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POAN HUU DUNG ——

(Ha Noi)
Kinh tang Truong THPT Hing Vuong, Phii The =Bah i Anh hing

May gié nggp nai &di
Tiéng séo diéu vi vit
L&p hoc thdi chién tranh
KT niém xanh cd hat

Thiéu gao, dau, sachvd
Com nhiing san nhiing khoai
Anh I0a dén c('soi

Nhing m§ng ma sao sang.

*Chiin diém trén mat phang
Khéng c6 ba théng hang
Vé dugc Sao Nam Canh"
Tiéng cudi vang ddi trang...

"Pa giac 161" kidiéu
Phiéu diéu va bao nhau
Anhién béng mainhd
Nam canh hoa tuci mau.

Toan hoc va Tudi tré
Huyén thoai Erdds
Mot phit gidy ngau hing
Thdi bling bao uGc Ma...

) Xem Tap chi Toan hoc va Tudi tré s6 410, thang 8, nim 2011, trang 12.

(Theo ngudn Bso Nihén dén Cudy tudn, s6 47 (T190)X
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TRUNG HOC €O SO

***Nhiic lai

Xét ham sé y = ax + b.

Khi a > 0 thi ham sé dong bién rén .
Khi a <0 thi ham sé nghich bién trén .

Khi a = 0 thi ham so khéng dai trén 7.

WBai toin 1. Chox, v,z e [0:1]. Chimg
minh rang
x+y+z—(xyt+tyz+xz)s 1.

Loi gidi. x+y+z—(xy+yz+xz)<1.

& (l-y-z)x+y+z—yz—-1<0.

Xét ham sd fx) =(1-y-z2x +y+z—yz -1,

cOf0)=y+z-yz-1==-(1-y1-2)= 0
fA)y=—-yz<0.

e Néu 1-y—z>0 thi f(x)déng bién trén [0:1].

Do x<1 = f(x)< f(1) = f(x)<0.

o Néu l-y—z<0 thi f(x) nghich bién trén

[0;1]. Dox 2 0 = flx) £ A0) = flx) £ 0.

o Néu I-y—z=0 thi f(x)=y+z-1z-1=—)z<0.
Vay f(x)<0 ¥ x, v, z€[0;1].

Dau bang xay rakhi (x ; v;2)=(0:0; 1) va

céc hoan vi cua né. O

Chii y. Tir bai toan trén ta nhan thdy. Cho
ham so f{x) = ax + b.

o Néufa) <0, AM<0thi f(x) <0, Vxe[a;f].
o Néufla) 2 0,/(H2 0thifix)20,vx e[a:5).

o min{f(a) [(B) < f(x) < max{f(a); f(B)}
voi Vx e [a:f].

*Tong quat. Cho x, v,z =[0:1]. Tim gid tri

¢t hieu thie

ey nhal ot

A Y+ 1 +Z—H X)+12 X=J1 ol m =

NGODUCTHODUONGMINHCHAU
DD: 0986885389

DUNG TiNH DON DIEU
cua ham so dang y= =ax+b
dé chimg minh BAT DANG THUC

PHAN VAN ANH
(GV THPT Sé 1 Quang Trach, Quang Binh)

Loi giai. A=(1-my—mz)x+y+z—myz.

Xét ham sé f(x)=(l-my—mz)x+y+z—myz

trén [0 1], 0

f(O)=y+z—myz=1-(1-y)(1-2)+yz—myz
=l-(l-y)1-2z)-yz(m-1) S 1.

fA)=l-my-mz+y+z—-mz
=l-m(y+z)+y+z
=l-(m=-1)y+z)-myz<1.

Khi d6 f(x)<max{/f(1); f(0})} =1 nén

maxA= 1 khi (x ;v ;2z)=(0;0;
hoan vi ciia no. OJ

—myz

1} va cac

Nhdn xét. Tir két qua Bai toan 1, ta co thé
gidl cach khac nhu sau.
A=x+y+z—m(xy+ yz+xz)
=x+y+z—(xy+)yz+x2)—(m-1)0g+)yz+x2)
<l-(m-D(xy+yz+xz)<1.

wBai toan 2. Cho ba so khione am X W
thoa mdanx ~v+z=1, Chung
—“t‘—'._'— ‘;H"‘-E

Khong glam tong quat.

r minh rang

Lot gidi. gia su

I A
.TE_}'EZ—_-PES,‘(El ,taco
4(xy+yz+xz)s9xz+1

< (9yz-4y-4z)x+1-4yz 2 0.

Xét ham sé f(x)=(9yz—4y—4z)x+1-4y=

trén B 1}, dé y rang khi x = 1 thi y = z = 0,
khi ‘-.‘—l-thl — —l Taco f(l)=1, f'[—”l—{]
il 3 ' g

Dodé_f'{XJEan/(i} L JI_U dau bing xay
L

ra khi r—t‘=z:- .d
3

; TOAN HOC
S6 414 12-2010)  * CTugifre
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*Téng quat. Cho ba s6 khéng dm x, y, z théa

mdn x +y+z=1. Tim gid tri Iom nhat cua
A=xy+yz+xz+mxyz.

Lot giai. Theo Bai toan 2, ta co

gy
A=xy+yz+xz—1xyz+ m+1 xyz
1 2
S—+| m+— [ x)=.
4 ( 4] >
e Néu m(—g thi Ail+ m+2 xyz£i+
4 4 4 4

nén rmm‘=dl‘, dat duoc khi (x;y;z):[—;—;-;-;()]
va cac hoan vi cta no.

o Néu m?—?- thi
4

G L
A£l+ m+2 xyzii+ m+3 e ia
4 4 4 4 3
I g1 w4l
=—+|m+= |—=
4 4 )27 27

m+9

= maxd =

dat dugc khi x:_y:z:%.

&Bii toan 3. Cho ba 50 khing dm x, y, z
thoa man x +y + z = |. Chumg minh rang

9 1
x2+y3+22+;xy225,

-

Léi gigi. Do x+y+z=1 nén

9 1
%4yl z? +Exy22 3

= l—2{xy+yz+xz)+%xyz = %

< dxp+yz+xz)<9xpz+1, theo Bai Toan 2,
BDT nay luon dung, suy ra dpem. O
* Bai toan 4. Cho ba sé khéng ém x, y, z

théa man x + y + z = 1. Chimg minh rang

1
X2+ 4zi4xyz 2 —,
Y i

Loi gigi. Taco x*+y?+z +xyz = %

< 1-2(xy+yz+xz)+xyz 2 -]2—2—

© (Qy+2z-yz)x+2yz < %

TOAN HOC |
9 ‘Cludilpe S8 414 a2-201)

Khong giam tong quét, gia st x2y=z =

%SxﬂI. Xét f(x)=(2y+2z—yz)}x+2yz trén
1 R 1 k72 ;

—l| co f(1)=0; f| = |= —.Khi d¢6

31 es s0=01{3)- T knias

a:A N7
f(x)imax{f(l],]{g]}m = suy ra dpcm.

Dau biang xay ra khi x=y=z=%.ﬂ
*Téng quét. Cho ba s6 khong am x, y, z thoa

man x +y +z= 1. Tim gid tri nho nhat cua
A=x?+y?+z2 +mxyz.

Léi gidgi. Ap dung Bai toan 3, ta c6

9 9 1 9
A=x*+y’+22+—xyz+| m—= |xyz2—+ m—= |nz.
e e e
X o 1 ,
s Neéu mzi thi mmAZE, dat duoc khi

(x;y; z)=[%;%;ﬂ} va cac hoan vi cua no.

e Néu m<% thi

d )
A 21+[m —E]xyzzl+(m—2](x+y+z J
2 2 2 2 3

| ( 9] 1 m+9
=—+ m——= |—=——.
2 2427 2y

. +9 :
Vay mmA:mZ—? dat dugc khi x=y=z=%. a

Cubi cling mdi cac ban ty luyén tap thong qua
cac bai toan sau va néu bai toan tong quat.
1. Cho ba s khéng dm x, ; z thoa manx +y +z= 1.
Chimg minh rang
2xy-+yzcz) —xpz <L
Z e
2. Cho ba s6 khong 4m x, y, z thda man x +y +z=3,
Chimg minh rang
2(x2+y?+z2)+xyz2 7.
3.Chox, y,z € [0;2). Chimg minh ring
2x+y+z)—- (xy+yz+xz) < 4.
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DQ THI CHON IIOC SINH @lI®el

MON TOAN LOP 9 TINH THAI BINH

NAM HQC 2010 - 2011
(Thai gian lam bai: 180 phiit)

Ciu 1. (3 diém) Chiang minh ring
LR I T S
89 2J1 32 20112010 45

Ciu 2. (3 diém) Tim phan du cia phép chia
da thic p(x) cho (x—1)(x*+1) biét p(x) chia
cho x—1 thi du 1, p(x) chia cho x*+1 thi du
xi+x+l1.

Cau 3. (3 diém) Giai phuong trinh
Yx+l=x3—15x2+75x-131.

Ciu 4. (3 diém) Cho a, b, c la ba sb thuc
duong. Ching minh ring

\{ a J b J c 3
+ + 5
b+c+2a c+a+2k a+b+2¢ 2

Ciu 5. (3 diém) Cho tam gidc ABC c6 dd dai
ba canh AB = C, | BC = a, CA = b. Cac géc

~ A

A, B, C thoa mﬁnC 24+B. Chimg minh ring
et < 245+ b

Céu 6. (3 diém) Cho tam gidc ABC nhon néi
tiép duomg tron tdim O. Goi M la diém bat ki
thugc cung BC khong chira diém A4 (M khdng
trung v&i B va C). Goi A", B, C" lan luot 1a
hinh chiéu vudng goc ctia M trén BC, CA, AB.
a) Chitng minh ring A', B',C" thing hang.
_CA 4B

MA' MB MC

Céu 7. (2 diém) Cho hinh binh hanh ABCD
va n =4k + 1 (k nguyén duong) duong thang.
mdi duong thing dé chia hinh binh hanh
ABCD thanh hai hinh thang c6 ti s dién tich
la m (m la s6 “duong cho truge). Chimg minh
rang co it nhat k + 1 duong thing trong s n
duéng thing ndi trén déng quy. (Hinh binh
hanh cting dwoc xem nhu 14 hinh thang).

b) Chirmg minh ring

NGUYEN KHANH TOAN
(GV THCS Bdc Hai, Tien Hai, Thdi Binh)
suu tam va gidgi thiéu

ﬁ##&ﬁ#&##ﬂ&ﬁﬁﬁﬁﬁﬂﬁ&# &ﬁﬁ#ﬁ&##ﬂﬁ&ﬂﬁﬂ#ﬁﬁuﬂﬁﬁ
Giai dap CAU LAC BO: Ki NIEM mMOT so NHA TOAN HOC

(Dé diing trén THTT s 409, thang 7 nim 2011)

Ban Sir sip xép cic muc 4,8, C,, D; phu
hop véi timg nha toan hoc nhu sau, trong
d6 ¢6 thé @odi chdé C) cho C; va (5 cho Cy:

Bolzano B. A, By, Cq7, DA
Cardano G. As, By, Cg, Dy
Chebyshev P.L. Aj, Bg, Cs, D;
Fermat P. Ay, B3, C3, Ds
Galois E. As, Bs, Cy, Ds
Kepler J. Ag, B>, Cy, Dg

Zermelo E. F. F. A, B4, (3, D,

Nhdn xét. Cac ban sau déy co 101 gial ding va
guri ‘bai vé Toa soan sém:

1) Ngu;:en Quang Trong, 11A1, THPT Tay Tién
Hai, Tién Hai, Thai Binh.
2) Chu Ty Tai, 11A12, THPT Dién Chéu II,
Dién Chau, Nghé An.
3) Tran V& Hoang, 12 Toan 1, THPT chuyén
Ha Tinh.
4) Huynh Tharnh Dui, 10L, THPT Cao Linh,
Pong Thip.

AN MINH

TOAN HOC

Sb 414 (12-2011) * Cludilye
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dHuong dan gidi De thi vao lop 10
TRUONG THPT CHUYEN HA TINH

NAM HOC 2011-2012
(Dé thi di dang trén THTT sd 412, thang 10 nam 2011)

Clii 1. &) ity 'Kish xz_??’. BT & oho
tuong duong voi
2
(Jx|-V2x+3) =0 < |x=v2x+3

Ehixt =y Jofl&S Yl s
Tap nghiém cua PT 1a{-1;3} .

b) Pit {“'" “2X=E ot i e il
2x—-y=w.

{ uv==6 u=4,v:§

de u=-3,v=-2,

Gidi ra ta duge nghiém (x ; y) cia HPT la
(1—@;%—2J§J;(1+J§;%+2J§J.

Ciu 2. a) Ban doc tu chimg minh két qua sau
Néu x+y+z=0thi X+ +z' =3xz (1)

Doagbe # 0nén ab+bc+ca=0 <::sl +é-+—1 =1
o [

1 3
- + -
b.a CS

Ap dung (1), ta ¢6 i_+
e

T:E#:E ab:abc(L+i+~LJ:3.
{1,2 bl C?. ﬂ'j b3 c.'*-

by Tacd 3x*+6y? +22+3y?z2—-18x=6 (1)

& 3(x=3) +6y? +22 +3y?22 =33 (2)

Ti (2) suy ra z2:3 va z2 <33. Vi z nguyén

vien: Z=l hogelz =3,

o Néu z=0 thi (2) e (x-3) +22 =11 (3)

Tir 3)suyra 2y? <11=|y|<2.

~ V6i |y|=1,tr (3) suy ra xe{0;6}.

—Véi y=0 hoic | y|=2thi khéng ¢6 sb nguyén

X nao thoa man (3).

o Néu |z|=3 thi (2) e>(x-3)"+1p* =8 (4

TOANHOC |
4 * Clusilré S6 414 (12-2011)

Tir (4) suy ra 112 <8 = y =0, khong co sé
nguyén x nao thoa méan (4).

Vay PT (1) c¢6 bon nghiém nguyén (x; v; z)
14 (0;1,0),(0;-1;0),(6;1;,0),(6;-1;0).
Ciu 3. a) Diéukién x>0

]—4\./'; X
— +1- +1-2
2x+1 xt+1
4
2=l ety
o 2x+1 x2+1 B

Vay Fpm=—2 khi va chi khix= 1.
b) Piéukién a=1,h=1. Tirgia thiét suy ra
2(@+1)(B +1)=(a-1)(b=1)(ab+1) (1)

Taco 2(a+1)2(a-1)’ (2)
2(b+1)2(b-1) (3)
(a +1) (b2 +1) 2 (ab+1)’ (4)
Nhin theo vé (2), (3) va (4) ta co

) 9 2
2 2 -
.

a(a+1)" (B +1)° 2(a—1)° (b-1)} (ab+1)

Suyra 2(a®+1)(# +1)2(a-1)(b-1)(ab+1).
Dau bang xay ra khi va chi khi dang thic & (2),
(3) va (4) xay ra dong thoi. Khidé a=b=-1.
Caud. (h. 1)

Hinh |
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a) Vi BAC=90°, AH L BC nén BAH = ACB. Mt
khac BAH MNH. Do d6 MNH = ACB suy

ra MN la tlep tuycn cua duong tron ngoai ticp
tam giac CHN.

Tuong ty MN la tiép tuyén cia duong tron
ngoal tiép tam gia’tc BMH.
b) Dé thdy OAC = OC’A MAI = AM! ma

MAI = OCA suy ra AMI = OCA. Do dé tir
giac BMNC ndi tiép, Céc dudng trung truc
cua MN va BC cit nhau tal K. Ta co

IK L MN, mat khac OAC = OCA = AMN

suyra OA L MN nén Ki // OA.
Lai co Al // OK, suy ra tor giac AJKO la hinh

-

binh hanh, do d6 Al = OK = 5 AH.

