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~CUOC THI

DO VUI NGAY/HE| 2013
“eem=------Pot2 -------=-~-==

LTS. Todn hoc va Tuéi tré sé 431, thang 5 nam 2013 da gidi thiéu ba bai toan vui Dot 1. Ldn nay
chung t6i xin gioi thiéu tiép ba bai todn vui mdi. Ban hdy givi loi giai ba bai nay vé Toa soan trudc
ngay 31.8.2013 (theo déu Buru dién). Loi giai ba bai Dot 1 sé ding trong TH&TT 50 435 (thang
0. 2013). Loi gidgi ba bai Pot 2 va danh sdach cac ban doat gidi sé dang trong TH& TT 56 436 (thdng

10.2013). Mong cdc ban tre yéu toan huong ung.

Bai 4. XEP SACH .

Trén ban hoc cia ban Tam dat hai chéng
sach gido khoa. Chéng sach the nhét xép
tr trén xuéng dudi la Todn, Li, Héa, chéng
sach tho hai xép o trén xuéng duéi la Van,

Su, Dia. P& khi hoc d& cang thang ban Tam
mudn x8p lai sau quyén sach dé thanh mot
chéng sach xen ké gita cée mén Ty nhién

va Xa hoi, theo thu tu tir trén xuéng dudi la
Todn, S@, Li, Vén, Héa, Dia. Biét rang ban
hoc chi do chéd cho ba chéng sach déit canh
nhau. Méi lan dua mét quyén sach tr chéng
sach nay sang chéng sach khéc duoc coi la
mét lén chuyén sach. Ban hay giop ban Tam
chuyén cac quyén sach dé dat duoc mong
muén trén sao cho 56 lan chuyén sach la it
nhat theo y ban.

DAN QUYNH

Bai 5. LAT GACH

Pé lat nén mét sén choi nhé, ban Trang dinh
mua hai loai gach hoa A va B, méi vién cé
kich thuéc 2 dm x 6 dm gém ba 6 vuéng.
Trén vién gach logi A c6 hoa & & vudng nam
giva vién gach, cén trén vién gach logi B c6
hoa & hai 6 vuéng khéng ném giga vién gach

nhu hinh v&. Ban Trang muén réng trén sén

mdi & vuéng c6 hoa nam ké (theo canh) chi
véi cac 6 vuong khong hoa va méi 6 vudng
khéng hoa ném ké (theo canh) chi véi cac &
vuéng cé hoa.

~gach lo

a) Ban hay givp ban Trang néu ra mét céch

lat nén sén choi co kich thudc 22 dm x 36 dm

va cho biét cdn dung bao nhiéu vién gach

logi A va bao nhiéu vién gach logi B 2

b) Dé lat nén san choi co kich thuée 22 dm x

30 dm thi s6 vién gach loai A cé béng s6 vién
ich loai B khong 2 Visaco2

A.

— PHI PHI

Bai 6. QUAY THE THE NAO?"
Cé 2013 tam thé gidng nhau, mdi thé co mét
nira 16 mau dé, mét nia 16 mau xanh. Loc déu

céc tdm thé nay duoc xép thanh hang ngang
trong dé c6 19 tém thé c6 phan trén mau ds.
Ct méi lan ta lai quay nguoce 100 tam thé bat

ki. Héi c6 thé sau mot s6 jay nhu vay

tét cé cac phén trén cia thé 5 maiw xanh
duoc khong? Tdt cé cdc p
déu 18 mau dé duoc khéng? Nét
ban hay tim phuong an ¢é lan g
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TRUNG llﬂ ' CO SO

TINH CHAT. Trong tam gidc cén ABC

(4B = AC) thi ABC - Ach - 8L —BAC

Pay la mot tinh chat kha hay ma vi¢c sir dung
nd s& 1am cho 11 giai ngén gon hon nhiéu va
ddi khi khong cin phdi v& thém hinh phu. Sau
day la m@t so bai toan minh hoa.

WBii toan 1. (Lép 7) Cho tam gidc nhon
ABC. Goi O la giao diém cac duong irung
triec cua ba canh BC, CA, AB. Ké AH vuéng
goc vo‘: BC tai H Chung minh rang
BAH OAC

Loi giai. (h.1)

Do O 14 giao diém cac dudng trung trye ciia tam
giac ABC'nén OA = OB = OC.

Tam giac OBC A

cin tai O nén
= 18 ;H:C'
Tam giac OAB
cin tai O nén

—— B 5 {“
1800 —ACB H
T- Hinh 1

—

CB4=

Tam gific OAC cn tai O nén e =120 ~4€

Tam giac ABC nhon nén diém O nim trong
tam giac d6, suy ra

ﬂH:W—A’E&:W-(Eﬁ:@E})

180° — BOC 180° — AOB
—90° - £
2 2
_ ogo_ AOC _ 180° - 40C
2 - 2

Do d6 BAH =0AC.0

NGODUCTHODUONGMINHCHAU
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OBai toan 2. (Lép 7) Cho tam gidc nhon
ABC véi cdc dwong cao BE, CF. Chung minh

rang BEF = BCF.
L&i gidgi. (h.2) Trén canh BC liy diém M sao
cho MFB=MBF. Lai co

@+ﬁ—90°
ﬂrﬁF‘JrM}" or
nén MC—W

Hinh 2

ME = MB = MC.

Do céac tam giac MBF, MEF va MCE cén tai
— L .

Mnén MBF = M;

———

180" EW A;E'CA

180° —CME

Viy CBF +CEF = MBF + MEC + MEF

_I8P-BMF 180 -CME 180 - EMF
2 2 2

Suy ra EBTF+§EF=90°, ma CBF +BCF =9

nén BEF = BCF (dpem). O

@Bai toan 3. (Lép 7) Cho tam gidc nhon

ABC. Trén mira mdt phang bo AC khong chita

B ldy diém D sao cho ADB = ACB. Chung

minh rdng BAC = BDC.

Loi gidt. (h.3)

Goi O 14 giao diém cic dudng trung truc clia

tam gidc ABC thi O nim trong tam giac ABC
vh O = OB = OC. Do cic tam gibe OBC, OAC

=180,

cén tai O nén TCB=C" &r@_lay;aoc.
. TOAN HOC
S5 452 6-2013) ' CTugifpe 1
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Suy ra
i~ B A0, L= S0
2 z
_—-"";B = ,Ez_ﬁ:— (1

Trén tia OD liy diém H sao cho OH = OA.

y D=EH

0

Hinh 3

Khi dé AHB = AHO - BHO

180°—~ A0H 180°~BOH AOB
5 8 B
Tir (1) va (2) suy ra ADB=AHB nén H = D.
Tirdé OD = 04 = OB = OC.

Tuong tu ta cé ng:

(2)

Mﬁﬁzﬂf

— BAC=BDC. O

@ Bai toin 4. (Lép 9) Cho tam gidc nhon
ABC ngi !fé;o ducng tron tam O. Tia phdn
gide cia géec BAC cdar BC tai D, c:i.' dirong
tron tqi E khac A. Ching minh rang BE la
tiép tuyén ciia dwomg tron ngoai tiép tam gide
ADB.

Loi giai. (h.4) A
Goi K la tam dudng
tron ngoai tiép tam

giac ADB. .
Trong tam gidc KBD » ’
cin tai K taco B D :
e 1 80i-TXD E
2 Hinh 4
_180°—2B4AD | #25 _ 900 — BdD.

Lai co EAB = EAC = EB = EC = EAB = EBC

TOAN HOC
2 ‘' Cludilpé SO 452 (6-2015)

= KBE = KBD+ EBC =X — BAD + BAD = %F
hay BE 1 KB, suy ra BE la tiép tuyén cia
dudng tron ngoai tiép tam giac ADB. O

@ Bai todn 5. (Lép 9) Cho nitia duong tron
tam O duong kinh AB. Trén mia mat phcfnrg
chira niea duong tron bo AB ké cdc tiép tuyén
Ax, By. C la diém ndm gifta O va A. M la
diém ndam trén niea dwong tron (M khdc A, va
B). Duong thang qua M vuéng géc véi MC
edt Ax tai P, duong thing qua C vueng goc
vai CP cdt By tai Q. Goi D la g.'ao diém ciia
CP va MA, E la giao diém cia CQ va MB.
C'hzmg minh rang duong tron ngoai tiép tam
giac MDP va dirong tron ngoai tiep tam giac
MEQ tiép xiic nhau.

T
Lai gidi. (h.5) 2
s K 0
‘.l’.il
D
A . B
£ 4
Hinh 5
Goi [, K theo thir tu 1a tdim duong tréon ngoai
tiép tam giac MDP va MEQ.
Tam gidc MKE cAn tai K nén EE:W‘TME
NEPINEE ot KIDE.
Tam giac MID cin tai [ nén
D = ]W;MDz 180° —;.WDEQ{P_;E;E).

Tir gide MPAC ni tiép nén MCD = MAP,

ma MBC MAP (cung chan MA ) suy ra

MCD = MBC = MCQ M'BQ Do do tu

giac MCBQ ndi tiép, dan dén MQE = MBC.

Tir d6 IMD + DME + KME

=90° — MPD +90° +90° — MQE

=270° —(MAC + MBC) = 180° = IMK = 180°.
(Xem tiép trang 26)
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' BE THI TUYEN SINH VAO LOP 10

'rnuoru ?Hp'r céuuﬁu LE QUY bON DA NANG

© NAM HOC 2012-2013 g
(Be ﬂu dang trén TH&TT so ' 431, thdng 5 ndm 2013)

Céu 1. a) A'=(m-12+1>0,Vm.
=2(m-1), xjx; =-1.

Tacod [x—x; I=2C>{I] +12)2 —4xx;=4

X t+Xx;

<d(m-1):+4=4<m=1.
b) Theo hé thirc Viete ta co
n+y:=T,0ny2=1(1>0, y,>0).

Khi d6 xx2 =412 (Y02 +3)*=16;
x+x =y 3 ) =40 +n).

Ma (V3 +4p2)*=p1+ 32422 =9, suy ra
x+x;=12. Vay x, x> 1a nghiém cua PT béc
hai X2-12X+16=0,

Céau 2. a) Phian chia thanh 4 trudmg hop:
x<0,y<0:x>0, y>0; x>0, y<0,x<0, y>0. Tim

duge (x;¥)=(0;0);(x; »)=(2;2).
b) DK x<40.
Dit a=V40-x;b=v45—x;c=\72-x(a,b,c20).
Taco h¢ PT
40-a’ =ab+bc+ca (a+b)(c+a)=40
45-b*=ab+bc+ca & {(b+c)a+b)=45
75—c?* =ab+be+ca (c+a)(b+c)=T2.
Tim duoc (a;b;¢)=(2;3;6). Do do x = 60.
Ciu 3. a) Ap dung BDT (a+b)?<2(a®+b?)
va dit a=\/(x+z27 +(y—1); b=\/(x=z)2 +(y+1)*.
Taco VT2 =(a+b)?
<A (x+2)2+(y—)2 +(x=2 +(y+1)?)

=4(x2+y?+22+12)<4.
Suy ra dpcm.
b) T J;+J;=J2012=24503 (1)
x-y
suyra vx— V503 (2
d i I+@ 2.503 ™

NGODUCTHODUONGMINHCHAU
DD : 0986885389
http://lethidieu.violetvn/

Tir (1) va (2) suy ra {gj JZ‘E; véi a,bcQ

va a+b=2.
x=50342

50352 voi a,belN va
y:

Do x,yelN nén <l
a+b=2.

Suyra (a;6)= (0;2);(1;1);(2;0).

Vi vay (x;¥)=(0;2012);(503;503);(2012;0).
Ciau 4. (h.1)

Hinh |

a) Tir tr gidc BCMH néi tiép duomg tron
dudng kinh AB va CM L CB, suy ra CM va
CB la hai phan gidc trong va ngoai cua goc C
MD CD BD
MN CN BN’
Vay DB NM _BD MN _BD BN _
DM NB BN MD BN BD

b) Tacod DLC AFB (gbc ndi tiép cung chin
DC} CLE=ABF (cung bu vdi CBE)

FLD=DCF (cung chin DF ¥i DCF=FAB
(cung bui véi BCD).

Viy FLE=FLD+DLC +CLE=FAB+ AFB

+ABF=180° nén ba diém E, F, L thang hang.

Ciu 5. (h.2) Goi A, hy thir tr la d§ dai cac

trong tam giac CDN. Do dé

1 (dpcm).

duong cao vE tir A, B; r 1a ban kinh duong tron @

TOAN HOC
Teusie 3
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BE_lv'l‘ﬂI TUVENSINH ‘YAO! wmrn

TRUGNG THPT CHUYEN NGUYEN TRAI, HAI DUONG

sy NAM HOC 2012-2013  SSSusss
(Dung cho thi sinh thi vao 16p 10 chuyén Toan ho#c chuyén Tin)
(Thoi gian lam bai: 150 phit)

Ciu 1. (2 diém)

1) Phén tich da thirc sau thanh nhan tir
a*(b-2c)+b*(c—a)+2c*(a—b)+abc.

2) Cho x, y thoa man

—\/.V y +1+Jy+m

Tinh gia tri cua biéu thirc

A=x*+x3y+3x2 +xp—2y? +1.
Ciu 2. (2 diém)
1) Giai phuong trinh
(x2 —4x+11)(x*
2) Giai hé phurong trinh
(x4 a2 +2012)(y + [ +2012) = 2012
{ -4(y+2z)+8=0.
Ciu 3. (2 diém)
) Chimg minh ring véi moi s nguyén n thi
(n? +n+1) khong chia hét cho 9.

—8x2 +21)=35.

x?+22

2) Xét phuong trinh x? —m?x+2m+2=0(1)
(4n x). Tim c4c gi4 tri nguyén duong cia m dé
phuong trinh (1) c6 nghiém nguyén.

Céu 4. (3 diém)

Cho tam gidc ABC vubng tai 4 c6 AB < AC
ngoai tlep duong tron tdm O. Goi D, E, F l4n
luot 12 tiép diém cna dudmg tron (O) voi cac
canh A{? AC, BC; BO cat EF tai /. M la diém
di chuyén trén doan CE.

1) Tinh s6 do goc BIF.

2) Goi H 1a giao diém cia BM va EF. Chimg
minh ring néu AM= AB thi ti giac ABHI ndi tiép.
3) Goi N 1a giao diém ctia BM véi cung nho
EF cua dudng tron (0), P va 0 lan lugt la
hinh chiéu ctia N trén cac duong thing DE,
DF. Xac dinh vi tri cia diém M dé d¢ dai
doan thing PQ lon nhat.

Ciu 5. (1 diém)
Chobasba, b, cthoamin 0<a<h<e<l.
Tim gi4 tri 1én nhat cia biéu thirc

1 1 ]
+ + :
b+1 c+1
PAO MINH TAN (Hai Duong)
Suu tAm va gi¢i thidu

3=(a+b+c+3)[

a+l

ndi tiép tam gidc ABC. IGNAC=M,IGBC=N.

Hinh 2

Do IG L IC nén CM = CN. Goi m, n lan lugt
la d) dai dudng cao ha tir G cua hai tam gic
GMC va GNC. Taco

TOAN HOC
4 *Cluditre SO 452 6-2013)

1
Scmw =SGM'+SGNC=E{’“+”)CM (1

Lai ¢c6 Scyw =2Snic=r-CM (2)
Tir (1) va (2) suy ra m+n=2r=h,+h,=6r (3)
(a+b+c)r : (a+b+cyr a+b ek )
a b ab
Tir (3) va (4) suy ra
6ab=(a+b)(a+b+c)(dpcm).
NGUYEN DUY THAI SON (PHSP Pa Niang)
THAI TRUNG (S& GD & DT Da Ning)

huthy =

NGODUCTHODUONGMINHCHAU
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Chudn bi

~, cho ki thi
lﬁl nghiép THPT
i va thi vao
| Pai hoc

n.ﬁl woc ]

ey o hn ?

& BHER DEY --;

T L T o R

I:,.t.'!l.sgl.1 1

ai toan phép dém thm_mg xuit hién trong

ki thi tuyén sinh vao Pai hoc, Cao ding
trong nhirng ndm gan diy va khong it hoc
sinh to ra lung ting khi gip bai toan nay.
Trong bai viet ching t0i s& dé cép dén cach
thirc dé gidi quyét loai toan nay.

