thuc hien ph6p nhdn cA hai

v6 cira PT (2) vbi2tadugc:
8x3 +12x2 +8x+ 2=21lrx+1.

PT niy c6 HTS li
lm3 =8
l3m'n =12 ^l* =2t
)3mn' +2m =10 - In = I '

ln3 +2n =3

Ldi girti. Ta c6 PT (2) tucrng ducrng v6i

8x3 +l2xz +8x+2=z1lTxi
e (2x +t)3 + 2(2x + l) = 2x + I + zil 2x + l.

oe, {u=2x+l . khi d6' 
L, = 4l2x+l'

u3 +2u=v3 +2v e(u*v)(u2 +tw+vz +2)=0.

Yr uz +uv+vz *z=(r*l)' .1* +2>o

Y u,v elR n6n ta chi c6 u = v. Do d6 ta c6

2x+l=1,Din a (2x+l)3 =2x+l
e (2x +l)\4x2 + 4x) = Q

ex=0;x=-1:x= -tr. A

* Thi dtt 3. Gidi phwong trinh:

9xj +9x2 +{r+r -- {l-x. t3\

lm3 =9
l3*,n =g

Phfrn t{ch.HTS cira (3) h ]^ ^ A
lsmn'**=T
ln3 +n=2.

IIPT ndy v6 nghiQm. Tuy nhi6n di€u d6 kh6ng

c6 nghia ld chirng ta kh6ng dua dugc PT (3)

vC d4ng PT (3-). Thgc hiQn ph6p nh0n cd hai

v6 cira PT (3) v6i 3 ta dugc:

27 x3 +27 xz +20x +3 =3111-2*.

PT ndy c6 HTS ld

Lirt gidL Ta c6 PT (3) tucrng ducrng vdi

27 x3 +27 xz + 20x + 3 = 31ll 1x
o (3x + l)3 + 3(3x + 1) -- | - 2x $1,h -2x.

oat {u:3:+l . khi d6 ta c6' 
L, = ill-Zx '

u3 +3u=v3 +3v e(u-v)(uz +uv+vz +3) =9.
| -.\2 .,

yl uz +uv+v2 +3 =1, *!l +*r, +3 >o\-- 21 4

Y u,v eR n6n ta chi c6 u = v. Do d6 ta c6

3x+l=1ll-ri e (3x+1)3 =!-2x
e x(27 xz +27 x +11) = 0 e x = 0.

Phucrng trinh c6 mQt nghiQmx = 0. D

* Thi dy 4. Gidi phuong trinh:
4x1-18x2 +30x- 17 =-ll2v-1. 141

l# =4

phan tich. HTScua (4) n )3^*'i= -tt^^
I 'mn' -m = 5z

ln, -r= -18.
I{PT ndy v6 nghiQm. Tuy nhi6n di6u d6 kh6ng

c6 nghia li chring ta kh6ng dua dugc PT (4)

vC d4ng PT(3.). Thgc hiQn ph6p nhdn ci hai

v6 cria PT (4) vli -2 ta tlugc:

-Bx3 +36x2 - 6Ox + 34 = 2112* -1.
PT niy c6 HTS ld:

lm3 =-8
l3mrn=36 (m=-Z

lz*n' +2m:-58 
e 

i, ::.
ln3 +2n=33

Ldi gidl Ta c6 PT (4) ffong tlucvng voi
_ gx3 + 36 xz _ 60 x + 34 = 2llrA

e (3 - 2 x)3 + 2(3 - 2 x) = 2 x - | + 211 2 x I'
lu=3-2x

Det { -" . -----. khi d6' 
Lr = il2x -l'

u3 +2u=v3 +2v a(u-v)(uz +uv+vz +2)=9.

yi u2 +uv+vz +2--(".;)' *1u'+2>o

Y u,v elR n6n ta chi c5 u = v. Do t16 ta c6

3 -2x = llr7 e (3 -2x)3 = 2x -l
e -8x3 +36x2 -56x+28:O
e -4(x-1)(2xz -7x+7)=Q
ox= 1' E 

(Xemti€ptrang4)

TORN HQC
2'cttrdi@
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Hyi"g d,in 7in,lTfhTH TIIA

Bii t. r', {x2-(x+Y)Y+l=o (1)

'' lr*' +l)(x+y-Z)+y=o (2)

Tt (1) suy ra f + t = (x + y)y,thay vdo (2):

(2) e (x +y).y.(x+ y -2) + Y =0
e y.((x+ y)(x+y -2)+ 1) = Q

[v=0oLi**)-1)2 
=o

Trudng hqpy = 0, (1) trO thdnh i + I = O,

phuong trinh vO nghiQm n6n hQ v6 nghiQm.

Truong hqp x + y - | - 0 <+ ! = | -x, thaY

vdo (1) ta tim dugc x = 0 hoic x = -1.
N6u x = 0 thiy = 1; nl5u x = -l thl Y = ).
Vfly he c6 hai nghiQm (x;y)ld (0; 1), (-l;2).
2)DKXD:1<x<7.Tac6:
x + 4O- x = 4J, -1+ {z -ixx -t) + t

e(Jr-l- J1-idA-4)=0
l-fi:T -J1- =o f x=4o[Jr-r -+=o 

Qlx=fi'

Theo DKXD thi x = 4 thoa min.
V4y phuong trinh c6 nghiQm x = 4.

Bid 2. l) Nhqn xdt: 23li s6 nguy€n t6.

DAt T = {l;2;3; ...;2013}, ki hiQu Hl h
phin nguy6n cira s5 thyc l, ta c6:

rrong r c6 d,hs[#3 
]=87 

so chia h6t cho 23;

c6 dung ["rr]=, s5 chia htit cho 232 vitkh.ng

c6 s5 nio chia h6t cho 233.

Suy ra 20131 = 23eo.k v6i (23; k) = l.
Yl 23'*13 ld u6c cira 2013 ! n6n x * 13 < 90, suy

ra x 3 77.Vay r e Z* l6nnh6t can tim li 77.

2) Ta c6 4772 + l4n + 7 = (n + 3)(4n +-2) + I vd n

ld sO nguy6n duong n6n n * 3 vd 4n2 + l4n + 7
nguy€n t6 cung ntrau. Vi vfly, ae,q'l.dl si5 chinh
phucrng thl 4n2 + l4n + I phili li s6 chinh

phuong. Do n e Z* n}nhthdY:

(2n + 3)2 < 4n2 + l4n + 7 < (2n + 4)2,

suy ra 442 + l4n a 7 = (2n + 3)2 + n = 7..

OE rXI TUYTN SINH VAO ToP TO THPT CI{UYEN

-ginrrr xAur HQC 2oL3 - 2014

Yoi n = | ta co A = 102 le sO chinh phuong.

V$y sO nguy€n ducrng cdn tim ldn = l.

Bni 3. Do , 1 +r 1: *.L=2 n€n t6n tai-- l+a l+b l+c

c6c s5 duong x, y, zd6 + = ll1=;l+a x+y+z
L z*x 1__ x+Y

l+b- x+y+z'l+c x+Y+z

)4= *'.b= I :r='y+z z+x x+y
n6t aing thric c6n chimg minh tro thinh:
y+z+z+x+x*y>4( * * y * , 

)x ) z 'y+z z+x x+y
(r | 4 ) (t t 4 )o'[t*;- r*, )+t\;*;- n * 1*

*l !*L- o 'l=0.

\x y x+t)

Do y; zducrng ue(t - r\'> o = 1* 1 = +' y z Y+z

Tuons tu ta c6 l*1= o ,1*1> -l-zxz+xxyx+y

AM
1.a) Vi AB L AC n}n AB liL ti6P tuYtin

duong trdn (C; CA) +m=ffi
+ L,BAD,r> MEA (g.g)

- lL = E-4 = ABz = BD.BE (1).BD 
BA

Theo gi6 thi6t, ta c6: BH.BC = AB2 (2)

Tir (1) vd (2) > BH.BC: BD.BE (3)

TORN HOC
sd laa te-zotal n g',rdig6 6

Ttr d6 suy ra BDT cdn chimg minh'
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Ta nhQn thlty LBDH o LBCE (c.g.c) do c6 g6c

BD BH
B chung ud BC:=ff (theo (3)).

^ ^ ^
Suy ra BHD = BEC > CHD + DEC =1800.

Suy ra tft gi6c DHCE nQi ti6p (clpcm).

1.b) rr cAu a) 
" ", {* =* 

Mit 
^cDE

^ ^ ^
c6n tai C n€n CDE = CED ) BHD : CHE.

Lai c6 AHC = AHB:90o = DHA= EHA;

tia HA nim gita hai tia HE vit HD n€n HAIiL
4

phAn gi6c ctla EHD.

2) Gqi 1ld giao di€m AH vd BE.
l^ I

Ta co AED : : ACD (cung bang ;sdAD).2 " "',2
l^

Ta lai co BDM::ACD (gi6 thi6t), suy ra').
{iD:m, hai g6c o vi tri dong vi non

MD II AE.

Y\ HA ld phdn gi6c cira 6iE , HA L HB n€n

HB lil phdn gi6c ngoiri t4i dinh 11 ctta LDHE.
Theo tinh chdt dudng ph6n giSc ta c6:

ID HD BD HD BD ID /i\
-:-'- 

:>-:- l+l

IE HE,BE HE BE TE

V\MD ll AEvitND ll AEtdn

2 =ry.2:U2 6inhti rhates). (s)IE AE' BE AE "
Tt (4), (5) suy ra MD: !'[D, md D nim gita
Mvdlln6n D ld trung diOm ctra,tDl'

B&i 5. 1) Ta c6 a*: (Q*- ar-r) + (aa - a*-z) t
t (ar-z - ar-t)+ ... + (a, - ar) a ar = ay + (k - l)a
v6i k = 2;3; ... ;2013.
Xdt m, n ngay}n duong thda mdn m * n : 2014

ta c6 a*4 an= (a1+ (m - 1)o)+ (a1+ (n - l)cr)
:2(at + l006cr) :2atoot

ndn a1 -t a2 -t ... * orog t azos = (a1 * azon) *
+ (a2 + azotz) * ... * (arooo t atoos) * anot

:2jl3atoot.
Ta c6 Q@) =
= 2013i + 2Ol3x + (ay + az * ... t azotz t azorz)

= 20!3(x2 + x t arooz) = 20 1 3Prooz(x).

Vi Q(x) c6 nghiQm n6n t6n tai xo dO Q@i =0
suy ra P1s67(xs) : 0.

VQy da thric Prooz(r) c6 nghiQm.

2) Xdt m, n ngty€n ducrng vd m-t n:2014.
Tac6 Lr.*A", = (l-4a*)+(l-4a,)

= 2(l - 2(a - + a,)) = 2(l - 4aroor) = 2 L r,o,, 2 o

n6n it nhat mqt trong hai sO Lr^, Lr,Phin

khOng Am hay it nhdt mQt trong hai da thric
P*(x),&(x) c6 nghiQm.

Md c6 tat ca 1OOO cip (P*(x), P"(x)) nhu tr6n

ftnOng t<C 1ht W m, n trong m6i c4p il6), do

d6 c6 it nhdt 1007 da thric c6 nghiQm hay c6

kh6ng qu5 1006 da thric vO nghiQm.

Chdng han: Chon o, = I + (l - 1007) thoa'4
m6n ai+t - ai = 1 v6i I = l; 2; 3;...; 2012'
Khi d6 Prft); Pz(x);...; Prooz(x) c6 nghiqm;

1006 da thtc cdn l4i v0 nghiQm.

Vay c6 nhiOu nhat tOOO da thric v6 nghiQm.

i"*'*"

i \flffi ffiAt T0AI$ HIS.;,
2. Xdt itdng thrbc u3 +3u=v3 +3v. I

a) Cho t)= x-l,v =?,bx-5. Ta dugc phuong r

trinh: x3 -3xz +3x+l=31firj. ;

b) Cho u=3x-4,v=!Ti+4. Ta dugc phuong!

tirnh: 27 x3-108x2 +151x-80: 31t2x+4. ;

Nhu v4y v6i c6ch gi6i tr6n, chfng ta dd duat
ra chch gitri trgn vgn cho ciu hoi mo cua bdi i
b6o "Cdch gidi mot dqng phrong trinh u? .'!'i
trong TH&TT so 442,thing4l20l4 md.nhi6u'

barZqc quan tAm,.dong thoi Wa !1i r1if1nav, I

bpn dgc cdn c6 th6 s6ng tqo ra nhi€u bdi to6nl

m6i d6 vfln dpng c6ch glai trcn. ;

! tff.lr theo tr@g,4 , ' , "i
t

I su. xAv DtiNG BAI TOAN MOI

I Tri c6ch gi6i phucrng trinh v6 ti tr6n, chring ta

i c6 th6 s6ng t4o nhfing bdi to6n m6i.

i t. XOt itdng thirc u3 +2u:v3 +2v.

i a) Cho u= xl_l,v =lllx+5. Ta ilugc phuong

itrinh: x3 +3x2 +2x'2=21lTx+5.

! b) Cho u=2x-3,v =1fix-4. Ta dugc phucrng

itrinh: 8x3 -36x2 +55x-29:211Tx4.

TOfiN HQC
A tmrci@
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m0r riruu cHAr rHU vl
EUA t arrt thuc e}c lncrl a rrhti thuc e}c ahdt

-lfamthric bac hai vd nhi thric bac nhdt ld
ll hai phAn kit5n thrlc quan trgng vi gdn

gfri v6i hoc sinh phO th6ng khi hoc m6n
To5n. Nhirng tinh chAt dgp vi dflc tnmg cua

chring dd dugc st dlmg ,At tigu qu6-trong
nhi6u linh v.uc kh6c nhau cua To6n so cAp.

PhAn lon cdc tinh cfrat eO dd clugc gioi thiQu

trong nhi6u bdi vi6t kh6c nhau tr€n cdc tpp chi
nhulo5n hqc & Tuoi tre, To6n Tu6i tho, ...

O dAy, trong bdi vi6t ndy, chring t6i xin dugc
gi6i thiQu ctng c6c bpn m6t tinh chflt l&6 d[c
bigt "t, tam thfc bOc hai vd nhi thric bpc nh6t
md tu tinh chdt ydy v6i mQt cSch sy dr1ng

kh6o 16o, ta c6 th6 gi6i duqc c6c bdi bdt ding
thric thi Olympic To6n Qutic tCWtadS ding.

Tinh chdt tl6 chinh ld:

Dlnh t!'. Xdt hdm sO /(x) = acl t bx't c tr€n
miin D = [xr, x2f. Dfit: m = minV(x), J@z)\
vd M = max{flx),flx)}. Khi d6, ta c6 cdc kiit
qud sau: a) Niiu a = 0 thi m sflx) < M;

fiNeua>0thi lU)<M;
c)Niiua<0thi.frx)>*.

ViQc chimg minh k6t qu6 ndy kh6 dE ddng,

xin dugc dinh cho bpn dgc. O tldy, ta chi bdn
vd f ngtria vd img dpng cria n6.

C6 the th6'y d6,y ld mQt k6t qu6 kh6 quan treng,
c6 thO tlugc img dpng rQng rdi trong linh vuc
tAt Oang thic vd cuc tri. N6 chi ra ring:
Ydd cdc nh! thrbc bQc nhfut Hai biAn xt, xz

ctla x cfrng chinh td hai vi tri md hdm s6 sd
dqt.duqc gid tri lon nhiit (max) vd gid tri nhd
nhdt (min) crta n6.

Ytf,i ctic tam th*c bQc hai cd le sif cao nhdt
hmng (a > 0): Gid tri lon nhdt cila hdm s6 sd

ilqt duqc tqi xr hodc xz.

