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ON THI VAO LOP 10 TRUNG HQC PHO THONG CHUYEN

+ham gilip cac em hoc sinh, cac thay cé gido, cac

\ bac phu huynh c¢6 mét bo tai liéu 6n thi vao THPT
chuyén, NXBGD Viét Nam da té chite bién soan bd sach
“On thi vao 16p 10 Trung hoc phé théng chuyén™ gém
cac mon hoc: Toan, Vat li, Héa hoc, Sinh hoc, Nagif van,
Tieng Anh. Cuén sach “On thi vao Iép 10 Trung hoc
phé théng chuyén - Mén Todn” la mét cuén trong bo
sach nay.

No6i dung cuén sach gém ba phan: Phdn thu nhdt gém
20 chuvén dé bao quat toan bd cac nodi dung co ban cla
mén Toan THCS va noi dung cac dé thi mén Toan tuyén
sinh vao cac truémg THPT chuyén. Méi chuyén dé gém
3 néi dung: Kién thirc co ban, Mét s6 ki thudt dac trung
va vi du minh heoa, va Bai tap dé nghi. Phan thit hai gioi
thiéu 12 dé thi vao Iép 10 THPT chuyén cia Ha Noi,
Pa Nang,.... Phdn thi ba la Huéng dén giai cdc bai tap
& cdc chuyén dé va ddp dn cua cdc dé thi tham khao.

Cuén sach tap trung trinh bay nhitng néi dung dién hinh
nhat thudc hai loai:

* Cac noi dung cd ban sat véi néi dung bai thi mén Toan
Vong 1 cho tat ca cac thi sinh du thi vao THPT chuyén.

#* M6t s6 ndi dung nang cao doi héi nhitng ki nang dac
biét, huéng téi bai thi mén Toan Vong 2 cho cac hoc sinh
thi vao chuyén Toan.

Céc tac gia la nhiing gido vién day Toan cé nhiéu kinh
nghiém clia mot sé trudng chuyén cé tiéng trén ca
nudc tham gia bién soan nhu cac théy giao Doan Minh
Cuong (CB) (THPT chuyéen DHSP Ha Néi), Dé Thanh
Son (THPT chuyén KHTN - DPHQG Ha Ngi), Trdan Van
Khai va Trinh Hodi Ducong (THPT chuyén Amsterdam -
Ha Noi).

Hi vong ring, cudn sach On thi vdo lép 10 Trung hoc
phé thong chuyén - Mén Todn néi riéng va bo sach On
thi vao Idp 10 Trung hoc phé théng chuyén gém 6 mén
n6i chung sé la tai lieu tham khao hitu ich dé cac giao vién
va cac em hoc sinh cuéi cap THCS sit dung va chudn bi
t&t nhét cho ki thi vao 16p 10 truong THPT chuyén sap téi
cua minh.
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hi day cac em & bic THCS, gip hing
ding thirc 220 12+ 2P~ +lF +cA)=
(a+b+c)a-b+c)a+b-c)b+c—a)

chiing toi nghl ngay dén két qu&
Ker qua 1. Néu mét trong ba s6 a, b, ¢ bing
tong hai s6 con lai thi ta c6 dang thirc

at +b% +c* =2a*hb? +2a%c? +2h%c? (1)
Bang cach cong vio hai vé cia (1) biéu thirc
a*+b*+c*, ta nhian duoc

20a* +b* +c*)=(a* +b* +c?)? (2)
Sau do, gip bai toan quen thude trong SGK
Hinh hoc lop 9:
BAI TOAN 1. (fm M la mét diém trén
duong tron ngogi rwp tam gige déu ABC.
Chirng minh rang mot trong ba doan ihang

MA, MB, MC bdng téng ciia hai doan thing
con lal.

Ching i lién tuong ngay dén két qua 1 da
néu o trén.

Pé xdc dinh, gia sit M nim trén cung BC
(khong chira A). Bt MA =x, MB =y, MC=z.
Khi dé x=y+z (3)
Tir (1), (2) va (3) ta thu duoc

IBAI TOAN 2. Gia su M la diém bat ki
trén dwong tron ngogi tiep tam giac déu ABC.

Dat MA = x, MB = y, MC = z. Chirng minh
cae hé thirc

1) x34+y¥+24=2x2y2 +2x222 42 y%z*;

2} 2ty 2= 2 427

Nhuoc diém cua céc hé thirc nay la chung kha
phu'c tap va khéng lién quan dén cic yéu to
xac dinh tam giac ABC.

Sau khi day Dinh li Pythagore, chiing t6i chu

y dén:

Két qud 2. Cho tam gidc ABC c6 BC=a, C4=b,

AB = ¢. Néu BAC=60° thi @=h*+c—ix.

Chimg minh. Ké (H1AB, khi d6 do BAC=60r
nén ACH =30°. Do dé AH=§AC=5£} (h.1).

i

Hinh |
Trong tam giac vuong BCH c6 a* =BH?*+HC?
2
:["_gj +hl—% hay &®=b*+c2—bc (dpem).

Tro vé Bai toan 2, ap dung két qua 2 cho cac
tam giac MAB, MAC voi cha y
AMB=ACB=60°; AMC=ABC=60°(h.2), ta
cé a?=x2+)y?—xy; a’=x?+z2—xz. Do 46

B

2a° =2x?+yr+z2 -x(y+2).

A N

~

B

M
Hinh 2
Ap dung (3), ta thu dugc x2+y2+z2=2a? (4)
Tir (4) va két qua 2, ta suy ra
2(x*+y*+2z*)=(2a%)? hay x*+y*+z*=2qa".
Do do ta thu duoc

TOAN HOC
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WBAI TOAN 3. Cho tam giac déu ABC
canh hun-:.: a va .'m)r d’mn M nam trén dwong
tron ngogi tiép tam gide m Dat MA=x,MB=y,
MC = z. Ching minh rang

1) x2+y2+22=24a?; 2) XA+ yi+zi=2a%.
Thuec ra, Bai toén 3 ciing kha quen thudc. Tuy
nhién, dya vao dinh ngh’:‘a ham s6 luong giac
cua goc nhgn né s& giup ta tim duge nhiéu
két qua co ich khac. Goi R la ban kinh duong

o
4,

tron ngoai tiép tam giac ABC. Khi dé R =
Gia sir M thude cung nho BC va MB < MC,
dit MAB=a(0° <a<30°), khi do MIC=60F .
Keé ducmg kmh MN The thi MAN=90° va
MNB=anén ANM=ANB+BNM

= ACB+BNM =60°+a. Do do, trong tam
giac vuong AMN coé AN = MN sin MNA hay
x=2Rsin(60°+a). Tuong tu, trong cac tam
gidc vudng BMN va CMN, c6 BM=MNsinBNM
hay y=2Rsine, CM =MNsinCNM hay
z=2Rsin(60° —a). Thay vao cac h¢ thirc cia

Bai toan 3, voi cha y R=%, ta cO

4 2
%(sin2 a+sin?(60° —a)+sin? (60° +a))=2a;

in*(60° —a)+sin*(60° +a))=2a*.

Do do ta thu dugc
Két qua 3. Néu a;a—60°;60°+a 13 cic goc
nhon thi

1) sin?a+sin?(60° —a)+sin?(60° +a)=

’

2) sinta+sin® (60° —a)+sin*(60° +a)=—.

WI\DNIM

Tir Bai toan 3, lién tudng voi cac bal toan
quen thut;:c khac ta s& thu duoc nhiéu bai
toan mai kha bét ngo.

IBAI TOAN 4. Cho tam gidc déu ABC néi
tiép dwomg tron tam O, ban kinh R va dwong
thang (d) di qua O. Goi x, v, z la cac khoang
cach tir A, B, C dén (d). hiemg minh rang

a’ at
1) x* +'l 8= : 2) ,\'4e-'1"*+:"___..

8

S5 429 (3-2013)

OFI HOC
2 udifpe

trong do a la dé dai canh cua tam gidc déu
ABC
Chimng minh. 1) Goi M va N 1a giao diém cua
(d) voi BC va AC (h.3). Pit BOM=a
(0°<a@<30°) thi co CON=60°-a va
AON=60° +a. Khi d6 m:og:oc:x:%,
nén x=Rsin(60° +a), y=Rsina, z=Rsin(60° —a).
Do dé
x2+)2 +2? = R2(sin? az+sin’ (60° —a)+sin’ (60" +a))
@3 _a
32 2
2) x*+94 424 =R (sin @+sin* (60° —@)+sin* (60° +a))

Hinh 3

Két qua cua Bai toan 4 la do chung t61 lién
tuong den mot bai toan quen thudc “Cho
cieong thang (d) di qua trong tdm tam gidc
ABC. Goi A,B,,C\ la chan duong cao ha tir
A, B, C xuong (d). Chieng minh mét trong ba
dogn thang AA, BB,,CC, bdng tong hai doan
thang con lai” (Rét gibng vai Bai toan 1).

Ban doc hdy gidi bai toan sau va c¢d ging lién
tudmg no voi cac bai toan da néu trén.

WBAI TOAN 5. Cho tam giac Jeu ABC
canh hmw{ a va dmmq thang (d) nam trong
mdt pa’mnfr chira tam giac do. Goi A4,.B,,C, la
chin dwomg cao ha tir A, B, C xuéng (d).
Chimg minh cac hé thire

: P
1) A B2+ ACE+BC? :%;

4

9

b~

2) 4B} +AC}+BC} =

m ‘
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MO N TOAN LOP 9 TP. HA NOI

e NAM HOC 2011 - 2012
(Dé thi da dang trén TH&TT s6 428, thang 2 nam 2013)

Cau 1 Céu 3

1) Ta co Viét PT thanh dang (2x—3y+3)(x—y-2)=-2.

nt=n=n(n*+0(n-1)n+l) Xay ra 4 truong hop
=n(n®—4+5)(n-1)(n+1) 2x -3y+3| 2 —1 1 -2
=(n=2)(n=Dn(n+1)(n+2)+5Sn(n-1)(n+1). x —y =2 -y | 5 i 1

Do neN® nén (n®—n):30. Tir d6 suy ra
A=a®™7 (a5 —a)+b27 (b5 —b)+c7 (¢5 —¢):30.

2) Tacd x=37+

zj/' +JT_F

N TV R 1 DL, B P, [

Do d6 f(x)=(2x-21x-29)¥12=(-1)202 =],
Céu 2

1) Va2 +5+3x=v/x2+12+5
eVx2+5-3+3x—6-x2 +12+4=0

O o IO . MY
Vx2+5+3 VX2 +12+4
2
¢:>(x~—2}[ 42 Ly Xt J=
J5+5+3  Jx2+12+4

: 5
Tir dac diém cua PT suy ra 3x>5<:>x>3; do

5 x+2 i x+2
Jx2 4543 Jx2+12+4
trong ngodc luén duong. Suy ra x—2=0<>x=2.
2) Viét PT thir nhat cua hé thanh
x2+(y+Dx—y-2y2=0
c6 A=(y+1)2+4(y+2)?)=9y*-6y+1=(3y-1)°.
Do d6 x =y hodc x=-2y-I.

: vi vy biéu thire

e Vi x = y, thay vao PT thu hai tim dugc
2x=hera=3 :
e Vai x=-2y-1, thay vao PT thir hai tim
duge y?+y—-2=0< y=1 hodcy=2.

Vay hé PT c¢o ba nghiém (x; y) 1a (3 ; 3),
(=3;1); (=5;3).

Viy c¢o bén cap s0 (x;p) thoa min la
(4:3), (16;12),(2;2).(14:1 1).

Ciu 4 (h.1)

1) Goi AO~MN=K. Ta c6 OAC=ACB

(vi 04 = 0C); ANM = ABC [= %sd @E“j

nén OAC+ANM =ACB+ABC=90v.
AKN =90, tirc 1a AO L MN.

Suy ra

Hinh |
2) Chimg minh tir giac BMNC ndi tiép.
Goi I=AHNMN , goi J 1a tim duong tron
ngoai tiép tam gidc MNC thi JI//AO (clng
vuong goc voi MN); JO// AH (cing vudng
gdc vai BC) nén tir giac A/JO la hinh binh

hanh, suy ra

QJ= AI—%:_‘C(

BC 7

)03—— —( °m).

Dodﬁﬁi:JMﬁ:[ ]a{“{_]—( )

Céau 5 "
1) Pang thirc can chimg minh twong duong
- 1 & 1 " 1 1
S 25 S 25§ 285 38
+— —+— =+ -
a+b+c

Il

a & & v & @

TOAN HOC
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o Eeftlﬁk chon hoe¢ sinh g'mn o
MON TOAN LOP 9 TiINH PHU THO

NAM HOC 2011 - 2012
(Thoi gian lam bai: 150 phut)

Cau 1. (3 diém)
Tim tit ci cac sb nguyén duong n dé hai :3.0
n+26 va n-11 déu la lap phuong cua hai sd
nguyén duong nao do.
Cau 2. (4 diém)
Gia stir @ 1a mdt nghiém cua phuong trinh
J2x?+x-1=0. Khong giai phuong trinh, hay
tinh gia tri cua bicu thirc

2a-3

- 2Qa*-2a+3)+2a2

Cau 3. (4 diém) -
a) Giai phuong trinh v/8x+1=x2 +3x-1.

—— p 2x2—y2 =]

b) Giai h¢ phuong trinh -
xy+xs=2.

Cau 4. (7 diém)
Cho dudng tron (O ; R) va diém Wnam ngoai
duong tron. Qua diém M vé hai tiép tuyén
MA, MB t61 dudng tron (4 va B 1a cac tiép
diém). Goi D la diém di dong trén cung lom AB

(D khong tmng voi A, B va du,m chinh gitra
cua cung) va C la giao diém thir hai cua
duong thang MD voi dudng tron (O; R).

a) Gia st [ la giao diém cua cdc dudng thang
OM vé AB. Ching minh raing MH.MO =
MC.MD, tir d6 suy ra duong tron ngoal tiép
tam gidc H/CD ludn di qua mot diém cb dinh.
b) Chirng minh ring néu diy 4D song song
voi duong thang MB thi duo*ng thing AC di
qua trong tdm ( cua tam giac MAB.

¢) Ké dudng kinh BK cua duong tron (O; R).
goi I 1a giao diém cua cac dudng thing MK
va AB. Tinh ban kinh dudng tron ngoai tiép
tam giac MBI theo R, khi biét OM = 2R.