I. PHUONG PHAP CHUNG
&% Dé nhén dang mot bai toan dém c6 sir

dung hoén vi cua n phan tr, chiing ta thuong
dua trén dau hiéu dic trung sau:

a) Tét ca n phan tir déu c6 mat.

b) Mdi phin tir chi xudt hién mét 1an.

¢) C6 su phan biét thir tur gitra cac phén tir.
d)Socachxepnphanmlasﬁhoanwcuanphan
tirdo: P,=n!

@ Dé nhan dang bai todn dém c6 sir dung
chinh hgp chap k cia » phan fr, ching ta
thudéng dua trén cac dau hi¢u sau:

a) Phai chon k phin tir tir n phan tir cho trudc.
b) Cé su phan biét thir ty giira k phan tir dwgc
chon.

¢) S cach chon k phén tir ¢6 phan biét thir tw
tir n phan tir 1a A% =n(n—1)..(n—k+1).

'3 Dé nhan dang bai toin dém c6 sir dung t6

hop chip k cia » phan tir, ching ta thuong
dya trén diu hiéu sau:

a) Phai chon & phan tir tir 7 phan tir cho trudc.
b) Khong phan biét thir tr giita k phan tir
dugc chon.

¢) Sé cach chon k phan tir khong phén biét
thie tr i ke i 14 Chm—TE
kl(n-k)!

I1. CAC DANG TOAN

DANG 1. Bai toan dém lién quan dén thue té
1. Bii todn phép dém cé sy sip xép

% Thi du 1. Co bao nhiéu cach sdp xép T ban

NGODUCTHODUONGMINHCHAU

DD: 0986885389
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hoc sinh 4. B, C, D, E. F. G vao mét chiéc
ghe dai sao cho

a) Ban D ngoi chinh giira ?

b) Hai ban A va G ngéi 6 hai diu ghé 7

Léi gidi. a) Xép D ngdi chinh giira:

Co | cach.

Xép A, B, C, E, F, G vao 6 chd con lai:

Co 6! cach.

Viy c6 1 x 6! =720 cach xep thoa man yéu cau.
b) Xép hai ban 4 va G ngdi ¢ hai diu ghé:

Cé 2! cach.

Xép B, C, D, E, F vao 5 ché con lai:

C6 5! cach.

Vay ¢6 21 x 5! = 240 cach xép théa man. O

2. Bai toan phép dém khéng cé sur siip xép
* Thi du 2. Doi thanh nién xung kich cta
mét trwomg phé thong co 12 hoc sinh, gom S
hoc sinh lop A, 4 hoc sinh lop B va 3 hoc sinh
lop C. Can chon 4 hoc sinh di lam nhi¢m vu,
sao cho 4 hoc sinh nay thuge khong qua 2
trong 3 lop trén. Hoi co bao nhiéu cach chon
nhur vay?

Léi gid@i. S6 cach chon 4 hoc sinh tir 12 hoc
sinh da cho la C}, =495.

Sé_céch chon 4 hoc sinh ma mdi 1op ¢6 it
nhit mét em dugc tinh nhu sau:

e L6p A ¢é 2 hoc sinh; cac 16p B, C mdi 16p
1 hoc sinh:

Chon 2 hoc sinh trong 5 hoc sinh Iop 4 ¢6 C2
cach.

Chon 1 hoc sinh trong 4 hoc sinh 16p B ¢ C}
cach.

Chon 1 hoc sinh trong 3 hoc sinh 1p C ¢6 C}
cach.

TOAN HOC
' Cludilre 5
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Suy ra sb cach chon 1a C3.C}.C}=120(cach).
e Lép B c6 2 hoc sinh; cic 16p 4, C mdi 16p
1 hoc sinh:
Twong ty ta cé s6 cach chon 1a C5.C3.C{=90.
e L&p C c6 2 hoc sinh; cac 16p 4, B mdi 16p
1 hoc sinh: S6 cach chon la C}.C}.C2=60.
Sé{ cach chon 4 hoc sinh ma moi 16p co it
nhat mgt hoc sinh 1a

120 + 90 + 60 = 270 (céch).
Vay sé cach chon 4 hoc sinh thuéc khéng qua
2 trong 3 16p trén la

495 — 270 = 225 (cach). O

DANG 2. Bii todn dém lién quan dén sé ty
nhién

1. Tinh sb cac sé ty nhién lién quan dén so
sanh cic sb, cdc chir sb

% Thi du 3. Twr cac chit 56 1, 2, 3 4,5, 6,7,
8, 9 o thé lap dugc bao nhreu 56 €6 ba chir
56 khde nhau va sé do

a) Lon hon 400 7
b) Khdng nho hon 666 7
¢) Nho hon 3457

Lo gii. Goi s6 cin ldp 1a x = aaa;.

a) Vi x> 400 nén @ 2 4; suy ra a cé 6 cich
chon, aa, ¢o A} cach chon.

Vay ¢ tét ca 6x A2=336 (s6).

b) Goi s6 cin lap 12 x = aa:a;.

Tir x> 666 suy ra aq 26, ta cd cac truong
hgp (TH) sau:

e THI. Véi a, €{7;8;9}: Khi 46 a,, a; chon
tuy y.

Ta cé a, ¢6 3 cach chon; a c¢6 AZ cach
chon. Suy ra cé 3.A} =168 (s0).

e TH2. Voi a, =6: Khi d6 a, >6,a; chon
tiy y. Ta c6 a, €{7;8;9} suyra a, cé 3 cach
chon; a; ¢6 7 cach chon. Suyraco 3x7=21
(s0).

Vay c6 tit ca 168 +21=189 sb théa min yéu
cAu bai toan.

TOAN HOC
6 ‘Clusilre S3 452 (6-2013)

c) Vi x<345 nén a e{1;2;3}, ta c6 cic
trudmg hop sau:

e TH1. V6i g €{1;2}: Khi d6 a,,a; chon
tuy y. Do d6 a ¢6 2 cach chon, ma; co
AZ=56 cach chon.

Suy ra cé 2x56 =112 (sb).

e TH2. V6i a=3: Khi d6 a;e{l;2;4}.
Xay ra hai kha ning (KN):

KN1. Néu a, e{l;2} thi a; tayy.

Do d6 a; ¢6 2 cach chon, a; ¢é 7 cach chon
Suy ra ¢ 2x7=14 (sd).

KN2. Néu a, =4 thi a; <5 nén a; € {1; 2}.
Do d6 ¢6 2 sb can lap.

Viy c6 tit ca 112+14+2=128 (s0) thoa
man yéu cau dé bai. O

2. Tinh sb cdc sé ty nhién lién quan dén
tinh chia hét

*Thi du 4. Tir cac chi 50012345789
co thé ldap dwge bao nhiéu so c6 nam chir s6
khac nhau thoa man

a) 86 do la 5o chin?

b) §6 do chia hét cho 5?

Lai gidgi, Goi sb can lip 14 x = aa,aaqas, @ # 0.
a) Vi x 1a s chdn nén as e {0;2;4;6;8}.

e THI. V&i as=0: Khi d6 a, ¢6 9 cach
chon, a,a:a; c6 Aj cach chon.

Suy ra c6 9.A3=3024 (s6).

e TH2. V&1 as #0: Khi d6 a5 c6 4 cach
chon, @ c6 8 cach chon, a;a;ay ¢6 Af cach

chon. )
Suyracod 4x8xA3=10752 (s0).

Vay c6 tat ca 3024+10752 =13776 (s) thoa
méan yéu ciu bai toén.

b) Vi x chia hét cho 5 nén as € {0;5}.

e THI1. V&i as =0: Khi d6 g, co0 9 cach
chon, aa,a; CH A} cach chon.

Suy ra c6 9x A}=3024 sb.
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e TH2. V&i a; =5: Khi d6 @ cé 8 cach
chon, a,aa; c6 A} cach chon.

Suy ra c6 8x AJ=2688 (sd).

Viy ¢6 tht ca 3024 +2688 =5712 (sd) thoa
maén yéu cau bai toan. O

3. Tinh s6 céic s6 tr nhién rang bude sy cé
miit ciia cdc chir so

% Thi du 5. Tir cdc chitsé 1,2,3,4, 5, 6 co
thé ldp dwoc bao nhiéu 56 c6 ndm chir 56
khac nhau trong do

a) Nhdt thiét phai cé mat chir 56 37

b) Nhdt thiét phéi cé mét hai chi s6 2 va 4?
Léi gidi. Goi s6 ¢6 nam chir sb 1a aja,aaqas
s6 tao thanh cé 5 chir s6 & 5 vi tri.

a) Xép chir s6 3 vao mot trong 5 vi tri: C6 5
cach xép.

Liy 4 chir s6 trong 5 chir sd xép vao 4 vj tri
con lai: Co A? céch.

Viy ¢6 5xA2=600 (s&) thoa min yéu ciu
bai toan. ;

b) Xép cac chir s6 2 va 4 vao 5 vi tri: C6 A3
cach.

Liy 3 chir sb trong 4 chir sé xép vao 3 vi tri
con lai: Ca A} cach.

Viy c6 tit ca A2.A} = 480 (s6) thoa man
yéu cau bai toan. O

4, Tinh sb céc so ty nhién cé chira cic chir
s0 1ap lai

* Thi du 6. Cé hao nhiéu s6 tw nhién gém
nam chir 56, trong do chit $6 0 ¢6 mdt dung
hai lan, chit 56 1 co mat dung mot lan va hai
chit so con lai khdc nhau?

Lm gidi. Goi 56 ¢6 nam chir s6 13 aa,azasas ,
s0 tao thanh ¢6 5 chir s6 & 5 vi tri.

Chon hai vi tri xép chir s6 0: Cé C3 céch.
Chon mot vi tri xép chir s6 1; C6 3 céch.
Chon 2 chir s6 trong 8 chir s (10 chir sb trir
di 2 chir s6 1a 0 va 1) xép vao 2 vi tri con lai
co Ai cach.

Viy c6 tat ca C2x 3 x A2 = 1008 (s6). O
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5. Bai toan dém lién quan dén téng céc chir
s0 va tinh tdng cdc sb ty nhién

% Thi du 7. Tir cde chitso 1,2, 3,4, 5,6, 7,
8, 9 6 thé ldp duge bao nhiéu 56 fw nhién,
maoi so0 gom 6 chit so khac nhau va tong cac
chir s0 hang chuc, hang tram, hang nghin
bang 8.

Léi gidgi. Goi ajayazasasa, 14 s6 can 1ap.
Theo gia thiét a; +a, +as =8.

Suyra a, as, as €{1; 2; 5} hoic

as, as, as €1{1; 3; 4}.

e VoI ay, a4, as € {1; 2; 5} :

Ta c6 3! cach chon aayas .

Chon 3 chirsb a,,a; va a trong 9-3=6 chir
s6: Co A2 (cach).

Viy co 31x A} =720 (sd).

o Véi ay, as, as e{1:3;4}:

Tuong ty ciing ¢6 720 s6 thda mén.

Viy c6 tht ca 720 + 720 = 1440 (s6) thoa man
yéu cau bai toan. OJ

DANG 3. Bai todn dém lién quan dén hinh hoe
% Thi du 8. Trong mat phang cho 20 duong
Ihc?;ng phdn biét ay,a,,...,ax, song song voi
nhau tung doi mot va 30 duong thang phan
biét b.by,...,by cung vuong goc vai cac
duomg thang a, (i = 1, 20). Tinh sé hinh chit

nhat dwoc tao nén tur 50 duong rhff'ng noi
trén.

Léi gigi. Ta thay clr bon dudmg thing (gom
hai duong thing a;, a; (1<i# j<20) va hai
dudng thing b, b, (1< m# n<30)) cit nhau

tao thanh mét hinh chir nhat. Ngwoc lai, mi
hinh chit nhat déu dugc tao thanh tir bon
dudng thing gom hai duong thing a;, q; va
hai duong théng b,,, b,.

Do d6 sb hinh chir nhat cin tim bing s6 b
bbn dudmng thing gom hai duong thing a, a,
va hai duong thang b, b,.
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C6 €3, cach chon hai duong thing a,, a; va
C3, cach chon hai duémg thing b, b,. Vay
c6 tit ca C2, x C}, =82650 hinh chir nhat. O
* Thi du 9. Cho da giac déu 4,A1 A I nm
ru,u trong Jmmq tron tam O. Biét m.‘?g SO

tam gigc cé dinh la 3 trong 2n diém
Ay Ay Ao gq:p 20 lan so voi s6 hinh chi
nhit <6 dinh la 4 trong 2n diém
A A A Tim n?

Léi gidi. S6 tam gidc 6 cac dinh la 3 trong
2n diém A4, A4,..., A, 12 C3,.
Ta thiy tmg véi hai dudng chéo di qua tim O
cua da giac A 4,...4;, cho tuong Ung mot
hinh chi¥ nht c6 4 dinh 1 4 diém trong 2n
diém A4, A,,..., A, va nguge lai moi hinh chir
nhat nhu viy s& cho tuong ung hai duong
chéo di qua tim O cua da giac. Ma s6 duong
chéo di qua tdm cua da giac 1a n nén so hinh
chit nhdt cé dinh la 4 trong 2n diém bang C2.
Theo gia thiét
2n(2n—1)2n-2) 20n(n-1)
3! 2
< n=8.0
BAI TAP
1. Lép 11A ¢6 40 hoc sinh trong d6 ¢6 22 nam
va 18 nir. Co gido chu nhi¢m mudn chon ra mot
Ban can sy gom mét 16p truong, mét bi thur,
m@t 16p pho van ngh¢, mdt 16p pho lao dong.
Hoi co bao nhiéu cach chon Ban can su 1op néu
a) Ban can sy duge chon bat ki?
b) Ban can sur gom toan hoc sinh nam?
¢) Lop truémg phai l1a hoc sinh nam va Iop pho
van nghé phai la hoc sinh nit?
2. Mot thay glau ¢6 10 cudn sich khéc nhau
trong d6 c6 4 cudn sach Toan, 3 cuon sach Li
va 3 cudn sich Hoa. Thiay mudn lay ra 5 cucm
va ting cho 5 hoc sinh 4, B, C, D, E mdi em
m@t cuon.
Hoi thay gido c6 bao nhiéu cach tang néu

Cl, =20C2 &

a) Chi tang cho hoc sinh cac cubn sach thude
hai thé loai Toan va Hoa?

b) C6 it nhat 1 cuén sach Toan duge tang?

c) Sau khi ting sich xong, rpf:'ri mét trong ba
loai séch trén déu con lai it nhat mét cuon?

3. Mot Ddi Vin nghé ¢ 18 ngudi gbm 10 nam
va 8 nir. Hoi cé bao nhiéu cach lip mdt nhém
dbng ca gbm 6 ngudi, biét ring

a) Trong nhom do toan nir?

b) Trong nhom dé c6 ding 2 nam?

¢) Trong nhom d6 ¢é it nhat 5 nir?

d) Trong nhém do ¢6 it nhét 1 nam?

4. Tir cée chirs6 1, 2, 3,4, 5, 6 c6 thé 1ap duge
bao nhiéu so tw nhién c6 6 chir so khiac nhau va
trong moi so do tong cua 3 chir s6 dau nho hon
tong cua 3 chir 0 cudi mét don vi?

5. Tir cée chirs6 0, 1, 2, 3, 4, 5 c6 thé lap dugc
bao nhiéu s6 tir nhién ma mdi s6 cod 6 chir s6
khac nhau sao cho

a) Hai chir s6 2 va 3 dimg canh nhau?

b) Hai chix s6 4 va 5 khong dimg canh nhau?

6. Co bao nhiéu s gf)m 5 chir s6 sao cho tong
céc chir s6 ciia mdi s6 1a mét s6 167

7. Trong mat phang cho »n diém (n=4), trong
d6 khong co 3 diém nio thing hang va trong
tat ca cac duong thang noi hai diém bat ki,
khong c¢6 hai dwdng thing nao song song, triing
nhau hodc vudéng géc. Qua mdi diém vé cac
duong thing vudng goc voi cac duong thing
dugce xac dinh ba1 2 trong n—1 diém con lai.
Hoi sb giao diém cia cdc duong thing vuéng
goc giao nhau la bao nhiéu?

8. Cho hai dudng thing song song d,,d, . Trén
d, ldy 10 diém phan biét, trén o, lay 15 diém
phén bi¢t. Hoi ¢6 bao nhiéu tam giac ma ba
dinh cua n6 dugc chon tir 25 diém noi trén?

9. Tim s6 giao diém toi da cua

a) 10 dudng thang phén biét.

b) 6 dudmg tron phin biét.

