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S

rong tic phim ndi tiéng "Gidi bai todn

nhu thé nao?", tic gia Polya cho ring:
"Vi nhw dong song nao cing bat nguon tir
nhimg con sudi nhé, mdi bai todn di kho dén
déu ciing c6 ngudn goc tir nhimg bai toin don
gian, 6 khi rat quen thude doi véi ching ta".
Hay vin dung quy luft ndy cha dong song dé
hoc tot mon Toan, d€ gidi dwoc nhiéu bai toan
kho. Hay "tich by " thét nhidu nhimg "bai todn
mho ", rén ki ndng vdn dung ching trong vi¢c
gial todn.
Bai toan A sau day 12 mot bai toan nhr vy,
@ Bii toan A. Cho hai dicng thang dvad' cai
wheu tai E. Trén ducmg thang d 1y hai diém A
va B, trén dudmg thang d' My hai didni Cvi D
sao cho diém E cung hodc khong eimo nem trén
hai doan thang AB va CD. Chaing. minh rdng
bon diem A, B, C, D cung nam bén mipt deeong
tron khi va chi khi EA.EB = EC.ED.
Hudng dan. Vige chimg minh bai todn khong
khé. O ca hai chiéu thuin va ddo, hiy chimg
minh hai tam gigc E4D, ECB ddng dang.

Khi Bai todn A da thudc "von liéng" cla minh,
cac ban cO nghi rang cac bai tean sau 1a cac
bai toan kho khéng?

@ Bai todn 1. Tiz mot diem M nam ngodai
(O0), ké hai tiép tuyén MA, MB va cdt ruyéfrr
MCD khing di qua O. Goi I la trung diém
CD; E, F ldn heot 1o giao diém cua dueng
thang AB vdi cdc dwimg thang OM, OI; H la
giao diém ciia dogn rhéi'ng OM va (O). Chieng
minh rang

a) DEC =2DBC, biét rang CAD< CBD.
b) CH la tia phan giac cua goc MCK.
Lo gigi

3) Ta c6 AMAC v AMDA (g.2) Vi ¢6 AMC

chung, MAC=ADC . Suy ra MCMD = MA™.
Mat khédc, tam gidc MAO wvudng tai 4, cb
duomg cao AE nén MA™ = ME.MO. Suy ra
MC.MD = ME MO.
Ap dyng Bii todn A ta ¢6 CEOD li tir gidc
el —— — e " .
ndi tiép, suy ra DEC=DOC. Do CAD<CBD
nén ta lai c6 DOC = 2DBC, suy ra dpcm.

b) Ké duong kinh HK. Tacé6 HCK =90° (1)
T gidgc CEQD 1a tir gige ndi ti€p, suy ra

CEH =CDO=DCO=DCK + KCO.

Ta lai c6 CEH = ECK + CKO = ECK + KCO,
Suyra DCK = ECK (2)
T (1) va (2) suy ra dpecm. O

QO Bai toan 2. Cho diém A nam ngodi dicong
tron (O). Tiz A ké dreong thang d khing di qua
tam O, cdt (O) tai B va C (B ndm giita A va
C). Cée tiép tuyén véi (O) tai B va C cdt nhau
tai D. Tw D ké DH vuing goc voi AQ
(H nam trén AO) ear cung nho BC 1gi M. Goi
E la giao diém cia DO va BC. Chitng minh
rang AM la tiép tuyén ciia (O).
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Léi gidi. Goi N 1a giao diém th hai cha DH
va (0). Véi DMN 14 cét tuyén cia (O) va tam
gifc  DBO
vudng tai B

cO dudng cao
BE, tuong ty
Bai toan la)

ta 06 DMDN
= DE.DO

(= DB%). Theo
Bai todn A thi

MNOE 1a tr gidc ndi tiép, suy ra MED=
MNO = NMO. Ta lai c6 MED+MDE=EMN
= NMO+ EMO, suy ra MDE = EMO.

Te nhén thdy AAQE «» ADOH (gg) nén

EAQO = MDE = EMO =5 tir gidc AMEO ndi ti€p
— AMO = AEQ =90° = d&pem, O

O Bai tuﬁn 3. Cho tam gidc ABC khéng cdn,
ngogqi nep ng trom (O). Goi M, N, P lan
heoit la cac Hep diem cria BC, CA, AB vdi (( ));
1 la giao diém cia MN va OC, K la giac diém
cua Pl va (Q). Chung minh rang
a) T gidc OMCN ngi ﬁé}r mot dreong fron.
b) IP.IK = IM.IN = [O.IC.
¢) CO [a tia phan giae cua goe PCK.

(Trich & thi KSCL GV THCS tink Ha Tink 2012-2013)

Loi gidi, a) Do GMC ONC =90° nén 1
glﬂcOMCNnﬁ:l tlé'p A
b) Ta co hai tir giac
ndi tiép 13 MKNP
va OMCN, Ap dung
Bai toan A suy ra
dpem.
¢) Do IO JC = IPIK
theo Bai todn A ta
c6 CKOP la tr gide p
ndi ueP suy ra
OCK =0PK; OCP=0KP,

mda OPK=0KP=(OCK=0CP= dpem. O

OBii todn 4. Tir mpt diem M nam ngoai
duong tron (O), vé hai tiep ruyésﬂ MA, MB va
edt tuyén MCD khong di qua O. Goi E la giao

diém ciia MO va AB; F la giao diém ctia CE
v (O). Chitng minh rdng AB // DF.
Ldi giai. K¢ duimg kinh DK,

taco KF L DF (1)

Ta dé chimg minh dugc

MC.MD = ME.MO %
Baitoan A M

thi CEOD 1a

tir gidc ndi tiép,

suyra DCF = EOK. Ma

— e e e

DCF =DKF = DKF =EOK = OE /| KF  (2)
Theo tinh chit ciia tiép tuyén, OM vudng goc
véi AB tai F hay OF 1 AB (3)
T (1),(2), (3)suyraAB /) DF. O
Nhimg "bdi todn nhé" nhu Bai todn A con
rat nhieu. Cic ban hiy tim tdi va phat huy
ki ning vin dyng chiing trong viée giai toan
nhé. Sau day cling 14 mdt bai todn nhu vay.
Bai todn B. Cho tam giic ABC co gic A nhon,
not r:‘:ﬂu dwong tron (O; R). Vé dwong kinh BD
ciia (O R). Chitng-mink rang BC = BD.sind,
tir do suy ra BC = 2ZRsmA.
f}én%tu céc ban 4p dung Bai toin B dé giai
mot 50 bai tap sau.
1. Cho tam gide ABC nhon cb diém M di déng
trén canh BC. Td M ha MH, MK lin lugt
vudng géc voi AB, AC. Tim vi tri ciia M trén
canh BC dé HK dat gia tri nho nhat.
2. Cho tam gidc ABC nhon, ndi tiép dudng
tron (O; R). Mét diém M di déng trén cung
nhd BC cta (@; R). Ha MH, MK lin lugt
vubng goc voi AB, AC. Tim vj tri ciia M trén
cung nhd BC dé HK dat gid tri 16m nhat.
3. Cho hinh vuéng ABCD. VE tia Ax cét canh
BC tai H va tia Ay cit canh DC tai K. Goi E va
F 1an luot 12 hinh chiéu ciia B; P va O lin lrot
Ii hinh chifu cia D trén Ax va Ay. Chimg
minh ring £F = PQ.
4. Cho tir gide ABCD ndi tiép duwrdmg trdn (0)
va ¢6 chc dwdmg chéo cit nhau tai M, Tir M ha
céc dudng vudng goc MA', MB', MC', MD' 1én
hrot dén céc canh AB, BC, CD, DA. Chimg
minh rang 4'B'+ C'D'=A'D'+ B'C".

(V6 dich Todn Canada 1990)
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4 todn chimg minh bét ding thixc

(BDT), tim gié trj 16n nhit (GTLN) hay
gid tri nhd nhét (GTNN) 1 mét trong nhimg
bai todn rit quen thudc cho nhimg thi sinh
chuin bj thi vao céc trudmg Pai hoc, Cao ding.
Bai viét ndy, chiing t6i chi khai thac trong tdm
mét s6 BDT dong bée hai, tir d6 sang tic mét
g6 bai toan tim GTLN hay GTNN c6 sir dung
dao ham. Tl @8y, phdi hop véi viée sir dung
mét s6 phép bién doi don gian ching ta ¢6 thé
tao ra thém mot sb bai toan khéc phtrc tap hon.
Truée hét, ching ta cdn luu ¥ mdt s6 BBT
déng béc hai thudng ding sau diy:
Véi a,b,c 1a céc s6 thye bit K, ta co

l. a +bzﬂ)(a-;b)
vachikhi a=b.
2. &> +b% +¢° (§(a+b3+c) gaﬂ+bc+ca.
Déng thitc ¢ (2) va (3) dong xay ra khi va chi
khia=b=c.

, @ (a+b)’

3 at+bt+ct 2 7 +c*

2
a+b 5
tsn[ 7 ”*""'] ©(~V2ab +c)
> 5 > 5 ;

Diéing thirc & (4) xdy ra khi va chi khi @ = b
(c thy ¥); ddng thirc & (5) xay ra khi va chi khi
a+b—c dang thirc & (6) xdy ra khi va chi

J2
khi a=b =% , day oling 12 didu kign dé (4),
(5) va (6) dong thiri xay ra déng thirc.

Ding thirc xay ra khi

(GV THPT An Nhon 1, Binh amh;‘_

Viéc chimg minh cdc BDT trén khd don gian,
xin dinh cho ban doc. Sau dy, 1a mot so thi
du minh hoa.

* Thi du 1. 7im gia tri nho nhdr ctia biéu thirc

4, 54 il
,.'.,.r_d{rd +07) Ae + b) 3 | ” I
] ) 9 2 2
a® +b < £l b

trong do a, b la hat so thue dweang,

Lo giai. Ta co

da* +p°)Y 1 "

P . —(a* +b%)+

2 4 c:rl+.!:2 : ; ﬂz-i*bz

o . B
=d +b +a2+b2_r+f f(r]l
véir:az+bz,re(ﬂ;+m)fl‘ac6

(0= 1—i f)=0t=12.

l‘

Léip biang bién thién ham s6 f(f) trén khoang
(0;4e), im dugc min f(¢) =4, dat duge
ye(0ptes)
khi +=2. T & tim dugc GTNN cua biéu

thitc M bang 4, dat dugc khi a=b=1.0
Nhgn xét. 1) Pt a=x"+y%, b=2xy, voi
x, v 13 céc 86 thue duong cho trude, Ta ¢b

Bai todn 1. Tim gid tri nho nhét cia bidu thirc

- MG+ +16x%0)  xy)t
- 3 . 2 2.2 A
(x4 )" +4x°y
1 1
+

e ;
(dey) 4
trong d6 x, y 14 céc s6 thye duong.
2)Pit a=x+y, b=2z,vd x,y,z 14 cac 50
thye duong cho trudc. Ta co
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Bai todn 2. Chimg minh bt déng thirc

4((x+y)"+|ﬁz4)+ -
(.1::+_}w)i-l-l=ur2 (.r+y)2 47
(I+}!+ZI)Z
: 2 2 e

trong d6 x, y, z 13 ¢he 86 thue duong.
*Thi dy 2. Tim gid vrf idm nhdt ciia biéu tharc

P=2In(a+h) --]—]n Z(HE by

1 |, [ 1 1 }

i T {ﬂ+b) "

LY

trong do a, b la cdc $6 thwe dwong thod man
2

Y-y
a b'_f.g

Léi gidi. Ta c6 a+ b <$+/2(a® +5%)

suyra In(a+b)<In J:Z(az +b?)

::-wl:(a+b}2~h‘[2(a’ +b) =—%1l12(ﬂ2 +b’)

~42< J( . E]:m(:: b)E[ﬂ ﬂ(aw)

5\’ [az bi](“b)

Dods P2 In(a+b)—(a+b)=Ini—t = £(2),
Voi 0 <1 =a+bs2a’ +8%) 5%.

Lip bing bién thién ham 86 £(f) trén (&:%} '

tim dugc WT;] 1) = In——— dat dugc khi

2

Bai todn 3. Timgﬁuuﬁnnhﬁtmbiéum

P = zm(sz+y +J_) SIn2(x+y)

_lJ [Iz-*l-y ](Hy)

trong d6 x, ¥ 14 cac sé thuc duong thod mén
2

I'I'_}FﬂT.

3) Dit a=4.r+ ,b-—-JZ‘_z, voli x,v,z la
cdc 56 duong cho trwde. Ta b
Bai todn 4. Cho x,y,z 13 céc s6 thyc duong

mmx+y+2zs§.mmgminhﬁng
2n(\[x+y ++2z) —m(.:+y+:zz}

1

= Z[Hy zz](,fxTy+J_) +ln-+—-

w'Ihidy 3, 7Im gid iri nho rhét ciier bidu thaee
N ==2{ab¥ bc+ca Y + 276 b’

Aa’ +b* +c*)+6(ab + be + ca)
tromg d6 a, b, ¢ 1a edc 56 thwee khéng dm thod
méina+b+c= 3
Lai gidgi. Tacé

e ab + be + ca 2 3¥abbcca = Wa*b*c?

suyra 27a°b°c” < (ab+be+ea) ;

s a’+b’ +c* 2ab+bctea

suyra —3(a” + 5% + ¢*) < —3(ab + bc +ca).