Ciu 5. (2 diém)

Cho cic sb thuc dwong a, b, ¢ thoa man
abe+a+b=3ab. Chimg minh rang

ab b ‘
N e e e el
a+b+1 Nbe+e+l VNeat+e+l
THANH LOAN (/1a Noi)
Suu tAm va gidi thiéu

Ap dung BPT Cauchy, ta ¢

S g1 0,
a b a b b) a+2b

WY 2.5' 95 § 2§ A
Tuong tu — i
b ¢ b+2.: c a

1 3 1 -%—1—— a+b+c 1
S T W FW a3 3B

+— =+ R e
g & b © ¢ 4 a+b+c
Ding thic xay ra khi a = b = ¢, tic la tam
giac ABC déu. M
2) (h.2) _
Trong 8045 diém
luén tim dugc 3
diém la dinh cua
tam giac co dién
tich 1on nhat, gia

. Do dé

c+2a

D

Hinh 2

TOAN HOC

st do la A, B, C v&i Sypc<l. Dung cac
duong thing di qua 4 va song song v&i BC,
qua B va song song voi AC, qua C va song
song vai AB, ching déi mot cat nhau tai M,
N, P. Khi d6 Synp =48 45c <4.

Ta s& chimg minh ring 8045 diém da cho
nim trong hoiic trén canh tam gidc MNP.
That vay, gia st 3IDgAMNP (chang han D
va B cung thuc nira mat phang bo chira AC)
thi Spic>Sspc (miu thudn véi cach chon
tam giac ABC). Tam giac MNP dugc chia
thanh 4 tam giac nho bang nhau ANC, AMB,
ABC, BCP. Tacé 8045=4.2011+1. Theo nguyén
tic Dirichlet tbn tai it nhat 2011 + 1 = 2012
diém phai nam trong hodc trén canh cia mot
tam giac nho ¢6 dién tich khong lom hon 1.

GIA LINH (Ha Noi)
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cnuﬁ'n bi

. cho Ki thi

| 6t nghiép THPT
i va thi vao

:BANGQPHUONG PHAP

Trcn Tap chi Toan hoc va Tudi tré sé 402
thang 12 ndm 2010 c6 bai "Vé bai toan
tinh thé tich ichu.' da di¢n" cua tac gia Phan
Cung Dirc vé céch tinh thc tich khéi da dién
bang phuong phap truc nep théng qua viéc
tinh dién tich ddy va chiéu cao cua khéi da
di¢n. Voi mgt sé bai toan vice tinh the tich
khéi da dién bang phuong phap true tiép doi
khi gap kh6 khan trong viéc xac dinh chiéu
cao va di¢n tich day. Khi do ta sé phai sur
dung phuong phéap gian tu.p dé tinh thé tich
khoi da di¢n. Trong bai viet Ildy tac gia xin
dugc gigi thigu mot so thi du ap dung phuong
phap gian tiép dé tinh thé tich khoi da dién.

I. KIEN THUC CO BAN

1) Céng thirc tinh thé tich khéi chép
P %Bh (B 1a dién tich day, A la chiéu cao).

2) Cong thirc tinh thé tich khdi lang tru
V = Bh (B 1a dién tich day, h 1a chiéu cao).
3) Cho hai khéi da dién H va H, cé thé tich

g B . .
twong (mg 1a Vva V, biét —=4k va ¥V, =athi

1

V = ka.

4) Néu chia khoi da dién H thanh cac khéi da
diénH,H>,..H,thiV=V+V+..+V,

(¥ 14 thé tich cua khéi da dién H, V, 1a thé tich
cua khéi da dién H, i =1,n).

5) Cho hinh chop S.ABC va A’, B, C* lan
luot 1a cac diém nam trén cac canh 54, SB,
SC khi do ta co hé thie

.5 gl el

SA SB SC

x
I{.S'..-'I'B'[" -

VS.AB(.’
II. PHUONG PHAP

e Néu tinh thé tich khoi da dién H bang
phuong phap truc tiép kho khén ta ¢o thé chia

NHBTHE TICHIK#

G_IAN\'I'IEP ;
THAN Dy

e
' ?,. s
T 6V Son Bcjng S& 3, Béc Giang)

khdi da dién H thanh cac k}]m da di¢n nho ),
H>, ..., H, ma viéc tinh thé tich cua cac khoi

da di¢n M, (i=1,n) 1a don gian hon.

o Khi biét ti s6 thé tich cua hai khbi da dién H
va H', néu viéc tinh thé tich khéi da dién H
gip kho khan ta cé thé tinh thé tich khéi da
dién H' ri suy ra thé tich khéi da dién H.
1. CAC THi DU MINH HQA

* Thi du 1. Cho khoi chop S.ABC véi tam
giagc ABC wvuong can tgi B, AC
SA L (ABC)va SA = a. Gia si I la diém

2a,

thudc canh SB sao cho Sl :%SB. Tinh thé
tich khoi ne dién SAIC.
Léi gidgi. (h.1)

s

Hinh1 B
Tam gidc ABC vudng cin tai B ¢6 AC = 2a

nén AB=BC=aJ2. Do dé sﬂ:—;Aaﬁczfﬂ.

Vi S4 1 (ABC) nén SA la chiéu cao cua hinh

l K}
chdp S.ABC. Suy ra Vg ype = ESAH(—.SA =

3
Vowe _SA ST SC_1 oo
Vewe SA SB SC 3

TOAN HOC
“CTusie 5
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1 la a3

_EV.SAH( 3 3 = 9 .

* Thi du 2. Cho hinh chép S.ABCD cé day
ABCD la hinh chit nhdat, AB = 2a, BC = a; S§4
=SB = SC = 8D = a2 . Giga si E la d:'ém
thuoc canh SC sao cho SE =2EC, F la diém

VS.A#(.’

thudc Tinh thé

canh 8D sao cho SF = %! i
9

tich khoi da dién SABEF.
Loi giai. (h.2)

Hinh 2

Ta C{) S,‘IHL'D = ABB(,‘ = 2.‘_?2‘
Ap dung dinh li Pythagore cho tam gidc

vuong ABD taco BD =~ AB? + AD*? = avf5.

Goi O=AC A BD thi 30:%39 = “f.

Xét tam gidc SBD cén tai S c6 SO la trung
tuyén nén SO dong thoi la duomg cao cia tam
giac SBD . Suyra SO L BD.

Chirmng minh tuong tu ta c6 SO L AC . Suy ra
SO L (ABCD) hay SO la duong cao cia hinh
chop S.ABCD. Ta co

so:mj/(aﬁf[‘“’g]h =

2

] ] a.\fg a3
Vs apcp = SS.-us-::u-SO =—2a2 =

3 2 &5

a3

2

Mit khéc Lo WY
e 84 58 8¢ 3
TOAN HOC

6 : cl'uéltl_;e SG6 429 (3-2013)

2 | a’

= Vs 85 = S‘Vs..‘mcr = ‘E“Vs,mw = :{7; (h

Vsacr _SA SE SF _2 1 _1

Vsaco SASC'SD 34 6

= Vsaer = lVS.A(_D :L 5.4BCD = a_3 (2)
6 12 1243

T (l)va(2)tacd

& & 583

Vsaper =Vs.ape + Vs apr = 3\5 ¥ 12\5 =
% Thi du 3. Cho hinh lgp phwong ABCDABCDY
canh a. Goi M Ia trung diém ciia canh BB’

Mt {nhmrg (A ‘MD) chia hinh lap phuwong

thanh hai khoi da diéen. Tinh 11 s6 thé tich cua
hai khoi da dién trén.

Lvi gidi. (h.3)

.a

N Hinh 3
Goi N la giao diém cua A°M va AB, K la giao
diém cua DN va BC.
Mit phing (4°MD) chia hinh lap phwong
ABCD.A’B’C ’D" thanh hai kh&r da dién
A’MKDAB va khoéi da dién A°B°C’ D’ MKCD.

Do AB 11BN uen 38 M8 _
BN _ MB

= BN=AR =a.
Do BN ICD nen 28 BN AF
Ck CD €D
— BN =R =2
2
) 1 a’
Ta cb Vyaom =—BM.BN.BK =2,
6 2
% o g
AA'ND 6 3
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@ o Ta
= VH..H-'\.I'K R T

3 24 24
Thc nch khéi lap phuwong ABCD.AB'C’D’

i =
I’.J'.’I-F:'E:‘J,—IH == VI A'ND

bang, &
T Vigcp.awcon =Visoas +Vawcopmep
£ e
= Vipenmen =Vasep aocp —Vaukpas
1a® 174° Vi vwcnan 7
=g3 — — o) - - E e

24 - 24 VA'B'("H‘M’KI'}') 1?
* Thidud. Cho hinh chép O.ABC co OA,

OB, OC doi mot vuong goc vai nhau, OA = a,
OB = b, OC = ¢: OA", OB’, OC’ lan lwot la

dwong cao cua cac tam s,r.rar_ OBC, OAC,
OAB. Tinh thé tich cua khoi nhup 0AB'C’

Loi giai. (h.4)

Hinh 4 B

1
Ta co V;,:,m( —EOAOB(X:'_E{EC_ Do (MJ_(B,

0OA L OC,0B LOC, nén cic tam giac
OAB, OAC, OBC vuodng tai O.

Ap dung dinh Ii Pythagore ta c6 AC=+a*>+¢2,

AB=+a’+b*,BC=~b*+c2.
Xét tam giac OBC vuong tai O co 04" la
1 1 1

dudmg cao nén = +
4%  OBF*  0OC?
2 OC? B2
:>OA'2:OB'OC _ ’c .
OB? +0C? br+4c?

Ap dung dinh li Pythagore trong tam gidc
vudng 04’ Ctaco OC? = 04"+ CA"

4

L R o OO AR S
Jb 42

Chimg minh tuong tu, ta co

i B ey W e @

AN v L = v kA
b* b? _
BC'= m;gff': \,m Mait khac
Vo.cas = Veoas _ CO CA' CB'
Voasc Vcosa CO CB CA
o
i (bz +c2)(03 +c‘2)'

Cd

(6% +¢?)(a* +c?

Chirng minh twong tu, ta dugce
a4

{ 2 4+ b2 ](a2 +c?
bf-l

(a®+b2)(b>+c?)

= { Vocaw +Vousc +Vosre )

Suyra Vocyp = ) Vo ase-

VfJ‘.,-IH'( ) K’J ABC 3

Do do

VO.J‘H'(" = K‘).AB(’.'-

Vr}.A*H'(" = VU ARC

=[] _[(f’: ”’SZGE +%) Jr{.c«2 +b;;;b3 +&)

ol abc
+(az +c? )(bz +¢?) D_ﬁ_ =

BAI TAP

1. Cho hinh chép S.ABCD c¢6 day ABCD la
hinh chir nhat, duong thing S4 vudng géc vai
miat phang (ABCD), G la trong tdm cua tam
gidc SBD, mit phé‘;’mg (ABG) cit SC tai M, mat
phang (ABG) cat SD tai N. Tinh thé tich khdi
chop S.ABMN; biét SA = 4B = a, goc glua
dudmg thing AM va mit phing (4BCD) bing
30"

2. Cho hinh chop O.ABC c6 O4, OB, OC doi
mot vuong goc voi nhau; OA4 = a, OB = b,
OC =c; 0A°, OB’, OC’ lan lugt 1a cac dudmg
phén giac trong cua cac tam giac OBC, OAC,
OAB. Tinh thé tich cua khdi chop 0.4 'B°C".

3. Cho hinh chop S ABCD c6 ddy ABCD la
hinh vuéng canh a, S4 vubng goéc v mat
phing (ABCD), SA=a\3. Goi H, K lan luot
la hinh chiéu vuéng goc ciia diém A trén céc
canh SB, SD. Mit phing (4HK) cit SC tai I.
Tinh thé tich cua khdi chop S.AHIK.

TOAN HOC
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Thi sote TRUGC Ki THI
PE SO 6
(Thaoi gian lam bai: 180 phur)
PHAN CHUNG

Cau I (2 diém)

2x+1 (©)

x-1

1) Khao sat su bién thién va v& d6 thi ham s6 (C)
2) Tim m sao cho hé phuong trinh sau co
dung 4 nghiém nguyén

(y-Dx-y-1=0
x?-2x+yr—4y+5-m? =0.

Cho ham s6 y =

Ciu I (2 diém)
1) Giai bat phuong trinh

(Vx+5 —+x=3)(1++x*+2x-15)28.

2) Giai phuong trinh

3sin? x +2cos?3x +cos3x=3cos* x —cosx +1.

Cau 111 (1 diém)

m

Tinh tich phan [= __Nl —/3sin2x +2cos? x dx.
0

Cau IV (1 diém)

Cho hinh lang try dimg ABC.A,B,C, ¢6 AB = a,
AC = 2a, A4=2a~/5 va BAC=120°. Goi K,
[ 1an lugt I3 trung diém canh CC,, BB,. Tinh
the tich khoi chop A4.4,BK va khoang cach tur
diém [/ dén mat phang (4,8K).

Cau V. (1 diém)
Tim gié tri nho nhét cia biéu thirc

P:max{x;y;z;z+i+i}

X ¥ &z

trong d6 x, y, z la cac sb thue dwong.

PHAN RIENG
(Thi sinh chi dwoc chon mjt trong hai phfin A hodc B)

A. Theo chwong trinh Chuén

Ciu VLa (2 diém)

1) Trong miat phang véi hé toa d§ Oxy, cho

duong tron co phuong trinh
x2+y?=2x-4y-15=0

va diém A(-1;3). Tim toa d9 cic dinh cua

hinh chit nhiat ABCD noi tiép trong duong

tron da cho, biét dién tich hinh chir nhét bing
20(dvdt) va diém B c6 hoanh d6 4m.

2) Trong khéng gian voi hé toa dd Oxyz, cho hai

- x=2+3m
duomg thing d,: va d,{ y=I1
z=—+8¢ z=—I1+4m
3

Chimg minh ring d, va d, cit nhau. Viét
phuong trinh dudng phén gidc goc tu tao boi
hai dudong thing dé.
Ciu VILa (1 diém)
Mot hop bi ¢6 5 vién bi do, 3 vién bi vang va
4 vién bi xanh. Xét phép thir liy ngau nhién 4

TOAN HOC
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vién bi tir hop. Goi 4 la bién ¢b "trong 56 4

vién bi lay dugc 56 bi do 1on hon so b1 vang".

Tinh xac suat cua bién ¢ A.

B. Theo thl(]l'lg trinh Ning cao

Cau VLb (2 d:em}

1) Trong mit phing voi hé toa do Oxy, viét

phuong trinh chinh tic cua elip (E). Biét (E)

c6 mét dinh cung voi hai tieu diém tao thanh

mot tam giac déu va chu vi hinh chir nhat co

sé bing 12(3+2/3).

2) Trong khong gian vdi h¢ toa d6 Oxyz, cho

madt cau (S) ¢6 phuong trinh
x*+y?+z2—4x—-4y-4z=0

va diém A(4;4:0). Viét phuong trinh mat

phing (O4B), biét diém B thugc (S) va tam

giac OAB deéu.

Cau VILD (1 diém) '

Cho tap hop 4={0;1;2:3;4;5}. Tir cac chir so

thudce tdp A 1ap dugce bao nhiéu sO tu nhién co

5 chir s6 va s6 d6 chia hét cho 3?

