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TONG GIAM POC NHA XUAT BAN GIAO DUC VIET NA]

NHAN GIAI THUONG

Nha Quén liixuat sac théiki d

gay 17/8/2013, tai Thu d6 Viéng Chan, Lao, Nha giao Uu tu Ngo Tran Al —

LE TRAO TANG |

l\(.

(0] | mO’I.

Téng

Giam déc NXBGD Viét Nam da vinh dw duoc nhan gidi thudng Nha Quan Ii xuat

Sac thoi ki d6i moi.

Viéc trao giai thwong nay nhdm gép phan thuc hién dwong |0| déi moi, mé clra va hoi
nhap kinh té Quéc té cua Pang va Nha nworc ta, tang curong méi quan hé hiru nghi va néu
cao tAm long nhan ai von la nét dep truyén thong cta nhan dan ba nuéc Viét Nam - Lao -

Campuchia.

. Giai thwéng Nha Quan I xuét
- sdc thoi ki d6i moi dwoc trao cho
nhitng nha quan Ii, diéu hanh gidi,
- ¢6 tinh than dam nght, dam lam,
lao dong sang tao, chat lvong
va hiéu qua cong tac cao, tich
wre tham gia hoat dong xa hoi tw
thién; gop phén quan trong vao su
~ phat trién cua don vj, dia phuong,
- nganh va dat nwoc. Giai thudng
€0 quy mo toan khu virc Asean.

Téng Giam déc NXBGD Viét
Nam, Nha giao U'u tu Ngé Tran Ai
ia vinh dy cung 67 lanh dao cac

Cde ban Lao chue mirng Tong Giam doc Ngo Tran Ai

_l""'anh nghiép, 6 chirc khac dugc trao gidi lan nay.

) anh gia vé giai thwdng, Cha tich Quéc hoi Nguyen Sinh Hung khang dinh sir kién nay
‘nghia dac biét, gop phan thic ﬁay tinh doan két hiru nghi va qua trinh hoi nhap cua
:nu’éfc trong khu vire voi kinh té thé gidi. Déng thoi mong muén cac doanh nhan nhan
huréng mé rong hon niva tam hoat déng ra toan khu vuyre, tao hiéu qua kinh té cao va
han tang cwong viéc hop tac, hiru nghi gitra cac nudce.
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THU CUA CHU TiCH NU'GC TRUONG TAN SANG
GU NGANH GIAO DUC

NHAN]DIPJKHAI[GIANGINAMIHOCIMOI201 3572014

Ha Noi ngay 28 thiang 8 nam 2013

Cac thay giao, c6 gido, cin b, cong chiic, vién chitc nganh Gido duc, cic bac phu
huynh va cac em hoc sinh, sinh vién ca nude than mén!

Nhan dip khai giang nam hoc mai 2013 - 2014 va ngay “Toan dédn dua tré dén truong”. 16i
than di gui tdi cdc thé hé nha gido, cdn bd, cong chiic, vién chiic nganh Gido duc, cic bac phu
huynh va cic em hoc sinh, sinh vién trong ca nudc 161 chiic mirng t6t dep nhat.

Nam hoc 2012 - 2013, trong di€u kién con nhiéu khé khan, cic thay gido, ¢ gido, cic em
hoc sinh, sinh vién trong ca nude da ¢6 nhiéu ¢ gang, nd luc phin diu dat duge nhiéu thanh tich
trong giang day. hoc tip va rén luyén; dic biét c6 nhiéu tap thé, cd nhin dién hinh tién tién, cic
thdy gido, co gido hét long vi hoc sinh than yéu; cic em hoc sinh nghéo & viing sau, viing xa, viing
bién gidi va hai dio da vuot khé vuon lén trong hoc tap: nhiéu em hoc sinh gioi dat cdc giai cao trong
céc Ki thi Olympic Quéc té va Khu vire lam rang danh cho thé hé tré Viét Nam. Téi nhiét liét biéu duong

.

nhimg nd luc, c6 gang va két qua nganh Gido duc dat duge trong nam hoc vira qua.

Nam hoc 2013 - 2014 4 nam hoc ddu tién trién khai thuc hién Két luan ctia Hoi nghi Trung
uong 6 (Khéa XI) vé “Daoi mdi c¢dn bdn va toan dién gido duc va dao tao, ddp img yéu cdu cong
nghiép hoa, hién dai héa trong dieu kién kinh 1é thi truomg dinh hucng xd hoi chit nghia va hoi
nhdp quoc 1é”. Nganh Gido duc cin d6éi méi manh mé cong tdc quéan Ii, chuong trinh, phuong
phdp day hoc va kiém tra, didnh gid két qua hoc tap; quan tam phit trién va nang cao chat luong
déi ngii nha gido va cdn bo quan Ii gido duc; ddy manh thi dua “Day tét - Hoc t6t” dé nang cao
chat lugng gido duc toan dién & tat ca céc cip hoc.

Toi dé nghi cdc cdp ty Déang, chinh quyén, cdc t6 chiic, doan thé, nganh Gido duc, cdc thiy
¢0 gido, cdc bac phu huynh va cdc em hoc sinh, sinh vién ghi nhé va thuc hién t6t 1di clia Bdc
Ho trong thu gilri cde cdn bo, thiy ¢ gido, cong nhan vién, hoc sinh, sinh vién nhan dip ddu nam
md&i, thiang 10/1968: “Gido dic nham ddo tao nhimg ngudi ké tue sit nghiép cich mang to lom ciia
Dang va nhan dan ra, do dé cac nganh, cac ¢dp Pdng va chinh quyén dia phitong phdi thar sw
quan tam hon nita dén sy nghiép nay, phai cham sée nha triedng vé moi mdt, ddy su nghiép gido
duc cua ta lén nhitmg bide phdt trién moi™; “Dii khé khdn dén déiu ciing phdi tiép tue thi dua day
10t, hoc tot. Trén nén tang gido duc chinh tri va lanh dao tu nigng 1o, phdai phédn déiw ndng cao
chat lugng van héa va chuyén mon nhém thiét thire gidi quyét cdc vdn dé do cdach mang miede ta
dé ra va trong mot thoi gian khéng va, dat nhitmg dinh cao ciia khoa hoc va ki thudr™.

Chiic cdc co gido, thay gido, cin bo, cong chie, vién chife nganh Gido duc va toin thé cic em hoc
sinh, sinh vién dat dugc nhiéu thanh thich xudt séc trong nim hoc méi. Chic sy nghiép gido duc ngiy
cang phit trién, gop phan thuc hién thing loi su nghiép cong nghiép héa, hién dai hoa, xdy dung dat
nuée ngay cang gitu manh va bao vé viing chiac Té quée Viét Nam xa héi chii nghia.

: Chdao than dai!
Truong Tan Sang

' Hé Chi Min 2, Nha xudt bein Chinh tri quoc gia, Tap 12, trang 402 - 404
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FRUNG aem COSG |

MOT SO BAI TOAN

HNH GOC TRONG TAM GIAC CAN

vU HUU CHIN
(GV THCS Héng Bang, Hai F‘hdng}

J E' ‘'rong bai bdo ndy tir hai bai toan co ban

£ (Bai toan 1 va 2), chung toi ting dén sb
do goc, thay dbi gia thiét dé dugc céc bai toan
mai.

A » - = 1 PRy r
vt Bai toan 1. Cho fam giac

cait fai A,

ABC

co BAC=80°. Goi )

Tir gia thiét c6 tam gidac MBC can tai M, nén
MB= MC, suy ra AAMB=AAMC (c.c.c).

= MAB = MAC = 40°, ACM =50" —10° = 40",
Xét tam gidc AMC ¢6 ACM = MAC =40°,
suyra AMC =100°.0

Néu gitr nguyén MBC=10°, ting dan sé do
géc MCB lén 20°,30° (do MCB <50°). Dua
vao céch gii bai toan 1 ta co cic bai todn.

L o P = : o ey a A
vt Bai todn 1.1. Cho tam gidc ABC can tai

A, c6 BAC=80". Goi M la diém ném lrong
fam giac sao cho MBC=10°, MCB=

s6 do ede goc AMB, AMC .
Lévi gidi. (h.2)

TOAN HOC

9 Cludilre S8 455 (9-2013)

Ké dudng cao AH cia tam gidc ABC cit BM
tai O; ké duong cao AK cua tam giaic AOM
cit CM tai J. Vi tam giac ABC can tai 4, nén
AH 14 trung trye cua doan BC.

Suyra OB =0OC — OBC = OCB =10".

Xét tam gidc OAC cé OAC = OCA = 40°, suy
ra 04 =0C.

Lai ¢6 HAK = MBC =10°. Xét tam giac 4JC
c6 JAC =JCA=30° suy ra J4 = JC.

Ma 04 =0C, nén OJ la trung tryc cia doan AC.
Suy ra OJ la phdn giac goc AOC, vi
AOC=100" nén JOA=JOC=50°,

C6 MOC = OBC + OCB = 20° = MOJ =30r.
Td JMO = MBC + MCB =30°
JMO = JOM =30°, nén tam giac JOM cin
tai J, ma JK LOM nén JK la dudmg trung trirc
cia doan OM. Do dé tam giac AOM cén tai 4.
Suy ra AOM = AMO = BOH =80".
AMB =80° = MAC = 20°,

suy ra

Vay
MCA =30". Tirdo
AMC =180° -20° -30° =130°.0

o Bai toan 1.2. Cho tam gide ABC cdn tai

A, cd BAC=80". Goi M la diém ndm trong
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MCB=30°. Tinh

tam giac sao cho _-1-4_"E<;‘-(f'—I{J".
AMC,

- AME,
Lévi gidgi. (h.3)

50 :.'Jf;' cac _g_'(ii

Dung tam giac BCD dé‘u véi 4, D cling nim
trén nifa mit phang bo BC. Tir

ABC = ACB = 50°, suy ra ABD =10°.

Do A ADB=AADC(c.c.c) nén ADB=ADC=3,
Suyra A BAD= A BMC (g.c.g). Do d6
BA = BM, hay tam giac BAM cén tai B.

Tir d6 BAM = BMA =(180° -40°):2=70"
Vay MAC=80° —70° =10°, MCA=50°-30° =20",
Xét tam gidic AMC c6 MAC =10°, MCA=20"

suy ra AMC =150°.0

Trong baa toan l, thay gia  thiét
MBC=MCB=10° b&i MAC= MCA=10° ta c6
bai toan mdi.

A o W r o = = - .
vt Bai toan 1.3. Cho tam giac ABC cdn tai A

co BAC =R0". Diém M nam trong tam gidc

sao cho MAC= MCA=10". Tinh s6 do

eoc AMB,

Lai gidgi. (h.4)

Hink 4

V& tam gidc AEM déu vé6i E va B cling nim
trén nira mit phang bor AM.

Ta c6 BAE =80° -10° —60° =10°, suy ra
A BAE=A CAM (c.g.c). Do d6 EAB=FRA=I(F
— AEB =160°

= BEM =360° —60° —160° = 140°.

Xét tam gide BEM c6 BE = AE = EM nén
EBM = EMB =(180°-140°):2=20°.

Do d6 AMB=20°+60°=80°.0)

Tir Bai todn 1.1, ta c6 két qua MBA=40°,
MAB= 60°. Néu coi MBA=40", MAB= 60°
la gia thiét. Ta c6 bai toan

3 Bai todn 1.4. Cho tam gide ABC can tai A

c6 BAC =80°. Diém M nim frong tam gidc
sao cho MBA=40°, MAB=60°. Tinh sé do
goc AMC.

Loi giai. (h.5)

Hinh 3 H

Gia st BM cit AC tai D, dyng tam gide déu
ABH vo1 H va C cung nim trén nita mit
phing bor AB. Ké tia phan giac cua goc CAH

cit BD tai G. Ta c6 CAH =80° —60° = 20°
= CAG = HAG = CBG = CBH =10".

Xét tam gide ABM c6 MBA=40°, MAB= 60,
Suy ra AMB=GMH =8(°, Xét tam gidc ABG
c6 ABG=40°,BAG=60" +10" =70°, nén tam
gidc ABG cén tai B. Suyra BG =BA = BH =
AC = AH. Tir 46 A AGC = A AGH; A BCG
= A BCH (c.c.c).

Do d6 CG = GH = CH, nén tam giac CHG
déu.

> TOAN HOC
S6 435 (9-2013) * CTuditye
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Suy ra CHG = 60° = GHM =80" —60° = 20°.
Xét tam gide MHG cé GHM=20", GMH =80°
nén tam gidc MHG can tai H. Do d6 HM =
HG = HC, suy ra A HMC céan tai H, ma
MHC=80° = HMC=50°, do d6 AMC=130".00
& Bai toan 1.5. Cho tam gidc ABC cdn tai A
c6 BAC=80°. Goi M la diém nam ngodi tam
gide sao cho MBC=10°, MCB=30°, Tinh 56
do cdc goc AMB, AMC.

Lei gidi. (h.6)
)

Hinh 6 M

Dung tam gidc BCD déu vdi A, D cling nim

trén nira mit phang bo BC. Ta ¢o

;ﬁ=ﬁ=50°, suy ra ABD=10v.

T AADB= AADC (c.c.c)

= ADB=ADC=30° . Tir d6

ABAD = ABMC (g.c.g). Suy ra BA = BM,

din dén tam giac BAM cin tai B.

Ma ABM=50°+10°=60", nén tam gidc BAM

déu, suy ra AMB=60° va
AMC=(180°~10°-30°) -60° =80°.00

& Bai toan 2. Cho tam gide ABC can co

BAC=100°. Diém M nim trong tam gidc sao

cho MBC=MCB =10°. Tinh s6 do géc¢ AMB.

Loi giai. (h.7)

Do hﬁ=m, suy ra MB = MC

= AAMB= AAMC (c. c. c).

TOAN HOC
4 ‘Clsilreé S6 435 (9-2013)

Hinh 7

Do d6 MAB = MAC = 50°, MBA =40 10F =30".
Xét tam gidc AMB c6 MBA=30°, MAB = 50°,
suy ra AMB =100°.01

Nhdn xét. Ttr bai toan trén ta co két qua

Cho tam gidc ABC cdn cé BAC=100°. Diém
u&»: n_ trong tam  gidc cho
MBC=MCB=a <40°. Khi dé6 ta c6
AMB =90° +a.

& Bai toan 2.1 Cho tam gidc ABC can co

sao

BAC=100°. Piém M ndm frong tam gidac sao
cho MBC =\0°, MCB=2(P. Tinh s6 do goc AMB.
Loi gidi. (h.8)

Trén tia CA liy diém D sao cho CB = CD thi
ACMB = ACMD (c. g. c). Suy ra MB = MD.

Lai c6 EEE}:EE‘@B:(LS{)" —40"]:2 w08

Hinh &

Suyra MBD = 60°, ABD =30".

Do dé tam gidc BMD déu, nén BM = BD. Suy
ra ABAM= ABAD (c. g. c).

Vay c6 AMB =BDA=70°.0
(Xem tiép trang 11)
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Huding ddin gici BE THI TUYEN SINH VAO LGP 10

TRUONG THPT CHUYEN KHTN - DHQG HA NOI
mmss NAM HOC 2013-2014  mesmes
(Dé thi ding trén TH&TT s6 434, thdang 8 nam 2013)

VONG 1 Viy sb cac sb ¢6 5 chir sd théoa min yéu ciu
1 bai toan 1a 990 — 100 + 1 =891,
Cau 1. 1) Piéu kién —E£x£2. Binh phuong  Cau 111. (h.1)
hai vé cia PT ta duge v—-3x2+5x+2=3—x

<>4x?-1 1x+?=0¢>x=l,x=—1~ (thoa man PK).