Nguqc lgi, voi cttc tam thftc hQc hai cd lre sd

cao nhdt Am @ < A)z Gid tri nh6 nhdt c*a
hdm sii sd dgt ilrqc tgi xt hodc xz.

Cho nOn, tuy theo truong hqp .u th6, ta chi
cAn x6t bi6n cira bi6n ld c6 th6 tim dugc cgc
tri (ung v6i tring trudng hgp) cta hdm flx).

vO QUOc BA cAN Wd Nli)

Vd ta cfrng c6 th6 tpn dung tli6u ndry trong c6c

bdi to5n 
"li.mg 

mirh b5t ding thfc. Ching hpn,

ta dang c6 him flx) v1i a > 0 vd d6 bdi y6u

cAu chimg minhlfu) S K vdi moi x e lx; x2l.

Theo k6t qui tr6n, chi cAn xetbdt ding thric

ndy tpi x = xt vd x = xz ld thi. N6u n6 dring tpi
hai trudng hqp ndy thi cfing c6 nghia H bei

to6n dugc chimg minh xong.

Tinh chdt ndy ctng dugc img dung kh6 nhi6u

trong phaong phdp din bi€n di chrlng minh
biit ddng thtsc, mQtphuong plr6p mn hiQn nay

dE kh6ng cdn xa la v6i nhi6u bpn dgc y6u

To6n. Bdy gid, chring ta sE ctng d6n vdi mQt

sO thi du d6 minh hga cho tinh chAt dgp ndy.

* Thi dtt 1. Cho a, b, c e [1, 2]. Chilmg minh

rins (a + n * r{ L* !*1') 
=,0.

._..,o \_. ,[a b c )
Ldi gidi. Quy d6ng vd khtr mdt, ta thdy bdt
ding thfc cAn chimg minh tucrng duong v6i

f (a) = (a + b + c)(ab + bc + ca) -l\abc < 0.

CO dinh b, c ta thdy fla) ld tam thric bpc hai
cin a vdi hQ s5 cao nhat duong. Do d6, chi

cAn x6t a = | vit a = 21d dri. Neu b6t ding
thirc dring trong hai trulng hqp niy thi cflng
sE dirng trong mgi trudng hgp.

Tucrng t.u, ta cfrng chi cAn xdt b, c e {l; 2).
Tt d6, do tinh dtii ximg, ta dua dugc bdi to5n
v0 xdt tpi b6n trudng hgp sau:

(a, b, c) = (1, 1, 1), (1, 1, 2), (1,2,2), (2,2,2).

Bing tinh torln tryc lii6p, ta thAy cd b6n

trulng hqp d6u cho k6t qui dring. Tri d6, ta
c6 diAu ph6i chimg minh.

* Thi dqt 2. C(o xt, x2, ..., xn € [0, 1].

Chdmg minh rdng
(l+ x., + x, +.. .+ xn)z > 4(x? + xl +...* *3).

Ldi girti. CO dinh x2;-.., x,. Elt:
f (xr) = 4(xl + "' + fi) - (xr + "' + x, +l)2.

OE thhy flx1) ld tam thfc bflc hai cira xi v6i hQ

s5 cao nh6t duong. Vd nhu vdy,J(x) dat gi6 tri
lcrn nhat t4i x1 = 0 hoflc xt : l, suy ra chi cAn

TORN HQC
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ki6m tra tinh dfng din cria hai bAt ding thric,

thu dugc tu b6t ding thric ban tlAu v6i x1 = g

vdxl = 1.

Lap lai c6c li lufln niy vdi m6i mQt trong hai

Uat ding thirc thu dugc, ta nh4n tlugc k€t qui
tuong tg: chi cAn ki€m tra tinh dring tl6n ctra

m6i mgt trong hai bat ding thirc tpi r? = 0 ve

xz= l.TiCp tuc li lufn !uong-t.u, chi.cAn ki6m

tra tinh dirns din cira tAt cd 2' bdt tl5ng thfc,
thu dugc tu-U6t <ting thtlc ban dAu.v6i mQt

phAn (c6 the ld rSng) c6c bi6n s6 bdng 0 vd

pnan 
"ot 

lpi bing 1. Do tinh d6i ximg c[ra bdt

ding thric ban tlAu, c6 th6 x6t:

[*,="'=x*=l ( sk3n.,.
l./o*, ="'=x' =o

V6i c6c gi6 tri nhu vfy cria bi6n s6, bAt ding
thric ban diu c6 dAng (k+1)2 > 4k.

Ddy h mQt k6t qui hi6n nhi€n, bOi vi n6

tuong duong v6i (k-l)'z>0.

* Th{ d1t 3. Cho a, b, c e [1, 2]. Ch*ng ninh
rqng at +b3 + t:3 45abc.

(Todn hec & Tuiii *A1

Ldi gidl Khdng m6t tinh t6ng qu6t, gii sri

a2 b >c, tu gi6 thi6t ta c62c > a> b2 c.Suy ra

a3 +b3 +c3 -5abc l2caz +b3 +c3 -Sabc.
Tri ddy, ta dua dugc bdi to6n vA chimg minh

f (a)=2ca2 +b3 +c3 -5abc <0'

CO dinh b, ctathdy f @) li mOt tam thirc b0c

hai v6i hQ s6 cao nh6t ducrng vd aelb, 2c)'

Theo ktit qud tr6n, ta chi cAn chimg minh

f (b)<0 vd f(2c)<0 h dri. That vQv,ta cb

f (b)=b2(b-2c)+c(cz -621<0 vit

f (2c) = b3 + 9c3 -10bc2 -- (b - c)(b'z + bc * 9c2 )

3 (b - c)(4c2 + 2c2 -9c2) = -3c2 (b - c) < 0'

* Thi dU 4. Cho a, b, c, d ld cdc sii khdng Am

co dng-Uitng t. Chilmg minh ring

abc + bccl + cda + dab < j +ff oura.

(IMO Shortlist 1993)

Ldi gi,rtL CO dinh c, d. Y..hi d6, til gi6 thiiit

,rry * hai t6ng c + d vd a + b ctngttuo. c cO <linh'

Dlt x = ab, tac6 0 S r 'g+L vi b6t ding

thric c0n chimg minh trO thinh

TOAN H9C
6 rcitroi@

/txi = (c + o -#,0)x + cd(a + b> - $ =0.

D6 th6y /(x) h mQt nhi thric bflc ntr6t n6n Otl

chimg minh bAt ding thric tr6n, ta chi cdn x6t

x=o ho4c ,=9Y.
MOt c6ch tuong duong, o b6t ding thfc ban

dAu, ta chi cin xdt ab=0 (fng v6i x=0)

hogc a=b (im1v6i x= "*-f'' ,.

Li lufn tuong t.u, ta cfrng chi cAn xet cd=O

ho[c c = d. Tri d6, tl6 i 0 tinh cloi ximg cta

Uat eing thirc dd cho, ta dua dugc bdi to5n v0

xdt mQt trong hai trulng hqP sau:

Trudng hqp 1: C6 m\t sA ting 0. Kh6ng mAt

tinh t6ng qtrbt, ta c6 th€ gi6 sir d = 0. Khi d6,

ta cAn chimg minh abc < j-

Ktit qui niy hi€n nhi6n thing theo AM-GM:

obr<( o*b*')'- r

\ 3 )=n'
Trudng ho. p 2: a=b vd c = d. Luc ndY ta c6

o+, =+

vd bAt ding thric cAn chimg minh tro thenh

Zac(a+ c) < $+ffo'r'
+ (1-l6ac)(1-1lac) > 0.

Ki5t qun ndy hi6n nhi6n tltng do ta c6

-( a+'\' - t
ac 1l 2 ) 16'

* Th{ dlr 5. Cho a, b, c h dA ddi ba cqnh cua

mQt tam gidc. Ch{mg minh rdng
a2b(a-b)+b2c(b - c)+ c2a(c - a)> 0'

(IMO 1983)

Ldi gi,rtL Ta vi6t lai bdt ding thric du6i dpng

a3b + b3 c + c3 a 2 a2bz + b2 c2 + c2 a2 .

Kh6ng mAt tinh tdng qu6t,.:6.1h9.8i1.tt
a)c)b. (V6 nguy6n tic, t16y ld bdt d[ng

thric ho6n vi n6n ta phii x6t cf, truong harp

a> b> c nfia m6i dAy dtr' Tuy nhi6n, o ddy ta

lpi c6 th€ lugc bot truong hqp niy. B4n dgc

hAy tU giii thich vi sao nhe !)
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va

Sir dlmg bAt ding thirc AM-GM, ta c6

az)2ac-c2.
Do d6, ta chi cdn chimg minh

ab(2ac - cz)+b3c + c3a) azbz +bzcz + czaz ,

hay

f (a) = -(b - c)z az + (c - b)acz + bz c(b - c)> O.

Do hQ s6 cao nh6t cira /(a) kh6ng duong,

a elc; b + c) vd do l@) li6n tqc tr0n

lc; b+c) n6n ta chi cAn chimg minh /(c) > 0

vit f (b+ c) > 0 ld dit.

Thflt vpy, ta c6

f (c)=bc(b-c)2 20

.f (b+ c) = b3 (c -b)>-0.

Chtrng minh ring n€u hai tam th*c 4(x) vr)

P,,,(x) dAtr khdng cd nghiQm thvc thi tiit cit citc

ila thuc cdn lqi cfing khdng co nghiQm tht1c.
(t/Mo 2012)

LN girti. Gqi 4, d, l6,n luqt ld c6ng sai cira

(a,) vit (4). Khi d6, theo tinh chdt cua chp

sd cQng, ta c6

ak = at+ (k*l)dy bn = b, + (k -I)d,

v6i moi k=1,2,...,m.

Ta sE chimg minh al- bo<O v6i mQi

k=1, 2, ..., m,hay

f (k) =la, + (k - r)d,7' - +la, + & - DdzT < 0.

Do flk) li tam thuc b$c hai cua t v6i hQ sO

cao nh6t kh6ng dm vd l<k<m n€n dO chimg

minh bAt ding-thric tr6n, chi cAn chimg minh

"f(1)<0 vi /(rz)<0.
ThQt vay, ta c6 /(1) = a? - 4b1< 0 vd

f (m) =la, + (m - 1) arl' - +lU, + (m - l)drf

= ah-4b^ <0,

do gii thiet Pl("r) vd P^(x) ctng v6 nghiQm.

* Thi dy 8. Cho a, b, c ld cdc sii khdng dm

thda mdn ab+bc+ca+abc=4. Chttng minh

rdng a+b+c:> ab+hc+ca.
(vMo 1996)

Ldi gidi. Tri gid thi6t, ta suy ra

ab+bc+co=4-abc vd c= !;qb
a+b+ab'

Do d6, bat ding thric cAn chimg minh c6 th6

clugc vi6t lai thinh
- (obl-t)(4:!E>4,.

a+b+:-a+b+ab

EAt S = a*b vit P = ab thlta c6

o<P<*in{+, f, i.t 4)

c2
( P <+ h k6t qui quen thu0c, cdn P < 4'4

dugc suy ra tir c =#* vd c ) o )

nat eing thric tr6n ff6 thdnh

TORN HQC

* Thi dqt 6. Cho a, b, c.ld ba cqnh cfia mQt

tam giac. Chilmg minh rdng

u,( L-r'l+a, [g-,) *,=( 1- rl - o."\,' ) \a ) \b )
(Moldova TST 2006)

LN gi6l Ctng gi6ng nhu thi dU tr6n, 6 bdi

to6n nhy ta chi cAn xdt a> c>-b lit dri (vd b4n

dqc hdy tu giii thich vi sao). Lric ndy, sir

dsng bAt ding thric AM-GM, ta c6 9.r-i.

Do d6, chi cin chimg minh

o,( L -r) + a, ( r -s\* c[+-,) - r,'-\c ) \ c) \b )
hay

r@\=( L_r\,, .( +_L\a+b2 -cz 2 0.r\v, 
[c')" (b c)

Do f (a) c6 hQ sO cao ntr6t thOng duong,

a elc; b + c) vit do fla) 1i6n tuc tr.}n lc', b + c)

n6n ta chi cAn chimg minh

f (c)>0 vi /(b+c)>0.
Thpt v4y, ta c6

f(c)=c(b:c)2 'ob

vd f(b+c)-(b+c)'(b-c)2 ,0.
b

* Thi dy 7. Cho cdc cdp sii cQng (a,,), (b,)

vd sd nguyAn m>2. Xel m tam thuc bqc hoi

Pr(x), Pr(x), ..., P^(x) vhi:

Py(x)= x2 +aox+h, k=1, 2, ..., m.

Sti aea te-zotal t GfureiiftQ 7
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.s+(P+lX4-P)>4u I 
S+P

e f (P)= (P + 1Xa - P) + (S -4XS + P) > 0.

CO Ainn S. Ta c6 f (P) lilmQt tam thric bflc hai

vdi he s6 cao nhAt am vh P e [0. *trio. {'llr vd r c 
[r. 

,,,tr,I-.TJ_].

Do d6, ta chi cdn chimg minh

/(o)>o va r[mi,t, fl=o
OE ddng tinh dugc .f(0) = (S-2)'z > 0.

( ( czl\
Con vdi /l min]a. +l I. ta xdt nhu sau:''[--1.4))
N6u S>4 thitac6

r[,,'"{+, +}) = r@) :(s+4XS-4) >o

N6u S<4 thitac6

.( ..[^ s''])-,(s')
/ 

[mm1+' o I)= 
r\z 

)

_ (16-52)(S-2)2 >0.
4

Bdi to6n tlugc chimg minh xong.

Ldi kAt. Chc ban th6y day, c6 nhirng cli thQt

sg don gi6n nhtmg n6u ta bi6t 6p dung chtng
mQt c6ch s6ng tpo vd kh6o 16o thi c6 th6 bi6n

nhirng c6i don gi6n d6 thdnh mQt phuong

ph6p, mQt k! thuat m6i girip ta c6 th6 gi6i

dugc c6c bii to6n kh6 md tru6c mdt li phqc

vu cho c6c kj, thi hqc sinh gioi. Bdi vi6t trOn

v6n cdn nhi6u thi6u s6t vA cdn dugc hodn

thi6n th6m, chring t6i rdt mong nh0n clugc su

trao d6i g6p y cing c6c bpn doc g0n xa! CuOi

ctng, d6 kct thric bdi vi6t ndy, xin dugc nou

16n mQt sO Uai tfp md ta c6 thO 6p dlmg tinh
ch6t dgp ndy d€ giAi:

1. Cho a, b, c, d el}, 11. Chimg minh r[ng

az (b - d) + bz (c - a) + cz (d - b) + d2 (a- 4 =* .

2. Cho a, b, c ld d0 ddi ba cpnh cira mQt tam

gi6c. Chimg minh ring

3( t*L *' - r) > z( L*i*g).-[b . a ) \a b c)

3. Cho a; b, c ld d0 dei ba canh cira mQt tam

gi6c. Chimg minh ring

z( 4*L*4)= @2 +b, *c{ \**.+)"[b, c, a, ) '\a' bz c' )
(AMM

4. Cho a, b, c, d ld c6c sO khOng 6m c6

t6ng bing 4. Chtmg minh ring
(l+3a)(l+3b)(1+ 3cX1+ 3d) <125 +l3labcd.

5. Cho a, b, c, d ld cdc s6 kh6ng Am c6 tdng

bing 4. Chimg minh ring

3(az +b? +cz +d2)+ abcd>16.

6. Chrmg minh ring vdi moi a, b, c, d 2 0, ta

d6u c6 bAt ding thric

aa +ba +ca +da +2abcd
) a2b2 + azc? + a2d2 +bzcz + c2d2.