Ta c¢6 BK 1a ban kinh dudng tron ngoai tiép tam
i ¢ S o e BIGE  AKS

giac BMN va BK2=BO? +0K? =

4
Do BC khéng déi nén BK Iém nhét khi va chi
khi AH 16n nhat. Khi d6 A 1a diém chinh giira
cung BC.

Cau V. (h. 2).
Xét tr giac
ABCD ¢6 dién
tich bang lcm’.
Véi  diém tha
nhiat M, ta co 4
tam giac chung
dinh M do1 mot
khong c6 diém
trong chung.

V6i diém thir hai N phai 12 dlem trong cua
mol trong 4 tam gidc trén. Noi N véi 3 dinh
cua tam giac do, tao nén 3 tam giac chung
dinh N tuy nhién s6 tam giac d61 mot khong
c6 diém trong chung chi ting thém 2, vi mat
di 1 tam giac chira diém N. SO tam gidc
khong co6 diém trong chung luc nay la 4 + 2.
Tuorng tr voi 2009 diém con lai, cudi cling sb
tam giac doi mét khong c6 diém trong chung la
4 +2+2009.2 = 4024,

Tong dlcn tich cua 4024 cac tam giac do bang
lem’, nén ton tai it nhat mot tam giac co dién

Hinh 2

|
tich khong vuot qua cm? (dpem).
i B (dpcm)

NGUYEN LUU
(GV THPT chuyén Ha Tinh) gidi thiéu

SU TUONG GIAO...

Goi x;, x> 1a hai nghiém cua PT (2) thi
A(x.;m(x. —2)+2),B(x3,m(.xg —2)+2)

AB :\f(!+m3)(xg —xl)z
(1+m?)

_J(em?)2dA

m

(Tiép trang 8)

X2 "xil

14+ m?
>

= E\E > Zv’ﬁ.

2

Woins 0 2 50y, Pl i xiy
m

khi va chi khim = 1.

Viy véi m=1 thi d,, cit dé thi (C) tai hai

diem phan bi¢t 4, B thudc hai nhanh cua

dd thi va do dai doan 4B nho nhit bing
2v10. O

' ¢ \

\»& A

C. BAI TAP TU LUYEN

1. Cho ham s6 y=(x+1)’(x—2). Goi d 14

dudng thing di qua M(2:0)va c6 hé sb goc k.

Tim k dé€ duong thang d cit do thi ham so

tai ba diém phan biét.

2. Cho ham 86 y=—x +nec —m ¢ d6 thi ().

a) Ching minh rang duong thang
d.y=mc+n+l

ludn cét (C) tai mot diém ¢d dinh.

b) Tim n d& d ¢it (C) tai ba diém phén biét.

3. Cho ham sé y=x*—2(m+1)x* +2m+1 ¢o

d6 thila (C,, ). Tim m dé (C, ) cat tryc hoanh

tai bon diém phan biét c6 hoanh do lap thanh

mét cdp s6 cong.

e = +11 c6 db thj (C). Tim
X+

m dé duong thang y =—2x+m cit dd thi (C)

tai hai diém phéan biét 4, B sao cho tam giac

AOB ¢6 dién tich bing V3 (O la gbe toa dd)
(Dé thi Pai hoc Khdi B ndm 2010)

TOAN HOC
* Cudilre
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Huong dan giai De thi vao 16p 10

. Rl l[.".f."i“ ¥ R ATA, ?ﬁmm-me-:-r:r-’.m*&.ﬁf:"vr:vﬁm,---:.-.:ql I’ T GRRI, SO R R, SRR By ST e R F b RS,
| . g ; Al s | il A Y.
| ¥ :'-.F.'_ @. Ry L |':l L e 5‘51""'". j -’l '.tt

5 s et oapNTRy T s Yy R TR S i T e e b e ' T T O T . T S S it ..x'.

NAM HOC 2011-2012
(Dé thi da ding trén THTT sé 413, thang 11 nim 2011)

2 2 5
Cil. Ta b x2—1=—'[a+lJ _1=1[a__1) Cau 4. a) Truong hop BFED 1a tir gide 16i (h. 1).

< 4 d Ta cb Eﬁ:ﬁ=m=%=ﬁ§?{:§§ﬁ,
Suy ra N l[a__l_j{ do az1). suy ra BFED la tir giac ndi tiép.
2 a M

Tuong tu, ta co Jyz—lzé[fi—%J. Thay

. " 2 o
vao P va bién do1 thu duoc P = Sl :

a‘h® +1

- xt—xdy+x2y? =1 (1
e {x-‘y—x? +xy=-1 (2)

Trit timg vé phuong trinh (1) cho phuong
trinh (2), ta duoc
(2= +(x2=xy)-2=0 x2-xy =1

hoac x? —xy =-2.

Khi xy = x2 — i = -
. 1 xy=x°~—1 thi ()= x*v U:{y: Hinh 1

két hop v6i (1) duoc (x;v)=(1:0) va Truong hop BFDE la tir gidc 16i (h. 2).
(x:;v)=(-1;0) la nghiém cua hé. M

e Khi xy=x>+2 thi 2)=>x*+2x2+3=0,
PT nay vé nghiém. Vay HPT cé hai nghiém
(x;») la (1;0)va (-1;0).

Ciu 3. Bién doi PT vé(x+ )’ = xy (xp+1).
% 5 gy

e Néu x+y=0 thi xp(xp+1)=0 {:{xiyz—].

Vb ay=0,8uy18 X =p=A{

Véi xyy=-l suyra x=1;y=-1 hodcx=—1;y=1.

o Néu x+y#0 thixyva xy+1 12 hai s6 nguyén

lién tiép khac 0, nén nguyén t6 cing nhau. Do

do xy(xy+1)khong the la so chinh phuong.

Vay cac cdp nghiém nguyén (x;y) cia phuong
trinh 1a (0;0),(1;=-D,(-1;1).

TOAN HQC |
g ‘ Cludilye S8 414 a2-201)
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Chimg minh dugc EBF + EDF =180°, suy o - 4 ™
ra BFDE 1A tir gidc ndi tiép. SNSRI T GOm0

b) Do ;553: CPB ( el sd AB ciia @) va TuAkeé Alsong song véi CD (/ € PQ). Suy
. ~ S CA NI . DA N N
ODB = PCB (cing by v6i BDA ), suy ra "™ -5~ 1p va DO NO’ két hop véi (6),

ADBQ <> ACBP , nén % = i (1) suyra NP= NQ.

BD i
Céu 5. V&i méi tdp B={a;a;a;a505) < A,
Xét hai tam ydc MAC va MCB, co BMC

ta c6 tit cd mudi tdng a, + a;, Vi i =),
chung va MCA = MBC, vi MC 1a tiép tuyén SRR

cla a», suy ra AMAC o> AMCB. Do vay i,je{l, 23,45}
C4A MA MC Gia sir chir s0 hang don vi cia mudi _I.E‘Sng
CB MC MB a;+a; khac nhau do6i mét, khi do tong tat ca
CA MA Mf(_" MA cac chir Sé hfmg don ‘u"i cua C]ll:lng la
:}(}MB] "l/f(‘ m I'JV.:’B (2) 0+l+2+3+4+5+‘6‘+?+8+q:45.
b 2
T i Nhu va i la mot s6 1¢ _
Chirng minh tuong tu {%) 208 (3) N lchzjﬁ ) g hao ()
DB MB
Tur (2) va (3) suy ra Mit khac, lai c6 D (ai+a;)= 42 g ,
2 2 . , . i
(g) i %J :>E=E:,C_A=B_C (4) ra Z (a; +a,) 12 mét s6 chin (2)
L CB DB CB DB DA BD Isi<fs5
, , CP BC CA Ta c6 (1) va (2) mau thuan. Vay yéu cau bai
Tir (1) va (4) suy ra DO “BD DA (3} toan dugc chimg minh.

PHAM NGOC QUANG
(So GD&PT Thanh Héa) swu tim va gidi thiéu

** Céc ban nhé dit mua Tap chi Toan hoc va Tudi tré cho Quy I nim 2012;
Dic san caa Tap chi Toan hoc va Tudi tré S6 1 va céc 4n phﬁm caa Tda |
soan tai cic co s¢ Buu dién trén ca nudc. :

o Pén doc 4n phdm méi : PAC SAN CUA TAP CHI TOAN HQC VA TUOI:
~ TRE $6 2. Dy kién phdt hanh vao thing 2 nim 2012. L

: qu chi tiét xin lién hé :

TAP CHI TOAN HQC VA TUOI TRE
1878 Gigng V6, Ha Nji

DT Bién tap : (04)35121607

DT-Fax Phdt hanh, Tri sir: (04)35121606
Email: tapchitoanhoc_tuoitre@yahoo.com.vn
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Chuan bi

cho ki thi

s tot nghiép THPT
o va thi vao

| e = Pai hoc

A.MOT SO KIEN THUC CO BAN

e Cho ham sé y = f(x) c6 db thila () va
ham s y = g(x) c6 db thi 1a (C;). Toa do
giao diém cua (C)) va (C,) 1a nghiém cua
y=f(x)

y =g(x).

Phuong trinh (PT) hoanh do gia_o diém c‘ﬁa
(C) va (C:) la f(x)=g(x). So6 giao diém
cia (Cy) va (C,) chinh la s6 nghiém cua PT
J(x)=g(x).

e Trén mat phang toa do Oxy, gia sir Alx;y4),

hé

-
=

B(xz; yg). Khi d(')ABzJ[xB —x,‘t)2 +Hvs—y4)
e Phuong trinh ax? +bx+c=0 (a#=0) co
i
jal -

hai nghiém x,x, thi |x2~x,‘= Néu

2JA'

al

b=2b" thi

X —X|= ;

B. MOT SO BAI TOAN

. Bai toan vé giao diém cia db thi ham sb

v=a’+b? +ex+d(a#0) va duwong thang

y=mx+n.

* Thi dy 1. Cho ham s6 y =x* =3x+2 ¢o

do thi la (C). Goi d la dwong thang di qua

diém A (3:20)va cé hé s6 géc m. Tim m dé

ducng thang d cat [(_} tai ba diém phan biét

co hoanh do lon hon =2.

Loi gidi. Duomg thing d 6 PTy=m(x-3)+20,

PT hoanh d¢ giao diém cia d va (C) 1a
xX*=3x+2=m(x-3)+20

< (x-3)(x2+3x+6-m)=0

TOAN HQC .
8 & cruﬁlme S6 414 (12-2011)

SU TUONG GIAO

> - ~ -
cua hai doé thi
TRINH XUAN TINH
(GV THPT Phu Xuyén B, Ha Néi)

iy [ 3

x*+3x+6-m=0 (1)
Dé d cat (C)tai ba diém phan biét c6 hoanh
dé 1on hon -2 thi PT (1) phai cé hai nghiém
phén bigt 1é6n hon -2 va khac 3. Bat 1=x+2
thi PT (1) tré thanh f(f)=r*—t+4-m=0 (2)
PT (1) c¢6 hai nghiém phan biét 16n hon -2
va khac 3 khi PT (2) co hai nghiém duong
phan biét khac 5

A=4m—-15=0
S=1=0 15
S — -<:>I<m<4.ﬂ

f(5)=24-m=0

% Thi du 2. Cho ham s6 y=x' -2 +H 1—-m) x+m
¢ do thi (C) va m la tham s6 thuee. Tim m dé
do thi {C] cat truc hoanh tai ba diém phdn
biét co hoanh do x,, x>, xy thoa man diéu kién
xi+xi+x; <4,
Léi gidi. PT hoanh d¢ giao diém cua do thi
v truc hoanh cé dang

B3 =2x2+(l-m)x+m=0
< (x-1)(x2-x-m)=0

ey x=1

xt—x-m=0.
PG thi (C) cit truc hoanh tai ba diém phén biét
co6 hoanh d6 x,x,, %3 & g(xX)=x*—x—-m=0
¢d hai nghiém phén biét x;, x, khac 1.

{a=1+4m>0

1
g(l)=—m¢0ﬁﬁz<mi0'

xt+ad+et=l+at4xi<d

<‘;>1+(.):]+x2)2—2x1x1 <4 om<l.

Vay —%<m<l (m=0) 14 céc gié trj cin tim. O

https://tieulun.hopto.org
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2. Bai todn vé giao diém cua do thji ham so
y=ax*+bx? + ¢(a+0)véi truc hoanh
% Thi du 3. Cho ham .w:_r = —(3m+ 2% +3m+1
et do thi la (C.',,, ), m la tham so thuc. Tim m
dé {C. ) cdt truc hoanh tai hon diém phan
hiet co hoanh do nho hon 2.
Loi giai. PT hoanh d¢ giao diém gilra
(C],,)via Ox la

x*=0CBm+2)x*+3m+1=0
& (x2=1)(x*-3m-1)=0

- r =+l
x2-3m-1=0.

(C,,) cit tryc hoanh tai bén diém phan biét
c0 hoanh do nho hon 2 khi va chi khi PT
x? —=3m—1=0c6 hai nghiém phén biét nho
hon 2 va khiac +1. Diéu nay xdy ra khi va
chi khi
D<3m+1<4
{?:m +1=1

1
me|—-—;1(\{0}.0

3
*Thi du 4. Cho ham 56 y=x'—2n +2m-1
co do thi la (C,). Tim m dé | ) cdt truc
hoanh tai hfjfr df(f}n phdn biét co hoanh do lap
thanh mor cdp so cong.
Léi gigi. PT hoanh d6 giao diém cua (C,,)
voi tryc hoanh la x% —2mx? +2m-1=0
& (x2-1)(x2-2m+1)=0

g ¥=i=l
x2=2m+1=0.

Dé (C,, ) cét truc hoanh tai bén diém phéin

2m_1>0<:>-1—<m=t1
2m—1=#1 2 J

biét thi ta phai ¢6 [
e Néu m>1thi (C,) cit truc hoanh tai bén
diém phan bi¢t ¢ hoanh do lan lugt (theo thir
thu tir nho dén 1om) la

X =~—~.,'2m—1,xg =—1,x3 :l-,x4 =2m-1.
Céc nghiém nay lap thanh cép s6 cng khi
X+ X3 =2x3 «::>—\,12m—1+l:—2

SA2m-1=3 m=5.

| 3 : ; 2
e Néu E<m<lthl (C, ) cat truc hoanh tai

bon diém phén biét c6 hoanh do lan luot la
(theo thir thy tir nho dén 16m) 12

x=—Lxs=—2m-1,xs=N2m—-1,x;=1.

Céc nghiém nay lap thanh cap sb cong khi

X+x;=2x, & -1+2m-1=-242m-1
¢>3~JZm—l:1<=:-m=g.

Véy vai m =5 hoic m =§ thi (C, ) cét truc

hoanh tai bn diém phan biét c6 hoanh d 1ap
thanh mot cap s6 cong. O

3. Bai toan vé giao diém cua do thi ham so

D :
)= voi dwuong thiang y=mx+n
cx+d
- = 3 i 2x+1 -
% Thi du 5. Cho ham s6 y = e do thi
X — a4

la (C). Tim tar ca cdac gia tri cua m dé
2)+2 cat do thi

(C) tai hai diém phan biét A, B thudc hai

dirong thang d,, . v=m(x

nhanh cua c{r; thi ham s6 sao cho do dai doan

AB nho nhat.

