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TRUNG HOC CO SG

GAGH G!AE MOT DANG

m e v

LUU VAN BIEN - TRAN VAN T6I
(GV THPT Hiép Hoa 3, Hiép Hoa, Béc Giang)

rong qué trinh 1am toan chung t6i thiy cé
nhiéu phuong trinh (PT) dang
a? +bx+c=kldcte (1%

trong d6 b,c,k,d,e€ R, a 1a sb hitu ti khac
khong co thé dua duoc vé dang
(mx+n)2 +k(mx+n) =(dc+e)+kde+e (2%)
Bai viét nay gi6i thiéu t6i ban doc mot sb ki
nang bién d6i phuong trinh (1*) vé phuong
trinh (2%).
1. Li THUYET
Ta co PT(1%*)
< ax® +(b+d)x+c+e—(dx+e)+k\/ +e.
PT nay dwa dwoc vé dang (2*) khi va chi khi
t0n tai cac s6 m va n sao cho
(mx+n) +k.(mx+n)=ax +(b+d)x+c+e

& mPx? +(2mn+km)x+n2 +kn

=qx +(b+d)x+c+e.
Str dung ddng nhét thirc ta thu duogc hé (an 1a
m van)

m2=a

2mn+km=b+d
n+kn=c+e

)

Dén day, ta c6 két qua:

e Néu hé (I) c6 nghiém thi (1*) dua duoc vé
dang (2%*).

e Néu hé (I) v6 nghiém thi (1*) khong dua
duoc vé dang (2%).

Dé cho thuan tién trong trinh bay ta goi hé (I)

14 hé tham sé (HTS) cia PT(1%).

Chii y. Cac hé sb ciia (1*) s& thay d6i néu ta

nhan ca hai vé ctia (1*) véi mét sb khac khong

va khi d6 HTS ciia (1*) ciing thay dbi, tic 1a

HTS cua (1*) 1a khong duy nhét.

2. THI DU MINH HQA
X Thi du 1. Gidgi phuong trinh

R AN s G WS

Phén tich. HTS cua (1) 1a

(1

m? =1 21 _ 1
2mn+2m=—2<:>{m~ hodc {m—

5 n=-2 n=10
n“+2n=0

Do d6, PT(1) dua duoc vé dang (2%).
Loi gidgi
PT(4) < (x—2) +2(x—2) = (x+1)+2/x+1
u=x-2
3 >0) . Khi d6 ta c6
Dat {v ok \/m,(v 0) do a Co

u2+2u=v2+2v<:>(u—v)(u+v+2)=0

<:::>[v=u .Suyra{\/x-l_l:x_z.
v=—u-—2

x+1l=—x
Gidi cac PT nay ta dugc nghi€ém
5+413 1-5
= ey,
2 2
Chu y. Trong 161 giai trén ta da dung nghiém
(m = 1; n=-2) cia HT d¢€ dua (1) vé dang
(2%). Néu dung nghiém (m = —1; n = 0) cia
HTS thi ta cling dua (1) vé dang (2*) va tim
dugc nghiém cta PT(1).
¥ Thi du 2. Gidi phuong trinh

2x° +2x+1=/4x +1 )
m* =2
Phin tich. HTS cta (2) 1a {2mn+m =6,
n+n=2

h¢ PT nay vo nghiém. Tuy nhién, ching ta
dimg voi két luan 13 PT(2) khong dua dugc vé
dang (2*). Néu nhén ca hai vé ciia PT(2) véi 2

TOAN HOC
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thi ta duge PT: 4x? +4x+2=24x+1, PT
nay c6 HTS la

m? =4 _» oo
2mn+2m=8<:>{m— hoac{m_ )
2 : ni=:1 n=-3

n +2n=3

Do d6, PT(2) dua dugc vé dang (2*).
Loi gidi. PT(2) < 4x? +4x+2 = 2J4x +1
= (2x+1)2 +2(2x+1)=(4x+1)+2v4x +1

u=2x+1
a >0).Khidotacd
bit {v= ,—4x+1,(v 0) idétaco

uz+2u=v2+2v<:>(u—v)(u+v+2)=0

b
V= s Dy

S 5. Vax+1=2x+1

Jax+1=-2x-3
Giai cac PT nay ta dugc nghiém x=0.0
Nhdn xét. Thong thuong, ta s& bién doi PT(1%)
sao cho hé s6 cia x* 14 binh phuong ctia mot
s6 hitu ti.
X Thi du 3. Gidi phuong trinh

x?—x-1=8x+1 3)

Phan tich. HTS cua PT(3) 1a

m? =1

2mn+m =7, hé PT nay v6 nghiém.

n”?+n=0
Nhan c4 hai vé ciia PT(3) v6i 4 ta dugc PT:

4x* —4x—4=48x+1, PT nay c6 HTS la
2

m- =4 _5
2mn+4m=4c>{m_
) n=-1
n“ +4n=-3
hoic Lk = Ll
o ln=-3 Y =Lty

Do d6 PT(3) dura dugc vé dang (2*%).
Loi gidgi. PT(3) < 4x? —4x—4=48x+1
& (2x-1) +4(2x—1) = (8x+1)+48x +1

TOAN HOC
2 ! Cludifpe SS 442 (4-2019)

u=2x-1
ba >0).Khidotacé
at {v: ,————8x+1,(v 0) . Khi do ta c6

w+du=v"+4v o (u-v)(u+v+4)=0

v=-u-4
«/ﬁ =2x-1
J8x+1=-2x-3
Giai cac PT nay ta dugc nghiém x=3.0
% Thi du 4. Giai phuong trinh
PBx—2 =—4x* +21x-22 (4)
Phén tich. Nhan ca hai vé cua (4) v6i —1 ta
duoc 4% —21x+22=—/3x—2, PT nay ¢6 HTS

m? =4

la 2mn—m:—l8<:>{m:2 hoac {m=—2
5 n=-4 n=
n-—n=20

Do d6 PT(4) dua duoc vé dang (2%).
Loi giai. PT(4) tuong duong voi

4x* —21x+22=-/3x-2
& (2x-4)" —(2x-4) = (3x—2)-3x -2

Suy ra {

_ lu=2x-4 Koo )
bit {v:\/sx—_z,(VZO).Khldotaco
WP = <:>(u—v)(u+v—1):0

[v:u N3x—-2=2x-4
= . Suy ra ;
p=l=u V3x—-2=5-2x
Giai cac PT nay ta dugc cac nghiém:

23-497 19++/73
x = 2 o 3 .3

*Thi du 5. Gidi phuong trinh

27x> +18x = x+§ 5)

Phan tich. Nhan ca hai vé caa PT(5) véi 3 ta

duge 81x? +54x =+/9x +12, PT nay c6 HTS
m® =81

1a {2mn+m=63< {’" 239 hoiic {’”
n?+n=12 :

Do d6 PT(5) dua dugc vé dang (2%).

https://tieulun.hopto.org



Loi gidgi. PT(5) tuong duong véi
81x% + 54x = Ox +12

& (9x+3)7 +(9x+3) = (9x+12) +Ox + 12

Pit {u=9x+3

, (v>0).
v=~0%+12 vt
Khidétacd u? +u=v*+v
vV=u

<:>(u—v)(u+v+1)z0<:>[v=_1_u

Sy ra {\/9“12 =9x+3
VIx+12 =—4-9x
Giai céc PT nay ta dugc cac nghiém:
x:—5+\/ﬁ_—7—\/§ L
8. * 18 .°
*Thi du 6. Giai phuong trinh

*F+dx?2+3=3 (6)

Phan tich. Dit x* =1 >0, tac6 £* —3=—J1+3,

m? =1

PTnay co HTS 1a {2mn-m =1 Z’

W =0

=-1
=0

m=1

hoac {n _1

. Do d6 ta co 101 giai sau.
Loi gidgi
PT(6) twong duong v6i x* —3 = —v/x? + 3

& (=) ~(=2) =(x* +3)-x? <3

2
Uu=-X
bat ,(uSO,v>0).
{v=\/x2+3
Khido, tacd u? —u=v2—v

<:>(u—v)(u+v—l)=0<:>u+v—1:0
(Viu-v<0). Suyra vx* +3 =x? +1.

Giai PT nay ta dugc nghiém x=+1.0

3. XAY DUNG PHUONG TRINH MOI

Tir cach gidi cac phuong trinh vo ti c6 dang trén,
ta ¢ the sang tac nhitng phuong trinh mai.

1. Xét dang thuc u? +3u =v* +3v

e Cho u =2x—-1,v=+/x+2 taduoc PT:

4 + x -4 =3x+2.

e Cho u=x-1,v=+3x+5 tadugc PT:

x?~2x—7=33x+5.

2_%v
e Cho u=x-3,v=+x-1 tadugcPT:
2x% —15x+23+/x—1=0

e Cho u = x,v=+/2x+1 ta duoc PT:

V2x+1 = 2x* £5543

Nhur vay, chiing ta c6 thé thiét 14p duoc nhiéu
PT c6 dang (1%).

4. KET LUAN

a) Chung toi rat mong nhdn duogc cich giai
tuong tu nhu trén d6i véi PT:

ax® +bx* +ex+d =3 px+q.
b) PT(1*) dua dwoc vé dang (2*) khi va chi
khi PT(1*) dua dugc ve h¢ doi xing loai 2.
¢) Dé dang nhén thay: Néu PT(1*) dua dugc
vé dang (2*) thi PT(1*) dwa dugc vé dang

Z

(p + gdx + e) =(rx+s)*. Theo chc ban,
diél} nguoc lai co dung khong ?
Cubi cung moi céc ban van dung phuong phép
trén dé giai cac phuong trinh sau:

1. 4x2 +14x +11 = 4/6x + 10.
2. x2+x/m:5.

3. \/x_+_1=x2+4x+5.
4. 3/x-3=-x>+2x-1.
5

6

2. Xét déng thirc u? —%u =v

cA3x+1=-4x +13x-5.

TxE +Tx= 4)62;9‘
7.3+\/3+x/;:x.

8. 2x% +4x = x;—3

9, RS2
10, 35" + Br=3= x+7.

3
1. V2x—1=x% -3x+1.
12. x2 +x+124/x+1 =36.
13. x2—2x—3=\/x+3.

14, x> -2 =x+2.
) TOAN HOC
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O 750 ToVERN S804 VG LGP 10 THPT CuvEny TilaH B

NAM HOQC 2013 - 2014
(Thoi gian lam bai: 150 phut)

VONG 1
Danh cho tit ca thi sinh
(Thoi gian lam bai: 120 phut)
Cau 1. (2 diém)
a) Giai phuong trinh 2x -3 =0.
b) Véi gia tri ndo cia x thi biéu thic Vx-5

xac dinh?

¢) Rit gon biéu thirc 4 :%/%f—?%—i%
Cau 2. (2 diém) Cho ham s6 y = mx + 1 (1),
trong d6 m 1a tham s6.

a) Tim m @& db thi ham s6 (1) di qua diém Al
4). Véi gia tri m vira tim duge, ham so (1)

ddng bién hay nghich bién trén R?

b) Tim m @& d6 thi ham s6 (1) song song véi
dwong thang (d): y=m’x +m + 1.

Cau 3. (1,5 diém)

Mot ngudi di xe dap tir 4 dén B cach nhau
36km. Khi di tir B tré vé 4, ngudi d6 ting van
téc thém 3kmv/h, vi vy thoi gian vé it hon thoi
gian di 1a 36 phut. Tinh van tbc cta nguoi di
xe dap khi di tir 4 dén B.

Cau 4. (3 diém)

Cho ntra dudng tron duong kinh BC, trén ntra
duomg tron d6 1y diém 4 (khac B va C). Ké AH
vuong goc véi BC (H thuoc BC). Trén cung
AC lay dlem D bét ki (khic 4 va C), duong
théang BD cit AH tai I. Chimg minh rang

a) IHCD 1a tir giac noi tiép;

b) AB* = BI.BD,

c¢) Tam duong tron ngoai t1ep tam giac AID
lu6n nim trén mot dudng thang cb dinh khi D
thay d6i trén cung AC.

Cau 5. (1,5 diém)
a) Tim tat ca cac bo sb nguyén duong (x; y)
thoa man phuong trinh

P +2-3xy+2x—4y+3=0.
b) Cho ti gidc 16i ABCD ¢6 BAD va BCD la
céac goc tu. Chung minh rang AC < BD.

TOAN HOC
* CTugilre SO 442 (4-2014)

4

VONG 2
Danh cho thi sinh thi vao chuyén Toan, Tin
(Thoi gian lam bai: 150 phit)
Cau 1. (1,5 diém) a) Rit gon biéu thirc

[ xx2 Vx+2 1 Vx+1
i1 x4drrl 1=x) xt x4l

voix>0vax#1.
(‘/_ . '10+6\/_, tinh giad tri cua

V21+4V5+3
biéu thitc P=(x? +4x—2)13.
Cau 2. (2 diém) Cho phuong trinh

2 —dmx +2m* = 1=0 (1),

vO1 x 1a an s6, m 12‘1‘ tham so.
a) Ching minh rang voi moi gia tri cua m,
phuong trinh (1) ludn c6 hai nghiém phan biét.
b) Goi hai nghiém cua phuong trinh (1) la
x1, X2. Tim m dé 2x2 +4mx, +2m?> -9 <0.

b) Cho x

Cau 3. (1,5 diém) a) Cho cac s6 duong X, y
thoa man x — y = x° + y°. Chimg minh rang
L+y <1

2x=y*+1
b) Giai hé phuong trinh {2y =2z*+1

2z=x" 1.
Céu 4. (3 diém) Cho duong tron tim O dudng
kinh BC = 2R, Piém 4 ndm ngoai dudng tron
sao cho tam gidc ABC nhon. Tir 4 ké hai tlep
tuyén AM, AN vé6i (O) (M, N 14 hai tiép diém).
Goi H la tryc tam ctia tam gidc ABC, F 1a giao
diém ciia AH va BC. Chimg minh rang
a) Nam diém 4, O, M, N, F ciing nam trén mot
duong tron;
b) Ba diém M, N, H thang hang;
¢) HA.HF = R — OFP.
Cau 5. (2 diém)
a) Tim tAt ca cac by s6 nguyén duong (x; y; z)
X+ yJ201
y+242013
P+y+2 1 sd nguyén t6.
b) Tinh dién tich cia ngii giac 101 ABCDE, biét
céc tam giac ABC, BCD, CDE, DEA, EAB cung
c6 dién tich bing 1.

thoa tman 1a s6 hiru ti, dong thoi
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Foudng din gidi BE THI CHON HOC SINH GIOI MON TOAN LOP 9

T

DUONG

NAM HOC 2012 - 2013
(Dé thi deing trén TH&TT s6 441, thang 3 nam 2014)

Bai 1. Piéu kién x4c dinh: x > 4.
Vx—4+2+Nx—4-1

Rut gon P .Néud<x<8
x
th1A—4— Néux>8thi 4= o :
-4 Vx-4
: 4x 16 ... \
.XetA:—:4+—-V01erva4<xS8.
x—4 x—4

TacoAd e Z < x e {5;6;8)}.