¢) 10 duong thang va 6 dudng tron trén.
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HUONG DAN GIAI PE SO 8

Ciu 1. a) Ban doc ty giai.

b) Luu y m > 0 thi ycp = y[-—l]=3?m;

yer = y(m - I)=—%(m+2){m +1)? +1.

—l+~f_
2

Ttr gia thiét tim duge m = 1;

Cin 2. PK x;egm:. Pua PT di cho vé

dang (tanx —1)sin? x + 3(cos x —sinx)cosx =0
< (sinx —cosx)(2cos2x +1)=0.

descﬁ'. x=%+kx;x=i§+kﬂ(k&2).

Ciw 3. DK {2+x>0,18—x20
4-Y18-x>0
BPT da cho trong duong vini
logzvmg I0g2(4—§*fl-§:;)
o2+x<a-418-x,

pat 1 =¥18-x (0 <1< $20). Giai BPT 4n ¢,
tim duge 2 <7 < 4. Két hop DK ta thiy nghiém
BPTdachola -2 < x < 2.

Ciu 4. Pit V3+e* =1. Khidé

3 3
I:ZJ ﬁfdf =2J‘( I }It:l 80
gt 43+l el 2+ 63

3J3a
T

¢ Goi O=ACNBD Trong (OAC) ke OI L SA
thi OF la dudng vudng goc chung caa S4 va

SJga

= -2<x<18.

Cius. o Vs i50p =

BD. Tir d6 d(SA, BD)=0I =

Ciau 6. 2x+4y+2z<(x2 +1)+(2 +H+(22 +1)
=x2+y?+22+6<3y+6=2x+y+22<6.
Vi hai s6 duong a, b, tir BDT Cauchy co

1 ] 8 o
=iasfeta .Tir d6
a’ b* (a+b)?
| 1 8
= + — +
(x+ I.)z y = (Z +3)2
2 +1
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s o0 8 64x4
(x+1+2+1]2 il o

z

64x4
- (6+10)2
Min P=1,dat dugc khix=1; y=2;z=1.
Ciu Ta. A(-11; 6); B(0; 8); C(10; 3): D(~1: 1).
Ciu 8a. C6 hai dudmg thing thoa man dé bai

1 2 1 2 1 -1
Cau 9a. Taco 4C +2C; =A} (n23)<=n=1l.

2

2 11 k

Khi d6 [12 ——) ZC*I( 2y1- *[ﬂ—)
X k=0 X

Z (uz)kxzz—sk_

g

S6 hang chira x7 14 sb hang img vdi k sao

cho 22-3k =7 k=5.

Viy hé s6 ciia x7 1a C5,(-2)° = —14784.

Ciéu 7b. C6 hai dudmg thing thoa min dé bai

la A ix+y=0; A;:x+7y-6=0.

CAu 8b. Phuong trinh mit phing (P) c6 dang
17x+5y=19z-17=0.

Cau 9b. S6 cac sb tw nhién co 3 chir s6 dbi

mgt khac nhau thude tdp E 12 5x4x3=60.

Sé cc s khéng co mit chirsb 512 4x3x2=24,

sécécsécématchﬁsés la 6024 = 36.

Goi 4 la bién co: " Hai 6  duge viét lén bang deu

comatchirs6 5", Bla bién cd:" Hai s6 duoc viét

1én bang déu }chong ¢6 mat chir s65" . Khi do 4
va B xung khac. Theo quy téc cOng xéc suit ta ¢o

P(Au B) = P(4)+ P(B)

o, oL, *[g)* +[g]2 _13
Ll €L L3 5/ 25
XAc suét cin tim 1a
I—P(AUB)—I—E—H
25 25

LE XUAN SON, TU PUC THAO
(GV THPT chuyén DH Vinh) giéi thiéu
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(Thoi gian lam bai: 180 phut)
PHAN CHUNG

Cha 1 (2 i), Cho hkreh 3 =21
E

(&)

1) Khio sat sy bién thién va v& d6 thi (C) ciia ham
50.

2) Lap phuong trinh tiép tuyén cua (C), biét rang
ti€p tuyen cung vdi hai dudmg tiém cén tao thanh
mét tam gidc ¢6 chu vi 1a 6+ 24/5.

Cau 2 (1 diém). Giai phuong trinh

{sinx —/3cos Zx){Zcos 2x+1)

5 = sin 2x + sin x.
(2cosx—1)

Ciu 3 (1 diém). Giai hé phuong trinh

(x+3x2 + 1)y +p2 +1)=1
J2x-1+1=y(x—3).

e x2eVinr 4]
Ciiu 4 (1 diém). Tinh tich phén /= I—dx
1

Céu 5 (1 c?tem) Cho hinh chép S.ABCD c6 S4
vudng goc vdi mit phing (4BCD) va day ABCD
1a hinh chit nhit; AB = a, AD = 2a. Goi M la trung
diém cua BC, N la giao dlem cua AC va DM, H la
hinh chiéu vuéng goc cua 4 1én SB. Biét goc giira

SC va mit phang (ABCD) 1a @, vOi tana = Jg :
Tinh thé tich khdi chop S.ABMN va khoang cich
tir H dén mit phing (SMD).
Céu 6 (1 diém). Tim gi4 tri 16n nhét cia biéu thirc
a b c
= + +
Ja+b+c b i+cta Jci+a+b

trong d6 a, b, c la cac sd thye duomg théa man
diéukién a? + b2 +c2 =3,

PHAN RIENG
(Thi sinh chi dugc chon mit trong hai phin A hodc B)

A. Theo chwong trinh Chuéin

Céu 7a. (1 diém). Trong mat phing vai hé toa dé
Oxy, cho tam gidc ABC co A(— 1;3), trong tim
G(2 ; 2). Biét diém B, diém C 14n lugt thude cac
dudmg thing di: x+3y=3=0 va dy:x—y—1=0

Viét phuong trinh duémg thing A qua A4 c6 hé sb
goc duong sao cho téng khoang cach tir B va C
dén duomg thing A 12 16m nhit.

Céu 8a. (1 diém). Trong khong gian v6i hé toa do
x—1 y—l N

Oxyz, cho hai duomg thing A : = R T
A X 3 . va dmmM(E 2. §] Chimg
1 —2 —3 C ol

to ring cic duong thing A, A’ vdA M nim trong
cing mdt mat Phing Lap phmmg trinh dudng
thing qua M ciit cdc duong thing A va A'lan
lugt tai A, B thoa man MA +2MB =0.

Céu 9a. (1 diém). Trong mét cai hop dung 20 vién bi
gorn 12 bi d6 khic nhau va 8 bi xanh khac nhau.
Léiy ngiu nhién 7 vién, tinh xdc suit dé 7 vién bi
chon ra co khéng qua 2 bi do.

TOAN HOC
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B. Theo chwong trinh Ning cao

Céu 7b. (1 diém). Trong mat phing voi hé toa do
Oxy, cho duong tron (C): x* + y?> —4x—4y+4=0
va diém M(4; 8). Lip phuong trinh cic t|ep Iuyen
cua dudng tron (C) ke tir M. Goi hai tlep diém la
AvaB. Tmh dl¢1‘] tich hinh phing gioi han bai hai
tiép tuyén trén va cung nho AB.

Cau 8b. (1 diém). Trong khong gian voi he toa do

x-1 y-1 =

Oxyz cho hai duémg thing a:T=T=§;

2 : .
] va diém 1(3;4;2). Gid su
2 3 -1

mt phang (P) chira /, song song véi dudng thang

A sao cho khoang céach gitra dudng thﬁng A va

(P) 1a lém nhat. Tinh goc giita duémg thing A' va

mit phing (P).

Cau 9b. (1 diém). Tlm hg s6 cua x° trong khai

trién P(x)=(1 +x+ x +x")", biét n 12 s6 nguyén

duong théa man

1 (&) -lc}, i Cz—..+(-1)"C} e

n+l n n—1 2014
DANG HUU DAN, TU HUU SON

(GV THPT chuyén Ha Tinh)

gra ¥ y+l _g=
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hén ki thi chon D6i myén Vit Nam dy thi

Olymplc, Toan hoc Quéc té Ian thir 54,
ching t6i muon trao dbi voi cac ban vé mot bai
toan trong dé thi chon Déi tuyén nim 2012.
& Bai todn 1. (Bai 2 Viét Nam - TST 2012)
Trén mot canh drjng hinh chit nhdt kich thuoc
m x n & vuéng (gom m hang va n cgt) nguoi
ta dat may tudi nudc vao bén trong mot 50
cdc 6 vuong. Moi mdy trong mét 6 vudng
.U:'rmg chi twdi duge 6 vuong nay va cdc 0
vuong cé canh chung voi né, ma con (woi dén
dwgc cdc 6 vuéng ciing cot voi no va cach no
diing mét 6. Hay tinh sé may it nhat dé cé thé
twoi dirge toan bé  canh dmm trong hai
trieong hop sau:
lym=4; 2)m=3
Bai toan nay dugc danh gia 1a bai toan tha vi
nhat ki thi nay.
Bai toan doi hoi cac ban khao sat cac truomg
hop cta » mdt cach ki ludng va tir d6 rit ra
quy Judt toan hgc chinh xac va tim cach Ii giai
no6. Bai todn c¢é nhiéu 161 gidi khac nhau. Sau
diy xin gioi thi¢u 101 giai ngin gon va doc
ddao cua ban Nguyven Himg Tam (Lop 12
Truomg THPT chuyén Ha N§i - Amsterdam).
Léi gidi. Ki hidu sé may tudi nude it nhit 1a

S(m) thi S(4) = n; 5(3) = [3:'}1

| x

B

Hinh 1. Vi k=2 cét trong va 2 mdy phu trén cét 3.
Trude hét ki higu k 1a s6 cdt khong c6 may
turdi nude nao ca. Néu trén mot cot nao do co
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VE MOT BAI TOAN

CHON POI TUYEN VIET NAM
DU THI IMO 2012

VU DINH HOA
(GV Truing BHSP Ha Noi)

khong it hon 2 may thi ta goi m§t may trong
s6 d6 1a may chinh, cdc may con lai 1a may
phu. Ki higu / 13 s6 cic miy phu.

1) Khim = 4. Xét mot cach dat may tudi nude
khip canh dong Néu khong c6 cdt nao trong
thi ta can tat cd n may. Néu co cdt tréng thi
tong s6 méay phu hai cot lang giéng cla cﬁt
trong nay khong nho hon 2. Ngoai ra moi
méy phu ké véi < 2 cft trong, cho nén [ > k,
do d6 sé may tudi nudc phai sir dung >
(n—k)+1=n. Mit khac, voi n may, ta cé thé
tu6i nude khip canh déng bing cach dat trén
moi cdt mdt may tudi nude o vi tri hang thi hai.
2) Khi = 3. T(mg 50 may phu tren cac cot
lang gleng Vol cot tréng = 1. Do mdi may phu
ké vdi < 2 ot trong. Tir d6 ta c6

7L
2

(1); S{B)=(n-—k}+!2n—~;— (2)
Mdi may chi tudi dwoc < 5 8, nén néu goi S 1a
sO cac bd (a, b) véi a la may va b 1a 6 duge
tudi boi a, thi 5.5(3) > S. Mit khac, tat ca cac
6 cta canh dong (cd 3 x n 6) déu duge tudi,
ngodi ra, cac 0 trén cot co may phu (c6 3x 1 6)
déu dugc tudi boi cd may chinh va cac may
phy, nén §23n+3/. Viy 5.5(3)=523n+3/

:5.3(3)23%% (do (1)) 3)
Pem nhan hai vé cia (2) véi 3 va cong theo
vé véi (3) duge 8.S(3}26n-—->S(3)2%”. O day

khong xéy ra ding thirc, vi khi ¢6 » chia hét
cho 4 va mo6i may phai tudi ding 5 6 vuong,
tirc la co thé xay ra khi cot dau tién tréng va
tong s may phu & cac cot lang giéng cla cot
trong dung bﬁng 1, 1a dleu khong thoa man daé
tudi hét cac 6 cua cot trong dau tién duge.

(Xem tiép trang 15)

TOAN HOC
" CTuditpe 11
https://tieulun.hopto.org

S 432 (6-2013)




https:'www. faceboolt. com/letrungldenmath

https:/sites. google.com/siteletrungldenmath

SAU /
THEM 1’ .
TCOAN HOC SO C AP

ao nam 1832, Bertrand phat biéu mot bé
dé vé s6 nguycn 1o rﬁng “Gitta hai :-U n
va 2n voi n la so nguyén du‘o'rrg Iudn t6n tai
it nhat mét sé ngu}en té p " va ong da chimg

minh duoc bd g‘l‘e ding véi moi w1 < 3000000
nhung chua két ludn dugc nd thuc su ding
véi moi n hay khong, cha y rang: Voi n = 1
thi lay p =2, con véi n > 1 thi n < p < 2n.
Vao nam 1850, Chebyshev di ¢6 mot phép
ching minh sir dyng phuong phap giai tich
cho bd dé trén. Dén nam 1932, Erdos di dua
ra mgt chimg minh don glan hon, chi sir dung
céc kién thirc va danh gid so cap. Dudi day,
chiing ta s& cung tim hiéu cach chimg minh
nay. <

1. CAC BO DPE PHU

Goi v,(n) la s6 mii lon nhdt cia s6 nguyén t6
p trong phan tich tiéu chudn cua sd nguyén
Khi do, voi moi a.beZ” thi
a:b  thi

duong n.
vo(ab)=v,(a)+v,(b) va

VP(E] = v, (a)-v,(b).

Bo dé 1 . Voi moi m nguyén diwong n, néu
khong co s6 nguyén 16 néo nam giita n va 2n
thi tat ca cdc woc nguyen 16 cua C2, sé nam

néu

. 4 : 2n
trong khoang tir 2 dén 3

(2m)!

nn!

Chirng minh. Xét gia tri Cj, = V& op

1a s6 nguyén té nao dé thoa man 2—;< p<n thi
5 (2n)!
vP(CZn):vP[ n!n!]
=v,((2n)))=2v, (n!)=2-2-1=0

TOAN HOC
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nghia 1a C3, khong c6 ude nguyén té p nao
thoa mén % <p<n.

Do do, Ilt..l.l ton tai s6 nguyén duong n ma
khong ton tai s0 nguyén t6 p nao vo
n<p<2n thitit cd cac wéc nguyén to cia

C2, s& ndm trong khoang tir 2 dén 2? i

A A £ L | - 4 .
Bo dé 2. Voi n la so nguyén duong, néu p la

wore nguyvén 16 cua C3, thi p'* (<3,) <2n.
Chikng minh. Goi r(n) 1a sé nguyén duong
théa man p"'»' <2n< prtm¥ | 16 rang r(n)
ton tai va duy nhét.

Ap dung bit ding thoe (BDT)
0< [2x] -2[x] <1 v&i moi sb thue x, ta co

0p(C8) =i G2 ) =, (@) -2, ()

He B HE
$([2] o2 ])s Ererim

Do do p"f"[('ilnj < prcpn <22 01

g

-

B de 3. Voi mm $6 nguvén duong n thi tich

ctia tdt ca cde s6 ngu}en 16 khéng vuot qua n

s€ khong vuot qua 4"

Chirng minh. Ta s& ching minh bing quy

napring [[ p<4” (p lasonguyéntd)  (*)
PR

*V&in=2 hoécn—3ﬂ1i{*)hiénnhjéndﬂng

e Xét n 1a sd chin (n > 2) va gia s (*)

dingdén n—1. Vi n la hgp sé nén
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[Ip- [ pst <

fren-1

o Xét n la sb le (n = 3) va gia sir (*) dung
dén n—1.Pat n=2m+1,meN.Khidd

[1 ps4=; [I p la tich cic sb
pem+l m+l ps2mel
nguyén t6 p thoéa man m+2<p<2m+l nén sé
’ 2m+1)!
la udc cua (mI-Z}(m+3)...(2?n+l)=( ) =
(m+1)
Do do
(2m+1)!
p=1T1 » pLdmt. R
;lJ:’ln p!.:.ll-—l m+|f-',yl_‘_:[2m+l (m or 1)'
4M+| C"mil
2m+1

Ta c{) Z c:E.!w+l = 23M+[ Vé C?MT' = C:!Mn:l] 2

nén 2C‘”” A — Bl L

2+

Do do
[Tpsd4m-Copl, <4 qm =421 =4,
pen

Suy ra (*) cing dung v6i n ."Vay theo nguyén li

quy nap, (*) dung v&i moi s6 nguyén duong

n.0

Bo6 dé 4. Véi mei s6 nguyén dwang n thi
4

2n+1

Chiing minh. Ta ciing s& ching minh B6 dé

nay bang quy nap.

