NHA XUAT BAN GIAO DUC.VIET NAM--BO GIAO DYC VA-DAO TAO

XUAT BAN TU 1964

2012
6418

TAP CHi RA HANG THANG - I\IAM THU 49
DANH CHO TRUNG HOC PHO THONG VA TRUNG HOC CO SO

Tru sd: 1878 blan’g Vo, Ha Nol,
DT Bién tap: (04) 35121607, DT - Fax Phat hanh, Tri sut (04) 35121606
Email: tapchitoanhoc tuoitre@yahoo.com.vn  Web: http:/iwww.nxbgd.vn/toanhoctuoitre

Hi niem ngay Gidi phéng mign Nam 30-4

va chteofaodanq 1 5



https: A www. facebook. com/letrunekienmath
s

Co rét nhiéu ‘dang phuong trinh vo ti (chira
An duéi déu can) va tuong (mg co rét
nhiéu cich giai. Mot trong nhimg cach hay
duoc 4p dung dé glal ching la phuong phap
dat an phu. Bai viét nay xin gidi thiéu mét s6
ki thudt dit 4n phu thuong ding dé giai
phuong trinh vo ti. )

“*Ki THUAT 1. Pit én phu dwa vé phwong
trinh bac hai

eDang L. a.f(x)+ . f(x)+y=0.
Pt t = f(x), (t20) thi f(x)=1
PT di cho tr¢ thanh a.f? + St +y =0.

e Dang 2. c(x—a)x—b)+ f(x—a), ’x—*b +y=0.
x—a

bat ¢ = {J.*—::.*L,Jﬂ thi 2 = (x—a)(x—b).
xX—a

PT da cho tro thanh a.f? + Bt +y =0.

o Dang 3.a(\A+VBY + BN A+VB)+y =0.
Pit t=JA+VB. PT tré thanh a2 + B +y =0.
* Thi du 1. Giai phwong trinh

_1-?_4__r+272\fm (1)

Léi gidgi. Dat t=x* —4x+5,(t>0). PT (1)
tror thanh

1 =1 (loai)

=3

Voi =3 thi VXX —4x+5=3 < x*-4x-4=0
& x=2+242 l1a hai nghiém coa PT (1). O
% Thi du 2. Giai phuong trinh

-2t-3=0 <::>[

(x+5)(x—2)—4(x+ 5)\}%:% +3=0 (2)

Léi gidgi. DK x <—5 hodc x> 2.
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MOT SO Ki THUAT BAT AN PHU
, dé gidi phuong frinh v6 fi

PHAM TRUNG KIEN
(GV THCS H8 Tung Méau, An Thi, Hung Yén)

Dat t=(x+5) ::> 1?2 =(x+5)0x-2).

PT (2) tro thanh 2 —-4r+3=0 < { ;3.
oVGir=1 thi (x+5) i—:i 2 @{fxiss:),(g-z) ;
= {i:’: 35}( e = +2J§§ (fmdi).
Vi t=3 thi (x+5} —- ;f;g_z)zg
ﬁ{i2>+35x—l9 0 7 3+J_ o)
Tép nghiém cia PT (2) 1 {‘3 +2‘f5_3 e J;“"S_S } |

% Thi du 3. Giai phuong trinh

7 +7 +Tx—6+ 2492 + Tx—42 =181-14x (3)
Léi gidi. DK ng. Pat t=vTx+7 +Tx—6,
(1> 0). PT (3) tr& thanh
£ +1-182=0 @[‘b'" o

1=13.
Véir=13 thiv7x+7 ++/7x-6 =13
& 495 +7x—42 =84 Tx & x =6.
Vay PT (3) c¢6 nghiém duy nhét x = 6. (]
»KI THUAT 2. Dit in phu khéng triét dé
Péi voi phwong trinh ¢6 dang

VS (x).0(x) = f(x) + P(x).
Pat 1=\/f(x)(¢20). PT da cho tr¢ thanh
2 —1.0(x)+ P(x) =0. Dén day tim ¢ theo x.
Cubi ciing giai PT |[f(x)=¢ va két luéin nghiém.
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% Thi du 4. Giai phuong trinh
2012x% —4x+3=2011x+4x-3 (4)
Loi gidgi. DK x = % .Dat 1 =v4x-3(t20).
PT (4 ) tr6 thanh 2012x* -2011xs—£2 =0
x=t{

S x== <0 (loai).
2012

x=1
x=3.
Vay PT (4) c6 hai nghiémx=1vax=3.0

Védix=tftaco xt —4x+3=0 c:::>[

% Thi du 5. Giai phuong trinh

(x+DVx2 = 2x+3 =x2 +1 (5)

Loi gidi, Pat 1 =Jx2 = 2x+3(12J2).
PT (5) tré thanh

(x+Dt=x*+1
O xt=-2x+3-(x+1)i+2(x-1)=0
t=2
t=x-1.
~Véir=2tacod Vx?-2x+3=2
& x-2x-1=0 & x=1+V2;x=1-+/2.
~V&it=x -1 thi din dén 2 =0 (vé Ii)
Viy PT (5) ¢6 hai nghiém x =1v/2;x=1-+2. O

S —(x+1)+2(x-1)=0 @{

+KI THUAT 3. bat an phu dua vé phuwong
trinh tich

* Thi du 6. Giai plirong trinh
x=(2010+vx)(1 = 1-/x)? (6)

Léi gigi. DK 0<x<1. Djt £=y1—x =0<r<1.

Khi d6+x=1-£2 = x=(1-)2. PT (6) tr thanh
(1-12)2 = (2011-2)(1—1)?

& 2(1-1)*(¢* +1-1005) = 0

& (1-12=0(vi 0<¢<1nén 2 +1-1005<0)

e 1=11=1-vx < x=0(tmdk).

Viay PT (6) c6 nghiém duy nhét x = 0. 0

2(x2+2)=5Vx3 +1 (7)
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Loi giai. DK x> -1, Datu=+x+1(u = 0);
v=+x?=x+1(v=0). PT (7)trd thanh
2 +v)=5uv < (u-2v)2u-v)=0
u=2v@ 4x2—-5x+3=0
2u=v x:-5x-3=0
L5331 54437
2 ‘

2
Véy PT (7) c6 hai nghiém nhu trén. O

% Thi du 8. Giai phwong trinh

YIx+1-Yx? -8+ -8Bx-1=2 (8)
Loi gigi. Pat a=YTx+1;p=-Yx2 —x-8;
c=+x*-8x-1, taco
atb+c=2<(a+b+c) =8 (8%)
@ +B+3 =(Tx+)—(2 —x—8)+(2 ~&x—1)=8 (8'")
Tir (8") va (8'") ta c6
(a+b+cy —(@ +b +&) =Na+b)b+c)Nc+a)=0

(a=-b VTIx+1=Yx2—x-8
& lb=——c o |Yxt—x—8=Yx?—8x-1
| &= Y2 —8x—1=-3Tx+1
(X2 —8x-9=0 x==Lx=9

< | Tx-T7=0 &8 1 ]
| x?—x=0 F=lx=1,

Viy PT(8) c6 tap nghiém 1a S = {-1;0;1;9} .0
< KI THUAT 4. Diit an phy dwa vé hé phuong
trinh don gian

% Thi du 9. Gigi phuong trinh
Y24+ x+12-x=6 (9)

Lai gidgi. DK x<12.D4t u=324+x;v=y12—x
ﬁué%;vé(}. Ta co HPT

U+v==6 &, v=6—1u
w+v2 =36 w +(6-u)* =36

- v=6-u . v=6-u

u +u—12)=0 u=0u=-4u=3.
Tir day ta tim duwgc x =-24; x = -88, x = 3.
Téap nghiém cua PT (9) 1a {-88;-24;3}. O
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*KI THUAT 5. it 4n phy dwa vé hé

phuong trinh doi xing loai 2

Doi véi PT cé dang

(ax+ )y =piac+b+y (Vo ap=a,fp+y=b).

Piat at+ = Yax +b, ta cé hé doi xing loai 2
(ax+p) =at+b
(at+ f) =ax+b.

% Thi du 10. Giai phieong trinh

x}+1=232x-1
Léi gidgi. Dat t =</2x-1, tacé HPT
{x-‘ﬂ =2t {x3+l =2t

(10)

Pal=2x xX3=£3=20t=x)
x3}+1=2f
(x=1)(x2+£2 +1x+2) =0

= x=t
-2 +1=0

Giai HPT ta duge x=1:x =

(do x>+t +tx+2>0).

—1+45

—11J5}D
2

2
Vay tap nghiém caa PT (10) la {l;

% Thi du 11. Giai phuwong trinh
o
dlx—1

xt-2x=

(11)

Lévi gidi. DK x > %.Bat y-l={2x-1=y>I.

Ta co HPT
x2=2x=2y-1) - (x—yNx+y)=0
-2y=2(x-1) —2x=2(y-1)

x=y x=-y
@{xz 2 =2(y—1) (%) 103 {x2—2x=2(_v—])

— Thay x = y vao PT (*) ¢6 x*—4x+2=0
o x=2++2. Do y=x:2—\5<1 (loai), nén
x=2++/2.

— Thay x =—y vao PT (*) ¢6 x? = -2 (v0 nghiém).
Vay PT (11) c6 nghiém duy nhét x=2+v2.0
BAI TAP TU LUYEN

1. Giai cac phuong trinh sau

a) (x+1)(x+4)=5vx? +5x+28.
b) —4,/(4—x)(2+x) =x? =2x-12.

https://sites. eoogle.com/site/letrungkienmath

5 1
¢) 5vx + =2x+—+4.
) 2Jx

2x
d) V3x=2 +x—1=4x—9+23x2 = 5x+2.
o =St adte-T = e
x-_

2. Gial cac phuong trinh sau
a) X2+ (3 -Vx2+D)x=1+2x2+2.
b) x* +x+12+/x+1=36.

c) 2(l —x)x2 +2x—-1=x2-2x-1.

3. Giai céac phuong trinh sau

a) x++54Jx-1=0.

b) x? + x+z:?-,
VT2

o) x(x+5)=33x2 +5x+2 - 4.

d) i{x—\fx?——l +J:r+m =2,

4. Giai cac phuong trinh sau

8) Va4x? +5x+1-2v/x? —x+1=9x-3,

b) 2(x —3x+2)=3/x3 +8.

c) X243 x2-1=yJx*=x2+1.

d) V5x2 —14x+9 —/x2 —x =20 =5y/x+1.

5. Giai cac phuong trinh sau

a) Px+1+35-x+3¥2x-9-Yax-3=0.
b) x=v2—xA3—x+y3—x5-x+/5-x42—x.
0) Y32 —x-+2011—J32 e+ 2012 —Jex—2013=32012,
6. Giai cac phuong trinh sau

a) xY25—x(x+325-x3)=30.

b) ¥57—x+Ux+40=5.

¢) x+v2011++/x—1=2012.

d) 3—+x+v——x

e) x2 +yJx+5=5.
7. Giai cac phuong trinh sau

a) x=2011++/2011++/x.
b) 2x2 —6x—1=+/4x+5.
c) x3+2=333x-2.

[4x +9

Vo 28

d) 7x2+7x=
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Huong_dan_glal de _thl tu en smh vaollop 10

NA M IIOC 2011 20!2
(i)é thi di ding trén THTT sé 417, thing 3 ndm 2012)

Ciu 1. a) BK. %Sxi 5. Phuong trinh da cho

tuong duong véi

24J45x—-9x% =8x-20

X2—
= 2
—-5x+4=0

¢ x=4 (thoa man DK).

b) HPT da cho twong duong vi

(x+1)(y+1) =4
1 1 2

+ =—,
(x+12 -1 (p+1)’-1 3

bat u=x+1,v=y+1, HPT di cho tr& thanh
uwv=4

1 1 2

+ —

ul-1 v?-1 3
uv=4;u#xl, v+l
3(u1+vz-2)=2[u2v2—u2 -2 +1)

=v=2

uv=4;u=+l;v#+l u
=
u=v=-2,

< ut+v2: =8
Tir 46 suy ra HPT da cho ¢6 hai nghiém la
(x;0)=(1;51) va (x;y)=(=3;-3).
Ciu2.Taco 5x*+2xy+y?—4x—-40=0
(21 +(x+y) =41=52+42,
Vi x,v € Z,2x—1 14 56 nguyén 1& nén
{(2.:-1)2:25@ {2.):—_1=:5
(x+y)’ =16 x+y=H.
Tir d6 suy ra bon cip sb nguyén(x;y) cén
tim 13 (3;1),(3;-7),(-2;6),(-2;-2).

TOAN HOC
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Ciu 3. (h. 1)

Hinh 1

a) D& thiy 74C = BDC ; ICA = BCD
IC BC

= AIAC e» ABDC = —=— 1
C(g g 14" BD (1
AC
Tuong ty, ta c6 —=—— 2
gL C0 T =D @
D€ chimg minh dugc AMBC <> AMDB (g.g)
Mc_BC &
MB BD
MC' AC
Tuong tu, 4
T Q)]

Vi MA = MB nén tir (1), (2), (3) va (4) suy ra
IA = IB.

b) Ké OH Ld tai H. Goi K 14 giao diém cua OH
vi AB. Taco M, I, O thing hang va Of L AB
nén AOIK «»AOHM suy ra OK.OH = OLOM.

2
Ma OL.OM = OB® = OK = % (khong ddi),

suy ra K cb dinh.

Vi OI 1 IB va O, K cb dinh nén / thugc dudmg
tron dudmg kinh OK cb dinh (dpcm).

Ciu 4. BDT cin chimg minh twong duong véi

le-2+5)E++5)
s CRERER

(1) -
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DE THI TUYEN SINH VAO LGP 10
TRUONG THDT CHUYEN LE QUY PXON, BINH BINH

NAM HQOC 2011 - 2012
(Thoi gian lam bai : 150 phut)

Céu 1. (2 diém) Hay tinh gid tri cia biéu thirc
a—h . x+4/1—x? J1—x?
P=—"" biét a= . b=
1+ab x—f1-x2 x

. 2
voi —<x<1).
( = )

Céu 2. (2,5 diém) Cho phuong trinh béc hai
x2+4x+m+1=0. -

a) Tim m dé phuong trinh dé cho ¢ nghiém kép.

b) Tim m dé phwong trinh da cho c6 hai nghi¢m

’ x  x» 10
X1, X3 théa man P,
X2 x; 3

Céu 3. (1,5 diém) Cho x, y 1a hai s& duong.

T
Chirng minh rang — + —2 ;
X y x+y

e L L L L L L L L T

pat 2 -, é=y,£=z thix, y,z>0;xyz =1.
b c a

Khi d6 BPT (1) tro thanh

J(xy+yz+zx)(x+y+z)

GG

Do xyz =1 suy ra

\/(x+y}(y+z)(z+x)+]

21+{f(x+y](y+z)(z+x}

(2)

pit Y(x+y)(y+z)(z+x)=t =122,

Khi d6 BDT (2) tré thanh

VB +121+ P +121+ 2+ 12 &t(1-2)(1+1) 20
(luén ding do 7= 2).

Ping thirc xdy ra khi va chi khia=b=c.

Ciu 5. (h. 2). Goi 4, B 1a hai diém thudc canh
cuia da gidc sao cho A4, B chia bién da giac thanh
hai duong gap khiuc co6 d¢ dai bang nhau va

NGODUCTHODUONGMINHCHAU
DD: 0986885389

Céu 4. (3 diém) Cho hinh vuéng ABCD va diém
E di dong trén doan CD (E khac D). Duong
thing AE cat duong thang BC tai F, dudng
thang vuéng goc véi AE tai A cit duong thing
CD tai K.
a) Chimg minh rang hai tam gidc ABF va ADK
bang nhau, suy ra tam gidc AFK vuéng cén.
b) Hay xac dinh vi tri cla diém E sao cho dé
dai doan EK nho nhat.
Céu 5. (1 d@iém) Tim cap sé tu nhién (m ; n)
thoa man hé thirc

m+nt=m+n+8,

BUI VAN CHI

(GV THCS Lé Loi, Quy Nhon, Bink Dinh)
suu tam va gidi thigu

bing % Goi O
la tung diém ctia
AB. V& hinh
tron tdAm O, ban

gl B
4

Ta s& ching
minh hinh tron .
nay chira da giac da cho. That vy, gia s ton
tai mot diém M thude canh da gidc va M nim

Hinh 2

ngoai hinh tron (0;%].

