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Trong mét s6 dang phuong trinh (PT), bat
phuong trinh (BPT) chita cin thirc néu
biét sir dung biéu thirc lién hop mét cach
khéo Iéo thi ta s€ co 10i glal rat ngan gon va
in tuong. Bai wet nay dé cdp dén vin dé do
théng qua mot sb thi du sau

% Thi du 1. Gidi phuong trinh

V2x ~3x-2

=2 =2 + 2434+ —x+2.
T x2-3x-2>0

Lot giai. DK {2x2—120.

PT di cho tuong duong vai

V2x2—1—2x2 +2x+3=/x2 —x+2 —Jx2-3x-2

1

< (2x+4 +
( )[sz—ﬂz 4wt —3x~2

il\,\‘

1
+ e §
N2x2 =1 +4222 +2x+3J

Vi biéu thirc trong ngodc luén luén duong
nén x = -2 (thoa man PK). O

% Thi du 2. Giai phuwong trinh
1 =2x+4.

f |
V2x2 4+ 16x+18 + /x2

202 +16x+182 0
Lavi gidi. DK
L

PT di cho twong duong voi

VXl —1=2x+4-2x2 +16x+18 (1)
& xz—l( 2y -1 ﬁ]J
2x+4+V2x? +16x+18
L oda® ] A ;
_2F=2x+4+m
[x =1

24X -1=2x+4+2x? +16x+18 (2)

NGODUCTHODUONGMINHCHAU
DD : 0986885389
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DUNG BIEW THUC LIEN HOP
dé giai toan

NGUYEN VIET HUNG
(Cao hoc Toan, DPHKHTN-DHQG Ha Néi)

Cong (1) véi (2) theo vé ta thu duge

4x+820
Wt -1=dx+8 =4
9(x —1) = (4x +8)2
x2-2 3v57 -32
= o x=—"
Tx? +64x+73=0 7
(thoa man PK). Vay tip nghiém cia phuong

{3«;;—‘ 2, 11} 0

trinhla §=

* Thi du 3. Giai phwong trinh
Vax+1-+/6-x+3x2 —14x-8=0.

Lai gigi. PK —%ix < 6. Nhan thiy x = 5 la

mét nghiém nén ta viét PT di cho dudi dang

(V3x+1-4)+(1-vV6—-x)+3x2-14x-5=0
3x-15 x=5

= +
V3x+1+4 1+wfﬁ—x

3 1
= (x-5) ———mr——
¢ )(\33x+]+4 I++/6-x

<>x =5 (thoa man PK). O

+{x=5)3x+1)=0

+3x+l]=0

* Thi du 4. Giai phuong trinh
(V3x+1 . - M/ 3x2 + T.;ﬁa»ﬁl) =4x-2.

N 1 .
Lo gigi. DK: x 2—3, PT di cho tuong duong voi

(2x=1)3x2 +Tx+2+4)=(dx—2)(3x+1 +vx+2)
@(2;:—1)[1{(3,:+1)(x+2}+4- J3x+l+Jx_+L-’}):O
< (2x=D)(B3x+1-2)(x+2-2)=0

1
26-1=0 g

¢ [¥3x+1=2 hay |x=1 (thoa man BK). O

Vx+2=2 x=2

TOAN HOC

S3 416 (2-2012) " CTusitre 1
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* Thi du 5. Giai phwong trinh
I 1 x—1

& " 4"
Jx+2 &=

Y2x+1

Lai gidi. DK x > 0. PT trén c6 thé viét lai thanh
Yx+2-V2x+1 x-1
Hox+D(x+2) x

sy \fx+2—~f2x+1 =x—1
@2 +2x+Dyfex+(x+2)  Yx
l-x

e x+2+¥2x+DY2x+1)(x+2)

=(x—l)( x+2++2x+1)
ix
Jx+2 +42x+1 y

{x

= (x—l)(

1
+ =0
Wx+2 +2x+ )4 2x +1)(x+ 2)}
<> x =1 (théa mén PK). O
% Thi du 6. Giai phuong trinh

Y2x+2-Ysx-14 =Bx-16)x-2.
Loi giai. DK x > 2. PT da cho tuong duong voi
16 —3x
32x+2)? +3(2x+2)(5x-14) + Y(5x - 14)?

=(3x-161x-2

< (3x-16)x

breo? ! N
{ Jer? +W+ﬂ(5x—l4?}

Cha ¥ ring a® +ab+b*20,Va, beR; ding thirc
xdy ra khi va chi khi a=b=0. Do d6 biéu
thirc trong dau ngodc ¢ trén ludn duong. Vay

PT ¢0 nghiém duy nhit x:%. 0

% Thi du 7. Giai phwong trinh

| — 1 R
—+VJx+2=—+v2x+1

X X

TOAN HOC |
9 ‘Cludilpe S6 416 (2-2012)
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Loi gidi. DK xz—% va x#0. PT da cho

tuong duong voi

LS ST W o

X2 x
=3 x—1
2 2x-1+x+2

< (x —1)[

1 1
J2x+1++/x42 +;J:
& x=1 (théamin PK). O
% Thi du 8. Gidi bdt phuong trinh

J3—2~oIx-5£2x~3

Loi giai. DK x 2 2. BPT da cho tuong duong vii
3-2x

Jx—=2++3x-5
— (2x—3)(l+

<2x-3

1
Jx—2++/3x-5
Két hop véi diéu kién ban du ta duoc tip
nghiém ciua BPT da cho 1a § =[2;+0). O
% Thi du 9. Gidi bdt phuong trinh

2x*
3 wm}j

]20@ xai.
2

<x+21.

Léi gigi. DK x> _—_:’ va x # 0. Cha ¥ ring

x _3+~J9+2x
3—v9+2x -2 '

Do vay BPT trén fwong duong voi

349+2x )
gl SANT Pl ) e B

& (3+V9+2x)? < 2(x+21) & V9+2x <4

& 0€£9+2x <16 < —ggx-:l.
2 2
K&t hop véi diéu kién ta duge tap nghiém cua

bat phuong trinh 14 § = [-% : o] U [0 %J 0
% Thi du 10. Cho cde 56 thuc x, y théa man
(x +/x2 +2011)(y +4/y* +2011) = 2011.
Hay tinh gia tri cua x + y. )

(Xem tiep trang 11)
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Hudng dén gigi BE THI CHON HOC SINH GIOI
MON TOAN LOP 9 TP. HO CHf MINH

NAM HQC 2010 - 2011
(Pé thi da ding trén THTT s 414, thing 12 nam 2012)

Ciu 1.a) A4=-5.
b) B=a-1.

Ciu 2. a)  Néu ad + be < 0 thi
ad +bc <0< a2 +b? Afe? +d?

o Néu ad + be > 0 thi

ad +bc<Ja? + B2 A2 +d? .

< (ad +be)? <(a* +b2)(c? +d?)

o @d? +2abed + Bc? <a2c? + ad? + bt + Pd?

< a’c? +b2d? - 2abed 20 < (ac-bd)* 20

(BDT dung). (dpcm).

b) Ap dung BDT Cauchy cho hai sé dwong,
ta co

3 B 4 3
a_+b_+c_=[£+abj+[b—+bcj+(i+ca)
b ¢ a b c a

—(ab + bc +ca)
3
>2\/b .ab+2\/b bc+2J—.ca —(ab+ bc+ ca)

=(a=b) +(b=c) +(c—a)? +ab+bc+ca
= ab + bc + ca.(dpem).
Ciu 3.a) A=(3m-2)2 -4(2m?* -5m-3)
=m? +8m+16=(m+ 4)2.
Phuong trinh cé hai nghiém phan biét <
(m+4) >0 m=—4.
b) A =(m+4)? 20, phuong trinh c6 hai nghiém
Im-2+m+4

P B B B T
2

3m—2-m—4

2
Phuong trinh c6 it nhat mgt nghiém durong

X= =m-3.

m>——

P1=2m+1>0<:> =
m>——.

Lx2=m*3>[} -m>3

¢) Phuong trinh ¢ it nhat mét nghiém am
n=2m+l<0

o
Xp=m-3<0

m<——
2 S m <3,

m<3

—

—t—t—=2 —=2—-——=—
Céau 4.a) § = g ol
3.8, i B,
xy z?2 22 xy
L. &7
=£_4=[z—_~_)
xy Xy
1 4 1 4
S ———4d+—=——+4=0
Xt ¥ y» oy

] 2
(1] (-
x Y
X ¥y 2
1

Vi-= —1——»2 2—-2=-2nén z*—-%

z X oy
Viy HPT da cho ¢6 nghiém (x:y;z) duy nhit

‘[1 1 1)
la|=;—;—=|.
a5t 2

b) n* +6m +11n%2 +6n=n(n+1)(n+2)n+3).

Vi m;n+1;n+21a ba s6 tu nhién lién tiép
nén ton tai mot s6 chia hét cho 3. Do do
n(n+1)(r+2): 3.

Vimn+Ln+2n+3 12 bén s& ty nhién lién

tiép nén c6 hai s6 chan lién tlep; & d6 mot sb
chia hét cho 2 va so kia chia het cho 4. Vay
n(n+1)(n+2)(n+3):8.

Mt khéc UCLN (3, 8) = 1 nén
n* +6m +11n? + 6n=n(n+1)n+2)(n+3) : 24.
Ciu5.(h. 1) 4

a) Taco B
OB = 04 (gt),

BOI = AOM
=90°, OBI=
OAM (cung
phu vai 7 0 F SO |

gbc OIB). Hinh 1 -

TOAN HOC
* Cluéilye
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DE THI TUYEN SINH VAO LO'P 10

(Thai gian lam bai: 150 phiit)

Ciu 1. (2 diém) 1) Cho ba so a, b, ¢ khac 0 thoa

1
mina+b+c=2 va 1—+—+l=_l_
; i a b ¢ o
ring trong ba s6 d6 co it nhat mgt sO bang 2.

2) Tinh gia tri biéu thirc

. Chimg minh

f,‘:J]-}---l—+i + IJlJ--—l- +~l— +..+ "fl+—-1— +-l— i
P2 Vo2 3 TV 2012 200122
Ciu 2. (2 diém) 1) Giai phuong trinh
o +4~J’r;+_3 =3x+6.
XX+xy+y? =
2) Gia hé phuong trinh Vvityz+zi=4

|22 +zx+x2=T.

Céu 3. (2 diém). 1) Gia sit a va b 1a céc so

(a+b]2 +a+b

nguyén duong sao cho la mdt so

a :
nguyén. Goi d 1a mét wdc sd chung bat ki cua
a va b. Chimg minh ring d<|Va+b |. (Ki hiéu

[x] 1a s6 nguyén lén nhét khéng vuot qua x).

Suy ra AQIB = AOMA (c.g.c) nén Of = OM. D& thiy
MHI + MOI =180°, nén tir gide OMHI ndi tiép.

b) Do tam gidc OAR vudng can ta1 O nén OAB=45°.
Lai c6 AOB=AHB=90° nén tir giac OABH néi tiép
= OHK =0AB=45. Suy ra tam giac KOH vudng
can tal K nén cé OK = KTl

Lai vi OKB=90°; hai diém O, B c¢é dinh nén K di
dong trén dudmg tron duong kinh OB co dinh.

Céu 6. (h.2) Trén nira mat phan;:, bér 1a dudmg thing
AC c6 chira diém B v& tam gidc déu ACD.

Tam giac ABC cén tai B cb ABC =80° nén
BAC=BCA=50°; BAC<DAC (vi 50°<60°) nén
tia 4B nim giira hai ta AC va AD. Do do
BAD=DAC-BAC=10".

TOAN HQOC
4 Clusifge S8 416 @-2012

2) Cho x va y la cac s6 hitu ti va thod min
ding thirc {.\t+_y]3 =xy(3x+3y+2). Ching minh
1—xy 14 mot s hiru ti.

Cau 4. (3 diém). Tir mot diém D nim ngoai
duong tron tdm O k¢ hai tlep tuyen DA va DB
dén dudng tron (4 va B la cic tiep dlem) Tia
Dx nam gitra hai tia DA va DO, Dx cat ducmg
tron tai hai diém C va E (E nam giita C va D);
doan thing OD cit doan thang 4B tai M.
Chtrng minh ring

1) Tir gidgc OMEC ndi tiép.

ring

2) CMA = EMA.
3 (MBY _BE
\MC, DC

Ciu 5. (1 diém). Giasira, b, ¢ 1a céc s6 duong thoa
min abe=1. Tim gid tr] lon nhét cua biéu thirc

a _ b ¢

= +
B +c?+a Piatil BahaE

DINH VAN DONG
(GV THCS Thanh An, Thanh Ha, Hai Duwong)
suru tim va gidi thigu

L L L L L L

Xét hai tam gic
DAB. DCB ¢4 DA =
DC, DB (canh chung),
BA=BC Dodd

ADAR =ADCRE (c.c.c)
= ADB=CDB
=é.,ﬁ=30{ Suy ra

ADB=ICA, ma AD=AC,
DAB=IAC(=10°) .
Do d6 ADAB = ACAI
(gc.g) = AB = Al hay tam gidc ABI cin tai 4 co
BAI=BAC-IAC=40°.Nén AIB=(180°—BAl):2=T0r.
NGUYEN BUC TAN
(TP. HG Chi Mink) suu tAm va giéi thiéu

Hinh 2

https://tieulun.hopto.org
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Chuan bi

N\ cho ki thi

tot nghiép THPT
fl va thi vao

rong SGK Hinh hoc Nang cao 11 cd bai tip:

Cho tir dién OABC co ba canh O4, OB, OC
dsi mot vuéng goc. Khi do hinh chiéu H cia O
trén mgt phang (ABC) !a truc tam tam gidc ABC va

1 ] 1
O Of  OF ac’
Trong bai viét nay, chung to1 xin phat biéu bai tap do
theo mgtcachkhacdetaomcacbaltoanwbannm
van dung ching c6 thé gidi quyet durge nhiéu bai toan

tinh khoang cach trong khong gian. Viée chimg minh
cac bai todn nay don gian xin danh cho ban doc.

(Bai 17 trang 103).

hitps://sites. eoogle.com/site/letrungkienmath

Bang cach dac biét hoa Bai toan 2 ta dugc
nhiéu bai toan. Bay gid xét moét truomg hop
dac biét: tam giac OBC vubng ¢ C.

“Bai toin 3. Cho 4
tir dién OABC co
OA1(OBC), OCLBC.
Khi do khoang cach

tir O dén mdt phing v

(ABC) la khodang B
cdch tie O dén AC. U

(h. 2). e

IL. CAC THI DU Hinh 2

* Thi du 1. Cho hinh chop 5.ABCD cé day
ABCD la hinh vuéng canh a, SC 1 (ABCD),

SC=av2. Goi O=ACNBD . Tinh khoang
cdch tir O dén mét phang (SAB).

T{ MOT BAI TOAD TiNh EhOANG CACH

TRONGESACHIGIAO

I. CAC BAI TOAN

Bai toan 1. Cho nr
dién OABC cé ba canh
OA, OB, OC doi mgt
vuong goc. Dat OA=a,
OB=b,0C=¢c. Khi do
khoang cach d tir O dén
mat phang (ABC) la
khoang cach tir O d’m
AK (voi K la hinh chiéu

cua Q trén BC)va —I—;—!_+—14+—1 (h. 1).
dd a b
Sau day ching td1 dua ra bai toan khai quat
cua Bai toan | bing cich thay gia thiét ba
canh 04, OB, OC d6i mét vudng géc bang
gia thict hai trong ba cap canh do vuong goc.