2) Hé PT tuong duong voi

(G{ep
Moo

bit M=I+i,v=}‘+l tim duoc u=3; v=3. s o e
Y £ £ 1) Tdx BDM =BCF (cing chin AB) va

Ddp s6. Hé PT c6 hai nghiém (x; y) la (l,- i] BMA=BFA= BMD=BFC, tacé dpem.
2) Vi DB=DC, nén DE L BC tai trung diém

Hinh |

v (52). ) N cia BC. T ABDM «»ABCF ta cb
Cau II. 1) Dang thirc cdn chimg minh twong  pps BD . D4 2DM 2BD CD DE

i ——=——_nén —=——=——=——=—u,
duong vGi CF BC CF CF BC N 8

b b 3 ErR e
= [1 J+ [1ec? j+ Shuhe ):— Lai c6 ADE=FCE= AEAD «»AEFC (c.g.c)
a+b\ b+c) b+e\ ct+a) c+a\ a+b) 4 o e 3

3 nén EFC= EAD=90°, Vay EF 1 AC.
<:>ac{a+c)+ba(b+a)+ab(c+b}=z{a+b)(b+c)(c+a) Céu IV. V6i a 1a sb thue dwong, 4p dung

BDT Cauchy ta cé
oaclatc)+b(a+c)Hba* +abe)+cb+abe=8abc 3 5 B gub B B S dbe
I > LS .
< (a+c)(ac+b® +ab+bc)=8abc 3 +3af3 +3a'3 Tat’ 3 +3a'3 +3a3 a?’
< (a+c)(c+b)(b+a)=8abc (ludn ding). a? | e 4 @ _dea & +h3+c3 , abc

El T T T a?

2) Tacé abcde=abc.101-abc+de. S i
Cong theo vé bon bat ding thie trén dugc

Nhén thdy abc—de=abc—(10d+¢e) chia hét

il i I
cho 101 < abcde=101.m(meMN). ﬂ“*{-&—ﬁ-l-—g &#M}EE{MM}.
Do 10000<abede<99999=510000<101 <9999 : sl
v meN nén 100<m<990. L e
TOAN HOC

S3 435 (9-2013) ' Clusilre 5
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<403 -3a=6.

bit a=%(x+-I-J(x> 0), ta thu duoc
X

3
l[_r+—1-] —--j-[x+lj:6<:>x6—12x3+lz(}

2 e X

@x=¥6+v§,x={/6—ﬁ. Do do
a=%[{/6+\f§+{fﬁ—wfﬁ].

V&1 @ xac dinh nhu trén ta thu dugc

d? +§(a-” +b +c3 )2—1;<:>Qd3 +4(a@+b3 +c?)
a2

=

9 36

& e
| a

Bﬁngthl’rcxéyrakhia=b=c=i{ T
a+

d=3

. Vdy gid tri nho nhét cua P 1a

\ @ +3a2
36
(fo+v35 +3f6—v33)
VONG 2

Ciu 1. 1) Cong theo vé hai PT ciia hé ta thu dugc

B+18 +6xy=8(x+y-2)x2 +)2 +d—xp+2y+2x)=0

& (x+y-2)((x—y)2 +(x+2)2+(py+2)?)=0.

e Vi x=y=-2 khéng thoa méin PT th{r hai

cua hé (loai).

e V&1 x+y-2=0 < y=2-x. Thay vao PT
a=La=]

thir hai duge 7x?-12x+5=0= 5
x==,p=

T
2) PK —1<x<1. Bién di PT thanh
(V41 +/1=x =2)(\x+1-1)=0. Ddp 56. x = 0.
Ciu II. 1) Nhdn xét. V6i a, b 1a cic sb
nguyén théoa min a?+b?:3 thi a3 va b:3.
5x2+8y2 =20412<(6x2 +9y2)—(x2 +)7)=28.9.

TOAN HOC |
6 ° Cludilye S6 435 (9-2013)

~a|w

Hé PT c6 hai nghiém (x; y) 1a (L;1), [%

|0

Suyra x2+y2:3<x:3 va p:3.

bat x=3x, y=3y (x,neZ).

Thay vao PT ta thu dwoc 5x7 +8.y7 =28.9%
Lap luén tuong i, ta c6 x=3x, 31 =3)1 (%, )2 €7)
nhan duge 5x3+8y3=289. Tuong tu x,=3x;,
¥2=3y3 (x3, 3 €Z) thu duge Sxf+8.y5 =28,

Suy ra y% ‘_:%-(22 nen }132 =0 hUﬁC J,j‘ﬁ_: :

L L L )
e Vi yi=0 thi xi=? (loai).
o Vai yi=1 thi x?=22=>x%=922,y}=9

=L R

Dap 56. C6 4 cap sb nguyén (x; ) thoa man
1a (54;27),(54;-27),(-54;27), (-54;-27).

1
2) Ta co PE%,HHE}EE =2 |[xy+—.
xy ' -

bat r:.ufii[ﬁ—y] El, ta duoc
z 2 4

fzJHLJmHLWz\/z\fﬁ_liz*f'_?
- t t 4 0.3

. ! 1
= P=\17. Déang thic xdy ra khi IZ_‘F:E.

Viy gia tri nho nhét cua Pl1a 17.
Cau III. (h.2)

Hinh 2

1) Tacé BPC=BHC=180°—BAC nén tif
gidc AEPF ndi tiép, suy ra BFC+BEC=18(r.

Tir céc tir gidc AQFN, AQEM ndi tiép ta c6 @

https://tieulun.hopto.org
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DE THIYTUYENSINHAVAO IOP 10 CHUYEN

TRUONG DAIHOC SUPHAM TP.HO CHi MINH
NAM HOC 2013-2014

(Thoi gian lam bai 150 phit)

Ciu 1. (2 diém)

2 =

Giai hé phuong trinh {xgxy ¥ iee

X+ y-2xy=4,
Cau I1. (2 diém)
1) Tfiﬂng céc chit s6 ciia modt s6 chinh phuong
co thé 1a 2013 dwoc khong? Hay giai thich.
2) Tim céc sb nguyén duong x, y thoa méin
phuong trinh (x+ y)° =120y +3.
Cau 1L (2 diém)
Cho ba sé dwong x, y, z. Chimg minh riing

o y z
s R - <
2x+y+z x+y+2z
Cau 1V. (3 diém)
1) Cho tam giac ABC co / la tam duong tron
ndi tiép. Puong thaﬂg vudng goéc voi Al tai [

cat cac. canh 4B, AC lan luot tai M, N. Chimng
minh rang

| W2

x+2y+z

a) BM. CN=IM?%
b) BC.IA? + CAIB® + AB.IC? = AB.BC.CA.
2) Cho tir gide ABCD nbi tiép dudmg tron (O)
tam O, duong kinh AD. Hai duong chéo AC
vd BD cét nhau tai /. Goi H 14 hinh chiéu cia
I 1én AD va M la trung diém cua ID. Puong
tron (HMD) cét (O) tai N (N khic D). Goi P
la giao diém cua BC va HM.
a) Chirng minh ring tir gidc BCMH ndi tiép.
b) Ching minh ring ba diém P, D, N thing
hang.
Céu V. (1 diém)
Mbi diém cua mat phing dugc to bing mot
trong ba mau xanh, vang hoic do. Ching
minh réng luén tim dugc hai diém cung mau
¢06 khoang cach bing 1cm.

NGUYEN DUC TAN (TP.Hé Chi Minh)

Suu tAm va gi¢i thiéu

MON = MQA+NQA= MEA+ NFA=180°,

Viy ba diém M, N, Q thing hang.

2) Ta cb @=@=ANM=M suy ra
FQ /! BE. Tuong ty EQ // CF. Ttr d6 tir gidc
EOQFP 13 hinh binh hanh. Viy OAN=QFP
=QEP=0AM hay AQ 14 phan gidc ciia MAN.

Suy ra 4, P, Q thing hang. Goi K=PQNBC
thi KAC=0AC=0ME=NMB=PCK. Tux

AAKC o> ACKP suy ra KC?=KPKA.
Tuong tw KB>*=KP.KA. Viy KB =KC.

Ciu IV.Giast klachiso md <5 5..5x
{O£Ik+1 5...5]7192.

Ki hlél] S =x+x+..+x, 8T = F X0 X0

thi 5-+5*=0 va 5*—-§ —2ﬂ13::>S*—-S‘—»2—%1—3

do x<x<.<xg suy ra S 2k, ST<(192-k)xq

nén x <£=-§:$—x >S—+ X i
A Ty S e T
S+ S+ 2013.192
=X —X; 2 e
192-k & 2k(192—k}
s # 2
Tacé 2k{192—k)52[(192 h”‘} L
2 2
=X —-x 2 s Dang thire xay ra khi
Co e 4 _2013 S 2013
1=Xp =...=Xog = "—192,:‘(91 =Xog =...= X192 —'"192-

NGUYEN VU LUONG - PHAM VAN HUNG
(GV THPT chuyén KHTN, PHOG Ha Ngi)
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Chuan bi
cho ki thi

i va thivao
- Dai hoc

I. KIEN THUC CO BA
e Cho ham sb y=f(.r] c6 @6 thi (C) va
diem M (xg; f(x))e(C). Khidé
Hé sb goc cia tiép tuyén tai diém M véi do
thi (C) 1 k=f"(x).
Phuong trinh (PT) tiép tuyén tai diém M co
dang y = f"(x)(x—x)+ /(%) (*)
e Duong thing di qua hai diém A(xs, y4) va
B(xg, yp) vOi xy#xg c6 hé s0 goc
ki = Yo Y :

Xp— X4
e Duong thing A c6 hé so goc k thi
+ Vecto phép tuyén cia A la na =(k;—1).
+ |k|=tane, trong d6 e« 1a goc tao bdi A voi
truc hoanh (0° <& <90°).
1. MOT SO DANG TOAN
DANG 1. Viét phirong trinh tiép tuyén véi
do thi ham s

1. Viét phu'orng trinh tlep tuyen bing cich
tim truc tiép toa dé tiép diém

Cach giai. Goi M{xg,f(xoj) la tiép diém.
Diing cong thirc (*) viét PT tiép tuyén tai M
bing cach tim x, .
% Thi du 1. Viét phuwong trinh tiép tuvén A
vai do thi (C) ctia ham s y=2¢+3 —12x—1
hiet rang tiep tuyvén A di qua goc toa do O.
Loi gidi, Goi M(xp:2x* +3x%7 —12% 1) 1a tiép
diém cua A va (C).
PT tiép tuyén A tai M co dang

=[6x02 +6x0—12)(x—11,]+2x{,3+3x.32 —12x -1
Diém O(0;0) thudc Anén —4x® —3x2-1=0
> xy=-1,suyra M(-1;12).

TOAN HOC
8 ' Cludilre SS 455 9-2015)

MOJ{SOJDANGITOAN

16t nghiép THPT YE TIEP TUYEN CUA PO THI

NGUYEN TUAN LAM
(GV THPT Thanh Nhén, TP. H6 Chi Minh

Viy PT tiép tuyén A 1a y=-12x.0

&
T £ ’ = i X -1 . A

% Thi dy 2. Cho ham s6 y =——— c0 do thi

r—1

(C). Viét phuwong trinh tiép tuvén A voi do

thi (C) sao cho

1) Khoang cach tir diém [(1;2) dén tiep

tuvén A la lon nhat.

2y A cdt tric hocnh tai A ma OA=1.

Léi gidi. Goi M[xu,'2+ ]) 1 tiép diém
Xg —
cuaA va(C), voi xp # 1.

PT tiép tuyén A tai diém M c6 dang

-1 1
y=—(x—2p )+ 2+ :
el gt

hay - 2(Jc—xu]+y—2— ! =0.
xo-l) xp—1
4

1) Taco d(I,A)=

Ping thirc xay ra khi va chi khi (x -1)‘4 =1
< xg=0hodc x,=2.

Tir d6 ta c6 PT hai tiép tuyén cén tim la
Al v=—x+l, Aty =- 1|3,

2) Tacd A(2x5 —2x,+10).

04=1[2x3 2%, +1|=1=> x =0(do x #1).
Tir 6 PT tiép tuyén can tim la y = —x+1.0
2. Viét phwrong trinh tlep tuyen khi biét hé
s6 goc k ciia tiép tuyén

Cdch gigi. Tir dé bai tim hé s& goc k, giai
k=1"(x) détim x,, ding cong thitc (*) viét PT

https://tieulun.hopto.org
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tiép tuyén can tim.

¥ Thi du 3. Viét phwong trinh tiép tuyén A
véi do thi (C) ctia ham s6  y=f()=x' -2 +x-,
biét rang tiép tuyén A tao voi dwomg thang
d:3x+y—1=0 mot goc 45°.

Lai gidgi. Goi hé s6 goc tiép tuyén A 1a k thi
ny = (k;=1). Taco ny=(3; 1) va A tao vid

3k -1 1
oc 45° nén —————=—
= J+k2 410 2
¢>2k2—3k-—2=[}¢:‘};=—% hodc k=2.

Goi xo 12 hoanh d6 tiep diém thi & = £'(x, ).

: 3
o Véi k= -—% thi 3x,2 —2x, +E =0 (PT nay
vo nghiém).
o Vai k=2 thi 3x’-2x-1=0& x, =1

1 f e, i .3 .
hodc x, =—§. Khi d6 co hai tiep diém la

-1 40"
ML) A = — |,
M, (50) 2{ 3 2?J
Tir d6 ¢6 hai tiép tuyén thoa man dé bai véi
PT l4n luwot 1a y=2x-2; y=2x—%.ﬂ

% Thi du 4. Cho ham 56 y= f(x)=x ~3x*+2
¢é do thi (C). Goi M, N la hai diém phdn
biét trén (C) sao cho hai tiép tuyén tgi M, N

song song véi nhau va dwéng thang MN cdt
truc hoanh, truc tung ldn lieot tai A, B khdc O
sao cho AB=410. Viét phirong trinh cua
hai diwomg tiép tuyén do.

Léi gidi. Goi k 1a hé sb goc tiép tuyén tai M,
N thi xy.xy 1a nghiém coa PT f'(x)=k
& 3x? —6x—k=0. Dé tdn tai hai tiép diém
M, Nthiphdaico A'=9+3k >0 k>-3.

Ta cé _1-'2\}‘"{1:)[%):—%]—2):4—2. Tir f'(xu)=

J'(xx )=k, suy ra PT cua duong thing MN

la 11=(£—2]x+2-i.

! 3 3

ol 6—k
Khi do tim duge A(l;(}} : B[(};——B—] :

Tacd AB? =10 (k—6) =92

= k =15(do k >-3). Ta dugc phuong trinh

3x2—6x-15=0¢ x=1£+6.

Tim dugce M(]—JE;%JE); N[1+JE;3\/E].

Hai tiép tuyén can tim c¢é PT 1a

y=15x-126-15; y=15x+12J6 -15.0

DANG 2. Tim toa d§ diém théa mén tinh

chit cua tiép tuyén

1. Diém cén tim thude db thj ham sé

% Thi du 5. Tim toa dé cdc diém M (khdc

g-::';c‘ toa dé O) thudc do r{u' ['C)_ ctia hém 56

y=x-2x. Biét rang tiep tuyén A cua (C)

tai M vudng géc véi duomg thang OM.

Loi gidgi. Goi M(x,;x3—2x,))€(C) véi x, 2 0.

Hé sb goc cua tiép tuyén A tai M 1a

ey y'(xn) =3x3 2.

Hé sb goc cia dudng thing OM 1a x2 -2 .