NGUYEN THANH GIANG
(GV THPT chuvén Humg Yén)
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HUGNG DAN GIAI PE SO 5

Cau . 1) Ban doc tu giai.
2) pé tiép tuyén tai M(xq,:0)e(C,) song
song vai duong thing y = —3x + 1 thi

v{xn)-—3<::>( 2_:2 =—3&3x] —6x, +1-m=0,
m=—2. Két hop véi gia thiét d(M.d)=+/10,

4
tim dugc m = 1 hodc m = -3—3

Cau Il. a) DK cos x#0, cosdx=0.
PT di cho tuong duong vai
Sﬁsinxcosh=(tanx+tan4x)+(tanmn4x—1)

sinSx cosSx

582 sinxcos2x= -
cosxcosdx cosxcosdx

<> 51n 8x=sin(51—g)

sl B Y e SR k—{k Z).
12 3 52

b) Cong hai vé ciia hai PT trong hé, ta c6
X2 +(p+D+3(x+y+1)+2x/y+1-10=0
2
y+1) +3(x+/y+1)-10=0
|:x+ 141 =5
=

-~ (.x+

X+ v+l =2,
Hé da cho ¢6 nghiém (x;y) la (0; 3), (1; 0).

l (\,‘l+ln3x+lnx)dx

| X

Caulll. Taco I=

Pat t=Inx ::-dr=E; khi x=1=t=0; x=e=>t=1.
X
Do dé

I I ] I
I=|In(¢r+v1+17 )di = F2) - dr
Iﬂ( Yt =tIn(t+\1+17), JJI-!-T

=In(1 I)—ijd“”) In(1+v/2)+1-+2.

Cau VI. Ké SH L(ABCD), vi SA=SB=SD
nén HA=HB=HD, suy ra H la tam dudng
tron ngogi tiép tam giac ABD, ma tam gidc
ABD déu nén HDLAB, tr AB/CD
=HD1DC(1). Theo dinh li ba duong
vuong goc co SD1DC(2). Tir (1) va (2) ta
thiy géc nhon SDH =300 chinh 1a géc cia hai
mat phang (SDC) va (ABCD).

NG

Tir SD=G‘,.§5:E}=3OG=>SH =—;‘|’J;HDITH

suyra AB =%a.

334}
16
Céu V. Ap dung BDT Cauchy, ta ¢6

N 1
Vay KT.ABCIJ=§-SABCD-SH =

| 2+4a 1 1 349 1 1  6+36c, |
2+4a 16 2}@5 36 36+36c, 144 6‘
S P+2+4a 3+9b 6+36c P>l
36 144 o

2
Ciu VI a. 1) PT duong tron (J._l] ‘}\7_2) =%
. x-1 y+2

bit sina= , CoSa= thi x= Jismcﬁl
V2 V2
y=\1§cosa-2, ae€[0;2n].

Tir d6 M(J2sina+1\2cosa—2)e(C).
PT dudng thang AB:x+y—8=0. Ta co

‘2005[.::-;‘})—9‘.
2

Pé Suup 16n nhit thi d(M,AB) 16n nhit,

d(M,AB)=

i n Sn
nén cos(af—z'}:—l:m:?, suy ra x=0,y=-3.

Viy diém M(0;-3)e(C) thi dién tich tam
giac MAB c6 gia trj 16n nhat.

TOAN HOC
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2) Ta cé6 AB=(-1:-2;-2); AC=(2;4;—4) nén
AB=3,AC=6. Ggi D la trung diém AC,
thi D(2;3;-1)e AC=AB=AD. Goi H la trung
diém BD, thi H(1;1;—1). PT dudng phan giac
x=l
AH can tim 144 y=1
z=1-2t(teR).
Cau VII a. Xét s6 phirc z=x+yi. Tir gia thiét
¢ (x—1)2+(y+2)>=S. Suy ra tip hop diém
M (x:y) biéu dién sé phic z 1a dudng tron
tam [(1;=2), ban kinh R=v5. Ta duoc
M{ﬁsinaﬂ,'ﬁmsrz—ﬂ voi  ae[0;2n).
Miatkhacw=z+I1+i=x+1D+(@+ i =
W = (x+1P2+H(y+1)? =(v/Ssina+2)2 +(/Scos a1y’
=] U+2\f§(25ina—cosa) ;
it r=2sin@-cosa, dé ton tai a thi
~J5 <1< 5= 2sina—cosa<+f5. Do do

| W]y =20 <>sina=——, cosa=—

1
J5 V5
=x=3; y=-3. Viy s6 phic d6 1a w=4-2i.

Ciu VI b. 1) Diit sina=——=>x=2y2sina,

2J2

cosa=l:>y:~ﬁcosa, trong d6 a<[0,2n].

J2
Do dé6 M (2 2sina;+/2cosa)e(E).
PT duong thing AB: x+2y—-11=0. Ta cd

4cos(a-_j )—1 1‘
NG ;

Dé Sy4p nho nhit thi d(M, 4B) nho nhit, nén

d(M,AB)=

cos[a—j):lacI:Eﬁx:Z;y:I. Viy M(2:0).

2) Ta thiy (d,),(d>») cit nhau tai 7(1;1:1).

Chon trén (d,) diem M(2;3;3) thi /M=3.
x=t

PT tham sb cua (ds):4 y=—142¢ (1 €R).
z=3-2¢t

TOAN HOC .
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nén N(t;—-1+2t;3-20)e(d-).

; =0
Tathay IN=IM=3 < IN? :9<:{
=

Suyra N (0:-1;3),N,(2:3;-1).
Ta c6 IM=(1;2;2), IN,=(~1;-2;2), IN, =(1;2,-2).

Ma IM.IN,=1>0= Mﬁ;_{:%“; nén goc
nhon cta (d,).(d>) chinh la goc MIN,. Goi
K(2:3;]) 1a trung diém cia MN, thi duong
thang qua hai diém /, K 1a duomg phan giac
x=l+t
cua goc tao boi (d)).(d>) va PT IK:{ y=1+2r¢

z=],

Cau VIT b. Vi x>0,y>0, tir PT thir nhét coa
hé suy ra

l+x
logso13 ——=x—y
I+y
<> y—logag; (1+y)=x~log,g; (1+x) (1)

DE:“. f(f}=l‘—lﬂg30]1(l+f)‘ IE([};'{‘CC]
ham s6 f{t) ddng bién trong (0;+x).
Do d6 PT (1) codang f(x)=f(y)e>x=y.
Tir PT thir hai cua hé suy ra

suy ra

4 log, x=-2<>log, x=[%] (2)

4

Thé x = y vao PT (2) duge loglx=(%] :
4

Bing cach v& hai db thi z=log, x va z:[::.)
4
trén cung mét hé truc toa d6 Oxz ta thfly PT

co nghiém duy nhét x=%. Thur lai thi hé PT

c6 nghiém (x; y) la (%%J

NGUYEN LAI
(GV THPT chuyén Luong Van Chanh, Phu Yén)
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Tmng Pé thi chon hoc sinh gioi Quc gia
THPT Viét Nam nam 2013 co6 mot bai
toan hinh hoc hay, dé bai ¢o thé viét gon lai
nhu sau

WBAI TOAN 1. Cho tam gidc ABC, diromg
tron noi rfc'i;) V)] r:'(fp xue CA, AB f{fﬂ f{:'{rr tai
E F. Goi G, H lan lirot la cac diem doi xung
cua E, F qua 1. Duong thang GH cat IB, IC
lan heot tai P, Q. Gia su B, C co dinh, A thay

doi sao cho ti 50 ?:k (khong doi). Chung

minh rang dwong trung triec ctia PQ luon di
gua mot diém co dinh.

Léi gidi, (h.1)

Hinh |

Gia sir /B, IC lin luot cat EF tai K va L. Chu
y tam giac AEF c¢an tai A nén

—

KEC=AEF=

180° — BAC --!RO“—[‘JOMBAC]
2 h 2
=180°—BIC =KIC. Tir do tir gidge KEIC noi
tiép, suy ra JKC=IEC=90°. Tuong tu co
ILB=90°. Goi M la trung diém BC, J la trung
diém KL dé thay tam giac KLM cin nén
MJ L EF (1
Do G, H lan luot la cic diém d6i xing cua E,
F qua [ nén duong thang GH déi ximg vai

M RONG BAI TOAN HINH HOC
KINTHI HOCISINH
QUOCIGIANTHRTINAMP20)1'3'

TRAN QUANG HUNG
(GV THPT chuyén KHTN - DHQG Ha Noi)

dudng thing EF qua I. GH, EF lan lugt cat IB
tai P, K suy ra / la trung diém PK, twong tu /
la trung diém QL. Vay hai doan KL va PQ doi
ximg nhau qua /. Tt d6 néu goi R la trung
diém PO thi trung diém J cia KL va R doi
ximg nhau qua /, hay / 1a trung diém ctia JR.

Gia str dudng trung tryc cua PQ cit BC tai N,
ta thiy RN L PO, PQ// EF (2)

Tir (1) va (2) suy ra RN // JM. Gia sir [4 cit
BC tai D thi ID vudong goc voi EF nén ID
cling song song v&i RN va JM. Hinh thang
RIMN ¢6 IR=IJ va ID/RN/JM nén
DN = DM . Tam giac ABC cd AD la phan giac
e (khong d6i) nén diém D ¢
BE  AC ‘ _ .

dinh. M 1a trung diém BC ¢6 dinh nén diém N
doi ximg vai M qua BC clng co dinh. Vay
dudng trung truc cua PQ ludn di qua diém N
co dinh.

Nhgn xét. Viéc chimg minh IKC=IEC=90°
kha don gian vi do la cdc bai todan co ban lién
quan den dwong tron noi tiép va cac tiép

diém. Trong bai toan cho gia thiét %:k

(khéng dbi), nham muc dich suy ra chan
dieong phdan gidce goec BAC la co dinh.

Trong phép chitng minh trén, duong tron
dweong kinh BC va phép doi xieng tam I co vai
tro gquan trong. Diwa vao y twong do ching ta
co thé mo rong bai toan nay nhie sau

@ BAIl TOAN 2. Cho tam gidc ABC, diromg
tron ngi tiép (I) tiép xiic vai cac canh CA, AB
lan leot tai E, F. Cac diém G, H lan luot la
diém chia IE, IF theo mt ti s6 m khong doi.
Puong thang GH cdt IB, IC lan heot tai P,
Q. Gia st cac diém B, C co dinh, A thay doi

z AB P 3 S
saa cho 1 so T:aﬂ' (khong doi). Chung

TOAN HOC
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minh rang dwong trung tryc cua PQ luon di
qua mot diém coé dinh.
Loi gidgi. (h.2)

Hinh 2

Vé co ban 1o giai hoan toan gidng 1&i gidi bai
toan | trong truémg hop G, H d6i ximg qua 1.
Ta cha v ring néu G, H chia /E, IF theo ti s6
m nghia la duong thang GH la anh cia duong
thing EF qua phép vi ty tim / ti so m. Qua do
mdt cach hoan toan tuong tu ta chirmg minh
duge duémg trung truc cua PQ di qua N cb
dinh 1a anh vi tir cia diém M qua phép vi tu
tam D ti s6 m.

Nhdn xét. Trong bdi todn trén ta vain thay vai
tré quan trong cua dwong tron dwong kinh
BC. Ta ¢6 thé tim cdch thay thé yéu 16 do.
Thay duong tron dwong kinh BC bang mot
dwomg tron bat ki di qua B, C. Ta thu duoc
bai toan sau

& BAI TOAN 3. Cho tam giac ABC, I la tam
duwdng tron ndi tiép. Mgt dwomg tron (M) bat
ki qua B, C; IB, IC lan luogt cat (M) tai K, L
khic B, C; KL cat CA, AB lan luot 1gi E, F;
G. H lan lwot la doi ximg cua E, F qua I; GH
car 1B, IC lan luot tai P, Q. Gia si dwong
tron (M) va B, C ¢co dinh. Diém A thay doi

sao cho ti so %zk (khéng doi). Chimg

minh rang dwong trung truc cua doan théang
PO ludn di qua mot diém co dinh.

Léi gidgi. (h.3) Lo giai bai nay ciing gidng 131
giai bai toan 1, nhung ¢ ddy chi khac E, F'la
giao cua KL v&i CA va AB. Ta cb ging chimg
minh EF vudng goc vai A/ thi bai toan duoc

TOANHOC
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giai quyét theo y tudmg bai toan 1. That vay ta
thidy EKI=LKB=LCB=ICE.

Hinh 3

Tir d6 tir giac EKCI ndi tiép, ta suy ra
AEF =KEC=KIC. Tuong ty AFE=LIB ma
KIC=LIB nén tam giac AEF can c6 Al 1a
phan giac goc EAF, suyra Al 1L EF.

Pén diy 161 giai hoan toan twong tu 1o giai
bai toan 1 bang phép doi xing tam /. Ta chu y
duong trung tryc cua PQ s& di qua di€ém N co
dinh d6i xtmg véi M qua D.

Nhign xét. Bai toan 3 tuy rri'ngkqucir hon bai
todn | song loi giai dat dwgc dé dang hon do
da xudt hién ducmg tron tam M trong de bai.
Ta co thé phat biéu lai bai toan tro thanh kho
hon nhu sau

@ BAI TOAN 4. Cho tam gidgc ABC, I la tam
dwong tron néi tiép. Cdc diem E, F lan lugt
thuéc doan thang CA, AB sao cho IEC=
IFB=0.(khing doi). Goi G, H lan luot la cdc
diém doi xvmg cua E, F qua I. Duong thang
GH cat IB, IC lan luot tai P, Q. Gia su B, C

co dinh, A thay déi sao cho ti 56 :—f;k

(khéng dsi). Chimg minh rang duong trung
triee cua PO luon di gua mét diém co dinh.

Lai gigi. Do [EC=IFB=a (khéng dbi) ta dé
chl.'rqg minh tam giac AEF can, tir do néu {B,
IC lan lugt cat EF tai K, L thi B, C, K, L nam
trén duong tron (M) c¢6 dinh. Chén dudng
phén giac goc BAC la diém D co6 dinh. Khi do
dudng trung truc cia PQ s¢ di qua diem N
doi xirg voi M qua diém D c6 dinh (h.4).

NGODUCTHODUONGMINHCHAU
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Hinh 4

Nhan xét. Vai y twong ma rong qua phép vi
tie twomg twe bai todn 2, ta dé xuat bai toan
sau, loi giai két hop véi bai todn 2 va bai
toan 3, 4.