Khi d6 MA+ MB s% (d6 dai dwong gip khic

chira diém M) (1)
Goi N 1a diém dbi ximg véi M qua O. Ta co
MA+MB=M+AN2MN>2R=% 2)

Vi (1) va (2) mau thuan nhau, suy ra diéu phai
chimg minh )
THAI VIET THAO
(So GD-DT Nghé An) suu tdm va gidi thiéu

TOAN HOC
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tot nghiép THPT
va thi vao
Dai hoc
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ey |ua il np —_——
£ e _Chonuuzn,n i
J{a(:(Q] a1 [7e]
Diém M(0; 0; 1) thugc ca hai mit phang (P)

va (Q) nén M thudc duong thing a. Tir do PT

ctia duong thing a la Ezl:il.
2 1 3

BAI TOAN VIGT PIVENG TRINH MAT PHANG
VA PHVENE TRINN DYGNE FHANG TRONG KHONG GIAN

(Tiép theo ki tricoc)

Il. VIET PHUONG TRINH DUONG
THANG TRONG KHONG GIAN
{IDANG 1. Viét phuong trinh dudmg thing
d qua diém M, ud. la u,;' 1h (t;l va b khong
cung phuong).
Cich gidgi. Pua vé viét PT duong thing J di
qua M vi ¢6 VTCP u, = [E, E;].
W Thi du 8. Cho hai mar phc?nw
(P x+y-2z=1=0; () 2x-

5 4 . i |
va dieomg thang d: x—1=- — = _

Viét phirong trinh dwomg thing a

a) Di qua diem O, song song véi hai mdt
phang (P) va (Q).

b) Pi qua diem O, song song voi (P)
wmng goc voi duong thang d.

¢) La giao tuyén cua hai mi phang (P) va (O).
d) Ndm trén (P), cat va vuong goc vai duong
thang d.

e) Nem trén (P), vuong goc voi d o 12 thot cach

Vi

giao diém cia d va (P) moi khoang la 78 .
Hudng dan giai

all(P) u, L rsp
a { e P Chon Hp, W
) la/ /Q) {u[, L7 [ # QJ
: iy 5 5 ik y =z
suy ra PT cia duong thiing ¢ la 5 = T - &
al (P — —
b} JU-’ [ ):> H_, i np (hOrl Hu [H;J;Htf}
latd =\ Lu,
suy ra PT cia duimg thing a la =t
4 -3 1

TOAN HOC
* Cludilre S6 418 (4-2012)

&

HA VAN THANG
(GV THPT Ngé ST Lién, Béc Giang)
a J— HP

ac(P)ﬁ{

Goi M= dr\aﬁM dﬁ(P]—,s M(1;1;1).
ek el 2l
4 1

. Chonu, = e,y | =(4-31).

Tudotaco PTciaala

9 {acua 3{
ald u, -JJ{:!

Goi J la hinh chiéu cua M trén a. Gia sir
J(a;b; ¢), ta cd

JeP  |atb—c-1=0
M Lu, e{4a-3b+c-2=0
MI=\T8  |(a—1) +(b=1) +(c-1) =78
b=5a-—3

2

e s
Eetli=

2

(a=1)" +(b-1)’ +(c-1)’ =78.

Tim dugc (a;b;c)=(3;6;8) va (-1;-4
Tir d6 ¢6 hai dudng thang thoa man
= g Bt EEl 5 Eeh
ol WIC DI R I W
& DANG 2a. Viét phuong trinh duwdng

;—6).

.a

1|u:"a:|ng d qua diém M, u, L a va d ciit dwong
thang b.

1‘3_ DANG 2b. "vlét phuong trinh dwong
thang d qua diem M va d cat hai dwong
thang a, h.

https://tieulun.hopto.org
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% DANG 2c. Viét phuong trinh dudng
thing d biét trude (hodc tim dugc) ",
d ¢iit hai dwong thang a, b.
Cdch giai. Cach giai chung cua cac dang toan
trén la di_tim toa do giao diém cla d voi cac
dudng thang di cho.
*Thi du 9. Cho diem M (1;1;1) va hai
i . " B —I -
duong thang a:—= i g
Viét phirong trinh dwong thang d
a) i qua diém M va cdat hai dudng a, b.
b) Di gua diém M, vidng gée véi a va ¢ at b,
¢) Vuong ge voi mt phang (P):3x—y +z-1=0,
dong thot car hai dirong thang a va b.
d) La dwong viuong goc chung cua a va b.
Huwdng din gidi
a) Gia st d cit a, b 1an lugt tai 4, B suy ra
A(s1-261+1), B(k:2k:2k).
Do M A4, B thﬁng hang nén ton tai sd thuc s
sao cho MA = s.MB tic la

t—=1=s(k-1) sk=1

2t =5(2k-1) ¢ {s=2 = MA(-1;0;0)

1+¢=s5(2k-1) t=0.
x=1-¢
VayPTcuadla <y=1 (teR).
z=1

b) Goi B=d b thi B(k;2k;2k).
Tit MB Lu, = k =0. PT dudng thing
x—l =1

1 1
¢) Gia sirdma=A4;dnb=B thi A{!;l —2651+1);

B(k;2k:2k) = AB(k —t;2k + 2t —1;2k -1 —1),

_E- 1

Do d 1 (P)nén u,; =np =(3;-L1). Ta cé
k=tr=3s=0
AB=su; < {2k+2U+s=1=>k=—.
1 13
_x=l+3t
13
7 14 14 14
énB| ——:— | PT clia d:<y=——t (K
""[31313) g s
14
z=—+,
13

https://sites. eoogle.com/site/letrungkienmath

dld o = =) s o
d) Do Jldlb nén u, —[ﬂa,ub]—( 6,—1;4),
23 46 46
t hén c) ta c6 B| ==;—;—
wong ti phén c) ta co [53 53 53]
x=£—6z
53
46
PTcua d: <y=—-—t telR
u y== (reR)
=iE+4ID
53

3DANG 3a. Cho dudng thing a khing
vuong goc véi mit phang (P). Viet phwong
trinh dwing thing a' Ia hinh chiéu vuong
goc cia a 1én mit phiing (P)

Cdch giai

Buoce 1. Goi (Q) 1a mit phing chira a va
(O) L(P). Viét phuong trinh (Q).

Budc 2. Dudng thang a’ la giao ruyen cua (P)
va (). Viét phuong trinh dudng thing a'.
DANG 3b. Cho hai dudng thing ph'm
biét @ vA b khéng song song vai nhau. \unct
phuong trinh dwong thing «’ 1a hinh chiéu
song song cua a Ién mit phing (P) véi
phwong chiéu 5.

Cich giai

Buée 1. Goi mit phang (Q) o a va (Q) song
song (hodc chira) b. Viét phuong trinh (Q).
Buwdc 2. a’ la giao tuyen cua (P) va (Q). Viet
phuong trinh dudng thang a’.

% Thi du 10. Cho hai dwong thang

x_y-1_z =l ¥y w-1
. —=—=—_ h________ £ .
1 2 1 2 2" 3
mdit phing (P): x-2y-2z-1=0.

Viét phuong trinh didng !haug a’la

a) Hinh chien vuong goc cua a lén (P).

b) Hinkh {fm u song song cua a lén (P) voi
phuong chiéu la duong thing b.

Huwéng din gidi
. (@) a % Lu,
v {(Q) 1(P)” g L7

Chon ng :[u,,;np] =(-2;3-4), M(0;1;0)e(Q)
suy ra PT cia (Q) : 2x — 3y + 4z + 3 = (. Khi

TOAN HOC
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)~(Q) nén moi diém thude a’ co
x-2y-2z-1=0
2x—3y+4z+3=0.
=-9-14¢
TodoPTcoaag'la {y=-5-8¢ (teR).

z=1

do a'=(P)

toa do thoa man hc

(R e B

Lu,
b)Goi{ - "Q o

(R)/ /b
Chon g =[ gy | =(0;1:-2); M(01;0) € (R)
suyraPTcua{R}Iay—Zz 1 =0 T
a'=(R)n(Q). twong tu phin a) ta c6 PT
x=3+6¢
y=1+2(teR). 0
z=!
Chui y. Dé thiét lap phuong trinh duéng thang

d ta c6 thé tim VTCP (twong ty nhu chi ¥ &
phén I).

* Thi du 11. Viét phuong trinh duong thang A

Hy J_a.

dudng thing a”:

qua A(1;1;2) va vuong goc voi d TT_I :¥ =:;
-:?rjrrg thoi A tao voi truc Oz mot géc:m'aa cho
a) a =45°. :
b) @ nho nhat.
Hudng déin gidi
Gia stt uy (a;b;c), (@ +5+¢ >0).
DoAldnénu, Luj=b=-2a-2c (1)
cos(&;Oz_) = ¢ =cose (2)
JarEir+el
Thé (1) vao (2) duge cosa = H !
) 5a* +8ac +5¢2
d
a) Khi a =45° thi l E
) \;;_ J5a? +8ac + 5¢?
&5a2 +8ac+3cr =0 |97 °C
Sa=-3c.

e Voi a=-¢c,chonc=1suyra a=-1b=0.
=1-f
Trdo PT A:qy=1
z2=2+1
e V@i Sa=-3c,chon ¢=5 suy raga=-3b=-+4
S o

Tirdo PTA: X = =
.3 4 3

TOAN HOC
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(teR).
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CZ

; 5a* +8ac + 5¢?
e VGi =0 tacd a =900

b) Ta co cos’a =

o Véi c#0,dat 1 =2 Khido
[ i

cosia = l = ! SE.
9

5t2 +8t+5 ( 4]2 9
5 t+ +=
S 5

Véi 0° <a <90° thi @ nho nhat < cosa 16n
-4

nhit > cos'r om nit > 1 =~ hay < -

e 3

Chon c=5=a=—-4;b=-2. Suyra PT

&:x—l " y-1 _ 2_2,

-4 -2 5

Khi do a:arccos§z41°48‘.ﬂ

BAI TAP TU LUYEN
1. Cho hai duong thang A ='v;2= 2_13
va &:%:yT_I 2 +I2L Viét phuong trinh mit

phang (P) chira duong thing d dong théi tao véi
dudng thang A
a) M6t goe 30°; b)) Mét géc nho nhit.

2. Viét phuong trinh mit phing (P) qua diém A1;2-1),
x=2 R 1

1 1
-z-1=40

song song véi dudng thing 4 :

dong thoi (P) tao véi mat phing (Q),
mét goc 45°.

3. Lap phuong trinh duong thang & qua A(1:0:1),
x-1_73+1 z-1

2 -

dbng thoi d céch gbe toa dp O mét khoang bing V2.
4. Cho dudmg thing a la giao tuyén cua hai mat
phing: (P):2x—-3y+z-1=0; (Q):x+y+z-1=0.
Léap phuong trinh hinh chiéu ciia @ 1én mit phang
(R): 2x—y—z=0.

5. Lap phuong trinh mit phing
a) Chira hai duong thang song song
%=1 ¥ g= 2 y-3 z
a3 1"1_2_1_
b) D1 qua diém A(1;2;1) va chira duong thing a.
¢) Chira dudng thing @ va vubng géc véi mat
phing ¢6 phuong trinhx + y—z =0,

vudng goc véi duong thang A:

https://tieulun.hopto.org
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PE SO 7
(Thoi gian lam bai : 180 phat)
PHAN CHUNG

Cau 1. (2 diém) Cho ham s6 y=x-32+2(0)
1) Khéo sat s bién thién va v& @b thi ham sé.
2) Qua didm udn 7 cua dﬁ thi (C) vidt phuong
trinh dudng thing (4) cit dd thi (C) tai hai
diém A, B khac [ sao cho tam giac MAB
vuong tai M, trong 46 M la diém cuc dai cua
do thi (O).

Cau 11. (2 diém)

2cos?3x

1) Giai phuong trinh + tan x = cot x.

sin2x
2) Xdc dinh tham s6 m dé hé phuong trinh
x+y(x+3)=19-m
{y+ﬁ(ﬁ+3}=2]+m

¢o nghig¢m.

Céu IIL (1 diém) Tinh tich phan
1
I=[(2x + x+1)er s dx.
0

Cau 1V. (1 diém) Cho hinh chép i gidc
5.ABCD, day ABCD 1a hinh vudng canh a,
miit bén (S4B) la tam giac déu va vudng goc
vl mit phang day (4BCD). Tinh the tich
khdi non co duong tron day ngoai tiép tam
giac ABC va dinh cua khéi nén nam trén mit

phing (SDC).
Céu V. (1 diém) Tim gia tri nho nhét cia biéu thic
aie \f ha \/‘ b

o + + —
JBa+be Ndb+ac Naic+ab

trong d6 a, b, ¢ 1a ba s6 thye duong tiy v.

PHAN RIENG
(Thi sinh chi duoc lam mot trong hai phdn A hodc B)

A. Theo chwong trinh Chuén
Ciu Vla. (2 diém)
1) Trong mat phiang voi hé truc toa dd
Descartes Oxy, 14p phuong trinh duong tron
c¢6 ban kinh R = 2, ¢6 tim / nam trén duong
thing (d,):x+ y—3=0 va duong tron do cit
duong thing (d;):3x+4y—-6=0 tai hai
diém A, B sao cho goc AIB =120°.
2) Trong khong gian voi h¢ truc toa dd
Descartes Oxyz cho ba diém A4(1;2;3), B(0;1:0),
C(1;0;—2). Tim diém M trén mit phing
(P): x+y+z+2=0 sao cho tong

MA® +2MB® +3MC* ¢6 gia tri nho nhét.
Cau VIla. (1 diém) Giai phuﬂng, trinh

COs) -'+'(
)

tanx = 2012 **

B. Theo chwong trinh Nang cao
Cau VIb. (2 diém) 1) Trong mit phing véi
hé toa do Descartes Oxy cho hai duong thing

(@):\3x—y—3+2=0 va (d):3.x+y—3-2=0,
Lap phuong trinh dudng thing A cit hai
duong thang (d,),(d>) lan luot tai B, C sao
cho tam gidc ABC déu c6 dién tich bang
33, trong dé dinh A 14 giao diém cua (d,)
va (d,).
2) Trong khéng gian v&i hé toa d§ Descartes
Oxyz hai dudng thing chéo nhau
{)x1y223‘ xy—lz
I

Lap phuo‘ng trinh mat phang (P) sao cho
khoang cach tr (i) dén (P) gép hai 1an
khodng cach tir (d) dén (P).

Céu V1Ib. (1 diém) Gial phuong trinh
tan x = 201 2c0s2x
NGUYEN LAI

(GV THPT chuyén Luong Vin Chanh,
Tuy Hoa, Phu Yén)

TOAN HOC
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HUONG DAN GIAI PE SO 5

Cau L. 1) Ban doc tir giai.
2) Liy A(0;a)eOy va M(xy;y) €(C).
PTTT vai (C) tai M c6 dang

X5 +2x,—1

)
d):y=
aa ((xn—l)z)“ (%o —1)?

Qua A4 ké duge ding mot tiép tuyén téi (C)

khi va chi khi PT
(@a-Dxi-2(a+1)xg+a+1=0

c0 dung mot nghié¢m.

Pdp s6. 4(0;1) va 4,(0;-1).

Ciu IL 1) DK cosx# 0,sinx # 0. Bién déi
PT vé dang

8 —2sin22x =15cos4x < cosdx =%.