Tacéd OM LA & (x}-2)(3x3 -2)=-1

<> Ixg —8x3 +5=0¢> x} =1 hodic x? =§.

Tir d6 tim duge bén diém thoa man dé bai la
15 15

wEeil e, a6l 02 YE
30

w15 15) 4

3 9

* Thi du 6. Tim diém M trén dé thi (C) cila

ham s6 y = x* —3x+2 sao cho tiép tuvén voi

(C) tai Medt (C)tai Nma MN =26,

Loi gidgi. PT tiép tuyén A tai M/(x,;x3 —3x,+2)

lay= (3.:(& —3)(x—xﬂ )+ x3—3xp+2.

TOAN HOC
“CTusitze 9
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Gia st N(a;a®-3a +2)e(C)(a#x).
Tiép tuyén A qua diém N nén

-3a +2=(3x3 -3)(a—x )+ x5 —3x +2
<:>[a—xg]2[a+2xo)={)=>a=—2x{, (do a#xp).
Viy N(—2x;-8x3 +6x, +2).

Ta cé MN =26 <> 9x3 +(9x3 —9x,)" =24
& 81xg —162xp* +90x? =24 =0 &> xg? = —

23 1043

Tim dugc hai diém M,[—-—— ]

M{—% % +2] thoa mén dé bai.0)
2. Piém cin tim ndm trén m{t dwomg
thiang cho truwdée

% Thi du 7. Cho ham 50 y=-x'+3x-2 co
do thi (C). Tim diém N trén truc hoanh ma
1t dé ké doe ba tiép tuyén den (C) sao cho

thoa mdn

het hoanh t:'_'j :re'.L:_.l" diem Xx.X%.X3

3 ¥ N
X ]

Loi gidi. PT tiép tuyén A tai M(x;— +3x%-2)

13 y=(-3x3 +3)(x—x0) =3 +3% 2.

Goi N(a;0) thue truc hoanh. Tiép tuyén A di
qua diém Nnén 0=(-3:¢ +3)(a—x)— +3% —2
& (x —1)(2%2 +(2-3a)x, +2-3a) =0

iy [x.;;. =1

g(x)=2x? +(2-3a)x; +2-3a=0.
Pé tir N ké duogc ba tiép tuyén dén (C) thi
PT g(x)=0 phai ¢6 hai nghiém phan biét
khéc 1. Piéu nay twong duong véi
a<-2

=(2-30)' -82-39)>0 | ", *
g()=6-6a=0 a>5 Wa =1

Gid st x3=1 thi x,x, la nghiém cua PT

3a-2 2-3a
y XXz = i
2

g(x0}= 0 nén X t+x =

TOAN HOC
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Tacod x?+x° +x’ =21
c:(x. +x2}3—3x1x2[x1+x3)=20

& (3a-2)' +6(3a-2)" -160=03a-2=4

&> =2, théa man diéu kién (*).

ViytacoN(2;0).0

DANG 3. Ditu kién dé duwdng thing tiép

xic voi dwong cong

Duong thing y=hkx+b tiép xic véi dudmg

cong c6 PT y=f(x) khi va chi khi hé¢
fx)=hxe+b

{f (x)=k

Nghiém cia hé nay cung chinh la hoanh d¢

tiép diém cia hai duong trén.

¢6 nghiém.

R £ : (2m—1)x -1
* Thi du 8. Cho ham so y = co
X+
do thi (C). Tim m dé

vai (C).

duwong thang d :v=x

1 :-:.':,-'J Xt

2m +m-1

e —— T
x+m

Loi gigi. Ta ¢6 y=2m-1+

S -m+1
(x+m)2 :

Db thi (C) tiép xiic dudmg thang d khi va chi

khi hé sau c6 nghiém

e e el
X+m

Zm* —m+l

(JrJrJ"r.']3

i e NV N
X+m

—x+2m—1_1

xX+m
Tir d6 sir dung phuong phap thé ta tim dugc
m=-1hoic m=3.0
BAI TAP
I. Tim diém M trén d6 thi (C) cia ham )

2 o b - A £ re = .
y= —II’ biét rang tiép tuyén voi do thi (C )
X+

tai diém M cit truc truc hoanh va truc tung &

https://tieulun.hopto.org
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@ lan luot tai 4, B sao cho dién tich tam gidc

OAB bing i voi O 1a gbe toa d.

2. Tim hai diém 4, B thuc db thi (C) cua
ham s6 y=x"-3x*+1 sao cho tiép tuyén
cua (C) tai A va B song song véi nhau va do
dai doan 4B = 442 .

3. Tim diém A4 trén truc hoanh dé tir dé ké
duoce ba tiép tuyén dén dd thi (C) cha ham
0 y=x*-2x%+1.

4. Viét phuong trinh tiép tuyén voi db thi
(C) cta ham s6 :xz_—xz, biét tiép tuyén

cit truc hoanh va truc tung lin luot tai A, B
sao cho AB =+/2.04.

5. Viét phuong trinh tiép tuyén tai diém M

, biét

thudc do thi (C) ciia ham s6 y = 5
x—-

rang tiép tuyén dé cét cic duomg tiém cén

dung va tiém cdn ngang lan lugt tai A, B sao

417
17

cho cos ABI = , v&i I 14 giao diém hai

duong tiém cén.

6. Cho ham s6 y = il c6 d6 thi (C). Viét
x—

phuong trinh tiép tuyén A voi db thi (C) sao
cho A L IM, v6i M 1a tiép diém va I 13 giao
diém cua hai duong tiém cén.

7. Tim m dé dd thi (C) cua ham sb
y=x3+(2m-1)x? +(m+Dx-m+3 tiép xic
voi dudmg thing d: y=x+1.

MOT SO BAI TOAN TINH GOC..(Tiép trang 4)
& Bai tedn 2.2. Cho tam gidc ABC cédn c6
BAC =100°. Diém M nim trong tam giac sao
cho MAC=MCA =20°. Tinh 56 do goc AMB

Loi giai. (h.9)

Hinh 9

Gia sit CM cit AB tai E, tia phan gidc goc
BEC cit BM, BC lan luot tai H va K.
Ta c6 tam gidc MAC cén tai M, nén

—

AME =20° 4+ 20° = 40°.
Lai co @:Eﬁfeﬁﬁfzﬁﬂ", suy ra
ACEA= ACEK (g.c.g)
= AMEA = AMEK (c.g.c).
Suy ra AME =KME =40°.Vi EBK = 40°
nén AEKB = AEKM (g.c.g), suyra

AEHB = AEHM (c.g.c).

Do d6 EHM =90°. Xét tam gidc HEM co
EHM =90°, HEM = 60°, nén EMH =30°.
Do &6 AMB = BME + EMA = 30°+40° = 70°. 0
BAI TAP
. Cho tam gidc ABC cén tai A c6 BAC=80°.
Goi M la diém nim ngoai tam gidc sao cho
MCA=10°, MAC= 40°. Tinh sé do gbc
AMB.
2. Cho tam gidc ABC can tai A c6 BAC =40".
Diém M nim ngoai tam gidc sao cho
MBC=10°, MB = AB. Tinh s6 do géc BCM.
3. Cho tam gide ABC can tai A ¢6 BAC = 20",
Trén canh 4B lay diém D sao cho AD = BC.
Tinh s6 do gbec ACD.
4. Cho tam gidc ABC cin c6 BAC=100".
Piém M nim ngoai tam gidc sao cho
MAC =MCA =20°. Tinh s6 do gbéc AMB.
5. Cho tam gidc ABC can cé BAC=100°,
Piém M nim trong tam giac sao cho
MBC =30°, MCB = 20°. Tinh s§ do géc
AMB.

TOAN HOC
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= -
Tl seie TRUOC Ki T
PE SO 1
(Thai gian lim bai: 180 phiif)
PHAN CHUNG

Céu 1 (2 diém). Cho ham sb y = I—"—
=X

1) Khao sat su bién thién va vé do thj (C) cua
ham sb da cho.

2) Viét phuong trinh tiép tuyén cua (C) tai diém
M: biét ring tiép tuyén do cit truc hoanh, truc
tung lan lirot tai hai diém phén biét 4, B sao cho
doan thing AB nhin M lam trung diém.

Céu 2 (1 diém). Giai phuong trinh

cos X 1
+

cotx+sinx= —,
l-cosx sinx

Ciu 3 (1 diém). Giai hé phuong trinh
{f =V4-x2 +2y

3xt +4y =2xJy(x2 +3)
Cau 4 (1 diém). Tinh gi6i han

(x,yeR).

In(2 —cos? x)
x(er =1)

Céu 5 (1 diém). Cho hinh chop S.ABC véi day
ABC 1a tam giac vudng tai B cd6 ACB =2BAC
va cac dudmg trung tuyén BB’', phan giac trong
CC'. Cac mit phing (SBB"), (SCC') cling vudng
gdc voi mat day. Goc giira mat phing (SB'C') va
mit day 14 60° vi B'C'=a. Tinh thé tich cua
khéi chép S.ABC va khoang cach tir trong tim
cta tam gidge SBC dén dudmg thing B'C’ theo a.
Céu 6 (1 diém). Xét cac so thye khong dm x, v, z
thoéa min x2 + 32 +2z2 =3, Tim gia tri nho nhat

L=1lim
x—=0

cua biéu thirc
16 Lo tyzt zx +1

JxX2y? #3222 £ 2202 4] x+y+z

PHAN RIENG
(Thi sinh chi dwge chon mjt trong hai phin A hogc B)

A. Theo chwrong trinh Chuin

Céu 7a (1 diém). Trong mit phing v6i hé toa dd
Oxy, cho céac dudng thang Ay :x—y+15=0 va
A;:3x—-y-10=0. Ciac dudbng tron (C;) va
(C;) ban kinh bing nhau, ¢6 tim nim trén A, cét
nhau tai A(10;20) va B. Dudng thing A, cit
(C)) va (C;) 1an luot tai C va D (khac 4). Tim
toa 6 céc dinh ciia tam gidc BCD, biét ring dién
tich clia nd bang 120.

Ciu 8a (1 diém). Trong khong gian véi hé toa dd
Oxyz, cho cac diém A(-3;-1;-4), B(-3;-5,—4) va
mit phing (P):x-y—z+1=0. Tim toa d§ diém
C thudc miat phing (P) sao cho tam gidc ABC
cntai C va co dién tich bing 2417

Céu 9a (1 diém). C6 mdt xa thi ban vdo tam bia
v('rj xzfic sudit tn'l‘ng Em‘;-i lan biin IQ_O,Z. Tinh xéc
suit dé trong ba lan bin c6 ding mot lan tring bia.

B. Theo churong trinh Ning cao

Cau 7b (1 diém). Trong mat phing véi hé truc toa

TOAN HOC |
12 ° CTudilpe SS 455 (9-2013)

do Oxy, cho diém A(1;2) va duong tron (C) co
phuong trinh  x2+y2+2x—4y+1=0. Viét
phuong trinh dwomg tron (C') c6 tm 4 va cit
duémg tron (C) tai hai diém phan biét M, N sao
cho dién tich tam giac AMN dat gia tri lém nhat.
Ciu 8b (1 diém). Trong hé toa 46 Oxyz, cho diém
40215
\2
Viét phwong trinh mét phing (Q) di qua 4, B va
vudng goc véi (P). Tim toa do diém C trén giao
tyén cia (P) va (Q) sao cho tam gidc ABC

b

;C;—EJ va mit phing (P:2v—y—z—4=0

vuongtai C. _

Ciu 9b (1 diém) Cho so nguyén duong » thoa

o e T
c AP n

chira x"*! trong khai trién nhi thirc Newton cia

n
bidu thire [%’F -31] v6i x20.

x
TRAN QUOC LUAT (GV THPT chuyén Ha Tinh)
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rong ki thi Olympic Toan hoc Qudc té

IMO 2013 ¢6 hai bai toan hinh hoc. Sau
day chung tdi s& giai hai bai toan nay theo
nhiéu huéng tiép cin vdi cac y twong khac
nhau. Trong bai viét ching ta ki hiéu (4BC)
dé chi dudng tron di qua ba diém 4, B, C.
@ Bai toan 3 (Ngay thi thir nhdr). Cho tam
gige ABC va A,B,.C, lan luot la cdc tiép
diém ciia cde dwong tron bang tiép trong cdc
goc A, B, Cvdi cdc canh BC, CA, AB. Chimg
minh rang néu tam dwcmg tron ngogi tiép ciia
tam gidc AB,C nam trén diwong tron ngogi
tiép cua tam giac ABC thi tam giac ABC
VUORE.

Lai gidgi. (h.1)

Hinh 1

Goi S 1a tim duong tron ngoai tiép tam gide
ABC,. Theo gia thiét S nim trén (4BC),
khéng mat tinh tong quat, gia sir S nim trén
cung BC chira dinh 4.

Ta c6 8B, = SC,, ngoai ra theo tinh chit tiép
diém cua dwong tron bang tiép thi
CB =BC =p-a (trongdd a=BC, b= AC,

a+b+c
3.

c=ABva p=

https:/sites. google. com/site/letrungldenmath

HAI BAI TOAN HINH HOC
TRONG Ki THI IMO 2013

HOANG MINH QUAN
(GV THPT Ngoc Tao, Ha N6i)

Vi ABS = ACS (géc néi tiép cing chin SA)
nén ASB,C = ASC,B (c.g.c), suyra SB=SC,

hay S 1a diém chinh gifra ciia cung BC chira
A ciia dudmg tron (4BC).

Ap dung dinh li Stewart cho tam gidc SBC
vo1 doan thang SA4,, ta co

SC2.BA, + SB.CA, = BC(SA? + BA.CA)
:h.a')lF (BA; + CA]_ )SBZ = BC(SA12 o BA| CA] )
(vi SB=S0).

Tir d6 ch ¥ ring B4, +C4 =BC tacd
SB2 — SA42 = BA,.CA,
7 4 b_ 2
@SBE—SAA%(::-—b}(p—c):% (1)

Goi E, F lan lugt 1a hinh chiéu vuéng géc cia
S1én AC, 4B.

Ta c6 ASBF = ASCE nén AE = AF , tir d6
BF =CE = "’%

Mat khac SB? -S5C? = FB? - F(C?
b+(3_b+|’."—a)2

=[b;c)2_[ T 3

Do S4, = SC, nén tir (1) va (2) ta co
al—-(b-c)

=(b+c]2 _(b+c_b+c—aj2
4 2

2 2
< at=br+c.
Vay tam gidc ABC vudng & 4. T d6 ta c6
diéu can chimg minh. O

(2)

Nhin xér. Bai toan dao cua bai toan nay ciing
ding (baq doc ty chitng minh), tirc 1a bai todn
nay cé thé maé rong nhu sau:

TOAN HOC
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Cho tam giac ABC va A4,B,,C lan lwot la
cde tiép diém cua ede dwong tron bang tiép
trong cdc goc A, B, C véi cac canh BC, CA,
AB. Chitng minh rdng diéu kién cdn va du dé
tam gidc ABC vuédng la tam dwong tron ngogi
tiép cia tam gide A .B,C,ndm trén duong tron
ngoai tiép ciia tam gide ABC.

@ Bai toian 4 (Ngay thi thic hai). Cho tam
giac nhon ABC vai tryc tam H, W la mot
diém tity ¥ nam trén canh BC va W nam giita
B va C: cac diém M N lan lwot la chan
dwong cao ha tir cac dinh B, C. Ki hi¢u ey la
dieome tron ngogi tiép tam gige BWN va goi X
la diém trén @y sao cho WX la dwong kinh
cua . Twong tie ki hiéu . la dwong tron
ngogi tiép tam giac CWM va goi Y la diém
trén @, sao cho WY la duong kinh cua @, .
Ching minh ;'f:mg ba diém XY H thang hang.