WBai toan 2. Cho a’.:en OABC ¢co OA
vuéng goc voi mdt phang (OBC). Khi do
khoang cdch tir O dén mat phang (ABC) la
khoang cach tir O dén AK (véi K la hinh
chiéu ctia O trén BC) (h.1).

[[HI'I'I"

K

CAO THI THANH LE
(GV THPT Ba Binh, Nga Son, Thanh Hoa)

e Cach 1. (h. 3)

Phéan tich. Thay déi
tén goi mdt phing ddy
dé tao ra nr dién
vuéng dinh O. Bing
cach ldy 1 la trung
diém SA thi Ol 04,
OB déi mgt vudng goc.
Khoang cdch tie O dén
mdt phang (SAB) la
khoang cach tir O dén madt phing (IAB) va
duge tinh theo Bai todn 1.

Léi gigi. Goi 7 1a trung diém cia S4 thi Of 1a
duong trung binh cia tam giac SCA nén Ol//SC

a\E

Hinh 3

1 o::lsc:=

. Tir d6 OI L (ABCD).

Goidla khoang cach tr O dén (S4B) thi d cling
1a khoang cach tir O dén (I4B). Vi tr dién OIAB
co 04, OB, O dé1 mét vudng goc nén theo bai
toan 1, ta co

TOAN HOC
‘Tt 5

https://tieulun.hopto.org
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P e |
d* OI? 04 OB* a* a*> a® a?
S

ﬂ_ﬁ.u
0

Viyd =

Cach 2. (h. 4)

Phan tich. Quy
khoang cdch te O
dén mgt phdng
(SAB) vé khodng
cach tir C dén mdt
phing (SAB), khoang cdch nay duwoc tink theo
Bai todn 3.

Hinh 4

d(0:(S4B)) 04 1
d(Ci(s4B)) c4 2
Vi AB L SC, AB L CB nén AB L (SBC). Do d6
(SAB) L (SBC).
Ha CLLSB (LeSB) thi CL 1 (SAB), suy ra
d(C: (S4B)) = CL. Ta c6

S B T

cF os* Bt
a6

Suy ra CL=—3—-—:>

Loi giai. Taco

2 g F .
2a a 2a°

d(0;(S4B)) =%_9. Q

* Thi du 2. Cho hinh chop SABC co day
ABC la tam gidc vuong can tqgi B, AB = BC =
2a. Hai mdt phang (SAB) va (SAC) cing
vuéng goc vai mat phang (ABC). Goi M la
trung diém cua AB; mdrf phang qua SM va
song song voi BC, cdt AC tai N. Biét goc g.lu'a
hai mdt ,r#i'ang (SBC) va (ABC) bang 60°,
Tinh khoang cach giita hai dwong thang AB
va SN theo a.

(Trich Céu IV dé thi Pai hoc khoi A nam 2011)

Phén tich. Dé tinh khodng cdch gma hai
duong thang AB va SN ta sé quy Vvé tinh
khodng cdch gifta deong thang va mdt phéng
song song béng cdch trong r@(ABC) ke dwong
thang A di gua N va song song véi AB.
Khi do d(AB;SN)=d(AB;mp(S,A))=d(A;
mp(S,A)). Vi SAL(ABC) (hay mp(A,A)) nén
theo cdch xdc dinh cua Bai toan 2, hg AQ L
A(QeA), AH 1 SQ(H € 50) thi d(AB;SN)=
d(A;mp(S,A))= AH.

TOAN HOC
6 * Cludilpe SO 416 (2-2012
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Loi gidgi. (h. 5). T
gia thiét ta co
S4 1 mp (ABC).
Ma AB 1 BC nén
SB 1 BC, gbc giira
hai mat phing
(SBC) va (4BC) la
SBA = SBA 60°

= SA = ABtan60°

=2a\/3.
Suy ra MN//BC, nén N la trung diém ctia 4C.
Goi A la dudng thing di qua N va song song
véi AB. Ha AQLA, (Q € A). Ta c6 AB//(SON)
=> d(4B; SN) = d(AB ; (SON)) = d(4; (SON)).
Ha AHL1SQ (HeSD.Vi ON L AQ, ON 1 SA nén
ON L (SAQ)= (SON) L(S40Q) = AH L(SON).
Do d6 d(4B; SN) = AH.

Hinh 5

Vi AQ=W=%BCE¢1 nén
I T
AH?  SA* AQ* 12a%

Vay d(AB;SN)= AH = 2“’1"3@. Q

% Thi du 3. Cho lang tru ding ABCA'B'C”
co day ABC la tam giac vuong, AB=BC=a,
canh bén AA'= av/2. Goi M Ia trung diém cua
BC. Tinh khoang cdch gifta hai duong thing
AM va B'C.

(Trich Ciu V.b.2 dé thi Pgi hoc khéi D nam 2008)
Loi gigi. Tir gia thiét suy ra tam gidc ABC
vubng & B.

e Cach 1. (h.o6)
Goi N la trung diém
cua BB’ thi MN la
dudng trung binh
cua tam gidc BCB'.
Tuwdé MN //CB'

= CBY/( AMN) Hinh 6
= d(AM;B'C)
=d(B'C;(AMN)) = d(B(AMN)).

https://tieulun.hopto.org
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d(B';(AMN)) _B'N
d(B;(AMN)) BN
d(AM;B'C)=d(B;(AMN)).
Vi tir dién BAMN c6 BA, BM, BN d6i mot
vudng goc nén theo Bai fodn 1 ta co

L 1. 1 .8 F .o
BM* BN* 4
Cich 2. (h. 7). Goi , % "

N la trung diem cua
B'Cthi MN // BB’ =M

= MN 1 (ABC).
V€ hinh binh hanh
AMCD tac6 AM/CD | N
— AM/ACDB'). |
Suy ra d(AM;B'C) il
=d(AM;(CDB"))
=d(M;(CDB"))
=d(M; (CDN)).
Vi DM // AB va AB 1 BC nén DM 1 BC.
Tu dién MDCN ¢6 MD, MC, MN d6i mét
vuong goc. Theo Bai toan | ta co

1 ol 1 i1 7

(d(M:(cND))) M’ e a

Y
7
Suy ra dﬁ%.ﬂ

=1, nén

Mat khac

-

& BAL

Hinh 7

* Thi du 4. Cho hinh chop S ABCD co day
la hinh thang vuong o A va B, AB=BC=a,
AD= 2a. Canh bén SA vudng goc voi day,
SA=av2. Goi H la hinh ch;ezf viuong goc
ciia A trén SB. Chimg minh rdang tam gidc
SCD vuong va tinh (theo a) khoang cach tir
H dén mar phang (SCD).

(Cdu V.b.2 @ thi Pai hoc khii D nam 2007)
Loi gidi. Trong tam giac SAB vudng tai 4,
duémg cao AH ¢6 SH.SB = SA”

_ SH 54 sS4 28

TSB SB SA+AB 2 +a 3
d(H;(SCD)) _HS 2

d(B;(SCD)) BS 3

a7
e

https://sites. eoogle.com/site/letrungkienmath

s

Cach 1. (h. 8).

Goi F la trung
diem cua AD. Vi
AD = 2BC nén
AF = DF = BC.
Do d6 AFCB,
BFDC 1a cac
hinh binh hanh,
suyra CF = AB
=a, BF//CD,

CF//AB=UF 1 AD

Vi CF = AF = DF = g nén tam giac ACD
vuéng tai C = AC 1 CD. Mit khiac AC la
hinh chiéu cua SC trén mp(ABCD) nén
CD L SC hay tam giac SCD vudng tai C.

Ta c6 BEV(SCD)=> d(B(SCD)) = d(F(SCD))
= d(H(SCD)=2 d(F(SCD)).

Hinh 8

Lai ¢c6 CFL1AD nén CFL(FSD). Do d6

theo Bai toan 2, ha FK | SD;FI 1L CK thi FI
1a khoang céch tir F dén (SCD) va
1 1 1
= £ .
FK?

ol o

Tacéd SD =~ SA4% + AD? = a+/6.
T ASAD e» AFKD suy ra LW
sS4 SD
SAFD a
FK = w8
J3
izﬂFfzﬂ
2
=20
3
Cich 2. (h. 9)
Goi E=ABACD.

Vi BC//AD nén
EB BC 1
EA 4D 2
EB=AB=a=BC.
Do d6 tam giac
ACE vudng tai C

hay ACL(D
Hinh 9 (Xem tiép trang 31)
. TOAN HQC
S& 416 (2-2012) " Clusitre
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PHAN THANH QUANG
(TP HS Chi Minh)
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Podan thanh nbiém v ddde giao, Chi lam viée o trong-mo, -
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(Ha NEDS. .
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Il TH

PESOS5
(Thai gian lam bai : 180 phiit)
PHAN CHUNG

Cau L. (2 diém)

Cho ham sé y =~
s

1) Khdo sat sw bién thién va vé dd thi (C) cia

ham so.

2) Tim nhiing dlem trén truc tung dé tir do keé

duge ding mot tiép tuyén vai (O).

Cau IL. (2 diém)
1) Giai phuong trinh

Cau UL (1 diém) Cho (D) la hinh phing gi6i
han boi cac duomg y=2%,y =E , ¥ =4 Tinh thé
tich khéi tron xoay sinh ra bc’rix(D) khi n6 quay
quanh truc hoanh.

Cau LV. (1 diém) Cho hinh chép S.ABCD co

ddy ABCD 14 hinh thoi canh a, ABC =120v.
Canh S4 vuéng géc voi mit phing (4BCD) va
SA = a. Goi C’ 1a trung diém cua canh SC. Mat
phing (&) di qua AC” va song song voi BD cit

— 11 e : = 5 CF)S;H ; cac canh SB, 5D lan lugt tai B', D". Tinh thé tich
2cot? x+1 2tan?x+1 B+sin? 2x khoi chop S.AB'C'D'.
2) Giai hé phuong trinh Cau V. (1 diém) Cho cac s6 thue duong a, b, ¢
i . 2o ) thoa man al+b? el +(atb+c) < 4. Chirng
(w+l)2 (x+1]2 2 minh ring
3" : ab+1 " be+1 " ca+1 "
)i gpely (a+b)? (b+c)? (c+a)
PHAN RIENG

(Thi sinh chi duoe lam mot trong hai phéin A hodc B)

A. Theo chuong trinh Chuin
Ciu Vla. (2 diém)
1) Trong mit phﬁng voi hé truc toa dd
Descartes Oxy, cho tam gidc ABC vudng tai A.
Phuong trinh duong thang BC 1a 4x — 3y — 4 = ().
Cac dinh 4, B thudc tryc hoanh va dién tich
tam giac ABC bang 6. Tim toa d¢ trong tim G
cua tam giac ABC.
2) Trong khéng gian véi hé toa d6 Descartes
Oxyz cho diém A(-1; 0; 2), mat phang

(P): 2x —y — z + 3 = 0 va dudng thing

x—3 ~2 z—6

(d): - o :
2 4 1
Viét phuong trinh ducmg thang (d") di qua diém
A, cit (d) tai B va cat (P) tzgn C sao cho

" AC+24B=0.

Cau VIla. (1 diém)

Tim s0 phire z thoa méan
(z+1)* +2(z+1)

+(z+4)’ +1=0.

B. Theo chwong trinh Ning cao
Céu VIb. (2 diém)
1) Cho hai duong thing
d: (m+1)x—my+2m+1=0,
d:imx+(m+1)y-5m-2=0.
Chitng minh ring tap hop cic giao diém cua d
va d' 14 mot duong tron. Tim phuong trinh cia
dudmg tron do.
2) Trong khéng gian voi hé toa d§ Descartes
Oxyz, cho mit phing (P ( )'xu21’—22+2—0
va diém A(0;0;1). Viét phuong trinh mat ciu
tu,p xiic voi mit phing (P) tai 4 va t1ep xuc voi
mit phang (Oxy).

Céu VIIb. (1 diém)
il 3
T N

Tinh S=1+2z+22 +...+ 72009

HUYNH TAN CHAU
(GV THPT Licong Vin Chanh, Phii Yén)

Cho s6 phic z =

TOAN HOC
! CTusilre 9
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HUGNG DAN GIAI PE SO 3

Ciu L. 1) Ban doc tu gidi.

ZxM -3

2) Gia sir M[x,.,,; J PTTT ciia do thi (C)

Xy —
- 1
tai M c6 dang y- L =— (x—xp).
xuy=2  (xn-2)°
3 . : 2
Tir gia thiét bai toan, ta thay A[2;2+ 2};
Xyf —
B(2xy —2;2):1(2:2).
Ta c6 cosABI =—4—~ nén tanZE}}:l —
17 4

IB* =16/4*. Tu do tim duge xy, =0 hodc
xy =4. C6 hai tiép tuyén thoa min d¢ bai la

Caull. D DK x>0va x+2Inx >0.
2

Dat g(x)=x+2Inx thi g’(x)=14+=>0,¥x>0.
x

Suy ra g(x) 14 ham ddng bién trén (0;+ o).
Luu ¥ ring dox > 0 nén x+ 2Inx =0 khi lhx<(Q,
hay O<x<l. Do d6 PT g(x)=0 c6 nghiém
duy nhit x =, véi 0<a<1.

bit f(x)=x3+2Inx, vdi x e (a;+x) thi

F(f(x)D= {}3 x+2lnx +—§-ln(x+ 2Inx) .
PT di cho tré thanh f(f(x)) =x. Chimg minh
duge fix) ddng bién trén O+ va f()=x.
Khao sat ham u(x) =x* —x—2lnx trén (e;+20) ta
thiy PT x —x—2Inx=0 c6 nghiém duy nhatx= 1.
2) Pt v=1Jxy,u=x+y(u>0). H da cho

Gu? +4? v =14 %
u(u? +12v?) =36 -

Ddp sé. Hé da cho ¢6 cac nghiém (x;y) 12

)

Céu III. Ta co
d¢

2(1-2)1-1)

3. L8 U=
tror thanh { ¢

- d(cosx)

2(1-cos?x)(1 - cosx)

s ‘;ll_|l-.r|:lri

N —— &

TOAN HOC
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4a\1-12 (1-1) 8
Cau IV. Do ABCD la tt dién déu nén
Lai vi AB/CD ma

AB 1L mp((O ; R)) suy ra CD//mp((O ; R)). Ké
cac duong sinh C,C, qua C, DD, qua D ta

2R <
c6 C.D,/ICD va C,D, ={ID=T, Khi do

|
=—i]( S )dz:—llna—l.
4

AB=CD=OO'=%.

i 3 =
Vo =:—ls c,p,-AB. Ddp $0. Vigco :%-(39\#2).

F+b . 1 2
<

nén < :

2 4-ab~ 8—(F+H)
2 2 2

% + + :

8—(a*+1?) 8—(P+c*) 8—(c*+ad?)

Bt x = (7 +c2)2;y (2 +a?);z=(a? +52)
thix>0, y>0vaz>0va x+y+z<12.