: T knm
Pap so. x=xt—+—(k e Z).
ap so. x T 2( eZ)

2)E)2_1tu=——x ;v=—’v !
y+1 x+1
. u?+v2:l
Pua vé hé 1
uy=—.
4

: I, 3
Bap so, (x;y)=| ——:—= [:(x: V) =(1:1).
ap S0 (-x,}’) [ 3; 3),(-’%}’) (lyl}
2 L3y 2
CaullL V = [42dx - [(—J dx— [(27)2dx
1 X I
2 2

127
=20m ——— (dwvtt).
= ln4(v)

CiduIV.Goi O= ACNBD,I =SSO AC'. Chimg
minh duoc / l1a trong tim tam giac SAC va
duong cao A cua hinh chép S AB'C'D' chinh
la duomg cao ctia tam gidc déu SAC’ canh a.

1 a’ \/5

Vay Vegen =—hSigcp = A
1Y Vsapon 3 AB'C'D T

Cau V. Bt P 1a vé trdi ciia BDT cén chimg
minh. Tir gia thiét suy ra

2z2a’+b2+ct+ab+bec+ca.

TOAN HOC __
10 & CTusi Eé 56 418 (4-2012)

Tir d6
ab+1 S 2ab+a* + b2 +c* +ab+be+ca
(@+b)? ) (a+b)?
_(a+b) +(c+a)c+h) 1+ (c+a)c+b)
(a+b)? (a+b)?
Clng voi hai BPT tuong tu va sir dung BDT
Cauchy ta dugc
(c+a)(c+b)+(a+b){a+c}+(b+c)(b+a}
(a+b) (b+c) (a+c)?
>3+3=6. Suyra P> 3 (dpcm).
Ciu VIa. 1) G, [3;%} va G, {—1;—%).
2) Goi M =dn(P). Tim dugc M(5:6;7).
Ke duong thang (d)) qua 4 song song véi (d)
va goi N =d, n(P), tim duge N(-3;-4:1).
Gia su C la diém trén (P) sao cho
NC+2NM =0 thi C(~19,-24;—11). Puomg
thing (d) can tim la dudong thing CA c6 PT
Fel § _F=2
18 24 13
Ciu VIIa. PT di cho duge viét dudi dang
((z+1)2 +1)" ==(z+4)? = (i(z+4))".
Pdp s6. -2i; 2i ; —2—1; -2 +i.

Cau VIb. 1) (d) L(d"), A-LDe(d), B3 e(d).
Tap hgp cic giao didm cua (d) va (d) la
duong tron duong kinh 4B ¢6 PT

2
=1 +(_v-§-} =§'

2P>3+

2) PT mat ciu can tim 14
(x+D2+(y—22 +(z=3)2 =9.

Cau VIIb. Ta cé z=1+i3 = 2[(;0@’3—‘ +isir1§)

= Z2010 = Q010 § = gl = Nﬁ(] _zzmu}.
z—1 3
HUYNH TAN CHAU

(GV THPT chuyén Lwong Vin Chdnh, Phu Yén)
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LTS. Bit diu tir s nay,

Toa soan sé gioi thi¢u cac bai on tap mon Vat I lop 12.

Noi dung dwoe ding tai trén 3 so tir thang 4 téi thang 6. Sau ddiy la pkan an tdp
ciia Chuong 1. DAQO PONG CO va Chwong I1. SONG CO VA SONG AM.

DAO PONG CO

[ - CAC DANG BAI TAP

1. Lap phuong trinh dao ddng; xéc dinh cac
dai luong déc trung cua dao dong dicu hoa.

2. Xdc dinh céc gia trj 1i do, van toc, toc d§,
gia toc, quiang duong chuyén dong, luc hoi
phuc tai cdc thoi diém, cdc vi tri khac nhau
trong qué trinh dao dong diéu hoa.

3. Su thay déi chu ki dao dong didu hoa do
thay ddi cdu tao cua hé dao dong hodc thay
d6i diéu kién moi truomg.

4. Sy bao toan co ndng, ning luong trong dao
dong diéu hoa, dao dong tit dan.

5. Tong hop céc dao dong diéu hoa.

I1-MOT SO LUU Y KHI GIAI BAI TAP

I. Trong phuong trinh dao dong diéu hoa: x, a
cting don vi chic¢u dai; goc pha don vi l1a rad;
Bién d6 va tin sd goc 14 cac gia tri duong.

2. Trong cic céng thuc tinh chu ki, nang
iugng dao dong, tat ca cac dai lugng cd don
vi chuan.

3. Céc gid tri thoi diém phai xét so vai mbc thoi
gian da chon (7 = 0); thoi gian chuyén doéng tir
thasi diém 1, dén thoi diém 7, meg - 1.

4. Khi chit diém dao dong diéu hoa, chuyén
déng c6 tinh chét 13 bién doi (nhanh dén hodc
cham dén) nhung khong déu; gia téc va lue
héi phuc bién thién theo thoi gian.

5. Bo qua cac luc can, con lic don chi dao
ddng didu hoa néu bién d6 goc oy < 10°.

6. Vi con lic 16 xo can phan biét luc h01
phuc (lye hodc hp luc giy ra dao dong diéu
hoa) vai luc dan hoi (luc giup 10 xo lay lai
hinh dang ban dau).

7. Céng thirc vé sy nd dai khi nhiét do thay
d6i tir £, dén 1 chi co thé viét dudi dang gin
ding 1a b = L(1+adt, — 1)) néu at — 1] <<1.

8. Trong truwéng hop con lic dugc gin VOl
thang may hay toa xe Lhuyc.n dong co gia toc
thi con lic chi dao déng diéu hoa trong hé
quy chiéu phi quan tinh.

9. Céng thuc xac dinh dao dong l61}g hop

cua hai dao dong diéu hoa tir gian do Fre -

xnen chi dung cho truong hop hai dao dong

thanh phén cung phuong dao dong, clng tan

sd. Phéan biét phuong dao dong voi pha cua

dao dong.

Il — BAI TAP VI DU

“*Cau 1. Mot vdt dao dong diéu hoa cé biéu
)

thire toga do _1':')‘=ll'l| nt——|. Trong do x

L ¥ A
tinh bang cm va f tinh bang gidy (s). Tim thoi

u'."é?g: lic vat qua vi tri x =— 2 (cm) theo
chiéu dwrong.

A. =355, B.:=3725s.

C.r1=2s. D.f=2,75s.

Hudéng dan. Thoi diém cin tinh phai 1a
nghiém thoda man cua hé

x=25in[m‘—5]=—\5
= ¢ = 2s.
V= chos[m——] >0
4

% Céu 2. Con lic 16 xo gom 16 xo ¢6 dp cing
k. vt nang m treo thang dirng dao ding diéu
hod. Khi vét & vi tri bién thi I xo khéng bién
dang. Trong qua trinh dao dong lwc dan hoi
tac dung lén vart co do lon cue dai, cuee tiéu la

A. 0; 2mg.
C. 0; mg.

B. mg: 2mg.
D. mg; 3mg.

Huong dan. Khi vét ¢ vi tri ¢én bang trong
lwe can bang véi luc dan hoéi (ing véi do dan

TOAN HOC
“Tuditre 11

Sa 418 (4-2012)
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cia 10 xo 1a Al) P=Fy, < mg=kAl. Dé
khi vat & vi tri bién, 10 xo khéng bién dang thi
bién dd A = Al VAY Faumin = k(Al — A) = 0;
= k(Al + A) = 2k.Al = 2mg.

:i'hmm

*Ciu 3. Mot con lic 16 xo dao déng diéu
hoa theo phwong thang ding voi phwong

!

trinh dao déng co dang 3’240(‘6(51'{:" _3_?[){(:”]]
Ti 56 gitta chiéu dai lén nhét va nho !’?h(gf cua
lo xo la % Liyg = 10m/s”. Chiéu dai ti nhién
cua lo xo la

A.lg =22cm.
C. Iy = 20cm.

B. .tr[g = 18cm.
D. irg] 24cm.

Hiedng dan. Khi vit & vi tri can bang, P=Fy,
PEOPRI 3 Ty L.

' ko
Khi con lic dao déng diéu hoa: Chiéu dai lém
nhat cua 10 x0 /. = lo + Al + A.

Chiéu dai nho nhit cta 16 X0 1, = fy +Al— A

“*Ciu 4. Dong ho hoat dong dira trén dao
dong diéu hda cua mot con ldc don chay
ding 0 19°C, hé 6 né déai déy treo con ldc la
a==5 ]U_ql‘(_I Khi nhiét dé tang Ién dén
27°C thi sau moét ngay dém, dong hé sé chay:
A. cham 17,28s. B. nhanh 20s.

C. cham 20s. D. nhanh 17,28s.

Huéng din. Thoi gian déng hd chay sai
trong mgt ngay dém (86400s)

| e
o
Ar = 86400] 22— Tdins | _ 864{}0{ SN
diing Tafrm;z
— At ~86400 F2 1)
-
:36400M 86400 Tt .
diing ) Tff:mg

Do chiéu dai day treo ting 1&n nén Ty > Tiping,
viy dong hd chay cham di.

“*Ciu 5. Con lac don dao dong diéu hoa véi
chu ki 2s khi thang mdy di lén cham dan déu

TOAN HOC

192 * CTudilpe SO6 418 (4-2012)

https://sites. google.com/site/letrungiienmath

voi gia toc 0, 2m/s” (fav g—lﬂmfs ). Khi thang
mey chuyén déng déu thi chu ki dao dong
diéu hoa cuia con ldc nay la

A.1,8. B.21s. C.1,7s, D.198s.
Huwdng din. Khi thang may di 1én cham dan
gy T=2m | =2

g -a

Khi thang may chuyén dong déu 7" = ZEJZ
g

SONG CO - SONG AM
I - CAC DANG BAI TAP
1. Viét phuong trinh séng; xac dinh céc dai
lugng dac trung cua song.
2. Tim khoang cach, xac dinh quan h¢ vé pha
giira cac diém nim trén phuong truyen song.
3. Xac dinh s6 van giao thoa, 90 cuc dai, cyc
tidu giao thoa gifra hai diém nam trong vung
giao thoa cia hai séng két hop.
4. Xéac dinh diéu kién ¢ song dirng, s6 lwong
va vi tri cdc nat va bung khi hinh thanh séng
dirng.
5. Tinh cuong d6 am, mirc cuong do am tai
céc diém nhén ning lugng séng am.

I1 - MOT SO LUU Y KHI GIAI BAI TAP

1. Trong phuong trinh song, li d va bién dé
song cung don vi; toa d6 x va burdc song cung
don vi va ¢6 thé khac don vi cua bién do.

a Biéy thitc quan hé cta khoang cach gilra
hai diém M, N va d léch pha chi xét trong
truong hop M, N nam trén cung phuong
truyén song.

3. Thiét lap diéu kién dé mot diém nam trong
ving giao thoa 1a cuc dai hay cyc tiéu giao
thoa phai luu v té1 d¢ léch pha cia hai nguén
phat song.

4. Khi tim dié'u kién dé ¢0 song dung trén mot
s¢i ddy (hay Ong khi) cén luu y trang thai dao
dong cua hai dau la nat hay bung.

5. Viét cong thire tinh mirc cwong dd 4m can
liru v don vi tuong ung la B hay dB.

https://tieulun.hopto.org
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Il - BAI TAP Vi DU
“*Cau 1. Mjt song ngang ruy én trén soi ddy
dan hoi rdt dai véi van toc séng v = 0,2m/s,
chu ki dao déng T = 10s, Khoang cach gitra
hai diém gan nhau nhat trén ddy dao déng
nguoc pha nhau la
A.15m. B.Im

C.05m. D.2Z2m.

Huong dan. Khoang cach giita hai diém trén
phirong truyén séng dao dt;mg nguge pha nhau

thoa man: d=(2k+1)5, véi k=0, 1, 2...

Hai diém gin nhau nhét (ng véi k = 0 nén
A T
P L
T R
2 Céau 2. Séng am khi tr'uyé:n trong nuoc cd
bude song la 2,68m. Su'ng nay truyen trong
khong khi sé c6 budc séng la bao nhiéu néu
toc do fruyén am trong khong khi la 340m/s
va tée dé truyén am trong nudc la 1520m/s
A. 0,6m, B. 0,75m.

C. 0,54m. D. 1.2m.

Hudng dén. Khi séng am truyén tr mo1
truong nay sang moi truong khac thi tan s,
chu ki séng khéng doi. Do dé ta c6 phuo‘ng

'Ilﬂ.hﬁ Eﬁwﬂﬂ—ﬁvﬁ

Vi Vi Vy

“*Cau 3. Tai hai diém A va B cach nhau 11cm
trén mat nuwoc co hai ngudn phdt song ngang
dong bo theo phumxg trinh u = acos(40mr)(cm).
Tée db rmyen séng la S0cm/s. M la mt diém
trén mat nuwéc cach A va B twong ung la
10cm va Scm. Sé diém cwee dai giao thoa trén
doan AM la

A9 B.7. C.6.

Huﬂwg dén. V&i A, B 1a hai ngudn dong b
thi s6 diém cuc dai giao thoa trén doan AM

thoa man dyy — dpy < kA < dyas— dpar.

Trong do daa, dpa lan luot la khoang cach nr
cdc ngudn 4, B dén diém A.

dgu; day 1an luot 1a khoang cach tir ngudn A,
B den diém M.

v
keZ vi A=—=25cm.
)

D. 8.

Taco 0-11<25k<10-5 hay 44<k<2.

Viy ¢6 tit ca bay gid tri k nguyén twong tng
13 7 diém.

¢ Céu 4. Biét van toc truvén song trén day
T |F S &
co biéu thiec v=_|—; trong do F la lyc cang
7

day va p la khéi heong cia mét doan ddy dai
1m. Ddy dai Zmz lwc céng ddy biing 10N, Khi
dao dgng vai tan so 10Hz, trén day voi hai
dau 1a hai nit c6 hai mii séng. Khéi lvong
mot dom vi chiéu dai day la

A.25g. B. 20g.
C. 5 D. 50g.

Hsro'ng ddn. Khi hinh thanh song dung trén
diy v&i hai ddu 1a hai nit va c¢é hai mii séng

thi chiéu dai day thoa man / = 2.%. Viy A=2m
va tde do truyén song trén day v = 20m/s.

F 10

Suyra pu=—= 207 = 0,025 (kg) = 25(g).

**Ciu S. Muc cuong dé am tai mot diém
cach nguon dm 1m la 50dB. Khi Beethoven di
tir vi tri nguon am dén vi tri cdch nguén am
100m thi khong con nghe dwgc dam do ngudn
phat ra nita. Coi song am lan toa theo moi
hieong va méi :mong khong hip thu dm thi
nguong nghe cua nguoi nay la bao nhiéu?
Ldy Iy=10""W/m".
A. 1dB. B. 40dB.
C.107"'W/m’.  D. 10" Wim’.
Huwéng didn. St dung cong thic tinh muc
cuong do dm L = l{Illgfi dB.

0

Tai diém cach ngudn dm r; = Im ¢6 L, = 50dB
nén ¢4 cuong do am /, = 107y = 107" W/m’
Tai diém céch ngudn am r; = 100m, ngudi do
khoéng con nghe dugec am do ngudn phat ra
nira thi cucmg dd am tai do /> la ngudng nghe
cua ngl.rm nay. Mat khéc, coi song dm lan toa
theo moi hudng va moi trirong khéng hap thu am

nén 45,2 = 4L, Suyral, =10 M m?

PAO THI THU THUY
(GV triwomg THPT chuyén Tran Phii, Hai Phong)

TOAN HOC
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XUNG QUANH BAI 3
TRONG Ki THI CHON HOC SINH GIO)
QUOC GIA THPT NAM 2012

NGUYEN VAN LINH
(SV K50 - TCNH BH Ngoai thuong, Ha Néi)

Tmng, bai viét nay chiing toi dua ra mét cach chimg minh Bai 3 trong Ki thi chen hoc sinh gioi
Quéc gia THPT nam 2012. Bong thoi khai thac bai toan nay trong trudéng hop tong quat.

