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hiing t6i viét bai nay dé chiic mimg GS. Hoang Tuy khi 6ng la

nguoi dau tién trén thé giéi vira duoc trao tang Gidi thuong

Constantin Caratheodory va dé chiic mimg Khoa Toan-Co-
Tin, Truong DHKHTN, DPHQG Ha Néi, tron 55 tudi (1956 - 2011), ma
GS. Hodang Tuy la Chu nhiém khoa thit hai. Muoi mét Chu nhiém
khoa tir ngay dugc thanh lap dén nay la cac Giao su: Lé Vdn Thiém,
Hoang Tuy, Phan Vin Hap, Hoang Hiru Nhi, Tran Van Nhung,
Nguyén Duy Tién, Pham Trong Qudt, Ddang Huy Rudn, Pham Ky Anh,
Nguyén Hitu Duva Vii Hoang Linh. Trong bai viét, ching t6i mudn 6n
lai nhimg ki niém sau dam khong thé nao quén vé GS. Hoang Tuy mot
nha toan hoc xudt sic, néi tiéng thé gioi, mot nha su pham mau muyc,
nguoi c6 nhiéu ¥ tuong & tim chién lugc trén quan diém hé thong vé
sang tao todn hoc, vé chian hung khoa giao va trén ca la xay dung va

phét trién dat nuoc.

I. Nhimg ki niém vé GS. Hoang Tuy

GS. Hocing Tuy da duge ton vinh & trong nude va
ngoai nudc, da dugc trao Giai thudng Ho6 Chi Minh
dot ddu (nim 1996) vé khoa hoc cong nghc (mu
thuong Phan Chu Trinh (ndm 2010) va 1a ngum ddu
tién trén thé gidi vira duge Hiép hoi Quédc té vé Toi
ru toan cuc trao Giai thufmg cao quy mang tén nha
toan hoc xuat sic ngudi Hy Lap Constantin
C'amfheoa’my (1873-1950), do nhirng dong gop
tién phong va nén tang cua éng trong linh vuc nay.
La tac gia cua 170 cong trinh khoa hoc duge cong
bo trén céc Tap chi toan hoc noi tieng thé gioi,

GS. Hoang Tuy dugc thira nhén 1a "cha dé" cua Li
thuyét Toi uu toan cuc (Global Optimization),

trong do 6 khai ni¢m quan trong "Tuy's Cut" (Lat
LdtTuy} mang tén 6ng.

Khi GS. Hoang Tuy da tro thanh nha toan hoc Viét
Nam néi tiéng the gidi thi ngay cz‘mg cO nhiéu
bai wct ve Ong ¢ trong nuoc va nuoe ngoa. Trong
mot 50 bai viét cuia minh, tac gia Ham Chdu, mot
chuyén gia viét vé cic nha khoa hoc Viét Nam thanh
dat, va nhiéu nguoi khic thm"ngJ nhac dén hai nha
toan hoc Viét Nam tiéu biéu, noi tiéng thé gidi, mot
gia mot tré, do la GS. Hofmg Tuy va GS. Ngé Bao
Chdu (ngudi dau tién clia the gioi thir ba duge trao
Giai thuéng Fields cao quy nhét vé Toan hoc trén
thé gidi). E)ang chi1 ¥ 1a ca hai nha todn hoc Xuat sic
va ti€u biéu nay du “xudt phat” tir Trudmg Dai hoc
Téng hop Ha Noi. GS. Ngé Bdo Chau nguyén la
hoc sinh Khoi chuyén Toan khoa XXII, GS. Hodng
Tuy nguyén la Chu nhi¢m khoa Toan - Co - Tin
cta Truong.