Do d8 N < —(ab + be+ca)’ +3(ab+be +ca)
=—t +3t= f(1),

(a +.E:n+«:.')2
3

voi 0<t=ab+bc+ca =< =1.

r=§.Tird6ﬂmdlmG'11N¢ﬁabiﬁ1th&cP Ldp béng bién thién ham s6 f(f) trén doan

béng lng—g, dat dugce khi a = b=% O

Nhdn xét. 1) Dit a=+x>+ 2, b=+2xy,

vai x,7 12 cic s6 thye duong cho trude. Ta co

[01], im dwge max £r)=2, dat duge khi

rc[0]1]
t=1. Tir & GTLN m&abiéu thirc P bing 2,

dat dugc khi a=b=c= T

Trang 4 - THTT S6'439
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Nhgn xét. Ta cb
a+b+c=\f§,myra (a+b+::]! =3

2 2 2
T e . "';' i

Tir d6 ching ta c6 hai bii todn sau:
Bai todn 5. Tim gia trj 16m nhét clia bidu thitc
N =—4{3-P 47+
1272922 —6(xF + P+ ),
trong &6 x, v, z 14 céc sb thyre khéng m thoa
man x+ y+z =-J§.

Bdi todn 6. Cho ba s6 thuc khdng &m x, y,z
thod man x+ y+ z =f3 . Chimg minh ring

LB TS 3+31 vz Y
x+y+z X+ y+x
—6(x* + vy + 25y <11,

*Thi dy 4. Tim gid irf nham‘la.rm biéu thiec

',
| JRS '1"}? ;
P=Nd +8 +c")—(a+b+2e) —{‘-‘” ) :

¢ la ba 80 thee ceong thod mén
(a+b)* +2:° 22,

Léi gidi. Ta c6 (a+b+v20)* <dd® + b +¢)
suyra <{a+b +J§c)z 24a*+b*+c%) (1)

2
(a-l-:) +02 iaz -H’:v2 +ut:2

2
:jl(ﬂ;b) +2 2 NP +3 @)

Tir (1), (2) suy ra
P2d? +B +0* & + 8+ =1—\t = f (1),

trong 4o a, b,

2
voit =a° +b% +c° E(ﬂ';b) +ct =1 (gt).

Lép bang bién thién hdm s6 £(r) trén [1;+e<),
tim dugc rEI[I]l;in J(1)=0 datdugc khi £=1.

+ee)
Tir &6 GTNN ctia biéu thirc P bing 0, dat dugc
T
khi a = —E,E—T,ﬂ

Nhign xét. Vi diy bét déng thirc
» @ (a+b)°

at+br+et > 5 ¥’

ﬂ"l‘ﬁ ’ 3
{5}!' T"”l 6)(«/2ab +c
2 22 (2(_2—} taco

Bdi todnm 7. Tim gi4 trj nho nhét cia biéu thire
R =50 +y? +2) 5 (x+y+22)

L -
trong d6 x, y, z 12 cic sO khdng 4m thoi min

JE-I-::Z\E.

B todn 8. Cho ba 56 thue khéng dm x, y, z thoa
man .r+y+J§z zﬁ.Chﬂngnﬁnhrﬁng

p |
(:+y+~’5.z)2+-l-[(r;y ) +zz]

+—N__+z) J +z2 <502+ 37 +22).

Hi vong ring véi bén thi du va tim bai toén phét
trién thém s€ gitp cho céac thi sinh tht sir quen
thude va tiz tin hon khi giip bai todn dang nay.
Dé két thiic bai viét, xin moi céc ban thir sirc
v hai bai toan sau:
1. Tim gi4 trj nho nhét ciia biéu thirc

=3(x% + y* +zz)—(ﬁ;+3)z

{ %(x+y)z+z2

3 %z1+;;y+rJH
trong d6 x, y, z 12 céc sb khong 4m thoa mén
Jz;wh?

2. Cho ba s thuc khdng m x, y, z thod min

x+ y-l-ﬁ.z 2%. Chitng minh réng

%(.H yiuda) +% 2 +2)° +3((x;y)2 +22]
s%w{:% ¥ +2).

Trang 5 - THTT Sé'439
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e 200 TRUOC KI THI

pEsOs
(Thdi gian lawm bai: 180 phiif)
PHAN CHUNG
Chu 1 (2 &iém). Cho ham sb Chu 4 (1 d5ém). Tinh tich phén
il L
y==—5(© = | sinxds

1) Khéo sét sy bién thién va v dd thi ham sb
ds cho.

2) Tim diém A thudc 45 thj (C) sao cho tiép

tuyén tai M cét tryc hodnh tgi 4, cit tryc tung
tai B thod min 304 = 408.

Chu 2 (1 4iém). Gidi phirong trinh
2008°x — Icosx + 2sinxcos’x + sinx = 0.
Chu 3 (1 diém), Gidi phyeng trinh

o (sinx + mx}r

Clu 5 (1 452m). Cho ling try &mg ABC.ABC!
cé ddy ABC 13 tam gidc d2u cgnh a, gbe pilta
AC’ va dy (ABC) 1a 60°, Tinh thé tich l#ng try
ABC.A'B'C’ va khoang céch giita hai dudng
thing 4B’ va BC' theo a.

Chu 6 (1 diém). Tim gif trj nhé nhét cia bidu thic

P=4(a+b+c)’ +3(%+%+§),

J2xz+3x+l+.‘f1—-3,x=24x‘z + 1. m'gd&ﬂ'bjcﬁmnéﬂ]mms_
PHAN RIENG

(T sink chi &wgc chon mdt trong hai phin A hojc B)

A. Theo chwong trinh Chuiin

Clu 7a (1 diém). Trong mit phing v&i he tryc
tog dd Oxy cho elip (E): -—l{—;-+z-;= 1 va diém
K1; 2). Viét phurong trinh tdng quét ciia dudng
thing 4 i qua diém 7 va céit elip (E) tgi hai
diém 4, B sao cho I 13 trung diém 43,

Chu 8a (1 diém). Cho hai diém A(0; 0; —3),
B(2; 0;—1) va mjt phing

(P):3x—8y+Tz—1=0,
Tim M thudc miit phiing (P) sac cho MAB 13
tam giic vubng cfin tgi M.
Chu 9a (1 diém). Tim sb phite z ¢6 mddun nhé
nhit, biftcdng |z — 2 +i| = v2|z + 1 1.

B. Theo chuong trinh Niing cao

Clu 7b (1 dtém). Viét phuong trinh cdc cgnh
hinh vuéng ABCD biét riing 4B, CD lin lugt di
qua céc diem P(2; 1) va O(3; 5), con BC va AD
18n Twot di qua céc diém R(0; 1) va S(=3; —1),

Ciu 8b (1 diém). Trong khong gian véi hé truc

Zz

tog 49 Oxyz cho dudg thing (d): T =3 =3

vimitchu (S x—3¥+(y-1¥+(z-1)Y=2.
Viét phuong trinh miit phing (P) chita (d) vi
tiép xic véi mit cu (5).
Ciim 9b (1 diém). Tim sé phite z b madun nhod
nhét, biét ng |z - 2| + |z + 2| = 6.
HAO VAN CHANH
(GV THPT Twdn Quéc Tufin, Pii Yén)

Trang 6 - THTT S6'439
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HUONG DAN GIAI PE SO 4
Ciu 1. 2) PT tiép tuyén (d) v6i (H) tai diém 4y 6. Tix BDT Cauchy ta ¢6

; 1 2x5 -1
x#lla y=- (x—xo).|. 1 =1
(% 1)’ Xo—1° Pz{ﬁ(xyz)“ Y o2) ]
Treomg hop 1. (d) di qua trung diém I(1; 1) Hy” 1
ciia AB. Khi 86 PT(d): y =~ x+. Yoyz < <

4773

2
Truomg hop 2. (dY/ AB hodic d= AB. Khi @6 Dit 1= {/_(U{IE—)ﬂuP (r“+—}}
PT(d): y=—x+1holic(d)y y=—x+5.

Viy PT céo tidp tuyén thod méin 42 bai Xé him sb f(g:fu?l trén [ %] ta thiy
1 5
y=—Ex+E, y=-x+l, y=—x+3. l

ham ndy nghich bién trén (
Cilu 2. DK x # kn. PT déa cho tuong duong voi
1] 65

>
3(?“?] -2+ 3J’)[°“”) +22=0. D“"éf(’)‘f(z |
sSin X sin X 195 1
] T mmP-ﬁ x-y-z-f.
Dap s56. I=iz+k2ﬂ:; I=i§+k2ﬂ(kE Z)
.. : SpMF,  MF.MF,
Ciu 3. PT thir nhét ctia h¢ 6 dang S ool o (<A T
X +x=2y-17 +2y-1) (D) (p1a nira chu vi tam gihe FMF,).
Ham s6 Aif) = £ +¢ ddng bién trén R nén 4. 4. pidm A(3:~11) c6 hinh chifu
g?‘:{a(:nghm)='{(2y'_1):::?ﬁ11-‘6) xubng truc Oz 13 I(0; 0; 1). Tim dwge A7 =2
¥ f”’y) (I' B A3 SRR S, pike volog AIC, tioh
Ciud. Tacs 1= | Sdx dmpc AC=BC=AB=2 => BI=(I=1
2 (55 —9W6.5% 5 = C(0; 0; 2). Vi BI= 1, nén B(0; 0; 0).

Mit phing (4BC) ¢6 PT dang ax+by =0
(@ +b* #0). T d(4;(4BC))=1, tim

Bﬁtt=\/65"—5 khi 46

s i jt( ) duge hai miit phiing thoa man d8 béi cé PT 1a
In5 1{2._,4 4 4T y=0vA f3x+y=0.
=%1035%_ Céu 9a. Goi 86 cén 18p 6 dang a,a,a3G,a5ag

va 4={0,1,2,3,4,5}. Tir gia thiét 8 bai
Ciu 5. Giast MNNAB =E; MNNBC=F; { } g

PE M AA; = S, PF n CC; = R. Thiét dién cén G taytay=as+as+ag+3
tim 13 ngii gidc SMNRP. Ké ST L ME, thi = Aa+a+a)=a+a+a+aq+as+a+3=18

.-l-"""-l-

SIA = o 14 goc gitta (MNP) va (ABCD). = o +a, +ay=9. Xét cac tip con
Khi 46 Sy = SAMvc8 _ Sascp —Spmw 4 =10 45}, 4, ={1;3; 5}, 4 ={2,3, 4},
laz\/_““’*“ cosa e Xét céc sb thoa man bai todn cb ay, a,, a5
1 373 IA 16
- i . T thudc A, thi {a,; a:; ={1: 2 3;.
192 [wilmsa'—s? I,—3?3J uﬁc 1 {ﬂ4 dg ﬂ'ﬁ} { 2’ }

(Xem tiép trang 13)
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iy s0 1a mdt ndi dung quan trong trong

chuong trinh todn THPT chuyén va dic
biét day s6 luén co miit trong @& thi chon hoc
sinh gidi. Khi nghién ciru vé day s, ching ta
s& thdy, day s6 ¢6 rit nhitu diéu thu vi. Bai
viét ndy, xin dugc trinh bay mot kham phéd nhé
vé diy 56, d6 1a cach xiy dung day s6 chinh
phuong va xdy dung so chinh phwong trong
day sb tit mot day s6 khéi diu.

1. XAY DUNG DAY SO CHINH PHUONG
Xét dily 6 khdi diu (x,) duge xéc dinh nhu sau:
{xu =g X =g
Xy 9 =MXp g —X,, VHE N,
trong 46 a, b, m 14 cie 36 nguvén duong
cho trudece.
e Trudc hét, nhin thdy ddy sO ndy cb chc tinh
chét sau:
D Xp2%, _Iiﬂ = X1 %] —xﬁ = =AY _'”12
=abm—a" —b°,Yne N.
2) P, X, =X0, + Xy —a — b +abm,Vne N

That viy, ta o6

- A 2
l) Xps2Xn ~ Xpg1 = (mnH - In)xn ~ Lal

= My 1% — xi—i-] = xrzi = X1 (PR — Xp41) — xg
=X, 1 X, — X, Vne N.

Twong ty ¢6

Xns 1% _xi =Xy 2~ xﬁ-l =

= XX =% = () — XV —x =abm—d’ b,
2) X2y + X — X = Xy + Xy (X, — )

- J:f'i'l — ApXpe2 = a:Z +bz — abm.

Tir d6 suy ra diéu phai chimg minh.

» Biy gio, ta xdy dung ddy s6 vdi céc s6 hang

la s& chinh phuong,

DAY 50 V01 50 BTN PRVONG

VO TH| VAN
(GV THPT chuyén Béc Giang)

Dua vao cdng thirc truy hoi cia ddy s6 khoi
dau va ép dung tinh chit 2), ta ¢6

WY 2
Xpp2 = (06,4 —%,)

__im 8 B
=m Xpe TX, Emﬂfl‘rﬂ

=mtxe, +x2 =202+ x> + abm—a® —b*)
= (py” — 2)x§+1 - x,f +2a” +b* — abm),
Bt a, = x,f, tadmdﬁyaﬁ (a,) x&c dinh bin

q] :az; q :bzs (*)
Gy =(nf ~20a,., —a, +2A L+ —abm) e N
R3 ring day s (a,) cd cic s6 hang déu la s6

chinh phuong (goi 1& diy s6 chinh phuong).
Bing céch cho a, b, m nhing gié trj cu thé vao
(*) ta c6 thé nhin dugc hang loat diy s6 chinh
phuong. Ta dua ra mot vai thi du minh hoa
sau day.

* Thi dy 1. Cho day so6 (a,) duec xdc dinh boi

dg=Lag =1
a,.0=Ta,,;—a,—2, Vnel.

Chimg minh rang a, la 6 chinh phuong voi
ol ne N,

Nhin xét. Trude hét ta thiy day so ndy 6
dugce tir cong thire (*) khi choa=b=1, m=3.