BAI TOAN. Trong mdt phang, cho tir gidce I6i ABCD néi Hf’p dwong tron tam O va cé cac cap
canh doi khong song song. Goi M, N twong vmg la giao diém cia cdc duong Ihcmq AB va CD,
AD va BC. G{JI A Q S, T tuwong tng la giao diém cac mrung phan gidc trong cua cac cdp goc
MAN va MBN, MBN va MC N, MCN va ‘vf.f_l"\’ MDN va MAN. Gia si bén diém P. ¢ o
doi mot phan biét.

1) Chirng minh rzﬁr;g bon diém P, 0, 8, T cing ndm trén mot dwong tron. Got I la tam duong
tron do.

2) Goi E la giao diém cia cde duong chéo AC va BD. Chimg minh rang ba diém E, O, I thiang hémg.

1. CHUNG MINH BAI TOAN (h. 1). i e
2 : i _.-’II
1) Khong mat tong quat, ta co thé S FAAN
.y . - P . i, B, / A
gia st D ndm gitra M va C, B R, NNCH, Firi
nam giira N va C. Cac truong hgp ‘\““-a_%?\'}%h? ' ‘-\.
con lai chimg minh tuong tu. i bt it
Ta c6 POS=0BN-OCB e
e
- —(NBM = BCD] =_BMC, %
2 2 P

Tuong tuﬁﬁ&' = %Aﬁ Do do

PTS = .@TS Suy ra bon diém P,

R, S, T cung thudc mdt dudng tron. Hinh I

2) Do Q la giao diém cua phén gi4c goc MCB va MBN nén Q la tim dudng tron bang tiép goc
C cua tam giac MBC. Suy ra MQ 1a phén giac ngoai cua goc BMC.

Tuong tu, MT la phan giac ngoai cla goc AMD. Do d6 ba diém M, T, O thing hang.
Do T'la tam dudng tron bang tiép goc D cia tam gide MDA nén MTA = 90° _%m = OBA
(lwu y ring MDA + MBN =180°).

Do d6 tir giac TOBA ndi tiép. Ta suy ra MT. MQ MA.MB hay M nam trén tryc dang phuong
cua hai duong tron (Q) va (/). Tuong tur N cling nam trén truc ding phuong ca hai dudng tron
(D) va (). Suyra MN L Ol

TOAN HOC
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Pé chimg minh a1k théng hang, ta sé chl.mg minh OF | MN. DPay la nqn dung cua d;nh li
Brocard. Co nhiéu cach dé chirng minh két qua nay. O déy ching toi giti thiéu mot cach giai
bang cuc va ddi cuc.

Do AC cit BD tai E nén E lan luot nam trén dudmg doi cue cia M, N dbi voi dudmg tron (O).
Suy ra MN 1a dudmg ddi cuc cua £ doi véi (0), tr d6 OFE L MN. Vay ta ¢ dpem.

2. KHAI THAC BAI TOAN

Chung ta nhin thdy cau 1) ctia bai toan khéng ding dén diéu kién ' "tr gidc ABCD ndi tiép".
biéu d6 co nghia la no van dung trong truong ho‘p tir gidc 161 ABCD bét ki. Mot cach tuong tu,
ban doc c6 thé d& dang chimg minh cdc két qua sau day:

Cho tir giac 16i ABCD thi

« 4 phan gidc trong goc A, B, C, D cit nhau tai 4 diém thudc dudmg tron (7).

» 4 phén gidc ngodi goc 4, B, C, D cit nhau tai 4 diém thudc duomg tron (5).

« 2 phén gidc trong goc 4, C cit 2 phan gidc ngoai goc B, D tai 4 diém thudc duomg tron (1)

e 2 phéin gidc trong goc B, D cit 2 phan giac ngoai goc 4, C tai 4 diém thude dudng tron (13).

e 2 phin giac trong goc A, B cAt 2 phan gide ngoai gée C, D tai 4 diém thude dudmg tron ().

e 2 phan giac trong goc B, C cit 2 phén gidc ngoai goc D, A tai 4 diém thudc dudng tron (/).

« 2 phéan gidc trong goc C, D cit 2 phan gidc ngoai goc 4, B tai 4 diém thudc dudng tron (f7).

« 2 phén gidc trong goc D, A cit 2 phin gide ngoai géc B, C tai 4 diém thudc dudng tron (fg).

Chung ta s& khong chirng minh lai cdc két qua trén ma s& ban dén nhirng tinh chit xoay quanh

8 duong tron noi trén.

*Tinh chit 1. Bén diém 1,.1,.1;.1, thang hang trén dwong rhmw d, ta goi bon chmﬂg tron
(1),(1:).(5L),.(14) la bo duonmg tron (). Bon diém 1s,1,,1,1; fﬁ:ano hang trén duong fha:mcr L ta

goi hon duwong tron (I5),(15).(17).(5;) la b duong tron (o). :_‘)u;;fg thoi d vuong goc vor |,

Chirng minh. Theo céch dinh nghia trén, ta thiy ring hai dudng tron bat ki (/,) (xe{1,2,3,4})
va (1,) (ye{5,6,7,8}) thudc hai bd (@) va (@) déucé mdt diém chung,

Ta sé ching minh hai dudng
tron (/) va (I,) truc giao
(nghia 1a néu goi J la giao
diem cua hai dudng tron thi
LA, =90%),

Thit viy ta chimg minh voi
trudmg hop (/;) va (I4) (Cac
truong hgp con lai chimg
minh tuong tu) (h. 2). Ki hiéu
trong va phin giac ngoéi goc
X (X la cac dinh cua tor giac
ABCD).

Goi M N, P, O, H K, L lan
luot 1a giao diém ciia céc cip
(d4,ds), (da.de), (dedp), (dpyda),

(Xem tiép trang 28)

) TOAN HOC
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CAC LOP THCS

Bai T1/418. (Lop 6). Cho
A=1B+25+3 4, +2011%
Hay tim chir s6 tan ciing ciia A.
PO CAO TRI
(GV THCS Pham Hiwu Chi,Long Pién,
B Ria - Viing Tau)
Bai T2/418. (Lép 7). Cho tam giac ABC
vudng cén tai 4. Trén nira mat phang bo AB
co chua C vé tam giac ABD vudng can tai B.
Goi £ la trung diém cua doan thang BD. V&
CM vuong goc voi AE tai M. Goi N 14 trung
diém ctia doan thiang CM, K la glao diém cua

BM va DN. Tinh sé do goc BKD.

NGUYEN BUC TAN
(TP. Ho Chi Minh)

Bai T3/418. Tim nghiém nguyén duong cua
phuong trinh 3* —=32 = 32,
LE XUAN DUONG
{(GV THCS Ly Thuang Kiét, Yén My, Hing Yén)

Bai T4/418. Tim gi4 tri nho nhat ciia biéu thirc

1 A 4x?y? +2
x4+ xy +)? xy
trong d6 x va y la cac s6 thue duong thoa mén
x+y=1.

A=

BUI VAN HOI
(SV Lap dong lee AK28TC, truong
DHSP KT thugt Vieh, Nghé Am)
Bai T5/418. Cho tam giac nhon ABC véi trye
tdm H. Chirmg minh rang ABC la tam giic déu
AH BH CH

khi vachikhi —=——=
BC (A AB

NGUYEN KHANH TOAN
(GV THCS Bdc Hai, Tién Hai, Thai Binh)

TOANHOC
" Clugilpe S8 418 (4-2012)
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CAC LOP THPT
Bai T6/418. Cho tam gidc ABC ndi tiép
dudmg tron tdm O, ngoai tiép duong tron tdm
1. Tiép diém cua BC voi dutmg tron (/) 14 D.
Duo*ng tron duong kinh A/ cit (O) tai M (M =
A) va cit duong thang di qua A4 song song voi
BC tai N. Chimg minh ring MO di qua trung
diém cua DN,
NGUYEN NGOC DUY
(THPT chuyén Liwong The Vinh, Dong Nai)

Bai T7/418. Giai hé phuong trinh
Jx_w{x -V -2)+dx=y+fy
(x+1)(y+\ﬁ:§+x(l —x)) =

PHAM KIM CHUNG
(THPT Ding Thiic Hira - Nehé An)

Bai T8/418. Cho tam giac ABC nhon. Chimg
minh ring

|
cos® A+cos* B+ cos® C+cos A.cos B.cosC = 5

PHAN BUC VIET
(THPT Chu Van An,Ha N6i)

TIEN TOI OLYMPIC TOAN
Bai T9/418. V&i mdi s ty nhién #, ki hiéu (S,,)
la tong cac chir s6 cia » (khi # biéu dién trong
hé thip phén). Dit S, (n)=S(S(...(S(n))...))

& lin

(ki hiéu S xuét hién & 1an).
Tim tit ca cdc sb ty nhién # thoa man
S1(7) + 8o (R) 4.+ Sp (M) + .+ Syrs (M) = 1.
NGUYEN TIEN LAM

SV K30418, Khoa Todan - Co Tin,
DHKHTN Ha Noi )

Bai T10/418. Tén tai hay khéng tip hgp X
thoa man ddng thoi hai diéu kién sau

i) Tap X gom 2012 s6 tu nhién.

i) Tong cua mot sd phan tu bét ki trong X
déu co dang Iy thira bic k ciia mét sé nguyén
duong (k = 2)?

LE XUAN bAI
(GV THPT chuvén Vinh Phiic)

https://tieulun.hopto.org



https:/‘www.facebook.com/letrungkienmath

Bai T11/418. Tim tit cd cac ham s6 /:RHR
thoa man

NGUYEN TAI CHUNG
(GV THPT chuyén Himg Vuong, Gia Lai)
Bai T12/418. Cho trudc hai duong tron (K)
va (), trong do dudng tron (K) ndm trong
duong tron (O). Hai duong tron (O1), (O») di
chuyén sao cho ching tiép x0c ngoai voi
nhau tai M va cung tlep xuc voi duong tron
(0), déng thai chung cing tiép x(ic ngoai voi
duong tron (K). Chimg minh rang diém M
ludn thude mot duong tron co dinh.
TA HONG SON
(SV Lop Ngdn hang AKS0, Khoa Ngdn hang - Tai chinh,
PH KTOD Ha Noi)

CAC PE VAT LI
Bai L1/418. Mot vit nho khoi lugng m ndm

yén tai mot dlcm O trén mat phd“b ngang.
Ngudi ta truyén cho né mdt vin tdc ngang

vy. Xac dinh

https://sites. eoogle. com/site/letrunekienmath

a) Cong sudt trung binh cua luc ma sat trong
sudt qua trinh chuyén dong cia vit, biét h¢ s6
ma sat k= 0,27, m = 1,0kg va v; =1,5m/s.

b) Cong sudt tire thoi cuc dai cua luc ma sat,
biét hé s6 ma sat k = b.x véi b 12 hing s6, x la
khoang cach tir vat dén diém O.
TRAN KHANH HAI
(GV THPT Quéc hoc Hué, Thira Thién - Hué)

Bai L2/418. Hai thiu kinh O, va O, ¢6 tiéu
cu lan lugt 14 £, va £ dat dong truc va cach
nhau OO0, = L =12cm. Mot vat AB dat trudc
O, va cach 0, mot khoang O A4 =12cm. Sau
(), va cach 0> la 8cm ta thu duogc anh thét
A, B,. Néu tréao d6i vi tri cho nhau gitra O, va
(- thi sau O, va cach O, la 6cm ta cling thu
duoc anh thit 438;. Hiy xac dinh vi tri cac
tiéu cu fi, /> va do phong dai k cuia anh 4, B,
va k' cua anh A;B;.
NGUYEN QUANG HAU
(Ha Noi)

FOR LOWER SECONDARY SCHOOLS

T1/418. (For 6™ grade). Given
A=1P+27+3°+...+ 201015

Find the last digit of 4.

T2/418. (For 7™ grade). Let ABC be an
isosceles right triangle with right angle at 4.
On the half-plane defined by 4B containing C
draw an isosceles right triangle ABD with
right angle at B. Let £ be the midpoint of
segment BD. Draw CM perpendicular to AE
at M. Let N be the midpoint of segment CM,
K is the intersection of BAM and DN. Find the
measure of the angle BKD.

T3/418. Find all positive integer solutions of
the equation 3* —32 = y2.

T4/418. Find the minimal value of the expression
1 i 4x%y% +2
x3 +xy+ y? xy

A=

where x and y are positive real numbers
satisfying x + y = 1.

T5/418. Let ABC be an acute triangle with
orthocenter /. Prove that ABC is an equilateral

triangle if and only if ﬁ —ﬁ CH
BC (A AB’
FOR UPPER SECONDARY SCHOOLS

T6/418. Let ABC be a trnangle with
circumcenter O, and incenter /. BC touches the
circle (/) at D. The circle whose diameter is A/
meets () at M (M # A) and cuts the line passing
through A4 parallel to BC at N. Prove that MO
passes through the midpoint of DN.

T7/418. Solve the system of equations

\fw+(x—y](@—2)+\/}=y+\/;
(JC+1}(J-‘+ xy+x(1—x))=

(Xem tiép trang 29)

TOAN HOC
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* Bai T1/413. C6 16n tai hay khéng hai s6 tu
nhién a, b dé co

(3a+2b)(Ta+3b)—4=22*12*20117

Léi gidi. Gia str ton tai hai s0 ty.nhién a, b
deé co
(3a+2b)(7a+3b) =22%12*2015 (1)

Vé phai ciia (1) chia hét cho 5 nhung khong
chia hét cho 25 (vi so chia hét cho 25 phai c6
hai chir s6 cung la mt trong bon so dang 00,
25, 50, 75) (2)
Tir (1) ta thdy tich (3a+2b)(7a+3h) phai

chia hét cho 5 nén it nhdt mot thira cia tich
chia hét cho 5. Mit khac lai co

(3a+2b)+(7a+3b)=10a+5b=5(2a+b).
Suy ra ca hai thira s ciia tich (3a+2bX7a+3b)
déu chia hét cho 5, dAn dén tich d6 chia hét cho
25. Diéu nay méu thudn voi (2). Viy khong ton
tai hai so ty nhién a, b nao théa man (1). O

>Nh§in xét. Nhidu ban xét cac sd a, b khi chia cho 5
thidu sé du 0, hodic lap ludn dai dong. Cac ban co 1o
giai ding la:

Vinh Phiic: Trirong Théio Nguyén, Pinh Thi Cam Ti,
6A1, THCS Hai Ba Trung, TX. Phic Yén, [wong
Xudn Pire, Duwong Xudn Duy, Hoang Kiéu Nguyét Thu,
Pham Thi Thiy Nga, 6A1, Lé Thu Trang, 6A3, Phan
Thi Nguyét, 6AS, THCS Yén Lac; Thanh Héa:
Nguyén Tuan Anh, 6D, THCS Nhit Ba 5§, Hodng Hoa;
Ha Tinh: Bivi Minh Thity, Vo Thi Hong Liéu, Tran Thi
Tuéng ¥y, Lé Thi Thu Uyén, 6B, THCS Hodng Xuan
Hian, tirc Tho.

VIET HAI

https://sites. eoogle.com/site/letrungkienmath

* Bai T2/414. Vé phia ngoai ciia tam gidc
ABC, ta dung cdc tam gidc déu ABE va BCF.
Goi G la trong tam tam ga’cic* ABE va I la
trung diém cua AC. Tinh 56 do goc GIF.

Loi gidi. » Truong £
hop ABC=90"(h. 1).
Ta thdy G, B, F
thang hang; E, G, /
thang hang va
EI//BC dong thoi
IFI/AB. Do 6 EI L 4 ! C

IF suy ra GIF =% Hinh 1
o Trudmg hop ABC <90° (h.2).