Loi giai. PT hoanh d6 giao diém giira (C) va
2x+1

d, la =m(x-2)+2

x—2
< mx*—4mx+4m—-5=0(x#2) (2)
Nhan xet

e Khi x=2thi PT mx? -d4mx+4m-5=0
<> —=5=0(v0 li) nén PT no? —dnmx+4m—-5=0
khéng nhan x =2 lam nghiém.
e Duomg thing d,,:y=m(x—2)+2 luén di
qua diém cd dinh 7(2;2) 1a tim déi ximg
cia d6 thi (C) nén néu dudng thing d,, cit
@6 thi (C) tai hai diém phén biét A4, B
thi 4, B thudc hai nhanh cua do thi (C) va
phuong trinh (2) c6 hai nghiém phan biét
jmat()

{:}tA'ESm>O < m>0.

(Xem tiép trang 5)

TOAN HOC
' Clusilre 9
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Thet seie TRUGC Ki THI

PE SO 3
(Thoi gian lam bai : 180 phiit)

PHAN CHUNG
Ciu L (2 diém) Cho ham sb
_2x-3
o —~ (©

1) Khao sét sy bién thlen va vé& d6 thi (C) clia
ham s0.

2) Vlet phlmng trinh tlcp tuyen tai M thugc
(C), biét ring tiep tuyén d6 cat hai dudng tiém

4 ; :
cén tai 4, B sao cho C0SABI =—==v&i I 12 giao
ﬂ V17
diém cua hai duong ti¢m can (4 nam trén tiém
can dimg, B nam trén tiém cén ngang).
Céu II. (2 diém)
1) Giai phuong trinh
-3/ x+21nx—%]n(x+2ln x)=0.
2) Giai hé phuong trinh

GBx+ y)(x+3y)W =14
(x+ y)x? +14xy + y?) = 36.

Céu I1L. (1 diém) Tinh tich phian

dx
sin 2x—2sin x

o
i
[ S

Cau IV. (1 diém)
Cho hinh try vai ddy 1a hai duong tron (O ; R);
(O ; R); chidu cao 00'=

AB. Tinh thé tich khéi tir dién déu ABCD biét
rang C, D nim trén mat tryu.

Cau V. (1l d':ém) Cho a, b, ¢ la cac sb thuc
dwong thay ddi thoa min a*+b%+ct =3,

Tim gi4 tri 16n nhat cua biéu thirc
1 1 1

= + ¥
4-ab 4-bc

2R y
-3—vé dudng sinh

4—ca

TOAN HOC
“ CTugilpe SO 414 (12-201)
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PHAN RIENG
(Thi sinh chi duoc lim mét trong hai phdn A hodc B)
A. Theo chwong trinh Chuén
Cau VIa. (2 diém)

1) Cho dudmg tron (C): x* +)* +2x—4y-20=0
va A(3;0). Viét phuong trinh duomg thing
chira day cung cua dudng tron qua 4 khi day
cung co6 d dai bé nhat.
2) Trong khong gian vdi hé toa do Oxyz cho
1
hai duong thing (d)): x—1=%= z;
y=2 z+1
gyer=d Senig
(d2) p—— !
Viét phuong trinh miat phiang chira (d,) hop
voi (ds) mot goc 30°.

Céu VIIa. (1 diém)

Co bao nhiéu sf) tu nhién gdm cé 4 chir s6 ma
tong cac chit so cua no 1a bdi cua 4?

B. Theo chwong trinh Nang cao

Cau VIb. (2 diém)

1) Trong mit ph_l'ing vai hé toa do Oxy, xét
elip (E) di qua diem M(-2;-3) va c6 phuong
trinh dudng chuan la x + 8 = 0. Viét phuong
trinh chinh tic cua (E).

2) Trong khoéng gian véi hé toa d6 Oxyz, cho
cac diém A(1;0;0), B(0;1;0),C(0;3:2), va
mit phing (a):x+2y+2=0. Tim toa dd
cia diém M, biétﬁ,ng M cach déu cic diém
A, B, C va mat phang (a).

Cau VIIb. (1 diém)

Tir cac chir $60,1,2,3,4¢o the lap dugc bao
nhiéu 50 tu' nhlen c6 5 chit sé khac nhau?
Tinh téng cac sb ty nhién d6.

NGUYEN VAN THONG
(GV THPT chuyén Lé Quy Dén, Da Nang)
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HUGNG DAN GIAI PE SO 1

Ciu L 1) Ban doc ty giai. & (2x+1)(3-28)(4+(2x-1)’)
2) Ta thay OP = MN =(3,0). +8Zx+13-2x =0

Gia sit Q(a;a +3a*—4) thi Fla+3:@ +3¢ —4).
Vi Pe(C) nén
(a+3) +3(a+3) —4=a’ +3a? -4 Véy hé c6 hai nghiém (x,y) 1a

1 3vEd: ]
= =2 hoi e —= Ll ===
— a oac a ( 2 2} [2 2]

C6 hai duong thing d,:y=0; d,:y=—4.

] x=—l hodc x:i (dﬁ-}néxsé}
2 2 2 2

Ciu I1L Pt v2+Inx +v2—Inx =¢ thi
Caull. 1) DK:si.n{ —7—;]¢0¢>x¢g-i—h:,kez 4+2J4-In?x =1 = 4In?x =8¢ - ¢*

=30 4 — (16t -4)r ::-—hl—xdx=(2:—-;-r3]dr.

2(\/’5 — 2sin2x - 2v/3cos2x + 25i114x) x
PT< - \5 i ; |
SN0 vay I= | [2 ——:2}1:: ~(3V3+1-42)
=3(1-cos2x)—(1+cos2x). 55 2 3
(V3-2sin2x)(1-2c0s2x)  ~ Ciu IV. Goi O=ACBD. Tir gia thiét o
= A . SO L (ABCD) va ABCD 14 hinh chir nhjt.
: 3t
Pap so. x = i%+ Inx= 25—4— 2in,l e Z. Dit AB = x(x > 0) thi SO = _8a_x+
2) Hé di cho tuong duong vai % 2
(x _ ]2 (1) Tur dd VABCD = %46].:&#
JZx+1+J2y+l=—-—L '
# 2 <£(x3+8a2—x2)=—8—£
x2 42y +3xy+3x+2y=4 (2) =3 3
bK: xz—l,vz—% ™) Véymamez%, khi x=2a Lic do SO = a.
5

Chon hé toa d6 Oxyz sao cho
0(0;0;0), 5(0;0;a), B(-a;—-2a;0),
C(-a;2a;0), D(a;2a;0).

PT(2) & x> +3x(y+1)+2y* +2y-4=0.

<> x = | — y (thdéa mén (*)) hodc x=-2y -4
(khéng thoa man (*)). Thay vao (1) ta duge

-1)? ‘ y 1a ngge(1:0;-1),
b o R - oo (2x2 1) 3) Tim dugec VTPT cua mp(fiC) a nspc(1;05-1)
| 3 VTCP ctia mp(SCD) 1a ngep(0;1;2).
Piéukién ——<x<=. 5
4 % ' Suy ra cosgp= :/_{I_E , Vi @ la goc gilra hai
(2x-1)* :
PT(3) = 4+ 2922 +13-2x ==— mit phing (SBC) va (SCD).
16— (2x-1) +8/2x+143-2x =0 Céu V. Lay diém 4(4;0),B(1;7) vd Mxy) €(O).

TOAN HOC

S3§ 414 (12-2011 * CTudihre
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2P =\[x? +)? —8e+16+2x2 +12 —2x~14y+50
= MA+2MB.

Goi 7(1;0) thi / ndm trong (C). Khi d6 moi

diém M thude (C) luén co M4 =2M]. That vy

MA = 2MT < MA? = 4MI?

< MO* + 04% +2.MO.0A

= 4(:\4’02 +0I? +2.MO.0I)

© 4+16+2.MO.04 = 4(5+2.MO.0I)

= 2.@.(@—4&) =0 (ding).

Suyra 2P =2MI +2MB > 2/B =14.

DAu biang xdy ra khi va chi khi M 1a giao diém

ciia (C) va doan ZB. Tim dugc M(l;xﬁ].

VayminP =7 (x;y) :(l;\ﬁ).

Céu VlIa. 1) Goi tdm duong tron cén tim 13
I(x; x—1)vaban kinh 1a R.

(C))co tam A(3;-4), ban kinh R, =32 ;
(Cy) c6 tam B(-5;4), ban kinh R, = 5+/2.
R+R =14

ﬁfA—R|=IB—Rg

<:>\/(x—3}2 -+-(_vc+3)2 +2\f'§
= J(x=5) +(x+5) < x=0.Viy 1(0;-1)

Pudng tron can tim 1a duong tron diém {}(R=0).

Ta cé{

2) Gia str A(a;0;0),B(0;5;0).C(0:0:¢), abe = 0.
PT mit phing (P) ¢ dang ~+2 +Z =1.

a b c
1 1 '
—+—+—=1 -
a b c )
Ma /4= [B = IC nén

(a1’ +1+1=1+(b-1) +1=1+1+(c-1)
sz—a{c‘zZ—a

Do (P) d1 qua I nén

b=c=2—a

k|
c=q b=a

¢>a=b=.:’,|:

Véia=b=cthay vio (") dugca=b=c=3
khi d@é PT cua (P): x+ y+z=3.

Cac truomg hop con lai déu khéng ton tai @, b, c.

TOAN HOC
* CTugilre S8 414 (12-2011)
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Ciu VIIa. Goi diém biéu dién z va 3 — 2i 1dn luot
la M(x;)) vaA(3;-2)taco z-3+2i = AM.

Ta thidy M thugc duomg tron (€) c6 tim O ban
kinh la 1.

Goi 7/ 1a giao diém cua doan AM véi (C). Khi d6
voi moi M thuge (C), AM=0A4-0OM =IM,
diu bang xay ra khi M =1.

i.—_ZJhay o3 2
NERNE J13 V13
Cau VIb. 1) Gia st B(x ; 12 - 2x).

Tur BM L BN, tim dugc x =6. Vay B(6;0).
SuyraAB:x+y=6, BC:x-y=6.

Gia st A(a;6-a), C(b;b—06). Khi do, trung
diém AC thude BD nén

b—-a

Tim duge M (

a+b+ =]2=¢=24=3h,
suy ra A(24-3b;3h-18),

Sunco = ABBC =6 <y 218-3b)" 2(b-6]" =6

< (b-6)" =1 < b=5hosch=7.

e V&1 b =7 thi A3 ; 3), C(7 ; 1) khi do PT
cua AD:x-y=0, CD:x+y=8.

o Vo1 b =5 thi A(9;-3), C(5;—1) khi d6 PT
cia AD: x—y=12,CD:x+y=4,

2) Gia sir B(x;y;z) khi d6 ((6-x;3-y;3-z)

Tir gia thiét O4A=0B=0C = AB duoc cic

nghiém (x;y;z) la (3;0;3), (3:3:0).

Céu VIIb. Dat z = x+ yi(x,y € R)

2 =fz2 422 = LR S

= X2 = 2 + 2xyi + x2 — y2 = 2xyi
5 s 2 _ 2

LIy 2(x2 - y?)

2xp=0.

Z

Tir d6 dugce cdc nghiém (x ;y) 14
(0:0).(v2:0).(-V2;0).

NGUYEN MINH NHIEN
(GV THPT Qué Vé, Béc Ninh)
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A

hai niém vecto duoc dua vao ddu chuong

trinh hinh hoc¢ THPT di trang bi cho hoc
sinh mét phuong tién rat hiru hiéu trong viée
giai cac bai toan hinh hoc. Céc 161 giai cia bai
toan bang phu‘cmg phdp vecto thudng nhe
nhang, don gian, mang tinh tong quéat. Nhimg
khai thfw xung quanh bai todn bing phuong
phap vecto that la da dang, phong phfl va
mang lai nhiéu dleu thu vi. Tac gia muon luu y
Vol ngum doc rang nhimg kién thirc trong bai
viét nay chi han che trong chu{mg trinh phd
thong. Con nhu néu ching ta nhin van dé dudi
goc do cao cap hon nhu su dung phep quay,
dinh li "Con nhim"... thi cac bai toan sé don
gian hon nhiéu, Sau day ta hay nghlen ciru mot
véin dé quen thudc: trong tam cua tam gidc,
bing phuong phap vecto.

X¢t tam giac ABC ¢o trong tim G, M la diém
bét ki. Céc ding thirc vecta ma ta hay sir dung la

GA+GB +GC = 0 — (*)
MA + MB + MC =3MG (**)

Mot tinh chat quan trong cua trong tim tam
giac ma ta thuomg xuyén van dung, do la: Hai
tam giac ABC, A'B'C' co cung trong tam khi
va chi  khi mot trong ba hé thuc sau dwoc

thoa mdan
2

AA'+BB'+CC'=0 (1)
AB'+BC' +CA' =0 2)
AC'+BA'+CB'=0 (3)

Ngoai ra ¢ mdt nhan xét ma trong bai viét
nay ta sé su dung:

Nhin xét. Cho tam g:ac ABC, cac dtem A,
B' C' lan lwot thuée cdc dwong fhc.mg BC,
CA, AB thoa mdn AA BB’ CC'déng quy va

AA'+BB'+CC'= [} thi AA', BB', CC’ la cdc
trung tuyen cua tam giac ABC.

That vay, do cac h¢ thac (1), (2), (3) 1a tuong
dwong nén tir (3) suy ra

: Ciic bai tadn
! ﬂ// TV YR TRONG TAM TAM GUAC

HOANG NGOC CANH
(GV THPT chuyén Ha Tinh)
AC"

BA' CB'_

=== 4)
BC CA AB
Theo dinh li Ceva ta co
A'B B'C C'4 st (5)

4% Bd EB
Tur (4) va (5) suy ra nhan xét trén.
Sau déy ta s& vin dung nhitng két qua trén dé
g1ai mot so cac bai toan.

.Y 5 @ F 5 o, v " i 'y
v Bai todn 1. Cho tam giac ABC goi A" B, C
lan heot la chan cac dwong cao ha tie A, B, C

Chirng minh rang tam gidac ABC I déu khi mot
trong ba dang thiue (1), (2), (3) dwoc thoa man.
Léi gidi. Tir nhan xét (*) va do gia thiét, nén
cac duong A4’ BB, CC'la cac dudng cao
vira la cac due‘ng trung tuyén, vy tam giéc
ABC la tam gidc déu (dpem). O

Hién nhién két qua cua bai todn van dung khi
thay chén cac dudng cao boi chin cac duong
phan giac trong cua cac goc A, B, C.

A A - - v ¥ 4 ~ s et
wBai toan 2. Cho tam giac ABC ngogi tiép
duong tron (O). Gei A", B', (" lcin ffmf la cde
tiep diem thuéc cde canh BC, CA, AB. Biét

AA"+ BB + CC'=0. Chirne minh f'ri'srg e
gicc ABC déu.

Huwong dan. Chirng minh cdc duong thing
AA', BB', CC’ dbng quy.

Sau diy ta dua ra mot sd thi du & muc d6 khai
thac sdu hon cac hé thire trén.

WBai toan 3. Cho tam gicde ABC ke cdc
dwong cao AAy, BBy, CC,. Tren cac tia AA,,

BB,, CC, Ln lan lwet cde diém A" B', C' sao
cho A4, AA' = BB.BB' = (CC; ((. L Chirng
minh hai tam giac ABC va A'B'C’' co cung

[rong tam.

Lot giai. (h. 1). Goi S la dién tich cua tam giac
ABC, tac025=A4A4,.BC=BB,.CA=CC,.4B.

; TOAN HOC
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Hinh |

. A4' BB' CC'
R W L. 6
i BC AC AB ©)

Lay d:em M dung NM =AA". Qua N, M ké
céc thang lan huot song song v&i cac dudng
CC’, BB’ chung cit nhau tai P. Ta chimg
minh dugc AMNP o> ACBA.