Lai gigi . Cach 1. (h.2)

Hinh 2

Goi R 13 giao diém thtr hai cia (BWN) va
(CWM), ta c6 tir gidc BCMN noi tiép duomg
tron dudng kinh BC (vi BMC = BNC =90°).
Khi d6 AM.AC = AN.AB. Do d6 ta thiy A
nim trén tryc dang phwong cia hai duong
tron @ va @, hay ba diém 4, R, W thing
hang.

Goi E 1 chan dudng vudng goéc ha tir dinh A
xubng canh BC thi tir gidc BNHE ndi tiép
dudmg tron dudmg kinh BH va tir giac CMHE

TOAN HOC
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néi tiép duomg tron dudmg kinh CH. Tir do ta
cO AN.AB=AH AE = AM.AC = AR AW,

suy ra tir giac HEWR ciing ndi tiép.

Do d6 ta co HRW =180° — HEW = 90",

Mat khiac WX, WY lan lugt 1a dudng kinh cua
cdc dudmg tron @ v @ nén YRW=XRW=90".

Trdo X, Y, H, R thdng hang, suy ra ba diém
X, Y, H thang hang (dpcm).

Cidch 2. Goi 0,,0, lan luot la tam cia cdc
duong tron (BWN) va (CWM), R 14 giao diém
thir hai cua (BWN) va (CWM) . Khi do twong
tir phin ddu Cdch I ta thay ba diém 4, R, W
thiang hang nén AW L 0,0, . Mat khac lai co
WX, WY lan luot 13 cic dudmg kinh cia @

va a» suy ra O0,,0; lan lugt 1a trung diém
cia WX, WY va 00,| XY, din dén
RW L XY (1)
Goi £ la chan dudmg vudng goc ha tir dinh 4
xuong canh BC thi tr giac BNHE ndi tiép
duong tron duong kinh BH, nén AH . AE =
AN.AB = AR AW . Diéu do chimg to tr giac
HLWR néi tiép, suy ra WRH =180° — HEW =90

hay RW L RH (2)

Tir (1) va (2). ta ¢ ba diém X, ¥, H thing
hang (dpcm).

Cdch 3. (Sur dung dinh Ii Migquel)

Ta ¢c6 HM 1 AC, HN L AB, nén tr giac
ANHM ni tiép dudmg tron dudng kinh AH.
Goi R la giao diém thir hai cua (BWN) va
(CWM). Theo dinh li Miquel ta ¢é R thuge
duong tron (AMN). Tix d6 BNC = BMC =90°
nén tr giac BNMC ngi tiep, suy ra BN la truc
dang phuong cua (BNMC) va (BWN) va CM
la tryc dang phuong cua (BNMC) va (CWM).
Do d6 4 nam trén tryc dang phuong R cua
(BWN) va (CWM), hay ba diém 4, R, W thing
hang.

Dé chimg minh ARH=90" =>WRH =0° =WRX
hay R, H, X thiing hang, ?‘m:mg twecOR, H, ¥
thiang hang nén X, ¥, H thing hang (dpcm). O
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(Tiép theo ki triroc)

IV. SU DUNG HE THANG DU TRONG
PHUONG TRINH DIOPHANTE BAC

NHAT
*Thi du 8. Cho

neuvén dwong n dirpe goi la so dep néu ion

t {ab)=1. So

7 e
a.0 e &

tai x,yeZ* sao cho n=ax+by.So nguven
dirong n duge goi la 50 xau new khang ton tai
sao cho n

v,ved = ax + hy.

1) Chimg minh rang n = ab la s6 xdau lom nhat.
2y Chitng minh .":;H.‘..l; néu ne ’_i.f-!- f:;th. thi n
la s6 dep khi va chi khi ab+a+b-n 1 56 xdu.
3) Tim 56 | WoNg cdc S0 X .

Lai gigi. 1) Ta ching minh » = ab 14 s6 xau
16n nhat.

e Gia sir n=ab la so dep, hay phuong trinh
ab = ax + by (1) c6 nghiém nguyén duong

ﬂ{mibj{x 9 (do (a,b)=1)

by:a y:a
{x =bx,
=
r=ay
Khi d6 phuong trinh (1) tuong duvong vai

ab(x +y)=ab < x + y =1, vo li. Viy dieu
gia sir sai, tirc 14 n = agb 1a soé xau.

(xlsyl € Z+)

¢ Ta ching minh mgi n>ab thi phuong
trinh n = ax + by c6 nghiém nguyén duong.
Do (a,b)=1 nén A4={a,2a,.. ba} 1a
HDPD modbsuy ra ton tai xe{L2,..b} sao cho
ac=n(modb) &n-ax=by(yeZ) < ax+by=n.
Dolsx<b=>n-axzn—-ab>0=by>0
= yeZ'. Viy ton tai x,y e Z* sao cho
ax+by =n <> Vn > ab déula sb dep.

I)F (xlAl T’OAN

NGUYEN DUY LIEN
(GV THPT chuyén Vinh Phiic)

Tir hai diéu trén ta thdy »=ab 13 sb xdu 1én
nhit,

2) Gia st n la s6 dep, khi d6 ton tai
x,yeZ* saocho ax+by=n.

Khi d6 ab+a+b-n=ab—(x-1)a—(y-1)b (2)
Gia sit ab+a+b-n 13 sb dep, khi d6 ton tai
X,y EZ* sao cho ab+a+b-n=aq+by (3)
Tir (2) va (3) ta ¢6 ab=(x+x—1)a+(y+n-1)b
ma x+x-1eZ*',y+y—-1€Z* nén n=ab
14 s0 dgp, mau thuan vai cau 1).

Viy ab+a+b-n 1 s6 xéu.

Nguoe lai, dat k=ab+a+b—n.Do [a,b]=1
ba} 1a HDD modb.
Suy ra ton tai xe {1,2,...,b} sao cho
ax =k(modb) <k —ax=0(modb) <> k—ax=by
< ax+by =k (y € Z).Theo gia thiét & 1 sb
xau, suy ra k < @b = y < 0. Khi dé ta co

nén A = {a. s A

n=ab+a+b-k =ab+a+b—(ax+by)
=a(b+1-x)+b(1-y).

Do b+1-xeZ-,

3) Theo céu 1) moi n > ab déu 1a sb dep.

1-y e Z* nén nlasé dep.

e Yne [1;a+b—l]déu la s6 xéu, trong doan
nay c6 tht ca a+b—1 sb xéu.
e Vne[a+b;ab] thi ab+a+b—ne[a+b;ab]
theo cu 2) ta thiy néu ldy mot s6 dep thudc
doan [a +b; ab] thi c6 mét s6 x4u ciing thuge
doan [a+b;ab], tir 46 sb cdc sb xdu trong
b—a-b+1

doan [a+b;ab]la a———f-z—;.

(Xem tiép trang 27)

TOAN HOC
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CAC LOP THCS

2

Bai T1/435. (L6p 6) S6 5=3..3 +5..54..4
viét trong hé thip phan c6 n + 1 chir s6 3,
n—-1 chit s6 5 va n chir so 4. Biét rang
s=r, hay tim cach viét cta sb r.
NGUYEN VAN TIEN
(GV THCS Lam Thao, Phii Tho)
Bai T2/435. (Lop 7) Cho tam gidc ABC voi
trung tuyén AM. Trén nira mat phang chira
dinh C bo 1a duong thang 4B ké doan thing
AE vudng goc voi AB sao cho AB = AE. Trén
nira mat phiang chira dinh B bo 1a duong
thang AC ke doan thang AF vuong goc voi
AC sao cho AF = AC. Chitng minh ring
EF =2AM vAEF | AM.
PHAM TRUNG KIEN
(GV THCS Hé Timg Mu, An Thi, Hing Yén)
Bai T3/435. Xét n s6 nguyén duong a, a...., a,
(n>1) théamin ay+a, +...+a, =ads...4,.
1) Chimg minh ring véi moi n cho trude thi
phuong trinh trén ludén c6 nghiém.
2) Hiy tim tit ca céc sé n dé phuong trinh da
cho c6 nghiém véi g, <a. <...< a,.
NGUYEN THU DUNG
(SV Kinh té, 28E, PH Lugt Ha Noi)
Bai T4/435. Cho céc sb a, b, ¢ théa man
ab+bc+ac=2013abc va 2013(a+b+c)=1.
Tinh A :a2013 i b2013 4 CZD]S
PHAN MANH HA
(GV THPT Phan Thiic True. Yén Thanh, Nghé An)

Bai T5/435. Cho hinh thang ABCD (4B//CD).
Chimg minh ring néu AC + CB = AD + DB

TOAN HOC
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thi ABCD la hinh thang can.
NGUYEN KHANH NGUYEN
(GV THCS Héng Bing, Hai Phong)
CAC LOP THPT
Bai T6/435. Giai bit phuong trinh sau trén R
(NI =y22? 934 525" —dx+4)

x(x* =% +x* -x+1)20,
NGUYEN HOU TAN
(SV K304, Hoa hoc, DHKHTN, DHOG Ha Nbi)
Bai T7/435. Cho tam giac nhon ABC c6 ba
: gt S T n T
goc thoa méan diéu kién 4 >Z’ B> i C> E
Tim gi4 tri nho nhét cta biéu thic
tan4A—-2 tanB-2 tanC-2
S — T
tan” C tan” A tan” B
NGUYEN TIEN LAM
(GV THCS Nguyén Hué, Cam Lg, Quang Tri)
Bai T8/435. Cho hinh chdp S.ABCD néi tiép

trong mét cdu tam O, AB = a, CD = b. Dung
cac hinh binh hanh SAKB va SDHC. Tinh ti

T=

s0 % theo a va b, trong d6 E la giao diém
cia hai dudng thang 4D va BC, F 1a giao
diém cua hai duong chéo AC va BD.
NGUYEN TRUONG SON
(GV THPT chuyén Luong Vin Tuy, Ninh Binh)
TIEN TOI OLYMPIC TOAN
Bai T9/435. C6 bao nhiéu s6 nguyén duong n
sao cho » biéu dién trong hé thdp phan co
2013 chit s6 va g la s6 nguyén duong ¢6

2013 chit s6 1&?
TRAN NGQC THANG
(GV THPT chuyén Vinh Phiic)

Bai T10/435. Tim tit ca céc ham s6 f:R—-R
g:R — R thoa man dong hai diéu kién sau
1) f(x)-2g(x)=g(»)+4y, véimoi x,y e R;
2) f(x)g(x)<33x%, véimei xeR.

KIEU DINH MINH
(GV THPT chuyén Hing Vieong, Phii Tho)

https://tieulun.hopto.org
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Bai T11/435. Tim tit ca cac da thic T(x,y)
sao cho T(x,y).T(z,t) =T (xz + yt,xt + yz)

Vo1 moi x, y, z,  thuge R,

MAI TUAN ANH

(GV THCS Nga Dién, Nea Son, Thanh Hoa)
Bai T12/435. Cho tir gidac ABCD ndi tiép
trong mét duong tron. Puong tron dudng
kinh AB cét cac dudng thing CA, CB, DA va
DB theo thir ty tai £, F, I va J (khac 4 va B).
Chitng minh ring c6 mot duong phan gidc
cua mot trong cdc goc tao boi hai duong
thing EF va IJ vubng goc véi duomg thang CD.
TRAN VIET HUNG
(So GD - BT Soc Trang)
CACPE VAT LI

Bai L1/435. Chiéu mét tia sang don séc lén
ban mit song song cé bé day a = 2cm dudi
goc toi a = 30°(hinh v&). Xac dinh goc 16 va
d6 dich chuyén ngang cua tia sing sau khi
qua ban mit néu:
a) Chiét sudt ctia ban mit khong ddin = 1,5.
b) Chiét suit thay déi theo huéng phép tuyén

J

vai quy ludt n=1+=.
a

0 -

TRAN KHANH HAI
(Thira Thién Hué)
Bai L2/435. Mot vat khoi luong 10kg bi tac
dung bai luc F =-3x-5x2, trong do F tinh
bing newton (N) va x tinh bing mét (m). Khi
vit chuyén dong thi coi co nidng cua vit duoc
bao toan. Gia thiét 1a thé nang U cua vit bing
khong tai x = 0.
a) Tim thé niing clia vt tai x = 4m,
b) Néu vit ¢6 vén tbec Sm/s va hudng theo
chiéu 4m khi & toa d6 x = 6m thi téc dd cua
né 1a bao nhiéu khi di qua goc?
c) Lai gia thiét rang thé ning cua vatla —107]
tai x = 0, hay tra l&i lai cdc cdu a) va b).
NGUYEN VAN THUAN
(GV PH Kinh té Céng nghiép TP. Ho Chi Mink)

FOR LOWER SECONDARY SCHOOLS
T1/435. (For 6™ grade) The number

$=3.3 +5.54.4, written in decimal
system, consists of n + 1 digits 3, n-1
digits 5 and » digits 4. Given that s =, find
the value of r.

T2/435. (For 7" grade) Let AM be the median
of triangle ABC. On the half-plane containing
C created by the side AB, draw line segment
AE perpendicular to 4B such that 4B = AE.
On the half-plane containing B created by
AC, draw AF perpendicular to AC such that
AF = AC. Prove that EF = 24AM and EF | AM.
T3/435. Consider » positive integers a, a,..., a,

(n>1) satisfying @y +a> +...+a, = aa;...qa,.

1) Prove that for any given value of », the
above equation always has solution.

2) Determine all values of » such that the
equation has solution @, <a; <...<a,.
T4/435. The numbers a, b, c¢ satisfy
ab+bc+ac=2013abc and 2013(a+b+c)=1.

Find the sum 4 =a”"" + %" +*5,

T5/435. Prove that if in a trapezium ABCD
(AB//ICD), AC+ CB = AD + DB, then ABCD
1s an isosceles trapezium,

FOR UPPER SECONDARY SCHOOLS
T6/435. Solve the inequality on R
(\@—\hxz -2x+5 -\/21:2 —d4x+4)

x(x® —x° B —xeliz0

(Xem !ié:p trang 26)
, TOAN HOC
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* Bai T1/431. So sdnh A va B, biet

L A |
: |1T o] T4——
2013 4 20132 A 2013 )
201321
201221

i (2013+1)(2013-1)

A=)y

vai n la so nguyén dirong va B=

2013 -1

Léi gidgi. B=

2012%-1 2012}
2014 2012 2014
20122 2012

Ta s& so sanh 4 v&i C. Néu 4 <Cthido C<B
nén 4 <B.
oA pk i e e A B
2013 2013 2012
2014

1 JD
2013 2013

D:[H 1 J[H : J...[H : )
2013? 2013 2013"

Ta tim cich bién ddi céc thira s6 trong D dé
co thé gian udce ching.
Pat a = 2013. V6i m=>2 ta s& chimg t6 rang

suyrad <B.

D vii

]

e VGi n=2 thi A:[l+

lm 4 a-1 (1)
a” a"—a
§ ] L 1M
Thit vay, a-1 o e (a—1)—-a™+a
g A a”(a™—a)

le=2lka b5 050013 vi 22,
a”(a"—a

Tir (1) ta co

1+i<1+ gl igt=orea—t @l 2)
e T T T

Thay (2) vao biéu thirc D khi cho m bing 2,
3, ..., nvaa=2013, ta dugc

oS Ho o

a-1 a'-1 al-1 a"-l
< : :
a(a-1) a(a®*-1) "a(a"*-1) a(a""'-1)
2013

el dnt=ba i 8
al(a-1) o'({a-1) a-1 2012
2014 <2014 2013 2014 _
2013~ 2013 2012 2012
suy ra A < B, v mdi s6 nguyén duong n. O
»Nhén xét. Nhiéu ban bién ddi biéu thic khéng chinh
x4c. Hai ban sau ¢6 1o gidi ding:
Nghé An: Nguyén Van Manh, Tran Lé Hiép, 6A,
THCS Ly Nhit Quang, Da Luong.