Hinh 2

H

Dung diém H sao cho 7 4 trung diém ctia HF thi
AAIH = ACIF (c.g.c) = AH= CF = BF (1)
Vi G 1 trong tdm cua tam gidac déu ABE nén
AG =BG (2)
Lai c6 GAH =360 — GAB— BAC - IAH

=360" -30° — BAC—(ACB+60")

= 270° — (BAC + ACB)

=90° + ABC = GBF )
Tir (1), (2), (3) suy ra AAGH = ABGF (c.g.c)
= GH = GF. Tam giac GHF cén tai G, ¢6 GI
la trung tuyén dong thoi la duong cao
nén GI L HF. Vay GIF =90°.

TOANHOC |
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o Truong hgp ABC >90° duge xét tuong tu
nhu truomg hop ABC < 90°. 0

> Nhiin xét. 1) Mot 6 ban dwra ra thém két qua: Tam
gidc GIF vudng tai I 6 IGF = 60°, IFG = 30°.

2) Céc ban sau diy co lin giai tot:

Phi Tho: Dink Manh Ha, TAl, Nguyén Tién Hai, Vil
Thi Neoc Anh, Lé Hirue Himg, 7A3, THCS Lam Thao;
Nam Dinh: Pham Quang Huy, TA4, THCS Trin Dang
Ninh, TP. Nam Binh: Thanh Héa: Hodang Bdo Long,
Lé Quang Dimg, D6 Minh Théing, 7D, THCS Nhit Ba
Sy, Holding Hoa: Quing Ngdi: Vi Thi Thi, Nguyén Thi
Hanh, 7A, THCS Hanh Phude, Nghia Hanh; Tran Thj
My Ninh, 7TA, THCS Nghia M$, Tu Nghia; Do Lé
Déng Khoa, 5A, TH Dic Thang, M6 Dic; Tra Vinh:
Trwong Hoang Viée, 7/4, THCS Cau Quan, Tiéu Can.

NGUYEN XUAN BINH
* Bai T3/414. Tim s6 nguyén dieong n nho
nhdt sao cho 2" —1 chia hét cho 2011.
Loi gigi. (Theo ban Lé Thi Hai Linh, 9°,
THCS Yén Phong, Bac Ninh).
Trong bai nay ta dung ki hi¢u a = b(modm)
nghia la (a—5)im.
Vi 2011 1a sé nguyén té va (2, 2011) = 1 nén
theo dinh li Fermat nho, ta ¢c6 2*" =l(mod2011)
hay (2200 —1):2011.
Gia st # 1a sé6 nguyén dwong nho nhét thoa
man (27 —1): 2011 (1)
Suyra n<2010.
Giasu 2010=ng+r v6i g,reN,0<r <n.
Tacé 2" =1(mod2011) = 2" =1(mod 2011).
Ma 22010 = 2m+r =] (mod 2011).
Do dé 27(2r —1):2011 = (27 —1):2011 (vi
dé thay (2%,2011) =1).
Ma r<n va n la sé nguyén duong nho nhat
théa man (1) nén r = 0. Vay n € U(2010). Do
210 -1=1023 <2011 nén n > 10.

Do 2010=2.3.5.67 nénn € {15, 30, 67, 134,
201, 335, 402, 670, 1005, 20104.

Tacd 2% =32768 =592 (mod 2011);

230 = 5922 (mod2011) = 2% =550(mod2011);
200 = 5502 (mod2011) = 2% =850(mod2011)
=5 26027 =85(0.27(mod2011)

hitps://sites. google.com/site/letrungkienmath

= 297 =206(mod 2011),

213 =206% (mod 201 1) = 2" =205(mod 2011);
2201 =206° (mod2011) = 2% =2010(mod 2011);
295 =205.2010(mod 201 1)=> 2°% =1806(mod 201 1);
2402 =20102 (mod2011) = 24?2 =1(mod 2011)

=5 [Z-1): 2011

Vay n = 402 13 gia tri cdn tim. O

}Nhﬁn xét. Duy nhdt ban Hdi Linh lam dung bai
nday, cdc ban con lai hodc ldp ludn khong chét chg, hodic
gidi sai.

Sai 1im cua da sb cac ban & chd

+ Khi ap dung dinh 1i Phermat nho 2°”'® =1(mod2011)
va tir yéu ciiu cia bai toan 2" =1(mod 2011), cac ban déu

cho ring n=2010k keN, va do n nguyén duomg nho

nhét nén & = 1 va n = 2010. Piéu nay 1 khong ding, vi
n ¢6 thé 1a wée cna 2010 (ching han » = 402),

+ Tir 20107 vA 2010 =30.67 (67 1a 38 nguyén td) suy
ra 30:n hodc 67:n, do do tim duge n=2010.
Sai lam & chd: T abin, b la s nguyén t6 khong suy ra
diroc a:n hode bin. Vidug=8;b=3,n=6,
TRAN HOU NAM

* Bai T4/414. Chimg minh rdng véi moi s6
nguyén k thi phuong trinh

—2010x* +(2009+ Kk)x? =2007x+ k =0
khéng thé cé hai nghiém nguyén phan biét.
Loi giai
bat f(x)=x*—2010x +(2009 + k)x* —2007x +£.
Nhan xér. Néu a la nghiém nguyén cua PT

fix)y=0thiala s6 chin (1)

That vay, ta ¢ f(1) =2k —2007 la sb 1é voi

Vk € Z nén x = 1 khong 1a nghiém cua (1).

Do a la nghiém nén a # 1 va fla) =0 va

f(a)— (1) =(a" —2010¢ +(2009+k)c? —2007a+k)
—(2k — 2007)

=(a* —a’)-2009(a® —a?) +k(a® —1)-2007(a—-1).

Mdi s6 hang cua téng trén déu chia hét cho

a — 1 nén fla) - f{l} chia hét cho a — 1, ma

fla)y—f() Ia s6 18 nén a - 1 phai la sb le,

suy ra a 1a s chin (dpem),

Gia str xy, x7 la hai nghiém nguyén phan biét

cua PT (!) theo nhén xét trén trén suy ra x;, x;

13 hai s6 chan, x; —x; =0, f(x)=f(x)=0.

. TOAN HOC
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co O:f(xl)_"{(xﬂ
XX
(¢# ) ~2010(x ) -+H2009+K) ¢ ) 20075 —%)
=%
< (o +x2x + x5 +13) —2010(x? +xx, +x3)
+(2009 + k) (x, + x,)— 2007 =0 2)

Do xi, X2 chan nén vé trai cua (2) la mot s6 le,
vé phai cua (2) 12 s0 chan nén dang thie (2)
khong xay ra. Piéu ndy chimg to gia sir sai.
Vi vay PT (1) khong thé c6 hai nghiém
nguyén phan biét. O

Ta

% Nhan xét. 1) Mot sb ban da suy lugn; Néu PT (1) cd

Pt

tim ra x = 0, din dén & = 0, rdi giai phuong trinh
x4 —2010x% +2009x2 - 2007x =0 (3). D& chimg t6 PT
(3) nay ¢6 nghiém nguyén duy nhat x = 0. Tuy nhién PT (3)
khong thudc dang co ban nén cac ban dd suy luan rat
dai dong va thicu chinh xac.
2) Tuyén dwong cac ban sau diy c6 16 gidi tot:
Vinh Phic: Ngé Tudn Anh, 8T, THCS Péng Xuin,
TX. Phic Yén; Biie Ninh: Tran Anh Tai, 9A, THCS
Yén Phong; TP. Hd Chi Minh: Nguyén Minh Khang,
9A6, THPT chuyén Tran Dai Nghia.

PHAM THI BACH NGOC

* Bai T5/414. Tir diém M ngoai duong trén
(0) vé cdc tidp tupén MA, MB va cdt tuyén
MCD dén (0), C ndm giita M va D. AB cdt
CD tai N. Chirng minh rang

1 1 2

phii 1a 6 nguyén, tir day

nghiém nguyén thi 2

MD ND C

Loi gidi

M

Vi MAC = MDA nén AMAC e» AMDA (2.2),
suy ra e = A—C (1)
MA AD

Tuong tw, AMBC «» AMDB (g.g) suy ra
MB _BC
MD DB

TOAN HOC
20 " Cludilge
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Két hop (1) va (2) véi luu y MA = MB ta c6

MC=AC BC 3)

MD AD DB
Lai 06 AANC > ADNB (gg), AAND «» ACNB
(g.g) suyra
_A_N:iC,iN;inchAClCB @)
DN DB CN (B ND DB AD
Tir (3) va (4) suy ra
MC_NC_, €D _CD_,
MD ND MD ND
Suy ra sl l .a

CD MD ND

> Nhin xét. Cac ban tham gia déu cho 1oi giai ding.
Tuy nhién céc ban sau cd loi gidi tot hon ca: Vinh
Phiie: Nguyén Thi Nga, 8A, Nguyén Duc Dai, 9A,,
THCS Yén Lac; Bie Ninh: Chu Van Trang, Luu Dic
Manh, 9A, THCS Yén Phong; Thanh Héa: L.é Quang
Diing, 7D, THCS Nhir B4 S¥, Hoang Hoa, Mai Trwong
An, 9D, THCS Chu Vin An, Nga Son; Ha Ndi: Vi
Hodang Minh, 9A,,, THCS Giang V5; Ha Nam: Dink
Thi Diéu Linh, 9A,, THCS Tran Phu, Phu Ly; Ha
Tinh: Ddng Tran fhc Anh, 7C, THCS Lién Huong,
Vii Quang; TP. H6 Chi Minh: Phan Huynh Lan Chi,
9A., THPT chuyén Trian Pai Nghia.

PHAN THI MINH NGUYET
% Bai T6/414. Cho tam gidc ABC vudng tai
A va théa man AB+J3AC=2BC. Xac dinh vi
tri diém M sao cho W3.MA+3T.MB+39.MC
dat gid tri nho nhat.
Lai giai

B H
Bé dé. Cho tam gidc ABC vuong tai A (BC = a;
AC = b ; AB = ¢). Ké AH vudng goc vai BC
(H € BC). Goi I la trung diém cua doan AH.
Khi dé ta cé hé thirc
2 IA+b2 IB+c2.IC =0,

Chimng minh. Ké IE L AB (E € AB); IF 1 AC
(F € AC). Lac d6 tir giac AEIF la hinh chir
nhét. Suy ra

T T Ty ity 1o |
AB AC

Mit khac, AAIE «» AABH (g.8) = fj—=£

AB  AH

https://tieulun.hopto.org
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AB2.AC?
T (AR + AC) 24B?

AE AlLAH AH?
AR 24B

b? b?
- 2(:!92+¢:1)_a?+.£ﬂ+nc:2
it 24 —. Tir (1) suy ra
AC a* +b*+c?
- i — o

Al=—————— AR+ —— AC
a?+b? +c* at+br+c?

B2 L 2
B m(IB—IA]+ a’+b +c? (
& @ JA+b2.IB+¢*.IC =0 (dpem).
Tir Bé dé trén, Iuu ¥ ring véi moi diém M,
taco

a?. MAIA+b> MB.IB + c* MC.IC

> a? . MAJA + b* MB.IB + ¢>.MC.IC
:f{ﬁnm)ﬁw(ﬁ—mjﬁm(ﬁ-m)fé
= L2+ PIB +2IC? -W(ﬁfﬂbﬁé#?c)
= a?.J4? + b2.IB? +c2.IC? (2)

Tro lai bai T6/414. Su dung bat ding thirc
Bunyakovsky ta thiy

AB+\3AC <.J(1+3)(AB? + AC?) =2BC.
Ping thire xy ra khi va chi khi AC=+/3.4B.
Piit AB = ¢ thi AC=c+/3;BC=2c. Tit AH.BC

3 I
2

Tirdo

. Tuong tu cé

IC-Ti)

=ABAC= AH=——= I4=

Lai c6 BA? H=
Tir dinh li Pythagore ta c6

iB=JI+ BB = "‘r
IC=+IH? + HC? ="’“:.

Tir bit diing thirc (2) ta nhin duge

et 28 st 30 s 0 09
4 : 4
3¢?

2 2
362[70 J+CZ(3QC J
16 16 16

Hay 4+/3.MA +3/7.MB +~/39.MC > 18c.

= BH BC nén BH —-5

MIR’

MC

}402[

https://sites. eoogle.com/site/letrungkienmath

Ding thirc xay ra khi va chi khi M= 1.
Tém lai, khi M 1a trung diém cua dm:mg cao
AH cua tam giac vuong ABC (BAC 90°)

thoa man 4B+ ﬁ.ACzZBC thi biéu thuc

AN3MA+3NTMB +39MC dat gia tri nho
nhat. ()

> Nhin xét. 1) Thuc chit tam gide vudng ABC véi
gia thiét AB+~\34C=2BC li tam gidc mia déu
(BAC =90°; ABC = 60°; ACB = 30°).

2) Bai toan tong quét clia bai T6/414 dugc phét biéu
nhu sau: Cho tam gidc ABC va ba sé diong x, y, z. Hay
tim diém M trén mdt phéng chita tam gide sao cho téng
x.MA+ y.MB + z.MC nho nhat. (Bai todn Toricelli ma

rong, xem Tuye“;n tap 5 nram Tap chi Todn hoc va Tuii
tré, trang 126).

3) $6 o giai giri vé Toa soan khong nhiéu. Céc ban
sau ¢o loi giai trong doi tot:
Nghé An: Hé Bd Pirc, 11A12, THPT Dién Chau 1L, Hé
Bire Nhdn, 11A1, THPT Quynh Lwu II, Lé Hoang
Hiép, llAl THPT Thai Hoa, TX. Thai Hoa; Quang
Nam: Lé Van Thanh, 10/1, THPT chuyén Nguyén Binh
Khiém, Dﬁn Thap: Bm Tran Hai _Bang, Ngzm 7
Thanh Thi, IOT THPT chuyén Nguyén Quang Diéu,
TP. Cao Lanh. "
HO QUANG VINH
* Bai T7/414. Gidi phwong trinh
log;(7* + 2) = logs(6* +19).
Léi gidi.
eNéux<Othitacé 7" < 1,suyra
logs(7* +2) <logs3 = 1.
Mat khac logs(6* + 19) > logs19 > 1.
Vay phuong trinh dd cho khong co nghiém
trong khoédng (—oc ; 0].
e Néu x > 0, PT di cho tuong duong véi
logs(7++2)—logs(6*+19) = 0.

Xét ham Sé’l f(x):IOEB(TX +2]_]0g5(6x+19)
trén (0'+OC-) ta co
1 g ln? l 6*Ino6
e
J )= In3 T +2 1115 6*+19
ln6 T* ln6 6"

ln5 ','x+2 In5 6*+19
In6 19.7x-2.6*

“n5 (7+2)(65+19)

>0, Vx>0,

TOAN HOC
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Vay ham s6 f(x) dong bién trén (0;+0), do
dé phuong trinh dd cho c¢6 nhiéu nhit mot
nghiém trén (0;+cc).

Dé thiay x = 1 1a mot nghiém cua PT da cho.

Két lugn. Phuong trinh da cho cé nghiém duy
nhatlax=1.0

» Nhin xét. Co it ban tham gia gia1 bai todn nay. Cac
ban sau cd lai gidi tot: )

Biic Ninh: Zwu Nedn, 12 Toan, THPT chuyén Bac
Ninh; Hai Dwong: Vi Dink Viér, 12A1, THPT Ke Sit,
Binh Giang; Nam Binh: Trinh Dirc Loi, 12A1, THPT
Giao Thuy B; Quing Ngii: V5 Vdn Tien, 12T1, Huynh
Nhdgr Quang, 11T1, THPT chuyén L& Khiét; Ha Nam:
Truong Cong Minh, 12A1, THPT A Duy Tién, Ha Nam.

