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R ————————————————— A bl

iai dugc mot bai toan la chung ta da tim

dugc mot niém vui, nhung s& that 1a
déng tiéc néu ching ta chi dimg lai & két qua
cta bai toan. Boi dang sau két qua ciia mdi bai
toan con chira dung bao diéu tht vi. Ching ta
c6 thé khai théc bai todn bing nhiéu cach nhu:
ddc biét hod, tong quat hoa . O day, ching toi
xin trao ddi véi ban doc vé mqt bai toan quen
thudc ma ta cé thé nhin n6 & nhiéu goc do khac
nhau khi xét mét diém "dong".

¢ Bai toan xuit phat. Xét hinh binh hanh
BEFP néi tiép tam gidc ABC (E€ABFeAC,
Pe B(-‘:l Dﬁf .‘;__plr._"r._' = LI,S(_',:.';J =h

a) Tinh S, uc theo avab.

b) Xac dink vi tri diém E trén AB, F trén AC
sao cho dién tich cua hinh binh hanh BEFP

lom nhdt.

¢) Chieng minh mng ) i =

Léi giai (h.1). A

Trong bai nay
chung ta s& sir
dung két qua:

Ti s6 dién tich E r
cia hai tam
giac déng

dang bang B P C
binh phwong ti Hinh 1
50 dong dang.

a) Ta cd AAEF e» AABC va ACFP e ACAB
| S i5F ﬁS

iy Sagr _ CFP _ cr
SABC S,ggc BC

NGODUCTHODUONGMINHCHAU
DD: 0986885389

EF _BP
BC BC’
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} DUlII I]ANG HINH l]l]NG’

“ PHAN DINH ANH
(GV THGB Thach Kfm, Loc Ha, Ha Tinn)

2 AL I DuSae e, E8 O 00 G i BRFL A BN el

Tir 36 ’SﬂJr /~S‘£:L hay S =(JE+J5]2.
Sec VS

b) Ta thiy

Seerp = Sapc — Sagr — Srpc = 2@-
Miit khéc vi 2vab < a+b nén
dJab < a+b+2Jab = (Na +/b)2.

; 1
Tir d6 2.Sperp < Sasc <> Spere < ESABC-

1 s
Viy maXSSEfP:ESABC@ a=h Fla

trung diém ctia AC, E 1a trung -:Iiém cua AB.
¢) Tir két qua Sypc = (V"— +\f— ta co

JEJ_-FJ_CDS”CFF

AB
& Sae = —b dpecm
ABC = AE C (

Néu diém F khéng thudc doan rh:fng AT
chéing han F thugc tia déi cia tia CA thi két
qua sé thay doi nhu thé nao?

@Bai toan 1. Cho tam gidc ABC. Diém F
thugc tia doi cua tia CA. Ké FE //BC;
FP/AB (E € AB;PeBC). Pt Sz =a; Spc=b.

a) Tinh S ,pc

va Sppep theo a va b.

AB _BC,

AE CP

b) Chirng minh rc%ng 8 =

Lai gidi (h. 2).
a) Ta nhan thdy AAEF <> AABC va AFPC <»

AABC.
’ SFPL'
SABC

Tir d6 JS"’”
Sasc
TOAN HQC

S6 426 (12-2012) ' CTuditre 1
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A
/——
3 F
" Hinh 2
. \fsm _Jsm _EF-PC .
SABC' S.-!.BC BC

2
Hay Ssc =(JE—JB) .
Ta cé Sperp = Saer + Skpc — Sanc .

=a+b-(a+b-2Jab) = Ssep = 2Jab.

I 2
b) Tu két qui Suc=(Va-Vb)ta cé

el o 0 S \fS'"* —Js’f.b
a

o5=48 , EC ; @pem) O
AE P

Néu diém F ndm trong tam gidc ABC thi két

qua sé thay doi nhu thé nao ?

& Bai todn 2. Cho tam gidgc ABC. Diém F

ném trong tam gidc ABC. Qua F ké MN //BC:;

PQ //AB; IK/AC (I,M e AB; P,N e AC;

Q,K = B(.‘). Bﬂ"f SJ"‘QK —{Z';Sn;.:,-.- :h. SHH" =C.

a) Tinh *S..-lﬂ'f.' va ;c.p‘g;;;-'p fht?@ (8 bvac.

b) Xdc dinh vi tri cua diém F dé tong

T:SFJH-T ‘i".S:\.ﬁgr:‘I'Su_x;: lom nhat.

¢) Chimg minh rang
AB

BC , AC
a+—>b+—uc.
FQ~ FN~  FI
Léi gidi (h. 3).
a) Dé& thdy AFQK <» AABC, APFN «» AABC

ABC =

va AIMF e» AABC nén ta ¢o
Srox +JSPFN o [Swe _OK FN MF
S NBge VSue BC BC BC
TOAN HQC

9 ' Cludilpe S8 426 (12-2012)

hitps://sites. eoogle.com/site/letrunekienmath

7/\\
B 0 K C

Hinh 3

_OK KC BQ_
BC BC BC

= Srox +NSeen + S =\ Sasc
= Supc = (»J Srox +Seev +/Smr )

Viy Supc =(@+b+o).

b) Taco SAH‘T +Sm +Sm =SABC _(ﬂ+b‘+‘C‘)
=(a+b+c) -

= 2Jab +2Vac + 24bc <2(a+b+c).

Tir &6 3.(Saprs + Samor + Swexr)
£2(ﬂ'+b+C)+2.(SM +S,;ﬂ;gr+S,\fo) =ZSM
2

)
3 ~BC

(a+b+c)

Vay Super + Susgr + Snexr S

Do do maxT=§S,,BC Sa=b=c ©F 1A
trong tam tam giac ABC.
¢) Tacod
S e :(M"‘ Spen +/Snar )2
& \Sapc = ‘\{SFQK +/Sprn +/Siar
&S nc =+ Srox A Sunc +Sprw A Sanc + S o Sazc

’S (S J
& Spe =, [~ S;ug( SABC Serv + SMF
PFNY

&3 Sung= +a+ .b+ .c.D
e FQ FN~ FI

Ta tiép tuc thay dsi vi tri diém F. Chang han
cho diém F ¢ ngoai tam giac ABC va thugc
goc BAC. Thé thi ching ta c¢o

https://tieulun.hopto.org
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&IBai toan 3. Cho tam gidc ABC. Diém F
thudc goc BAC va nam ngoai tam gidc ABC.
Qua F ké PQ/BC, EN/AB, MD//AC (D, P
e AB,E,Qe AC;M ,N € BC)

Dat Spwy = a;Sppr = b;Sgrg = .

a) Tinh S, 5c theo a, bvac.
b) Chiimg minh réng S e :A—Bb+£_¢ —i.m
| PD" EQT MN

Lii gigi. (h4)

Hinh 4

a) D& thly AFNM w» AABC; ADPF <> AABC
va AEFQ v» AABC nén

JSDPF +\fSEF‘Q _JSFNM
S.sc Sasc Susc
_PF_FQ_MN

“BC ' BC BC
_MN+BM MN+NC MN

BC BC BC
Suy ra JS'ABC = \[SDPF +JS£FQ _\/SFNM-

Hay S z¢ (\/E"'V/_ \({_)

b) Taco
S"”‘-”-z{‘ﬁ”"h‘f)z@@=ﬁ+ﬁ—\f3
< Sapc = S.mc (‘dr'l"\/_ J_)

iSAﬂ( _b+JSABC JSAHC »
AB

=1.

PD' EQ m'
Vﬁy SABC' = ABb+ ACC'— & 5 )
PD°  EQ  MN

https://sites. eoogle.com/site/letrungkienmath

Néu diém F thudc goc doi dinh véi géc BAC
thi ta duoc két qua thé nao?

3B todn 4. Cho tam gidc ABC. Diém F thugc
goc doi dinh véi géc BAC va nam ngodi tam
gidac ABC. Qua F ke PQ/BC;, EMVAB,; DNi/AC
(D, P € AB,E,Q € AC;M,N € BC).

Dat Seay = a,Sppr = b,Serg = .

AB AC AC BC

Chiene minh ring S —_—a- ;
. TN 8D MY
Lai giai (h. 5)
Q FP
E D
e
M B c N
Hinh 5

Lam tuong ty Bai toan 3 ta ¢6 két qua
z

Sasc =(JE—JE—JE) . Tir d6 suy ra
S e = ABH_ AC‘_b_ BC -0

PD EQ  MN
Tré lai Bai toan 3. Néu MN, PQ, IK khong
dong quy tai F ma déi mét cdt nhau. Thé thi
chung ta co bai toan sau.
O Bai todn 5. Cho hinh 6 dudi day. Biét
MN//AC, PQ/AB, EF//BC. Pat
S = S0, Suen = 81, 8pkr = 5215;;).«' =5;.
Tinh S ,5c theo §,,8,,5:,5;.

A

M, P
75NN
Hinh 6 |
(Xem tiép trang 27)
TOAN HOC

So 426 (12-2012)
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Mot ting dung cua [P

ABAYTHUC

hép chia da thiae co nhiéu img dung.

Trong bai viét nay ching ta ciing tim hiéu
mot (g dyng cia n6 vao bai toan tinh gia tri
ctia biéu thirc théng qua mét sé thi du cu thé.

I. KIEN THUC CAN NHO

1) Khi chia da thirc f{x) cho da thirc g(x) dugc
da thirc thuong g(x) va da thic dur #(x) thi
flx) = g(x).g(x) + r(x) voibac r(x) <bic glx).
Pic biét, khi g(x) = 0 thi fix) = 1(x).

2) Néu da thic f{x) nhan céc B Bt
lam nghiém thi flx) chia hét cho da thic
(x—a)(x—a))...(x—a,).

1. MOT SO THI DU

% Thi du 1. (Bé thi vio 1p 10 THPT Hai Duong
2004 - 2005)

Tinh gia tri cua biéu thirc

Efeis ol et
x*+x+1 4
o PHx+l=dxr o X -3x+1=0,
suyrax # 0.
Thuc hién phép chia da thirc x° — 4x” — 3x + 9
cho x* — 3x + 1 ta dugc thuong 12
x* +3x* + 4x + 9 va du 20x nén

-4 -3x+9
=’ + 3 + dx + 9)(x* - 3x+ 1)+ 20x
=20x (dox* —3x+1=0).
Tiép tuc thuc hién phép chia da thic

x*+3x% + 11 cho x* = 3x + | ta dugc thuong
la x* + 3x + 11 du 30x, nén

x4+ 32+ 11
=(?=3x+ D +3x+11) +30x
=30x (dox* - 3x+ 1 =0).

TOAN HOC
¢ CTudilpe SO 426 (12-2012)

4

...
i é 1") @ 1
| |
PHAM THANH NGA

(GV THCS Ngé Gia Tw, TP. Héi Duong)

20x 2
Viyd= —== (dox#0). O

30x 3
% Thi du 2. (Dé thi vao lép 10 THPT Hai Duong
2008-2009)

Cho biéu thirc
B = (4x° + 4x* - 5¢ + 2008,

|"‘J ]

+5x - 2)°
'\-
-Luw-_ﬁ—i

Tinh gia tri cua B khi x

Loi gidi. Ta co

2 =1 _f21 J_l
__\J_f:r_“ 2-1

Din dén 2x + 1 =
= 4x" +4x + 1 =2 o4t +4x-1=0.
Thuyc hién phép chia da thirc 4x° + 4x* — 5x° +
5x — 2 cho 4x” + 4x — 1 ta duge thuong 1a
¥ —x+1vadu-1,nén
4 +4x* - 500 + 50 -2
= @2 +4x -1 —x+ 1)+ (-1)
=—1 (do 4x* + 4x — 1 = 0).
Do d6 B = (—1)* + 2008 = 2009. O

% Thi du 3. Cho x la 5o thiee thoa man
2=0.
x¢ +x* —5x7 +2x% 43

Chirng minh rang - - = "3 2
x*—x+2

3 i
= T i

Lai giai. Thyc hién phép chia da thirc
Lrxt-sP+22+3chox® - x*+x -2
ta dugc thuong la x* +x* + x —3vadu 5x -3
nén

S+xt—sP+27+3
= - +x-2)+x¥+x-3)+5x-3
=5x-3(dox’-x*+x-2=0).
Bai toén dua vé chimg minh bit ding thic

https://tieulun.hopto.org
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S5x-3
x2—x+2

. v 5 .
Do xX“=-x+2= x——2~ +1>0 vO1 moi

£2 g

xR nén
(N5x-3<2x?—2x+4
= W —-Tx+7>0

s 7 7

ey ——x +—=40
2

= x—z +i>01u6ndﬁng VxeR.
4 16

Vay BDT (*) luon ding, suy ra dpecm. O
* Thi du 4. Cho fix) la mot da thiec bac

| - 1 o
2012, thoa man diéu kien fin) = ——] veri
i

n=0,1,2,3,...; 2012. Tinh £2013).

Patg®)=(x+ DX -x (1)

thi g(x) 1a da thirc bac 2013 va nhén céac s6 0,

1,2,3,...; 2012 lam cac nghiém cua né. Do do

g(x) : x(x—1)(=2)¥x=3)...(x—2012).

Vi da thirc x(x—1)(x—2)}x-3)...(x-2012) ¢o6

bac 2013 nén

2(x) = ax(x—1)(x-2)(x-3)...(x=2012),aeR (2)

T (1) cog(-1)= (-1+1) f(-1)+1=1.

Tir (2) co

g(-1) = a{-1}(-2)(-3)(-4)...(-2013)
=—q.(20131).

Lai gidi.

20131
el

Tir{2Yea s(2013) = ——— [2013Y) =1,

U (2) co gl ) 2013!( )

Suyral =-g.(2013!) =>a=

T (1) co g(2013) = 2014 2013) — 2013.

Do d6 2014 f{2013) — 2013 =~1
2012 1006

o 12013 = 2222 vy n2013) = 2290
A2013)= S0 VeV A013) = o

X Thi du 5. Cho u la nghiém cua da thirc

x' —x —1. Hay tim cac 50 hitu ti a, b, ¢ sao

1
cho g
u: +u+1

:
=qu? + bu +c.

https://sites. google.com/site/letrungikienmath

Loi gigi. Do u 1la nghiém cta da thuc

X—x—1nénw-u-1=0=u#1vauz0.

