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CHUAN HOA TRONG CHUNG MINH
 BAT BANG THUC DOl KUNG THUAN NEAT

THAI NHAT PHUQNG
(GV THCS Nguyén Vén Tréi
am Nghia - Cam Ranh - Khanh Hoa)

rude hét ta nhéc lai bat déng thuc (BDT)
/ d6i xtmg thuan nhét tic 13 bat déng thic
vira d6i xtmg vira thuan nhat:

— Mot bat dang thic duoc goi 13 BDT dbi
xtmg néu hoan vi hai bién bat ki thi BDT d6
khong dbi (c4c bién co vai tro nhu nhau).

— Mbt bat ding thirc dugc goi 1a BDT thuin
nhét néu nhan mdi bién véi mot sb ¢ > 0 thi
BDT d6 khong ddi.

Dé chimg minh BDT d6i ximg thudn nhét ta

¢6 thé chuan hoa (chon mot gia tri nao d6 cho

mdt biéu thirc ddi xtmg) roi di chimg minh

BDT d6i xtmg co diéu kién.

Sau day 1a mot s6 bai toan minh hoa:

O Bai toan 1. Chirng minh rang

| _1/’4 + 4x2)‘2 > 3).\‘)'()(2 + yz) (1)

Loi gigi. BPT (1) d6i xtmg vi hoan vi x va y
thi (1) khong d6i va BBT (1) thudn nhit vi
thay x, y lan lugt bang #x, #y (¢ > 0) thi (1)
khong dbi. Tir d6 ta c6 thé gia st x> + y2 =1.
Suy ra xy < % .BDT (1) tr¢ thanh:

(xz + y2 )2 + 2x2y2 = 3xy
& 2x%y? 3y +120< 2y —-D)(xy—1)=0
(BDT nay ding vi xy < %) .
Vay BDT (1) diing. Pang thirc xay ra <> x = y.
& Bai toan 2. Chirmg minh rang
3t 4yt + 2 > (r+y+ )3 + 7 +2) (a)

Loi gigi. BPT (2a) d6i xtg thuin nhét, ta c6
the gid st rang x + y + z = 3.

Khi d6 BDT (2a)

<:>x4+y4+z42x3+y3+z3 (2b)

Taco: x* — x> —x+1:x3(x~l)—(x—l)
=(x-1)*(x*+x+1)20

3

x> rx-1 Tuong tu y4 2y3+y—1,

z4 223

Lz,
Cong ba BDT cing chiéu va két hop véi
x4+ y+z =3 tadugc BDT (2b).
Suy ra BDT (2a) dugc chimg minh. Pang thtrc
xiyitacy x=y=z [1
& Bai toan 3. Vi x; y; z > 0, chitng minh rang
\/xy tyztax i/(x +¥)(y +2)(z+ x)

3 b 8
Loi gidgi. BDT (3) d6i xtmg thuin nhét, ta co
thé gia sir xy + yz +zx =3

3)

Khidé x+y+2z>3 va xyz<1.Taco:
x+»)y+2)z+x)=(x+y+2)(xy+ yz + 2x)

—yyz =331 =8
Suy ra

\/LTE{___I<§/(X+J})(Y+Z)(Z+X)
3 o 8

Piang thic xdyra< x=y =2z 0

© Bai toan 4. Cho x>0, y> 0. Chiing minh rang

R i
x*+y i \/"C; |

(x+y)* x+y 8

4)

Loi gidi. BPT (4) d6i xtmg thuan nhét, ta co

. 1
the gid st x+y =1, suyra \/ESE.
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Khi d6 BDT (4) @x4+y4+\/x_yz%

<:>(1—2t2)2—2t4+tZ% (véi t=xy vi

1
< —
O0<t 5

—32t2+8t+320
—3)(4t2 =1)+8:(1-2t) >0 (BDT nay

o168t
o (41
lubn ding vai 0 <t < %). Vay BDT (4) dung.
Ping thicxayra<x =y. O

© Bai toan 5. Cho x, y, z> 0. Chirng minh rcfng

x(y+2)
x* +(y+z)2

y(z+Xx) z(x+ V)

2 2 <
¥ +(z+X)

(5)

| o

2 x+ y)“

Léi gigi. BDT (5) d6i xtmg thuan nhét, ta c6
thé gia sirrang x+ y+z=1.

2
Ta co: 1—2x +2x> =1—2x(1—x)21—(le)
_(A—x)3+x)
=
Suy ra: x(l—x)zs i =4- = :
10D | I+ 3+x
Tuong tu y(l—y)zs4_ = ;
1-2y+2y 3+y
z(1-2) 12
1-2z+27° 3+z°
Tu d6 BDT (5) co
VT (5) £ x(l—x) - y(l_J’) 5 Z(I_Z) :
1-2x+2x" 1-2y+2y° 1-2z+2z
1 1 1
<12-
12(3+x+3+y+3+zj
2
STV e uL),

3+x+3+y+3+z

9 6
‘12(1“16)‘3

Ping thic xdyra<> x=y=z. 0

(dpem)

TOAN HOC
* CTugifge SO 445 (5-2019)

2

BAI TAP
Véi x, y, z > 0. Chung minh cac BDT
sau day:

5. .3 3
L XY Z(x+y) '
2 2

2. 3(x3 +y3 +Z3)2(x+y+z)(x2 +y2 2.
3 .3 3

3. —+y—+z—2x+y+z.
Y2 zx Xy

4. xz(y+z)+y2(z+x)+zz(x+y)£2(x3 +y3 +z3).
5. xz(y+z)+y2(z+x)+zz(x+y)

>(xy+yz+ zx)%+ )y +z)(z +x).

(2x+y+z)2 . (2y+z+x)2 ‘ (22+x+y)2 <3
' 2x2+(_y+z)2T2yz+(z+x)2 A (et
(y+z— x)* (z+x—y)2 v (ery—z)2 3
(y+z) +x° (z+x)2+y2 (x+y)2+zz_5‘

7Z'n 12772,

* GIAI THUONG ABEL NAM 2014

~ Vién Han Lam Khoa hoc va Van chuong
Na Uy viia quyét dinh trao Gidi thudng Abel
nam 2014 cho nha toan hoc ngudi Nga
Yakov G. Sinai (78 tudi) thudéc Bai hoc
Princeton, My va Vién Vat Ii Ii thuyét
Landau, Vién Han lam Khoa hoc Nga vi

j %@\g hién nén tang cho cac Hé dong
%Iet ergodic va Vat li Toan.

4's

%ﬁSmal s& nhan giai thudng

w giai t8 chuc tai Oslo, Na Uy

14 ‘ ;

. LE MAI
1: hitp:://www.abelprize.no/)
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Huidng din gidi BE THI TUYEN SINH VAO LGP 10 THPT CHUYEN
TINH BAC NINH

NAM HOQC 2012 - 2013
(Pé thi ding trén TH&TT 50 442, thang 4 nim 2014)

VONG 1
Ciu 1. a) xz—g—. b) x> 5.

22+ 2(V2-1)
t \/5+1 ) oo 2
Cﬁu‘Z.He‘lmséy=mx+l.(1)
a) Do thi cta (1) di qua A(1; 4) khim =3. Vi
m > 0nén (1) ddng bién trén R.

c) A 2z

2 e aos . m? =m
b) D6 thi cia (1) song song voi d < {m+l ot
< m=1. Vay m =1 thoa man.

Céu 3. Goi vén tdc cua nguoi di xe dap khi di
tir 4 dén B 1a x km/gio, x > 0.

. ¢ s B 26 L %6 x =12
Tacophuongtrmh:;—m:% [x=—15.
Do x > 0 nén van téc clia nguoi di xe dap khi
di tir 4 dén B 1a 12 km/gio.
Cau 4.

a) Taco 4
BDC = IHC = 90°
(g6c ndi tiep

chén nira duong
tronvaAH 1| BC) B H O C
— IDC+IHC =180° =THCD 1a it giéc noi tiép.
b) AABI vi ADBA c6 B chung va BAI = ADB
BA BD
BI BA

D

1

(= ﬁ) nén ching déng dang =

= AB* = BI.BD.

¢) Theo phan b) ta ¢6 BAI = ZD\I, suy ra 4B 1a
tiép tuyén ctia dudng tron ngoai tiép AAID véi
moiD € AC va A 1a tip diém. Mit khéc, AB |
AC tai 4 nén AC ludn di qua tam cta duong tron
ngoai tiép A4ID. Ma AC ¢0 dinh, suy ra dpcm.
Cau 5.2) Taco: X +2)° — 3xp+2x—4y+3=0
S x-2y)(x—y+2)=-3.

Do x, y nguyén nén x — 2y, x — y + 2 nguyén.
Ma -3 = (=1).3 = 1.(=3) nén c6 bdn trudng

hop xdy ra. Xet timg truong hop, két hop

v6i dicu kién x, y nguyén duong ta dugc cac

gia tri (x; y) can tim 1a (1; 2) va (3; 2).

b) Do BAD, BCD ti nén 4, C ndm trong

duong tron duong kinh BD = AC < BD.
VONG 2

Ciu 1.a) Taco:

@42+ x4 2 x =D —(etx+1) x+x+1

g (x=D)(e+vx+1) =2

i x—1 x+Jx+1 B

S Wr=Doex 4D Jx+l

D3 +1)?
b)Tac():x=(\/5 ) (\/_+) =J5-2
J20 +1)% +3

=% +4x—2=—-1=P=(x* +4x-2)"B =-1.

CAu 2. a) Tinh dugc A’ =2 >0 = dpcm.

b) Theo dinh li Viete, x; + xo =2m

:>2x12+4mx2 +2m* -9

= (27 —4mox; +2m* — 1)+ 4(mx;, +mxy) -8

=0+8m> —8=8(m—-1)(m+1)<0&=-1<m<l.

Cau 3. a) Tir gia thiét suy ra x — y > 0
3. 33 (3

= X=X EP =X =)

:>x2+xy+y <1:'x2+y2<1.

b) Cong theo timg vé cac phuong trinh cta hé:

(x—1)2+(y—1)2+(z—1)2=0<:>x=y=z=1.

Cau4.a)DoM, N, F 4

cung nhin doan

AO duéi goc 90°

= dpcm.

b) Ta c6 AN = AM

(tinh chat

tiép tuyen). B|

Tir phéan a) ta suy ra ANM = AFN. (1)

Goi D la giao cua AC va (O), tacé BD 1L AC

va H e BD. Ta c6 cé4c cip tam gidc ddng dang
1a ADH va AFC; ADN va ANC (g.g).

TOAN HOC
' Cluditre 3
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B TH TUYERN SN VAO LOP 90 THPT CHUYEN TN THAI Bl

NAM HOC 2013 - 2014

Danh cho thi sinh thi vao chuyén Toan, Tin
(Théi gian lam bai: 150 phiit)

Bai 1. (3 diém) 1) Giai hé phwong trinh:
{xz —(x+y)y+1=0
(> +D)(x+y-2)+y=0.
2) Giai phuong trinh:
X+ 4JT—x=dx—1+JT-x)(x-1) +1.
Bai 2. (2 diém) Giai cac phuong trinh:
1) Tim sb nguyén dwong x 16n nhét sao cho
23* 1 13 mot wée s caa 2013! (ki hicu
2013!=1.2.3...2013).
2) Tim sb nguyén duorngzn sao cho
A=(n+3)4n" + 14n+7)
12 mot s6 chinh phwong.
Bai 3. (1 diém) Cho a, b, c 14 ba sb thyc duong

1 1 .
1+a+1+b+l+c_2’ Lhom

théa man

minh ring: %+%+%24(a+b+c).

Bai 4. (3 diém) Cho tam gidc ABC vudng tai 4,
duong cao AH. Qua B ké dudng thang cat duong

S AF = AD.AC = AN* => 2 =2
uy ra AH.AF = AD.AC AN:AN Via

= hai tam gidc ANH, AFN ddng dang (c.g.c)
= ANH = AFN. (2)

Tir (1) va (2) suy ra ANM = ANH = H € MN.
¢) Tur phan a) suy ra HM.HN = HA.HF.

Goi I = AO N MN thi [ 1a trung di€ém cua MN
= HM.HN = (IM — [H)(IM + [H) = IM*— [H*

=(OM™ 01"~ (OH-0I*) = R~ OH* => dpcm.

Cau 5.2) Tacod w=ﬂ véim,n e N*,
y+2z42013 7

(m,n)=1 < nx —my = (mz —ny)vJ2013

:>nx—my=mz—ny=0:>£=Z=E:>xz=y2.

¥z n
Vixz+y2+zz=(x+z)2—2.>,cz+y2=()c+z)2—y2
=(x+z+y)(x+z—y)lésériguyént(”’)véx-irz
Fopie loisuyira +y2+z =x+z+yva
x+z-y=1.Suyrax=y=z=1 (théa man).

TOAN HOC |
4 *CTudilre S8 445 (5-2019)

tron tam C bén kinh C4 tai D va E (D 1a diém
nam trong tam gidc ABC). Trén canh 4B lay

diém M sao cho BDM = %A/@
1) Chitng minh rang: :
a) BH.BC = BD.BE va ttt gisc DHCE n0i ti€p
duong tron.
b) HA 1a phan giac ciia DHE.
2) Goi N la giao diém ctia MD va AH. Chimg
minh D 1a trung diém cta MN.
Bai 5. (1 diém) Cho 2013 da thirc
Pix) =% +x+a (i =1; 2; 3; ...; 2013)
théa man: a;,; —a; = o (o 13 hing sb, k= 1;
2; 3; ...; 2012) va da thic O(x) = P1(x) + Pa(x)
+ ... + P5013(x) c6 nghiém thuc.
1) Chtrng minh da thirc P1gg7(x) c6 nghiém.
2) Trong 2013 da thirc Py(x) trén, c6 nhiéu nhat
bao nhiéu da thirc v6 nghiém?

DUGCNG VAN THANH (gidi thiéu)

b) Goi /= EC N DB.

Ta co6 Spqr = Spgr nén B

khoang cach tir B, D dén

AE bing nhau, do B, D E

cung phia d6i véi duong

thang AE nén BD // AE. D

Tuong tutaco AB// CE

= ABIE 13 hinh binh hanh

= Spe=S4pr=1.Pat Sjcp=x(0<x<1)taco:

Sc=Spcp—Sicp=1—x=Sgcp—Sicp = SiED-
Siep  1IC_ Sppe s

Ta lai cb: 22 = 2> _OBC 4 E
s St e TR o T P

il 5
5

x* —3x+1= 0, nghi¢ém théa man la x =

J5-1

= 8p =——7—=>S4pcvE =

ﬁ—1=5+J§_

2 2

:SEAB +SEB] +SBCD +S[ED:3+
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b
| Choi i
™ | T ot T

DAIHOC

J)#
VE PHUUNG TRINH BAT PHUUNG TRINH HE PHUUNG TRINH
| C0 cHUA THAM SO THUONG GAP GIAI BANG PHUUNGPHAP{?AO HAM

I va thi vao
A Dail S PHAM TRONG THU
= - aloc = GV THPT chuyén Nguyén Quang D/eu;Donq T
hitng nim gan day trong d& thi tuyén  Vay PT (1) co nghiém khi
sinh vao cic truong Pai hoc va Cao 1 3_,_12\/_
déng thuong c6 cau giai phuong trinh (PT), bit S(2)<m<f (2V2) & 3<m

phuong trinh (BPT), hé phuong trinh (HPT)
lién quan dén tham sb. Co 18 day 1a dang toan
ma nhiéu hoc sinh ling ting nhit. Trong bai
viét ndy tic gia chi trinh bay mot s6 dang toan
ma ching ta thuong hay gip (nhu xac dinh
tham s6 dé PT, BPT va HPT c6 nghiém, c6 k
nghiém, nghiém ding véi moi x thudc tap D
nao do,...) va phuong phéap giai cic dang toan
d6 1a khao sat ham s6 bang dao ham hay con
goi la phuong phap dao ham. Chung t6i mudn
néu ra diéu d6 qua céc thi du dién hinh dé giup
cac ban tim hiéu thém céac dang toan trén.