NGUYEN THANH HONG

% Bai T8/414. Cho tam giac ABC thoa mdn

A B 1
tan — tan — = —.
2 2 2
Chung minh rang diéu kién can va du dé tam
giac ABC vuong la

. A
sin — sin —sin — = —.
2 4

10
Loi gidi. Ta co tanﬁtang— ==
2 2 2
= Zsinﬂsinﬁ— = ccns;i:osE (1)
2 2 2 2
. A . B A B . A. B
<> sin—sin— = co8s—co8— —sin—sin—
2 2 2 2 2. 2
-:::ssinisingzsing (2)
2 2
T (1) va (2) suy ra

sinAsinf = 45.in-x-=f~sinE.ccfsi::t;)sE = 8sin? E
22 2 2 2

Lai ¢6 cos(A+ B)=—cosC = 2sin1~§——l , nén

nén cosAcosB = lUsinE% -1 (3)
Vi céc két qua (2) va (3), ta ¢6 hé thirc
cnllie B oo & ] w26 1
sin—sin—sin— = — < 5in* — = —
g2 2 2 W 2 10

<> cosAcosB =0, hay tam giac ABC vubdng
0 Ahoic B.0

TOANHOC
22 & cfufill'_r,‘é So6 418 (4-2012)
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7 Nhiin xét. 1) Co thé giai bai toan bing cdch :

A B 1
Chimg minh tan7tan5=5 e ag+h=3¢; sau do su
dung cong thiuc Héron va Sinisin—siIIE:L aé
22 2 4R
chimg minh sinﬁsin—Basin—C—-:—l-— o A=90° hoic
2 2 2 10

B =90°. Tuy nhién lam nhur viy déi va phirc tap.
2) Céc ban sau ddy cé 1oi giai tét:
Lao Cai: Trin Phuong Thao, Dé Biti Phuong Linh, 10
Todn, THPT chuyén Lao Cai, TP. Liao Cai; Thanh
Héa: Triong Van Cuomg, 10A3, THPT Luong Dac
Bing, Hoing Hoa; Nghé An: Lé Hodng Hiép, 11A1,
THPT Théi Hoa; Gia Lai: Lé Lam Bdo Ngoc, 10C3B,
THPT chuyén Hing Vuong: Quéang Ngii: Ngo Thanh
Bat, 10 Toan 1, THPT chuyén Lé Khiét; Cian Tho:
Hoang Cong bire, 11A1, THPT chuyén Ly Tu Trong,
TP. Cin Tho: Doéng Thip: Bid Tran Hai Dang,
Nguyén Phuong Ngoc, 10T, Au Anh Minh, V6 Hoai
Béo, 11T, THPT chuyén Nguyén Quang Diéu, TP. Cao
Lanh; Ben Tre: Vo Thién Khang, 11 Toan, THPT
chuyén Bén Tre; Ca Mau: Lyu Giang Nam, 10TI,
THPT chuyén Phan Ngoc Hién, TP. Ca Mau.
NGUYEN ANH DUNG

* Bai T9/414. Cho tam gidc ABC ngi tiép
duong tron (O 5 R). M la mét diém khéng ndm
trén duong tron. MA, MB, MC lan lupt cat
duong tron tai Ay, By, C,. Goi r, r| lan heot la
ban kinh dwong tron néi tiép tam gidc ABC va
ABC,. Chimg minh rang | R* —OM? | = 4rr.
Lo gidi. Trude hét, ta can ¢6 nam bo dé.

Bé dé 1. Cho tam gide ABC ngi tiép dwonmg
tron (O ; R) va diém M khéng nam trén (O; R).
AM, BM, CM theo thir tuw lai cdt (O ; R) tai
Ay, By, C,. Khi do

MABC _MB.CA MC.AB _MAMB.MC
B,C, fd AB |R? —OM?|

Chitng minh
Truong hop 1. M
nam trong (O ; R)
(h.1).

Céc tam giac MBC,
MC\B, dong dang

(g-g), suy ra
BC MB
BC, MC, Hinh 1

BC.MA MAMB.MC  MAMB.MC

Do dé £ :
B\C, MC.MC, FRE - 0OM?

https://tieulun.hopto.org



https: /A www. faceboolk. com/letrungkienmath

Twong tu cho céc ti s con lai.
Truéng hop 2. M nim ngoai (O ; R). Tuong
tu nhu trudng hop 1. D€ nghi ban doc tur giai.
Bé dé 2. Cho tam gigc ABC nfi tiép diong
tron (Q) va diém M khong nam trén (O). AM,
BM. CM theo thir ti Igi cat (O) tai Ay, By, C).
Goi As, B», C; theo thir tir la hinh chiéu cua M
trén BC, CA, AB. Khi do hai tam giac 4\B,C,
A>B,C; dong dang (citng huong).
Chimg minh.(h. 2) Dé thiy cac bo bén diém
B, M A, C; va C, M, A5, B> cung thudc mdt
dudng tron (1)
Céc dudmg thing CB,, CM, BC,, BM theo thir tur
trung voi cac duong thang CA, CC,, BA, BBy  (2)
Piém 4, thude cac dwdng tron ngoai tiép céc
tam giac CAC,, BAB, (3)
Suy ra

(4B, 4C) =(AB,, AM)+(A4HM, AC) (modn)

= (CB,,CM)+(BM,BC,)(modxn) (theo (1))
= (CA,CC)+(BB,,BA)(modm)  (theo (2))
= (4A,A4C)+(AB,Ad)modx)  (theo (3))

= (A4 B,,4C )(modm).
Tuong tu (B,C,,B,4,) = (B,C,,B, 4 )(modm).

Viy cdc tam gidc 4,8,C; va 4,B,C, dong
dang (cung hudng).

Hinh 2

Bé @ 3. Cho tam gidc ABC néi tiép duong
tron (O) va diém M khong nam trén (O). A
B’ C' theo thir tw la hinh chiéu cua M trén
BC, CA, AB. r, R' theo thir ti la ban kinh duong
tron ngi tiep tam gidac ABC va ban kinh
ducng tron ngoai tiép tam giac A'B'C'. Khi do

https://sites. google.com/site/letrunglkienmath

R'>r. Pdng thirc xdy ra khi va chi khi M la
tam dwwrong tron noi tiép tam giac ABC.
Chimng minh. Goi O'la tdm dudng tron ngoai
ticp tam giac A'B'C’, A", B", C" theo thir tu la
hinh chiéu cua Q' trén BC, CA, AB (h.3).

M B’
(.)r le
A
'
e
A" A" B &
Hinh 3

Chi y ring R' = 04" = O'B" = O'C"",
04”2 04",08'20B", 0'C'20'C",

1
SABC = EI{BC"“ CA + AB). Ta co

%R '(BC +CA+ AB)
= S(J'BC + S()'CA + S(JZ'IBE SABC

=L iBE sCa AB). Suyin RS

2
Ding thirc xay ra khi va chi khi M la tam
duong tron ngi ticp tam giac ABC.
Bé @ 4. Cho tam gidc ABC néi tiép dwong
tron (O), r la bdn kinh duong tron néi tiép.
Diém M khong nam trén (O). Khi do
MA.MB.MC
IR? - OM 2| B

Chitng minh 4. (h.2). Cha v ring hodc BAC =
B.AG, hofic BAC =n—B,AG,, goi R, 14 ban kinh
dudng tron ngoai tiép tam giac 4,8,C;. Ap dung
cac bo dé 1, 2, 3 va dinh li sin trong tam giac,
ta co

MAMBMC MABC _ MA2R.sin BAC

|R2-0OM?| B 2R.sin B A4C,
s MA.sin B, AC, N BQCE T S
sin By A, C, sin B, A,C,
) TOAN HQC
56 418 (4-2012) & cl'ualg;e 25
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Bé dé 5. Cho tam giac ABC noi tiép dromg tron
(O) va diem M khong nam trén (0). AM, BM,
CM theo thir t lgi cat (O) tai Ay, By, Cy. Khi do
M la tam dwong tron noi tiep tam giac ABC
hodc M la tam dwong tron bang tiép tam gidc
ABC khi va chi khi M la truc tam A A B,C,.

Bo dé 5 rit quen thudc, ban doc ty chimg
minh. Tra lai bai toan T9/413.

i L MB.M
Theo bo dé 4, ta co EA—E_z va
R2 —OM?|

Md. MB, MCL

R2 oM.
_ MA.MA, .MB.MB,MC. MC, _
B2 —oM?[
Ding thirc xay ra khi va chi khi M ddng thoi

la tim duomg tron ndi tiép cla cac tam gidc
ABCva A B1C|

Viy theo bd dé 5, déng thitc xay ra khi va chi
khi tam giac ABC déu va M trung O. O

Suyra |R?-OM?|=

> Nhin xét. Bai todn nay kho nén khong c6 ban nao
giai dung. " .
NGUYEN MINH HA
% Bai T10/414. Cho cdc sé thuc duong a, b.
Tim hdng s6 k lon nhat zhda mdin bét déang thikc
k 1 l 6+ 4k

+—t—>=
a+b o’ b‘ (a+b)
Lei gidi. (Theo ban Vieong Nhdt Qudn, 11A1,
THPT chuyén PH Vinh, Nghé An va Lé Nhat
Thang, 11 Toan, THPT chuyén Luong Vin
Chanh, Pha Yén) Ta co
k [ 16+4k
t—t—
@+ & b3 (a+b}3
1 1 4 4k+4) k+4
o —t—— 2 =
a b d+b (a+by} F+¥
&+ 4 (k+4)(Hd +b)—(a+D))
ab (@ +b) (a+bP(d +5)
o @-by (k+4) X & —ab+B)—(d +2ab+ b))
ak (a+by
o (@ +ab+b*) (a—b) s 3(k+4)a—by
@b} (a+b)

TOAN HOC
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(a+b)2{a‘+ab+bz}2_4 (1)
3a’h?
Véia=0,t>0, b= ta tadugc
(s ké(r+l]2(ﬁ+r+1)2
37

Chot— lsuyrak<8.
Dé ching minh k = 8 1a gia tri 1on nhét
théa man dau bai ta chitng minh véi moi a > 0,

8 L . 1 48
>

& k<

—4 voimoi >0

b= 0 thi —+—= (2)
a+b a b (a+bh)
Ta cd
8 E 1 4 4 a +b
= + e
P+b @ B B+h FP+B
3
> 33 S (theo BDT Cauchy) (3)

Lai theo BPT Cauchy cho bén s6 duong ta cé
(a* +b*)a*h® = (a+bNa® —ab+ b*yababab

o 4
(a+b)(u ab+b :ab+ab+¢1b\1

5 (a+b"(a+b)8 _Ra¥b)
4 44 - 44

Vay tir (3) va (4) suy ra

8 o1 [[42.4° 48
sty = : B
a+b a b (a+b)Y° (a+b)

> Nhin xét. Bai nay dugc nhiéu ban tham g gia giai vai
nhiéu cich khég nhau. Céc ban sau co 1oi gidi tot:

Ha Ni: Nguyén Pang Oud, 10A2 Toan, THPT chuyén
KHTN, BPHQG Ha Noi; Bac Ninh: Nguwm Viét Thiiy, 12
Toan, THPT chuyén Bic Ninh; Humg Yén: Newyén
Trung Hiéu, 10 Toan, THPT chuyén Hung Yén; Thai
Binh: Ngwyén Manh Tudn, 10A1, THPT Quynh Coi,
Quynh Phu; Nghé An: Duong Khanh Linh, 9A1, THCS
Nghia llong Nghia Dan; Cén The: Haang Cang Phre,
11A1, THPT chuyén Ly Ty Trong; DPing Nai: Dirong
Neoc Son, 10 Toan THPT chuyén Luong Thé Vinh.

PANG HUNG THANG
* Bai T11/414. Tim tat ca cdc ham sé f:R—IR
thoa mdn

FOL+ )+ (v +x) = f(x+y)+2xp (1)
Léi gidi. (Theo da sb cac ban).

1A

(4)

1
Thay x =1, yzi vao (1), ta duge f(a)=1,
1

1
trong do a=f| — |[+—.
g f(z] )
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Tiép tuc thay y =a vio (1), ta thu duge
flx+a)+ f(xa+x)= f(x+a)+2ax,VxeR,
hay f(ax+x)=2ax,VxeR (2)

t
Tir (2) suy ra a#—1. Thay x:? vao (2), ta
a

dugc f(r):%,‘v’re]& hay 7(7) = ct,c € R.
o+

Tiép theo, thay biéu thirc ciia f(r) vao (1) ta
thu duge ding thire
cxy+ey+exy+ex=cx+ey+2x0,vx, yeR

(e +e-2xy=0vx,yelR
< c=1hodicc=-2.

Viy ta nhin dugc hai ham sé thoa man didu
kignbairala f(x)=x va f(x)=-2x. O

> Nhfin xét. Cac ban sau diy c6 loi gidi tot:

Ha Ni: Neuyén Pdang Quda, 10A2T, THPT chuyén
KHTN, DHQG Ha Noi; Hdi Dwong: Vi Dinh Viér,
12A1, THPT K¢ Sat, Binh Giang, Bii Quang Tién,
11A, THPT Nhj Chi¢u, Kinh Mon;Hung Yén: Trdn
Ngoe Tién, 11Al, THPT Duong Quéang Ham, Vin
Giang; Thai Blnh Tran Hong Quén, 10T1, THPT
chuyén Thai Binh; Nghé An: Vieong Nhit Qurm 11A1,
THPT chuyén PH Vinh; Qudng Ngai: Pham Vte.'
Hoang, 11T1, THPT chuyén Lé Khiét; Binh Binh:
Neuyén Quang Hai, 12TN2, THPT Tang Bat Hé, Hoai
Nhon; Ba Rija - Viing Tau: Phing Thanh Diing, 11T,
THPT chuyén Lé Qm.r Pén, TP. Viing Tau; Quéng
Tri: Ho Phutc Bao, Tran Pirc Ank, 10T THPT chuyén
Lé Quy Pén; Pha Yén: Le Nhgr ’.’?mng, 11T, THPT
chuyén Lwong Van Chanh, Tuy Hoa; Cin Tho: Hodng
Cong fre, 11A1, THPT chuyén Ly Tu Trong.

NGUYEN VAN MAU
* Bai T12/414. Véi méi s6 nguyén duong n,
la xét ham sé f, trén R dwoc xac dinh boi
n

Rl)= Z x +
Chieng minh rang:

a) Ham s ﬁ, dat gza IP’I nhé nhat fai moi

diém duy nhdt véi méi s6 n nguyén duong. Ki
hiéu diem dé la x, va gia tri nho nhat cua

ham sé f, la S,, ticla S, = f,(x,).
T ' - P T

b) S,>— voi moi neN". Hon nita — la

hﬁng s6 16t nhat theo nghia khong ton tai 56

I i .
thue a >— sao cho S, >a vaimoi ne N,

https://sites. eoogle.com/site/letrungkienmath

c) Day 56 (S,) (n =1, 2, ..) la day giam va
. 1
limS§, =—
2

d) lim x, =—1.

Léi gigi. V&i mdi sb tu nhién # 2 1 ta ¢6 cdc
nhéan xét sau:

e f(x)z], véimoixz=0.

o f(x)= %ﬁx" +1= E(x““ +x2")

n-1
=Y x¥1(1+x)+121, voimei x<-1.
il

Do d6 dé tim gia tri nho nhit ciia ham sb 7,
ta chi cAn xét —1<x <0,

— ydn+l

a) Véi —1<x<0 taco f,,(szllL.
-X
2= —{2p )37 +]

Tacod f',(x)= 1—_xy

Xét ham sb g, trén doan [—1;0] xdc dinh béi
gx(x) =2nx2" — (2n+ Dx?" + 1.

Taco g',(x) =2r+1)2m? 1 (x—1)= 0 vdi moi
—1<x<0. Suy ra g, 1a ham tang trén doan
[-1:0]. Ma g,(0)=1 va g,(-1)=—4n<0,

nén phuong trinh g,(x)=0 c6 ding mot

nghiém x, trén doan [-1;0].