T 46 A=

VIET HAI
* Bai T2/431. Trong mdt phang cho bon
diém, trong do khong co hai diem nao co

khoang cach nho hon V2 em. Chirng minh
rang trong bon diém do ton tai hai diem co
khoang cdch lon hon hoge bang 2 cm.

Léi gidi. Goi bbn diém da cho 1a 4, B, C, D.
Truong hop 1. Trong bén diém 4, B, C, D ¢6
it nhat ba diém thang hang. Gia st 4, B, C
thang hang (B nam giita A va C). Khi d6 AC

=AB+BC22+25>2.

Triwong hop 2. Trong bén diém 4, B, C, D
khéng ¢6 ba diém nao thang hang. Ta xét hai
kha nidng

a) Tu gide ABCD 161,

CONG TY RUNSYSTEM, BCD PHONG TRAQ THI DUA "XAY DUNG TRUONG HOC THAN THIEN,
HOC SINH TICH CIPC" VA TAP CHi TOAN HOC VA TUOI TRE

Phéi hop 16 chiFc trao thwdng thieong xuyén cho hoc sinh dwgc néu tén trén tap chi

TOAN HOC
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Khi do trong cdc goc AEE‘, BJED, @, DAR

ton tai it nhit mét goc : B
g g

16n hon hodc bang 9.
Gia sit DAB>90r(h.1)

Khi d6 BD? =z AB* + AI¥ I \
SEPAGRE S T T L
=BD2=2. Hinh 1 '

b) Tir gide ABCD khéng 1oi.
Khi dé trong
bon diém A4,

B, C, D ton tai
mét diém nim
trong tam giac
ma cac dinh la

ba diém con
lai. Gia sit D
nam frong tam #~
giac ABC (h.2).

Khi d6 trong céc géc ADB, BDC, CDA
tai it nhat mot goc 16n hon hodc bang %¥. Gia
st BDC =90°,

Ta ¢6 BC?2DB>+DC?2 (22 +(J2): =4
= BC = 2. Bai toan duge chimg minh.OJ
»Nhan xét. 1) Nhiéu ban xét thu:u truémg hop ba

trong bon diém thing hang hodic bén diém tao thanh tir
giac khong 16i.
2) Céc ban sau day cé 1o giai tht:
Phi Thy: Ho Quang Huy, 7A, THCS Vin Lang.
TP.Viét Tri; Nghé An: Nguyén Thiry Dung, 6B, THCS
Ly Nhét Quang, Bé Luong; Quing Ngdi: Nguyén Lé
Hodang Duyén, Pham Thién Trang, Nguyén Thi Ha Vy,
THCS Hanh lf'huéc, Tricong Thi Mai Tram, TA, THCS
Pham Vin Dong, Neuvén Hong Miéu, THCS Nguyén
Kim Vang, Nghia Hanh, Pham Thi Vy ¥y, 6A, Pham
Quéc Trung, TA, THCS Nghia M¥, Nguyén Cao Bach,
7B1, THCS Nguyén Nghiém, TP.Quéng Ngii.
NGUYEN XUAN BINH

Hinh 2

ton

% Bai T3/431. Tim hai chit so tgn cimg cua

I3 1‘|I|":

so 2003
2013 2013

Léi gidi. Dat 4=2005"  ,B=2004"

Do 2004:4 nénB:4. Ma 2004 =—1(mod5)
nén B=-1(mod5) suy ra B=5k+4(kel).
Do B:4nén 5k:d4=k:4 = k=4t (teN*).

Vay B=20t+4,teN* (1)
Do 2003 =3(mod 100) nén
A=20038 =32+ =(320¥.3* =1.81=81(mod 100).

Vay hai chir s6 tin cling ctia 36 4 12 81.0
»Nhdn xét. 1) Nhiéu ban tham gia giai bai nay va déu
tim ding két qui. Céic cich giai 14 kha phong phu,
chéng han dé chimg minh (1} cd thé 1am nhur sau:

L2013
2004 = 4(mod20) = B=4"""  (mod20).

V& ke N thi 42" —4=404* —1)=4016* —1)i4.

16% =1 6 tan cing 14 5 nén 16° 15 nén 4(16° ~1)20
2.‘:1-1 =4(mod20).

Viy B=4(mod20) hay B=20r+4,1eM .

2) Céc ban sau ¢6 lé giai tbt:

Vinh Phic: Lé Die Manh, 6A5, THCS Yén Lac; Ha

Nam: Hoang Dirc Manh, 9A, THCS Dinh Cﬁnlg Trang,

Thanh Liém; Thanh Héa: Nguvén it‘h_i Hong, 7D,

THCS Nhir Ba S, Hoang Hoa, Nguyén Hitu Hoang,

8B, THCS Tran Phu, Nong Cong; Nghé An: Pham

Quang Toan, Hoang Thi Thao Hien, 8C, THCS Ding

Thi Mai, TP.'!.finh; Quiang Nam: Lé Phudc ﬂjnf:, 81,

THCS Kim BPang, Hoi An; Quing Ngii: Neuvén Cao

Bdch, TB1, THCS Nguyén Nghiém, TP.Quang Neii.
TRAN HUU NAM

* Bai T4/431. Tim gia tvi lom nhdt vé id ri

nho nhat cua biéu H':fm P=2 \1-—8\,1

trong do x, v la cdc so ' thire khing dm thoa

H-'ca.'”‘\u']— +1\.| 2=xi4yl,

Léi gidi. Diéu kién 0<x<1; 0< y<I.
Tacod xyl-y* +yy/1-x? =x* +y?
& x(x=+1=y )+ y(y—1-x%)=0

:f[x +° —1) Wi+ 92 -1

x+41-3° y+y1-x7

SE P e |,
.vc-i-\fl—y2 y+l-x2
2 ,2=
= x4y =1
x=y=0,
e Voix=y=0thiP=0. Ma P20 véix,y
khéng am. Viy minP = 0.

TOAN HOC
- Cluditre 19
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e Vi x*+y* =1 ta tim gid tri 16n nhét cua P.
Ap dyng BDT Bunyakovsky ta cé
P?=(9.3Jx+4.2,[y)* <(9* +4%)(9x+4y)
=97(9x+4y) (1)
Lai ¢6 (9x+4y)* (9> +4*)(x* +y*)=97 (2)

Tir (1) va (2) suyra P2<97/97 < P<Y97°;

9

X X=—p=

TR oo 7
P=97" =49 4 *"i—
xt+yt=l y=—

Viy maxP=v97° .0
»Nhdn xét. 1) Mot sb ban khi gii bai nay da nham ldn
cho rang diéu kién cia bai todn twong duomg vai diéu
kién x*+y7=1, din dén minP = 8 tai x =0; y =1(!)
2) Tuyén dwong cac ban sau c6 1oi giai tot:
Vinh Phiie: Nguvén Thi Thém, Chu Mai Anh, Hodng
Thi Lan, 8A1, THCS Yén Lac; Ha Nam: Hoang Dhic
Manh, 9A, THCS Binh Céng Trang, Thanh Liém;
Nghé An: Pham Quang Toan, 8C, THCS Dang Thanh
Mai, TP.Vinh; Thanh Héa: Lé Quang Ding, 8D,
THCS Nhit B4 S§, Hoang Héa; Quéang Ngai: Tran Thi
M Ninh, 9A, THCS Nghia My, Tu Nghia; TP. Hé Chi
Minh: Pé Neuyén Vinh Huy, 9A1, THPT chuyén Tran
Pai Nghia, Quén 1.

PHAM THI BACH NGOC
% Bai T5/431. Cho n gigc ABCD néi tiép
dwang tron (Q). Goi I va J theo thir tw la
trung diém cua BD va AC. Chirng minh rang
BD Ia phan gide cua goc AIC khi va chi khi
AC la phan giac goc BJD.
Lai gidi. (Hinh vé)

Ké CMI/BD (M e (0)), khi a6 BM = CD,
DBM = BDC. Két hop véi gia thiét ID = IB

TOAN HOC
20 * CTudilpe SO 455 (9-2015)

ta thly ABIM = ADIC (c.g.c).

Tir d6 suy ra BIM = DIC.

e Néu BD la phan gidc cia géc AIC thi

AID = DIC, do d6 BIM = AID, suy ra ba

diém A, I, M thing hang.

Goi R 1a ban kinh duong tron (0). ta co

AB.BM AM AD.DM .AM

e S SR T
4R 4R

Vi 7 14 trung diém cta BD nén Sy = Sipm
suyra AB.BM = AD.DM (1)
Taco CD=BM,BC=DM tir(1)suyra
AB.CD = AD.BC (2)
Ké DN//AC (Ne(Q)) thi AD = CN, AN =
CD. Tir (2) suyra AB.AN=BC.CN (3)
AB.AN.BN BC.CN.BN

La. d S ':7*5 o ——
al 40 D gan AR CBN 4R

nén tir (3) ta co Sypar= Scan.

Saau =

Piéu nay chimg t6 ring BN di qua trung diém
J cua AC. Luc d6 do AD = NC, DAJ = NCJ
nén ADJA = ANCJ (c.g.c). Tirdo

AJD = CJN = AJB.
Nghia la AC la phén gidc cua goc BJD.
e Néu AC la phan gidc ciia géc BJD thi
chimg minh tuong ty nhu phan trén ta dugc
BD la phan giac cua goc AIC (dpem).O
>Nhin xét. Két qua bai todn trén 1a mot tinh chét dac
trung clia #ir gide dieu hoa (n gide ngi tiép ABCD théa
mén diéu kién AB.CD=AD.BC). S6 1i giai giri vé Toa
soan khéng nhiéu. Nhimg ban sau co l&i giai tot hon ca:

Ha Nam: Hoang Pic Manh, 9A, THCS Dinh Cong
Tréng, Thanh Liém; Thanh Hoéa: Nguyén Hiru Hodng,
8B, THCS Trin Phi, TTr. Nong Cong; TP.Hd Chi
Minh: 6 Nguyén Vinh Huy, 9A1, THPT chuyén Trin
Pai Nghia, Quin 1.

HO QUANG VINH
* Bai T6/431. Giai hé phieong trinh
B(l-x)+y(1-p)=12xp+18 (D)
13x—2y+10]+|2x-3y[=10 (2)
Lai gidi. Ta co
PT(l) &2+ =x*+y*+12xy+18
syl ol eyt P iyl " (3)
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Do vé phai ciia PT (3) luén khong dm, suy ra
P+P0er2(—pY oxz-yoxt+y20.
Apdung BDT | 4|+|B 2| A-B| (*)
dang thirc xay ra khi va chi khi AB<0. Ta
co |3x—2y+10|+|2x-3y|
2|3x-2y+10-2x+3y | x+ y+10| =10.
Do d6 PT (2) twong duong voi
{(3x—2y+l(}}(2x—-3_v}£0

x+y=0
{{5x+](})5x*_i 0 {-2 <x<0
" =
y=-x y=-x

Thay y =-x vao PT (3), ta duoc
2(-x2+3)2 =0 x? =3 x=+./3.

Ma —2<x<0 nén chon duge x=—3, suy
ray= J3.

Véy hé phuong trinh c¢6 nghiém duy nhét
(x)=(33).0

»Nhin xét. 1) Rt nhiéu ban tham gia giadi bai nay.
Nhiéu ban do khong vin dung BDT (*) da phai phan
chia thanh cic khodng dé bo dau gia tr tuyét d6i nén

161 gidi con dai. Co ban khnng dbi chiéu dicu kién nén
d két lugn sai vé nghiém ciia hé phirong trinh.

2) Tuyén dwong cdc ban sau co 10 giai tdt, lip ludn
chit cha:
Ha Nam: D6 Dang Dwong, Hoing Pite Manh, 9A,
Ding Dinh Lei, 9C, THCS Dinh Cong Trang, Thanh
Liém, Lé Anh Tudn, 11 Toén, THPT chuyén Ha Nam;
Bﬁc Ninh: Phgm Vin Chinh, 11A9, THPT Yén Phong
S6 2; Hai Phong: Vii Thi Ngac, 10C1, THPT Nguyén
Binh Khiém; Humg Yén: Nguyén Trung H:eu 11 Todn 1,
THPT chuyén Hung Yén; Ha Ni: Neuyén Hiru Khoe,
10 Toén, THPT chuyén Nguyén Hué; Ngh¢ An: Lé Thj
Hrcwn Trang, 10T2, THPT D6 Lu-:mg 1; Thanh Héa:
Neuven Hitu Hmng, 8B, THCS Tran Phu Néng C‘ong
Lé Hing Cuomg’, 10A7, THPT Luong Pic Bing,
Hoang Hoa, Pham Anh The, 10A1, THPT Lé Van Huu,
Th1eu Hoa; Phi Yén: Lé Van Thien 10TL1, THPT
Nguven Hug, Tuy Hoa; Tra Vinh: Trarmaig Hoang Viét,
s~ THCS Thj trin Cau Quan; TP.HO Chi Minh:
Ngu}en Tran Hoang Minh, 11 Toin, PTNK DHQG
TP.HO6 Chi Minh; Long An: Chu Thi Thu Hién, 11T,
THPT chuyén Long An; Vinh Long: Trdn Duy Qudn,
I0T1, THPT chuyén Nguyén Binh Khiém: Pik Lik:
Ngmen Nhie Hiép, 12A1, THPT Trin Qudc Toan; Ca
Mau: Lwu Giang Nam, 11T1, THPT chuyén Phan
Ngoc Hién,

BINH GIA LINH

* Bai T7/431. Tim gia tri lém nhat ciia biéu
thirc E=a +b* 4+ prong do a, b, ¢ la
cdc 56 thuc théa man cde diéu kien a+b+c=0
va a’+B+c? =1,

Léi gigi. Gidstt a<b<c suyraa<0<c.
eTHI1. 520. Tacé a+ b+ ¢ =0=a=—(h+c)

ni2
= E=~(b-+c)5 453 4¢3 =Y preai+ <,

k=l
eTH2. b<0.Pdt x =—a, y=-b thix>0,
y>0vic=x+y>0,Tacod
E = —(x™5 4 p2013) 4 ¢2013 . Ap dung bét ding
thirc Cauchy cho 2013 sé thuc duong: 1 sé

; 2013 B
bing va 2012 so bang o= ta co
(_T +}r)2013 22D]3

20 501 hid ("I‘TW
22013 1o !