 V&i n=1, Bb dé hién nhién ding.

("n

2=

o Gia st B6 dé dung dén n=k >1, tic la
* R
= - , ta can ching minh ring
2k +1
k+1 . .
1?!;1}-2 2 3 = That Va}’
. (2k+2)!  _(2k)! (2k+1)(2k+2)
Tk +DWkHD) k! (k+1)?
4 (Qk+1N2k+2) 4.4+ 4
T 2k +1 (k+1)2 2k+2 2k+3

Do d6 Bb dé diing véi n=k+1. Theo nguyén
li quy nap, Bé dé duge chimg minh.0J

NGODUCTHODUONGMINHCHAU
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2. CHUNG MINH BO PE BERTRAND

Cach | (dung phwong phap phan chimg cua
Erdos)

o Xét diy s6 nguyén té 2, 3, 5, 7, 13, 23, 43, 8,
163, 317, 631, 1259, trong d6 mdi sé hang
li‘én sau la s nguyén td 16m nhét nhé hon hai
lan s0 hang lién trudc.

Khi d6 vé moi n <1024 thi trong tdp hop
{n+1 n+2 n+3,..,2n-1,2n} luén chira it
nhat mét sé nguyen t6 cua diy trén. Vi néu
ngugc lai, ton tai mét tdp hop khong thoa
man diéu kién vira néu, ta goi p 1a sb nguyén
t6 thudc day trén va gén véi n+1 nhat, do
peintln+2n+3,..2n-12n} nén p<n+l
= p<n=>2p<2n, tic la sb nguyén t6 lién
sau cua p s& nho hon 2n, nghia 1a nd s&
thuéc {p+1ln+2,n+3,.., 2n-1,2n}, mau
thudn. Viy B6 dé Bertrand dung v&i moi
n<1024.

e Ta xét n=1024. Gia su té-t_l tai sb nguyén
duong n sao cho khong c6 s6 nguyén to nao
nam gira n va 2n. VGi nhan xét trén thi
n 21024, theo Bo d€ 1 thi moi udc nguyén to
O diy chi xét

2n
cia Ci, s& nim giira 2 va 3

wéc nguyén to cua €5, nén ki hiéu

v, =v,(C4,). Theo cac B dé 2, 3 va 4, ta ¢d

4 | :
<Ci=[] pr< [ P* II »

2n+l 2<p<In w"ﬁipﬂ%

2n
2eps—
3 3

- [T p<@nyn. 4%

e
25 pss2n "Spsz—:

(cha y ring [] p'» <(2n)¥2", suy ra tir s6
Ips2n

cdc udc nguyén to p cia C7, ma p<+2n

thi nhé hon +2n va p*r <2n theo Bb dé 2).

Khi do

< (2n)n. 4 3 = 43 <(2n+1)-(2n)¥2s

2n+l

o 2? <log,(2n+1)+~/2n log:(2n)  (**)

TOAN HOC
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Xét n=1024, BDT (**) tré thanh
S < log; 2049 + +2048 -log, 2048 ,

dn > 682 va

nhung

log, 2049+ 2048 - log, 2048«:12+32—%l 1=540<682

Do d6 BDT ("‘*) khong ding voi n = 1024 va
dé thiy ring vé trai ting nhanh hon vé phai
nén BDT (**) cung khéng dung vGi mpi
n>1024. B!éu méau thuin ndy dan dén dieu
gia sir ban dau Ia sai. Vﬁy vl moi s6 tur
nguyén duong n, ton tai it nhat mét sb nguyén
to p théaman n < p <2n (dpem). O

Cach 2 (ding phuong phap quy nap tryc tiép)
Truomg hop 1<n<164 c6 thé thir tryc tiép
dugc nhu cach 1.

Gia sir khing dinh diing véi s6 nguyén duong
n 2164 nao do, ta s& ching minh ring no
cling dung véi moi a.

Theo gia thiét quy nap, ton tai sé nguyén to
p sao cho n-1<p<2n-2, ta s& chimg
minh tdn tai mét sé nguyén té nao dé thude
(n; Zn].

Néu p>n thi gitta n vad 2n—2 c6 mét sb
nguyén t, khing dinh dugc chimg minh.

Néu p=n thi n 1 sé nguyén 4. Goi g la sb
nguyén té bét ki thudc tap hop {1,2.3,....n}.
Gia sir & 1a sb nguyén duong I6m nhit thoa
min g* <2n hay k =[log, 2n].

Theo B6 dé 2 thi v,(C3,) <k, con theo Bb dé 1
thi Cz, khong chia hét cho bat cir s6 nguyén tb

nao thuge %n] Ta chia tip hop cac sb nguyén

t6 trong khoéng tir 1 dén 2—” thanh cac nhom

e Nhém 1 thudc (Jﬂ%} Véi méi sé

nguyén t6 g thudc khodng nay thi
[log,2n]=1.

TOAN HOC
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e Nhém 2 thuge (%’ﬂ;ﬁ;]: Véi mdi sb
nguyén t6 ¢ thudc khoang nay thi
I:Ing(,r 2n]=2.

e Nhém k thude (2;@]: Véi mdi sb

nguyén té g¢
[Iu:lg‘J 2n]=k.

Ki hidu /(r) 1a tich cic s6 nguyén t6 phan

thugc khoang nay thi

biét khong vugt qua ¢ va P, la tich cua tat ca
cac sb nguyén tb (ké ca liy thira) khong virot
qua n cuaso C3,. Tacod

ne (3 (n)r (). (4)

—+v2n+€|2n+ —‘5:"2:1

<43 . V&i n > 164, ta thiy
@+ﬁ+...+@ <:(k—3){[2_r;.
Dung phuong phap ham s6, chimg minh dugc

9
(2n)31 > k-3 véi n>164, nhu sau
9
Xét ham sb y(n)=(2n)3 —log, 2n+3,n 2164 ¢

18 2 2 19 1

2 z 9
312n) 20in2 (23 a (231 In2

Dé thiy véi 72164 thi y'(n) >0 nén ham sb
y(n) déng bién, do do

y(n)=

9
¥(n) = W(164) >0 suy ra (2n)31 >log, 2n-32k-3.

1 67

Suy ra (k- 3@-:(2;4)11 {2n)4 =(2n)» hay

67
Eﬂ."bm%'i; +{2m)124 o

<44,
2,
Ta chimg minh C%, >427 voi n=164.

P <4

26
That vy, ta c6 Cj9,>(3,8)", ma 3,8>427
26
nén C530>4 ", lai theo BDT
Chia _ @n+D(@2n+2) =
3 (n+1)?

NGODUCTHODUONGMINHCHAU
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dung véi moi 250 nén suy ra

26 g
Ci0, >421.C, >421.4 27 =4 7,
g 26
Va cir thé, ta duge C3, >427 voi moi n=50,
2%

hay noi riéng C3, >427" véi moi n=164.
Do a6 F,<Cj,
Suy ra C%, con c6 wéc nguyén tb 16m hon n,
goi d6 1a g . Ta thiy (2n)! chia hét cho ¢ va
Zn}
c6 chira mot sb nguyén t6 ¢, khing dinh
dung. Do d6, khing dinh ding vé&i n+1.

voimoi n=164,

g >n nén trong tip hop {n+Ln+2,.,

Theo nguyén li quy nap, khing dinh ciing
dung vai moi so nguyén duong n. Ta co
dpem. OJ
BAI TAP

1. Chimg minh ring v6i moi sb nguyén
duong n lén hon 1 thi n! khéng la s6 chinh
phuong.
2. Chimg minh ring néu 7> 2k v&i nk e N’
thi sb C% ludn c6 ude nguyén td 16n hon £ .
3. Ching minh rang moi s& nguyén dmmg
deu co thé bleu dién duéi dang tong clia cac
s6 nguyén té phan biét hodic mot s6 nguyén tb
voi 1.
4. Chimg minh ring néu goi p, l1a sb nguyén
td thir n thi p2., < pip2Ps---Pn -
5. Hoi c6 ton tai hay khong mot diy hiru han
cac s0 nguyén duong asey > dygig > .. > > G
voi @, =2011 va thoa man dbng thoi céc diéu
kién sau:
1) Bat ki sé nguyén nao thudc khoang
(2011; ay,,) va khong thudc day trén cling
déu la hop so.
2012 2012

+ +

a;

2012
+

o1

2) A= la s6 nguyén ?

&
6. Gié sir ring gid thuyét Goldbach ding, tirc
12 mdi sé chin 16m hon 2 déu co thé viét dudi
dang téng cua hai sd nguyén t nio o, hay
ching minh Bé d@é Bertrand.

NGODUCTHODUONGMINHCHAU
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VE MOT BAI TOAN ... (Tiép trang 11)

Do d6 ta phai c6 S{3]>[3;}+1.

Mat khac ta thdy c6 thé dung [%E]H may tudi

hét canh dong 3 x n 6 vuéng mot cach don gidn
nhir trong hinh 2 chi ra.

X

X [

Hinh 2. Bé tri [37”] +1 mdy twdi hét canh dong

3 x n 0 vudng.

Ghép hinh chir nhét 3 x 5 nhir trong hinh 2 khi cé
mét hinh chit nhét 3 x 5¢ véi 5¢ = n. Ta cit ra tinh
tir cot dau tién tdi cft thir # dé co hinh chir nht
3 x n. Néu cot cudi ciing khéng cé may nao (img
v&i n = 4t + 2 hodc n = 41), thi ta chi viéc thém

& i i 5 £ < 2 . | 30
mot may tudi vao cdt trong nay dé dua "y +1

méy tudi. DE thiy cac méay ndy tuéi hét duge canh
dong3xn. O

Bing cach vén dung nhimg nguyén tic toan réi
rac dugc sir dung trong bai todn trén (nguyén li
khai diu cuc tri, dém béng hai cach khac nhau,...),
moi cac ban thu sirc bing cach gidi c4c bai to4n
sau:

GBai tedn 2. (IMO 2001). Cho triede mot 50

nguyén lé n ldm hon | va cdc 50 nguyén
ki, kz, ..., ky. VOi moi hodn vi a=(a, @, ..., a,)
trong 56 n! hoan vi cua 1, 2, .., n, ta dat

L .
S(a)= Z k;a;. Chung minh rang ton tai hai hodn
i=]
vi bvd e, b2e, sao cho n! la mot uic 50 cua
S(b) - S(e).
& Bai todn 3. (IMO 1998). Trong mot ki thi co a thi
sinh va b gidam khao (voi b le, bz3). Méi giam
khao deanh gia timg thi sinh va cho két ludgn thi
sinh do do hay truegt. Gia sw k la mot 5o thoa man
diéu kién: Voi hai giam khao bat ki, so thi sinh ma
ho cho ket ludn giong nhau nhiéu nhdt la k.
b-1

Chiimg minh rang . z—.
a 2b

TOAN HOC
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CAC LOP THCS

Bai T1/432. (Lép 6) Cho 2013 s6 ty nhién tir
1 dén 2013 x¢p theo thir wr tuy Y. Lay s thir
nhit trir 1, lay so thir hai trir 2, lay s6 thir ba
Lt 3, ]ay s6 thir 2013 trir 2013. Hoi tich
cua 2013 $0 m&i ldp duoc 1a sé 1é hay sb
chin?
VU HONG LUONG
(GV THPT Yén Drwong, Tam Pdo, Vinh Phiic)

Bai T2/432. (Lop 7) Cho tam gidc nhon 4BC
¢6 diém O 1a glao cua ba duong trung tryc.
Tia AQ cit canh BC tai D. Trén cic canh AB
va AC lan luot liy cic diém £ va F sao cho
DE = DB, DF = DC. Chimg minh ring DA 14
tia phan giac cua goc EDF.
NGUYEN KHANH NGUYEN
(GV THCS Héng Bang, Hdi Phong)
Bai T3/432. Tim tit ca céc sé nguyén duong
a, b (az2,h22) via+ bla bdi cia 4 thoa
a(a— 1) +b(b—l} 1
M ltbXa+tb-1) 2
LUONG VAN BA

(GV THCS Nghia Phuong, Tie Nghia, Quang Ngai)

Bai T4/432. Tim x, y thoa man

{x .r+yJ;=2

X3+2y2<y3 +2x,

THAI NHAT PHUONG
(GV THCS Nguyén Vin Tréi, Cam Ranh, Khinh Hoa)

Bai T5/432. Cho duong tron tim O, dudng
kinh AB. Trén dudmg tron (0) lay diém C (C
khac 4 va B). P 1a diém thudc dudmg kinh 48
sao cho BP = AC. Ké PH vubng goc voi AC

TOAN HOC
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tai H. Phan giac trong cua goc CAB cit duong
tron (O) tai £ va cat PH tai F. Duong thﬁngj
CF cit duomg tron (0) & N. Chirng minh rang
CN di qua trung diém cua AP.
KIEU BINH PHU
(GV THCS Song Thao, Cam Khé, Phii Tho)

CAC LOP THPT

Bai T6/432. Cho a, b, c la cac s6 thue duong.
Ching minh ring

(1 2 3 JZ [1 2 3 ]
e + +| —+ -
a b+c a+b+c b c+a a+b+c

[ 3 )2 81
+| —+ + >,
¢ a+bh a+b+c at+b? +¢2
LE VAN QUY
(GV THPT Binh Som, Queng Negdi)

Bai T7/432. Cho tam gidc ABC noi tiép
dudng tron (O). Pudng tron (0') tiép xic véi
hai canh 4B, AC theo thir tu tai P, Q va tiép
xuc trong vai dudmg tron (O) tai S. Hai duong
thing SP, SO cét lai dudng tron () theo thir
ty tai M, N. Goi E, D, F theo thir ty la hinh
chiéu vudng goc cua S trén cac dudmg thﬁng
AM, MN, NA. Chimg minh ring DE = DF.
NGUYEN VAN NHIEM
(GV THPT chuyén Lam Som, Thanh Héa)
Bai T8/432. Gia sit a, b, ¢ la cac s6 thuce théa
man diéu kién da thic
P(x)=x*+ax} + bx? +cx +1
c6 it nhit mét nghiém thyc. Tim tit ca cic bd
(@:b;c)déd® + b + ¢ dat gia tri nho nhat.
TRAN NAM DUNG
(GV BH KHTN, DHQG TP.Hé Chi Mink)

TIEN TOI OLYMPIC TOAN

Bai T9/432. Ch{} a va b 1a hai sé thuc thua
man a” —b* la sO nguyén duong véi moi s
nguyen t6 p. Chirng minh ring a va b déu la
sO nguyén.
LE XUAN PAI
(GV THPT chuyén Vinh Phic)

Bai T10/432. Cho day s6 (u,) duoc xic dinh
boi

NGODUCTHODUONGMINHCHAU
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1
M = ——
l+a
1 1 1
=—2——+1, Ynzl
Upyl Uy Hp

trong do aeR, a=-l.

bét S, =w +uy +...+ 1y, B, =wua..u,. Tinh gid
tri cuia biéu thirc aS, + P,.
TRINH XUAN TiNH
(GV THPT Phii Xuvén B, Ha Ngi)
Bai T11/432. Tim tit ci cac ham sé
f:R* ->R* théa min
a) /12 ham s6 nghich bién trén R*;
b) f(2x)=2012"* f(x) ¥xeR*;
vol R=(0; +ox).
TU HOU SON
(GV THPT chuyen Ha Tinh)
Bai T12/432. Cho tam gidc ABC ndi tiép
dudmg tron (0). AD la dudmg kinh cua (0). E
la diém thugc tia doi tia DA. Puong thing
qua E vudng géc voi AD cit BC tai T. Dung
tiép tuyén TP cua (O) sao cho P va 4 nam
khac phia d6i v&i BC; AP cit TE tai . Goi M
la trung diém cia AQ: TMcat AB, AC lan luot
tai X, ¥. Chirng minh ring M la trung diém
cua XY.
TRAN QUANG HUNG
(GV THPT chuyén KHTN, PHOG Ha Ngi)
CAC PE VAT Li
Bai L1/432. Vit | duoc tha khéng véan toc
dau tir dinh 4 cia mét mang nghiéng AC ¢6

goc nghiéng a so A4

véi phuong ngang.