Tir 46 suy ra f',(x)<0 vol —1<x<x, va
Lzl vym o, sx20.

Lap bang bién thién cua ham sb f,, suy ra

trén doan [—1;0] ham 50 /., dat gia trj nho

nhét tai mot diém duy nhét 1a x, €[-1;0).
1

] =3t o 1 21
1—x, L=, 2

bj Ta co 8= (5=

st [vi—l e s—%}.

Gia sur ton tai sb thuc @ sao cho S, >a véi
moi n > 1.

) l_ 2n+l . i
Khi do ta co j],(x)=l—:>a vol moi

ik

-1<x<0vanz=1l.
Coé dinh x, e[-1;0], theo trén ta co
1_; xé'?:nﬂ

] >0 véimoinz21. Cho n—>+w ta

) TOAN HOC
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>qa. Chi y rang

nhian dugc danh gia
g s 1-x
bat ding thirc nay ding vai moi xy €[-1;0]
" 1 -~ 1 b1
nén cho x, = (-1)* ta c6 —2a. Viay 5 la
Al ¥ &, r a . Id
hang so tot nhat theo nghia khong tén tai so
1 el %
thure a>5 sao cho §, >a voimoin=1.

c) Voimoi —1£x<0, taco
Fuilp)= (™ 2wa? ) £(x)
= x2(x+ 1)+ f,(x) £ f,(x).
Suy ra S, =) < fin(x) < folx) =8,
vl moi n = 1. Do d6 (S,) (n=1,2,...) la day

ig o RO S g g o o
giam. Do day bi chan dudi bon 5 nén ton tai

lim §, =58 2 l
n—HE 2
Vi (5,)(n=12..) la ddy gidm va lim S, =8,
nén S, >S5, vai moi » = 1. Chirng minh

tirong tu ¢iu b) ta nhin duoc §, < % Tiu do

1 1
=—. Vay lim §, =—
> Ry

At 2

suy ra Sy

d) Vi moi s6 thuc x, ta c6 f., (x) = £, (x)x +x+1.
Ta¢6 S =Ll =LflxalRitha+l (1)

Vi (%01) 2 fu (%) = S, >% nén tir (1) ta

2 1
+_

1 1
suy ra S, >—x2,, + X +1==(x +1 ’
suy ! 5 Yl i 2{ 1 ) 5

hay S,.u-—— >%{x,,+, +1)2 >0. Cho n—+x vé

o 1 ’ .
chiy lim S, =— tanhin duge limx, =-1. 0

H—an =) Py
7 Nhin xét. Cac ban sau dy co 101 giai tt:
Bic Ninh: Truong Giang Khang, 11A1, THPT Thudn
Thanh 1; Thai Binh: Bii Dinh Higu, 11A1, THPT
Quynh Cm Nghé An: Lé Hoang Hiqap, 11A1, THPT
Thdai Hoa.

THTT

* Bai L1/414. Mot vat dang cht:ycin dong trén
mdt san ndm ngang vai van toc v, thi di lén
mét mdt phang nghiéng nhan tao voi phuong
neang mot goc a (e < 45") nhue hinh vé.

TOAN HOC
og ' Cluditpe S8 418 (4-2012)
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Sau khi roi mat phang nghiéng, vat roi 'rmfng
san cach chan mdt phang nghiéng A mot
doan 1.

Hoi ¢ hiéu dai ctia mét phang nw"uwag phai
bing hao nhiéu de khoang cach 1 dat cuc
dai? Gia tri cuc dai do bang bao nhiéu? Bo
gua sy mat mat dong nang o chan mat phang
nghiéng va siic can khong khi.

Léi gigi. Chon hé

Vi

truc toa do nhu
hinh va.
Goi L la chiéu dai

mit phing nghiéng,
vla vdn toc cua vat

7

 J

khi roi mit phing
nghiéng.

Ap dung dinh luét bao toan co ning ta co

A

7] v
ol P i (1)
2 2
Chon gbc thoi gian ¢ = 0 khi vat rdi mat
phang nghleng Phuong trinh chuyén dong
cua vt theo cac truc toa do:

+mglsina =V =v; —2glsina

x = Lcosa +vcosa.t (2)

(3)

Khi vit roi cham san thi x =/ va y = 0 nén tir
(2) va(3) khtr ¢ ta dugce phuong trinh

g(l - Leosa)’

2vicosta

Thay (1) vio (4) va bién déi ta dugc

a(Looscr)* —2gl cos2c(Leos ) +gi? —h sin2ee=0(5)

‘y=Lsina +vsina.t -

G

Lsina +tana(/ — Leosar) =

Do géc a ¢ dinh néntfiqoi PT (5)1a PT béc 2
ma 4an s6 14 Lcosa . D€ ton tai khoang cach /
cuc dai thi PT (5) phai cé nghigm, tirc 1a

A2 0 <> gilPcos*2a — g (gl — W sin2a) > 0
(6)

&> glsin? 20 < visin2a

2
Do a <45° néntilr (6)suyra / < —>—.
gsin2a

https://tieulun.hopto.org
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2

Vay b =—2 — xdyrakhi A'=0,khidy
gsin2a
o vicot2a o
gcosa

» Nhan xét. Cc ban sau ddy co 1oi gidi tot: Ha Nam:
Binh Ngoc Hai, 12 Li, THPT chuyén Bién Hoa; Nghé
An: Ho Ba Pure, 11A12, THPT Dién Chau II; Lé
Hodng Hiép, 11A1, THPT Thai Hoa; Phi Tho: Fla Thi
Huyén Trang, 12K1, THPT chuyén Hing Vuong;
Thanh Héa: Neuyén Van Tiép, 12A1, THPT Héu Lge IV,
NGUYEN XUAN QUANG
* Bai 1.2/414. Cho doan mach R, L, C noi
tiep, trong do di¢n dung C cua fu dién thay
doi dirge. Dién ap giita hai dan.doan mach la
L0 }
—TF va
4n
C=C,=2C, thi mach di¢n co ciing cong sudal
P =200W.
a) Xac dinh L, R va hé $6 cong sudi cosQ cud
mach dién.
b) Viét bicu thire cua cwong do dong dién ing
vai cae gid tri ctia Cyva Cs.

1=200:2cos(100m)V. Khi C=C =

¢) Vai gia i C bang bao nhiéu thi U dat
cwe dai? Tinh Uppux-

Loi gidi. a) Ta co

I 1
Z, =—— = = 400(Q)
v g T e
dn
I 1 1
B gt o — 200(Q).
@ CGw 20 107 40
4n

Vi R khéng ddi va theo gia thict khi C = C, =2
thi B = P,néntasuyra I, =/,. Do do

Z,=2; hay\fﬁl +z,-z,) =JR2 Hz,-7,).

Z. +Z,.
Tir day ta tim dugc Z, = LZ—‘L =300(Q)

7z
Z =lo=L="t= L
@ 100

RU? ;
R T 1aco
Rz'l'(ZL “Z(_')

=~ (0,96(H).
Tir cong thirc P=RI? =

200° R
P=——"""_=200(W), suvra R =100(Q).
ST :

https://sites. google.com/site/letrunglkienmath

Rﬂ_

Hé s0 cong suat cosp = - = 5

b) e Khi € =C, = Z,, =400(Q).

P [200
TN T o T
’ \{R 100 V2

Z,~Z, 300-400
R 100

suyra @ Eo
h | 4

Biéu thire cua cuomg do dong dién:

i = 2005[1007:: ¥ g](m

=

tang, =

e Khi C=C, =2C = Z¢, =200(Q2).

15 :1r| =\KEA, tan @, =1:>(|)2 :E.
Biéu thirc cta cudng do dong dién
=g cas[] 00wt — E)(A).

¢) Ue cuc dai khi
_R®+Z} 1002 +300% _ 1000

: Q).
=B, 300 3 o
Suyra C= : = 9,6(uF);
Z(Ct)
2472
Uecmx = _LI_L T 200‘\‘% = 632, S(V). O

> Nhin xét. Cac ban sau day cd o1 giai tht:

Nghé An: Nguyén Ngoc Minh, 11A3, K48, THPT Thai
Hoa, TX. Thai Hoa, Newyén Vin Nguyén, K43A6,
THPT chuyén BH Vinh; Thanh Héa: Hoang Phirong
Theao. Pa Thi Hoai, 12A1, THPT Lé Hodn, Nguyén
Van Tiép, 12A1, THPT Héu Léc IV; Thai Nguyén: Ma
Thi Trang (A), 12A1, Truémg Pho thong Dén toc Noi
tri Thai Nguyén; Pha Tho: Ha Thi Huyén Nhung,
12K 1, THPT chuyén Hing Vuong; Ha Nam: Trieong
Cong Minh, 12A1, THPT A Duy Tién; Pdng Thap: Au
Anh Minh, V6 Hodi Bao, 11T, THPT chuyén Nguyen
Quang Diéu; Thai Binh: Hoang Dinh Quang, 12A1,
THPT Quiymh C6i, ANguyen Van Minh, 11A2, THPT
Bic Dong Quan; Bie Ninh: Nguyén Thi Mai Loan,
Nguyén Khac Tuan, 12 Toan, THPT chuyén Bic Ninh;
Cin Tho: Trirong Ha Giang, 11A3, THPT chuyén Li
Tu Trong: Bac Giang: Vi Thj Huyén, 12A2, THPT
Luc Ngan; Nam Dinh: Dang Phiic Cuong, 11 Li, Dinh
Viét Thang, 12 Li, THPT chuyén L& Hong Phong,
Trinkh Dic Lei, 12 AL, THPT Giao Thuy B.

NGUYEN VAN THUAN

TOAN HOC
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XUNG QUANH BAI 3... (Tiép trang 15)
(dedp). (Li,ds), (14,0p); E, F lan lugt 1a giao diém cta AD va BC, AB va CD. Ta can chimg
minh /;NI, =90°. Chii y ring M la tim duong tron bang tiép géc E ciia tam gidc AEB nén

EB:%”-%EB. Tirdo LNQ=90° - NMQ =90°-M=%A’"E§ (1)

Mit khdc, K 1a tim dudng tron bang tiép gée A ciia tam gidc AEB nén AKB = %ﬁ.

Tir d6 I,NL =90° —LKN =90° — %EEB 2)

Tir (1) va (2) suy ra [,NQ+ I,NL =90°. Vay I,Nis = 90°.

Tré lai bai todn. Theo chimg minh trén thi /\N 1 tiép tuyén ke tir /, t6i dudng tron (J). Tuong
tw [yM, 1P, 1,0 lan lugt 1a tiép tuyén ké tir /) tGi cac duong tron (I5),(1;),(I3). Vay I; c6 cing
phuong tih toi bd duong tron (a»). Tuong tu, I; cé cung phuong tich tdi bd duong tron (@, ).
Nghia 1a 1,7, 1a truc ding phuong cta bo bdn dudng tron (@,), suy ra bén diém I, I, I, I
cling nam trén duong théng I vuodng goc voi I11,. Tuong ty ta thu duge 1), L, £, Ls théng hang
trén dudng thing d. Viy d 1 [ Ta c6 diéu phai chimg minh, 0

> Nhién xét. Dicu thit vi Id b duomg tron (@) cd chung truc dffng phuong | con bg dudng tron (an) c6 chung
truc dang phuong d

Trude khi dén véi tinh chét 2, ta phat bidu lai diém Miquel clia i gidc todn phé.n ABCDEF nhu sau:
Cho tir gidc 16i ABCD. Goi E la giao diém cia AD va BC. F la giao diém ctia AB va CD. Khi

dé bon dwong tron ngoai r:ep cua tam giac ABE, CBF, CDE, ADF déng quy tai mét diém J goi
la diém Miquel cua ti gide toan phan ABCDEF.

“*Tinh chit 2. S dung ki hiéu nhu li gidi tinh char 1. Ta ¢é giao diém cia d va | la diém
s t.E.“- o [ e

Miguel cua tir giac toan phan ABCDEF.

Chung minh. Trudc tién ta

chimg minh rang I.J,=9%0.

Chung minh (h. 3). Ta sé
ching minh bé d& véi
I, =11, =15 Cac truong
hgp con lai duge ching
minh tuong tu.

Goi 7 la giao diém thir hai
cua (Il) va (Ig). de cat
(EDC) lan thir hai tai U, FL
cit (ADF) lan thir hai tai V.

Do P la tim duong tron ndi
tiép cta tam gidc £DC nén
U la tam dudng tron ngoai
tiép cua tam giac EPD. Ma
HEP = HDP=90" nén U
la trung diém HP. Tuong
ty, ¥ la trung diém cia L. Hisik 3

TOﬁN HOC
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Ta c6 HIN=90°—I NH; NTP=90°—,NP. Suy ra HTP=HTN + NTP=180° — [,NH — I, NP
= [Nl =90°. Tird6 NUT =2NHT = NI,T.

Suyra U nim trén duong tron (NIT), hay duong tron duong kinh 747,.

Tuong tu, V nim trén duomng tron duong kinh 7/,

Ta ¢6 UJV =UJD-VJID = DCU — DFV =
Iel,. Suy ra ,JIg =90°.

PNQ = mLVéy J nam trén dudng tron duomg kinh

Tuong tu ta ciing ¢6 1,J15 = 90°. Vdy ba diém I, 7, J thing hang hay J € /. Tuong tu, J € d,
Vay J 1a giao diém cia d va I.

" i P ; R T SO, O 4
**Tinh chit 3. Ki hiéu U, la pineong tich e J tai bo duong tron (ex). 1~ la phuong tich tr J

{ai bg dwong tron (en ). Khido 1) +1 0

Chirng minh. Theo chimg minh & tinh chit 1 va 2 ta ¢ LM, =1JI, =90°. Suy ra LN’ + [N
=hi}=1J +IJ hay LJ' -IIN* +IJP - NP =0. Vay I+, =0. O

>Nhan xét. Ta quay lai bai s6 3 VMO 2012. Trong truémg hop niy, tim cua bé dudmg tron (ey) niam trén dudng
thing OF, Goi J la giao cua (NAB) vi MN. Dé ‘dang chimg minh duoc tir gidge MJAD ndi m.p hay J 1a diém Miquel

cha tir gidc toan phin 4BCDMN. Theo tinh chat 2, /14 giao diém cia OF va [. Theo dinh Ii Broc rucf OF 1L MN viy
MN = I. Ta thu duge tim ctia by duémg trom (@n) nidm trén duo’ng thing MN.

Nhur vay, tr mét bai toan tuong chung don gmn néu biét dao sau suy nghi, ching ta co thé tim
ra duge nhiédu diéu thu vi 4n chira bén trong né.

R R R BN N E O mm o e e A A e e e e R e R e e A N e e e e N M R e e R R A S M e e Em mm Em E B m R M oA o mmoEm

PROBLEMS...
T8/418. Let ABC be an acute triangle. Prove

(Tiep trang 17)

1) X contains 2012 natural numbers.

the inequality

1
cos’ A+cos® B+cos® C+cosA.cosB.cosC = 5

TOWARD MATHEMATICAL OLYMPIAD
T9/418. For each natural number #n, let(S,)
be the sum of all digits of »# (in the decimal
system). Put.S, (n) = S(5(...(5(n))...)) (k times).
Find all natural numbers » such that

Si(n)+ S (m+ .. +85(n)+...+ Sm(n)=n.

T10/418. Does there exist a set X satisfying
the following two conditions:

i) The sum of any arbitrary elements in X is
the k —th power of a positive integer (k > 2)?

T11/418. Find all functions [:R-oR
satisfying
f(xf;y})_l_ -flL ,?f;x)] — 4x}}’ \?,x*du E RL

T12/418. Fix two circles (K) and (O). where
(K) 1s inside (). Two circles (O)), (O,) are
moving so that they always externally touch
each other at M. Both also mternally touch
(@), and externally touch (K). Prove that M
belongs to a fixed circle.