Thuc hién phép chia da thic u?®—u-1 cho

u?+u+1 duoc thuong v — 1 va du —u, nén
w—u—1=u? +u+1)(u-1)-u

= (u?+u+)(u—1)=u (do u*—u—-1=0)

1 .l
w+u+l uw
Laicod w?—u-1=0 = u—-1=—u’+2u.
-
Suyra ... +2u=—u2+2.
u? +u+l u

Viya=-1;b=0;c=21a céc s6 hitu ti thoa
1

min —— =g +bu+e. 0
u? +u+l
BAI TAP
s 1 ,. e ; . iz
1. Cho =—. Tinh gia tri cta biéu
x2—-x+1 5

x5 —3x%—16x3 -5x2 +63x—2
2x* =15x* + 21x? +61x +1

thite C =

2.Cho x=-/3 -1 Tinh gi4 tri cua biéu thirc
D= +x"— 70 — 4x* - 9x — 8)* + 2012.
3. Cho u 14 nghiém cua da thirc x* — x + 1,
a) Tim da thirc v&i hé sb hiru ti nhin
i) u? la nghiém;
i1) #?—u+1 la nghiém;
iii) #*+1 1a nghiém.

dud

b) Hay biéu dién L; : : 1
w uw—u+l ut+1

dang au’ + bu + ¢, v&i a, b, ¢ 1a céc s6 hiru ti.
4.Cho x=1+32+34.

6

Tinh gia tri cua biéu thire § = (I +—l—) :

X

5. Cho f{x) 1a mét da thirc bac 2000 thoa mén
f{m)=l véin=1,2,3,..,2001.
4

Tinh £2002).

(Dé thi vao lép 10 THPT chuyén Nguyén Trai, Hai
Dhrong, nam 2002),

TOAN HOC
clusitce 5
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¢bé thi stuyen si
TRUONG PRI HOC SU' P

https://sites. google.com/site/letrungkienmath

inh vae 16pt10»
HAM TP. HO CHI MINH

NAI\/I HOC 2012-2013
VONG 1
(Dung cho mgi thi sinh thi vao trudmg chuyén)

(Thai gian lam bai: 120 phit)

Ciu 1. (2 diém)
Cho phuong trinh x* —=2(m—3)x—2(m—1)=0
(m 1a tham s6).
a) Chimg minh ring phuong trinh luén ludn
c6 hai nghiém phén biét véi moi meR.
b) Goi xy, x; 14 hai nghiém cua phuong trinh.
Héy tim céc gia trj cua m dé

11

—_———=X1t .

X X2

2

Ciu IL (1 diém). Cho ham sb y=% (P) va

‘ 1
ham s0 y:x—E(D).

a) Vé (P) va (D) trén cung mot mat phing toa
do Oxy.

b) Chimng to rz’mg (P)va (D) tiép xtic nhau tai
mot diém M. Tim toa do cia M.

Ciu 1L (3 diém)
a) Rut gon biéu thirc

Sl Sy 2
S pi-n- g
voix>0;y>0;x#y.

b) Ngudi ta lam mot vudm hoa gom hai hinh
tron tam A4 va B tiép xtc ngoai véi nhau. Biét

AB = 5m va dién tich vuon hoa la 13,487m”,
Tinh ban kinh cia moi hinh tron.
c¢) Giai hé phuong trinh
1
x+y-2
X+ ¥

+x+2y+4:3
x+2y
B 8

x+2y

x+y=2 !

Cau IV. (4 diém)
Cho tam giac ABC vudng tai 4 (4B < AC), co
dudng cao AH va O la trung dlem cua BC.
Duong tron tim [ dudng kinh 4AH cit AB, AC
lan luot tai M va N.
1) Chimg minh ring

a) AMAB = AN.AC.

b) Tir gidc BMNC ndi tiép.
2) Goi D la giao diém cliia 04 va MN. Chirmng
minh ring

a) T giac ODIH ndi tiép.

1 1 1
b) = + :
AD HB HC
3) Goi P la giao diém cuia dudng thing MN
va dudong thing BC. Puong thang 4P cit
dudng tron du’émg kinh AH tai diém K (khac
A). Tinh s6 do goc BKC.
4) Cho 4B = 6, AC = 8. Hay tinh ban kinh cua
dudng tron ngoai tiép tam gidc BMN.

VONG 2
(Dung cho thi sinh thi vao chuyén Toan)
(Thei gian lam bai: 150 phitt)

Cau 1. (2 diém)

1
1) Giai phuong trinh (x—-1)% = 2—x,ix—— .
#

2) Cho g, bla cac s6 thuc thoa mén

-3a’+8a=9va b -6b2+17b=15,
Tinh a + b.
TOAN HOC

* CTugilre S6 426 (12-2012)

5

Cau IL (2 diém) '

1) Cho m, n l1a hai s6 nguyén. Chimg minh
ring néu 5(m+n)?+mn chia hét cho 441 thi
mn cling chia hét cho 441.

2) Hay tim tit ca cdc day sb tir nhién lién uep

¢6 tong bang 180. ]
(Xem tiép trang &)

NGODUCTHODUONGMINHCHAU
DD : 09868858 //tieulun.hopto.org
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'I'RUONG 11'IP'I' CI'IUYEN I.AM SON 'IHANH I'IOA
NAM HOC 2012 - 2013

(Dé thi di ding trénTH&TT sé 425, thing 11 nim 2012)

Ciau 1. Tir DK baira ta cé

1
a2:x2+~!2—+2; L
x 1

+2.

2 — y2a4d
pREERy +x2v2
1 1
+2+x2+ 2+ —+—
IZ},Z x? },z
=ct+ta’+b’ -
Viy A=a’*+b*+c*—abc=4 khong phuy
thude vao x, y. )
CAau 2. Bién d6i PT da cho vé dang
(xz—?x+6)(xz —5x+6)=mx1 (1

ol

(Vi x =0 khong phai la nghiém).

abc = x?y* +

.Jif+E , PT tré thanh
X

2 =12t +35-m=0 (2)
Gia str (1) co 4 nghiém khac 0 1a x;,x5,x3,x,
thi (2) phai c6 hai nghiém #,7,. Khong mat
tinh témg quat, gia sir x;,x, 1a hai nghiém cia

bat ¢ =

6 : g
PTx+—=4¢< x2—4x+6=0; con x3,x; la

X

hai nghiém cua PTx? —£,x+6 =0.
x+x=4

Theo dinh Ii Viéte ta ¢ {2 =~ 2= 6
Xst+txs =15
Hh+t =12

Khi do

i+i+_1:_+ 1 _xtx e + X4

XN Xp X X X% Xa Xy

_hth _,
6

khéng phy thudc vao m.

Ciu 3. Gia sir ton tai sdn nguyén duong sao
ho pla—l) la s6 chinh phuong, suy ra
n(2n-1) =26k (k e N*)= n chin.
bit n=2m (m e N*). Suy ra m(dm-1)=134>.
Xay ra hai trudomg hop

=13
Trieong hop 1 { m_lq (p,q € N).
Suy ra p? chia cho 4 du 3, diéu nay mau
thudn, vi binh phuong ctia mét sé nguyén khi
chia cho 4 du 0 hodc 1.
Truong hop 2 mz_q (p,geN)
Suyra p lﬁsﬁnguyén ¢, do d6 p=2a+1(ach),
dan dén 2(m-13¢* +13a)=7, diéu nay mau
thuéin, vi ve trii 1& con vé phai chin. Vay
khong t6n tai s6 » nguyén duong sao cho
ﬁ(%ﬁ 4 s& chinh phuong.

Ciud4.(h. 1)

A

C
Hinh 1

a) Ta cé AH | BC val, K la tim dudng tron
nol tlep cac tam giac ABH, ACH, suy ra

BHI = AHK (=45°)

IBH = KAH (vi ABH =CAH);
BH

IH
ABIH ¢» AAKH (g.g) nén —=— (1
(g8 o= W

TOAN HOC
" cTusigé 7
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b) Ta cé THK = BHA =90°, tir (1) suy ra
AIHK <» ABHA, nén HIK HBA Do do tir

gidc BHIM noi tiép, suy ra AM:IHB=4SU,
nén tam giac AMN vudng cin tai 4, do do
AM = AN.

2) (h. 2)

Tir gia thiét suy ra
AEC = DEM =180° - ABC
= BAC + BCA > BAC.
Trén nira mat phing bo AM chira dlem ke
tia Ex cat AC tai [ sao cho XEC = BAC

Vi AEC}BA(?:::EC, nén diém 7 thude
doan AC (I # AT #C).

https://sites. eoogle.com/site/letrungkienmath

Tir céc tir giac BMED, ADEI ndi tiép suy ra

i 2
{CM.CB =CELD _BC = CL.CA

CECD=0ICA
= BC? < 2.CA* = BC < AC+/2.
Pat a=x-1, b=y-1.
Theo gia thiéttac6a>0,b>0va a+b< 2.

Ta co a+]3_>2\[c;:>(a+l)4216a2, twong
tw (b+1)* =z 16b2.

(a+I}" (J_f:+1]r1 16a2 1552

2 2 f
16a 16.-5 -1

Ta co 22a+b22@:>ab£l, suy ra
Pagd.

Véia=b=1l<x=y=2thi P=32

Suyra P=

Viy gia tri nho nhit cua P bang 32, dat dugc
khi vachikhi x=y=1.
PHAM NGOC QUANG
(Ha N&i)
Suu tém va gidi thiéu

PpE THI TUYEN SINH... (Tiép trang 6)
Cau IIL (2 diém) ’

1) Cho x, y 1 hai so6 thuc duong. Chimg minh
ring  (1+x2)(1+p2)2(x+p)(1+xp).

2) Cho a, b 1 hai s6 thyc dwong. Tim gié tri
nho nhat cta biéu thirc

_az—hf}z \GE
ab  a+b

Cau IV. (3 diém)

1) Cho tam gidc ABC ¢6 B, C cb dinh va 4 di
dong sao cho AB =24C.

a) Goi 7 1a diém trén canh BC sao cho /B = 2IC.
Chimg minh ring A7 1 tia phin giac cua goc
BAC.

b) Chirng minh ring diém 4 luén di déng trén
mot dudng tron ¢b dinh.

2) Cho tam gidc ABC. Pudng tron ndi tiép
tam giac ABC c6 tam I, tiép xtc voi BC tai D.

TOAN HOC
8 “ CTudilye SO 426 (12-2012)

DPuong tron bang tiép goc A cua tam gidc
ABC ¢6 tam J, tiép xuc vaoi BC tai E.

a) Goi F la giao diém cua AE va DI. Chimg
minh rang F thudc dudmg tron (7).

b) Goi M la trung diém ctia BC. Chimg minh
rang dudng thiang M luén di qua trung diém
cua AD.

Cau V. (1 diém)

Tir 625 s6 tu nhién 1, 2, 3, ..., 624, 625 ta
chon ra 312 s sao cho khong co hal s6 nao
c6 téng bing 625. Chung minh ring trong
312 s6 dugc chon, bao gidr cling cé it nhét
mét s6 chinh phuong.

NGUYEN BUC TAN

(TP. H6 Chi Minh)
Suu tém va gisi thiéu

NGODUCTHODUONGMINHCHAU
DD : 0988#pS#iulun.hopto.org
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Chudn bi
¢cho ki thi
tot nghiép THPT
va thi vao
AR Pai hoc

I. PHUONG PHAP

Bai viét nay dé cap dén mot (mg dung nho cia viée
nham duge nghi¢m trong gidi phuong trinh luong
gidc. Trong phuong trinh dai s6 hay phuong
minh vo ti, khi nhdm duge mét nghiém x = a
thi gitp ta co thé téch, ghep, thém, bét dé bién
déi vé phuong trinh tich ¢6 nhén tur 1a (x - a).
Tuy nhién, khi biét mét nghiém cua phucmg trinh
lmmg gidc thi ¢ thé nhiéu cach 1am xuat hién
cac nhan nr khiac nhau. Chang han, img voi

nghiém x=-g thi nhin tr co thé 1a 2sinx—,

2cosx—+/3 ,cosx —/3sinx,.. O diy ta quy
uac khang viét nghiém cia PT dudi dang cu
thé ma thong qua PT lugng gidc co ban cia
no, chang han thay vi viét nghi¢ém x=n ta
viét nghiém cua PT sinx = 0 hodc cosx = 1.
Sau diy gidi thiu mat s6 ho cac biéu thic c6
nghi¢m chung thuong géip.

Ho biéu thirc Nghiém
gin2x;sin3x; 1 £cosx sinx =0
T X . ;
cos| —+— [;sinx + cos2x sinx =1
4 2
n X :
COSX;CO8| ——— sinx =—1
4 32
sin2x;cos3x cosx =10
. F
sm;smx;wsh—cosx cosx =1
% 2
COS—; SINnX cosx =—1
2 .
cos2x;1 Fsin2x;cos® x Fsin’x;
. T tanx = %1
cos3x £sindx;cos| xt— |; .
4 sinx+cosx=0
tanx — cotx

https://sites. eoogle.com/site/letrunekienmath

'KI NANG, NHAM \J(JHIEM

TRONG (JIAI PHUONG TRINH

LUONG GIAC »

TRAN audc LuA'r
( GV Trudng THPT chuyén Ha Tinh)

I1. THI DU MINH HOQA

% Thi du 1. Giai phuong trinh
2cos’x+cos2x+sinx =0 (1)

Nhign xét. Do co su xudt hién cua cosx
vi cos2x+sinx nén ta ngh dén nghiém
siny = 1, do d6 bién d6i PT thanh tich cé nhén

tr sinx—1.

Léi gidi. Bién dbi PT (1) thanh
2cosx(1+sinx)(1—sinx) +(1 —sinx)1+ 2sinx) =0
& (1-sin.x)((cosx +sinx)? + 2(cosx +sinx)) =
&> (1—sinx)(cosx +sinx)(cosx +sinx+2) =0

[sinx =1

=il
sinx+cosx =0

e
2

x=—§+;‘m‘,keZ.D

—_

* Thi du 2 Giai phwong trinh

«,am x+1 ]
e —.—sm”\ +cosx  (2)

CO5X 2

Nhdn xét. Nhan thiy véi sine = 0 thi hai vé
cua (2) bing nhau, do d6 bién ddi PT thanh
tich ¢o nhan tr 1a sin x.

Léi gidgi. Diéu kién cos x # 0 va sin x > 0.
Bién ddi PT (2) thanh

sinx@ +1+sinxcosx —sinxcos’x —cos*x = 0

< sin x( sinx +sinx + cosx — cos?x) =)

]. 2 l 2
< sinx[(y‘sinx + 5] - [cos,x - 5] ] =0
= sinx( sinx +cosx)(1,#sinx— cosx+l] =0

TOAN HQC
* CTudilre 9
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sinx=0

& | +Jsinx =cosx—1 <> | cosx =

vsinx +cosx =0

Pén day ban doc dé dang ;.'LT]J dugce dap s6. O
* Thi du 3. Gidi phuong trinh

In(1+ (sinx + cosx)?) = 2cos? (x — %] (3)
Nhgn xét. Trong PT (3) c6 chira bidu thirc
sinx+cosx va cos’ [x#g] ldim ching ta
nghi dén nghiém sinx+cosx=0.
Léi gidgi. Bién dbi
2cos” [x~§] =1 +ms(2x—§) ~(sinx+cos x)°.
Tacé PT(3) < f(¢) =0, trong do
f()=In(1+1)—t va t = (sinx + cosx)? = 0.