Cing lac do, tr

diém B cing do cao

véi C (BA L BC) = e W

ngum ta ném vit 2 v&i van tdc diu Vo. Blét

ring hai vat ddng thoi g3p nhau tai C va khi ay

chungmcung do 16n vin tde. Cho AB=h = Im,
=10 mfs bo qua moi ma sat. Hay xac dinh

a} Goc a va goc ném £ cua vat 2.
b) Van téc ban diu v, cia vat 2.

NGUYEN NHAT HUY

(Ha Né!)

Bai L.2/432. Trén mit ban nhidn nim ngang,
ngudi ta dat hai khoi hop nho nhu nhau, khoi
lugng m, ndi véi nhau bing 16 xo nhe c6 do
cimg k, chiéu dai 16 xo khi khéng bién dang
la 7y. Khoi hop bén phai nm vO1 mdt vat ning
cing co kho: luong m bﬁng sgi ddy nhe,
khéng gidn vit qua rong roc nhe (hinh v&).

m k. !’l.,- I

m

Tai thoi diém nao do6, ngudi ta tha vét ndng
va hé bat dau chuyén déng khéng vén tdc.

Tim khoang cach cuc tiéu va cuc dai giira hai
khéi hop. Sau bao lau ke tir khi tha vat nang
thi khoang céch d6 cuc tiéu ? cuc dai ?

TRAN KHANH HAI
(Thira Thién - Hué)

FOR LOWER SECONDARY SCHOOLS

T1/432. (For 6™ grade) The first 2013
natural numbers from 1 to 2013 are written in
a line in some order. Substract one from the
first number, two from the second ... and
2013 from the 2013™ number. Is the product
of the resulting 2013 numbers odd or even?

T2/432. (For 7" grade) Let ABC be an acute

triangle with orthocenter Q. A0 meets BC at
D. Pointes £ and F are on sides AB and AC

NGODUCTHODUONGMINHCHAU
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respectively such that DE = DB, DF = DC. Prove
that DA is the angle bisector of angle EDF.
T3/432. Find all positive integers a, b
(a>2,bh22) so that @ + b is a multiple of 4
d a(a-D+bb-1) 1
(a+bla+b-1) 2

xyx +y\r 2
B+297 <P +2x.
(Xem tiép trang 26)

T4/432. Find x, y such that {

TOAN HOC
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*Bai T1/428. Tim iat ca cdc bo ba so
nguyén to a, b, ¢ (co thé bang nhau) sao cho
abe < ab + be + ca.
Lai gigi. Vi a, b, ¢ ¢6 vai tro nhu nhau nén ta
gia st asb<ec. Tu d6 ab+bc+ca<3bc.
Theo gia thiét c6 abc < ab + be + ca (1)
nén abc <3bcsuyraa<3;maala s6 nguyén
t6, nén a = 2. Thay a = 2 vao (1) ta dugc
2bc<2b+2c+bec <= bc<2(b+c) (2)

Vi b<c nén bc <4c,suyra b <4. Viblasd
nguyén t6, nén chi cé thé b = 2 hodic b = 3.

e Véi b = 2, thay vao (2) dugc 2¢ < 4 + 2,
diéu nay ding vdi c 12 s6 nguyén t6 tiy y.

e Véi b = 3, thay vao (2) dugce 3¢ < 6 + 2,
suy ra ¢ < 6. Vi ¢ la s0 nguyen t6 nén ¢ = 3
hoic ¢ = 5 déu thoa m.’in gia thiét.

Két lugn: Céc b ba sb théa man dé bai 12
(2;2;¢),(2; 3;3),(2; 3; 5), trong d6 c la so
nguyén td tily y va céc hoan vi cia chiing. O

»Nhin xét. Mot sé ban xét cac sb nghich dao cia a,
b, ¢ nén trinh bay dai hom. Cdc ban c6 1&i giai ding va
trinh bay sang sia la:

Phia The: Nguyen Dwong Hoang Anh, Trdan Minh
Hiéu, Nguyén Thanh Vinh, Lé Nguyén Quinh Trang,
6C, THCS Vin Lang, TP. Viét Tri, Truzu Chi Céng,
Thach Tién Quang, Qudn Thi Thu Huyén, 6A2, Nguyén
Thi Thuwong, 6Al, D6 Trong Tdn, 6A3, THCS Lim
Thao; Vinh Phiic: Nguyén Van Quyén, 6A1, Trdn Van

Tudn, Kim Dinh Hgp, 6AS, THCS Yén Lac, Nguyén
Khanh Linh, Nguyén Ngoe Xudn Huy, Nguyén Thanh
Vinh, Tran Z'Tmnh Huyen, Ngyyen Tucng Vv, Nguyén
ngc Bao Linh, 6A1, THCS va THPT Hai Ba Trung,
TX Phuc Yeén; Ha Ngi: Ta Lé Ngoe Sdng, 6E, THPT
chuyén Ha N§i - Amsterdam; Nghé An: Phan Pam
Tung Lam, 6A3, THCS Tra Lin, Con Cudng; Quﬂng
Ngdi: Nguyén Dai Duwong, 6B, THCS Nguyén Kim
Vang, ¥Van Quang Duy, Cao Nit Xudn Lan, 6A, THCS
Pham Vin Péng, Nghia Hanh, Nguyén Phan Tra My,
6A, THCS Nghia M¥, Tu Nghia.

VIET HAI

* Bai T2/428. Cho tam g.fc}c ABC vuong tai
A vdi dwomg cao AH, ACB =30". Damg tam
gide déu ACD (D va B khde phia doi véi AC).
Goi K la hinh chiéu mong goc cua H trén

AC. Duong thang qua H va song song voi AD
ca.f AB kéo dai tai M. Chnmg minh rang ba
diém D, K, M thing hang.

Loi gidi. (Hinh vé) Gol Fla l:rung diém cua
AC thi DFLAC. Nbéi H véi F ta co

AC

CAH =60, AH === nén AHF 13 tam giéc déu
suyra AFH =CAD=60° nén HF/ AD (1)

Lai c6 MH // AD 2
Tir (1) va (2) ta c6 ba diém M, H, F thing hing.

Mit khac HK | AC, do d6 AK = KF.

Ma AAMF =AFDA(g.c.g) cho nén AM = DF.
Tir 46 AAMK =AFDK (c.gc), din dén

AKM = DKF. Do d6

TOANHOC
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DKM = DKF + FKM = AKM + FKM
= AKF =180¢.
Viy ba diém D, K, M thang hang. O
#Nhin xét. 1) Bai todn ndy c6 nhiéu cach giai. Liru y

mot s6 ban khi viét hai tam gidc bing nhau khéng ding
thir ty cée dinh twong img.

2) Céc ban sau ddy c6 1oi giai dung va ngin gon:

Phii Tho: Nguyén Van Thudn, 7/8; Nguyén Tién Long,
7Al, THCS Ldm Thao, Khiong Tu Uyén, 7A, THCS
Vin Lang, TP.Vigt Tri; Ngh¢ An: Nguyén Thity Linh,
Nguyén Thi Hdang, Dwong Xudn Long, Pdng Quang
Qudn, 7B, THCS Ly Nhat Quang, DO Luong; Ha
Tinh: Pham Thi Thu Trang, Nguyén Lé Gian , Trdn
Thi Hwong Ly, Lé Thj Thu Uvén, Tran Minh H;r:u Trdn
Thi Twemg Vy, 7B, THCS Hodng Xuin Han, Dire Tho;
Quing Ngdi: Pham Thién Trang, V6 Quang Phu Thoi,
Nguvén Tén Phuc, Njguyen Thi Ha Vy, Nguven Thi
Hanh, TA; Nguvén Tan Duy, 7B, THCS Hanh Phuéc;
Nguyén Dai Dwong, 7B, THCS Kim Vang, Nghia
Hanh; Trdn Thi My Ninh, Neuyén Phan Tra My, 7A,
Vé Cong Phat, 7C, THCS Nghia My, Tu Nghia.

NGUYEN XUAN BiNH
* Bai T3/428. Xér ban co ¢ dang hinh
viuong 6x6 0 vuing bi
khoét di 4 6 o 4 goc
(hinh vé). Hay tinh 50
6 vuéng nho nhat cé
thé béi den sao cho 5 6
vuong tuy y tao thanh
mot hinh dau + luon
€6 it nhdt 1 é dwoc 16 den.
Loi gigi. Vi c6 thé cit tir ban cé ra 4 hinh
dau + d6i mét khong c6 6 nao chung nhu
hinh 1 nén sb 6 cin té6 den khong nho hon 4.
Mit khic, ta c6 thé t6 den 4 6 nhu trong hinh 2.
Khi d6 ta thiy hinh dau + tly ¥ nao  cing ¢ it
nhit 1 6 den. Vay s6 6 den it nhat can to 1a 4.

L

Hinh 1 Hinh 2

»Nhdn xét. Diy la bai toan t6 mau. Biéu méu chét 14
xic dinh ducrc 4 hinh déu + khéng c6 6 nio chung dé
khﬁng dinh sb & cén té den khdng nhé hom 4.
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C6 rit it ban tham gia giai bai nay. Cac ban co 1ai giai

ding la:

Ha Nam: D6 Ding Dirong, 9A, THCS Dinh Cong

Tring, Thanh Liém; TP.H6 Chi Minh: DG Nguyén

Finh Huy, 9A1, THPT chuyén Trin Pai Nghia, Quén 1.
TRAN HUU NAM

Y Bai T4/428. Cho a, b, ¢ la cde 56 thiee nim
2). Chimg minh rang

3 a 7 s | y 2
a +b” +c” +34f(abc)” 2
Li gidgi. Dat Ya? = x, Yb? =y, Y2 =2
(x, y, z €[1; Y4)) thi
a2=135E=}"},C2='23 Vfi a:g’;jb:f‘]C:V{;_

Khi d6 BDT (1) c¢in chimg minh tré thanh
F+ Y+ +30z2 08 +(P2 +V2F) ()

Do vai trd x, y, z nhur nhau nén khong giam
tong quat, gia sir x = y =z >1. Ta ludn ¢d

x(x=yF +z(y-zP +(z+x—-yNx—yXy-2)=0
S x3+y3+23 +3x02

zxy(x+y)+yz(z+ p)+zx(z +x) (3)
Ping thirc xayrakhix=y =1z,
Ap dung BDT Cauchy cho hai s6 khéng am
ta cé xy(x+y) 2 x(2) = 2\x%y7.
Tuong tu yz{y+z)22J}9_"e3; 2(z+x) 2220,
Vivay xy(x+ y)+ yz(y+z2) + zx(z + x)

>2(/x3} + (32 +42x) (4)

Tir BDT (3) va (4) suy ra BDT (2). Ding thirc
xay ra khi x = y = z, Do d6 BDT (1) da dugec
chimg minh, dang thirc xayrakhiga=b=c. O
»Nhin xét. Pa s6 cic ban tham gia gidi bai nay déu
dira ra duge nhan xét bai toan chi can diéu kién a, b, ¢
la cac 56 thyc khong 4m la du. Tuyén duong cic ban
sau c6 loi giai tot.

Ha N§i: Vi Tudn Hién, 9D, THPT chuyén Ha Ngi -
Amsterdam; Phia The: Nguyén Dirc Thudn, 8A3,
THCS Lam Thao, Kiéu Thé Hung, 8C, THCS Thi trdn
Séng Thao, Cim Khé; Ha Nam: Nguyén Thanh Ting,
9Al, THCS Nguyén Khuyén, Binh Lyc; TP. Hb Chi
Minh: D Nguyén Vinh Huy, 9A1, THPT chuyén Tréan
Pai Nghia, Quéan 1.

trong dogn [ 1;

2(ab+bc+ea) (1)

PHAM TH] BACH NGQC
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% Bai T5/428. Cho tam gidc khong vuong
ABC (AB < AC) voi dmmgcau AH Goi E, F
theo thir tw la hinh dm’u cia H trén AB va
AC. Puomg thang E F cdt ducng thang BC tai
D. Trén nira mdt phang bo CD chira diém A
vé nua duong tron ri'unwg kinh CD. Qua B vé
dwomg thang vuong goc vai CD cat mra
-:fmmg tron trén tgi K. Chimg minh rfmg DK
la tiep ruwn cua dirong tron ngogi tiep tam
gide KEF.

Lai giai. (Hinh vE)

Tur gla thiét ta thay tir glac AEHF ndi tiép,

nén AFE = AHF = ACB. Suy ra tir giic
BEFC ndi tlep, dan dén
DEB = DCF = ADEB «» ADCF (g.g)
:DE ‘DB , hay DB. DC= DE. DF.

DC
Mit khac DK? = DB.DC, do d6 DK? = DEDF
:>-EE:D—— T day ta co

DK DF

ADEK en ADKF (c.g.c)= DKE = DFK.
Vay DK la tiép tuyén cua dudng tron ngoai
tiép tam giac KEF. O
»Nhin xét. Cac ban sau ddy co loi giai ding va gon
hon ci:
Phi The: Dinh Minh Ha, 8A1, Nguy én Dire Thugn,
BA3, Nguym Tién Diing, 9A3, THCS Lam Thao; Bic
Ninh: ngm Thi Mimg, 9A, THCS Yén Phong; Ha
Nam: £o Ddang Duong, Nguvén Hoang Giang, Hoang
e Manh, 9A, THCS Dinh Cong Trang, Thanh Liém;
Thanh Héa: Lé Quang Ding. 8D, THCS Nhir Ba Sv,
Hodng Hoa; Ha Tinh: Tran Doan Trang, 9C, THCS
Xuin Diéu, Can Léc; Binh Dinh: Phan Thanh Hao,
9A 1, THCS Bui Thi Xuén, Truong Minh Nhat Quun‘%
9A3, THCS Luong Thé Vinh, TP. Quy Nhon; TP. H
Chi Minh: D6 Neuyén Vinh Huy, 9A1, THPT chuyén
Tran Pai Nghia, Quédn 1.

HO QUANG VINH

TOAN HOC
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* Bai T6/428. Cho phuong trinh
ac —x* +ax—-b=0 (az0,azb) cb6 ba
nghiém thuc duong. Hay tim gia tri lon nhat
11a* -33ab - ;
95-10(v3a-1)

Lai giai. Goi p, g, r 1a ba nghiém cua phuong
trinh ax® -x? +ax-b=0 g
Ap dung hé thire Viéte cho (*) ta thu dugc

cua bieu thire P =

p+.f.;.-+r=l (1) pg+agr+rp=1 (2)
a

pqr = (3) Tir(2) goi y cho ta dat

RO

B
p=tan—; g=tan—; r=tan£—; A, B, CE[‘J;E]
- 2 2 2
A+B+C=m.

Tir (1) suyra than£+tan£+tan£2\ﬁ
a 2 7 2

::GST%— (4)

Tur (1) va (3) suy ra

1+b A B & A B C
~—~ =tan— +tan— + tan— + tan —tan — tan—

a 2 . 2 2 2 2
10(
thang 8 nam 2001) dén dén b > ll:](;'Ea—l.

Tir dé 95 -10(3a=1) > 0.

11a? - B\f_a(!-ofa—l] ;

Q(F-U[jr—a—lj—l(}(ﬁa—ﬂ

e W 47 —%:(az —%]+3[\i§a——l]+3.

Dé thiy P <

Tiu (4) suyra az—%é 0; \("iu—lﬁ{) (lru v

a>0). Do dé P <3. Dang thirc xdy ra khi va
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|
chi khi a=—7; b
d .JE

ciaPla3. d

»Nhin xét. Mot sd ban ciing cho 161 giai dung bﬁng
cach wdc heong trgi dé vir do cb thé thay cho V1¢c di tim
GTLN cua P ta di tim GTLN cua mot ham s6 mdt bién
rdi suy ra két qua GTLN cia P ciing bing 3. Céc ban
sau diy c6 1o giai t6t:

Thanh Hoa: Biri Cong Tuan, 10A4, THPT Lé Vin
Huu, Thiéu Hoa; Ngh¢ An: Nguyén Vin Som, 11A1,
THPT chuyén Phan Bgi Chiu, TP.Vinh; Tién Giang:
Nguyén Minh Chanh, 11T, THPT chuyén Tién Giang;
Ca Mau: Lwu Giang Nam, 11T1l, THPT chuyén Phan
Ngoc Hién, TP. Ca Mau,

1 i o £
=§' Véy gia trj 16n nhat

TA NGOC TRi
* Bai T7/428. Giai hé phuong trinh

[ [ ] ,
bl e ool
V' 4+"’4J—

==

1 9

Loi Diéu kién :>—, >—; z2—,
giai. Diéu kién x 5 Y25 =
19 7 13

Dt f i i
SEA=Xagt ASpgl ey

H¢ phuong trinh da cho tré thanh

F+ b+— NE] (1)

‘\/b+—-+Jc+£= 3 (2)
48 48
\/L+E+Ja+£: 3 (3)

48
. 4 1 25 |49
PDiyrng [=+. == v Jo+ ==
i o0 B8
Taco

Néu a>0, >0 thi Ja+%+,‘}b+%>~ﬁ;
: .| 4 , 1
Néu ga<0, b<0 thi a+€+ b+§<\f§.
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Trong ca hai truong hop, phuong trinh (1)
khéng thoa man. Suyra ab <0,

Ciing tuong ty, tir cac phuong trinh (2), (3)
suyra bc<0; ca<0.