1

81

thdy PT tiép tuyén cia do thi ham sé

Can V. Do ab<

Viy F

Xét ham s6 f(1)= trén (0;12), ta

1 5
=f(t)tait=414a y=—r1+—. Hon nita
y=f{) ta p=rattae

_1__[Lr 5]?;4‘1(\;’2-2)2{4—\1?)&

+_
8—z \144 36

Vit €(0;12). Tirdo ~12—F'<_-'~

1 15 1
Tx)+ f(¥)+ f(2) ém(x+y+z}+££ 5
Vay maxF =1, dat dugc khi a=b=c=1.
Chiu VIa. 1) Duong thing cin tim di qua
A(3;0) va nhin I4(4;-2) lam VTPT. PT
dudng thing can lip 1a 2x-y—6=0.
2) Hai mit phing thoa min dé bai c6 PT

18+4/114 15+2v114 = 3-y114
; X+ )+ z— 0

P): =0
() 21 21 21

. e J
(;-'5};[8 2\,’1114x+y+15 i11142_3+01 4,

https://tieulun.hopto.org
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Cau VIla. Goi 4 1a tap cac sb c6 4 chir sb |

abed (a>1) sao cho (a+b+c+d): 4 |

Goi B tap cac s0 bcd('l] <b,c,d<9) ma I

b+c+d=4k+r ((0<r<2).

Goi C la tip cic sb hed(0< b,c,d<9) ma

b+c+d=4k+3.

Khi d6 | 4] =2x|B|+3x|C|=2(|B|+|C|)+|C|
=2.10%+|C].

Goi D la tap cac s cd (0<c,d<9) ma c+d=

d4m+s (0<s<1) va E la tap céc sb cd

(0<c,d<9) ma c+4=4m+s(2<s5<3).

Khi d6 |C|=2x|D|+3x|E|=2(|D|+|E|)+| E|
—2.102+|E].
Xét tap E, dém tryc tiép theo tdng ¢ +d dugc :
|E|=24+15=49, Do do
|A|= 2.10° +2.10% + 49 = 2249,

Cau VIb. 1) C6 hai elip théa man dé bai 1a
I3 y?. xl 4y
—+— =1 (E;)):—+—=1.
B) etz =t By 39
2)Co hdl diém M thoa man dé ra 1a M(1;1;2)
33" 3
Ciu VIIb. e Gia sir 1ap duoc s6 A=amaaa
théa man dé ra. Do @ #0 nén a, ¢6 4 cach |
chon. Vi mdi cach chon a;, ¢6 4 cach chon ;
a2; voi mbi cach chon a;, @ ¢d 3 cach chon :

W
"

ay; voi mbi cach chon ay, as, a3 ¢6 2 cach | 10

chon as; véi mdi cach chon ay, @y, as, as 6 1 |
cach chon as. Vidy s0 cac so can ldp la :
S=4432.1=96, !
e Trong tip X, mdi chir s6 0, 1, 2, 3, 4 xut l

hién E
5

S(X)=240+14+24+3+4(1+10+10° +10° +10%)

= 2666640, 1
Trong tap Z, mdi chir 86 1, 2, 3, 4 xuat hién |

I
Py :i-—ﬁlan, nén |
4 4

S(2)=6(1+2+3+4)(1+10+10% +10°) = 66660,
Tong c4c s6 cin tim 14 S(X)—S(Z) = 2599980,

NGUYEN VAN THONG
(GV THPT chuyén Lé Quy Dén, Da Nang)

]
=i—24 14n, nén l
. |

1) A=

: Bai3

https://sites. google.com/site/letrunglkienmath

DUNG BIE U THUC...
Léi gidgi. Tur ddng thic da cho ta ¢o
X+Vx2+2011=,/y? +2011 -y

(Tiép trang 2)

Pva y+p2 +2011 =+/x? +2011 - x.
| Cong hai ding thirc trén theo vé ta dugc

x+y=—(x+y) hay x+y=0.0

: % Thi du 11. Khong dimg mdy tinh, hdy so
sanh hai s6 A=+2010++2012va B=22011.

Loi gigi, Ta xét hiéu

| A—B=(2012 —2011)+ (/2010 —+/2011)

1 1
= — {0
V2012 ++/2011 +/2010++/2011

: Thdosuyrad<B.0

Sau cung 1a mét sé bai tap danh cho cac ban

I tur luyén.

BAI TAP DE NGHI

i Bai 1.Giai cic phwong trinh va bt phuong trinh sau
D) 2Wx+2 =2x+ 1+ xx+ 2.

: 2) V2x+5-3-x=x2—5x+8.
:3)2+3-8x=6x+~/4x-1.

' 4) V10x+1+3x-5=9x+4 +2x-2.

: 5) 14Vx? +4x =x2 —3x+3+/2x2 +x+ 2,

| 6) Vx2+15=3x-2++/x2+8.

| 7) (Vx+5-Vx+2)(1+Vx2 +7x+10)=3.

8) V3R —Tx+3 -2 -2 =132 —Sx—1 - 3 +4.
9) V22 +x—1-4+ 32 +x—1 =@ +dv—3+/22 +4x—3,

X
)(1+«F]+x}2 S
11y Vl+x -+fl-x2x
12) 1;____ﬁ “'1_4"‘2{3.

X

Bai 2. Rut gon cac biéu thire sau
1 1
I \E \5 + v”_ f n+l

1 1 1
2+\§.

2) B=

+ - -
32+ 21 4B 434
1

+(n+1}\#';+n\ﬁn+ *

.Cho a > b > ¢ > 0. Chirng minh rang
b o

< :
Na+b-va-b a+rc-Ja-c

TOAN HOC
~CTuditge 11
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Dinh I nhé FER I A T
(Tiép theo ki trwdc)

TRAN NAM DUNG
(GV BHKHTN TP. H6 Chi Minh)

DINH Li ERDOS-GINZBURG-ZIEVE

Dinh li. Tir 2n - | s6 nguyén bat ki luén tim
duoc n 56 ¢é tong chia hét cho n.

Chirng minh. V&i n nho, dinh li c6 thé chimg
minh kha dé dang bing cach x€t cac truéng
hop. Vidu, voi n = 3, ta chia 5 s nguyén vao
3 nhém, nhém chia 3 du 0, nhém chia 3 du |
va nhom chia 3 du 2. Néu mdi nhém deu
chira it nhat | s6 thi chon tir 3 nhom, moi
nhom mét sé, ta dugc 3 s6 can tim. Néu ¢6 1
nhom nao do rong thi s€ co it nhét 1 nhom cé
3 56 va d6 chinh 12 3 s cin tim.

Véin = 5, co thé lap lai cach ching minh
twong tr, tuy nhién s6 truong hop can xét sé
nhi¢u hon.

Néu » 14 hop sb, ching han n = 9, ¢6 thé sur
dung cach sau: Ap dung két qua véi n =3, tir
17 s6 {al, a, ..., ay7} di nhién co thé chon ra
3 50 o tong chla hét cho 3. Khong mét tinh
tong quat, gia sur do 14 ay, @, a. Tiép theo,
tor 13 86 {ay, as, ..., a7}, c6 thé chon ra 3 sé
¢6 tong chia hét cho 3, gia sir d6 14 aq, ts, de.
F[ep tuc nhu vy, ta ducrc cac by ba sd co
tong chia hét cho 3, ma bang cach danh sé lai
néu cén, gia sir dé la (a7, as, ag), (ag, ar, a12),
(ars, aia, ays). Xét cac S0

a+a+a; ay+as +ag a; +dg + g
5 = y W= . 4= »
3 3 3
_Gotdntd, 0 antantas
= Y g=——
3 7 3
Theo cach xay dung, 5 ) S1, S, ..., 85 la cac

s6 nguyén. Ap dung két qua voi n = 3, suy ra

TOAN HOC
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ton tai 3 sd trong 5 s ndy c6 téng chia hét
cho 3. Khong mat tinh tong quat. gia s do la
51, $2, 53, Khi do )+ & tay ko hdy =
3(s; + 52 + 53) chia hét cho 9 (dpcm).

Bang cach lam twong ty, ta thay rz"mg néu
dinh li da dung v6i n = p va n = ¢ thi né ciing
ding vd1 n = pg. Nhu vay, ta chi can chl.mg
minh bai toan ding voi n = p la s0 nguyén to.
That vay, gia st nguge lai, ton tai 2p = 1 s6
n\guyen a, @, ..., dyp-1 SA0 cho moi téng con
2om p phan tll' ctia no déu khéng chia hét cho
p. Khi d6, theo dinh li nhé Fermat ta ¢

Pl
(aﬂ +a +'"+ar},) =1 (mod p).
Tirdo taco

-1
a!: ‘I’ﬂi +...+Uf] =
T : 1 2 (2
l=l, <, <.=lp=2p-l

gp o | (nnd.p )

(doco Cf,, tong & ve trai).

Ta ¢ Cf_
suy ra dleu méu thuan néu chimg minh duoc

ring vé trai chia hét cho p. Ta chiing minh
didu nay bang cach chung to rang, trong khai

. khéng chia hét cho p. Vi thé sé

ar voi

trién tong, vé trai, hé s6 cua c:i' 2

R R u:p ~1 chia hét clmp

D¢ c6 nhing s6 hang nhur vy, cén chon thém
p — k phan t iz, ..., i, & bd sung thanh p sé

. Khai trién biéu thirc

g D!

\]L ‘;,[('

VA Xét (g +a; +,__+c.rfp]

ndy, ta duoc hé sé cua q at

3 B -

2p-1-
trong khai trién & vé trai la

. cach bd sung, do d6 hé sb cua
a.'.-l' af-‘_"
i p=1)
A silosg!
Chiyring 1 <k <p—1nén
2p-1-k)
(p—kN(p-1)

do, tat ca cac so hang a' .:.'r&‘

trién o vé trai déu c6 hé s0 chla hét cho p, tirc
la vé trai chia hét cho p. Mau thuin nay
ching t6 diéu gia s la sai. Dinh li duoc
chimg minh cho » = p va nhu viy cho n
bat ki.

Ch = chia hét cho p. Tu

trong khai

https://tieulun.hopto.org
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Bai tip

10. Chimg minh ring tir 5 s§ nguyén bét ki luén
tim duge mot so hoac mot s6 so ¢ tong chia hét
cho 5.

11. Chirng minh rfmg fr 9 sf: nguyén bét ki ludn
tim dugc 5 so co tong chia hét cho 5.

12%, Cho p la s0 nguyén to va a, b, ¢ la cic sf::
nguyén bat ki. Chimg minh ring ton tai cic so

nguyén x, y, z khong dong thoi chia hét cho p sao
cho'ax® + hv + ¢zt chla hét ch-::-p

Hudme dan. Neu ax } hy + ¢z” khéng chia hét
cho p thi (ax* + by* + ¢z*Y™" = 1 (mod p).

PINH Li LUCAS

Ta nhén thiy ring tit ca cac sb trong dong thir
3 va dong thir 7 clia tam gidc Pascal déu Ié.
|

l. 1

1. 2 1

1. 3 .3 1

1 4 6 4 1

L. 2 W 3

1l & 1520 15 6 1
1 & 21 3% 3331 % 1

Nhéin xét nay cé thé phat bidu thanh mot két
qua téng quat: Cdc hé s6 nhi thire Ck 18 vdi
moi k=0, 1, ..., n, khi va chi khi n ¢6 dang n
=2"—1. Va kel, qua nay lai chi la mot trudng
hop riéng cua dinh li Lucas sau

DPinh li Lucas. Cho m, n la hai 5o tw nhién va
p la mot s6 nguyén to. Gia su

m=m.p*+my_.p*' +. .+ . p? +mp+my,
n=m.pt+n_.prl+ .+
Khi do Cr = HC‘”‘ (modp).

=0 voi a > b).

mptia.p+m

(quy woc rring C'

Chirng minh. Khong mét tinh tong quat, gia sir
m>n (néu m=n thi bd dé hién nhién dung).

Tathay (p,i) =1, :':lp—l nén

| 1)
Ok =—F Pl . trena
Hp—kn ©R(p—k)N"

Ct =0 (medp), k=1p—1.

Taco
-1
e+ =x? +1+ SChxr = x2 +1(modp)  (*)

i=1

https://sites. eoogle.com/site/letrunglkienmath

Ta s& chiing minh nhin xét

(x+1)? =x?" +1(modp),vj e N*

bing quy nap. That vay

e Vo1 j =1, nhan xét dung theo (*).

e Gia sir nhdn xét nay ding véi j=h=>1.Ta
ching minh né cting ding véi j=h+1.

Tacéd (x+1)7" =xr" +1 (modp).

Suy ra ({x +1)7" )P - [.rP”)P +1 (modp)

= (x+ 1" =x?"" 41 (modp).

Do do nhan xét dung véi j =A+1. Theo nguyén
li quy nap, nhén xét dugc chimg minh.
Ta xét khai trién

k

an,' .,r;'i k

(1+x)" =(1+x)=0  =[]1+x")y" (modp).
1=

K my
nén (1+x)" = HZCf;fx-f'-ﬂ"‘" (mod p).

=0 j=0
Hé sb cta x* & (1+x)” 1a €% ; do biéu dién
n=m.pf+mo P o mpttmptny 1

= = Komio A
duy nhat nén hé so cia x” & HZCfmx-f 7 1a

i=0 j=0
HC”‘“ Tir 46 Cr :HC"" (modp). Dinh li
duqc chirng minh.

i=l
Ta c6 thé thiy rit 16 y twéng chimg minh
dinh li Lucas ciing xuat phat tir tinh chét C%
chia hét cho p néu p la sé nguyén t6 va k

.2 ~ 1}

¢ Bai tip

13. Cho sé nguyén duong » Chimg minh ring
Ck 1e véimoi k=0, 1, ..., n khi va chi khi # ¢o
dangn=2"-1.

14. (Vietnam TST 2010). Goi S, 1a toéng binh
phuong cdc hé sé trong khai trién cia nhi thirc
(1+x)7; trong d6 n 1a s6 nguyén duong, x 1a sb
thuc bat ki. Chimg minh ring S, +1 khong chia
hét cho 3 véi moi n.
MOT SO UNG DUNG KHAC TRONG TOAN
SO CAP

Trong myc nay, chiing toi dua ra mdt s6 dinh
li, bd d&, bai toan c6 lién quan dén dinh i nho
Fermat

TOAN HOC
* cTusilge 13
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Bo dé 1. .Sfi' nguyven dang x4+ 1 khong co woc
nguven lo dang 4k+3.
Chitng minh. Gia sir ton tai p = 4k + 3 sao cho
x*+ 1 chia hét cho p, tirc 1a x* =—1 (mod p).
Nang hai vé 1én 10y thira 2k + 1, tacod
2= 1 (modp).
Theo dinh li nhé Fermat thi
2= 1 (mod P)-

Suy ra 2 = 0 (mod p),‘mﬁu thuan. Vay didu
gia su la sai, va ta c6 diéu phai chirng minh.
Chu y s6 nguyén dang 4k + 3 ¢6 it nhit mot
wdc so dang 4k + 3, tir d6 ta ¢od
Hé qua. 56 nguyén dang x° + 1 khong co woe
nguyen duong dang 4k+3.
Bf:- de 1 va hé qua trén cé nhirng ung dung
hét sirc hiéu qua trong viéc chimg minh sy vo
nghiém cua mot s6 phuong trinh Diophant.
“* Bai tap
15. (Euler) Chimng minh ring phuong trinh
dxy—x—yp= z° khong c6 nghiém nguyén duong.
16. (Lebesgue) Ching minh ring phuong trinh
x - y3 =7 khong c6 nghiém nguyén duong.
I7. Chimg minh rang ¢6 v6 sé s6 nguyén t6 dang
4k + 1.
Bo dé 2. ¢ hing minh rang sé nguyén dang
X"+ 3 khéng cé wde s6 nguyén to dang 6k+3.
Chiing minh. Gia str nguoc lai, ton tai sd nguyén
x vd p=6k+5saocho ¥’ +3 =0 (modp).
Vi néu x thoa man déng du thirc trén thi x+p
ciing thoa man dong du thirc, nén cé thé gia
strx 1é&. Datx =2y + 1 ta thi

4y + 4y + 4 = 0 (mod p)
=y +y+1=0 (mod p)=> * = 1 (mod p)
= y%* = 1 (mod p).
Tir dinh 1i nh6 Fermat ta ¢6 y*™ = 1 (mod p)
nén y = 1 (mod p), suy ra 3 = 0 (mod p), méu
thuan. Vay diéu gia sir 1a sai va ta co diéu
phai chitng minh.
< Bai tip
I8. Chimg minh ¢é v6 s6 56 nguyén t6 dang 6k-+1.
¥ Bai todn 2. Chirng minh rcﬁng khong fon tai 56
le n lom hon | sao cho 3" + 1 chia hét cho n.
Léi gidi. Phan chimg. Gia st ton tai n 1é, n > 1
sao cho 3" + 1 chia hét cho n. Goi p 1a wéc

TOAN HQC
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nguyén t6 nhé nhit cua n, khi d6 p Ié va
3"+ 1=0 (mod p). Suy ra 3= 1 (mod p).
Mit khac, theo dinh 1i nhé Fermat thi ta ¢
3'=1 (mod p).