TRAN VAN NHUNG
(HS chuyén Toan khoa 1965 - 1967
Truomg Dai hoc Téng hop Ha Néi)

N gay tir nhimg nam 1963-1964, 61 da duoc biét
dén tén Lhay Hodng Tuy va thiy Lé Hai Chiu qua
céac sach gido khoa todn pho théng, tén cdc nha todn
hoc Ta Quang Buru, Lé Van Thiém, Hoang Tuy,
Nguyen Canh Toan, Phan Dinh Diéu, Hoang Xuan
Sinh, Hoang Chung (em trai thay Hoang Tuv)
qua Tap chi Toin hqc va Tuoi tré, Toi con nhcr
nhu‘ng cuon sach gido khoa pho thong Todn ngay ay
rat mong, ritco ban. suc tich va chal loc, nhung van
cung cap cho chung toi du cac klm thirc can thiét.
Vi sao khéng can nhiéu nhtmg van da? Vi cic tac
gia la nhitng nha toan hoc va su pham uyen tham, la
nhimg thay gido da truc tiép day todn & bic pho
thong va dai hoe, da thye si nghién ctru todn hoc va
sur pham da tham khao nhimg sach glao khoa cua
cac nugc co neén su pham (:huan muyc va tién tién
trén thé gigi nhu Nga, Phap, .. C6 thé noi thé nay
duoc l{hong Pé viét c.ach giio khoa chuén muyc can
phai c6 nhitng bac thay chuin myc!

Chudn myc & day dugce hiéu theo nghia c6 su kél
hc-p hai hoa gitra li thuy¢t voi thyre hanh, gitra so L&p
VOl cao LE]I}.. gilta truyén thmm v h1f;n dai, gitra
quoc gia vOi quoc te. Chung t6i rat mim g khi thay
ring hién nay khi d6i méi chwong trinh va sach gido
khoa pho théng, Bo Gido dyc va Péao tao, Vién
Khoa hoc Gigo duc Viét Nam, Nha Xuét ban Gido
due Viét Nam v cdc tic giada day cong nghién ctru
va tham khéao c6 chon loc cac chuong trinh, sach
gmo khoa pho thong clia nurdre ta tir truoc dén nay va
cla cac nude tién tién trén thé gioi, theo ding
phuong chdm gido dyc ciia Pang ta 1a "co ban, hi¢n
dai va Viét Nam". ]

(Xem tiep trang 4}

https://tieulun.hopto.org
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Dé gm: 1ot mot béi todn ndi chung va bai todn hmh:'
hoc noi riéng, ngodi viéc nam viing Aien thire cor
ban, kién thirc ndng cao, ching ta cdn phai biét
thém mot s6 ki nang, ki thudt khac: nhw vé thém
) duv‘ng phu, sir dung cdc phép bién hinh,...Bai viét
« nay ching t6i muén trao doi cimg ban doc la viéc sir
dung tinh chat doi xting dé dy dodn vé thém hinh, tir
do tim ra loi giai mot sé bai todn hinh hoc.

SUIDUNGATINHICHAT, XUNG
PE/GIAI MOT SO BAI TOAN HINH HOC

WBai toan 1. Trén hai cagnh Ox va Oy cua
goc xOy lan lwot r’m cdc diém A véa B sao cho

1 I A i 43 i
— =— ,voi m la 56 duong cho trudc.

[)4 OB m
Chirg minh rang dwong thang AB luén di
qua mot diém co dinh.

1 |
Phan tich. Nhin thiy trong hé thic— +— =—
En 04 OB m

0OA va OB c0 vai tro nhu nhau. Néu ldy cac
diém A4, va B, lan luot déi ximg véi cac diém
A va B qua tia
phdn giac cua
goc xOy thi céc
diém A4, va B,
cling thoa min
deé bai. Do dé6
néu K la diém
co6 dinh thi
duémg  thang
AB, ciing phai
di qua diém c6 dinh 4y. Vi hai dudmg thing 48
vd A;B) d6i ximg véi nhau qua tia phén giac
cta géc xOy nén ching phai cit nhau trén tia
phén giac d6. Tir d6 ta co 161 gidi sau day.