Do d6 (abe)’ <0= abc=0. D& thiy, néu

mot trong ba so a, b, ¢ bang 0 thi tir hé suy ra
hai s6 con lai bang 0.

Tir d6 tim duge nghiém duy nhit cua HPT da
19 T 18

chola (x;y;z)=| ——:— |.0J

( = } [12 12 12]
»Nhin xét. Co thé giai bai toan bﬁng cac cach sur
dung phwong phap hinh hoc: Xét tam gidc déu 4BC
canh bing +/3; chon diém P trong tam gidc cé khoing

cach t6i ba canh 4B, BC, CA lin luot bing ; l i

ké PM, PN, PK tuong img vudng goc vdi cic canh 4B,
BC, CA ; sir dung céc hé thirc trong tam giac va tir cc
hé thic MA+MB=3; NB+NC=\3; KC+KA=3
suy ra nghiém cua hé phuong trinh dd cho nhu trén,
Tuy nhién lam nhu viy cing dai va phic tap. Cac ban
sau diy co loi giai bt

Ha Nji: Nguven Hieu Nhdn, 11 Toan 1, THPT chuyén
Nguyén Hug¢, Ha Dong; Thai Binh: Trink Thi Thiy
Duwong, Newvén Hai Link Chi, 11 Todn 1, THPT
chuyén Thai Binh; Ngh¢ An: Lé Kim Nha, Lé Héng
e, Tran Phuwong Thao, 11A1, THPT chuyén Phan
B6i Chau, TP Vinh; Ca Mau Liew Giang Nam, 11T,
THPT chuyén Phan Ngoc Hién.

NGUYEN ANH DUNG
% Bai T8/428. Cho hai hing s6 thuc a, b
théa man ab>0. Xét day so (u,) véi

n=123,.. dwgc cho boi u =a,u,,=u, +!mf'

R=etol 8y My 1

(YneN"). Tinh lim [i+u—3+...+ u” J
3 m+l
Lai gigi. Nhan xét ring néua>0thi b > 0 va
chimg minh bang quy nap theo n =1, 2, 3,
Lthiw, >09m néua<0thib<0vau, <0
vn=1,2,3,. Chiynéudiy sb (u,) duoc xac
dinh ddi v6i hai s6 a, b thi day s6 (-u,) duoc
xac dinh d6i voi hai s6 —a, —b va vai diy so

i u
feag, Y 10 phein Zg BRq. 4
2 u} ”n+|

doi gia tri. Do d6 khéng mat tinh téng quat, ta
chi can giai bai toan voi mét truong hop,
ching han a>0, > 0.
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Ta ¢6 Upu =u, +bu? véi Vn=1,2,3,.. Suy

lim u, =400 vi phuong

I =—p=0i)

ra u <, <u; <...,

trinh giéi han » =u+bu? khong c¢d nghiém

W U 1w -
.Eu.hl %uk“hl I!:"Irz=| Ul 4
LI A 1)
bia\ U blu, wu,,
i & Tou, 1 1
Nén lim )’ m—=—
n+2i Uy by ab

»Nhin xét. Day la bai toan gidi han day sé dang co
bin. Hoan nghénh céc ban hoc sinh 16p 10 sau c6 1&i
giai dung:

Ha Nam: Bgch Xudn Pgo, 10T, THPT chuyén Bién
Hoa, TP.Phu Ly; Hung Yén: Tran Bd Trung, 10T,
THPT chuyén Hung Yén; Nghé An: Pham Thi My
Duyén, Hoang Xudn Khdnh, Duong Thi Thiy Quinh,
10A1, THPT chuyén Phan Bi Chiu; Pham Trung
Diing, Thai Doan Hing, Ddng Dink Ldm, 10A1, THPT
chuyén PH Vinh; Ha Tinh: Nguyén Thi Viét Ha, 10TI,

THPT chuyén Hi Tinh; Quéng Binh: Ddng Ngoe
Tudn, 10T, THPT chuyén Quéng Binh; Tién Giang:

Nguyén Ngoc Minh T, 10T, THPT chuyén Tién Giang.

NGUYEN MINH BUC

* Bai T9/428. Tim tat ca cde sé nguyén
dwong k thoa man diéu kién: Ton tai da thure
Ax) voi cde hé sé déu nguyén va cé bédc lom
han | sao cho véi moi s REUVER 16 p va voi
moi 56 tw nhién a, b ta ¢ néu p la woe cua
(ab — k) thi p la wdc cua (Ra)fb) — k)

Léi gidi. (Theo céc ban Lé Hong Purc, 11Al,

THPT chuyén Phan Bi Chau, Nghé An, Hoang
D6 Kién, 12A1, THPT chuyén Vinh Phic, Vinh

Phiic).

Véi k = 1, dé kiém tra da thic f(x) = x",
n>1 thoa man diéu kién bai toan.

Véi k > 1, ta c6 nhan xét sau:

Néu p 1a s6 nguyén t6 va (a, p) = 1 thi ton tai
beN dé ab=k (mod p) va

g(a)=a" f(b) (mod p) (D)

trongdd fx)=> a, 4 aeZ;

i=0

TOAN HOC |
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k n n—i n g
g(x}—x"f(ﬂ—r‘gaﬂ}—;g%kﬂ ¥ (2]

That vy, vi (@, p) =1 nén tdn tai be N dé
ab =k (mod p). Khi dé tir (2) ta co

S(QJ = Z an—i'kn-iaj EE dpi (ab)r:—i a' [mﬂd P)
i=0 i=0

=a"Ya, b =an f(b).
i=0

Nhén xét trén da dugc chimg minh.

Tir (1) gla)f(a) =a"f(b) f(a) = ka" (mod p)

= g(a)f(a)-ka":p,Va ma (a, p)=1 (3)

Néu chon p > max | g(a)f(a)—ka" |, p>3n

thi véimoi 1<a<3n tacod
g(a)f(a)—ka" =0.

Vi deg(g(x)f(x)—kx") < 2n nén ta suy ra

g0 f (x) = ke, Vx
Vi deg /= n nén g(x) = const.

4)

Do cong thirc cua g(x) nén g(x) =a,k".

Do (4) nén g(DWA) =k = kig(l)= kiak",
didunay vo livin> 1.

Véy k=112 gia tri duy nhat can tim. O
»Nhan xét. Chi c6 sau ban tham gia giai bai nay va co

bdn ban cé dap sb ding (k = 1) nhumg lip ludn con
chua chit ché va diy du.

DANG HUNG THANG
* Bai T10/428. Cho a €[0;a] (i=1,n). (a@>0).
Ching minh rdng

lj{a’—-al,}Sa'

H

a
-3
\ =S +a)

(1)

" -
trong do S, = Zul_ a voimeii=1n.
k=1

Léi gidi. (Theo da s cac ban)

Khéng mat tinh  téng quat, coi
=max{a, a, .., a,}, thi 5§28 hay
a; a; i il 2

2—— voimoi ie{2, ..., n}.

S+ S+a
Vay dé chimg minh (1), ta di chimg minh
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ﬁ(a—aj}ia”(l—zu:sliaJ

i=l i=1

=q"| —L—— |=a
S +a

S]—Za,.+a g
S, +a)

Hay ﬁ(a—ai)(81 +a)<a'(a-a) (2)

j=l

Khi @, = thi BDT (2) hién nhién ding,

Xét 0<ag <a, thi

Qe l(e-a)sS +a)sa” 3
f=2 5

Ap dung BDT Cauchy cho n s6 khong am, ta cd

3 i(a—a,-)+3.+a
H(a —ﬂ',')(S| +a) = i=2

i=2

=2

na+S - a)
— — a-rlv
n
Vay BDT (3) duge chirng minh. Béng thire
xayrakhi gy =ay =...=a,=.0
»Nhin xét. Day la dang toan dp dung BDT Cauchy.
C6 nhiéu ban giri 16i gidi dén toa soan va da so deu giai
theo cach trén. Cac ban sau diy co lii giai ding:
Vinh Phiic: Nguyén Van Long, 10A2, THPT Yén Lac,
Hoang Do Kién, 12A1, Neuvén Hiru Cuﬁrzg, 10A1, 'I'H'P"T
chuyén Vinh Phic; Humg Yén: Nguyén Trung Hiéu,
11T1, THPT chuyén Hung Yén; Thai Nguyén: Nguyén
Van Tuyen, 11A11, THPT Bdng Hy; Thdi Binh:
Neguyen Dinh An, Trinh Thi Thityy Dieemg, Nguvén Hai
Link Chi, 11T1, THPT chuyén Thai Binh; Hii Phong:
Lé Huynh Dat, 10 Tin,_d THPT chuyén Trin Phi; Binh
Binh: Huynh Manh Dién, 11T1, THPT L& Quy Pon.
NGUYEN VAN MAU

% Bai T11/428. Cho tam gidc ABC va diém
O nam trong tam gidc. Tia Ox song song vdi
AB va cdt BC tai D, tia Oy song song véi BC
va cdt CA tai E, tia Oz song song véi CA va
cdt AB tai F. Chiing minh rang

a) § lg

11:&'}-' S‘g S ABC 3
b) OD.OEOF < ;I;; ABBC.CA.

NGODUCTHODUONGMINHCHAU
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Lai gigi. (Hinh v&) Gia sir cac duomg thing
qua D, E, F lan lugt song song voi CA, AB,
BC va cit AB, BC, CA tai M, N, P. DBt S4pc =
S, Sarp= 81, Saup = 82, Scne = Ss.

a) Vi cac tir gidc ODNE, OEPF, OFMD la

hinh binh hanh nén Spgr= %SDNEPFM- Tir do,
BDT cin chimg minh tuong duong véi

S|+Sz+532%.5'.

D N

Do AAFP «» AMBD «» AENC > AABC nén

(5 -5
S LBC BC BC/)

Tuon:
8% =3c) 5 \BC

Str dung BDT &* + b + &2 > %{a+b+c)2*

Suyra
S+ 85:+5; _[EDT_{DN]E_F(NCT
S Bc) \Bc) \BC
1[31) DN Nr:*)2 I
2 —+—+ =—.
3\BC BC BC) 3

Ding thirc xdy ra khi va chi khi O 1a trong
tdm tam giac ABC.
b) Sir dung BDT Cauchy ta c6

0D OE OF _ iéégi( JE JE JE)
ABBCcA \sss 271Vs Vs \s

_1 (BD+DN+NCJ= i
27 BC <

Ping thic xay ra khi va chi khi O 12 trong

tim tam giac ABC. O

TOAN HOC
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»Nhin xét. Tuyén duong cac ban sau cé 1oi giai tot:
Vinh Phie: Nguygn Van Long, 10A2, THPT Yén Lac;
Humg Yén: Nguyen Long Duiy, 10 Todn 1, THPT chuyén
Humg Yén; Ha Tinh: Neuyén Thi Viér Ha, 10 Toan 1,
THPT chuyén Ha Tinh; Ngh¢ An: Hodang Xudan Khdnh,
lD~Al, Tll?T chuyén Phan B§i Chau; TP, Hb ChilMinh:
Da Newyén Vinh Huy, 9A1, TIIFT chuyén Tran Dai
Nghia, Quan 1; Quing Ngdi: Tong Thanh Newyvén, 10T,
THPT chuyén Lé Khiét.

NGUYEN THANH HONG
% Bai T12/428. Cho hai dwong tron (O) va
(") cdt nhau tai A, B. Biem C ¢o dinh thudc
() va diem D co dinh thuge (O). P di
chuvén trén tia doi cua tia BA. Diwang tron
ngogi tiép cac tam gidc PBC, PBD theo thi
tw cat BD, BC tai diém thir hai E, F. Chirng
minh rang trung diém cua doan thang EF
luon thuoc dwuong thang co dinh khi P di
chuyveén.
Léi gidgi. Trude hét ta ¢6 ba bo dé sau:
B6 dé 1. Cho hai dudng tron (0), (O')cit
nhau tai 4, B. Pudng thing m di qua B theo
thr tr cat (0), (O') lan thi hai tai M,
M'.Dudng thing n di qua B va theo thir tu
cat (0), (O") lan tha hai tai &, N'. Khi do
cac tam giac AMM' va ANN' dbng dang
cung hudng.
B6 dé 2. Néu céc diém 4, B, C thing hang;
cac diém A’, B’, C’ thing hang va cac tam
giac OAB, OAC theo thir ty dong dang cung
huéng vai cac tam giac O'A'B°, O’A’C thi
AB _A'B’
AC AT
Bd dé 3. Néu cac diém A, B, C thang hang;
cac diém A°, B’, C thang hang va
AR 4B .. "
=— = ——thi trung diém cua cic doan 44°,
AC Alcr
BB, CC” cung thugc mt duong thing.
Ban doc tu chimg minh ba bo dé trén.
Tro lai giai bai toan T12/428.
Goi H, K theo thr tr 12 giao diém thir hai cia
BD, BC voi cac duong tron (0), (0O°). Rd
rang cac diém H, K co dinh.
Liy diém P, c6 dinh trén AB.

TOAN HOC
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Pudng tron ngoai tiép cdc tam gidc PoBC,
PyBD theo thir ty cat BD, BC lan thir hai tai
Ey, Fy. khi d6 E;, Fy 1 cac diém c6 dinh. Goi
N, My, M theo thir tir 1a trung diém cia HK,
EyFo, EF (hinh v@).

Theo Bo de 1, cac tam gide CHE,, CHE theo
thir ty dong dang cung hudng voi cac tam
giac CAPy, CAP.

Do d6 theo Bd d& 2 co Lo _ Ak
HE 4P
KF, AP,
Tuong tf — =——.
S T
L
HE KF

Do d6, theo B dé 3 ¢6 N, My, M thing hang.

Néi cach khac M ludn thude duong thing cb
dinh, d6 1a duémg thing NM,. O
»Nhan xét. 1) Bai toan van ding khi diém P di chuyén
trén dudng thing A8 (khac diém B).
2) Tuyén duong cdc ban sau co 1o gidi teong doi tét:
Vinh Phiec: Hoang Do Kién, 12A1, THPT chuyén
Vinh Phic; Thai Binh: Neuvéen Hai Linh Chi, 11T1,
THPT chuyén Thai Binh; Nam Bjnh: Vi Tudn Anh,
11T2, THPT chuyén Lé Héng Phong; Nghé An: Lé
Hang e, Lé Kim Nha, 11A1, THPT chuyén Phan Boi
Chédu, TP Vinh: Binh Dinh: Doan Hiru Thanh, 11T,
THPT chuyén Lé Quy Bxéin.

NGUYEN MINH HA
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* Bai L1/428. Dar dién .:ip u=400cos100ms
(u tinh bang V, ! tinh béng s) vao hai dau
dogn mach AB gém dién tro thudn 50Q mdc
noi tiép vai dogn mach X. C wong do dong
dien hi¢u dung gqua doan mach la 2A. Biét &
thoi diém t, dién dp tuc thai gitta hai dau AB

co gia tri 400V o thoi diém t+— (s),
400

cuong do dong dién tirc thoi qua doan mach

héiing khong va dang giam. Hoi cong sudt tiéu

thu dién cua doan mach X la bao nhiéu ?