Tir (6) suyra MP=BB',PN =CC". Do dé
AA'+BB'+CC'=0 (dpcm). O

@ Bai toan 4. Cho tam giac ABC dung trén
cdc canh tam gidc ra mién ngoai tam gidc
cac tam giac can dong dang voi nhau: BCA',
ACB' ABC' (can tai cac dinh A', B', C').
Chiing minh rang AA'+BB'+CC'=

Lai giai. (h, 2).

Hinh 2

Goi 4, 1a diém ddi ximg voi A qua canh BC.
Ta chimg minh duqc tam gidc C'BA,, B'AC
cung dong dang véi tam gidc ABC, suy ra
AC'BA,= AB'A,C (vi c¢6 hai canh tuong Ung
A\B = A,C). Suy ra t@ giac AB'4,C’ 12 hinh
binh hanh (Trwéng hop dac bi¢t khi 4, B’
Ay, C' thang hang cling khéng anh huong dén
két qua). Goi O, Ilan luot 1a giao diém cia
hai dudng chéo cia hai hinh binh hanh
A\BA'C, AB'A\C'. Ta thiy 40, A'l la trung

TOF]N HOC
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tuyen cua tam giac AA4'4, lai la trung tuyen
riéng cua cac tam gidc 4BC, A'B'C'. 40 cat

A'l tai G thi G 1a trong tdm chung cua tam
giac ABC va tam giac A*B'C‘ Vay

AA'+BB'+CC' = 0 (dpcm). O

Y Bai todn 5. a) Cho tam gidc ABC, xdc dinh
diém | thugc mién tam giac ABC sao cho I la
trong tam cua tam giac tgo boi chdan ba
dieng vuong goc ha tie | \mmu ba canh tam

ABC.
b) Goi chu vi tam gidac ABC la 2p. Tong cac
khoang cach tir I xuong ba canh tam gidac

giac

ABC lé h. Chimg minh rang p = J3h.
Lai giai. (h. 3).

B H . 4
Hinh 3
a) Gia sir co diém / thod man diéu kién bai
toan. Goi H, K, L 1a chin céc dudng vudng
goc ha tr [ xuéng cac canh tam giac. Ta co

IH+IK +IL = (} Dung tam glac POR sao
cho PO=1H , OR= IK , RP = IL . Ta thiy

APOR <> ABCA. Dat BC=a, AC=b, AB =,
IH=x,IK=y,IL=z,tacox:y:z=a:b:c.
Suy ra / 1a giao diém céc duomg dbi trung clia
tam giac ABC.

b) Dt zizk T T
P

Goi S 1a dién tich cua tam giac ABC. Ta co
28 =xa +yb +zc =k (a* + b* +c°).

28
a>+b2+c?
Ta cin chimg minh @2 +5+c?>4+/3 35.Bit ding
thirc nay quen thudc co trong mot s6 sach, tai
liéu bdi dudng, ban doc tr chimg minh. O

@ Bai toan 6. (IMO 2005)
Trén cdc canh cua tam giac déeu ABC chon
sau diem A,, A> trén BC, B\, B; trén AC, (),

Suyra k=

https://tieulun.hopto.org
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C trén AB. Cac diém nay la dinkh cua mot luc
gide 16 A, A:BBC\Cy (H) ¢6 sdu canh r’wm;
nhat. (a"f:”r}; minh i(mg cac duong thang
A\B>, B\Ch, CiA4> arm._{r Gquy.

Laoi gidi. (h. 4).

\AA
/ /\
v

}"J' u‘” ‘.'E
Ta cé A4 +A4B+BB+BG+CG +CA4 =0.
Ma 44, + BB, +CC, =0 suyra

—

A;_!B] b Bgcl +C2A| - G .

Suy ra hai tam giac 4\B,C, va 4,B.C; ¢b
cung trong tdm la G ciing la trong tam cia
luc gidc 4,4,B,8,C\C,. Dung tam gidc MNP
sao cho PN = 4,B,; NM = B,C,; MP = ﬂ
Do A>B, = B,C)= (4, nén tam giac MNP déu.
Gia su cac dudng tha,ng A2By, B;C) va CaA,
cit nhau tao thanh tam gidc DEF thi tam gidc
DEF déu.

Ta chung minh dugc sdu tam gidc nho nim &

phia ngoai cua hinh luc giac (H) bang nhau.
Ta hay xét mot dudmg chéo nao do cua hinh
luc gidc (H), ching han 4,B,. Ta chimg minh
duoc hai wr giac 4,4:B18:, A\C;C\B; bang
nhau va d6i ximg véi nhau qua dudng thﬁng
A1B>. Suy ra hinh luc giac (H) co truc doi
xtmg la dudmg thing 4,8, va trong tim G cua
hinh luc gide (H) thudc duong thing A4,B,.
Tuong tu trong tdim G cua hinh luc giac (H)
cling thude céac du(‘mg thang B,C; va C14,.Do
tinh duy nhit cna trong tim cua mot h¢ diém
suy ra cac duong thing 4,B;, B|C, va Cy A,
déng quy tai diém G (dpem). O

@ Bai toan 7. Cho fam gidc déu ABC, M la
mot diém thuge mién tr ong tam gidc ABC.
Fai- A’ B. C” ' ldan lieot la cac diem doi XUng

Chieng
Co clng

cua M qua cdc canh BC, CA, AB.
minh hai tam gidge ABC va A'B'C'
frong tam.

Loi gidi. (h. 5).

Hinh 5

Qua M ke céic dlm'ng théng song song voi cac
canh cua tam giac ABC cit cic canh cua tam
gidc tai cac diém E, F, K, I, P, Q. Dé thay céac
tam giac MEF, MKI, MPQ la cac tam giac
déu, tr d6 MA'+ MB'+ MC"

= ME + MF + MK + MI + MP + MO

= MA+MB+MC =3MG =3MG ' (G, G’ lin
lugt 13 trong tdm cac tam giac ABC, A'B'CY).
Dodo G=G'.0O
BAI TAP

. Cho da giac A,4;..4, va mjt duomg 1hang d.
Gm B, B, ., B, lin lugt 1a chan dudng vudng
géc ha ur 4,, As,..., A, xuong dw:mg thing d. Biét
rang :‘1131_+ A:Bz +...+A,,B,! =0, Chirng minh rﬁng
dudng thing d luén di qua mot diém cb dinh.
2. Cho tam giac ABC, M la mjt diém trong tam
glac Goi 4', B, C'lan lugt I4 cac diém déi ximg
cia M qua trung diém cdc canh BC, CA, AB.
Chirng minh rang trong tam cua tam giac 4'B'C’
ddi ximg véi M qua trong tam cia tam gidc ABC.

3. Cho hai tam giac déu ABC, A'B'C’ bing nhau
sﬁp xcp & vi tri sao phdn giao cua ching 1a mét
luc gidc 4,428,8,C,C; v6i A, A> thude canh BC;
By, B, thugc canh C4; Cl, C, thudc canh AAB.
Chu'ng minh ring hai tam gidc ABC va A'B'C’ ¢6
cung trong tim khi va chi khi hai tam gidc 4,8,C,
va 4,8,C; c6 cung trong tam.
4. Cho tam giac ABC. Hiy dung diém M thuge
mién ngoai tam gidc ABC dong thdi thude mién

trong géc BAC sao cho MH — Ml — MK =0, trong
d6 H, 1, K thr tr 1a chan cac duong vudng géc ha
tir M xudng cic duomg thing BC, AC va AB.

TOAN HOC
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CAC LOP THCS

Bai T1/414. (L6p 6). C6 ton tai hay khong
hai s0 tu nhién a, b dé co

(Ba+2b)(Ta+3b)—4=22%12%20117

NGUYEN BUC TAN
(TP. Ha Chi Minh)
Bai T2/414. (Lép 7). Vé phia ngoai cua tam
gidgc ABC, ta dyng cac tam giac déu ABE va
BCF. Goi G la trong tam tam giac ABE valla
trung diém cia AC. Tinh s6 do géc GIF.
pO CAO TRI

(GV THCS Pham Hiru Chi, An Ngdi,
Lang Pién, Ba Ria - Viing Tau)

Bai T3/414. Tim sb nguyén duong n nho nhat
sao cho 2" —1 chia hét cho 2011.
NGUYEN TUAN NGOC
(GV THPT chuvén Tién Giang)
Bai T4/414. Chimg minh ring véi moi 6
nguyén k thi phuong trinh
-2010x* + (2009 + k)x? —2007x+k =0
khong thé cé hai nghiém nguyén phan biét.
DOAN CAT NHON
(GV THCS Nhon Loc, An Nhon, Binh Dinh)

Bai T5/414. Tur diém M ngoai duomg tron (O)
V& cac tiép tuyen MA, MB va cit tuyen MCD
dén (0), C nam &,um M va D. AB cit CD tai
N. Chung minh rang
1 ] 2
+ — :
MD ND CD
NGUYEN KHANH NGUYEN
(GV THCS Hong Bang, Hai Phong)

CAC LOP THPT
Bai T6/414. Cho tam giac ABC vudng tai 4
vi thoa man AB +3AC = 2BC. Xac dinh vi tri

TOAN HOC
¢ CTudilre S6 414 (12-2011)

16

diém M sao cho '4£LM4+ WIMB+39.MC
dat gia tri nho nhat.
PAU THANH KY
(GV THPT Dién Chdu IV, Ngh¢é An)
Bai T7/414. Giai phuong trinh
log: (7% + 2) = logs(6* +19).
v HONG PHONG
(GV THPT Tién Du 1, Bac Ninh)

Bai T8/414. Cho tam gidc ABC thoa mén
tan —tan — = l
2 2 2 )
Chung minh rang diéu kién can va du dé tam
giac ABC vudng la
c 1

$i0 — §1N — §IN — = —

2 2 2 10

DUONG CHAU DINH
(GV THPT chuyén Lé Ouy Don, Quang Tri)

TIEN TOI OLYMPIC TOAN

Bai T9/414. Cho tam giac ABC ndi tlep dudng
tron (O ; R). M la mot d1em khong nam trén
duong tron. M4, MB, MC lan lugt cit dudmg
tron tai 4,, B1, Ci. Goi r, r1 lan luot 14 ban kinh
dudng tron noi tiép tam giac ABC va A4 B,C,.
Ching minh ring | R*> - OM? | 2 4r.5.
NGUYEN LE PHUGC
(SV Idp Hé thong dién 3-K51, PHBK Ha Ngi)
Bai T10/414. Cho cac s6 thure duong a, b.
Tim hing s6 k 16n nhét lhoa man bt ding thirc
ko1 11644k
a+bh [13 {a+b]“ .
NGUYEN VAN DUNG
(GV K22, Hoc vién KT thudt Qudn sir)
Bai T11/414. Tim tit ¢ cic ham s6 /1R — R
thoa man
FOf )+ )+ fy+x) = f(x+y)+2xp.

TA HOANG THONG
(GV TT Thang Long, TP. Ho Chi Minh)

Bai T12/414. V&1 mdi s6 nguyén dwong #, ta
xét ham s6 f, trén R duge xdc dinh bot

_f;(x)zix*#].
i=1

https://tieulun.hopto.org
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Chimg minh rz"mg
a) Ham sb f,, dat gla tri nho nhét tai mdi

diém duy nhit vdi mdi s6 n nguyén duong.
Ki hi¢u diem doé 1a x, va gia tri nho nhét cia
hamsd f, 1a S, trela S, = Flx,)

S ; i . b s
by 5. }; voi mei neN°, Hon nira = la
hing so tot nhat theo nghia khong ton tai sb

] 4 - VB3
thuc « >E saocho S, >a voimo1 neN".
¢) Day s (S,) (=1, 2, ..) 1a day giam va

Iim §, =

b | —

d) lim x, = -1.
TRAN TUAN ANH
(Khoa Toan - Tin, Truong DHKHTN,
DHOG TP. Ho Chi Mink)

CAC PE VAT LI
Bai L1/414. M6t vat dang chuyén dong trén
mat san ndm ngang v&i vén toc v, thi di lén
mét mit phiang nghiéng nhin tao véi phuong
ngang mdt goc o (o < 45") nhu hinh v&. Sau
khi ro1 mét phdng nghiéng, vét ro1 xuéng san
cach chan mat phang nghiéng A mot doan /.

- -~

Hoi chiéu dai cua mit phang nghiéng phai
bing bao nhiéu dé khoang cédch / dat cuc dai?
Gia tri cuc dai do bing bao nhiéu? Bo qua sy
mit mat dong nang & chin mat phing
nghiéng va strc can khong khi.
PHAM XUAN THI
(3C34-38 - Bién Hoa, Pong Nai)

Bai L2/414. Cho doan mach R, L, C ndi t1ép
trong dé dién dung C cua tu di¢n thay doi
duoc. Dién 4p gitra hai ddu doan mach la

10
1u=200+2 cos(100mr)V. Khi C=C =

C=C,=2C, thi mach dién c6 cung cong suél
P =200W.

a) Xac dinh L, R va hé s6 cong suat cosg cua
mach dién.

b) Viét biéu thuc cta cuong do dong dién img
vOl cac gia tri cua C) va C,.

¢) Véi gia tri C bing bao nhiéu thi U, dat
cuc dai? Tinh Up .

NGUYEN VAN THUAN
(GV DHSP Ha Noi)

bgc lai cho ding:
Trén THTT s6 413, thang 11 nam 2011 Bai T8/413

X4z 4+t ¢
xin sira biéu thirc P= 9( J +16( } :
X+ o

Téc gia thanh thit xin 16i ban doc.
THTT

FOR LOWER SECONDARY SCHOOLS
T1/414. (For 6™ grade). Do there exist two
natural numbers a, & such that

(3a+2b)Ta+3b)—4=22%12*%20117

T2/414. (For 7™ grade). Equilateral triangles
ABFE and BCF are constructed outside triangle
ABC. Let G be the centroid of triangle 4ABE
and I be the midpoint of AC. Find the
measure of angle GIF.

T3/414. Find the smallest positive integer n
such that 27 —1 is divisible by 2011.

T4/414. Prove that for all integers £, the equation
=2010x* +(2009+ k)x* -2007x+ k=0

does not have two distinct integer roots.

T5/414. From a point M outside the cycle
(0), draw the tangents M4, MB and the
secant MCD to (0), C lies between M and D.
AB cuts CD at N. Prove that
1 1 2
+ = :
MD ND CD

FOR UPPER SECONDARY SCHOOLS
T6/414. Let ABC be a right triangle, right

angle at A, satisfying AB++3A4C =2BC. Find
the position of point M such that

43 MA+ 3T MB+39.MC
1s smallest possible.

(Xem tiép trang 26)

TOAN HOC
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* Bai T1/410. Tim cac cap so nguvén duong
X, v nguvén io cung nhau sao che
x+y 7

x4y 25

Lo‘t gtm. Vi (7, 25) = | nén dat x +y = 7k thi
% + 17 = 25k, véi k 1a s6 nguyén duong.

Tacd (x+y)2 +(x—y) =2(x* +?) (1)
Suyra (x+ y)* < 2(x? +y?)
hay la 49k2 < 50k <> 49k < 50.

Dodochicothé lak=1nén x+y=7 va
x? + y? =25. Thay vao (1) duge (x—y)* =1.
eVGi x—y=1vax+y=7 thix=4,y=3.
oVéi x—y=-1vax+y=7thix=3,y=4
Bai toan co hai nghiém nhu trén. O

}Nhan xét, 1) Trong cach giai trén khong can dén gia
thiét: hai 56 x va y nguyén 16 ciing nhau.