7. Tim hing sd k l6n nlat aC bAt ding thric

sau tlring v6i mqi si5 thgc kh6ng dm x, y, z:

x3 +y3 +23 +k(x72 +yz2 +zxz)
2(k+l)(x2Y+Y2z+zzx).

(Mongolia fsf 2008)

8. Tim tdt cit c6c sd thgc ft AC U6t ding thric

sau dring v6i moi sri thgc duong a, b, c:

(#. r)(*. r)(#. - 
) = (+. k 

)'
(Vietnam TST 2009)

TOAN HOC
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A..chui'nli

,ffifiI,I'',Hino
ut thi vio
Oaihgc

rlt fnu chtng ta de bi6t bii to6n tim gi6

/ Y fi lcrn nrr6t- (cu-N) vi gi6.trl nho

ntr6t (Cfm.D ctra bi6u thrlc nhi€u bi6n bdng

c6ng cg dpo hdm thuong lim theo hufng:
Oua-UiCu thric vO him mOt bienfltl vi x6t sg

biiSn thi6n ctra hdm .0,(r). Bii vitit xin gidi

thiEu mQt sO Uai to6n-thuQc lopi niy v6i ldi
gini ld dtng c6c b6t ding thfc (BDT) co bin
tl€ tim GTLN,GTNN ctra hdm sO lr). Khdu
quytit dfnh trong c6ch giii niy ld.dy do6n

duqc gi6 tri cira bitln r khi him sO fir) dat

GTLN ho[c GTNN. Trong bdi vi6t c6 sri

dung hai BDT sau:

r) (m + by)' < (d + 8l<* * f>(*) voi a, b, x, Y

e IR. Elng thric xiy ra ktri vi chi khi ay= fue.

2) #.#=iA (**) voi a 2 o' b > o'

ab < l. D[ng thric xity ra lfii vi chi khi a = b.

ViQc chr?ng minh c6c b6t ding thric (*) vd

(t*) xin dinh cho ben dqc.

* Bti to6n 1. Cho ciia sd th4c A*6ng dm x,!, Z

thdo mdn x * y * z = l. Tim gid tri nhd nhiit

ctia bidu th*c: p = * + f + * + 4xyz.

Ldi gidi. V6i di6u kiQn cria bdi to5n thi trong

ba s5 x, y, z sdc6 it nh6t mQt s6 tt"O" 
[o; ]].

Kh6ng m6t tong qu[t, gritst z e[ot *1L -J-]

=l- z

** y)' -Zxy + 22 +4ry2

=l- z

l-r)' + zz +2(22-t)*y
_1

P-2zz +22-l

Ap dung BDT (x + y)' 2 4xY tatlugc:

(l-r)',-L.fff|ff
> (l - z)2 (22 -l) < 2(P - 222 + 2z -l)
(v122- I < 0).
Suyra 2P>223 -22 +l= f (r).

DUdoSnrerg P dAtGTNNkhi x= Y='=*
n6n ta tim GTNN ciaflz)nhu sau:

Ap duog BDT Cauchy aOi voi hai s6 Zi vtt 
f; 
,

tac6: f(z)

Suy ra

=H=.f(r),vbit<z<4.

TOfiN HOC
Srt 444 (6-2oCI . GItrfiiEF 9

Ding thric xby ra Q x = Y =, =*.

vfyGrNN cinP:r#. J
* Bei tufn2.Xdt ba sd thucA<x3Y1,z 34
thda mdn xyz - l. Tim gid tr! lon nhdt ctta

biduthucr=#.#.#
Ldigidi. Tac6 x,!,2 >0vi 112<'4 suYra

* =L< 1. Khi d6, 6p dgng BDT (*) vd (**),z

tac6:[.+.#)'.r(#.#)=
-4 I | - 2

-:--:' l+ xy Jl+ x2 Jl+ y' ..ll+ *Y

v
=(

v

=(

v

+"
,=

+.
)=

+

x+
p=

x+
p,

x+

xy

,".U 
{

*{

-{

=(2,, .?,)- * -|, +t

,tr'-z'-|z+r

=+('-+)' *#'#* o'*

D, 2 I _ 2 r 1 -r=@+G=67,-ffi

z(zz-1)
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DU dofn ring P dpt GTLN ?'hi z = 4 nOn ta

tim GTLN cnaflz) nhu sau:

Ap durre BDT (*) ta c6 QJZ +\'z <(4+l)(z +l)

> zJZ +r<1SQ +g > P < f (z) <ffi = S

Dingthrlc xayrakhi x= y=Lr;r=4.

VQy GTLN cua P le J5. O

NhQn xit. Trongloi gi6i t6n, c6 16 chirng ta dd

g}p may khi dU do6n P dpt GTLN tqr z = 4.

N6u hdm sd /V) d tr6n kh6ng dat GTLN tai

z = 4 hoic z = 1 thi viQc tim GTLN oia P
b[ng c6c BDT co bin ld kh6ng d6.

* Bii torin 3. (Di thi Dtt kh6i B nn,n 20llt
Cho a, b, c ld cac sd thac duong" Titn gia tri

tim ntt& ctia bi6u thtec
LD_' - J;) +b) i\4 1a+u1.jfu+ffiTac1'

Ldi gidi. Ta c6

a2 +b2 +cz +4>l@+b)'+t{c+2)'

= llta + b)' + (c + 2)21. Lof" * u + c + 2)2 .

Suy ra. JATF */ fi>l@+u+c+z). (t)

Ap firng BDT Cauchy ta c6

@+b1.{@TTffi+2c)

< lfa + u)l(a + 2c) + (b + 2c)l

=t{ro+3b)(a+b+4c)

<fi@o++b+4c)2=l@+b+c)'. (2)

Tri (1) vd (2) ta c6

p. 8 -' - a+b+c+2 Z(a+b+c)''
Ddtt=a+b+c,tac6l>0 vd

P<+-+=t0.t+2 2t' r' \

DU doan rlng P dat GTLN khi a = b = c = 2, tuc

ld klri r = 6 n6n ta tim GTLN cinflt) nhu sau:

Ao duns BDT 1 <1[1*t] ,u.0,x+"y-4[r y)

TORN HQC
10'GlfudiE@

Eing thric xiry ruthi a = b = c = 2.

Vfly GTLN cria P la f . tr
8

* BAi toin 4. (Da thi EH khii A ndn 20t3)

Chrs cac s6 thw'c &rcrng a, b, c thoa mfin

(ct + ci\(b * ,) = 4i. Tim gid tri nhd nhit cfia

, .: ^ 32rr3 32hj ,fiI-+Fj
hteu thu'C I'= -------; +-. _i- . - -- .

(6+3r')' (,r+3r')' ('

Ldi gidL (B4n dqc xem chi tiiit bu6c thri nh6t

trong TH&TT s6 433, thbng 712013, tralg 8,

ruu day chi trinh biy vin tit bu6c thri nhAt')

Ddt x=9, r:L, voix> O,y>0,xy+x*y=3cc
ta chimg minh duo. c P>-(x+ y -|y -.{V+ y .

Ddtt=x +y, khi d6 t>Zvit
P> (r-1)3 -\ft' +iTl:6 = f (t).
DU tto6n ring P dat GTNN khi a = b = c Q
x = ! = I, tlc ld khi t = 2, n€n ta tim GTNN
ciaflt) nhu sau:

Ap dpng BDT Cauchy ta c6:

(l-1)' =(t3 +4t)-3t2 -t-l>4t2 -3t2 -t-l
=(t2 +4)-t -5> 4t -t -5 =3t -5.

Suy ra -f (t) >-3t - 5 - 0r + 2t :6
= 3t - 6 + (JZ - JlT +Tt :6) +r - J1

tz +)t -B 1 t;

=(z--:--L),,-r, +t-JZl.- J2+Jt'+2r-6 )'
= A.(t*2)+I-4.

ra s6 chimg minh .a =3-1V1ffi76r0
vbi t22.ThQtv$y:
A>0o3.{1raff:$>t+44O

r('l)='[r+-]){;'

='i[+.#)?,
=,l,i.i(i.+)1-#
= -#. *.r= -tr,;u+l .* = i = ". ;

27
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e 4t2 + (5 $a)t +12J2 * 44 > O,

BDT ndy lu6n thing vdi mgi r ) 2.

Do d6, f(t)>l-A. Ding thtc x6y ra khi

t:2ex=!=lea=b=c.
Vfly GTNN cua P ld FA. 3
* Bii to6n 5. Cho hai sd thrc durrng x vd v

thoct mdn xo+y'*!= x1i+2. Tim gid tri
ry

lon nhat ctia bi1u th*c
D_ 2 2 3

'-l-rlrr-l+r:-l+2xl,
Ldi gidl Ta c6

xy+2: x4 + yo +-)-rIG'+ yz\z * 1

xy '2', xy

,-*e*ilr*! = 2(xfl2 +J-.zxyxy
D{txy=lthi/>0vd
t +2> 2t, +! e 2t3 *tz -2t+ I < 0

t

e (r + 1)(r -1)(2t-l) < 0 o { <, < t,
z

V6i di6u kiQnx > O,!> 0 vi t - xy < l,
6p dirng BDT (**) ta c6

p. 4 - 3 = 4 - 3 =f(r\- - l+xy l+Zxy l+t l+Zt r \"/'

Dg <loan rSng P dat GTLN khi x = y : l, tir", J2'
1

ldtr<}ri r=, n6ntatimGTLN ciaflt) nhusau:

rac6 1(t)=(#D=1ffi,
vOi )<t <1. Ap dpng BDT Cauchy ta dusc:

2t2 +3t+!=(ru.*).r,.i
>-2tl:t+|=UY

Suyra -f(t)<-re#P=,*rfu

=t*-l-- =l=P<1.
ro.j+r 6 6

*=r=!."J2

1
Vay GTLN cla P ld *. tr

6

Xit tugn. Qua c6c bii to6n tr6n chring ta th6,y

loi gi6i phs thuQc nhi€u vdo viQc dg do6n gi6

tri cria bi6n khi him sO dat GTLN, GTNN.
Chinh vi vQy, ta c6 thti coi il6y ld c6ch giii
thu hai sau khi dd gihi bii to6n bing phuong
ph6p d4o hdm. Trong bdi vitit ndy, chring t6i
dd c6 ghng lya chgn nhirng ki6n thric phtr hqrp

v6i c6 nhimg b4n hgc sinh THCS.

BAI TAP

1. Cho c6c sO kh6ng dm x, y, z thba m6n di6u
kipn x't y * z : 1. Tim GTNN cria bi6u thric

P = x3 + y3 + z3 +6xyz.

2. Cho c6c sti kh6ng dm x, y, z thbamdn diiiu
kiOnx * y +, = 1. Tim GTLN ctra biOu thric

P =7(x! + yz + zx)-9xyz.

3. Cho c6c s6 kh6ng dm x, y, z thba m6n didu

kiQn;r * y + r: 1. Tim GTLN cua bi6u thric

P=5(x2 +yz +22)-6(x3 +y3 +23).

4. 1oi thi DH khiji B nam 2010) Cho ba sO khdng
dm a, b, c thbamdn a * b-l c: 1. Tim GTNN
cria bi6u thirc

P = 3(a2b2 + bz c2 + c2 a2) +3(ab + bc + ca) +

a2Joz 'rP a/.
5. 1oi thi DH khai a nam 200) Cho x, y e IR. vd

(* + y)' + 4xy >- 2. Tim GTNN cria bi6u thric

P =3(xa + ya + x2y2)-2(xz + y2)+1.

6. Cho hai sO duong x, y th6a mdn di6u kign

x! * x * y =3. Tim GTLN cira bitiu thric

p= 3*-*3!.* w -(*2+y2\.y+l .r+I x+ y

7. Cho hai s6 ducrng x, y thba mdn di6u kiQn

x * y -r 1 = 3xy. Tim GTLN cria bi6u thfc
D_ 3x 3y 1 I

' --y1x+t1- r1r*, 7-V
8. Cho ba s5 duon E x, !, z thbamin di6u kiQn

x-t ! * z : 1. Tim GTNN cira biiiu thrlc

D-*zttJt-z-x!*Yz+zxt -& | Jr' | 
X2+y2+22.

TOAN HOC
sti rea (e-zoto I Gfradi$( 11

DEng thric xiy ra khi
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Cflu 1. 2) Ta c6 d:, = -!r*-f . noanf, aO

A.giao tli6m cua d ve (/4 ld nghiQm cira PT

2x-3 1 m
--_Y--x-l - 3* 3'

hay xz +(m+5)x-m-9 =0, x +1. (*)

Ta c6A = (m*7)2 +12 > 0 v6i mgi m. Suy ra

PT (*) c6 2 nghiQm phdn biQt. Hon nta chhai
nghiQmx,,.rrd6ukh6c 1. Do d6 dlu6n chtg4
tpi hai di6m phdn biQt M(xr; yr1, N(x2; !).
Ta c6 Vfr -(r, -1; y),Vfi =(xr-l; y).
AM.AN = 0 <> (x, -l)(r, -l)+ yry, =Q

<>l}xrxr+(m-9)(xr+ xr)+m2 +9 =0.
Ddps6: m=-6.

Cflu 2. PT de cho tuong duong v6i

sin3x - sinx +2cos2x =
= 3(sin x + 1) + cos x(sin.r + 1)

<+ 2cos2xsinx+2cos2x =
= (sinx+l)(cosx+3)

<> (sinx +l)(2cos2x - cosn - 3) = 0

<+ (sinx + 1)(4cos2 .r - cosx - 5) = 0

e (sinx + l)(cosx + l)(4cosx - 5) = 0.

PT c6 nehi0m v=-!+k2n, x=n+k2x,keZ.
2

Cf,u 3. Di6u ki-Cn: x > -1.Nhfln thAyx = -1 ld
mQt nghiQm cta BPT. X6t x > -1, khi d6 BPT

dd cho tucrng duong v6i:

461;+l-2)+2drx+3 -3) < x' - x2 -2x-12
4(x-3\ 4(x-?)

<+ -jr::--:l-+-#z- < (.r-3)(.r2 + 2r + 4)

"lx+l+2 ,l2x+3 +3

* l,-s)[ffi . #*-(x+r), -r)

NghiQmcriaBPTli x=-1 vi r=r. =O'

ciu 4. Ta c6 r ='l*^ror+z'[{3'r}6,
t@'t d\4'rl

Ddt u=ln(3x+l)+ dr=ffi;

=+l' -m4+3hl3r*rll' =-1*+mz.x+t lo lo /

a,=ffi=v--* Khid6

1 = I#d,-z'"G+Dl,.rir#r,
= i(*-#r) a,-r, o*: l(#-*) "

cou s. vr.urro =lsu.snr"o =''l-3o' . Ta c6

d(M,6Bq) = )a66aq1 = |a6,6nq1. 61

Ke HK L BC tqi K, HH'r SK tai H',. V\ BC
I (.111K) ndr BC L HH' + HH' r 6Bq. Q)

I I - 1 - llM[t kh6c E;1" = HK, * ns, = 
24az

>HH,=*=r#,. (3)

Tt(1), (2)vit(3) = d(M,(sBC)) =+r.
Ctu 6. Tac6 5x2 +]tt,+ r),

I 5x2 +s(y' * z') = 6(xy + yz + zx)

< 6x(y + z) + a.f,Q + ,)r.
Do d6 5xz - 6x(y + z) + (y + z)' < 0, hay

Y!.' 
=x< 

y+2. Suy ta x+!*212(y+z).5-
Khid6 P<W+y+4-\{r*r)'
< J4O + 4 -it, -t z)2 = 2{y + z - }{t * r)'.

Oit,[yi=/, khitl6 r)0 vd P =2,-1.
X6t hdm sO ,f0) =2t -+to v6i r > 0.

Ta c6 .f'(t) = 2-2t3 ; "f'(t) =0c> / = 1.