* Thi du 1. 7im cdc gia tri cia tham s6 m dé
phuong trinh sau coé nghiém

24 —x? 2,\'+3—(m-1)(\/,\‘+3+\/1—x)
+m+1=0 (1).
Loi gidi

bit t=vx+3++l-x,xe[-3;1]. Ta co:
P =4+2J(x+3)1-x) =20—x* - 2x+3=F -4,

Ma 2{(x+3)1-x) <(x+3)+(1-x)=4 nén
2205

Vi diéu kién ¢ trén, PT (1) tr& thanh:
el TR

P —m-Dt+m-3=0m= 3

2

Xét ham sb f (t)— = trén doan [2 202 J

2t+2
co f’(t)———
(t-1)°

ham s6 dong bién trén [2; 22 J

>4; Vte[2 2\/7:] nén

*Thi du 2. Tim cdc gid tri cua tham s6 m dé
phuong trinh sau co nghiém

(8m—3)Wx+3+203m—21—x +2m—1=0 (2).

Loi gidgi. PK: 3<x<1.

Véi didu kién trén, PT (2) tr& thanh:

2m(ax+3+31—x+1) =3x+3 +
3@+4ﬂ+1 Samiy.
e e ey

1-x+1

2 2 .
Vi (\/x+3) (\/l—x) =4 nén co thé dit
Vx+3
1”2 voi 0<t<1.
Vl—-x=2.
1+t
2 ———
Khi 6 PT(*) trg thanh ~= 12072 _ oy,
52 —16t—7
T 100

Xéthamsé f(f) = trén doan [0; 1];

55 <1667
526% + 8 + 60
o5 g —7Y°
nén ham so nghich bién trén [0; 1].
Vay PT (2) c¢6 nghiém khi f(1) £2m < £(0)

7 )
= E <m< 14 D
Luwu y. Thidu 1, 2 d4 st dung tinh chit:
Néu ham s6 y = f(x) lién tuc trén D va tdn tai

min f(x) =m, max f(x)=M thi PT f(x) =k
xeD xeD
c6 nghiém trén D khi va chi khim < k < M.

TOAN HOC
' CTuditre S

co.f () =—

<0, Vt e[0; 1]
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*Thi dy 3 (Khéi A-2008). Tim cdc gid tri 2-2 :
ctia tham sé6 m dé phwong trinh sau cé dung Xét ham s0 f(1) = P+ 1 trén doan[l; 2];c6
hai nghiém thyc phan biét:

oy + 2% 4 246—x+26—x =m (meR) (3). f’(t)—t(%flg;—z>0 Vt e[l; 2] nén ham sd
Loi gigi. PK:0 < x < 6. ddng bién trén [1; 2].
Pat f(x)=Y2x +V2x +246—x +2J6—x, Yéu cu bai toan <> (*) nghiém ding v&i moi
x €[0; 6]. Taco te[l; 2] & m> max f(r):f(2)=3-
' 1 1 1 tell; 2] 3
Fim= 2%[(2)03 N 2‘{/(6—x)3 ot J2x J6—x *ThiduS. Cho bétp}lzwong trinh
\F6 3 fzx) Js__x @ 4";- 201’4m.2i +3-1007m<0 (5).

Tim m deé (5) co nghiém.
4 \/—2_36\/6 X
2{(2x)° (6% Loi gidi. Dit t =27, t > 0.
Vx € (0; 6). Véi didu kién ¢ trén, BPT (5) trd thanh

Nhién théy hai s hang ciia f"(x) luén clng dau 2
2 +3<1007m(t +1) ot - 13 <1007m (*).

voinhaunén f'(x) =0 6-—x=2x < x=2.

A -A ‘A . 2
e S ] G e Xet ham 6 f()=""2wen (05 +e0); o

f()—t—iz—t—3 f)=0<1=1(do 1>0)
(t+1y°

Lap bang bién thién

. *2«/5+2\/— . B
Dua vao bang bién thién, ta thdy PT (3) c6 hai
nghiém phan biét khi 2\/E+2\/—6_$m<3\/5+6. . .
Luew . Thi dy 3 12 bai toén kho vé g dung  Dya vao bang bién thién, ta thay:
khao sat ham so dé bién luin nghiém ctia PT.
Viéc tinh dao ham va xét ddu cta dao ham 1a ’
khong don gian. Doi hoi hoc sinh phai 6 ki <100Tm=z mn f)=fD=2mz2——-

Sa o o AL te(0; +o0) 1007
ning tinh toan that tot méi gidi duge. ;

* Thi du 6. Cho bat phuong trinh

* Thi du 4. Cho bdt phuong trinh . 0 sl
O 1 2(1-2014m).6™  +(2014m+14~ ~ 20(6).

m(\/xz—2x+2+1)+x(2—x)20 (4). , —1—

Tim m dé (6) nghiém ding véi moi x| > =

BPT (5) c6 nghiém < (*) c6 nghiém >0

l\)

Timm dé (4) nghiém ding voi moi x € [O; 1+ \/—3-] )
Loi gigi. Chia hai vé BPT (6) cho 42777 vy

Lo gidgi. Dt t = x> —2x+2 =(x=D? +1.

2x"-x
” dat ¢t = (—) , ta dugc:
Theo gia thiét x €[ 0; 1++/3 ] nénz [1; 2]. ' /) '

Véi didu kién ¢ trén, BPT (4) &6 thanh £ +2(1-2014m)t +2014m +120 (¥)
2
m(t+1)>t —2<::>m_tt_|_1 (*). Véi lx|2% iy —z2l=iz].

TOAN HOC
6 ‘Chsilre S& 443 (5-2014)
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Véi diéu kién rtrén, BPT (*) tré thanh
2

e+ 2t+1

A BEOES, 5 )
ST 014m (**)

2 +2t+1

Xét ham s& f(f) = o

trén [1; + o0); co

Lo B
M1
2t-1)
Lap bang bién thién

f()=0<1t=2 (do t>0).

Dua vao bang bién thién, ta thay:
Yéu cau bai todn <> (**) nghiém ding véi mei £> 1

. 3
<=2014m < N=@)=3 <—-
m tql};ngw)f() f@)=3 &m0

Luu y. Céc thi du ,4, 5 va 6 da st dung mot
trong nhiig tinh chat:

Néu ham sb y = f(x) lién tuc trén D va ton tai
min f(x) =m, max f(x) =M thi

xeD xeD

e BPT f(x) = k(m) c6 nghi€ém Vx e Dkhi va
chi khi k(m) < milr)l ()
xXe

e BPT f(x) > k(m)cod nghiém trén D khi va
chi khi k(m) < max f(x).
xeD

e BPT f(x) < k(m) co nghiém Vx e D khi va
chi khi max f(x) < k(m).

xeD
« BPT f(x) < k(m) c6 nghiém trén D khi va
chi khi min f(x) < k(m).

xeD

*Thi du 7. Tim m dé hé sau cé nghiém:
logs (4" +144) —4log, 2 <1+logs (22 +1) (7).
3% —me/x +16=0 (7.2)
Loi gidi. Ta c6
X
(7.1) < logs (%} <logs(5(2572 +1))
4% 1144

e <5(27241) (%

Dat u = 2* > 0 khi d6 (*) c6 dang:
u? —20u+64<0 < 4<u<lé.
Suyra 4<2* <16 < 2<x<4.

2
Ve dib teten ireny irdyes st rilba

xx

trén doan [2; 4];co

3x% +16

x/x
, 6x2\/;—%\/;(3x2 +16) 3/5(2_16)
f®)= 7 S <0
X
Vx € [2; 4] nén ham sb nghich bién trén [2; 4].
Vay HPT da cho c6 nghiém khi f(4)<m< f(2)
o8<m< 2.
* Thi du 8. Tim m dé hé sau cé nghiém:
x—y+2014m =0 (8.1)
{ y+ (82)

Xét ham s6 f(x) =

Xyt

Loi gidi. Ta co

2
PT 8o Jy=2-y& x_y2_4y+4.
y
2 _4y+4
Thay vao (8.1) ta duge -yTy—y+2014m=o

N % = 2014m (*).

HPT da cho c6 nghiém <> (*) c6 nghiém y < 2.

XE¢ il ) et

trén nira khoang

(w001 2J; 6 '(y) =5 >0 Vy & (-50; 2] nén
Y

ham sd ddng bién trén mdi khoang (—oo; 0)
va (0; 2].
Lap bang bién thién

TOAN HOC
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Dua vao bang bién thién, ta thdy: HPT di cho
co nghiém < 2014m € (—o0; 2]U (4; + )

= —o0; 1 ) N, +oo |, O
" T 1007 (10070 7))
* Thi du 9. Tim m dé hé sau c6 nghiém:

Sxajbr’ +2° —x* log, x > (x* —x) log, x

+5V6+x—x> +5 (9)) -

L]5—2.1+x3 —50x+53-2m<0 9.2)
Loi gidgi. Giai BPT(9.1). Piéu kién dé BPT(9.1)

2
conghiala: {0+¥ =¥ 20 4 01 <3(a).
x>0

Bién d0i bang cach nhém va dit thira sb
chung, ta co:

(xlogzx—S)(\/6+x—x2 +1—x)>0 (b)

Do diéu kién (a) nén ta co:
xlog, x—5<3log,3-5<0.

Vith(b) @ V6+x—x*> +1-x<0

2

SV6+x—Xx <x—l<:>%<x§3.

Déi chiéu voi diéu kién (a) ta dugc nghiém
cia BPT(9.1) 1a % <x<3.

Khi dé: (9.2) < 2x—5+x> —50x+53-2m <0
o x> —48x+48<2m (*)
Xétham sb f(x) = x> —48x+48 trén nira khoang
(%; 3}; 6 f'(x)=3x>—48<0 Vxe (g 3}
nén ham s6 nghich bién trén nira khoang (%, 3} :
Tt d6 HPT da cho c6 nghiém < (*) c6 nghiém
xe(%; 3} < 2m> rr15in f(x)=f(3)=-69

xe 5;3

69
o e
S m> 5 a

Luu y. Céc thidu 7, 8, 9 c6 phuong phap nhu sau:
Khi gdp HPT ma trong d6 c6 mét PT (hodc
BPT) khong chira tham s6 thi ta s& giai quyét
PT (hoac BPT) nay trudc. T PT (hodac BPT)
ndy ta s& tim dugc tap nghiém x € D (ddi voi

TOANHOC |
8 Cluditpe S8 445 (5-2014)

HPT mot 4n) hodc s& rit dugc 4n ndy qua dn
kia. Khi d6 nghiém cua HPT phu thudc vao
nghiém ctia PT(hodc BPT) thit hai v4i phuong
phap duogc trinh bay ¢ céc thi du trude.
BAI TAP
1. Cho phuong trinh 4vx—1+3m/x+1 =V -1
Tim m dé phuong trinh c6 nghiém.
2. Cho phuong trinh
WN6+x—x* 3x=m(Vx+2+23-x).
Tim m dé phwong trinh c6 nghiém.
3. Cho phuong trinh
[ 2 2
VI _ o1 +a)3"V 1 4a+1=0.
Tim a d phuong trinh ¢6 nghiém.
4. Cho phuong trinh
logZ x ++/log2 x +1+2014m—-1=0.
Tim m & phuong trinh c6 it nhit mot
nghiém thudc doan [l; 5\/g ]
5. Cho bt phwong trinh
JE+x)(T=x) <x*=2x+m.
Tim m dé bt phuong trinh nghiém dung

moi x €[-5; 7].

6. Cho bat phuong trinh /(m+2)x+m >|x—1.
Tim m dé bat phuong trinh c6 nghiém trén
doan [0; 2].

7. Cho bét phuong trinh

a7 a2 £3a=150.
Tim @ dé bét phuong trinh sau nghiém ding
voimoi x € R.

8. Cho h¢ phuong trinh
1427l _1g24V3 o014y <2014
{xz —2(m+1D)x+4m+3=0
Tim m dé hé phuong trinh c6 nghiém.
9. Cho hé phuong trinh
{\/x+1 SR < o 1

|x—3|+x3—29x+27—m20-

Tim m dé hé phuong trinh ¢6 nghiém.
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2x-3

CAu 1 (2 diém). Chohamsé y =

x—-1"

1) Khao sat su bién thién va vé dd thi (H) cla
ham so da cho.

2) Tim m dé dudng thang d:x+3y+m=0
cét (H) tai hai diém M, N sao cho tam giac
AMN vubng tai diem A(1; 0).

Cau 2 (1 diém). Giai phuong trinh

sin3x + 2c0s2x = 3 + 4sin x + cos x(1 + sin x).

Cau 3 (1 diém). Giai bat phuong trinh

Ax+1+2V2x +3 < (x=1)(x? - 2).

Cau 4 (1 diém) Tinh tich phan

. :I 3x+2InGx+1) 4
0 (x+ l)

PHAN ]

Cau 5 (1 diém). Cho hinh chép S.ABCD cb
ddy ABCD 1a hinh chit nhét, mét bén SAD la
tam giac vudng tai S, hinh chiéu vudng goc clia
S 1én mit phing (4BCD) 14 diém H thudc canh
AD sao cho HA =3HD. Goi M 14 trung diém
cta AB. Biét ring S4 = 23a va duong thang
SC tao véi day mot goc 30°. Tinh theo a thé
tich khdi chép S.ABCD va khoang cach tir M
dén mit phing (SBC).

Cau 6 (1 diém). Gia st x, , z 1a cac sb thuc khong
am thoa man S(x2 +y2 +2%) = 6(xy + yz + 2x).
Tim gi4 tri 16n nhét ciia biéu thirc

P=2(x+y+2) —-(y2 +22).

’”“H,w\

W BN

(Thi sinh chi dwgc lam mot trong hal phd‘n A hodc B)

A. Theo chwong trinh Chuan

Cau 7.2 (1 diém). Trong mat phang véi hé toa
dd Oxy, cho tam giac ABC c6 M(2; 1) 1a trung
diém canh AC, diém H(0;-3) 1a chan dudng
cao ké tir 4, diém E(23;-2) thudc duong thing
chira trung tuyén ké tir C. Tim toa 46 diém B biét
diém A thudc duong thang d :2x+3y-5=0
va diém C ¢6 hoanh d6 dwong.

Ciu 8.a (1 diém). Trong khong gian v6i hé toa do
x+2 y-1 2z-2
q e T
va hai mat phiang (P):x+2y+2z+3=0,
(0):x—2y—2z+7=0. Viét phuong trinh
mit cau c6 tam thude d, ddng thoi tiép xtc voi
hai mat phang (P) va (Q).

Cau 9.a (1 diém). Chotaphop E={1,2,3,4,5}.
Goi M la tap hop tit ca céc s6 tw nhién c6 it
nhat 3 chir s6, cac chit so0 d6i mot khac nhau

Oxyz, cho duong thang d :

thudc E. Liy ngu nhién mot s6 thuoc M. Tinh
x4c suat dé tong cac chit so cta so d6 bang 10.

B. Theo chwong trinh Nang cao

Cau 7.b (1 dié’m).qTrong mat phfmg voi hé toa do
Oxy, cho hai diém A(l; 2), B(4; 1) va duong
thing A:3x—4y+5=0. Viét phuong trinh duong
tron di quaA BvacatAtai C,Dsao cho CD = 6.