2x ]
o Xét A=——""-— vébi Z vax> 8.
ootk 150 o R

TacodeZ = Vx—4=aeNvaa>2
2
== 2(aa+4) 2a +SEZ:>alau'occua8

=ae {4;8} =>xe {20, 68}.
Vay x € {5; 6; 8; 20; 68}.
Bai 2. a) Diéu kién x4c dinh: x > 2.
Phuong trinh d4 cho tuwong duwong véi
JE-Dx-2) +Vx+3=vx-2+ [x-D(x+3)
S Wx-2-Vx+3) x-1-1)=0
{J?—_z —Jx+3=0 A
=
Vx=1-1=0 )
Tim dugc nghiém phuong trinh da cho 1a x = 2.
b) Piéu kién x4c dinh: x > -8.
Phuong trinh d3 cho twong duong véi
(Vx+8-x-2)(Vx+8-3x)=0
Vx+8-x-2=0
[m ~3x=0
Tim dugc nghiém phuong trinh @3 cho lax = 1.
Bai3.a)Tacé a®*=32+3.(4)a
s +lla-31=1 = fla)=1""8=],
b) Taco y*+2xy—3x-2=0
S X2 +2xy+y?=x2+3x+2
S+ =(x+D(x+2). )
Véi x, y nguyén thi VT (*) la s0 chinh phuong,
VP (*) 1a tich cta hai s nguyén lién tiép, suy ra

(x+yP=(x+)(x+2)=0
x+1=0 & x==1y=1
X+2=0 " |jx=-2y=2

+ b e c a_2 béh et
b? at el e b
S d+ba?+c3b? = a3b +bc+ca
< (@*b’c? - d*?) - (bPa? —aPh) -
—(c*b* -ca)+(bPc—abc)=0
& (B —a)((a’c? —ba*)— (3 —bc)) =0
& (b? —a)(c? -b)(a* —¢)=0. Suy ra dpcm.

b) Do a, b duong va 1 + b* > 2b véi moi b nén

Bai 4. abc =1 nén —

a ab? ab? ab . ;
=a— c2ad———=qg—— 3
I i oy il o déang thirc
xay ra khi va chi khi b = 1. Tuong tu ta cé
b be e
T > +b+
122 b— 5 1+a2_c 2, maa+b+c=3

3y b LyE 3_ab+bc+ca )
1+ 1+ 1+a? 2
Cingdoa+b+c=3suyra(a+b+c) =9
S a+ b+ +2ab+ be+ca)=9, ma

a*+b*+c? =%((a2 +b?)+(a% +b) +(a® + b))
2ab+bc+ca
=3(ab+bc+ca)<9=ab+bc+ca<3 (2)

Tir (1) va (2) suy ra bt dang thirc cin chimng
minh. Pang thic xdyra<>a=b=c=1.

=

Bai 5. B
D
0
C H
Bk o 0 F

a) BA 1a dudng cao cta ABPQ = H e BA (1)

AE AB AE AB
Ta cb AB*= AEAF:>ABAF:>AOAQ

Ta c6 AdEO «»» AABQ = AEO=ABO.

(Xem tiép trang 11)
) TOAN HOC
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Chuan bi

cho ki ti

tit nghiép THPT
va thi vao

Dai hoc

pRtTHACKINHICHATIRINHIHOC
DEGIAIBAITOANTOA DO TRONG MATPHANG

 (GV THPT Nguyén Chi Thanh, PIe?ku GI Le

4c bai toan toa do trong mit phing trong

nhitng ki thi tuyén sinh vao Pai hoc v
Cao dang, hoc sinh thuong uu tién st dung céc
phép suy luan dya trén nhiing phép todn toa
d6, ma it coi trong dén viéc khai thac céac tinh
chat hinh hoc da cé. Néu biét sit dung hop 1i
cac tinh chat do thi viéc tim ra 161 giai bai toan
s€ tr¢ nén don gian hon rat nhiéu. Chang han
chiing ta xem hudng giai quyét van dé cta hoc
sinh ma ¢ day chiing t6i tam goi la "16i suy
nghi tu nhién" thong qua bai toan sau:
Peé bai. Trong mdt phdng toa dé Oxy, cho tam
giac ABC co’ydz’nh B(—4; 1), trong tam G(1; 1)
va dwong thang chira phan gidc trong cua goc
BAC c6 phuong trinh x —y — 1 = 0. Tim toa dé
dinh A.
Loi gidi. Goi N 1a trung diém cia AC. Khi d6
BG =2GN. Tir d6 NGI) Vi 4 thudc dudng
thing A:x—y—1=0 nén A(t;t-1).
Dudng thing A ¢6 VICP u(;1). Ta ¢6 A 1a
duong phan gidc trong cua goc BAC nén

’cos(ﬁ,;) =[cos(2ﬁ,;)‘. Tu day ta dugc

phuong trinh (PT):

11
|2+21] ‘7—211

\/(4+t)2 +(2—t)2 ) \/(7

; 2
E—t) +(2-1)

Phuong trinh sau cing c6 thé giai dugc hodc
c6 thé khong, song xét cho toan bai giai thi
viéc lya chon phuong phép nhu trén lai qua
cdng kénh. Néu nhu hoc sinh biét khai thac két
qua: Véi B’ la diém doi xvmg ciia B qua dwong
phan gidc trong géc BAC thi B' nam trén AC
thi viéc tim ra 101 giai 1a rit ngin gon. Ttc 1a

TOAN HOC
[ & Crumme S3 442 (4-2014)

voi gia thiét da cho ta c6 thé tim ra toa do B,
lap PT dudng thing AC ciing chinh 13 dudng
thing NB'. Khi d6 4 1a giao diém cua duong
phan giac va NB'.

Mot bai toan c6 thé c6 nhidu cach gidi khac
nhau, tuy nhién ngudi hoc néu biét huy dong
hét nhimg kién thirc da hoc mét cach hop 1i thi
161 giai c6 thé don gian hon. Qua bai viét nay
chung t6i mudn trao ddi véi ban doc mot
huéng giai quyét cac bai toan phuong phép toa
d6 trong mat phang bang cach st dung nhimng
tinh chit hinh hoc phéng da duoc hoc.

Sau dy 1a mot s thi du cu thé.

Ghi chii. Trong sudt bai viét, cac bai toan déu
dwoc xét trong mit phing toa do Oxy.

*Thi du 1. Cho tam giac ABC co dién tich
béng %, hai dinh A(2; -3), B(3; -2), trong
tam G ndm trén duong thang 3x —y — 8 =0.
Tim toa do dinh C cua tam gidc do.

Ta biét ring néu G 1a trong tAm tam giac ABC

1

thi S5 =3 Sasc- Néu biét sir dung tinh chat

nay thi bai todn s& don gian hon nhiéu so véi
"cach giai ty nhién".

Loi giai. Goi toa d0 trong tam G(¢; 37— 8).
Tacéd AB =~/2 vaPT duong thang

AB:x-y-5=0.
Theo gid thiét Sg,p = %SABC =%
@%/ﬁB.d(G;AB):—l—Qd(G; AB)=§
o =G-8)-5 2 o3-2=1

N

< t=1hoact=2.
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e Voir=1,taco G(1;-5), tir d6 tim dugc toa d6
trung diém / cia BC 1 G;-éj. Do d6 C(-2;-10).

o V61 t=2,taco G(2;-2), tim dugc toa 49 trung

diém / cua BC 1a (2;-%). Do d6 C(1;-1).
Viy c6 hai diém théa man yéu cau bai toan la
C2: =10 va (L —1). A

*Thi du 2. Cho hinh chit nhdt ABCD c6 tim

T (%;0), phuong trinh duong thing AB la
x—2y +2=0vaAdB =24D. Tim toa dj dinh
A biét rang dinh A co6 hoanh dé am.
Loi gigi. (h.1) Goi E, 4

F lan lugt 1a trung
diém cac canh ’AB va
CD. Ttr gia thiet ta c6 I
AEFD la hinh vubng

E B

va cos@ = i i F &
J5 Hinh 1

Goi n(a;b) 1a VPTP ciia dudng thing A,
Dudng thing 4B ¢6 VIPT n'(l;-2) .
Tir d6 cosEAI =‘

SR e
= a a

e B

a =)

3a+4b=0

o Truong hop 1. a = 0, ta ¢6 phuong trinh Ar:
¥ =0.Toa dj 4 1a nghiém cua hé phuong trinh
Al =2 \av (-
{x gD 01020 . Vay A(-2; 0).
o Truong hop 2. 3a + 4b = 0, ta c6 phuong
trinh Al: 4x — 3y — 2 = 0. Toa d§ 4 1a nghiém
cta hé phuong trinh
{4x-3y—2=0 {x=2

x=2y+2=0 T |y=2
Trudng hop nay khong théa man vi diém 4 cé
hoanh d¢ am. Vay dinh 4(-2; 0). O

*Thi du 3. Cho duong tron (C): (x=2F +) o,
va hai dwong thing N:x—y=0A, : x-Ty=0.

Xdc dinh toa dp tam K duong tron (C') tiép
xtic véi cdc duomg thang Ay; A, va tdm K
thuoc duong tron (C).

Loi gidgi. (h.2) RO rang hai

duong thang Ap;;A, cit

nhau tai géc toa do

0(0; 0). Goi 4 va B lan

luot 13 hai tiép diém cla

(C") v6i Aj; Ay, Ta c6 4

tam gidc OAB can tai O va B

K thudc duong phan giac

cua goc AOB. 0 ‘
Mt khéc ta lai c6 phuong Hinh 2
trinh dudng phan giac cia
goc AOB 1a
x—y_+x—7y {2x+y=0
= 1 @ L

Vi K thudc dudng tron (C) nén toa do K la
nghiém cuda cac hé phuong trinh

2x+y=0 x—2y:0
(x-2+)° =% 0 =27+ :g {10

Ta c¢6 hé¢ PT(I) v6 nghiém, con hé (II) co
8 4
nghiém (x; y) 1a [ 55 5)

Vay toa d6 diém K can tim 1a [2 :] o

* Thi du 4. Cho hai duong thing

A, :\/§x+y=0 va A, 2\/§X—y=0.
Goi (T) la dwong tron tié’p xuc voi Ay tai A, cat
A, tai hai diém B va C sao cho tam gidc ABC

vuong tai B. Viét phirong trinh ciia duong tron
(T), biét rang tam gidc ABC c6 dién tich bang

3 .
—— va diém A c6 hoanh dj duong.

2
Loi gidi. (h.3) 0 gy
Gia sir duong tron (7) B
c6 tam 7. Do tam giac
ABC vuong tai B nén
(T) c6 ban kinh
AL gy ALY @
2 Hinh 3
. TOAN HOC
S 442 (42019 * CTugilyreé
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Kiém tra duoc A cat A, tai géc toa d6 O va
A; hop voi A, mot goc 60°. Do d6 tam gidc
ABI du. Vi tam giac ABC c6 dién tich bing
nén tam giac ABI c6 dién tich bang g

2f\/_

¥
2 9

Do d6 R ,suyra R=1.

Gia sit A(; —\/51) (t > 0).
Ta c6 khoang cach tir 4 dén A, : d(4,A))=A4B

|\/§t+\/§t| 1
&1 @1J§t'zl:>t=ﬁ
1
(i ¥ > 0). V& A(———;—l]. Phirerp tomh

duong thing A di qua A4 va vudng goc véi
A;: (x—TJ ~Br+)=0<3x—3y-4=0.
Khi d6 toa 9 C 1a nghiém ctia hé phuong trinh

2

\/§x—y=0 X=——
=

{ﬁx—3y—4=o V3

y=-2
it o
Vay I| ——;-2|.
4 (M 2)

Tir @6 suy ra phuong trinh duong tron (7) 1a

(x+—2—\1/-§j2 +(y+%]2 =].0

VAI NET VE CAC cudc THI
NHO HOC @ NUGC VIET XUA'

(Pé déng trén TH&TT sé 438 thang 12 ném 2013)

bap an: 1-d, 2-a, 3-b, 4-d, 5-z, 6-m, 7-x, 8-,
9-e, 10-e, 11-w, 12-s, 13-u, 14-p, 15-q, 16-r,
17—, 18-y, 19-t, 20—z, 21-m, 22-x, 23-n, 24-h,
25-v, 26—g, 27-k, 28-i.

Hoan nghénh céac ban c6 1&i giai dung :

Nguyén Binh Hung, Trinh Thi Yén Trang, 9A,
THCS Tan Binh, TX. Tam Diép, Ninh Binh;

TOAN HOC
8  *Clusilpe S8 442 4-2014)

BAI TAP

1. Cho diém P(3; 0) va hai duong thing
dy:2x-y-2=0 va dy:x+y+3=0,
Goi d 1a duong thing qua P va cit d,,d,
lan luot tai 4 va B. Viét phwong trinh
duong thing d biet rang PA = PB.

2. Cho hai duong thing c6 phwong trinh:
dix—yp=1=0,dy 135~ p+1=10
va diém M(1; 2). Viét phuong trinh duong
théng d di qua M, cat dy va d, lan luot tai
cac diém M, M, va théa man mot trong
cac diéu kién sau
a) MM, = MM,; b) MM, = 2MM,.

3. Viét phuong trinh dudng thang chita ba
canh cua tam gidc ABC biét dinh ¢(4; 3);
duong phén giac trong va trung tuyén ke tir
mot dinh cta tam giac 1an lugt c6 phuong
trinhlax+2y—-5=0vadx+13y—-10=0.

4. Cho duong tron (C) c¢6 phuong trinh
x2+y2—2x—6y+6=0 va  diém
M(=3; 1). Goi T, va T, la céc tiép diém
cta cac tiép tuyén ké tir M dén (C). Viét
phuong trinh duong thang 7,7, .

yz

5. Cho elip (E) c6 phuong trinh 5 +E =

Tim trén (E) cac diém M sao cho
MF, = 4MF, , trong d6 F, F;, la céc tiéu
diém cua (E).

Tran Nguyén Try, 12C3A, THPT chuyén Hung
Vwong, TP. Pleiku, Gia Lai; Lé Ngoc Trém Dan,
12 Anh, THPT chuyén Bén Tre, Bén Tre.

VAN KHANH
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S
% 2¢ec. TRUOC KI THI
PE SO 8
(Thoi gian lam bai: 180 phiii)
PHAN CHUNG

Cau 1 (2 diém). Cho ham s§ y = x> —3x? ¢6
d6 thi (C).

1) Khao st si bién thién va v& dd thi ham sb.
2) Goi A 14 dudng thang di qua diém A(2;—4)
va c6 hé sb goc k. Tim tit ca gia tri cua tham
50 k dé A cit (C) tai ba diém phan biét 4, B, D
sao cho tam gidc MBD c¢ di¢n tich bang 2,
biet rang di€ém M(1; 2).

Ciau 2 (1 diém). Giai phuong trinh

sin2x+cos(x+9—nJ—\/§cos2£= 1_2\/5.

4 2 4

Cau 3 (1 diém). Giai hé phuong trinh

2y(1+13y%) = x(1+ x%) = 3xp(x + y)
x*(x2 -2) =21+ 4y)

Céau 4 (1 diém). Tinh tich phan
2
(§]

G I3x3 Inx+31-Inx

X

dx.
€
Cﬁ}l 5 (1 d@iém). Cho lang tru ABC.A'B'C’ ‘cé
khéi A'ABC 1a hinh chép tam giac déu,
AB=a, 0<a<2. Goi ¢ la goc giita mat
phing (A4'BC) va mat phing (C'B'BC).
Tinh a biét ring thé tich khdi chép A'.BCC'B'
bang 2 va cos¢7=£.
3 3

Céu 6 (1 diém). Cho céc sb thuc dwong a, b
thoa man di€u kién a+ b = ab. Chiing minh

ring a’® +b° > 6.