Lap bang Uitin *rien cria hdm sO nt1 g e [0; +o))

taduo.c f(t)< f(r)=)vtrimqi r20.

MaxP =tr UUtdugckhi x=1,y=,=*..

TOR].I HQC
,t2'cfirdifu@
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Cflu 7a.
Vi,4 e d sty ra A(-3a+l;2a+l). Vl tuI(2; t)
ld trung dilmcuaAC suy ra C(3+3a;l-2a)

lm = (3a +1;2a + 4)
-\l

IHC =(3+3a;4-Za).

Tn HA.HC:0> a:1ho4c o=-fr.
YOr a: 1 thi A(-2;3), C(6; -1) thoa m6n.

Y6ia =-]J ,ni t(-{}' f}) *u,* th6a mdn.

YOi A(-2;3),C(6; -1) tac6
PT CE:x+l7y+11=0, PT BC:x-3y-9=0.
Suy ra B(3b+9;b)eBC, do d6 trung di6m

ciaABtunPttl. D+3\
2'2)

MeN e CE = b = -4 = B(-3; - 4).

Cflu 8a. PT m{t cau (.! ld
(x + 4)2 + (y -3)2 + (z + 4' = +

ho4c (x+5)2 + (y-4)'+(z+1it'=*.,9
Ciu 9a.

St5 c6c s6 thuQc M c6 3 chfi si5 h A] = 69.

56 c6c s6 thuQc M c6 4 cht s6 ld Al = 129.

SO c6c s6 thuQc M c6 5 chfi s6 h A! = 129.

Suy ra s6 phAn tu cria M lil 60 + l2O + 120 :
300. C6c tfp con ci-r- E c6 t6ng c6c phAn tu
bing 10 g6m

E, = {l; 2;3; 4) , E, = {2;3; 5l , Er: {1; 4; 5} .

Gqi A li t$p con cua M md m6i sO thuQc,4 c6
.i ,(, J
t6ng c6c chri sO b[ng 10.

Tri Er l0p duqc s6 c6c sii thuQc Ald 4t

tri mdi tqp Ezvd fulQp dugc s5 c5c s6 thuOc

AliL3l
Suy ra s6 phAn tu cira A liL 4l + 2.31 : 36.

X6c suAt cAn tinh ld P : 36 : o rt' - 3oo -v'tL'
CAu 7b. Phucrng trinh dudng tron cAn tim ld:

(C):(x-l)'+(y+3)z =25

hodc (c) ,(r-9\' *(r-A\' =1=5?=5.rrv(*w\u.,.\^ Bl r n) - rc9'

Cflu 8b.
Vi (P) ll dl, (P) ll dzn€n (P) c6 cap VTCP

fi, : (t:-t;t)

1", = (-tr 2;-3)
Suy ra PT (P) c6 dpng x +2y + z + D = 0.

d(M,(P)) = G o f}!l = G o [: ='
Jo lD=-g

[1f;:x+2y+z*3=0 (l)
:Jl

LfPl:x+2y+z-9:0. (2)

Ldy KQ; 3; 1) e dt vir N(1; -3; 2) e dz

thir vio c6c phucrng trinh (1) vd (2) ta c6

Ne(P):x+2y+z+3=0
ndn drc (P) : x +2y + z +3 =0.
Suyra (P):x+2y+z-9=0.

Cffu 9b.

V6i moi x e IR. vd mgi s5 nguy6n duong n,

theo c6ng thric nhi thric Newton ta c6

C2, - C',x2 + . . . + (-l)" Cix'*\

= (al - C|,x+. . . + (-l)'C;r')* = (l- x)" x.

1

Suy ra l(a:r- C1,x2 +... + (-1)'Cix"'tpx
0

I

= Irt- x)'xdx.
0

Hay lri-.lr'.+... + #r,
ll

= Itt- x)'dx- fit-r)'.'4,
00
111

=-nq1- ,n= @+l)(!t+2)'

vdimoi n e N*.

Tt d6
1

156(n+l)(n+2)

+ n2 +3n-154 = 0 <> n =ll (vi rz e N').

rE XUAN SON, TUEUC THAO
(GV THPT chuYAn DH Vinh)

r. nnn,.-rorn, 
T?[ilrHff 
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(7Oii niry dugc dSng trong Tpp chi "Khoa
lO no, ia rnieu niai" (scienci et Junior s6

thdng 412010) dO phuc vu ban dgc tr6 y6u To6n.

Trong to6n hgc chidu dugc dinh nghia nhu
thd nho? Ba th6 ky tru6c C6ng nguy6n trong
t5c phAm "Cdc ydu t6" chuy€n bdn vA Hinh
hgc, Euclide dua ra c6c dinh nghia: "Di€m ld
cdi khdng cd thdnh phdn" tuc kh6ng th€ cet

ra di5 c6 nhiAu phdn vd trong doi sting kh6ng
c6 cdi nhu vfly. Euclid vi6t ti6p: "Drdng ld
cdi chi c6 bi ddi nd khdng co bi rQng, md
cfing khdng c6 bi ddy". Ba d6i tugng d6 dugc
"dinh nghia", dri c6 c6ch n6i kh6c nhau, cf,ng
chi ra mQt c6ch dn ting kh6ng gian 0, 1, 2 chi6u
(h.1). Con kh6ng gian ba chiOu ? Euclid cho
ring kh6ng cAn n6i d6n, "d6 ld hi6n nhi6n"!

Di€m.
Dadng thdng

y*'' 
.

CANTOR: MQT DIEM, EU ROI !

Trong hon.mQt ngin nbm c6c nhi To6n hgc
cflng cho ring c6c "dlnh ngh\a" cua Euclid vd
chiAu cria hgrg gian nhu th6 h dugc rdii, vd
chlng c6n thlc m5c th6m ldm gi cho rdc r6i.
Rend Descartes,vdo th6 kj, 17 c6 s5ng tAo ra
tqa d0 l, 2, 3 chi6u (h.2). V6i c6ng cu d6
chidu cira mQt d6i tuqng hiiSn nhi6n thdnh s5

tga dQ cdn thiiSt dO x6c tlinh n6: trOn tluong
th,Eng, chi cAn cho bi6t khoing c6ch tu di6m
d6n mOt di6m cO dinh tuy chgn ggi lir "g6c"
vd th6m dau I hay --ld x5c dinh duqc di0m d6.
Tr6n mit ohlns. m6i di6m duoc x6c dinh bdiiI

hai tga d0. Ve qi th6 ti6p tr;c, nguoi ta c6 kh6ng
gian 3 chiOu (3 tga dQ), 4 chi6u (4 tqa d9), ...
Thuc ra cflng kh6ng kh6c mdy f tucrng cta

TORN HQC
14 icruoi@

Euclid,nhung c6ch th6 hiQn c6 kh6c.

fdt ca mqi viOc xem nhu 6n c6, cho d6n n[m
1887, nhe To6n hgc Georg Cantor duara mQt

ph6t minh "dQng trdi" ldm d6o lQn h6t, mQt

ph6t minh md chinh tac gSit ctng "cho6ngvdng".

Trong bric thu giri cho nhd To6n hgc Richard
Dedekind 6ng viiit: *T6i thdy n6 md t6i kh6ng

tin vdo n6".6ng th6y ring: Mu5n x6c dinh
mQt di6m trong kh6ng gian chi cdn mQt tqa dQl

Trudc htit n6i vA khOng gian hai chiOu: Hdy
qu dflt minh viro trong mQt hinh vuOng c6

c4nh ld 1. MOt di6m trong hinh ru6ng d6

dugc x6c dinh bdi hai s6, vi dg 0,1 12341...

vit 0,21135.. . vdi mQt s5 v6 hpn sO th4p phAn.

Nhung chinh di6m d6 c6 ttr6 dugc "mS h6a" b0i
sO 0,1211213345..., ld s6 c6 dugc khi xen kE

nhimg cht sO thfp phdn cira hai tqa d0 (xem
hinh du6i). R5 ring
v6i m6t sd c6
dugc b6ng
c6ch nhu
tr6n img ; o':rt15'

v6i mQt ,,i

di6m vd ' .-,
q4rt3 tr

ngugc l4i \a' 
i.^

fq:"r, nO r-r). r' -""--

Kh6ng c6 mQt sg 16n lQn

mo h6 ndo c6 th6 x6y ra.

POi vOi kh6ng gian ba chi6u,

(2,5,4)

Hinh 2

thi c6ch xit li cflng tuong t.u. Thay vi cho ba

tqa d0 ta chi cdn xen kE c6c chfi s6 thQp phdn
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cbc tgadQ theo thf tU, vd ct.th6 COi.vOi S6"g
gtan 4, 5, ..., n chiAu ta chi c6n mQt di6m ! Vfy
ihi phai ching kh6i ni-€m chiAu ching c6;i nghia

gi c6, vd ry ph0n bjet me chring ta gdn gh6p cho
-ar 

mrO.rg gian ching qua ld cAm tinh md th6i ?
-i nghi d6ldm "diAn ddu" Cantor.

DEDEKIND: DE NGHI MOI VE CHIEU

Dedekind tr6ldi Cantor bing mQt dinh nghia

hodn todn moi vO chidu ctra kh6ng gian, bit d6u

Uing mOt m6t nhdn xet rdt cg th6 vd d5 hi6u:

rai*Oi ducrng thing, dit tr6n d6 mQt di6m

uAir.i fil.:1. pu*g th-rng bi chia ldm hai phAn

phin biqt. Ngugc lai, dlt mQt di6m trOn m{t
pt irg, n6 ching c6 vai tro gi giirp ta phAn biQt

.a. AiC- kh6c nhau. D6 ld mQt ttiAu kh6c nhau

r6t 16 rang gifia 1 chi0u vd 2 chi6u. Lai ti0p tuc:

N6u kd i-dt aoo"e thing tr0n mpt phing, ta

s€ phdn mpt phingra thdnh 2 ph6"nri6ng biQt'

U[t mOrg et"" i chi€u kh6ng th0 bi cat bOi

mQt duong thing, md phii boi mQt m{t phing'

Vd cu th6, "mQt c6ch tu nhi6n" mQt mflt phdng

kh6ng th6 ndo phdn kh6ng gran 4 chiAu thdnh

hai phAn kh6c nhau, md phAi c6 mQt kh6i !

Vdi c6ch tii5p cfn d6 Dedekind kh6ng nhirng

gifi dugc i niQm cdm tinh v6 chidiu, mi cdn dua

Iu Auq. rftmg dinh ngtria chat che vO chi6u.

FELIX HAUSDORFF VOI DINH NGHIA
CHIEU CO TINH CACH MANG.

chi6u ld bao nhi6u ? Rat dcrn gi6n: Khi ta ph6ng

dai mQt v1t du6i kinh lup, c6 sO ph6ng dai ln 3

(lim to 16n gAp 3), thi d0 ddi cira n6"tdng

tUO ,, diQn tich ting gdp 3.3 :9, vd th6 tich

iaig gdp 3.3.3 : 27 (h-.4). Nhu vfv, c6 tho n6i

mOt aOi tugng co s6 chiOu ld n khi n6 16n

16n 3 lfiy thia n lAn kni nhin n6 qua kinh hip

c6 sO ph6ng dpi ld 3. N6i c6ch kh6c de bi0t

chiOu cua *Ot AOi tuqng chi cAn nhin xem n6

de lon lOn bao nhiOu lAn trong sg ph6ng d4i

cira chinh n6.

Nhu vfly nguoi ta c6 th6 "do" s6 chidu ctra

cua dulng cong c6 tdn Von Koch, mQt trong

nhirng nintr aactat nOi ti0ng nhAt (xem so dO

du6i). Ldy mQt mAu ctra .dutrng cong vi
ph6ng dai cho n6 to 16n 3 lAn, ta c6 todn b0
^trinfr. 

Neu ducrng cong d6 c6 sO chiOu 1A 1, thi

hinh ph6ng dai cira n6 to lC, gap 3 6n. Thi5 md

c6c bin hey *em, bdy gio n6 lpi to 16n edp 4

lAn I C6 kj' la kh6ng ? Nghia Id n6.khong c6

s0 chi6u 1 md cfrng khdng c6 so chi6u li 2 (vi

n6u nhu thO n6 phii to 16n g6p 9 lAn). Chi c6

th6 c6 k0t luan ld n6 c6 s0 chi6u khoing 1,26!

CuOi ctng, ngdy nay c6 nhiAu dlnh nghia v0

chiOu. Viy thi chqn dinh ngtria niro ? VAn de dflt

ra ld: Ban mu6n dinh nghia chi0u dO ldm gi ?

Tiry theo lTnh v.uc mi bpn dang ldm viQc,

chffi ban ld ngudi chqn s6 chidu cira dOi tuqng

cho phi hqP v6i c6ng
vi6c cria minh.

Tru6c tr6t nOi ve uinh
hpcfiactal,ld hinh hqc

ctra nhirng d6i tuqng
md md tip tPo hinh
dugc 16p 14i v6 h4n 16n.

Hinh hqc fractal c6 s5

)11 
-'utt
c. ,tk"{rJ tr,^

TORN HOC
sti aee (e-zora) I qi.diu6 r5

I':linh 3
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Bhi T7 t444. Cho tam gi6c ABC,D li trung di6m

ctra cpnh BC, di}m M city f thuQc khoing BD'

Ve hinh binh henh WAF vorE thuQq AB vd F
thuq" ,lC, Pn cht,lO tai F/. Euong tlAng qua B

song song vu EH c1t A,IF t4i K; AK cit aC t+i t'

CAC 16T THCS

BiliTll444 (ttrp 6). Tim sO nguyOn ducrng r
lcrn nhat sao cho sO ZOt: vi6t dugc du6i d4ng

a1* a2+ ... + an, trorrg d6 a1, aZt ...4, tl6u ld

hqp s6. Kel quA bei toan [6n c6 thay tl6ikh6ng,

n6u thay *O ZOt: bing sO 2014?
NGUYEN DUC TAN

gP. Ha chi Minh)

Bihi TZt 444 (Lop 7). Cho tam gi6c ABC .nudtg

@iA, A = 60o. TrOn cqnh,4 Cl6y diCm4 sao cho

GE =20". TrOn tia BE 6Y di6m K sao cho

EK= BC.Tinh s6 do 6dk.
NGUYENXUANBiNH

(NXB Gido duc l4l)

BhiT3l444. Giai bAt phuong trinh

x2 +8 * x3 +8 * xa +8 *...* rlli*9 
> 800.

x+l x2+l x3+l x'uu+l
vtrudNcPHoNG

(GV THPT TiAn Du l, Bdc Ninh)

BiiT4l444. Cho tu gi6c ABCD nQi ti6p duong

tron (O) c'6 BAD.tu. Qua A vd citc tiarru6ng
g6c ioi ,ao, AB Ldnlugt cit.c6c c4rth,CB, CD

iai P vd Q. Giasir dulng thing PQ cit duong

thdngBD tai M. Chimgminh ring fri =90''
NGTTYEN TgANg NCWEN

(GV THCS Hing Bdng, Hdi Phdng)

BiriT1ll44. Giei he phucrng trinh

fJt;--.1, =2x-6
1r'*y' +7(x+y)xy =8*YJTr\ Y\'

KIEU QUANG CUONG
(GV THPT Thanh Ba, Phil The)

CAC I6P THPT

BhiT61444. Cho a, b, cldc6c s6 thlrc duong

th6amdn abc= 1. Chimgminhr[ng

a3 + b3 * r' * 7ff y. iia. #r'Z
ruru pbur MINH

(GV THPT chuY1n Hilng Vuong, Phu ThP)

rinh 
?D.