Cau8.b (1 d‘zem) Trong khong gian véi hé toa
do Oxyz, cho diém M(L; 1; 0) va hai dudng thing
=1 y-3 z-l d x—1 y+3 =22

i T Rl NS I A O T
Viét phuong trinh mat phang (P) song song véi
a’l va d2 ddng thoi cach M mét khoang bang J6.

dlz

| e (1) 1
3G =3C 3G Gt 7 O = o
LE XUAN SON, TU BUC THAO

(GV THPT chuyén PH Vinh)
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HUONG DAN GIAI PE SO 8

Ciu 1. 2) PT hoanh d9 giao diém cua (C) va A
1a x° -3x% =k(x-2)-4

xi=72
|2
Lc -x-2-k=0 1)

Puong thing A cit (C) tai ba diém 4, B, D
phén biét khi va chi khi PT (1) c6 hai nghiém

phan biét khic 2 < k>—% va k#0. Do

A(2; —4), nén hoanh d% cia B, D la nghiém
cia PT (1). Gia st B(x; k(x —2)—4);
D(xy; k(xy —2)—4) v6i x;, x, 12 hai nghiém

ctia PT (1). Ta c6 BD =+(1+k%)(4k +9).
Goi H 14 hinh chiéu cta M trén BD.

| k+6]
241
Sypp =2 < MHBD =4 & | k+6|/4k+9 =4
S k=-2.

Ta thdy MH =d(M, BD)=d(M, A) =

Cau 2. PT da cho twong duong vai

{ P 1 . +.6
2 _—— _—_——= =
sin” x 3 sin x 7 0 < sinx i
<:>s1nx—s1n5— hoac sinx = sm—n
12 ) 12
Bdp s6: x—5—+2k 7—n+2kn;

12 =12

137
x——1—2—+2kn X=—5 —+2kn (k € Z).

Cau 3. Hé da cho twong duong vaoi
{(x+y)3 +(x+y) =27y +3y (1)

X (x* -2)=2(1+4y) )
Xéthamsd f(1) =1 +¢, f(r) ddng bién trén
Rvi f'(t)>0. Tird6 PT (1) tr& thanh

fx+y)=fGy) o x+y=3y.
Thé vao PT (2) ta duge x* = 2x? + 4x +2.

TOAN HOC
10 ° clusilge

S3 443 (5-2014)

Hg c6 hai nghiém (x; y) la

(Mﬁmmj
(IWIW)

e2

dx.

2
¢ 3nx-1
X

Caud.Tacod I = j 3% Inx.dx— j
€

e2

Tinh I, = | 3x” Inxdx bang cach dat

u=Inx A du = dx
dv = 3x*dx ol x}x
6 _na3
Tim duoc [, =5—e3£.
ErE
Tinh 1, = | ln; S e D podch At

€

Jmx-1=t >lnx=2£ +1 :%=3t2dt_

1
T ds I, = [3'dt =
0

Z.
20e® —8e* -9

12 '
Cau 5. Goi x 14 d0 dai canh bén cta lang try;
O 1a tim AA4BC; I, M lan luot 13 trung diém
cia BC va B'C’. Khi @6 ¢=A'IM hoic
¢ =180° — 4'IM.

e Truong hop 1. ¢ = A'IM. Tir dinh 1i cosin
cho A4'IM ta thiy x = a.
2 a*\2

Vasccop =2Va ac = gA 0. S45¢c = g

Tt d6 tim duoc a = /2.

https://tieulun.hopto.org



o Truong hop 2. @ =180° — A'IM. Tir dinh Ii
a6

=

2 a3\/§

Vaigces =2Vg apc = gAO'-SABC =

cosin cho A4'IM ta thay x =

Tir gia thiét ta dwoc a = 292 52 (khong thoa
man 0 <a<2).Tomlai: a =42

Cau 6.Via>0,b>0, %+%:1 néna>1,b>1.

Xétham f(x)=x" —b(x-1)-1 (x=1;b>1)
¢ if (x) &0, khi % >1L7 7 (x) =0 khix=1,
nén f(x) dong bién trén [I; + o).

Dodé f(a)> f(1)=0, Va>1.

Nhu vy o >ab-b+1, Va>1, Vb>1.
Tuong tv b% >ab—a+1, Va>1,Vb>I.

Suy ra a® +b% >2ab—(a+b)+2=ab+2.
Lai c6 ab=a+b>2Jab = ab>4. Vay
& 2B >6.
Céu 7a. Duong tron (4BC) ¢6 PT x* +y% =1 ().
Puong tron (T) cit (I7) tai M, Nthi MN 1 OD
(0(0; 0)), hay MN L Ox. (T") c6 ban kinh
R'=1, ma MN = 2 nén MN la dudng kinh cua
(I') = M, N nam trén Oy. Vay (7) 1a duong
tron tdm D di qua hai diém (0; 1) va (0; —1).
Phuong trinh (T): (x—2)* + »* =5.
CAu 8a. C6 hai duong thing thoa man dé bai
véi PT tham s 12
x=1-(4-23)
Alsy=t
z=-1+(7-43)
x=1-(4+23)
Ay:qy=t
z==1+(7+43)

(teR);

(teR).

Céu 9a. Tir A2 +4C2 =100=n=5. Ta c6

10 10
2-3%)" = > 2" 3 ()X =D g
k=0 k=0

Pé tim hé s6 nho nhét trong khai trién ta chi
can xét hé s6 tmg voi x cd so mil 1&. D6 1a
a; =-2099520.

Cau 7b. Goi H' 1a diém dbi xémg cia H
qua BC, tim dugc H'(3; 3). PT duong tron
ngoai tiép AABC (di qua M, N, H) la
x?+9?-10x—-8y+36=0 (C). Tir d6 tinh
duge BC =342.

Syt %d(A, BC).BC =6 (dvdt).

Cau 8b.

\/7-13.4—\/7.44—2\/7)
B R e B
Cau 9b. Taco Cy +Cj, +...+Ch =2" (1)
bat z =cos%+isin%E
thiz3=1,l+z+22=0

Pdp s6: M (

1+z—cosn+isinn' 1+ 22 —cosTE isinTt
3 3’ 3 3

Ta thiy

(+2)" =C2 +2C +22C2 42 Coulin=z1C]
=C4+2C +22C2 4+ C +2CE + 22C +... ()
(122 =100 A 4242 4290 I
=Cl4+22CL +2C2+C +22CH+2CC +.. (3)
T (1), (2), (3) suy ra

3C0 + G HCS i) =2" B 2

=2" +Zcos%

i e +...=%(2" +2cosn3—nj—l

(n nguyén duong). Cho n = 2014 ta dugc

3 6 9 2013
Co014 + Cop14 + Cop14 + ...+ Cp12

i l 2014 20141‘5) Y 22014 -4
=3 (2 +2cos 3 1= 3

NGUYEN VAN XA
(GV THPT Yén Phong S6 2, Yén Trung, Bic Ninh)

TOAN HOC
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777 an tré yéu toan than mén! trong qué trinh
B 1am toan ddi khi ban tir héi: Khong biét
bing cach nio ma ngudi ta c6 thé nghi ra cac
dé toan hay va phirc tap dén thé? Thuc ra thi
moi bai toan déu bit diu tir nhitg bai toan
don gian nhat, ching han ching ta cliing thuc
hién mot hanh trinh qua mdt bai toan thi
Olympic Toan hoc Quéc t& nim 2013 nhé!
Ta bdt dau mot hanh trinh nhu sau:
Cho tam gidac nhon ABC, ké cdc dwong cao
AD, BE, CF cdt nhau tai H, khi dé tir cdc tir
gidc BFHD, CEHD néi tiép, ta cé

AF.AB = AH.AD = AE.AC (1)
Bay giv ta ldy 4
mét diém K bt ki

trén canh BC va
khéng tring véi

diém D, k& HL
vudng goc voi AK F
(h.1), khi d6 tr
giac DHLK 1a t
gidc ndi tiép va B D K C
nhu vy ta c6 cac Hinh'l

AF . AB = AH.AD = AL.AK = AE.AC )
Tir dang thirc (2) suy ra cac tir gidc BFLK va
CELK ndi tiép. Tir day ta c6 bai toan sau:

@ Bai toan 1. Cho tam gidc nhon ABC, ké cdc
dwong cao AD, BE, CF cdt nhau tai H cho K
la mot diém tuy y trén canh BC va khac voi
cdc diém B, C va D, goi L la hinh chiéu cia H
tren AK. Chung minh cac tr giac BFLK,
CELK la tir gidc néi tiép.

Tiép theo, dé ¥ ring diém L chinh 13 giao diém
thir hai khac diém K cila cac dudng tron ngoai
tiép cac tam gisc BFK va dudng tron ngoai

TOAN HOQC
‘ CTugilre S8 445 (5-2019)

12

(GV THPT chuyén Hing Vuong, Pht

tiép tam giac CEK, theo trén thi ba diém K, L,
A thang hang. Tir day ta c6 bai toan nhu sau:
4

Hinh 2

© Bai toan 2. Cho tam gidc nhon ABC, ké cac
duwong cao AD, BE, CF cat nhau tai H, cho K
la mot diém tuy y trén canh BC va khac voi
cdc diém B, C va D, duong tron ngoai tiép tam
gidc BFK va dwong tron ngogi tzep tam giac
CEK cdt nhau tai diém L khdc véi diém K.
Chitng minh ba diém K, L, A thang hang va
HL vuéng goc voi AK.

Tir Bai toan 2, gid st duong thang HL cit
duong tron ngoai tiép tam gidc BFK tai diém
M (M # L) va cit duong tron ngoai tiép tam
gidc CEK tai diém N (N = L) (h.3).

A

Hinh 3
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Khi d6 tir KLM =90°, KLN =90° nén KM
13 duong kinh cua duong tron ngoai tiép cac
tam giac BFK va KN 1a duong kinh cua duong
tron ngoai tiép tam gidc CEK. Tir day ta di dén
bai toan thi Olympic Toan hoc Quéc té nim
2013 nhur sau:

© Bai toan 3 (IMO - 2013). Cho tam giac
nhon ABC, ké cdac duong cao AD, BE, CF cdt
nhau tai H, cho K la mot diém tuy y trén canh
BC va khdc véi cac diém B va C; ké duong
kinh KM cua dwong tron ngoai tiép tam gidc
BFK va dwong kinh KN cua duong tron ngoai
tiép tam giac CEK. Chirng minh rang ba diém
M, H, N thang hang.

Tu Bai toan 3, gid thiét thém rang tam giéc
ABC khong can tai 4, khi d6 duong thang EF
s& cit duong thang BC tai mot diém S nao d6
(h.4). Vén @& dt ra 1a v6i vi tri ndo cia diém
K trén BC thi dudng thang HL di qua diém S ?

A

“ay

&)
%
(6

Hinh 4

Nhén thdy, néu duorng thang AL di di qua S thi tir
tr glac DHLK nbi tiép, nén SD.SK = SH.SL,
thé nhung nam diém 4, F, H, L, E thudc duong
tron duorng kinh AH nén SH.SL = SE.SF . Tt
do suy ra SD.SK = SE.SF 3)
Dang thirc (3) chung té rang tir gidc DFEK ndi
tiép, nhung D, E, F 14 chan cac dudng cao clia
tam giac ABC ké tir cac dinh 4, B, C, diéu nay
budc K phai 14 trung diém cua canh BC (duong
tron Euler di qua chan cia cac dudng cao va
cac trung diém c4c canh ctia tam giac).

Nguoc lai, néu K 1a trung diém ctia BC thi tr
giac DFEK ndi tlep (tmh chét cta dudng tron
Euler) suy ra SD.SK = SE.SF, chimg to diém
S ¢6 cung phuong tich d6i véi duong tron

ngoa1 tiép tir gidc DHLK va duong tron ngoai
tiép ngii gidc AFHLE. Do 46 truc ding phuong
HL cua chung di qua diém S. Dén day ta c6 thé
phat biéu bai toan sau:

© Bai toan 4. Cho tam gidc nhon ABC va
AB < AC, ké cac dwong cao AD, BE, CF cit
nhau tai H; cho K la mot diém tiy y trén canh
BC va khac \(ll cac diem B, C va D. Puong
tron ngoai tiép tam gidc BFK va dwong tron
ngoai tiép tam gidc CEK c Gt nhau tai diém thir
hai L khdc véi diém K. Tim vi tri ciia diém K
@é cdc dwong thang BC, HL, EF dong quy.

Tir Bai toan 4 véi K 1a trung diém ciia BC thi
ba duong thing BC, HL, EF ddng quy tai S va
nhu vay tam gidc ASK c6 AD, SL l1a nhing
dudng cao, do do H ciing 1a tryc tdm cua tam
giac ASK suy ra du'orng thang KH vuong goc voi

dudng thing A4S va ST.SA=SE. SF SB.SC,

nén T thudc du'orng tron ngoai tiép tam gidc
ABC (h.5). Bén day ta c6 bai toan sau:

Hinh 5

© Bai toan 5. Cho tam giac nhon ABC va
AB < AC, ké céc dwong cao AD, BE, CF cat
nhau tai H, goi S la giao diém cua cdac duong
thang BC va EF, K la trung diém ciia canh BC,
duwong thang KH cdt duong thang AS tai T.
Chimg minh rang KT vuong g goc voi AS va diem
T thugc dwong tron ngoai tiép tam gidc ABC.
Cubi cling, tir tt c& qué trinh trén ta thiy diém
H khong nhét thiét 13 tryc tim cia tam gidc
ABC, ma chi cAn H 12 mot diém trén dudng cao
AD va E, F 1n luot 13 hinh chiéu cia H trén
AC, AB thi cc bai toan trén van thyc hién dugc.
Vi vy ta c6 thé mé rong thanh bai toan nhur sau:

(Xem tiép trang 15)

TOAN HOC
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¢ 6  nguyén t6 sinh d6i 1a mot cip sb nguyén
Do hen nhau c6 dang (n; n + 2). Cép so
nguyen t6 dau tién 1a (3; 5), sau do 1a (5; 7),
(11; 13),... S6 nguyén t6 sinh dbi cuc hiém.
Tuy nhién, cr sau vai ndm nguoi ta lai tim
thdy mot cap sb nguyén t6 sinh d6i 16n hon.
Tir thoi Hy Lap c6 dai Euclid da tin rang c6 vo
s6 cac sb nguyén t6 sinh d6i. D3 hang thé ky
tr6i qua ma van chua c6 ai chirng minh duoc
diéu nay, dén mirc nhiéu ngu(‘)ri coi d6 la mot
diéu bi hiém. Ngay nay nguoi ta goi diéu nay
1 gid thuyét s6 nguyén t6 sinh doi.

Nam 1849 nha toan hoc Phap de Polignac
dua ra gia thuyet téng quét hon 1a VO’l moi so
chin & > 2 tdn tai v6 han céc cap s nguyén t&
(m; n) sao cho m — n = k. Gia thuyét nay ciing
chua dugc giai quyét cho bat ky mot s & nao.
Nguoi ta co thé tim cach giai quyet gia thuyet
yéu hon 13 ton tai v6 han cap sO nguyen t6 m, n
sao cho m — n < k. Gia thuyét yéu ndy dugc goi
1a chan trén cho khoang cach cac so nguyén t6.
Tuy né khéng twong dwong véi gia thuyét cua
de Polignac, nhu'ng trong truong hop & = 2 thi
n6 chinh 1a gia thuyét s0 nguyén t6 sinh dbi.
Nhiéu nha toan hoc cho ring cac phu'orng phap
nghién ciru hién nay chua du sirc giai quyét
ngay ca gia thuyét yéu trén. Nha sb hoc Goldston
cho ring "Bdy la mot trong nhing vin dé ma
ta khéng chdc lodi nguoi c6 thé gidi dugc".