Theo céch xay dyng trén, ta biét a, = x_

n VOl

X =Lx =1

day (x,) 520 cho {Im . i I

Li gigi, Xét day s6 (x,) duge xdc dinh bai
X =1x =1
Xpoy =3%,.,—X,, VRE N,

Hién nhién ring x, € N véi Yne N, Taco

2 2
Xpe1 H Xy —3Xp %, = ‘xl'2!+1 + X (Xp —3%p1)

il

n+l — XmXps2-

Trang 8 - THTT Sé'439

https://tieulun.hopto.org



fb.com/ebook.sos

VA X+ =315y = Xt (G = 38,)+ 75
- ‘r: — Xp41%-1- SUY T2

Kol =Xz = T =gy 1 = =8, =gty =—1.
Dodb x2,, +x>—3x,,,x, =—1, Vne N (1)

Ta s& chimg minh &, = x>,Vne N (2) bing
phuong phip quy nap todn hoc, Thét viy, rd
rang voi n = 0, n= 1 thi (Z) ding.
Gia sir (2) dlng dén n=k+1, (ke N), tirc 1a
a, =I§,n=l,2,...,§: +1.
Ta s€ chimg minh (2) dang v6i n = k + 2, nghia
13 chimg minh g, = X, , -
Thét vy, tacod
Qg =Tap g =@ =2=Top g —x; =2
= Tee — X + 200+ —3%..%)
= -*i2:+1 ‘kau-‘k"‘-'«% =(3-rt+1'“x.t)2 "-'342-
Ta dugc didu phai chimg minh. Viy a, 13 sb
chinh phuong véimeine N. O
Tir dfy, tit cd nhimg diy s8 chinh phwong
duge xiy dung ti cdng thire (*), ta ¢b thé tinh
bay 1oi giai nhu trén.
Ta lai tiép tyc ¢6 nhiing thi dy tiép theo nhw sau
va vi¢c trinh bay 161 giai xin dinh cho dc gia.
*T'hi dy 2. Cho day 36 (ay) dwpc xdc dinh boi
ay=la =
a,.,=14a,.4—-a, -4, Vne N,
Ching minh rang ay la 56 chinh ptucong.
* Thi du 3. Cho day 56 (a,) duge xdc dinh boi
a=1a =16
aﬂ""l =14ﬂ"+l—ﬂn +2, HHE N
Chung minh rang ay la sé chinh phwong.
Bic gia c6 thé ty xdy dymg duge hang loat
nhimg dly s6 chinh phirong bing cdch lam
tuong tr.

2. XAY DUNG SO CHINH PHUONG
TRONG DAY 80

Ciing vén tir tinh chit 2 cua day s6 khai ddu

WX X, = X501 +xX—a®—b +abm.

Ta c6 thé bién d6i thanh
(M4 20433, = g + 35 + 26, 1%, —a@ — b+ abrm
= (%4 +x,)° =a" —b>+abm
=5 (m+ 2Dy %, +d* +b2—abm= (%, +,)".
Hodc
(M—2)%, 1%, = Xy + X —20,,1%, —a" — b +abrm
= (pa1 —%)* & —b*+aibre
=>(n= 2%, %, +d* +b*~abm=(x,y - x,)".
Nhur vy ta ludn cd
(m+2)x,,x, +a* +b"—abm

vi  (m—2x,.x, +a” +b —abm
12 cdc s6 chinh phurong.

Cho a, b, m nhiing gi4 trj nguyén duong tuy ¥,
ta dwge cdc bai todn twomg ‘mg vé s& chinh

phirong trong diy 56, Chang han
*Véia=1,b=1,m=1,1acé bditoin
* Thidy 4. Cho day so (x,) dwpe xac dijnh bai

Xo=Lx =1

{xﬂz =X, —X,,vne N.

Chiing minh rang 3x,,1%, +1, —x,,1x, +1 I&

cdc 56 chinh phuong.

eVbdia=1,b=1,m=3,tacd bai todn

# Thi du 5. Cho déy 56 (x,) dwoc xdc dinh bdi
{x,-_. =Ly =]

Xpusd = 3Xpiy — Xy, VR € N,
Chimg minh rdng Sx..x 1 la s chinh phuong.
oVéia=1,b=1,m=2013, ta cb bai todn
*Uhi dy 6. Cho day 56 (xy) dwge xdc dinh béi

X, =2013x,,, —x,,Vne N

Chimg minkh rang 2015x,.,%, —2011,
2011x,,,,%, —2011 la cdc 50 chink phwong.
eVé&ia=1,b=1,m=5,tacé bitodn

*Thi du 7. Cho day 50 (x,) dwgc xdc dinh béi
{x., =1x =1
Xpp2 =3%,.—X,, VnE N,
Chimg minh rang Tx, 4%, —3, 3x,.4x, —3 ld
céc s8 chinh phrong,
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e Véia=1,b=1, m=4, tac6 bai toén
#* T'hi dy 8. Cho day 5o (x,) duge xdc dinh béi
{xﬂ =1;x, =1
Xpin = 4%, —X,, Vne N.
Chimng minh rang 6%,%, —2, 2%,4%, —2
14 edc 56 chinh phwong.
e Voia=1,b=4, m=4,1aco bii toén
#*Thi dy 9. Cho day 56 (x,) dupe xdc dinh bai
{xe =Lx =4
Xpio =A%, —x,,Yne N.
Chitng minh rdng 6x,.4x, +1, 2x,.4%, +1 la
cdc 56 chinh phieong.
e Vhia=20, b=30, m= 3, ta c6 badi todn
% Thi dy 10. Cho day 56 (x,) dugc xdc dinh béi
{xo = 20; x; = 30
Xy = Ixgey — %, Ve N.
Chimmg minh rang 5x,.% =500, XX, =500
la ede 56 chinh phuong,
Léi gidi. Tix cbng thite truy hdi clia () ta ¢b
Ve N X+ — 30y, = Xy 42,05, — I
=-‘6%+1—%+1-
VA Xy + Xy — 31 % = Xag (B —3%5) +%;

=x, - Xt 1%n 1
SUY 18 Xi4) ~ XpKus2= Xy — Hni1Xp | = e =
=X — Xg¥%y =—500
- xSrfl T 5"': — 3%y 4%, = —3500
= 31Xy =500 = Xy + Xy
= Sxp4y %y — 500 = (x4 + %, )1

Va X%, — 300 =(x,; — %, ]2'

Nhur vy, ta duge 3x,,,x, —500 va x,,,x, —500
12 céic 56 chinh phrong, O

Léi gidi cdc thi dy 4, 5, 6, 7, 8, 9 trinh bay
twong ty nhu Idn gidi thi dy 10.

Nhin xét. Tir thi dy 10 ta cd thé xdy dung bai
to4dn nihr sau.

#*Thi dy 11. (Balkan MO nfm 2002)
Cho day 6 (x,) dugc xdc dinh bai

xg =20;x =30
Xysd =3Xu41 —X,, Ve N,

Tim n sao cho 5x,.-x, +1 la 56 chinh phuomg.

Lot gigi Theo thi du 10 ta ¢é 5x,.,x, — 500
2 $6 chinh phuong vi moi ne N,

Gia sir n 1a s6 thod man 5x . x, +1 13 o
chinh phuong,

Dt 5x,,.,%, +1=a°, 5x,.,%, —500 = b2, véi
a,be Nya>b. Tacd

a* —b* =501 & (a—b)a+b)=1.501=3.167

a=251 Ja=85
““‘""“‘{bzzﬁa’ b= 82.
o Vi a=251; b =250 thi x,x,, =12600=>n=2.
(x2= 70, x3= 180, xax; = 12600, Sxzx3+1 =251%)
l\fﬂiu=35;b=32th1x"xn+l=%(logj).

Pdc gid ¢6 thé tu sing tc ra nhiéu bai todn
tuong fir nhu trén,

BAI TAP
L. Cho dily 80 (aw) dugs xéc dinh béi
{ﬂu =g =3
Opy2 =980y, — @y, Vne N,

Chitng minh ring fﬂ;—l 14 38 chinh phwong.

2. Cho diy 86 (an) duge xac dinh boi
{%=m= !
G,.9 = l4a,41 — a, +16,Yn € N.
Chimg minh ring 2a, + 3 14 86 chinh phuong.
3. Cho dity 86 (an) duge xéc dinh béi
{m=m=mm
Gp+y = Tap,1 — a, = 3978, Vn e N.
Chitag minh riog “3 2> 1 55 chioh phuson,
4. Cho diy 58 (a,) duge xac dinh béi
a =1 =4
{"m—l = ||y 28, +1,VnE N
Chitg minh ring
8) g, 12 sd ty nhién vGi mei s6 ty nhién 2.
b) 2ayay+1 +1 1 56 chinh phuong véi moi s6 ty nhién n.
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F'I'I l.lﬂ NG PHAP

c-:i:lﬁ::r TOAR

rong ki thi Olympic Toan hoc Quoc té

(IMO) nam 2013 tai Colombia c0 bai todn
hinh hoc phing véi ndi dung nhr sau:
OBii todn 1. Cho tam gide nhon ABC voi
trwe tam H, Cho W la méat diém tuy y trén canh
BC, khdc vdi cdc diem B va C. Céc diem M va
N twong umg la chan cac dwang cac ha tic B va
C. Ki higu e la dwdmyg (ron ngogi tiép tam

gidc BWN va goi X la diém rén B sao cho
WX la dwong kinh cua @, . Twong f, ki hiéu
@, la duomg tron rgoai tiép tam gide CWM
va goi ¥ la diém trén @y sao cho WY la
dwong kinh cua @~ .

Chiimg mirh rang cdc diém X, Y va I thang hang.
Cé nhiéu 1o gidi cho bai to4n nay. Sau day la
phuong 4n sit dung phwong phép toa do dé
gii quyét bai todn do.

Léi gigi. Goi O la chian duong cao cia tam
gidc ABC ke tir 4. Y
Chon h¢ truc toa
30 Oxy ¢6 diém
goc 1a O; diém
A thuge ha Oy;
diém C thudc
tia Ox va diem
B thujc tia ddi
cia tia Ox (h.1).

Hinh 1
Gia st A(0;a), B(b;0),C(c;0), W(n0) (2 >0,
e>0.b<0,b<m<c) Tacd AC =(c,—a)

14 VTCP ciia AC. Suyra n
cia AC.
Do dd PT AC: a(x - ¢)+ ¢y = 0, hay

AC. ax +cy=ac =0,
Vi AC la VTPT cia duomg thing BM nén
PT BM:c{x—5b)—ay=0

= (a;c) A VTPT

60 BUKG PHUGNE PHAR 764 00
| DEGIAI MT 0 BAI TOAN HINH HOC

TRAN XUAN DANG
(GV THPT chuyén Lé Hong Phong, Nam Binh)

hay BM: ¢x — ay —be = 0. Tir d6 ta thay
MY . a’c+be? ac’ - abe
H[{];——) va M : y
£ [ﬂ2+t‘:2 a* + c?
Giasir ¥(x; y), vi WY la dudng kinh cia @,
nén WCY =90° va YMW = 90°. Suyra
CYLIWCva MY L MW = x=c. Tacd

W:({j —b‘CE iyl(ﬂ2+{?2}-ﬂcz+ﬂb-¢}+

.I::I'2+£‘rz .tT.l2+t:‘2

m(a® + ¢*) - a*c - .','ic2 abc — ac
— [ a® +c? a2+c2]

Tix MY MW =0, suy ra
(@ ~bcH)(ma*+c?) - a’c—bct)
-i-(ﬂbc—ﬂcz}(y](ﬂl+c1)—ac1+abc]=ﬂ.

Suy ra
w(a* +e)alb—c) =(b— c)(me — be)a” +¢?)

mc — be Viy Y( mc — bc]
a a
mb — bf.)
a

==

Suy ra

Tuong tr co X[&

W=[ﬂ%],ﬁ=(5;ﬂ:{—bj:ﬂ_}f:_
Nghia 14 cde diém X,Y vi H thiing hing. O

OBai todn 2. Cho tam gidc ABC c¢o ba goc
mhon va AB < AC. Goi M la trung diém cia
canh BC. Goi E, F lan ligt la chan cdc dwong
cao cua tam giac ABC ke tu B va C. Goi K la
giao diém cua cdc dwomg thing EF va BC
Chteng minh rang HK vuéng géc véi AM

Lai giai. Goi O la chén dudng vubng gbc ha
tir A4 déndubngthﬁngﬂc Chonhétruclng
d6 Oxy c6 diém goc 12 O sao cho diém A
thugc tia Oy, diém C thudc tia Ox va diém

B thudc tia d6i cia tia Ox (h.2). Gi sir
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A(0; @), B(b; 0), C(c; 0).
Tacd AC = (c;—a)

nén n = (a;c)

lﬂ\n"’]‘l"‘l‘gﬁa

duwdmg thing AC.

Suy ra K BO M C %
AC: a(x—c)+cy=0 Hinh 2

nén ax+c¢y —ac = 0.

Tacd AC=(c—a) 1o VTPT cia didng thing BE.

Khiddé BE: dx—b)—ay=0&ax—aqy—be=0.

azc+be_2_ rm? —a.!l_c]
a2+’ 2+c2j

Tir 86 E[ . Tuomg tr
&b+ cb?* | ab* —abc b
[azq-z# ﬂ‘} - f‘H{“ g

[ (a? — be)(a® + be)b—¢c) |
(@ + B) P +c?)
a(a® +be)(b — cXb +¢)
L @+ a*+ P
Suy ra my =(ab +ac;be—a®) 1a VTPT cia EF,
Tir d6 phurong trinh £F c6 dang

2
EF: (aﬁi-nc){:c— ji"’” .
ﬂ

vi EF =

¥ (bc - az)Iy— - I 0, hay

.:I -
EF: (ab+ acke® +*)x + (be — aXa? + )y
~(ab+ acXd’c + bc%) — (ac? — abe)Xbe —a*) = 0.
e {5 0) = -

b+c'a |

Miit khc A = (“‘ ).na. HRAM =0.

Vay HK L AM. 0

OBAi todn 3. Cho tam gidc ABC cdn tai A.