Bni T8/444. Cho ddy s6 (v,), th6a mdn
r-t -. _ \
lvt-J

1

lv'*t = vl -4v] +2'

X6c dinh si5 h4ng t6ng quSt v,.
NGUYEN THI MINHNGITYET

(GV THPT chuv€n LA Quit D6n, Qudng Tr!)

cAc oi vAr li
BiLiLll444.
MQt qui cAu nh6, ddn hOi nim o chAn n6m c6

tiCt di.Cn litam gi6c vu6ng cdnAOB, c6 dinh d0

dii hai canh b6n ld / (hinh vE)' Cdn truy6n cho

qui cdu v4n ti5c I Ua"g bao nhi6u hudng dqc

m[t nOm dO qud cAu roi dring di6m -B cta n6m?

AB
TRANTHANHTNT

(GY THPT QuOc hoc Huii - dich tir Kvant Magazine)

B,niL1l444.

Cho m4ch diQn nhu.hinh v6, trong d6 "fl?"
diQn c6 hiQu diQn thc q kh6ng d6i, Ra ld bi6n

tro ve] Rt> Rz.Di chuy6n con ch4y C tr6n bi6n

irO ,t i thAv sO chi cua ampe k6 A thay d6i ff
6pd; d6"b pA vits6 chi cria v6n t<c lzthav eoi

fi l6V di:rt 20,8V. X6c dinh gi6tri cua U, R1,

Rz vd Ra. Cho bitit c6c dqng cg tlo lir li rucrng'

Bo qua diQn tro ctra ngu6n diQn vi ddy nOi'

PHAN CUNGDUC
(Ha N1i)

NGUYENNHATHUY
(Hd N,i)

(Xem ti6p trang2T)

TOAN HOC
16 rctroi@
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THE M&Y SOIh ANNIVERSARY CONTEST

BTi T9/THCS.

Tim t6t cd cfucbQ ba si5 nguy6n duong (x, y, p)
vbi p litsti nguy€n ti5, th6a mdn phucrng trinh

8x3 +Y3 -6xY = P-I.
NGUYENVIETHUNG

(GV THPT chuyAn KHW, DHKHTN,DHQGHI$

B}i TIO/THCS.

Cho tam gi6c ABC,Ild mQt di6m nim tr6n tia
phdn gi6c trong cria g6c BAC. Dulng thing
qra B song song vli CI cfit,q.C @i D; ducrng

thing qua C song song vli B! cit .l.a t4i n.
Ggi M,Ntheo thf t.u ld tung di€m ci:a BD, CE.

Chimg minh ring AI vu6ng g6c va MN.
TAHoNG SON

(Hd NAi)

BNi Tg/THPT.
Tim t6t ctt circtfp con kh6c rdng A, B ciatQp

c6c sr5 nguy6n duong Z* sao cho c6c di6u kiQn

sau dugc th6a m6n:

i) AoB=A;
ii) Vdi mgi phAn th a e A; b e B ta c6

a*beAvdZa+beB.
NGI.ITEN TUANNGQC

(GY THPT chuyAn Tiin Giang)

Bii TIO/THPT.

Cho tam gi6c ABC kh6ng cdn tai A c6 O, H
6n luqt ld t6m tludng trdn ngopi ti6p, trlrc tdm

cria tam gi6c. Eulng thing qua A vu6ng g6c

vli OH c1t AC tai K. Chimg minh ring,Flvi
t6m duong trdn Euler cria c6c tam gi6c ABC,

ABK, ACK ctng thuQc mQt du<rnglQQn.

NGUYENVANLINH
(SV K50 TCNH, DH Ngoqi Thwng Hd NQi)

T9lJunior.
Find all triple of positive integers (x, y, p)
wherep is a prime number and

8x3 +Y3 -6xY = P-I.

T1O/Junior.

In a triangle ABC,let l denote a point on the

internal angle-bisector of the angle BAC. The
line through B and parallel to Cl intersects A

at D;the line through C andparallel to Blmeets
AB at E.Let M,Ndenote the midpoints of BD,

CE respectively. Prove that AI is perpendicula

to MN.

T9lSenior.

Find all nonempty subsets A, B of the set o

positive integers Z* such that the followi

conditions are satisfied:
i) Ar:B=A;
ii)If a e A;b e B,

thena+beAvdZa+beB.

T1O/Senior.

Let ABC be a triangle, non-isosceles
vertex A.Let O, H denote its circumcenter

orthocenter respectively. The line through I
and perpendicular to OH intersects BC at K.
Prove tl:,pit H andthe centers of the Euler circ

of fiangleslBC,ABK, andACKlie on a circle.

Translated by LEMINHHA

o, nnn,.-rorn, 
T9!il.$ff 
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G[ffiX

f nmr
I

ixt rnuoc

BA'i 'f 1/440 (Lop 6). Ildt' .stt sunh [] ','ts Q,ltiAt
20 20 20 :()P -- 
-- 

r--r-J. l--- '' - 30 ' 70 ' 116 "' ';t)t

('t,r t, 13 1{ ., r r ; 5(})0 =l +..;... ... ,\-
l0 I0 l0 10

Ldi gidlTaco P: ,, *i*A*...+ 
3gg

-(z 2 2 z \='[ra*t,+lg+ *ttx)
-(t I I r I 1 I t)

=:[3-5+ 5-i+i-g*...* D- zt)

1.2.3...30 3t.32.33...60 I

'- r.2.3...30' 2.2.2...2 ' 1.3.5...59u---vJ
30 thia sd2

(2.4.6...60).(1.3.s...s9)

Dol<f"c"Q<P.A
F Nh$n x6t.

1. Bdi to6n su dpng c6c ki thuft Uien AOi ph6n s6 quen

thuOc. Ntlu tinh Q = I tru6c, ta c6 th6 nghi. d6n viQc

so sdnh P v6i 1, tu d6 tim c6ch d6nh gi6 P, chdng h4n:

^ 20 20 - 20 20 20 220_rt.Do lN'zto tuY ta r>m+zo*zto=zto
DAy chinh ld c5ch tl6nh gi6 cira b4n Tdng Trung Nghia,

6A, THCS Hda Hitlu II, Th6i Hda, NghQ An.

2. ThX d6ng ti6c, mQt s6 bpn gi6i dugc bdi nhimg k€t

qui cur5i cung khi tinh P vd Q lqi viet sai; mQt bpn lAm

dring nhmg qu€n ghi t6n vA dfa chi tr6n bdi lim n6n

kh6ng tlugc n6u t€n khen ki ndy.

3. Ngodi b4t Nghia, c5c bAn ctng c6 loi gi6i dring ld:

Quing Ng6i: Ngd Ngpc Hudn,6A, THCS Ph4m VIn
Edng, Hinh Phu6c, Nghia Hanh; Vinh Phric: Duong

Tidn Dqt,6A2, THCS YCn Lpc; NghQ An: na Xnac

Huy,6A, THCS H6 XuAn Huong, Quj'nh Luu; DSng

Nir Qujmh Anh, 6C, THCS Li Nhat Quang, DO Lucrng.

NGUYENANHQUAN

Bii T2l440 (Ldp 7). Ctrrt 2Al4 diim At, A2, ...,
,lntt vit mQt d:wttng lrdn ban kinh 1. Ch{rng:,.:ninh rcinSi luon ton lcri diem M *An cltd'ng trdn

suo t'ito hL4t + h,IA,'1- ... * hdAtst+ > 2014.

LN girti. Lay di0m Ubdtki trOn duong trdn dE

cho, kd tlucrng kinh MN, ta co MN = 2. Theo

bdt dingthric tam gi6c ta c6 MAe+ NAr> Ml'{
hay MAp+ NA*> 2 (k = 1,2, 3, . . .,2014).

CQng tung v6 tfu. cilc cdcbdt ding thric tr6n ta

dugc (MA1+ Iv[42+ ... * MAzotq)+ (Nfu+ NAz+

+ ... + NAzorq) > 2.2014 (*), suy ra t6n t4i it
nh6t mQt t6ng trong ngoflc cv 

.'16 tt6i cira (*)
kh6ng nho hon 2014.

Vfly trong hai di6m M, N tdn tai it nhAt mQt

di6m, ching hqn M,thoa min
W1+ W2+ ... + MAzotq>2014 (dpcm). tr
) Nh$n x6t.

1. Bdi to6n kh6ng kh6, chi cAn 6p dr,rng b6t ding thric
-',1tam gi6c vdi ba di0m vd su dgng nguyOn li Dirichlet.

2. Cbcbqn c6 loi gi6i ti5t: pnri Thg Drtng Quiic Lqp,

7A2, THCS LAm Thao; NghQ An: NguyAn Thi Ngoc

Huyin,7A, THCS Cao XuAn Huy, DiSn Ch6u.

NGUYENXUANBINH

Bei T3/440. Chwng minh rang

,ro - 5n' -- Znz - lon + 4

khdng c:hia h\r chLt 49 ,-oi mdi sd ry nhiAn n

kh6ng c6 du'3 trong phep chia cho 7 vd chia
hit cho 49 trong tnrdng hqp cdn lqi.

-(r 1) 10
-\t 

___ t--.--[: 2t)- i'

1.2.3...60 - 1.

TORN HQC
18 -cItrdi@
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Ldn gidi. Chia biOu thirc

A = n4 - 5n3 - znz - lOn + 4 cho n - 3 ta dugc

A = (n - 3)(n' - 2n2 - 8n - 34)- 98

= (n - 3)l@ - 3) (n2 + n - 5) - 491- 98

= (n - 3)'@2 + n - 5) - a9@ - l).
X6t hai trudng hqp.

.Khin=7t +3hay n-3 =7t vtvi sri nguydn I

thi dC thdy A = (n - 3)'(n'+ n - 5)- a9@ - l)
chia htit cho 49.

.Khin =7t+rv6isi5nguyEn tvdr e {0,1,
2, 4, 5,6) thi OC ttrAY n - 3 = 7t + r- 3 vd

n2 + n- 5 = n(n+ 1) + 2 - 7 cingkh6ng chia

hrit cho 7, do tl6l khong chia htSt cho 49. O

) Nh$n x6t.

1. C6 thc bii5n d6i A = (nz + n + 2)(n2 - 6n + 2) =

(nz + n + 2) (n' - 6n + 9 - 7) = (n2 + n + 2)l(n - 3)' - 7l

r6i x6t hai truong hqP nhu tr€n'

2. Cicb4rrsau c6 loi gi6i dung: Vinh Phtic: Nguydn Httu

Huy,9Al, THCS Y6n L4c; Thanh H6al Dqng Quang

Anh,7A, THCS NguyCn Chich, D6ng Son; NghQ An:

Hodng Thi Thdo Hiin, 9C, THCS D[ng Thai Mai,

TP. Vinh; Quing Nam: Zd Phtbc Elnh,9/1, THCS

Kim D6ng' TP' Hoi An' 
,IET HAr

B iT4t440. Gia s* R ld bdn klnh cua dtdng

trdn ngoai fidp mm gidc ABC. Tia phdn gicic'

trongvd tia phdn giac ngodi r*o ffn hn twqt

ciit dudng thdng AB d E vd d F. Chilmg minh

ring n€u CE = CF thi 4Rz = AC + AC.

LN gifiL Do CE, CF ld cic tia phdn gi6c trong

vd phdn gi6c ngodi cua MBC,n€n CE L CF.

Y$y MCF vu6ng cdn t4i C, suY ra

GA = 45" = GE +frd. 0) F
M[t kh6c, 135" = cEB

^ ^
=BAC+ECA. (2)

Tt (1) ve (2) suy ra
^ ^BAC-ABC =90o.

Suy ra fu tir. B

Kd duong kinh BD

thi I kh6c phiavfr D

so voi BC vit BCD = 90'. MAt kh6c, do fi gi6c

ABCDnQi ti6p ndn frD *frD = 180o

-ffid *dED +zfrE = eoo.

Ktit hqp v6i (1) ta c6 dED *frE = 45o. (3)

Lpi c6 CE ld tia ph6n gi6c cua m, tu (1)

^ ^
vn (3) suy ra ABC =CBD - CA= CD.

Ap dqng dinh li Pythagore ta c6

AC + BC = CD2 + BC = BDz = 4R2. A

) Nh$n x6t.

C6 rdt itb4n tham gia gibibdi to6n ndy. C6c ban sau c6

loi gi6i tOt hon ca:

Hi NQi: LA Duy Anho 90, THCS Nguy€n Huy Tutrng,

D6ng Anh; Phti Thg: Vfi Thuy Linh, 9A3, THCS

L6m Thao; Quf,ng Nam: Z€ Phudc Dinh,9/1, THCS

Kim E6ng, HQi An; Phri Y6n: Ng6 LA Phuong Trinh,

9E, THCS Luong Th6 Vinh, Tuy Hoi; NghQ An:

Dqu Thi Khdnh Linh, 9C, THCS Li NhQt Quang,

E6 Lucrng; Quing Triz Nguydn Thuy Ngpc, 9D,

THCS Nguy6n Trdi, DOng Hd.

NGTTYEN THANH H6NG

Bii T5/440. Giai h€ Phaong trinh
(/r\
lz"l t*--;;=,I r \-._y-)J\I ( r \ tz
l2(x: + y:;l I .r_ - t= -[-,^ 

//(r (xr_y.)r) Z'

Ldi gidi DK: x + I 0). Df;t a -- x -t y, b = x - y'

Khi d6:

a * b =b, a2 1- b2 =2(* + y21, ab = xz - f .

E4t u=o*:, v =b*f,,l"lr2,lrl>2 (2).

TOAN H9C
Sd nne (e-zora) e qudi6e 19

He dA cho trO thdnh:

|.r'.',('.*)='

i,,'* 
u'>(t*4-)=+

l r*!*u*L=s*1 o, .? t n (D

ld+ "+b,* br=T.
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Khi d6 : (I) <+

TH1:

TH2:

TH3:

TH4:

Chc cdp ei6tti (x; y) tim dugc ddu thoi mdn

DK (1). Vfly hQ phucrng trinh d5 cho c6 4
/s e\ (s 3) (t \

nghiQm rd: (2:0) .li ;),li -i), [Z'o.,l
) Nhin x6t.

C6c b4n c6 loi gi6i t6t ld:

Hn NQi: L€ Duy Anh,9A, THCS Nguy6n Huy Tuong,

E6ng Anh; Binh Dinh: Nguydn Bdo Trdm,7A, THCS

TORN H9C
20 rsruoi@

TAy Vinh, TAy Scrn; Quflng Nam: Zd Phubc Dlnh,917,

THCS Kim E6ng, HQi An; Phri YEnl. LA Th! Phuong

Linh,SE,THCS Lucrng Th6 Vinh, Tuy Hod.

TRANTTOUNAM

Bni 16/440 ' xdc dinh hdm s6fix\= al + bx* c

voi a, b, c ld cdc sd nguYAn thod mdn

.(0) = 2014, fl2014) = 0 vd flZ') chia ttdt

cho 3 vbi mpi sd ry nhian n.

Ldi gidl Ta c6 J(0) :2014 suy ta c = 2014'

MiLfl2Ot4)= 0 n6n 20142 a + 2\l4b + 2014 = 0,

suyra b=-l-2014a. (1)

Do d6lk) = ax2 - (2ol4a + l)x + 2014.

Cdch 1.

I<Jni d6 /(2"+11 - 22(n+t).a + 2nt1 .b + 2014;

.fl2')=22".a+ 2".b+ 2014 (z e N).

Theo gi6 thi6tth\J(2"*') : 3 vdfl2') : 3

nAn fl2"*t) - fl2") = 3.2'' a + 2".b :. 3

suy ra b i 3. (2)

Tn (1) ve (2) suy ra

I +2014a=2013a+ (a+ 1) : 3,

do d6 a=3k+ 2 (k e Z). Suy ra

.flx) : (3k + 2)x2 - (6042k + 4029)x + 2014

vork e Z.