WBAI TOAN 5. Cho tam gidc ABC, I lét tdm
dwomg tron ngi tiép. Cac diém E, F lan heot
thuoc  doan rhcing CA, AB sao cho
JEC=IFB=a (khéng doi). Goi G, H lan lirot
la cdc diém chia IE, IF theo ti s6 m (khong
don. GH cdt IB, IC lan ot tai P, Q. Gia sw
B, C co dinh, A thay déi sao cho ti so

qf ~k (khéng doi). Chimg minh rang dwong

trung triec cua PQ luon di qua mot diém co
dinh.

Nhdn xét. Ching ta bdt dau cé thé nhdn thay
vai tro cua dwomg tron noi tiép tam I cé thé
thay thé dwoe. Tuy vay, khi d6 yé’u t6 chdn
dwomg phan gide ¢é dinh sé khang con duwoc
giir nguyeén.

@BAI TOAN 6. Cho tam giic ABC, P la
mot diem bat ki. Puong tron (M) bat ki di qua
B, C. Gia st BP, CP lan lwot cdt (M) tai K, L.
KL cdt CA, AB tai E, F. Goi G, H lan luot la
cac diém doi ximg cia E, F qua P; GH cat
PB, PC lan lugt 1ai Y, Z. Gia sir B, C va (M)
co dinh, A va P thay doi sao cho dong néi P
va tam dwomg tron ngoai tiép tam giac PBC
luon di qua mét diém cé dinh trén BC. Chimg
minh rang dwong trung truc cia PQ luon di
Gua mot diém co dinh.

Loi giai. (h.5)

Hinh 3

V¢ co ban loi giai hoan toan trong tir cic bai
todn trén. Goi X 1a tim dudng tron ngoai tiép
tam gidc PBC ta d& chimg minh dwoc XP L EF,
Chu ¥ ring véi gia thiét thi XP di qua diém D
co dinh thudc BC. Tuong tu ta chimg minh
duoc dudng trung tryc cua YZ di qua diém N
dbi xtmg véi M qua diém D ¢b dinh.

Nhén xét. Tuy rang bai todn 6 téng qudt hom
cdc bai triede song ta dé dang thu duoc loi
giai hon nho cde véu 16 ¢é dinh da cho sdn.
Chiing ta hoan toan cé thé téng quat hon mét
chiit bang cdch thay cdc diém chia PE, PF
theo ti s6 m khéng déi. Thuc ra voi bai todn
tong gquat va P bat ki ta co thé khai thac duoc
rdt nhiéu tinh chdt méi tir bai todn nay, xin
danh cho ban doc tiép tuc tim t6i.

Cudi cung chung téi xin néu ra mét thi du
(g dung bai toan tong quat khi P 1a truc tam,
loi giai no xin danh cho ban doc.

OBAI TOAN 7. Cho doan thang BC va
diem D thuéc BC cé dinh. Puong tron (0)
thay doi di qua B, C. M la diém doi ximg véi
O qua BC. Pucmg thing qua O song song véi
MD cat () tai A sao cho A va M nam khdc
phia doi véi BC. Mot duong tron (K) co dinh
di qua B, C; MD cdt duong thing qua A
vuong goc BC tai H; HB, HC lan lwot cdt (K)
tai E, F khdc B, C; Y, Z lan lwot 1a cdc diém
doi ximg cia E, F qua H. Chimg minh rang
dwong trung truc cua doan YZ luon di qua
mot diem co dinh khi dwong tron (O) di
chuyén.

TOAN HOC
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& chuin bi cho budi sinh hoat Cau lac bé Todn hoc ctia mot trudmg hoc, ban Sir di suu t?‘im
20 duge mot s6 t liéu vé mot s6 nha toan hoe tron chue nam sinh vao ndam 2013 ma hoc sinh
Bh‘o thong quen biét, duge ghi & dudi day. Ban hiy thir sap x€p cdc tur liéu do theo cic muyc A, B,
: C, D cho phi hgp nhé ! Mot s6 chit viét tit: Vién Han lam Khoa hoc viét la Vién HLKH, Cac cong

: trinh nghién citu viét la CCTNC, Todn so cap viét la TSC :
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CAC NHA TOAN HOC .
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A 5 .

Al A2. A3. Ad. AG. AT

Lazare Nicolas Michel PalErdds  john Charles Blaise Pascal Hermann Andrew

Marguerite Chasles Fields Amandus Wiles

Carnot Schwarz
B. NAM SINH VA NAM MAT thuyét him, Phuong trinh vi phan, Cic mit ¢6
B1. 19.6.1623 - 19.8.1662 dién tich cuc tiéu. TSC: Bit ding thic cta 16ng
B2. 13.5.1753 - 2.8.1823 binh phuong hai s6 trong dang toin phuong.
B3.15.11.1793 - 18.12.1880 D4, Vién si Vién HLKH Paris. CCTNC: Giai
B4.25.1.1843 - 30.11.1921 tich, Hinh hoc xa anh...TSC: Téng quit héa Dinh
BS. 14.5.1863 - 9.8.1932 Ii Menelaus, Cdc tinh chat ctia ti s6 bon diém trén
B6. 26.3.1913 - 20.9.1996 d!.nmgd th'e*!ng, cua chim bon duong thing, cua
hinh ur dién.

B7.11.4.1953 - ...

_ i = D5. Vign si Vién HLKH cic nuée Hungary, Anh,
C.QUOCTICH Hoa Ky, Ha Lan, Oxtralia, An Dg.,...CCTNC:
Cl.Anh C2.Canada C3.DPc C4.Hungary Viét khoing 1500 bai bdo vé Li thuyét s6, Giai
(5. Phip C6. Phép C7. Phip tich, Hinh hoc, Li thuyét tap hop, Li thuyét xap

D. MOT SO HOAT PONG KHOA HOC

D 1. Trong nhém chuén bi lap Vién HLKH Paris.
CCTNC: Li thuyét 56, Hinh hoc xa anh. Li thuyét
xdc suat, May tinh. TSC: Tinh chét ciic hé s6 cua
khai trién ldy thira mot nhi thire, Hinh siu canh
noi tiep duomg conic.

D2. Vién si cidc Vien HLKH Paris, Peterburg,
London, Berlin. CCTNC: Giai tich, Hinh hoc tinh
toan... TSC: He thitc vé ciic vecto, cic géc.

D3. Vién si Vién HLKH Berlin. CCTNC: Li

TOAN HQOC
1 4 & ‘Tl'uﬁil;;e S 429 (3-2013)

xi, T6 hop... TSC: Bit dang thic giita tong khoing
cdch tir mot diém trong tam gidc dén cic dinh va
téng khoang cich tir diém dé dén cic canh, Cic
ddy s6 nguyén 1.

D6. Vién si Vién HLKH Hoa Ky. Nhin duge 15
gidi thudng todn hoc danh gid. CCTNC: Li thuyét
s0. Chitng minh dinh 1i 1én Fermat.

D7. Vién si Vien HLKH cidc nuéc Nga, Anh,
Hoa Ky. Lap giai thuong cho cdc nha toin hoc
tré xuéit sic. CCTNC: Li thuyé&t ham dai s6, tich
phan Abel.

NGODUCTHODUONGMINHCHAU
DD: 0986885389
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Tir khoa trong ¢ot sim mau 1a: NHA XUAT BAN GIAO DUC. Mot s6 ban viét nham
Tuyén rap rdc éwhhnh Tuyén tép tdac gid. A T
Cic bﬂ sau céiﬁg@ diing va giri vé sém hon duge nhan tang phm : ’f; :
1) Hodn Thi %%yen 11 A1, THPT Duong Quang Ham, Van , Hung Yﬁb
DTo aglmq I1A, THPT Nam Dong Quan, Déng Hung, Thaj“ Tﬁg "};‘
3) Dam Mai Anh, 11T, THPT chuyén Lam Son, TP. Thanh H6a, Thanh

4) Nguyén Xudn Cuwong, 11 T1, THPT Anh Son 1, Nghé An.

5) Tran Xudn Dwong, 11 T2, THPT Trung Vuong, TP. Quy Nhon, Binh Pinh.

6) Lé Minh Pluwong 1 T1, THPT chuyén Phan Ngoc Hién, TP. Cai Mau, Ca Mau.
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CAC LOP THCS

Bai T1/429. (Lép 6). Tim d¢ dai canh hinh
vuong. Biét ring né la sé nguyén; dién tich
cua hinh vuéng la s6 nguyén co 4 chir sd,
trong d6 cic chir s6 hang don vi, hang chyc
va hang tram giéng nhau.
TRUONG QUANG AN
(GV THCS Nghia Thang, Tw Nghia, Quang Ngdi)
Bai T2/429. (Lép 7) Tim a),a,ay,a4,a;,a5,a;
biét ring 2a =3a,;2a; =3as; 5a, =2as: 2as =5a,.;
2a; =3a:;2a; =3a, va
a+a; +ay+ay +as +ag +a. =400,
PHAM TRUNG KIEN
(GV THCS Hé Ting Mdu, An Thi, Hung Yén)
Bai T3/429. Tim tit ca cdc cip s6 nguyén (x;y)
théa man phuong trinh x2(x2+y?)=ypr,
trong do6 p la s6 nguyén to.
DOAN CAT NHON
(GV THCS Nhom Lic, An Nhon, Binh Bink)
Bai T4/429. Tim gid tri lon nhat va gia tri
nho nhat cua biéu thirc P=xy+yz+zx—xyz,
trong 46 x, v,z la cac s6 thuc khong am thoa
man diéu kién x2+y?+22=3,
DUONG VAN SON
(GV THPT Ha Huy Tap, TP.Vinh, Nghé An)
Bai T5/429. Cho tam gidc ABC ndi tiép
dudng tron (O) cd cic goc BAC=70° va
ACB=50°. Trén (O) ta ldy nim diém M, N, P,
Q va R sao cho PA=AB=BR, OB=BC=CM va
NC=CA=AN. Goi S 1a giao diém cua day
cung NQ va dudmg kinh PP' cua (O). Chimng
minh raing ANRS «» ANQOR .
NGUYEN DANG PHAT
(Ha Naoi)

TOAN HOC
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CAC LOP THPT
Bai T6/429. Giai phuong trinh

P =3x=+/x+2,
CAO MINH QUANG
(GV THPT chuyén Nguyén Binh Khiém, Vinh Long)
Bai T7/429. Tinh cdc goc cua tam giac ABC
- T L.
sao cho biéu thirc T=—3tan5+4(sm— A-sin’? B)
dat gia tri 16m nht.
PHAM HOANG HA
(GV THPT chuvén Neoai Neww, DHOG Ha Noi)
Bai T8/429. Cho hinh chop S.ABC ¢6 5S4, SB,
SC d6i mot vudng goc voi nhau, S4=a, SB=h,
SC = c. Goi H 1a hinh chiéu vudng géc cua §
Ién mét phing ABC. Ching minh ring
abe3

aSypc +bSysc +cSip < 5

PHAN QUANG SON
(GV THPT Nam Khodi Chau, Hirng Yén)

TIEN TGI OLYMPIC TOAN
Bai T9/429. Cho p la 50 nguyen to 1é va hai
s0 nguyén duong x, v thay do6i thoa man
\ﬂ+ﬁ£,32p. Tim gi4 tri nhé nhat cua biéu
thire A=1|l2[1—\f;—\/;.
LE XUAN DAL
(GV THPT chuvén Vinh Phic)
Bai T10/429. Ton tai hay khong ham sb
/N >N thoa min diéu kién
S(mf(n))=n+f(2013m), Vm,neN"?
NGUYEN TRONG TUAN
(GV PTNK, DHQG TP. Hé Chi Minh)

Bai T11/429. Cho a,b,c la cac s0 thuc khong
am thoa man max {a, b, c|< 4min{a b, c}.
Chirng minh ring
2(a+b+c)ab+bc+ca)’
>9abe(a®+b* +c* +ab+be+ca).
DUONG bUC LAM
(SV K398 Khoa Toan Tin, DHSP Ha Néi)

https://tieulun.hopto.org
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Bai T12/429. Cho tam gidc ABC ndi tiép
dudng tron tim O; 7 1a tam dudng tron ndi
tiép. AI, BI, CI theo thir ty cét lai (O) tai
A.B,,C,. AC,, AB, theo thir tu cit BC tai M,
N. B4, B/C, theo thir tyr cat CA tai P, Q.
C,B,, C, A theo thir tr cit AB tai R, 5.

Chlmg minh r:'ing SMNPQRS < ES__ﬁ B

NGUYEN MINH HA
(GV THPT chuyén DHSP Ha Noi)

CAC PE VAT LI

Bai 1.1/429. M6t con lic 10 xo co d cimg k,
dugce dat thﬁng dimg. Vat treo khéi lugng m,
co dam:, hinh cau, ban kinh R. Chon goc O tai
vi tri cén bi’mg 0 hai phia cua vat, ngudi ta
dat mét ngudn sang S va man chin A . Nguon
sing tao bong cua vét ¢ trén man chin. Cho
biét S cach O mét khoang / (/ > R), O cach A
mot khoang d. Kich thich cho con lac dao
dong dieu hoa.

a) Tinh d9 dai bong cua vit theo li do x.

b) Cho & = 100 N/m, m = lkg, [ = d = 3cm,
R = lem. Tai wvi tri
v=4/10 cm/s  thi

3J17
5

vit c6 vin toc

bong c¢6 chicu dai

s c¢m. Tinh bién d0 dao dong cua vat.

NGUYEN HOAI NAM
(GV THPT Dwong Quang Ham, Van Giang, Hung yén)
Bai 1.2/429. M6t mol khi 1i tuong don nguyén
ta duge dung lam chit cong tac cua mot dong
co theo chu trinh nhwr hinh vé&. Gia thiét ring

p=2py,V =2V, pp=1,01.10°Pa,};,=0,0225m’.
a) Tinh cong thyc hién trong mét chu trinh.

b) Xac dinh nhiét lugng hé nhin dugc trong
mét chu trinh tng vai thai ki gidn abe.

¢) Tinh hiéu sudt cta dong co.

d) Hiéu suat Camnot clia mot dong co hoat
dong gitra hai nhiét 46 cao nhit va thap nhat

cua chu trinh bang bao nhiéu? So sanh né véi
hiéu suét tinh & céu c.

Fy
h c
pPl=-==---
r k4
PopF---- i d
I I
I ]
1 1 ;
J fl V V
NGUYEN VAN THUAN

(GV DHSF Ha Ngi)

FOR LOWER SECONDARY SCHOOLS

T1/429. (For 6™ grade). Find an integer size
square whose area is a 4-digit number such
that the last rightmost three digits are
identical.

T2/429. (For 7" grade) Determine the values
of ay,a,,as,as,as,as,a;. Given that 2a, =3a,;

2ay=3ay;5a,=2as;2as =5a4;2as =3a;; 20, =3ay
and a, +a, +ay +ay + as + ag + a; = 400.

T3/429. Find all pairs of integers (x;y) such
that x2(x2+y?)=y#?", where p 1s a prime
number.

