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1. POI NET TONG QUAN

Ki thi Olympic Toan hoc Quéc té lan thir 54
nam 2013 (IMO 2013) dwgc t6 chirc tir nga
18/7 dén ngay 28/7/2013, tat thanh phé San
Marta - mt thanh phé nim trén bd bié
Caribe — thugc nuéc Cong hoa Colombi
Tham dy c6 528 hoc sinh thudc 97 quéc gi
va w.ng lanh tho trén toan thé gidi. Poan Vié
Nam gom 6 hoc sinh: Dinh Lé Céng (16p 12
THPT chuyén Pai hoc Vinh), V6 Anh f)z,r
(I6p 12, THPT chuyén Ha Tinh), Pham Tua
Huy (16p 11, PINK - PHQG TP. Hb Ch
Minh), Hoang Pé6 Kién (16p 12, THP
chuyén Vinh Phic), Tran Pdng Phiic (16p 12
THPT chuyén KHTN - PHKHTN - BPHQ
Ha Noi) va Can Tran Thanh Trung (16p 12,
PTNK - PHQG TP. H6 Chi Minh). Boan
TS. Lé Ba Khanh Trinh (DPHKHTN - DHQ
TP. H6 Chi Minh) 1am Trudng doan va TS

RiThi OLYMPIL TOAN ROG QUUG 1E

Wi LAN THU 54 - NAM 2013 Wi

NGUYEN KHAC MINH

(Cuc Khéo thi va Kiém dinh CLGD, Bé Gido duc va Do tao)

quyét thong qua dé nghl cua Ngai Geof Smith,
Truéng doan Anh va dong thoi 1a thanh vién
Ban Tu van cac ki IMO (IMOAB). Vé cau

¢ cua dé thi IMO 2013: Bon bai toan véi sb
tw 1,2, 4,5 cua @8 thi phai thudc du 4
an mon Pai s6, Td ht}p, Hinh hoc va So
¢ (trong d6 c¢6 2 bai ¢ muc do dé va 2 bai &
¢ d§ trung binh). Cin cr 4 bai toan da
oc chon, dé xuat va biéu quyét chon ra mot
bai khé véi sé thi tu 3, 6 cho dé thi. Duéi
1a Dé thi IMO 2013 (ban Tiéng Viét).

NGAY THI THU NHAT (73f7f7013}

i 1. Chimg minh ring voi hai 50 nguyén
ong k va n tuy y, ludn ton tai k sb nguyen
ong my ,my ..., my (khong nhét thiét doi

t khac nhau) sao cho

EL 4

i 2. Mot tap hop gom dung 4027 diém trén
fit phang dugc goi 1 tip Colombian néu

a
Lé Anh Vinh (DH Gido duc - PHQG Ha Noi)
lJam Phé Truong doan; nguoi viét bai na 0ng co ba diém nao trong cac diém do

tham gia Poan véi tu cach Quan sat vien A
(Quan sat vién di cung Trudng doan).

Lé& Khai mac dugc to chirc tai phong tap the
thao ctia mot truong dai hoc; téi du Lé coB
B6 truéng Bo Gido duc Colombia. Lé Bé ma
dugc td chitc ngoai troi, trén khoang sén
trurde Nha tuong niém Simon Bolivar - mot vi
anh hung din toc cua Khu vyc Nam My
trong Vuon Thyc vat cua Thanh phd Sant
Marta; tai budi Le c6 phat bang ghi hinh 10
chiic mimg cua Tong thong Colombia.

2. PE THI

Pé thi IMO 2013 duoc tb chirc soan thao tai
TP. Barranquilla, ndm cich TP. Santa Marta
khoang 100km. Cac Truéng doan ban thao ki
vé chu tric dé, trudc khi tuyen chon céc bai
toan cho d& thi. Hoi dong Qudc té da biéu

ng hang, dong thdi 6 2013 diém duoc to
au do va 2014 diém con lai dugc t6 mau

gnh Mit phang dugc phan chia thanh cac

mién khi ta ké mot so duong thang Mot cach

mot s0 duong thing duoc goi la cdch ke
ot ddi voi tap Colombia cho truéc néu hai
u kién sau duoc thoa man

Khong ¢6 duong thang nao di qua du chi
5t diém thudc tap hop do;

2) Khong mién nao chira ca diém mau do va
diém mau xanh.

Tim s6 k nho nhét sao cho véi tap Colombic
tlly ¥ gom dung 4027 diém, ton tai mot cact
ké k duong thing 1a cdch ké tot.

Bai 3. Duong tron bang tiép goc A cua tam
gidc ABC tiép xuc canh BC tai diém 4,. Dién
B, trén CA va diém Cy trén AB duoc dinl
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dinh mghic mie cack neowg B ﬁﬁ’mﬁlﬁﬂﬂ an bvékhmgc cq

NGAY THI THU Hal 2472013) s Bai diém duoc ghi A
Bii 4. Cho tams giic shon ABC voi trpc &8 myhmmachghldepﬂhhﬂﬁ
H_Cbll'hﬁl&-hvvmdﬂl hwﬂ@mmmh . ¥) céc s0 tynhidg
khic v5i cic &ém Bva C. Cic&ém Mva N R sl mmmcdreukwn I+y<nﬁ-"-?_l

nrong hcﬁnmhmhu!u
Cﬂ:ﬂ L duimg wom ngoel Gép T UCING . yFL. Chimg minh ring M=N+1],

gidc BWN, v goi ¥ b &iém wén @ sso <0 3 gFT QUA 4
WX 1a duong kinh cisa & . Tmlhh kit chamthl‘-‘a quchem-'-_-
Can cir két qua
o b dudmg tom ngoai Gép tam gic CFM ml;_}hm(};mtedﬁbleuquyetﬂfm_'@
vigoi Y1i &fm vén & w0 cho WY BB mm:hocaclomﬂuychwng
duimg kinh ciz ;. Chimg mmk rimg Cic ﬂus.-m: ’,.
diem X_ ¥ va H thing hing X 3 . N
: ; 1 Vi V): Ta31 den 42
Bai 5. Ki hiu Q.. 5 thp hop cic 55 e o Huy clwong ang(HCV)‘ ; lflﬂﬂ:
duong. Cho f-Q.,—E I him 5 thia mdn  « Huy chwong Bac (HCB): Tir 24 dén 30 diem;
cac hifu dodn sz » Huy chsong Pong (HCD): Tu 15 dén 23 diém.
(1) Véimoi £, y=Q, 2od OO flok Theo d. tai IMO 2013 ¢6 278 thi sinh duge
— ;'!ﬂm; e f,m‘ _f HCV,SFJ’.thisinhdumtraoHCB\_’éMIthi
() Tontui sobimu o> I a0 Mo fal=a sinh duwge trao HCD. Sau day 1a két qua cie
Chitng minh ring f(z)=x wiimoi x4 thi sinh ciia Poan Viét Nam

STT Ho va Téa - R
BiI B2 B3I B4 BS | Bé6 Tong
; P [ 7 Come 7 T y, 7 7 | R
) Dinh LE Comg 2 0 30 @ Bac
2 Vo Amb Dier 7 < 7 7 1 9 34 | Vi ::mg_1
. Phan Tails Fian 7 7 - = S '
3 Pham ] j‘_" 5 - 0 33 | Viang |
4 Hoamg D6 Kién 7 0 S 7 7 0 24 B
: : - J ; 2 ac
5 Tram Digey Phac 7 5 0 7 7 | - S
- - - 2 28 | Bycas
6 C}.‘m Tram Thdwsk -f:mg 7 3 2
J 6 1 31 V %

HCV, Doan Viér vma.géw;ufﬁs
(mcvy,mxymrvmmvgm’?mh rung Quéc (5 s,thQ"‘f‘
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B ai viét nay chiing t6i xin trinh ba

bt dﬁn thirc (BDT) duge thlzt

cac hing dang thirc dang nhd trong SGK
Toén 8, véi cac bude bién dbi ty nhién, nhuén
nhuyén va ngén gon.

Thu duge cac hé qua (HQ) 12 cac BDT dang
(A(x))’ +m=m,9A(x). Che HQ ndy c6 vai

trd 14 cac BPT trung gian lam cong cu dé sang
tao va chimg minh nhiéu BDT khac nhau.

I THIET LAP CAC BAT DANG THUC TU
CAC HANG PANG THUC

1) Tir cdc hang dang thirc (aH-z‘J'}2 = +2ab+ b
vi (a-b)’ = ~2ab+17, ta ¢ che hé qua

HO 1. a? +b* =(a-b)' +2ab > 2ab.

HO 2. 2(a? +b7) =(a+b) +(a-b) 2(a+b).

HO 3. 4ab=(a+b)’ ~(a-b) <(a+b) .

. 2m-n
HQ 4. md+b)+nab= 2”:”{0-%.‘))2 +——4v={a—-b]2.

Bién dbi vé trai béng cach ap dung HQ 2 va
HQ 3 ta dugc

m 2 My N mﬂ_ bzﬂf __bz
VT=—2-(a+b] +-—2—(a b) +4(a+ ) 4(a )

> 2m4+n(a+b)z .

2

HQ 5. (4 +b2)(% +yz)=(ax+by)
2 \2

+(ay—-bxj >(ax+hy) .

£ (a-ﬂbl_

+E S ab(a+b) a+b a+b

_%%Zf(a-bf = VP.

véi moi

HO 6.
a>0,b>0.

| THIET LAP CAC BAT, DANG THUC

TU’ CAB HANG BANG! THUC \m AF‘ DUNG

iy (o) (o (o)
b ab{a+b) a+b a+b ’

véimoi a>0,b>0.

HO 8. @+ =(a+b)(a-b)’ +ab(a+b)zaia+b),

véimoi a20, b=0.

2. Ti cdc hing ding thiie (a+b+c) =@ +B+¢

HQ 7. =

+2(ab+bc +ca)va (a-b)’ +(b—c)’ +(c-a)’
=2(a? +b? +¢c*)-2(ab+bc+ca), thu duge
HQ 9. @+bP+ = ([a B) +(b~c) +(c— a)z)
+(ab + be + ca) z ab+ bc + ca.

HO 10. 3(a? +b? +¢?)=(a-b) +(b—c)’
+(c-a) +(a+b+c) 2(a+bc).

HO11. (a+b+c)’ ‘E{( ) +(b=c)’ +(c-a)')
+3(ab+be+ca) 2 3(ab+bc+ca).

HO 12. (ab+bc+ca)2 > 3abc(a+b+c).

HO 13. &+H+é=%(mb+d([a—lﬂzﬂb—dzﬁ{cﬂ2)

+3abe = 3abe, véimoi a=0, b20, cz20.
HO 14. (a+b+c)(ab+bc+ca]=9fzbc+a(b—c)z
+b(c-a)’ +c(a=b)’ 29abe, ¥a20,620,c20.

2 2 2
- b—) |c—a
nots Bedidi ((“ y (9 ))
g-b-e a+b+c ab ke a
s ) ,VaZO,b?.O,cEO.
a+b+c +b+c

https://tieulun.hopto.org
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HQ 16. Vi a>0, b>0, c:rO tacod

AUNE SVRC T C

‘-d-+?+—:#ab(a+b+c) bc(ﬂ"'b'”:)
.(.-::r-az)3 (x+y+z) Zw_f_)__.
cd(a+b+c) atb+c a+b+c
AP DUNG CAC HE QUA TREN

CH(J'NG MINH BAT PANG THUC

% Thi dy 1. Chimg minh cdc bét dang thic

a) x* 4 y* + 22 > 222z, ¥x > 0,y > 0, z>0.

2 2
OO VX 8 S LT
y-1

x-1
Ldi gidi. a) Ap dung HQ 1, ta c0
2 2 J_W
VT =(x2 - y?) +(fm-z) +2420222

Ping thirc xay ra khi v2x* =2y? = 2.
b) Ap dung HQ 3, ta ¢6

b)

o (=0+1) ((-D)+Y)
by -] |
34("‘—‘1+i’;’J28 (do HQ 1).
y=1 x-

Pang thirc xay rakhix=y=2.0

%* Thi du 2. Cho a,b,cla dj dai ba canh cia
mgt tam gidac. Chumg minh rang

Ja+b—c+Jb+ec—a+Jc+a—-b SJE+JE+JE.
Léi gidgi, Ap dung HQ 2, ta ¢6

fwfa+b—c +\/b+c—a)z £2{a+b—c+b+c—a) =4h

suy ra Jya+b-c +Jb+c—a<2/b. Tuong tu
Jb+c-a+e+a-b<2e;

Je+a-b+Va+b—c <2\/_

Cong theo vé céc BT trén ta dugc dpem,
déng thirc xay rakhi a=b=c.0}

*Thi dy 3. Chimg minh ring véi moi sé
thye duwong a, b, ¢, d ta ¢o

a+c b+d c+a d+b
+ + +
a+b b+c c+d d+a

>4,

L rals TR Y,

4bi
Loi gid i I ] +(b+ [__l_+._!___ {]
VT= (d*c)( ) c-l'd b+c d'l-a}
p dung HQ 6@

VT24(

Bﬁ-ﬂ g thirc xdy ra

 Thi du 4
thuc dwong a,

32(a+b (

oc
+b+c+d a+b+c+d

Chu??g minh rang véi moi 6

bzaco

pat Ya = x,\/_ y, (x>0,y>0). BDT trén

o thanh 2(2+') 2 (2 + 7). Ap dung

HQ7, ta c6

CoIci S
Fonw ¥

(xi +y2)2
X+ )

X4y =

— 2(3('3 +y3)2 >

Ap dung HQ 2, ta dugc

2(x2+y )
(x+y)

Suy ra dpcm. Péang thirc xay ra khia = 5.0

* Thi dy 5. Chiimg minh rang

a*+b+c3 >a\/-b“;:+!hfr +a +(‘\/ﬂ'+b

trong dé a, b, ¢ la cdc s6 dwong thoa man
diéu kién abc 2

.....