Diém P di r:fuﬂg trén cagnh BC (P khdc B va C),
Puerng .'hang di gqua P song song voi AC cél
AB tgi R. Dwong thang di qua P song song voi
AB cat AC igi Q. Ching minh rang dieong ron
ngoai rmp fam giae ARQ lhulin di gqua mot diém
co dinh khdc A

L giat. Goi O
la chan duong
vubng goc ha tr
A dén dudng
thing BC. Chon
h¢ trye tog d¢
Oxy co6 diém
ghc 1a O sao cho
di€m A4 thude
tia Oy, diém C

L

Hinh 3

thugc tia Ox va diém B thudc tia dbi cia tia
Ox (h.3). Gid sit A(0;a),C(c;0), B(b;0), P(p;0)
(a>0,e>0,b=0,b< p<c)

Khi 46 b = —¢. Tt AB = (b;—a) =>m =(a;b)
13 VIPT clia dudmg thing AB. Suyra

AB: a(x —b) + by = 0 hay AB: ax+ by = ab.
Twong ty ny = (a;¢) 1& VIPT ciia dudng thiing
AC =7, =(a¢) RVIPT cia dudng thing PR.
Suyra PR: alx—-p)+oy=0a+cy=ap.

Tir 46 R[”(F’“")-”{E’*ﬂfl] Goi £ 14 trung
(K p—c). a(2b—p—c)
diém cua AR, ta cd E Hb-cg’ Ib*"c) ]
Gt;lidiladlmngmgmrccﬁadomthmgdﬂ
vi d, 12 dudng trung trye ciia doan thiing AQ.
Khidéphuungninhuﬁadlla
b(p-2o)) a(2b — )
f’["'zw—z)) 2L B p.:)c}
a2+b2) b2c+a2{1‘b —C
‘:’5"@"5225 9 -0 l=0
Twong ty phuong trinh clia d5 12

@+ct)  Pb+d’(2c-b) _
a-ap- B ) e oA =0

Goi I la giao diem ctia dy va d5. Khi d6

2 2
1{"("::1'" );3:—:"] va 7 13 thm dudng

trdn ngoai tiép tam gidec ARQ. Suyra ! thudc

2
duimg thing d ob dinh ¢6 PT y =2 3 jﬁ
Hién nhién A¢ 4. Goi K 14 diém d6i ximg
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voi diém A qua dudmg thing 4. Khi 6 diém
K thudc diwdng trdn ngoai tiép tam gidge 4ARQ
vi K 13 diém cb dinh (K € Oy). Mit khic
K # A (vl A¢ d). Vay dudng tron ngoai tiép
tam gide ARQ ludn di qua mét @iém c6 dinh
khic 4. O
BAI TAP

I. (VMO - 2008) Cho tam gidic ABC. Goi D 1
trung diém cia canh BC. Cho dwdng thing d
vubng goc véi AD. Xét &iém M nim trén d. Goi
E, F lén hugt 13 trung diém cia MB vi MC.
Budmg thang di qua £ va vudng goc vai d cat
drdmg thing 4B tgi P. Pardmg thiing di qua F va

vudng gbc voi d cit dudng thing AC tai Q.
Chimg minh ring dudng thing di qua M va

vudng goc voi dudng thing PO ludn di qua mét
diém cd dinh khi diém M di ddng trén dudmg
théing d

Huong dan gidai ... (Tiép trang 7)

Cé 1 cach chon a5 = 2; ¢6 2 céch chon
a € {4; 5}; c6 2! céch chon @y, @3 tix hai phén
tir thufe t8p 4 \{4,}; c6 2! cich chon ay, as

tir hai phén tir cla thp {1; 3}. Truomg hop nay
¢6 1.2.21.2! = 8 (s8).

e Xét cic s6 thod min dé bai ¢ a, a,, a;
thudc 4, thi {as;as; as} ={0; 2; 4}.

Cé 3! céch lp ayayay; c6 3! céch lip aqasag,
trudmg hop nay c¢6 31.3! = 36 (s0).

e Xét cic sb thoa min dé bai co @, ay, a;
thugc As thi {a,; a5; a5} ={0; ; 5}. C6 3!
cach 1ap aya,ay; cb 1 cch chon ag= 0; c6 2!

céch chon ag; as tir 2 phin tir cia tdp {1; 5}.
Trudng hop ndy ¢6 31.2! = 12 (s8). Viiy 6 céc
s0 1ip duge 1a 8 + 36 + 12 = 56 (s0).
Clu 7b. PT céc dudng thing chira cdc canh
hinh vuéng la
Ix+y+30=0, x-7Ty-10=0;
x=Ty+40=0; Tx+y-20=0.
Chu 8b. Chi ¥ ring 4B // (P) . V6i M € (P),
ké MH 1 AB, H1 1 (P)(I € P)thl HI = &4, (P)).
Vay MH z d(4, (P)).

2. Cho hinh vubng ABCD. Goi E la giao diém
ciia AC va BD. Mot dudng thing di qua 4 cit
canh BC tai M (M khéic B vi C) va cit dudng
thing CD tai N. Goi K 1 giao diém cia EM va
BN, Chimg minh ring CK vubéng goc voi BN.

3. Cho hinh vubng ABCD. Goi E 13 trung
diém cla canh BC. Diém M di ddng trén canh
AB. Goi N, P lin lugt 12 giao diém cia MD,
MC véi AE. Goi H 13 giso diém cia NC va
DP. Chirng minh rang diém H luén nadm trén
mt dwomg thing c6 dinh,

4. Cho tam giéc ABC c6 ba gbc nhon. Diém M di
d6ng trén dudmg thing BC (M khic B va ©)
Pudng trung trye ciia dogn thing MB cit dudng
thing AB tai k. Pubng trung tryc ciia dogn thing
MCcﬂtdqﬁngﬂﬁngACﬂF.Chﬁngnﬁnhtﬁﬂg
duomg thing di qua M wubng géc véi dudng
thiing £F lubn di qua mét diém cb djnh.

AaESEEESEEs EsEeaEeEAERdEEREEEeeEReEErs e rmaeeer el HES s aREE B0 I F FEdEEEES VE FE

VI Siup = MH.AB, nén Sy nbo nhét <
MH nhé nhét <> M= I, hay M € (Q), v6i (Q)
chita 4B vd (Q) L (P). MA M € (P) nén
M € (8), v6i A= (P) N () cb dinh. PT tham
s ctia dudng thing (A) 1a

[ 8

X ==t
9

{yz-g {IER).

Z=—+1
"9

Chu 9b. T gia thidt cd CAG —V3);
CB(; —/3); DA —2—-3); DB(-1; 2—+/3).

—i—ﬁ-ﬁ
CACB ™ 2
DADE 3
DADB 2
Laichd y, =y =—3—+/3 = AB/I(Ox).
Vi y, = yg < y¢ <yp nén C, D nim cing phia
cia AB. Viy tir gidc ABCD ndi tiép.
NGUYEN THANH GIANG
(GV THPT chuyén Hung Yén)

———

Ta co cosACE =

= ACB = 30"

—

cos ADB = = ADB = 30°.
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CAC LOP THCS

Bai T1/439 (Lép 6). Cho s 155%710%4*16.
Hoi ¢6 thé thay ba ddu * bdi ba chit s6 phin
biét ndo trong cac chir s6 tir 1 dén 9 d& sb d6

luén chia hét cho 3962
TRUONG QUANG AN

(GV THCS Nghia Thang, Tir Nghia, Quing Nodi)

Bai T2/439 (Lép 7). VE phia ngodi clia tam

gide ABC, dyng tam gidc XBC cin tai X ¢6 goe

BXC bang 120° va cac tam giac YCA, ZAB

déu. Chimg minh X4 vudng goc véi YZ.

NGUYEN MINH HA

(GV THPT chuyén DHSP Ha Noi)

Bai T3/439. Tim céc s6 nguyén duong x, »
théa min diu kién (x? - 9y3)2 =33y +16.

LE XUAN DAI

(GV THPT chuyén Vinh Phikc, Vink Phiic)

Bai T4/439, Gidi h¢ phuong trinh
' 1

ey, s |
612 =

G-y = %

-q

v VAN LIEM
(GV THPT Hong Bxic, My Hio, Hirng Yén)

Bai T5/439. Cho mira dutmg tron () duong
kinh 4B = 2R vi m{t diém C n3m trén nira
dudmg tron d6. Ké CH wvubng goc vé AB (H
khic O). Hai diém E, F thay d5i trén nia
duémg tron sao cho CHE =CHF. Ching minh
dudmg thing £F ludn di qua mdt diém ¢o dinh.
THAN VAN CHUONG

(GV THCS V& Nhu Hung, Bién Ban, Qudng Nam)

CAC LOP THPT
Bai T6/439. Giai phurong trinh

1!2 +32+32 +32+.r — dﬁ-ﬁ-%‘ﬁ-ﬁ- 96 +56+.r, A

vU HONG PHONG
(GV THPT Tién Du 1, Tién Du, Bic Nink)

Bai T7/439, Gidi h¢ phuong trinh
452 = (NP +1 + 12 - y* +3y-2)
(2 + ) +1=x2+2y.

PHAM KIM CHUNG
(GV THPT Bygng Thiic Hica, Thanh Chuaong, Nghé An)

Bai T8/439, Cho tam glac ABC ¢6 BC = a,
CA=0b, AB = c; R va r lan luot la ban kinh caa
duinmg trdn ngoai tiép v dudng trdn ni tiép
tam gidc ABC. Goi § 18 dién tich tam giéc
ABC. Chimg minh ring

i \{ab’+bc’+m’_ Ja’b+b’c+cga
S BT |

r ? ok
LY VAN CONG
(GV THFT BC Tharnh Ha, Hai Dueng)

TIEN TOI OLYMPIC TOAN

Bai T9/439. Tim tit c& céc s6 nguyén duong

1& 72 sao cho 157+ 1 chia hét cho n.
TRAN NAM DONG
(GV PHKHIN, PHOG TP, Ho Chi Mink)

Bai T10/439, Tim tht ci céc cfip ham s6
[R=R,g:R—Rsaochovéimoix, ye R

ta ¢6 flx + g(y)) = x Ay) — y.g(x) + g(x).
NGUYEN PHU SON
(GV THPT ¥én Lac 1. Vink Phiic)

Bai T11/439. C6 n hoc sinh (1 = 2) dimg thanh
hing doc. Clr mdi lin thiy gido thoi coi thi cd
ding hai hoc sinh dbi ¢hd cho nhau. Héi sau
mt s0 1é Idn thiy gido théi cdi, ta cb thé thiy
tdt ¢d cde hoe sinh déu dimg trdy lai ding vj tri
ban d8u clia minh hay khéng?
NGUYEN VAN THONG
(GV THPT chuyén Lé Qup Pén, Da Nang)
Bai T12/439. Cho tam gidc nhon ABC va
dutmg cao AH (H € BC). Mt diém P di
chuyén trén doan AH. Céc diém E, F lan lugt
|4 hinh chiéu ctia P trén AB, AC.

a) Chimg minh bén diém B, E, F, C ciing nim
trén mot dudmg tron,
b) Goi O' 14 tAm cua dudng tron di qua B, E, F,
C. Chimg minh ring P ludn di qua mét diém
¢0 dinh khi P di chuyeén trén dogn A4,
TRAN QUANG HUNG
(GV THPT chuyén KHTN, PHOG Ha NGi)
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CAC DE VAT Li

Bai L.1/439. Mot thanh ddng chét thiét dién
d8u c6 chidu dai /, c6 khéi hrgng riéng g, ndi
thing d&img trong hai chit long khic nhau
khong tron 14n, ¢6 khdi lugng riéng o v 2
(P < ps < ;). Mt phin thanh n&m trong chét
16ng c6 khéi hrong rigng p, d4u trén clia thanh
ngang mit thodng cia chat 16ng d6; phin con
lai nim trong chét 10ng kia.
a) Tinh céng cén thyc hién d& nhén chim thanh
vao trong chét 16ng thi hai ().
b) Xdc dinh chu ki dao dong nho cia thanh
theo phurong thing dimg.

TRAN KHANH HAI

(GV THPT chuyén Qudc hoc Hué, Thira Thién Hué)

Bai 1.2/439. Treo bon qué cau nhé gibng hét
nhau vao mét diém O bing bén s¢i diy ménh,
céch dién, cé chiéu dai /. Mdi qua cdu c6 khdi
legng m va dién tich g. Khi cdn bing, bdn dién
tich ném tai bon dinh cila hinh vubng ABCD
c6 canh dai /.
a) Tinh lyc dién do ba dién tich dit tai 4, B, D
tic dung lén dién tich dit tai C theo g, I va
hiing 6 dién .
b) Tinh khoi hrgng m ciia mdi qua cau theo g, /
va gia toc trong trudmg g.
Ap dung bing s6:

g=3.10'C; | = 20cm;

g=10m/s?; k=9.10° Nm?/CZ.

HOANG CONG MINH
(GV THPT Khodi Chédu, Hung Yén)

S A ESAFAR AN E RN ER TR I EEERFEF AR A EEE AN TN A EREF R T NP PSR R AN AR E R AN A EN AR RN

FOR LOWER SECONDARY SCHOOLS

T1/439 (For 6™ grade). Find all possible
ways of 1nserting three distinct digits mnto
the positions represented by a star in
155*710*4*16 so that the resulting number
is divisible by 396.

T2/439 (For ™~ grade). The tnangles XBC,
YCA and ZAB are constructed externally on the
sides of a triangle ABC such that triangle XBC
is isosceles with angle BXC equals 120° and
YCA, ZAB are both equilateral, Prove that X4
1s perpendicular to ¥Z,

T3/439. Find all positive integer solutions x, y
of the equation (x2—9y?)2 =33y +16.

T4/439. Solve the following system of equations
6(1—x)* =—
6(1-p) =

%

0 L L

T5/439. Point C lies on a half-circle (O) with
diameter AB = 2R, CH is the altitude from C to
AB (H differs from ). The points £, F move

on the half-circle such that CHE =CHF.
Prove that the line EF always passes through a
fixed point.