Vi p 14 uéc sb nguyén t6 nho nhét ciia 7 nén
ta co (n, p—1) = 1. Suy ra (2n, p—1) = 2. Theo
dinh If Bezout, ton tai cac sO nguyén x, y sao
cho 2nx + (p—1)y = 2. Ap dung cac déng du
thirc & trén suy ra 3° =322 = | (med p),
Suy ra 8 = 0 (mod p). Méu thuin vi p 1a sb
nguyén to le. Vay diéu gia sir la sai va ta ¢o
diéu phai chirmg minh.

W Bai todn 3. Chumg minh rang moi wéc sé
nguyén t6 ctia 56 F, =2 +1 ¢6 56 du béng |
khi chia cho 2™,

Loi gigi. Gia sit F, =22 +1 chia hét cho sb
nguyén 6 p. Khi d6 2™ =1(modp).

Goi 4 1a s6 nguyén duong nhé nhét sao cho
2" = 1 (mod p). Khi d6 do 22" = I(modp)
nén 2" h, suy ra h = 2* Néu k < n thi tir day
ta suy ra 2%" =1(modp), mau thuin vdi diéu
kién 22" =—I(modp). Vay h = 2",

Tir dinh 1i nho Fermat ¢6 27! = 1 (mod p). Tir
dinh nghi‘a cia h suy ra p—1 chia hét cho
h=2"" va d6 chinh 1a diéu phai chimg minh.
**Bai tip

19. (VMO 2001) Cho s6 nguyén duong » va cho
hai s6 nguyén nguyén 6 cling nhau a, 4 lém hon 1.
Gia su p, g 1a hai ude 1é 16m hon 1 cia a® + b
Haly tim s6 du trong phép chia p +¢% cho 6.12”.
20. Chimg minh ring phuong trinh x” + 3" = 1998°
khong c6 nghiém nguyén duong.

21. Cho & la mot s6 nguyén dwong Ién hon 1.
Chimg minh rang ton tai vo sé sb nguyén duong n
sao cho 22" +k 14 hop sb.

22. (VMO 2011) Cho day sé nguyén (a,) xac dinh
bdi @y=1,a=-1, a,= 6a,, + Sayy voi moin = 2.
Chimg minh ring ay;; — 2010 chia hét cho 2011,

HE MA RSA

Vi su bing nd cua Internet, céc giao thirc
giao dich dién tir 44 tro thanh mét thanh phén
khong the thicu dugc trong doi séng, nhirng
khai ni¢ém nhu thanh todn dién tir, ngan hang

NGODUCTHODUONGMINHCHAU
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dién tir, chir ki dién tir ... da tro bén quen
thudc. Va nén tang bao mal cua cac giao thirc
dién tir do la cac hé lhong md cong khai ma
thong dung va noi bat nhit 1a hé ma RSA do
ba nha toan hoc Rivest, Shamir va Adleman
dé xuit vao nam 1978. Co sé toan hoc cua
thuat toan nay chinh 1a dinh li Euler.

Thuat toan dugc xdy dung nhur sau: Ngudi ta
lay hai s6 nguyén t6 da 16n p, g va tinh n =p.q ;
o(n) = (p—1)(g—1). Sau d6 ngudi ta chon mét
SO nguyen ducmg e sao cho (e, o(n)) = 1. Cip
(e, n) dugc cong khai va la khéa 1ap ma.
Ngudi ta dung thudt toan Euclide tim dugc s0
nguyén duong d sao cho e.d = 1 (mod ¢@(n)).
d s& 1a khoa bi mat, dung dé giai ma; p, q,
@(n) va d dugc gilr bi mit.
Pé 1ap mia, v6i van ban cin ma hoa la P,
ngudi ta tinh C = P° (mod n). C chinh la vin
ban di duge ma hoa.

Sau khi nhén duoc van ban da ducrc ma hoa
C. muén tim lai P, ngudi ta tinh 7 (mod n)
thi co6 ¢ = (P))? = P9 =P = P (mod n)
(theo dinh li Euler).

Tinh an toan cta hé mi RSA dya trén d6 kho
cua hai bai toan sau:

1) Néu biét P° (mod n), e va n thi khé tim
dugc P (bai toan logarith roi rac).

2} Viée phan tich s6 nguyén duong » ra thira
s0 nguyén to (dé tim p, ¢, qua do tim dugce
@(n) va sau do tim dugc d) 1a kho (bai toan
phan tich ra thira s0).

Chinh hé ma RSA da bién li thuyét s& tir mot
khoa hoc thudn tay li thuyét thanh mét mdn
khoa hoc tng dung. Hién nay, so hoc thudt toan
la mot mén hoc khong thé thiéu dwoc trong cac
khoa may tinh cia céc truong dai hoc.

“*Bai tip

23. Cho n = p.q. Chirng minh ring néu ta biét n va
@) thi ta biét dugc p, g. Tir d6 suy ra d¢ kho cua
bai toan tim ¢(n) tuong duong véi do kho cua bai
toan phén tich n ra thira so.

TRUONG HOP TONG QUAT — Cdch chimg
minh thir ba déi véi dinh li nho Fermat

Cach chimg minh thit ba kha déc dao. Bﬁng
td hop! Ta s& giai mot bai toan dém ma dap

hitps://sites. eoogle.com/site/letrunekienmath

o 7 L T .
s0 1a —. Vi dap so cua mdt bai toan dém
P

phai 12 s6 tu nhién, nén tir ddy ¢ &’ — a chia
hét cho p.

{3 Bai toan 4. Cho p la s6 nguyén t6, a la 50
nguyen dwong. Ta chia dwong tron thanh p
cung bang nhau. Hoi ¢6 bao nhiéu cdch 16
cdc cung bang a mau? Hai cdch 16 co thé thu
duoc tir nhau qua mét phép quay dwoc coi la
giong nhau.

Loi gidgi. Néu khong tinh dén diéu kién hai
cach t6 mau c6 thé thu dugc tir nhau qua mét
phép quay duge coi la gidng nhau thi ta c6 &'
cach t6 mau khac nhau (moi cung cd a cach
t6). C6 a céch t6 chi ding mét mau. V&i mdi
cach to loai nay, cac phép quay khfmg cho ra
cach t6 moi. Con lai @ — a cach 16 su dung it
nhét hai mau. Vi méi cich td nay, néu quay

2 o
cac goe = i?E 2(p I

p p P
cac cach t6 khac (khong tinh dén diéu kién)
dong thoi lai khong tao ra céch 16 moi néu
tinh dén diéu kién. Nhu vay, s6 cach to khic

ta s€ dugc p — 1

nhau theo dung diéu kién chi bing & s6 cach
P
to khéng tinh dén diéu kién.

arf —a

P

Quay tro lai phep ching minh dinh li nho
Fermat, dap so ¢ trén la két qua cua moét bai
toan dém nén phai 1a s6 nguyén. T d6 & — a
phai chia hét cho p va dinh li nho Fermat
duge chimg minh.

Dudni day chiing t61 néu ra mot s6 bai tap co
thé giai dugce bing phuong phap twong tu.

T d6 dap so ctia bdi todn la a+

% Bi tap

24, Chop g 13 hai s6 nguyén 14 phan biét, a la )
nguyén duong. Ta chia dudng tron thanh pg cung
bing nhau. Hoi c6 bao nhiéu cich t6 cic cung
bing @ mau? Hai cich té co thé thu dugc tir nhau
qua mot phép quay duge coi la giong nhau.

25. (VMO 2010) Cho bang 3 x 3 va » la mot s6
nguyén duong cho truée. Tim $0 cac cach t6 mau
khong nhu nhau khi t6 méi 6 bai 1 trong # mau.
Hai céch t6 mau goi la nhu nhau néu 1 cach nhén
duge tir cach kia bai 1 phép quay quanh tim.

TOAN HOC
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CAC LOP THCS

Bai T1/416. (Lép 6). Tim tit ca cac sb tu
nhién x, y, z théa man 2010~ +2011» = 2012z,
PAO HUY TRUONG
(GV THCS Lap Thach, Vinh Phic)
Bai T2/416. (Lép 7). Cho 100 sb.tur nhién ay,
aa, Azy ..oy A100 thoa man

| 1 1 ] 101
—t—t— b=
a4 dy oo &

Ching minh rang it nhit hai trong 100 s6 tu
nhién trén bang nhau.
THAI NHAT PHUONG
(GV THCS Nguyén Vin Tréi, Cam Nghia
Cam Ranh Khanh Hoa)
Bai T3/416. Cho cac sb thuc duong a, b, c.
Chirng minh rang
+b)* (b+c) (c+a)?
(a+b)}  (b+c) (c+a)

ab be ca

z9+2[” gk g B ]
b+c c+a a+b

HOANG KIEU NAM
(Hé Noi)
Bai T4/416. Giai phuong trinh

4x2+14x+11=4J6x+10,

PHAM QUOC PHONG

(GV THPT Héng Linh, Ha Tinh)
Bai T5/416. Cho tam giac ABC. Goi D, E
theo thir ty la ttep diém dudng tron () noi
tlep tam glac voi cac canh BC, CA. Goi K la
diém d6i ximg cua D qua trung diém canh
BC, duong thing qua K vuong go:. véi BC cit
DE tai L. Goi N la trung diém cua KL, chimg

minh ring BN vudng goc véi AK.

TA HONG SON
(SV Lap Ngdn hang A, K50,

Khoa Ngdn hang - Tai chinh DH KTOD Ha Ngi)

CAC LOP THPT
Bai T6/416. Tim gi tri én nhét cta biéu thirc

TOAN HOC
16 . cruﬁtge Sé 416 (2-2012)
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_ mn
(m+1)(n+1)(m+n+1)
trong d6 m, n 14 cac s ty nhién.
TRINH XUAN TINH
(GV THPT Phit Xuvén B, Ha Néi)
Bai T7/416. Cho tam giac ABC (AB > AC)
noi tlep ducmg tron (O). Puong phan giac

ngoai goc BAC cit lai duong tron (O) tai
diém E; M, N lan luot la trung diém cac canh
BC, C‘A F 1a hinh chiéu cua E trén 4B, K la
giao diém cia MN va AE. Ching minh rang
KF song song voi BC.
NGUYEN VAN NHIEM

(GV THPT chuyén Lam Som, Thanh Héa)

Bai T8/416. Giai phuong trinh

sin2nt! - i sin” 2x + (sin” x — cos” Jc)2 -2=0
véi n 1a s6 nguyén duong cho trurde.
TRAN DIEU MINH
(GV THPT chuyén Ly Tu Trong, Céin The)

TIEN TOI OLYMPIC TOAN
Bai T9/416. Tim tit ca céc da thirc P(x) sao cho

P2y=]2
P(x?)=x2(x>+1)P(x),¥xeR

NGUYEN VAN THONG
(GV THPT chuyén Lé Ouy Din, Pa Ning)

Bai T10/416. Cho n sb hiru ti #, ..., r, thoa

» I & o £
min 0<p < 2 Z-:E{n::-[), va ham so
i=

f'{x):[x]+[x+——} Hay tim gid tri 16n nhét

[\_}l—-

cua bidu thie P(k) =2k "'i.f(k?;-) khi k chay

i=l
trén tap hop cac s6 nguyén Z (ki hiéu [x] chi
phan nguyén cua so thuc x).
HAN NGOC bUC
(Trung tam CNTT EVNIT, Ha Ngi)
Bai T11/416. Gia st ham s6 /:R — R lién
tuc va thoéa min didu kién 7 (x)+ £ (x +1006)
la s6 hitu ti khi va chi khi x e B,
S(x+20)+ f(x+12)+ f(x+2012)
la 6 v6 ti. Chimg minh ring f(x)=f(x+2012)
vdimoi x € R.

TRAN NGOC THANG
(GV THPT chuyén Vinh Phiic)

https://tieulun.hopto.org
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Bai T12/416. Cho tam gidac ABC. Chung
m, my, m. R

LI I S = (el

h, h h r
m,,my,, m, theo thu ty la d6é dai cac dudng
trung tuyén; A,,h,, k. theo thu tu la d6 dai
cac dudng cao xuat phat tr 4, B, C va R, r
theo thir tu 14 ban kinh dudng tron ngoai ticp,
noi1 tiép cua tam giac. o
NGUYEN MINH HA
(GV THPT chuyén DHSP Ha Noi)

minh ring trong do

CAC PE VAT LI
Bai L.1/416. Hai 10 xo nhe L, va L, co d6
cimg 1an luot 1a & = 100N/m, k= 400N/m.

Hai vt nho (1) va (2) co thé truot khong ma
sit trén mat ban nam ngang va co khoi luong

lan luot 12 m = 100g, m; = 400g. Nguoi ta bo
tri hé nhu hinh vé.
%

v s s v

Hai ddu mdi 10 xo gin c6 dinh vao tuong tai
diém M va diém N, hai dau con lai gin vio
hai vt sao cho truc hai 1o xo trunb nhau va
luén luén nim trén duong thﬁng, nam ngang
MN. O vi tri cin bang hai vit cach nhau mét
doan ¢ = 2cm. Lic ddu vét (2) dimg yén, ¢on
viit (1) duge dua dén vi tri dé 10 xo L, bi nén

https://sites. eoogle.com/site/letrunglkienmath

mot doan Al =2/5em rdi tha nhe. Biét rang vit
(1) sau va cham lan déau tién voi vﬁt (2) thi 16 xo0
L, bi nén cyc dai mot doan Al =2+2c¢m. Tinh
khoang thai gian tir lan va cham d“lu tién dén
ldn va cham thir hai cua hai vit.
NGUYEN MINH TUAN

(GV THPT Yén Thanh 2, Nghé An)
Bai L.2/416. Cho doan mach dién xoay chiéu R,
L, C co hai ddu A va D; B 1a mot diém trén AD.

a) Khi cho dong dién qua mach co cuong do
i = 10 sin10004(A) thi

5= 1sin10004(V); wy, :ﬁgm[1m _Z](V)

g . Upp
C6 thé viét i=—2 ad =2

A‘H Bl
b) Cho dong dién qua mach cé cuong do
i'=107sin2000(A) thi

g %sin(Z[}OOr +% J(V)

duge khéng? Tai sao?

ng-— %SIH[Z()UOI‘ + J(V)

Tim u'yp.
¢) Trén AB va BD c6 nhimg linh kién gi? Xac
dinh d6 16m cua ching. V& so dé mach AD.