] —t )
Do f(t)=——=1=——<0, v Vr=0va
A 1+¢ 1+¢

£(0)=0. Tir d@6 =0 1a nghiém duy nhat
cua PT f(r)=0. Do vay

PT(3)¢>sh1x+00&r:0<:>x=—§+krg keZ

% Thi du 4. Giai phuong trinh
\.@{Zf:oslx+cosx—2)+sinx(342cosx}r{) (4)
Nhgn xét. Bai nay xudt hién nhiéu h¢ s6 va
khé phén tich, tuy nhién néu chi ¥ su xuat
hién cna V3 va van dung sin?x + cos’x =1
ta nghi dén viéc nham nghiém lién quan dén
J3 thi thu dugc nghiém si1'1x=~"-f;_—::i Do do6
bién dbi PT dé xuét hién nhan tir 2sinx —+/3.
Léi gidi

PT (4) e=>300s+ 3sinx—2y/3sin? x — 2sinveosx =0,
< (2sinx - Jg)(ﬁsinx+cosx) i1

TOAN HOC
10 ° CTudilpe SO 426 (12-2012)
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[ =x
x=—+k2n
sinx:l@ 2
< 2 Pt I=—E+k2‘.ﬂ:
s 3
cos[x-——]=0 51
3 x="TrknkeZ0

% Thi du 5. Gidi phuong trinh
' : ) 4 - & . . 4 n_\]
smx+smLx—— sinx—sin| x—— | |=tanx (5)
4)) 4
Lai gidgi
PT (6) < 2[sin2x—sin3(x—%]] = tanx.

< 2sin?x=tanx+1-sin2x.

& | 2sinx +
COSXx

](sinx +cosx)=0

<:>x:—“+fcﬂ,k eZ.0
Nhin xét, Sau khi bién doi nhéan thay PT (5)
c6 biéu thitc tanx+1 1am ching ta nghi dén
nhim nghiém sin x + cos x = 0.

* Thi du 6. Gidi phwong trinh

cos® x —sin® x = 2cos 2x(v/sinx ++/cosx)  (6)

Nhin xét. PT (6) ¢6 cac biéu thirc cos’x +
sin’x va cos 2x goi ¥ cho ta d&n nhim nghiém
cos x + sinx = 0.
Loi giai. PKsinx =0 va cosx = 0.
Khi do PT (6) tuong duong v&i

(cosx —sinx)(l + cosxsinx)

= 2(cosx —sinx)(cosx + sinx)(«/ cosx + +/sinx).
& cosx—sinx =0 < x=§+kn,kez.

(Vi 2(oosx+sinx)/cosx ++/sinx) = 2(cosx+sinx)?

> 1 + cos xsinx).
Dai chieu PK ta duge nghiém la

x:%+k2n, keZ. O

* Thi du 7. Giai phwong trinh

g

Lw] + Z\Esir{x 1 E) =3 (/)
cos3x +sin3x s

https://tieulun.hopto.org
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Nhin xét. Dé v thiy cc bidu thirc cosdx-+sin2x %} T ; T
. - 3 : o ’ &> cos| x+— |sin| 2x —— | =sin| 2x ——

va cosdx+sin3x dcu co nghi¢m chung la 4 4 4
_— 1 1

sex=—s c:-sin[Z.r—E]:{]

; . 1
Loi giai. DK - #0 va 2x %=,
1 & cosxmsiny SR 2 (Vicos2x#0nén cos[x + %] #1).

Bién doi PT (7) thanh

T T
- 3 ; < x=—+k—, keZ (théaman PK). O
(1-sin2x)(1 + 2sin2x) ] 5 J_sin[x— E} 5 82
(cosx —sinx)(1+ 2sinx) BAI TAP

Giai céc phuong trinh sau

¢ (cosx —sinx)? —2(cosx —sinx) -3 =0. 1. 3—4sin?4x = 2cos4x(l + 4sinxcosx).
' 2. cos3x +11cosx = 2(2sin2x + 3cos2x +4).
& (cosx —sinx +1)(cosx —sinx —3) = 0. 3. 2sin2x —cos2x = 7sinx + 2cosx — 4.
e 2 4. cosx(2sin® x + 2sinx+1) = 2cos® x +sinx+1.
- : 0
= 2 (thoa méan DK). 5. sinx + cos®x = sinx — cosx.
x=n+knkeZ. 6. sinx(2cos?® x +sinx + cosx) =1+ 2sin? xcos? x.
% Thi du 8. Gidi phuwong trinh cos? x(cosx —1)
P ) 5 7. ‘ = 2(1+sinx).
51“3.;( N CcOsx - 2 tan“x+ 2ta.n.x el ]. (8} COSX +8Inx
cos2x cos2x . 1—tan’x .
e e (l+sinx+c052x)sin[x+—J
Leai giai. DK cosxcos2x # 0, tanx = £1. 3 s —_
1 +tan x J2 |

Khi do PT (8) tuong duong voi
sinjx  cosx

= - \E(tan2x-—1) 9,

C.‘”‘zx C”SZIJ_ _ (sin 2x + cos 2x) cos x + 2cos 2x —sin x = 0.
<> sin3x —cosx = v2(sin2x - cos2x) &) (Khéi B - 2010)

Chi ¥ ring sin3x —cosx va sin2x —cos2x c6

(Khoi A —2010)

10. 1+ sin 2x+0052x S

nghiém chung sin[Zx - —}) = (), nén 1+cot® x

(Khbi A —-2011)

PT (9) <:>sin3x-sin(£— ): 25in(2x—£} 11. \fESiﬂZJC+COSZI =2cosx—1.
2 4 (Khéi A — 2012)

ﬁHﬁ PAT MUA TAP CHI TOAN HOC VA TU(‘»I TRE;
AP CHI TOAN HOC VA TUOI TRE NAM 2003 VA CA'
A SOAN TAI CAC CO SO BUU PIEN TREN CA NUGC.
.ﬂn lién hé: TAP CHI TOAN HOC VA TUOI TRE, 187B Glang v
DT Bién tap (04)35121607
i DPT-Fax Phat hanh, Tri sur (04)35121606
" Hotline: 0912828687 _
- Emai: tapchitoanhoc_tuoitre@yahoo.com.vn = =

) TOAN HQOC
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Thct sibe TRUGC Ki THI
PE SO 3
(Thoi gian lam bai: 180 phiit)
PHAN CHUNG

Cau 1 (2 diém)
Cho ham sb y = x* — 2x2.
1) Khao sat sy bién thién va v& do thi (C) cua
ham sé.
2) Vlet phuong t:rmh tiép tuyén cua (C), biét
ring tiép tuyén tiép xtc véi (C) tai hai diém
phan biét.
Cau 11 (2 diém)
1) Giai phuong trinh
c0s2x +cos3x —sinx —cos4x =sinbux.
2) Giéi bit phrong trinh

4x2 ++/2x+3 2 8x+1.

Chu Il (1 diém)

In2 x
Tinh tich phin | ——S o
0 (Er _9)\!'36" -2

Cau IV (1 diém)

Cho hinh chop S.ABCD ¢6 day ABCD la hinh
vudng canh a, tam gidc SAB déu va ndm
tmng mat phing vudng gbc v day Goi M,
N, P, K lan luot 1a trung dlem eaa BC, CD,
SD, SB Tinh thé tich ciia khbi chop S.ABMN
va khoang cach gitra hai dudng thang MK va
AP theo a.

Ciu V. (1 diém) Giai hé phuong trinh

Xy-yt=7
x2y+2xy2+y*=9.

PHAN RIENG
(Thi sinh chi dugc chon mjt trong hai phin A hodc B)

A. Theo chwong trinh Chuin
Cau Vla (2 diém)
1) Trong mit phing voi hé toa dd Oxy, cho
duong tron (C): x* +y? -2x+2y-2=0va
dudng thing A:2x+y+10=0. Tir mét diém
M bt ki trén A ké cac tlép tuyén MA va MB
dén (C) (4 va B la cac tiép diém). Xac dinh
toa d6 diém M sao cho khodng cach tir O dén
duomg thing AB dat gid tri 16n nhit.
2) Trong khéng gian v&i hé toa d§ Oxyz, cho
hai duong thing

x=1 p+l_z x-1 y=-2 z

et e B = de

k]

2 1 1 i z 1
va mit phang (P):x+y-2z+3=0. Viét
phuong trinh duéng thang A song song vdi
(P) va cat d,,d, lan lugt tai 4, B sao cho
AB=~29.
Ciau VILa (1 diém)
Cho s phitc z thoa man |z|—2z =3(~1+2i).

Tinh |2|+|2]".

TOAN HOC
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B. Theo chwong trinh Ning cao

Ciu VLb (2 diém)

1) Trong mat phang vdi hé toa d6 Oxy, cho
tam giac ABC vudng tai 4 co0 G la trong
tam, B(-10;1), C(10;1}.

Xac dinh toa d¢ dinh A biét dién tich tam gidc
ABG bang 20.

2) Trong khong gian vai hé toa d§ Oxyz, cho
duéng thing d;"j:y”l’z =”1‘
phing (P):x+y+z+2=0. Viét phuong
trinh dudng thang A nam trong (P) sao cho
A vubng gbc voi d va khoang cach giira hai

2J_

dudong thing d vi A bing ——

va mit

Céu VILb (1 diém)
Gidi hé phuong trinh
3¥+6.2r =11+4>
{2.‘-' +43*=T7+9%.

HOANG PUC NGUYEN
(GV THPT chuyén DHSP Ha Nji)

NGODUCTHODUONGM[NHCHAU

D : GYBEHIR g pto-0r0
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HUONG DAN GIAI PE SO 2

Cau 1. 1) Ban doc ty giai.
2) T giac MHIK 1a hinh chir nhat. Goi xg 1a
hoanh d¢ diém M, ta c6

S.-'IJH.FK :JWM=|%_1|‘T+T_II=|!”+”
0=

Ddp 56. m = 0 hodic m = -2.

Ciu II. 1) PK x¢g+k.2n (keZ). PT da

cho tuong duong vaéi

cos2x—(sinx+cosx)+2=1~sinx
& 2c0s? x—cosx =0. Két hop véi PK ta dugc

in

x=tekam x :%mzn (k,me 7).

2) Nhan PT thir nhat va PT thir hai cua hé,
chéo vé ta dugc

(x2 + y1)(x—2y)(4x+2y—15)=0.
Pdp s6. Hé da cho ¢6 nghiém (x ; y) 14 (0 ; 0),
2;1),;2)
Céu III. Ta co

= J.FC e *dx + Jl“\j/——“dx I] +.|rz.
ux+
|
e [, =—xe* +Je"dx=l——.
0 0 c

oBétim!;,d:,ity’!_=tanu thi
m T n
4 2tan’u 4 4
[, = |———d(tanw) = 2 |d(tanu) -2 |du
- =2 oo 2]
2 &
L e
2 e e 2
Cau IV. Goc giira (P) v (ABC) 1a A4'C. Ta
——  AA’ 2(

¢ cosAA'C =

AC
H, cét canh CC' tai M. Ke AN L A'B cit canh
BB'tai N. Thiét dién 1a tam gidc AMN. Ta c6

Jia

S,-j(_-g = SAMN.COSM = SAMN = T.

Ké AH 1 A'C tai

PPz
1+ yz
Al+yzy 2 4z 3z
P+ +1) 2 +1 240 (z2+1)ﬂfz2 '
Vay
=2.z(2y+(y‘"—1)z)_ 4z 5 3z
P+ +D) 2+ (2 +INZ2+]
| 222y +(?-Dz) _ 22yQy+(* - Dz)?
(12 +1)z2 +1) (2 +1)(z2 +1)

L2242+ (-1 +22) 22
B (3 +1)(z2 +1) N/

i P 22 4z : 3z []_ 22]
Tz Nz2+1 Az +1 22 +1

Jﬁ =:e(o;1)).

Chu V. Tir gia thiét c6 x = —P=

+1

==3+ I[vﬁi

J 1y 2

Ham sb f()=—3F +1, ¢ n=fl=|==
am so f(f) +1, ¢b %ﬂ) f[g,) 5

Tir do maxP=§ — x=--2%; y=\/§; z:—f—.

Ciu VIa. 1) C6 hai dudmg thing thoa man dé
baila A, :y—1=0; A;:x—2=0.
2) A(3;-1;-2); B(2;4;-1).

Ciu VIla. Ta cOz—iz=1+13+... 412012 201 1 213
i3 (]_ - izt}lﬂ)
1

= z(1-i)=1+ ~2011i

-—1—%——2011 i 220124,
—i
_2-20128 (2-2012i)1+)
1-i i
Vay z ¢6 phén thuc 13 1007, phin 4o la —1005.
Cau VIb. 1) Goi AH 1a dudéng cao tam giac

=1007-1005..

4 .
ABC thi AH = T Tir gia thiét suy ra BC = 2.
(Xem rié:p trang 28)

TOAN HOC
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md RONG BA'I' BANG THUC

: VYR RHAY/ASH
GIIO DA GIAC

DAM VAN NHI
(GV THPT chuyén BHSP Ha Noj)

’I"\r{mg bai nay ching t6i xin ban vé cach

md rong mot vai bit ding thirc trong
tam gidc thanh bit dang thic cho da
gidc ma van giit dugc "hinh béng ban dan"
clia n6. Viée phat biéu bai todn mé rong thé
hién sy am hiéu sdu sic, tinh té bai toan d3
biét. Ta c6 thé di theo hai cach:

1) Tang s6 dinh bai todn cho da gidc tiry 3.
2) Xay dung bai toan mdi sao cho bai toan
ban ddu la trieong hop ddc biét cua né.
Ching ta tong quat héa Bét ding thirc
Ptolemy (i) va Bét diang thirc Hayashi (ii):
(i) Voi bon diém phén biét 4, B, C,D ta lubn
¢6 bét ding thirc AB.CD + AD.BC > AC.DB,
Ping thirc xay ra khi tor giac ABCD ndi tiép
dudng tron. Phép chimg minh nay cé nhiéu
trong cac tai li¢u tham khao, ching t6i xin
khong chimg minh & day.
(1) V61 tam gidc ABC d6 dai cac canh la
BC=a, AC = b, AB = c va diém M tity ¥ ludn
c6 bat ding thire

a. MB.MC + bMC MA + cMAMB = abe.

N P i
Chitng minh. Tit 0<(x.MA+y.MB+z.MC)
suy ra (x+y+z)(x.MA?+y.MB? +2.MC?)
zatyz+b*xz+cixy (Vx,y,zeR).