T4/429. Find the maximum and minimum
values of the expression

P=xy+yz+zx—xyz,
where x,y,z are non-negative real numbers
satisfying x2+y?+2z2=3.
(Xem tiép trang 27)
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* Bai T1/425. Tim cdc s6 tw nhién N sao cho

khi ta xéa di vai chit s6 cuoi cimg cia né thi

s6 N giam di 1997 lan.

Lo giai. Gia su ta xoa di & chir s cudi cung

ctia N thi co thé viét N =10%a+b, trong d6

s& b 6 k chir sd. Theo gia thiét
10a+b=1997a (1

Vi az1 nén tir (1) c6 10ka+h>1997, suy
rak>2 (2). Tir (1) ¢6 b=a(1997-10%) nén

10X <1997, suy ra k <3. Két hop véi (2) ta
cO k= 3. Lac d6 b = 997a, ma b co ba chir s6
nén chi c¢o the b = 997, @ = 1, suy ra
N=1997. O
»Nhén xét. Cac ban sau o6 loi giai ding va gon:
Phii Tho: Neuvén Phromg Thao A, Lé Nguyen Quynh
Trang, Nguvén Duwong Hoang Anh, Nguyén Thanh
Vinh, Lé Quang Huy. 6C, THCS Van Lang, TP Viét
Tri; Nguyén Hai Dwong, 6A3, THCS Lam Thao; Vinh
Phic: Nguyun Thanh Vinh, Nguyvén Varowg Huy, Dé
Minh Trung, Nguyén Tiwong Vv, Nguyen Ngoc Bdo
Linh, Tran Thanh Huyé'r.-, N,gmyé-n Anh Dung, 6Al,
THPT Hai Ba Trung, TX Phuc Yén; Nguyén Trung
Kién, 6A5, THCS Yén Lac; Ha N§i: Lé Ngoc Sdang,
6E, THPT chuyén Ha Ngi- Amsterdam; Nghé Anm:
Tran Phwong Anh, Vieong Tran Luwe, 6A, THCS Ly
Nhat Ouang. bo Lu'-:mg, Ha Tinh: Ho Huy Nhién,
\-gu}en Thi Hoai, Nguyén Thi Triéu Vi, Nguyén Lé
Na, Phan Quang Linh, Ddu Thi Lan Anh, 6B; Pham
Quang Anh, Nguyén Xuin Huynh, Phan Thi Tra Phuong,

Neuyvén Thi Hwong Mo, Phan Minh Quang, Vo Thi Tra
G:ang Va fnre Thang, Tran Lé Tra M}, Lé 8T Hing,
Nguven Negoc Quang Anh, Neguvén Tién 1 J_’oang_, Pham
Mai Thién Thdo, Phan Thi Nhdgt Lé, Neuven Trdan Thao
Nhi, Bii Thi Ha Trang, 6C, THCS Xuan Di¢u, Can
Ldc; Binh Pinh: Tran Ca Bao, 6A1, THCS Phudc
Lée, Tuy Phuac.

VIET HAI
% Bai T2/425. Cho tam gidac ABC vuong tai
A ¢6 ACB=15". AC lay diém D
sao cho dwomg thang qua D vuong goc voi BD
cdit canh BC igi E thoa man DE = 2DA. Tinh 56
do goc ADB.
Léi gigi. Goi [’ la diém d6i ximg cia D qua A.

Trén canh

B

p A D £

« Néu DBA<3(° thi DBD' < 60° (do tam giac
BDD' cén tai B) va ADB > 60° > DBD' suy
ra trong ABDD' ¢6 BD’ > DD’ ma BD'=BD,
DD’= 24D = DE nén BD > DE (1). Mit khac,

C=15=> ABC =75°, ma ABD <30°
DBE > 45° = BED < 45¢
= BD < DE, diéu nay mau thuan vai (1).

nén

* Lap ludn tuon romg tir ta thiy khong thé xay ra
truong hop DBA > 30°.

Vay phai co DBA=30°, suyra ADB =60°. 0

»Nhin xét. Bai toan co it ban tham gia gidi, tit ca déu
cho dap sb dung, d6 1a cac ban sau diy (khéng ké céc
ban lop 8): Phi Tho: Pham Pirc Duy, Nguyén Nhit
Thang, Nguyén Tién Long, Lé Phuong Dung, Diuong
Gia Huy, TA1, THCS Lim Thao; Héi Phong: Liong
Thé Trung, TA1, THCS Hong Bang, Q. Hong Bang.

NGUYEN XUAN BINH

CONG TY RUNSYSTEM, mm“mmﬂvmm
rncsumlcncwwhmulmmmmm

Mmﬁwmmmmmmmmmmmmmmm
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* Bai T3/425. Tim s6 nguyén duomg n dé
[4]=4951 vai A la 16ng ctia n $6 hang sau

! '
— [+]} ["+—J £3+-'—){—]+.,.+ n+—n~w
L | »-).! \ 2”/.

Fa .

trong do ki hiéu [x] la s6 nguyén lém nhdt
khong virot qua x.

Laoi giai. Ta co

I & .3 n j
—t—t—t .+ —

2 2 2 2"
_n(n+1) } 2. 2 n

+B vol B=—+—+—+...+—.
2 2}‘_ .2_1 2"

A =(I+2+..,+n}+{

2
R& rang BEIE+-2——2:],VHEN’. Ta cling co

B=2B-B
[ 2 3 n)(l 2 3 n]
= l+—+—+.. 1 —|=t—=+=+..+=
21 23 2ﬂ—| 2 22 23 2:1-
t. kil 1 n
=l+—4+—+— -
2 2t 29
_ I 1
bt C:]+_—+_2+5 +2T, suy ra
1
2C=24+1+— -
2!7-..
; 1
Dodo C=2C-C= v
Viy Bt g SR
2ri—l 2 2

Do d6 1< B<2=[B]=1. Vi véi Vne N" thi

n(n+]} [A]_n(n+1) +(B]
2

o 4951 =" +1 n(n+1)=9900

(n+1)
2
< (n=99)n+100)=0<=n=99 (do neN").
Vay n =99 la gié tri cAn tim. O
»Nhin xét. 1) Day la bai toan hay vé phin nguyén.

Diém may chét cua bai toan 1a rit gon dugc biéu thirc
A, tir 46 xac dinh dugce phin nguyén cia A.

2) Céc ban tham gia giai bai nay déu tim dung két qua.
Cidc ban sau co loi giai tot la:

Vinh Phae: Nguyén Hiu Huy, Nguyén Thi Thém,
Nguyén Thi Tu Linh, Nguven Thi Tam, 8A1, THCS
Yén Lac; Phi Tho: Ngwyén Dirc Thugn, 8A3, THCS
Lim Thao; Bdc Ninh: Tran Phwong Anh, 9A, THCS
Yén Phong: Ha Noi: Te Lé Ngoc Sang, 6E, THPT
chuyén Ha Noi- Amsterdam; Ha Nam: Lé Tudn Anh,
8A: Hoang Bure Manh, 9A, THCS Dinh Cong Trang,
Thanh Liém; Thanh Héa: Lé Quang Diing, 8D, THCS
Nhir B4 S¢, Hodng Hoa; Nghé An: Pham Quang Toan,
8C, THCS Bang Thai Mai, TP Vinh; Ha Tinh: Nguyén
Thi Tra, 9D, THCS Lién Huong, Vil Quang, Phan Thi
Kim Tuyefn, 8A, THCS Xudn Diéu, Can Lac; Quang
Ngii: Nguyén Thi Ha Vy, 7A, THCS Hanh Phudc,
Nghia Hanh.

TRAN HOU NAM
% Bai T4."425 Tim gia tri nho nhat cua biéu

S
1+ \.. & T 3"I ‘\"I- .
, trong do x, v, z

thire P=
Xy + yz+zx

la ba so thuc dwong thoa mdn diéu kién
EFyp¥g=3

Léi gigi. T diéukién x+y+2z=3 suyra
Axt+yr+z2)+ v+ yz+z0)=18 (1)

Mat khac, ap dung bat ding thirc Cauchy cho
cac sd duong ta co

2x3+3%{;=x3+x3+iﬂ+{f}+i‘f}25x.

Ding thire xay ra khi x = 1. Tuong ty ta ciing

c6 2y2 +33yy 259,222 + 3z 2 5z,

Cong theo vé cac bit ding thirc trén duoc

2(x* + ? +zz)+3(3\!;+3ﬂ+3£} 25(x+y+2z)

= 2(x2+y2+2)+3(1+Yx+ Yy +¥2)218 (2)

T (1) va(2) suy ra

3(1+¥x +3fy +¥z)24(xy+ yz+ 2x).

l+\E+J}+J_ 4

-3

xy+yz+zx

Dodotaco P=

Bﬁng
thirc xay ra khi x = y =z = 1. Viy gia tri nho
nhit cua biéu thic P bing g dat duge khi
ypegremama] 1]

»Nhin xét. 1) Cdc 1&i gidai ma Toa soan nhin duge

déu giai ding. Céc 11 giai phan lén s dung dat an
phu, bién doi thém bat nhér gia thiét x+ y+z =3, hoiic
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danh gia tr $6 vi mau sé dé tim dugc gia tri nho nhat
i g P — . 5
cua bicu thire ¢dn tim la 5 nhir trén.

2) Tuyén duong cdic ban sau diy c6 101 giai tot:

Phi Tho: Quan Pirc Binh, Nguyén Minh Duwong,
Ngmen Ting Duwong, Tran Ngoc Dat, Dinh Minh Ha,
Tran Thi Hong Ngoc Huyén, Quan e Manh, .Nguyen
Quynh Trang, 8A1; Mguven Purc Thudn, 8A3; Nguvén
Thanh Quang, Nguyén Huy Tuyén, 9A3, THCS Lam
Thao: Nguyén Nhdt Ha, 9B, THCS Phong Chau, Thij xa

Phi Tho; Vinh Phic: Hoang Thi Lan, Kim Van Thign,
8A: Hodng Thi Minh Anh, Nguyén Thi Tii Linh, Nguyén
Thi Huong Ly, Nguyén Thi Tdm, Nguven Thi Thém,
8A 1. THCS Yén Lac; Lwong Kim Hai, 9B, THCS Lién
Bao, Vinh Yén; Thanh Héa: Nguyén Hiru Hoang, 8B,
THCS Triin Pha, Nong Cong; Nghé An: Lirong Dinh
An, 8B, THCS L& Héng Phong, Hung Nguyén.
TA NGOC TRi

% Bai T5/425. Giai phwong trinh

X =2x+T4+Vx+3 :Zvﬂ8.1'+w’t+url+8x.
Léi gigi. Bién d6i phuong trinh da cho thanh
2 +6x+94+x+3=1+148x+2v 1+8x +/1+V1+8x
S (x43) +Vx3 =(1+V1+8x )2 +y1+1+8x (1)
Pt vx+3=a, y1+V1+8& =b (vai a>0,b>0).
Khi d6 PT (1) tré thanh
a‘*+a=b*+b

Sat-bt+a-b=0

< (a-b)(a+b)a?+b*)+1)=0
Via>0,b>0nén (a+b)a*+b*)+1>0.
Dodbé a-b=0<a=5b. Tucla

Vx+3=41+41+8x
e x+3=1+JI+8x = x+2=+]1+8x

o x+220 - x2-2 i, F=1]
1+ 8x=(x+2)? x?—4x+3=0 |x=3

Viy tap nghiém coa phuong trinh la {1;3}.00

»Nhdn xét. Bai nay c6 nhiéu ban tham gia giai, da 56
cac ban khong dat an phu nén trinh bay dai dong.
Tuyén duong cac ban sau cé 1o giai tot, trinh hay sang
sua: Phi Tho: Quan bire Binh, BAL, Nguyén Thanh
Quang, Trieong Anh Ti, 9A3, THCS Lam Thao; Ha
Nam: Hoang Pirc Manh, 9A, THCS Dinh Céng Trang,
Thanh Liém: Vinh Phic: Nguyén Thi Quynh Trang,
9A, THCS Lap Thach, Hoang Thi Lan, 8A, Nguyén Thi

TOAN HOC
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Thém, 8A1, THCS Yén Lac; Ngh§ An: Nguyén Van
Hoa, Trieong Ngoc Hing, 9C, THCS Ly Nhat Quang;
Ha Tinh: Trdn Poan Trang, 9C, Phan Thi Kim Tuuen
8A, THCS Xuin Diéu, Can Ljc; Quing Negii: Tran
Thi My Ninh, 9A, THCS Nghia My; TP. Hé Chi
Minh: Nguyén Bao Tran, 8T1, THPT chuyén Tran Pai
Nghia; Vinh Long: Doan Hoang Gia Bdo, 8/11, THCS
Lé Quy Don, TP. Vinh Long.

PHAM THI BACH NGQC
* Bai T6/425. Cho tam gidc ABC khong can.

Ke cac duong trung tuyén AA', BB', CC"; cdc
duomg cao AH, BF va CK. Biét rang CK = BB',

o bl |

BF = AA" Timti s6 C—
AH

Léi gidi

&
\ A’
. H
EXM

- -

K 0 .4\073

F

Khong mat tinh tong quat gia s ring
1=AB < AC < BC. Goi M la trong tdm tam
giac ABC, ké A'E L AC, B'Q 1 AB. Khi

do A'E:%BF =%AA', suy ra AAE =30°,
Tuong ty BBA=3(. Dé y ring A'B'M=B'RA
— BAM =30°, ta thiy AB'A'M e A4A4'B',
A'B"  AA

din dén ——="—> AB?=AAAM,
AM AB
hay 4'B? =34'M?. Tir d6 suy ra A'MB'=120°

hodc A'MB'=60° (theo dinh li sin cho tam
giac A'MB').

o Néu A'MB' =120° thi tam gidc A'MB' cin
tai M, tam gidc AMB cin tai M, suy ra
AA' = BB', nén AC = BC, miu thuan voi gia
thiét AC < BC. Kha ning nay khong xay ra.

e Trong truong hgp A'MB'=60°, ta co
BA'A=AAB=90°, BBA=30°, tam gidc

BAB' cintai A, nén AB'= AB =1. Tir d6 tim

https://tieulun.hopto.org
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dugc AC=248B=2; BAC =120°. Ap dung

dinh i cosin cho tam gidic ACC' ta ¢o

CC"? = AC? + AC"? —=2A4AC.AC cos120° =%

Ja

e g . Xét tam giac vuong AA'B’

c6 AA* = AB"? - A'B" = % Mat khac

(i - 4448 =@_Dodég=3
JAd?+AB? 7 AH 2

»Nhin xét. Nhiéu ban giai 16t bai toan nay. Sau day la
danh sach cic ban co 1o gian gon hon ca:

Ha N§i: Kiéu Hoang Anh, 11A1, THPT Quoc Oai; Vinh
Phic: Hoang Do Kién, 12A1, THPT chuyén Vinh Phic;
Hoa Binh: Ddng Hiw Hiéu, 12 Toan, THPT chuyén Hoang
Vin Thy; Hai Phong: Luomg Thé Sem, 10 Toan, THPT
chuyén Trin Phi; Hung Yén: Ngwyén Thi Viégt Ha,
Nguyén Trung Hiéu, 11Toan 1, THPT chuyén Hung Yén,
Thai Binh: Vi Van Ding, 10 Toan 2, Nguvén Hai Link
Chi, 11 Toan 1, THPT chuyén Théi Binh; Thanh Hoa:
Tran Trung i, 10 A6, THPT Pao Duy Tir, TP, Thanh
Hoa; Nghé An: Luong Dinh An, 8B, THCS Lé Hong
Phong, Hung Nguyén, Nguyén Thi Quynh Loan, 11 T1,
THPT D6 Luong 1, Ho S¢ Thanh, Nguyén Pric Nguyén,
Tran Trong Tinh, 11A1, THPT chuyén Phan B¢i Chéu,
TP. Vinh, Chu Tw Tai, 12 A12, THPT Dién Chau 2;
Quing Ngii: Tong Thanh Nguyén, 10 Toan 1, THPT
chuyén Lé Khiét; Phia Yén: Lé Nhgr Thang, 12 Todn,
THPT chuyén Lrong Vin Chanh.