Tht lai ta thiy Lx) thoa mdn c6c diOu kien

cira bdi to6n.

Cdch 2.

Dofl2) i 3voimsize N,n6nfl) i 3;fl2):3.

, lf O=a+b+2014i3la co <- -" 
lf e)--4a+2b+20r4i3

la+b+li3 la,l<>{ <>{- la+2b+l: 3 
" 

[a+ li 3.

Suy ra a=3k+ 2 (k e Z).

Tt d6 ta c6 k6t luQn nhu Cach 1. A

F Nh$n x6t.

C6c ban tham gia gi6i bdi ndy d6u cho k6t qui dring vd

da s6 su dung ki6n thric v€ d6ng du. Tuy6n duong c6c

b4n sau c6 ldi gi6i tOt:

lu+v =5
),,
luz 

+v2 =::-

lr+, =5 
|. 
u*v =5

e{ ^ 25+\ 25

[(a+v)'-tuv:, lu'= +'
YAy u vi v lir nghiQm cria phuong trinh:

P - st ++ = o *(, -])' = o o, = ].
Suy ra Lt=y =] Onouman (2)).

[ , r_s
la+;= o l2a, -5a*2=oDo d6: 
1 " i -i 

o\za2 
-5b+2=o

lo* u=,

lr=2 hoac a=!
A)
-l ^- 

I

lu:, hodc u=1.

C6 chc trulng hqp:

la:2 (x+v:2 lx=2
\u:, = t,-; -2. 1r=o

lo='. ^ lr*, =1 
^lr 

=1
i- l=i 1

\o=i - 1'-' =;- 
l, =1

[,=+ -{r*v=i o[r=1 
^lo=, [r-r=, [r:-i.

l,=+ l**r=t I r

l,=:+= f; ; =1+* t,=a
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IIda Binh: Nguydn Thily Linh,10 To6n, THPT chuy6n

Hodng V[n Thu; YGn B6i; Vfr Hing Qudn,10 To6n,

THPT chuy6n Nguy6n t6t trailr; Bic Giang: Duong

Th! Hqnh, 10 To6n, THPT chuy6n Bic Giang; Hh

TinJrt Nguydn Vdn Th€,lOTl, Tr,in HQu Mqnh Cudng,

11T1, THPT chuy6n Hd finh; Vinh Long: Ng6 Hodng

Anh, Lop 8/12, THCS LC Quf D6n, TP Vinh Long;

Hu)nh Hdo,11T2, THPT chuy€n Nguy6n Binh Khi6m;

Eiing Nai: Nguydn Nam Binh,10 Toin, THPT chuyOn

fuoog fhe Vinh; TP. Hd Chi MLinh: Dd Nguydn Wnh

Huy,lO To6n, PTNK-DHQG TP. HO Chi Minh'

PHAM THI BACHNGQC

Bili T?/440. Cho ba sd thqc duong x, !, z

thay ddi thod mdn x? = | * e(x + y). Tim gia

f ilbnrthatcia P= 2'4,q1+ +-:-
Ctix'zXl+-v?) l+22'

LN gidlTac6
1-

D=l+z(x+Y)e' +" +1=l' (1)xyxy
I AI B C

D4t ; :tanj; - =tan,t : =tan1

volA, B, C e (0; ,r), ta c6 (1) ffd thenh

A B B C C.-.Aanltan|+tanitani+tanitani = 1 '

Tt d6 chimg minh dugc A, B, C ld ba g6c cta

mQt tam gi6c.

Ta c6

2ty(xY+l)=2rzrz +2xY <2*'Y'+ xz +Y2

< z(,i,!*,t"(i.+))

Mn sinf+,t"[t.+)=

= z,n(l +*).",; = €.i,[;-' ;) . €,

11: 

-+-
,*1 r*4

v' ra khi vd chi L-hi C = T, o=B=[.

zxy(xy +l) - Z*ry, + xz + y2

- 
1r +r,1r +Y) - (t *x'z)(1+y'z)

t+1+r*4=F}FH
l1z

- P <------1--------;- 1*r, ;r*4 r*4\'
C

p<--f ,---f--.+
t+tan'I l+an2 | l+tan'1\

P(cos2 |+"o"'l*|s"c.

Ta dusc r rt*)l"osA+cosB + sinC). (2)

Ta c6

cosA+cosB =zcosry"orff
<2"o"ff =zsin9, (3)

{vi cos4f >o; "orff=D,
ding thric xitY raldti A = B.

. 2n n^,-(c , n)^^"f c t)
sinC+sinf =zsrn[7+ I J."t[Z- :,J

. z,i,[$.iJ

r,i,i"(!.1),0, ""'[9-i;=,,,
ding thric xiy ra khi C =+-

Do il6 cosA+cosB +sinC .* a

tling thric xay rakhi C =+-

Suyra cosA+cosB+sinC =+ (4)

Tt (2) ve (a) h c6 P =t*5, ding thric xiv

VQy maxP = r* 
3f u,i

It ^ 5:z=u.tn!=J1.ax=!=cot,:./.*.,1 ., .3

F Nh$n x6t.

Tir (2), (3) suy ra P <t+sinf+ jsinc = f (c);

sir dpng dao him kh6o s6t ham sO flQ v6i C e (0;n);

suy ra k6t qu6 nhu tr6n.

TORN HOC
sis 444 (6-2014) & slLdiUe 21
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ft tanlanl * runlrunl * rurlrun! = t

AB
+cot,=!.*z*n'l" zu=r*ff= A+B+C =n.

t-tffi 
2tan 2

Y|y A, B, Cldba g6c ctra mQt tam gi6c'

C6c b4n sau ddy c6 bdi gi6i t6t:

Gia Lai : Vil Vdn Quj',LZAL,THPT Nguy6n Chi Thanh,

Pleiku; Hir finh ; LA Vdn Trudng NhQt, Nguy€n Vdn

The, rcTl, Trdn Hqu Mqnh Cudng, 11T1, THPT

chuy6n Hd finh; TP Hd Chi Minh: Ed Nguydn Wnh

Huy,10 'Io6n, PTNK DHQG TP HO Chi Minh; Long

An Nguydn Minh Tri, l1Tl, THPT chuy0n Long An.

NGI YEN ANH DCTNG

Blri T814,{0. Cho tam gidc nhon ,48C, ha &t:tmg

cao AAr, ,38r, CC1 cria tcnn gidc ding qtn' tqi H.

(hrmg ntinh ring diiu ki6n can t'd drt dd mm gidc

ABC dil tit

I,tA2 -r HB? + HCz : 4Uf A? + IlBl + HCi ).

Ldi gidi. Qua .4, B, C ldn lugt ke c6c dudng

thing song song vli BC, CA, AB, chring c6t

nhau t4o thdnh LDEF (hinh vC). Khi d6 d6

thdy HA, HB, HC tht t.u ld cdc dulng trung

tryc cua EF, FD, DE vit do d6 H ld tam

duong trdn ngopi 1ii6p LDEF. Gqi (O, ft) ld
ducrng trdn ngo4i ti}p LABC. Theo c6ch d\mg,

LABC cn A,DEF = * = Y- _ HF :2R.
HF EF

Ap {rng dinh li Pythagore cho tam gi6c vu6ng

HAF ta c6 HF : HAz + FAz

hay 4R2: HAz + Be,
suy ra HAz : +nz - nC.

TOAN HQC
22 -clirdtU@

Ddt Snnc: Srl Sa,nc : Sz', Ssea: Sl; Szrc: 
'S,

tath6,y #=+ >HA=aa,.f;
tucmg tU:

TlB=I18,.+,, HC='',.+
Kh6ng mAt tinh t6ng qudt,

gi6 str BC < CA < AB

* 4R2 - BC >4R2 - cAz > 4Rz - AB2. (1)

Kdo dii AAt cht (O) tai A2. DA chimg minh

dugc A1H = AtAz.Do d6

flnqo)= HA.HAy= HA2HA;

Ydy HAz =o'i!?: . Tuong t.u ta c6
4HAi

HB2 =%+, HC2 =q*+4HBi' 4HCi

Tt (1) suy ra HA2 > HBz > He
(?2 02 Q2uHhol - uHlto\ - "Hl\o)

- 4HAl - 4HBl - 4HCl

- H,t < HB? < HC?.

rri ddy c6,sr < Sz S & =*=;=i

=[+)'=(+)'-(+)'
Ap dung Uat aang thric Chebyshev cho hai ddy

don clieu nsusc chidu ta c6 HAIIS'JE ]' .'\, sr )

+HB![+)'+HCt(+l=
1

>iluel+HBi+HCi)x

.[(+)'.[+)'.[+)') ,,,

Ap dgng UAt eing thric Bunyakovsky vi b6t

ding thric Cauchy ta dugc

(s, +s, )' , 1,srls, )'-(E *s, )'
l.-E l-[ s, J-[ s, )
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,1(s, *s, * s, +s, * s, +s, )'=3l. E - E - s, J
1

> t.6z =12. (3)
5

Tt (2) ve (3) suy ra

HA' + HB' + ruC > 4(HA? + HBI + HCI).

Tt d6 ta thdy di€u kiQn cdn vd dt dC MBC
deu la

HAz + HB2 + HC : 4(HA? + HBI + HCl. a
) Nh$n x6t.

Ba b4n sau c6 ldi giii tuong aOl t6t:

Hlr Nam: Phqm Ti€n Khoa,9At, THCS Trdn Phf, Phri

Ly; lcrit Tinlr-: Nguydn Vdn Th€, 10T1, THPT chuy6n

Hd Tinh; TP H6 Chi Minh: OO wguydn Wnh Huy,l0
To6n, PTNK-EHQG TP HO Chi Minh.

uo QueNcvrxrn

BAi Lli440 " h'{r.tt ing nghi\m ihut' tinh ntong

ct5 ildy lu mot nu'a rncit cau C co bun kinlz {t =

Tri hinh vE ta c6:

i:a+b
r:b-c

Thay (3) vn (a) vdo (2) ta thu dusc:

(3)

(4)

l5cm. ch*a drit'

t'ltut !ortg it't)ttq

.ruiir t'hiir .ruit tt'

'= 1.6. ()ng dtrrs't'

nut kin vct cliit ndnt ngang. ,\,{6t di1m srtrtg S

rlfi t1rt ftuc cloi xirng AO va cach A ld
2,40cm. Hi4, ,6, dinh vi tri anh S' cLla S dtrrtc

iao hri'i cac tia sdng xuat phat ni S kh6ng

nghiing qtra ro vt'ti tnr: A0.

Ldi girtL

Theo dinh 1u0t khric xn 6nh s6ng ta c6:

nsini =n 'sinr (1)

Vi g6c I vd r nho n6n tinh gAn dring ta c6:

n(a+b)=n'(b-c) (5)

.IHIHIHIHIH'I'a I4r c6:. a= 
SH= SA=T;b= OH = R l

IH IH.,, =ft = f (vi ciic g6c a, b, c nho).

Thay c6c gi|tri cua a, b vit c vdo (5), ta dugc:

(r 1) .(t 1) ., n'Rd

'le*a ):r''[n-F )-' = (n,-4a-*'
Thay s6 thu dugc k6t qu6: d' = 44,65cm. fl
F Nh{n x6t.

C6c b?n c6 loi gi6i rlfng:

Binh Phufc: Nguydn Vdn Hilng,118, THPT chuy€n

Quang Trung; Quing Ngii: Br)i Vfi Hodn, 11 Li,
THPT chuv€n Le Khi6t' 

DaNG THANH HAI

BA|L744A. hfit qua hring drqc tha roi n'r dd

cao h = ?m.ro toi sdn ndrr, ,rgung. Sau mdi

va cham, bdng bdo todn k = 81t% co' ndng.

LIdi sau lhd'i gian hao ldu thi bting dirng l{ti'?

T'rong thoi gian do hong di duqtc cpt&ng

dtrr)ng bring L',ao nhidt{?

Ldi gidl Ban dAu co ndng cria vQt ldW: mgh.

Sau khi cham d6t hn thrl nh6t, co ndng cua

vQt cdn W1: kmgh,vft 16n d6n d0 cao hF kh.

Sau khi cham d6t 6n thri n, co ndng cira vft
cdnW,: ltmgh,v0t 16n d6n d0 cao h,: l{h.

-lT6ng qudng tluong v4t di dugc:

S =h+Zk+214+....+2h,

=h+2h(k+kz +....+k').

Yoi n r6t tcrn ta tim dugc:

5 = n+zhfi= 19,05m.

TOng thoi gian qui b6ng chuy6n dQng ld:

T = to*Ztr+2tr+ ....+Ztn,

TORN HQC

(2)ni = n'r

Sti aaa (e-zotn) & cfufiVe| 26
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trong d6 t,= ff (i=l;2; ...;n).

Tt d6 tim dugc:

7 = @*2P.lo*rWw *...!s !s' 1l s'
...+2.WW

1l s

= ff.rff$E+Jtr + ...*JF)

=rW(r*24)=r2s. E
! s I r-.,|k)

) Nh$n x6t.

C6c ban c6 ldi giai tlung: " ; #i,.,

Quing Ngii: .Br)l Vii Hodn, I I Li, THPT chuy6n

I.e rcridt; Binh Phurfc: Nguydn Vdn Hilng, ttg, tHPt
chuy€n Quang Trung.

NcuvBN xuAN eUANG

girti bdi
CUOC THI GIAI TOAN DAC B4T

g+':'t'EL
xxxxxxxxxxxxx

TI/THCS. Tim tiit cd cdc cqp sii ngryAn @,y)
thod mdn phuong *inh f(l - 1) = x(3x -y).

Ldi girtL (Theo da sd cdc bqn)

Phuong trinh de cho c6 ttr6 viiSt duoi d4ng

iO? - 3) = y' - xy hay *@1?- 1 1) = (2y - *)'.

Tt ddy suy ra

hfib *@f:-' 1 1) = (7y - x)2 = g

hoitc$?-ll=*vaz eZ.
Trudmg hqp dAu cho ta nghiQm (x,y) = (0,0).

Trudrnghqrp thihai cho ta

rzltl-l,l>rzlrl + l,ll = t t

fzltl-l,l=r llrl = Io< <+{
[zlrl+l,l=tt [,]=s.

Yor y: 3, thay vdo phucmg tinh de cho ta

duqc ?-i + x -3= 0, v6ix e Z e x = l.

Yor y = -3, thay vio phucrng tuinh da cho ta

dugc * - x -3= 0, v6ix e Z e x : -1.

Ktit luQn: C6 ba c[p s6 nguyCn (x, y) th6a mdn

phuong tuinh da cho ld (0, 0), (1, 3), (-1, -3).

D Nh$n x6t.