Lai gidgi. Gia sir biéu thirc ciia dong dién cé

dang I—ZJ_COS[IﬁﬂﬁI—ﬁ?) (o] thoi diém 1,

hiéu dién thé co gia tri 400V nén
cos100ns =1 = sin100m=0

(1)
O thoi diém [HJ—J s, theo bai thi cuomg
400

do dong dién bang khong, nén

1
os| 100l t+— |- |=0
LD&[ :'I{ ] .;oJ

e:smsl(l)rmm[g —qp]—smlmﬂ.sin[g —¢;]=0 )

Tu (1) va(2) suyra
T

cos(£—¢]—0:b¢9———
4 4

Viy u chim pha hon i mot gﬁc% ;

Cong suit tiéu thy trén doan mach X la
Py =P—- P, =Ulcosgp - I’R.
Thay sb ta dugc Py =200 W .0
»Nhiin xét. Cic ban sau c6 léi giai tot:
Héa Binh: Ddng Hiru Hiéu, 12Todn, THPT chuyén
Hodng Van Thy; Thanh Héa: Lé Thi Qujnh, 11CI,

THPT Hodng Hoéa IV; Ha Tinh: Nguyén Thi Thiy
Linh, 10A1, THPT Huong Khé.

NGUYEN XUAN QUANG

* Bai L2/428. Trén truc chinh ctia mér thau
kinh c6 diém sang S cach quang tam 30cm.
Di chuyén thau kinh ra xa védt véi van toc
khong déi v = Scmy/s.

a) Tinh tiéu cu cua thau kinh, biét ring khi
thau kinh di chuyén dwgc 2 gidy thi vdn toc
danh ctia S bat dau doi chiéu.

NGODUCTHODUONGMINHCHAU
DD: 0986885389
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b) Chimg minh lic do khoang cach tir anh
dén vdt m;cm nhat.
Loi giai, a) Goi khoang cach cua vat va anh
dr
L )
s
Sau khi thau kinh di chuyén dugc ¢ gidy thi
khoang cich tuong mg cua vat va anh la
dy +
do+5t—f
Sau ¢ gidy anh di chuyén duoc quang duong
S =(dy+dy)-(d, +d;)
__30+5r
30+5t-f
Khi #=2s thi van tc cia anh di chiéu, tai
thoi diém do thi v=0.
Vi v=s',ldy dao ham phuong trinh (3) sau
do thay ¢ = 2s ta tinh dugc f = 20cm.
b) Khoang cach giira vt va anh tai moi vi tri
a‘Z
di~f
Tir (2) ta thiy khi #=2sthi d, =40cm. Khi
do L'=0,
Vi tai thoi diém ¢ = 2s thi khoang céach giira
vt va anh cyc tiéuva L, =47 =80cm.d
»Nhin xét. Cic ban giri bai dén Toa soan déu co 1o
giai ding.
Ciu a): Bing cach tinh khoaﬂg cach sau khi djch
chuyén giita vit va anh rbi tinh ra 'mcu thirc cua vin

téc. Thay r—2svﬂu biéu thirc van tde vi tinh duge
f=20cm. Trong sé cc 1 giai, cach giai cua ban
Nguyén Nhgt Han, 11 Li, THPT chuyén Lé Khiét,
Quing Ngdii gidi biing cich tinh toa d¢ anh, tir d6 tinh
ra tiéu cyr cia thau kinh 14 cdch giai hay.

Céu b): Cic ban c6 i giai gidng nhau 14 tinh khodng
cach /L giita vit va anh. chimg minh tai thoi diém
1=25 thi Ly, =4/,

khi chua di chuyén 1a d, va dj =

d =dy+5f vid, =

(3)

Li= d+d—

DANG THANH HAI
PQC LAI CHO BUNG
Trén TH&TT s6 431, thang 5 nam 2013, dong 8 tir
durdi 1én, ¢t trai xin doc lai nhu sau
Cho 100 56 nguyén dwong dau tién...
Thanh thit xin 131 ban doc
TH&TT
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PROBLEMS...(Tiép trang 17)

T5/432. Given a circle centered at O, and
diameter 48. Point C, different from A and
B, is chosen on circle (Q). Point P on AB such
that BP = AC. The perpendicular from P to
AC meet AC at H. The internal angle bisector
of angle CAB intersects circle (O) at E and
intersects PH at F. CF meets circle (O) at N,
Prove that CN passes through the midpoint of
AP.

FOR UPPER SECONDARY SCHOOLS

T6/432. Let a, b, ¢ be positive real numbers.
Prove the following inequality:
(1 2 3 T (1 2 3 ]
—t+—t +| =+ +
a b+e a+btc b c+a a+b+c
[1 2 3 ) 81
+ —+ + - =
¢ a+b a+b+c a? +b? +¢2
T7/432. Triangle ABC is inscribed in circle
(0), another circle (0') touches AB, AC at

P, Q respectively and touches circle (O)
internally S. The lines SP, SQ intersect (O) at
other points M, N. Points £, D, F are the
perpendicular feet of point § on AM, MN, NA
respectively. Prove that DE = DF.

T8/432. The real numbers a, b, ¢ satisfy the
condition that the polynomial

Pxy=x*+a® +bx? +ex +1
has at least one real root. Determine all triple
(a; b;c)such that & + b+ is smallest possible.

TOWARD MATHEMATICAL OLYMPIAD
T9/432. Let a and b be two real numbers such
that a? —b7 is a positive integers for all
prime number p. Prove that a and b are
integers.

T10/432. The sequence (u,) is given
1
A lva
recursively as follows: | | +‘l' 1
e oll], i
Upyl ME Uy,

where aeR, a=-1.
Let S, =u +uy +...+u,, P, =wu,..u,.

Determine the wvalue
expression aS, + F,.

T11/432. Determine all functions f:R* 5R*
such that

a) f is a decreasing functionon R*;
b) £(2x)=2012"* f(x) YxeR*;
where R*=(0;+20).

T12/432. Let ABC be a triangle inscribed in
circle (O). AD is a diameter of (). Point E
belongs to the opposite ray of ray DA. The
perpendicular through E to AD meets BC at T.
TP is a tangent line to (O) such that P and A
are on opposite sides of BC; AP meets TE at
Q. M is the midpoint of AQ; TM meets AB,
AC at X, Y respectively. Prove that M is the
midpoint of XY.

of the following

SUDUNG MOT TINH CHAT...( Tiép trang 2)
Do do ba diém /, M, K thing hang.
Vay dmmg tron tdm [ va duong tron tam K
tiép xic nhau tai M. O

BAI TAP

1. (Lgp 7) Cho tam giac ABC can tai 4. Cac
tia phan giac cua goc ABC va goc ACB cal
AC, AB theo thir tyu tai F, E. Chimg minh ring
EF // BC.

2. (Lép 7) Cho tam giac ABC. Trén nira mit
phang bd BC khong chia 4 lay diém D sao

cho BF‘C:_JI BAC =180°, Chitng minh ring
BCA=BDA .
3. (Lép 7) Cho goc nhon xOy. V& tia Oz nim

TOAN HOC
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— 0
trong géc xOy sao cho xOz =-X—2-z—. Qua A4

trén tia Ox ké AH vudng géc véi Ox tai H. AH
cit Oz tai B. Trén tia Bz lay D sao cho BD =
BA. Chimg minh ring tam glar. AOD can.

4. (Lap 7) Cho tam gléc déu ABC. Trén canh
AB, BC thir tu lay cac diém E, F sao cho

cit EF tai H. Chimg minh ring CH vuéng goc
voi AB.

5. (Lép 9) Cho hinh thang ABCD (4B // CD)
c6 hai duong chéo AC va BD cat nhau t:;u 0.

Chimg minh ring cic dudmg tron ngoai tiép
cac tam giac OAB va OCD tiép xuc nhau.

NGODUCTHODUONGMINHCHAU
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HINTS AND ANSEWRS
TO'HANOI OPEN MATHEMATICS COMPETITION 2I]13

(Problems presented in the No. 431 issued in May 2013)

SERNIOR SECTION
Q1. Ansewer (E).
Q2. Note that

————— x
2013 2l
f(x)=|x|+ 2 -
()= i ||I2013||’ 2013
72013
And f(x)= for x= . Ansewer (B).
T =200 2013 Gt

Q3. Note that 4x3+3x=2, then 8x’+6x—1
=2.2—-1=3. Ansewer (C).

Q4. Note that [(n+1)a]<[na+1]=[na]+1 for
all neN. Hence [(n+1)d]—-[ra]<] for all
nel. Ansewer (E).

Q5. Ansewer (C).

Q6. We have C§,;; =C3jji™* and Ch; <Cly;
(0<k<g<1006). This implies

[f a = 1006 there is'nt n.

If aef0,1,2,..,1005}, then nefa+la+2,..,2012-al,

Q7. (Fig 1) A
D

AN}

Figure |

Putting MA = a; MB = b; MC = ¢. Then

a’=b*+c2, It is easy to check that
AANC =AAMB then NC= MB = b.
In AMCN we find NC2+MC?=p2+c2=g?

=MN?, so MCN =90°. Hence

NGODUCTHODUONGMINHCHAU

DD:0986885389
http://lethidieu.violet.yn/

jiﬁh@: ATC‘I)+@=1 200 =902 =30¢°,
It follows BMC =150°.
Q8. (Fig 2) c
B 1)
A

Figure 2
Write Sypc:= Area of ABC. Since Suge = Sage
(= a) then CE // A4B. Secp = Secp follows
BE//CD. Similary, we find BD// AE, DE// AC.

Let O be the common point of BD and CE.
Put Szoc = x. Since ABOE is a parallelogram
then Sypr = Spor = a. Hence

2 =S848cpe = Sape + Spoe + Seor + Spoc=3a + x.

Thus a—z =

Py S Ssoc +Ssor
BoC _OBoE _ Ssoc+dpor . o

Note that

poc  Spoe  Spoc+Spor

have 2= usi2 10red=0.
xX

a
5-5 5+/5
= iSapc=a= T

Q9. Suppose that #;, 12, 15 are three distinct real
roots of P(f). We have P(t)=(t—1,)(t—1:)(t—-13).

Then

P(Q(x)=(Q(x)-M(O(x)— 12 XO(x)~13),
where Q(x)=x?+x+2013 and Q(x)—-1; %0,
i=1,23, forall xeR.

Calculating the discriminants of Q(x)—f;, we

get A, =1-4(2013-#,)<0 and 2013—:,.;&.

It follows

TOAN HOC
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Therefore
P(2013)=(2013-1,)(2013—1,)(2013~2;)
I11 1
>———=—
444 64
Q10. Let @, b be the side-lengths of the
rectangle. Consider the case of all rectangles

such that there esists a p = 2(a + b)
possessing the property 0 < p < 16 with a

given area S. Using the inequality p24\t{§ i
we find

_16-p _ 16-4YS 4-\S
T pr+2p (4\/_)2+2 aJs 4s+2Js
The equality holds iff @ = b, i.e. ABCD is a
square.
Note that, if for all side Iengths of rectangles

p > 16, then M(p)— £_<0 and for that

p2+2p
case, there is no largest value of M. Indeed, it
is easy to see that for every My < 0, always

16—]_'? >M|].
pe+2p

there exists p such that M(p)=

Q11. The identity
(x+a)x+b)(x+c)x+d)=x*+4 px? +6x? +4gx+1

holds for all real numbers x means that
IAPHERd e o ) e O B
inequality gives p=1 and min p=1 when
a=b=c=d=1.
ab+ac+ad+bc+bd+cd

On the other hand, 6 =1

abc+abd+acd +bed
4
From the inequality

(ﬂb+fr+c.t:l'+fx‘-l-fﬂ+m’} d&c+du'+a:n’+!xﬂ)
6

we find ¢<1 and max g =1 whena=5b=
d=1.

Q12. Consider the polynomial

O(x)=2x2—-1- f(x).

TOAN HQOC
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and

Note that deg O(x)<2 and O(-1)=1-/f(-1)=0,

Q(M)=-1-£(0)<0, 9()=1-f(1)=20.

Then the equation Q(x) = 0 has at least two
real roots in [—1;1]. On the other hand,

0(2)=2.(2)*-1- f(N2)=0.
So Q(x)=0. It means that f(x)=2x2-1 and

F(N2013)=2.2013-1=4025.
Q13. Using the inequalities

wyp . 1 < 1 .w:y2 I
2 x2 3" 52 Z 5
y x y x
Hence, for every root (x, y) of the system, we
xy=1
. PR S =x2y1xy2 Z1.
x4 4yt x4y X244
xy=1
So x, y must satisfy the system =k
y:ox
xt_ ¥
Ly x2

and then x = y =1. Indeed, (x3) = (1;1)
satisfies the given system.,
Q14. Rewrite the system in the form

(x+1)(x—1)? =—-:1;(y+1)

J(y+1D)(y-1)? =—%{z+1}

(z+1)(z-1)? =—%{x+l).
We find
(.1|.'+l:|{_g.f+1)(z+l)({x—l)z{y—l)”{z—1)2 +%]=U

It follows (x;y;z)=(-1;-1;-1) is a unique
solution of the given sytem.

ax+b

ex+d

(Xem tiép trang 30)

Q15. Write f(x)=

https://tieulun.hopto.org



https:iiwww. facebools comiletrunglienmath

hitps:/isites. google. com/siteletrungldenmath

TUYEN CHON HOC SINH....| T}}"'p trang bia 4)
Negay thi thir hai, 6.4.2013

Bai 4. (7 drem} Tim s6 nguyén duong & 16m
nhét sao cho bat ding thitc sau ding véi moi s6
thue duong a, b, ¢ thoa man diéu kién abe = 1

1 1 1 k k
—+ = - —23+—.
a b ¢ a+btc+l 4

Bai 5. (7 dsem) Cho tam giac nhon ABC khong

can, goc BAC = 45°. Goi / 1a trung diém canh
BC, H 14 truc tam va D, E, F lan luot la chan cac
duong cao ha tr 4, B, C cua tam giac ABC.
Dudmg thing EF : cit dudmg thing BC tai P,
duomg thang PH cat dudmg thang /F tai Q.

a) Ching minh rang !@?!’ = AIE .

b) Goi K 1a true tAm tam gidc AEF va ki higu
(/) la duomg tron ngoai tiép tam giac DPK voi
tam la J. Pudng thing CK cit (J) tai G (G # K),
duong thing GI cit (J) tai M (M # ) va duomg

thang CJ cat duomg tron dudng kinh BC tai N

(N # €). Chimg minh ring bon diém C, G, M, N
cung thude mot dudmg tron.,

Bai 6. (7 diém). Cho trude khéi lap phuong
kich thuéc 10x 10x 10 tao thanh tir 1000 khoi
lap phuong don vi mau tring dwoc gan toa do
(x,v,z2) vai | <x, v, z< 10. Ban An va ban
Binh choi mét tro choi nhu sau: An thay mot
s6 dai hinh hép chir nhat mau tring kich thude
1x 1% 10 (c6 thé theo bit ki chiéu niao) bing
cac dai mau den, sao cho cac dai mau den doi
mét khong cé diém chung, ké ca trén bién.
Binh phai xac dinh vi tri cac dai mau den dugce
thay vao bz;mg cach chon toa do mot s6 khoi
lap phuong don vj dé hoi An xem chiing mau
gi. Hor Binh cin chon toa dd it nhat bao nhiéu
khéi lap phwong don vi dé sau khi An tra 1o,
Bink ludn co thé xac dinh dugc vi tri cua tat ca
cac dai mau den ?

1.2. DANH SACH HQC SINH PQI TUYEN
QUOC GIA DI,'L'!'H] IMO 2013

Can cir két qua Lham thi va Quy ché thi chon
hoc sinh giéi cap Qudc gia hi¢n hanh, B
Gido duc va Dao tao di quyét dinh chon 9 hoc
sinh co diém thi cao nhat (co tén dudi day)
vao doi dy tuyén Quéc gia du thi IMO 2013:

1. Pham Tudn Huy, 16p 11 Truéng PTNK,
Pai hoc Quéc gia TP. Ho Chi Minh, 29.5
diém;

2. Hoang Dé Kién, 16p 12 Truomg THPT
chuyén Vinh Phuc, Tinh Vinh Phuc, 26.5
diém;

3. Tran BDang Phic, 16p 12 Truong THPT
chuyén Ty nhién, PHKHTN - PHQG Ha Ngi,
23.5 diém;

4. Can Tran Thanh Trung, 16p 12 Truimg
PTNK, DPai hoc Qudc gia TP. H6 Chi Minh,
23.25 diém;

5. ¥a Anh Diic, 16p 12 Truong THPT chuyén
Ha Tinh, Tinh Ha Tinh, 23 diém;

6. Tran Van Thdi, 16p 12 Truong THPT
chuyén Thai Binh, Tinh Thai Binh, 23 diém;
7. N m}en Huy Tung, lop 11 Truong THPT
chuyén Trin Phu, TP. Hai Phong, 23 diém:

8. Dinh Lé Cong, lop 12 Truomg THPT
chuyén, Dai hoc Vinh, 22.5 diem;

9. Phan Van Tin, 16p 12 Truong THPT
chuyén, Pai hoe Su pham Ha Noi, 22 diém.
Ngay 2.5.2013, B Gido duc va i)?a_o tao da
tri¢u tap 9 hoc sinh*cc'n tén néu trén vé Ha Noi
tham du 16p tdp huan chuyén mén do Truong
Pai hoc Su pham Ha NGi chu tri theo sy uy
quyén va dudi sy giam sat cua By Giao duc
va Dao tao.