Hinh 1

Loi giai. (h. 1). V& tia phan gidc Oz cia géc
xQOy cit doan 4B tai K, ke KM//OB (Me OA).
Ta c6 tam gidc MOK cén tai M va

OM oM KB MK KB " AK

OA OB AB OB . 4B AB.

1 1 1
S —+—=——kéth thiét
uy ra OA+OB B &t hop véi gia thié

NGUYEN KHANH NGUYEN
(GV THCS Héng Bang, Hai Phong)

ta c6 OM = m (cho truéc) nén M la diém cb
dinh, ma MK//OB suy ra K la diém co dinh
(dpcm). O

Qua bai todn trén céc ban thiy khong phai
ngau nhién ma ching ta lai vé thém tia phan
gidc cua goc xOy. Moi dudng ké thém déu co
li do cua nd!

@Bai toin 2. Cho dirong tron tam O va
dirong n’mn-;z d khong co diém chung vai
(0). Tir diem M bat ki trén d vé cdc !:ep
HH{’H MA, MB dén diwang tron. Chung minh
rang dwong thang AB luén di qua mét diém

co dinh.

Phén tich. Ha OH wvubéng goc véi dudmg
thiing d. Ta thdy bai toan c6 tinh dbi ximg qua
dudmg thing OH. Do d6 néu ton tai diém c6
dinh thi diém c6 dinh d6 phéi nim trén dudng
thing OH. Ta ¢6 101 giai nhu sau.

o flll
M H

Hinh 2

TOAN HOC
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Loi gidgi. (h. 2). Ha OH vudng goc vdi 4, dé
thay OH c¢6 dinh. Goi / 1a giao cia OH véi AB,
nbi OM cit AB tai K. Do OM L AB nén t
gidc MKTH ndi tiép suy ra OLOH = OK.OM =
OB* = R* (R 14 ban kinh ctia duomg tron (0))

2
= of= 22 = 112 tiém cb djnh (dpem). O
OH
¢ Bai toan 3. Cho mér diém A nam ngodi
dwong tron (Q). Tir A vé cat tuyén ABC bat ki
vai duong tron (B nc?ﬁn gitta A va C). Tai B va
C vé cdc mp tuyén voi voi u’urmg mm (0),
uu nhau tai M. Chumg minh rang diem M
nam trén mot diomg cé dinh.

Phan tich. Ta thiy bai toan c6 tinh chit di
Xung qua dl.r(mg thing A0. Mit khéc, khi cat
tuyen ABC trung véi dudng thing AO thi cac
tiep tuyen tai B va C song song v&i nhau, khl
do ta coi d:cm M & xa vo tan. Vi vy néu
diém M nim trén mot dudng cb dinh thi d6
phai 12 duomg thing nhan 40 lam tryc d6i
xtng. Do d6 ta co 101 gidi sau day.

ILJr

Hinh 3

Loi gidi. (h. 3). Ha MH vudng géc vai A0,
ndi MO cit BC tai K. Ta co tir gidc AMKH
ndi tiép nén OH.04 = OK.OM=0C* =R* (R
14 ban kinh ctia dwong tron (0)).

2 ¥ [
Suy ra OH =§E (khéng doi). Do 4, O co
dinh nén H ¢b dinh.
Vay M chay trén duong thing cb dinh vuéng
2z

e A H i OR =~ ]
04

TOAN HOC
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¥ Bai toan 4. Goi A la mét diém di dong trén
cung tron BC thr:r trucde. Puwong tron noi tiép
tam giac ABC tiép xiic véi cdc canh AB va
AC lan luot tgi K va M. Chirng minh rang
dwong thang KM ludn tiép xiic véi mot duong
tron cé dinh.

Phién tich. Vi diém A di dong trén cung tron
BC nén hinh 4 ¢6 tinh d8i ximg qua dwong
trung truc cua doan BC. Do d6 néu ton tai
dudmg tron b dinh thi tim cia né phai nim
trén dudng trung truc cia doan thing BC. Ta
du doan d6 13 trung diém 7 cua doan thing
BC. Tir do, ta c6 lon giai sau day.