HO QUANG VINH

% Bai T7/425. Cho ay, a,, ... a, (nz13) ia

cdc s6 thue dwong thoa man diéu kién
n—1

(ay +a +...4 u,,]: > (a,‘q +a-_f +..+ aj}.

Chitng minh .l'::ing khi do a;,a;,a; la do dai
ba canh cua mot tam gidc, trong do i, j, k la cac
50 fir nhién thoa man diéu kien 0 < i <j<k <n.

Lai gidgi. Gia st ¢6 ba sb nao d6 khéng la do
dai ba canh cua mdt tam gidc, ching han la
ay,a>,ay va ay+a, <ay (1). Ap dung bat
ding thirc Bunyakovsky cho hai diy, mdi day
cO n—2 s0 thuc:

day tha nhat : \Ja? +a? +a?, a,,a;s,....4a, ;

day thir hai : \/g va n-3s61.Taco

8 i i
[\fg(a,- +a3 +aj)+ay+as +..,+a,,J

5[-2—+n—3]{a]3 + a3+t a2)

n—1

3 -
hay (at +a3 +...+a?)

8
E{Jg{af+a§+a§]+a4 tas+.tay | -

Két hop v6i BDT diéu kién suy ra

2

(@ +a +“‘+an)2 E[Vg(a]z +a3+ag ) +ay+as +...+a,,}

=

8
Da+a+as >\/§(aﬁ +ai +aji)

= 3(a +a +va ) >8(at + a2 +a?)
= 5(a, +a; Jr,;;;_;)2 < 6(aa, + aray + ayay) (2)
Gia sir a3 =a, +a, +x voi x>0. Thay vao
(2), ta dugc
5+ +Ha +a +x) )<6( an Ha +a N +a +x)).
Rut gon thanh

4(al +a3)—8Baya, +5x* +4x(a +a,) <0
< Ma, —a,) +5x7 +4x(a, +a,) < 0.
Bét dang thire khong xay ra (do biéu thic &
vé trai duong). Gia thiet (1) sai. Viy
a;, a;, a; 1a do dai ba canh ciia mdt tam gidc,
trong dé i, j, k 1a cdc s& tu nhién thoa man
dicukién O<i<j<k<n.0O

#»Nhidn xét. 1) Pa sb cac ban giai bai toan voi n = 3,
sau do xét trudmg hgp tong quat; hojde sir dung phuong
phap quy nap. Tuy nhién laim nhur viy déai va phire tap.
Ban Nguyén Trung Hiéu, 11 Toan 1, THPT chuyén
Hung Yén dat ra van dé BDT diéu kién co thé viét

dudi dang (a +as+..4 u,,)3>Ln---;]{aE +al+.+aq) ;

mit khic lai 6 (a)+az+...+a,) <n(af +a3+. +a?).

TOAN HOC
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Cau hoi dat ra la co thé thay 2 sk e 1 sao cho
két ludn cua bji toan van ding. Cac ban hay ciing kiém
tra va giai quyét van dé nay nhé.

2) Cic ban sau ddy 6 loi giai tot:

Nam Dinh: Tran Phic Tai, 10 Toan, THPT chuyén Lé
Héng Phong; Thai Binh: Nguyén Hai Linh Chi, 11
Toan 1, THPT chuyén Thai Binh; Ha Tinh: Phan Van
Trung, 10T2, THPT chuyén Ha Tinh: Hung Yén:
Newvén Trung Hiéu, 11 Toan 1, THPT chuyén Hung
Yén; Nghé An: Nguyén Van Som, 11A1, THPT chuyén
Phan Béi Chiu, TP Vinh; ¥inh Phic: Hoang Pé Kién,
12A1, THPT chuyén Vinh Phic; Ha Nam: Lé Anh
Tuan, 10A1 K54, THPT chuyén ban Ha Nam.

NGUYEN ANH DUNG

* Bai T8/425. Cho hinh chop S.ABCD, day
ABCD la hinh binh hanh co thé tich la V. Mat
phang (P) cdt cdc canh SA, SB, SC , 8D lan
heot tai A', B', C', D' thoa man dang thire
54 SB v . e ;
i- S? +£) =8. Dat thé tich cua
sS4’ SB' SC' 5D’ .
hinh chop S.A'B'C' la V|, va thé tich cua hinh
chop S.A'C'D' la V.

e
" — 1 42
Chung minh rdng ——+-—p=<—F=.
31 M1 17

\‘l'l 1 Ij A

Lei giai (hinh vE)

Goi O la tim hinh binh hanh ABCD, va O’ la
giao diém ciia SO voi (P). Xét tam giac SAC c6
SO 1a trung tuyén. Ké A7, CK song song voi SO
(1, K thugc duomg thing 4'C’). Khi d6 OO 1a
duong trung binh cua hinh thang ACK/, ta ¢6

54 SC fA+SO'+CK+SO' _ 250

1
SA' 9C SO’ 50 S0 ()
Tuong tu, xét tam gidc SBD, ta cling ¢
TB SD 2850
. (2)
SB' S“D - S0

TOAN HOC

Tir (1), (2),

I

Ap dung BDT Cauchy cho ba sb duong ta cé

1V _ [Vsasc \JSA SB SC
20, W SA" SB" SC'

Ei[SAJrSBJrSC'J 3)
I\84" SB' SC'
Tuong tu ta co
; ol [ SA 8C SD J @)
2V, 3\84 bi’. S.D

Tir (3), (4) ta co

\IQV. 2Va TA SC’

114(
A e

khi va chi khi (P) di qua trung diém cua SO
va song song v&i mat phang (ABCD). O
»Nhén xét. Céc ban sau co |01 giai tot:

Théi Binh: Bii Pinh Hiéu, 12A1, THPT Quinh Coi;
Nguyén Hai Linh Chi, 11Todn 1, THPT chuyén Thai
Binh; Phi Yén: Bii Lé Ngpc Min, 11583, THPT Duy
Tan; Pong Thap: Huynh Thanh D, 121, THPT chuyén
Nguyén Quang Diéu; Ha Noi: Newvén Trung Hiéu, 12
Toén, THPT Chu Vin An; Ddng Nai: Pham Vin Minh.
12 Toén, THPT chuyén Luong Thé Vinh, Bién Hoa; Hai
Dwong: Minh Thanh Trung, 12 A, THPT Kim Thanh;
bik Lik: Nguyén Thanh Hai, 12 Toan, THPT chuyén
Nguyén Du, Buén Ma Thuét; Ha Tinh: Dang Van Phuc,
12 Toan 1, THPT chuyén Ha Tinh; Nghé An: Liong Thi
Mai Hieong, 12A1, THPT chuyén BH Vinh.

N(}UYIZ_'N THANH HGNG
* Bai T9/425. Viér 2012 thanh tong ciia

2013 so nguvén dwong a), a», as, ...,

SA SC)

Ping thirc xay ra

a2013-
PatT=a'+ay +a +..+ann;.

Ching minh rang T + 2012°°" khéng la sé
chinh phuong.

Loi gidgi. (Theo ban Trdan Hong Qudn, 10T1,
THPT chuyén Ha Tinh)

Theo Pinh li nho Fermat ta co
}=g;(modl13) (i=1,2,...,13).
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13 13
Dodo T = Za,-”‘ =3"a, = 20122 (mod 13).

Vay T+ 2012208 = 2.20122%3(mod 13).

Suyra 2012° =1000 = -1(mod 13)
201230 = (20122 ¥ =—1{mod 13)
2.2012400 =2 =]]1(mod 13).

Vay T+20122% =]11(mod 13). Vi mdt s6
chinh phuong khi chia cho 13 chi ¢o dur la 0,
1,3,4,9,10, 12, nén T +20122°"* khong thé
la s6 chinh phuong. O
#Nhin '.t_ét. Bai nay duge kha dong cac ban tham gia
giar va déu giai theo cach trén. Ngoai ban Qudn cic
ban sau co lai giai tot hon ca:
Quing Binh: Hdng Neoc T{;dn. 10T, THPT chuyén
Quang Binh; Phi The: Nguvén Dinh Mdu, 9A3, THCS
Liam Thao; Vinh Phic: Hoang Dé Kién, 12A1, THPT
chuyén Vinh Phic; Quing Ngﬁi: Pham Pinh TP{:{V&H.
12T1, THPT chuyén Lé Khiét; Humg Yeén: Tran Ba
Tramg, 10T1, THPT chuyén Humg Yén; Thai Binh: Vi
Van Ding, 10T2, THPT chuyén Thai Binh; Dik Lak:
Ngiwvén Thanh Hai, 12, THPT chuyén Nguyén Du.
DANG HUNG THANG
* Bai T10/425. Cho tam gidc ABC. Pwong
tron () néi tiép tam giae tiép xic cac canh
BC, CA, AB theo thir tw tai D, E, F. Goi M la
giao diem cua BC voi dwong phan giac trong
goc BIC, N la giao diém cua EF vai dirong
phan gidac trong goc EDF. Chung minh rang
ha diem A, M, N thang hang
Loi giai. Bo qua trudng hop don gidn 4B =
AC. Khong mat tinh tong quat gia su 4B >
AC. Goi P, Q theo thu ty la giao diém cua A/
vai (/) va EF (hinh vé).

Dé thiy ba diém D, N, P thang hang (1)
Ta lhﬁy

. }K':ﬁ+ﬂ,§?=%§i‘+ﬂ?§

=%(180°—f§ﬁ—,@)+@

_ ! gge_ABC _ACB) A4BC
2 2 2 2
- o 200, ACR
4 4
]

. NDC:NDE+EDC:EFBE+EEE‘

= {180{o0r- T} o0e- I

=%(1 80°~ FDB~EDC)+ EDC

_oges 1BD_ICD_,, ABC ACB
5 0 4 4
Viy IMC = NDC. Do d6 IM // ND 2)
Tir (1) va (2) suy ra IM // PN (3)

Tu (3), cha y rang /D = [P, suy ra
MID = IDP = QPN. Két hop vai BC tiép xic
vai (1), P la trung diém cua cung EF taco
/DM = PDM - IDP =~ 54 PED - IDP
:lsd FE+lsd ED - IDP
2 2
:lsdf’??+-]-sdﬁ)-5ﬁ
2 2

= PNF - QPN = PON.
Viy cac tam giac /DM, PON dong dang. Do

g I O hop v&i DI = IP, ta ¢6
PN QP

IM _ 1P\t khac, vi TEA=90°, EQ L IP.
PN QP

IE=IP nén IQIA=[E*=IP*. Do d¢

P : IP PA
_Q__=l__2: el — Suyra i{:ﬁ‘
P P 4 14 oP  PA
TOAN HOC
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PA ;
Viv — = = (4). Tir (3) va (4), theo dinh li
3 oy J,A,{) (3)va(4) i

Thales, suy ra 4, M, N thing hang. O

»Nhén xét. 1) Bai toan nay khong kho, nhiéu ban
tham gia giai v&i nhiéu céch giai khac nhau.

2) Xin néu tén mdt s ban co 1o gidi tot:

Ha Tinh: Phan Vin Trung, 10T2, THPT chuyén Ha
Tinh: TP. Hd Chi Minh: Trdn Hoang Khéi Nguyén,
11A1. PTNK DHQG TP.Hé Chi Minh; Thanh Hoé: Trdn
Trung Picc, 10A6, THPT Dao Duy Tir; Hung Yén:
Nguyén Thi Viét Ha, 11T1, THPT chuyén Hung Yén;
Thai Binh: Nguyén Hai Linh Chi, 11T1, THPT chuyén
Thai Binh: Pha Yén: Lé Nhat Thang, 11T, THPT
chuyén Lwong Van Chanh, Bii Lé Ngoc Min, 1183,
THPT Duy Tin; Nam Dinh: Tran Thi Quyen, 11T1, Vi
Thi Thanh Hién, 11T2, THPT chuyén Lé Hong Phong;
Ha Ndi: Ngwvén Nhat Minh, 10T1, THPT chuyén
DHSP Ha Noji.

NGUYEN MINH HA
* Bai T11/425. V6i hai da thire c6 hé so
nguyén p(x) va q(x), ta viét p(x)=q(x) (mod 2)
néu p(x)—g(x) la mot da thike ¢6 tdt ca cde
hé s6 déu chia hét cho 2.
Cho day da thire p0) thoa man px)=p(x)=1
Va Pria(X) = paa(X)+x.p,(x), Vh e N

Chitng minh rang p,,(x)=1(mod2),vn e N.

Léi gidgi. Dé cho gon ta quy udc viét p,(x) 1a
p, - n=1,2,3,..Tir gia thiét ta c6

Prida = Prss + XPpi2 = (Pn—z + XP 4 }+ X2

= (.l+ ]}pni 7 +dmn-l = (.f+ ])!)HTE +X(Pn~2 _-rpn)
= (2)&‘ + l)pml = ijﬂ

= P +x2p,(mod2) Vr=12,3,... (1
Tiép theo, ta s& chimg minh bang quy nap
theo ne N' p,, = p?(mod?2) (2)

Thit viy véi n=1, p, = p, =1, khang dinh
(2) dang.