2) Céc ban sau co 101 giai dung va gon:

Vinh Phic: Lé Thi Thiry Link, 6A1, THCS Yén Lac;
Nghé An: Dao My Linh, 6A, THCS H6 Xuén Hmmg,
Quynh Luu, Nguyén Van Quan, 6B, THCS Ly Nhit
Quang, B6 Luong: Quing Ngdi: Vo Nguvén Hai,
Nguyen Phan Tra My, Tmn Thi My Ninh, 7A, THCS
Nghia M§, Tu Nghia; Nguyén Thi Ha Vv, Cao Thi Thiiy
Diém, Nguyén Thily Phirong, TA, THCS Hanh Phudc,
Nghia Hanh.
VIET HAT

*Bai T2/410. Cho tam gidc déu ABC, cac
duomg cao AH, BK mf nhau tai diéem G. Tia
phan gidc goc BKH « Gt cde doan thang CG, AH,

BC ffm heot tai cae diém M, N, P. Chung minh
rang KM = NP.

Lai gidi. Ta thiy CG 14 tia phan gidc cua goc C,
suy ra ACG=30". Vi K, H la trung diém cia
AC, BC nén KH//AB va tam giac CHK déu.

TOAN HOC

18 ° crumt!:c S6 414 (12-2011)

Suy ra HKB=
90° —60° =30".
Do KP la phan
glac cua HKB /
nén BKP=1%, 7
tir 46 CKP=75".
Tacé ﬁﬁzZ(}",
MKC=75"= KMC=75°, nén tam gidgc CMK
can tai C, do d6 CK = CM. Tac6 AK=CM
(cting bing CK); KAN = MCP (cing bing 30°);
AKN =CMP (cing bing 105°). Vay AAKN =
ACMP (g.c.g), suy ra KN = MP hay KM + MN =
MN + NP. Tur d6 ta c6 KM= NP (dpcm). O

> Nhan xét. Tt ca céc ban tham gia giai giri bai déu cho
ler giai ding. Trir cac ban 16p 8, lop 9 v mt bz;m dung
tinh chat duémg phén gidc. Céc ban sau dédy co 1&i gidi wot:
Phi Tho: Pham Ngoc Hai, TA3, THCS Lam Thao;
Vinh Phuc: Nguyén Trung Haeu 7A, THCS Phuong
Khoan, Séng Lo, Dao Thi Hong, TA, THCS Yén Lac;
Binh Pinh: Aguven Trong Khiém, TAl, THCS Vo
Han Tiy Son, Binh Dinh; Tra Vinh: Trwong Hoang
Viér, 7/4, THCS Céu Quan, Tiéu Cén; Quing Ngii:
Pham Thién Trang, 6A, Déng Luu Viét Quy, Nguyén
Thi Ha Vv, Cao Thi Thuy Diém, TA, THCS Hanh
Phude, Nghia Hanh; V6 Nguyén Hai, Nguvén Phan Tra
My, Tran Thi My Nink, TA, THCS "*Ighla My, Tu Nghia.

NGUYEN XUAN BINH
* Bai T3/410. Tim gia i nho nhat cia biéu
thire § =2011ca—ab—bc trong do a, b, ¢ la

cdc so thaa méan a*+b>+¢° < 7‘.

Loi gidgi. Ap dung BBT xp <> 2y du bing
xdayrakhix=yva a? +b>+c? <2 taco
e Cach 1. ab+bc=b(a+c)

b’+ a+c)? az+b2+c + 2ac
{ ) <l+ac.
2 2
2 2 r 2 G2
2 4¢ a LIS
at+e + 0+ 51
2 2

= gc = -1 = 2010ac > -2010.

Do d6.5 =201 lac —(ab+bc) 2 201 lac—(1+ac)

=2010ac—-1=-2011.
S=-2011 khi va chi khi

|al=|¢|

b=a+c a=lLbh=0,c=-1
5 silic &

a?+brt+ct=2 a=-1,b=0,c=1.
ac =-1

https://tieulun.hopto.org
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Véay gid tri nho nhit cia S 1a —2011 khi
(a;b;c)e{(1;0;-1),(-1;0;1)}.

e Cach 2. Tacéd 25 =4022ac—2ab - 2ac
=2010a+cf Ha+c—bP 2010+ )@ +5°+c?).
Do (a+c)?20; (a+c—b)* 20, a+c* <a* +b* +c* £2
nén 25<-2010.2-2=-4022 = §<-2011.
S§=-=2011 khi va chi khi

ape=0 |:a=l,b:0,c=——l

arpe=h=l) Hiiiod], Bl e,

at+cl=a?+b?+c?=2
Tir 40 ta cling c6 két luén nhur trén. OJ

» Nhin xét. Hiu hét cic ban tham gia déu giai theo
cach trén. Céc ban sau ddy cd 1oi giai tot:

Bic Ninh: Triwong Van Khdnh, 9A, THCS Dai Déng
Thanh; Vinh Phiec: Nguyén Van Cao, 9A, THCS
Phuong Khoan, Song Lo; Déng Nai: Lé Duy Khdnh,
6/4, THCS Bui Hiru Nghia, TP. Bién Hoa; Ngh¢ An:
Cao Thi Quynh Trang, SB Cao Minh Trang, 9A,
THCS Cao Xuén Huy, Dién Chau, Nguvén Van Quan,
6B, THCS Ly Nhat Quang, D6 Luong; Quéng Ngii:
Tran Thi ’vfy Linh, 8A, THCS Nghia My, Tu Nghia,
Ngu}en Thi Kiéu Duyén, Hupnh Tién V9, 8A, THCS
Nguyén KimVang, Nghia Hanh.

PHAM THI BACH NGOC

* Bai T4/410. Cho tam giac ABC
cin ¢ A. Goi M, N, O lan lugt la trung diém
cua AB, AC, BC. Duwong vuing goc voi CM
ké tir O cit MN tai G. So sanh do dai hai
doan thang GM va GN.

vuong

Loi  giai. (Theo 2

ban Truwong Thi

Hoai Thu, 7A,

THCS Yén Lac,

Vinh Phiic). M %

Goi P la giao diém
cua AC rvé QG. '1:111' G
gia thiét dé thay O
AMON 1a hinh
vuong. Tam giac vudng ONP va tam giac
vubng CAM c6 OPN =CMA (cung phu véi
gbc ACM) nén déng dang véi nhau.
NP ON ON 1

P N ' P

Vi NP//OM nén theo dinh li Thales ta c6
NG NP NP 1

=— Viy GM=2GN. O
GM OM AM 2

}"\Th.ﬁn xét. 1) Bai todn duge cdc ban tham gia giai
theo nhleu céch khac nhau, ching han nhu; Dung tam
gidc dong dang, dinh 1i Thales, chung minh G la trong
tdim cua tam giac... Tuy nhién co rm;n vai ban chi ldp
lugn va chimg minh GM > GN, ket qua nay ciing ding

L1

song chua "trigt dé" 1am!

2) Ngoai ban Thu, cic ban sau cling c6 10i giai tot:
¥inh Phic: ’\gulen Vier Huy, 8A, THCS Yén Lac,
Nghé An: Nguyén Van Qudn, 6B, THCS Ly Nhit
Quang, D6 Luong; Quang Ngii: Hupnh Tien V7, 8A,
Bui Trong Triéu, 9A, Phan Anh Miét, 9A, THCS Hanh
Phuée, Nghia Hanh; Dé Dang Thinh, 9A, THCS bic
Thang, Mo Pre. .

TRAN HOU NAM

* Bai T5/410. Giai ;»‘Hrunu trinh

JIx2+25x 419 -5 —2x-35=Tx+2 (1)
Tx2 425541920
Léi gidi. Diéu kién{x*-2x-3520 <>x27(%)

x+220
Khi d6 phuong trinh (1) twong duong vdi

J7x2+25x+19 =74/ x+2+Jx2=2x-35

& Tx2 +25x+19=49(x+2)+14\/(x+2)(x2 ~2x-35)
—2x-35

& 3x2-11x-22=7/(x+2)(x+5)(x=7)

& Y2 =5x—14)+4(x+5)=T,[(x+5)x* ~5x-14) (2)

Piat a=Jx?—-5x-14, b=+/x+5 (chi y ring véi
x=7 thi x2-5x-1420,x+5>0).

Khi do PT (2) tr¢ thanh 3a* +4b?=Tab

& (a—b)(3a-4b)=0 < B’ fdb‘

o Viia=btacd VxI—5x—14=x+5
& x?=Sx=-ld=x+5<=x*-6x-19=0

N x=3+2+/7 (théa man (*))
x=3-24/7 (khong théa man (*)).

o Véi 3a=4bta co 3Vx2-5x-14=4x+5
< 9(x?-5x-14)=16(x+5)

<9x?-61x-206=0

TOAN HOC
* CTusitre 19
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6111137

18

61-+1113
18

(thoa man (*))
=
= . (khong thoa man (¥)).

i-
Viy PT(1) co hai nghiém la

61++11137

18

>Nh$n xét. Cac ban sau cé 101 giai tot:

Vinh Phic: Nguvén Van Cao, 9A, THCS Phuong
Khoan, Soéng L6: Bide Ninh: Nguyén Dinh Mudi,
9A4, THCS Maio Dién, Thuin Thanh; Ha Nji:
Nguvén Chi Ting, 9A10, THCS Giang V8, Ba Binh;
Nghé An: Nguvén Tat Quy, 9C, Nguyén Vin Quan,
6B, THCS Ly Nhit Quang,. D6 Luong; Ha Tinh:
Phan Trung Hiéu, 8A, THCS Nam Ha: Quing Ngii:
Téng Thanh Nguyén, 9A, THCS Hanh Phudc, Nguyén
Thi Kiéu Duyén, 9C, THCS Nguyén Nam Vang,
Nghia Hanh; Gia Lai: Tran Nguyén Try, 9/1, THCS
Pham Hong Thai, TP. Pleiku; Ba Rja - Ving Tau:
D6 Nguvén Hoang Anh, 9A1, THCS Hac Dich, Tan
Thanh; Pdng Thap: Diwong Minh Chanh, 9A1, THCS
M¥ Quy, Thap Muo.

x=3+27 va x= % E

TRAN HUOU NAM

% Bai T6/410. Cho tam gidc ABC. AM. BN,
CP la cdc duong phan gide trong (M € BC, N €
CA, P € AB) cua tam gidc do. Tim 56 do cua
goc BAC dé PM vuong goc voi NM.

Léi gidi, » Cach 1. (Theo ban Nguyén Th
Quynh Loan, 10T1, THPT D6 Luong I,
Nghé An).

Qua A k¢ dudng thing song song vai BC cit
cac duong thing MP va MN lan luot tai K
va Q. Khi do

ﬂ =ﬂ e ig (1)
MB PB BC
AQ _ NA1 _ 4B )
MC NC BC

TOAN HOC

uditre SO 414 (12-201)

20 °

AK | A
Tu (1) va (2) suy ra .M'Cz C. Ma
AQ MB  AB
L nén AK = AQ.
MB B

Do PM L NM nén tam giac KMQ vudng tai
M. Lai c6 AK = AQ nén AK = AQ = AM. Do
d6 AMO = AQOM = OMC, nghia 1a MN la tia
phan gidc cia AMC. Vay N la tam duomg
tron bang tiép tam giac ABM (g voi dinh B.
Goi Ax la tia d6i cua tia AB thi
BAM = MAC = CAx =60°. Tirdo BAC=120°,
e Cach 2. (Theo ban Dirong Quoc Khanh,
11B1, THPT Lé Hong Phong, Bién Hoa,
Pong Nai).
Gia st MN L MP. Theo dinh li sin, ta co
NA sinM, NM _sinC BC _sin4

NM AT NCsinM,” BA CsinC’
2
Nhin ba ding thic trén theo vé va dé y ring
NA sin M,.sin A4
?(: = E suyra —‘—"—A" =1
o sin M, .sin >
sin? M, sin* M
s )
sin? A
nd il
THG‘]‘[g tur s1n M_: 5 Sﬂ:'l qu, (2)
w2 x4 BiAEA
sin? =

Mt khacsin® M, +sin? M, =sin> M +sin* M, =1 (3)
Céng céc ding thie (1) va (2) theo vé déng
thoi két hop voi (3) ta suy ra singzsin A.
Tir d6 ¢6 BAC =120°. O

» Nhién xét. 1) Nhiéu ban sir dung phwong phap vecto
hoac tinh chat cua chim diéu héa cling di dén ket qua
nhu trén.

2) S6 161 giai giri vé Toa soan kha nhiéu, tat ca déu tim
ding sb do cla goc BAC. Lueu y rdng véi gia thiét bai
T6/410 ta c6 két qua PM L NM < BAC =120°.

3) Ngoai hai ban Loan va Khanh cac ban sau cing ch
1o giai gon:

https://tieulun.hopto.org
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Ha Néi: Hoang ric Anh, 10T1, THPT chuyén DHSP
Ha Noi; Bﬁc Giang: La Vdn Qudn, 11 Todn, THPT
chuyén Béc Giang; Vinh Phic: Hoang Di Kién,
Dirong Phwde Tho, 11A1, THPT chuyén Vinh Phic;
Hai Dwong: Nguvén Ngoc Thién, 12A1, THPT Thanh
Mién [; Thanh Héa: Lé Thi Lan Ark, 11T, THPT
chuyén Lam Som; Nghé An: Vwong Nhai Qudn, 11A1,
THPT chuyén PH Vinh, Nguvén Hién Trang, 11Al,
THPT chuyén Phan Boi Chau. Hé Dién Phiic, Hoang
Danh Thing, 11A1, THPT Quynh Luu_III, Lé Hodng
Hiép, 11Al, THPT Thai Hoa, Nguy@n Ta! Khanh,
10A1, THPT D6 Luong Ill, Nguyén Van Hoang, 12T7,
THPT D6 Lwong [; Ha Tinh: Phan Tudn Anh, 10T1,
THPT chuyén Ha Tinh; Quéang Tri: Tran Pure Anh, 10
Toan, THPT chuyén Lé Quy Ddn; guang Nam: Lé Vi
Van Phi, 12/1, THPT chuyén Nguyen Binh Khiém; Da
Ning: Tran Hdau Long, 10Al, Lé Tran Nhac Long,
11A1, THET Lhuyf.n Lé Quy Don; LAm Dung :\.gwen
Vi Trung Qudn, Toan 1, THPT chuyén Thang
Long, Da Lat; C?m Tho’ Hoang Cong Durc, Phan Lé
Hoai An, 11A1, THPT chuyén Ly Ty Trong; Ben Tre:
Pham Xuan Bmh 11 Toan, THPT chuyén Bén Tre;
Pong Nai: Pham Van Minh, 11 Toan, THPT chuyén
Lwong Thé Vinh.

HO QUANG VINH
* Bai T7/410. Giai phwong trinh

(sinx—2)sin? x—sinx+1)= h%_:n\_—l-rl :
Loi giai. PT da cho tuong duong vl
sin’ x—3sin? x+3sinx—2=333sinx—1+1]

& (sine — 1) = 333sinx—1+2 (1)

e Cidch I. Patsinx — 1 = u va 3sinx—1=v ta

c6 he {m =3v+2 @
vi=3u+2

Trir theo vé hai PT cua hé trén ta duoc

(2 - v)(l.!1 +uv+v)=3(v—u)

< (u— 1))[1;2+uv+v2+3}=0'

SSu=v

(VM +uw+ 1P +3= [z£+-£-J +

32

Thé vao (2) ta dugc

wW=3u+2owt u-2)=0u=-I
hodc u=2.

eVdiu=-l,tacosinkx—1=-1 < sinx=0
< x=kn, keZ.

eVidiu=2,tacdHsinx— 1 =2 < sinx=3. PT
nay vé nghiém.

e Cdch 2. Bién doi PT(1) twong duong véi
(sinx — 1)* + 3(sinx — 1) = (3sine — 1) + 33/ 3sinx—1
& fisine = 1) = £(333sinx—1) (3)

trong d6 fir) =1 + 3t.