2(x?+y*) 2 (x+y)2:> =1

a®+ b3 > ab(a+b); b3 +c? 2 be(b+c);
c3+a33_>ca(c+a)_

Cong theo vé cac BPT trén duogc

1
@+B +¢ >5(a2(b+c) +5(c+a)+(a+b)) (1)

Ap d
P dung HQ 10 vao vé phai ci cua (1), taco



(ab+bc+ca)(a+b +¢)29abc=9(a -&-_-b+. ey

1 — ab+bc+ca29(a+b+c).
6(an+c+bf+a+cJE+b) ) Diing thitc xay rakhi a=b=c= J3.0

Ap dung HQ 13 vao vé phai clia (2) thu duoc * Thi du 9. Chimg minh ring

aJb+c+bJc+a+ca+b % + b2 + ¢ +2+3abc <1,

23{!&”\/ a+b)(b+c) C+ﬂ)>3%]2~1805c‘ =6 (3) frong dé a, b, ¢ la cac sé dwong thoa man
diéu kién a+b+c=1.

:: (D, (:) ) ?Xra dpem. Dﬁng thirc xdy ra Loi guu. Bién doi két ludn bang céch thay
iag=
c=%2.0 hing s 1 bing (a+b+c) ta dugc

* Thi du 6. Chimg minh rang 2
a? +b? +c¢? +2+3abc = (a+b+c)

o :.l-(az(b+¢)+b'~'(c+a)+cz(ﬂ+b))

xXyz 2 3(x+y+z),
”f"d,"g do x, y, z la cac s6 dwong thoa man =a?+b2+c? +2(ab+bc+ca)
A ) T & (ab+ be +ca)?* 2 3abe.

Léi gidi. Theo gia thiét va tir HQ 12, ta c6

1
. 1 i ===, D
(xyz)? = (xy + yz +2zx)* 2 3xyz (x+y+ z) Ping thirc xdy ra khi 4 oy

3

suy ra xyz 23(x+y+z). % Thi du 10. Chimg minh rang

i’)ﬁn thﬁ' Xa ivr=v=2=23. x3 + 3+z3 3

o i S8 EAP L o+ Y- 3)52) ez

% Thi dy 7. Chitng minh rang 3
- Vx20,y20,z20.

a? +b? +c* 2~ 3abc,

trong do a, b, ¢ la cac s6 dwong thoa man 1
diéu kién a+b+c 2 abc. a3+b3+c3=§[a+b+c]((a—b}z -t{b—-cf 4‘(6_&)2]4—3{.ﬂr

Loi giai. BDT cAn ching minh tuong duong
vOi (a? + b2 +c?)? 2 3(abc)’.

Ap dung cac HQ 9, HQ 12 két hop vdi gia

Loi giai. Ta co

BDT cén chimg minh trd thanh
Gryaa(-p) +y 22 +(z-x))

thiét, ta c6 i
a?+b*+ctzab+bct+ca ——l vt 4| B z) z—x)l

suy ra (az +b* +c? )2 :_=:(.f;nb+.!:»r::+r:.a)2 Ap dung HQ 13 cho hai bd, mdi b§ ba sb
2 Sabe(a +b+ )2 3abe)'- a g g R )

Piing thirc xay ra khi a = b=c=+3.0 zix_y1+|y—z\+]zﬂx|

% Thi dy 8. Chimg minh rang >33~ y)(y-2)(z-%) )

ab+bc+caz¥Na+b+c)

' A 2 2 2
trong do a, b, ¢ 14 ede s6 dwong thoa man Ya (x—y) +(J’ —Z) +(z-x)

diéu kign afb+c=¢?{50- el > 3}(x-y) (y-2) (z-%) @)
t ¢

Loi gidi. Ap dung | Q 14, ket hoP VOU  Npan theo vé cua (1) v6i (2) thu duge dpem

a+b+c=~abc,taco Déngthﬁcxﬁyrakhix=y=z.lj

TOAN HOC
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de& thi tuyén sinh Dai hoc nim 2013 #(J’*"IH)[(\/;:Jr;}x-—l)(d‘ y* +j‘ x=1)
i A-A c6 Cau 3 b
P |
Giai hé phieang trinh - 3 1 1W]=0<:>x—y + 1
gt B e g 2l g
[erTdfe=i- J w2y D x,yeR) 1 vl e >0,
[22 +2x(y -+ y? =6y +1=0(2) M oy D) VxR

Pép 4n B Gido duc va Pao tao trong 10i gidi st
CGPSI:I dl,l?}g Gﬁngucu dacénham' Sau dﬁc}é la Tha}r x:y“ +1 VQ;):LJ»’ (x y ) ta ¢
huéng giai khéc chi diing kién thirc cia THCS. =
S 4y=(y4+y)2¢-‘>|iy?+2y4+y£4 3

DK x1.
PT (2)¢> 4y = (x+ y~1)’nén y20 * Néu 0<y<] thi )" +2y*+y<4= PT (3
v6 nghiém.
PT (1)< Vx+1~4/y* +2 =\/}7—1‘fx—l * Néu y>1 thi Y +2)#+y>4= PT (3) v6 nghi¢m.
x+1=yt=2 VY =x+] Véiy =1 langhiém duy nhat cta PT (3).

— - =
Verl 442 ([ + oD@y +85-1) Khi y=0=x=1Lkhi y=1=>x=2. Viyht
PT c¢6 hai nghiém (x ; ¥) 1a (1;0), (2;1). 3

* Thi dy 11, 7im gid tri nho nhat ciia biéu i 2o Tak
] I : I. Chirng minh ring
.". + - ————— 4 o ———_
a*(h+ ¢) :’)'*(f’-i a) r:z(a+b) 1+ 3 > 6 Ya.b.c>0. abc=1
a+b+c ab+bct+ca’ ’ .
2. Chimg minh réng véi moi a, b, ¢ duong thi

Loi gigi. Thay hdng sb 1 bing a’b%c?, ta @ +b*+c3>a+ b+ ¢ 2—1—+l+l

thiee P

trong do a, b, ¢ la cac s0 duong thoa mdn
diéu kién abc = 1.

(be)" (ca)’ (ab) 3 .
dugc P = + : 3. Ch inh r3
¥ b+c c+a+a+.b | t;ngr;nnhrang
Ap dyng chc HQ16, HQ 12 két hop v6i @ 12 g 2% +D 4+, Vabc>0a+b+c=3,
abe =1, taduqcz 4. Ching minh ring
ab bC' y
(ab+ +ca) 23a.e&:;(::a'+b+c)2_3:_ 27-.(.Jc+y)(3,»+z)(zﬂ:)2 g 2
2(a+b+c) 2(a+b+c) - 4 ( I+y+Jy+z+ z+x)
2643,v :
3 ’ ; 4 xg}’,Z}O’ s
P=2 khi v chikhi a=h=c=1, 5/ Cho' eic 4 thxy";yﬂzr-l.
C
at+b+4c=1. Yoidionga, b,.c. thog I

Tim gi4 tri nho nhit cua biéu thie

https://tieulun.hopto.org
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)E THI TUYEN SINH VAO LOP 1

TRUGNG THPT CHUYEN KHTN - DHOG HA NOI

NAM HOC 2013-2014

VONG 1 (Thai gian lam bai 120 phit)
(Diing cho moi thi sinh thi vao truomg THPT chuyén KHTN- PHQG Ha Noi)

-~ T | i r
Cau 1. (3 diem) abcde sao cho abc—(10d +¢) chia hét cho
1) Gidi phuong trinh v3x+1++/2—-x =3. 1017
2) Giai hé phuong trinh Chu 111, (3 diém)
sritake a3 Cho tam gidc nhon ABC néi tiép dudmg tron (O)
iy v6i AB < AC. Duimg phan giéc cia gbc BAC
i3 1 | cat (0O) tai diém D khac A. Goi M la trung diém
—+'-[x+—J=xy+—_ cﬁaADv&ElédiémdéixﬁpgvﬁiunatﬁmQ.
5 i 74 Gia sir dudng tron ngoai tiép tam gidc ABM cét
: SRS ! : :
Cau II. (3 diém) doan thing AC tai diém F khac 4. Chirmng minh
1) Véi a, b, c 1a cac sb thuc khac 0 thoa man Tang .
ding thitc (a + b)(b + ¢)(c + a) = 8abe. 1) Tam gi4c BDM va tam giac BCF dong dang.
Chimg minh réng 2) EF vubng goc véi AC.
g b u/ ab Cau 1V. (1 diém)
a+b b+c c+a 4 (a+b)b+c) Véi a, b, c, d 1a cic sb thuc duong théa man
be ca diéu kién abc + bed + cda+ dab=1. Tim gia tri
+ + : - £ o « A "
(b+c)c+a) (c+aNa+b) nho nhat cua biéu thirc

2) C6 bao nhiéu s nguyén duong c6 5 chir s6 P=4(a +b* +c*)+9d°.
VONG 2 (Théi gian lam bai 150 phiit)
(Dung cho thi sinh thi vao 16p chuyén Toan va I6p chuyén Tin)

HBC (P khéc B, C va H) va ndm trong tam gidc
ABC. PB cit (O) tai M khac B, PC cit (O) tai N

ol s o : : :
4y =ly—x+Xy i C BM et AC tai E, CN cit AB tai F.

Céu L. (3 diem)
1) Giai hé phuong trinh {

Txy+y—-x=T. Pudmg tron ngoai tiép tam gidc AME va dudng
2) Giai phuong trinh tron ngoai tiép tam giac ANF cat nhau tai O
x+3+ -2 =3x+1+41-x. khac 4. L2y & '
Cau I1. (3 diém) 1) Chimg minh ring ba diém M, N, O thang hang.
1) Tim cac c@p s6 nguyén (x, y) thoa man 2) Gia sa AP la phén gidc gbc MAN. Chimg minh
5x2 +8y? =20412. rang khi 46 PQ di qua trung diém cua BC.
2) Véi x, y 1a céc so thyc thoa mén x+y <l Cau IV. (1 diém). Gia sir day sé thue cé thi tu
tim gié trj nhé nhat cla biéu thirc % <X <..Sxg théa min cic ditu kign
- l+_1_ \/1—"'12—3’2 X +x+..+x90 =0 va | x|+ x|+.4|xe =2013.
x Y ; e 2013
; , . Chimg minh ring x9; —X; 2 :
Céu I1L (3 diém). Cho tam giac nhon ABC ndi 96

tiép duong tron (O) co trye tim H. Goi P 1a  NGUYEN VU LUONG - PHAM VAN HUNG
diém nim trén duong tron ngoai ticp tam glac (GV THPT chuyén KHTN, PHOG Ha N6i) gi6i thiu

TOAN HOC

QA 4%4 (R-2013) P e P 1) MO



 Huting dan g ¥ N DHSP HA NQ|
TRUONG THPT cgog" D

— NAM EC= 0y, g 7 ndm 2013)

(Dé thi dang trén TH
VONG 1
A b \b—a
Ciul. 1) Q:(‘/E JEF+M+M+‘T
Wa(aa+ib) @
_3\/¢_I(a—x[c;f;+b) 1 oy
“3Ja(aJa+bb) Ja+lb

2) Tra+b+c=0=a+b*+c? =—2(ab+bc+ca)
= a* +b* +c*+2(a?b? +b2c? +ca?)
=4(a’bh* +b2c? +c2a* +2abc(a+b+c)).
Via+b+c=0nénsuyra

at +b* +c* =2(a?b? +b*c* +c*a?)
=>2(a* +b* +c*)=(a? +b*+c?)? (dpcm).

Céu 2. 1) PT hoanh d6 giao diém cua (d) va

(P) la x2+mx—~1—=0 co e3=m2+—~%~>0,
2m? m?

Vm#0, suy ra diéu cin chirng minh.
2) Do A(xi; 1), B(x,; y2)€(P) nén

2
yE+y3=xt+x3 =((x, +X; )2 —2x,x2) =2xix2

1 1
=mi+——4222 [m*——+2=
o ™52 V242,

Viy min(y,2+y§)=2+ﬁ khi mzi_l__
2

Ciiu 3. Gia str x; 1a nghiém chung cua hai PT
x*+ax+1=0 (1); x2+bx+c=0 (2) (do a#b).
x la nghiém chung cua hai PT

¥ +x+a=0 (3); x2+cx+bh=0 (4)

3 _'1 —b
Do a#b tim duge x=S—, x, 37" &
a—b e c-1 =l
Theo dinh Ii Viéte suy ra x, 13 n iém o
- m
phuong trinh (1). ghiém ciia

TOMEMN L

; x%*‘lxzﬂso.—_,*'(a-—l)(xz—l):-ﬂ-
Do do xzz+x2+a=0

Néu a = 1, thay vao PT (1) duoc x? +x+1=(,

PT nay v6 nghi¢m (loat).

Vi xz

{2+a=0

a 1’ tha}" vao Céc Pi (3) va (4) ta du'(.]'c

— g+bh+c=-3 (dpcm).

Hinh 1
1)Do B, X, A, C €(0) nén DX.DB=DADC.

Dé thay 4,, Cy, A, C thude duong tron dudng
kinh AC nén DA.DC=DC, DA4,.

Suyra DX DB=DC,.D4,.