Ngay 17/4/2013 Toa soan mot Tap chi hang
dau clia Toan hoc nhan duoc ban thao cia mét
nha toan hoc v6 danh 1a Yitang Zhang khing
dinh da giai quyét dugc gia thuyét yéu trén cho
k =70 triéu. Tuy k£ = 70 triéu con xa vGi muc
tiéu k = 2, nhumg day c6 thé coi 1a budc di dot
pha vé gia thuyét s6 nguyén t6 sinh doi. Khoing
cach gitta 2 va 70 triu tuy 16n nhung van
khong thim thoat gi so véi khoang cach giita
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/4 Yikang Zhang

| Gk THUVET S6 NGUYEN TG SINH BOI

(Vién Toan hoe V%t \

Nha Toan hoc Yitang Zhang

70 tri¢u va vo han! Cong trinh cua Zhang da
dugc tham dinh va s& dugc cong bd vao thang 3
nam 2014. Andrew Granville, mdt nha sb hoc
¢6 tiéng néi rang "Khong ai biét anh ta cd. Bong
nhién anh ta chung minh dwoc mot trong nhitng
két qua 16m nhat trong lich si: by thuyét s6."
Yitang Zhang sinh nam 1955 tai Trung Qudc.
Nam 1985 6ng sang My lam nghién ctru sinh
sau khi tham du 16p cao hoc duoc td chuc boi
nha toan hoc nbi tiéng Shiing-Shen Chern &
Béc Kinh. Ong bao vé luan 4n tién si nim 1991
sau 7 ndm lam nghién ctru sinh tai Pai hoc Purdue
duéi sy huéng dan cta Tzuong-Tsieng Moh. Dé
tai luan 4n do 6ng chon 1a vé gia thuyét Jacobi.
Day 1a mot gia thuyét lau doi dugc nha toan
hoc Stefen Smale (giai thudng Fields ndm 1966)
coi 12 mét trong 18 bai toan cia thé ky 21.
Zhang tudng rang minh da chimg minh dugc
gia thuyét nay, nhung sau d6 ngudi ta phat
hién ra mét két qua cia Moh duoc Zhang ding
trong chimg minh ciia minh ¢6 van dé. Cho
dén nay Zhang méi cong bd hai cong trinh
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toan hoc. Ong 14 dang nha toan hoc chi chuyén
tam giai quyét cac van dé kho.

Cudc doi ciia Zhang c6 nhidu gian truan.
Sau khi bao vé luan 4n tién si ong khong xin
dugc viéc lam & cac truong dai hoc va ong da
phai 1am nhiéu viéc thdi vu nhu don ban, dua
dd an, tryc khach san, ké toan,... Mai dén nim
1999 6ng méi dugc nhan vao lam giang vién &
DPai hoc New Hampshire nhung khong c6 chiic
danh chinh thitrc va 1am viéc & d6 cho dén
ngay nay. Ngay sau khi cong bd két qua trén,
Zhang nhan dwoc nhiéu giai thuéng danh gia
va duoc nhiu trudng dai hoc danh tiéng trén
thé gi6i moi dén lam viéc. Tai Pai hoi Toan
hoc thé giéi nam nay & Seoul 6ng duge moi
1am béo c4o toan thé dic biét, ngang hang véi
cac béo cdo giai thuong Fields. Cha ¥ ring
giai thudng Fields chi trao cho nhitng nguoi
khong qua 40 tudi ma Zhang nim nay da 59
tuo1 r0i. Thong thuong ngudi ta thuong cho
rang chi c6 nhitng ngudi tré tudi méi c6 nhimg
két qua dot pha trong toan hoc, nhung truong
hop ctia 6ng lai khac.

Zhang bt dau nghién ctu gia thuyét vé
chan trén cho khoang cach cac sd nguyén t6
sau khi doc mot bai bao vé van dé nay. Trong
ba nam sau do, 6ng khong nghi ra dugc cai gi
cho ra hon. "Té6i qua méi mét", ong ndi. He
nam 2012, 6ng quyét dinh nghi mot chit va di
thdm nha mét ngudi ban & Colorado ma khong
mang bt ky tai liéu toan hoc nao theo minh.
Tuy nhién 6ng van bi 4m anh bai gia thuyét
chén trén. Trong mdt lic mo mang ngoai vuon
cua ban, 6ng chgt tim ra y tuong cho 101 giai.
"T6i ldp tikc tin né ding". Sau d6 dng mat hon
nira nim nita dé giai quyét cac budc ching
minh. Theo éng, "C6 rat nhiéu co may trong
sw nghiép cua ban nhung quan trong la ban
phai luén luon nghi".

Zhang ty nhan minh 1a mdt ngudi rut re,
nhung "khi lam bao cdo va tdp trung vao toan
hoc, t6i quén mat su rut ré cua t6i". C6 ngudi
hoi dng c6 cam thy cay ding vé sb phan long
dong ctia minh khong thi ong tra 101 "Cdi dau
cua toi luon binh than. Toi khong quan tam
nhiéu lim dén tién tai hay danh vong. T6i
thich giit im Idng va tiép tuc lam nhitng gi ma

t6i quan tam". Lai c6 ngudi hoéi liéu 6ng co
khuyén nguoi khac lam theo 6ng khong thi
ong tra 101 "khd noi lam" va "téi chon dwong di
cua minh va do la con dwong cua riéng toi".
Gan day ong bat dau nghién clru mot dé tai
khéc va khong mudn thd 16 cho ngudi khac
biét. Ong chi n6i "Hy vong né sé cho mot két
qud tot". Theo Tzuong-Tsieng Moh, thay cia
Zhang, thi 6ng thich cau n6i caa Khéng Tir
rang "nguwoi biét nghé khéng sinh dwgc véi
nguoi yéu nghé, nguoi yéu nghe khong sanh
dwoc v6i ngueoi ldy nghé lam niém vui".

Két qua cua Yitang Zhang lap tic dan dén
cau hoi tai sao ton tai vo s cip sb nguyén tb
lién nhau c6 khoang cach nho hon 70 triéu ma
khong bi chin boi mot sb nho hon? Thyc ra,
Zhang ding chin 70 triéu chi d 1am cho chimg
minh don gian hon. Hién nay, cac nha toan hoc
d3 dua chin trén xudng con 252. Moi ngudi
déu cho rang khé c6 thé cai tién cac phuong
phép quen biét d& nhan dugc chin trén cudi
cung 1a 2. Nhu véy 1a chua c6 gi dam bao cho
viéc giai quyet gia thuyet sb nguyén t6 sinh
ddi trong mot twong lai gan va gia thuyét nay
van 14 mot thach thirc d6i véi tri tué con ngudi.

AN TRINGL..

@ Bai toan 6. Cho tam giac nhon ABC va
AB < AC, ke dwong cao AD va trén doan AD
ldy mot diém H khac véi cdc diém A va D; goi
E, F lan leot la hinh chiéu cia H trén cdc
canh AC, AB, trén canh BC ldiy diem K khdc
voi cdac diéem B, C va D; goi L la hinh chiéu
cua H trén AK.

1) Chitng minh cac tr giac BFLK, CELK la

cdc tir gidc noi tiép.

. (Tiép trang 13)

2) Keé duong kinh KM cua dwong tron ngoai
tiép tam gigc BFK va a"udng kinh KN cua
duwong tron ngogi tiép tam gia’c CEK.
Chitng minh ba diém M, H, N thang hang.

3) Tim vi tri cia K trén BC sao cho 3 duong
thang BC, HL, EF déng quy.

Cac ban hdy tur giai bai toan ndy nhé, va hay

tdp sang tao ra nhiéu bai toan hay. Chiic cac

ban thanh cong.
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I'1/443 (Lép 6). Cho 21 sb nguyén doi
mot khac nhau théa man diéu kién tong cua 11
so tiy y trong chung lu6n 16n hon tong cua 10
s6 con lai. Biét trong 21 s6 ndy cb mot sO bang
101 va s6 16n nhét bang 2014. Tim 19 s6 con lai.
TRINH HOAI DUCNG
(Ha Noi)
43 \ng 7). Cho tam giac ABC c6
BAC =40° va ABC = 60°. Hai diém D va E lan
Iwot thudc canh AC va AB sao cho CBD = 40°
va BCE = 70°. Goi F 1a giao diém cia BD va
CE. Chimg minh ring AF vudng goc v6i BC.
_ TONG THANH VU
(Cao hoc Toan, K5, PH Hong Pirc, Thanh Hod)
. Giai hé phuong trinh

W2x -y =1
I8 +y® =32 (Wx+\y -1,

LAI QUANG THO

(GV THCS Tam Dwong, Vinh Phic)

1 /443. Cho tam giac ABC. Trén hai canh
AB AC lan luot liy hai diém E, D sao cho

ABD = ACE. Puong tron ngoai tiép tam giac
ADB cit tia CE tai M va N. Buong tron ngoai
tiép tam giac AEC cit tia BD tai [ va K. Chimg
minh ring bén diém M, I, N, K cling nam trén
mdt dudng tron.

LE XUAN DUONG

(GV THCS Ly Thuong Kiét, Yén My, Hung Yén)
I'5/443. Ching minh bit dang thirc sau
dung v61 moi so thuc duong a, b, c:

2 b2 CZ

a
+ -
a+b b+c c+a

2%(\/a2 +b2 4B + 2+ +a2).

TRAN TUAN ANH
(Khoa Todn - Tin, PH KHTN, PHQOG TP HJ Chi Minh)
TOANHOC
16 ° CTubilre SO 443 (5-2014)

CAC LGP THPT
3. Giai phuorng tnnh anx e R:
(x5+x— 1) 1 pdn, |

TRIEU VAN HAI
(K51B, Khoa Toan, DPHSP Ha N¢i)

[7/443. Cho tam glac ABC va M 1a mét
diém nim trong tam giac. Goi x, y, z Jan luogt 13
khoang cach tir M dén cac canh BC, CA, AB.

Chimg minh rang BAM = CBM = ACM khi va
hlkhlbx Q% iBC=a,CA=b,AB=c.

b

NGUY}EN TIEN TIEN

(GV THPT Gia Vién B, Ninh Binh)

43. Cho x, y, z 1a ba sb tily ¥ thudc
doan [O l] Tim max P voi

Bai

X y z
= +
ytz+l z+x+lox+ytl
+(1-x)(1-y)2-2).
NGO THANH TUNG

(GV THPT S6 2, Pirc Phé, Quang Ngdi)
CAC PE VAT LI

[.1/443. Mot khéi 1ap phwong nho, khéi
lugng m = 100g, ding yén trén mot mat phang
nghiéng v&i mat phang nam ngang mot goc
o = 30°. Hé sé ma sat giita khéi 1ap phuong va
mat phing 14 p = 0,8. Hay x4c dinh mét lyc F
nam ngang cuc tiéu
ding dé day khéi
1ap phuong déno
bat dau chuyen :
dong. Biét rang luc

F tac dung trong mit phing nghiéng.
NGUYEN XUAN QUANG
(GV THPT Chuyén Ha Ngi - Amsterdam)
3. Tir mot khdi cau thiy tinh c6 chiét
suit n =1 5 va ban kinh R = 10cm, ngudi ta tach
ra hai chém cdu 13 hai thdu kinh méng phang,
16i ¢6 duong kinh ria 1a 1em va 2cm. Ghép sat
hai thdu kinh chung tryc chinh. Dat trén tryc
chinh ndy mot nguén sang diém, cach hé thau
kinh 1m. O phia bén kia ctia h¢ théu kinh dat
mot man chan vudéng goc voi tryc chinh. Tim
vi tri dit man dé kich thuée vét sang thu dwoc

trén man c6 dién tich nho nhét.

NGUYEN NHAT HUY
(Ha Ng¢i)
(Xem tiép trang 28)

Bai

/
V.

r”\(w 1.2/ 44
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THENMEBGD. NNIVERSARY CONTEST

Cho 7 s6 khoéng am ay, ap, ..., a, (n € N, n > 2)
Ay 205 2 02 Uy

hoa manJa +a, <2014
ay+ay+..+a, <2014

tri 16n nhét ctia bidu thic 4 =af +a3 +...+a>.

LE XUAN PAI
(GV THPT Chuyén Vinh Phiic)

. Tim gia

Cho tam gidc ABC cb dinh, noi tiép duong
tron (O). P 1 mot diém di dong trén cung BC
khong chira 4 cia (0). Goi (K) 14 dudng tron
qua A, P ddng thoi tiép xuc voi AC. (K) cat PC
i S khac P. Goi (L) la duong tron qua 4, P
ddng thoi tiép xic voi 4B. (L) cat PB tai T
khac P. Chimg minh rang duong thiang ST
luén di qua mot diém c6 dinh khi P di dong.
TRAN QUANG HUNG
(GV THPT Chuyén KHTN, PHQG Ha Noi)

2 Tinh lim S,.

=1 Ui = n—+0

i CAO HAI VAN
(THPT Nguyen Chi Thanh, Pleiku, Gia Lai)

Cho 100 diém A1, A4y, ..., A1go ndm trong hinh
vudng ABCD c6 canh bang 1. Chimg minh rang
lu‘c‘)n ton tai‘m(f)t tdp con Xcua E= {1, 2, ..., 100}
gom 50 phan tir sao cho

N a4 - > A4 <42,

ieX ieE\X

T7/Junior.

The non-negative numbers ay, a, ..., a, (n € N

aq Zaz 2...261"
n22) satisfy Ja; +a, <2014
az+ay+..+a, <2014

Determine the greatest possible value of th

expression 4 = al2 i a% e a,%.

T8/Junior.
Let ABC be a fixed triangle, inscribed in circl

(O). Point P moves on the arc BC of (O) tha
does not contain 4. Let (K) be the circl
through A4, P and touches side 4C. (K) meet
PC at a second point S, differ from P. Let (L
be the circle through 4, P and touches AB. (L)
meets PB at a second point 7, differ from P
Show that as P varies, the line ST passes .
through a fixed point.

T7/Senior.
The real numbers a and b are given so that
a+b>0.Let (u,) be the sequence wher

u, 21 ab
u; = o> max{a, b} and u, = L
a+

n

neN . Put Sn—z
i=1 Y b

% Find lim S,,.

n—»+00

T8/Senior.

Given 100 points A1, A2, ..., Ajgp inside
square ABCD whose side equal 1 unit. Prove!

that there exists a subset X of E={1,2,....,.

100} consisting of 50 elements such that
S a4 - Y 44)<V2.
ieX ieE\X
Translated b LE NE
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Bai T1/439 (Lép 6). Cho s6 155*%710*%4*16.

H6i c6 thé thay ba dau * boi ba chir s6 phan

biét nao trong cdc chir sé tir 1 dén 9 dé sé do

luén chia hét cho 396?

Loi gidgi. Dt s6 cAn tim 14 N = 155a710b4¢16

Voi6=1+2+3<a+b+c<7+8+9=24(1)

Do 396 =4.9.11 ma ba sb 4, 9, 11 nguyén t sanh

d6i nén can tim s N chia hét chomdi s6 4, 9, 11.

e Visd N cb hai chit s6 tan cing 14 16 nén N
chia hét cho 4.

e S6 N chia hét cho 9 khi téng cac chit sb
brie S B0 T RO Tet 6 B Bk
chia hét cho 9, tc lakhi 3 +a+ b +¢)
chia hét cho 9, két hop véi (1) thi a+b+c
chico thé1a 6, 15, 24 (2).

e S& N chia hét cho 11 khi hiéu s6: (5 +a + 1
+b+c+6)—(1+5+7+4+1)chia hét
cho 11, tirc 1a khi (a + b + ¢ — 6) chia hét
cho 11, két hop véi (2) thi a+ b + ¢ chi co
théla6=1+2+3.