[_\-_‘__-‘.)Jr::} xX+y

v,'_‘Li'Ij

(x+ )20

2012 _ 2013
+ =
220[3 22m2

]2 - 2012
Ttk by L2 }2013}[_;_] :

22013 T x4y

x2013 4 3,203

(x+ y)

_TE[HS +}_12.{J-|_3 1
b

(_H_y}zmz e 22012

Suy ra

= Esem(1--1).
92012

Ta c6 1=x2+y2+ceg%ﬂ.z=£

2
1006
::»Uf:c‘_:\/gj.-‘-:i[z
3 3

I | 2
" 92012 7
Trong moi truéng hop déu cé

1006
R et
3 22012 3

Diing thirc xay ra khi va chi khi trong ba sb a,

. - A Al 6 \ . £ . .
b, ¢ ¢6 mdt s6 bing o hai s con lai

bing ‘%' Véy gid tri 16n nhét cia E la

1006
() (=3
3 22‘1}I2 3

»Nhin xét. Toa sogn khéng nhin duoc nhiéu bai giai
cho bai toan ndy. Mét s6 ban cho két qua ding nhung

TOAN HOC
‘ STusilre 21
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lap luin chua duge chudn. Ching han cho ring tir
atbte=0 s& ¢6 hai 56 cung dau(!) Mgt so b{lp khac
ding ca kien thirc khong thuge chuang trinh phd thong
dé giai (cye tri ciia ham mhiéu bién), Céc ban sau diy
co i giai tot:
Ha Nam: Bach Xuan Dao, 11T, THPT chuyén Bién
Hoa; Lé Ank Tu_cfn; 11T, THPT chuyén ban Ha Nam;
Ha N@i: Nguyen Hitu Nhdn, 11T1, THPT chuyén
Nguyén Hué; Hoéa Binh: Pang Hitu Hiéu, 12T, THPT
chuyén Hoang Van Thu.
TA NGOC TRI

* Bai T8/431. Cho hinh chop S.ABC co G la
trong tdam cua tam gidc ABC, O la trung diém
cua SG. Mot mdt phang (a) thay doi qua
diem O va edt cde canh SA, SB, SC ciia hinh
chop lan luot tai cac diem A'.B',C". Chung
minh rang

A §B?  SC*. A4” BB" CC"

AdT BET CO" 847 SBTOSC7
Léi gidi. (Theo ban Lé Thé Som, 11Bg, THPT
Bim Son, Thanh Hod) (Hinh v&)

iy 1
K=~d5
T I-_"'-~-,-
.IJ \L\""} s _}
/ N o1 N
_a'J Fixi i \\‘-.
’{-\:.-1:_-— - el i _—‘-__'—:u-;:'
R -
% =
J‘Ig
peoy i P A i A ' Br
bt SA=a, SB=b, SC=::,-—i:m,B—=n.
SA4' SB'
By o N :
_S"t-f_': p (m,n,p>0). Khi do, BDT can ching
minh tuong duong vii
1
—;—+L1+L’; m?+n?+ p? (1)
ol

Tacé G+b+&=35G

& (m+)SA +(n+1)SB'+(p+1)SC'=6S0..
Do O thudc mat phéng (A'B'C") nén
(m+D+n+D+p+l)=6m+nt+p=3.

TOAN HOC |
29 & Crmt!:é So6 435 (9-2013)

Str dung BPT Cauchy cho cac s6 dwong ta cd
USRI Lo B e
m* n® p* mm np pm mnp

(mn+np+ pmY’ = 3mnp(m + n+ p)=9mnp (3)
Mat khac,

(mn + np + pm)*(m* + n* +p9)

= (mn + np + pm)(mn + np + pm)(m’ + n’ +p’)

4%
i[_@ﬁ?‘;—?)") =77 (4)

Tir (3) va (4) suy ram” + n* +p* < . Két

mnp
hop véi (2) ta co BDT (1) dugce ching minh.
Ping thirc xay ra khi m = n = p = 1. Khi d6
A', B', C' thir tir 1a trung diém S4, SB, SC. O

)‘-‘Nh@n xét, Ngoai ban Son, cic ban sau cling ¢ 1¢xi
giai tot:

Vinh Phiic: Ngwvén Van Cao, 11A1, THPT Sing Som,
Song Lé; Thai Binh: Nguyen Dinh An, 11 Toan 1, THPT
chuyén Thai Binh; Thai Nguyén: Tg Van Tuan, 11Al,
THPT Luong Phi; Nghé An: Lé Hong Diec, L1AL, THPT
chuyén Phan Bgi Chau, TP. Vinh; Biid Hoang Pat, 11C1,
THPT Nguyén Birc Méu, Quynh Luu; Quéng Binh: Tran
Hime Thugn, 11 Todn, Trdn Thanh Bink, 10 Toidn, THPT
chuyén Quang Binh; Long An: Chu Thi Thu Hién, 11T,
THPT chuyén Long An.

NGUYEN THANH HONG
* Bai T9/431. Tim 56 fi nhién n sao cho
4|43} ;‘_’E_“ ol 2 34
L& 'L« J iz

I s0 nguvén to, trong do ki hiéu [x] la so
nguyén lon nhat khéng vieot qua x.

Léi gidi. (Theo ban Nguyén Long Duy, 10T,
THPT chuyén Hung Yén, Tran Minh Hiéu, 6C,
THCS Vin Lang, Viét Tri, Phi Tho).

w2

eNéun=4kthiB=k+k+1+2k=4k+1

=p +1.
eNéun=4k+1thiB=k+1+k+1+2k
=4k+2=n+1.
eNéun=4k +2thiB=k+1+k+1 +2k+ 1
=4k+3=n+1.
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eNéun=4k +3thi B=k+1+k+2+2k+1
=4k +4=n+1.ViyB=n+1.Dodo
A=n+1+n*+3n -1 =n(n+1).
Do @6 A'n. Dé A la sb nguyén té thi diéu
kincan lan=1.Néun=1thi 4 =5 la sb
nguyén to. Vay n =1 1a ddp so cua bai toan.0J
»Nhdn xét. Co kha dong cic ban tham gia giai bai
todn nay va déu giai ding. Tuy nhién so ban hoc sinh
THCS tham gia khong nh_iéu. Ngoai ban Duy, Hiéu, cic
ban sau ciing ¢d o1 giai tot:
Ha Nam: Lé Anh Tuci'nL 11 Toan, THPT chuyén ban Ha
Nam; Pha Thg: Neuyén f)m: Thugn, 8A, THCS Lam
Thao; Tha!lh Hoéa: Nguyen Van Himg,. 6D, THCS Nhir
B4 5%, Holng Hoéa; Nghé An: Ddu Hong Quan, 11A1,
THPT chuyén Phan B&i Chiu, TP.Vinh; Gia Lai: Trdn
Nguyén Try, 12 C3A, THPT chuyén Hing Vuong,
TP.Pleiku: TP.Hé Chi Minh: D3 Neuyén Vinh Huy.
9A, THPT chuyén Tran Pai Nghia, Quén 1; Bén Tre:
Tir Nhét Quang, 10 Toan, THPT chuyén Bén Tre.
DANG HUNG THANG

* Bai T10/431. Cho ham so
v=asin{x+2013)+cos2014x

trong do a la so thwe cho triroc.

Croi M, m lan lwet la gia i lon nhdt, gia tri
nho nhdt cia ham 50 trén E. Chime minh
rane M +m* =2,

Léi gigi. Lan lugt xét ham sb tai cac diém

x=0, Jrzn,.vczE va ,x:—EE, ta co

2 2
f(0)=1+gsin2013, f(n) =1-asin2013. Do
do f(0)+f(m)=2 va max{f(0), f(n)} =1, nén
M =z max{f(0), f(n)}=1. Suyra M2>1 (1)

Tuong ty, ta co f[%) =—1+acos 2013

f(—§)=—l—ams 2013,

Suyra m? =1 (2)
Tir (1) va (2) ta thu duge M* +m* 22.0
#Nhin xét. Cdc ban sau c6 101 gidl ding;
Hung Yén: Nouvén Ngoe Pai, Neuyén Trung Hiéu,
11T, Tran Ba Tryng, 10T1, THPT chuyén Hung Yén;
Ha N@i: Nguyén Hiu Khoe, 10T, THPT chuyén
Nguyén Hué; Hoa Binh: Dang Hiru Hiéw, 12T, chuyén
Hoang Vian Thy; Thanh Héa: Tg Dinh Quyén, 10A7,
THPT Luong Pac Bing, Hoang Hoa; Phi Yén: Bii Lé
Ngoc Min, 1183, THPT Dan l3p Duy Téan, Tuy Hoa;
Binh Binh: Ngwyén Van Hai, 11B, THPT Tay Son;
Long An: Chu Thi Hién, 11T, THPT chuyén Long An.
NGUYEN VAN MAU
* Bai T11/431. Cho dday so (a,) xdc dinh boi
1 12
d=— V@ By =——1 L-—--; =l it
- a;—d, +1
a) Chirng minh day 50 (a2,) co gidi han hitu
han va tim gioi han do

b) Dar b, | (s e+ a, voi moi 50

e n. Tim phan nguvén [b,) va

Loi gidi. a) Ta co ai —a, +1=[a,,-—%) +%>(}
=a, >0, Yvn2>1. Mat khac

2 o v
a anz_mgom

Ay —dy =
a:—a, +1

al—a,+1 §
Do d6 chimg minh bing quy nap theo » ta c6

D<a, <@, <..<a =%.
Nhu viy (a,) 1a diy s6 giam bi chin dudi

boi 0, suy ra ton tai lim a, = a. Do d6 tir (1)

n—4x

oD =0 =5 a=0 (vl osa<%).

Vay lima, =0.
2 L
% ST DA L. P T e
az —a, +1 a.(a,—1)+1
1
= =qa, +
an+l_1 lﬂjl'r_-‘l
e Pl : - : . Vr=1.
":‘Irﬁl_1 an'_l
) TOAN HOC
S5 435 (9-2013) ‘ CTuditre 23
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Do d6 b,=Ya = ﬁ,l__L]
i=l =14 g _l a; _1

1 1 1

JE M M

1 = Uy

>1=>1>5h,>0

1
Cha y O<a,, ‘:532}

—
=[b,]=0 va lima,=0= limb,=2-1=1.0

»Nhin xét. Day 13 bai todn co ban cia day sé. Hoan
nghénh cac ban l6p 10 sau ¢ 1o giai ding:

Ha Nbi: Nguyén Chi Ting, 10T1, THPT chuyén DHSP
Ha Noi; Nghé An: Pham Trung Ding, Ddng Dinh
Lam, 10A1, THPT chuyén DH Vinh; Quéng Binh:
Tran Thanh Binh, 10T, THPT chuyén Quing Binh;
Bén Tre: Nguyén Duy Linh, 10T, THPT chuyén Bén
Tre; Binh Binh Vo Thé Duy, 10A1, THPT Sé 1 TTr
Phi My; Tién Giang: Neguyén Ngoc Minh Ti, 10T,
THPT chuyén Tién Giang.

NGUYEN MINH bUC

% Bai T12/431. Cho bon diém A, B, C va D
cung ndam trén mot dirong tron (ABC). M la
moét diém khong nam trén dwuomg tron nay.
Goi T; la cdc tam gidc co 3 dinh la 3 trong 4
diém da cho, tric diém i (i = 4, B, C, D). Goi
H; theo thir ty la tam gidc ¢6 3 dinh la hinh
chiéu vuéng goc ciia M . mun‘g cdc canh (hodc
canh kéo dai) cua tam giac T; (i = A, B, C,
D). Chitng minh rang

1) Tém dwong tron ngoai tiép cde tam gide H,
(i = A, B, C, D) cung ndam trén mét duwong
tron tam O

D Khichi D rhav doi trén dwrong tron (43( )
thi tam O' nam trén mét dwong tron co dinh.
Loi giagi. 1) Goi X, ¥, Z, T, U, V theo thir ty 1a
hinh chiéu ctia M trén cic duomg thang AB,
CD, AC, DB, AD, BC; (O,), (Op), (0.), (Oy) 12
dudng tron ngoai tié‘p cac tam giac Hy, Hp,
He, Hp; A, B’, C°, D’ theo thi ty 13 trung
diém cua MA, MB, MC, MD (hinh v&).

R0 rang Hy, Hg, He, Hp theo thu tir 1a cac tam
giac YTV, UZY, XTU, VZX.

D@ thay cac bo nam diém (4, M, X, Z, U); (B,
ML GMYV.Z I 0DMUTT)
cung thugc mot duong tron va cac duong tron
détheothutycé timla 4, B’, C°. I (1)

TOAN HOC
2 4 & Cru‘hme S48 435 (9-2013)

Goi N la giao diém thir hai cua (O.), (Os), cha

y toi (1), ta co
(NT,NU)=(NT,NY)+(NY,NU)(mod )
=(VT,VY)+(ZY,ZU)(mod )

= (VT VM) +(VM YY)+ ZY, ZM)+(ZM, ZU) od )
=(XT. XM)H ZM, ZY}H( ZY, ZM)+( XM, XU)(mod )
= (XT,XU)(modr). Do do N thudc (O,).

Twong tir N thude (Oy).

Vay (O,), (Op), (O.), (Oy) cling di qua N.

Noéi cach khéc, cac bd bdn diém (N, Y, T, ¥);

NUZD.WINXTU, (N,V, Z X) cing

thugc mot duong tron va cac dudng tron do

theo thir ty ¢é tdim 1a O, Oy, O., Oy (2)
Suy ra 0,0., 0,04 0:0., 030, theo thir tu

vudng goc véi NT, NV, NU, NZ.

Két hop vai (1) va (2). cha y ring 4, B, C, D

cung thudc mot duomg tron, ta co

{anc 'sO:.'O:! )_ (OhO:'* Of?oﬂ')
=(NT,NV)—(NU,NZ)(mod )

= (YT,YV)-(YU,YZ)(mod )

= (¥YT.,YU)-(YV,YZ)(mod )

= (DT, DU)Y—(CV,CZ)(mod )

= (DB, DA)—(CB,CA)(mod ) =0(modx).
Piéu d6 c6 nghia 1a O,, Oy, 0., Oy cung thude
mdt dudmng tron (tdm O’) (3)
2) Goi O, O, Oy theo tho tr la tim cac
duong tron (OB8°CY), (0,C°A4%), (0 4°B’),
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chd y téi (1) va (2), ta c6 O,B'LVT,
OC'1VY,O,B'LVX, O,C" LVZ.

Két hop véi (1), chi y ring 4, B, C, D cing
thugc mot dudmng tron, ta cd
(Q,H.Q.C)—(Qﬁr,QC}E(W, W]_{VK m(]'ﬂ:dﬂ)
=(BT,BX)—(CY,CX)(modn)
=(BD,BA)-(CD,CA)(mod =) = 0(modn).
Do do O, thugc duong tron (OB C").

Tuong ty O, O, theo thir tu thudc cac dudng
tron (0OC’A’), (04°B).

Viy cac by bon diém (B', C°, Q4 0.);
(C°, 4, Oy, Op); (4°, B’, Oy, O,) cling thudc
mot duong tron va cac dudng tron do theo thir
fr co tam la O[, Og, 03 (4)
Ta (1) va (2) suyra VZ LC'0;,GO, LC'Oy;
VX 1 B'0,;,00; LB'O,.

Do d6 VZ /I Q,0,;VX /| O,0,.

Tir (2, 3) va (4) suy ra NZ 10,0,
0'0, L 0,0,:NX 10.0,,0'05 1 0,0,.

Do doé NZ//O'0,,NX //0'0y. Tix (2) c6
(00,,00;) = (VZ,VX)=(NZ,NX)
= (OlOg,O*Og,)(m(}dT[J.

Do d6 O thude duong tron ¢d dinh (0,0,0).0
»Nhin xét. Bai todn niy kho, Toa soan chi nhin dugc
léi giai ciua ban Nguyén Trung Hiéw, 11T1, THPT
chuyén Hung Yén.
Khéng cin gia thiét 4, B, C, D cing thuge mét dwdmg
tron, cac dudmg (0,), (Oy), (0,), (Oy) vdn cing di qua
mot diém (xem bai T12/404, TH&TT S6 404, thang 2
nam 2011).