Ta ¢6 f'(1)=3r2+3>0, %t nén fr) 1a ham
dbng bién trén R . Do do

PT(3) < sinx — 1 = 33/3sinx—1

&> sin’x — 3siny = 0 <> sinx = 0 (vi sine — 3 < 0)
<x=kn, keZ.

Vay PT da cho cé nghiémx =kn, keZ . O
}'Nhs_"m xét. Pay la bai todn co ban nén c6 rat nhiéu
ban tham gia va hau hét cho 1 giai dung theo hai cach
néu trén. Cac ban dudi day cd 101 giai gon va tot:

Déng Nai: Dwong Qudc Khanh, 11B, THPT Lé Hong
Phong, Bién Hoa; Pong Thip: Duong Minh Chi, Vo
Hoai Bao, 11T, THPT chuyén Nguyén Quang Diéu;
Quang Tri: Pham Ho Ha Trdam, 11Toan, THPT
chuyén Lé Quy Pon; Bic Ninh: Kh(mg Van Thinh,
11A13, THPT Yén Phong so 2; Can Tho: Hoang
Cing Dm:' 11A1, THPT chuyén Ly Ty Trong; Binh
Pinh: Agmen Quang Hai, 11TN2, THPT Tang Bat
Ho, Hoai Nhon; Nghé An: Virong Nhdt Qudn, 11A1.
THPT chuyén BH Vinh: Thanh Hoa: Lé Thi Lan
Anh, 11T, THPT chuyén Lam Son: Hoang Van Hiép,
12B2, THPT Triéu Son II; Nguyén Xudn Nghia,
11A10, THPT Pong Son I; Binh Duwong: Newvén
Cuang Minh, 11T2, THPT chuyén Hing Vuong:
Hung Yén: Duong Manh Cuwong, 11Toanl, THPT
chuyén Hung Yén; Ha Nam: Tran Minh Hai, 12A2,
THPT A Phu Ly; Hai Dwong: ’\-gmen Thi Thanh
Yén, 12Toan 1, THPT chuyén Nguyén Trdi; Lim
Pong: Nguyén Vi Trung Qudn, 11Todn 1, THPT
chuyén Thang Long. Pa Lat.

NGUYEN THANH HONG
* Bai T8/410. Tim cac gia tri cua a, b dé
phirong trinh
xt+avi+ebyt+ax+1=10

co nghiém va tong a*+b* dat gia tri nho nhit.
Loi gidi. Ta thdy x =0 khéng 1a nghiém cua
phuong trinh.

Va1 x# 0, chia ca hai vé cua phuong trinh
cho x?, ta duoc

x2+%+a(x+l]+b=0
X X

' TOAN HOC
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@{x+l] +a{x+lJ+b—2:D.
x 5

—_— o
Pat £ =x+— véi|f| 22, PT tr6 thanh
X

P+at+b-2=0at+b=2-12.
Ap dung bat ding thirc Bunyakovsky, ta dugc
(2-22) =(ar+b) s(a?+6%) (s> +1).

Pang thirc xay ra khi va chi khi a = br.
th—4r +4 o 9

Dodé a°+b* 2 i -
2 +1 1 +1

(1)
Pat u=12, vi |f>2 nén u=4, xét ham so

: 9
=u—-5+—.
f(u) ! u+1

C6 Frlu)=l= 2 _ >0 Yu =4 nénham

(u+l)é
so f(u) dong bién trén [4; +).

Ta dugc véi u €[4; +oc) thi

4
a2+h32f(u)2f{4)=g.
Déu ding thirc xay ra khi va chi khi
u=r=q
a=bt
at+b=2-12.

B . |la=2b 42
.er_z.moo-zaw:_zcm— S,b— 3
(phuong trinh ¢6 nghi¢m x =1).

oo . ja=~2b 4., 2
-er——ltaool_2a+b=_2<:>a—5,b_ g

(phuong trinh ¢é nghi¢m x = -1).

Viy cc gid trj cia @, b can tim la

4 :
a=—; b=—3.

5 5
}Nhﬁn xét. 1) Nhiéu ban sau khi chimg minh durgc

BDT o’ +b° 2 % . di chi ra ding thirc xay ra khi

TOAN HOC
22 & cl'uﬁtye So6 414 (12-2011)

i.a‘=3'2=4 a=—4; b:g—

a=bt nén da thira nghi¢m 45 25
5 4 . a=— b=—.

a-+b2=g 5 5

2) Céc ban sau day 6 1di gii tdt;

Ha N§i: Lé Minh Sem, 12A, THPT Da Phuc, Soc Son;
Nam Pjnh: Tran Van Pat, 12C1, THPT Hai Hau A;
Hung Yén: Ddo Thi Minh Ngoe, 12 Toan, THPT
chuyén Humg Yén; Thanh Héa: Dang Duy Khanh,
12F, THPT chuyén Lam Son; Nghé An: Nguyen Van
Hoang, 12T7, THPT D6 Luong I, Phan Nguyen Thanh
Som, 12A1, THPT Dién Chau 3; Quing Tri: Nguyen
Tir Bén, 12A2, THPT Thi x Quang Tri; Quang Ngii:
V& Van Tiém, 12T1, THPT chuyén Lé Khiét.

NGUYEN ANH DUNG
*Bai T9/410. Cho ba sé dwong a b, c.
Chung minh rang
E‘_--‘r_ﬁ"ll.' _”."f"i'_'f'f_,__%}{h:l (1.5 b?!‘.].'

> Y ab+bc+cea).

+ (M2 = M4 3)
Pang thiec xav ra khi nao?

Léi giai. Ta co

(@ -1)(a-1)20 = ®2-+32aF +2,

Tuong ty 5212 —p20 +3 2 b? + 2,
c2012 _ 2010 4 3> 02 42

Suy ra
(@212 — 2010 4 3)(H2012 —p2010 4 Y2012 20104 3) >
(a2 +2) (b2 +2)(c? +2) (2)

Ap dung bét ding thirc Bunyakovsky ta 6
[ (b+c) ]
2

(a+b+c)* <(a? +2}L

1+

Mat khac ta co

(b?+2)(c? +2)-3[1+9’C;—)2j

h?+c? (h—c)*
2
va ding bat déng thic Cauchy cho hai sb
a+b ; P +c? +c2 +a

2 2
>ab+be+ca+2(ab+be+eca) = 3(ab+bc+ca).

= b+ —3bc+1= (bc-1)*+ 20

(a+b+cy = +2(ab+bc+ca)

Tir ba bat ding thirc trén ta nhan dugc

https://tieulun.hopto.org
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(a2 +2)(b* +2)(c* +2)2(a* +2). 3[I+(b+‘:)2 )

2
>3(a+b+c)* 29(ab+bc+ca).

Két hop véi (2), bat dang thirc (1) di dugc
chimg minh. Ping thic xay ra khi va chi khi
a=b=c=1.0

%> Nhin xét. Bai ton trén 1a bai ton bét déng thirc co
ban, nhung khéng qua kho. Co rat nhiéu ban tham gia
gidi va déu giai dang, trong d6 c¢d ba ban hoc sinh
THCS sau:

Nghé An: Luomg Dink An, 6B, THCS Lé Hong Phong,
Hung Nguyén; Nguyén Tar Quy, 9C, THCS Ly Nhjt
Quang, D6 Luong; Gia Lai: Tran Nguyén TJ"}, 9/1,
THCS Pham Héng Thai, TP. Pleiku.

NGUYEN MINH BUC

* Bai T10/410. Cho tam ABC. Mot
ducng thang bat ki cdt cac dwomg thang BC,

1, AB tai M, N, P theo thir tir. Goi X, ¥, Z
lan lwot la trong tam cac tam giac ANP,
BPM, CMN. Chirng minh rdng

gidc

Léi gidi. B6 dé. Néu G, G' theo th tu 1a
trong tam cua cac tam gidc ABC, A'B'C" thi
3IGG'= A4+ BB'+ CC".

Tro lai giai bai toan.

Trong 1&i gidi nay ki hiéu S[XYZ] chi dién
tich dai sé ciia tam giac XYZ.

A

b L A
Theo bb dé trén, ta co

S[XYZ] =L XV A X7

M

i 3
=3 E(AB+NM)A§(AC+PM)

;G AB ,Tm—l NMAAC+E ABAP Pw+~2- M{APM)

zé (SLABC]+ SLAMC)+ S| ABM]+ S{MNP))

. é(ZS[ABC] + S[MNP)) (1)

Mat khéc, vi M, N, P thang hang nén
S[MNP]=0 (2)

Tir (1) va (2) suy ra S[XYZ]=~§—S[ABC].

» Nhién xét, 1) Chu y ring két qua sau ding “Cho tam
gidc ABC va céc diém M N, P lin lugt thude cic
dudmg thing BC, CA, AB. Goi X, Y, Z lan lugt la trong
tdm cua cdc tam gidc ANP, BPM CMN.Khi dé M, N, P

thang hang khi va chi khi S[XYZ]= Es[mf?f;‘]

Két qua sau khong dung "Cho tam gidc ABC va cic
diém M, N, P lan luot thude cac dudng thing BC, C4,
AB. Goi X, ¥, Z lan lugt la trong tdm cua cdc tam gidc
ANP, BPM, CMN. Khi d6 M, N, P thing hang khi va

chi khi Sz =—§"SABC"7

2) Xin néu tén cac ban c6 1o giai tot:

Bic Giang: La Van Qudn, 11T, THPT chuyén Bic
Giang; Vinh Phic: Dwong Phudc Tho, Hoang Dé
Kién, 11A1, THPT chuyén Vinh Phic; Ha Nam: Tran
Minh Hai, 12A2, THPT A, Phu Ly; Nghé An: Chu T{qr
T4i, 11A12, THPT Dién Chau 2; Quéng Tri: Tran
Diec Anh, 10T, THPT chuyén Lé Quy Dén; Pdng Nai:
Pham Van Minh, 11T, THPT chuyén Luong Thé Vinh;
Lam Pdng: Nguyén Vi Trung Qudn, 11T1, THPT
chuyén Thang Long, Pa Lat.

NGUYEN MINH HA
* Bai T11/410. Cho day
duroc xac dinh boi a,=0; a,=38; a,=
dusi = Ioﬂ,_. § == 3(](—!." 3y Ynz3.

56 (a,),(nel’)
-90 va

Chirng minh rdng s, chia hét cho 2011,
L&i gidi. (Theo da s6 cac ban).

Xét phuong trinh déc trung cua day
X —19x+30=0 < (x-2)(x-3)(x+5)=0

¢0 ba nghiém phan biét x, =2, x, =3 va x;=-5.
. TOAN HOC
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Vay a, =c /2" +¢; 3" +c;(-5)".
Tir diéu kién ban dau a,=0, a, =38, a,=-90
ta tim dugc ¢, =c;=c;=1. Vaya,=2"+3 +(-5)".

Véi p la s0 nguyén to, theo dinh Ii Fermat ta 6
2r=2(modp); 3 =3(modp) va(-5)y =—5(modp).

Do dé a,=2+3-5=0(modp). Vi p=20]1
ta cO ang; chia hét cho 2011. 03

;‘Nh:jn xét, Bai nay duge déng ddo cac ban tham gia
giai va deu co 16 giai ding nhu dd néu ¢ trén. Trong
cdc 10i giai 1ot ¢d 11 gidl cua cac ban sau:

Vinh Phiic: Tran Dinh Hing, 10A, THPT chuyén
Vinh Phic; Ninh Binh: Nguyvén Van Linh, 11A, THPT
Yén Mo, Hung Yén: Po Thanh Ting, 11T, THPT
chuyén Hung Yén; Nghé An: Viwong Nhdr Qudn,
ITAL, THPT chuyén BH Vinh; Thdi Binh: Tran
Cuang Pai, 11 Toan, THPT chuyén Thai Binh; Thanh
Héa: Hoang Van Hiép, 12B2, THPT Triéu Son;
Quing Ngai: Huynh Nhdr Quang, 11 T1, Va Van Tién,
12T1, THPT chuycn Lé Khiét; Quang Nam: P}rgm
Quoc Sang, 11 Toan, THPT chuyén Quang Nam.

DANG HUNG THANG

T12/410. Voi so
nha hon 2. Tim 56 cde ham s6
» {1, 2,3,4,. 5

* Bai

khang

nguven dwong n

2
Tl o ]
thoa micn tinh chat

f(k)=

Flk+1)- 3 vai kell,2, .. n-1}.

Lai gidgi. (Theo da s cac ban).
Ta str dung nhin xét sau diy: Néu ham sb 1
thoa man diéu kién bai ra thi v&i moi n>2
cho trudce ta luén c¢o6 f(n) # 3. That vay, néu
fn)=3 thi suy ra f(n—-1)<0 hoic
f(n=1)=6, diéu nay la vé li.

Ki hiéu a,.b,.d,,e,1a sé cic ham /:{L2,.... )
—{1,2,3,4,5} thoa man tinh chat da cho img
vol f(n) tuong img bﬁng 1,2,4,5
Khi 46 as=é;=2 va by=d; =1, nén voj
n=2co

oy =€, +d,, b,.,

= ena Epal =y +b!?1 dJ‘H—E =dy.

" Ta cén tinh tf)ng S=a,+b,+d,+e,, Vnz=2.

Taco a, =e, va b, =d,. Bing phuong phap
quy nap, ta cé a,=e¢, va b, =d,, Yn>2 Do vay
2 =€y +dn:—! =y +b&?--l =y TE, =dy A,

TOHN HOC
24 * CTusilpe SO 414 12-201)

Do viy, (a,) thoa mén nhu diy Fibonacci (F,)
voi cach chon Fy =0, F, =1,boi vi @, =2=F,
va as=e;+dr=3=F,. Do d6 a,=F, vdi
n=2. Suyra

5=2a,+b,)=2a,,=2F,; vdin=2 0

}Nhan xét. 1) Rat nhiéu ban da biét sir dung phuong
trinh ddc trung cua day sai phan dé viét cong thirc
tuémg minh coa S nhu sau:

[ (g8t
5 0 2 5 2

2) Céc ban sau day co 1o giai dung:

Biic Giang: La Van Quan, 11T, THPT chuyén Bic
Giang; Vinh Phac: Ddng Quang Tudn, Hoang £6
Kién, Duong Phuwoe Tho, 11A1, THPT chuyén Vinh
Phic; Ha Ni: Nguvén Viér Ding, 12A1T, Truong
chuyén KHTN, BPHQG Ha Noi; Hai Dueng: Newvén
Ngoc Thien, IZA]. THPT Thanh Mién 1; Nam
Binh: Vi Hai Long. Vit Xudn Triweang, 11TI, THPT
chuyén Lé Hong Phong: Nghé An: Vwong Nhdt
Quan, 11AL, Tran Chi Céng, 12A1, THPT chuyén
PH Vinh, Nguvén Ngpc Minh, Lé Haang Hiép,
11A1, THPT Thai Hoa, Nguvén Van Hoang, 12717,
Nguyén Tdr Phu, 11T1. THPT D& Luong I. Quing
Nam: Pham Tuan Anh, 12.1, Pham Quéc Sung 11T,
THPT chuyén Nguyén Bmh Khiém; Dong Nai:
Nguyvén Quang Vi, 11T, THPT clluyen Luong Thé
Vinh; Phd Yén: Lé Nhdr Thang, 11T, THPT chuyén
Luong Vin Chanh; Ba Ria-Vang Tau: Thai Vi
Hodang Ank 10T2, THPT Lé Quy Don; Cin Tho:
Hoang Cong Dirc, Phan Lé Hodi An, 11A1, THPT
chuyén Ly Tu Trong.