Ddy h bni torln s6 hqc thuQc d4ng quen thuQc. Tuy nhi6n

r6t nni6u b4n chua nh6n dugc hi5t tl6p sii, thulng li
thiiSu nghiQm (0, 0). C6c ban sau tl6y c6 ldi giii vi
d6p si5 dring:

Binh Dinh: Ldm Bd Thinh,9A2, THCS fran ffrmg

D4o, Quy Nhon; Ei Ning: Zd Quang Anh,gH, THCS

Nguy6n Khrry6n, CAm LQ; NghQ An: Nguydn Trung

Hidu; Hodng Thi Thdo HiAn; Phqm Quang Todn;

Ngydn Quiic Hing Khdnh, 9C, THCS E[ng Thai

Man, TP. Ylrrth; Trdn LA HiQp,7A, THCS L), \hAt
Quang, E6 Luong; Tdng Edtc Thinh; Ng6 Tri NguyAn;

Truong DiQp Anh,8C, THCS Cao Xudn Huy, Di6n

TOAN HQC%t;4i,bi@
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ChAu Phri Thg: Quim Dtlc Binh, gAl; Chu Thi Anh,

8A3; Nguydn Hdi Duong; Nguydn Hodng Phi; Biti

Hing Thdi; Trdn QuOc LQp,7A3, THCS L6m Thao;

TP. Hd Chi Minh: Hodng Hudn,9A6-09, THCS TrAn

Eai Nghia; IIi finh: Le Thi Thu UyAn; Nguydn LQ

Giang,gB; Trin Thi Tudng Vi,8B, THCS Hoirng Xudn

Hdn, Dirc Thg; Kon Tumz L€ Vidt Lm Thanh, SA,THFT

chuy6n Nguy6n t6t firann; Quing Nam" LA Phudc

Elnh,9ll, THCS Kim D6ng, HQi An; Thanh IJ6az LA

Vi€t Hodng,7A, THCS LC Htru Lap, Hau Loc; Hi Nam:

Ng6 Trung KiAn,9A2,THCS Tran Phf, Pht Li'
NG1JYEN VAN MAU

T2ITHCS. Cho da thwc

P(x) : x4 - 4x3 + 7x2 -8x + 16.

Cht)mg minh riing

P(a).P(b).P(c)> 144(a6 a fis + ca)

voi moi a, b, c ld cdc sd thvc.

LN gidi, Ta c6

P(x) = @! - +*t + 4*) + Q*- 8x + 8) +/ + 8

= i(x - z)' + 2(* - 2)' + xz + 8 > x2 + 8,

ddng thrlc xby ra khi vi chi khi x = 2' Do d6

P(a).P(b).P(r) > (o'+ 8)(b2 + 8)(c2 + 8). (1)

M[t kh6c 1a2 + 811b2 + 8) = lb' + 8a2 + 8b2 +

1- 64 = (db' - 8ab + 16) + Z(az - Zab + b2) +

+ 6(l + 2ab + rt) + 4g = (ab - 4)' + 2(a - bf +

+ 6(a + b)2 + 48>61@ + b)2 + 81.

Suy ra 1a2 + t11b2 + 8)(c2 + 8) > 6l(a + b)2 +

+ 8)(c2 + 8) > 6((a + b).Jg + J8.c)2 (theo

bat ding thrlc Bunyakovsky) : 48.(a + b + c)2

: 24.(2& + 2b2 + 2c2 + 4ab + 4bc + 4ca)

: 24.1@ - b)' + (b -,)' + (c - a)2 + 6(ab + bc *
+ ca)l> 144.(ab a fis + ca). (2)

Tt (1) ve (2) ta nhfln tlugc b0t cling thric cAn

chimg minh.

Ding thirc xity rakhi vd chi khi a: b - c - 2'

) Nh$n x6t.

BAt ding thtc (2) dd c6 trong mQt sO s6ch tham kh6o'

C6c ban hgc sinh gui ldi gini t6i Tda soan chir y6u theo

hai c6ch gi6i, ldi giii tr6n d6y ld mQt cfuch' Cic ban hQc

sinh sau c6 ldi gi6i kh6c hai loi gi6i <16:

Thanh H6az Dqng Quang Anh,7A, THCS Nguy6n

Chich, D6ng Son; Nghp An Nguydn Hing ga1c Khdnh,

9C, THCS DEng Thai Mai, TP. Vinh; Binh Einh:

NSryAn Bdo Qudn,7A, THCS Tdy Vinh, Tiy Son'

NGUYEN MINH DUC

TI/THPT. Tavi& vdo cdc 6 crta bdng 10 x 10

cdc chfrsd 0, 1, 2,3, ...,9 sao cho mdi chtb sd

xudt hiQn l0 tdn'

a) Tin tqi hay kh6ng mQt cdch vidt md trong

mdr hdng vd mdi c\t xudt hiQn kh6ng qud biin

chft sd khdc nhau?

b) Chthng minh t6n tqi mil ddng hodc m|t c|t
trong d6 c6 it nhdt biin chtt sO khdc nhau'

Ldi gidl (Theo bqn NSrryA" Nha Hodng,l0Tl, THPT

chuyOn Ha finh, Hn finh)

a) T6n tpi. Ching h4n v6i cSch tli6n s6 o bing

sau th6a min YOu cAu.

b) v6i m6i i e {0, 1,2, ...,9),ki hiQu civd hi

16n luqt ld s0 cQt vd si5 hdng md I xuAt hipn'

Gqi S ld t6ng s5 c6c sO kh6c nhau o m6i hdng

vd m6i cQt. DE thoy s =flc,+h,).
i=0

Do c6 c, c0t vi hiltingchria s6 I vd sd I xuSt

hiQn dfng 10 16n n€n ci.hi2 t0.

Ap dung AbtAingthrlc AM - GM ta c6

c i + hi>z \[;n =2.!70 + c, + h, >21$o] + 1 = z'

VOy S > 70.

TOAN HOC

1 I 1 1 2 J 7 7 7 7

I 1 1 6 6 6 7 7 7 0

1 I 1 6 6 6 7 7 7 0

2 2 2 6 6 6 8 8 8 0

2 2 2 5 5 5 8 8 8 0

2 2 2 5 5 5 8 8 8 8

J J
aJ 5 5 5 9 9 9 0

J
a
-) J 4 4 4 9 9 9 0

J J J 4 4 4 9 9 9 9

6 5 4 4 4 4 0 0 0 0

sii aaa (e-zoro & GlirdiUe 25
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Theo nguy6n li Dirichlet, 1u6n t6n t4i mQt

dong ho[c m6t cOt c6 it nhAt [#-l. 1 = 4 s6
LZU]

kh6c nhau. 0
F Nhin x6t.

Ngodi b4n Hodng, cilcb4n sau tlAy de gui ldi gi6i tlfng:

Hlr finh: LA Vdn Truong Nhdt; Nguydn Vdn The, rcTl,
THPT chuy6n Hd finh; TP. Hd Chi Mnh: D6 Nguvdn

Wnh Huy,l0T, PTNK - DHQG TP. HO Chi Minh.

DANGHUNGTHANG

T2/THPT. Cho tam giac ABC c:6 H ld trlrc
tdm vd M ld nztng dilm cuu BC. P ld mPt

didnt thu\c tlud'ng thang FIM, Chrdng trdn (I{)

dudng kinh AP cdr CA,,4B tin ltrqt tqi E, F
khdc A. Chrmg ntinh ring ti6p tuyAn Qi E, F
cfia (K't ritt nhou tr1n tnmg trqc BC'

Ldi gidi. Gqi 7ld giao di,5m cin c6cti6p tuy6n

v6i (IJ tai E, F; Y, Z theo thf t.u ld giao diOm

cl;ra CH, BH vit CA, AB; (Ko) h duong trdn

ducrng kinh AH, S ld giao diOm thri hai cira

(K) vd (K0).C6 hai truong hqp xiy ra.

TradnghW 1. Ptrung voiH.
OC ttr6y E =Y; F =2. Do d6 T = M.

Trudng hW 2. P kh6ng trung vdi 1L

Oe tn5y cdc tam gi6c SEY vd SFZ d6ng dpng

ctng hu6ng.

Do tl6 cdc tam gr6c SEF, SYZ ddngd4ng ctng

hucrng (1).

Tri (1), chir 1f ring TE, TF titip xric v6i ($ tai

E, F vd MY, MZ tir5p xric v6i (K6) tai Y, Z, suy

ra cilc tam grdc TEF, MYZ d6ng d4ng ctng

hucrng (2).

Tir (1) vd (2) suy ra cbc tam gi6c STF, SIUIZ

d6ng dang cirng hu6ng.

Do d6 cdc tam gi6c STM, SFZ d6ng dqng

ctng huong (3).

^
O6 thay ASH =90o = ASP.

Do d6 SH = SP.

fet hqp v6i P e HM, suy ra SM: SH (4)-

Tir (3) vd (4), chri f ring A, S, Z, H cing
thuQc m6t ducrng trdn, suY ra

(T M, AH) : (T M, FZ) + (FZ, AH)

: (SM,SZ) + (AZ, AH) (mod n)

: (SH,SZ)+(SZ,SH) = O(modn).

vQy rM ll AH LBC.

N6i c6ch kh6c ti6p tuyOn vdi (K; tai E, F cht

nhau tpi mQt di6m thu6c trung tryc cira BC. J
F Nhfn x6t.

1. Edy li bdi to6n hay nhrmg kh6ng qu5 kh6, c6 10 bqn

tham gia gi6i bdi vh ctng gi6i d[ng.

2. Xin n6u tOn c6 10 b4n: Hi Tinh: Nguydn Ydn Th€;

Phqm Qudc Cadng; LA Vdn Tntdng Nhdt; Nguydn

Nhu Hodng, 10T1, THPT chuy6n Hd Tinh; Nam Dinh:

Vfi Tuiin Anh, 12T2, THPT chuy6n LO H6ng Phong;

Hf,i Phdng: Lrong Th€ Son,77T, THPT chuy€n TrAn

Phri; Thanh IdLo6 Nguydn Ti€n Dqt, 11T, THPT

chuy6n Lam Son, YOn B6i: Yfi Hing Qudn, 10T,

THPT chuy€n Nguy6n t6t tranh Binh Einh: Truong

Minh Nhdt Quang,l0T, THPT chuy6n Ld Quf DOn;

TP IId Chi Minhz Dd NguydnWnh Huy,l)T, Truong PTNK-

DHQG TP HO Chi Minh.

3. MOt s6 b4n c6 nh$n x6t dfng: cdn c6 them gia thi6t

6ii *90"' 
NGTTYEN MINH HA

TORN HQC
z6i tcrtroi@
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,F----\- Tir d6 chi c6: l:2vitN:7'
d, t 

^ 
,\ hoac I :7 vdN:2,

i* rt;ql 1 no[c I:4vdN:5,
\J
\:ot1/ hoicr:5vdN:4.\--l 

Bdi to6n c6 t5m nghiQm sau:

iii fi610:q

1296 + 7 18 : 2014; 1298 + 7 16 : 2014;

TH&TT s6 440 thdng 2 ndm 2014) flg6 + 218 :2014; 1798 + 216:2014

Tac61<G<2,nhrmgI+N>0n6nG:1'1496+518:2014;1498+516:2014;
N6u P * Q : q: O;i thtA > 0 vd kh6ng 1596+418:2014;1598+416:2014'

xityraA+ t:11,dod6P+ Q:l4vdA:9' Hoan nghenh bqnNguydn vdn cudng' ll{4'

DogSI+N< 17:g+gn6nI+N: g:2+7 tttpt Ba Chtic' Tri r6n, An Giang d5 tim

:3 t 6:4 + 5. Vi P + Q: 14:6 + 8, nen dugcdunghiQmcirabdito6n'

c6 th€ P:6 vd Q: 8, hoac p: 8 vit Q:6' DAN QTIYNH

(Xenr fti ru ki nij: myt: Gitii tri ktdn hy ti tang 2'{\

PNOBI,ffiTS TT{ THIC TOCI'E
(TiAP theo trang 16)

FoRI,owERSECONDARYSCH(}oLT't$44.Solvetheinequality
-r.v141 (For 6,r, grade). Find the maximum {Ti;rf-.";:sxyryTfr.

possible value of positive integer n such L^ ' r

that 2013 can be written as the sum of '? FoR UPPE'R SEC0NDARY scHool,

compound numbers' How does the answer 
T61444. The positive real numbers a, b, c

changeif 2013 isreplacedby}0l{? satisfy the equation abc = 1. Prove the

T2t444(For ?th grade). Let ABCbe a right inequality 
^L hn ?r,

triangle, right angle at A, B=60o' Point E a3 +b3 +" +fi6r.t'*.;r'|
^

on side,4C such that ABE=20'' P:i{ { T7A44.Let ABC be a triangle. D is the

n'::l:::T;:#: :W: 
= Bc Find 

n#;':'"u:h* ^Y{'".T,r'i:'\
parallellogram where vertex E lies on AB'

TSl4il4,Solvetheinequality F fies on AC, MF and AD intersect at .FL

x2+g*x3+8*ro*8*...*.iti*9 >g00. irr"-irr. itrorrgt, B and parallel to EH
-x+l- x'il ' x3+1 ""' -xrm+t . ;"r..",, lr[F; K; AK meets BC at L

'Vit444, The quadrilateral ABCD is 
Find the ratio *.

obtuse. The rays through A ffi TU444.Thesequence (v),satisfies

,.*""u"t"t *-ib,Agmeelcn,cDat-P- 1''='
;il4;il..,*.rv. i'0"*""1 o"'so * u' 

]',-,-, 
= 

'.1" 

*^4u1+2

prove that MAC= 90o. Find a closed form-ula for v''

TOAN HQC
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BAilOOC

TiM
rol

0Ir T0.[]t I Tr0]r( fli illt
Gt0[ Dol rtlttfr 0u0( (ls nsil ilfilll 2ol)

NGUYEN vAtt t-ltn
(SYK50 TCNH DH NgoqiThuvng, He Nfli)

r. Gror rHrpu nAr roAN
Trong ngiy thi thri hai cria ki thi chgn DQi
tuy6n Qu6c gia Iran n[m 2013 xtrdt hiQn mQt

bdi toSn kh6 thf vi:

Cho 4 di€m A, B, C, D theo tht t4r cilng niim
trAn ifudng thiing l. Hai cuflg rtr,1, a2 &pg trhn

d,fu AB ! (o3, (D4 dqng trAn ddy CD sao cho 4
cung nay cung nam tr€n mQt n*a mfit phdng
bd td fuong thiing t d6ng thdi q tiiip xrtc voi. ./ , )
@t vd a2 ti6p xilc voi cr,a. Ch*ng minh rdng
giao diAm c*a ti€p tuydn chung ngodi cfia cdc.

cfip cung (coz, rol) ud (c01, aa) nim trhn l.

O bdi vitit nity,t6c gi6 sE dua ra 4 cbchchimg
minh cho bdi to5n tr6n vd loi gi6i cho bii to6n
.].
tong quat.

il. LOI GIAI NAT TOAN

* Trudc fiAn tu phdt bi€u m\t sA m ai.

BO di I. (Dinh l{ Monge - D'Alembert) Cho ba
dadng trdn C1(O1, R); C2(O2, Rz); Cz(Oz, Rz)

phdn biQt ftAn mfit phdng. Khi d6 tdm vi ttr
ngodi crta cdc cqp dadng trdn (C1, Cz);
(Cz, C); (Cz, C) cilng thuQc mQt dudng thdng.
Hai tdm v! tqr trong cila hai trong ba cfip iladng
tudn tuAn vd tdm vi try ngodi cila cfip &rdng
trdn cdn lqi cilng thuQc mQl drdng thdng.

C6 the chimg minh86 di t tvongtt6i don gi6n
dlra theo dinh li Menelaus, xin ph6p kh6ng
trinh bdy lpi 0 ildy.

nA ai 2. Cho hai ddy cung f1 vd y2 cilng &nng
*An day AC sao cho chilng cilng niim *An
mQt ruha mfit phdng bd AC. GQi Ct Cz ld hai. .,.
&rdng trdn ti€p xtic voi Tt vd Tz. Khi dd tdm v!
tq ngodi cfia Ct yd Cz ndm ffAn AC.

Ch*ng minh. (h.l) Gqi (Ot R), (Oz, Rz) ldn
luqt ld dudng hdn chria c6c cung TrTTz; I,ldtilm
vi qu ngodi ci:a Ct vd Cz. X, Yld ti6p tli6m cta
Ct, Czv<ri yr; Z, Tldti0p di6m cua C1, C2vuy2.