2) Tir l*) suy ra X thuoe dudng tron ngoai tié}’

tam gidc B4,C, duong kinh BH nén

H)‘(J_XZB.’ Goi XHN(0)=K thi BK I

dj;rgrigg gqnh Cla dudng tron (O) nén

i m, }::n; A4 LBC suy ra KC//A4.
f R/ICG. Do d6 tr giac CKAH 1o

hinh binh h:
v]:; Blr;: hanh, suy ra A, {1, K, X thing hang
. trre tdm cia tam gidc BDM, suy 12

DH 1 By,
Céu 5, Pidy 1:a
Kh U Kién x2-2011,> 9011, z>-2011

Ol'tg glam téng qufdt glé Sl:[ }tg://tieulun.qi%):(?}x')’r%}’



Chu 3. Ki hiéu p, 14 s6 nguyén t6 thir n. Gia
oir thn tai meN® ma Sp1=k*;5n =2;k,leN".
Vi §,=5,8,=10,54=17 nénm> 4.

Ta ¢6 Pm=Sm—Sm1 =(-k)(+k).

V#2013 —Vx+ 2012 +4/x+2012-/x+201
= Jy+2012 —[y+2011++/z+2013-+/z+2012

. i 1
&
JeA2013+/x+2012  /x+2002-+/z:+2001 ) {l—k:—.l
1 1 [+k= P

(M

Y2012+ 342011 z+2013+/z+2012

2
m+1

" , Do do pm=21—1=2\/§;——1:>5,,,=(£—2—-] (1)

Do x=y,x2z nén VT(1) < VP(l). bing

thirc xay rakhix =y = z. Do m>4nén Sy <(143+5+7+..+ Pm)+2-1-9
2 =12 (P +22 42224 {(E’"_-%T {_&":1_]2)—8
VONG 2 = i 9 ;)
Céu 1. 1) Tiri) va ii) suy ra : Iy .
_(pmtl) _ (__me+ ) Mau thuan vai (1).
abc(a? —ab+b?)(b* —be+c?)(c? —ca+a?)=a’b’c’. _[ 2 } B i o . )
Néu abc#0 thi suy ra Cau 4. (h.2) G

(a®—ab+b* (b —be+c*)c? —ac+a*)=a*b*c? (1)
Lai c6 (a2—ab+b?)(b? _be+c?)(cr—ac+a*)
>|ab|.|bc|.|cal=a*b*c?, két hop vai (1) suy ra
a=b=c, do do 843 =0<>a=0=>abc=0, diéu
ndy mau thuéin véi abc#0. Vay abc = 0.

: 014
2) Tir gia thiét suy ra 1> e +2 1
da
:>a+b>2013+2013a+M+2014 T
R . Hinh 2
Son1342. | 20130 20146 2014=(/2013-+/2014). 1) Goi G = DF (O) thi GE 12 dudng kinh
i R cita (0). Ta cb6 EA=EC, goi M1a trung diem
Cén 2. » V&ix =0 thi HPT v0 nghigm. ciia AC suy ra G, M, O, E thing hang. Do d6

& (1cQ) HPT trs thanh  GBE=9¢°, ma GMD=90° nén t gidc
BDMG ndi tiép dudng tron duong kinh GD.
Ta ¢6 MpD=DGM=FGE=FBE. Suy ra BF
va BM dbi xting nhau qua BD.

o VGi x#0, dity=
x2(1-21%)=1+4
X2 (1512191 +6)=1.

Suy ra 2) Khi ABC=90°,BAC=60° thi 4B = R,

44t 1 o 1@312-15t-5)=0  BC=R3,4C=2R.Theo tinh chét phan giac

1-23  15t2-19t+6
DaeidB 4
@::é— (do 1€Q). Do do x=12=> y=1l. DC*BC-JgiDC—JEDA.

(Xem tiép trang 13)

TORAN, R
S6 434 (8-2013) ?ﬂhlug%% g

Vay (x; ) = (21 0)= (=2;1).




THE M ;
FOAN HOC SO CAP LI

I. HE THANG DU DAY BU
1. Dinh ngh?a. Cho tgp A=
gom n s6 nguyén. Gia si 1,
6 dw khi chia a cho r, vdii =1,
Néu tgp s6 du {n,n,...r,} tring vOi
{U, L.,n- I} thi ta néi A la mét hé rhang
day du (gpz tét la HPP)mod n.

Dé thiy trong mot HDPmodn A véi i

kéo theo a; # a;(modn).

Ay

dz,
£r;$

S6 phén tir clia tip A4 la ]A| =
Tép 4 = {012, ,n—1} 1a HDD modn khong
am nho nhét.

2. Tinh chdr. Gia st A ={a,a,....,a, }
HDD modn thi

1) Véi mdi m e Z ton tai duy nhat g, € 4s
cho g, = m(modn).

2) Véimdi beZ tap {b+a, b+a,..,b+a
1a HPD modn .

3) Vé6i mbi ceZ, c#0,(c,n)=1,
{eaca,,.., ,ca,} 1a HDD modn .

4) V&i moi cip s6 nguyén b, ¢ véi (c, n) =
c#0 thitdp {ac+b,ac+b,.. ~ayc+b) 1a HEI
modn .

Il. SU DUNG HE THANG DU BE GIAI
TOAN VE PA THUC, DAY NGUYEN

% Thi du 1. Cho 56 nguyen dwong n va sé
nguyén 16 p lon hon n +1. C hitng minh rang

da thiec P[.r):l—fL——;-u--Jr 2 e —\f.__
n+l 2n+l pn+1

khong co nghiém nguyén,

Loi gidi. Ta 6 P(x) =

TONOA Wi

A‘KV

P +a l ‘i+"'+ﬂ2x2"+‘alx+an :0(1)

& dy X from !

trong d6 cac hé sb c6 dang

o =(n+1)(2n+1)- (pn+1) gom p thira s,
=(n+1). (I—I)H+1)((I+1)n+1) (pn+l)ez

—012, )l e () =1 Suy el

—{n+1,2n+,... ,pn+l} 1a HDD modp

nén ton tai duy nhatk, k € {1 15
+1=0 modp hon nita & #1, 0<kn+1<p2

uy ra kn+1 khong chia hét cho p2.

wong tmg véi s6 k d6 c6 hé 50 a; khong
hia hét chop dong thoi p hé s6 con lai
505 déu chia hét cho p

,p} sao cho

3@ yueey Qg1 s Apsl 5
ung khoéng chia hét cho pi(2).

ia st PT (1) c6 nghiém nguyén x=c. Khi
0 a,c? +a, c? +--+a,c? +aic+ay, =0,
heo (2) thi g p,‘dze{I,Z, ,p} i#k,2<k<p-l.
p, ma a; khong chia hét cho p
(V: € {2 3,..p})
a.cp Vi a;:p, cip nén ay: p?, miu

uan voi (2). Vay diéu gia sir 13 sai, tuc la

I (1) khong c6 nghiém nguyén, hay P(x)

ong ¢6 nghiém nguyén (dpem). O

Thl du 2. Cho da thie
Elrl=x_11x2_g7,.. m

frong dé m € Z. Chitng minh mng Vol moi m

déu ton tai s6 nguyén n sao cho P (n):191.

Loi gidi, Truge hét ta chimg minh

Bo
0 dé. Cho P 1a s6 nguyen (4 p =2(mod3)

va X,Y€Z, sa cho B¥= y’m;d) Khi d6
X= y(rnOdp) That Vay https://ticulun.hopto.org

uy ra apck:

en ckip=>cip=aciip



Néu x=0(mod p) thi' > =0(modp) -
=y = ﬂ(mﬂd p) Do dé x = y(m(}d p) !
Néu % }(hﬁng chia hét cho p thi y khéong
chia hét cho p. Do p=2(mod3) nén
p=3k+2(keN). Theo dinh li Fermat nho
xPl = x3k+l El(modp)’yp—rl = y3k+l El(mdp)
= x% = y*+1(mod p). Theo gia thiét
x* = y*(mod p) => x%* = y3* (mod p).

Viy y3k+1 = x.x%k = x.y“ (mcrdp)

& x = y(mod p) (do (y,p)=1).

B& dé duogc chimg minh

Tro lai bai toan. Ta co

P(n)=n*—11n* —8Tn+m.

Ta s& ching minh néu P(n)=P(n)(mod191)
vai m,m €Z thi n 5112(m0d19]).

That vay, gia st P(n )= P(n,)(mod191)

& 27P(n ) =27P(n, )(mod191)

(do (27, 191)=1)

& (3m —11) ~18.191nm +11° +27m

= (3my —11)’ ~18.191n, +11° +27m(mod191)
(3 —11)’ =(3m,~11)’(mod191). Tir bo d¢ suy
ra 3 —11=3m —11(mod191) <> = (mod191).
Tap A={I,2,...,]91} ]a HDP mod191 thoa mén
Vm,meA vam#m thi

P(nl)séP(ng)(modl‘,?l).

Do dé tép B={P(1),P(2),...,P(191]} la HPD
mod 191.

Tu d6 suy r1a tdbn tai neA sao cho
P(n)=0(mod 191) & P(n)i191. Viy voi
moi s6 nguyén m déu ton tai sb nguyén n5sao
cho P(n)i191 (dpem). 0

* Thi du 3. Cho day 56 (a,) duge xde dinh
boi aq=la,=a. &, Vol X e vt
i

Ching minh ring ddy s6 (a,) chira vo han 50
nguyén chia hét cho 7.

Léi gidi. Gia sir chi c6 hiru han s6 trong dy
(a,) chia hét cho 7 va a;la 6 cudi cung cua
daty chia hét cho 7. Tir cong thire xdc dinh cua
day ta co

Qo = agy + Qs Aens = Aok T G
do ay:7 nén dy =y = Dkl a&b(mod'?'),
b£0(mod7) (b € Z).
Mit khac as-3 = Qag-3 + 0.b;
Qap-z = Qa3 + a1 = Aak-3 +1.b(mod'7)',
Qag-y = Qap-2 + Ao = Gap3 + Z.b(mod’?);
Qup = Qap-y + 0o = Qa3+ 3.b(mod AT
Aaps) = Oai + A2k = Qapa 4-b(m0d7);
Qagsz = Qagsr + Qoka) = Qag-3 + S-b(mo'd 7);

Qakss = Qagsz + A2pn1 = a3 + 6.b(rnod 7);

Do(h,7)=1 nén tdp A={ay+ib|i=0,], .0 12
HPD mod 7, suy ra trong bay sO day-3;dak-25

A 4 2 £
Quro1’Qax Aaks1s daks2s Gagss 1ON tal MOt SO
chia hét cho 7 ma s nay lai 16n hon g, . Dicu
nay mau thufin véi gia sit @, la so cud cung
ctia day chia hét cho 7. Do gia su sai nén ta
c6 dpem. O
[iI. SU DUNG HE THANG DU DE GIAI
TOAN VE CHIA HET
% Thi du 4. Cho n, k la cac s0 nguyén duong
thoa mdn diéu kién n khong chia hét cho 3
va k=n Chitng minh rang ton tai so nguyen

S(v) la rrfng cde chit s6 cua 50 nguyen
dwong v trong biéu dién thap phan).

Loi gigi. D3t n=2"5"n voi n eN' (n,10) =1
va a,feN.Do (n 3) = 1< (m,9)=1 nén

TOAN HOC'

. reme—— -%a B -5



tdp Am{k,_ k'+9,k+9.2,...,k+9.(ﬂr"‘l)} -
HPD modn, .

Suy ra ton tai re{(},l,z,...,nl-l} sao chO

k+9¢=0(modm). Vi (,10)=1 nén ton tai

. 3 m—1:m
meN' sao cho 111..11:m; <10
m ch+sé

<> 10" =1(modn; ).

Xét s6 u= 1QU-1)m+1 4 1 olk-2)m+1 _“+10{1’-I)M_+-1‘
fﬂﬁ_‘r‘g

) L iy 0% 41
(k—.')aéh‘

Ta c6 10 El(modnl), Vie N'suyra

u=10t+k—1=9t+k(modn) va

S(u) =t+k~t=k.
Chon s6 v=104*2y thi vin va S(v)=Su)=k
thoa man yéu cau. 01
* Thi du
hon | va hai tp hop A={keN |kn+leM |
va B={jeN'| jneM\.

5. Cho n la so nguyén duong lé lon

negp khi va chi khi

Chitng minh rang
fk2n-2 VkeA
lizn, VieB

trong do ki hiéu M la tdp sé chinh phuong,
@ la tdp sé nguyén 1o.

Ldi gidi. »Ta c6 véi ne g thi
(x+1):n

fn+1=x2 (xEN') (r“"ll(x_"”:;m@,:(x—l)fﬂ

(donep)=>x>n-1.

Vay kn:(x+l)(x—1)2n(n—2):>k2n—2.
=y’ =y*n=yn(donep)=y>ny
Viyjn=y*2n= j>n.

® Dao lai, v6i k2n-2, Vke d vi Jj2n,
Vj € B tas€ ching minh nep.

Thét vay, gia strn la hop s6 thi n> 4 :

TOYEN LA:

W ¥ e L AGEES 38 e ""’"l’”‘:‘.ﬂ

Néu o chin, chon 7 b ‘m—'paﬂf

I T
(‘:&?a 16, &= _+1(reN’ ) Ch‘?n}"-Ps:n

. }n__(pnl) eM (VOH)'

ma jn= % .
Trieomg  hoP goor=rq YUl "PdrN
[pig) 1A 2Pt
Ta chimg minh ton tai 1<% <71=2 (k<p)
ma kn+leM.