Két lugn. Dé sb N chia hét cho 396 thi c6 thé

thay (a, b, c) bdi mbi bd ba chir s sau:

1,2,3),(1,3,2),(2,1,3), (2,3, 1,3, 1, 2),

(3,2,1).0

>,thfm xét. 1) Mot s6 ban khi giai bai nay van giir ba

dﬁ}l 13 ’nén khong thay 16 chit sO nao & vi tri nao trong khi

viét sO N.

2) Céac ban sau c6 1oi giai dung:
Phé Tho: Nguyén Anh Kiét, 6D, THCS Vin Lang,
TP. Viét Tri; Bui Thi Quynh, 6A3, THCS Lam Thao,
Lam Thao. Hai Phong: Ngé Manh Hoang, 6A1, THCS
Hong Bang, Q. Hong Bang. Nghé An: Tang Trung
Nghia, 6A, THCS Hoa Hiéu II, TX. Thai Hoa. Quing
Ngéi: Phan Nguyén Thién Dinh, V6 Thanh Trung, 6A,
THCS Pham Vin Pdng, Hanh Phudc, Nghia Hanh.
VIET HAI
Bai T2/439 (Lép 7). Vé phia ngodi cia tam
giac ABC, dung tam giac XBC can tai X co
géc BXC bang 120° va cdc tam giac YCA,
ZAB déu. Ching minh XA vuong goc voi YZ.
Léi gidi. Goi E 1a giao diém ctia X4 véi YZ.
Trén nira mit phing bd XC khong chira 4 lay
diém K sao cho AXCK = AXBA.
Z;

K

Ta c6 XK = XA va KXC = A/X\B, suy ra
AXK = BXC =120°, do d6 XAK = 30°.
Miit khéc, ta c6 CK = BA=AZ (vi AXCK = AXBA
va AABZ ddu); CA = AY (vi AYCA ddu);
ACK = ACB + BCX + XCK

=C+30°+ XBA=C+30°+30° + B

—60° +(180° - 4)

=240° —(360° —YAC ~ ZAB—YAZ) = YAZ;
suy ra ACAK =MYZ (c.g.c), do dd CAK = AYZ=EYA

TOAN HOC
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Ta c6 EAY +CAK =180° —(VAC + X4K) =90°,
ma EAY + EYA=90°, suyra AEY =90°.
Vay X4 1 YZ. O

»>Nhén xét. 1) Pay 1a bai toan hay trong chuong trinh
16p 7. Ngoai cach giai trén déy, c6 thé dung diém M dbi
ximg véi X qua BC rdi chimg minh MY = MZ = AX,
ciing suy ra két qua.

2) Céc ban sau c6 16i gisi tot:

Vinh Phiic: Nguyén Hitu Ting, 7As, THCS Yén Lac;
Nguyén Thanh Vinh, 7A,, THCS Hai Ba Trung, T.X.
Phiic Yén; Nghé An: Nguyén Pinh Tudn, 6C, THCS Ly
Nhét Quang, D6 Luong; Ngo Thi Ngoc Anh, Cao Thi
Van Anh, 7A, THCS Cao Xuan Huy, Dién Chau; V5
Phwong Tam, 7B, THCS Ho Xuan Huong Quynh Luru.

NGUYEN XUAN BINH

Bai T3/439. Tim cac so nguyén dwong x, y
e ek o 3 22 i
thoa man diéu kién (x —9y") =33y + 16 (*)

Loi gidi. Do y € Z nén VP(*) > 0, ta c6:

2+ [33y+16. (**)

2 _16 [x +4
=

il +\/— Kkét

hop véi diéu kién x € z" suy rax =4.

BT (% epat=ily)

5
-Xéty=1,taco
[x2=2

— Xéty > 2. Trude hét ta ludn co:
6y+1>6y—1>./33y+16. Thit vay, 6y — 1 >0
nén6y—1>,/33y+16 <36)° —12y+1>33y+16
< 9y(4y — 5) — 15 > 0. Péy la bét déng thirc
dung (do y > 2 nén 9y(4y — 5) — 15>39>0).
Tt d6 ta co:

(3y)” =33y +16 > 3y)* — (6y—1) = By —1)?
= By -1 <(3y)? =33y +16 < (3y)%;

Gy +33y+16 < (3y)? +(6y+1) =By +1)°
= (3)? <(By)? +33y+16 <3y +1)2.

Kep giita binh phwrong cia hai s6 tw nhién lién
2+ /33y +16 khong thé 1a sé
chinh phuong. Suy ra véi y > 2 khong ton tai x
thod man (**) va (*).

Vay c6 duy nhit mét ciip sb nguyén duong
thod man dieu kién (*) 13 (x; y) = (4; 1). 3

tiép nén (3y)

» Nhan xét. 1) That tha vi khi mdi ban dugc néu tén
duéi day déu co nhitng cach giai khéc nhau. Cac cach
giai du dai hay ngén nhung déu c6 dic diém chung 13 d3
van dyng r4t linh hoat viéc bién dbi bidu thirc cling nhu
céc kién thirc da biét dé giai bai toan nay.

2) Tap chi TH&TT xin gi¢i thiéu tom tét mot s6 huéng
giadi ma cac ban da gui vé dé ban doc cung tham khao.
* Gidi han gia tri ciia x rdi xét timg trudong hop dé tim y.
Nhan xét x — 3y # 0 dan dén (x — 3y)2 > 1, suy ra:
2 2.2 2 2 2
G =97) =(x-3y) (x+3y) 2()26+3y) i

Tiép tuc nhén xét néu x > 6 thi (x + 3y)" > (6 + 3y)" =
=36+36y+ 9y2 >33y +16,suyrax € {1;2;3;4; 5}.
* Gi6i han gia tri ctia y roi xét timg truong hop dé tim x.
Céch 1. Ciing v6i (x> - %) > (x + 3y)° > 9 + 6y
= 33y+16>9° + 6y = 9° —2Ty—16<0
>@tDY-49<0=>y<4=ye{l;2;3} Thay thé,
kiém tra 33y + 16 c6 1a s6 chinh phuong hay khong. ..
Cadch 2. Nhan xét
(*) & (o — 9 —4)( x> -9y + 4) = 3.11,y, trong 46 VT
la tich ctia hai thira s6 nguyén cach nhau 8 don vi, suy ra

el

v =a(33a+8) véia la sb nguyén duong.

y=a(33a-38)
Str dung tinh chét ciia s6 chinh phuong nhu & trén dé loai
trudng hop thi hai va truong hop tha ba.
* Xac dinh gi4 tri cua x — 3y. Panh gia, tir (*) ta co:
_33y+16 48y+16 48y +16

x+3y 3y+x = 3y+1

(x+3)(x—3y)* = =16,
ma x + 3y > 4 suy ra (x — 3y)° < 4. Két hop véi didu kién
(x— 3y)2 2 1 trong nhén xét trén suy ra (x — 3y)2 =1va
(x+3y)° =33y + 16. Tir dé:

Véix=3y+1thi(6y+1)> =33y +16

S+ =T+5MATY 2 Ty= 57 <5=y=1.

Véix=3y— 1 thi (6y— 1)° =33y + 16 <> 36,° =45y + 15,
VT chia hét cho 9 con VP khong chia hét cho 9.

3) Sau day 1a cac ban c6 15 giai ding va khéo 1éo nhit:
Ha Tinh: Lé Thi Thu Uyén, 8B, THCS Hoang Xuén
Han, Dic Tho; Ha Nam: Nhi# Ngoc Anh, 9B, THCS
Dinh Céng Trang, Thanh Liém; Ngé Nhdt Long, 9A,,
THCS Tran Pha, Phi Ly; Nghé An: Nguyén Thanh Lim,
8C; Ngé Thi Ngoc Anh, 7TA, THCS Cao Xuén Huy, Dién
Chau; Nguyén Vian Manh, 7A, THCS Ly Nhat Quang,
D6 Luong; Vinh Phic: Nguyén Hiru Huy, 9A;, THCS
Yén Lac, Thanh Liém; Pak Lak: Hodng Huy Thong,
9G, THCS Phan Chu Trinh, TP Buén Ma Thudt; Ha
Noi: Lé Duy Anh, 9A, THCS Nguyen Huy Tu'ong, Pong
Anh; TP Ho Chi Minh: Nguyén Minh Tri, 9A6, THPT
Chuyén Tran Dai Nghia; Phi Tho: Nguyén Pirc Thudn,
9A3, THCS Lam Thao.

NGUYEN ANH QUAN
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Bai T4/439. Giai hé phuong trinh :

6(1— r)“ =
(D
6(1-y)* =

a

p—

1
y
1
x

(2)

Loi gigi. PK : x#0,y#0. Khi d6 tir hé (I)

suyra:

y1-2)? =x(1-»)? =%]
& x2y—xyz—x+y=0
iy

& (x—y)(xy—l):0<:>—xy:1.

—Néu x = y, thay vao (1) ta duoc :

6(1 — x)* =% o 6x(1-2x+x%) =1

= 1252 w6521 =0
o 8x° —12x2 +6x+1=2%"
o 2x-1) =2 2x-1=32x

& 6x°

1
o x2-Y)=le x=———=y.
5B g
—Néu xy =1, thay vao (1) tacé :
2
xX==
6(1-x)* = y<:>6x ~13x+6=0& g
x=§
i ol Sy hond
Vo1x—3,taduqcy—i,vmx—z,taduoc
-
y'—3'

Céc cip sb (x; y) bang: (2 L

2:3 302
(g’fj’ (2 3J déu thoa man hé (I), do d6 1a

nghiém cua (I). 3

> Nhén xét. Hau hét cac ban déu tim ra dang nghiém,
nhung 161 gidi ciia mdt s6 ban con dai. Cac ban sau cé 16i
gidi tot :

Phii Tho: Nguyén Tién Long, 8A1 , Ta Anh Diing, 8A3,
THCS Lam Thao; Vinh Phiic: Nguyén Hong Anh, Phan
Thi Nguyét, 8A1, THCS Yén Lac; Ha N@i: Lé Phiic Anh,

TOAN HOC
20 ¢ cClusilre

S 443 (5-2014)

9A, THCS Nguyén Huy Tudng, Dong Anh; Béc Ninh:
Nguyén Thi Hién, 9A, THCS Yén Phong; Ha Nam: Ngé
Nhdt Long, 9A2, THCS Tran Phé, Phu Ly. Thanh Héa:
Kiéu Xudn Bich, THCS Lé Hiru Laflpz Hau Loc; Lé Quang
Diing, 9D, THCS Nhit B4 S, Hodng Hoa; Nghé An:
Nguyén Anh Tién, TA, THCS Nghia Lién, Nghia Dan;
Pham Quang Toan, 9C, THCS Diang Thai~Mai, TP Vinh;
Tang Duec Thinh, Ngé Tri Nguyén, Nguyén Thanh Lam,
8C, THCS Cao Xuan Huy, Dién Chau; Quing Nam:
Tran Hoang Tien, 9/5, THCS Tran ng Cég; Phan Thanh
Dat, 9/7, THCS Lé Quy Don; Nguyen Hién Luong, 9/3,
THCS Ngb Quyén, Thing Binh; Pik Lik: Hoang Huy
Théng, 9G, THCS Phan Chu Trinh, TP Buén Ma Thudt.
TRAN HUU NAM
Bai T5/439. Cho nira dwong tron (O) duong
kinh AB = 2R va mot diem C nam trén nua
dwong tron do. Ke CH 1. AB (H khac O). Hai
diéem E, F thay doi trén nua dwong tron (O)
sao cho CHE = CHF .
dwong thang EF luén di qua m¢t diém co dinh.
c F

Chumg minh rang

Loi gidi. Khong giam tinh tong quat co thé g1a str
H nam giira 4, O. Tix gia thiét suy ra EHA=FHO.
Céch 1. Goi E’1a diém déi xtmg v6i E qua AB,
suy ra £ thudc duong tron (O). Ta ¢

FHO = EHA = AHE ",
dan téi F, H, E’thing hang.
Mgt khéc, EHF =2FHC =2EEF = EOF,
nén tor gidc EHOF ndi tiép.
Vay EFO = EHA = IFO = FHO.
Goi 14 giao diém clia EF va AB, dé thiy

AIOF o» AFOH (g.g)
I0 OF OF? | B*
= FO—_W 10= —OH OH khong dOl

Tird6 I1a diém cb dinh. Vay EF luén di qua
diém I cb dinh.
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Ciéch 2. Gia st tiép tuyén cta duong tron (O) tai
C cit AB tai I. Goi F”1a giao diém thir hai cia IE
v6i duong tron (O). Ta s€ chitng minh F'=F.

That vay, ta c6 IC* = IE.IF” (1)
Lai c6, AICO vudng tai C, c6 CH L IO nén
IC*=HIO @)

T (1) va (2) ta qé IE.IF’= [IHIO, suy ra tu

giac EHOF 'ndi tiep, ta co
EHA=EF'O=FEO=FHO.

Suy ra CHE = CHF'. Két hop véi gia thiét

CHE =(Tfﬁ7, suyra F'=F.

Vay EF luén di qua diém 7 ¢b dinh. O

.....

<Nhén xét. C6 khong nhiéu ban tham gia giai bai toan
trén, mot s6 ban cho 101 giai dai dong. Céc ban sau c6 161
giai tot hon ca.

Ha Ndi: Lé Phiic Anh, Lé Duy Anh, 9A, THCS Nguyén
Huy Tudéng, Pong Anh; Ha Nam: Ngé Nhdt Long,
9A2, THCS Tran Phu, Pha Ly; Nghé An: Pham Quang
Toan, 9C, THCS Dang Thai Mai, TP. Vinh; Pak Lak:
Hoang Huy Thong, 9G, THCS Phan Chu Trinh, TP.
Bu6n Ma Thuot.

NGUYEN THANH HONG
Bai T6/439. Giai phuong trinh

\J/’2+\/2+\/2+\/—2+—.\‘ :€/6+{f’6+\3/6+%/m,

Loi gidi. Didu kién xac dinh x > 2.

Cich 1. Xéthigu (x+2)° —(6+x° =% + 57 — 28
= (x=2)( +Tx +14).

2
Ta thiy X2 +7x+14= x+%) +%>0 V&1 moi x.
*Néux>2thi (x+2)°> 6+’
o2+x>Y6+x>2. (1)

Ap dung BDT (1) khi thay x béi v2+x (>2)

ta duoc \/2+\/m >%/6+\/m.

Do \/E>%/m nén ta co
Y6+2+x>Y6+Y6+x

suyra\/2+x/m>%/6+§/m 2)

Ap dung BPT (2) khi thay x bdi V2 +x (> 2)

ta dugc \/2+\/2+\/2+x >%/6+\3/6+\/2+x.

Do <2+ x >3/6+ x néntaco
%/6+\3/6+\/2+x >%/6+\3/6+\3/6+x.
Suy ra \/2+\/2+\/2+x >%/6+%/6+%/6+x 3)

Ap dung BDT (3) khi thay x b6i v2+x (>2)
ta duoc

\/2+\/2+\/2+\/—2—:§ >%/6+\316+v\3/6+\/m .

Do (1) nén ta co

i/6+\/6+\3/6+\/2+'x >i/6+\3/6+\3/6+\3/6+x

Suy ra

V22 zirer {6+ Yo+ YorTorx.