PHAN RIENG
(Thi sinh chi dwgc chon mjt trong hai phc’in A hodc B)

A. Theo chwong trinh Chuén
Cau 7a (1 diém). Trong mat phéng voi hé toa

1 @] 11 34
A A__.__ B e e 9 ik
dd Oxy, cho ( >3 ) [\/.’-Z’ \/EJ’C(S’S)’

D(2;0). Viét phuong trinh dudng tron (7) tim
D va cat duong tron ngoai tiép tam giac ABC
tao ra ddy cung c6 d6 dai bang 2.

Cau 8a (1 diém). Trong khong gian véi hé toa
xX_y+2 z

do Oxyz, cho dudng thing A : 1 > —

-1
va mat phéng (P):2x+y+z-1=0. Goi 4
1a giao diém ciia A va (P). Viét phuong trinh
duong thang A' di qua 4, nam trong (P) va tao
v6i A mot goc bang 60°.

Cau 9a (1 diém). Tim hé s6 nho nhét trong khai
trién nhj thirc Newton (2—3x)%", biét ring n la

A A 5 ~ 3
s nguyén duong théa man A, +4Cf, =100.

B. Theo chwong trinh Nang cao

Cau 7b (1 diém). Trong mat phing v6i hé toa
do Oxy, cho tam gidc ABC c6 truc tim
H (5;5), phuong trinh duong thang chira canh
BCla x+ y—8=0. Biét dudng tron ngoai tiép
tam gidc ABC di qua hai diém M(7;3),
N (4;2). Tinh dién tich tam gi4c ABC.

Céu 8b (1 diém). Trong khong gian véi hé toa
k=l 9t .z
= 1 .3
va hai diém A(1;4;2), B(-1;2;4). Tim diém M
thudc d sao cho MA + MB dat gid tri nho nhét.

d6 Oxyz cho duong thing d':

Cau 9b (1 diém). Chitng minh ring

C3 C6 C9 C2013 B 22014 _4
2014 i 2014 + 2014 +...t 2014 — 3 °
NGUYEN VAN XA
(GV THPT Yén Phong S6 2, Yén Trung, Bdc Ninh)
¥ TOAN HOC
S6442 4-2019) ¢ CTuGilre 9
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'HUONG DAN GIAI PE SO 7

s 1 2

au 1. 5y =1-——. Goi hé s0 g6
C b’) Ta coy e Goi hé so goc
cla hai tiép tuyén la k thi

y':(le)2 =k>0:>x+2=iﬁ
= A(—2+ﬁ; 1—@), B(—2—ﬁ; 1+\/%j (k>0).

PT hai tiép tuyén tai 4, B véi d6 thi (C) 1a
y=hoc+2k =2k +1;y = ke + 2k + 2k +1.
Suy ra c(o;zk—zx/E+1);D(o;2k+2\/%+1).
Do (D =|4k| =4=>k=1=>4(-1;0); B(-3;2).
Cau2

PT < 2c0s4x+200s2x = 1++/3sin 2x +cos 2x

<:>cosx(\/§sinx+cosx~2cos3x) =0
desé. % :ngkn; K= —%+k1‘c;

T km
X=E+—2—(k€Z).

Cau 3. PK: x>0. Do x=0 khong la
nghi€m nén chia ca hai vé€ cta phuong trinh

cho ¥x , dat t:% —/x. Phuong trinh tr& thanh
X
t+3+B3t-2=5t+4 (zz%},

tim dugc # =1 = x =1 l1a nghiém.
1

Caud. [ = Zj(xz i l)ex_%dx b zjzxe"de.
i 1

2 1 112

X——

Tinh K =2 xexA;dx —x%e *
1

1
)

—%[(x2 + l)ex_%dx, nén I = 4e2 -1,
1

Cau 5. Goi M 1a trung diém cia BC, ké

AH 1 SM tai Hthi d(AD,SC) = AH = 37“

Suyra S4=3a; Vgcp= 24°\3.

TOAN HOC

10 * CTubilye S8 442 (4-2019)

Luu ¥ rang diém C 14 tAm duong tron ngoai

254°

tiép AABD . Tinh R* = =8 =25t
P s

Cau 6. Taco x* +16y* +(2xy +1)* =2
2
(P +(2)) =(20-1) 22 +(2) +29=1

(x+2y)°

= (x+2y)° ~1=2x, do 21y <~—

:>(x+2y)2 Si

2
:>(x+2y)2—1£(—x—f42l :

» 2 o 2
Pat t=x+2y=> te|—;— |; 2xy =t~ —1.
' g [ N ﬁ} v
Taco P=x>+(2y) +3(x+2y)
:(x+2y)3—6xy(x+2y)+3(x+2_r)
=26+ 61 = f(1).
Khao sat ham s6 () véi te[—

i.i}
NERNCRE
TacOo maxP =41 =1

S (% y) = (0; %) hodc (x; y) =(1; 0).
minP =-4<1t=-1

< (x5 ) =(0; —%) hozc (x; y) = (-1 0).
Cau 7a. Goi G la trong tim AABC thi
G(t;3t—2)ed.D0 BD =3BG

= D(3t-2;9—8). Do N 1a trung diém DC nén
C(10-3£;20-9). Ta c6 CB=(3-9;%-19),
CN=(3t-6;9—14). Do CB.CN=0 nén

90t2—342t+320=0<:>z=f—§— hoic z:%.

Tur d6 tim duoc 4(-1;3) hodc A(%,%)

Cau 8a. Goi A(2a+3; a; b)e(P),

MA=(2a+2;a;b-2); MAOM=0=b=1-a

dindén A(2a+3;a;1-a).

Do AOAB cantai O, Mla trung diém AB nén
B(-1-2a;-a;3+a)e(Q) =>a=1.

https://tieulun.hopto.org



_— T L W A
Khi @6 PT cua a’.T—l— -
Cau9a.bit z=a+bi; w=x+yi.

Theo d& bai, tacé a—b—1=0
va x+y.i=(1—i)(a+bi) = =l

Pé [w|=vx*+121, minjw|=1 & x=0

Viy w=—i.
Cau 7b.Tacé A(a;3a—2)e A,04 =_\/;E

=1 ~-§1 :>A@ éj Tam giac O4B vubng -

tai 4 nén M chinh 14 trung diém ciia OB, goi
t 3t-2
B(t;3t—-2) e Athi M[z Tje(c)
2 J 4
=5t -6t—-8=0 <=2 hoic t=——5—.
i 2 . L 4 22
Tird6 B(2;4) hodc B( Sl j
Céau 8b. Gia stt thm I(a; b; c). Do IA=IB=IC

a
g a=4-b
c=1-b
Bl

2 a+2b+c=5
2a+b—-c=7

:>I(4—b;b;1—b)

+§Zg§

2
32 _alp_
OI° =3b"-10b+17 3(b 3j 323
g
——ﬁl(gag,

3 )
P | 8 [x—%)z +(y—§j2 +[z+§j2 =?.

Cau 9b. P¢ h¢ phuong trinh ¢6 nghiém thi
¥ > 0. PT tht nhat tré thanh

2 (x+1)=2%y < 2" (x+1) =272y
Xéthamsé f(1)=12" ¢6
fO=2"+12M2>0v¢>0 nén f(t) dong
bién trén (0;+ ). Do f(x+1)=f(2y)
= x =2y —1.The vao PT thir 2, ta dugc

29242 P 42y 1= 4y
2y +2=3y-1= y=1.
Ddp so. (x; y)=(1;1).0

mlN

Suyra b

P> (EK — KF)?

HUONG DAN GIAL.. (Tiép trang 5)
Mt khac, ABQ=APH => AEO=APH,nén
PH /I EO (2). Trong AAEO c6 P 1a trung diém

cua AE, ket hop véi (1); (2) suy ra H 13 trung
diém ciia OA.

b) Ta c6 Sy = gg- — RPQ=R.(AP+ AQ)
. EiAEz—JFAF—) > RVAEAF = RNABE = 2R2.

Sgrg = 2R* < AE = AF < ABEF vudng cin
tai B < ABCD vudng cén tai B <> AB 1 CD.
Vay ABPQ c6 dién tich nho nhat khi AB 1 CD.
: ¢c)Tacd AC L BE; AD | BF, do d6
CD* = AB* = (AEAF)* = AE* AF*
= (EC.EB)(FD.FB) = (EC.FD)(EB.FB)
= (EC.FD)(AB.EF) = CE.DF.CD.EF
= CD*= CE.DFEF.
BE? EAEF EA
BF? FAEF  FA
_ BE* _E4* ECEB_ BE*_CE

BF* FA2 FDFB_ BF® DF
d) Goi O 1a tam duong tron ndi tlep cua AEBF,
BMKN 1a hinh vuéng nén BK la phéan giac cta
EBF,do @6 O e BK. Ké OJ L BE; OS L BF
(J € BE; S € BF).

B

Ta cling c6

F

BK KN 2+\2 V2
Ta thdy OS//KN = B0 05 T 1+2.

Ma ——~=——7— 1+OK:> OK £
BO BO OB OB\ 72

Mait khéc, FO la phan giac cia BFE nén
FK _OK 2
FBT OB

Tuong tu ta c6 EB* = 2EK>.

Suy ra EF” = EB* + FB* = 2(EK® + FK?)

= (EK + KF)* = 2(EK*> + FK?)

=0= EK=KF

BK 'BO+OK

22— FB=2.FK = FB? =2FK?2.

* = AEBF vudng can tai B = BEF = BFE=45.0

TOAN HOC

S6442 (4-2014)  * CTudilre 11

https://tieulun.hopto.org



P
GIXIT TOXTR

1. CO SO Li LUAN CUA VAN BE
Ta biét rang néu hai d6 thi y=f(x) va
y = g(x) tiép xtc nhau tai x, thi ton tai mot
khodng (a;B) chira xo, sao cho trén khoang
d6, db thi ndy nim dudi d6 thi kia, tirc 1a
f(x) 2 g(x),‘v’x € (a;,B)
hodc f(x) = g(x),‘v’x € (a;ﬂ) 5
Sir dung tinh cht ndy, ta c6 thé chimg minh
mdt s6 bét dang thirc ¢6 dang nhu sau:
Cho cdc so thuc ay,ay,...,a, € D thoa man
g(al)+g(a2)+...+ g( ) (<)ng(m), VOl
m € D. Ching minh rang :
f(al) +f(a2)+...+f(an) > (hodc< nf)(m)
Dé giai bai todn ndy, ta cin tim cic sb thuc g,
b sao cho d6 thi ham s6 y = £ (x) tiép xuc véi
dd thi ham s6 y = ag(x)+b tai xy = m
Tt 14 hé phuong trinh:
{f(x) = ag(x)+b
J'(x)=ag'(x)
Dua vao diéu kién nay ta tim cac sb tI}l_Ic ava
b. Sau d9, ta ching minh do thi nay ndm dudi
db thi kia trén khoang (a; ) nao d6 c6 thé.
Doi khi, ta chi can d6 thi ham s6 y = f(x)
nim duéi (hoic ndm trén) d6 thi ham s
y = ag(x)+b trén khoang (a; f) (hodc doan
[a; B]) can thiét, ma khong can tiép xuc.

c6 mét nghiém 1a x, = m

Trong truong hop g(x) 1a ham béac nhét thi day
chinh 13 phwong phép tiép tuyén nhu da biét.

2. CAC THI DU AP DUNG
2.1. Céc bai toan c6 gia thiét tong binh
phwong cac bién bang hing sb

*Thi du 1. Cho x, y, z duong théa man
X+ + 22 = 1. Ching minh rdng

TOAN HOC .
12 ¢ CTusilre SO 442 (4-2014)

i+l+l—(x+y+z)22\/3.
X ¥ z

L()‘i gidi. Ta ¢6 x, y, z 1a cac sd duong va
o ty +zz~1nenx v,z € (0; 1).
Ta cAn tim céc s m va n sao cho dd thi ham sb

c6 dang y = mx> +n nam phia dudi d6 thi

E 1 A
ham s0 y = Fh trong khoang (0; 1) va tiép

3 52N S & a R 1 s 3rA
xuc voi do thi nay tai diém x, = ﬁ (tat diém

ma dang thirc xay ra).

Nhu vay, ta ¢ diéu kién can 1a hé phuong trinh
1 7

——X=mx"+n 1

x 6 mot nghiém lax, = — .

oL P i A 3

x2

Tur day ta s& co m=-23 va n= . Ta

o

chtmg minh %—r > 232+ e (0; 1) (%),

NE
Thit vay, (*)< (\/Er—l)2 (2\/§r+3) >
ding v6i moir € (0; 1).

T N P |
—+—+—— +
Twr 46 suy ra e (x+y+2)

2—2\/§(x2 +y2+22)+3.% =23+4/3=2\3

; 1
Pang thic xdyraox=y=z=—.0
NE)
* Thi du 2. Cho cdc 56 a, b, ¢ dwong théa man
a® +b* +¢? = 1. Chitng minh rang
a b c 33
- - - .

ot bl 2

g
Bee® g+t
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Loi gigi. Ta c6 a, b, c 1 cac s6 duong va
&+ + =1néna b, c € (0; 1). Tacd

a+b e :a%b+c.

¢ a4 d+B 1-d -0 1=

Ta céan tim hai s0 m, n sao cho d6 thi ham so

c6 dang y=mx*+n nim phia duéi do

thiy = l—x 3 (0;1) va tiép xuc
véi do thi ndy tai diém x, = - Vay diéu
e c 0 \/5 g 3
kién can 1a hé phuong trinh
4 5 mx® +n
%
2

co mot nghiém 1a x, =

x +1

2

L=
Tur day s co mz% va n = 0. Ta ching minh

X 3\/—' 5

>__
3 X

, Vxe(0;1)(*
1-x

That vay (*) < (ﬁx —1)2 (V3x+ 2)>0,

dung v6i moix € (0; 1). Tir d6 suy ra
a_. b P SR oo
¢ d+é P+ 1-d 1-F 1-&

> 3 21p.42)-28,

, 1
Ding thicxdyra<a=b=c=—.0

3
2.2. Céc bai toan c6 gia thiét tich cac bién
biang hing so
*Thi du 3. Cho cdc sé a, b, ¢ duong thoa
man abc = 1. Chirng minh rang
a b c 32

4 L =
J148 - R e 2

Loi gidgi. Tacoé abc =1 < Ina + Inb + Inc = 0.
Ta can tim hai s6 m, n sao cho d6 thi ham so6
co dang y =mInx+n nam phia dudi do6 thi

X ,
= trong khoang (0;+o0) va tiép xtc
et e L B

v6i d6 thi nay tai diém x, = 1.

Viay diéu kién cin 1a hé phuong trinh
X

=mlnx+n
Vi+x S i
D ey m  cOmotnghiémlax, =1.

2,(1+x)° x

T day s€ c6 m = van = Ta chimg

1
N

Vax € (0; +o0) (*).

3
42
minh L >

That vay, dat

1) =i i x e ()
Tawd )= e > l—

2{(1+x)’ 42

o 8x* +23x% +5x2 —27x-9=0

& (x=1)(8x° +31x +36x+9) =0 > x =1
(do x> 0). Ta c6 bang bién thién

bs 0 1 +00
x|~ 0
fx) \ o /

Tir bang bién thién ta dugc
f(x)zf(1)=0,vx>0.

+ 5 Papmm

Ji+b l+c
32 138

>Z%(1na+lnb+lnc)+——:—.