FOR UPPER SECONDARY SCHOOLS
T6/439. Solve for x

,fz +]2 - 32+72+x =ﬂ6+gﬁ+96+56+x i

T7/439. Salve the following system of equations

42 = (Yxl +1 +1)(x -y +3y - 2)

(x* +yz}i2 +1=x"+2y.
T8/439. Let BC = a, CA = b, AB = ¢ be the
side lengths of a triangle ABC; R and r denote
its circumradius and inradius respectively. If §
1s the area of triangle ABC, prove that
R l.Jab’+bc’ +aﬁ.Ja’b+b’-‘¢+c3a

Enﬂx{z, 457 : 452 }

»
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TOWARD MATHEMATICAL OLYMPAD

T9/439. Find all odd positive integers » such
that 15" + 1 1s divisible by ».

T10/439. Dectermine all possible pairs of
functions f: R - R; g : R — IR such that for

any x, y € R, the following identity holds
fx + g(v) =xAy) - y.glx) + gx).

T11/439, n students (» 2 2) are standing in a
straight line. Each time the teacher blow a
whistle, exactly two students exchange their
positions. Can it be possible that after an odd

number of such whistles, all students returned
to their original positions?

T12/439. Let AH {(H € BC) be the altitude of
an acute triangle ABC. Point P moves on the
segment AH. Let E, F denote the feet of the
perpendicular from P to AB, AC respectively,
a) Prove that the points B, E, F, C are
concyclic.

b) Let O denote the center of the circle
containing B, E, F, C, Prove that PO’ always

passes through a fix point, independent of the
position of point P chosen on AH.

Translated by LE MINH HA
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* Bai T1/435. (Lép 6) 56 s=3..3 +5..54.4
viét trong hé thdp phan c6 n chit s6 3, n—1
chit 50 5 va n chi s6 4. Biét rang s=r", hay
tim ccich viét cua sé r.

Ldi gidi. Dit a=3..3, b=5..54..4 Taco

l‘—v'-'
— iy —
@ =33 =911 =881.1=00"-DL.]
n 2 5 x
= 110,011 = Lol

s=a’+b*=b*+2b+1=(b+1)* =r°.

Viyr=5b+1=5..54.4+1=5..54..45. 0
n-1 nm n-1 n-1

»Nhén xét. 1) P& bai in nhim 13 "n + 1 chit s8 3", lic

46 s& s = a* + b* khéng la sb chinh phuong. Xin sira

lai 12 " chix s6 3",

2) Tuyén duong cic ban, trong d6 lin nay c6 ci cic ban

16p 7 @i sira didu sai vi c6 10 gidi ding :

Quing Ngi: Ngé Ngoc Hudn, 6A, Db Thi My Lan, A,

THCS Pham Vin Dong, Newyén Thi Ha Vy, Vii Thi Thi,

7A, THCS Hanh Phuéc, Ngwyén Pai Duomg, TB, THCS

Nguyén Kim Vang, Nghia Hanh; V5 Thi Hong Kiéu, TA,

Tran Pheomg Duyén, TB, THCS Nghia My, T Nghia.,
VIET HAI

*Bai T2/435. (Lop 7) Cho tam gide ABC vai
trung tuyén AM. Trén miea mdt phding chia
dinh C bo la dwong thang AB ké doan thang

AE vuong goc vai AB sao cho AB = AE.
Trén nica mdt phang chita dinh B bo la dwong
thang AC ké doan thang AF vuéng gée vdi
AC sao cho AF = AC. Chitng minh rang
EF =2AM va EF L AM.

Léi gigi. Trudng hop BAC =90°, két qua

12 hién nhién. A

Ta chimg minh

cho trudng hop E

BAC<90°. Truomg ¥

hop BAC > %P,

cich chimg minh G

hoan toan turong tur. D

Trén tia d6i ctia tia MA ldy diém D sao cho

MA = MD. Néi B v6i D. Tl B ké dudmg thing

vubng goc véi AB cit AD tai G. Xét hai tam gidc

AMC v DMB c6 AM = MD; AMC = DMB ;

BM = MC nén AAMC = ADMB (c.g.c) suy ra

CAM = BDM (1) va BD = AC.

Tacb AE L AB; BG L AB nén BG/AE suyra
EAM = BGA (so le trong) )

Mi BGA= GBD+BDM

vi  EAM = FAC + CAM 3)
nén tir (1), (2) va (3) suy ra EAC = GBD.

Ta c6 AE = AB; EAF = ABD =180° — BAC;
BD = AF(= AC). Do d6 AEAF = AABD (c.gc),

suy ra EF = AD, ma AD = 2AM (cach v€) nén
EF=2AM.

Do AEAF = AABD nén AEF = BAD; ma
BAD + DAE =90° nén AEF + DAE =90°,
suy ra AM 1 EF (dpcm). O

»Nhén xét. Tt cd cac ban tham gia gidi bai déu cho
céch chimg minh ding, tuy nhién céc ban chi v& hinh va

B M

CONG TY RUNSYSTEM, BCD PHONG TRAO THI BUA "XAY DUNG TRUONG HQC THAN THIEN,
HOC SINH TICH CU'C" VA TAP CHi TOAN HOC VA TUOI TRE

Phoi hop to chirc trao thuong thieérng xuyén cho hoc sinh dwoc néu tén trén tap chi
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chimg minh bai todn trong mt trudng hop (BAC nhgn
hodic t). Céc ban sau diy cb 1di gidi ngln gon, @& cip
dén cée trrdmg hop khéc nhau, v& hinh chinh x4c hojc
¢& nhiu cach gidi:

Phé Tho: Nguyén Dwong Hoang Anh, Vii Hodang Nam,
Trdn Minh Hiéu, 7C, THCS Vin Lang, Viét Tri; Nguyén
Hai Duong, Ta Ngoc Anh, 7A3, THCS Lam Thao;

Nguyén Kién Chung, 7A, THCS Nguyén Quang Bich,
Tam Néng; HA N§i: Tg Lé Ngpc Sdng, TE, THPT
chuyén Ha Noi - Amsterdam; Thanh Hodé: Nhi Thj
Thuomg, 6B, THCS Dinh Céng Tréng, Thanh Liém;
Nguyén Khai Humg, 7D, THCS Nhir B4 S, Hoiing Ho4,
Kiéu Xudn Bach, TA, THCS Lé Hiu Lip, Hiu Léc;
Quing Trj: Trin Thj Lan Anh, 7B, THCS Tri¢u Thugn,
Triéu Phong; Binh Pijnh: Hodmg Thanh Hdi, TA3,
THCS TT Phi M¥, Nogupém Bdo Trdn, TA, THCS Tiy
Vinh, Téy Son, Trdn Cd Bdo, 7Al, THCS Phude Lic,
Tuy Phudec.

NGUYEN XUAN BINH
* Bai T3/435. Xét n(n > 1) 30 nguyén duong
a, a..., authodminay + a>+ .. +a, =ao..a,
1) Chimg minh rang véi moi n cho trwde thi
plueong trinh trén luon co nghigm.
2) Hay tim tdt cd cée $6 n d._-'? pineomg trinh da
cho co nghiégmvoia) € ay < ... < a,

Mﬁﬁmmmﬂgmﬁnwmﬂg
atat..ta,=aa..a, (*)(n>1)

1) Véin= 2,tﬂ06ﬂ1+ﬂz = a1y

S@-Da-1)=lea-1l=a-1=1

< ay = a, = 2. Nhu vy (*) ¢6 nghiém (2; 2).

Vé6in>2 (*)nhin (1, 1,..,1, 2, n) 1 mdt

n 261

nghiém. Thit vy, khi 46
a\dr..ap=2n=a1+a;+ ... +a,

Nhur vy, v&i moi # cho trnirée thi phuong trinh

(*) ludn cd nghiém.

DVigi<a < ... <a, nén
ﬂl+ﬂ1+",+ﬂ"{ﬂ.ﬂ"

= ai@ ... dy<n.a,

T T L (1)

Mat khac, cung voi ay, ay,..., a, 1a cic sb

nguyén duong néna; 2 1, & 2 2; ...; ay 2 n,

suy ra a\@...a,-12(n-1)!

Nhuvdy (-1} <n. (2)

eVoin24taco(n-1)2(n-2)(n—-1)>n
(do n* — 4n + 2 = n(n — 4) + 2 > 0) nén trong
trudmg hop nay, phurong trinh (*) v6 nghiém.
e V&in =3 thi (2) dugc thod mén va tir (1) suy
raaa <3 Mitkhic, 0 <a; <a,<a;suyra
a;=1;a;=2.Suyraa;=3.

Bd s6 (1; 2; 3) thod min diéu kién dit ra.

e Véi n = 2, theo phén 1), (*) chi cé nghiém
a,= a; = 2 khong thod mén a, < as.

Viy gi4 tri cén tim duy nhétlan=3.0

> Nhin xét, 1) G phin 1), da sé cdc ban khong xét

mrdmg hopn=2.

2) Véi ay < @ < ... < a,, mft s6 ban @i ding phurong

phép quy ngp dé chimg minh khi » 2 4 thi phuong trinh

(*) v0 nghiém.

3) Kha nhiéu ban @4 tham gia giai bai ndy, tuy nhién tt

cd cic 1o gidi déu chua hodn thién, nhidu bdi con mic

nhimg sai st giong nhau. Sau diy 12 mét 6 ban c6 1

gidi tdt hon cé:

Quing Nam: Lé Phudc Djnh, 9/1, THCS Kim Déng,

H{i An; Vinh Phde: Hadng_wmhm QAl, THCS

Yén Lac; Phii The: Nguyén Pire Thudn, 9A3, THCS

Lam Thao; Ngh¢ An: Chu Thi Linh, 8C, THCS Cao

Xufin Huy, Dién Chau;, Ha Tinh: Trdn Mink Hiéu, 8B,

THCS Hodng Xufin Han, Dtrc Tho.
NGUYEN ANH QUAN

* Bai T4/435. Cho cdc 56 a, b, ¢ thod man

ab + bec + ca =2013abc

va 2013(@+ b+c)=1.

Tinh A = & + 0 + 28,

Léi gidi. (Theo da sb céc ban) Tir gia thiét ta c6

(ab+ bc + ca).2013(a + b + ¢) = 2013abc

& (ab+ bc t+ca)(a+b+c)=abc
& db+de+a+be+cta+?b+2abe=0

(@t b)(bt+cct+a)=0

la+b5=0
&S|b+ec=0

F+”=&

B .3
Néua+b=0,haya=-b, thi c = TR
Do d6 A=(478 +#0 4[ L) —_L_
013) B
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Tuong ty, néu b+ ¢ =0 hocc +a=0thi ta
1
ro 1) o

cling tinh dugec 4 =

Viy A = -

2013
»Nhin xét. Rit ddng céc ban tham gia gidi bai nay, chi
¢ 5 ban giai sai. Céc ban c6 181 gidi ngln gon [A:
Ha N§i: Vieong Tién Dat, Pham Thi Tham, 8B, THCS
Nguyén Thirgng Hién, Ung Haa; Béc Ninh: Nguyén Thi
Hién, 9A, THCS Yén Phong; Ha Nam: Ngé Trung Kién,
9A2, THCS Trin Phi, Phii Ly; PG Ddng Duong, 9A,
THCS Pinh Cong Tréng, Thanh Liém; Vinh Phic:
Dé Thi Thu Phuemg, 8A1, THCS Yén Lac, Yén Lac;
Pha The: Nguyén Quang Hao, TA2, Hoang Thi Hong
Ngec, TA3, THCS Lam Thao; Trin Minh Hiéu, Nguyén
Duong Hoang Amh, 7C, THCS Vin Lang, Viét Tri;
Thanh Héa: Nguyén Thi Héng, 8D, THCS Nhir B4 Sy,
Holing Hoa; Nouyén Hiu Hoang, 9B, THCS Trin Phi;
Vii Thi Thueomg Hadi, 9D, THCS Bic Som, TX. Sim Som;
Nghi An: Nguyen Thi Quinh Trang, 6A, V& Phiong
Tém, TB, THCS HS Xuin Huong, Quinh Liru; Trdn Lé
Hiép, TA, Nguyén Thj Hang, Duong Xudn Long, 8B,
THCS Ly Nhit Quang, Dd Luong; Cae Hifu Pat, THCS
Ping Thai Mai, TP. Vinh; Ha Tinh: Trdn Ngwuyén Dric
The, 9B, THCS Hoang Xufin Hin, Dic The; Quing
Ngki: Pham Thién Trang, TA, THCS Pham Vin Dong,
Vii Thi Thi, 8A, Nguyén Thi Ha Vy, TA, THCS Hanh
Phuéc, Nghia Hanh; Quéng Nam: Lé Phiedc Binh, 9/1,
THCS Kim Déng, HQi An; Quing Tri: Hodng Quang
Hiéu, 9D, THCS Nguyén Trii, TP. Péng Ha; Binh
Pinh: Nguyén Bdo Trén, TA, THCS Tiy Vinh, Ty Son.
TRAN HUOU NAM

% Bai T5/435. Cho hinh thang ABCD (AB/CD)
Chimg minh rang néu AC + CB = AD + DB
thi ABCD la hinh thang cén.

L&'igi&i A B
Cdch 1. Goi I
va J 14n luot 14
tAim dudng tron

giﬁcABCvﬁABD.Ev&Fl&hhhchiéucﬁaf,
J trong tng trén AC, BD.

Vi AB//CD nén Sypc = Suap, ta cb
IE(AB + BC + CA)=JF(AB + BD + DA) (1)
Vi AC+BC=AD+BDnén

AB +BC +CA=AB + BD + DA.

Két hop véi (1) suy ra IE = JF.

Mt khic,

2CE=AC + BC —AB = AD + BD —AB = 2DF
Suy ra AIEC=AJFD, nén ICE = JDF ,

hay ACB = ADB,

Do d6 hinh thang ABCD ndi tiép duge mét
dudng tron, nén ABCD la hinh thang cin.
Cidch2.HaAH 1 CDvaBK | CD (H, K € CD).