Nhu vay phuong trinh da cho khong c6 nghiém
W12

*Néu J<x<2 i (x + 2) < (6 +'%°
SV2+x<Y6+x <2 4)
St dung BDT (4) va suy ludn twong ty nhu
trén, ta co

\/2+\/2+\/2+\f2—§ <€/6+\3/6+\3/6+%/m .

Nhu vay phuong trinh di cho khéng co
nghiém -2 <x<2.

* Vi x = 2 thi mdi vé clia phuong trinh déu
bang 2.
Vay phuong trinh da cho cé nghiém duy nhat
x=2.
Ciéch 2. Nhan thay x = —2 khong nghiém ding
phuong trinh.
Véix>—2dat f(x)=v2+x vd g(x)=36+x
thi phuong trinh da cho c6 dang
JAAAx))) = g(gg(g(x)))).
1

1
Do f'(x)=———, g'(x) = ——n—o»

R TR 33(6+x)?
dwong v6i moi x > —2, nén hai ham s6 f{x) va
g(x) ddng bién trén (-2 , +o0).
* Vi x > 2 thi f{x) > g(x) > 2 nén

Sifx)) > flgx)) > g(g(x)) > 2

= fffx)) > fg(g(x)) > glg(g())) >2
= x)))) > flg(g(g(x))) > g(g(gg(x)))).
Vay VT > VP,

déu

TOAN HOC
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* Véi —2< x <2 thi flx) < g(x) < 2. Lap luan
tuong ty c6 VT < VP.

* V6i x = 2 thir thdy théa man. O

»Nhén xét. 1) Bai nay co nhiéu ban tham gia va déu
cho dép s6 ding. Tuy nhién, mot s ban con giai qua van
tat, thiéu 1ap luan. Két qua cia bai toan van ding cho
truong hop tong quat:

Gidi phwong trinh

\/2+\/2+...+\/2+\/2+x =%/6+%/6+...+\3/6+\3/6+x

trong d6 mdi vé c6 n dau cin.

2) Tuyén duong céc ban sau day co 101 gidi tht:
Hung Yén: Tran Bd Trung, 11 Toan 1, THPT chuyén
Hung Yén; Pha Tho: Nguyén Pirc Thudn, 9A3, THCS
LAm Thao; Vinh Phuc: Truong Thi Hoai Thu, 10Al,
THPT chuyén Vinh Phic; Nam Binh: Nguyén Van Tau,
10 Toan 2, THPT chuyén Lé Hong Phong; Ha Tinh:
Nguyén Duy Tudn, 10T1, THPT chuyén Ha Tinh;
Quéang Tri: Bui Trung Hoan, Lé Van Binh, 10 Toan,
THPT chuyén Lé Quy Pén; Péng Nai: Nguyén Cong
Phiic, 10 Toan, THPT chuyén Lwong Thé Vinh, Bién
Hoa; Long An: Nguyén Minh Tri,11 T1, THPT chuyén
Long An; An Giang: Nguyén Vin Cuong, 11A4, THPT
Ba Chuc; Phi Yén: Lé Van Thién, 11TL10, THPT
Nguyén Hué, TP. Tuy Hoa.

PHAM THI BACH NGOC

Bai T7/439. Giai hé phuong trinh
4x* :(\/x2 g +1)(_x:3 =G0 4352} )
W i g
(?+3%) +1=x>+2y )
Loi gigi. Tu (2),tacd
2
(x2 +y2) —(x2 +y2) = —(y—l)2 <0
=0<sx>+y? <L
Do do |x}£1; 'y’Sl.
Néu \]x2+1~1=0<:>x:0,thay vao hé phuong
3 — =
Y =3y+d=10 =

trinh, ta duoc: 4 y=1,

y +1=2y
Nhu vay {; i ) 1a mot nghi€ém cta hé phuong
trinh da cho.

Néu x2+1—1;é0<:>x;é0,nhénhaivécﬁa

phuong trinh (1) v6i Vx? +1 -1, ta dugce

TOAN HOC
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0 42 (P r1-1) = 22 (x2 = 5? +3y-2)
AP R S | fas e el
ot +1-4xr+1+3=y" -3y +2

& (=) +1-3) =+ 20-12 @),
<1, taco Va2 +1-1>0;
J2 +1-3<0: 3+ (-1 20.

Véi x#0;d <1

Nen (V2 +1-1)(Vi2 +1-3) <0<+ -1,
phuong trinh (4) khong thda man.
Vay hé phuong trinh d3 cho c6 mét nghiém

:()D

B s 45
duy nhat 13 {yzl'

»Nhin xét. Nhiéu ban d4 khong xét Vx* +1-120<x#0,
K tibak ai v& G (1) v6i N2 +1 =1 14 kiiong ot chs:
Mot sb ban da viét PT 3) < x> —4yx> +1=3° =3y -2
va str dung dao ham, tim tdp gié tri cia cac ham $6:

f(x)=x2—4 x2+1; g(y)=y3—3y—2 vai x,ye[-11];

duge x? —4Vx? +1<-4<y° —3y—2; tir d6 suy ra két
qua bai toan. Tuy nhién lam nhu vy dai va phuc tap.
Céc ban sau déy c6 bai giai tot:

Ha Ni: Tran Manh Hing, 11 Toan, THPT chuyén
Nguyén Hué; Piak Liak: Nguyén Nhw Thiép, 12Al,
THPT Tran Qudc Toan, Eakar; Nghé An: Phan Nhir
Trinh, 11A1, THPT Dién Chau 3, Dién Chau; Ha Tinh:
Nguyén Duy Tuan, 10T1, THPT chuyén Ha Tinh; Vinh
Phic: Truong Thi Hoai Thu, 10A1, THPT chuyén Vinh
Phuc; Bic Ninh: Neuyén Vian Thanh, 12A15, THPT
Qué Vo, Qué Vo; Ca Mau: Lé Minh Phirong, 12 chuyén
Toén, THPT chuyén Phan Ngoc Hién, TP Ca Mau.

NGUYEN ANH DUNG

Bai T8/439. Cho tam giac ABC co BC = a,
CA=b AB =¢; Rvar lan lweot la ban kinh
cua dwong tron ngogi tiép va dwong tron nji
tiép tam gidc ABC. Goi S la dién tich tam giac
ABC. Chitng minh rang

- 1 \/ab} +be’ +ca’ \/ ab+bc+c’ (11
—2max\=; - . : ,
: 2 4S 49_
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Loi gidgi. Vi moi sb s6 thuc x, y, z ta thiy
ity BT e
(x.04 + y.0B +2.0C) 20, suyra

(x+y+z)*R*> yz.a® + zxb? + xy.c? (D
o Ty (1)chox =a;y =b;z=cvadéydén

a+b+c=ifwc-tathudugc§zz Q)
e Tu (1) cho x = b, y = ¢; z = a, ta duoc
(@a+b+c)*R? 2 ab’ + bc® + ca® (3)

2
Do a+b+c=% nén tir (3) ta c6

R \/ab3 +bc +ca’

o>
ro 45 @
e Tur (1) chox =c; y=a;z=btadugc
3 3 3
£>\/a b+b2+ca (5)
r 45

T (2), (4) va (5) suy ra

R ab® +bc® +cd®  |db+bc+ca
—2>maxy2; - : :
r 4S8 48
1 \/ ab® +bc> +ca’ \/ Ib+bc+ca
> max\—=; 2
2 452 482
(dpcm). O

st e N b U g Y e
»>Nhin xét. Vi 722 nén trong két luan cia bai toan co

thé thay ) % boi sb 2. Ban Truong Hoang Duy, 11T,
THPT chuyén Nguyén Pinh Chiéu, Pong Thép va ban
DG Nguyén Vinh Huy, 10 Toan, PTNK — DHQG TP. Hb
Chi Minh c6 1& gidi déing cho bai toan nay.
HO QUANG VINH
Bai T9/439. Tim tdat cd cdc s6 nguyén dwong
Ié n sao cho 15" + 1 chia hét cho n.
Loi gidi. (Theo da sb cac ban).
Véi n =1 thi hién nhién 15" + 1 chia hét cho
n,nén n =1 1a mgt nghi€m cua bai toan.
Xét n> 1 1a nghiém cua bai toan. Goi p 1a wdc
nguyén t6 nho nhat cia »n va k 1a s nguyén
5 A k . ps
duong nho nhat sao cho 15” — 1 chia hét cho p.
. < aA
Khi d6 157 — 1= (15" + 1)(15" - 1) chia hét
A 2 i 5 A
cho 7 nén 157" — 1 chia hét cho p. Nhan thay

(15, p) = 1 nén theo dinh 1y nho Fermat thi

15" — 1 chia hét cho p. Tir d6 suy ra k dong

thoi 13 wée ciia p — 1 va 2n. Vik 1 u6e ciap — 1
nénk<p-1<p.

Néu k 1é thi & 12 wéc cta ciia n va k < p nén tix
gia thiét p 12 wéc nguyén t6 1¢ nhé nhét ca n
suy ra k= 1. Do d6 p 1a wéc ctia 15" — 1 = 14.
Néu k chén thi k = 2¢ v6i £ nguyén duong, khi
d6 £ <20 =k <p vakchia hét 2n. Tir d6, £ < p
vallaubcciannénf=1vak=2.Dodopla
wée cia 15° — 1=14 x 16

Vay trong cé hai trudng hop, p =7, tic 15" + 1
chia hét cho 7, mau thuln (do 15" + 1 =2 (mod7)).
Tom lai sb 1& n duy nhét théa min diéu kién
15" + 1 chiahétchonlan=1.0

»>Nhan xét. Trén ddy 13 10 giai ciia hiu hét cac bai giri
t61 Ban bién tap. C6 mot s6 ban biét st dung tinh chét
nhén tinh ctia ham Euler s hoc dé rat ngén 161 giai.

Cac ban sau day co loi giai ding.

Bic Giang: Nguyén Thi Nhung, 10T, THPT Chuyén Bic
Giang; Bic Ninh: Lé Huy Cuong, 10T, THPT Chuyén
Bic Ninh; Binh Pinh: Mai Tién Lugr, 11T, THPT
Chuyén Lé Quy Dén, Binh Dinh; Piak Lik: Nguyén
Tuan Piép, 11T2, THPT Ngb Gia Ty, Eakar; Pdng
Thap: Truong Hoang Duy, 11T, THPT Chuyén Nguyén
Dinh Chiéu, Pdng Thap; Ha Tinh: Nguyén Duy Tudn,
10T1, THPT Chuyén Ha Tinh; Hung Yén: Trdn Bd
Trung, Nguyén Long Duy, 11T1, THPT Chuyén Hung
Yén; Hoa Binh: Dinh Chung Mimg, 11 Chuyén To4n,
THPT Chuyén Hoang Vian Thuy, Hoa Binh; Nam Dinh:
Nguyén Van Tdn, 10T2, Vi Tudn Anh 12T2, THPT
Chuyén Lé Hong Phong, Nam Binh; Nghé An: Pham
Quang Toan, 9C, THCS DPang Thai Mai, TP. Vinh, Tang
Trung Hiéu, 11A1, THPT Thai Hoa, Nghé An; Phu
The: Nguyén Van Hau, 10T2, THPT Chuyén Luong
Vién Chénh, Pht Yén; Pham Manh Hing, 10T, THPT
Chuyén Hung Vuong, Phii Tho; Quéang Tri: Hodng Lé
Thai Ha, 10T, THPT Chuyén Lé Quy DP6n, Quang Tri;
Thai Binh: Vi Van Diing, 11T, THPT Chuyén Thai
Binh; Thanh Hoa: Nguyén Tién Pat, 11T, THPT
Chuyén Lam Son, Thanh Hoéa; Vinh Phiic: Nguyén Hitu
Huy 9A1, THCS Yén Lac, Vinh Phuc.

NGUYEN VAN MAU
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Bai T10/439.
fR>R;g:R—>Rsaochovoimoix,y e R
ta c6 fix + g(v)) = x/) - v.g(x) + gx).

Loi giai. Gia st f(x), g(x) la cac ham s6

Tim tat ca cdac cap ham so

thoa méan bai toan.

Choy=1taco f(x+g())=x/().

Suyra f(x)= (x - g(l)).f(l), Vx e R.

Cho x=1 thi f(1)=(1-g(1)/1) =g@).f)=0.

C6 hai truong hop xay ra:

Truong hop 1: f(1)=0.

Khidé f(x)=(x—g@1)f(1)=0, VxeR.

Do d6 —yg(x)+g(x)=0, Vx,yeR Choy=0

tacd g(x)=0, VxeR.

Nhu vay f(x)=g(x)=0, VxeR . Thulaita

thdy c4c ham s nay thod mén bai toan.

Truong hop 2: g(1)=0, f(1)#0. Bat a = f(1).

Taco f(x)=(x-g1)f(Q1) = ax.

Do d6 a(x +g()) =x.ay—yg(x)+g(x).

Cho x =1tanhan duoc

a(l+g(y)=ay=g()=y-1.

Suyra a(x+y-1)=xay—y(x-1)+(x-1).

Xéthé sb ciaxytacod a=1.

Nhu vdy f(x)=x, g(x)=x~-1. Dang thic

trén v6i @ =1 xac nhan cic ham sb ndy ciing

thoa man bai toan. y

Két luan: c6 hai cdp cac ham s6 thod man bai
; x)=g(x)=0,VxeR

f [{’Ex; = i( g)(x) T

» Nhin xét. Day la bai toan phuong trinh ham dang co
ban (thudc loai: xét cac gia tri x, y dic bi€t).

Céc ban hoc sinh sau c6 161 giai dung:

Phi Tho: Pham Minh Hung, 10T, THPT chuyén Hung
Vuong; Nam Pinh: Vii Tudn Anh, 12T, THPT chuyén
L& Hong Phong; Thai Binh: Vil Van Diing, 11T, THPT

chuyén Thai Binh; Qudng Nam: Lé Quéc Anh, 11
THPT chuyén Bic Quang Nam; Pik Lik: Nguyén Nhu’

Thigp, 12A,, THPT Trin Quéc Toan, Eakar; Kién
Giang: Danh Tran Tri, 12T, THPT chuyén Huynh Min
Dat; Binh Pinh: Mai Tién Lugt, 11T, THPT chuyén L&
Quy Bon, TP. Quy Nhon; Long An: Nguyén Minh Tri,

11Ty, THPT chuyén Long An; Dong Thap: Truong
Hoang Duy, 11T, THPT chuyén Nguyén Dinh Chiéu.

NGUYEN MINH BUC

TOAN HQC
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Bai T11/439. C6 n hoc sinh (n > 2) dung thanh
hang doc. Cir mdi lan thdy gido théi coi thi c6
dung hai hoc sinh @i ché cho nhau. Hoi sau
mot s6 1é lan thay gzao théi coi, ta c6 thé thdy
tt cd cdc hoc sinh déu dimg tro lai ding vi tri
ban dau ciia minh hay khong?

Loi gidi. Panh sb tir 1 dén n cho cac ban hoc
sinh trong hang doc lic dau. Ki hiéu P, 1a tap

cac hoan vi cua {1, 2,... n}.
Goi IT = (I1(1)....,
{1,2,...n}, cap (T1(7), TI(;)) ctia IT goi la mot
nghich thé cua TT néu i <j va II(i) > T1(J).
Xét 4nh xa f; : B, = P, : f;(IT) thu duoc tu
1 bing cach dbi chd hai vi tri ké nhau
(T1(3), I1(i + 1)) va giit nguyén céc vi tri con lai.