Suy ra

\/1+a

2
Piang thitc xdyra<>a=b=c=1.0

*Thi du 4. Cho cdc 56 a, b, ¢ dwong thoa man
abc = 1. Chitng minh rang

@ b 3
l+bc 1+ac 1+ab 2
Loi gidi. Ta ¢ a® +b°> +c¢ 2 s Vo =3

(*), va
a2+b2+c2_ a ) p . c
l+bc” 14+ac 1+ab a+abc b+abc  c+abe

a » e .
Ak 145 I+ = &g
3 2
< st 1<:>3x3—5x2+x+120
1+x 8
. OAN HOC
So 442 (4-2014) ué'lbe 13
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& (x—1)*(3x+1)2 0 (dung véi moi x> 0).
Suy ra

2 2 2 3 gt

& g b sl ZS(a +b° +c )—325.
1+bc l+ac 1+ab 8 7.
Nhdn xét. Trong thi du nay ta "linh hoat" su
dung gia thiét abc = 1 bang cach dung bét

dang thirc Cauchy & (*) va dua vé biéu thirc P
dé woc lwong gia tri hai ham s6
5x% -1

FR)=1 s()=73
2.3. Cic bai toan cé gia thiét khac
% Thi du 5. Cho cdc 56 a, b, ¢ duong thoa man
R B e 15
Z+—};“‘Fz+§((l+b+()——2‘.
Chumg minh rang @ + b+ <3.
Loi gidi. Ta co
15 4.1 Jca
5 a+3+z+—2—(a+b+c)
9 3 9
B oy B
Ta+b+c 2(a+b+c) t+2
véit=a+b+c>0=>3t —15+18<0
suyra2<t<330<abc<3
Ta cin tim hai s6 m, n sao cho d6 thi ham sd

3
—i,

cédang y = m(é + %xj + n nam phia trén do

thiy = x° trong khoang (0;3) va tiép xtc véi
dd thi nay tai diém x, =1.
Vay diéu kién can 12 hé phuong trinh

X2 =m l+ix +n
. x_ 2
2x=m(—%+é]
x 2

c6 mot nghiém 1a xy =1. Tu day ta s&€ co
m =4 van=-9. Ta chimg minh

4G+%xj-92x2,we (0;3) (%,

That vay, () <(x—1)*(x—4) <0, ding Ve(03).
T d6, suy ra

a* +b* +c? 34P+l+l+§(a+b+c)}
a L

b

_41—25—27=3. Ding thirc xayrac>a=b=c=1.

TOAN HOC

14 *Céilre S& 442 (4-2014)

*Thi du 6. Cho cdc s6 dong a, b, c. Chimg minh

a” 2 b?
5
a? +b% + ¢ +3ac

5
a® +b* +c? +3bc
2

+

1
a2+172‘+cz+3ab_2.7
Loi gidgi. Do BPT c6 dang dong bac nén co the
gia st a® +b? + ¢ =3.BDT tr6 thanh

a’ N b* ). c? >§_
l+bc l+ac l1+ab 2
Taco 3= +b* +c* 2 Ra*hc?
Suy ra
a2+b2+c2_ a +b3 +c3
l+bc 1+ac l+ab a+abc b+abc c+abe
£ g
_1+a+l+b+1+c'
X 5x2 -1

=abc<1

<:>3x3—5x2+x+120

< (x —1) (3x +1) 2 0 (dung v6i moi x > 0).
Suy ra

& B e 2

Tra ' 1e5 e 8[ (@8 +8) 3]
Tir d6 ta c6 dpem. O

le

2.4. Céc bai toan bat déng thirc ddng bic,
¢6 hiéu giira bic cia tir va bic caa miu
khac 1

*Thi du 7. Cho cdc sé6 a, b, ¢ dwong. Chimg
S_p BP-d -

a+3b e

+ >
b+3c c+3a
Loi gidi. Ta can tim hai s6 m, n sao cho do thi

minh rang

ham s6 c6 dang y = mx* + n ndm phia dudi

+—31 trong khodng (0;+0) va tiép

xtc voi do thi nay tai diem x, =1.

3
@mm:i

Vay diéu kién can 14 hé phuong trinh
3

X -1 2
=mx"+n
x+3 3 o st m
23 4052 +1 c6 mot nghiém la xy =1.
= =Omx
b)
(x+3)

Tu day s€ co m=% van= —%.Tachl’mgminh
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3
x =1 3 2

> = —_— ¢ *
x+3"8(x 1),‘v’xe(0,+oo)().
That vay (*) < 8x° —8 > 3x° —=3x+9x%* -9

50 -9 +3x+1206( X ~20+1)(5x+1) 20

(&Gng vdi moi x > 0).

Thay x lin huot boi %’[E)’% >0 vao (*) ta duoc
b -

JEET
S >§(a2_b2); b+3c

a+3b 8
3 2 ) c3—a3 3 2 5

>Z(p? —c?): = "

_8(b : )’ c+3a _8(C " )
a —b b3—c & =aq

B
BT B g

Ping thuc xdyras a=b=ec.0

*Thi du 8. Cho cac sé6a b c duwong. Chirng
minh rang
4 4 4
a b

C @ +b +c
" 2 >
a+4b b+4c c+4a 5

3

Loi gigi. Ta can tim hai s6 m, n sao cho dd thi
ham s0 c6 dang y = mx> +n ndm phia dudi
4
e X
do thiy =
24 x+4

trong khoang (0;+00) va tiép
xtic v6i dd thi ndy tai diém x, = 1.
Viy diéu kién can 13 hé phuong trinh

(x+4)
c6 mét nghiém la x5 =1.
m = E van= —i

72 75
4 3
;4 > 19"75_4 ,Vx € (0; +00) (*).
x* 19x -4
4 5

N (x —2x+l)(56x2 +36x+16) >0

Tu day ta s€ co

. Ta chttng minh

That vay

(dGng véi moi x > 0).
Thay x lan luot boi — 5 % % > 0 vao (*) ta dugc

at 1

3 3.
a+4b 75 (19 T )’
b4 1 3 . C4 1 3
bide = 75(1% 40) +a %(196 e )
T a* ? p* e et >a SN S
Y a+4b b+4c c+4da 5

Ping thitc xdyra<>a=b=c. O

2.5. Cac bai tean bat déng thirc "kep"

tim cd hai gla tri 1om nhit va gia tri nho
nhit cia biéu thu’c

D6i khi, ta chi cin d6 thi ham s y = f(x)
nam dudi (hodc ndm trén) dd thi ham sb
y=ag(x)+b trén khoang (a;f) (hoac
doan[a; A]) can thiét, ma khong cén tiép xuc.
Ta xét mot sb thi du sau.

*Thi du 9. Cho cdc s6 a, b, ¢ khong am thoa
mén a® +b* +c? =3. Chirng minh rang

1 PR 30—&_

1< + 3
B +b+1 A +c+l 13

a*+a+1

Loi gidi.

e Trudc hét ta chimg minh bit dang thirc tri.
Bét ding thirc ndy dat diu "=" tai "tim", c6
nghia 14 ba bién bang nhau. Trong truong hop
nay ta c6 thé dung diéu kién hai d6 thi tiép xtc
nhau dé tim d thi u6c lugng. Ta co

(a+b+c)2 S3(a2+b2+c2)=9:>a+b+cﬁ3.

Ta chémg minh X ¥x>0 (%)

% ez =73
That vay, (*)
o 2 —x? —x+120<:>(x—1)2(x+1)20
(ding véi moi x > 0). Suy ra

1 1 i 6—(a+b+c)

+— += >

d+a+l B +b+l 4+l 3
Ding thic xdyra<oa=b=c=1.0
Chu y. Néu udc lugng qua do thi co dang

21,

1 I
?+n thi ta duge — > :
x“+x+1 6

y=my

Vx>0 (*). That vay, (*)

N (x2 —2x+1)(x2 +3x+3) >0 (ding ¥ x > 0).
(Xem tié'p trang 27)

TOAN HOC
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CAC LOP THCS
Bai T1/442 (LO’p 6). Tim hai s6 tu nhién c6
dang ab va ba (a # b) thoa man

PHAN MANH HA
(GV THPT Nam Yén Thanh, Yén Thanh, Nghé An)

Bai T2/442 (L6p 7). Cho tong 4 gém 2014 sb

1 2 3 2014
hang: A==t 4 =
Ang: A=qortigrtgrtetgrteet [
Hay so sanh 4%°" va 4",
NGUYEN HAM THANH

(SV THCS Ly Nhdt Quang, Pé Luong, Nghé An)

Bai T3/442. Cho tir giac ABCD c6 hai duong

chéo AC va BD vudng goc voi nhau. Goi M va

N lan luot 1 trung diém cua AB va AD.

Ké ME vudng gbéc véi CD tai E; NF vudng

goc v6i BC tai F. Chimg minh ring t&r gidc
MNEF i tiép. !

THAI NHAT PHUONG

(GV THCS Nguyén Van Troi,

Cam Nghia, Cam Ranh, Khanh Hoa)

Bai T4/442. Giai phuong trinh
~5x+9=4%Y16x+8.
BUI HAI QUANG
(GV THCS Van Lang, TP. Viét Tri, Phu Tho)
Bai T5/442. Cho céc sb thuc x, ¥, z thoa mén x
+y +z =1. Chiing minh rang
A4(xy + yz + zx) < Bx + 4y + 52)*.
NGUYEN NGQC HAN
(Ha Noi)

4% +4x?

CAC LOP THPT
Bai T6/442. Chimg minh ring phuong trinh
sau v6 nghiém trén tap so thuc:

TOAN HOC
16 ‘* Clusitpe SO 442 (4-2014)

Ox* +x(12x% + 6x — 1) +
+ 10 + 12+ 5) £ 1=0,

NGUYEN BA LONG

(GV THPT Nhu Thanh, Thanh Hoa)

Bai T7/442. Cho tam giac ABC ndi tiép duong
tron tim O, ban kinh R voi CA # CB;
ACB #90°. Mot dudng tron tim S ngoai tiép
tam giac AOB cit cac duong thing CA, CB tai
cic diém twong ung M, N. Goi K 1a anh
d6i ximg cua diém S qua duong thing MN.

Chimg minh ring SK = R. ‘
PAO TAM
(GV Dai hoc Vinh, Nght An)
Bai T8/442. Cho x, y, z 1a cac so thuc thoa
manx2+y2+zz— 8. Tim gi4 tri 16n nhit va
nho nhét ctia biéu thirc sau:
P=(x-y’+@y-2z) +(~z—;x)5.
VU HONG PHONG
(GV THPT Tién Du 1, Bdc Ninh)

CAC PE VAT LI

Bai L.1/442. Pit mot dién 4p xoay chidu
u=U~2coswt(V) vao hai ddu doan mach 4B
(hinh v&). Biét tu dién c6 dung khang Z¢ = 60Q,
cudn cam thuin co cam khang Z; = 20€), dién
trd thudn R, c6 gia tri x4c dinh va R 1a mot
bién tré. Pidu chinh bién tré dé cong suit toa
nhiét trén né dat 16n nht, khi d6 cong suat toa
nhiét trén R bang 2 14n c6ng suét toa nhiét trén
Ro. Hoi phai diéu chinh bién tré bang bao
nhiéu thi cong suét tiéu thy trén doan mach 4B
13 16n nhét ?

@
"B
NGUYEN MINH TUAN
(GV THPT Yén Thanh 2, Yén Thanh, Nghé An)
Bai 1.2/442. M6t nguoi pha mot lugng tra da
bing cach tron 1An 500g nudc tra néng véi mot
khéi lwong bang né nude da dang tan. Néu nhiét
d6 ban dau ctia nudc tra néng 1an luot 13
a) 85°C; b) 75°€
Hoi tthiét d6 va khéi luong ciia da con lai
bing bao nhiéu khi tra va d4 dat t6i cing mot
nhiét d6? ¢ b
NGUYEN VAN THUAN
(GV BPH KTCN TP. Ho Chi Minh)
(Xem tiép trang 28)
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sl e et kel e
THE M&Y 50™ ANNIVERSARY CONTEST

Thong tin vin tat

— Dé thi dang tir 6 440 (2.2014) dén s6 444, Bai giai déing ti 6 444 dén s6 448 (10.2014).

— M&i 56 ¢6 2 bai todn cho THCS (ki hi¢u T*/THCS) va 2 bai todn cho THPT (ki hiéu T*/THPT).

— Thoi han nhan bai mudn nhat la 2 thang, tinh tir cudi thang ciia 56 Tap chi c6 dang dé thi.

— Mbi bai gidi viét trén mét to gidy riéng, ghi ré ho va tén, truong, I6p (cé thé giri chung phong bi,
bén ngoai ghi ro: Bai du thi Gidi todn dic bi¢t ki niém 50 ndm T, ap chi TH&TT, c6 dan tem.

— Két qua cudc thi duwoc cong bé trén sé 448 (10.2014) va trao gidi vao Lé ki niém 50 nam TH&TT.

'Bai T5/THCS. )
im tit ca cac bd ba sb nguyén duong
a; b; ¢) thoa man a, b, ¢ 1a d6 dai ba canh cua

TS/Junior.
Find all triples of positive integers (a; b; ¢) such
that a, b, ¢ are the side lengths of a triangle and

9 .5 \/ 79
a+b—c+\lb+c—a+ c+a-b
4 s6 tu nhién 1¢ khéc 1.

mot tam giac va \/

DAO HUY TRUONG
(GV THCS Ldp Thach, Vinh Phiic)
'Bai T6/THCS.

Cho tam giac ABC, D 1a chan dudng cao ha
tr C;, Trén AB léy cic diém E, F sao cho
ACE = BCF =90°. X 14 diém trén doan CD;
K 13 diém trén FX sao cho BK = BC va L 1
iém trén EX sao cho AL = AC; AL va BK cit

nhau tai M. Chimg minh ring ML = MK.
LE VIET AN
(SV I6p Todn 2B, PHSP Hué)

im tAt ca cac bo s6 nguyén duong (a; b; p)
ong d6 p 1a sb nguyén t6, a va b ‘nguyén t0
Uing nhau sao cho tap wdc nguyén td ciia a + b

DANG HUNG THANG
(GV PHKHTN, PHOG Ha Néi)

Cho tam giac khong cdn ABC. Pudng tron ndi
iép (1) theo thir t tiép xtic v6i BC, CA, AB tai
o, Bo, Co; AL, BI, CI theo thir tw cit BC, CA,
B ta1 A1, Bl, Cl, B()Co, C()Ao, A()Bo theo thir tlI
at B1C1, Ci14,, A\By tai A4,, Bz, C,. Chu‘ng

minh rang AoAy, BoBs, CoCs dbng quy tai mot
iém thudc (J).

NGUYEN MINH HA
(GV THPT chuyén PHSP Ha Nbi)

79 .
\/a+b c \/b+c a c+a->b B

integer, differ from 1.

T6/Junior. .
In a triangle ABC, segment CD is the altitude
from C; Points E, F chosen on the side AB

such that ACE = BCF =90°.X is a point on
segment CD; point K on segment FX such
that BK = BC and point L on segment EX
such that AL = AC; AL meets BK at M. Prove
that ML = MK.

T5/Senior.

Find all triples of positive integers (a; b; p
such that p is a prime number, a and b have no
common divisor, and the set of prime divisors

of a+ b isthe same as that of a” +b” .

T6/Senior.

Let ABC be a non-isosceles triangle. Th
incirlce () touches BC, CA and 4B at A4, By
and Cy respectively; 41, BI, CI intersect BC
CA, AB at A}, Bl, Cl; B()C(), C()Ao, A()Bo mee
BiCi, Ci4y, A1By at Ay, By, (, respectively
Prove.that the lines 4pd,, BoB,, CoC; intersec
at a point on the circle (J).