Xét tﬁp D:{xq+2lx:0, I,...,p—l} I3
HPPmod p thi ton tai X €{01.2,...p—1} 559
cho xg+2=0(modp)

= xg + 2 = mp VOi meN', m=22.

Chon k=nn:£m(p—l)‘—:xqﬁ(ﬁ'—l)q{n—l

Ta cb kn+l=mx-n+1=mp-xq+1=xq(xq+2)+]
=(xg+1) € M (v 1i).

Tir hai trwdng hop ta thiy diéu gia st 1a sai.
Viy nep .0

% Thi du 6. Cho cdc s6 nguyén khong am

@ <ay < <ay < 5050. Chirng minh r‘ang

ton tai bon sé nguyén phdn biét a,,ay,a,,a,

thoa man (ay +a, —a,, — a, ): 5050.

Loi gidgi. Xét cac tong a; +a; (l<:<j<101)
¢ tt ca Clo1 =5050 tong nhur vay.

* Gia sir khong ton tai bon sb k. h, m, n v
k<hm< n,{k,h} #{m, n} sao cho
G tay,=a,+q, (mod 5050)

thi S.={a,—+aj’1£i<jsi_101} la
mod 5050 Tir ¢4

HDD

P (“f+ﬂ,-)‘='0+1+2+---+5049

ISi<j<10]

=12748725 (mod5050)
o Z (af + aj) lfi ITlf)t Sé léps://tieulun.hoptO-OrE(I)

Isi< j<10)



Mitkhic 3" (a+a) =100(a Vb B | HUONG DAN GlAl PE THI ... (Tiép trang 9)
L tsgsion | Két hop v6i DA+DC=2R suy ra
18 mét s chin (2)5 DA=(/3-1)R; DM =R-DA=(2—/3)R;

thiy (1
'ES y (1) va (2) mau thufn, Viy ton tai hai DE=W=2 2-\3R.

8 &ty VA an+a, Vo k<hm<n, |
{ko} #{m,n} sa0 cho g +4, = 4 S50 | Vay bén kinh dudng tron (0) bing v2—V3R.

lic do k,h,m,n phii 1a bén sé phan biét va | Céu 5. Gid sir a, b, c 1a céc sé nguyén 6 va 1a
bon 6 ai,ay,a,,a, thoi man didu kign | 40 dai céc canh clia tam glac s

(@ +ay - a, —a,):5050 .0 | Djt P, S thir ty 1a chu vi, di¢n tich cia tam

iy . | giac ABC. Ta co
u r mi >
teng minh mng : 1652 =P(P-2a)(P—-2b)(P—2c¢) (1)
nguyén dwong n, ton tai $6 ty nhién gom n |

VO mr;r 50 *
chit s6 déu Ié va né chia hét cho 5. I Gia su S la s'é tr nhién. Tur (1) suy ra
Loi glal Ta Chu‘ng mlnh bﬁ s hi ‘ P=a+b+c laso chan.
ng phuon a p : R gt
quy nap. i | e Néu a, b, c cing chan thi a=b=c=2, suyra

e V&i n=1 thiton tai g, =55, véy ménh 42 I S=+/3 (loai).

dung véi n=1. : o Néu a, b, c c6 mot s6 chan va hai so 1é, gia
ki ; . su achanthia=2.
514 st mioh do ding v6i n tic 1B ob | Mg poo i |b-opi2=a, ¥OI

a,a;...d, =5"qa v a; la chir sél 3 4 Tids abs SiisiE
16,Vi=1,2,...,n va aeZ* Ta can chimg | fou b=cthi S2=PL 10O RBHTI=E K )’
minh ménh dé ding véi n+1, Pang thirc (2) khong xay ra vi b, S 1a cac so

o —_— tu nhién.
At 80 laja; .0, =5(1.24+2) | Céu 6. Gia sir tdn tai s nguyén duong n thoa
m:5u(33_u +a); Saa,..qa, =5"(5.2" +a); I mhan d; bai, t]a; luén c6 tong GEE SO C:K tro;:ﬁ
e e — ép chia n cho ay, ay, ..., a;; khong thé vur
B0l |12 1) 900 2, SO et IL f,uapw 11=396; cho cic sé 4ay,4ay,.... 4ay
khong vuot qua 4. 407-11=1617. Suy ra téng
cac s du trong phép chia n cho cic s6 ay, ay,
B ={1.2" +a,3.2" 4-(1,5.2”+a,7.2i‘+a,9.2"+a}' | . @y, 4ay,4ay,....4ay, khong thé vigt qua
cling 1a HDPmod 5. Suy ra ton tai mot so | 396 + 1617 = 2013. Két hop véi gia thiét tong
duy nhét trong B’ chia hét cho 5. Dan dén | céac s6 du bing 2012, suy ra khi chia n cho 22
trong nim s6 laa,..a,, 3@@;...a, , 54,0y , | s trén thi c6 21 phép chia c6 s6 du lon nhat
: va mét phép chia c6 s6 dur nhd hon s6 chia 2
Taay..a, , Y9aa;... ay 5 cO duy nhit mot 50! don vi.

+1 : . hir Sﬁ' S s o
chia hét cho 5"*! ma s0 niy gom n+1 ¢ * Do d6 ton tai k sao cho a;, 4a; thoa man

¢, tirc 1a ménh dé ding véi n+1. |

Do B ={1,3,5,7,9} 1a HDD mod 5 nén

diéu kién trén. Khi d6 mot trong hai son+1;
Theo nguyén li quy nap ménh dé ding véi | n + 2 chia hét cho a, sb con lai chia hét cho
mol #. I 4a. Suy ra UCLN (n+1;n+2)2a; 22, diéu
Viy voi mol 30 nguyén duong n, ton tai sd 1 nay khong dang. Véy khong ton tai n thoa
tw nhién gbm » chir s0 déu 1é va n6 chia hét ; | min dé ra.

cho 57.00 | NGUYEN THANH HONG

(Ki sau ddng tiép) | (GV THPT chuyén DHSP Ha Noi)

TOAN HOC

r
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T\ Fibonacet (1) dupe vids bt dong
A khai trién 1,1,2,3, 5, 8, 13, 21, 34, 55,
89, 144,... ¢6 tinh chit fy=fi=, f,=fr1# o2

véi moi n22. Ti 36 ¢=f;1*’ ~1,618(n28)

thuomg duge goi la ti 1¢ vang. Ung dyng ctia
day Fibonacci trong todn hpc duge dé cgp
khd nhiéu trong cac gido trinh vé ddy s6. Bai
viét nay, xin gidi thi¢u mot 56 tmg dung cua
ddy Fibonacci trong thi truimg chimg khodn,
Khi sir dung phan tich ki thust, “ti 1¢ vang"
thuimg dugc dién gigi theo ba gi trj phan
tram: 38.2%, 50% va 61,8%. N{liéu ti 1€ khéc
c6 thé duge sir dyng khi cén thiét, nhur 23.6%,
161,8%, 261,8%, 423%, ...

Céc ti 1€ trén déu dugc riit ra tir d4y Fibonacei
(1), bang céch

® f1:/2=1:2=50%

® fun:fn=0,618=6158%

® foi2:fn=0,382=382%

¢ ﬂi‘-l-S :f;.- "‘50,2362*23,6“9

® fn:fon=1,618=161,8%

® foiSu2®2,618=2618%

s ~4,236=423,6%.

Cé bén phuong phép chinh trong viéc 4p
dung day Fibonacci trong tai chinh: Arcs,
Retracements, Fans va Time Zones,

Fibonacci Arcs (FA - Fibonacei hinh cung)
duge thiét lap nhur sau: Py tién, dutmg »y
huéng duge vé nbi hai diém c6 mirc gi4 caq
nhét va thap nhét cia giai doan phén tich, Say
d6, vé& ba nira dudng tron d&ng tam, véi thm

1a diém c6 mic gi4 cao nhit va cht diimg xuy

“ L & . T g

T 1 chc mc Fibonscci 38.2%, 500
61,8%. ok |
ﬁlﬁm&wmmhﬁwmmﬂv
ki 8b thi gi tiép 4o ¥01 Guome cong

Hinh |

Luu ¢ ring, 46 thi gia cht dudmg FA tzi diém
nao con tity thude vao kich cir cia 46 thi, néi
cach khac duomg FA dugc vZ 1én db thi nén
n6 cb moi twong quan véi kich of can déi cina
d6 thi trén mén hinh may vi tinh hodc wén giay.
Do thi g4 clia Dong Bang Anh (h.1) mé t&
cach ma dubng FA tim ra cic diém ho trg vé
khing cy (diém A, B, )

Fibonacei Fans (FF - Fibonacci hinh quat)

duge thié? lap nhu sau: Puomg xu hudng
du?c vE di qua hai diém gia cao nhit va thép
nhqt “Ua gia1 dogn phan tich. Say do, mot
ggmig théng dimg “v0 hinh” $& duge vé guz
;}em glé ¢80 nhat. Tiép theo d6, ba duimg
oo st duoc Ve tir diem gig thap nhit cat
g ding “v§ hinh” tai ba mifc
?3,1%%, 50,0%, 61 8%, D& thi (h 2}lcﬁ: Cong
Y Texaco cho thiy o4 b3 tro/kith
o ttén Gt - Y €ac ngudmg hé tro/khéng
= c‘::ot:f@mé};ldﬁ 45 thi gis gap duime
e  (diem A), 45 thi gis khong the
Hong FF trong nhizy n ay. Khi gid

hitps®//tieulun.hopto.org



mw FF, 16 lién rét nhanh
en diém ddy trén dudng FF thi ba
trude khi tim duge mie hé tro.
rang, khi gid di chuyén qua diém
o ﬁ( I é ), n6 tang mot mach 161 didm cao
_(a.i- m D) trén dudmg FF thi nhat va
fﬂﬂﬂi lll diém'khﬁng ey, sau d6 roi xuéng
- diém gita trén duimg FF thir hai (diém E)
 trwde khi dbi chidu di lén, :

B B e B e B I A B A B
T

Hinh 2

Mot ki thudit phd bién 13 Fibonacei hinh cung
vit Fibonacci hinh quat thudong duge vé trén
cling mot dd thi, theo doi ca hai dudng FA,
FF rdi dy doan mirc hd trg va khang cuy tai
diém giao nhau cua hai duong nay.

Fibonacci Retracements (FR - Fibonacci
thodi lui) Pau tién, dudmg xu hudng duogc
xdic dinh biing cach vé duong thing di qua hai
diém gia cao nhéit va thip nhit ctia do thi gia
trong giai doan phén tich. Sau do, chin duong
nim ngang duge vE Ién cat dudng xu hudng
tai cac mirc Fibonacci 0.0%, 23.6%, 38.2%,
50%, 61.8%, 100%, 161.8%, 261.8%, ﬁvfl
423.6% tuong ng vol -:;h'if":u cao tinh tir diém
gia cao nhit dén thap nhat (mét 50 dudng co
thé khong duge v& ra khi nam ngoai quy mo
phén tich cta d6 thi).

Sau khi tang hodc giam manh gia tt;uén}g
quay trér vé cac mire trude do, 1p lai phan l6n
(ciing ¢6 khi 1a toin by) xu hudng Paﬂ d(au.
Khi gi4 dio chiu, cdc mic ho trg hoac khéng

eyr mdi ndm trén hodc gan duong F R (xem do

thi (h.3) mirc h tre va khang cur xuat hién tai
dudmg Fibonacci 23,6% va 38,2%).

B7 e B3 mmwmwmmwﬁa‘"ﬁﬂ

Hinh 3 1
Fibonacci Time Zones bao gom mot loat cac
dudmg thing ding sap xép theo trat tu cua
day Fibonacci 1, 2, 3, 5, 8, 13, 21, 34, ...
Nhing thay dbi 16n ciia gid thuong nam gan
hodic trén cac dudmg thang dimg nay (h.4).

Doy +EF-B1T-PI-FJ.B
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Hinh 4

Cac két qué nghién ciru vé Fibonacci nay
khéng ¢ y dinh lam kim chi nam cho viéc
xac dinh thoi gian xAm nhap hodc rat khoi thi
truomg. Tuy nhién, né c6 thé hiru ich trong
vide x4c dinh ving hd trg va khang cy. Da
phin céc nha dau tu sir dung két hop ca bon
phuong phéap Fibonacci nay aé c6 thé dua ra
cac muc du doan chinh xac hon. Mgt nha
phén tich c6 thé chi sir dung Fibonacei Arcs
va cac diém giao tai ving hd trg hodc khang
cu. Nhiéu ngudi khac két hop cac nghién clru
vé Fibonacci voi cac dang thirc phén tich ki
thuat khac nhu “li thuyét séng Elliot” dé du
doan mirc dd dao ngwoc xu hudng sau moi
bude song khac nhau.

TOANHOC ™
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CAC LGP THCS

Bai T1/434. (Lép 6) Tim sb chinh phuong
16n nhét c6 dang 477 + 41920 + 4%, véi x 12 s0

tu nhién.
PO TH] HUONG

(GV THCS Thanh Tam, Thanh Liém, Ha Nam)

Bai T2/434. (Lép 7) Cho tam giac ABC vudng
tai A va ABC = 54°. Pudng trung tuyén AM
va duong phan giic trong CD cia tam gidc
cdt nhau tai E. Chimg minh ring CE = AB.
THAI NHAT PHUONG
(GV THCS Nguyén Van Tréi, Cam Ranh, Khdnh Hoa)

Bai T3/434. Tim tit ca cc s nguyén to p $a0
cho hais6é p—1va p+1 cling c6 6 uéc sb.