NGUYEN QUANG HAU
(M Nai)

FOR LOWER SECONDARY SCHOOLS

T1/416. (For 6™ grade). Find all natural
numbers x, y, z such that 20107 +2011* =2012=.

T2/416. (For 7™ grade). The natural numbers

ai, da, as, ..., diop satisfy the equation
| | ] | 101
—t—t— A — =
ap dy  th oo 2

Prove that there are at least two equal
numbers.

T3/416. Let a, b, ¢ be positive real numbers.
Prove the inequality

(a+b) +(b+c)2 % (e +a)’
ab be ca
29+2[a+b+ C].
b+c c+a a+b

T4/416. Solve the equation
4x2 +14x+11=4+/6x+10,

T5/416. In a triangle ABC, the incircle (/)
meets BC, CA at D, E respectively. Let K be
the point of reflection of D through the
midpoint of BC, the line through K and
perpendicular to BC meets DE at L, N is the
midpoint of KL. Prove that BN and AK are
orthogonal.
FOR UPPER SECONDARY SCHOOLS

T6/416. Determine the maximum value of the

M
(m+1D(n+1)(m+n+1)
where m, n are natural numbers.

expression A =

(Xem tiép trang 27)
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% Bai T1/412. Trong 100 s6 tw nhién tir ]
dén 100 hay chon n sé (n = 2) sao cho hai $0
phdn biét bat ki duoc chon co tong chia hét
cho 6. Hoi co thé chon n sé théa man diéu
kién trén véi n lom nhat bang bao nhiéu?

Loi gidi. Goi a1, @, .., a, lan s6 thoa min de
bai. Vi 6, 12, 18 théa man dé bai nén chi can
xét n = 3. Theo gid thiét thi a, +a,, a +as,
a, +a, déu chia hét cho 6 nén 2a +a +a; 6,
suy ra 24,16 do do a,:3. Lép luén trong tr
thi moi s ay, ay, @, ..., a, déu chia hét cho 3,
nghia la khi chia cho 6 chung co dang 6k
hodc 6k +3 (k la s6 tu nhién).

Trong n sd dang xét khong thé c6 hai so

thugc ca hai dang trén, vi lic doé téng cla
chiing khéng chia hét cho 6.

Vay chi c6 hai ddy s6 (n = 3) thoa mén dé bai la

1) Cac sé c6 dang 6k, véi 1<k <16, gém
16 s0.

2) Cic s6 c6 dang 6k + 3 v6i 0<k <16 gbm
17 s6.

Két lugn. C6 thé chon day véi n 16n nhét la
n =17 s6 thoéa man d¢ bai. O

>Nhan xét. Nhiéu ban chi x¢ét hai dang 6k va 6k + 3
ma khong lap lun dé loai trir cdc trudmg hop khac. Cic
ban ¢o loi giai vdi lap luan chinh xdc la:

Vinh Phie: Lé Anh Tudn, Nguyen Khanh Lam, 6A,
THCS Son Péng, Lip Thach; Bic Ninh: Truomg Vo
Ki, 6A, THCS Dai Pdng Thanh, Thuin Thanh; Ha
Ni: Lwn Vigr Ha, 6C, THPT Ha Noi — Amsterdam,
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Nguyén Phuong Linh, 6A1, THCS Giang Vo, Ba Dinh;
Nghé An: Nguyén Hoang Thao Hién, Dao My Linh,
6A, THCS Ho Xuin Huong, Quynh Luu, Chu Thi
Linh, 6C, THCS Cao Xuin Huy, Dién Chau Nguyén
Vian Qudn, 6C, THCS Ly Nhit Quang, D6 Luong,
Liwong Binh An, 6B, THCS Lé Héng Phong, _Hung
Nguyén; Ha Tinh: Nguyén Viér Anh, 6D, Nguyén Van
Bao, 6A, THCS Xudn Diéu, Can Loc.

NGUYEN VIET HAT
il _ 594011
vd

She T 5k 0Nl
vaoi a, b, ¢ la do dai ba canh ciia mdt tam
gidc. So sanh A va B.
Loi giai, Xét cac tich
59(56+ 4 2011) = §a+b+e 4 542011 (1)
5b+e(5 4 2011) = §o+b+e 4 58+ 201 ] (2)

*xBai T2/412. Cho A=

Vi a, b, ¢ 1a ba canh clia tam giac nén a<b+c,
gu T N S B ] 1 & Sere G ] (3)
Tir (1), (2), (3) suy ra
59(5t+ +2011) < 5¢+<(57 +2011)
54 5¢ +2011
— ] <

Sbee - Sbre £2011

}Nhﬁn xét. 1) Ngodai ciach chlmg minh tryc tiép trén
day, ta co thé chimg minh dua véo tinh chat:

. ViyA<5.0

"Cho m, n, p, g la cac 56 dirong. Néu oo
Roq

i Rkt SR ) {Ban doc tir chimg minh tinh chét nay).
n n+qg g

2) Rét dong céc ban tham gia giai bai todn nay va déu
cho két qua dung. Cic ban sau diy co 1oi giai ngan gon,

trinh bay rd rang hon ca;

Pha Tho: Lé Hire Hing, TA3, Dinh Minh Ha, TAl,
THCS L&m Thao; Vinh Phiic: Lé Anh Tudn, Nguyen
Khdnh Ldm, 6A, THCS Son Péng, Lip Thach, Nguyén
Thi Nga Nguyén Thi Thém, Hoang Thi Minh Anh,
Neuyen Thi Bich, Nguyén Thi Tuw Linh, TAl, THCS
Yén Lac; Hung Yén: Nguyén Thi Phuong Am‘: TA,
THCS H6 Tung Méau, An Thi; Thanh Hoa: Pham
Tuan Liph, 7B, THCS Chu Van An, Nga Son; Nghé
An: Trdn Thi Di¢u Huong, TA, Hoang Khanh Linh,
7B, Neuyén Phwong Tdy, Phan Thi Minh Chau, 7C,
THCS Cao Xuan Huy, Hoang Van Phuong, TA, THCS

TOAN HOC
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Dién Dan, Dién Chéu, Lwong Dinh An, 6B, THCS Lé
Hong Phong, Hung Nguyén, Nguyén Hoang Thao
Hién, 6A, Hodang Tién Diing, Nguyén Dink Quy, TA,
THCS Ho Xuédn Huong, Quynh Luu, Liw Quac Thurde,
7C, THCS Ly Nhit Quang, D6 Luwong; Ha Tinh:
Truwang Thi Phuong Hoa, Pham Thi Lé Thanh, TA, Biii
Thi Huyén Trang, 7B, THCS Xudn Di¢u, Can Loc;
Quing Ngdi: Nguyén Tan Phuc, Pham Thién Trang,
6A, Nguyén Hiéu Nedn, 6B, Pham Thi My Hdang, Cao
Tfu Thiy Diém, Nguyén Thi Hanh, Vo Tran Thity
Hwong, TA, THCS Hanh Phuéce, Nguyén Phan Thanh
Xudn, TA, THCS Hanh Thudn, Nghia Hanh, Doan Ti
Nhi, 7A, THCS Trin Hing E)ao TP. Quang Ngm
Quang Tri: Hoang Quang H.ren 7B, THCS Hiéu
Giang, Béng Ha.

NGUYEN XUAN BINH
% Bai T3/412. C6 hay khéng cdc s6 nguyén x,
v, z thoa man diéu kién
| x—2005y|+]y—2007z |+ z—2009x |

=2011*+2013* +2015=? (1)
Loi gial. Dat vé phai cua (1) 1a 4, vé trai cua
(1)1a B.

Do a+|a|€{0;2a} nén v&i moi s6 nguyén a
=

nguyén thi
| x=2005y |+ | y—2007z | +| z—2009x | +
+(x—2005y)+(y—2007z) +(z—2009x)
14 s chin
<> A — (2008x + 2004y + 2006z) 1a 56 chin
&> A 1a s6 chin.
1) Néu x, y, z déu la cac s6 nguyén am thi
| 1 1 3 9 W |
= + + C s e
2001~  2013> 2015= 3 3 3
Suy ra B khong 1a s6 nguyén,

=1

2) Néu trong x, y, z ¢6 ding hai s6 nguyén
am, ching han 1a x, y thi

1
2013~

2015° < B= +2015¢

_l_
2011=
< l+l+ 20157 =1+ 2015,
2 2 .
Suy ra B khong la s6 nguyén.
3) Néu trong x, y, z c6 dung mét s6 nguyén am,

+2013 + 2015,

ching han 1a x thi B= ]
2011~

Suy ra B khéng 1 s6 nguyén.

https://sites. eoogle.com/site/letrungkienmath

4) Néu x, y, z déu ].§1 s6 tu nhi{én thi
2011%,2013¥, 20152 1a s6 1é nén B la so le.

Viy v61 moi x, »,z nguyén thi B 1a sb 'khong
nguyén hodc la s6 I¢, trong khi 4 la s6 chin,
Do d6 khéng ton tai cac sd x, y, z dé ding
thie (1) xay ra. O

j;‘Nhﬂn xét. 1) Co rit nhiéu ban tham gia gidi bai ndy.
Da s6 cdc ban déu quan niém nhiam X, v, z la 86 tr nhién
nén chi phan chia trudmg hop x, v, z tu nhién chiin hodic
lé. Mqt so ban lap ludn tnrémg hcrp B khong nguyén con
qué van tat, khong rd rang.

2) Céc ban sau déy co 1oi giai tot:

Nam Binh: Pham Vin Phic, 9A2, THCS Luong Thé
Vinh; Nghé An: Nguyén Thi Phweng, 9H, THCS Ding
Thai Mai, TP. Vinh; Thanh Héa: Lé Quang Diing,
Hoang Bao Long, 7D, THCS Nhir Ba Sy, Hoang Hoa;
Ha Tinh: Lé Trung Anh, Nguyén Mai Lé, 8B, THCS
Hoang Xudn Han, Bac Tho, Phgm Tién Minh Drirc,
9B, THCS Xuén Diéu, Can Léc; TP. H6 Chi Minh:
Huynh Vink Anh, 9A6, THPT chuyén Trin Dai Nghia.

PHAM THI BACH NGOC
* Bai T4/412. Tinh tong gom 2011 s6 hang

" 1 2 3
o = + + +...
P +12+1 2942241 3*44+32+41
n 2011
e - T i
nt+n?+1 201 18 +20112 41

Léi gidgi, Ta c6

n __I_ 1 - 1 o
nt+nt+1l 2\nP—-n+l1 m+n+l

Ap dung (*) v&i n 1y lan luot tir 1 dén 2011,
ta co

S=+{1“l ph dat 1.
2 x4 97 18

1 1
+ —_
4042111 4046133)

_l[_ 1 J_zozz,oss
2\ 4046133 4046133’

}Nh:’jn xét. 1) Chia khoa cua bai toan nay chinh 1
cdng thic (*).

2) C6 rat nhigu ban tham gia giai bai nay, cach gidi cia
cac ban tuong tur nhu l&i giai trén. Cac ban co loi gidi
gon gang hon la:

Vinh Phiic: Dai Thi Hoang Yén, 9A1, THCS Yén Lac;
Ha Nam: D6 Dang Duwong, 8A, THCS Binh Coéng
Trang, Thanh Liém; Thanh Héa: Ta Thi Trang, 9A,
THCS Hoang Hop, Hoang Bao Long, 7D, THCS Nhiv

TOAN HOC
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Bi Sy. Hoing Hoa; Pham Tuan Linh, 7B, THCS Chu
Viin An, Nga Son; Nghé An: Nguvén Hoang Viét, 7C,
Hoang Thanh Lwu, 8B, THCS Cao Xuin Huy, Dién
Chiu, Nguyén Thi Ha Trang, 9A, Nguyén Van (Qudn,
6C, THCS Ly Nhit Quang, B6 Luong, Ngu}en Hoang
Thao Hién, Tran Ngoc Link, 6A, THCS H6 Xuén
Hueomg, Quynh Liru; Quang Ngai: Cao Thi Thiy Diém,
8A, THCS Hanh Phuéc, Nghia Hanh; TP. Hé Chi
Minh: Pao Tran Tri, 9A6, THPT chuycn Trin Dai
Nghia; Vinh Long: Doan Hoarrg Gia Bao, 7/11, THCS
Lé Quy Don, TP. Vinh Long,

TRAN HUU NAM
% Bai T5/412. Cho dwdng tron (0) va ddy
cung BC co dinh (BC khdac duwong kinh). A la
diém chuyén déng trén cung lon BC. Vé
duomg tron (O)) di qua B va tiép xiic voi AC
tai A; vé dwong tron (0,) di qua C va tiép xiic
voi AB tai A. Cac dwong fron (O)) va (0O) cdt
nhau tai diém thir hai D khac A. Chiing minh

rang dieomg thing AD luén di qua mot diém
co dinh.

Léi gigi

E

V& dudng tron (Os) qua ba diém B, C, D.
Puong 1han§, AD cat iat () tai E. Ta s&
chimg minh £ la diém c6 dinh.

Ta ¢6 BDE = DBA+ DAB ma DBA=DAC
(Lung chin an cung A/ AD cua [O )) nén

BDE = DAC + DAB = BAC .

Hoan toan tuong tu, ta cling co CDE = BAC.
T dé suy ra BDC = ZBAC (khéng doi), tirc
dudng tmn (05) la ¢ dinh. Ngoai ra, do
BDE = CDE nén E la diém chinh gifra cua
cung BC. Vay diém E cb dinh (dpem). O

}_Nhén xét. 1) DE thay duomg tron (O) ciing di qua
diém O, cac duimg BF va CE chinh la hai ticp tuyén

TOAN HOC
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ciia dudmg tron (). Nhicu ban dua ra cich chimg minh
xudt phat tir cac ¥ tuong nay.

2) Cac ban sau day c6 1&i gidi to1

Phi Tho: Bui Dirc Thinh, Nguyén Hoang Vigr, Cao
Trung Dic, 9A3, THCS Lim Thao; Bii Tudn Nam,
9A, THCS LLmrng L&, Thanh Ba; Nghé An: Nguye

Van Quan, 6C, THCS Ly Nhit Quemg, D6 Luong ; Hé
Hodang Hiép, Lé Tran Kién, 9C, THCS Ding Thai Mai,
TP. Vinh ; Lieong Dinh An, 6B, THCS L& Hong Phong,
Hung Nguyen Quing Ngii Téng Thanh Nguvén, 9A,
THCS Hanh Phudc; Nguyén Thi Ly, 9B, THCS Hanh
Thuén, Nghia Hanh.