Translated by LE MINH HA

. TOAN HOC
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Bai T1/438 (Lop 6) Tim tat ca cdc 56 nguyén
16 a, b, ¢ (c6 thé bang nhau) biét rang

ala + 1)+ (b +1y=ele + 1)
Loi gidi. Tix gia thiét co thé coi2<b<a<c
vaco a(a+l)=c(c+l)-b(b+1)
=clc+b+)—-b(c+tb+1)
hay 1a a(a+1)=(c-b)(c+ b +1) *)
Do a+1<c+b+lnéntx(*)suyra c—b<a
= c<atb= cth+l<at+r2b+l]
=e+h+ 1<3a+ 1.

Tedova c>a suyra ¢+ b+ 1=2a hodc
¢ +b+1=3a

Vi a, b, ¢ 1a cac sb nguyén td ma ¢ > a nén
c 1a s0 1€. Xét hai truong hop sau:

1} Gié~sfr ¢ &b el ’=2a. Do ct l~ve‘1 2a la
sO chan thi b la sO nguyén to chan, do do
b=2,suyra c=2a-3.

Thay ¢ =2a- 3 vao dang thic (*) va rat gon
dugc a+1=22a-5),hayla 3a=11.

Lic d6 a khong 1a s6 nguyén.

2) Giastr ¢+b+ 1 =3a Thay diéu ndy vao dang
thire (*) va rat gon duge a+ 1 =3(c—b).
Trdéva c=3a-b—-1suyra
at+1=33Ba-2b-1),hayla 3b=4a-2.
Tir d6 b 1a sb nguyén t6 chin va b =2, suy
raa=2vac=3a-b-1=3.

Vay céc s6 nguyén t6 a, b, ¢ thoa man dé bai
la a=b=2va c=3.0
> Nhgn xét. Nhiéu ban tim dugc dang thire (*) tir d6 cho
két qua ding, nhung 18p ludn khong chat ché. Céac ban
sau c6 101 giai dung:
Phi Tho: Nguyén Thity Duong, 6A3, THCS Lam Thao,
Lam Thao; Nghé An: Nguyén Dinh Tuan, 6C, THCS Ly
Nhat Quang, D6 Luong.

VIET HAI
Bai T2/438 (Lop 7). Cho tam giac ABC vuong
can tai A. Goi E la trung diém cua canh AC.
Qua A ké dwong thang vuong goc vdi BE cdt
BC tai D. Chung minh vrang AD = 2ED.

Loi gidi. una Cv ;
duong théng vuong

goc voi AC cat tia AD

& F. Do ABE = CAF F
(cung phy véi goc AEB)
nén ABAE = AACF (c.g.c)
= CF=AE=EC. 4 E o
Do d6 ACDE = ACDF (c.g.c) G

= CDE = CDF.

Trén tia DE liy diém G sao cho EG = ED, ta
6 AAEG = ACED (c.g.c) = CDE = AGE va
AG /| DC, do 46 DAG = FDC (ddng vi), suy
ra DAG = DGA. Vay ADAG cén tai D, hay
DA =DG=2DE (dpcm). O

»Nhin xét. 1) Ngoai cach giai trén day, da so cac ban
giai theo cach v& duong cao tir dinh 4 cua AABC, va ap
dung tinh chat trong tdm clia tam giac.

2) Céc ban sau ¢6 11 giai ngdn gon hon ca, 13p luan chét ché.

Thanh Héa: Kiéu Xudn Bdch, 7A, THCS Lé Hitu Lap,
Hau Loc; Nghé An: Trén Lé Hiép, TA, Nguyé~n Dinh
Tudn Ngoc, 7C, Nguyén Thi Hang, Lé Hodi Diing, Dwong
Thi Linh Chi, Mai Manh Himg, Cao Thi Thiy Linh,
Lé Pinh Linh, Nguyén Van Qudn, TE, THCS Ly Nhat
Quang, P6 Luong; H6 Thi Thu Uyén, TA, THCS

TOAN HOC .
I8 ¢ CTuditre SO 442 (4-2019)
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H6 Xuan Huong, Quynh Luu; Quang Ngii: Vo Quang
Thoi, 7A, THCS Hanh Phu6c, Nghia Hanh; Phan Kiéu
Trinh, Nguyén Lé Hoang Duyén, 7A, THCS Pham Vin
Dong; Pham Quéc Trung, 6A, Vo Thi Ho”‘ng Kiéu, 7TA,
THCS Nghia M¥, Tu Nghia; Binh Binh: Pham Vé Phic
Tan, 7TA, THCS V6 Hai; Nguyén Bao Tran, 7A, THCS
Téay Vinh, Tay Son; Tran Cd Bdo, 7A, THCS Phudc
Ldc, Tuy Phuéec.
NGUYEN XUAN BINH

Bai T3/438. Tim cdc s6 nguyén dwong x, y, t
voi t <6 thoa man phwong trinh sau

Xy~ 2y = Tr=3=0 (1)
Loi gidi. Ta c6
PRy G2 ot e DRS00 R @) 2)
Nhdn xét: Mot s6 chinh phuwong chia cho 7 ¢6
dula 0, 1, 2 hodc 4. Do d6, néu tong cua hai so
chinh phuong chia hét cho 7 thi cd hai so
chinh phuong nay déu chia hét cho 7.

Do vay, tir 2) suyra (x — 2)* 17, (y =1 : 7
= x-2:7, y—1:7 (do 712 sé nguyén td)
=SE-2+@-1P2=70¢+1):49
=1+1:7.Mal<t<6nént=6.
Vay(x -2+ (y—1P2=49=0+7*=7*+ 0%

Néu (x=2)° =0 ta tim duoc {x:Z
(v = 1?* =49, il
(dox,y e N).

X — 2 = 49 X =
{( ) ta duoc { R
(y-1°=0
(do x, y € N). Vay céc s6 nguyén duong
(x, y, ©) théa man débaila (2;8;6),(9;1;6).0
»Nhin xét. 1) Nhiéu ban tham gia giai bai ndy. Da s déu
lam dlng va lam véi nhiéu cach khac nhau, ching han:
Do 1<¢<6nénl4<7(t+1)<49.
Matkhac 7(z + 1) 1 7 nén VP (2) € {14,21, 28, 35,42, 49}.
Twr d6 tim duoc x, y, .
T (2), xét céc gid tri cu thé cua 7 (r € {1, 2,3, 4, 5, 6})

dé xem gia tri ndo 1am 7(7 + 1) phén tich dugc thanh tong
cta hai s chinh phuong, tir d6 cling tim dugc x, y, t.

2) Céc ban sau c6 10i giai tét:
Bic Ninh: Trdn Thi Chu Anh, 9A3, THCS Tir Son; Phi
Tho: Nguyén Hitu Trung Kién, Nguyén Thu Hién, 6A3;

D6 Trong Tan, Hoang Thi Hong Ngdt, Nguyén Thao
Chi, 7A3; Duong Gia Huy, 8A1, THCS Lam Thao;
Nguyén Dwong Hoang Anh, 71C, Khéng Ti Uyén, 8A,
THCS Van Lang, Viét Tri; Nguyén Thiy Quynh, 9A2,
THCS Giéy Phong Chau, Phu Ninh; Vinh Phic: Bui
Tram Anh, Hoang Thi Hc%ng, 9A, THCS Lap Thach, 76
Minh Ngoc, 9A1, THCS Yén Lac; Nguye:n Dinh Trung,
9B, THCS Ly Tu Trong, Huong Canh; Hai Phong:
Nguyén Phuong Hoa, 7A1, THCS Hong Béng, Ngo
Quyén; Ha Nam: Lé Tudn Anh, 9A, THCS Binh Cong
Trang, Thanh Liém; Thanh Héa: Ddng Quang Anh, TA,
THCS Nguyén Chich, Pong Son; Ngh¢ An: V5 Céng
Thanh, 6D, Nguye;n Trung Son, Pham Thu Uyén, 6A,
Lé Thi Thiy, 7A, THCS Cao Xuén Huy, Dién Chau;
Nguyén T Gt Pire, TA, THCS Ly Nhat Quang, D6 Luong;
Ha Tinh: Nguyén Phuong Duyén, 7C, THCS Lién
Huong, Vii Quang; Quang Ngii: Nguyén Thi Ha Vy,
7A, THCS Hanh Phudc; Nguyé~n Dai Duong, 8B, THCS
Nguyén Kim Vang, Nghia Hanh; Pham Quéc Trung, 8C,
THCS Nghia My; Binh Pinh: Nguyén Bdo Trdm, TA,
THCS Tay Vinh, Tay Son.

TRAN HUU NAM
Bai T4/438. Tim phd‘n nguvén ciia A biét rang

1 1
B o e
Loi gidi. Vi moi sétunhiénnkhéc 0,tacod
Vn—1<vn<Jn+1
o Vn-1+Vn<Jn+vn<Jn+Jn+1
PG AU S
Vi+vyn+1 Jn+vn Jn—-1+n

& 2(Wn+1-+n) p: \/—1;— 9 2Wn—n=1) (¥

Ap dung BBT kép (*) 1an lwot vi n bing 4;
5; 6; ...; 2013 161 cong cac BDT theo ting
vé duoc

25446 —5+...4++2014—2013)

T e | 1
“TEETS
<2(VA—B+5-/4+. +\/2W—«/2_01§)
<2(2014—4) < 4— \[ J_ J_< V2013-3)

= 2,28+2(v2014 -2) < A< 2,3+2(~2013-43)
— 88 < A4 < 89 (tinh tryc tiép). Vay [4] = 88

» Nhin xét
1) Mot s6 ban 4p dung don thuin BDT kép (*) khi cho n
14n luot nhan cac gid tri 1; 2; 3; ...; 2013 rdi cong cac BDT
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theo timg vé va rit gon dé duoc BPT 2(v2014-1)<

< A<242013. Tuy nhién BDT nay dn dén 87,755 < A
< 89,733 nén [A] nhén hai gjé tri la 87‘ hodc 88 chir
khong phdi m6t gid tri duy nhét. Vi vdy can dp dung (*)
khéo hon dé “khoanh ving chat hon” pham vi gia tri cta
A nhu trong 101 giai trén hodc mét vai 1oi giai khac.

2) Toa soan xin gi6i thiéu tom tit mot 101 gidi dep cua
ban Lé Phuoc Dinh, 9/1, THCS Kim Dong, TP. Hoi An,

Quéng Nam:

el s ]
V2 B J2013
<14 262 = 1443 =2 + 44 =B +... + 2013 -2012)
=2y2013 =1 < 242025 -1 = 89.

Ap dung BDT (1): A:71-+71-+71-+...+7210—1
L 2005 VA48~ 5 +...+2014—2013)

Ap dung BBT (2): 4 =

T T B
=—+—+2y2014-3. Laico
75 75 '
SRR el S 11
27100 210" 3" 400 T 20°
128881 359 359
2014525881 o Bl 020032
6 8 4
7 11 359
Suyra A>—+—+——-3=88.
10::.20 .. &

3) Ngoai ban Dinh, cac ban c6 101 giai ding va gon gang 1a
Vinh Phic: Nguye:n Thi Thém; To Minh Ngoc, 9A1,
THCS Yén Lac; Pha Tho: Nguyén Puc Thudn, 9A3,
THCS Lam Thao; Bic Ninh: Nguyén Thi Yén, 9A,
THCS Yén Phong; Thanh Hoa: Lé Quang Diing, 9D,
THCS Nhit Ba S, Hoalmg Hod; Dang Quang Anh, TA,
THCS Nguyén Chich, Déng Son.

NGUYEN ANH QUAN

Bai T5/438. Cho tam gidc ABC nhon co hai
diwong cao BE va CF. Ké FI va EJ cimg vuong
goc voi BC (I, J thuée BC). Cac diem K, L lan
lwot thuéc AB, AC sao cho KI 7// AC, LJ // AB.
Chieng minh rang ba dwong thang EI, FJ va KL
dong quy.
Loi gidi. Goi O 1a giao diém ciia EI va FJ. Ta c6
KFI = FCB (cung phu véi goc IFC).
=90°— ABC =90°~LJC =EJL (1)
Lai c6 IKF = ELJ (cingbuvéi BAC)  (2)
Tir (1), (2) suy ra AKFI oo ALJE (g.g).

Suy ra % £ g_j 3)
TOAN HOC
2¢ ° Clusilge S8 442 (4-2014)

Xét

AFOI va AJOE c6

IFO = EJO

(so le trong),

FOI = JOE %

(d6i dinh), B ook Jongh C
nén AFOI o AJOE (g.g).

Suy ra g—? = % )
Lai co KFO = LJO (so le trong) (5)

Twr (3), (4), (5) suy ra AKFO v ALJO (c.g.c).
Do 46 FOK = JOL, ma hai goc & vi tri dbi
dinh, suy ra K, O, L théng hang, tirc 1a FJ, EI,
KL ddng quy. 0

<Nhgn xét. Hiu hét cac ban tham gia déu cho 1o giai
dung. Tuyén duong cac ban sau c6 101 giai gon va tot.
Ngh€ An: Mai Manh Hiing, 8A, Duong Thi Linh Chi,
Nguyén Thi Hang, 8B, THCS Ly Nhat Quang, D6 Luong;
Binh Pinh: Nguyén Bdo Trdn, TA, THCS Tay Vinh;
Quiang Ngii: Nguyén Thi Ha Vy, 7A, THCS Hanh
Phu6c; Nguyén Pai Duwong, 8B, THCS Nguyén Kim
Vang, Nghia Hanh; V6 Quang Phi Thoi, 8A, THCS
Pham Van Ddng, Hanh Phu6c; Ha Nam: Nh# Ngoc
Anh, 9B, THCS Pinh Cong Trang, Thanh Liém.

NGUYEN THANH HONG
Bai T6/438. Gidi phuong trinh
13v2x% —x* +9v2x% + x* =32.

Loi gidi. Didu kién
25 —x* 200 -V2<x<\2 *)

Cdch 1. Ap dung bt dang thirc Cauchy cho hai
s0 khong am, ta co

13v2x2 - x* :%,/x2(8—4x2)

13(8 — 3x2 2
SM 26—39x )
9\/2x +x* J9x 8+4x

3(8+13
. ( +4 X )=6+34 @)

Tir (1) va (2) suy ra

134/2x% —x* +9+42x% +x* <32.