NGUYEN VAN MAU
* Bai 1.1/410.

frirerrer H‘uf very .“

'f‘,-,--;;r; khong gian co trong

bang g Mot vt co

1 fr .’l.
dirne lén nr

Biet hwe can

khoi luone m diroe ném thane
= . o

B : i 3 :
mat daft vai van toc ban ddu v,

khong khi 11 ¢ vai van toe cua var theo cong
thire F = kv,

. ~ . g - t 2 - 7
V) Hayv xdac dinh do cao cuc dai cua vat thee

Vi, K, @ verm.

::‘ ,"A'r:':'?' S0 sanh |-"H”" Cifd ."’ CLIR I"I.F?"H.' .*'I\J'l.i'f.
khi var chuven dong di len ‘|r’J. cong cua fuc

can khong khi khi vat roi mrmq

Laéi gigi. 1) Chon truc toa dd Ox, goc toa do
O tai mat dat, chiéu duong hudémg 1én trén.
Theo Dinh luat II Newton, phuong trinh
chuyén déng cia vt co dang
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mdyv

—mg —kv = (h

r.:>—k[£+w}zr:nﬂ
k dr

d(ngrv]
LME S e )

Goi 7 la khoang thoi gian tir lic ném vét dén
khi vit lén dén dd cao cuc dai H. Tich phan
hai vé biéu thuc (2) i

)

e oL E s,

o Yo [mg+v]
k

kv,
Ta tinh duoc r=£1n[l+—"—] (3)
k mg

Mait khac, tir (1) ta co
—mgdf — kvdt = mdv < —mgdt — kdx = mdv .
Tich phan hai vé

r H 0

~ [mgdi — [kdx = [ mdv
L] 0 vl}

vy —mgtT

4
P 4)

=-mgr—kH =-mvy, = H =

Thé (3) vao (4), ta dugc

I (R W P01 )
k k mg

2) Chia do cao H thanh » doan rit nho (gém
Ax;, Ax,,...,Ax, } sao cho van toc trén céc
doan nay coi nhu khang ddi. Xét doan Ax, bit
ki, goi vén toc cua vat khi di 1én va khi roi
xuong trén doan nay lan lugt 1a v, va v’ Khi
d6 lyc can khéong khi tuong Umg trén doan
nayla F, =kv, va F', = k'

Khi vét di tir d0 cao x bat ki lén dén do cao
cuc dai va roi xuéng do cao x thi vat chiu luc

can sinh céng 4m. Vi d6 bién thién co ning
bang céng cua luc can (lyc khong phai 1a luc
thé) nén suy ra co nang cla vat & dé cao x khi
di 1én lon hon co ndng cua vat o d¢ cao x khi
roi xubng. Suy ra v; > v/, hay F, > F,.

Tiu désuyra A4, = Fi.Ax; > F'L.Ax; = A4

Goi A, A" lan luot 1a d6 16n cong cua luc can
khong khi khi vat di 1én va khi vat ro1 xuéng.
Vi Ax; dugce chon bat ki nén suy ra

i "

A=N A 5 ¥ A= 4% 0

i=1 i=1
> Nhin xét. Chi ¢6 ban Bid Xuan Hién, 12 Li, THPT
chuyén Lé Hong Phong, Nam Binh giai tot bai nay.

NGUYEN XUAN QUANG

% Bai L2/410. Cho ba tu dién C) = 2uF (hai
cot la A va B), Cy=3F (hai cot la D va E) va
C3 = 3,6uF (hai cot la F va G) co cac dién
tich lan lweot la g, = g4 = i . g = qgp=
3.107% Cva g; = gr=2,16.107 C (hinh vé)
—4E— O Lol
Mdc cdce tu dién wrén theo cdc so do | va 2.
Hay xdc dinh cde hiéu dién thé U, Upgva
Ugg trong so do 1 va Uy, Upe va Usg trong
sordo 2.

A1\ B Dy E A (B Dy |E
e | e ¢ 11 1

| | | |
F“G (;IIF
So dé 1 Sodd 2

Loi gigi. Goi Q4,0s, Op, O, Or. O la
diéntichciacacban 4, B, D, E, F, G.

e Mic theo so do 1. Ta c6
Q,‘f +QF =q_4 +q.r 210_4 +2,1610_4

=316 10°(C) (1)
Op+0r =gp+qr=3.107%+2,16.10"*
=5,16.10-4(C) (2)

Mﬁt khac UAB +UDE +UGF =0

= Up+Ups =-Ugr =Ugg

i &+Qﬂ=& hay %-+~Q£:&.
G G G 2 3 3,6

Suy ra 90, + 60, -50r =0 (3)

TOAN HOC
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Giai hé phuong trinh (1), (2), (3), ta duoc
0, =0,19.104C; @, =2,19.10~C;
0, =2,97.104C.

) 0, 0,19.10~
Vi Hpeloroor e
W RETET e L
0y 2,19.10%
B BB S T e
e 4103 (
: -4
I L0 O
G, 3,610

e Mic theo so' do 2. Ta co
Q__; +QG :q'._‘l _C?F :10_4_‘2116.10 4-

=-1,16.10-4(C) 4)
O+ =0p - 0Or =3.10%-2,16.10*
=0,84.104(C) (5)

Mat khac Ul + Upg +U}{-, =0

= =R, Q Qr‘) Qf- i} hd}l’ QD Qf‘ _0
e Y

= 90, +60, -50; = (6)
Giai h¢ phuong trinh (4), (5), (6), ta dugc
0, =-0,89.104C; @, =1,11.104C;

Qg = -0,27.104C hay O, = 0,27.10C.

2,
Vay U;H—%"%:—‘M'sﬂv);
1 i
4
o T
C, 3.10%¢
—4
i ol LiZ BT g o B
C; 3.6.10°

>Nh§n xét. Cac ban sau day co 101 gai tot:

Vinh Phie: Pink Huy Hoang, DS Kién Phong, Phan
Viét Dire, 11A3, THPT chuyén Vinh Phuc; Nam Binh:
Biii Xudn Hién, 12 Li, THPT chuyén Lé Hong Phong;
Nghé An: Chu Tir Tai, 11A12, THPT Dién Chau 11, Lé
Van Thing, 11T6, THPT D6 Ll.rcmgl Tran Van Bc,
12A6, THPT chuyén Pai hoc Vinh, Hé Dién Phiic,
11AL, THPT Quinh Luu III; Quang Binh: Nguyén
Hr;ang Duy Thanh, 11 Li, THPT chuyén Quang Binh:
Dung Thip: Hmrih Thanh D;r 11 Li, THPT chuyén
Nguyén Quang Diéu; TP. Ho Chi Minh: Pham Diic
Huy, 12A7, THPT chuyén Trin Pai Nehia.

NGUYEN VAN THUAN

TOﬂN HOC
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PROBLEMS... (Tiép trang 17)
T7/414. Solve the equation
log; (7~ +2) = logs (6" +19).

T8/414. Let ABC be a triangle satisfying

A B 1
tan — tan — = —.,
2 2

2
Prove that ABC is a right triangle iff
o A B 1
sin —sin —sin — =—.
2 10

TOWARD MATHEMATICAL OLYMPIAD

T9/414. Let ABC be a triangle inscribed the
circle (O;R), M is a point not on the circle.
MA, MB, MC cut (O; R) at A,, B,, C
respectively. Let r, r; be respectively the radii
of the incircles of triangles ABC and 4, B,C,.
Prove that | RZ —OM? | 2 4r.;.
T10/414. Let a, b be two positive real
numbers. Find the greatest positive constant
k satisfying the inequa]ity
k 1 l16+4k

- +—+—2 ,

a3b g B farb)

T11/414. Find all functions /:[R —IR such that
SOF )+ )+ [y +x) = fx+ y)+ 2xy.
T12/414. For each positive integer n,

consider a function f, in R defined by

_ﬂ,(x)z%x" +1.

Prove the following statements:

a) /, obtains its minimum value at a unique
point x, , for each positive integer n. Put

S.il = ﬁ!(xﬂ }'
b} &, ::»% for all n e N*. Moreover, % is the
best constant possible in the sense that there

: ]
does not exist any real number H>E such

that S, > a forall ne N*.
¢) The sequence (S,) (n=1, 2, ...) is decreasing

and lIim §, = —

d) lim x, = ~1.
Translated by LE MINH HA
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Xét tong cac s6 cua sdu vong tron sb ta co
Ha+htot+d+e)+ Ha' i Fpi+gdi+e)
+h+k+13+14+15=6x35=210.
Suyra 2g+h+k=63 (2)
Tir (1) va (2) c6 g = 20. Thay vao (1) duoc
h+k=23,dod6 (h;k)chico thé bang (11; 12)
hoac (12, 11). Xét hai truong hop sau:
1) h=12 va k=11. Bat a+a'=m. Xét ha1 vong
tron chira 13 va 14 suy ra c+c¢"=m+1. Xét hai
vong tron chira 13 vah=12suyrae+e' =m+ 2.
Xét hai vong tron chita 14 va 15 suyra b + b' =
m + 3. Xét hai vong tron chtra h= 12 va k=11
suy ra d+d =m+4. Tir cac dang thic trén co
f+g=5m+10 = m=9. Dodoa+a'=9,
b+b'=12, c+c'=10,d+d'=13,e+e=1l (3
Xay ra cac truong hop
atd=6+3=T7+2=8+1=4+aq.

Eﬁ,f'""";.tw ".B\_J.f':um...__ ~= ﬁ‘i ll.-’*‘*«:f,f;:'::»
200 Pong noaso

AR e
f

L= e

an Tinkh mudn cit 31 s0 ngdy cia
Bths’mg 12 trén to lich roi dan moi
50 vao mét 6 tron nhur ¢ hinh bén dé
tao thanh bon bong hoa s6 chao mumng
nam mdi, sao cho téng cac so trong
mbdi bong hoa déu bang nhau. Ban
hay giap ban Tinh dat dugc diéu
mong muon do.

AN MINH

iai dap: SAU VONG TRON SO
(Dé ding trén THTT sé 411 thang 9 nam 2011)

Ki higu cac chir biéu thi cho cic sb trong & tron nhu ¢ hinh 1.
Theo gia thiét c6 f=a+b+c+d+e=35 Dat g=a"+b'+c'+d'+¢’ thi
f+g+h+k=142+..+12=6x13=T78.Suyrag+h+k=43 (1)

Hinh 2

Chang han a = 6, ' = 3, két hop véi (3) tim din
ra cac sO con lai. Mot dap an nhu thé la hinh 2.
2)h=11vak=12. Pata + a = n. Xét tuong ty
nhu trén tim duge n = 10 nén cé a + a' = 10,
b+b'=1lctc'=ll,d+d =13,e+e'=10(4)
Xay ra cac truong hop
at+ta'=6+4=7+3=8+2=9+1=g'+a.

Chiang han a = 8, @’ = 2, két hop véi (4) tim dan
ra cac so con lai. Mot dap an nhur the 1a hinh 3.
Nhén xét. Cac ban sau ¢6 101 giai tot:
1) Pinh Viét Thang, 12 Li, THPT chuyén Lé Héng
Phong, TP. Nam Bjnh.
2) Ta Diéu Ly, 9A3, THCS Lam Thao,Phi The.
3) Trdn Nguvén Try, 9/1, THCS Pham Hong Thai,
TP. Pleiku, Gia Lai.
4) Biti Xudn Hién, 12 Li, THPT chuyén Lé Hong
Phong, TP. Nam Pinh.

PHI PHI

TOAN HOC
' Cuditpe 27
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Chirng minh hé thirc trong hinh hoc khéng gian
thueng gdp trong chuong trinh toan bdc THPT.
Tht kho tim ra mét phuomg phdp chung dé giai
cdc bai todn dang nay. Tuy nhién dua vao kinh
nghiém hoc tdp va giang day cua minh, ching
16i xin trao doi mét sé6 phuong phdp ma ban
than thdy cé hiéu qua hon ca.

MOT s6 PHUONG PHAP Cl'lJNG MINH HE THUC
trong hlnh hoc khéng gian

1. SU DUNG NHUNG HE THUC TUONG TU

TRONG HINH HOC PHANG

Rét nhiéu hé thirc trong hinh hoc khong gian
duge ching minh dua trén két qua hay
phuong phap chimg minh cac hé thic trong
tur trong hinh hoc p]‘ldl‘lj;, Ching han cac hé
thire trong t& dién vudng (thi du 1), trong tr
dién thy vy (thi du 2) dugc chimg minh dua
vao cic hé thirc twong tu trong tam gidc
vudng va tam giac thuong.

* Thi du 1. Cho i dien OABC, goc tam dién
dinh O ba mat vudng; OA=a,0B=b,0C=c;
diong cao tr dign OH = h. Thé thi

1) qrmf SiapS
2) b_ !_Sf},-f( +'bl’.?b'(. S;H(

OAB

]
3) . :L+ +-Iﬁ.
a: o B &
* Thi du 2. 1) Cho tu di¢n ABCD voi cdc
duong cao h,, by, h., hy va ban kinh mat

HAR "™ ABC

cdu ngi tiép bang r. Thé thi
E 1 L ]
—_———t—t— =,
h“ h,p. h,. .‘;?J i
2) Goi A4, B,,C,,D, la trong tdm cua cac mgt
déi dién véi cdc dinh A, B, C, D vaa, b, ¢, d,
e, [la cac canh cua nr a’zen ABCD. Thé thi

AA+BB: +CCG +DIX =§(n2 +b +cr+d? +& + ).

TOAN HOC
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LE QuOC HAN
(GV khoa Toan, BH Vinh, Nghé An)
Biy gitr dé ¢ két qua rong ty cong_thire tinh
duong phén giac trong cua tam gidc, can xac lap
cong thire tinh thé tich tr dién twong tr cdng

thirc tinh dién tich tam giac S 5 =%bc sin A.

% Thi du 3. 1) Cho nr dién ABCD 6 S 5 = p,
S0 =¢q, AB=a va goc nhj di¢n tao boi hai mat
phang (ABC) va (ABD) bang a. Thé thi

2pg sin &

—y

2) Mat pf?fjwrg phan gidc cua goc nhj dign
canh AB cat CD tai M. Pat S gy = x. The thi

- e
I’ ABCR —

&
2 pg cos —
X=———<

pP+q

Lai giai. (h. 1)
1) Ké DH L mp(ABC),
DK 1 AB thi
HK 1 AB .
Do ddé DKH =« .
Taco
DH=DKsina
=2.S‘,.,m .sina=2qsma C

AB a

Hinkh 1
2 pgsing

1
nén Fyapco =§SABC-DH = %)

3a
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prsm—
2) Tuong tur Vyprye = 2

ism’.id}'l-‘f_

Vi Vigew +Vaspw =Vapcp » n€N

s axsin®
i PSS 2 pgsina

3a 3a la

"
2 pxsin—
pxsi >

o
2 pgeos—
Dodé x=— 2

rPtq
2. SUDUNG CONG CU LUONG GIAC
Str dung dinh nghia ti s6 lugng giac cua goc
nhen va cac dinh li sin, cdsin trong tam giac
dé giai toan.
% Thi du 4. Cho hinh chop SABCD c6 54 = h
vuong goc voi day va ABCD la hinh vuong
canh bang a. Trén hai canh BC va CD thir tir co
hai diém M, N chuyén dong sao cho BM = u,

DN =v. Tim hé thuc lién hé giita u va v
sao cho
1) Mat phang (SAM) vudng géc voi mdt
phdang (SMN).
2) Géc tao boi hai mdt phang (SAM) va
(SAN) bang 45°.
Lai giai. (h. 2)
1) Ta chimg minh dugc mp(SAM) L mp(SMYV)
khi va chi khi tam gidc AMN vudng tai M.
Taco AMN =90° <> M, + M, = 90°.
@tanIJl:Cﬂtﬂ?z s

a_a-u

u o a-v
2) Goc tao bai
hai mat phang
(SAM) va (SAN)
chinh 1a MAN.
Ma MAN =45°
S A+ A= 45
> [an{A] + Ag) = tan 45°.

tan A, + tan 4> u v U v
PN = — =]l —t—=]1—-—.—
1-tan A tan Az a a a a

Sau+v)i=at—-uw S uv+alu+v)=a?. O

% Thi du 5. Cho nt dién ABCD ¢6 cac cap
canh doi bang nhau. Ching minh diéu kién
can va du dé hai mat phang (ABC) va {ABD}

vuong goc voi nhau la tan BAC.tan ABC =2.