Gia st khing dinh (2) da dang véi n =1, 2,
3,..., k, ta chimg minh (2) cting ding véi n = k+1.
That vay tir (1) ta suy ra

Pra =P+ Py 2 =R +X°pi (theo gid thiét)

= {p "'IPA—I}: = Pf.ut-

TOAN HOC
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Nhu viy khang dinh (2) ding. Ap dung ta co
vai moi ne N° thi

-4

p!” = -En--l Ep;—z =. __pIQ" =] (mOdZ}

Khing dinh cia bai toin da dugc chimg
minh. O

»Nhdn xét. Diy la bai todn so hoc - da thirc hay, moi
la v&i nhiéu ban hoc sinh. Cac ban hoc sinh sau cé loi
giar ding:

Hoa Binh: Pang Hitu Hiéu, 12T, THPT chuyén Hoang
Vin Thy; Hung Yén: Nguyén Long Duy, 10T1, THPT
chuyén Hung Yén; Vinh Phie: Hoang Do Kién, 12A1,
THPT chuyén Vinh Phic; Théi Binh: Vii Van Diing
10T2; Nguvén Hai Linh Chi, Tran Hong Qudn, 11T1,
THPT chuyén Thdi Binh; Ngh¢ An: Lé Kim Nhd,
Nguyén Vén Son, 11A1, THPT chuyén Phan Bgi Chau;
Ha Tinh: Phan Van Trung, 10 T2, THPT chuyén Ha
Tinh: Phti Yén: Lé Nhat Thang, 12T, THPT chuyén
Luong Vin Chéanh.

NGUYEN MINH BUC
% Bai T12/425. Gia su ABC la mét tam giac
nhon. Chitng minh rang

_c:osBoosC+cochosA ~cos AcosB (E
B-C C-A4 '

A-B ~
o — cOs——  COS——
2 2 2

Loi gidi. (Theo da s6 cac ban)

Vi tam giac ABC la mét tam giac nhon nén
cos A >0,cos B > 0,cosC >0. Ap dung bt
dang thirc giita trung binh cdng va trung binh
nhan (AM-GM), ta dugc

4cos BeosC . A

=c053+c05C 2

2cos BecosC
B-C

cOos

| . oo
< 2Jc-osBcosC‘smE < cos BcosC +sin? E-

Tuong tur ta co

2cosCcos A
C—A
cos
2

2cos Acos B
T A-B
=
Cong cac BDT trén theo ting vé, ta thu dugc

.. B
< cosCcos A +sin? E;

< cos Acos B +sin?
COS
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https:www. facebools. com/letrungldenmath

hitps:/isites. google. com/siteletrungldenmath

cos Acos B
A-B

cosC'cos A 5
C-A

— CO8S ——— co¢

2 2 2

<cos AcosB+cosBcosC +cosCcos A

+sin’ i +sin’ i +sin’ L %)
2 2 2

cosBcosC

|
COS -

Su dung cac két qua cos A+cosB+cosC = %

N Y . (T Gl
sin” —+sin” —+sin” —=—{ 3—(cos A+cos B+cosC
; 5 5 2( ( 0))

va cos Acos B +cosBcosC +cosC cos A

—

<—(cos A+cos B+ L-::ns(,) tir (*)ta thu duoc

'\.A)

cosBecosC cosCceosAd cosAcosB

3T BT e-AdT AR
cOs - COs — cos
\ 2 2 2

(cos A+ cos B +cosC)

Nlu

20
-3

‘ 3
+5(3—(CDSA+COS B+cosC)) = =

L(JbBCDSC cchmA cos.Acos B 3

B—C £ —A A-B 4'

cos COs
2 2 2

Dang thirc xay ra khi tam giac ABC déu.0
»Nhdn xét. Pay 1a dang todn co ban vé BDT lrong
gidc trong tam gidc nén ¢6 nhiéu ban gui 1o giai dén
Toa soan. Da s6 cac ban déu giai theo céch trén, tirc la
dya vio BDT lugng giac co ban quen biét trong tam
gide. Tuyén duong cdc ban sau co 161 giai tot, trinh bay
dep:
Ha Noi: Mai Phicong Anh, 10A1 Tin, THPT chuyén
KHTN, Kiéu Hoang Anh, 11A1, THPT Quédc Oai;
Hung Yén: Nguvén Trung Hiéu, 11 Toan 1, THPT
chuyén Hung Yén; Nam Dinh: Tran Phiic Tai, 10 Toan 1,
THPT chuyén Lé Hong Phong; Ha Tinh: Nguyvén
Trieomg An, 11T1, THPT chuyén Ha Tinh, Nguyén Thi
Thiy Linh, 10A1, THPT Huong Khé; Nghé An: Ho
Thiy Nga, 11A2, THPT Thai Hoa; Binh Bjnh: Trinh
Quang Huy, 10T, Huynh Manh Dién, 11T, THPT
chuyén Lé Quy Pén; Long An: Nguyén Hiru Minh
Nguyver, 11T, THPT chuyén Long An; Ca Mau: Liru
Giang Nam, 11T1, THPT chuyén Phan Ngoc Hién;
Dik Lik: Nguyén Thanh Hai, 12CT, THPT chuyén
Nguyén Du.

Do do

NGUYEN VAN MAU

* Bai L1/425. Mot khung ddy dan ri'fc"n gom
cde canh cua mgt hinh ldp phirong, méi canh
e dién tror la R = 12Q. Goi cde diem J, M, K,

L. N lan leot la trung diém ciia cdc canh AF,
AB, GB, HD, BD (hinh vé). Hay tinh di¢n tro
cua khung day khi cho dong dién vao va ra o
hai diém sair :

alAvaH, blAvaD;c)AvaB; d) Jval:
e)JvaK;, D Mval.
! H
£ G L
Iy JE K7D
N
w8

Loi giai. a) Khi dong dién vao A ra H.

Chip cac diém c6 cung dién thé:
B=E=F;D=1=G roi vé lai mach nhu
hinh v& Dung cong thic tinh dién tr¢ cua
doan mach song song va néi tiép ta tinh dugc

RAH - ][}S! .

b) Khi dong dién vao 4 ra D. Chap céc diém
B=E=1=G, bo qua dugc cac dién tro [E
va BG, vé lai mach ta sé tinh dugc R, =9Q).
¢) Khi dong dién vao A4 ra B. Chép cac diém
E va F; G va D. V& lai mach ta sé tinh
duoc R =700

d) Khi dong dién vao Jra L. Chdp céc diém A
vaF, Hva D, I, G, E va B. Bo qua hai dién
tro JE va GB. V@ lai mach ta tinh dugc
Rﬂ:ZIZEl

TOAN HOC
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¢) Khi dong dién vao J ra K. Chap céc diém:
FvaA;lvaE, HvaD;, G vaB. Bo qua hai
diégn trd [E va HD ta sé tinh duoc
Ry =10,5Q.

f) Khi dong dién vao M va ra N. Chép cac
diém B, E, I, va G. Bé qua cac dién tro /E va
GB, ta sé& tinh dugc Ry = 8,25Q.

»Nhin xét. Cac ban sau ¢ 101 gidi dang:

Thanh Héa: Lé Thi Quinh, 11C1, THPT Hoang Hoa 4;
Nghé An: Nga Tri Tudn, 11A1, THPT Quy Hop II,
Nguyén Xudn Ciucng, 11T1, THPT Anh Son [; Bﬁng
Thap: Huynh Thanh Du, 12L, THPT chuyén Nguycn
Quang Diéu; Tién Giang: Nguyén Thé Ding, 10Toan,
THPT chuyén Tién Giang.

NGUYEN XUAN QUANG

* Bai 1.2/425. Trén mot soi ddy dan hoi CB c6
song dimg, dau B co dinh. Xét dao dong cua mot
phan ne tai diém M trén déy cach dau cé dinh B
mot khoang MB = d. Gia s tqi thoi diém 1, song
{1 ':ql-Liu dén B c6 phwong trinh uy = Acos 2mft.
Viét phomg trinh dao dong cua ;;rha:u e tai
M khi ¢ song tdi va song phan xa lién tuc di
qua do. Tir phueong trinh nay néu lén

a) Cong thire xdc dinh vi tri cia bung song va
mitt song theo khoang cach d.

b) Nhdn xét vé pha dao dong cua cac phan tir

trén dav.
Loi gigi. Phuong trinh dao dong tai M do
song tai tir C truyen dén 1a
2
Uy = Acos(hﬁ +%dJ

Song phan xa tai B ¢o phuong trinh

uy = —Acos(2nft) = Acos(2nft — ).

Phuong trinh dao dgng tai M do song phan xa
tir B truyen dén la

d
Uyyy = Acos(Znﬁ e % = n]

Dao dong tai M la tong hop hai dao dong do
song t¢i va séng phdn xa truyén dén

Uy =Uyyg Uy =24 zjd ;]tm(zw __)(l)

TOAN HOC
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a) Tu (1) suy ra vi tri bung song thoa man

diéu kién 2Aom(27—ﬂ+E}=iI:>d:[k +l]i
A 2 2712

voik=0,1,2,...
Vi tri nit séng thoa man diéu kién

ZACOS(-zn—d+ ] 0=d= ﬂ
A 2 2°

(]

vl k=0, 1.2
b) Tir (1) ta thy
* Cac diém thoa man diéu kién

-1 <c0{31£+ n] <0
A 2

hay kA<d E(k +%];1 (2)

(vai k=0, 1, 2,...) dao dong cung pha.
* Cic diém thoa mén diéu kién

0<cos[at£+£]£]
A 2

hay (k+%]i <d <(k+1)A.

(voi k=0, 1, 2,...) ciing dao d6éng cung pha,
nhung cdc diém nay dao dong nguoc pha voi
cac diém thoa man (2).

>Nhén xét. Cac ban sau day c6 1&i giai tot:

Ngh¢ An: Chu Tw Tai, 12A12, THPT Dién Chau 2,
Tran Vin The, 12A, THPT Quy Hep 1; Thanh Héa:
Lé Thi Quynh, I!Cl,_THPT Hoang Hoéa IV, Thai
Nguyén: Ta Van Tuan, Phgm Thanh Binh, 11Al,
THPT Luong Phii.

NGUYEN VAN THUAN

POC LAI CHO BUNG

Trén Tap chi TH&TT s6 428, ‘thang 2 ndm
2013 xin dugc doc lai cau b) dé bai T11/428
nhur sau

b) OD.OE.OF < %AB.BC.CA.

Thanh that xin 15i ban doc.
TH&TT

https://tieulun.hopto.org
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PROBLEMS...(Tiép trang 17)

T5/429. Tnanglc ABC inscribed in circle
(()) with BA( =70° A(”B 50°. The points
M, N, P, QO and R on c1rcle (O) are such that
PA=AB=BR; OB=BC=CM and NC=CA=AN.
Let S be the intersection of arc NO and the
diameter PP’ of (). Prove that ANRSe» ANMOR.

FOR UPPER SECONDARY SCHOOLS

T6/429. Solve the equation

xI=3x=~Jx+2.

Find the measure of the angles of a
ABC such that the expression

T7/429.
triangle

) —Stan% +4(sin” A-sin’ B) 1s greatest possible.

T8/429. Let S.ABC be a triangular pyramid
where the sides SA4, SB, SC are pairwise
orthogonal, S4=a, SB=bh, SC = ¢. H is the
foot of the perpendicular from S onto ABC.
Prove the inequality
abe3

—=

“

{.!S”M - +hS”._“- +C‘5‘H.-l|‘i <

TOWARD MATHEMATICAL OLYMPIAD

T9/429. Let p be an odd prime number. x, y

are two positive integers such that

vr.¥+\fj«'£v/2p.
Find the minimum value of the following

expression A=/2p— Jx —\f}_

T10/429. Docs there exist a function
f:N — N such that
f(mf(n))=n+ f(2013m), Vm,neN?

T11/429. The non-negative real numbers a, b,
¢ are such that max |a b, c}< 4min {a b,c}.
Prove the inequality
2a+b+clab+bc+ca)*

>9abc(a’ +b° +¢* +ab+bc+ca).
T12/429. Let ABC be a triangle inscribed in
circle centered at O; and let I be its incenter.
Al, BI, and C[ intersect () at A,B,.C;
A;(_--|,.‘1[B| medct Bf__' at :W, N, B|A|., Bl(—_"] meet
CA at P, Q; CB,CA meet AB at R, §
respectively. Prove that

2
Srivpors < 5 S48 -

Translated by LE MINH HA

MOI VIET BAI CHO PAC SAN

@ Toa soan Tap chi Toan hoc va Tudi tré tran trong kinh mdi cdc l:haj.r cd gido, cac ban
sinh vién céc truong Pai hoc viét bai cho PAC SAN TOAN HQC VA TUOI TRE thco cac
chuyén muc: Danh cho Trung hoc co so, Giip ban on tdp, Chudn bi cho ki thi tét nghiép
THPT thi vao Dai hoc, Cao :i"ar:g cdac mén Todn, Li, Hoa, Thir siec truce ki thi, Phuong
phdp gidi toan, Dién dan day - hoc todn, theu cdch gm: cho mét bai toan, Giai toan trén
may tinh, Toan hpc vui, Toan hoc va doi Sﬂng, Don vuon Todn.
Bai viét xin guri vé Toa soan. Néu bai dugc ddnh may, xin giri kém file (chu yéu theo phong
chir unicode hoiac Vntime). Ghi rd ho tén, dia chi, s6 dién thoai lién lac cua tic gia.
Moi lién hé vai Toa soan xin guri vé.

TAP CHi TOAN HQC VA TUOI TRE

187B GIANG VO, HA NQI

Email: toanhoctuoitrevietnam@gmail.com
& Dén doc PAC SAN TAP CHi TOAN HQC VA TUOI TRE $6 6 (phét hanh vao thang 2/2013);
Sé 7 (5/2013); S6 8 (8/2013); S6 9 (11/2013). Ban doc ¢6 thé dat mua tai céc Co sd Buu dién trén
ca nude theo M s6 C.168.1, cic Cong ty Sach va Thiét bi truomg hoc & dia phuong,

TH&TT
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NAM 2013 — MON TOAN
(Cuc Khao thi va Kiém dinh CLGD - B¢ Giéo duc va Pao tao)

-------------------------------------------------------

NGUYEN KHAC MINH

........................................................

12 va 13/01/2013, cho 12 mén hoc (ngay 13/01 1a ngay thi thue hanh cho cdc mén :

?‘l thi chon hoc sinh gioi Quéc gia THPT nam 2013 da dugc 16 chife trong cic ngay 11,

: Vat i, Héa hoc va Sinh hoc). Tham du Ki thi, & mén Toédn ¢6 431 hoc sinh (nhiéu hon ](]
hm sinh so v&i nam 2012) thuéc 67 don vi du thi.

-------------------------------------------------------

I. DE THI
Ngay thi thee nhart (11/01/2013)
Bai 1 (5 diém). Giai hé phuong trinh

1 . | | 20y
s X+—— + |08l y+—— = |——
\ sin’ x \( o’y \x+y
e T - (xyeR)
|| i I [ 2[]'.‘.
81 yt—— 'ms X +—— =
‘1,' sire y s’ ¥ \{1+1

Bai 2 (5 diém). Cho day s0 thue (a,) xéc dinh

bai

a, +2
2:m

Chimg minh ring diy (a,) c6 gidi han hiru

han. Hay tim gigi han do.