PHAN THI MINH NGUYET

* Bai T6/412. Cho ti gidc ABCD thay doi
théa mdn AC LBD va ludn néi tiép trong
mét dwomg tron (O ; R) co dinh. Goi p la chu
vi cua tie giac ABCD. Chung minh rang
A;_E’z BC? M cD? & DA? 4Rv2
pABpBCpCDpDA 3

Loi gidai. Keé
duong kinh 4E
cua dudng tron
(0). Khi dé
CE 1 AC, nén
BD//CE. Vay
th giac BDEC
la hinh thang
can, dan dén , z
CD=BE. Tu '

dinh Ii Pythagore trong tam gidc vuong ABE
c0 AE>=AB>+BE? nén AB*+CD* =4R:.
Tuong ty c& BC? + AD? =4R2.
PitAB=a,BC=b,CD=c, DA =4d thi
p=a+btctdvaal+ct=b*+d? =4R".

Nhdn xét. Ta c6 bit ding thirc

2 2
z[" gt Jz(aucz)[ oot J (1)
p—a p-—c p=a p=i

BDT (1) twong duwong voi

%

That vay,

(al-f:zj{ — ]ED
p-a p-c¢

a+c

copmme——| S O} T RENY i),
(p—a)(p—c)} | e

I 1 4

+ =
p—a p—c¢ (p-o)+(p-¢c)

= (a-nc){

Lai co

https://tieulun.hopto.org



https: A www. facebook. com/letrunekienmath

4
a+c+2(b+d)

4 2

> == (2)
J2(a? +c?) +242(h* +d?) 3R
Tir (1) va (2) ta thay
s -2 2 2RJ2
e El(az +c2}£=—£ (3)
p-a p-c 2 3R 3
Tuong tu cling co
2 2 2
® 2RV2 @

p—-b p-d 3
T (3) va (4) suy ra
a’ b? o d?
B + +
p-b p-b p-c
Ping thirc xay ra khi va chi khi a=b=c=d=R/2,
hay ABCD 1a hinh vudng canh bing rv2. O

}Nhén xét. Tét ca cédc I gidi gu vé toa sopn déu
dung. Hau hét cic ban déu sir dung Bar dm:g thiic
U‘wbvshev cho hai day don diéu cing chidu dé chimg
minh bit ding thirc da cho. Sau ddy la nhing ban ¢6 1o
giai gon hon ci:
Ha Nji: Phan Anh Tudn, 10A2 Toan, Vit Thi M Hanh,
11Al Toan, THPT chuyén KHTN, BHKHTN, bHQG
Ha N§i, Hoang Céng Héu, 12 Toan A, THPT chuyén
Nguyén Hué, Q. Ha Péng; Vinh Phic: Hodng ol
Kién, 11A1, THPT chuyén Vinh Phic; Hung Yén:
Negwyén Trung Hiéu, 10 Todn 1, THPT chuyén Hung
Yén; Thai Binh: Trdn Hong Qudn, 10 Toan 1, THPT
chuyén Thai Binh; Nghé An: Liru Trong Chién, Hodng
Nghia Bao, Phan To Dinh Trung, 10A1, Vuong Nhiit
Qudn, 11A1, THPT chuyén BH Vinh, Nguyén Duc
Neguvén, 10A1, Nguyén Hién Trang, 11A1, THPT
chuyén Phan B§i Chiau, TP. Vinh, Lé Hoang Hiép,
Tran Trung Hiéuw, 11A1, THPT Thii Hoa, TX. Thai
Hoa. Ho Ba P, 11A12, THPT Dién Chiu 2, Nguyen
Vian Heang, 12T7, THPT D6 Lwong I, Ha Tinh:
Nguyén Mdau Thanh, 11 Toan 1, THPT chuyén Ha
Tinh: Pa Ning: Lé Tran Nhac Long, 11A1, THPT
chuyén L& Quy Pén; Binh Dinh: Nguyén erang Hai,
12TN2, THPT Tang Bat Ho, Hoai Nhon; Ba Ria -
Viing Tau: Fo Trach Din, ]OTI THPT chuyén L&
Quy Bon, TP. Ving Tau; Péng Nai: Pham Céng
Dairh, 10 Toan, THPT chuyén Luong Thé Vinh,
Dirong QHU(. Khanh, 11B1, THPT Lé Héng Phong,
Bién Hoa; Cin Tho: Hodang Crmg e, 11A1, THPT
chuyén Ly Tu Trong; TP. Hé Chi Minh: Lé Quang
Nghia, 11CT, THPT Nguyén Hitu Hudn, Trin Anh
Tuan, 10A3, THPT chuyén Lé Héng Phong, Cao Minh
Higp, 10A6, THPT chuyén Trén Pai Nghia. Quan 1.

HO QUANG VINH

>4RJ§_

p-d 3

https://sites. eoogle.com/site/letrungkienmath

% Bai T7/412. Giai hé phwong trinh
(17=-3x85-x+@3y-14)Ja-y =0 (D
2/2x+y+5+33x+2p+11=x2 +6x+13 (2)

Loi gigi, Diéu kién x<5; y<4; 2x+y+520;
3x+2y+1120.

Phuong trinh (1) tuong duong voi

(3(5-x)+2W5-x=(3(4—p)+2)\f4-y (3)

Xét ham f(1)=(3i+2)t véi 120, ta co
= 3\/~+E>{] Yi=20.

20

Két hop vai (3) ta co
f(5-x)=f(4-y) ©5-x=4-yy=x-
Thay vao PT (2) cua h¢, ta dugce

23x+4+35x+9=x2 +6x+13, véi x 2 —%

o (2«J3x+4—2(1+2))4;(3\;’%—3(,1‘+3)):x2+x

—2x(x+1) =3x(x+1)
+
Bx+d+(x+2) 5x+9+(x+3)

=x{x+1)

2 3
& W(x+l1) : +1 |=0
[v’3x+4+(x+2) VSx+9+(x+3) J
< x =0 hodcx=-1.

3
(Vi 5

+
V3x+4+(x+2) V5x+9+(x+3)

e Voix=0thiy=-1.
o Véix=-1thiy=-2
Thr lai ta thay tdp nghiém cia HPT di cho la

(x;y)e {(0;—1);(—] : —2)} L

}Nhan xét. Bai toan nay co rz;.l nhiéu ban tham gia v
da s cho léi giai ding. Mot w ban st dung dao ham
céip 2 dé danh gia so nghiém t61 da ctia hé phuong trinh
di cho, tr d6 nhdm va két ludn nghiém. Céc ban sau
diy cho lai giai gon.

Ca Mau: Lé Hoang Minh, 11TI, THPT chuyén Phan
Ngoc Hién; Quing Ngdi: Huynh Ddng Hiéu, 10 Toan 1,
THPT chuyén Lé Khiét; Dﬁng Thap: Va Hoai Bao,
11T, THPT chuyén Nguyén Quang Diéu; Hau Giang:
Durong Ngoc Lan, 12H, THPT chuyén Vi Thanh; Nghé
An: Ho Pirc Nhan, 11A1, THPT Quimh Luwu 1I; Tran

+1>1).
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Tudn Anh, 10A2, THPT Quynh Luu I; Trdn Ngoc Anh,
11T1, THPT Ha Huy Tép; Truong Cong Phu, 10A2,
THPT chuyén Phan Bgi Chau; Nguyén Tar Khanh,
10A1, THPT D6 Luong I11; Théi Binh: Newyén Quang
Trong, 11A1, THPT Tay Tién Hai; Phit Tho: Pdo Van
Lap, 11A1, THPT Thanh Thuy.

NGUYEN THANH HONG
* Bai T8/412. Chimng minh bat dding thirc

sau dung voi moi tam giac ABC,
A-B ,B-C

+ COs8-

C-A

+ cos?

cos?

oA .
= 2451ni;~;m—sm—.
2 2 2
Loi gidgi. Ta co
A-B A+ B

. A . B
= 2sin—sin— va
2. 2

cos —CO08
A+B . C .
COs = §8in— nén
2
A-RB . . A . B
cos =sin— + 2sin—sin— .
2 2 2

Ap dung biat ding thic quen thudc
{.:.r+:!;»)2 > 4ab, ta duoc

A A B
cos? =| sin—+ 2sin—sin—
o 2
= BsinﬁsingsinE (1
2 &
Tuong ty
cos? = SsinlisinﬁsinE (2)
2 2 2
cos? e E.sin--"?l—sin—L‘?—sinE (3)
7 .
Tir (1), (2) va (3) ta dugc
- ,B— C—A4
cos? +c08? ———+cos?

224sin£sin§sin§ (dpcm).

Diu ding thirc xay ra khi va chi khi

= 082

= cos?

cos?
2

TOAN HOC
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o A B -
=85m-55m53mg<:>d =B=C(tam giac ABC

déu). O

}Nhén xét. 1) Co thé chimg minh BPT (1) bing cach
bién doi

2
w0278 _gininZinS <[ cos2=8 200s2*B] 50,
2 = 2 2

Mét sb ban da sir dung hé thire
cosd +cosB+cosC =1+ 4sin§sin§sin%

dé chimg minh BDT (1), lam nhur véy dai va phirc tap.

2) Céc ban sau day co 1oi giai t6t:

Thai Binh: Nguyén Xudn Himg, 11A2, THPT Bic
Péng Quan, Béng Hung;, Hung Yén: Dwong Manh
Cwong, 11T1, THPT chuyén Hung Yén; Nghé An:
Tran Trung H:eu 11A1, THPT Thai Hoéa, TX. Thai
Hoa; Ha Tinh: Trdn Vo Hoang 11 Toan 1, THPT
chuycn Ha Tinh; Quéng Tri: Trdn Pirc Anh, lEl Toan,
THPT chuyén L Quy Pon; Thira Thién Hué: Pham
Minh Chdu, 11 Todn, THPT chuyén Qudc Hoc Hue,
Dong Nai: Duong Quoc Khdnh, 11B1, THPT Lé& Hong
Phong, Bién Hoa; Lim Dang Nguyén Vii Trung Qudn,
Il Toan 1, THPT chuyén Thing Long, TP. Da Lat;
Tién Glang Nguyén Xuan Quang, 10 Toan, THPT
chuyén Tién Giang.

NGUYEN ANH DUNG

% Bai T9/412. Cho hai ducng tron (C,), (C5)
sao cho tdm O cua (C,) nam trén (C)). Goi C,
D la hai giao diém cua (Cy) va (C»). Goi A la
diém nam trén (C), B la diém nam trén (C; )
sao cho AC tiép xiic véi (Cy) tai C va BC tiép
xtic vai (Cy) tai C. Dudng {hang chira doan
AB lan nita cat (C2) tai E va (Cy) tai F.
Durong e‘hanﬂ CE cdt (C)) lan nita tai G, CF
cdt GD tai H.

Chitng minh rdng giao diéem cia GO va EH
la tém dweemg tron ngoai tiép tam gide DEF.

& F

Loi giai, (hinh ve).

(G)
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Vi CA, CB theo thir tu tiép xtc voi (G), (G)

nén CEF = ECA+EAC = CBE + FCB = CFE.
Do d6 CE = CF (1)

Ta tha},r C'EF CFE (chirng minh trén)

— CFA=COA4=DOA (vi AO la trung truc
cha CD) = DFA. Do d6 FD//CG.
Tiur d6 tr giac FCGD la hinh thang can. Co
nghiala CF=GDva CH=GH 2)
Goi / 1a tam cua dudmg tron (Cy). Vi AC tiép
xlic vdi (C3) nén ACO =90°. Do d6 1 la trung
diém cua AO. Suy ra /O la duong trung truc
ciia CD.
Tathidy DEG = DBC (vi tit gidc EDBC nii tiép)

:%xﬁ::ﬁ(ﬁ AO 13 dudng trung tryc ciia DC).

Mt khic ﬁ::ﬁ&‘b:%ﬁ?&:éﬁ i

JO la duong trung tryc cua DC). Suy ra
AGED en AICO.

Két hop vai 10 = IC, ta ¢ GD =GE (3)
Tir (1), (2) va (3) suy ra CE = GE.

Tir (2) suy ra EH la duong trung truc cua GC.
Do FCGD la hinh thang can nén EH la duong
trung tryc cua DF (4)
Vi AO la duong trung tryc cua CD nén O la
trung diém cia cung CD. Do d6 GO la phén
gidc cua goc CGD.

Tir (3) suy ra GO 1a dudng trung truc cua ED - (5)
Tir (4) va (5) suy ra dpem. O

» Nhin xét. 1) DBay la bai toan co ban, nhiéu ban tham
gia giail va cing cho 161 giai dung.

2) Xin néu tén mét sb ban ¢o 10i giai tot.

Phi Tho: Pdo Van Ldap, 11A,, THPT Thanh Thuy,
Thanh Thuy; Nam Binh: Trinh Thi Viét Ha, 11T,
THPT chuyén Lé Hong Phong, TP. Nam Dinh; Thai
Binh: Bui Pinh Hiéu, THPT Quynh Cdi, Quynh Phy;
Nghé An: Nguyen Thi Qupnh Loan, TPHT D6 Luong 1;
Quéng Triz Tran Mic Anh, 10T, THPT Lé Quy Pén,
TP Quang Tri; Quing Nam: Pham Tuan Anh, 12/1,
THPT chuyén Nguyén Binh Khiém, TP. Quang Nam;
Binh Binh: Nguyeén QOuang Hai, 12TN2, THPT Tang
Bat H4, Hoai Nhon; Pong Nai: Duong Quéc Khanh,
11BI1, THPT Lé Hong Phong, Nguyen Negoc Son, 10T,
THP'T chuyén Luong Thé Vinh, TP. Bién Hoa; Ha
Nbi: Phan Anh Tuan, 10T2, THPT chuyén KHTN,
BHKHTN, BHQG Ha Noi. .

NGUYEN MINH HA
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W Bai T10/412. Cho n so dwong ay,a-...,a,
thoa man dieu kien

k(2K

al +a3 +...+a; < —

D2k +1)
3
vaimol k=1,2,....n.

Tim gia tri lon nhat ca biéu thire

P=m+2a +..+Hna,.

Loi giai. (Theo ban Lé Hoang Hiép, 11A1,
THPT Thai Hoa, Nghé An).

Bé dé. Cho 2n sb thuc duo’ng ay, a, ..., d, va

b, ba, ..., b, thoa mian d{mg thoi hai diéu kién
])h<b“.: 1,2, ..,n—1.
voimoik=1,2,..,n

2) ;Z;'a Z

Khi d6 ¥'a, < b.

i=1 i=l

Chitng minh. Ap dung BDT Cauchy—Schwarz

rovnay (3252

2 "
Do vdy ta chi can chirg minh Z‘; <V h.
i=l U =

Pit A4, =

Zar s Bk = sz

i=l

Theo gia thiét 4, < B, véimoik=1,2,..,n
Ta co

" a; n 1
— = R A, P A‘@_

25 " 2 )

n-1 n—1
=Z(i_L]A‘,+££ [L_LJ ;+&

i=1 b] b]'+] bﬂ 1= b;' b;+| b?‘-l

n-1 ] n
=Y —(Bi-Bu)=2h

=l br' i=1

Viy bd dé duoe chimg minh. Cha ¥ réng
! ¥
& (211 Kk 13){2;:: 1)
i=1

nén ap dung bd dé vai b, =2i—1 (i=1,2, .., n)
ta co

ia,— ii{li— 1}2 = nt,
i= i=1

TOAN HOC
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Tro lai bai toan. Ta co

+ o it i(a& +1)k (do zn:k = H(H; 1)].