TOAN HOC
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Chon x:i; y:i; z=—%_ thitacé
MA MB MC

[ B J{aMA+bMB+cMC)
MA" MB" MC

zabc[ + 2 i ;
MB.MC MCMA MAMB
Nhén ca hai vé vi MA.MB.MC, thu gon duoc
diéu phai chirng minh.
Véi bidu dién két qua nhu trén kho ¢d thé mo
rong hodc ta phai vira mo rong via chinh
hinh bai toan dd biét. Phat biéu lai hai bai
toan:
(a) V&i bén diém phén biét 4, B.C,D ta luén
co bat ding thire
AB " BC N C4

DADB DB.DC DC.DA
(b) Véi tam giac ABC va diém M tuy v ludn
co bat déing thirc

SN S B

ABACM1 BCBAMB CACBMC  MAMB.MC
Ta s& sit dung s6 phirc dé mo réng cac két
qud cua Ptolemy va ctia Hayashi nhu sau:
M¢énh dé 1. (Bt ding thirc Ptolemy cho da
giac).
Véi da gide AA,...A, va diém M thuée cing
mot mdt phang, ta co bat dang thuc

Al Ag A2A3 A,,_.| An
MA, MA,  MA; MA; MA,_, .MA,
> _AA (D

MA, .MA,
Khi n =3, ta cé bdt ding thirc Ptolemy.
Béﬁ b:‘.éf, khi A].Az :AgAg :---:An—lAer =A4,4
ta con ¢é bat dang thirc

1 1 1 |
+ +..+ > :

MA M4, M4, MA, M4, M4, M4, M4

Chirng minh. Gia su dinh A4, co toa vi z; va
diém Mcé toa vizthi | M4, |=|z—z, |. Tir
Zy — Zp _ =il 1

(z-z)z-21)

Z=Zf &2y

https://tieulun.hopto.org
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c¢6 déng nhat thire

2 —Z, Z—Z -2
(z-zXz—2) (2 )z—2) (Z HNz—12)
Zpol T Zy
(z-zaa)(Z2—2,)
Suy ra
|2~z |21~z | |2:—z |
|z-z||z-z2,| |z-zllz-2| |z-zlz-z]
Fomei=2sl
l|z—z,,_1 |z=2,|
Do vay < + el +...+ A4,
M4 M4, MA, MA; MA, . MA,
A, A
- MA, MA,
V6i n = 3, bit ding thirc trén trd thanh
A Ay Az A3 A 4
MA M4,  MAs. MA,  MA;.MA,

bay 1a BDT Ptolemy. O
% Thi du 1. Gia st da gidc 161 A4A...A, véi
do dai canh A, A =kA4 4 va quy woc A, =A,.
Chiing minh rdng khéng thé tén tai diém M ¢
trong mat phdng chira da gidc l6i théa man
bat dang thirc
1 . n—1 n

+ Food - < :
M4 M4, M4, M4, M4, M4, MA, M4
Loi gigi. Néu c6 diém M thoa min dau bai,
thi theo Ménh dé 1 ta c6 bat ding thirc

A4 i 244 - (” 1}14|A2> n4 4
MA M4,  MA, M4 M,_lm MA, M4,
1 2 L, #-1
M4, M4,  MA, MA, MA,_, . MA,
B e,
MA, M4,

Tir day suy ra diéu can chimg minh. O3

% Thi dy 2. [Erdos-Mordell). Ki hiéu khoang
cdch tir diém M & trong tam gidc ABC dén ba
canh BC, CA, AB thir tw la x, v, z. Khi do ta
cé bdt ddng thire

MA+MB+MC=z2(x+y+2z).

Loi gidi. Gia st AM cit dudmg tron ngoai ticp
tam giac ABC tai D. Goi khoang céch tir D dén

CA, BA lan lugt 1a ¥, 2. Khi d6 ta c6 aDA =
dDB + ¢DC (theo dong nhét thic Ptolemy)

A
Vi JD«C‘?:J;’=ﬂ va .D:‘.i’az'=£ nén
MA MA

DA>£:1£}£+ j£)dh ay M4>z£+y+.
MA MA

Tuwong tu co MB2xE+z2 va MCzy.£+xé.
b b e €

Tir day suy ra MA+MB+MC=>2(x+y+z). O

Mgnh @é 2. (Bat ding thirc Hayshi cho da
giac) Voi da gidc 4 A.. A, va M la diém tiry
¥ ta lubn ¢6 bét ddng thire

. 1 |

Z [id 21‘1

Ay Ad TIMA

ik k=1
Khin =3 va oy =A2A3, as =A3,A], .‘:I3=AIA2
ta nhan dwoe BPT Hayashi cho tam giac
o MA:MA‘; +ﬂ2M43 .M| +(J'3M4| .M‘ig 2(.116?2(13 z

Chikng minh. Trudc hét ta ¢ bd dé

z; khac nhau doi
svai=1,2 . n

A A . " . &
Bo dé, Gia s cdc s6 zy, z, ...,
motva zi+a; #0voii=1,2, .,

Xac dinh x, xy,..., X, trong phan tich
(z-zlz-2).{z—-2) _

(z+aXz+a)..(z+a) z+a
T do suy ra

&
i H| ap +zi|
Z k=1 = "

x'1 7
s ..+ %

z+a,

I+

" lz—2z ...l 22|

“Tla—al [ ]la—allz+a| Aokl by
i | feslps]

Chirng minh. Gia st ring
(Z=a)(z-2).{2-2) _ = e B g
(z+aXz+a).(z+a,) z+a z+a,  z+a,

Khi d6 ta co

Xzt Nz+a&). (z+a)+xa(z+a N z+a)..(z+a,)

oot Xz Wz+a). . (z+a,)

=(-z)e-n)(E-z)
(Xem tiép trang 28)
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CAC LOP THCS

Bai T1/426. (L6p 6). Ching minh ring véi
mdi s6 tu nhién » 1én hon 4 thi tdn tai cap sb

- L. N . N
ty nhién x, y vai ES.’C(!’! va §£y<:n,

théa mdn x? — y chia hét cho n.

NGUYEN HOU BANG
(GV THCS Hung Hoa, TP. Vinh, Nghé An)
Bai T2/426. (Lép 7) Cho tam giac ABC
vudng cédn tai 4. Trén tia 4AC Iay hai diém E

va F sao cho ABE =15 va CE = CF. Tinh sé
do cua goc CBF.
THAI NHAT PHUONG
(GV THCS Cam Nghia, Cam Ranh, Khdnh Hoa)
Bai T3/426. Tim nghiém nguyén duong cua
phuong trinh
65(x*y? +x* + y?) =81(xy?* +1).
DINH XUAN HUNG
(GV THCS Gia Hanh, Can Léc, Ha Tinh)

Bai T4/426. Giai hé phuong trinh
{91:2 +9xy +5x - 4y+9\f; =7

JX=P+2+1=9(x—y) +,/Tx=Ty.

PAO HUY TRUONG
(GV THCS Ldp Thach, Vinh Phiic)

Bai T5/426. Cho tam giac ABC cin tai 4 co
goc BAC tu. Gia sir trén canh AB co diém D
sao cho BC = CDV/2. Qua D v& dudng thing
vubng goc véi AB cit CA tai E. Ching minh
ring dudng thing CD di qua trung diém cta
doan thing BE.

NGUYEN KHANH NGUYEN
(GV THCS Héng Bang, Hai Phong)

TOAN HOC

16 a Crumce S6 426 (12-2012)
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CAC LOP THPT

Bai T6/426. Cho
S=ﬁ+{{§+</§+i/§+ +20W|

2 Y3 4 2012
Tim phén nguyén cua S.

PAO CHI THANH
(GV THFT chuyén Vinh Phuc)

Bai T7/426. Gia sira, b, c la dc:) dai ba canh
cua mot tam giac. Chimg minh ring
J@+b—c)b+c—a)c+a-b)

P S@abc

- (a+b+ c)m ‘

NGUYEN VAN NHO
(GV THPT Neguvén Duy Trinh, Nehé An)

Bai T8/426. Cho tir dién ABCD ¢6 cac canh
AB, AC, AD doi mot vuéng goc voil nhau. M
la diém di dong trong khong gian. Cho biét
AB =4, AC =&, AD = 12. Tim gia tri nho
nhit cua biéu thirc

P =TMA+11MB +23MC +J43MD.

HOANG SY LUYEN
(Hoc vién Cao hpe Toan K19, DH Vinh, Nehé An)

TIEN TGI OLYMPIC TOAN

Bai T9/426. Cho day sb nguyén duong (a,)
vol a =l = 2 v a,,; =4a,,+a,, n21.
Chirng minh rang

1) @aue2 +(=1)".5 ludn luén l1a mét sb chinh
phuong voi moin > 1.

2) Phuong trinh x?
nghiém nguyén duong.

—4xy—y*=5 c6 vo sd

PAM VAN NHI
(GV THPT chuyén DHSP Ha Néi)
Bai T10/426. Cho @ la mét s6 thyc thude (0 ; 1)
va b la mdt so phirc thoa man|b|<1. Ching
minh bit dang thirc |b|+{-1'3%2| >a

TRAN NGOC THANG
(GV THPT Dodan Thi Diém,Ha Nei)

https://tieulun.hopto.org
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Bai T11/426. Cho 0<a<42-. Chimg minh

ring (cota)®2e 2 — :
sin2a

PHAM KIM CHUNG

(GV THPT Bang Thic Hua, Thanh Chuang, Nehé An)

Bai T12/426. Cho tir dién ABCD ndi tiép mat
cau tim O. Diém G khéng thuge céc mit
phéng (BCD), (CDA), (DAB), (ABC) va mat
cau (0). GmX Y, Z, T theo thir ty 1a tim mat
cau ngoai tiép cua cic tr dién GBCD, GCDA,
GDAB, GABC. Chiung minh ring G la trong
tam cua t dién ABCD khi va chi khi O la
trong tdm cua tir dien XYZT. .
NGUYEN MINH HA
(GV THPT chuyén DHSP Ha Noi)
CAC PE VAT LI
Bai L1/426. C6 hai chiéc céc, trong dé cde 1
dung M gam nuoc duong co noéng do a%, &
nhiét do 7=45°C con coc 2 dyng m gam nude
tinh khiét o nhiét do t=5°C. Nguoi ta lay n
gam nudc dudng ¢ coc 1 d6 vao cde 2 va sau
khi khUd,y déu lai lay n gam nuéc duomg &
coe 2 dd vao coe 1. Két qua la hiéu nhiét do
At giira hai cde 1a 15°C va ndng @6 dudmg cua

https://sites. eoogle.com/site/letrungkienmath

cée 1 glp k= 2,5 1an cia cbe 2. Tim céc ti s
x= - va y=-1 Néu ting » thi su chénh
i m

léch vé nong dé va vé nhiét do gitra hai coc
sau khi pha t.’:’mg hay giam? Tir d6 rit ra két
luan gi? Gia s khm legng dwong hoa tan
nho khing Jang ké so véi M nén co thé coi
nuoc daro‘ng va muedc tinh khiét cd Cung khoi
leong riéng d va co cing nhiét dung riéng cy.

NGUYEN QUANG HAU
(Ha Noi)
Bai 1.2/426. Ban ¢ trén mét chiéc thuyen dang
dimg yén trén mat song. Khéi lrong tong cong
cua thuyen va cua ban 1a M. Trén thuyen cO hai
vién da voi khéi lugng tuong tmg 1a m; va m..
Cho biét M = 6m; = 12m,. Mubn cho thuyén
chuyerl dong, ban ném da vé phia sau. Ban ném
lién tiép timg vién mot hoac ném dong thoi ca
hai vién, nhung déu véi tic do v, 50 véi thuyén,
Hoi toe do cia thuyen 13 bao nhiéu néu ban ném
a) Hai vién da dong thoi?
b) Vién m, trudce, vién m, sau?
¢) Vién my trude, vién m sau?
NGUYEN VAN THUAN
(G V DHSP Ha Nigi)

FOR LOWER SECONDARY SCHOOLS

T1/426.( For 6™ grade). Prove that for any
natural number » > 4, there exists a pair of

n
natural numbers x, y with Eéxmrs and

1 il A
5 < y <n, such that x2 — y 1s divisible by .

T2/426. (For i grade). Let ABC be an
isosceles right triangle with right angle at A.
On the ray AC choose two points E and F
such that ﬁ =15 and CE = CF. What is the
measure of the angle CBF ?

T3/426. Find all positive integer solutions of the
equation 65(x*y* +x? + y?) =81(xp* +1).

T4/426. Solve the system of equations

{9x2+9xy+5x—4y+9ﬁ=?

JX—y+2+1=9(x—y) +./Tx-Ty.
T5/426. Let ABC be an isosceles triangle
where the angle BAC is obtuse. Suppose D is
a point on edge AB such that BC = CDV/2.
The line through D and perpendicular to AB
meets CA at E. Prove that CD passes through
the midpoint of BE.

FOR UPPER SECONDARY SCHOOLS

T6/426. Let

S:ﬁ.pi’{g.].{[g.k{/g.f + 2013 2013 :
2 N3 N4 V2012

Find the integer part of S.

(Xem tiép trang 27)
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% Bai T1/422. Cho
1.1 1 1 1

A L b el A i o e
2 3 4 2011 2012
b. 11 kA
: A
va B= : + ; +ont , . Hay tinh (—j .
1007 1008 2012 B
Léi gigi. Ta bién d6i nhu sau
1 1 1
£ + ¥t
1007 1008 2012
I 1 1 1 1 1 )
=] [, g + +..+ -
Zz 3 1006 1007 2011 2012

11 1 ]
= I+ =t =tk ——=1
( 2 3 1006

= l+l+l+...= : + l Fiat 1 ¥ 1 ]
2 3 1006 1007 2011 2012

s 3

A 2012
Suy ra (E] i W

> Nhin xét. Cac ban sau c6 151 giai ding, gon, trinh
bay 1o rang:

Phi The: Sai Thi Phuong Ly, 6C, THCS Vin Lang,
Viét Tri; Vinh Phice: Pham Ngoe Hoa, 6A1, THCS

hitps://sites. eoogle.com/site/letrunelienmath

Song Lé, Nguyén Ha Anh, Nguyén Vin Qu_wn Ngupen
Thi Minh Chi, 6Al, Tran Quang Phi, DG Lé Huyén
Ngoc, 6A3, Nguyén Minh Hiéu, Aguyen Trung Kién,
6A5, THCS Yén Lac; Ha Néi: D6 Quang Huy, 6B,
THCS Nguyén Thm;mg Hien, Ung Hoa, V6 Nhdr Minkh,
6A1, THCS Ngo Gia Ty, Q Hai B4 Trung; Thanh
ana Nguyén Danh Thing, 6D, THCS Nhi Ba S9.
Hodng Héa, Lé Ngpc Trung, 6C, THCS Lé Quy Pon,
Bim Somn; Nghé An: Nguyén Dinh Tudn, 5A, TH Hong
Son, D& Luong, Bdu Thanh Thuy, 6A, THCS Cao
Xuin Huy, Dién Chau, Lé Thi Nguyét, Nguyén Thi Vin
Anh, Hoang Thi Hoa, 6C, THCS Ly Nhit Quang, Do
Luong; Vi Kiéu Oanh,Cao Ha Bich Ngoc, Nguven Tra
My, Biti Duy Khédanh, Dwong Thi Khdnh Linh, Ho Ngoe
Anh, Nguyén Quynh Anh, Nguyén Dinh Quy, Tmn Thi
Anh Thir, Nguyén Thi Khdanh Linh, 6B, THCS Ho Xuén
Huong, Quimh Luu; Ha Tinh: Newyén Viét Anh,
THCS Xuén Diéu, Can Loc; Quang Ngdi: Pham Thién
Trang, Va Tran Thiy Huong, 6A, Nguyén Van Lic, Bii
Thi Lé Giang, 6B, THCS Hanh Phude, Nghia Hanh,
Neguyén Dai Duong, 6B, THCS Nguyén Kim Vang,
Nghia Hanh; Binh Binh: Tran Cd Bao, 6Al, THCS
Phude Lic, Tuy Phrde.