Bai 3 (5 diém). Cho tam gidc khong cin ABC.

Ki hiéu (/) 1a duong tron tam / noi lle tam giac

ABC va D, E, F lan lugt 1a cac tiép diém cua

du;mg tron (/) vai cac canh BC, CA, A’B. Puong

thang di qua £ va vudng goc voi Bf cat (/) tai K

(K # E), duong thang di qua F’ va vudng goc vai

CI cat (1) tai L (L # F). Goi J la trung diém cua

K.

a) Chirg minh ring D, 7, J thang hang.

b) Gia sir cac dinh B va C ¢6 dinh, dinh 4

=1 va a,,=3- voimol n > 1.

thay doi sao cho ti sé % =k (k khong doi).

Goi M, N tuong (g la cac giao diém cua JE,
IF Vi (I) (M# E, N # F). MN cat IB, IC lin luot
tai P, ). Chimg minh ring trung truc cua PQ
luon di qua mét diém ¢ dinh.

TOARN HQC
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........................................................

Bai 4 (5 diém). Cho trudc mot sb s6 tu nhién
duge viét trén mot duomg thzing Ta thyc hién
cac budce dién sb lén duromg thanw nhur sau: Tai
moéi bude, trude tién xac dinh tit ca cac cip sO
ké nhau hién c6 trén duomg thang theo thr tur tir
trai qua phai, sau do d1cn vio gitta mdi cap mot
56 bing tong cua hai 5.0 thudc cap do. Hoi sau
2013 budc, s6 2013 xuét hién bao nhiéu lan trén
duong thang trong cac trrdng hop sau:
a) Céc s6 cho trwde 1a 1 va 1000 7
b) Céc s cho trude la 1, 2, ..., 1000 va duge
x¢p theo thir tyr ting dan tir tréi qua phai ?

Ngay thi thir hai (12/01/2013)
Bai 5 (7 diém). Tim tit ca cdc ham sé
JS:R—R thoaman f{0) =0, (1) =2013 va

(x = XS 0x) = (2 0))
=(f(x)= SN (x) = ()

ding voi moi x, y e€R, trong d6

S =(/(x)).

Bai 6 (7 diém). Cho tam giac nhon ABC ndi
tiép dudmg tron (O) va diém D thue cung BC
khong chira diem 4. Puong thing A thay doi di
qua tryc tim # cua tam giac ABC cit cac duong
tron ngoai tiep tam gidc ABH va tam giac ACH
lan lugt tai M va N (M £ H, N # H).

a) Xac dinh vi tri cua duong thang A dé dién tich
tam giac AMN 1én nhat.

b) Ki hi¢u d la duong thing di qua M va
vuong goc voi DB, d, 1a duong thing di qua
N va vudng goc voi DC. Chimg minh ring

https://tieulun.hopto.org
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giao diém P cua d, va d> luén thudéc mot
duong tron cd dinh.

Bai 7 (6 diém). Tim s6 cac bo sip thir tu (a, b,
¢, a’, b, ¢’) thoa mén

ab + a'b'=1(modl5)
ac+ a'c'=1(modl5)
be+ b'e'=1(modl5)

vora. b6, ¢ e {0,1, ..., 14}

I1. GIAI THUONG

Can ¢ Quy ché thi chon hoc sinh gioi cap
OUOL gia hién hanh va két qua cham thi, theo
dé nghi cia T6 chim thi moén Toan va Hoi
dong chiam thi chon hoe sinh gioi Qudc gia
THPT nam 2013, Lanh dao B Gido duc va
Dao tao da quyét dinh trao g_m cho 216 thi

sinh [L]]le 50,11% mn& s0 thi sinh), vai
mirc diém cho méi loai giai nhur sau:

e Giai Nhart: Tir 29 diém dén 40 diém;

e Gidi Nhi: Tir 23 diém dén 28.75 diém;

e Giai Ba: Tir 19.50 diém dén 22.75 diém;

o Giai Khuy én khich: T 15 diém dén
19.25 diém.

Theo do, co 4 thi sinh duoc trao Giai Nhit
(Pham Tudn Huy, 16p 11 truong PTNK -
PHQG TP. Hd Chi Minh, 33 diém; Dinh Lé
Cong, 16p 12 truong THPT chuyén PH Vinh,
30 diém; Nguyén Huy Diing, 16p 12 trudng
THPT chuyén Lam Son, tinh Thanh Héa, 30
diém; Nguyén Tu Anh, 16p 12 truomg THPT
chuyén Ha Noi-Amsterdam, TP. Ha N¢i, 29
diém), 40 thi sinh dwoc trao Giai Nhi, 67 thi
sinh dugc trao Giai Ba va 105 thi sinh dugc
trao Giai Khuyén khich,

Dudi day 1a danh sach cac thi sinh duge trao
Giai Nhi va Giai Ba cua ki thi.

e Giai Nhi: Lé Quang Binh (THPT chuyén
Quang Trung, tinh Binh Phuwéc); Tran
Nguyvén Quéc C mmg (THPT chuyén L& Quy
bon, TP. Pa Naug] ;‘\fgu._pen Tat Cuong
(THPT chuyén Nguyén Du, tinh Pik Lik);
Pham fv'guyé_n Nhyut Thanh (THPT chuyén
Nguyén Binh Chiéu, tinh Péng Thap): Tran
Tri Kién (THPT chuyén Bién Hoa, tinh Ha

Nam); Ngu_l_fgn Dcingm?"acff‘: Anh, Luu Nhat
Nam, Nguyén Vin P6 Tuan (THPT chuyén
Ha No¢i - Amsterdam, TP. Ha N¢i); Va Anh
Dure (THPT chuyén Ha Tinh, tinh Ha Tinh);
Phimg Ldam Binh, Pham Vin Hdu, Nguyén
Duy Hung, {‘-’gw&fn Van Huong, An Duy
Manh, Neuyén Birc Quy, Tran Xudn Thang
(THPT chuyén Nguyén Trai, tinh Hai
Dwong); Nguvén Huy Timg (THPT chuyén
Tran Pha, TP. Hai Phong); Phan Hrmg Hanh
Trinkh (THPT chuyén Nguyén Tat Thanh, tinh
Kon Tum); Vi Xuan Truong (THPT chuyén
Lé Hong Phong, tinh Nam Dinh); Nguyén
Hoai Anh, Ng6 Bao Trung (THPT chuyén
Phan B¢t Chau, tinh Ngh¢ An); Vi H{jﬂg Son
(THPT chuyén Hung Vuong, tinh Phu The);
Lé Nhat Thang (THPT chuyén Lwong Vin
Chéanh, tinh Pha Yén); Nguyén Do Vin
(THPT chuyén Lé Khiét, tinh Qudng Negii);
Pham Minh Hoang (THPT chuyén Ha Long,
tinh Quang Ninh); Tran Van Thai, Nguyen
Huy Trung (THPT chuyén Thai Binh, tinh
Thai Binh); Pham Thé Duwong (THPT
chuyén Lam Son, tinh Thanh Héa); Vi Huy
Qudn (THPT chuyén Lé Hong Phong, TP.
Hb Chi Minh); Hoang D6 Kién, Nguyén Thé
Timg (THPT chuyén Vinh Phuc, tinh Vinh
Phic), Chu Tuan Anh, Luong Tudin Hiép,
Trdan Dang Phiic (THPT chuyén Ty nhién,
DHKHTN - PHQG Ha N¢i); Pham Tan Anh
Quan, Can Tr ‘an  Thanh  Trung (PTNK,
PHQG TP. Ho Chi Minh); Phan Van Tin
(THPT chuyén DHSP Ha N§i); Bui Quang
Déng. Nguyén Ddang Quang, Nguvén Thé
Tién (THPT chuyén PH Vinh).

e Giai Ba: Nguyén Bao Léc, La Van Qudn
(THPT chuyén Bac Giang, tinh Bic Giang);
Vieong Quoc Nghia (THPT chuyén Bac Liéu,
tinh Bac Liéu); Trwong Giang Khang (THPT
chuyén Bic Ninh, tinh Bic Ninh); Lé Quang
Minh (THPT chuyén Bén Tre. tinh Bén Tre);
Nguvén Pirc Anh, Thiéu H(;";ng Thai (THPT
chuyén Quang Trung, tinh Binh Phwéc); Lé
Hoang Minh (THPT chuyén Phan Ngoc Hién,
tinh Ca Mau); Vwong Nguyvén Thiry Duong,
Lé Tran Nhac Long, Hoang Cung Phiic, Tran
Nguyén Hoang Phwong, D.’:ing Ddc Tai, Lé
Vo Khanh Toan (THPT chuyén Lé Quy Don,
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TP. Da Ning); Dang Ngoc Son (THPT
chuyén Luong Thé Vinh, tinh Pong Nai):
Nguym Thu Lan, Dinh Trong Linh, quen
Tung Lam (THPT chuyén Bién Hoa, tinh Ha
Nam); Tran Minh Tudn (THPT chuyén Ha
Noi-Amsterdam, TP. Ha Noi); Tran Piic
Chinh, Tran Quéc Diing, Nguyén Mdu Thanh
(THPT chuyén Ha Tinh, tinh Ha Tinh);
Neuyén Anh Tudn (THPT chuyén Nguyén
Trai, tinh Hai Dwong); Lé Viét Anh (THPT
chuyén Trian Phu, TP. Hai Phong); Pdng
Hire Hiéu (THPT chuyén Hoang Van Thuy,
tinh Hoa Binh); Dao Viét Anh, Dwong Manh
Cuong, Léu Van Dudn, Hoang Van Duy,
Nguyén Thi Viét Ha, Neuyén Trung Hiéu, Do
Thanh Ting (THPT chuyén Hung Yén, tinh
Hung Yén); Nguyén Minh Toan (THPT
Lhuyu‘l [.¢ Quy Don, tinh Khénh Héa);
Nguyén Minh Bang (THPT chuyén Chu Vin
An, tinh Lang Som); Biti Neoe Hién, Lé Gia
Tai, Pham Minh Tudn (THPT chuyén Lé
Hunng7 Phong, tinh Nam BDinh): Ducmg Nir
Diép Anh, Nguyén Vin Bao, Tran Manh
Cuong, Nguyén Tién Hoang, Nguyén Hién
Trang (THPT chuyén Phan BG§i Chéu, tinh
Ngh¢ An); Negwyvén Trong Pat, Pinh Quéc
Minh (THPT chuyén Luong Vin Tuy, tinh
Ninh Binh); Pham Minh Hoang. Nguvén
Manh Hing, Phan Quéc Hwng (THPT
chuyén Hung Vuong, tinh Pha Tho); Nguvén
Van Hitu (THPT chuyén Nguyén Binh
Khiém, tinh Quang Nam); Pham Viér Hoang
(THPT chuyén Lé Khiét, tinh Quiing Ngii):
Lé Quéc Tudn (THPT chuyén Ha Long, tinh
Quiing Ninh); H6 Phudc Bao, Lé Quoc Ting
(THPT chuyén Lé Quy DPon, tinh Quding
Tri); Lé Duy Binh (THPT chuyén Hoang Lé
Kha, tinh Tay Ninh); Trdan Xudn Déng, Tran
Hong Qudn (THPT chuyén Thai Binh, tinh
Thai Binh); Pham Tién Kha (THPT chuyén
Lé Hoéng Phong, TP. Hd Chi Minh); Pho
Nghia Van (THPT chuyén Tra Vinh, tinh Tra
Vinh); Phiing Nhat Minh, Biii Hong Phirong,
Deéing Quang Tuan (THPT chuyén Vinh Phic,
tinh Vinh Phie); Ddao Quang Puc, Ngz{ven
Thai  Phuc (THPT chuyén Tl,l' nhién,
DHKHTN - PHQG Ha Nbi); /16 Quéc Ding
Hung (PTNK, PHQG TP. Hé Chi Minh);

TOAN HOC
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Hoang Pirc Anh, Nguyén Trong Bach, Lé
Quang Thang (THPT chuyén DHSP Ha No¢i);
Vieong Nhat Quan (THPT chuyén PH Vinh).
Do gia ¢o thé xem danh séch tit ca thi sinh
duoc trao giai tai trang tin dién tr cua BO
Giao duc va Dao tao (http://www.moet.gov.vn).
. TUYEN CHON HQC SINH THAM
DU Ki THI CHQON HOC SINH GIOI
THAM GIA TAP HUAN CHUAN B]
OLYMPIC TOAN HOC QUOC TE 2013
(IMO 2013)

Cin cir Quy ché thi chon hoc sinh gioi cap
Quédc gia hién hanh va két qua ki thi chon hoc
sinh gioi Qudc gia THPT mén Toan, Bo Gido
duc va Dao tao quyét dinh triéu tap hoc sinh
Tran Hoang Bao Linh (16p 12 truomg PTNK -
bHQG TP. H6 Chi Minh, thanh vién doi
tuyén hoc sinh Viét Nam du thi IMO 2012)
va 44 hoc sinh dat tir 23 diém tra 1én trong ki
thi vira néu tham dur ki thi chon hoc sinh tham
gia tap hudn chuin bi du thi IMO 2013, du
kién dwuoc té chic trong cac ngay 05 va
06/4/2013 tai Thu d6 Ha N¢i. Theo Quy ché,
n thi sinh ¢é diém thi cao nhat trong ki thi
nay, voi 6 < n < 9, s€ dugce triéu tap tham du
16p tap huin chuin bi dy thi IMO2013 do B
Gido duc va Pao tao to chire (gid tri cua n sé
duoc xic dinh dua trén két qua cham thi).
Can cir két qua hoc tap cua n hoc sinh nay
trong qua trinh tap huén, B¢ Giao duc va Pao
tao s& chon 6 hoc sinh vio ddi tuyén hoc sinh
Viét Nam dy thi IMO 2013,

Dudi déy la danh sach cac don vi ¢6 hoc sinh
duge tri¢u tdp tham du ki thi chon hoc sinh
tham gia tdp huan chuan bi du thi IMO 2013:

Hai Duwong (7 hoc sinh); Ha Néi, PHOG TP.
H6 Chi Minh, PH Vinh (m&i don vi ¢ 4 hoc
sinh); DHQOG Ha Noi (3 hoc sinh); Nghé An,
Thanh Héa, Thai Binh, Vinh Phic (mdi don
vi ¢ 2 hoc sinh); Binh Phuoc, Pa Nang, Ddak
Lék, Péng Thap, Ha Nam, Ha Tinh, Hdi
Phong, Kon Tum, Nam Dinh, Phu Tho, Phii
Yén, Quang Ngdi, Quang Ninh, TP. Hé Chi
Minh va DHSP Ha Noi (moi don vi ¢6 1 hoc
sinh).

https://tieulun.hopto.org