NGUYEN MINH HA

* Bai L1/431. Duoi pit téng trong mot xi
lanh ¢6 mot mol khi héli. Nguoi ta dot néng
cham khi, khi do thé tich cua khi tang nhing
tan s6 va cham cua cdc nguyén twr vao day
binh khong doi. Tim nhiét dung cia khi trong
qud trinh do.

Léi gidi. Tan s6 va cham ciia cdc nguyén ti
voi day binh phy thude vao vin toc trung
binh v clia cdc nguyén tir va méat do nguyén

it khi ». Ma wﬁ,conm%,tmngdéw

la s6 nguyén tir khi. Do tin s va cham cua
nguyén tir khi vai ddy binh 1a khong doi

nén?rzmnst, hay T'=g¥F? viiagla h%lng sb.

Ap dung nguyén 1i 1 nhiét dong luc hoc:
dQ =dd +dU = pdV + C,dT.

Theo phurong trinh trang thai cta khi li twong
pV=RT=p=aRV. Mat khic dT =2aVdV

nén dp=av XL L o ar
2aV
suy ra C=£=£+Cy :£+§~R=2R.
df 2 Rl

Viy nhiét dung cta khi la C=2R.0)

»Nhin xét. Thai Nguyén: Pham Thanh Binh, 11Al,
THPT chuyén Thai Nguyén; Nghé An: Chu Minh
Thong, A3K41, THPT chuyén Phan Béi Chiu; Pik
Lik: Nguyén Viét Sang, 10 Li, THPT chuyén Nguyén Du.

NGUYEN XUAN QUANG
* Bai L2/431. Mot vit chiu tac dong dong
thoi cua hai lue f'. va F, khong doi co do
lon bang nhau F, = F» = 04N va dang
chuyvén dong tron déu voi van toc do dai
vo=2m/s, ban kinh quy dao R = 1m. Neu tai
mot thoi diém nao do ta ngung fac dung lee
F thi sau thoi diém do s vit ¢6 téc dp bang
bao nhiéu? Biét vdt co khoi lwong m = 0,1 kg,
Léi giai. Do vat chuyén dong tron déu nén
vit chiu tac dung cuia hgp luc hudng vao tim
LA

2
quy dao va ¢6 49 lon F === 0,4(N).

Theo diu bai |ﬁ[| :!FZ’ =‘F“ =(F,F)=120°;
(FR,F)=60°, (F,,F)=60°.

Chon hé ftruc toa dg
Oxy ¢6 goc O la vj tri
cua vat lic ngimg tic
dung lyc F, truc Ox
theo chiéu ¥, truc
Oy theo hudng cua
hop lyc F (Hinh vé).
Tai thoi diém 7= 0 1a
lie nging tac dung
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cua luc F,. Ta thiy s& xay ra hai truong hop
1) Trudng hop (¥, F) =30 Taco

X

j""z_x = il = 2\6111)’33
m m

= v, = vy, +a,t =2+ 23t (m/s).

3 :fz.-“_z F,51n30 _ 2(mls?).

m m

o — — — - — . f—

Suy ra v, =, +a,t = 2t(m/s).
Tée d0 cua vit tai thoi diém ¢ = 4s 1a
= VI +2 ={(2+8V3)? + 8 ~17,8(m’s).

2) Truomg hop (¥, ) =120°. Taco

&= —Ficos30° :_2\5(1_&{52} |
m m i

a, =

suyra v, =vy, +a,i=2- 243t (m/s).

i_' FzSiI‘ﬁU‘D 2
m m
suy 1a v, = vy, +a,f = 2t(m/s).

2(m/s?)

i

Téc do cia vat tai thoi diém ¢ = 4s 1a

v=12 417 =(2-83)* +8 =~14,3(m/s). O

»Nhin xét. Bing cach chon hé truc toa d9 sao cho Ox
tring v&i phuong cua F3, ban Bui Vi Hoan, 10 Li,
THPT chuyén Lé Khiét, Quang Ngii cho 1o giai dung
cho cd hai truong hop 1) va 2).

B.{&NG THANH HAI
THONG BAO

Cac ban nh¢ dat mua

TAP CHI TOAN HQC VA TUOI TRE
cho Quy IV, PAC SAN S6 9 (phat hanh
vao thang 11 nim 2013, M sb C.168.1)
va CAC AN PHAM CUA TOA SOAN
tai cdc Co s& Buu dién trén ca nudec.

PROBLEMS IN THIS ISSUE...(Tiép trang 17)

T7/435. The three angles of an acute triangle

ABCaresuchthatA>— oo C>+
4 4’ 4
Determine the smallest value of the
EXpression
T=tanA-—2 tanB-2 tanC-2
tan® C tan” A tan’B

T8/435 Let S.ABCD be a pyramid inscribed
in a sphere centred at O, and 4B =a, CD = b.
Draw parallellograms SAKB and SDHC.

: Ul
Determine the ratio % in terms of « and b,

where E is the point of intersection of AD and
BC, and F is the point of intersection of AC
and BD.

FTMOWARD MATHEMATICAL OLYMPIAD

T9/435. How many positive integers n are
there such that » has 2013 digits in decimal

s 3 BF . 5
number system and ? 15 a positive interger

with 2013 odd digits?

T10/435. Find all functions /:R—R g:R-R
such that the following two conditions are
satisfied 1) f(x)-2g(x)=g(y)+4y, for all
x,yeR,

2) f(x)g(x)<33x%, forall xeR.

T11/435. Find all polynomials T(x,y) such
that T'(x, y).T(z,t) = T (xz + yt,xt + yz)
forall x,y,z,teR.

T12/435. Let ABCD be a cyclic quadrilateral.
The circle whose diameter is 4B meets CA,
CB, DA and DB at E, F, I and J respectively
(all differ from A4 and B). Prove that the
angle-bisector of an angle between EF and 1/
is perpendicular to the line CD.

TOF'IN HOC
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SU DUNG HE THANG DU ... (Tiép trang 15)
Viy tong cong cé tat ca

a+b“1+ab—a—b+l zab+a+b—l
2 2

50 xau. O

% Thi du 9. Cho a,b,ce

Fad

Bt (ab)=(b,c)=
(c,a)=1. 56 nguvén diwong n dwoe goi la s
i
CAe

e o . ; IS, :
new  fon  iail LY, ZTELT . Sad

dep

tcay + ab:z

1= bcx
1) Chitng minh rang n=2abc I s6 xdu lon
nht.
2) Chimg minh rang néu ."."t':[iﬁ’[] Hoo+aa; 2abe| thi
n la s6 xau khi va chi khi s6 k =2abc+ab+be
5 | |'llt-:' .\I'z" c f..i__'f_j
3) Tim 56 heong cde so6 xau,
Léi gigi. 1) Ta chimg minh »n=2abc 1a sb
xau lon nhat.
+) Gid sit n=2abe la sd dep hay phuong
trinh 2abc = bex + cay + abz (*) ¢d nghiém
nguyén duong. Khi do6
bexia  [xia
cay:b=>{yb (do (a,b)=(b,c)=(c,a)= l)
abzic |zic
suyra x=ax; y=by: z=cz(x,y,z € Z*).
Lic nay phuong trinh (*) <abd(x +)+2) =2akc
S x+n+z =2, voli
Viy diéu gia sir 14 sai, trc 12 7 = 2abc 1a sb
xauw.
+) Ta chimg minh moi » > 2abcthi phuong
trinh » = bex+cay+abz co6 nghiém nguyén
duong.
Do (a,b)=(b,c)=(c,a)=1 nén Az{n—abi}r_=]
la HPbPmode. Tir d6 ton tai ze{l,2,...,c}
sao cho n—abz =0(modc) < n—abz =1tc(t € Z),
n—ale i 2abc—abe
c c
tic 12 teZ*,t>ab, dian dén ton tai

ma n>2abc. Suyra t=

ab,

x,yeZ* md bx+ay=1t, tr d6 ta co

n—abz =(bx +ay)c < n=bcx + cay + abz,

chimg to Vn > 2abe déu la sb dep.

Tir hai diéu trén ta thiy »=2abc 1a sb xéu

I6m nhat.

2) Tuong ty Thi du 8, cdu 2.

3)Tuong tu Thi du 8, cdu 3. Ta tinh duoc s6
, 2abc+bc+ca+ab-1

lwgng sé xdu 1a : 0

BAI TAP
I. Cho pegz?,p=3k+2(keN”). Hoi
)i
S =Y (k* +k +1) chia cho p du bao nhiéu?
k=

2.Chopegp,p=3k+2(keN"),

A=x+x2y? +y“{x,ye N’).
Chimng minh ring néu A:p thi 4:p*.
3. Tim tit ca céc s6 n e N*sao cho ton tai tap
A={a,,a,...,a,} 14 mit hodn vi coa tip
B:{I,Z,...,n} thoa méan C={a|,qazw-salaz»--an}
la HBD modn.

4. Ligu c6 thé dgt 12 s6 1, 2,..., 12 theo
duong tron sao cho véi ba so lién nhau a, b, ¢
bat ki thi s6 b —ac chia hét cho 137

5. Chimg minh ring véi mdi sb nguyén
duong » déu ton tai s6 nguyén duong k , sao
cho k.5" =a,a,....aa viét trong hé thip
phin thod man i v a; c6 clng tinh chin 1¢,
voimoi i=1, 2, .., n

6. Cho pegqp}Z,pEZ[rmﬁ), Chimg minh

ring A={y3—x3—1

,r,yeN,x<p,y<p} cod
nhiéu nhét p—1s6 chia hét cho p.
7. Cho 6 nguyén dwong # thoa man

14171 4271 ot (n—1)"" =0(modn).
Chimg minh ring nkhéng cé wée chinh
phuong khac 1.

8. Ton tai bao nhiéu sé tu nhién nhoé hon
10000, sao cho 27 —n2:77

TOAN HOC
cTusitge 27
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EPEECTY EP AT

Cé rit nhiéu dinh Ii, tinh chat, bai toan,....

¢6 thé khai thac dugce. Bai viet nay ching

tdi xin giGi thiéu t¢i ban doc mot bai toan hay

va khai thic dwge nhu thé.

BAI TOAN. X¢é1 cdc s6 khéng am a, b, ¢ thoa

man diéu kién a® +b* +c* +abc=4. Tim gia

fri lom nhat ciia S=a+b+c.

(Bai 7 - Tai liéu chi dé tu chon nang cao

Toan 10 - NXBGD Viét Nam).

Léi gidi. Tir gia thiét tac6 a, b, c €[0;2].

Cich 1. Xem didu kién a? +b? +c> +abc=4

1a PT béc hai 4n a (b, c 1a tham s6). Khi d6

4-1 +4-c?

B e ) D

2 2
_8—(b+c)?
gl i
8—(b+c)* +4(b+c)
4

Suyra S=a+b+c<

12 (b+c— 2)
4
khi va chi kpia=b=c= 1. Vay gia tri lon
nhéat cta S bang 3.
Céch 2. Ap dung BDT Cauchy cho céic 56
thuc khéng 4&m 2 —a, 2 — b, 2 — ¢ ta co
27(2-a)2-b)(2-c)£(2-a+2-b+2-c)
& 27(8—4(a+b+c) +2(ab +bc+ca) - abc)
<(6-a-b-c)?
<2184 a+b+c)+2Aab+be+aa)+d +B + —4)
<(6-a-b-c)
& 27(a+b+c)

=3 . Dang thirc xay ra

—d(a+b+c)+4)

KHAI THAC

MOT BAlI TOAN

HOANG SY LUYEN
(Hoc vién Cao hoc K19 Toan, BH Vinh)

<(6-a-b-c) < 27(52-45+4)<(6-S)
& (S-3)(52+125+36)<0.
T dosuyra §<3.

Céach 3. V& moi tam gidc ABC ta c¢o
cos? A+cos? B+cos? C+2cos Acos BeosC =1.
Pem dbi chiéu véi gia thiét clia bai toan thi
ta c6 thé dit @ = 2cosd, b = 2cosB, ¢ = 2cosC
trongdé 4, B, Cla s6 do cdc gbe cua tam gidc
ABC khéng tu. Khi do ta co

§=2(cos A+cosB+cosC) <3

(vi cosd+cosB+cosC = % ).0

Bay gior ta khai thic thém dé tim nhing bai
toan *‘vé tinh’’ xung quanh Bai tedn trén.

Ap dung BDT Cauchy ta cé 4= +F + +ahe
>4 Ya’bic? = abc<l.

Mit khic @ +P+E =4—abc=a® +b+c* 23,
Ciing theo BPT Cauchy, ta cé

Nab+bcteca)<(a+b+c)* <9
= agb+bc+ca < 3. Vay ta thu dugc bai toan

& Bai todn 1. Cho cic so khong am a, b, ¢
thoa man diéu kién a*>+b* +c¢* +abec=4.
Chitng minh cdc bat dang thuwc sau

1) abe £1; 2)ab+bc+casl;

Nat+bi+erz3,

2] 2
Theo Cach 1 ta ¢ aﬁw)—;m{mgm
e 2 et 2
b:ig (C;a) 2 c£8 (a4+b} . Céng theo

vé ba BDT trén va bién déi, ta co

https://tieulun.hopto.org
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2a+b+c)<12—(a? +b% +c? +ab+ be + ca)
<> 2a+b+c)<12—(4—abc+ab+bc+ca)

< 2a+b+c)+ab+be+ca-abe<8,
Vay ta thu duoc bai toan
> Bai todn 2.' Cho cdc 56 khing am a, b, ¢
thoa man dieu kién a*+b*+c*+abe=4.
Ching minh rang
HNa+b+e)+ab+bc+ca—abc =8,
Theo BDT Cauchy ta cé
4=a*+b*+c*+abcz2ab+c*+abc.
Tirdosuyra 4—c?>2ab(2+c)=>2-c=ab
=Sct+abs2=>ct+abcse.
Tuong tw b +abe £2b, a? +abc < 2a,
Cong theo vé ba BDT trén ta duoc
a*+b* +c*+3abc<2(a+b+c).
Vaiy ta thu dugc bai toan

& Bai todn 3. Cho cdc 56 khong dm a, b, ¢
thoa man diéu kién a®>+b*+c? +abc=4.
Chitng minh rang

a’+b>+c?+3abe < 2a+b+c).

’ 2
Tathy 4=a?+5 +c? +abe= a2+ L1

Labtep +[b2 +H—{b+c)2]+a[bcf (b+c)z]
4 2 4

g2y 2ra)bteP  (B-c} a(b-c)
4 2 4
_ 2 2+ a4 2-a)b-c)
4 4
o (2+a)(b +c)2
4
i 2%32—&2@

= bhb+c<22-a.

Tuong twr c+a<2\2-b;a+b<2y2-c.
Cong theo ba BDT trén ta c6

dabre<alI~a 43— i+J3—c.
Vay ta thu duoc bai toan

Vid<£a<£2 nén 4:2z=qg?