NGUYEN VIET HAI

* Bai T2/422. Cho da thirc f(x) véi cdc hé 56
nguyén thoa man f(3).f(4) =5. Chimg minh
rang da thire fix) — 6 khong cé nghiém
ngUyen.

Loi giai. Gia st da thire f(x)—6 c¢6 nghiém
nguyén a. Khi do f(x)-6=(x—a).0(x) la
da thirc ¢ hé sé nguyén nao dé. Suy ra
f3)=06-a)03)+6AH=E-a)0dD+6 (1)
Vi f3).fi4) = 5 nén

(3=-a)0(3)+ 6).((4—a)O(4) + 6} =

< (3-a)(4-a)Q(3)Q(4)+6(3-a)(3)

+6(4— a)Q(4) +36=5 2)

Do 3 — a va 4 — a 1a hai sb nguyén lién tiép
nén (3 - a)(4 — a) la s6 chin. Do d6 VT (2) la
s6 chin, nhung VP (2) la so 1¢, dicu nay la

https://tieulun.hopto.org
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mau thuan. Vay gia su trén la sai. Suy ra da
thirc f{x) — 6 khéng c6 nghiém nguyén, O3
}Nhi,in xét. 1) Tir (1) co thé lap luan tiép nhir sau:

Do 3 — a va 4 — a la hai s6 nguycn lién tiép nén phai co
mét sd chin. Néu 3 — a chin thi A3) la sd chiin, méu
thuan vdi gra [hu:t ﬂ3};’(4} =5 Notud-a chin thi fi4)
chan, ciing din dén mau thuin. Do viy ta co didu cin
chimg mlnh

2) Pa sé cac ban déu chlmg minh dugc bai todn, nhung
lap luan trong léi gml cua mdt s6 ban van chua chit
ché&. Cac ban cd lin gial 16t la:

Thanh Héa: D6 Minh Thang, 7D, THCS Nhir B4 Sy,
Hodang Hoa; Quing Ngéi: Cao Thi Thiy Diém, Nguyén
Thity Phuwomg, 7A, THCS Hanh Phudc, Tran Th: My
Ninh, 7TA, THCS Nghia M§, Tu Nghia; TP. H6 Chi
Minh: D6 Neguyén Vink Huy, 8A3, IHP I' chuyén Tran
Pa1 Nghia, Quin 1.

TRAN HOU NAM
sao cho

(1)

% Bai T3/422. Tim cdic 56 nguyén a, b, ¢
29 +8b2 -3 =283

Laoi gidi. Taco (1) < 29-3=283-8b".

Do beZ nén 283-8¥ €Z, suyra 29 -3¢ € Z.

e Néu @ nguyén am, ce N thi 2¢Z 3 eZ
nén 2¢ -3 g Z.

e Néu aeN, ¢ nguyén am thi 29 € Z,3c ¢ Z
nén 2¢ —3° g Z.

Do d6 a va ¢ chi c6 thé la sé tu nhién.

Lai c6 (1) & 2¢ =8(35-52) +(3+3¢).

Do 3¢ chia 8 du 1 hodc 3 nén 3+3¢ chia § du
4 hodc 6, suy ra 2¢ chia 8 du 4 hodc 6 (2)
V&ia=0hoica=1 thi 2¢ =2
diéu nay mau thuan véi (2).

=1 hodc 2¢

Vi a 2 3 thi 29:8, diéu nay ciing méu thuin
vdi (2). Vdy a = 2, khi do tir (1) suy ra
8h2 =279 + 3¢,

Vé&ic=0thi 85> =280 < b2 =35 nén b e Z.

4
Véic = 1 thi 862 = 282 <::.>b2=1£ ki el

V&ic=2thi 86 =288 & b= 16.
Vaic=3thi 279+3<:9 suyra 86%:3 = b:3.
it bh=13d (d € Z) din dén 842 =31+32(3)

hitps://sites. eoogle.com/site/letrunekienmath

Do & chia cho 3 du 0 hoic 1, nén 84 chia
cho 3 du 0 hodc 2, con 31+3? chia cho 3
du 1. Piéu nay mau thuén.

Viy c6 hai bo sé nguyén (a; b; ¢) 1a (2 6; 2)
va (2;-6; 2) thoa man dé bai. O

}Nhan xét. 1) ba sO cac ban giai bai déu chi xét a, b,
c 13 cdc sé tr nhién nén xdy ra thicu truémg hop hojc
thiéu dép sd.

2) Tuyén duong céc ban sau c¢d 1&i giai gon, lap ludn
chat ché:

Vinh Phic: Nguyén Thanh Thiv, 8A, THCS Yén Lac,
Nguyén Héng Ngoc, Neuyén Thi Quw:fr Trang, 9A,
THCS Lap Thach; Hai Dwong: Trdn Hodng Minh, 9A,
THCS Pham KhaJ hanh Mién; Pha Tho: Nguyen Anh
Hao, TAl, Nguyén e Thudn, Vi Thiy Linh, BA3,
THCS Lém Thao; Thanh Héa: Lé Quang Dimg, 7D,
Hoang Bao Long, 8D, THCS Nhir B4 5%, Huang Hoa;
Nghé An: Nguvén Tai Thién, 9D, THCS Ding Thai
Mai, TP. Vinh; Ha Tinh: Nguyén Thi Tra, 8D, THCS
Lién Hwong, Vil Quang; Quéing Ngii: Pham My Héng,
Nguyén Thity Phuong, 8A, THCS Hanh Phude, Nghia
Hanh; TP.H6 Chi Minh: £6 Nguyén Vinh Huy, 8A3,
THCS chuyén Trin Dai Nghia, Quin 1.

PHAM THI BACH NGOC
% Bai T4/422. Cho tam gidc ABC ¢6 BC = a
CA = b, AB = ¢, ABC =45° va ACB =120v.
Lay I trén tia doi cia tia CB sao cho
AIB =75°. Tinh do dai Al theo a, b, c.
Loi giai. Ké ta
IK  sao cho CIK
=60 (K € AQ).
Khi do
AIK =750
Trong
ABC c6

BAC = 180° — ABC

—ACB =180° —45°

—120° =15°, suyra AIK = BAC.

Do ACB=120°,nén ACI =60, ma CIK = 60,

suy ra tam gidgc KIC déu. Do d6 CKI = 60°
va KI=IC=CK.

A

—60r =15°.

tam  glac

Xét hai tam gidc AKT va BCA c6 AIK=BAC=1%,
BCA = AKI =120°, do d6 AAKI o» ABCA.

Al AK K7
Suy ra = = e
AB  BC AC
. TOAN HOC
S06 426 (12-2012) & quﬁ't!:e 19
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Ap_ dung tinh chét cua day ti s bang nhau, dé
y rang K/ = KC, ta ¢

Al _AK+KC __ AC b
B BC+AC BC+AC a+b’
i Ar=—rte

a+b

» Nhin xét. 1) Bai toan nay co nhiéu cach giai va cho
két qua & cac dang khdc nhau. Ngodi két qua trén day,
o 3ab 2,
cac ban con tim ra cac két qua A/ =i, Al = %,,,,
o

Nhimng két qua nay déu ding, do c6 méi quan hé
2a b c

Jo-dz 42 B

2) Céac ban sau day co 10i giai t6t:

Pha Tho: Pham Ngoc Hai, Nguyén Birc Thudn, 8A3,
Dinh Minh Ha, 8Al, Pham Minh Hai, Nguyén Huy
Tuyén, Nguyén Tién Diing, 9A3, THCS Lam Thao;
Vinh Phiic: Nguyén Thi Thém, Neuyén Khdc Viét Anh,
Chu Mai Anh, Nguyén Thi Tam, Nguyén Hiru Huy,
Hoang Thi Minh Anh, 8A1, THCS Y¢n Lac; Bic Ninh:
Nawven Thi Lan Anh, 'Vgupen Thu Hién, Lé Hai Linh,
9A, THCS Yén Phong; Thanh Héa: Lé Quang Diing,
Tricong Van Tho, Dé Minh Thing, 7D, Lé Van Khdnh,
Hodang Bao Long, 8D, THCS Nhir Ba Sy, Hoang Hoa;
Nghé An: Nguvén Tai Thién, 9D, THCS Ding Thai
Mai, TP. Vinh; Ha Nam: Hoang Pirc Manh, 9A,
THCS Dinh Cong Trang, Thanh Liém; Quang Ngai:
DG Thi Kim Lé, 8A, Vii Thi Thi, Tran Thi My Ninh, 9A,
THCS Hanh Phuéc, Nghia Hanh; TP. Ho Chi Minh:
Hé Nguyen Vinh Huy, 8A3, THPT chuyén Tran Dai
Nghia, Quén 1.

(Ban doc ty chimg minh).

NGUYEN XUAN BINH

+* Bai T5/422. Diém K m-'}m trén canh BC ciia tam
gidc ABC. Chimg minh rang AK? = ABAC-KBKC

khi va chi khi AB = AC hodc BAK CAK

Loi giai. (Theo ban Nguyén Diec Thudn, 8A3,
THCS Lam Thao, Phi The)

A

B HK [

TOAN HOC
90 * Cludilpe SO 426 (2-2012)
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Ké AH vubng goc voi BC, xay ra hai truomg
hop.

Trwomg hop 1. Diém H nim gitra hai diém B
va K. Theo dinh li Pythagore (hinh v&), ta c6

AB? = AH? + BH? (1)

AC? = AH? + CH? (2)

AK? = AH? + HK? 3)

Ta thly Bk -CAK o8 8K 1y
iC CE

AB.CK —AC.BK = 0. Do vy ta cin chimg minh
AK? = ABAC - BK.CK
<> (AB—-ACY ABCK - AC.BK)=0.

That vay, sir dung (1), (2), (3) va
BK + CK = BC, taco
(AB— AC)(AB.CK — AC.BK)=0

<> AB?.CK + AC?*.BK — AB.AC(BK+CK)=0
(AP + BH?).CK +(AH? +CH?).BK = ABAC.BC
< AH? BC +(BK — HK)* .CK +(CK + HKy .BK
= AB.AC.BC

&> AH?.BC+ BK* (K + HK? (K +CK* .BK + HK* BK
= AB.AC.BC

&> AH?* BC + HK?2.BC + BK.CK.BC = AB.AC.BC
= AH* + HK? + BK.CK = AB.AC

<> AK? = AB.AC—-BK.CK (dpcm).

Trueomg hop 2. Diém H ndm gitra hai diém C
va K. Cach chimg minh tuong tu nhu truong

hop 1.

Nhin xét. Ngoai cach cua b,,m Thudgn, mot s sb ban da st
dung céch xét hai cap tam gidc dong dang ciing cho két
qua. Xin néu tén céc ban sau c6 loi gidi tot hon ca

Hai Dwong: Trdn Hoang Minh, 9A, THCS Pham Kha,
Thanh Mién; Thanh Hoa: Nguyén Hiu Hoang, 8B,
THCS Trin Phu, Nong Céng; Ha Tinh: Vé Duy
Khdnh, 9C, THCS Xuin Diéu, Diic Tho; Quang Ngii:
Tran Thi My Ninh, 9A, THCS Nghia My, Tu Nghia;
Nguyén Thiy Phwong, 9A, Vi Th: Thi, 8A, THCS
Hanh Phudce, Nghia Hanh; TP. Ho Chi Minh: Tran
Bdo Trdan, 8T1, Hd Nguyén Vinh Huy, 9A1, THPT
chuyén Tran Pai Nghia, Quén 1.

NGUYEN THI THANH
% Bai T6/422. Cho tam giac ABC khong can
co BC =a, CA=b, AB = c. Goi (A4 ,A4;),
(BB,,BB,),(CC,,CC,) lan lwot la cdc duong
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trung tuyvén va ducong cao cua tam giac twong
ung voi cac dinh A, B, C. Chung minh rang
2 2 )
a’ b2 — c?
3 1/41(42-!“—1—":3]3:‘1'
b* -c¢? ¢t —-a*

a:—h?

Loi gidi.

Tir gia thiét 44, | BC, 4, 1a trung diém ciia
BC, ta thiy b*—c?=AC? - AB?= 4,C? - 4,B?
:(A2C+A;B](AEC—AIB)

=E.[2A24 +AC+ A,B)

:ﬁlflﬂ.ﬁh.
2

J L

Do do

AA=—CB (1)

2.3182 :EAC (2)

cl—-a

az 12 .C]Cg =EBA (3)
Tu (1), (2) va(3) suyra
a’ b*

AI (4’) +—‘"_2 B[Bz -+

ph=g? pl—a g

~ N (CB+AC+BA)=0.
= )

Ta c6 diéu can chirmg minh. O

PNhin xét, Rat nhiéu ban giai diing bai todn nay, sau
diy la nhimg ban co6 l&i gidil gon hon ca:

Ha Nai: Neuyén Nhgt Minh, 10 Toan 1, THPT chuyén
PHSP Ha N§i; Hoa Binh: Nguyvén S An, 10CT, THPT
chuyén Hoang Vin Thu; Ha Nam: Pham Thi Bich
Ngope, 10 Toan, THPT chuyén Bién Hoa; Phi Tho: Vi
Minh Hoang, 11CT, THPT chuyén Hing Vuong; Vinh
Phuc: Hoang Do Kién, 12A1, THPT chuyén Vinh
Phic; Hung Yén: Nguyén Trung Hiéu, 11 Toan I,
THPT chuyén Hung Yén; Nam Binh: Dinh Trung

https://sites. eoogle. com/site/letrunekienmath

Kién, 11 Toén 1, Tran Thi Thu Hang, 11 Toan 2, THPT
chuyén L& Hong Phong; Thai Binh: Triong Trung
Quyét, Tran Héng Qudn, Trink Thi Thity Duwong,
Neuyén Hai Linh Chi, 11 Toan 1, THPT chuyén Thai
Binh; Thanh Héa: Lé Quang Diing, 7D, THCS Nhix
B4 S¥, Hofing Hoa, Lé Thé Son, 11B8, THPT Bim Son;
Nghé An: Bii Hoang Daif, 10C1, THPT Nguyén Dirc
Méu, Quynh Luu; Neguven Thi Quynh Loan, 10T1,
THPT D6 Luwong 1, Lwong Thi Mai Hwong, 12A1,
THPT chuyén BH Vinh TP. Vinh, Lé Hoang Hiép,
Tran Trung Hiéu, 12A1, THPT Thai Hoa, TX. Thai
Hoa, Chu Tu Tai, 12A2, THPT Dién Chau 2; Quing
Negii: Ngé Thanh Part, 11 Toan |, Truong Quang Huy,
10 Todn 2, THPT chuyén L& Khiét, Pham Tan Phat,
11A1, THPT Pham Vin Dong; Didk Lik: Nguvén
Thanh Hai, 12CT, THPT chuyén Nguy%n Du, TP.Buén
Ma Thudt; Dong Thap: Bui Tran Hai Dang, 11T,
THPT chuyén Nguyén Quang Diéu, TP. Cao Linh;
Binh Pinh: Lé Khdc Nhugn, 10 Toan, THPT chuyén -
Lé Quy Don; Bﬁng Nai: Phgm Vin Minh, 12 Toan,
THPT chuyén Luong Thé Vinh.