2 i=l

Do d6 tir BDT Cauchy—Schwarz ta co

[P+ "':”2+ 1)] [ZkZJz(ak +1)°

&=1

= W[iaf o 2&“’* + .‘?]

k=1 =
n(n+1)2n+1) (n(z*n -)@2n+Y) , H,J
- - 3

- %{n(’n +1(2n+ 1])2 .

n(n+1)(4n-1)

- £ 6 .
Diu bing xay ra khi a; =2k-1, vé1 moi
k=12,..,n O

Tuwdé P<

}Nh@n xét. 1) Day la mot bai toan khd néu khéng
biét sir dung 'nn df: da néu (nhiéu ban hoc sinh Lhuycn
toan da biét bd dé nay, tuy nhién trong 1&i giai van can
phai néu lai phép ching minh).

2) Céc ban sau ¢ lai giai tot:
Bic Ninh: Trwong Giang Khang, 11A1, THPT Thudn
Thanh 1; Nghé An: Bii Hai Van, 11T1, THPT Ha Huy
Tép, TP. Vinh; Ha Noi: Hoang Cong Hgu, 12 Toan,
THPT chuyén Nguyén Hué, Ha Pong; Cin Tho:
Hoang Céng e, 11A1, THPT chuyén Ly Tu Trong;
Ha Tinh: Ngr.jen Mau Tharh, 11 Toan 1, THPT
chuyén Ha Tinh. _

PANG HUNG THANG
*Bai T11/412. Cho day s6 (x,) dwpc xdc
dinh bai

x, =2n+av8n*+1,¥n=1,2, ..,

¢ day a la tham sé thiec.

a) Tim a sao cho ddy so da cho co gidi han
hitu hgn.

b) Tim a sao cho ddy 56 (x,) la day $6 ting
(ké tir s6 hang nao do).

Loi gidi. a) Ta cox, =(a+1)2n+a.y,, trong dé

Yo =87 +1-2n

8t +1—(2n)°

- -0
8 £1)° + 2nA/8n* +1 +4n?
khi 7 — 40, (1

TOAN HOC
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Do d6 ton tai gidi han hiru han ”lirpq‘x,, khi va
chi khia=-1. ‘
b) Tir li ludn & phan a) ta suy ra

+o0 néua>-1

Iim Xy =9 0 néug=-1

e

—wnéua<-l1.

B&i vay diéu kién can d¢ ton tai m € N* sao
SHO By E R E W . [ aE =],

Ta chimg minh @ > —1 1 diéu kién di dé co
két ludn trén.

That vay véia = -1
X =X, =2+ D) +a8(n+1)P +1-2n—adi8r +1
=2+alf8(n+1)* +1-8r +1)

22—({@(”“)3 +143’f$n-"‘+l)
=24+ Y8 +1-3B(n+1P +1>0, vi
(2+3\;’8n3 +I]3 =8+12387 +l+6{¥’1’8a~:3+1]2 +&7 +1

>8+12.2n+6(2n) +8n° +1
=8(1+3n+3nt +n)+1=8(n+1)° +1.

Suyra x; <x; <X <

Vay day sb (x,) la day so ting ké tir s0 hang
nao do khi va chi khl a=-1 va trong truong
hop d6 (x,) la day 50 tang ngay tir s6 x,. O

>}ihan_ xét. Rét nhiéu ban nham lan trong li ludn cho
phin cuoi cia bai toan. Chi co hai ban sau ¢6 1oi gidi
ding:

Quing Nam: Phgm Tudn Anh 12/1, THPT chuyén
Nguyén Binh Khiém; TP. Ciin Tho: Hoang Céng Duic,
11AL, THPT chuyén Ly Tw Trong.

NGUYEN MINH BUC
*Bai TI12/412. Tim tat ca cdc ham
50 [:R—R thoa man
f@E+y)=x2f(x)+y f(y) (1)

vai moi x, v eR.
Loi gigi (Theo da s6 cic ban).
Tir (1) cho y =0, ta dugc

F()=x"f(x),vxeR (2)

https://tieulun.hopto.org
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Tir do suy ra

FO2+3) =)+ f(°) Vx,yeR
hay f(x+y)=f(x)+ f(y) Vx,yeR (3)
Tir (3) cho x=0,y=0, ta dugc f(0)=0 va
f(=x)=—f(x),vxeR (4)

Bﬁng phuong phap quy nap toan hoc, ta thu
duge f(nx)=nf(x),VrneZ.

vi vy

Sir dung hé thirc (x+1)* +(x—1)* =2x" +6x
va (2) thu dugc

F(x+1P +(x=1)") = f(2x’ +6x)
=2f(x)+6/(x)=2x f(x)+6f(x} vxelR,

hay f((x+1)’ +(x-1)’
=% f{x)+6f(x),‘v’x,yER (5)

Mit khac, st dung (2), (3) va (4) ta co
S+ +(x-D) = f(+ D)+ f((x-1))
=(x+1) f(x+D+(x=D*f(x-1)

=+ (f(x)+f D) +(x=D* (f(x)+ f(=D))
=(2x +2) f(x)+4dxf(1),Vx e R,

hay f((x+1) +(x—1)")
=2x*+2) f(X)+4xf (1), Vx e R, (6)

Tir (5) va (6) suy ra f(x)=x/(1) hay f(x)=az,
aeR tuyy.

Thir lai, ta thdy ham sé nay thoa man diéu
kién bai ra.

Két lugn. Vay ham sb can tim 1a f(x) = ax,
aelR tuyy. O

> Nhin xét. Dy la dang toin quen biét vé phuong
trinh ham nén cé s6 lugng 1on cdc bai giai gui dén
Tod soan. Cac ban déu c6 1o gidi ding va cich giai
tuong ty nhu cich da trinh bay trén ddy. Mgt s ban su
dung cdc ding thie khdc nhu (x+1)° —x" =32 +3x+1
va © —(x-1=3x" —3x+1... & thiét 13p hé¢ thirc
f(x)=xf(1}. :
NGUYEN VAN MAU

* Bai L1/412. Pucng kinh gée ciia Mir Troi

nhin tir Trai Pdt la @ =102rad. Xdc dinh ti

$6 mdt do trung binh (khoi lhegng riéng) cua
Trai Pat va Mat Troi. Cho biét do dai ndm

hitps://sites. google.com/site/letrungkienmath

ciia Trai Padt la T = “Tn(s), gia roc rrong

triucmg ciia Trai Dat fﬂ' g = 9.8m/s’,
kinh Trdi Dat la R, = 6400km.

ma ban

Loi gigi. Khi Trai Pit quay quanh Mat Troi
thi chiu Iyc hip din F =G Aﬁ'j !

M, 14n luot 14 khéi lwong Mat Tréi va Tréi Pat.
Luc nay truyén cho Trai Dit mot gia tdc

trong do M,

2
hudng tim a = @*L —411,
TZ
Tir dinh ludt IT Newton ta co
2
oMM _ . A7 n
= T
Thay w‘fj = g vao (1) ta dugc
1
M, R2T2
DL L (2)
M 4nil
4 4 .
Thay M, =§7[R,3D. M :EnRED vao (2) ta
T2 (2RY
duoc o ot [—] (3)
D 32mR\ L
2 3
Thay E=a i e e B
32I2R1

Thay s ta tinh duoc % ~4,79.0

;‘Nhan xét. Cac ban sau co loi giai ding:

Théi Binh: Nguyén Van Son, 11A2, THPT Bic Dong
Quan; Nam BDinh: Dinh Viér Tkang 11 Li; Bii Xudn
Hién, 12 Li, THPT chuyén Lé& Hong Phong; HA Nam:
Dinh Ngoc Haz 12 Li, THPT chuyén Bién Hoa; Ngh¢
An: Tran Nhdgt Minh, Trdn Vén Bdc 12A6, Phan Van
Sao, K43A6, THPT chuyén BH Vinh; Lé Xudn Bao
10A3 THPT chuyén Phan Bgi Chéu; Tlén Giang: Va
Viét Tan, 11 Li, THPT chuyén Tién Giang.

NGUYEN XUAN QUANG

* Bai L2/412. Mot nguon dién co sudt di¢n
dong E =9V va dién tro trongr = 0,50 dwgc
dimg dé thap sang mgt bong dén ghi 6V — 6W
o mach n gnai pé bong dén sang binh
thuong, ngfrm ta phai mdc bonq den voi mot
bién tror ¢6 con chay. Tim cdc cdch mdc bong
dén voi bién tré (vé hmh) va néu cach chon
gid tri cua bién tro u’ng voi mof cach mac.
Cdch mdc dén nao la ¢ lgi nhat?

TOAN HOC
“Clusilge 25
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Léi gidi. Co 6 cach mic (twong (mg vdi cac
hinh 1.2, 3,4, 5, 6).

¢ P
{ 4 { }
D
&
- I (‘
LT B
R
Hinh ! Hinh 2
H’
I 1
I 1]
p
)
" |
4 B
R R
Hinh 3 Hinh 4
£ £
L —
R RiR, B
, g
RAIR B
Hinh 5 Hinh 6

e Cdach 1. (hinh 1). D& dang tinh duoc

R, =2,5(Q), do do dién tr& toan phan cia

bién tror 1a R22,5(Q).

e Cdch 2. (hinh 2). Dé dang tinh duoc

R, =1,2(Q), do dé dién tr¢ toan phan cia

bién tré 1a R 21,2(2).

e Cdch 3. (hinh 3). Ta chon bién tr& co dién

tr& toan phan R =R + R, va con chay C & vi

tri chia bién tr& thanh céc phan théa man diéu
2,5R ~3

kién R 21,2(Q) (1) va R, =#(Q).

¥ 1

Cho R, mdt gia tri ndo d6 thoa man (1), ta tim

duoc gid tri R, trong (mg. Viducho R =2(Q)

TOAN HOC |
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= R =0.2500) v F=275[1D).

e Cach 4. (hinh 4). Tuong tu cich 1, nhung &
day ta chon bién trér ¢6 con chay C nam ¢ v1
tri chia bién tr& thanh cac phéan théa man diéu

% =2,5(2). Cho R, mét
R+
gui tri nao do ta tim ducc gia tri R, tuong
tng. Dién tro toan phan cua bién tro la
R=R+R, Vi dy choR =5(Q) = R, =5(Q)
va R=10(Q).

e Cdch 5. (hinh 5). Tucmg tu cach 2, nhung &
day ta chon bién tré ¢ con chay C nim o vi
tri chia bién tro thanh cc phan théa man diéu

R
L =1,2(22). Cho R, mét gia
R +R,
tri nao do ta tim dugc gia tri R, twong ng.
Dién tr& toan phin cia bién tro Ia

R=R +R,.Vidycho R=24Q) =R =24O)
va R=4,8(Q).

kién R, =

kién R, =

e Cdch 6. (hinh 6). Ta chon bién tré ¢6 con
chay C nidm & vi tri chia bién tr& thanh cac

phén thoa mén diéu kién 0< R, <2,5(Q) (2)
R, +6

vaR = (©2). Cho R, mdt gid tri ndo
2
do trong khoang (2), ta tim dugc gia tri R,

tuong (mg. Dién trd toan phan cua bién tro la
R=R +R, Vi dy choR, =2(Q) = R =8(Q)
VAR =10(Q).

*Céch mic dén co loi nhit khi mng cong suat
tiéu thu trén bién tro va trong ngudn dién la
nho nhét. D& dang thiy ring mic theo cach 1
¢6 loi nhét. O

}Nhﬁn xét. Cac ban sau ddy c6 16i giai kha tot:

Ha Nam: Dinh Ngoc Hai, 12 Li, THPT chuyén Bién
Hoéa, TP. Phu Ly; Nam Binh: Dinh Viét Thang, 12 Li,
BDdng Phic Cuong, 11 Li, THPT chuyén L& Hong
Phong; Théi Binh: Nguyén Van Son, 11A2, THPT Bic
Déng Quan, Pong Hung; Nghé Amn: Nguvén Hién
Trang, 11A1, THPT chuyén Phan B§i Chédu; Quéng
Binh: Nguyén Duy Khdnh, 10 Toan, THPT chuyén
Quéng Binh. _

NGUYEN VAN THUAN
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Gii dap Cau lac bo: CAC BINH CHUNG TRONG QUAN DI

(Dé diing trén THTT 56 414, thang 12 nam 2011)

&
=
<

H |

T khoa trong cdt sam

i [p[a[AJofB]1[N[H] o

2 (BII/E|N P;Hib_NJG mau la

3 [TBIN[L|U[A] BIEN GIOI BIEN PAO

4 Q|U|A|N|N H|A|C| KHONG PHAN

s clo|NG B|1|Nn| Céic ban c6 101 gidi tht 1a:

< — HIANRCIU AN 1) Lweong Thi Cdm Ti, 7D,

7 [Blo]s[1][n/H[cl[olG|1]6]1] THCS Vinh Yén, Vinh Phic.

8 TIH|O|N|G|TIEIN| 2) Hoang Ngoc Kim Chi,

9 [BI|OBIIINH 9A2, THCS TTr. Béng Hung,

0w _ JL]AfEix][E Thai Binh.

1 [c[A[n[H]Ss AT BII1EN 3) Nguyén Quang Trong,

12 Q[ula Ny 11A1, THCS Tay Tién Hai,

13 - Rla[Bla| Thai Binh.

14 (Blo[p[o]1|N|H[ATY|D]U] 4) Nguyén Thi Ngoc Mai,

15 _ ClA|0 XA 8B, THCS Nhir Ba S,

16 [plu[o][N[c[k[n[0][N|[c[K H[0[N][G[Q[U[A[N] Hoing Hoa, Thanh Héa.

17 H O|A[H O|C 5) Tran Vo Hoang, 12 Toan 1,
T K19, THPT chuyén Ha Tinh.

18 [p[Alc|clo/n]|6G yé

19 ulil1|o|u[a[NIp|i[n[H][B]0O] 6) Nguyén Hifu Chdnh,

20 _T‘A|N GlT H|I|E|T GI:AP[ 35SPTA-A, CDSP Vinh Long,

21 QU|ANP H|A|P 7 Cao Thi Ha Lé, 12Al,

22 T[H E|C|0|N]|G] THPT chuyén DH Vinh,

23 k[1|T|H[Uuf&IT Ngh¢ An. .

24 V|AIN|C|O|N|G DAN QUYNH

e L L. L L T e ]

PROBLEMS... (Tiép trang 17)

T7/416. Triangle ABC (AB > AC) is inscribed in
circle (). The exterior angle bisector of BAC meets
(O) at another point £; M, N are the midpoints of
BC, CA respectively; F is the perpendicular foot of £
on AB, K is the intersection of MN and AE. Prove
that KF and BC are parallel.

T8/416. Solve the equation
sin?" x+sin” 2x+(sin" x—cos” x)° =2 =0
where » is a given positive integer.
TOWARD MATHEMATICAL OLYMPIAD
T9/416. Find all polynomials P(x) such that
P(2)=12
P(x?*)=x2(x2+1)P(x), VxeR
T10/416. Let 1, r,..., 1, be n rational numbers such

that 0:::;5%, zr; =1(n=1), and let f(x)=[x] x%}

=l

Find the greatest value of the expression Hk):%—if{bf}
=

where k runs over the integers Z (the notation [x]
means the greatest integer not exceeding x).
T11/416. Suppose that f:R—R is a continuous
function such that f(x)+ f(x+1006) is a rational
number if and only if xel,

F(x+20)+ f(x+12)+ f(x+2012)

is irrational. Prove that f(x)=f(x+2012) for all xR

T12/416. Prove the following inequality
iW-"-+ﬁ+ﬂ$l+£,
h, h h ¥
where m,,m,, m, are the medians; A,,h,, k. are the
altitudes from 4, B, C and R, r are the circumradius
and inradius, respectively.