I(n)) 1a mot hoan vi cia

Cho i, jeN, i<j<n Xétanhxa f; 1B, —F;:
Jen =J; @11 ij—z °°°fj—1 o finof (D
1a hop thanh cua 2(j —1)—1 4anh xa. D& thay
iy (@) thu duoc tir TT bang cach dbi vi tri clia
(T1(i), I1(j)) va giit nguyén céc vi tri con lai.
Goi T(II) 1a sb6 nghich thé cua hoan vi IL.
D& thay
T(T) -1 néu (TI(7), I1(i +1))
la nghich thé
T(T)+1 néu (TI(), G +1))
khong 1a nghich thé.
Do vay T; (f,(l’[)) =T (1) +1 (mod 2) (2)
Twr (1) va (2) suy ra
T(f,;M)=TAD)+1 (mod2)  (3)

Gia st I1, la th ty cua n hoc sinh sau lan

T(£(D) =

thdi coi tht k cta thay gido. Taco I, € P, va
;41 = fi jy(T), véi 1 <i < j < n mnao do.
Theo (3) ta co T(Hk+1)sT(Hk)+l(mod2)
Do d6 T(I1,) = T(I1y) + k = k (mod 2)

(Vi T(II,)=0). Néu k 1& thi T(IT;) =0
(mod 2) do d6 TI, #1I1,. Vay sau mot s 1&

14n thdi coi, tAt ca cac hoc sinh khong thé ding
trd lai dang vi tri ban dau ctia minh. (O
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» Nhén xét. Bai nay chi c6 4 ban tham gia giai 1a cac ban:
Nam Pinh: Vii Tudn Anh, 12T, THPT chuyén L& Hong
Phong; Binh Pinh: Mai Tién Ludt, 11T, Truwong Minh
Nhdt Quang, 10T, THPT chuyén Lé Quy D6n; Thanh
Hoa: Nguyén Tién Pat, 11T, THPT chuyén Lam Son.
Céc ban d3 cho 10 giai ding nhung 13p luan chua chit ché.

DANG HUNG THANG
Bai T12/439. Cho tam gidac nhon ABC va duong
cao AH (H € BC). Mgt diém P di chuyén trén
doan AH. Cac diém E, F lan leot la hinh chiéu
cua P trén AB, AC.
a) Chirng minh bon diém B, E, F, C ciing nam
trén mot duong tron.
b) Goi Q' la tdm cua dwong tron di qua B, E,
F, C. Chirng minh rang PO' luén di qua mot
diém co dinh khi P di c/zzt}'é’n trén doan AH.
Loi gidgi. (Hinh vé).
a) Ta thiy céc tr giac
AEPF, BEPH, CFPH
ndi tiép. Vi BEPH, 5
CFPH n0i tiép nén E
AEAB=APAH | P N

=AF AC.
s YT

Do d6 bén diém
K

A

B, E, F, Ccung nam

trén mot dudng tron.

b) Goi K 1a giao diém ciia duong tbéng qua B

vuong goc véi BA va duong thang qua C

vubng goc véi CA; M, N theo thir tu 1a trung

diém cua EB, FC.

Vi ME=MB;0'E=0"B;NF=NC;0'F=0'C

ném O'M 1EB; O'N-A FC.

Két hop v6i PE L AB;KB | AC;PF L AC;

KC 1 AC, suyraO'M // PE //KB; O'N// PF // KC.
ME NE

Tt d6, cht ¥ ring —=—1=——, suy ra ba
i MB NC &

diém P, O' K thiang hang. Vay PO’ luén di
qua mot diém co dinh (diém K). O
»Nhén xét. 1) Bai toan nay dé, nhidu ban tham gia giai.

2) Xin néu tén mot vai ban c6 161 giai trong déi tt:
Ha Néi: Tran Manh Hing, 11TA, THPT chuyén Nguyén
Hué, TP Ha DPéng; Lé Phiic Anh, 9A, THCS Nguyén

Huy Tuéng, Pong Anh; Nam Binh: Vi Tudn Anh, 12T2,
Nguyén Véin Tdn, 10T2, THPT chuyén Lé Hong Phong,
TP Nam Dinh; Ha Nam: Nguyé~n Thi Lua, 10T, THPT
chuyén Bién Hoa, TP Ha Nam; Bic Ninh: Lé Huy
Cwong, 10T, THPT chuyén Béc Ninh, TP Bic Ninh;
Phi Tho: Nguyén Thuy Quynh, 9A2, THCS Giy Phong
Chédu, Pht Ninh; Vinh Long: Tran Duy Qudn, 11T,
THPT chuyén Vinh Long, TP Vinh Long; Pak Lik:
Hoang Huy Théng, 9G, THCS Phan Chau Trinh, TP
Buén Ma Thudt; Hung Yén: Tran Bd Trung, 11T,
THPT chuyén Hung Yén, TP Hung Yén.

NGUYEN MINH HA
Bai L1/439. Mot thanh dong chat thiét dién
déu c6 chiéu dai I, ¢6 khoi lwong riéng po, noi
thang dimg trong hai chdt long khac nhau
khéng trén lan, c6 khoi luong riéng py va p
(o1 < po < p). Mot phén thanh nam trong
chat long cé khoi heong riéng p, d‘é‘u trén cua
thanh ngang mat thoang cua chat long do;
phan con lai nam trong chat long kia.
a) Tinh cong can thuc hién d@é nhan chim
thanh vao trong chat long thir hai (py).
b) Xac dinh chgt ki dao dong nho cua thanh
theo phwong thang dirng.
Loi gigi. a) Ki hiéu A 1a chidu cao 16p chat
long c6 khdi lugng riéng 9. Diéu kién cén
bang cta thanh:

28Sl = ngSh+ p,gS( - h) ¢))
UG i @)
P -A

Khi ddu thanh cta thanh dich chuyén mot
doan x, luc can nhin thanh b'fmg:

F, = pgS(h—x)+ pgSU~h+x)- agsl (3)
Tu (1) va (3) ta duge: F, = (o — g)gSx.
Cong dé nhéan thanh chim hoan toan vao chit
long p, la:

f (7 - Pb)z 2
A= |Fdx==————gS".
{ 2p-a) °
b) * Khi dau trén ctia thanh & dudi mit thoang
mdt doan x, phuong trinh chuyén dong cua
thanh la:
-agS(h—x)—pgSU—h+x)+ pgSl=mx" (4)
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Két hop (1) va (4) ta duoc:

Ll el g
A !
Phuong trinh nay ching té thanh dao dong
] /
didu hoa véi chuky: T = 2m [— 2
i (m-Ag

* Khi du trén cta thanh & trén mit thoang
mot doan x, phuong trinh chuyén dong cua
thanh la:

agSh+ pgS(I—h—x)— pgSl = mx" (5)

Két hop (1) va (5) ta duoc:
N S [
ey

Phuong trinh nay ching té thanh dao dong

AR dERE 3E . !
dieuhoavoichuky: 7, =27, [——.
¥ h Vo g

Nhu vay thanh s& dao dong theo phuong thang
ding véi chu ki:

= _- L A 2
o E Y “\/;[\l(pz—m +\/;}' e

»Nhin xét. Bai toan chi dting khi khong xét dén s thay

d6i muyc chat 16ng trong binh, nghia 13 thé tich caa thanh

r4t nho so véi thé tich chét long.

Chi c6 mdt ban giri 10i giai nhung cho két qua sai.
NGUYEN XUAN QUANG

Bai 1.2/439. Treo bon qud cdu nho giong hét
nhau vao mot diem O bang bon soi ddy manh,
cach dién, co chiéu dai . Moi qua cau cé khoi
lwong m va dién tich q. Khi can bang, bon dién
tich nam tai bon dinh cua hinh vuéng ABCD
co canh dai l.
a) Tinh lyc dién do ba dién tich dat tai A, B, D
tdg dun,g lén dién tich dat tai C theo g, | va
hang so dién k.
b) Tinh lghéi lieong m ciia moi quad cau theo gq, |
va gia toc trong trieong g.
Ap dung bang so:

g =3.10"C; 1 =20cm;

=10m/s%; k=9.10° Nm?/C2.

TOAN HOC
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Loi gidgi. a) Goi F,, Fp, F;, 1an luot 13 luc
dién do cac dién tich dat tai vi tri 4, B, D tac
dung 1én dién tich dat tai C.

kg kg’

Vé d6 16m, ta co: F, = F ey ==

b) Luc téng hop tac dung 1én qua cAu dat tai C

B

Do tinh d6i xting nén
luc téng hop F cung
phuong vai AC va co
chiéu huéng tir 4 t6i C.
Chiéu phuong trinh (*)

1én phuong AC, ta thu By
duoc
F = F, + Fc0845° + Fzcos45°
ol kq® kq® 2 8 kg? (1
SRS 2

Qua cAu dat tai C chiu tac dung cua ba lyc: luc
tong hop F, trong luc P vasuc cang cua day i
biéu kién dé qua T

cAu dit tai C

can bang:
T+F+P=0.
Hop luc cua F+P
phai c6 phuong theo

day treo OC.

Do géc o =45° nénvédélc’m 2 F+P
5

Pr= F<:>mg—— +\/— >m= i s 2|
272

Thay sd, tinh duoc m ~ 3,876.10kg. O
»Nhén xét. Cac ban sau c6 101 gidi ding:
Vinh Long: Trdn Duy Qudn, 11T1, THPT chuyén
Nguyén Binh Khiém; Thanh Hoa: Nguyén Tién Pat,
11T, THPT chuyén Lam Son; Yén Bai: Lé Minh Diing,
11K, THPT chuyén Nguyén Tt Thanh; Nghé An: Lé
Xudn Bdo, 12A3, THPT chuyén Phan B¢i Chéau; Vinh
Phiic: Nguyén Manh Ddn, Lé Thi Bich Ngoc, 10A3,
THPT chuyén Vinh Phtc.

DANG THANH HAI
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K i chone HOC SINH YAO DOI TUYEN QUGC GIA

DU THI IMO 2014

NGUYEN KHAC MINH

(Cuc Khao thi va Kiém dinh CLGD - B6 Gido duc va Bao tao)

i thi chon hoc sinh vao doi tuyén quéc gia
17<du thi Olympic Toan hoc Qudc té (IMO)
14n thr 55 nam 2014 (IMO 2014) da duogc to
chire tai Ha Noi, trong hai ngay 25 va 26/3/2014.
Cén ctr Quy ché thi chon hoc sinh giéi cép
qudc gia hién hanh, Bo Gido duc va Pao tao
da triéu tap 48 hoc sinh tham dy ki thi tuyén
chon néi trén, gdbm 2 hoc sinh da tham du 16p
tdp huin o bi dy thi IMO 2013 do Bo
Gido duc va DPao tao td chitc va 46 hoc sinh
dat tir 24,75 diém tré 1én trong ki thi chon hoc
sinh gidi quoc gia mon Toan THPT nam 2014.
Trong mdi ngay thi, mdi thi sinh dugc deé nghi
giai 3 bai todn trong thoi gian 270 phut; diém
tdi da ctia mdi ngay thi 1a 21 diém.

1. PE THI

Ngay thi thir nhdt, 25/3/2014

Bai 1. (7 diém). Tim tAt ca cac ham s6 1= Z — Z
théa man f2m + f(m) + fim)f(n)) = nf(m) + m
voimoim,n € Z.

Bai 2. (7 die;n'f). Trong mit phing toa do, cho
tap hop cac diém véi toa 40 nguyén
T={xy)|xye Z;|x|[y]<20;())#(0; 0)}.
Ta~ t6 mau mot so diem cua tap T’ sao cho vai
moi diém (x; y) thudc T thi c6 ding mdt trong

hai diém (x; y) va (=x; —) dugc t6 mau. Vi
mbi cach t& mau nhu vy, goi N 1a s6 cap diém

(x1; ¥1) va (xp; y2) thudc T cung duge t6 mau
va théavmén X1 = 2xp, y1 = 2y (mod 41). Hoi
N c6 thé nhan dugc nhimg gia tri nao ?

Bai 3. (7 diém). Cho tam gidc ABC ndi tiép dudng
tron (0) c6 A <B <C va diém D thay dbi trén
cung BC khong chira 4. Cac duong thang AB
va CD cét nhau tai diém E; cac dudng thang AC

va BD cét nhau tai diém F. Ki hiéu (Oy) 1a
duong tron nam bén trong tam gidc BED, ticp
xuc v6i cac canh EB, ED va v6i dudng tron (O);

ki hiéu (O,) la dudng tron ndm bén trong tam
giac CFD, tiép xtic véi cac canh FC, FD va V0’1
duomg tron (0). Goi M va N 14n luot 1a cac tiép

diém cua (Oy) voi BE va clia (O;) véi CF.

a) Ching minh rang duong tron duong kinh
MN di qua mét diém c6 dinh.

b) Buong thang di qua M va song song véi CE
cét AC tai diém P; duong thang di qua N va song
song voi BF cit AB tai dlem Q. Chirmmg minh
rang céc ducmg tron ngoai tlep cac tam glac AMP
va ANQ ciing tiép xtc v6i mot duong tron o dinh.

Ngay thi thir hai, 26/3/2014

Bai 4. (7 diém). Cho tam giac nhon khong cén
ABC va P 13 mot diém thudc duong cao AD.
Goi Eva F lan lugt 13 cac giao diém cta BP
véi AC va cia CP voi AB.

a) Chimg minh ring tir gidc AEDF ndi tiép khi
va chi khi % = (tan B + tanC) cot%.
b) Goi H 1a tryc tim cta tam gidc ABC. Cho P
thay d6i trong doan AH. Duong thang di qua B
va vudng goéc voi AB cét duong thang CP tai
diém M; duong thang di qua C va vudng goc
vai AC cit duong thang BP tai diém N. Goi K
14 hinh chiéu Vuong goc ctia 4 1én MN. Chimng

minh ring tong MAN + BKC khong dbi.

Bai 5. (7 diém). Tim tAt ca cac cap da thirc hé s0
nguyén P(x), O(x) sao cho day sb (x,) dugc xac
dinh boi xo =2014, xp1+1=P02), Xon+2= Xo2n+1)
voi n=0,1,2,..

thoa min: v6i moi m nguyén dwong, ton tai sb
hang khac khong cta day chia hét cho m.

Bai 6. (7 diém). Cho m, n, p 1a céc s0 tr nhién
khoéng dong thoi bang 0. Khong gian toa do
dwoc chia thanh cac khdi 1ap phuong don vi boi
cac hé mat phang song song cach déu. Mot
cach dién vao moi khéi lap phu’cmg don vi mot
trong cac sb 1, 2,.., 60 dugc goi 1a cach dién
Pién Bién néu théa min: trong mdi hinh hop
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chit nhat v6i cc mét ndm trén cac hé mit phing
da cho va c6 tap hop d6 dai ba canh xudt phat
tir cung mét dinh 1a {2m + 1, 2n + 1, 2p + 1},
khéi 1ap phuong don vi €O tim trung voi tim clia
hinh hop duoge dién mot s6 bang trung binh cong
cta céc sb duoc dién vao cac khéi lap phuong
don vi ¢ cac goc cua hinh hop do. Hoi co tat ca
bao nhiéu cach dlen Dien Bién ? Blet rang hai
cach d1en la glong nhau néu c4c sb duoc didn
vao tit ca cac khéi lap phuong don vi ¢6 cung
toa d0 trong hai cach dién nay 1a giéng nhau.