PHAM KIM THANH
(GV THCS Nghi Pirc, TP. Vinh, Nghé An)

Bai T4/434. Giai hé phuong trinh

3x+2y+z =—é\/;z
6w +2)z +3xz =108+18/x-+4-+12y+9+6,2+36

BUI DINH THAN

(GV THCS Lucong Thé Vinh, Thdi Binh)
Bai T5/434. Cho duong tron (O). Tir mot
dlem A ndm ngoai dudng tron, ké hai tu—*:p
tuyen AB, AC v6i duong tron (B, C la céc tiép
diém). Dufmg trung tuyén BM cua tam giac
ABC cﬁt (0) & D, tia AD cit (O) ¢ E. Ching
minh ring BE // AC.

PHAM TUAN KHA]
(Ha Ngi)

CAC LOP THPT

Bai T6/434. Cho a, b, ¢ 1a 46 dai céic canh
cua mét tam giac. Chirng minh ring

5l ot M, ol
Sr+ﬁc—+ Cﬂ<d+b+c

TRAN TUAN ANH
(PHKHTN, PHQG TP. Hé Chi Mink
Bai T7/434. Cho du'ong tron (O) ndi tlep tam

gide ABC. Cic tiép tuyen ca (0) song song

4c, cit cdc canh cig
taarilcgéigccigcctfl ?I(;llegnz M,N,P,O,Rvags
(M, S € AB; N, pPe AC; O, R € BC). Goi [,
L, l; lan luot la d6 dai cac duong phén giac
trong xuat phat tU cac dinh 4, B, C cua cic
tam giac AMN, BSR, CPlQ

1
s il ) i
Chirng minh ring — 7 ‘,2 12 e voi p 1a

nira chu vi tam gidc ABC. Sl
CAO HAI VAN

(GV THPT Nguyén Chi Thanh, Pleiku, Gia Lai)
Bai T8/434. Cho tam giac ABC thoa man diéu

kién tangtan—-g— = % Giai phuong trinh

x2 +x—cosA—%cos(B—C) =
NGUYEN BA PANG
(Ha Néi)
TIEN TOI OLYMPIC TOAN
Bai T9/434. Tim tat ca cac sb thuc x sao cho

{ x2 +1 }__1
Xk rdll 2’
trong d6 ki hiéu {a} 1a phén 1& cia a, tac la

{a} = a—a].

NGUYEN VIET HUNG
(GV THPT chuyén KHTN, DHQG Ha Noi)

Bai T10/434. Cho day 5§ (%,) duge xac dinh boi
£ il 2011 = 2012

" 1
Xnsl = X, +-——+—_+___+ A
Xn X} x3 X201 2012

(neN"),

VO x>0 cho trirge, Tim

céc sd dé da
€0 gidi han va giGi e L

han 1& mot s khac khong.
NGUYENNGOC TIEN

(GV Trueong Cyp ddne Nobd Binh Thesdn)



B, ot v
%)’*ﬂgﬁ-bxhﬁy x4y

PHMP Tan Thanh, Ba Rja- Viing Tau)
434. Cho tr di¢n 4BCD véi tron
Céc diém X, Y, Z, T theo thir tt,rthuﬁ%

(BCD), (CDA), (DAB), (4BC) sao
Y, YZ, ZT, TX theo thi ty song song véi

B, GC, GD. Tinh ti sb thé tich cia cac

tir dién ABCD va XYZT.
NGUYEN MINH HA
’(GV TI—{PT chuyén DHSP Ha Néi)

: CAC PE VAT LI
mj L1!434. Hai hon dé4 duge ném tir cling
~ mot diém trén mot ngon thap cao véi cing
* géc ném a so v6i phuong ngang (ném chéch
~ |én trén) va cung vén tdc ban dau vo nhung
~ ném cach nhau mét khoang thoi gian Ar. Xac

dinh khoang cach nho nhét giira hai hon da va

thoi diém dat khoang cach dé. Bo qua sirc can

ctia khong khi. f

NGUYEN NHAT MINH
(Hé néi)

e et aans 800 oo dhy t Gt
1a ddng chit ¢6 0& 1 16 thugn voi chidu
dai ca day). Do c6 sy cb, dutmg day bj 10
diém 0 ﬂf_{ g N
(hai day tai Bl

dign MN

vi MN'bi «— L .

nbi tit bai M
mot vat c6 dién trd Vi gia trj xéc dinh R).
D& xéc dinh vi tri Q trude tién ngudi ta ngat
dudmg diy khoéi may phét va tai tiéu thy sau
d6 ding ngudn dién khong ddi 12V, dién
tr& trong khong dang ké, ngi vio hai ddu M
va M cua hai day tai dién. Khi hai dhu day
N vi N' 48 ho thi cuong 40 dong dign qua
ngudn 12 0,40A, con khi hai dhu day N va N'
dugc ndi tht bai mot dogn diy c6 dién tréy
khong dang ké thi cudmg dd dong dign qua
ngudn 1a 0,42A. Khoang cach MO béng bao
nhiéu?
NGUYEN QUANG HAU
(Ha Ngi)

"FOR LOWER SECONDARY SCHOOLS

T1/434. (For 6™ grade) Find the largest
possible perfect —square of the form
A1 4 41020 4 4= where x is a natural number.

T2/434. (For 7" grade) Let ABC be a right
' triangle with right angle at vertex 4 and

" ABC =54°. The median AM meets the
| internal angle-bisector CD at E. Prove that

- CE=4B.
T3/434. Find all prime numbers p such that
p-1and p+1 each has exactly 6 divisors.

/434, Solve the system of equations

1
12y Hlz=oe
EZJ;B%E: =1(B+181;:4+12. { y+9+6Jz+36

T5/434. Let AB and AC be the tangent lines
to a circle (O) through an external point 4 (B
and C are the points of tangency). The median
BM of triangle ABC intersects (O) at D, the
ray AD meets (O) at E. Prove that BE // AC.

FOR UPPER SECONDARY SCHOOLS
T6/434. Given that a, b, c are the sides of a
triangle, prove the inequality

Ja— (B0 +[b? —(c~a)* +\c* ~(a~b)

<+Jab +JE+Jc;sa+b+c.

T7/434. The circle (O) is inscribed in a
triangle ABC. The tangents to (0) which are
parallel to the sides of the triangle are drawn,

(Xem tiép trang 26)
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* Bai T1/430. Ton tai hay khong cde so W
nhién x, y, z thoa man
512+2016‘+l =2017%?

Léi gidi. Xét tich cac s6 dang 3k + 7 voi r
bing 0, 1, 2 ta thay
T =3k +r)3h+s)=33kh+ks+ hr) + .

e Néur=s5=0thi T=3m.

ONeur‘"s—lhoéc r=s=2thiT= 3n+1
vOi k, h, 7, s, m, n déu 1 cac s6 nguyén.

Tir gia thiét 5x2 + 2016+ =2017* ¢6

2016> =2016.2016* = 3m

20172 =3k +1)* =3n+1,
Do d6 5x? phai c¢6 dang 3k + 1 (1)
Theo chii y trén thi x* ¢6 dang 3m hodc 3n +1
nén 5x° c6 dang 3k hodc 3k + 2 (2)
Tir (1) va (2) suy ra khong ton tai cac so tu
nhién x, y, z thoa man deé bai. O

»Nhin xét. 1) Co thé gidi tuong ty biing cach xét cac
s0 dang 8k + » va&i chi y ring so x phai lé va x* co dang
8k+ 1.

2) Céac ban sau co 101 giai dung, trinh bay gon:

Phii Tho: Nguyén Dwong Hodng Anh, Lé Nguyen
Quynh Trang, 6C, THCS Van Lang, Vl@{ Tri, Nguyen
Hoang Phi, ﬂ'a Tri Tu¢, 6A3, THCS Lam Thao; Vinh
Phiic: Nguyén Thi Huong, Nguyén Kim Dk, 6AS,
THCS Yén Lac, Nguyen Khanh Linh, Nguyen Thanh
Vinh, D6 Minh Trung, 6A1, THCS & THPT Hai Ba
Trung, Phic Yén; Ha N@i: 7a Lé Ngoc Sdng, 6E,
THPT chuyén Ha Nji-Amsterdam; Nam Djnh: Nguyén

ViE«THAI
o nam trong 1am giac ABC sm Ch
A N

=530 va O va 04 = OC. Diém E thuge Canp
A B 60°. Tinh cdc goc cug tam
b:et rang dwong fha”g CO di gy,

D

Tir A ké duong thing song song véi OF cit
COtai K. Trén tia OF lay diém D sao cho Op

=-0OB. Vi BOD= 24ABO=60° nén tam gidc
BOD déu. Do do OBD=60° — ABD=9(r
— AC//BD. Ké duong trung truc cta AC cit

BD tai H thi HOB=0BA=30° (so le trong)
suy ra OH ciing 1a duong trung tryc cua BD,
Vi OHI/AB nén CD //AB va AC= BD= OB (1)

Xét AACK va AOBE, c6 AC = OB (theo (1))
CAK=0ODB=BOE=60°; AK =OFE (vi AdKI
=AEOI) , suy ra

AACK =AOBE (c.g.c)= AKC=0EB ()
Laic6 AKC=KOE (so le trong) (3)

T (2) va 3) suy ra @:(ﬁ, nén tam gié

cmﬂmsmacamm

fPnTIoY mwﬁm

“"“""WHGTRUGNG HOC THAN
TQEH HOC VA TUOI TRE
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AB > OB thi A0B>04p
. 180°-30°
d6 BAO<T5° (vi %{130"—-300 —750
¢ €6 AB > OB = AC = 4BC <45
ABO 30° nén OBE <189, :

Nhumg OAC OCA= =KCA= EBO::-OAC{IS"
din dén BAO>75°

) (4)

= A 5
Tur (’4) va (5) ta gap diéu vé 1i. e
o Néu 4B < OB chimg minh twong ty ta ciing
gip dieu v0 li. Vay 4B = OB = 4C. Do gg

tam gidc ABC vudng cén tai 4.03

»Nhan xét. Bai toan nay tuong déi kho, cén pha1 Ve
¢hém nhiéu duomg phu. Cac ban ¢6 thé lién hé dén bai
todn: Cho tam gidac ABC vuong can tai A. Piém O ném

frong tam gidc sao cho ABO =30° va OA = OC. Diém
E thugc c"gmh BC sao cho ,5:58_—. 60°. Chimg minh
diwong thang CO di qua trung diém cua AE.
NGUYEN XUAN BiNH

* Bai T3/430. Tim cdc s6 tur nhién x, y sao cho
(1)
Loigidgi. Dox,y €N nén 5' 1€ = y* +4y+1
1é, suy ra y chin = y*:8, 4y:8.

5% = y4 14y 1]

Tedo y* +4y+1=1(mod8), hay
5* =1 (mod8)
Néux 1é, datx = 2k + 1, k e N, thi
5 = 25+ 5 = 5(mod 8),

(2)

mau thuan véi (2).
Vayx chin. Pat x = 2k, k eN =3 '(Sk)z
I s6 chinh phuong = y* +4y+11a s chinh
phuong.

. Neuy > 2, ta co (*) <:y4+4y+1<y“+2f+1
=(2+1)2 = y* +4y+1 khong la so chinh
phuong. Trudng hop nay bi loai.

® Néu y = 2, thay vao pT (1) ta cO 55 =25
£y 6 55 =6,
o Néu y = 1, thay vao PT (1) 8
huor I:rinh néy khong c6 nghiém nguyen.

® Néuy =0, thay vao PT (1) ta ¢6 5° = 1
= x=0.

?;%YZI;T (1) c6 cac nghlém (x;y) la (0 0) ""a"

>Nhén xét. Pa sb céc ban déu gidi dﬁng bi nay, cach
gidi cling twong ty nhu & trén. Mot s6 ban tgm sai va
lap ludn khong chit ché. Céc ban c6 141 gidi tot la:

Vinh Phic: Hoang Thi Minh Anh, 8Al, THCS Yén
Lac; Phi Tho: Nguyén Dirc Thudn, 8A3, Quan Dikc
Manh, 8A1, THCS Lam Thao; Béc Ninh: Nguyén Hitu
Nghia, 9A, THCS Yén Phong; Ha Noi: Lé Phiic Anh,
8B, THCS Nguyén Huy Tudng, Dong Anh; Nghé An:
Phan Quang Toan, 8C, THCS Ping Thanh Mai,
TP.Vinh; Bén Tre: Tran Bao Duy, 8/3, THCS TP. Bén

Tre; TP. Hd Chi Minh: Hé Nguyén Vinh Huy, 9A1,
THPT chuyén Tran Pai Nghia, Quén 1.
TRAN HUU NAM

% Bai T4/430. Giai h¢ phwong trinh

T4 Jy=D b=z £y2 S5z-H1
y+lz=2+4=x =22 =5x+11
>4 _\«':“j.{_ ,'4_}_;:)(‘2—5)«’-1-1].

Léi gigi, Didu kién x, y, z€[2; 4].

Cach 1. Nhan vao hai vé cua mdi phuong
trinh vai 2, roi cong theo vé ta nhin dugc

2x+2y+ 2z 4 20x -2+ Ufy =2+ 2z -2

+2\/4—-—x+2\/4—y+2\/4—z

=2x2 +2y* +2z2—-10x—-10y =10z + 66

o 2x=3)+2Ap=3P +2z—3P + (Wx =2 -1

+(Wy=2-12 + (z=2 =172+ (4-x-1)?