Translated by LE MINH HA

; TOAN HOC
S6 416 (2-2012) . CTuditré 97
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Trong séch Bai tip Pai sé 10 Nang cao, trang 117
cO Bai tip 4.87 nhu sau:

Chitng minh rdng néu cdc sé a, b, ¢ déu duong thi
(a+b+c)(a®+b*+c?)29abc (I
Pang thiec xay ra khi va chi khi a=b=c.

Viéc chimg minh BDT (I) la dé dang, bing cach ap
dung BDT Cauchy cho ba s6 duong.

BDT (1) twong duong u’ri hai BDT sau:
: b (1 1

+b+f(t—r+—+ 29 I L—+—+— a’+b*+c*)z9 (111
" L]\h{.‘ ca ah | (th ab bc ca;l{ } )
Bay gi¢r chung ta s& van dung cac BDT (I), (1I), (I1I) dé sang tao mdt b bai toan trong Lugng
giac va Hinh hoc.

VAN DUNG SANG TAO MOT BAT PANG THUC
trong séch Bai téap Dai so 10 Néang cao

NGUYEN VAN THIET
(GV THPT Vinh Xuén, Phu Vang, Thira Thién - Hué)

I. VAN DUNG VAO LUQNG GIAC

1) Néu tam gidc ABC nhon thi van dung BBT
(I) cho ba s6 duong tan 4, tanB, tanC tacd  Ping thirc xay ra khi va chi khi
(tan A+ tan B + tanC)(tan? 4+ tan> B+tan> C)
>9tan A.tan B.tan C.

Lai c6 tanA+tanB+tanC =tanA.tanB.tanC,  Tyong tam gidc ABC ta c6 BDT
suyra tan’4d+tan’B+tan2C=9 (1)
Ping thirc xay ra khi va chi khi ’
tand=tanB =tanC < A=B=C Viy Dang thiec xay ra khi va chi khi tam giac ABC
la tam gidc déu.

suy ra cot1£+c0t2—3—+cot2—g—29.
2 i 2
cnt£:c0t2=cot£ & A=B=C. Viy
2 2 2

B A
cot3£+cot2—-+cm¢—29
2 ¥

Trong tam giac nhon ABC ta co BDT

tan2A4 +tan2 B+tan2 C = 9. 3) Chiing ta da biét cac BDT trong tam gidc:

Ddng thite xay ra khi va chi khi tam giac ABC A B .C .1 A B .C 9
d sa sin—.sin—.sin— < — <> 18sin—.sin—.sin— <—
la tam gidc déu. i Sl W - 2 2 2 4

2) Véi tam gide ABC bt ki. Ap dung BDT () p
r A 111 2 iH 2 1y 2 il
voi ba so duong c:m-i;, cot%, cot% ta co va sin? A+sin? B+sin® €< &

il B (mtg A B g] Vay thi, hiy so sanh hai bi¢u thirc
2 2 2 2. 2 2 ol B " : .

A B C 18sin—.sin—.sin— va sin? 4+sin? B+sin® C.

29c0t5.c0t5.00t~2—. 2 2 2

Vin dung BBT (I) voi ba s6 duong

B ¢ 4 ol g sin 4, sinB. sinC taco

Lai co coté +cot— + cot— = cot—.cot—.cot
2 & 2 2 2

TOAN HOC
og ° Crwtré S8 416 (2-2012)
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(sin A+sin B+sinC)(sin? A+sin? B +sin? C)
> 9gin A.sin B.sin C.

. . . B C
Lai ¢6 sinA+sinB+sinC = 4c05§.cns5.0035
va ap dung cong thirc goc nhan doi suy ra

s 2 s o ot w B e
sin® A+sin’ B+sin*C'2 ISSmE.smE.smE. Viy
Trong tam gidc ABC ta cé BPT kép sau day:

W S LR . P
lem—.smE,sm7 <sin? A+sin? B+sin? {_’4

Cdc dang thirc xdy ra khi va chi khi tam gidac
ABC la tam giac déeu.

4) Ty BDT tan?4+tan? B+tan?C>9 va

tan? A+tan? B+tan?C

>tanA.tan B+ tan B.tan C + tan C.tan A,

hoi ¢6 ton tai BDT manh hon:

tan A.tan B +tan B.tanC +tan C.tan A > 9?

Céu tra loi la 6. Thét vdy, trong tam giac
nhon ABC, ép dung BDT (II) véi ba sé duong
cos A, cosB, cosC taco

(cos A+cosB+cosC)x

cos A cosB cosC
X } + 29 (™)
cosB.cosC cosCeosAd cosAcosB
Mat khac, ta co
cosd  —cos(B+C)
cosB.cosC cosB.cosC
SmemC cosBcosC anBtanC —1.
cosB.cosC
Tuong tu il =tanC.tan A1,
cosC.cos 4
ﬂq— =tan A.tan B —1.
cos A.cos B
Két hop voi BBT (*) suy ra
tan A.tan B + tan B.tan C + tan C.tan A
2 13 ()

- cosA+cosRB+cosC

s B i
Lai co cosA+cnsB+cosC£5 nén

9
cos A +cosB+cosC

+32643=9 (¥*¥)

https://sites. eoogle.com/site/letrungkienmath

T (**) va (¥**) suyra BBT

tan A.tan B+ tanB.tanC +tanC.tan 4 2 9.
Piang thire xay ra khi va chi khi
cosAd=cosB=cosC« A=B=C. Viy
Trong tam giac nhon ABC ta co

tan A.tan B+ tanB.tanC +tanC.tan 4 2 9.
Bidng thirc xay ra khi va chi khi tam giac
ABC la tam gide déu.

5) Chung ta di biét cac BDT trong tam giéc:

33

sinA+sinB+sinC£T;
cotA+cotB+cotC>xE.

343

Hay so sanh tich s& — 3= 5 vai tich

(sin4 +sinB +sinC)(cot A + cot B + cotC),

Ap dung BDT (II) voi ba s6 duong sin A,
sin B, sinC taco

(sin A +sinB+sinC):-:

. sin A sin B N sinC ] g
sinB.sinC sinC.sinAd sinAsinB )
Mat khac, ta co
sind _sin(B+C) sinB.cosC+cosBsinC
sinBsinC sinB.sinC sinB.sinC
=cot(C +cotB.
Tuong tu ; Sm? =cotA+cotC,
sinC.sin A
fﬁ =cotB+cotA.
sin 4.sin B

Suy ra(sinA+sinB+sinC)(cot A+cot B+cotC) ::—z.

Pang thire trong (5) xay ra khi va chi khi
sind=sinB=sinC & A=B8=C. Vay
Trong tam giac ABC ta co

: ; , e
(sin4+sinB+sinC)(cot A+cot B+cotC) 2 -,
Dang thirc xay ra khi va chi khi ABC la tam
gidc déu.
I1. VAN DUNG VAO HINH HQC

W Bai todn 1. Cho 1 dién OABC vuong tai
0. Goi a, 8, y lan lwpt la so do cac goc tao

TOAN HOC
“CTusitge 29
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bhoi dwong cao OH vai cac canh OA, OB, OC.
Tim gia tri nho nhat cua biéu thirc

P= I + : + :

sina.sin# sin fsiny siny.sina
Léi gigi. Dit OA=a, OB=b, OC=c.
Chon hé truc toa d¢ Oxyz nhu hinh 1. Khi d6
0(0;0;0), A(a:0;0), B(0;5;0), C(0;0;¢).

v Hinh 1

Phuong trinh mp(4BC) la
f+£+£= 1 < bex+cay+abz—abc=0.

a c ‘
Vi OH L mp(ABC) nén dudmng thang OH
nhén 7=(bc; ca; ab) lam VTCP. RS rang
i =(1;0;0) 1a VTCP cta dudng thing OA.

. ‘ﬁ.fl ¥
Do d6 cosa =—7= = i
!nHrl Ja?b? +bc? +cla?
bap?
Suy ra cos’a = 4
a*b? +b3c? +ca?
. X5
ong g8 l= "
a2b? +bic? +eta?
a*b?

cos?y = "
a?b? + bic? +c?a?

Tirdotacd cos?a+cos? f+cos?y=1

e>sin2a+sin? f+sin2y =2 (1)
Ap dung BDT (1) v&i ba sé duong
siner, sin 3, siny tacé

1 1
: T R : . -
sinz.sin # sinfBsiny siny.sina

x(sin? @ +sin? f+sin?y)=9 (2)

T (1) va (2) suy ra

P=— l_ + l_ +— 1_ 2—9—.
sina.sinf sinfsiny sinysina 2

TOAN HOC |
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Diéng thirc xay ra khi va chi khisina=sinf=siny
<seos? =008’ f=cos’y <> a=b=c.

Viy minP=%<::> OABC la tr dién vudng
can¢o 0.0
@ Bai toan 2. Cho nr dién ABCD c6 AB =
CD, AC = BD, AD = BC va 56 do cdc goc
tao boi cac mat phang (DBC), (DCA), (DAB)
viri mdt phang (ABC) twong wng la a, B, y
déu nhon. Tim gid tri nho nhdt cia biéu thiec
cos [
008 .COSy  COSY.COSQ  COSQL.COS 3

Loi gidgi. Ta ¢6 AABC =ADBC =ADCA
=ADAB (c.c.c).
Ki hiéu dién tich
cac tam giac nay
las.
Goi H K N M
theo thir tu 1a hinh
chiéu vubéng goéc
cua D trén
mp(A4BC), BC, CA,
AB nhu hinh 2.
Khi d6 DKH=a,
DNH =8, DMH = y.
Theo dinh li hinh chiéu ta c6
Susc = Sppe.cosa = S.cosa,
Tuong twr Spycq =S.cosf, Spys =S.cosy.
Do cac goc a, 8, ¥ déu nhon nén diém H
nim trong tam giac ABC, suy ra

S 48c = Susc +Snea +Suas

< 8§ =5(cosa +cos f +cosy)

&> cosa+cosf+cosy =1 (3)
Ap dung BT (II) véi ba sé duong cosa, cosf,
cosyta co

(cosa +cos B+ cosy)x

COS X COs ¥

D

Hinh 2

x[ 80 AR O }29 (4)
cos 008y COSY.COS8@  COSL.COS [

Tt (3) va (4) suy ra

ro_ osa cos B sy g

" cosfC0SY  COSY.COSC  COSCLCOSS
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! TU MQT BAI TOAN... (Tiép trang 7)
! Mit khéc AC 1 hinh chiéu cia SC trén
| mp(ABCD) nén SC L CD. Vay tam giac SCD

Ping thirc xay ra khi va chi khi |
I
I
| vudng tai C.
I
I
I

HK = HN = HM

COSEr =C0s 2 =C058 Lo}
ﬂ 4 S HBC = S HCA = S HAR

H 14 tam dudng tron néi tiép tam gidc ABC

H 14 trong tam cua tam gidc ABC i s l
<> ABC 1a tam gidc déu. d(4;(SCD)) AE 2
Vay minT =9 khi ABCD 1a ti dién déu. O3

I d(H;(sC ))= d(4;(SCD)).
% Bai toan 3. Cho tir dién OABC vudng ¢ O | o s : '
cé dwong cao OH =h. Ki hi¢u S, S, S; I T diégn ASCD c6 SAJ‘(ACDI va ACLCD
theo thir tw la dién tich cdac tam gidc OAB, ' nén theo Bdi fodn 3 ta cé d(A;(SCD)]=AK

C{IIE(S f.f’i SIW F rf whs ubit et 1ong (trong d6 K 1 hinh chiéu cta A trén SC) va
A = i, 2 1
; 1 1 1 1
] = - i = -+ s AK =da.
Lo‘tgm{. bat 04 “a,OB b,OC=c. K SE A0 & =
Chon hé truc toa dé Oxyz nhur hinh 1.

Do dai duomg cao OH 1 Viy d(H;(SCD)) = % = % 0
OH =h=d(0,(4BC)) =

. d(B:;(SCD)) _BE

nén

abe
v"azbz +bici +cla?

| III. BAI TAP TU LUYEN

I
I
I
I
I
I
|
l

B, o a*b’c’ 1. Cho hinh chép S.ABCD c6 day ABCD la
Y BT i Rl p 2l nira lyc gidc déu noi tiép duong tron duomg
1 | 11 (5) I kinh AD = 2q. Cic mit phang (S4B), (S4AD)

vudng goc vai ddy; SC tao voi day mot goc 45°,
1 1 1 : Tinhkhoang cach giira AD va mit phang (SBC).
Ap dyng BET (1) v6i ba s0 duong —, =, = | 2 Cho hinh hop chir nhit ABCD.A'B'C'D’ ¢
1 | AB=2a, BC =2a, AA’ = a. Liy diém M trén
tacd (ab+bc +ca)(——+—+—] >9  (6) I canh 4D sao cho AM = 3MD. Tinh khoéang

a®* b c? ' cach tir M dén mat phang (4B'C).
Tir (5) va (6)suyra ab+bc+ca=9h?

hl az b2 ol

3. Cho tir dién déu ABCD c6 canh bing a.
Goi M, N lan luot la trung diém cua BC va

<85 +5+552 ghz, suyra S2= Ehz.
2 2 CD. Tinh khoang cach giita hai dudng thing

i # a = 3 = - 1 1 1 i AMV& BN
Piang thirc xay ra khi va chi khi —=—=— |
8 Y a b cl 4 Cho hinh chép SABCD cb dy I3 hinh

Vay minS=—#?, khi OABC 13 t& diéni AB=a,BC=CD=2a,S4=5B=5C=av2.
, s ol Tinh khoang cach giira hai duong thing 4B

vubng cén ¢ O. : ) va SC.

BAI TAP

BAi 1. Cho tir dign OABC vudng & O. Ki higui - éCh{;’éhmh Shop & 4 {“;lclf dag AABC la. tam

S, Si, 8, S5 theo thir t I dién tich ciia céc tam | E‘@f ph;‘ngag;‘ya(;g (?')anTmEnkhoa:;T;gc hg{;II

s ¥ : " . 1
BICABC QPG 004, 048, Clung minlvring diém A t&i mat phang (SBC) theo a, biét ring

|
I
|
|
sSa=h=c. | thang, AB//CD. Tam gidc ABC vudng tai A,
I
I
I

1 1 1 9 |
+ + i :
55 58 55 5 | 4= %

Bai 2. Chimg minh rdng néu a, b, ¢ 1a d6 dai cic |

6. Cho hinh chép SABC ¢0 SA vuodng goc voi
canh cua tam giac thi

a? +b% +c? >18Rr. I mit phing (4BC); ABC =90° ,0A =AB = BC
trong d6 R, r theo thir tyr la ban kinh duong tron I ;gvz?g khoang cach gilra ha‘ dudmg thang

ngoai tiép va ndi tiép tam giac do. I

) TOAN HOC
S6 416 220120 * CTugilyé x4
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