HO QUANG VINH

* Bai T7/422. Choa b, c € (0; 1) vaab + bc
+ca+a+b+c=1+abc. Chung minh rdng

l+a l+b+1+€ 5513+\.G).

+
l+a2 1+b 1+c2 4
Loi giai. Ta co
ab+bc+cata+b+ec=1+abc
atb l-c¢

w0 (1)

l—ab l+c

bit a = tane, b = tanf, ¢ = tany, trong do a,
B ye (G;EJ. Khi d6, diéu kién (1) trés thanh

tan(a + B) = tan[%—a} :

Suyraa+ g+ y= E Mat khac,

l+b
+ -
1+h2
= cose (cose + sina) + cosf (cosf + sinf)
+ cosy (cosy+ siny)

(sin2cr+sin2 B+sin2y+00s20+0082 +0082+3).

l+a l+¢

1+a? 1+¢2

-

2
Ta thiy 4e, 4/, 4y 1a ba goc trong mdt tam
giac. Str dung cac BDT quen thudc

sin2e+sin2 F+sin2y 5% e

, TOAN HOC
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va c052a+c052ﬁ+c052y5¥, suyra

l+c {1[3 33

1+b
+
1+5H2

14+a

1+c2 " 2

2 2

+3]=%(3+\E}*

Déng thirc xay ra khi va chi khi = f= y= ]:;

1+a?

haya=b=c= Feni3. 0

}Nhan xét. C6 kha nhiéu ban tham gia gidi bai toan tén
virda s6 cho 1o gidi ding. Céc ban sau ¢ 101 gidi tht:

Thai Binh: Nguyén Hai Linh Chi, Trinh Thi Thup
Duong, 11 T1, THPT chuyén Thdi Binh; Vinh Phic:
Neuyén Van Cao, 11A1, THPT Sang Som, Séng L6; Ha
Tinh: Nguyén Mcu Théanh, 12T1, THPT chuyén Ha
Tinh; Pong Thap: Bui Trdn Hai Déng, 11T, THPT
chuyén Nguyén Quang Diéu; Pk Lik: Trdn Thi Thuy
Tién, 12T, THPT chuyén Nguyén Du.

NGUYEN THANH HONG

* Bai T8/422. Cho tam gidc nhon ABC ¢6 56
do cdc goc lén hon 45°. Chimg minh rang

2 2
+ £ + SB(\;E -
l+tand l+tanB 1+tanC
Diing thirc xay ra khi nao?
i

Loi . Xét ham sd — Vi

gt L ( ) 1+ tanx
Xe (E;E . Taco

42

. 2 1
—fl(x} = 7 i ’
(sinx +cosx) Sinz(IJr E]
4

T
ZCos[erZ] o
x)=———<0, Vxe|—;—|.
1=~ () (23]
sind| x+—
4
Do dé, db thi cua ham sé y = f(x) 16i trong

khoang G—g] .

Ta ¢6 j'r[§)=—8+4ﬁ va f[ng]:ﬁ-l.

TOAN HOC
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Phuong trinh tiép tuyén véi dd thi ham sé

y = f(x) tai diém x=~;c— 6 dang
y=(—-8+4\/§)[x—gj+\5-—l_

Vi ham sb y = f(x) 16i trong khoang (g,g)

nén véi moi x trong khoang nay, tiép tuyén
nam phia trén do thi.

Do d(’) ta co bat dang thirc

<(- 8+4J')[x——)+\/’_—1 (1)

1 +tanx

Néu tinh cic géc cua tam gidc ABC theo

radian thi 4,B,C [E E]
42

Ap dung BPT (1), ta c6
—-2—5(—3+4J§)
1+ tan 4

s(—8+4\ﬁ] B—E]-t-ﬁ—l;

3
S(—8+4J3_'] C—g]—kﬁ—].
Cong theo vé ba BDT trén va dé y rdng
A+B+C-mn=0 ,tadugc
3 2 2

- +

l+tan4d 1+tanB 1+tanC

J+v"_—l

r....'|.-.|

l1+tanB

1+ tanC

<3(v3-1).

Bit ding thirc trong dau bai duge chimg minh.
Ding thirc xay ra khi va chi khi tam giac ABC
déu. O

»>Nhin xét. 1) Nhiéu ban sir dung hé thirc huong
tan 4 + tan B + tanC = tan Atan BtanC’
va bit ding thirc Cauchy dé chimg minh, tuy nhién 1
giai nhur vdy dai va phiec tap.
Mot sé ban s dung bét dfmg thirc Jensen voi ham sb

16 f(A)+ f(B)+ F(C)< j(M] Luu y ring

bét dang thirc nay nim ngoai chwong trinh phé théng.
2) Céc ban sau day co 1oi giai tot:

Hung Yén: Nguyén Xudn Timg, 11A1, THPT Duong
Quing Ham; Vinh Phic: Nguyén Vin Cao, 11Al,
THPT Sing Son, Song Lé; Thai Binh: Trinh Thi Thiy
Duong, 11 Toan 1, THPT chuyén Thai Binh; Ngh§ An:
Tran Trung Hiéu, Lé Hoang Hiép, 12A1, Vi Van
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Hoang, 11A], THPT Thai Hoa, TX Thai Hoa; Ha
Tinh: Ngyyen Thi Thiy Link, 10A1, THPT Huong
Khé; Pong Nai: Phgm Van Mink, 12 Todn, THPT
chuyén Lwong Thé Vinh, TP Bién Hoa; Bt‘mg Thép:
Tran Chi Thién, 12T, THPT chuyén Nguyén Quang
Diéu, TP Cao Lanh,

NGUYEN ANH DUNG
* Bai T9/422. Xét hai day sé (a,) va (b,)

dwgce xac dinh nhu sau

al"| = 31 h['l = —3
da, = 3(]” i+ 2b,,..1, n=l
L’:,, =4, +3b,,nz1.

Tim tét ca nhitmg s6 tw nhién n dé | |(b} +9)
k=0

la 56 chinh phong.
Loi gigi. Nhin xét ring

2a; —b2 =2(3a,, +2b,,) —(4a,, +3b,,)

—2(99 o +12a,.b, +4b§-|)

—(16a2, +24a,.b,., +9b%,)
=2q2,—b2, voimoi ne N’ (n
B =23 —(-3) =

Dodé 262 B =9 = B +9=2.a2 V>0 (2)

va 2a;

Bai vay ﬁ(bf +9)= 2"*'.(ﬁ a;.) )
£=0 k=0

Chii y. Tir cac cdng thire truy nap cua cac day
sb (a,).(b,) taco a,€Z, b, eZ ¥Yn>0.

Tir(2) tasuyra a, #0, Va = 0.

Tir d6 suy ra (b2 +9) la sé chinh phwong
k=0

khi va chi khi n+1:2 < n 1a sé nguyén
durong 1€, O3

> Nhin xét. Diy la bai toan day sb co ban, dang don
gian. Cai kho la phat hién ra cong thirc lui (1). Céc ban
sau co 1ol giai tot:

Thai Binh: Nguyén Hai Link Chi, 11T1, THPT chuyén
Thai Binh; Thanh Héa: L& Thi Khanh, 11T, THPT chuyén
Lam Son; Nghé An: lgHonth:c Lé Kim Nhd, Dau Hong
Qudn, 1 1A, THPT chuyén Phan Bgi Chéu, TP. Vinh.

NGUYEN MINH BUC

https://sites. eoogle.com/site/letrungkienmath

* Bai T10/422. Cho n la s6 nguyén dwong.
Co bao nhiéu xau ki we dp dai n: aa,...a,,
vari k;' tw a; ldy trong tap uj 1 N —
(i=1, , 1) ma 56 lan 56 0 tuur hren frong

xau kt m dﬂ la s6 chan (turc 56 lan xudt hién
$601a0,2,4,6,8,...)?

Lo gidi. Goi S(n) 1 tong sb xau ki tw do dai
n ma so lan xudt hién cua s6 0 1a sé chin. Dé
dang thiy S(1)=9. Xét xau ki ty a,@,..a, d¢
dai n thoa man yéu cau dé bai. Thé thi ¢o hai
trirdng hop cd thé xay ra:

Triwong hop 1. Néu a, =0 thi xau ki ty d¢

dai n—1: a,a,..a, phai la xdu ki tu ma s6
ldn s6 0 xuét hién phai 1a s6 lé. Vi cac sb
. 10,1
10" xau ki tw khac nhau do dai n—1. Vi ta
co S(n—1) xau ki tu khac nhau co do dai
n—1 ma sb 1in sd 0 xuat hién 13 s6 chin nén
¢6 10" — S(n—1)xéu ki tu do dai n—1 ma

s6 1an s6 0 xuét hién 14 s6 1é.

9} véi i=2,n nén tong s6 co

2,..,9} thi g, c6
9 sur lua chon. Va bat budce xau ki tu d dai
n—1: a,a,...a, phaila xau ki tw ma s6 lin so

Truomg hop 2. Néu a, € {1,

0 xudt hién phai 12 s6 chin. Nhu vy s6 xdu ki
ty d¢ dai m» théoa man trong trudng hop nay
béng vGi s6 xdu ki ty do dai n—1 théa man
véu cau. Tic la
S(n)=9S(n-1).

Do viy ta co quan hé

S(n)=10""-8(n-1)+95(n-1)
hay S(n)=10""+85(n-1).

Cha y rang S(1) = 9 va giai phuong trinh hoi
quy nay ta tim dugc
S(n)=4.8""+5.10""(n=1).0

}Nh@n xét. 1) Ngoii cich gial nhu trén mat sé ban
cling piai banb y cach tinh tnze tiép s6 cdc xau ¢6 s6 chin
kityg0 xudt hién tir d6 tinh duge S(n).

TOAN HOC
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2) Cac ban sau diy co 10 giai dang:

Phu Thy: Newyvén Dinh_Mgu, 9A3, THCS Lim Thao;
Vinh Phiae: Hoang Dé Kién, 12A1, THPT chuyén
Vinh Phiic; Hung Yén: Nguyén Trzmg Hzeu, 1TAT,
THPT chuyén Hung Yen Nam Binh: Tran Thi Thu
Hang, 11T2, THPT chuyén Lé Hong Phong; Thanh
Hoa: Lé Thi Khanh, 11T, THPT chuyén Lam Son;
Nghé¢ An: Lé Kim Nhd, Trweng Céng Phu, 11TI,
THPT chuyén Phan Boi Chau; Chu Tir Tai, 12A12,
THPT Dién Chéau 2; Quing Tri: Ho Phudc Bao, 12T,
THPT Lé Quy Bén; Quéing Ngii: Phgm Dinh Thuyén,
11T1, THPT chuyén Lé Khict; Binh Pinh: Dodn Hitu
Thunh Hu],ﬂh Manh Dién, 11T, THPT chuyén Lé Quy
Dén; Poceng Nai: , Pham Céng Danh, 11T0, Pham Vin
Minh, 12T, THPT chuyén Lurong Thé Vinh; Pik Lik:
Neuyén Tran Sang Neuyén Thanh Hai, 12CT, THPT
chuyén Nguyén Du,

TA NGOQC TRI

* Bai T11/422. Cho day 5O thire (u,) dwoe
=1

xdc dinh boi uy=a€(0;2), u, = Vol
i

; : =
Tim lim (n,, wr).

H—+

moin=1,23,..

Lai giai. (Theo y cia da s cac ban).
Ta chi ra ring luén tim dugc sé hang thir &
nao dé cua day 1a u, e[-1; 1].

Thit vay, néu ae(0; 1] thiy, =ae(0;]]1<[-11].

Xét truomg hop ae(l;2), tic u, €(1;2).

Néu xay ra truomg hop moi u, ¢[—1;1] thi tix
2

o —1

hé thirc u, = ‘ﬂ , suy ra u, >1 voi moi

neN". Déyrang

n+l—-u, —nat+l+w,, n+tl

n+l-u,, " n’
k+2- 1

. T PO S
E+l—au, k

Nhan theo vé ctia n bat ding thirc véi k=1, 2,
., n, ta thu duge
n+2—u, . (n+1)(n+2)

2—uy 2

L]

hay u,<n+2-(2- 0)("1@
:(n+|)(n+2)(ﬁ—2_2u0].
TOFIN HOC
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Piéu nay 13 khéng thé, vi khi n du lén

i z e & 5 &
n>—">—| thi vé trai 12 s6 duong con vé
phai la s am.

Viy, ludn ton tai k € N sao cho x, €[-1;1].
2

Khi d6 theo hé thic u, = , Suy ra

1

n
| —

|u, | < — voimoi n> k.

1 ;
Do d6 ku”\EET voi moi n > k.
n

Suyra lim u,vn =0.0

11— +00

Nhén xét. 1) Mgt s6 ban cia Truémg THPT chuyén
Phan B@i Chéu, Nghé An vin dung hé thirc lugng giac

limmsz—?;- =1 ciing cho dap s6 ding.

2) Cac ban sau co 1on giﬁi ding:

Vinh Phic: Hoang D& Kién, 12A1, THPT chuyén
Vinh Phic; Hoa Binh: Ddng ku Hiéu, 12T, THPT
chuyén Hoang Van Thu; Hung Yén: Nguyén Trung
Hieu, 11T1, THPT chuyén Hung Yén; Nghé An: Lé
Kim Nha, Ddu Hrmg Qudn, Lé Hong Pirc, 11Al,
THPT chuyén Phan Bgi Chédu, TP. Vinh; Ha Tinh:
Nguyén Mgau Thanh, 12T1, THPT chuyén Ha Tinh.