=4

& Bai todn 4. Cho cdc 56 khéng am a, b, ¢
thoa man diéu kién a*+b* +¢? +abe =4,
Chung minh rang
P N oA Ty Yy e

Ta thdy néu ca ba s6 duong a, b, ¢ cung 16n
hon (hodc cling nho hon) 1 thi s& mau thuin
voi gia thiét @’ + b2 +c? +abc =4, Nén ta ¢
thé gia sir a>1, b>1,¢<1 holic a <1, b <1,
czl. Tk dosuyra (a-1)b-1)=0

< a+b-ab<l (1)
Mit khac theo Bai todn 3 ta cO 2—c=ab
suyra 0<c<2-gb (2). Tir (1)va(2)suyra
(a+b—ab)c<c<2—ab=ab+bc+ca—abc<2.
Hon nita c¢<1, nén abc<ab, suy ra
0<ac+bc+ab—abc . Vay ta thu dugce bai toan
% Bai todn 5. Cho cdc s6 khong dm a, b, ¢
thoa mdn diéu kién o +b>+c? +abe=4.
Ching minh rang O0<ab+bc+ca—abe <2,
(USA MO - 2001).
Theo Cich 3 thi ta c6 thé dit a = 2cosd,
b=2cosB, ¢ = 2cosC trong d6 A, B, C la so
do cac goc cua tam gidc ABC khong ti. Vay
thi ta o thé luong giac hoa mot so bai toan da
tim dugc ¢ trén dé tao ra nhig bai toan bét
dang thirc trong tam giac.
3 Bai todn 6. Cho tam gidc ABC khong tit
Chitng minh cdc bat dang thire sau

1

1) cos AcosBeos(C < g

: 3
2) cos AcosB+cosBeosC +cosCceos 4 < 2 :

: : . Y
3) cos* A+cos*B+cosiC z E;

4) cos.A+cosB+cosC+cos Acos B+cosBeosC
kcosCcosA—2cosAcosBeosC<2;
5) cos? A+cos? B+cos?C

+6cos Acos BeosC <cos A +cosB+cosC;

ahrndl S
6) cos A+cosB+cos( ism? ; s1n?+:~;m?;
= = - -

TOAN HOC
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Ewﬂéﬁlﬂ HO!I TOAN Hﬂﬂ VIET NAM LAN THU Vil

lett ! / %A"Z;&

IMrong cac ngay tir 10 dén 14 thang 8 nam
§ 2013 vira qua, Hoi Toan hoc Viét Nam,
Vién Nghién ciru Cao cip vé Toan, Vién Todn
hoc Viét Nam va Truong Si quan Théng tin
phdi hop td chitc Pai hoi Toan hoc Viét Nam
lan thir VIII tai Truong Si quan Thong tin, TP
Nha Trang, Khanh Hoa.

Piy la dip dé cdc nha nghién ctu, img dung va
giang day Toan ca nudc trinh bay ket qua
nghién ciru cia minh trong vong 5 nam gan
day. Dong thoi trao ddi, thao luan vé nhirng vén
dé thoi su cép thiét trong phat trién Toan hoc
cua dat nude. Tham dy Pai hoi c6 hon 700 dai
biéu ¢ cac Vy, cac Vign, cac Truong Dai hoc,
Cao ding trong nude va Quoc &, cac Trudmg

THPT, Nha Xuit ban Gido duc Viét Nam. Co6
357 bao cdo dugc trinh bay tai Hi nghi trong
do ¢o 5 bao cdo maoi (0 5 phién toan thé) va 43

ok

Trong dip nay, Héi Toan hoc Viét Nam da tiﬁn
hanh Pai hoi dai biéu nhim danh gia, tong
két nhitng thanh twu phat trién toan hoc
trong 5 ndm qua, ghi nhin kcl qua hoat dong
cua Vign Nghién ciu Cao cap ve Toan dong
thoi néu ra dé cuong phét trién trong 5 nam téi
va bau ra Ban chip hanh Héi Toan hoc Viét
Nam nhiém ki 2013 - 2017 gom 19 thanh vién
(anh dudi). GS. TS Neuyén Hiru Dur (Truong
DHKHTN, PHQG Ha Ngi) dugc bau la Chu
tich, GS. TSKH Phimg Ho Hai (Vién Toan hoc
Viét Nam) dugc bau 14 Tong the ki kiém Pho
Chu tich Hoi.

Tap chi Todn hoc va Tudi tré xin chiic ming
thanh cong ciia Pai hdi Toan hoc Viét Nam lan
tha VIIL

bdo cdo mai tai § tiéu ban.

PV

Néu ta thay déi gia thiét a® + b2 +¢2 +abc=4
cua bai todn goc thanh ab+be+ca+abe=4

o (VaB) +(Ve '+ (Ve +aBe=
th1 chung ta sang tao ra mot s6 b'u toan sau.

TOHN HOC
30 CTuditre S8 435 (9-2013)

Ta téng quat bai toan ban diu nhu sau:

Cho cdc s6 khdng ém a, b, ¢ . Tim s6 k khéng
dm lom nhdt thoa mén cdc diéu kién
a’+b2+ct +kabe=3+k va a+b+c<3.
Céc ban hay thu lam nhé!
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GIAI DAP CUQC THI
DO VUI NGAY HE 2013

R I ]

Bai 1. NAM DUONG LICH UNG VR
QUY TY

H¢ Can Chi c6 tat ca 10 Can va 12 Chi dugc
ghép moi Can véi mot Chi theo thif tu va tudn
hoan, nhu thé moéi Can ghép véi sau Chi, va
cir sau 10 nam thi lai gap nam véi Can 1a Quy.
Nim 2013 la nam Quy Ty, cit 60 niam thi tén
Can Chi lap lai, nén nam 2013 - 60.33 =33 Ia
nam Quy Ty va la nam Duong lich (Quy Ty)
nho nhit véi hai chir sé.
Cic nam Duwong lich (Quy Ty) c¢6 it nhat
hai chit s6 biéu thi boi cong thitc 60k+33=
10(6k+3)+3 véi k la s6 ty nhién. Tir dé suy ra
nhitng nam Duong lich (c6 it nhéat hai chit s6)
thoa min ba diéu kién sau thi tuong g véi
nam Quy Ty:
« chil s6 hang don vi la 3,
« chit s6 hang chuc la s6 1é (do 6k +3 1a s6 18),
» tong cdc chif s6 chia hét cho 3.
Chéng han cdc nam sau la nam Quy Ty: 33,
453, 813, 1533, 1893, 1953, 2013,...

HOANG NGUYEN

Bai 2. GAP GIAY LAM PHONG Bi
DatMN=a=20cm,MQ =h =192 cm, ME
=u, MF=v, EF = x, FG = y. D€ phong bi khong
bi ha vi ¢6 dién tich bé mat 16n nhit thi cic
tam gidc dinh gdp MEF, NFG, PGH, QHE phii
phi kin hinh chit nhiat EFGH va khi gdp phai
khong chom Ién nhau, tifc 4 ¢6 AMEF = AKEF
= APGH = ATGH va AQEH = AKEH = ATGF
= ATEG.

Suy ra cic diém H K.T,F thing hing. Hon nira,
EM=EK=FEQ,GN=GT =GPnén n=EM =
GN=h2=96cm.

ViEG=MN=dnénx3+}r?:33 (1)
Trong tam gidc vuong MEF c6 o +v* = x* (2)

D()’tl R | ~

W e wew T

Trong tam gidc vudéng NFG ¢o

w+(@-vw=y° (3)
T (1), (2), (3) suy ra v* — av+ u*= 0. Tir
do tinh dugc v = 12.8 cm va v, = 7,2cm. Do d6
EF=16cmva EG=12cmhoic EF =12 cm va
EG=16cm.

PHI PHI

Bai3. CAM mn_m‘?\q; SINHINHAT
BAC HO

Ta c6 1=20:9=23420:5=22420.903.20
Ban Thdng luon thing néu sir dung thuat cam
hoa nhu sau:
Lan ddu ban Thdng cam 4 bong mau tim, Con
lai 1 bong mau do, 9 bong mau vang, 1 bong
mau tim vit 9 bong mau hong.
Céc lan sau, néu ban Loi cim 1 bong mau do
(hoac tim) thi ban Thdang € cdm 1 bong mau
tim (hodc do); néu ban Loi cim m(l<m<9)
bong mau vang (hodc hong) thi ban Thdng sé
cam m boéng mau héng (hoac vang).

THANH LOAN

Tap chi TH&TT tuyén duong cdc ban sau cé
16 giai tot:

1) Phan Xudn Dire, 11C4, THPT Nam Dan 2,
Nam Dan, Nghé An.

2) Tran Nguyén Try, 11C3A, THPT chuyén
Hung Vuong, TPPleiku, Gia Lai.

3) Pé Nguyén Hoang Anh, 12 Todn 1, THPT
chuyén Lé Quy Don, Ba Ria-Viing Tau.

TOAN HOC
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XUAT BAN TU 1964

r 'y b
f ) S6 435 (9.2013
o Tup "I“ TOAH Hoc va T“OI TRE Toa soan : 1878, ohe EiénE{'-'d.Ha Mo

7[!'- 3 BT Bién 1ap: 04.35121607
| = # 0 BT - Fax Phé hanh, Tri sy : 04.35121606
,f_@,wy Mu*hemu“‘s u“d You'h Muguﬂne Email: toanhoctuoitrevielnam@gmail.com
BAN CO VAN KHOA HOC CHIU TRACH NHIEM XUAT BAN
= ; = Cht tich Hoi déng Thanh vién kiém
GS.TSKH. NGUAYEN CANHTOAN Téng Gidm déc NXB Glé.(‘r duc Viét Nam
GS. TSKH. TRAN VAN NHUNG NGUT. NGO TRAN Al
TS. NGUYEN VAN VONG Phé Téng Gidm doc kiém
GS. DPOAN QUYNH Téng bién tap NXB Gido duc Viét Nam

R TS VU VAN HT
PGS.TS. TRAN VAN HAO B AV TR

HOI PONG BIEN TAP

Tong bién tap : TS. PHAM THI BACH NGOC Thu ki Téa sean : ThS. HO QUANG VINH

TS. TRAN DINH {'I—HU ThS. NGUYEN ANH DUNG, TS. TRAN NAM DUNG, TS. NGUYEN MINH DU, T5. NGUYEN
MINH HA, T5. N(uUYEN VIET HAI, PGS. TS. LE QUl’}C HAN, ThS. PHAM VAN HUNG, PGS. TS. VU THANH KH]ET
GS. TSKH. NGUYEN VAN MAU, Ong NGUYE\I KHAC MINH, TS. TRAN HOU NAM, PGS. TS. NGUYEN DANG PHAT,
PGS. TS. TA DUY PHUONG, ThS. NGUYEN THE THACH, GS. TSKH. DANG HUNG THANG, PGS. TS. PHAN DOAN THOAI,
ThS. VU KIM THUY, PGS. TS. VU DUONG THUY, GS. TSKH. NGO VIET TRUNG.

TRONG SO NAY
Thu cta Chu tich nuéde Truong Tdn Sang @ Ban doc tim toi

giti nganh Gido duc nhan dip Khai giang

néim hoc méi 2013-2014. Hoang Minh Qudn - Hai bai toan hinh

hoc trong ki thi IMO ndm 2013.
o Dinh cho Trung hoc Co s& — For Lower @ Tim hiéu sau thém toan hoc so cip

S Sch 7 2
Feaniary Do Nguyén Duy Lién - Su dung hé thing du

Vi Hitu Chin - Mot s6 bai toan tinh gée dé giai toan (Tiép theo ki trudc).
trong tam giac can. @ Pé ra ki nay - Problems in This Issue
G Huédng dn giai Dé thi tuyén sinh vio 16p T1/435, ..., T12/435, L1/435, 1.2/435.
10 Tri'r.ﬁng, THPT chuyén KHTN - DHQG Giai bai ki trude — Solutions to Previous
Ha Né&i, nim hoe 2013 - 2014. Poobloms
Dé thi tuyén sinh vao 1ép 10 chuyén (3iai cac bai cua Sé 431,
Trudsng PHSP TP.Hé6 Chi Minh, nam hoc e
b : Dién dan day hoc todn
2013 - 2014, @ Bk ol ;
Hoang Sy Luyén - Khai thac mét bai
°Chuﬁn bi thi vao dai hoc — University toan.
Emtrance Eraipndon Dai hi Toan hoc Viét Nam lan thit VITI
Nguyén Tudn Lam- Mt s0 dang toan vé tai Nha Trang.
tiép tuyén cua do thi. @Glal dap Cudc thi D& vui ngay he 2013
€D Thi sitc truge ki thi - Dé s5'1 (Bt 1).

Anh Bia 1. Lé Khai giang ctia Truong THPT chuyén Nguvén Thi Minh Khai, Tinh Soc Trang.

Bién tdp: NGUYEN PHUC MF thugt: QUOC HIEP, THANH LONG
Tri su, phat hanh: NGUYEN KHOA PIEM, VU ANH THU Ché bdn: NGUYEN THI TRANG
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H3y cdi thién cdc van dé vé
hong ctia ban bing sén phém
mdy tro giing Han Quéc
Unizone ngay hém nay

VWi dp i giing
siim hgemis 2013~ 2014

/ 1 s&n pham 9580 (F2)

néu mua theo nhém 5 san pham 9580 (F2)
Pé duoc suét khuyén mai trén, hay nhan tin theo cu phap:
\, DKY<d4u cach>TEN gui t6i 8137

(Trong d@6 TEN la tén cla ban, viét khéng dau.

Vi du: ban nhan DKY LAN gii 8137 (phi 1.000 VNB/ 1 SMS)

Thoi han chwong trinh tir 15/8 dén 30/10/2013

Moi chi tiét xin lien hé : 0934 68 3968 hoac truy cap www.ckcompany.vn
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(1)) NHAXUAT, GIAQIDUCIVIETNAM
s [CIVUBEGTACLS Tean trong gio thién tor ban doe
tulClassbooks™

hiét bi Sach gido khoa dién #r Classbook

I may tinh bdng chuyén dung cho gidng
day va hoc tap. Bay la Sach gido khoa dién 10
ddu tien & Viet Nam, st dyung céng nghé thong
fin nhém phat huy fich cuc, hiéu qua va sang
tao cua hoc sinh; nang cao tinh fu hoc, tu fim 10
thong tin, tao diéu kién dé hoc sinh c6 thé hoc &
moi noi, moi loc, hung tho va hiéu qua hon.

Véi fron bo Sach gido khoa 10 1op 1 dén lop 12
va hon 20 Ung dung hé frg hoc 1ap cai dat san
(cac phén mém phuc vu hoc 1ap ngon ngd {Anh,
Nhat, Trung...), hoc V& va Am nhac; cdc thi
nghiém mé phéng trong mén hoc {Toan, Vat Ii,
Héa hoc, Sinh hoc, Pia Ii,...J); kho dé thi va hoc
ligu: dé thi mau, bai tdp mau va cau ira 1oi) ..
c6 thé két ndi gia Classbook véi Thu vién sach
d8 1di vé hang ngan déau sach tham khdo gid frj,
da dang nhu cau cho ngudi st dung,.. 16t cd
chi ndm frong thiét bi nhé gon tuong duong mot
trang sdch truyén théng, an foan va mang lai sy
hao hong tiép thu kién thoc frong 16t cd cac mon hoc va nhieu diéu kham pha.

classbook

Phén cing thiét bi duoc tiéu chudn héa nham phuc vu yéu cu dac th vé gido dyc frong nha fruong

vé bao vé suc khde ngudi sit dung nhu: man hinh cdm ong da diém 8 inch chdtluong cao, dophan
gidi 1024 x 768 pixel dé c6 trdi nghiem doc sach fuong dong voi sach gido khoa truyén thong. Thoi

lvong Pin 16n dU dé doc séch fign fuc duoc 8-12 giv, fuong duong 2 budi hoc thong thudng. Chuc
ndng fruy cap Internet thong qua Wfi duoc kidm sodt fuyét ddi chi dé dung ket ndi vao mang phan -
phéi sach dién 1 va nhing mang gido dyc duoc dinh fuyén trudc, da duoc kiém duyét chat ché vé ndi.
dung, hoan foan khang cho phép cai dat iro choi gay anh hugng 161 mai fruong hoc 1ap va muc dich

hoc 18p. Phu huynh vé nha truong hodn foan yén tam vé pham vi s dung Classbook cOa hoc sinh.
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