Translated by LE MINH HA

Cac ban nho dat mua TAP CHi TOAN HOC VA TUOI TRE cho Quy If nam 2012
va CAC AN PHAM CUA TOA SOAN tai cac buu dién trén ca nuoc

TOAN HOC
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K THI OLYMPIC TOAN HOC HA NQI MG RONG (HOMD)

i
Lo

INAMI201/2"

iy
\

Ki thi HOMO ldn thi: X1 33 chege Hoi Tocin hoe Hee Ngi phdi hop véi S6 GDEDT Ha Néi 16 ehire vio ngay

- 11.3.2012 tai Truomg DHKHTN, DHQOG Ha Néi. Tham d ki thi c6 111 hoc sinh & hia tubi Senior {i
dwong lop 10 THPT) va 114 hoc sinh o lita wi6i Junior (wong dwong I6p 8 THCS) thuge 15 tink, thanh pho:
Ha Ngi, Bac Ninh, Ha Giang, Hoa Binh, Hung Yén, Lao Cai, Lang Son, Phti Tho, Thai Binh, Theii Nguyén,
Tuyén Quang, Vinh Phiic, Yén Bai, Pak Lak, Pl Yén. Sau day la dé bai cua Ki thi.

Important;

Answer all 13 questions.

Enter your answers on the answer sheet provided.

For the multiple choice questions, enter only the letters
(4, B, C, Dor E) corresponding to the corvect answers
in the answer sheet.

No calculators are alfowed,

SENIOR SECTION
Sundeay, 11 March 2012 O8h30

V64245 +-Jﬁ—2d§_

11h30

Ql. Let x
J20
e
Theo value of H =(1+ x5 —x7 }l"”l"1 is
(A)1: (B): 11: (C) 21l (D) 101

(E) None of the above.

Q2. Compare the numbers

P=3a Q:_'S‘ T:Zﬁ, where o= ﬁ.ﬂ: |+%
AEPLD=<T{B:T<P=D: O:P<T<0:
(DiET<O <P (B DL P<T.

Q3. Let be given a trapezoidal ABCD with
the based edges BC = 3cm, DA = 6cm
(AD//BC). Then the length of the line EF
(£ € AB, F € CD and EF//AD), through the
common point M of AC and BD is

(A): 3,5¢m ; (B): 4cm; (C): 4.5¢m;
{D): 5¢m ; (E): None of the above.
Q4. What is the largest integer less than or equal

to 4x* —3x, where x:%(i‘hﬂ—ﬁ +é/2—ﬁ)‘;
(Apl; (B):2: (C):3; (D):4;

(E) None of the above.
Q5. Let f{x) be a function such that

f)+2 f[ﬂ] = 4020 x
x—

TOAN HOC
50 & crllﬁll'_l,'f.‘ So 418 (4-2012)

for all x # 1. Then the value of 2012) is
(A):2010; (B): 2011 ; (C): 2012 ;
(D): 2014; (E): None of the above.
Q6. Forevery n=2, 3, ..., we put

A, = l——l— ®| 1= 1 i
142 1+2+3

x| 1= 1 "
[ l+2+3+..++n]

Determine all positive integer # (n > 2) such

B % :
that — 1is an integer.

i

Q7. Prove that the number a=1....15...56 is

a perfert square.
Q8. Determine the greates number m such
that the system

x4yt =1

| =y |+|x—y|l=md
has a solution.
Q9. Let P be the common point of three
internal bisectors of a given ABC. The line
passing through P and perpendicular to CP
intersects AC and BC at M and N,
respectively. If AP = 3cm, BP = 4cm,

AM
compute the value of —.
BN

Q10. Suppose that the equation .’ +228 +gu+1=0,
with p, ¢ are rational numbers, has three real
roots X, X2, X3, Where x; =2+ \.@ Compute the
values of p and ¢.

Q11. Suppose that the equation x* -+’ +ge+r=0
has three real roots x,, xz, x3, where p, g, r are
integer numbers. Put S, =x"+xf +xt,n=1,
2, ... Prove that S5, is an interger.

https://tieulun.hopto.org
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Q12. In an isosceles triangle ABC with the
base AB given a point M € BC. Let O be the
center of its circumscribed circle and S be the
center of the inscribed circle in triangle ABC
and SM // AC. Prove that OM L BS.

Q13. A cube with sides of length 3cm is
painted red and then cut into 3x3x3 =27
cubes with sides of length lcm. If a denotes

the number os small cubes (of lem x lem x
lecm) that are not painted at all, b the number
painted on one sides, ¢ the number painted on
two sides, and d the number painted on three
sides. Determine the value a—b—-c+d.

Q14. Solve, in integers, the equation
1624 1={x*—32 )%

(Q15. Determine the smallest value of the sum

M =xy—yz—zx, where x, y, z are real

numbers satisfying the following condition
x2+2y*+522 =22,

JUNIOR SECTION
Sundav, 11 March 20012 [3h30 — [6h30
Q1. Assume that a— b =—(a—b). Then
(A:a=b; (B):a<b; (Ca=b;
(D): It is impossible to compare those of a
and b.
Q2. Let be given a parallelogram ABCD with
the area of 12cm?®. The line through A4 and the

midpoint M of BC meets BD at N. Compute
the area of the quadrilateral MNDC.

(A): dem?; (B): 5em?;  (C): 6em’;
(D): 7em?*; (E): None of the above.

Q3. For any possitive ingeger a, let [a]
denote the smallest prime factor of a. Which
of the following numbers is equal to [35]?

(A):[10]; (B):[15]: (Cx:[45] 5
(D): [55]: (E): [75].

Q4. A man travels from town 4 to town E
through towns B, C and D with uniform speeds
3km/h, 2km/h, 6km'h and 3km/h on the
horizontal, up slope, down slope and horizontal
road, respectively. If the road between town A
and town £ can be classified as horizontal, up
slople, down slope and horizontal and total
length of each type of road is the same. What 1s
the average speed of his journey”

https://sites. eoogle.com/site/letrungkienmath

(A): 2Zkm/h ;  (B) 2,5km/h; (C): 3km/h;
(D): 3,5km/h ; (E): 4km/h.

Q5. How many differen 4-digit even integers
can be form from the elements of the set
{1,2,3,4,5}?

(A): 4; B): 3, (C): 8; 45182
(E): None of the above.

Q6. At 3:00 AM. the temperature was |3°
below zero. By noon it had risen to 32°. What
is the average hourly increase in temperature?
Q7. Find all integers » such that 60+ 2n—n*
1s a perfert square.

Q8. Given a triangle ABC and two points K €
AB, N € BC such that BK = 24K, CN = 2BN
and O is the common point of AN and CK.

&
Compute —22<
BCo
Q9. Evaluate the integer part of the number
20112 + 2011
20122 2012°
Q10. Solve the following equation
1 1 13
+ =T
(x+29) (x+30)* 36
Q11. Let be given a sequence a; = 5, a; = 8§, and
Ay =da, +3a,,, n =2, 3, .. Calculate the
greates common divisor of asg;; and asy;s.

H=Jl+2{)] 12+

Q12. Find all positive integers 7 such that the
sum and product of all its divisors are 2P and
P?, respectively.

Q13. Determine the greatest value of the sum
M =11xy+3xz+2012yz, where x, y, z arc
non negative integers satisfying the following
condition x+ y+ z =1000.

Q14. Let be given a triangle ABC with
ZA=9 and the bisectrices of angles B and C
meet at /. Suppose that /H is perpendicular to
BC (H belongs to BC). If HB = 5cm, HC =
8cm, compute the area of triangle ABC.

Q15. Determine the greatest value of the sum
M=xy+yz+zx, where x, y, z are real
numbers satisfying the following condition
x2+2y?+522 =22,
THANH LOAN
(Nguon: hitp:/thms.org.vn)

) TOAN HOC
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GS. TSKH. NGUYEN CANH TOAN
GS. TSKH. TRAN VAN NHUNG

7S. NGUYEN VAN VONG
GS. POAN QUYNH
PGS.TS. TRAN VAN HAO

CHIU TRACH NHIEM XUAT BAN
Chi tich Hoi déng Thanh vién kiém
Téng Gidm déc NXB Gido duc Viét Nam
NGUT. NGO TRAN Al
Phé Téng Gidm ddc kiém
Téng bién tap NXB Gido duc Viét Nam
TS. NGUYEN QUY THAO

 HOI DONG BIEN TAP

Téng bién tap : TS. PHAM THI BACH NGOC Thu ki Toa soan : ThS. HO QUANG VINH

7S, TRAN PINH CHAU, ThS. NGUYEN ANH DUNG, 7s. TRAN NAM DUNG, TS. NGUYEN MINH DU, TS. NGUYEN
MINH HA, 7S. NGUYEN VIET HAI, PGS. 7S. LB QUOC HAN, ThS. PHAM VAN HUNG, PGS. 75. VO THANH KH]ET
GS. TSKH. NGUYEN VAN MAU, Ong NC-UYEN KHAC MINH, TS. TRAN HOU NAM, PGS. TS. NGUYEN DANG PHAT,
PGS. TS. TA DUY PHUONG, T1S. NGUYEN THE THACH, GS. TSKH. PANG HUNG THANG, PGS. TS. PHAN DOAN THOAL.
ThS. VO KIM THUY. PGS. TS. VO DUONG THUY, GS. TSKH. NGO VIET TRUNG.

TRONG SO NAY

o Danh cho Trung hoc Co s¢ — For Lower @ Ban doc tim t0i — Reader's Contributions

Secondary School
Pham Trung Kién — Mjt s6 ki thuat dat
an phu dé giai phuong trinh vé ti.

Nguyén Védn Linh - Xung quanh Bai 3
trong Ki thi chon hoc sinh giéi Quéc gia
THPT nam 2012.

o Huéng dan giai Dé thi tuyén sinh vio lép
10 Trudng THPT chuyén Phan Béi Chau,
Vinh, Nghé An, nidm hoc 2011 - 2012,

© e thituyén sinh vao 1p 10 Trung THPT
chuyén Lé Quy Poén, Binh Dinh, nam hoc
2011 - 2012,

@) Chuin bi thi vao dai hoc — University
Entrance Preparatmn
Ha Van Thang - Bai toan viét phuong
trinh mat phing va phudng trinh dudng
thang trong khong gian (tiép theo ki trudc).

Thir sitc trude Ki thi — bésa 7.
Hudng ddn gidi Pé 56 5.

Dé ra ki nay - Problems in This Issue
T1/418..., T12/418 L.1/418 L2/418

@ Giai bai ki trudec — Solutions to Previous
Problems

Giai cac bai cua s6 414

@ Thanh Loan — Ki thi Olympic Toan hoc
Ha Néi mé rong (HOMO) nam 2012,

Anh Bia 1. Cinh dep Quing truong Tru so UBND

Pao Thi Thu Thiy - Huéng dan 6n tap TP. H6 Chi Minh. Ngudn: www.google com

mén Vat 1i thi tuyén sinh Dai hoe, Cao

; Bia 3. Giai tri toan hoc — Math Recreation
dang nam 2012,

MT ﬁ‘mﬁt MINI-I THU THANH'
 Ché'bin : NGUYEN THI OANH
https://tieulun. hopto org
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i g i Giai dap:
(5 % BOD BHDNE

Gic’\i rit c'n hg (Dé ding trén THTT s6 414, thing 12.2011)

Téngcua3lsdtir1dén31bing31 x 16=496,
Téng cac sd & moi bong hoa bing 496 : 4= 124,
Moi bong hoa dd ¢6 32 nén con can dién thém 124 -32=92,
Cach . Trong 1an thir nhét liy timg bo hai s6 hang dat vao ba bong hoa bén tréi, con lay 23 dat vao
bong hoa bén phai nhu sau:
94+14=10+13=11+12=23.
Trong Iin thir hai va lan thir ba ldy tirng bo hai s6 hang dat vao bon bong hoa nhur sau:
5+18=6+17=7+16=8+15.
19+27=20+26=21+25=22+24.
Cach?2. Landau: 5+22=10+17=11+16=27.
Linthirhai:6+15=7+14=8+13=9+12.
Lanthirba: 18+26=19+25=20+26=21+27.
Lam tuong tu nhur thé sé con nhiéu cach khac.
Ban D6 Nguyén Hodng Anh, 10A 1, THPT Hac Dich, Tan Thanh, Ba Ria - Viing Tau c6 15 giai tot
dugc nhan tang pham.

" AN MINH
Ban Todn xép cac que tinh thanh dang thire nhu sau:
T e 13 D 0117
1 0 B N L L

Ban Céng nhin thay néi: Tai chuyén cach xép 6 que 6 vé trai van dugc 2012.

Ban Trir tiép lovi: Toi chuyén cach xép 5 que & vé trai van dugc 2012.

Ban NAdn nhanh nhau: Toi chi can chuyén cach xép 4 que o vé trai van dugc 2012.
Ban Bang khang dinh: Toi chi cén chuyén cach xép 3 que 6 vé trai van duoc 2012.
Ban c6 thé lam duoc nhu thé khdng ? Va khong chi ¢6 bén cdch daunhé!

NGUYEN VAN HIEU
(80 dwong Xudn 68, TP. Hué, Thira Thién - Hué)
bDAN QUYNHp%dHﬂﬂhopto.org
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NHA XUAT BAN GIAO DUC VIET NAM

iy, | CONG TY €O PHAN DICH VU XUAT BAN GIAO DUC HA NOI
m Dia chi: 187B Giang V6, Q. Dong Da, Ha Noi
Tel: (04) 39947746; 35122068 - Fax: (04) 35123278

Eidi thidw U3 sdclk
TAI LIEU CHUYEN TOAN THPT

B sach “Tai liéu chuyén Toan” |&p 10, 11, 12 ¢6 tat c& 12 cubn, mdi Iop c6 4 cudn gom 2 cudn i
thuyét (Dai sé - Giai tich va Hinh hoc) va 2 cudn bai tp. Néi dung trong m&i cudn déu bam sat chuong
trinh cho hoc sinh cac truong THPT chuyén ma Bé Gido duc va Bao tao da ban hanh. O’ méi cubn i
thuyét gici thiéu cac chuyén dé bat budc clia chwong trinh chuyén dwoc trinh bay kha sau va chat che,
cé kha nhiéu cac vi du, bai tap la nhirng bai thi clia khdi chuyén Toan, thi hoc sinh gidi Toan Quoc gia, thi
Toan Quéc té. Trong mdi cubn bai tap, ngoai hwdng dan gidi kha day di cac bai tap trong cudn li thuyét,
con cd mot sé bai tap bé sung dé hoc sinh tham khao. Céc tac gia cla bd sach 1a cac thay gido co nhiéu
kinh nghiém trong viéc bdi dwéng hoc sinh giéi Toan, déu da hoac dang trirc tiép giang day tai cac
trwerng THPT chuyén, khéi chuyén Toan, céc trvéng Pai hoc, Vién nghién ciu, . . . trén khap ca nudrc,
nhe - GS. Boan Quynh, GS.TS. Van Nhw Cuong, PGS. TS. Nguyén Déng Phét, PGS. TSKH Vi Dinh Hoa,
GS.TSKH Ha Huy Khoai, TS. Nguyén Minh Ha, GS. TSKH Béng Hung Thang, PGS.TS. Nguyén Vi Luong,
ThS. Bé Thanh Son, TS. Tran Nam Dang, TS. Lé Ba Khanh Trinh, ThS. Nguyén Trong Tuén,...

Hi vong rang bé sach sé dap (rng dugc phan I&n yéu cau hoc tap cla hoc sinh, viéc giang day clia giao
vién & cac treoong THPT chuyén; cling nhw nhu cau doc ctia nhirng ngwoi yéu thich Toan.

SRR TR TAILIEU CHUYEN TOAN
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