NGUYEN VAN MAU

* Bai T12/422. Cho tam gidc
dweong tron (0) vai cac dirong cao AD, BE,
CF: AA' Ia dwong kinh ctia (0). A'B, A'C cat
AC, AB lan lwot tai M, N, P, Q thuge EF sao
cho PB, OC vuéng géc voi BC. Pucng thang
qua A vuong goc voi ON, PM lan lweot cat (O)
tai X, Y. Tiép tuyén cua duéng trén (O) tai X,
Y cdt nhau tai J. Chimg minh ring JA' vudng
goc voi BC.

ABC ndi tiép

Loi gigi. Goi S la trung diém cua AH. Dat
K=BC NHA’ Lay L thudc (O) sao cho AL/BC.
Ké ST/ AL. Ki hi¢u (B) la duong tron tdm B,
ban kinh bing 0; (S) 1a duong tron tAm S, ban
kinh S4 (hinh v&). Ta co

- '?M."[B} — BMQ
= BEBA (vi ABM =90°va BE | AM)

https://tieulun.hopto.org
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=Hysy (vi HEA=90°) (1) Kéthop véi S4=SH, suyra SK// AA'.

. PBF = FAB (i BPUA)=FER (A B Yoy-chuysing ST/ AL, tach

E, F cing thuge mét dudmg tron). S(BCKT) = A(YXA'L) (3)
Do d6 PB tiép xtc véi duomg tron (HEF). Vi KB=KC va ST//BC nén S(BCKT) = -1 (4)
Suyra PB? = PE.PF. Tir (3) va (4) suyra A(YXA'L)=— 1.

(2) Do do tir gide YA'XL diéu hod.
Tir d6, chu y rang JY, JX tiép xic véi duong
tron (O), suy ra ba diém J, 4’ L thang hang.
Kéthop voi O € AA', suyra JA' L AL.
Két hgp véi AL/BC, suyra J4' L BC.O)

% Nhan xét. 1) Bii todn nay kha khé nén it ban tham
gia giai va mot vai 1oi giai qua dai, mot vai loi giai
thiéu chinh xac.

2) C6 thé chirg minh ring MP, NQ di qua K.

3) Cac ban sau co 161 giai t6t: Ngh§ An: Ddu Hong
Qudn, Lé Hong Pic, Lé Kim Nha, 11Al, THPT
chuyén Phan Bi Chédu; Vinh Phic: Hoang Do Kién,
12A1, THPT chuyén Vinh Phic; Ha Tinh: Nguyen
Mgu Thanh, 12T1, THPT chuyén Ha Tinh; Hoa Binh:
Dang Hiou Hiéu, 12T, THPT chuyen Hoang Van Thy;
Nam Binh: Tran Pai Lam, 11A1, THPT chuyén Lé
Héng Phong; Dong Nai: Pham Vin Minh, 12 Toan,
THPT chuyén Luong Thé Vinh, TP. Bién Hoa,

NGUYEN MINH HA

Didu d6 ¢ nghia 1a #) = %s)
Tir (1) va (2) suy ra SB L MP.

* Bai L1/422. Sau bao lau cdc dao dong am

truyén dirge mét khoang 1 giita cac diém A va
N B, néu nhiét do cua khéng khi gitta ching
bién doi tuyén tinh tir T, dén T»? Biét van toc
trong khong khi thay déi theo nhiét do theo
biéu thirc v=a \."?, trong do ala hang so.

Léi gidgi. Chon tryc Ox doc theo 4B, goc toa
do tai 4. Vi nhiét dd bién doi tuyen tinh tir A
dén B nén tai toa dd x, nhiét do 1a

o

) T.=T += 4 i (1)

Sau khoang thoi gian dt, song dm truyén duoc
Ket hop voi MP L AY, taco SB// AY. quéang dudng
Tuong ty SC// AX. dr=w.dr = a\/fdr (2)
Vi BHJ.AC;A'C_LAC nén CHIlAC T]:I'(l)\-'fl (2)1306
CH L AB;A'B L AB BH !/ A'B A
Suy ra t&t gidc 4 BHC 13 hinh binh hanh. T o A
Do dé KA'= KH. i+ =
TOAN HOC

S§ 426 (12-2012) " CTudilpe 25
https://tieulun.hopto.org




https:/‘www.facebook.com/letrungkienmath

Tich phan hai vé biéu thirc (3)

! )
T . -
0 o Jﬂ + :rz__?‘i X
/
Tinh tich phan nay ta tim dugc
2ANB-T)
ah-T)  a(T +JT)

Viy thoi gian dé dao déng &m truyén tir A

2
)

}'\]hﬁn xét. Cac ban co 1o giai dang;

Pang Phiic Cyomg, Tran Thi Thu Huomg, 12 Li, THPT
chuyén Lé Hong Phong, Nam Binh; Bii Pinh H;.eu
12A1, THPT Quynh Céi, Quynh Phy, Théi Binh; Trdn
Tmng Hiéu, 12A1, THPT Thai Hoa; Nguyén V.:e.' Tudin,
11AS5, THPT chuycn bH Vinh, Nghé An; Lé Minh
Trung, Va Vigr Tan, 12 Li, THPT chuyén Tlég Giang;
Huynh Thanh D, 12 Li, THPT chuyén Nguyén Quang
Diéu, Pong Thap.

dén B bﬁng

NGUYEN XUAN QUANG

* Bai 1.2/422. M6t hé gom nhiéu char diém.
Lue twong tac gitta hai chat diém bat ki la

V., =—amm; i i, trong do « la mor fr(mq 56.
Ban ddu tat ca cdc chdat diém dimg vén.
Chung minh rang cac chat diém sé va cham

nhau sau mot khoang thoi gian xac dinh.

Léi gigi. Ta chon hé
quy chiéu gin véi
khoi tim G cua hé
chat diém, khi do

0,.G

=Smr=0 (1)

- - =

Tahinhvétaco n; =r—r.

Luc tong hop tac dung lén chat diém bat ki
mf ]é.

TOAN HOC
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tan séw:dch vaichukiT=—=

v =ﬂmfzm[£,-—r.-] @)

Theo (1) thi (2) viét lai la

—

iy = _amjzmi v =—aMm;r; (3)

trong d6 M =Y m,. T (3) ta thiy luc tong
hop tic dung 1én chat diém m, ngwoc chidu

véi vecto r,, nghia 14 cé chiéu huéng vé khoi
tim G.
Phuong trinh chuyén dong cia chét diém m,

— =

- -
Igi F:.-=mja;— hay _aMmjrf:mjaj

- o

Suyra -—-aMr =a; (4)
Chon truc toa d¢ Ox, gbc toa dd O tring khoi

tim G, d-ﬁng thon Ox huéng doc theo 7. Khi
d6 phuong trinh (4) c6 dang

—aMx=x"hay x'+@>x=0 (5)

véi @ =~aM. Phuong trinh (5) 1a phuong
trinh vi phin cia mét dao déng tir diéu hoa
quanh gbe toa dé O (cling la khéi tim G) vdi

2n 2

@ x,!aM'

Trén day ta xét chuyén dong cua chit diém
m;. Xét tuong tu ta ciing thdy, moi chat diém
khac trong hé ciing dao dong didu hoa quanh
vi tri cdn bing 14 khéi tim G, véi ciing chu ki

2m

1A T=—=-— Do ban diu cic chit diém

JaMm

ding yén, nén cac chat diém sé& va cham nhau
va co van toc lon nhat sau khoang thoi gian

'

s I8y
4 2JaM

}:’Nhﬁn xét. Bai toan nay kha phirc tap nén khong co
ban n&o gidi dung.

NGUYEN VAN THUAN
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PROBLEMS...
T7/426. Given that a, b, ¢ are edge lengths of
a triangle. Prove the following inequality
Ja+b-c)b+c—alc+a—h)

3J3abe
& :
T (a+b+c)Wa+b+c
T8/426. Let ABCD be a trirectangular
tetrahedron where the edges AB, AC, AD are
pairwise perpendicular. M is an arbitrary
point in the space. Given that AB =4, AC = 8§,
AD = 12. Find the minimum value of the
expression

P= fMA+J_MB+J—MC+J_MD

TOWARD MATHEMATICAL OLYMPIAD

(Tiép trang 17)

T9/426. Let (a,) be a sequence of positive
integers where o, =L, =2 and a,., =4a,,, +a,,
n 1. Prove that

1) a,a,.; +(—=1)".5 is a perfect square for all
nxl.

2) The equation x*—4xy—)? =5 has infinitely
many positive integer solutions.

T10/426. Let a be a real number from (0, 1) and
b is a complex number, | b|< 1. Prove that

|b|+f’i >a

T11/426. Let 0 < @ < % Prove that

1
sin2a

T12/426. A tetrahedron ABCD is inscribed in
a sphere centered at 0. Point G does not
belong to planes (BCD), (CDA), (DAB),
(ABC) and the sphere (O). X, ¥, Z T are the
centers of the circumscribed spheres of the
tetrahedron GBCD, GCDA, GDAB, GABC,
respectively, Prove that G is the centroid of
tetrahedron ABCD if and only if O is the
centroid of tetrahedron AYZT.

Translated by LE MINH HA

(Coter)=de 2

https://sites. google.com/site/letrunglkienmath

NHIN BAI TOAN... (Tiép trang 3)

Hinh 7

Loi giai. (h. 7) Ké HE song song vo1 PQ.
Nhén xét thiy AIKH o> AABC, AMEH <
ABC, APKF o> AABC va AIQN e» AABC nén

Sren KH QE Sz EH N BE
S Suwc BC HC'
Sexr _ KF | |Sigv _ ON

Spe GC NS HC

Cong theo vé cua cac dang thirc trén ta c6

\foKH g \JSMEH \} PKF JS;QN

S ARC S ABC S ABC SAHC

_QE+BE+KF+QN 3QE+BC
BC BC

=3 S!KH +]
A st
Hay\j MEH \/ PKF \)S@N - JSJKH =]
SAEC SABE‘ SA.B("
@SABL':(J‘EI+\/§2+J§3_2 Su)L.D

Nhu vay tir két qua cuia bai toan xuit phat néu
cho diéem F "déng” thi sé cho ta nhiing bai
todn méi ma két qud thu duoc la rat thi vi.
Mong cdc ban tiép tuc bé sung nhimg diéu
con bi an xung quanh béi todn xuat phdt o trén.

TOAN HOC
* cTusitge 27
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MO RONG... (Tiép trang 15)

Ta nhan duoc

1 [ J(@n+2)

x=—t Vi z=—ay;

f](af —a)

(=] [ +2)

g £ ., VO z=—a,;

L (a2 —a, )H(-ﬂf ~gy)

i=3

=1y J(as+2)

X3=— = , VOl 2=—a ;

[T(as—a)] [(a:-a)
i=1 f=d

(=1 (an+2)

Xp = e s VU1 Z=—a,,

n[an —ﬂ,'}

=l
(z=z210z-23)..{2—2:)

(z+a N z+a)...(z+a,)

(~1y [ [(a +2)
i=l

i

Z k-1 "
T [a—a) [T (ai—a Nz+ay)

f=1 i=k+1

T ddy suy ra

y
i l_[|¢7J.- +2z;|
i=]
- "
|ﬂk"ﬂf| l_[|ﬂ;—ﬂf.:||z+akl
i=k+|

=

k=l

z—z|...|z—24]

. B6 dé duge chimg minh.

v

|z+a] |..|z+a,|

Tro lai chimg minh Ménh dé 2.

Giasu A cotoavi a;p voik=1,2, .., nva

diém M c6 toa vi z. Theo B6 dé

1
=y -
L)(a'?-z) {a,—z) f"l_[(a —a; Nay Z)

TOAN HOC
og ° Cludifpe S8 426 (12-2012)
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Tur day suy ra
i1 1 1
b T > i [
L L
LM 44 [IMA
ek k=1
% Thi du 3. Gia sir tam gidac ABC khong tit ¢6
ba canh la BC = a, AC = b, AB ¢. Chimg
minh rang voi bat ki diéem M o frong mfﬂn tam
gidc ABC ta déu co

aMB.MC+bMC . MA+cMAMB = abe.

Dang thiee xay ra khi M la e tam tam giae ABC.
Lovi giai. Ta co aMBMC+bMC MA+cMAMB=ahe
(theo BDT Hayashi). Cho M trung truc tam /H
cua tam giac ABC. Khi do

aHB. HC=2RHB.HCsin A=4RSyp-. Tuong tu
b.HC.HA =4R.SH,1C s t‘HA.HB=4R‘SHA,g. Vft}’
aHB.HC+bHC HA+c.HAHB=4R.S 1pc =abc.0

HUONG DAN GIAL.. (Tiép rrang 13)
Goi 1, R thir tw 12 tdm va ban kinh duong tron
can tim thi R = Al = %BC =1. C6 hai dudmg

tron thoa man dé bai véi phuong trinh 1a
(C):(x+D)? +(y-1)2 =1,

j % 43
sl g it ot ]
() {“25] +[y 25]

2) PT dudng thing A cén tim la
-3 Pl el
i -2 -2
Ciu VIIb. Pat ¢ =log,(»n* —2n+ 6) ta dugc
PT 3 +4' =5 = t=2=n=3(do neN).

tes =l 5 on( 3]

= 2!2 cos(—4m) + isin(—4m) = 22,

Viy phan thyc cia z 1a 2'2, phan do 13 0.

NGUYEN TUAN QUE
(GV THPT Luong Pac Bang, Hoang Hoa,
Thanh Hoéa)
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dén véi cae tinh Son La va Dién Bién

Téng bién tap Pham Thy Bach Ngoc tang sach va
tap chi cho S@ Giao duc va Pao tao bién Bién.

ham tim hiéu thuc t& vé viéc sir dung Tap

chi TH&TT trong cdc trudng phd thong
va thu thap cdc ¥ kién gép y vé noi dung, gép
phin lam cho Tap chi dén véi nhiéu doc gia,
dic biét 1a doc gia cdc tinh mién nii phia Béc,
doan cén bo Tap chi da c6 chuyén cong tic
t6i e tinh Son La va Bién Bién.
Sang 22.11.2012, doan da gap go Ban Gidm
hiéu va cdc gido vién Toan cua Truong THPT
chuyén Son La - Ld c0 dau thi dua khoi
trusng THPT cua Tinh Son La. Thay Hiéu
truémg Cdm Vdn Thinh vui mung théng bédo
trudng da thanh lap dugc 17 nam, hién c6 954
hoc sinh, gido vién clia trudng rét tré vé tudi
doi va tudi nghé nhung rat chiu khé hoc hoi
nang cao trinh d6 chuyén mon. Trudng cé
hoc sinh Ngé Phi Long 16p 11 Todn da doat
Huy chuong Bac Chau A va Huy chuong
Ving Qudc t€ vé thi hoc sinh gioi Vit li. Co
Lé Thi Thu, Té trudng t6 Toén, thdy Pdang Xu
Khe va thdy Vi Van Nam da trao déi vé viéc
stt dung Tap chi TH&TT trong giang day va
mong muén trén Tap chi va sich tham khao
clia Tap chi cin gidi thiéu nhiéu chuyén dé

L 1 . ‘.’ JL ? l.
Can bd Toa soan vdi gido vién va hoc sinh
Truong THPT chuyén Son La.