Lo gidi. (h. 3) A
Ké CH L AB,

DK 1 AB thi

CH = DK, 5
BH = AK.

Hon nita D
mp(ABC)

1 mp(A4BD)

< CH 1 HD

o CH*+DH? =CD?

< CH?+DK? + HK? = AB?
<5 2CH? +(AH — AK)Y? =(AH + BHY

Hinh 3

< 2CH? = (AH? + BHY? —(AH - BH)?
esmemr—aar e 2L SR
AH BH

<5 tan ﬁ.tanﬁzz.ﬂ

% Thi du 6. Cho hinh vuong ABCD tam O,
co canh bc%ng a va mia duong tron (C) duri'ng
kinh BO nam trong mdt phang vuéng goc vai
mdt phang (ABCD) Goi M la mot diem trén
duong tron (C) va N la giao diém thir hai
(khdc M) cua DM véi (C). Ching minh hé

thire sin? MAQO +sin? NAO=E_

Léi gidi. (h. 4)

Hinh 4

Goi () la mat phing di qua BC, vudng goc voi
mit phing (4BCD) va H, K la giao diém cua
AM AN v&i (a). Dé thay t gidc BCKH 1a hinh

TOAN HOC
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thang va OM L BM. Vi mp(MBD) L mp(ABCD)
va ACLBD nén AC Lmp(BMD) = AC 1 BM.
Dodo BM L mp(AMC). Talai cé AB1BC,
mp(ABCD) L mp(a), nén ABlnpla) =A4ABLCH.
Suy raCH Lmp(AMB) =CH L BH, CH 1 HA.

Tuong tu CK L KB, CK 1L K4. Tu d6 hinh
thang BCKH ndi tiép nén la hinh thang cén.
Do d6 sin> MAO+sin® NAO
_HC?+KC?  HC?+BH?
R T T

_BCE 42 =—I—.CI
~AC? 2a- 2

% Thi du 7. Cho hinh ldp phuong ABCD.
A'B'C'D' canh bang a. Hai diém M, N chuyén
dong trén AC va A'B sao cho AM=AN=x
(0<x< mﬁ) . Goi a va ff theo thir fir la cac
goc tao bai MN véi AC va A'B. Chimg minh
hé thitc cos’a +cos® fi=—

Loi gidi. (h. 5)

Kée MH i/ BC. i L
Khi do H N
AH_AM_A'N L M

i, f "
HB MC AB \4A
nén NH // AA". N
Vi A4' L BC nén [ g FECmE S c
HM L HN. I

1.7
Hon rfua cac 4 7
tam giac AHM Hinh 5
va BHN vudng can nén
_AM_x . BN _af2-x
2 V2 V2o 2

MN? :%+£a-—v6—;£=x3 —a2x+a’;

Ap dung dinh li c¢ésin cho cac tam giac ANA'va
AMN c6 AN? =@ +x2 —a2x = MN? .

cos g o AMPHMN? —AN> _ AM _ x
' 2AM MN 2MN 2NM '
Tuong tu cos ff = S -2—x.
2MN  2MN
Do do cos?  +cos? §
x4 (a2-x)? 22 —av2x+a?) 1
AMN?  4(x—av2x+a?) 2
TOAN HOC
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3.8UDU NG CONG THUC VE Ti SO DIEN TiCH
VA TI SO THE TiCH

Két qua 1. Cho goc fay =a . Trén Ox va Oy
thir tu 14y hai céip diém 4, 4'va B, B". Thé thi
04 OB

Sors OA' OB"
Két qua 2. Cho goc tam di¢n S.xyz. Trén Sk,

Sf AE

Sy, Sz 14y cac cip diém 4, 4% B, B': C, C".
hé i Yime _SA SB SC .
Veatser 540 5B SG"

% Thi du 8. Cho hinh chép S.ABCD, ddy
ABCD la hinh binh hanh. Mgt mdt phang tiry
¥ cdt SA, SB, SC, SD thir tw tai M, N, P, 0.

4
Chirng minh hé thiec = + . EB g

SM SP SN SO
Loi gidgi. (h. 6)

Goi O la giao
diém coa AC va
BD, [ la giao
diém cua SO
véi mat phing
(MNPQ) thi M,
I, P thing hang
va N, I, Q thing
hang.

B
Hinh 6
1

VidO=00C 080 Ssis = Sice = E S
Ta lai co Ssur + Ssp _ 28swp
si0 Ssoc Ssac
SMrSf 2 SISP  2.SM.SP
SA SO  SOSC  S45C
T A 250
SM SP  SI
SB  SD _250
Tuong ty ¢co —+—= ‘
SN SQ ST
Tirde 54, SC _SB SD

SM SP SN SO

*Thi du 9. Cho hinh chép S.ABCD, ddv
ABCD la hinh vuéng canh héng a va SA la
dwong cao. Goc tao boi SC va mat phang
(SAB) bang a Mot mat phang di qua A,

https://tieulun.hopto.org
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vuéng goe voi SC cat SB, SC, SD tgi M, N, P.
Vs amvp

K 2
; g U cos 2
Churng minh hé thirc = ] :
Fsascp \ cosa

Léi gidi. (h. 7)

D& thiy BSC=a,
SB1BC,SCLAN va
x ZV‘{.#.’HE'L'

g
I S.ABCD 2V3..—IBC

SA SM SN
54" 8B °SC
SM SN B
T SBSC

Trong tam giac vudng S4B ¢o

SM _ S42

SB SB>’

V’E‘ AMNP

Hinh 7

SM.SB = S5A* =

SN  S4°
Tuong ty c6 —=
SC scr

Mait khac SB=a.cota, SC= ;

sin &
nén SA° = SB?

— AB? =42 . cot? a — a?
_a,(cosza IJ_a3c052a
sin’ a

sin? ¢
 SM S84 a*cos?a _ cos2a
Do d6—=
SB SB  sinfa doosla csla
N _ s
36 8CF

s
Vs o L

sin® e

_a*cos2a sin® @

e i =cos 2a.
sin’ « a’

cos 2a oosZa:(mSM) A

Suyra

= 4
S AR COS- x COs &

4. Sir dung két qua vé dién tich hinh chiéu
Két qua 3. Gia sir goc gitra hai mat phing (P)
va (Q) 1a @. Trén (P) c6 mot da giac dign
tich § va hinh chiéu cua no trén (Q) cé dién
tich S”. Thé thi S'=Scos .

% Thi du 10. Cho fi dién ABCD ¢6 cdc cdp
canh déi bdng nhau. Goi a, B, y la cdc géc
ph&ng nhi dién canh BC, CD, DB cua tir dién
do. Chumg minh hé thirc cos a+cos f+cos y =1.

Léi gidgi. Cac dudomg thang ké te B, C, D thu
tu song song véi CD, BD, BC cit nhau tai M,
N, P. K¢ AH L mp(BCD). Khi d6 tam giac

MNP ¢6 ba goc nhon va H la tryc tam cua

tam giac d6 nén H niam trong tam giac MNP.

Dé thay dién tich cac mit cua tir dién bang

nhau va ki hiéu 1a S. Theo két qua 3 co

Suac =Scosa, Sycp =Scosfi, Sypp =Scosy.

e Néu H nim trong tam giac BCD thi

SHBC' + SH(','D + S”f;“g = SHC.‘.F_J = S, nén
cose+cos ff+cosy=1.

. Néu H nam ngoai tam giac BCD, chang han
H nam trong tam giac PCB. Goi a; la goc tao
bai hai mét phang (48C) va (BCD) thi

o+ =180° = cos @ =—cos .
Khi do Syep + Susp — Suse = Spep =5 nén

cos F+cos y—cosay =1.
Do d6 cosea+cos f+cosy=1.0
BAI TAP

1. Cho tir dién ABCD c¢6 cic cip canh dbi vuéng gaoc

v(1 nhau. Chimg minh hé thirc
AB*+CDi=AC*+BD? = AD*+ BC*.

2. a) Cho tir dién ABCD ¢6 AB = a, CD = b, khoang
cach pitra AB va CD la d, goc gilta AB va CD la a

; . 1 y
Chimg minh rang ¥V, zcp =gabdsma c

b) Cho tir dién ABCD c6 4B = CD = a, AC=BD =
b, AD = BC = ¢. Chimg minh rang

7 1 e a - 5 Bl
Visen =E\i’(ﬂh —a’ )(P‘ —b? ){P" —c?),

trong & 2p?=a’+b* +c’.

3. Cho ot dién O4ABC, goc tam dién dinh O ba mit

vudng, 04 =a, OB = b, OC = ¢; dudng cao OH = h.

a) Goi @, f,y la cac goc tao bol OH vl OA, OB,

OC. Chitng minh ring cos? @+cos® f+cos’ y=1.

b) Goi &, B, % lauacgoctaobmcac matphang(OAB),

(OAC), (OBC) véi mit phing (ABC). Chimg minh rang
cos” o +cos® [ +costy =1.

4. Cho hinh chép S ABC va G la trong tim tam gidc
ABC. M6t mat phing cit S4, SB, SC, SG tai A", B',
C'vaG' Chung minh hé thire

E+£+ SC _35G

st SR BCT S8G
5. Cho tix dién déu ABCD canh bing a, AH 1a duimg

cao cua tir dién va O 1a trung diém cua AH. Mat mat
phing di qua O cit AB, AC, AD tai M, N, P. Chimg

minh hé thirc —-1—+ 1 e 1 =E,
AM AN AP a
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CAC BINH CHUNG
trong Quan doi

A

Qué‘m ddi nhan dan Viét Nam c6 25 loai phlu hiéu, mdi phu hiéu biéu thi cho mét binh

e

chilng, quan ching hodc ngénh Ki thuat hodc ngénh Hau can Tai chinh. Dua vao hinh
anh moi pht hiéu ban hady tim tén clia binh chung, quan chung hodc nganh tu’dng Ung trong
Quan do6i nhan dan Vlet Nam rdi dién tén vao moi hang (k& tir trén xudng) clia 6 chir dé phat

hién tir khéa & cot doc sam mau. VAN KHANH
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TRUONG THPT CHUYEN NGUYEN BINH KHIEM - VINH LONG
NIEM TU HAO CUA VUNG DAT CHIN RONG TRON 20 TUOI

Hiéu trudng -
BUI CHi HIEU

im gitta d6i bor Clru Long Giang hién hoa,
Truong THPT chuyén Nguyén Binh

Khiém tinh Vinh Long, tién than la

truang chuyén Vinh Long, chinh thirc duoc mang
ten Nguyén Binh Khiém tir ngay 29/7/1992 theo
quyét dinh ctia UBND Tinh véi von ven 3 1op
chuyén khéi 10 va 60 hoc sinh. Dén nay truong da
c6 quy mo 33 16p va 1132 hoc sinh; 129 can bo, giao
vién, cong nhan vién (trong d6 c6 40 thacsi).
Puge surquan tim cta cac cap lanh dao, surchidao
ctia SO Giao duc va Dao tao tinh Vinh Long, dugc
¢6 v bai truyén thong hiéu hoc va khat vong vion
lén cia cac thé hé giao vien hocsinh, sytingho cua
cha me hoc sinh, trong 20 nam qua nha truong
da dat duoc nhing thanh tich dang phan khoi va
turhao.

HOC SINH: Ti lé tot nghiép luén dat 100%, ti 1¢
tring tuyén vao dai hoc luon dat trén 80% (neu chi
tinh tir nim hoc 2006-2007 t6i nay luon xép trong
Top 100 cac truong THPT toan quoc véi t ¢ trén
95%). Trong 20 nam qua, hgc sinh ctia truomg dur thi
va doat 3468 giai hoc sinh gioi cap tinh, 321 giai hoc
sinh gidi Qudc gia (binh quan 16 giai/nam). Dur thi
“Duonglén dinh OIYTlea do Dai Truyen hinh Viét
Nam té chiic, lién tiép 3 nam tir2001 dén 2003, truong

doat 2 giai Nhit (em Tran Ngoc Minh, em Lutong
Phutong Thao) va 1 giai Nhi (em Dé Thi Hong Nhung).

GIAO VIEN: 2 gido vién duoe tang danh hi¢u Nha
gido Uu ti (thay Nguyén Tudn Thanhvaco Bui Thi
Xudn Hoa), 1 giao vién duoc HoiToan hocViet Nam
tang giai thuomg L.eé Van Thiem (co Lé Ngoc Truong)

ISSN : 0866-8035

Chisd: 12884

va 7 gido vién duge So Giao duc va Dao tao Vinh
Long tang thudng danh hiéu Vién phan Vang, 10
giao vién dugc ting Bing khen ctia Thii tudng
Chinh pht.

NHA TRUONG: Pugc Nha nudc ting Huén
chuong Lao dong hang Ba nam 2003, B Giao duc
va Pao tao quyét dinh cong nhan truomg dat
chudn Quéc gia nam 2002. Hai lan dugc Thi
tuéng chinh phii tang Bang khen, hai lan duoc
UBND tinh trao Co dan dau thi dua khoi cac
truong THPT cta tinh nam 2009 va 2010.

Nam hoc 2010-2011, lap thanh tich chao mimg ki
niém 20 nam thanh lap truémg, nhiéu niém vui da
dén voi truomg nhir: Co 15 hoc sinh doat giai hoc
sinh gioi Qudc gia (nhiéu nhat tirkhi truong khong
con thi & bang B), 498 hoc sinh doat giai hoc sinh
gidi cdp tinh; két qua thi dai hoc truong dat diém
binh quan 3 mon la 16,27; va xép thit 66 trong Top
100 cac truomg THPT toan quoc, dac biét co em
Duong Thanh Hung dat thu khoa toan quéc.
Truong duge Hoi dong thi dua tinh xét duyét va de
nghi Nha nuéc tang Huan chuong Lao dong hang
Nhinam 2011. Song song do, Dy an cai tao x&y dung
md rong nha trieong (du trt kinh phi trén 50 ti dong]
da duoc UBND tinh phé duyét va co ké hoach trién
khaivao daunam2012.

Ki niém tréon 20 tudi, truomg THPT chuyén
Nguyén Binh Khiém tinh Vinh Long vui mimg voi
thanh tich da dat duoc va khung ngimg cO gang
vuon lén dé ximg dang la niém tuw hao ctia vang dat
Chin Rong.

Giay phép XB s6 510/GP-BTTTT cap ngay 13.4.2010
In tai Xinghiép Bando 1 - BQP
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