Loi gidgi. (h. 4)
Goi I 1a trung
diém cta doan
thing BC. Tir
B, I, Clan luot
ha céc duong
vuéng goc BD,
IJ, CE xubng
duong  thing
KM. Khi do IJ
la dudng trung
binh cua hinh
thang vudng
BDEC, nén ta co

Hinh 4

- BD+CE o
2
thiy DBK = ECM =24<

Mit khac, dé

khong d6i, ma
BD+CE = BK.cos DBK + CM. cos ECM
=(BK + CM) CQSB_’;‘E = BC gos Lt

(2)

Tu (1) va(2) suyralJ la mot

=% B(C cos i

dai lugng khong ddi, ma [ 1a diem c6 dinh
nén dudmg thang KM ludn tiép xuc vai duong
tron co dinh tAm 7, ban kinh L/ khéng doi.

https://tieulun.hopto.org
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Ciu 1. (2 diém) Rt gon biéu thirc

g xy—vx?=1a/y? -1

W+Jx3—l\}1y1——1 d

(b+b]

Ciu 2. (2 diém) Giai hé phuong trinh
.|r_1'4 =X vty =1
\l_.T'!_l-' —x+xy=-1,

1

Vol x:—(
25

va azl.b?_*l,

Cau 3. (2 diém) Tim cac sb nguyén x, y thoa
mén phuong trinh
KT oyt e il

Cau 4. (3 d@iém) Cho hai duong tron @, @,
cat nhau tai hai diém 4, B. Trén tia ddi cia
tia AB lay diém M; qua M ké céc tiép tuyén
MD, MC véi dudng tron @, (D, C la cac
tiép diém, D nim trong duong tron @).
Puodng thing C4 cit duomg tron o tai diém

D& Wmfa;w/O

TRUONG THPT CHUYEN LAM/SON,, THANH HOA

NAM HQC 2011-2012
(Thoi gian lam bai: 150 phit)

diém thir hai 1a P, duong thing AD cét
dudng tron o tai diém thi hai 1a O ; tiép
tuyén coa duomg tron @, tai 4 cit duong
tron oy tai diém thir hai la K: giao diém cua
cac dudng thang CD, BP 1 E; giao diém
cla céc duong thing BK, AD 1a F.

a) Ching minh bén diém B, D, E, F cung

nam trén mét dudng tron .

b) Chimg minh ring <& = 8¢ _ €4
DO BD o B4

¢) Chirng minh ring duong thang CD diqua

trung diém cha doan thang PO.

Ciu 5. (1 diém) Cho tap hop
A—{a;1;2;3-4;5;6-7-3-9}

Chimg minh rang véi moi tap con B gém 5

phan fr cua tap A, thi trong cic tong x + y

voix, y e Bvax;ﬁy ludn ton tai it nhat

hai tong c6 chir 6 hang don vi nhu nhau.

PHAM NGOC QUANG
(S& GD&DT Thanh Héa) s tdm va gici thidu

@ Cac ban than mén! Trén day 1a mot sb bai

toan hinh hoc dugc dinh hudng giai nho su
dung tinh chét déi ximg. Rit mong cdc ban
van dung thanh cong phuong phap nay trong
viéc giai mot so «dang bai tdp hinh hoc khac.
Sau diy la mot so bai tdp ap dung.

1. Cho truée géc xOy, hai diém 4 va B lin
lugt chuyén dong trén Ox va Oy sao cho
OA + OB = k cho trudc. Chimg minh ring

a) Trung trirc cua doan thing AB luén di qua
mét diém cd dinh.

b) Buong tron ngoai tiép tam gidc OAB ludn
di qua mot diém cé dinh.