' Hinh I
Ap du"g dinh li Monge - D'Alembert cho b0 ba

dudng trdn ((O1), Tr Tz) vd ((O2), yr, Tz) suy ra

I, X, Y thilng hdng vir I, Z, Zthing hdng.

Ggi IAAzld ti€p tuytin chung ngodi ctra y1, y2.
rL.tA^ -lPhdp nghlch ddo I','1'"2:Tte 7r; d6ng thoi

cbc cip ducrng thing ItZ:d I!,J! y IrY
kh6ng song song ndn IZ.IT = 14.14= IX.N.
Suy raX, Y, Z, T cingnim tr0n mQt duong trdn.
Ba duong trdn (O1), (O), (XYTA c6 tryc ding
phuong 6n luqt ld AC, XY, ZT n}n AC, XY, ZT
ddng quy. Tt d6 suy ra I e AC.

gO ai 3. Cho hai cung ar vd t*z ci,mg niim tran- ,:,
mQt ntra mfit phdng bd ld fudng thdng I vd
cimg dqng ffAn day AB ntim *An l. C, D ld hai

- di€m btit ki trAn t vd ndm ngodi doqn
thdng AB. Khi dd 4 ti€p tuy€n

kd tie C, D toi at vd az

"dt 
nhru tqo thdnh

mQt ttb gidc
ngoqi ti€p.

cA u,rn*
Chftng minh.
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Ggi X vd Z ; Y vit T 6n luqt ld c5c c[p di6m

tr6n or; rll2 sao cho CX, CY, DZ, DT ld chc

tii5p tuy6n cira hai dudng fidn (O1) vd (O2) chfta

c5c cung {D1 vd :oc2; MNPQ ld fu gi6c tpo boi
giao ili6m ci,. CX, CY, DZ, DT (h.2).

Do C, D nim trOn tryc ding Phucrng cua

ror vd rllz n€n CX = CY, DZ = DT.

Tt.d6 CM+ DP __ CX+ XM+ DT+ TP

=CY+]W+DZ*PY=CP+DM,
Theo dinh li Pithot suy ra th gi6c lvfftfPQ

ngoai ti6p.

Y A B XC D
Hinh 3

Ggi (O1), (Oz), (Oz), (O+) Dn luqt ld cric duong

trdn chria c6c cung (D1, (D2, cD3, CD4. P ; Qlilnfuqt
ld ti6p di6m cria (Or) vd (O); (O) vd (O+).

Qua P k6 ti6p tuyi5n chung trong cira (Or) vd
(O), cht d t?i X.

Ta c6 XP =XAXB =XCXD n0nXthuQc

suy ra Y, N, F th[ng hdng (dPcm).

Cilch2. (h.a)

V6i ki hiQu tuong t.u nhu Cdch l, ti6p tuy6n

ME crta {D2 vir az cilt I tqi Y, Dn luqt k€ c6c

ti6p uy6n yN, YF toi a2 vd ro+. Ta cdn chimg

minh I, N, Fthing hdng.

Do XP = XQ, YM = YN, YE = YF n6n t6n tai

tlucrng trdn Cr lAn luqt ti6p xtc v6i (Or) vi
(Ot) tai P; ti€p xtc vdi (O) vit (Oq) tai Q;

ducrng trdn C2 ti6p xric vli (O) tai M vd (O)
tai N; dulng trdn Cz ti€p xric v6i (q) @i E vil
(oq) tai r.
Tn 86 di 2 suy ra MQ cbt ttp tai tdm vi t.u

ngolri G cua Cr vit Czvit G e l, EP cbt FQ tai

tdmvit.ungodi HcinCtvdCzvdH e l.

Ap dpng dinh li Monge-D'Alembert cho ba

dulng trdn C1, Cz, Cz suy ra ME cdt d tqr tdm

vi t.u ngodi clua Cz vir Cz, hay Y ld t6m vi tU

ngoiri cria C2vd C3. Suy ra Y, N, F th ng hing.

HB X C D G

Hinh 4

Cfch 3. (ft.5)

V6i i tuong tuorlg il Cdch 2 ta cdn chimg

minh I, N, ,Fthing hing.

Nhu Cdch 2 ta dd chimg minh t6n tqi cdc

dulng trdn C1, Cz, Ct.

Tt d6, theo c6ch chimg minh 86 di 2 suy ra

M, N, P, Q cing thuQc mQt dudng trdn vlr -8,

F, P, Q cing thuQc mQt ducrng trdn.

TOAN HOC

t4rc ding ghucrng cilr- (O) vd (Oa), tbc
IiLXQ ld ti6p tuy6n chung trong cua

(o) vd (oq).

Gi6 sir ti6p tuytSn chung ngodi

ME cl;ra roz vir o: cdt dtTiY,
qua Ik6 ti6p tuy6n I}/
t6i ror, YF t6i (JJz.

Ap dung aa ai 3
cho hai tlucrng tron (Or) vd (Oz) vdi hai di6m

X, Y suy ra YM, YN, XP, XQ c6t nhau t4o

thenh mQt tu gi6c ngoai ti6p duong trdn (1).

Lqi 6p ilqng BO di 3 cho hai dulng trdn (O:)

vd(Oq)v6i hai di6mX,Isuy ra suy ra YF ti6p
nic v6i duong hdn nQi ti6p tam gi6c tpo boi
c6c dulng thhng XP, XQ, YMhay tludng trdn

(f . Nhu udy YN,YF cingtiiip xric voi (4,

* Trd lqi bdi todn.

Cfch I. (ft.3)

s6 aea (e-zoro & dudi$e 29
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MAt kh6c, 6p dung dM li Monge-D'Alembert
cho ba duong trdn C1, (Oz), (O) suy ra
PQ cit EMtqitdm vi ty ngodi Tcta
hai tludng trdn (Oz) vd (O:).

Suy ra TM.TE =TP.TQ, nghia ld M, E,

P, Q cingthuQc mQt dulng hon.

Nhu vfy 6 di6m M, N, E, F, P, Q
cr)ng thuQc mQt dudng tron.
Suy ra tfi gi6c MNFE nQi tii5p.

Gii sir ntrcit dudng trdn
(Y, YD tqt F' . Do hai
ttucrng trdn (Y, YA[) i
vd(Y,I?V) d6ng tdm
vd hai tlucrng thlng ME, NF'giao nhau t4i I
n6n tu gi6c MNF'E h hinh thang cdn, suy ra
MNF'E ld tu gi6c nQi ti6p.

Lai c6 F vir F'ctng nim trdn (I, Iltr) n6n

F = F',hay Y, N, F thinghdng. Ta c6 dpcm.

C6ch 4. Trudc ti6n ta ph6t bi6u hai b6 dd sau.

gO ai 4. Cho hai dtdng trdn (O) vd (O2)

kh6ng chaa nhau. Gei Cu Cz ld hai dadng
.:trdn ti€p xilc ngodi voi (O), (Oz) ldn luqt tqi

A, B vd C, D. Khi d6 A, B, C, D cilng thuQc

mQt &rdng trdn.

Chirng minh.

Ap dung
dinh li Monge-
D'Alembert

Hhh 5

BO dA 5. Qhudi dudng trdn Apollonius - Bdi todng

dudng trdn). Cho ba drdng trdn (O), (Oz), (Oz)

ffAn mQt phdng. Ta xay dwng m\t chudi itudng
trdn xoay vdng nha sau: Ggi Cn ld dudng trdn
tiiip xuc v6i (O) vd (O); Czz ld iladng trdn
fidp nic vbi Cn, (O), (O); Ctq ld iluong trdn

tidp xuc voi Cy, (O), (O); Cr,s ld duong trdn
tiiip xtic voi C3a, (O), (O); Csa ld &rdng trdn

tidp xilc vhi Ca5, (O), (O); Cer ld dudng trdn
tidp xilc vhi Cse, (Q), (O). Khi d6 Cn, Czz, ...,
Car ld mAt chudi d6ng, hay Cer fidp nic voi Cn

Chftng minh. Ta chimg minh bdi to6n trong
trudng hqrp ba tluong trdn (Or), (O2), (q) dii
mQt ngoii nhau (ft.7). Cbc trudng hqp kh6c

chimg minh tucrng t.u.

Gei Pr, Pzl6,n luqt ld
titip di6m ola Cp v1r
(O1) vd (O); Pt lit
ti6p di6m c:iura Czt vbi

(O); Pc ld ti€p tti6m cria C3av1i (O1), tucrng

t.u v6i Ps, Pe,&.Nhu v$y ta cAn chimg minh
D _Dt7:11.

Ap dl,mg AA ae 4 cho hai dudng trdn Crz vi
C3a cirng hai tlulng trdn titip x'itc Czt vi (O1)

suy raP1, Pz, Pz,Pa ctrng thuQc mQt tludng frdn.

Ap dune na ai 4 cho hai dulng trdn (O2) vd
(O:) v6i hai dudng tron ti6p x:6c Czt vi Go
suy ra Pz, Pt, Ps, Pecirng thuQc mQt dudmg trdn.

cho ba tluong trdn
(O),(Oz), C1 su! ra
AB di qua tAm vi t.u ngoii T cua (O) vd (O).
Tucrng t.u ta cflng c5 CD tli qua f (h.4.

Tt d6 TA.TB =TC.TD = ft. Suy ra A, B, C, D
ctng thuQc mQt dudng tron.

TOAN HQC

Hinh 6

50'clirdiU@
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Ti6p tuc 6p dgng 86 dA 4 chohaiduorrg

tron (O1) vd (Oz) v6i hai dudng trdn

titip xric C+svir C12 su] ra
Pt Pz, Pa, P5 cing
thuQc mQt duong
trdn. C,

Tir d6
Pv Pz, Pz, P+, Ps, Ps

cing thuQc mQt

tluong trdn ro.

Ap dlrng aa di I ctto

hai duong tron (Or) vd (O:) vdi hai ducrng

tron til5p x$c Ca vd Czr, suy ra Pt, Pq, Pa, Pt

cirng thuQc mQt duong tron. Tt d6 P7li giao

cira ro v6i (Or) hay P7: Pr. Nhu vay C61 tir5p

xtc v6i Cn.Ta c6 tlPcm.

Trd lqi bdi toan (h.8).

Chf i ring chu6i ttuong trdn Apollonius v6n

dring trong ttoyrg hqp ducrng tron suy bi6n

thenh ducrng thing. Ti6p tuy6n chung ME crta

(Oz) vd (O) clt I tqi Y. Kd ti6p tuyrin IW cira

ror, dyng duong trdn G ti6p xirc voi YM,

IN lAn luqt tai E, F ' .Dudng trdn Cr

vdr G tlugc dinh nghia gi6ng Cdch 2

vitCach3. Ap dlmg Aa ai S ctto

duong trdn Cr vd hai duong
trdn suy bi6n thinh hai

tludng thing YMvit
YN,tac6: (Oz) ti6p

Do chu6i (oz), cz, (o), (or), Cz, (oi) li chu6i

d6ng n6n (O') tiCp xric v6i (O2), C1, YN.

Di0u ndy nghia lit (O;) titip xric vli Q tqi P

vd tiOp xric v6i YN t4i F'.

Lpi c6 ti6p tuyOn tai Q ci.r. (O) clttidp tuy6n

tqi P cin (O) tqi X vd XP = XQ n6n X nim
tr6n tryc ding phucrngcna Q') vd (O:).

lr1riL YE = YF'n€n I cffng thuQc tarc ding
phuong ci.r (O) vd (O3). YA,y XYldtrgc ding

phuong ct;a (O'o)

(ol) di qua

vd (O3) hay

BXCD
Hinh I

Suy ra (O)=(O). Ta c6 dPcm.

(K sau itdng fiAP)

TOAN HQC

Hinh 7

xric v6i Ct YM; Cz Y t
ti6p xric v6i (O2),,

YM, YN; (Or) ti6P xfc vdi C2, YN, C; (O)
titip xric v6i (O1), C1, YM; Q ti6p xric vdi
(O3),YM,YN; (O') ti6P xfc v1i Cz,YN, C1.

F'

pz

'Oq
N 

.oz )
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G , ..t t0:;-- t-1.: /).^.^ -t'b 7n/4, W-W ilre* ffi, t'4* d4,
a-Jusep=Se "a-#s.Se,:i ..€S,g

&+&oi hon 500 birc 6nh dugc tuy6n chon

d f3 cong phu tu nhidu nguon tu liQu trong

&Evir ngoiri nu6c, "Hodng Sa, Trtdng Sa

Sxnn vgng hba binh" sE giirp b4n dqc nbrn

duoc mQt cacn mal qu6t vC vi tri dia li. dieu kien

tq nhi6n, tidm nSng kinh tti. '. cua hai quAn dao

Hodng Sa vd Trudng Sa: nhitng tr-r liqr-r lich su

chu yOu r'6 chu quydn cua \"tet Narn.dol i or hai

quan dao: r € cuQc s6ng no'i tuyOn dAu To quoc

hiQn nay - noi md nhimg nguoi dAn Vi6t, du 1a

ngu ddn hay nguoi chi6n si, ngudi c6ng nhin...

dang ki6n cuong b6rn bi6n, b6m dio; v0 sy dAu

tu dic biQt cua Nhir nu6c, cua c6'c t6 chirc, dodn

th6 xi h6i vd nhdn ddn dd tao n0n sq dOi thay ki
di6u cua quAn dAo Trudng Sa.

Nhom bi€n so4n dd tuy6n chon ki 1u6ng c6c birc

6nh tu ttgu6, tu 1i0u phong phf vd da dpng cua

nhirng ph6ng vi€n - nghQ si nhiOp anh truc ti6p

s6ng tao tai noi diSn ra nhirng sU kiQn dugc ca

cQng dong quan tdm. PhAn lo'n c6c buc anh lir

6nh b6o chi in dQm hoi tho cua cu6c s6ng. r-ua

mang tinh lich su, vla c6 tinh thoi sg. 1ai gidu

giStrl n-uhQ thu4t.

Anh duoc sip *ep theo ki6u phong su voi loi

binh tinh t,i, khien nguoi xem nhu dang duoc

d6i theo mQt ciu chuy6n v6i nhiOu chir d0. Dflc

biQt co nhtng buc Anh ghi lai nhtng s1r ki6n hdo

hing, bi tr6ng..., ki th6c tAm huy6t cira ngudi

nghQ si - phong vi6n inh.

Xem vlr dgc "Hoiing Sa, Trtdng Sa - Khtit

vgng hba binh", bpn dgc s0 c6 nhirng phirt giny

chim chLi ngfm nhin nhftng birc anh vd suy tu

r'€ nhtng sr,r ki6n gin v6i qu6 trinh lich sir xdy

dpg vir bio vQ bi6n dio quO huo-ng cira bitit bao

th€ he Viet Nam.

Ddy thqc su ld t6c phAm t6n vinh chir nghia y6u

nuoc Vi6t Nam, tdn vinh phAm ch6t ve khi ph6ch

cao dgp cira nhfl'ng ngu ddn vi nhirng ngucri linh

dang ngdy dOm bio vQ chir quyOn thiCng 1i6ng

^ ' bi6n dao Hoirng Sa, Trudngcua loquoc0vung
Sa. D6 cffng lir tdi liQu tham khio c6n thi0t, phuc

vu tr.uc ti6p viQc c4p nhat ki6n thirc bi6n, ddo;

b6i dudng, gi6o duc cho hoc sinh vd nhi0m vp

bio vq chu quy6n bi6n, dio quO hucrng.

B4n clgc c6 th6 mua s6ch t4i cic C6ng ty S6ch - fni6t bi Trudng hgc o c6c dia phtrcrng

tro4c cdc Cua hlng Sdch cira Nhh xu6t ben Gi6o d*c ViQt Nam.

website brin hirng trgc tuyi5n: \yw\y.sach24.vn Website: lvrvrv.nxbgd.vn
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