+(JA—y D +(J4-z -1} =0 (1)
x-3=y-3=2z-3=0

(1)@ x——z—lzqi’}?-—z—l_—'\'Z“z—l=0
..’4_):—]:..’4—'))—‘1:‘9]4"2_1:0
xX=3

oqy=3
e

Hé PT c6 nghiém duy nhat (x;y;2)=(3;3;3).
Cach 2. Cong theo vé cac PT trong hé ta dugc
Jx—2+d4—x+Jy—2+Ja*y+dz—2+d4—z

—6x+11+y2—6y+11+2z2-6z+11 (2)

https://tieulun.hopto.org
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Ap dung BDT (a+b) <2(a?+b?), diing thirc
xdy ra khia= b, tacod

(Vx=2+V4-x)2 <2(x—2+4-x)=4

=D VXx—-2+44-x <2,

Bfingth&cxﬁyrakhi x-2=4-xx=3.
Tuong ty, tacling c6 \[y—2 +./y-4<2;

Vz=-2+J4-z<2.

Do vdy vé tréi ctia PT (2) khong vurot qué 2.3 =6.
Mat khic x? —6x+11=(x-3)?+22>2, ding
thirc xay ra khi x = 3.

Tuongtwr y2 —6y+11>2; 22 -62z+11=>2.

Do vay ve phii cta PT (2) khong nho hon 2. 3= 6
Do d6 PT (1) < x =y =z=3 (thoa min diéu
kién).0J

»>Nhdn xét. Bai ndy rit nhiéu ban tham gia va déu cho
161 gidi ding. Céc ban sau déy c6 1o giai tt, trinh bay
sdng sua:

Phu The: Nguyén Dirc Thugn, 8A3, THCS Lim Thao,
Nguyén Thiy Quynh, 8A2, THCS Gidy Phong Chau,
Phit Ninh, Pgng Duy Anh, 9B, THCS Phong Chéu; Ha
Nam: Hoang e Manh, 9A, THCS Dinh Céng Trang,
Thanh Liém; Bac Ninh: Nguyén Hitu Nghia, Nguyén
Thi Hudn, Nguyén Thj Mirng, Nguyén Quang Minh,
9A, THCS Yén Phong; Hoa Binh: Nguyén Thi Thu
Huong, 9AS, THCS Hiru Nghi; Thanh Héa: Lé Quang
Diing, 8D, THCS Nhit Bé Sy, Hoding Héa; Ngh¢ An:
Duong Pirc Manh, 7A1, THCS H$ Xuan Huong,
Quynh Luu, Ngé Thj Tra, Pham Thi Quynh Trang, 9A,
THCS Hoa Hicu II, TX Thai Hoa, Tran Ngoc Thang,
9A1, THCS Hai Hoa, TX Cira Lo; Ha Tinh: Nguyén
Thi Khdanh Linh, Pham Hoang, 9B, THCS Hoang Xuén
Han, Puac Tho, Nguyén Thi Tra, 9D, THCS Lién
Huong, Vi Quang; Quéng Ngai: D4 Thi Kim Lé, Ve
Tran Thity Hiong, 8A, THCS Hinh Phuéc, Nghia
Hanh, Tran Thi My Ninh, 9A, Lé Céng Phdt, 9C,
THCS Nghia My, Tu Nghia; Phi Yén: Neuyén Trin
Hgu, 9C, THCS Trian Quéc Toan, TP.Tuy Hoa; Sée
Trang: Huynh Hiru Phuong, 9A7, THCS Hug'nh Hitu
Nghia, My TG; Bén Tre: Trdn Bio Duy, §8°, THCS
TP.Bén Tre; Pong Nai: Nguyén Nam Binh, 9/3, THCS
Phuéc Thédi, Long Thanh; Quang Nam: L¢ Phuore
Dinh, 8/1, THCS Kim Déng, TP.Hoi An; TP.H) Chj
Minh: Nguyén Bdo Tran, 8T1, THPT chuyén Trin Pa;
Nghia, Quén 1. ;

PHAM TH] BACH NGOC
* Bai T5/430. Cho doan thing AB = 2 o4
rung diém la O. Trén CUNg Mot mira met
hang bo AB, vé nira duong tron tim o

R R

5 . ya nud cuCity HOR tam o
T ﬁ:ﬁ;’: jg Diém M chuyén dong 1,
dzf-m;g < o tron (O") Khdc A va O. T 1a OM cg
kel m?'nng won (0) tai C. Goi D la giao digy,
i db{ié}. CA vdi nika duong tron (0'), Gy;
rh;;*‘ha;ao diém cua tiep tuyén tai C cia py,
aoms, 1o (0) voi tia OD- Hay xde dinhy
ti ctia diem M trén nua duong tron (0" sgq

cho ME song SOng voi AB.
Loi gidi

B

A ' O

Tam gidc AOC can tai O va cégl AC nén
OD 1a tia phin giac goc AOC, suy ry
AOE=EOM 1)
Gia sit ME//AB thi AOE=OEM (so le trong) (2)
Tir (1) va (2) ta c6 EOM =0EM , nén tam
giac EMO can tai M, suy ra ME = MO.

Xét hai tam giac OEC va OEA c¢6 OE chung,
EOA=EOC, 04 = OC nén AOEC = AOEA
(c.g.c). Suy ra O4E=0CE =9, nén EA | AO.

Keé MP 1 4B, dé thiy tir gisc EMPA 1 hinh
chit nhat, suy ra AP = EM = MO = x (x > 0),

Ap dung hé thir luong trong tam giac vudng
AMO ta cé

OM? = OP.p4 < x? = a(a - x)

¢:>I2+a_x__a2={]¢> x:‘/;‘—la (Vix:"O).

Véy dé ME // 4B thi M nim trén nira duong

tron (0') sao cho MO:\E_IG. ~
2
Mo xét. C6 ft ban tham gia iai ba ,
0 e I 3 e i bai toan trén. Céc
ban sau cg 1o giai tht: M gia giai bai toan trén

%gn NAm: Hodng Diic Mk, 9A. THCS Binh Chog
s '[g'i{ (T:'l;a;h Llen?; Thanh Hoa: Nguyén Hiru Hodng,
: rén Phi, Nong Céng; Nehg An: 7rin Quang
SLIf L}? TP. Vinh; Ha Tinh: Nguyén Th

) 1en Huong, Vi Q Ngdic 10
ey, 3 ° o0, Vi Quang;-Quéing Nedio /°
BN 90, Trdn T} 5 Mok 94, THCS Nghia M¥.



g dang

ong Vo nhau. Goi 0,0,,0,.0 la
¥ da Iy 4 dﬂ

Efmﬂg gjﬂ;f" L.'l.i‘(] A,.I!V, NP P
g minh rang ti gide 0,0,0,0, 5 gﬂ
Bé dé. Cho i
ong chéo AC, BD bc‘r“ng
%inhau. Cdc diem X, Y,

grfc ABCD ¢6 i
hau va vuéng gée
Z, T !&n fup-f t‘huéc

[
de canh AB, BC, CD, DA sao cho il

— —
—_—

| b AB BC
;%z-—. Khi d6 XZ = YT va Xz | yr
:56 dé nay kha quen thudc. Ban doc ¢6 thé s
jung phép quay vecto véi goc quay 900 ¢é
shimg minh ring R, . (XZ) = ¥T).

[rd lai bai T6/430.

o \ MP = NO.
fa s& chirng minh MPLNQ va MP ‘
fhét vay, dung OS // AC; NS /| BD; PR ’ff; ff’
00 L AD; M;M; L PR; RE L PK; N@{{ J:Qsz
00 1 OS (hinh vé). Tir gia thiét bai toan €@

(1)

v 2Mi_BN: CR_Dg 2 iy
4B BC CD DA e

T 2), theo BS dé trén thi MR = NiQj, suy
Ta er.Plr = NI,Q]'- '

Tiép theo, ta chimg minh
PR+ MR =00/ +NyS.
Thét vay, ta c6

PR = PR.cosC,; MR = MM;.cos 4.
Tir (1) ta thay

PR + MR = k(CD.cosC, + AB.cos 4) = k.AC.
T‘I.I(}ng tu coO

QO + NS = k(DA.cos D, + BC.cos B,) = k.BD,
do AC=BD nén RP = 0S. Tuong ty MR = SN.
Ta thdy MP = MR + RP (3)
Quay cac vecto vé phai cia ding thirc (3) mot
goc 90° thi khi d6 MR — NS va RP — SQ,
suy ra MP > ON, hay ON 1a anh cuia MP

qua phép quay vecto véi goc quay 90° ndi
trén. Vdy nén MP L QN va MP = ON.

Tir 46 dé dang thay tir gisc 0,0,0;0, 1a mot
hinh vudng (dpcm).00
»Nhin xét. 1) Hau hét cdc 10i gidi cac ban giri céc vé
déu sur dung tinh chét cia phép quay vecto dé giai bai
toan nay.
2) S6 10i giai giri vé Toa soan khong nhiéu. Céac ban
sau c6 101 giai tot:
Hoa Binh: Lé Durc Viét, 11CT, THPT chuyén Hoang
Vin Thu; Hung Yén: Nguyén Trung Hiéu, 11 Toan 1,
THPT chuyén Hung Yén; Nam Binh: Vi Tudn Anh, 11
Toan 2, THPT chuyén Lé Hong Phong; Thai Binh:
Trinh Thi Thity Duong, Nguyén Hai Linh Chi, 11 Toan 1,
THPT chuyén Thai Binh; Ngh¢ An: Phan Xudn Duc,
11C4, THPT Nam Pan 2, Nam Dan; Long An: Chu
Thi Thu Hién, 11T, THPT chuyén Long An.

HO QUANG VINH
% Bai T7/430. Hay tim cong thiec tinh $6 cdc
$6 tu nhién chia hét cho 3, mai s6 gom 2013
chit s6 ldy tir tdp hop X ={3;5;7:9}.
Loi gidi. Vi tap hop X c6 4 phan tu khac
khong nén tir cac chir sO cua X ta’wét dugc
4n o tu nhién, moi sO gom » chir sO.

https://tieulun.hopto.org
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Aot .% la 56 cﬂﬁlétu' nhién chia bét cho 3,
ﬁ ) gbm n chir s6 1y tir tip hgp X .

DE thiy ) = 2.

Goi £, 1 sb chic 86 tyr nhién khong chia hét

cho 3, mbi sb gbm n chir 56 1Ay tir thp hop

X.Taco §,+P,=4" (n=123..).

Ta tinh S,,; nhu sau:

Gid sir A 1 86 tw nhién bit ki gbm n chir s6
ldy tir tap hop X, c6 che trudmg hgp sau : ,
Néu A chia hét cho 3 thi ta viét thém chir s 3
hodc chir 86 9 vao bén phai ciia A dé duge
mot s6 chia hét cho 3, gom n+1 chir s6 lay
tur tap hop X,

Néu A chia cho 3 dur | thi ta viét thém chit sﬁ
5 vao bén phai ciia A4 dé duge mot s6 chia hét
cho 3, gdm n 41 chir s6 14y tir tp hop X.

Néu A4 chia cho 3 dur 2 thi ta viét thém chir sé
7 vao bén phai clia 4 dé duge mdt s6 chia hét
cho 3, gdm n+1 chir sb 1Ay tir tap hop X,

Do a6 S, =25,+P, thay S,+B, =4", 1a

du‘gc *Sf.'ril""sin = 4" (H-' ]12':3'”}'
Ta cod
Sn =Sy =St )+ (Sps =Sy )+ H (5 =5 ) +2

:4jd-’ _I4l.' 2 $... *4 f 2 - 4”_: 2.*

42"”‘-’ b 2

. £ RE” 2 ¥ i
Viéy s6 phai tinh 14 8,4 -

»Nhiin xét. 1) Diéu miu chdt eia hf;i to4n la tim duge
hé thirc S,y ~ Sy = 4" (n=1,23..).