. V&i BD > AC (1)
Ap dung dinh 1i Pythagore cho céc tam giic
vubng AHC va BKD tacé

DK*= BD* = BK?, CH* = AC* - AF.
Suy ra DK > CH, hay DH > KC.
Ap dung dinh 1 Pythagore cho cic tam gi4c
AHD va BKC ta c6

AD? = AP + HD*, BC* = BK? + CK*.
Suy ra AD > BC (2)
T (1) va (2) suyra AD + BD > AC + BC, trai
gi thiét,
e V&i BD < AC, lap luan twrong ty nhu trén ta
suy ra AD + BD < AC + BC, tréi gia thiét.
Yay BD = AC, suy ra hinh thang ABCD la
hinh thang cén. O
<Nhfn xét. C6 khé nhiu ban tham gia gidi bdi tofn ndy,
sau ddy 1 mot s6 ban o6 10 gidi gon va tht.
Phé The: Nguyén Duong Hoang Anh, 7C, THCS Vin
Lang, Viét Tr; Thanh Hoé: Nguyén Hitu Hodng, 9B,
THCS Trén Phi, Néng Cong; Ngh¢ An: V3 Vigt Anh,
Hoang Thi Ha Giang, 8B, THCS Ly Nhit Quang, P56
Luong; Ha Tinh: ¥5 Thi Hong Liéu, Lé Thi Thu Uyén,
Nguyén Thi Thio Nguyén, $B, THCS Hoing Xuin
Hén, Dlrc Tho; Quéng Negdi: Nguyén Thi Ha Vy, TA,
THCS Hinh Phwéc, Nghia Hanh,

NGUYEN THANH HONG
* Bai T6/435. Gidi bt phwong trinh sau trén R

(Jﬁ—\/ﬂxl—21+5*J212—4_t+4)_
(:‘5 © +x .r+1)20.

L gidi. Nbn thy

xﬂ_;+,2-x+1=[,3_1]2+[x_1]2+1;o

2 2 2
nén bét phuong trinh d4 cho trong duwong véi
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VI3 —2x? —2x+5—V2x* —4x +4 20
V22 —2x+5+V2x2 —dx+4 <13 (1)
Ta chimg minh réng véi céc s6 thye a,b,c,d
bt ki, o bét ddng thirc sau

Vi +b2 +cP +d? EJ("+'3)2+('5+“')2 (2)

Thét vy, binh phuong hai vé ta cé
D d +b +t +d +2J(az +£;-1)(¢:2 +dl)
2d +b° +c +d* +2(ac+bd)

(* +8°)(c* +d*) 2ac+bd 3)

Néu ac + bd < 0 thi BBT (3) diing.
Néu ac +bd =0 thi

BDT (3)1:(:12 +b2)(c +d1] (m::+bd)

e +dd +VE +6d 2dc +bd” +2achd
& (ad —be)* 2 0. BDT diing,

BT (2) dugc chimg minh.

Piing thitc xiy ra khi va chi khi ad = bc .

Ap dung BDT (2), ta ¢6

N2x? -2x 45 +02x% —4x+4

_.r[\((x-_f [_)ZJ(I_IFH:J
MJ_

hay V25 —2x+5+V25 —4x+4 213 (4)

Do @6 BPT (1) thod man khi va chi khi diu
dang thirc trong (4) xay ra.

1 3 4
Nghiali(xw-i}l=-2—.(l~x) — I=-§-.

4

Vﬂybétphuongninhcénghieml&x=g_n

»Nhén xét. 1) Diy li bai todn khong kho nén co nhién
bgn tham gia giri bai giai va hiu hét lam theo cich trén.
Biit ding thirc (2) ¢6 dang tong quét nhu sau

Véi céc s6 thue ay, by, a9,bs,...,a,,b, €6

-Jaf + b? +«Ja§ + b} +..+ a2+ B

2-J(a1+az +...+a,,]2+(b1 +b2+...+b,,]1’

diing thite xAy ra khi va chi khi 3¢: @; = tb; (i = 1,n).

Céc ban ty chimg minh nhé.

2) Céc ban sau ddy co bai gidi tot:

Yén Béi: Phgm Ngoc Som, 10 Todn, THPT chuyén
Nguyén Tét Thanh; Quing Trj: Hd Sy Hodng, 11B1,
THPT Pakrong; Quing Ngdi: Heuynh Tién Phdr, 10A7,
THPT s6 | Dic Phd; Vinh Leng: Tran Duy Qudn,
11T1, THPT chuyén Nguyén Binh Khiém; Long Amn:
Nguyén Minh Ti, Lé Thanh Nghia, Phgm Minh Hiu,
Pdng Pirc Trong,11T1, THPT chuyén Long An; Phd
Yén: Nguyén Thu Anh Tuyén, 10 Toén 2, THPT chuyén
Luong Vin Chéanh, TP Tuy Héa; Ha Tinh: Nguyén Van
Thé, 10T1, THPT chuyén Ha Tinh; Bén Tre: Lé Hoang
Anh My, 10 Toén — Tin, TIIPT chuyén Bén Tre; Binh
Dinh: V5 Thé Duy, 11A1, THPT S6 1 Phi M§, Phix M%;
Sée Tring: Lim Bine Humg, 10A1T, THPT chuyén
Nguyén Thi Minh Khai.

NGUYEN ANH DUNG
* Bal T7/4358. Cheo tam gidc nhon ABC co ba
g6 thod man didukién A> =, B>=,C>=.
4 4 4
Tim wid {ri nhe mhay cria biéu thirc
T - tanA~2 tanB -2 5 tanC -2
tan’ C tan’ A tan’ B ‘
Lai gigi. Nhan thdy rang
tan B + tanC
tand = ~tan(s + e —
. 1 — tan Btan C

&> tand + tanB + tanC = tanAtanBtanC.

Do%{d{%nﬁnm}l.

Tuong trcé tanB > 1, tanC> 1,
Pét x = tand, y = tanB, z = tanC, ta ¢0
+ Z- 2

voix>1,y>1,

z>lvax+y+z=xyz &

Ap dung BPT Cauchy ta ¢6

T=(.x—1)+(z—1) +(y—l)+(.1:—1)

z? x?

+(2'1)+2(J*-1)_(1+1+1)
y = ¥F =
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=(xwl)[-;lz—+-ff)+(y~l)[:2 -»—y1

i . 3 A |
+(z-1 + —-|=-+—+

: )[yz zz) [" y
2 2 2
S it Db o Dot G =)
(x-D—+( )w_( )ﬂ

[1 1 1]
X T

=1+1+1-z(1 + : + l]=1+1+1—2.
D e

Ap dyng BPT (a +b+¢)* = 3(ab+bec+ac)

2
1a co [l+l+l] 23(L+l+l]=3.
X 3y Z -
Suym%+%+%2J§.DﬂdﬁTEJ§—2.

Ping thirc xdy ra khi va chi khi x=y =2z = V3,
hayA=B=c=’—;-. V@y gié trj nho nhit cia T

12 \/3 — 2, khi tam gidc ABC déu. O

»Nhin xét. Cic ban tham gia gidi bai déu cho dép sb
diing. Tuy nhién nhi¢u ban bién ddi cdn dii, Tuyén duong
céic ban sau cb 1&i giai 10t
Béc Giang: Than Thj Quynh, Nguyén Thj Huyén, Ngo
Khdnh Linh, Nguyén Thi Trang, 10 Toén, THPT chuyén
Bic Giang; Humg Yén: L& Thj Tu Anh, 11A1, Nguyén
Xudn Timg, 12A1, THPT Duong Quang Ham; Ngh§ An:
Tang Trung Higw, 11A1, THPT Thii Hoa, H3 Xuén
Hing, 10T1, THPT D6 Luong I; Quing Trj: Nguyén Thj
Phwemg Hodi, 11T, THPT chuyén L& Quy Bén, Hé S7
Hodng, 11B1, THPT Dakrong; Quing Nam: Lé Phudc
Pink, 9/1, THCS Kim Pbng, TP. Hji An; Gia Lai: Tran
Nguyén Try, 12C3A, THPT chuyén Hiing Vuong; TP. Hb
Chi Minh: Nguyén Héng Quéc, V& Thanh Bgt, 10CT,
THPT chuyén Tréin Dai Nghia, Quén 1.

PHAM THI BACHNGOC

* Bai T8/435. Cho hink chép SABCD nji tiép
trong mat cau tam O, AB = a, CD = b. Dyng
cdc hinh binh hanh SAKB va SDHC. Tinh 6 s6
HK

hai duomg thang AD vé BC, F la giao diém ciia

hai dwong chéo AC va BD,.

heo a va b, trong dé E la giao diém cia

Tir gid thiét d& bai, ta thdy & gisc ABCD ndi
tiep. Goi M, N thiz ty 13 trung diém cta 4B, CD,
thi M, N lan lugt 12 trung diém ciia SK va SH.

Tir d6 HK = 2MN. Khéng mét tinh téng quét,
gid sir @ < b. Goi M", N' theo thit ty 1a céc
diém d6i ximg cia F qua M, N. Lic d6 AFBM,
DFCN'12 céc hinh binh hinh. Mt khic, ta thiy

MBE = FCE = FDE L
w AF _AB _EB
DF CD ED/
Suy ra AM'BE v AFDE (c.g.c). Tuong tu cd
AN'CE ¢» AFAE. Viy c6 N'EC = MED, dén
dén ba diém E, M, N’ thing hing,
EN' EC ED EF (0
EF ~ EB  EA EM
EF* = EM' EN' (2)
EN' ECED b . :
EM' _ EAEB -—-a—f,kéthqp\'ﬂl
EN'— EM = 2MN, suy ra
2
EN'=:§’M;'va=jsz:.
i 00 -

a’h>

@ - a'y’

Tiép theo, ta c6
Do &6

Tix (1) ¢6

Viy nén EM' EN' = 4 MN>.

()

Tix (2) va (3) ta thiy
EF  ab HK b -d
2MN 22 EF  ab

Tdmlai,tacé—gFﬁ=la2a;bz‘-.n

Trang 21 - THTT S6'439

https://tieulun.hopto.org



fb.com/ebook.sos

»Nhin xét. 1) Ngudn gdc cia bai T8/435 1a bai todn
sau: Cho ti gidc ABCD nji tiép. Goi F va E lan heot
la giao diém cia cic cip dwong thing (AC. BD) va
(AD, BC); M vé N thi tw 1a trung diém cia AB, CD.

Chimg minh ring e = ~

(Bai todn 2 trong Ki thi Olympic Bulgarian, Vong 3,
nim 1997).

2) S6 1&i gidi giri v& Tda soan khong nhidu. Ba ban sau
o6 101 gidi ding:

Humg Yén: Newyén Trung Hidu, 12 Ton 1, THPT
chuyén Himg Yén: Nghé An: Phan Xudn Drec, CAKA47,
THPT Nam Déan II: TP. H3 Chi Minh: Pham Tudn
Huy, 12 Toén, PTNK, DPHQG TP. H8 Chi Minh.

HO QUANG VINH
* Bai T9/435. Cé bao nhiéu s6 nguyén dwong
n sao cho n biéu dién trong hé thip phdn co
2013 chit 56 va ; ia 50 nguyén duong co
2013 chiz so 1é
L i gidi. (Theo ban Pham Tuidn Fuy, 12 Toén,

PTNK PHQG TP. Ho Chi Minh va ban Pham
Dang Nam, 10A1, THPT chuyén Vinh Phiic).

B
Do 7 .¢6 2013 chit 56 nén < 1072 = 2 < ﬁ—

iy
102"
7

Ta ¢ < 15.10%°" Do d6 hai chir s6 ddu

Iiﬁl(h‘.én‘rbéntrﬁicﬁa;)léllhnﬁcll

'\fﬁy = @qyay...ay3 0dé a1 =1, a; € {1; 3}

via;E {1,3,5,7,9} (3<i<2013).
Do d6 c6 2.5 g6 n thod man diéu kién
dau bai. 0

»Nhin xét. 1) Ta c6 két qui tdng quét: Néu sé nguyén

Mnb&dﬁﬂwﬁ%ﬂﬂnoﬂkcﬁﬁm‘ﬁ;
i 56 nguyén dwong c6 k chit so Ié (k 2 2) thi cé tht ca
2.5 %58 nguyén duong n dugre thod man.

2) C6 nhiéu bgn tham gia gidi bdi todn ndy va chi c6
duy nhét | ban gidi sai. Céc ban c6 1¢i gidi tét bao gbm:
Ngh{ An: Phan Xudn Picc, C4K47, THPT Nam Bin IT;
Ha Nam: Lé Anh Tudn, 11, THPT chuyén ban Hia Nam;

Phi Tho: Oudn Puc Binh, 9A1, THCS Lim Thao;
Vinh Phiic: Nguyén Hinu Huy, 9A1, THCS Yén Lac;
Binh Pinh: Truomg Minh Nhdgt Quang, 10T, THPT
chuyén Lé Quy Dbn; Thamh Héa: Lé Hing Cuwong,
11A7, THPT Luong Pic Bing, Hoing Héa; Ha Tinh:
Nguyén Vin Thé, 10T1, THPT chuyén HA Tinh; Hung
Yén: Ngwyén Trung Hiéu, 12 Todn, THPT chuyén
Hung Yén.

PANG HUNG THANG

*Bii TI0/M3S. Tim tdt cd cde ham 30

[iR-K g:R—= R thoa man Jﬁﬂgfhd'f hai
dléu héﬂ Sau

D f(x)-2g(x)=g(y)+4),

voi moi x, y€ R;

2) fix)e{x)<33x", vodmgpi xe R

Cdch 1. Cho y=x vao 1) ta dugc

f(x)—2g(x) = g(x)+4x < f(x)=3g(x)+4x.

Thay vao 1) ta dugc

3g(x)+4x—2g(x)=g(y)+4y

& gx)+4x=g(y)+4y Vx,ye R.

Suyra g(x)+4x=>5 (be R).

Vaynén g(x)=-4x+b; f(x)=-8x+3b.