2. TUYEN CHON HQC SINH VAO bOI
TUYEN Ql.‘(x)(f GIA DU THI IMO 2013
2.1. PHUONG THUC TUYEN CHON

Viéc xét chon hoc sinh vao doéi tuyén Quf:sc
gia dy thi IMO 2013 do Hot dong xét chon
doi tuyén Qudc gia chinh thire (dudi day goi
tat 1a Ho1 dﬁng) chiu trach nhi{im‘thuc hién,
theo nguyén tic “dam bao céng bang, khach
quan, chinh xac” va dya trén cac tiéu chi sau:
e Diém binh quin cac bai kiém tra trong qua
trinh tap huan (toi thiéu 3 bai);

e Néu diém binh quan cac bai kiém tra nhur
nhau thi x¢ét thém tinh chuyén can, thai d¢
hoc tip va y thirc chap hél'nh ki luat cua hoc
sinh trong qua trinh tdp huan;

TOAN HQC
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e Truong hop ca hai tiéu chi trén déu nhu
nhau thi cin cir dé xét chon 1a két qua cua ki
thi chon hoc sinh vao déi du tuyén Québc gia
du thi IMO 2013.

V@i tur cach tha trrong don vi cha tri tip hudn :
doi dy tuyén Quéc gia dy thi IMO 2013, Hiéu :
truong Truwomg Dai hoc Su pham Ha Noi |

duge Linh dao Bo Giao duc va Pao tao glao
nhiém vy ra Quyét dinh thanh 1ap Hoi dong.
Thanh phan cua H6i déng gom:

e Chu tich: Hi¢u truong hodc Pho Higu |

truong Truong Pai hoe Su pham Ha Néi;

e Phé Chu tich thuomg truc: Chi nhiém khoa :

Toan Truong Pai hoc Su pham Ha Noi;

e Phé Chu tich: Trudng doan can bd, hoc sinh
Viét Nam dy thi IMO 2013,

o Uy vién: Cac chuyén gia da tap huin hoc
sinh d6i1 dyu tuyén (it nhat 5 ngudi).

2.2. KET QUA TUYEN CHON

Can cir & nghj cia Hoi déng, Bo Gido duc va |

Pao tao da quyét dinh 6 hoc sinh ¢ tén dudi

day la thanh vién cua doi tuyén Qudc gia dy

thi IMO 2013:

1. Pham Tudn Huy, 16p 11, Truéng PTNK, :

Pai hoc Québc gia TP.H Chi Minh.

2. Hoang Dé Kién, 16p 12, Truomg THPT :

chuyén Vinh Phuc, Tinh Vinh Phuec.

3. Tran Pang Phiic, 16p 12, Truong THPT !

chuyén Ty nhién, PHKHTN-DHQG Ha Ngi.

4. Cdn Trdn Thanh Trung, 16p 12, Truong |

PTNK, Dai hoc Quéc gia TP.Hé Chi Minh.

5. V& Anh Purc, 16p 12, Truomg THPT chuyén |

Ha Tinh, Tinh Ha Tinh.

6. Dinh Lé Cong, 16p 12, Truong THPT
chuyén Pai hoc Vinh.

LTS. Tap chi Todn hoc va Tudi tré nhiét I:‘ér
chiic mimg 6 hoc sinh da dwoc m_véh chon -
vao doi tuvén Quoc gia mén Toan. Chiic cdc
em giir gin swc khoé, né luc hoc 1ap va trau
doi kién thire dé chuan bi tét nhat cho ki thi
IMO 2013 dwegc t6 chire tir ngay
28.7.2013 tai Santa Marta, Colombia.

TOAN HOC
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l_ HINTS AND ANSEWRS ...
! e If ¢ = 0 then f(x}zax+ﬂe@, VxeN*. It

{ Tié:p trang 28)

: follows a, fe(Q and a—Q,ﬁ— , where P,

PNx+OM
, M, N €Z. Thus, ==
OGN L Ty SO G ON

i eIfa=0,b=0then f(x)=0.

| o1fa=0, 520 then f(x)=——cQ, VxeN',

| ax+f3

I It follows a,f<Q and a=£,ﬁ=£, where

i g W

| B0, W NEZ e e
PNx+OM

| o If a#0,c#0,ad—bc=0 then _,f(x)EEEQ.
: ¢
. » Now consider the case a=0,c=0, ad—bc=0.

i By the assumption, f(1) =§;R,Q1 eZ. Write

: x-1
: —f(h= *
S(x)=f() m— £
and y=ﬁ, o =£, where
N N,

: M, M, N,, N, eZ. Putting the values of f{1),
| y.8 in the formula (*), we find

I ax+b (QN\N;+BM\N,y)x+BM N, -ON\N,

I
I
|
I
|
I
I
| then y,0€Q
I
|
|
|
|
|
|

cx+d M|NEI+N|M3
JUNIOR SECTION
Questions Q1 ([Q2 Q3 | Q4 | Q5
Ansewers (A) [(E) | (E) | (D) | (B)
|
9.3
FQT Sper =—— cm?,

i 16
: Qs- SAHCDIE':S'F‘J'ECITIZ.

| X 1)

! Q13. (x; y)=(2;-3).

I Q4. (x;y:2)=(L;1;1).
I NGUYEN VAN MAU
i (Hanoi Mathematical Society)
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LAP BAT DEN MAU

G.é t :'.mc:;“;)c ) 'h‘__ _____ (Dé ding trén TH&TT 56 428, thing 2 nam 2013) __‘ﬂg{l

D¢ dit dudmg diy dién ching ta cdn chii y céc
diéu sau.
1) Mdi dinh |£'l‘di:":m chung e¢na ba canh, néu
dudmg day di dén va di ra khoi dinh X trén hai
canh thi xéa duge canh thir ba cua dinh X
2) Xo6a cic canh ¢ dinh A va dinh B, chi dé lai
cac canh AC va BD. :
3) Trong mét hinh ngii giac chi xdy ra mot
trong hai trudmg hop:

* Hodic mgt dudmg diy di qua bon canh lién tiép
néi ndm dinh thi xoa dwge canh thir nam.

* Hodc mét durdng day di qua hai canh lién tiép
noi ba dinh, con dudng diy khac di qua mét
canh ndi hai dinh con lai thi xoa dugce hat canh
khong c¢6 ddy di qua. Tir dé ¢ ndm cach dat PHI PHI
ducrng day dlen nhu hmh ben tlma man dc ra.

LE PHM THU'UNG HOG SINH BOAT EIAI HBMC NAM 2013

]

Neay 19.5.2013, tai Hoi treong 16n cia Truong THPT
Chu Vian An, Ha Ni, H6i Toan hoc Ha Nai phéi hop vén
So GD - DT Ha Néi da t6 chirc 1& tuyén duong khen
thuomg hoe sinh doat gidi trong Ki thi Olympic Toan Ha
N6i mé rong (HOMC) lan thir X.

Chu tich Hol Toan hoc Ha No1 NGND GS. TSKH Nguyeén
Van Mgdu va Giam dbc So GD- BT Ha Noi NGU'T ThS
Neguy én Hitu D¢ 43 cha tr budi 18, 364 hoc sinh doat glal
cua 21 tinh thanh (tal Hbi dong thi Ha Nm) trén mng 50
428 giai cua toan qubc di c6 mit tai budi 1&, dwoc nhén
phan thucmg, Glay khen ciia S¢ GD - BT Ha Nai va Glay
khen cia Héi Todn hoc Ha Nm trong d6 ¢o6 35 giai Nhat, 93 giai Nhi, 123 giai Ba va 113 giai Khuyen
khich. Cac Thia khoa cuia ki thi ndy gém céc em:

Phing Vi Héc Anh (THPT chuyén Hi Noi - Amsterdam, Ha N§i); Neuyén Nhdt Phuong (THPT
chuyén Hung Vuong, Phit Tho); Thdi Ba Tudn (THPT chuyén Phan B6i Chau, Nghé An); Hoang Thi
Minh Anh (THCS Yén Lac, Vinh Phic); Bii e Thanh (THCS Vinh Yén, Vinh Phic); Nguyé'n Dire
Thugn {THCS Lam Thao, Pha Tho).

Lanh dao cdc So GD - DT. cac trudmg cd hoc sinh doat gial da téi dy dé dong vién, khich 1¢ cac em.
Nhan dip nay, Tap chi Todn hoc va Tudi tré giri 35 tang phim cho 35 em doat giai Nhat.

Bubi 1€ duge 6 chire ding ngay sinh cua Bac HG kinh yéu da thyc su gdy xic ddng &1 cac em hoc sinh
gioi, cling nhur cdc dai bidu tham dur budi 13.

Tin va anh: THAM NGOQC KHUE (Hi Todn hoc Ha Néi)

; TOAN HOC
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Chi tich Héi déng Thanh vién kiém
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NGUT. NGO TRAN Al

Téng bién t4p kiem

Pho Tong Gidm déc NXB Gido duc Viét Nam
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TS, NGUYEN QUY THAO

PGS. TS. TRAN VAN HAO

HOI PONG BIEN TAP

Téong bién tap : TS. PHAM THI BACH NGOC Thu ki Toa sean : ThS. HO QUANG VINH

7S. TRAN BINH CHAU, ThS. NGUYEN ANH DUNG, 7S. TRAN NAM DUNG, 7S. NGUYEN MINH DUC, TS. NGUYEN
MINH HA, 7S. NGUYEN VIET HAL, PGS. TS. LE QUOC HAN, ThS. PHAM VAN HUNG, PGS. TS. VU THANH KHIET,
GS. TSKH. NGUYEN VAN MAU, Ong NGUYEN KHAC MINH, 75. TRAN HOU NAM, PGS. TS. NGUYEN DANG PHAT,
PGS, TS. TA DUY PHUONG, ThS. NGUYEN THE THACH, GS. TSKH. DANG HUNG THANG, PGS. TS. PHAN DOAN THOAL
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TRONG SO NAY

@ Ban doc tim toi

Vii Dinh Héa - V& mét bai toan chon Daéi
tuyén Viét Nam du thi IMO 2012.

@ Tim hiéu sau thém toan hoc so cap

Lé Phiic Lit - Bo dé Bertrand vé céac s&
nguyén tg.

@ Pé ra Ki nay — Problems in This Issue
T1/432, ..., T12/432, L1/432, L.2/432.

° Danh cho Trung hoc co 8¢ — For Lower
Secondary School

Pham Van Binh - St dung mt tinh chét
cua tam giac cin dé giai toan

€ Huong din giai dé thi tuyén sinh vao 16p
10 Trudgng THPT chuyén Lé Quy Dén,
Da Ning, nam hoc 2012 - 2013.

@ D: thi tuyén sinh vio 16p 10 Truong THPT
chuyén Nguyén Trai, Hai Dudng, nam hoc
2012 - 2013,

. @ Giai bai Ki trudc — Solutions to Previous
© Chuin bi thi vao dai hoc — University prakbans

Entrance Preparation N . ,
Giai cac bai cua sé 428.

Bdu Thanh Ky - Cac bai toan vé phép N ;
dém. a Nguyén Vdn Mdu - Hints and Ansewrs to

Hanoi Open Mathematics Competition 2013,
© Huong diin giai Dé 6 8 B

€D 1hi sitc truoe ki thi - Dé s6 9 € Gii tri toin hoc

Anh Bia 1: D61 tuyén Viét Nam tham du Ki thi IMO 2013 (T trai sang phai): Dinh Lé Céng,
Vé Anh Dize, Pham Tudn Huy, Hoang D6 Kién, Tran Pdng Phiic, Can Tran Thanh Trung.
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TUYEN CHON HOC SINH VAO DPOI TUYEN QUOC GIA
DU THI OLYMPIC TOAN HOC QUOC TE NAM 2013 (IMO 2013)

NGUYEN KHAC MINH

(Cuc Khéo thi va Kiém dinh CLGD, B6 Gido duc va Pao tao)

Olympic Quéc t& va Khu vipe cac médn van hoa (BTQG) néi riéng, bat dau tir nam nay Bd Giao

ghém dbi m&i cong tac thi ndi chung va phwong thire tuyén chon cac doi tuyén Québc gia du thi
u

Jc va Dao tao da quyét dinh tién hanh tuyen chon cac BTQG qua hai giai doan:
Giaf doan 1: Té chire thi chon hoc sinh vao cac doi dw tuyén Quéc gia;
Giai doan 2: T6 chirc tAp huén hoc sinh céc doi dy tuyén va can cir két qua tap huén, tuyén chon

hoc sinh vao cac BTQG.

1. KI THI CHON HQC SINH VAO BOQI DU
TUYEN QUOC GIA DU THI IMO 2013

Ki thi chon ho sinh vao doi du tuyén Quéc gia
dur thi IMO 2013 dd duoc to chirc tai Ha Noi

trong hai ngay 5 va 6.4.2013. Cén cir Quy ché
thi chon hoc sinh gioi cdp Quéc gia hién hanh,

B& Gido duc va Pao tao da triéu tap 45 hoe sinh |

tham du ki thi, gdm 44 hoe sinh ¢6 diém thi cao
nhat trong ki thi chon hoc sinh gioi Quéc gia
mon Toan THPT nam 2013 va 1 hoc sinh khong
tham dur ki thi vira néu nhung da tham dw IMO
2012. Trong mdi ngay thi, mdi thi sinh degc dé
nghi giai ba bai todn trong thoi gian 270 phut;
diém tdi da ciia mdi ngay thi 1a 21 diém.

1.1. BE THI

Ngay thi thir nhit, 5.4.2013
Bai 1. (7 diém). Cho tir gidc ndi ticp ABCD vi
cac cap canh doi khong song song. Goi E 1a giao
diém ctia cic duomg chéo AC va BD. Pudng
Rh'éin gidc trong goc AEB cat AB, CD, AD, BC
lan lwot tai M, N, P, O.
a) Chimg minh ring dudng tron ngoai tiép cac
tam giac AMP, BMQ, CNQ, DNP c6 ding mét
diém chung K.
b) Ki hiéu O va R lan lrot 12 tAm va ban kinh
duwong tron ngoai tiép tor giac ABCD. Dijt
m =min{AC, BD}. Chimg minh ring
2R?

JAR? — m? °

OK <

ISSN: 0866-8035
Chi s6: 12884
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: b) Chu’ng rmnhmng néu m, n 13 hai 6 nguyén

Bai 2. (7 diém)

a) Chirng minh ring ton tai vo s6 sﬁ ngu}'é'." :
duong 7 520 cho 20127 + 1 va 2013:1;: déu
so chmh phucrng S

thoa mén diéu kién mn + 1 va (m+ Dn+1 deu la
chinh phwrong thi # chia hét cho 8(2Zm + 1).

Bai 3. (7 diém). Cho trrGe s6 nguyén duong . Ki
hiéu Z 14 tip hop cac songuyénva §={0; 1; ..;
2n+ 1}. Xét cac ham sb

o2 xS —10 1]
thoa man dong thoi hai diéu kién sau:
i) flx,0)=fx,2n+1)=0 véimoix€Z ;

i) Ax—1,y)+fx+ Ly +fe,y— D+ Ax,y+1)=
| véimoixeZ vay€ {1;2: ... ;2n}.

Goi F la tap hop céc ham s6 nhu vay. Véi mdi
ham sé f€ F, ki higu F(/) la tap gia trj cua /.

a) Chimng minh rang tap F c6 i;:r'ﬁ"hgih phén tir.

b) Chirng minh ring v6i m51 fEF tap V(/) ¢b
hiru han phin 1. Gl

¢) Tim gia trj 16n nhat cia |V(}j] Vi

Giay phép XB s6 510/GP-BTTTT cip ngay 13.4.2010
In tai Xi nghiép Ban dé 1 - BQP
In xong va nép lwu chiéu thang 6 nam 2013

Gia: 8000 dong
Tam nghin dong