J.S’,“, =28, + P,
|Piss =28, +38, '

45,1, Lam nhur vy thi 16 giai

Nhiéu ban dé chimg minh ring r
do suy ra Sy =58,
sé& dai va phire tap,

Mot 86 ban sir dyng s6 phire dé giai bai todn bing céch:

Xét da thirc la khai trién cia ({x)= (x! X 4% u”]";

¢6 8, bing thng chc hé sb cia che sb hang 14 liiy thira
ciia x vai s mii chia hét cho 3; gid st @ 14 56 thoa
chimg  minh  ring

min l+w+a’ =0=0’ =|:

38, = G(1)+ G w) 4 U(r.rﬁ'J s tir d6 suy ra két qua baj

todn, Céch giai nay dde déo nhimg khong d& hidy véi
s6 dong ban doc,

2) Cée ban sau diy ¢6 161 giai the;

= T N A I T

chuy?:ﬁ Hung
Trinh Thi THIY E50TE0, m Thanh Binh, 11A1, ‘Thpy
Binh; Thii NEWS I & An: Trinh Van Cuy,

IDA;;MTHig;th;n 1, THPT Huong Khé; Quﬁ;g Tri;
Thi Thuy Anh, 11T, THPT chuyén Lé Quy E‘)én; Gia
Trdn Diic Newyén Try, 11C3, THPT chuyén Ffin,
Lai: Trdan NgW An: Chu Thi Thu Hién, |17

iku; Long ¢
Vuo'l'}g,c"lll'll:- ;:c;'_,ong An; Tién Qiang: Nguyén Minh
;}}i;k 10 %oén, THPT chuyén Tlén*Gjan g ;

’ NGUYEN ANH DUNG

% Bai T8/430. Gidi phuong trinh
log, x=logs 3.
Léi gidi. Pidu kién xe(0;5) va x#4. Dy
t=log, x.
Nhan thiy x = 1 khong 1 nghiém cua phuang
trinh, nén ¢#0.
]
Tacod x=2' va logs ,3=t<>log; (S_x):;
! 1
>3 =5-x&31+2'-5=0 (1)
Ta thdy, néu ¢ < 0 thi VT(1) <-3<0.
Do dé 1> 0.

|
Xét ham so f(£)=3t+2'-5, véit> 0,

G 1 -
Taco f (t)=—;2~.3fln3+2‘ In2;

# L 2 ol
i (r)=F,3=.ln23+;3-.3r.xn3+2f1n22>0,w:>0.

Ma f'(r) 1a ham lién tyc trén (0:+c0) nén
phuong trinh f"(£)=0 chi ¢6 t6i da mot
n.ghiém trén (0;+00) . Do vay, vi f(¢) la ham
lién tucr trén (0;+00) nén phuong trinh f{1)=0
chi ¢6 t6i da hai nghiém trén (0 ,+00),

Nhén thiy ¢ = | 3 t=log,3 4 hai nghiém

cua _{(r)= 0 j:rén (05+90), do do phuong trinh
_,;(t) =0 chi ¢6 haj nghiém noi trén.

uy ra, phuong trinh dx 5 hai nghiém i
i 3'thrmh da cho ¢6 hai nghiém la

»Nhin xét, Toa
todn nay vi phén
huéng twong ty p

e nthan dugo nhiéu 1o gidi cho bi
o che 18 giai 1a" i di fhed thc
u trén. B";lll Nowuvén Ve T4 1IBR.



yul-l'uu,g mnh ‘- i M T
hﬂﬂ sau chd 1@1 gidi tét klmmqu(nﬂ)_

chy
chu

E]

h Héa: Tran Trung P,

10 A Myén

. Thanh Hoé; Ngh¢ An: ps " HPT Do
[ chuyén BH Vinh, N

Suye :
9 yudn, 11A1, THPT chuyén Phﬁn B?ﬁf" Dy
Cao Huy Phong, L&p 10T, THPT " él Tiél'l
ng Thap: Nguyén Thau, Thi, 11%’ n Tién
Nguyén Quang Diéu, TX. Caq Firlia THPT
TANGOC TR

kml T9/430. Cho 4026 g4 nguyén duong
é)y_az ﬂz{}l’%abh % 5e -"J'){)l'; Thua man bﬂ >1
%mm k rhuoc rap Agsi] A 520131,

ran
Yutng minh rang ton tai 56 nguyén duong p
hoa man dong thoi cdac diéu kién sau:

: BO13  \ (2013
jné[l—[ a,}.( ] b‘.-]-t—l;
e \ i=l

t) abf +1 la hop s6 voi méi keX.

il

,fhgmx. Trude hét img véi mdi ke X, chon

ét wée nguyén to py cia ab; +1. Ta chimg
2013

ainh s6 nguyén duong n=1+[](p -1

=1
hoa man diéu kién bai ra.

hat vy, do p; la woc cua ab; + 1 nén
p—1<ab;, vo1ieX. Suy ra

. 1+ﬁ(ﬁ: _1)(—:[10—[”@] (Ub;)-H.

ﬁt khac ta coO (b;‘ pk)dl va a;,b >akbk
6i moi k € X. Theo Dinh li nho Fermat thi

2013 =
&“ " =1(mod p,) = bh H 3 = b; (mod py)-
i thé nén
2013
&ﬁfﬂz akb:f[]l W +1=ab +1 (mod px)

- =0(mod py)
21 g, b7 +1 13 hop $6.0

Ha Nam;
Hoa; 1y

chuyé“ KHTN, BHQG Ha Noi,

R il

ﬂfnh Céng Vinh, 11T, THPT chwyﬁﬁ
N§i: Pham Céng Son, 10A1 Toén, :u:m:

NGUYEﬂ VAN MMJ

* Baj T10/430, Cho cdc o a,b, CE[O ;]

fhoa.man a+ b+ c= 1. Ching minhrang

A5 Hcd dabe s,
32

A 1 1 : 1
Loi gigi. Do aﬂE::»(a——] [ﬂ—"‘]go-

4 2
Kh 5 1
ai trién ra ta dugc @ —a? + —a—-—<0
16 32
= a? gal_imrl (1)
15 Ve 3D
- 5 1
Tuong tur b3<b2—~—b+—~ A<t ——ct+—.
¥ 68 30 16,37

Bi vy @ +5 +8 <(c +1? +c2)—%(a+b+c)

7

+_.3_—a2+b2+c’2__,i+_3__a2 +bz+cz__._
24 32 32
7

=(a+b+c) —2(ab+bc+ca)—§

25
=1-2(ab+bc+ ———=-——2 ab+ be+ca).
(ab+bc+ca) 5 o (

Do do

a+b+c +4abc£§—;~2(ab+bc+ca}+4abc

—ES—JF (2 a-1)(2b-1)(2c-1)— (a+b+c)+—
32
25_1 1=
g 2o,

Bt dang thuc da duge ching minh.

pang thic xay r1a khi va chi khi

b ce{—l-; l} va trong a, b, ¢ c6 mot )
4 2

bang %, tire 14 (a; b; ¢) 1a mot hoan vi cua

Joy 159§
céc 0 [EEE]D

https://tieulun.hopto.org
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- >Nhin xét. 1) Trong chimg minh ta khong ding dén

gid thiét a>0,620,c20. Kho khan cua bai todn la xic
m% difn roi" [%,-i—,%) dé viét duge bat déng thire (1).
2) Céc ban sau c6 1o giai gon gang nhu 1o giai trén:
Hung Yén: Nguyén Trung Hiéu, 11T1, THPT chuyén
Hung Yén; Nam Binh: Vi Dizc Tai, 9A3, THCS Trin
Ding Ninh; Théi Binh: Nguyén Phuong Nam, 1172,
THPT chuyén Thii Binh; Ngh¢ An: Nguyén Tdt Hai
Ngoe, 10T1, Lé Phi Anh, Lé Thi Huyén Trang, 10T2,
THPT D6 Luong 1, Phing Thi May, 10A3, THPT D6
Luong 3; TP. Hd Chi Minh: Pé Nguyén Vinh Huy,
9A1, THPT chuyén Trén Dai Nghia, Quan 1.

NGUYEN MINH pUC
* Bai T11/429. Cho p li 56 nguyén 16 sao
cho p=1(mod 4). Hay tinh

i)

trong dé [a] ki hiéu sé nguyén lém nhat khong
Vot qua a.

Loi gigi. (Theo ban Tran Thi My Linh, 11T,
THPT chuyén Lam Son, Thanh Héa)

Dé chimg minh duoc ring

|
0 néu o
{x} 5

1
1 néu {x!>_—
{x} -

2{x}~{2x} = (1)

0 dd {x} =x—[x] la phan I¢ cta sb thuc x.

p=1 2 2
oS f2]
=1\ P P
p-1 2 2 2 2
ERTE D)
=\ P pP P P
p-1 2 2
=Z z{ﬁ_}_{zk__} :
k=1 P P
Do (1) nén 4 bing sb céc sb ke{l,2,.., p~-1)

ma k? =i(mod p) véi i>—‘§.

Bo dé. V6i moi ae(l,2,..,p-1} ton tai
bell, 2, ....p~1} sao cho a? +b? = O(mod p)
(b#a).

Thit vdy do p=1(mod4) nén tén tai
del{l,2,.., p-1} sao cho 42 = —1(mod p).

TOAN HOC

Khi d6 ton tai be{l,2,...p—1} sao chy
bada(mndp)

Thanh thu &+ =pdd = (& +1)E(xnmp)_
Ta cd a#b, vi Ilé'll a=>b thi.‘az.{_bz:
2?11 =0(mod p) = @ = 0(mod p), di€u nay v
1i. Bé dé dugc chimg minh. ,.

Nhu vay tap {1, 2. ..,p—1} dugc phén thanh
p—l c_ﬁp(a;b)\’(’!i a+b?= (}(modp)

Trong mdi cip nay 10 rang 11151_1 c6 duy nhat
mai sb kela b} md k*= i(mod p) voi

_1 D
i> 2 Thanh thir 4 = e
2

ia giai bai toan nay déy
»Nhdn xét. 1) Céc ban tham gia gidi bai ‘ndy déu
co ]friégi{ai ding. Mot so ban dé ching mnﬂ} lai két qua
quen biét: Néu p=1(mod4) thi ton tai deZ dé

d? =—1(modp) bing Dinh li Wilson.

2) Céc ban sau c6 11 giai tot:
Thai Binh: Hocng Trung Kién, Trinh Thi Thity Duong,
11 Toan 1, THPT chuyén Thai Binh; Thai Nguyén:
Nguyén Vin Tuyén, 11A11 K25, THPT Dong Hy; Ha
Noi: Nguyén Chi Tiung, 11 Toan 1, THPT chuyén
DHSP Ha Noéi; Hoéa Binh: Dgng Hiru Hiéu, 12 Toén,
THPT chuyén Hoang Van Thy; Hung Yén: Nguyén
Trung Hiéu, 11 Toan 1, THPT chuyén Hung Yén;
Ngh¢ An: Nguyén Vin Son, Lé Hong Dirc, 11Al,
THPT chuyén Phan B§i Chéu, TP. Vinh; Quiéng Tri:
Tran Birc Anh, 11T, THPT chuyén Lé Quy Pén.
DANG HUNG THANG
* Bai T12/430. Cho tam gidc ABC ngi tiép
dwong tron (O). Diem M khong thudc cac
duong thang BC, CA, AB va duwong tron (O);
AM, BM, CM theo thir tw cdt lai duong tron
(O) tai 4, B,,C,. Cdc diém Ay, B,,C, theo thir
iy )fﬁ{ fam rd'u'(}’ng n‘(if;_ ngoai tiep tam giac
I'Wf{(-- -M(;A, MAB, Chung minh rang ba
J“f"”gfh‘mg 445,BB,,C\C; dong quy tai
mot diem thude duong tron (O).
';0; gl Goi P 13 giao diém thir hai cua
42 Vo1 dutmg tron (O) (hinh ve),
Ta cé

)=(BC, BB, )(mod ) (vi B e(4CB))
= (BC, BM)(mod ) (Vi M e BB))

: R
=—(4,C, 4 : 3
2 M) (modm) (vi B e(MBC) vi 4o



Tir 46, cha y ring A, € PA,; P € (CAB,), suy

ra (PA,B,;B,)=(A4,4,B,B,)=(C4,CB,)
=(P4,, PB,)(mod).

Piéu d6 c6 nghia la BB, diqua P.

Tuong ty C,C, diqua P.

Tém lai 4.4,,B.B,,C,C, dong quy tai mot

diém thuoc dudng tron (O) (diem P).0

»Nhin xét. Bai toan nay khong k]}é nhu_ng chi co
nim ban tham gia giai, trir ban Trinh Van Cuong,
THPT chuyén Phan Bgi Chau, Ngh¢ An, bon ban con
lai 3 biét sir dung goc dinh hudng de tranh tinh trang
phép chimg minh phu thudc hinh V& Xin néu tén ¢
: béﬂ ban: ¢
Thal Binh: 7rinh Thi Thup Duong, NWer S0
Chi, 11T, THPT chuyén Théi Binh; Nam myl}l[-u:;
| -'MnAnk, 11T2, THPT chuyén Li ;Io;igyenﬂzlﬁg s
Yén: Neuyén Trung Hiéu, 11T1, THPT €00 I
e . NGUYEN MINH HA
én nhu hinh Vvé:
E. dién fro

v dp t can

Hai Linh

KBai 1.1/430. Cho mach di¢
on dién cé suat dién df}ﬂg
ng ¥, cuén cam co dién tro' o
N O SORE -

V) Lie diu &, mg kydong. Tim cuomg do

dén i sl T S e
di éf ::f" ua nguon, qua cudn cam va qua
dinig ndynbd Ngc;y sSau do ta dong k. Cac
ang bao nhiéu khi
trang theit dn it khi mach da dat
sz déu  déng, |
Néu sau d6 ta y E
ngfif ki. Tinh _y.—-ll :
dién !"Wg dich k
C}["J’EN qua cugn s
‘j’ay khi mach da ER l
d?‘ trang thdi on
dinh. Hay ching 16 ning hegng tir truong cua
cudn cam da chuyén hoa thanh nhiét trén cdc
dién tro,
Lth gidi. 1) Ngay sau khi dong khoa ki, dong
di¢n qua nguon va R c6 cuong do
/.
I.* =Ip = Rir =£{;’ con dong dién qua L
bang khong do ¢6 hién tugng tir cam.
Khi mach di¢n da 6n dinh thi
2E E
e A
3R, 3R,
2) bién lugng 'di_ch chuyén qua cudn day
trong thoi gian rat nho dr 1a dg = i.dz.

Theo dinh luit Om i = Gedic L 4 QI—
R + K 2R@ dt

IJ‘I rﬂ

IE=

Suyra dg = 42—;;(1:'.