Thay céc két qua ndy vio 2) ta dugc
(-8x+3b)(—4x+b) <3352, Vxe R

~x” = 20bx +3b° €0,Vxe R.
DodoA'= 1035’ <0< b=0.
suyra f(x)=-8x, g(x)=-4x, Vxe R.
Thie Iai. Ta cé
f(x)-2g(x)=-8x+24x=0;
gL} H4y=—4yray=(;
F)g(x) =(—8x).(—4x) =32x* <33x%, Vxe R
Vay f(x)=-8x, g(x)=-4x,Vxe R thod min
hai diéu kién 43 cho. O
Cdch 2. Thay x = y=0 vao 1) ta duge f0) = 3g{0).
Thay x=0 va 2) ta dugc f(0)g(0) <0.
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Suy ra 3g%(0) <0 = g(0) =0, £(0)=0.
Thay x = 0 vio 1) dugc

g(y)+4y= f(0)-2g(0) =0, Vye R.
Suy ra g(x)=—4x, Vxe R.
Thay y =0 vao 1) duge f(x)—2g(x)=0

= f(x)=2g(x)=-8x.

Thir lai thiy f(x) = -8x, g(x) = 4x,Vxe R
tho& mén hai didu kién &4 cho. O

»Nhin xét. Bai ndy duge dong ddo céc ban tham gia.
Tuy nhién, mdt sé ban sau khi tim ra két qua lgi quén thir
lgi. Ban Nguyén Hiu Hoang, 9B, THCS Trin Phd, Vin
Hoa, Thanh Ho4 43 néu ra nhan xét ¢d thé thay s6 33 &
diéu kién 2) bdi s6 m véi m > 32. Ngodi ban Hodng, céc
ban sau déy c6 1oi gidi tot:
Nam Dinh: Nguyén Tudn Hung 10 Toin 1, THPT
chuyén L& Hng Phong; HiA Nam: Bdch Xudn Bao, 11
Todn, THPT chuyén Bién Hoa; Yén Bdi: Vi Hong
Qudn, 10 Todn, THPT chuyén Nguyén Tét Thinh; Bic
Giang: Chu Thup Nhung, Dwong Vin Mtgj. Nguwyén
Thi Phuomg Lan, 10 Todn, THPT chuyén Bic Giang;
Thanh Hod: Tvinh Ha Hang, 12T, THPT chuyén Lam
Son; HA Tinh: Nguyén Van Thé, 10T1, THPT chuyén
Hi Tinh; Quéng Binh: Ngé Hodng Thanh Queng, 11
Todn, THPT chuyén Quing Binh; Long An: Nguyén
Minh Tvi, 11T\, Chu Thj Thu Hién, 12T, THPT chuyén
Long An; Vinh Long: Trdn Duy Qudn, 11T1, Chédu Hod
Nhdn, 11T2, THPT chuyén Nguyén Binh Khiém; Gia
Lai: Trdn Nguyén Try, 12C3A, THPT chuyén Hing
Vuong, TP. Pleiku; Tién Giang: Chdu Hodng Lomg,
11 Toén, THPT chuyén Tién Giang; Dk Lik: Nguyén
Tudn Hiép, 11T2, THPT Ngb Gia Ty, Eakar; Ba Ria -
Viing Tau: Thdi Ngpc Anh, 11 Toén 1, THPT chuyén L&
Quy Don.

NGUYEN VAN MAU

*Bai T11/435. Tim tat cd cdc da thiec T'(x, y)
saocho T(x,y)T(z,t)=T(xz+ yt,xt + yz)

vai moi x, v, 2, | thupe R,

L& gidi. (Theo ban Chu Thi Hién, 12T, THPT
chuyén Long An).

e X&t trrdmg hop TUx, y) # 0. Nhin xét
(xz + yt) + (xt + yz) = (x + y)z + 1),

(xz + yf) — (xt +yz) = (x — y)z - 1).
Do d6 néu ta dit
Tx, y) = (x+y)"(x—y). 0k, ),

trong d6 m, n € N va da thic O(x, y) khong
chiahftcho x+y,x—y (1)

thi T(x,y).7(z, o) = TCez + yt, xt + yz)

& x+y) " x =)0 )+ )" 1.0z, 1)
=@+ )zt ) .G—y)y.(z— .00z +yf, xt+ yz)
& 0,002 D=0z +yt,xt+yz)  (2)
Choz=1¢=0 thi Q(x, y).0(0, 0) = X0, 0).

Ta chimg minh (0, 0) # 0 (suy ra O(x, y)=1).
Thét vay, gia sit 0(0,0)=0, Ldyy=-x,t=z.
Tir (2) ta c6 Ox, —x).0(z, z) = O(0, 0) = 0.

Xét Oz, 2) # 0= Ox,—x)=0.

Khi 36 O(x, x)= Zay-xi _}’j
L

= Y a; (¥ — (=))W + Yay-y) .y
I, J i
Nx, x)=0= Z 1:'.'1;,-1'::J (—I)J =),
ij

Suyra Q(x, )= D> a;(x' - (-»))y i (x+)).
i

ngn,rnéug(z,z)=0,\fze R thi ta suy ra

Q{xr}') (‘I_.}")'
Piéu ndy méu thuin véi (1).

Nhu vay, Q (x, ¥) = 1. Ta c6 hodc T(x, y) =0,
hodc I(x, y)=(x +y)"(x—»)" (myne N)
12 tit ci cc da thire thod man bai todn. 0

»>Nhin xét. iy 12 bii toin da thirc hay, khé. Ngodi ban
Hién, cic ban sau ddy ciing 0 1di gidi dimg:

Himg Yén: Nguyén Trung Hiéu, 12T1, THPT chyyén
Hung Yén; Vinh Phiic: Vi Thi Quynh Anh, 12Al,
THPT chuyén Vinh Phiic; Nam Dinh: Vi Dic T4,
10T2, THPT chuyén L& Hing Phong; Quang Tri: Tran
Trong Tién, 11T, THPT chuyén Lé Quy Pén; TP, Hd
Chi Minh: Pham Tudn Huy, 12 Toén, PTNK, DHQG
TP. H& Chi Minh.

NGUYEN MINH PUC
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*Bai T12/435. Cho nr gidgc ABCD ngi tiép
trong mot duong tron. Dwong tron dwong kinh
AB cat cde dwomg thang CA, CB, DA va DB
theo thie e tai E, F, I va J (khdac A va B).
Chieng minh rang cé m@t duomg phdn gidc cua
mét trong cde géc tao boi hai duomg thang EF
va LJ vudng goc voi dwong thang CD.

Loi gidgi. Goi K 1a giao diém cua EF va [J
(hinh v&). Ta thiy
(CD, FI) = (CD,CB)+(FB, FI)(mod )
(vi CB = FB)
= (4D, AB)+(AB, Al')(mod )
(vi Ae (CDB); Ae (FBI))
= (AD, AI')(mod 1)
= 0(mod m)(vi AD = Al).

Dodé CDJIFI (1)

Ta lai thdy

(KI,FI) = (JI, F)(modr) (vi KI = JI)

= (JB,FB)(modm) (vi B e (IJF))

= (DB,CB)(mod r) (vi JB = DB; FB =C(CB)
= (DA, CA) (mod =) (vi A€ (DBC))

= (JA,EA)(mod ) (vi DA = IA; CA = EA)

= (IF ,EF)(mod =) (vi F € (AIE))

= (IF ,KF)(mod m) (vi EF = KF).

Do d6 tam gidc KIF cén tai K.

Véy trong hai phén gidc cla cdc goc tai boi EF
va IJ c6 mét phén giac vudng gbc véi FI  (2)
T (1) va (2) suy ra dpem. O

»Nhén xét. 1) Nhiéu ban tham gia giai, nhung vin c6
ban giai sai, phin 16m céc ban khong biét sir dung géc

dinh huéng @€ trinh tinh trang phép chimg minh phu
thupe hinh ve.

2) Xin néu tén mét s6 ban ¢o 1 gidi twong do6i tot;

Biic Giang: Dwong Vin Thing, Trin Thi Qupnh, Dwong
Thi Hanh, 10T, THPT chuyén Béc Giang; Nam Dijnh:
Nguyén Twan Hung, 10T, THPT chuyén Lé Héng
Phong; Nghé An: Hé Xudn Himg, Newvén Doan Hiéu,
10A1, THPT D6 Luong; Pham Hong Qudn, 10A1,
THPT chuyén PH Vinh; Phit Yén: Lé Bdo Pai, THPT
chuyén Luong Vin Chénh, TP . Tuy Hod; TP. Hb Chi
Minh: Nguyén Brre Duy, 10 Toéin, PINK, DHQG TP.
H& Chi Minh; Long An: Chu Thi Thu Hién, 12T, THPT
chuyén Long An, TP. Long An; Vinh Long: Trdn Duy
Qudn, 11T1, THPT chuyén Nguyén Binh Khiém, TP.
Vinh Long:

NGUYEN MINH HA

* B V1438, Chiéu mgr tia sang don sac lén
ban mdt song song cd b¢é day a = 2cm dudi
goc i @ =30" (hink vé). Xdc dinh géc l6 va
do dich chuyen ngang cta tia sang sau khi qua
ban mat néu

2} Chiét sudt ciia bén mat khong doin = 1,5,
b) Chiét suat thay doi theo huim g phap .ruytfn

” . V
vari guav-Qaar ne= 4=
a

&
0 &

Loi gidi
a) Tia sang sau khi khiic xa qua ban mit song
song c6 phuong JR song song voi tia téi SI.
Theo nguyén li
thudn nghich .
thi géc khnic xa
tai 7 bang goc
i tai J (va
bang f).

D§ dich chuyén
ngang cla tia
sang la

IH

IK = IJsin(ex— f) = sin(fx— ) (1)

cos 3
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Gée B xébe dinh tir dinh lut khic xa
sine = nsin 8 (2)

Thay s6 a = 30°, IH = a=2cm, n= 1,5 vio (2)
va (1) ta tinh duge f= 19,47° va IK = 0,39cm.
b) Chia ban thanh rét nhiéu bidn mdng bing
cﬁcmﬁtphﬂ'ngwﬁnggécvéimaymchu
mdi ban mdng c6 chiét suit khong dbi.

Ap dyng djnh luit khiic xa cho céc bin méng

lién tiép

sinQ@ =msSing =...= n; Sin &;.
; sin@ asina
Suy ra Sin &; = = = =TS (3)
. _dx
Mt khac tma,.-@- (4)
Tir (3) va (4) ta c6
dv=dy.tangy=——P (5)

(cr+y)2 1
asingy
Diém 4nh séng 16 ra & miit dudi ¢6 toa @6 xo 12

0=y

(a+y )iml
asina

Tinh tich phéin trén vid thay s6 ta dugc

Xo= 0,75cm.

Tuwong ty cdu a) ta tinh duge d§ do1 ngang cua

tia s4ng bing 0,35cm.

»Nhdin xét. Cic ban c6 1&i gidi ding:

Théi Binh: Vi Van Diing, 11 Toén 2, THPT chuyén

Théi Binh; Théi Nguyén: Pham Thanh Bink, 12A1,

THPT Luong Phi; Nghé An: Lé Xudn Bdo, 12A3,

THPT chuyén Phan Boi Chéu, Newyén Viét Tudn, 12A5,

THPT chuyén DH Vinh; Bimh Phirdre: Ng@ﬁr Van

Himng, 11B, THPT chuyén Quang Trung.
NGUYEN XUAN QUANG

* Bai 1.2/435. Mgt vt khoi hwomg 10kg b tdc
dung boi lwc F =-3x-5x*, trong do F tinh
bang newton (N) va x tinh bang mét (m). Khi
vat ch:{y::fn dong thi coi co nang cua vat dwgc
bao todn. Gid thiét I thé ning U cika vt bang

khong tai x = 0.

a) Tim the nang cua val tgi x = 4m.

b) Néu v@! co van e Sm/s va huimg theo
chiéu ém khi & toa dé x = 6m thi toc dg ciia nd
lé bao nhiéu khi &i qua géc?

¢) Lai gid thiét rang thé nang cia vdt la —10]
tgi x = 0, hay trd loi lgi cdc céu a) va b).

Loi giai

8) Ta c6 U(x)-U(0) = Fdx
0

— {(x .
— g(s +5x%)dx 2x7-+3;:3.

Suy ra U(x)=U(U)+%xz+§x3.
Theo gid thiét U(0)=0 nén
U(x=4)=%.42+§.43 ~130,667(7) (1)
b) Theo dinh Iuit bio todn co niing, ta cb
U (x)+ W, (x) =U(0)+W,(0)

| I 52 1

Ix* 5x°
2 o 3 (2)

1 1
= —m’ ——mvg =—

2 2
= vy = 10,38 m/s.

¢) Twong tar cdu a) ta ¢6: Véix =4 thi

U(x=4)=%.43+§.43—10n120,6’? .

Nhiin xét. DO 16n ctia v, khong thay déi vi
trong biéu thirc (1) va (2) khéng c6 mat U(0).

J>Nhin xét. Céc ban sau o6 1&i gidi dimng;

Théi Binh: Vi# Vin Dimg, 11 Toén 2, THPT chuyén
Théi Binh; Binh Phunée: Nouyén Van Himg, 11B, THPT
chuyén Quang Trung,

M§t s6 ban khéc c6 phuong phip va huémg gidi ding,
tuy nhién khi tinh todn va thay s6 bj nhim 1in nén khéng
c6 kit qua ding.

PANG THANH HAT
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25
Dii sing

ha gido wu 1 Hoang Trong Thai (1940 ~

2008), nguoi nhicu ndm giang day Hinh
hoc ¢ khoa Toan Truomg PHSP Vinh rat yéu
Am nhac, thich tim toi, nghién ciru vin dung
toan hoc vao @m nhac. Nhan ki nigm 5 ndm
ngiy "ra di" ciia anh, t5i viét bai n&y co sfr
dung mét phén tu ]léu tir bai béo c6 nhan dé
"GAM PON GIAN” ¢ha nha toan hoc G.E.
Shilov do anh Thdi dich tir tiéng Nga sang
tiéng Viét lam tai lidu tham khao.