Ding thirc xay ra khi va chi khi
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< S5x =8<:>x=ir2\£_E

x* =8—4x? 2
9x2 =8+ 4x>

théa man (*). Vay tap nghiém cua phuong

Cdch 2. Ap dung BDT Bunyacovsky, ta c6
(13 \/2x2 —xt o+ 9\/5)62 et )

e xz(\/ﬁ‘M+3\/§.\/3(2+—7xz))2

<?(13+27).(132 - ) + 32+ x%))

e
:16.5x2(16—5x2)£16.(5x Hi Sx) 3

(a +b)2
4

(4p dung bat déng thirc ab < X;

Ding thirc xay ra khi va chi khi
\/13(2—x2) \/3(2+x2)
il 135

J13

5x% =16 —5x2

2,10

5 i (théa man (*)). O

» Nhin xét. Bai nay c6 nhiéu ban tham gia va déu cho
101 giai diing. Tuyén dwong cac ban sau c6 16 giai tot:

Yén Bai: P Ting Duong, 10 T, THPT chuyén Nguyén
T4t Thanh; Vinh Phic: 77 ruwong Thi Hoai Thu, 10A1,
THPT chuyén Vinh Phiic; Thai Nguyén: Nguyén Vin
Tuyén, 12A11, THPT Ddng Hy; Héa Binh: Nguyén Thi
Thu Huwong, 10 Toan, THPT chuyén Hoang Van Thuy;
Béc Ninh: Nguyén Thi Thanh Huong, 9A, THCS Yén
Phong; Bic Giang: Dwong Phwong Anh, 10 Toén,
THPT chuyén Béc Giang; Ha Noi: Lé Thi Thu Hué, Pao
Thi Lan Huong, 10 Toan, THPT Son Tdy; Hung Yén:
Nguye:n Trung Hiéu, 12 Toan 1, THPT chuyén Hung
Yén; Ha Nam: Trinh Ngoc Tu, 11 Toan, THPT chuyén
Bién Hoa; Nam Binh: Vit Tudn Anh, 12 Toan 2, THPT
chuyén Lé Hong Phong; Phii Tho: Nguyén Manh Tudn,
10A1, THPT Thanh Thuy, Nguyén Duc Thudn, 9A3,
THCS Lam Thao; Thanh Héa: Lé Himg Cuong, Nguyén
Ngoc Thach, 11A7, THPT Luong Dic Bing; Nghé An:
H6 Xudn Himg, 10T1, THPT D6 Luong I, Nguyén Vin
Huy, 9D, THCS Ly Nhat Quang; Ha Tinh: Tran Poan
Trang, 10 Toan 2, THPT chuyén Ha Tinh; Quédng Binh:
Nguyén Minh Ngoc, 10 Toan, THPT chuyén Quing

X =

Binh; Quéng Tri: Hoang Hdi Ha, 10 Toan, THPT
chuyén Lé Quy Dén; Quang Nam: Lé Phucc Thinh, 9/1,
THCS Kim Ddng, TP Hoi An; TP. H6 Chi Minh: DS
Nguyén Vinh Huy, 10 Toan, PTNK-PHQG TP Hd Chi
Minh; Long An: Pham Minh Hgu, 11 Toan T1, THPT
chuyén Long An; Péng Nai: Nguyén Céng Phiic,
10 Toan, THPT chuyén Luong Thé Vinh, TP Bién Hoa;
Séc Trang: Ldm Buu Hung, 10A1T, Vwong Hoai
Thanh, 10A2T, THPT chuyén Nguyén Thi Minh Khai;
Gia Lai: Tran Nguyén Try, 12C3A, THPT chuyén Hing
Vuong, TP Pleiku; Vinh Long: Duong Tri Toan, 11T1,
THPT chuyén Nguyén Binh Khiém; Bén Tre: Nguyén
Xudn Pai, 11 Toan, THPT chuyén Bén Tre; Ca Mau: Lé
Minh Phuong, 12 Toan, THPT chuyén Phan Ngoc Hién.
PHAM THI BACH NGOC

Bai T7/438. Xét cdc 56 x, y thoa man
b)) P 0 o y xX—vy 2
¥y 50 va ( > j + ( > J =2

Tim gia tri nho nhat ciia x.
Loi giagi. Dat

a=«f5¥; bz,fx—;)i (a=0; b20)

Thé thi x=4+¥ va tir gia thiét c6 & +b =27.
Suy ra

0<a<3 {03 <34

:3(612 +b2)2a3 LB =27

0<b<3™ b <3p?

Do d6x = a* + b* > 9, déng thirc xay ra khi

a =3q*
b =13p? @{ng hodc {ng
a+b =27

S y=149 . Vay mnx=9 khiy=19.0

»Nhin xét. Co thé giai bai todn bing cach dit

3
_[Ery, xy Cta i =t
f =g gl (1>0); ta tinh dugc B
2

ap dung bat dang thirc Cauchy x = % + g + -?— > 9 suy

ra két qua nhu trén. Céc ban sau dy c6 bai gii tot:

Vinh Phitc: Nguyén Hong Ngoc, Bii Duy Cuong, 10A1,
THPT chuyén Vinh Phuc; Pha Tho: Nguyén DPirc
Thudn, 9A3, THCS Lam Thao; Bic Ninh: Cao Thi
Quynh Nga, 9A, THCS Yén Phong; Nghé An: Ho Xudn
Himg, 10T1, THPT D6 Luong I, Pa Son, D6 Luong;
Ha Tinh: Nguyén Pinh Nhdt Nam, Nguyén Vin Thé,

) TOAN HQC
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10 T1, THPT chuyén Ha Tinh; Quang Nam: Lé Phudc
Dinh, 9/1, THCS Kim Ddng, Hoi An; TP. Hd Chi Minh:
B6 Nguyén Vinh Huy, 10 Toén, PTNK - DHQG TP.
Ho Chi Minh,

NGUYEN ANH DUNG

Bai T8/438. Cho tam giac ABC. Goi m,, I, I,

va p theo thir tw la do dai dwong trung tuyén
ké tir A, do dai cac dwong phdn gidc trong
ke ter B, C va nika chu vi cua tam gidc.
Ching minh rang m, +1, +1, < 3.

Loi gigi. Dat BC=a, AC= b, AB = c. Tut cong
thirc duong phén giac va BPT Cauchy ta ¢

B
2ac.cos— B
e e ity 2 e
L, o S Vac.coss
1+ cosB ac Al T at™ o
Dl AT S e N TP
:>lb_ac[ > j > [

SLE<pp-b =L, <ypp-b (1)
Tuong twcd I, < /p(p —c) 2)

Theo cong thirc dudng trung tuyén trong tam
gisc ABC thi 4m? = 2b° + 2¢* — 4°
S Rl e LB
=(b+c+2 (P -b)p-c)
(b+e-2yp-bp-9)) ©
Mait khac,
b+c+2y(p-b(p-c)<b+c+2p-b—c=2p
(theo BDT Cauchy);

2
b+c—2,/(p—b)(p—c)=2p—(w/p—b+\/p—c) ;
Tur (3) suy ra

3
4m§ £2p(2p—(\/p—b +\/p—c) j,
dan dén

JP(@ = b) +p(p =) <\2(p* —m2) (4

T (1), (2), (4) két hop v6i BDT Bunyakovsky,
tadugc m, + [ + [,

< +y2p? )<L+ 200 + P~ )

TOAN HOC
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= p.\/g (dpcm).

Ding thirc x4y ra khi va chi khi AABC déu. 0
»Nhdn xét. 1) Bai T8/438 da duogc gidi thiéu trong cudn
sach Tt uyén chon theo chuyén dé Todn hoc va Tuéi e,
Quyén 6, trang 145.
2) Tét ca cac 1o gidi giri vé Toa soan déu ding. Nhiing
ban sau ¢ dép an gon hon ca:
Thai Nguyén: Nguyén Vin Tuyén, 12A11, THPT Ddng
Hy; Bic Giang: Nguyén Thi Trang, 10 Toan, THPT
chuyén Bic Giang; Hoa Binh: Lé Puc Viét, 12CT,
THPT chuyén Hoang Vian Thy, TP. Hoa Binh; Ha Ngi:
Nguyén Duy Khuong, 8A9, THCS Giang Vo, quan Ba
Dinh; Bii Hitu Thanh, 12 Toan 1, THPT chuyén DHSP
Ha Noi; Hung Yén: Nguyén Trung Hiéu, 12 Toén 1,
THPT chuyén Hung Yén; Ha Nam: Dinh Thi Diéu Linh,
11A1, THPT Ly Nhan; Nam Binh: Vii Tudn Anh, 12T2,
THPT chuyén Lé Hong Phong; Nghé An: Bii Hodng
DPat, 12C1, THPT Nguyén Puc Miuy, Quynh Luu;
Nguyén Pinh Toan, 10T1, THPT D6 Luong 1; Ha Tinh:
Nguyén Dinh Nhdt Nam, Nguyén Van Thé, 10 Toan 1;
Tran Poan T rang, 10T2, THPT chuyén Ha Tinh; Pak
Lik: Huynh Trung Qudn, 11CT, THPT chuyén Nguyén
Du; Phi Yén: Trdn D6 Bio Hudn, 10A1, THPT Lé
Hong Phong, Tiy Hoa; Long An: Nguyén Minh Tri,
11T1, THPT chuyén Long An; Ca Mau: Lé Minh
Phirong, 12CT, THPT chuyén Phan Ngoc Hién; TP. H6
Chi Minh: P Nguyén Vinh Huy, 10 Toan, Truong
PTNK — PHQG TP. H Chi Minh.

HO QUANG VINH

Bai T9/438. a) Cho a,, a,, ..., a, ld n s6 hitu

1. Chung minh rang, néu voi moi sé6 nguyén

m

diwong m ma aq,

m
n

m \ A A
7t a2 TN T la SO nguyen

thi a,, a,, ..., a, la n so nguyén.

b) Bai toan trén con dung khong néu chi

gia thietrang a,, a,, ..., a, la n so thuc?

Loi gidi. a) Trude tién, ta nhan xét rang néu

trong n s0 a;, ay,..., a, ¢6 mot sO nguyén, chang

han g, € Z thi o' +d' +...+d] €Z, VmeZ'
o ad+..+a) eZ, VNmel'.

Vi vy khong mat tinh tong quat ta c6 thé gia sir
phan. chiing rang tat ca cac a; (i = 1,..., n)
khong 1a sO nguyén.

Dit g, = %, G g)=1,q:>1,¥i=1,..n

i

bat 0 =BCNN(qy,..., gn).
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i
L (i=1,2,..,n).
0 ( )

Léy p 1a mot wéc nguyén t6 cia Q. Khi d6
ton tai iy € {1,..., n} sao cho p khong la wéc

cua k; .
That vay gid st trai lai, khi d6 k; = Ip
l; A
=a =§ =5 Vizlon
véi Q' = % < Q va Q’ lamdt bdi cua gy,..., g,
(Vi l,': Q’a, = qul GZ, (pu l) = Q' qz)

Diéu nay mau thuén véi tinh nho nhét ctia 0.
Goi 7; 14 sb du khi chia &; cho p.
Taco: 0<r<p, Vizihval<r Hy < B KL

m

Ta c6 k; = r; (modp), Vi =1,.. n:>k”’sl

(modp). Vay

i=1 = i=l

JQ’" =0 (modp”) (2)

n
Vi(1)tacéd D r" > 0. Do d6 tir (2) suy ra
=1

Py

n
" YmelZ" :>1<Z(
il F=l,

m
V1—<1nen lim =0 (vo li).
: z(pj (v 1)

m—»o0

m
j VYmeZ®.

Viy ta c6 didu cdn chiing minh.
b) Két luan cua a) khong ding néu chi gia thiét
ai,..., d, 1a cac sO thuc: chang han véin =2

~V2,a,=1+2 thia,ame Q va

== Ly 2

s6 nguyén v6i Vm e 75

That vy d thdy Sy+» = 28, +S,, ma
S$1=2,8%=6nénS,cZ, VmeZ . 0O

a1=1

a’ +ay

»Nhin xét. Chi c6 6 ban tham gia gidi trong d6 hai ban
c6 1oi giai dung. D6 1a ban PG Nguyén Vinh Huy
(10 PTNK - PHQG TP. H6 Chi Minh. Ban con lai 4n
danh (khong ghi tén va dja chi).

DANG HUNG THANG

Bai T10/438. Tim ham s6 lién tuc f* R — R

thoa mén (véi moi s6 thuec x, »):
" : X
f@+f()+2= d ]7/[ A
4

Loi gidi. Gia st f{x) 1 ham s thoa man bai

toan. Taco (fix) — 1)+ (Ay)— 1)
B X+y =Yy,
(221 (552) )
Do do6 g(x) +g(y) = 2g(i2yJ -+ 2g(f—;—)—}j,

= 1) thi

trong d6 g(x) = fix) - 1. Chox = y

2g(0) = 4g(0). Suy ra g(0) = 0.

Nhan xét: véin € 7, x € R thi

g((n + 1)x) + g((n — 1)x) = 2g(nx) + 2g(x)

va ta c6 hing déng thirc
(m+1Y>+m-172=24"+2.1%

Béi vay, tir g(0) = 0 va chimg minh bang quy

nap theo » ta nhan dugc g(n.x) = r’.g(x), Vn € Z,

Vx € R. Do d6 v41 moi so hitu ti

5@e24eNim@=nmw

206y = v il b
pg(l)=gp) g(q-qj q.g(qj.

2
Suy ra g(gj = a.[%} , trong do ta ki hiéu

a = g(1). Véi x 1a sb thuc bit ki, nhu ta biét:
ton tai mot diy cic sb hiru ti {r,}*_, thoa

man r, — x khi n — +o0.

Ta c6 g(r,) = ot.rn2

, Vn e N" va do g(x) 1a
ham s lién tuc (vi Ax) 1a ham sb lién tuc) ta
suyra lim g(r,) = g(x).

n—>-+oo
Boivay g(x) = lim a.rnz =ax.

n—>+0

Dodéfix)=g(x)+1=ax’+1, Vx € R.
Vi céc bién d6i tir fx) v& g(x) la tuong dwong
nén chung ta khong phai thir lai.

] TOAN HOC
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Viy tit ca cac ham sb thoa man bai toan 14
fix) =ax* + 1, Vx € R, trong d6 a 13 hing s6
thuc bat ki. O
»Nhin xét. Day la bai toan phuong trinh ham dang co
ban, hay. Céc ban hoc sinh 16p 10, 11 sau c6 161 giai tot:
Hung Yén: Trdn Bé Trung, 11T1, THPT chuyén Hung
Yén; Ha Noi: Trdan Manh Himng, 11 Toan A, THPT
chuyén Nguyén Hué; Ha Nam: Pang Quang Huy, Trinh
Ngoc Tu, Lé Anh T udn, 11T, THPT chuyén Bién Hoa;
Thai Binh: Vii Van Diing, 12T2, THPT chuyén Thai
Binh; Nghé An: Pham Viét Anh, 10A1, THPT Quynh
Luu I; Pham Trung Diing, 11A1, THPT chuyén Pai Hoc
Vinh; Ha Tinh: Trdn Héu Manh Cuong, 11T1, THPT
chuyén Ha Tinh; Quang Tri: Tran Trong Tién, 11T,
THPT chuyén Lé Quy Pén; Pik Lik: Nguyén Nit Ngoc
Haén; Hupnh Trung Qudn, 11T, THPT chuyén Nguyén
Du; TP. Hd Chi Minh: D6 Nguyén Vinh Huy, 10T,
PTNK — PHQG TP. H6 Chi Minh; Binh Pinh: Mai
Tién Ludt, 11T, THPT chuyén Lé Quy Dén; Long An:
Nguyén Minh Tri, 11T1, THPT chuyén Long An.
NGUYEN MINH BUC

Bai T11/438. Cho tam gidc ABC voi BC = a,
AC =b, AB= 2, M. Wy 05 theo e el

dg dai cdc dwong trung tuyén xudt phat tir
cdc dinh A, B, C va M la mot diem bat ki.
Chung minh rang

b o fiee b

(b CJM (c aj/\/B (a b]Mj
)| —— —H—+— —H —+— |—24

mom)a \m m)b \m m)c

Loi gidgi. Bo dé 1. Véi moi s6 thuc dwong a, b,
¢ X, y, z, bat dang thiec sau luon dung

(b+c)x+(c+a)y+(a+b)z

>2./(ab+bc+ca)(xy+yz+zx) .

Chitng minh. Ki hi¢u
M=(a+b+c)*=a?+b*+c*+2ab+bc+ca),
N=(x+y+zP=x*+y?+2z2+2(xy+ yz+2zx).