Pién lugng chuyén qua cudn day sau khi ngit
khéa k] la

0 ]

1o 2R0 1y 6R§ ' 3
cuong 46 dong dién trude khi ngat khoa k).
Nhiét lugng toa ra trén R va ro trong thoi gian
rit nho df 1a

do=i*(R+ 1,)dt = i(R + 1y )dg = —Lidi.
Nhiét lugng témg cOng toa ra trén R va ro sau
T B : g LI}
khi ngit khoa ki 1a Q= [do= =
I
Nhu viy nang luong tir trudmg da chuyén hoa
hét thanh nhiét toa ra trén R v nopto.org



»>Nhin xét. Ban Nguyén Nhgt Han, 11 Li, THPT | PRO.

chuyén Lé Khiét, Quang Ngii c6 1o giai tét.
NGUYEN XUAN QUANG

P
"

BLEMSIN F o [ B D it Setiie Tl - O S
. Jese sides at points M, N, p
intersect these sides 2 :
‘3‘3; 'nd S (M, S4B, N, PEAC; O, Re BC)

k Bai L2/430. Mot hat dotéron chuyén dong | [o | I, Iy, be the lengths of the intema]
trong may xyclétron c6 twe truomg B theo quy

dao tron bdn kinh 100 cm. Do va cham vdi
bia né vo thanh mot hat proton va mot hat
notron ma khéng mat mat dang ké vé dong
nang. Bién lugn veé c'huyén dong tiép theo ctia
tung hat. Coi rang khoi lugng ciua préton va

notron la nhw nhau. .
y

@ £

B

9

A b 150e O
Loi gidgi. Do c6 sy va! cham déan hdi nén ta 4p
dung dinh ludt bao toan déng luong va bédo
toan dong nang. Goi ¥, m,, 14 van téc va khéi
lwong cua dotéron trudc khi vi: m,, v la
kht:')i lwgng va vin ,téc cua préton; m,, v, la
khoi lugng va van toe cuia notron.
Theo dinh lujt bao toan déng lugng ta co
(1)

mpV = m, v, +m, v, <> 2uv = uv, +uv,
Theo dinh ludt bao toan dong nang ta c6

%mavz =%mpv,z +%mw§ SR =wh 4wk (2)

Ta (1) va(2),tasuyra vy =v, =v.

e Vi notron khong mang dién nén khi chuyén
dong trong tir trudng né khong chiu tac dung clia
luc Lorentz, hat notron van chuyén déng thing
déu theo dudng Oy tiép xiic véi quy dao Ctai O,
e Proton mang di¢n duong nén chju tic dung
cua lyc Lorentz, hat proton s& chuyén dong
tron theo quy dao P va cung phia véi dudng
tron C dbi v6i Oy véi ban kinh
m 1
24 5 =50 (cm).0

|8
»Nhén xét. Ban Nguyén Nhit Han, 11 Li, THPT
chuyén Lé Khiét, Quing Ngii giai ding. Tuy nhién
phén 1dp lugn vé quy dao chuyén ddng cua hat notron
va proton cin chat chg, rd rang hon.

| DANG THANH HAI

TOAN HOC

: AMN, BSR and CPQ

e-bisectors from A, B, C of triangles

angl respectively. Prove that

g1
i'+ 2 + —12- 22—
g s gl ;
semiperimeter of triangle ABC.
T8/434. It is given that in a triangle ABC,

where p denotes the

tangtan% - -;- Solve for x

x?+x-cos A —f‘:—.COS(B—*C) =1{.

TOWARD MATHEMATICAL OLYMPIAD
T9/434. Find all real numbers x such that

{_51} 1

x24+x+1) 2

where {a} denote the fractional part of a, that
is {a} = a-[d].

T10/434. Consider the sequence (x,),

R TR | 2011 2012
Xpil = Xy +—F— 4 —+ ..+ - :
R X201 y2012

(neN").

where x; > 0is given. Determine all values of
a such that the sequence (nxZ) has a non-
zero limit,

T11/434. Find all functions SR> R such
that

S D)+3)+ f By + ) =32 +X)+4xy—x+y
Vx,yeR.

T12/434. Let G be the centroid of a
tetrahedron  ABCD. Pojints XX o Z T e
chosen on the faces (BCD), (CDji) ’(DAB),
and (4BC) respectively such that Xy : YZ, 7T,
X are parallel to G4, GB, GC ;md ’GD-
Determine the volyme ratio of the two
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9 Trong mat phang toa ds
@y cho tam giac ABC c¢ A(z-._]dr)'
B("’2 ]4 C.( : 7). Tim toa do trong tdam

G, truc tam H, tam duong tron ngoai tiép I va
tam duwomg tron ngi tiép J cua tam gidc ABC.
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2 2 )
(-2-6).
Pay l1a mot bai toan co ban d6i véi hoc sinh
lop 10, tuy nhién néu biét cach dit van dé ta
¢6 thé tao ra nhimg bai todn tir dé dén kho.
Cu thé nhu sau:
Trong mdt phding toa dj Oxy, cho tam gidc

ABC va toa dé cua ba trong bay diém A, B,
C G H I J (trong do biét nhiéu nhat toa do

cia hai dinh tam gidac). Hay tim toa dé cua
cdc dinh con lai clia tam gidc.
Tiy vao trinh do hoc sinh ma ta lya chon ba
diém thich hop. Poi voi hoc sinh trung binh —
kha, ta c6 thé luya chon cdc b5 ba diém gom
hai dinh (4, B) va mot tam sau d4y, hay tim
toa do dinh C. |
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©OBai1. 4(2;-14), b (~2;14}~G'(‘§1 gJ'

ta cO

Bai to4n goc.

Loi gigi. Theo tinh chit trong tam
=3x; _-x_,g Yy =

{xc
Yo=3yg—Va— Y8 = =l
my C(-5; —7) 0
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hé
m o ’hu@ﬂg da s6 hoc sinh ching ta chi biét

gfl’-ﬂ' u L "
ra cho m?ﬂ:‘” nhitng "bai todn mrbngmhkhacd:ﬂ

ma it kh: tw minh ddt ra nhitng "viin

kha y
!m:-'; :;u' “”,fm quyc; bé (dp dwot cho hoc sinh
vdat "van de" va ren luyén tw duy sang 1qo,

ching
; & 101 xin néu cdeh dat van dé tir mét bai todn
quen thuge sau day.

NGUYEN TUK”‘m NGOC
(GV THPT chuyén Tién Giang)

OBai 2. A(2-14), B(-2;14), H(-26:-10).

Léi gigi. Pudng thing AC qua A4, co vecto
phip tuyén BH =(-24;-24) nén PT
AC:x+y+12=0 (1)
Tuong ty PT BC:7x—-y+28=0 (2)

Tir 4o, toa dd diém C 1a nghiém cua HPT
gdm (1) va (2). Tim duge C(-5-7).0
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Léi gigi. Duong tron ngoai tiép tam giac ABC

OBai 3. 4(2;-14), B(-2:14),

voi tam![glg-) ban kinh R=I4= 25 %
2 B 2
2 2
21 3 625
5 PT 12 e i | A Yl =t 1
oy a[’“ 2} [” 2) g wol !

Diém C nim trén duong tron (/, R) nén toa do
d;em C thoa man PT (1). Va rd rang tat ca cc
diém nam trén dudng tron (I, R), trt hai diém
A va B, déu thoéa man. Do d6 bai toan c6 vO

s nghiém hinh.J

OBai 4. A(2-14), B(-2:14), J(=2;-6).
Loi gidi

Cdch 1. PT AB:1x+y=0.

Ban kinh dudng tron néi tiép tam gidc ABC 13
r:d(J,AB):Nﬁ.
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Duong thing AC 14 ticp tuyén thir hai cua
dudmg tron ngi tiép ké tir A (trir AB)) nén PT
AC:x+y+12=0,

Tuwong tw PT BC:7x-y+28=0.

Tir o, theo Bai 2 toa do diém C(-5;-7).
Cdch 2. PT duong thing AJ:2x+y+10=0.
Goi B' la diém dbi ximg véi B qua AJ. Khi
do, B'(~18;6). Pudng thing AC qua hai diém
Ava B' ¢6 PT AC:x+y+12=0.

Tuong ty PT BC: Tx-y+28=0.

Tir d6 tim duoc C(-5; -7).Qa

Boi voi hoc sinh kha, gioi ta ¢6 thé Iya chon
cdc by ba diém gdm mét dinh 4 va hai tim
sau ddy. Tim toa dé hai dinh B va C.

@D Bai 5, A(Z;-—M), H(-26;-~]0), 1[32—1%]

OB 6, A(2;-14), (-,-(.j;_i} f(ﬂ;ij.
B z2

OBl 7. A(2-14), G[-—g;-—;}, H(-26;-10).

Ba be‘ii_ toan ndy c6 101 giai twong ty nhau nhd
vao Bo dé 1 sau day.

Bo dé 1 (Pwimg thiing Euler) (Bai todn 3
Sach gido khoa Hinh hoc 10 Nédng cao —
trang 21 va bai toan 3 — Sdach gido khoa Hinh
hoc 11 Néng cao — trang 28).

Cho tam gidc ABC ¢6 truc tam H, lrong tam
G va tam dwong tron ngoaqi tiép O. Khi dé 0,
G, H thang hang va OH =30G .

Chiing minh. (h.1) Ngoai hai cach chirng
minh dua vao biéu dién vecto va phép vi ty
nhu trong sach gido khoa, xin néu thém mot
cach chimg minh dua vao tich vo hudng sau
day.

Dt u =04+ 0B +OC - OH = (Td - IH)
+(IB+IC) = HA + 20M.

Tuong ty §=§§+2ﬁ, trong d6 M, N lin
luot Ia trung diém cua BC va AC

TOAN HOC

Hinh I

Vi HA L BC, OM L BC,HB L AC,ON L AC

nén #.BC=u.AC=0.Ma BC,AC khong cing
phuong nén u=0=0H = 0A+O0B+0C=30G

(hé thire trong tdm).d

Tré lai bai toan 5, 6, 7, do B dé 1, néu biét
toa d§ cua hai trong ba diém /, G, H ta s€ biet
toa d§ cia diém con lai. Do d6 ta quy ve giai
quyét bai toan khi biét toa do cuia bén diém A,
1 G H.

Ta thiy, duong tron ngoai tiép tam giac ABC

vl tﬁm!(%;%}, ban kinh R=74 =§—2@

3 625

y_E] =‘—2— (1)

Goi M la trung diém cia BC. Ta cb

Ez%m, wr dé M(—Z;z}. Puong
3 209

thang BC qua diém M va nhan 4H = (—28;4)

lam vecto phap tuyén nan ¢ phuong trinh

ik
cO phuong trinh (x—;} +[

Tx—y+28=0.
Toa d6 hai diém B va ¢ 13 nghiém cua hé
Tx-y+28=0
phuong trinh Y :
()3 -2
2 2 2

Gidi HPT ta duorc B(-2;14), C(~5-7) hoic
B(-s;—‘z),c(—z;m) Q



dinh 4G5 1), tre 1y g6, 81

fion ngoa tiep 1(-,°0) xS

nh C, Bict rang C c6 hoanp, g5 4 100
g.

Xde dinh cac toa do dinh B.C
. pé giai quyét Bai 8 ta cin két qua sau

'_:,‘-j'- Bb dé 2. (H¢ thirc Euler) (Bai 1ap 65 — Bai

 tip Hinh hoc 10 Néng cao — trang 48),

* Cho tam gidc ABC néi tiép duing tron (0: R)
ya ngogi tiep duong tron (I r). Khi do

0!2 = Rl - ZR?' i

Chimg minh. (h.2)

.."*L ’j

Hinh 2
Goi M 1a giao diém thir hai cua A/ V(Efi du_f_mg
tron (O; R). Dé thay tam gidc /BM can ta! M.
Do d6 IM =BM. i
Goi D 1a giao diém thir hai cua BO VoI d;rcmg
frdn (O: R) va K 13 giao diém ciia AB V61 ( r)ﬁ
- Tacé AAKI o> ADMB nén AL MB = DB.
S ALIM=2Rr.

| Ma 5, = 012 - R = TAIM =—1AIM = & i

: ITﬁdﬁ OIzzR'.!

» AVAUL Ddl TOoan tl'ong D& 11
ggl?cénﬁ]dlmgmngmﬁhd:l« hoc.
g mdt phang toa g DA T

\ 'R—“:IA:-.EE_@_
2

~2Rr.

Bay gi6 quay 1ai Baj 8, ta o 1= V34

3

. Theo Bb d& 2 ta ¢6

L
IJ2=R2*2RP:>J’=R IJ2=2JE
2R

;Fuu 36 duomg thing AB va AC 1a hai tiép

Yo Vo1 duomg tron (J; #) ké tir 4 nén co
Phuong trinh 1a  AB:7x+y=0 va
AC:x+y+12=0 hoic AB:x+y+12=0 va
AC:?I'I-_}F:O.

Togu d6 diém B va C lan luot 12 giao diém cua
dudmg thing 4B va AC véi dudng tron (I; R)

21]2 [ 3]2 625
2 ety

T d6 ta tim duge B(-2;14), C(-5-7)
hodic B(-5-7),C(-2;14).Q

Ta thiy, chi qua mot bai toan dom gian ban
dau, nhung biét cach dat van dé ta da tao ra
hang loat bai toan tir don gian dén phirc tap
v?a, dé giai duge ching doi hoi hoc sinh phai
biét van dung kién thirc mét cach linh hoat va
sang tao.

¢6 phuong trinh [

Cudi cung, xin danh cho ban doc cac bai toan
khi cho céic bd ba diém con lai:
@Bai 9. Cho A(2-14), H(-26:-10), J(-2-6).
Tim toa dé cac dinh B, C.

5S¢ 7

Tim toa dé cac dinh B, C.
I} 3 iy

OBai 11. J(*z;-ﬁ),z[%;i}g("_;%),
H(—Zﬁ:—l{]). Tim toa dé cac dinh A, B, C.
(do Bo dé 1, néu biét toa d cua hai trong ba
diém I, G, H ta s& biét toa di;", cua diém con
lai. Do do ta quy ve giai quyét bai toan khi
biét toa 0 cita bon diém J, 1, G, H).
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