B6i dudng hoc sinh gidi hon dé tham khao.
Séng 23.11.2012, doan da dén S& Gido duc -
Pao tao Tinh Dién Bién. Phé Gidm doc
Nguyén S¥ Qudn cung voi Truong phong
Gido duc Trung hoc Lé Ngoc Xuyén, Truong
phdong Khao thi va Quan Ii chat luong gido
duc Pham Quang Té, Pho Chianh van phong
Cao Mai Hoa.... da trao d6i v6i doan vé kho
khan cta nganh Gido dyc Pién Bién (v6i hon
84% hoc sinh la dan toc it nguoi, dia ban xa
nhau, trinh do hoc sinh han ché, thiéu thong
tin vé cdc tap chi....) vi mong mudn c6 noi
dung huéng dan vé ki nang nghiép vu su
pham phii hgp véi hoc sinh mién ndi trén tap
chi; cé k€ hoach két hop gi6i thiéu va phat
hanh Tap chi dén gido vién va hoc sinh cic
truomg mot cach hiéu qua hon.

Nhan dip nay doan da tham Nha ti Son La va
viéng mo cdc anh hung liét si & Nghia trang
bien Bién. Chuyén di dé lai nhiéu dn tugng vé
mién Tiy bac cua T6 Qudc anh hiing. Hi vong
Tap chi s& ¢6 thém nhiéu ban doc & mién Tay
Bic yéu mén va dén doc.

THANH LOAN
. TOAN HOC
S8 426 (12-2012) * CTusitre 99
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Loi gidi cua ban Nam da pham sai lam khi
nhian xét MO nho nhat khi va chi khi
MO L (ABCD) (!) S

Nhén xét ring O, M
va SC cung nim
trong miat phing
(SAC) 6 O, SC ¢b
dinh, M la diém
chuyén dong trén
doan SC. T do suy
ra MO nho nhit khi
va chi khi M 1a hinh
chiéu cua O trén SC, hay MO vuéng goc véi
SC tai M.

Ta co thé giai lai bai toan dé nhur sau:

Goi O la giao diém cua AC va BD, khi d6

a2

CO_T Taco BD 1L AC, 84 1 (ABCD) =

B C

S4 L BD. Tt @ BD L (SAC), ma MO & (SAC)
2 |

nén BD 1 MO. Ta thay Sysp :EBD.MO, suy

ra dién tich tam gidc MBD nho nhat khi va chi

khi M 1a hinh chiéu vudng géc ciia diém O trén

SC, lac do tam giac COM vudng tai M.

TOAN HOC
30 ° CTudilpe S6 426 12-2012)

https://sites. eoogle.com/site/letrungikienmath

=S54+ AC? =4a’> = SC=2a.

Taco SC?
Do ACOM e ACSA nén —Cﬂ 2

CAd CS
- CM= % ‘—2’ Vay Sysp nho nhét khi M

thugc canh SC sao cho C'M-— hay Ot l
-4 cs 4
Nhén xét. Cac ban sau c6 1o binh va dép an tot:
Lé Van Thang, 11A1, Tran Tri Ding, 12Al,
THPT Béng Thuy Anh, Thii Thuy, Thai Binh;
Phan Xudn Pure, 11C4, THPT Nam DPan 2,
Nghé An; Duong Minh Chi, 12T, THPT chuyén
Nguyén Quang Diéu, TP. Cao Linh, Dong
Thap; Pdng Phi Phén, Pham Quéc Pat, 11
Toan 1, THPT chuyén Lé Quy Dbn, TP. Viing
Tau, Ba Ria - Viing Tau; V6 Thi Thién Trang,
12A1, Truémg Quoc hoc Quy Nhon, Binh Dinh.
QUANGFHUC

TR T N T R BT A e

TAI SAO BAN NAM LAI CUGI"

b i i

B T P e

Nam 36 Binh bai toan: Giai phweong trinh

x+2
§52*=T= l
ix—1 ()
Binh di dua ra l&1 giai nhu sau:

PK x#%. Xét hai ham s§ f(x)=5.2* -7 va

2 trén tap D:R\{%},

2x-1

Tacé f'()=521n2>0; g'(x)=— <0,

(Ze=dp
vol Wxe D .

Suy ra ham sb f{x) déng bién trén D, ham sb
2(x) nghich bien trén D.

Do d6 PT f(x)=g{x) c6 khéng qua mot nghiém.
Dé thay x =1 la mot nghiém ctia PT (1).

Viy PT ¢6 nghiém duy nhat x=1.

Nam tim tim cudi. Vi sao thé cac ban nhi ?

_ DAU THANHKY
(GV THPT Dién Chau IV, Nghé An)

https://tieulun.hopto.org
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§r’ SAN PHAM |
_ CUA NHA XUAT BAN
du lac bo | GIAO DUC VIET NAM

L e N
g

: SACH GIAO KHOA, SACH BAI TAP, SACH THAM
! KHAO, SACH NGOAI NGU, SACH TIENG DAN

i TQC, SACH DIEN TU, GIAO TRINH BAI HOC DAY
'} NGHE, TAP CHI, TU DIEN, TUYEN TAP TAC GIA,
: LICH, BAN DO, TRANH ANH GIAO DUC, GIAY
i VO, THIET BI DAY HOC, BANG DIA PHIM GIAO
: KHOA, THIET BI IN XUAT NHAP KHAU.

TT T TR T A aa

EESsEEsEssSERAENENESERARREE SN S T N R,

han ki ni¢ém 55 nam thanh lap Nha xuat

ban Gido duc Viét Nam (1957-2012)
i cdc ban tim hiéu vé mot s6 san phdm cia
Nhi xuat ban Gido duc Viét Nam bang cich
dién cdc tir cho dudi day vao 6 chir dé fim
duge cum tir & ¢ot sdm mau:

NN TR Y
. VR 1 3 iy 1

R T Y )

e T T T

, TOAN HOC
S0 426 (12-2012) * Cruélt;e 31
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BT Bién tap: 04.35121607

AT - Fax Phat hanh, Tri su : D4.35121606
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BAN CO VAN KHOA HOC

GS. TSKH. NGUYEN CANH TOAN
GS. TSKH. TRAN VAN NHUNG

TS. NGUYEN VAN VONG
GS. POAN QUYNH
PGS. TS. TRAN VAN HAO

CHIU TRACH NHIEM XUAT BAN
Chis tich Hoi déng Thanh vien kiem
Tong Gidm ddc NXB Gido dyc Viet Nam
NGUT. NGO TRAN Al
Téng bién tap kiém
Phé Téng Giam déc NXB Gido duc Vigt Nam
7S. NGUYEN QUY THAO

HOI DONG BIEN TAP

Téng bién tdp : TS. PHAM THI BACH NGOC Thu ki Téa soan : ThS. HO QUANG VINH

T'S. TRAN DINH CHAU, ThS. NGUYEN ANH DUNG, 78. TRAN NAM DUNG, TS. NGUYEN MINH DUC, TS. NGUYEN
MINH HA, T5. NGUYEN 'V'IFT HAI PGS. TS, LE OUOC HAN, ThS. PI—L&M VAN HUNG, PGS. TS. VU THANH KHII:.I
(S, TSKH. NGUYEN VAN MAU ﬁng NGUYEN KHAC MINH, TS. TRAN HUOU NAM, PGS TS. NCUYEN DANG PHAT
PGS. TS. TA DUY PHUONG, ThS. NGUYEN THE THACH, GS. TSKH. PANG HUNG THANG, PGS. TS. PHAN DOAN THOAL
ThS. VO KIM THUY, PGS.TS. VU DUONG THUY, GS. TSKH. NGO VIET TRUNG.

TRONG SO NAY

@ Thir sitc trudée Ki thi - Pé sé 3.
@) Huong din gidi Dé 56 2.

&

@ Danh cho Trung hoc Co sé — For Lower
Secondary School
Phan Pinh Anh - Nhin bai toan dudi
dang hinh dong. Tim hiéu sau thém Toan hoc so cip —

Advanced Elementary Mathematics

Pam Vian Nhi — Mo rong bat ddng thite

Ptolemy va Hayashi cho da giac.

Pham Thanh Nga — Mot ing dung cua
phép chia da thic.

Pé thi tuyén sinh vao 16p 10 Truong Dai
hoc Su pham TP. H6 Chi Minh, nim hoc
2012 - 2013.

@ Pé ra ki nay — Problems in This Issue
T1/426,.., T12/426, 1L1/426, L.2/426.

© © 0 ©

Huéng din giai D& thi tuyén sinh vao 1ép
10 Truong THPT chuyén Lam Sdn,
Thanh Héa, nim hoc 2012 - 2013.

Chuan bi thi vao dai hoc — University
Entrance Preparation

Tran Quée Ludt —Ki nang nham nghiém
trong giai phuong trinh lugng giac.

Bién tdp : NGUYEN PHUC, TA NGOC TRi

Tri su, phdt hanh : NGUYEN KHOA BIEM, VU ANH THU

060 6

Giai bai ki trudc — Solutions to Previous
Problems

Gial cac bai cua s6 422,

Tin tirc

Sai 1am ¢ dau — Where's Mistake?

Cau lac bd — Math Club

M thugr : QUOC HIEP, THANH LONG
Ché bdn : NGUYEN THI OANH
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Lowsor 3

Tranh Thyc hanh Tiéng
Kich thuwéc: 29 x 21 cm

Hi, Tom.

Hasdlo, Mr Ronol. How ane you?
I'mifine, thasik you. And you?®
Qh, fm bored

Wl lal's play fnoenall

Tranh Thirc hanh Tiéng Anh 16p 4 Tranh day Tiéng Anh Iop 4
Kich thuwdc: 42 x 29 cm Kich thuéc: 79 x 54 cm

Sé lvong: 60 to (in hai mat) Sé lwong: 20 t& (in hai mat)

T
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5 gm XAY DUNG VA TRUBNG THANH

ruong THCS Ngo Gia

Tu TP Hai Duong duoc
thinh lip thing 9 nam
1959 (voi tén goi ban diu
14 Truong phé thong Cap 2
Dan lap Ngo Gia T'Lr} Dlly
la ngdi trudmg lom voi hé day
lich st va co truyén théng
day tét- hoc t6t cia nganh
giao duc TP Hai Duong.
Trai qua 53 nam xay dung
va phat trién, dugc su quan
tam, dau tu cia cde cap cdc
nganh, sy ung ho cua cic
bac phu huynh hoc sinh nha truémg da cé mot co
ngoi bé thé véi cic phong hoc va phong by mon
dam bao chit lugng dap ung nhu cau hoc tap, vui
chai cua hoe sinh. Hién nay nha truomg c6 26 lop
voi hon 900 hoc sinh, 61 can bé gido vién va la dja
chi tin cay caa hoc sinh va phy huynh trén toan
thanh phd. Tir nam 2007 dén nay, truomg THCS
Ngo Gia Ty da lién tyc bé sung hoan thién, phat
trién vé moi mat, va da dat duoc duoc nhiéu thanh
tich ddng tir hao:

ThS. Pdo Thu Hién
Bi thu chi bd -
Hiéu trudng nha trutng

HOC SINH. Truong luon dimg trong top diu cla
thanh phd vé chat luong gido duc. Truong da 6 5 hoc
sinh doat gidi cae cude thi cdp Quoc gia: 2 em doat
Huy Lhucmg Péng Olympic Toan Tudi tho va 3 em
doat gidi Bang Nhan, Tham Hoa, Pho Bang trong cudc
thi Tap trung Tri tué¢ Trang nguyén tuong lai; 24 giai
HSG cip tinh, 238 giai HSG cip thanh phé. Nha
truong luon la mét trong nhimg trudmg c6 thanh
tich cao vé chit luong tuyén sinh vao THPT (nam

hoe 2009 - 2010 14 don vi din dAu tinh), c6 em dat
Thua khea thi vao THPT chuyén Nguyén Trai va
THPT Héng Quang. Truong ludon quan tim gido
duc phat trién toan dién cho hoc sinh qua cac hoat
dong van n%hé thé thao, gido duc ki ni’m&_ séng...

Boi chay déu cia truong doat gidi Ba cap Thanh
phd, d6i AEROBIC doat gidi Nhi cip Thanh phd.

GIAO VIEN. 100% gido vieén dat chuiin va trén
chudn trong dé c6 2 gido vién trinh doé thac si, 44
gido vién trinh d¢ dai hoc; 8 thiy ¢o gido dat danh
hiéu Gido vién gidi cdp tinh; 63 luot thay co gido
12 Chién si thi dua cip tinh va co s&; 3 thiy co gido
dugc ting Bing khen cta Bo truéng Bo Gido duc
v Dao tao; 1 thay gido duge ting Bing khen cua
Thi tuéng Chinh phu. Nhiéu gido vién caa truong
da tréd thanh nhing gido vién gidi, can b quan li
gidi phuc vu cho nganh Gido duc.

NHA TRUONG. Nha truomg lién tuc 10 nam
dat danh hi¢u Tap thé Lao dong Xudt sic. Dic
biét, nam hoc 2011- 2012 truémg duoc Bo trudng
Bo Gido dyc va Pao tao ting Bing khen va cong
nhan dat truong chuian Qude gia. Chi bo I‘.lang lien
tuc dat chi bé Trong sach Vimg manh. Cong doan
nha truong lién tuc dat danh hiéu cong doan \"lm#
manh Xuét sfc, Poi Thi€u nién Tién phong HoO
Chi Minh cia truomg lién tuc duoc cong nhan déi
Thiéu nién Vimg manh Xuit sic, duoc Tinh Poan
vit Trung vong Poan ting Bing khen.

Nam hoc 2012- 2013 nay, nha truimg dang tién
hanh mé rong thém di¢n tich d¢ dap dng tot hon
dieu kién day va hoc nhim nang cao chat luong
gido duc cta truong THCS dat chuin Qudc gia.

| LE KY NIEM |
| NGAY NHA GIAD VIET NAM 201 |
NAM Hﬂc 20M_2012

mamg;u g @ -q,.-?
Q’Q W

* Cacthé hé giao vién Nha trudng
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