Taco (b+c)x+(c+a)y+(a+b)z
=(a+b+c)(x+y+z)—(ax+by+cz)
=vM.N —(ax+by +cz)

> (@ +b +c2)(x2 + 2 +22) +

TOAN HQC |
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+2|(ab+bc+ca)(xy + yz + zx) — (ax + by +cz)

>2./(ab+bc+ca)(xy + yz + zx).

B6 dé 2. Cho tam gidc ABC va M la mot diém
bat ki. Ta luén cé

MAMB MBMC MC.MA
+ 4 >

ab bc ca L

Chitng minh. V&i moi s6 thuc x, y, z ta lubn 6
(xMA+yMB+zMC)* 20,

suyra (x+y+z)(xMA? + yMB? + zMC?)
> yza® + zxb? + xyc>.

b e

a . el = by P
Chon x—m,y—m, z=o05 ta duoc

a b e
(]\M & B + MCj(a.MA+b.MB+c.MC)

> abc[ I i . j
MB.MC MC.MA MA.MB

Nhan cé hai vé ctia BDT trén véi MA.MB.MC

va rit gon ta dwoc diu can chimg minh..

Bé dé 3. Trong tam gidc ABC, ta luén c6

~m.m m.m, m.m _9
(l) aci + {ialdlte) foe e =
ab bc ca 4

bc ca
+ >4,
mym, m.m,

G20 ¢

m,.ny,
Chitng minh. (i) Theo bd dé 2, ta c6

GAGB GBGC GCGA
+ + =
ab bc ca

1,

trong d6 G la trong tam cua tam giac ABC.

Thay GA4 =%ma; GB = —g—mb; GC= %mc , suy
ra diéu can chimg minh.

(ii) Chu y rang, néu mét tam giac c6 do dai cac
canh 1a m ; m,; m_ thi 40 dai cic duong trung
3o i3 v B

Za, Zb, ZC :
Ap dung BPT da chimg minh & phan (i) vio
tam gi4c ndy ta c6 didu can chimg minh.

tuyén ing voi cac canh d6 la
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a) Trong b & 1 thay (a; b; c) boi (ﬂ % m?)

MA_MB_MC

va thay (x; y; z) boi ( T) sau do ap

@b
dung bd d& 2 va bd dé 3 ta nhan dugc BDT
phai chirng minh.

b) Trong bd dé 1 thay (a; b; c) boi (i B0 ij

m,’ m

va thay (x; y; z) bdi (@;@; %) sau do ap
a’ b’ c
dung b d& 2 va bd d& 3 ta nhén dwoc BDT
phai chl’mg minh ]
ban doc gui vé.

TH&TT
Bai T12/438. Cho tam giac ABC cdn tai A.
Mot duong tron @ tié'p xtic voi cac canh AB,
AC va cdt canh BC lan luot tai K, L. Poan
thang AK cat dwong tron o tai M. Goi P, 0
lan lwot la cde diém doi ximg ciia K qua B, C,
Goi O la tam duong rron ngoai ll(,p tam gidc
MPQ. Chirng minh rang cdc diem M, O va

tam duwong tron o thing hang.
A

Loi gidi. Goi [ 1a
tim cia w D, E
theo thir tr 1a tiép
diém ctia @ va 4B,
AC; (0) 1a duong
tron ngoai tiép
AMPQ .

D& thiy tir gidc
MDKE diéu hoa.
Do d6 D(MKBE)=D(MKDE)=-1.

D@ thdy DE // PK. Tir d6, chi y ring BP=BK,
suy ra D(PKBE)=—

Vay D(MKBE)=D(PKBE).

T d6 DM = DP. Néi cach khac M, D, P thing
hang. Tuong tu M, E, Q thing hang. Két hop
véi DE // DQ, suy ra

Do d6 qua phép vi tu VA]} cac diém M, D, E

theo thir tur bién thanh cac diém M, P, Q.
Vay qua phép vi tu VA’} duong tron @ bién
thanh duong tron (O).
Do d6 M, I, O thing hang (dpcm). O
PNhin xét. 1) Bii toan nay d&, nhiéu ban tham gia giai,
tuy nhién nhiu 1 giai con dai.
2) Xin néu tén mdt vai ban c6 10i giai trong dbi tot:
Hoa Binh: Lé Puc Viét, 12T; Dinh Chung Mung, 11T,
THPT chuyén Hoang Vian Thy; Vinh Phiic: Nguyén
Hong Ngoc, THPT chuyén Vinh Phic; Ha Ngi: Tran
Manh Himg, 11TA, THPT chuyén Nguyén Hu¢; Ha
Nam: Lé Anh Tudn, 11T, THPT chuyén Bién Hoa; Nam
Pinh: Nguyén Hong Ding, 10T1, THPT chuyén Lé
Hong Phong; Ha Tinh: Tran Hdu Manh Cuong, 11T1;
Lé Van Truong Nhdt, 10T1, THPT chuyén Ha Tinh;
Binh Pinh: Trwong Minh Nhdt Quang, 10T, THPT
chuyén Lé Quy Don; Bén Tre: Nguye:n Xudn Dai, 11T,
THPT chuyén Bén Tre.

NGUYEN MINH HA

Bai L.1/438. Ba xi lanh giong hét nhau diroc
Xép trén mot mdt san nhw hinh vé. Mdt san va

cde xi lanh déu khéng

co ma sat. Tac dung ‘

vao xi lanh trai mot lyc

-1 (& : F Y

F nam ngang hudng - “
vao truc cua xi lanh. F iy

Hoi luc F nhé nhdt

va l6n nhat bang bao nhiéu dé cho ca ba
xi lanh luén tiép xiic véi nhau khi chuyén
dong?

Loi gigi. Vi mit san va céc xilanh déu khong
cd ma sat nén phan lyc tuong tac giita cac
xilanh dugc mo ta nhu hinh veé.

Theo gia thiét ca ba xilanh luén tiép xuc véi
nhau khi chuyén dong nén ta c6 thé coi chiing
nhur mot vét c¢6 khéi luong 3m va chuyén dong

Vv6i cling gia tc: a = % (D)
Chon hé quy chiéu Oxy nhu hinh v&.
Xét xilanh @, taco N, + N, = ma *)

Chiéu phwong trinh (*) 1én truc O, ta co:
(N} = N,)cos60° = ma = N, — N, =2ma (2)

N HOC

A
S6 442 (4-2014) & ué‘ﬂ::é 2=
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Chiéu phuong trinh (*) 1én truc Oy, ta c6

NE

Tir (2) va (3) ta c6

N, =m(%+a] 4); N, =m£%—a} 5)

Xét xilanh s6 @, tacé Ny + N, = md g
Chiéu phuong trinh (**) 1én truc Ox, ta co
N5 + N,c0s60° = ma (6)
T (5) va (6), ta thu duoc
m g
Ny=—|3a——"= 7
=55 %) !

Pé céc xilanh luén tiép xtic nhau thi
Ny 20, N, 20 va Ny 20.

Vi N, 20 a<-S = F<

V3T B
g "

g
33 3
_mg

Vay F . = mg\/g va F, \/§ m

eV6i N;20=>a>

» Nhdn xét. Cac ban sau c6 101 giai diing:

Nghé An: Nguyén Hong Pirc, 10A3, Chu Minh Théng,
11A3, Lé Xudn Bdo, 12A3, THPT chuyén Phan Boi
Chau, Phan Quéc Vwong, 11A1, THPT Dién Chéu 3;
Vinh Phc: Vi Pirc Thing, Nguyén Manh Dén, 10A3,
Nguyén Manh Diing, 10A2, THPT chuyén Vinh Phuc;
Ha Ngi: Nguyén Tudn Quyén, 11V0, THPT Luong Thé
Vinh; Thai Binh: Vi Van Ding, 11 Toén 2, THPT
chuyén Thai Binh.

DANG THANH HAI

TOAN HOC
* Clugitpe SO 442 4-2014)

26

Bai 1.2/438. Tr ong khong gian co trong truong
déu voi gia toc g va dién truong thang dimg

huwong lén tir mdt dat, cé do lom phu thuoc vao
dé cao x theo biéu thirc E = E(l - %j Mot

qua cau nhé khoi lwong m mang dién tich
q (g > 0) duoc tha khéng véan toc ban dau tir
do cao h. Hay tim van téc cuc dai ciia qua
cau trong qud trinh chuyén déng. Bo qua
surc can cua khong khi.

Léi gigi. Chon truc Oy hudng thing ding

xudng dudi, gbc O 1a vi tri tha vat. Khi vat &

d6 cao x, toa @6 y cia vatla y = h —x. Hop luc
gEy

tac dung 1én vat1a F = mg — 5

e Trieong hop 1. mg < gE . Khi d6 ton tai vi tri
can bang tai d6 hop luc bang 0:

mgh

F= mg—u 0=y, = 45

h

Van tdc cuc dai vat dat duoc tai vi tri can
bang. Ap dung dinh li dong ning ta c6

2 Yeb 2
MV _ qu}, _(mg)"h
5 == [Fiy= I(’"g B Y g

mh
Suyra v, =g E

o Truong hop 2. mg > gE . Khi d6 van toc cuc
dai cta vat dat duoc & thoi diém nd cham
mat dét. Tir dinh 1i d6ng ning cé

mv?. h qu
max __ s — —
> —A—J.de—g(mg i )dy
Suyra v... 2gh— qu’Zz m)

> Nhin xét. Tt ci cac ban déu chi xét dwoc truong hop
1 va bd qua truong hop 2.

NGUYEN XUAN QUANG
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DUNG PHUONG PHAP... (Tiép trang 16)
e Tiép theo, ta chimg minh bat déng thirc phai.
Nhan thiy, khi a =5 =0,c = J3 (va céc hoan
vi) thi dau "=" cla bat dang thirc xay ra. Do
6, ta wéc lwong db thi ¢6 dang y = mx> +n

nim trén d6 thi y= trén doan

x2+x+1

[0;+/3] va hai @ thi ct nhau tai hai diém c6
hoanh dox=0va x =+/3.
Vay phuong trinh hoanh d6 giao diém cua hai

dd thi = mx® +n c6 hai nghiém la

X +x+1

0 va /3. Suy ra
n:l n:1
= 343 B 9+4/3

3m+n= = =
" 3lae) D

1
4+3
Ta chirng minh

1 9+43 e
28 v 03]

ST |

That vay, (*) <

x(x—ﬁ)[(%ﬁ)xz+(12+1&6)x+13@]s0,

ding Vx € [O;\/—g] . Suy ra
1 i 1 A 1
@ +a+l B +b+1 ¢ +o+l
£3-2093 (52 44, 2) 2008
Ping thirc xdy ra < a=b =0,c =+/3 va cac
hoan vi. O

*Thi du 10. Cho cdc sé khéng dm x, y, z
thoamanx +y +z=3.
Tim gia tri nho nhat va gia tri lom nhat cua
2 2 [ B
P:\/x' ==t +\/y“ S +\/z“ e
Loi gidi. Phuong trinh tiép tuyén cua ham s

f(x) =Vx?—x+1 taixg=11a yzl(x+1).

2
Véix>0tacd VxZ —x+1 2%—(x+1)

&4 —dx+4 222+ 2 +13(x-1)> 20
(ding v61i moi x > 0). Do d6

P:\/xz—x+1+\[yz—y+l+\/zz—z+1
1
Z§(x+y+z+3)=3.
VaymnP=3ox=y=z=1. )
Ta can tim 2 s6 a, b sao cho d6 thi ham so
y=+x?—x+1 ndm dudi dd thi y =ax+5b
trén doan [0; 3] va hai d thi cit nhau tai hai

diém dau mut 0 va 3. :
Ttrc 1a phuong trinh hoanh d¢ giao diém:

Vx? —x+1 = ax + b cb hai nghiém 12 0 va 3.

b=1
S =05 » o
uy ra &,
YT =3a+b a:%
Ta chirmg minh

Vx?—x+1< ﬁ_1x+l,Vxe [0; 3] (*)

3
1-247

That vy, (*) <& —
(dtng v6i moi x € [0; 3]).
Ping thirc xay ra <> x = 0 hodic x = 3. Suy ra
P=\/x2—x+l+\/y2—y+1+\/zz~z+1
J7-1
3
Ding thitc xdy ra < x =3, y =z = 0 va cic
hoan vi. Vdy maxP = ARt R

x(x—3)20

< (x+y+z)+3:\[7_+2.

BAI TAP
1. Cho x, y, z duong thoa mén x* +)* + 22 = 1.

Chimg minh ;Cl—+%+l+(x+y+z)24\/§.
pd

2. Cho a, b, ¢, d duong thoa man a” + b*+ & + d*= 1.
Chirng minh
l+l+l+-l—+8(a+b+c+al)>24
a b ¢ d e
3. Cho cac sb thuc a, b, ¢ d}m‘ng théa mén
a* + b* + ¢* = 3. Chimg minh ring
274a Jr24b +24c 53
a“—=2a+5 b°=2b+5 c¢"—-2c+5
4. Choa, b, ¢ dqong théa min @* + b* + & = 1.
Chung minh rang

1 1 1 Sﬁ +9
i—a'1-b 1-c- 2 L
) TOAN HOC
SC 442 (4-2014) ' CTuGilre 27
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(Tiép trang 16)

FOR LOWER SECONDARY SCHOOLS
T1/442 (For 6™ grade). Find two whole

numbers of the form ab and ba (a # b)
such that

a3..3b
o]

2014

ab __ igis3

ba b3..3a

2014
digits 3

T2/442 (For 7" grade). The sum 4 below
consists of 2014 summands

:$+i§7+%+"'+1;"+"'+19—20ﬁ'
Compare the number 42" with 42!,
T3/442. Let ABCD be a quadrilateral whose
diagonals AC and BD are perpendicular.
M and N are the midpoints of line segments
AB, AD respectively. Points E, F are the feet of
perpendicular lines from M and N onto CD,
BC respectively. Prove that MNEF is a cyclic

quadrilateral.

2014

5. Cho x, y duong théa mén x +y = 1. Tim GTNN
cua biéu thirc
X J
4= + ;
Nl-x Jl-y
6. Cho 0 <x, y, z< 1 thoa man x +y +z = 2. Tim
GTNN cua biéu thirc
X y Z
A= + +
A= ey el by L=
7. Cho a, b, ¢, d duong. Chirng minh réng
a 4 b
(a+b)Ya+c)a+d) (Bb+c)b+d)(b+a)
e d 1
+ e e
(c+d)c+a)c+b) (d+a)d+b)d+c) 2
8. Cho g, b, ¢ duong théa mén @ +b?+c?=3.
Chirng minh rang
1 1 1
>
P R T
9. Choaq b, cduong thbamina +b +c +d=1.
Chirng minh rang

TOAN HOC
28 ¢ Cru(ﬁtcé S6 442 (4-2014)

T4/442. Solve for x.
45 +4x* —5x+9 = 4Y16x +8.

T5/442. The real numbers x, y, z satisfy
x+y+z=1. Prove the inquality

44(xy + yz + zx) < (3x + 4y + 52)%.

FOR UPPER SECONDARY SCHOOLS
T6/442. Prove that the following equation has
no real solutions:

Ox* + x(12x* + 6x — 1) +
+(x+ 1O +12x+5)+1=0.
T7/442. Triangle ABC inscribed in a circle
centered at O and radius R, where CA # CB;

ACB #90°. The circumcircle centered at S of
triangle AOB meets CA, CB at points M, N
respectively. Let K be the reflection of S in the
line MN. Prove that SK = R.