I. XAY DUNG THANG NHAC

1. Vai nét vé im thanh

Co sO toan by am nhac la cdac am, dugc xac
dinh bdi d cao. Vé phuong dién Vit li, 4m
thanh la séng dan hoi lan truyén trong khéng
khi (huac la qui trinh rung trong khﬂng kh.l’)
v&i mot tin 5n nao 46. Pon vi do tin so0 la
Héc (Hz) 86 chu ki dao dang frong mot g'my
Tén so cang |6m thi 4m cing cao. Tén s6 bé
thl am thap

Am tram nhit ma tai nguol cn thé nghe duge
¢ tan sca 16Hz do dai phung cam phat ra. Am
¢4 tan 50 27Hz nghe rat rd nhung cling it khi
ding — PG 1a not nhge dau tién phia trai dan
piano. Am 44 Hz la ki luc @m trdm nhét cla
ca si giong nam C’c.-.xfra Fexe & thé ki XVIIL
Am 80Hz la 4m tram ma mdt ca si binh
thudmg hit duge.

Am thanh méu phé bién do 4m thoa binh
muﬁn% phat ra nam trong 4m vuc nay, doé la
not La’ (435Hz).

Cac 4m cao 1000Hz, 1200Hz van thudc pham
vi cdc not nhac quen thudc. Nhimg nhac cu
khac vrgt qua pham vi nay gom violon, séo,
dai phong cam, piano. Nu ca si Lucrexia
Aghiari hat ndi nét Do* (2018Hz), nir ca si
Phiap Mado - Robanh c6 thé hat thoai mai nét
Re' (2300Hz).

TREH DINH VIEN.
(Ha Noi)

Céc am thanh cé tan so tr 16000Hz téi
20000Hz la siéu am, tar ngudn khong nghe
thay, ngudi ta ding vao cdc viée khac nhu
khoan d4, thim do day bién ho#c chup anh céc
bG phan trong y hoc,...

2. Xdy dyng thang nhac

Xdy dung thang nhac khong don gidn nhur xay
dung thang nhiét d¢. D4i vé1 mot nhiét ké thiy
ngfn ta liy vach (mg véi d6 déng bing lam 0°
va vach tmg véi nhiét d§ khi nudc s6i 1a 100°,
Chia khodng cdch gitta hai vach dé ra 100
phan bemg nhau, dénh diu tr 0 dén 100 ta
duoc thang nhigt do bach phén. Hodc nhu‘ céch
chia Im thanh 100 phan bang nhau, mdi phﬁn
co chiéu dai 1cm. Thang nhac khac, néu ta
chia mét quéing tdm tir m§t &m cd tin s0 /o dén
im ©6 tan sO 2f, thanh cd¢ quing nhé bing
nhau nhu kléu mot nhiét ké thi cc 4m thanh
tao nén s& rit chéi tai, ngudi nghe khong thé
chju ndi. Do @6 phai 1am theo cdch khéc. Xay
dung thang nhac phai thoa man hai ti€u chusn:
a) Sé Gm trong thang khéng lém lim: Trr mot
s it nhac cu nhu violon, wnlmlxel ngudl choi
cnthubamvauhatkichunéotrencandet@o
ra nhimg am thanh tuy y, khong co khoang
nhay. Vo1 nhimg nhac cu khac, cac phim dan
tmg voi mot sd khong 1ém dm cb dinh. Néu
nhiéu qué, s& gy kho khin cho nguéi sir dung.
b) Hed édm: Céc Am phat ra d6ng thoi trong
thang phai hoa quyén vd1 nhau, nghe ¢m diu,
khong c6 cam gidc choi tai.

Qua thyc nghigém, trude hét ta nhan thﬁ}r rﬁng
4m c6 tn sﬁﬁ.ﬁnmgonlaamjﬁ) va dm 2/ hoa
v6i nhau t6t nhat. Vi thé, thang nhac ¢6 am ﬁ;.
thi phai co am 2f,, khoang cédch giita ching goi
la mft octa (mdt quing tam). Pac trung cla
quéng giita hai 4m 12 ti s0 tan s6 cua ching,
Quiing tAm c6 ti s0 13 2.
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Vi du 4m Do’ ¢6 tAn sd 12 262Hz, Do’ (Do’
1én mot octa) c6 tan s6 14 523Hz, 523: 262 = 2.
Am ¢6 tan s0 bdi 3 (37p), bfi 4, bi 5 ciing
tham gia vao hod 4m, méic déu rit yéu.

Nhu viy, ngodi chi 4m (im déu tién cia
thangnhac)fn,cécﬁmsaudﬂycungnﬁmtung
thangnhm

fi=gh- —321;,,,& =555

ﬁ-'ﬁ' lfn, ﬁ-aﬁ 5 3fo

=3 ﬂ=§-gﬁ';ﬁ=‘37ﬁ=§-%ﬁ;ﬁ=%

Céac &m fo, i, 5, . o, 5. /6, fi = 2012 im co ban
trong thang nhac bic bay.

Céc 4m thanh khéc sir dung trong 8m nhac d&u
do cac 4m co ban trong thang nhac bay béc

nangcaulénhoachaxuﬁngmﬁtquﬂngﬁm
(tansudaodcngmmﬂmsmkhﬁcmqthm

cua 2 hodc —).

Nh@n xét. Thang nhac biy bic khéng déu, néu cfr
dé nguyén khéng bd sung thém mdt s6 4m nira thi
viéc s dung s€ gap kho khin, bdi vi khi chuyén
giai diéu lén cao hodic xubng thip mot quing tuy ¥
thi giai diéu bi méo. Vi du giai didu bai Neay ddu
ﬁéumhmcﬁaﬁménﬁgwmi@;:MMAom
m:,fﬂfafﬂiaﬂ Néu ta ning giai diéu lén mot
) 13: a la re la fa, sol si sol si mi..., s& bj
ﬁﬁﬂékhﬁcphuckhnﬁngm!ﬁnh@c
th.ﬂpﬂaigmdl&ukhﬂngb;qméo ta phai xdy
dyng thang nhac déu (nghia 12 ti 50 cic 4m lién tiép
lién nhau phai khéng déi).

3. Néi qua vai nét vé qud trinh diin dén mit
thamg nhac déu 12 bilc

Nguéi Hy Lap 6 xwa d@ ¢6 cong chia 4m giai
thanh cac qu.ﬁnlf tam (quﬁ:ng tam la khoang
cach giira cac not ¢é lién quan gl.unhét)vé,
chmmﬁnquﬁngtémth&nhﬂbﬁc

Nha toan hoc Pythagore cing phat hi¢n thém
mét quing nim va nhfn thdy ring diém cudi
cia quing nim thir 12 gin tring v&i quing
tém thir 7. Piu ndy cho phép 6ng va nhimg
ngudi ké tuc 6ng tao nén mét thang nhac dya
trén quing tam va quing nim, goi la thang
nhac Pythagore.

Thang nhac Pythagore ton tai kha 1au, nhumg
khong ddp umg duoc giél 4m nhac. Nhuoc
diém chinh cia né 1a cic quéing tim va quing
nam khong cung mét don v do, IZl&quan%
nﬁmdmhm?lﬁnquﬁngtmnm(smu-(:a)

gan bang 1,6, gin bang g quing giita Re va

Do, nén gy khé khiin cho viée 1én diy dan.
Céc nhac sT vA cdc nha bdc hoc (nhir nha thién
viin hoc Keple, nha toén hoc Ole) di c6 nhiéu
c6 ging nghién ciru céi tién nhumg khéng c6 két
qui. Phai dén nim 1700, nha toén hoc kiém
n}mcsinguﬂnﬁun;fngé-é Vecmdyo 32 dua ra
mt céi tién don gidn. Ongkhﬂngcbmsquﬁng
nam diing ma 18y gin diing t&i mirc c6 thé chép

shin duce. Quing 5 oung xubt hién (bing

khodng giita not Mi - Fa (349 — 330 = 19) "m{t
centimnét 4&m nhac", nhung, trong khi cm la m§t

don vi do tuy § il quing - cung lai rét thich

hqpvﬁcﬂc}éucﬁucﬂaﬁmhmvﬁﬂ:inhgiﬁccﬂa
]

con nguoL. Quang 5 cung twong duong vé — 3

quing tam. Thang nhac 12 bic déu ndy goi 13

sur diéu hoa ngang béang hodc goi 12 4m giai 6n

hod. Ngay nay 12 co s& cho toan b

nhac chiu Au.

4. Xy dymg thang nhac déu 12 bic

(Gid sir trong pham vi mét quéng tam c6 nhimg
ﬁmfﬂsﬁ!flr":fm VO

Jo<hh <h< <fmi <fm=2
Diy nhimg @&m d6 cting lam thanh m¢t giai
diéu don gian. Bay gidr ta ning giai diéu d6 1én
mdt bac: fi, o, fiy- s fow St = 2. DE giai digu

nay khong bi méo so véi giai diéu xudt phat,
fi -&_-&- _,fm _fﬂrl-l
c&neaméuheu B B e e

véi diéu kién £, = 2fp. .

Ta thay d&y fo, fiy.s for1s fu (1) 1a mét cép s&
nhén ¢6 cdng bbi g, véi ¢" = 2. Dé thuln tién, ta
chuyén (1) thanh day logyfo, logafh. .., logafm (2)
Diy (2) 1a mdt cép s6 cfng c6 cong sai d=;t.
Sau khi dit logof; = 4. Dy (2) tré thanh
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A, A+%, dis.. A (3)

Vin dé diit ra 12 chon s6 m nhir thé ndo? Bing

céc thi nghiém trén diy din, ngudi ta thé:
rﬁng:Ngoﬁitﬁnuﬁjﬁ(ﬂmmﬁns&dmddn;

o) ra, che dao déng c6 thn O 2f5, 3f, 4/ déu

tham gia, Sf; thi nghe rat

Xét diéu kién: Clng véi @m f trong thang
nhac phéi ¢6 8m 3. Ciing ¢6 nghia 13 cén ¢6

iin 3 ;. trong khoiing (f; 2/, Neodi 6 mra

ta phai tim duge s6 k (k < m) sao chu_}‘i=%fn.

Bat,q:log;;umcalom=logz% +A,
Suy ra phai tim cic s0 nguyén m va k sao cho

3 NS
logy5 = — (4)

m
k
Didu kién (4) twong duong 27 =% 2 3"
Diéu kién ndy khéng thé thod man v vé trdi

chiin, vé phai 1&. Nhu viy Xhong thé tim dugc
hai s6 nguyén k va m thoa mén (4). Trong

3 3 _
thang log khong c6 4m 5 fy. Quing (£ /o) g0

la quiing ndm hoan toan (hofc quing nim ding).
Nhung cin phdi giit lai tinh "déu" cla thang
nhac dé khi chuyén giai didu khéng bj méo,

¢on 8m "hodn todn” c6 tdn sO ding %ﬁ,ﬂ:ﬂ

duge thay bing mét &m c6 tin s0 dao déng
gan nhit chip nhin dwge véi 4m hodn todn
(46 chinh 13 ¥ twémg "cdi tién" cia Angdré

Verm&}a'}.Nglﬁ'alﬁﬂma&hﬁxﬁg shn ding
v6ish vo tilogy>. sao cho sai sb tin sé tuong img
S b 100 0 i il il s

Nhl;nthéyllz' = 0, 583 gﬁndﬁnglugz% dat 4§

chinh xac 0,002 (1Hz ing v 0.004 trén thang
log;). Lay m = 12, ta dugc thang nhac déu 12
dm, 4m thir bay rit gin véi quing nim hoan

tuﬁn%f;,. Ta co bang sau:

=

= !1234]5]#‘

logafi - W ESE- N EEENE
logafo TAETHETA R AT BT

i 71 81119311113
ogfi- | 7 | 8|9 1ol
loga/fp 12 12 12 | 12 12

Thang nhac 12 bic dép g 16t cic yéu chu
ciia chiing ta d& ra. Logarit ti sO tén s6 cia hai

4m lién nhau lugz-{f‘-ﬂ— lubn bang so khong doi
:

%.Tl&ﬁﬁnsﬁdmdﬁngcﬁahﬂﬁmﬁén

nhau trong thang nhac luén bang mot s6 khong
]

ddi 212 ghn diing véi s6 hiru ti 1,059. Khodng

cﬂ::hgii‘rahaiﬁmﬁylﬁ% cung, khodng hai

nura cung goi 18 mét cung.
Nhin xét. Thang nhac déu 12 biic nay, chira

thang nhac bay bic (1). Liy chii 4m Do’ ¢6 tin
sb 262Hz va quiing tim Do c6 thn sb 523Hz.
Ta cO béng sau;

Mt | Fal
= A= 15~ | 5"
330 | 349
8,365 | 8,448 | 8,531

0,334| 0,417 0,500

392 | 4116 | 440 | 462 | ‘494 | 523
8,615 | 8,691 | 8,864

0,583 | 0,667 | 0,833

(i=01,2,..,11,12)
Neoai 7 &m co bén trong quéng tém (Do’ —Do?),
ta con 5 &m phuy trong tip hgp vira di 12 bée
cia thang, Ching dugc ki hiu bing cach thém
vao ddu thing (#) hodic déu gidng (b) bén canh
céc 4m coban. Vidy fi=Do'" hodc o=Mi'""...
Tur thang nhac 7 bac khong déu, sau khi bo
sung thém 5 &m phu ta ¢6 thang nhac 12 béc
déu: (Do, Do’, Re, Re”, Mi, Fa, Fa", Son,
Son', La, La", Si, Do), hodic (Do, Re, Re, Mi,
Mi, Fa, Son’, Son, La’, La, Si’. Si, Do).

(K1 sau ding riép)

0,917
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