2. KET QUA

Cin ctr két qua cham thi va Quy ché thi chon

hoc sinh gioi cap qudc gia hién hanh, B6 Gido

duc va Pao tao da quyet dinh chon 6 hoc sinh

co dlem thi cao nhét (c6 tén duéi day) vao Boi

tuyén qudc gla du thi IMO 2014:

1. Pham Tudn Huy, W/s 16p 12 truong Phé thong
Nangkhleu, DHQGTP HoCthmh,Bl 5 diém;

2. Nguyén Thé Hoan, h/s 16p 11 trudng THPT
chuyén Khoa hoc Ty nhién, PHQG Ha Ndji,
28.0 diém;

3. H6 Quoc Dang Hung, h/s 16p 12 _trudng Pho
thong Néng khiéu, DHQG TP. H) Chi Minh,
26.25 diém;

4. Tran Hong Quan, /s 16p 12 truong THPT
chuyén Théi Binh, Tinh Théi Binh, 26.25 diém;

5. Viong Neuyén Thiry Dirong, h/s 16p 12 truong
THPT chuyén L€ Quy Don, TP. ba Niéng,
25.0 diém;

6. Nguyén Huy Tung, h/s 16p 12 truong THPT
chuyén Tran Phu, TP. Hai Phong, 23.5 diém.
Ngay 16/4/2014, B6 Gido duc va Dao tao da triéu
tap 6 hoc sinh ctia i tuyén vé Ha Noi tham du
16p tap huan chuyén moén chuén bi cho IMO
2014. Truong Pai hoc Su pham Ha Noi duge Bo
Gido duc va Pao tao giao nhiém vu chu tri cong

tac tap huén doi tuyen dudi su giam st cua Bo.

(Tiép trang 16)

FOR LOWER SECONDARY SCHOOLS

T1/443 (For 6™ grade). 21 distinct integers are
chosen so that the sum of any subset of 11
numbers among them is always greater than the

sum of the remaining 10. If one of them is 101, and
the largest number 15 2014, find the other 19 numbers.

T2/443 (For 7! grade) In a triangle ABC where

BAC = 40° and ABC = 60°, points D and E are
chosen on the sides 4C and 4B respectively such
that CBD =40° and BCE = 70°. BD and CE intersect
at point F. Prove that AF'is perpendicular to BC.

T3/443. Solve the following system of

2V2x -y =
\3/8x3+y3 =§/§(\/;+\/;—1).

T4/443. In a triangle ABC, points E, D on
the sides 4B and AC respectively such that

ABD = ACE. The circumcircle of triangle
ADB meets CE at M and N. The circumcircle
of triangle AEC meets BD at I and K. Prove
that the points M, I, N, K lie on a circle.

TOAN HOC
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equations: {

28

T5/443. Prove that for all positive real numbers
a, b, c, the following inequality holds:

"
a’ b? c

a+b+b+c+c+a
Zg(\/az 152 4B +02 442 +a2).

FOR UPPER SECONDARY SCHOOLS
T6/443. Determme all real solutions of the
equation: (x +x= 1) e
T7/443. Let M be a point inside a given triangle

ABC and let x, y, z denote the distance from M
onto BC, CA, AB respectively. Prove that

ﬂM:@:@ifandomyif%zﬂzﬁ

a b
where BC=a, CA=b, AB=c.
T8/443. Let x, y, z be three arbitrary numbers

from the interval [0; 1]. Determine the
maximum value of P, where

X y z
= + +
y+z+1l z+x+1 x+ypy+1
+(1-x)(1-»)(2-2).
Translated by LEMINHHA
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10 cin co thong ke

I. THONG KE LA GI?

Céc thong tin dudi dang s liéu dang tran ngap
trong cudc sdng hang ngay cua mdi ching ta.
Cong nghé hién dai c6 kha nang thu thap dir
liéu voi sb lwong rat 16n vé6i chi phi thap. Tuy
nhién di liéu van chi don thuan 1 nguyén liéu
tho. N6 chua phai 1a thong tin va cang chua
phai 14 tri thirc. Can phai c6 mot khoa hoc
phéan tich va giai thich dir liéu, rat ra nhiing
thong tin hitu ich tr dir liéu. Khoa hoc do
chinh 12 Thong ké.
Vay Théng ké 1a gi? D6 1a mot khoa hoc vé
nhiing phuong phap va cong cu dé

e Thu thép, t6 chirc va trinh bay dit liéu.

e Thiét ké, phan tich va xur Iy dit liéu.

e Rt ra nhitng thong tin, tri thirc hiru ich

tir dir liéu.
e Udc lugng hién tai, du bdo tuong lai can
cu trén dur liéu.

Théng ké luén di song hanh cung 1y thuyét xac
sult, linh vuc toan hoc nghién ciru cdc mod
hinh to4n hoc vé hién tuong ngﬁu nhién va céac
phuong phap tinh toan cai ngau nhién. Ngon
nglr X4c suat dong vai tro nén tang trong céac
suy luan thong ké.
Théng ké mang huong vi toan hoc nhung
khong don gidn 1a mdt nganh cua toan hoc.
Céc bai toan cbt 15i ctia n6 pha tron véi cAc bai
toan ctia nhiéu linh vire nham di sau im hiéu
ban chét cua trf tué va tu duy.

II. VAI TRO CUA THONG KE

Trong xa hdi hién dai, bat ctr chinh quyén nao
cling c6 cac co quan thong ké chuyén thu thap
va xu li cac dir liéu vé dan so, gido duc, tinh

hinh phat trién kinh té... dé rit ra cac thong tin
va dya vao d6 ma hoach dinh chinh séach.
Khéng c6 dir lidu thong ké, nha nuéc nhu
ngudi mu va diée. Trong cong tac nghién ciru,
viéc nghién ctru thuong duge bit dau bang
mdt ¥ tuong, mot gia thiét. Tiép theo dé thir
nghiém gia thiét d6, mot quy trinh khao st
phai dugc tién hanh véi cac budc: thiét ké, thu
thap dir liéu, phan tich dir li¢u, va dién dich y
nghia cua dit lieu. Mdi mot bude trong quy
trinh d6 déu c6 su céng hién quan trong cua
théng ké. Théng ké trong phén tich dir liéu 16n
da dat dugc nhitng két qua tuyét voi va Google
dang di ti€én phong trong linh vuc nay. Chéng
han chuong trinh dich ngdén ngit tu dong cua
Google dugc xay dung bdi cac nha Théng ké
chir khong phai cac nha Ngon ngir hoc.

Hién nay Thong ké da dugc tmg dung rong rai
trong moi linh vuc, tir khoa hoc tir nhién kinh
té nong nghiép y hoc cho t6i cac khoa hoc xa
hoi va nhan van.

III. THONG KE TRONG CHUONG TRINH

MON TOAN THPT

Théng ké 1a khong nhitng 13 mot cong cu quan
trong trong cong viéc cla cac nha chuyén moén
thuéc nhidu nganh khac nhau ma né ciing 14
mdt phan quan trong trong cac hoat dong
thuong ngay trong x3 hoi nhu kinh doanh,
cong ngh1ep, quan ly xa hoi. Thanh thir dé dap
U:ng yéu cau cua cudc sdng hién dai thi sy hiéu
biét vé Thdng ké va tu duy théng ké 1a didu
khong thé thiéu dbi v6i bét ky ai, dui cong viée
cua ngudi d6 co lién quan tryc tiép dén cac
phuong phap théng ké hay khong. Ngay tir dau
thé ky 20 nha gido duc ngudi Anh H.D. Well
da tién doan: "Trong twong lai khéng xa, kién

TOAN HOC
' CTusilge 29

S& 443 (5-2014)

https://tieulun.hopto.org



thu’c Théng ké va tw duy thong ké sé la mot yéu
16 khéng the thiéu dwo‘c trong hoc vin pho
théng ciia méi nguoi giong nhu khd ndng biét
doc biét viét"

Nam 1973 khi téng két cong tac dbi méi gido
duc, UNESCO d3 khing dinh Xéc suét -
Théng ké 14 mot trong 9 quan diém chi chét
dé xay dung hoc vin phd théng trong thoi dai
ngay nay.

Vi vay hién nay & hau hét cac nuéc trén thé
gi6i, Xac suat - Théng ké da dugc dua vao
trong chwong trinh phd thong, nhiéu nudc dua
vao kha sém. O nu6c ta, mii dén lin thay
SGK méi nim 2006, Xac suat - Thong ké méi
duoc vao chuong trinh mén Todn véi mot ndi
dung rit han ché trong mot chuong ngén
"Théng k&" & 16p 7, 16p 10 va chuong "T6 hop
va X4c sudt" & 16p 11. Theo t6i biét thi hau hét
céc gido vién déu bo khong day hodc day qua
loa chuong Théng ké vi ho chic chan rang cau
hoi vé Théng ké khong bao gidr co6 mit trong
c4c ky thi. Nhimg thir ma da sb hoc sinh sudt
doi khong bao gid ding dén nhur s6 phtrc, cac
meo giai phuong trinh luwong gidc, ching minh
bt ding thic, tinh tich phan,.. thi lai duoc
nhdi rat nhidu vao diu hoc sinh dé déi pho véi
thi cir va thuong bi quén ngay sau mdi ky thi.
Khi tra 16i phéng van Bao Gido duc ngay
27-10-2013 (http://giaoduc.net.vn) PGS Vin
Nhu Cuong cho rang "Hién nay, Chuong trinh
Todn THPT thira it nhat 50%. Thita nhiéu kién
thirc v6 b6 doi véi hoc sinh va thiéu nhitng
kién thire co ban, don gidn, phé cdp c6 nhiéu

ing dung trong thuec tién doi séng.

T6i dé nghi bé chirong tich phén, phép bién
hinh trong khéng gian va nhitng bdi vé s6
phuec, lu’o‘ng gidc. Va dong tho‘z thém vao do
nhu’ng kién thirc thuc té, gan lién véi cujc
song hang ngay nhu" Xéc suat T hong ké. Hién
nay sé tiét Xac suat Thong ké rat it, chi dirng
lai ¢ cdc khai niém va cac thay khong dwoc
dao tao kién thirc do6 trong cdc truong suw
pham nén khi day khong gdy hung thu cho
hoc sinh."

TOAN HOC
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IV. MOT MINH HOA VE UNG DUNG CUA
THONG KE

Mot cong ty dirge pham dang nghién ciru dé bao
ché mot loai thubc méi diéu tri bénh A. Trudce
khi trién khai san xuit dai tra cong ty can thir
nghiém xem liéu thudc méi c6 t6t hon thude
cii hay khong? Cau hoi dit ra 1a "Xac suat khoi
bénh khi ding thubc méi cé 16n hon xéac suat
khoi bénh khi dung thudc cii hay khong ?"
Cong ty chon hai nhém bénh nhin méc bénh
A.Nhém 1 c6 N; bénh nhan cho ding thubc
méi (nhung khong noi cho bénh nhan biét dé
loai trir hiéu tmg tdm 1ly) va nhom 2 c6 N,
bénh nhéan cho dung thudc cii. Két qua cho
thdy: Nhém 1 ¢ n; bénh nhan khéi bénh va
m; bénh nhéan khong khoi bénh. Nhom 2 ¢6
n, bénh nhan khéi bénh va m, bénh nhan
khoéng khoi. Dit liéu duge trinh bay trong bang
s6 lidu sau

Ta goi day 1a mot miu quan sat thu dugc trong
thi nghiém.

Tan suét khoi bénh khi ding ciia thudc méi va
thudc cil trong miu quan sét trén trong tmg 1a

Goi p;, p, twong tmg 1 xac sudt khoi bénh
khi dung thubc méi va thube cii. Mic di tan
sudt cho ta mot hinh anh vé xac suat nhung
néu f, > f, thi ta chua c6 di co s& dé khang
dinh rang p; > p; .

Ching han khi gieo mdt dong tién cin dbi thi
xéc suét xuét hién mat sép va x4c suét xuét hién
mit nglra bang nhau va bang 0,5. Tuy nhién
anh A gieo 100 l4n c6 thé cho 55 sép, 45 ngira.
Anh B gieo 80 1an c6 thé cho 37 sép, 43 ngira,
anh C gieo 25 1an c6 thé cho 13 sip,12 ngira,...
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Vay khi nao c6 thé két luan p; > p,?

Nha Toan hoc ngudi Anh R. Fisher da dua ra
tieu chun A2 (doc 13 tiéu chuin khi-binh
phuong) sau day

TIEU CHUAN A’

Véi mdu quan sat {ny, my, n,, my} dat

= T(nlﬂ my, Ny, m2)

G do n=mn+ny; m=my+my; N=n+m;

Ny =n +my; Ny =ny+m,.

Khi do

o Néu T > 3,841 ’thi ta ‘khcfng dmh rang
D > P, - Xdc suat sai lam cua khang dinh
nay la 0,05.

« Néu T > 6,635 thi ta két ludn rang
Dy > P, - Xdc suat sai lam cua khang dinh
nay la 0,01.

* Thi du 1. C6 hai nhom bénh nhan. Nhém 1
6 10 bénh nhén cho dimg thude méi va nhém
2 ¢6 20 bénh nhan cho dimg thudc cii. Két qua
cho thc‘iiv.' Nhom 1 ¢6 7 bénh nhdn khoi bénh
va 3 bénh nhan khong khoi bénh. Nhom 2 co 5
bénh nhan khoi bénh va 15 bénh nhdn khong
khéi Ta c6 bang sé liéu sau

Téin suit khoi bénh cta nhém 1 va nhém 2
twong tmg 13 £, = 0,7, f, = 0,25. Ta thdy
h> /s

Ap dung tiéu chuin A? ta tinh duoc T'=5,625.
Vi T > 3,841 nén ta két luan rang p, > p,,
tirc 14 khing dinh ring "thuéc moi tot hon
thudc cii". Xé4c suét sai 1dm cia khang dinh
nay la 0,05.

* Thi du 2. Trong mot kiém dinh thuoc
khdc ta cé hai nhom bénh nhdn. Nhom 1 co
20 bénh nhan cho dung thuée méi va nhém 2
6 40 bénh nhén cho ding thuéc cii. Két qua
cho thdy: Nhém 1 c6 14 bénh nhdn khoi
bénh va 6 bénh nhin khéng khoi bénh. Nhom
2 ¢6 10 bénh nhan khoi bénh va 30 bénh
nhan khong khoi.

Ta co bang so liéu sau

Tan suat khoi bénh ciia nhém 1 va nhom 2

twong tng 1a f; =0,7 va f, =0,25. Ap dung
tiéu chudn A? ta tinh dwge 7 = 11,25. Vi
T > 6,635 thi ta két luan rang p, > p,, tic 1a
khing dinh rang "thuéc méi t6t hon thube cii".
X4c suét sai 1dm ctia khang dinh nay 13 0,01.

 Gidl tri toin hy

Glnl NHAT DUGC THUENG 7 »
(n twr chon)

’g‘a
&

{T / rong mot cudc thi toan hoc, Ban t6 chirc
cong bo gidi thudéng nhu sau:

Giai Nhat
Bugc nhin 1ln x10°%.

TOAN HQOC
* CTusilre 31
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, 3wong, mét trong nhiing
Jwdng dep nhét & ngay trung tam thanh

tra i khuon vién rong trén 10.000 m2, cé 39
oc rét than thién.

@i cai tén ban dau la THPT Ban Cong Vinh Long, mét

ngdi treng nhé bé dwoc thanh 1ap vao thang 9/1992.

ngﬁi trwdng nay danh cho nhirng em hoc sinh gap kho

h&n vé hoc tap, v& hanh kiém, vé van hoa, vé kinh té,

.. khi &y gian nan ther thach chét chéng, cé luc twéng
g nhw kho co thé vuot qua.

g voi quyét tam cao d6 va phuong cham hanh
] t/LF,o’ng giao duc la danh dw cda nha truong
‘méi thdy c6 gido” ban lanh dao nha trwong da
téﬂm trong viéc tim toi dwa ra nhirng huwéng di

nh phat trién kha nang va tw duy tirng budc nang
hat lvgng gido duc day chiv va day ngudi.
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