T8/442. The real numbers x, y, z satisfy
x* + y* + 22 = 8. Determine the largest and
smallest values of the following expression

P=(@-yy+@-2+@E-x)’

Translated by LE MINH HA
1+\/5+1+\/Z+1+\/E+1+\fa7>8
l—a 1-b l—e 1-d

10. Cho g, b, ¢ khong am théa man &® +5° +¢* =3.
Tim GTLN va GTNN cua biéu thtrc
s N B " 3
“l+a 1+b l1+4c¢’

11. Cho cac sb thuc duong a, b, ¢ théa min

% . Tim GTLN ctia biéu thirc

b
S=(a+\/a2+1> (b+\/b2+1)c(c+\/c2+l)a
12. Cho a, b, ¢ duong. Chirng minh
(b+c—a)2 i (c+a—b)2 % (a+b—c)2

a +(;b+c)2 b +(c+a)2 c2+(a+b)2

a+b+c=

S,
o

13. Cho hai s6 thyuc x, y thoa mén 2 +y?=2.
Tim GTLN va GTNN cua biéu thic
P=x>+) +10(x + y).
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pESE Toan hoc

%’ ai sao Gustave Eiffel lai tao cho Thap Eiffel
mét dang doc dao, khéng gidng voi bét ki
céng trinh kién tric dd sd nao trwdc d6? Phai
chang nguyén li Vat |i va Toan hoc nao da goi y
cho Ong kiéu dang d6? C6 thé mé hinh héa dang
clia thap bang mét phwong trinh toan hoc khéng?
Tl 116 nam nay, ngon thap cao 300m kiéu hanh
ngu tri thd d6 anh sang van khéng ngot la dé tai
nghién ctru, thao luan clia cac nha toan hoc va kién
trdc. Nguwoi dem lai gidi dap la ki sw Patrick
Weidman, cong tac & Dai hoc Colorado (Hoa Ky).
Ong da giai thich li do hinh dang cla thap bing
tinh chat vat |i ctia hinh dang do.

Cau chuyén bat dau tr ndm 2001. Nam dé dng
nhan dwoc mdt cubn sach Toan danh cho ki su.
Bia sach in &nh bén giai doan xay dwng thap va
mét cong thirc toan day bi &n goi la “Phuong trinh
cta thap Eiffel’. Phwong trinh nay khéng phai clia

mét nha toan hoc hay kién tric d&t ra, ma 1a cla

mot ki st nguoi Phap tén la Christophe Chouard. S8, ) )
% Phuwong trinh cla Eiffel dan dén mét ham sé mi

Ong ta “say mé” thap Eiffel va dat ra mot phwong 7
trinh xuét phat tlr mét nguyén li Vat li: “Luc cia
gi6 tac dong vao Thép phai duoc bu lai bdng
trong luc kéo né xudng nén’. Ché bi &n clia
phuong trinh 1a khéng thé giai dwoc bang cong
cu hién cé ctia Toan hoc. Ong Chouard da dwa
phwong trinh 1&n internet béng tiéng Anh véi hi
vong “co nha toan hoc tai nang nao giai dwoc”.
Patrick Weidman da bd bén thang ngdi tim
cach giai, nhwng vo ich. Ong nghi rang “c6
thé phuwong trinh nay sai”. Ong lién hé voi
nha toan hoc chuyén vé gidi tich & Dai hoc
Cong nghé Michigan tén la losif Pinelis.
Ong nay khang dinh ring: tt ca nhirng
|&vi gidi clia phwong trinh dan dén nhitng
dang 16i, con thap Eiffel lai ¢ dang I6m!
Weidman quyét dinh “suc” vao nhirng
bai viét clia Eiffel va cubi ciing thay rang
Chouard khéng dwa vao ding nhirng
nguyén li Vat li ma Eiffel da st dung,
vi Eiffel cho rang “khéng phai trong
lirc clia thép can béng véi strc gio,
ma chinh hudng cua nhing cot
chéng tao ra luyc cén bang

Vi gic".

ce et Vie

Eiffel da viét trong hoi ki rdng dng da tinh nhirng
dwéng cong cla bén cay cét theo lwe cia gio, d6 la
béng chirng cho thay 6ng khéng lam mét cach mo
mam, ma theo nhitng phuong phap toan hoc rét
cong phu. P& hiéu dwoc nhitng phép tinh do, ta
hay xét mot do cao cua thap. O trén d cao do, lyc
clia gi6 thay déi tiy theo dién tich phan kim loai 16
ra, nhwng nguwdi ta co thé tinh hop luc clia cac lwc
d6. Néu & do cao dang xét d6 ma huéng clia cac
canh déi dién gap mirc méa hop luc cia gi6 dit vao,
thi I ctia gié lam lung lay thap sé bi triét tiéu. “Bang
céch do Eiffel c6 thé bé nhiing luc ngang cla gio
béng céch tinh theo toan hoc hwdng cua xa. Tir do
c6 thé bé qua lubn nhiing yéu té chéo géc. Vi thé
c6 thé giam bét dién tich cua vat liéu duong dau
v6i gié. Két qua la céu tric gidm duoc nhiéu trong
ltrgng.” Phwong trinh cla Eiffel dwa vao mét nguyén
li khac clia xay dwng.

C6 phéi chang vi thé ma Chouard thét bai con
Eiffel thanh céng?

ma dbd thi cia n6 chinh 1a dang clia dé thap tang
mot. Trén thuc té, Eiffel khong xay dwng toan
b thap theo cling mét tiéu chuan an toan. Ong
da tang cudng dé virng chai clia bon chan thap,
dé phong ngtra nhirng tran gié cwe manh lam
thap rung, nghiéng. Do d6 ngay nay ta thay
tang mot co dang tuyén tinh,va sau d6 & cac
tng trén la dang ham sb mii. Hai dang d6 trng
vGi hai phwong trinh dac trwng: “Phuong trinh
Thép Eiffel".

Tw liéu vé Thap Eiffel:

- S6 nguoi tham gia: 50 ki st va 200 cong nhén
- Chiéu cao: 324 mét (ké ca &ng ten), la thép
cao nhét thé giéi cho dén ném 1930
- Trong lwong: 10.000 tan.
- C6: 2,5 triéu ri vé (6c tan), 1665 bac
- Clr 7 ndm son lai lan, méi lan tén
60 tan son.
- Khanh thanh nam 1889, cho dén
nay Thap Eiffel da dén 200 triéu
lwot nguoi tham quan.

, TOAN HOC
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oo w’ %,
@39 NGHiEM NGOAI LA XuAT N D0 DAU ?

(Pé diing trén TH&TT sé 438, thang 12 nim 2013)

ghiém ngoai lai x = 2—? xut hién nam &
truong hop thir hai cia 101 giai. Thét vay,
khi ddt b = 2v/x? —x +1, ta thdy
porflx-L) 4323
Dod6 a+b>+3>1, hay a+b-1>0.
Nghia 1a truong hop 2: a+b—1=0 khong
xay ra, Tirdo x= % khong phéi 1a nghiém
ctia phuong tnnh
T o g

Gidi dap bai

Két luén

Phuong trinh (1) c6 nghiém duy nhit x = %
Nhin xét. Cac ban sau day c6 dap an t6t hon ca:
Ma Thi Khénh Huyén, 10 Toan, THPT chuyén
Thai Nguyén, Thai Nguyén; Nguyén Dinh Trung,
9B, THCS Ly Tu Trong, Huong Canh, Binh
Xuyén, Vinh Phic; Tran Bd Trung, 11 Toan 1,
THPT chuyén Hung Yén, Hung Yén; Nguyén
Dinh Toan, 10T1, THPT D6 Luong 1, B6 Luong,
Nghé An; Nguyén Vin Cuong, 11A4, THPT Ba
Chutc, Tri Ton, An Giang; Lé Thdao Nhdn, 11 Toan,
THPT chuyén Bén Tre, Bén Tre.

NGOC HIEN

o gids 2 hahn chink chiin?

Trong mot tit hoc toan, thiy gido ra mot dé
toan véi ndi dung:

Cho hinh binh hanh ABCD, trén dwong chéo
BD ta ldy hai diém E, F khac O (voi O la giao
diém hai dwong chéo) sao cho BE = DF.
Chiing minh rang AF // CE.

Mot ban hoc sinh xung phong 1én bang gii bai
toan trén nhu sau:

: B
‘{
F

D C
TOAN HOC
30 * CTudilre SO 442 4-2019)

Vi ta c6 OB = OD va theo gia thiét

BE =DF, nén

OF =0D - DF
=0B-BE
=QE.

Vay tir giac AECF c6 hai duong chéo AC, EF
c4t nhau tai trung diém mdi duong nén né la
hinh binh hanh. Do d6 ta dugc AF//CE (dpcm).
Theo ban, 16 giai trén da hoan chinh chua?
Loi giai cta ban nhu thé nao?
TRAN MINH HIEN
(GV THPT chuyén Quang Trung, Binh Phudc)
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57 Wnsd
'Cdu lac bo

Cmua xuén nam Canh Ty (nam 40) cudc khoi
nghia (KN) cta Hai Ba Trwng gianh lai doc
lap, tw chl cho nwéc ta trong gan ba nam, chiém
duoc mot vung réng I6n tr Nhat Nam (Nghé Tinh),
Clru Chan (Thanh Hoéa), Giao Chi (ddng bing Bic
bd) dén Hop Phé (Quang Béng, Trung Quéc), Linh
Nam (mién nam nui Nghia Linh, tinh H& Nam,
Trung Quéc).

Xin gi¢i thiéu mét sb trong khodng 250 twéng linh
thoi Hai Ba Trwng. Nhiéu twéng linh da dwoc Trung
N@ Vwong séc phong (muc A) va duoc thd & nhidu
dia phuong (muc B). Ban hay sap xép cac muc A,
muc B cho phu hep nhé! Cac dia danh tinh, huyén
dworc goi theo tén hién nay.

A - Ho, tén va Sac phong, nai khéi nghia
A1. Trung Tréc, con quan Lac twédng Mé Linh (Mé
Linh, Ha N6i), Trung Ni¥ Vwong. Chéng la Thi
Sach (ho Bang ?), con quan Lac twéng Chu
Dién (vung dét gira séng Day va séng Hoéng).
Em Trung Trac la Treng Nhi, Binh Khoi cdng
chda. KN: Mé Linh, Ha Noi.

H6 Dé, Bé Nwong (Dao Nwong) céng chua,
Phé Nguyén soai, Tran Vién dai twéng quan.
KN: Lo Mai, Béng Cao, Mé Linh, Ha Noi.

Lé Chan, Thanh Chan cong chua, Trwéng
quan binh quyén duyén hai Dong Bic. KN: An
Bién trang, An Dwong, Hai Phong.

Nang Chu, Thanh Thién céng chua, Binh Tay
Dai twong quan, tran gitr Hop Phd. KN: Yén
Diing, B&c Ninh va Bac Giang.

Ong Cai, Dai twéng quan. KN: Nam Nguyén,
Ba Vi, Ha Noi. Lap do6i quan gié gai.

Phat Nguyét (ho Binh), Phat Nguyét cong chua,
Thao Giang Thuong Ta twéng thdy quan, Téng
trdn khu Bong Dinh — Trwdng Sa (hién thude
Trung quéc). KN: Thanh Ba, Phu Tho.

Quach A (Quéach L& nwong), Khau Ni cong
chua, Tién phong Ta twéng quan. KN: Bach
Hac, Yén Lac, Vinh Phuc.

Sa Giang (Sa Lang), Linh Nam céng chua.
Qué & Trwong Sa, Linh Nam.

A9. Vinh Huy c6ng chua (ho Téng). KN: T Son,
Bong Anh, Ha Noi. Lap doi quan gid nam.
A10. Vi Thj Thuc (Thuc Nwong), Trinh Thuc cong
chia, Bat Nan dai twéng quan. KN: Tién La,

Hwng Ha, Thai Binh.

A3.

A4,

AS5.

A6.

A7.

A8.

B -
B1.

B2.

B3.

B4.

BS.

B6.

B7.

B8.
B9.

B10.

VIET AN
(Ha Ngi)
Pén, Pinh, Chua, Miéu thd tu
Pén Nhat Chiéu, Lién Chau, Yén Lac,
Vinh Phec.
e Pén Nghé, dinh Vén, An Bién, Q. Lé Chan,
Hai Phong.
« Dén An Bién, xa& Thly An, Dong Triéu,
Quang Ninh. :
* Pén Lat Son, Kim Bang, Ha Nam.
* Dinh Hoang Mai, Mai Bong, Q. Hoang Mai,
Ha Noi.
* Dén va chua Tién La, Doan Hung, Hwng Ha,
Thai Binh.
 Dén & Phwong Lau, Viét Tri, Phu Tho.
* Dén Tan La, Bao Khé, TP. Hung Yén.
* Dén Giéng, Pai Phu, Phi M, Lang Giang,
Bac Giang.
« Dinh Nhan My, Ly Nhan, Ha Nam.

* Dén Ha L6i, Mé Linh, Ha Noi.

« Dén Bdng Nhan, Q. Hai Ba Trung, Ha Noi.

« Dén Hat Mén, Phuc Tho, Ha Noi.

o Dén Van Mén, Trung Chéu, Ban Phuong, Ha Nai.

* Miéu Hung Liét, Phung Cong, Van Giang,
Hwng Yén.

* Miéu Ba Tréc, nam ho Déng Binh, H6 Nam,
Trung qudc. Va nhiéu noi & nudc ta.
Dinh C6 Chau (Binh Dau), Van Ha, béng
Anh, Ha Noi.

* Bén Ong Cai, Thwong Thanh, Thanh Cao,

Thanh Oai, Ha Noi.
o Miéu Mén, Nam Nguyén, Ba Vi, Ha Nbi.

 Bén Phuwong Linh, Thanh Van, Thanh Ba,

Phu Tho.

* Chua Kién quéc, Trwodng Sa, chua & nui
Thién Dai thudc day nui [\lgﬁ Linh (hai chua
nay hién thudc Trung quoc).

Dén Ta, Bong Cao, Trang Viét, Mé Linh, Ha Nai.

» Dé&n Ngoc Lam, dinh Ba Néc, Tan My, TP.

Bac Giang.

o E)én Giéng, Dai Pha, Phi Mo, Lang Giang,
Bac Giang.
DPén & nggai 6 huyén Phong D6, Tt Xuyén,
Trung Quoc.
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Iwc phan Gau tﬁl dua day tét, hoc tot va tham gia
nh va dla phwong dé dat thanh tich

ru'o’ng dat Huy chu’crng Vang Quéc té - Glal tré Dong Nam
n Vat .

Puoc UBND Tinh TT Hué cong nhan Truong dat chuédn Quéc gia.

_ Chi bod daf danh hiéu: Trong sach vitng manh tiéu biéu.

- Cong doan dat danh hiéu: Céng doan co sé viing manh cép

Tinh.

- Lién @i TNTP Hé Chi Minh dat danh hiéu: Viéng manh cap Thanh
phd.

e V& co s& vat chat: Trudng dwoc dau tw xay dwng mai 36 phong
hoc va da dwa vao str dung trong ndm hoc 2012-2013. Hién Truong
dang c6 ké hoach xay dwng nha thi dau da nang dé co diéu kién co
s vat chat tbt hon phuc vu tét cho cac hoat déng day va hoc.
Phat huy nhitng thanh tich dat dwoc, Trwong THCS Pham Van
Dong sé nd luc phan d4u nang cao hon niva chat lwong gigo duc
toan dién trong nam hoc 2013-2014 va nhirng nam tiép theo.
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