2. Cho hai duong tron (O ; R) va (O'; R tlep
Xuc ngodi tai A (R > R"). Cac diém M va N lin
lugt di dong trén (Q) va (O sao cho
MAN =90°. Ching minh ring dudng thing
MN Tudn di qua mot diém ¢6 dinh.

3. Cho dudng tron (O ; R) va diém A ¢b dinh
& trén d6. M 1a diém chuyén dong trén duong
tron (0). Cac tiép tuyén tai 4 va M cit nhau &
P. Mot dudmg tron (O, ; Ry) bién thién di qua
M va tiép xiic v6i AP tai P. Chimg minh ring
dudng tron (O, ; R)) ludn tiép xic véi mot
duomg tron cb dinh.

TOAN HOC
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Nim 1965, Thiay Hoang Tuy da day cho lop 9
chuyén toan A0 khoa I cua ching to1 nhimg
khéi niém diu tién vé logic toan, toan hoc
hiru han va li thuyet b thi. Vi cuong vi Chu
nhiém khoa rit bian, nhung Thay van danh
thoi gian dé day chung t6i. Trong phong hoc
so sai thoi so tan, cai bang den rat nho, nhung
van du de ca budi hoc Thay viét trén d6 ma
khong can xo6a bang. Thay c6 nghé thuat su
dung va trinh bay trén bang mot cach tm uu!
P6i mit sémg cua T?na\},r luén hudéng vé phia
hoc tro khi néu van de, khi dat cau hoi, khi
goi y va khi khuyen khlch dong vién ching
t6i. Thiy chu y day hoc tro hieu duoc xuit
xit, ban chit va cac moi lién quan cua van de.
Céach day cua Thiay déc ddo va cubn hit,
khéng sa vao cac cong thitc va ki thuat, dé
tranh cho hoc trd “thay cdy ma khong thiy
g’ M(}l khi can viét 1&n bang thi Thiy lai
viét rit ndn not, can than, rd rang (vi du chix
cdic, t, ..., con co ca dudi bén trai). Dén nay
mac du nhfmg klcn thirc cu thé thu duoc tir
bai giang cua Thiy ¢ thé da bj mai mot
nhiéu, nhung in tuqng ki trc vé trinh do, tai
néng, tam huyét va long yéu nghe cua thiy
vin con dong lai mai trong sudt cudc doi
ching t6i nhu mot chit men say. Dung nhu
William A. Warrd da noi: "Nguoi thay frung
binh chi biét ndi, ngudi thay giot biét giai
thich, nguoi thay xuat ching bte.t minh hoa,
ngueoi thay vi dai biét cdch truyén cam himg."

Vao mot ngay cubi thu diu déng nim 1967,
khi bit dau vao hoc 1dp todn nim thi nhit
cua Khoa Toéan, Truong Dai hoc Tong hop
Ha Néi, & khu so tan tai tinh Thai Nguyén,
ching t6i dwge dén GS. Chu nhiém khoa
Hoang Tuy dén thim va no6i chuyén dé khai
giang khoa hoc. Tét ca ching t6i da bi cudn
hat boi cau chuyén hap din ong ké hom do.
Ong di cho chiing toi biét nén toan hoc Nga
db so sau ndy ciing dugc bt déu, phat trién
va r& nhénh tir truong phai ban déu vé Li
thuyét ham bién thyc cua N N. Ludin (1883-
1950). Cang ngay khi ngam lai cdu chuyén
cua thiy Tuy t0i cang thay trong hon nira thé
ki vira qua, nén Toan hoc X6 Viét da co anh

TOAN HOC
4 . Clusilre S4& 413 (11-2011)

huéng to 16n, tich cyc dén nén Toan hoc Viét
Nam va hinh nhu qua trinh xdy dung, phat
trién va phan nhanh cta Todn hoc nuéc nha
cling theo mét 16 trinh gan tuong ty nhu O
nuoce Nga.

Nam 1984, khi t6i dang hoc tdp va nghién
ctru khoa hoc tai Truong Dai hoc Téng hgp
Bremen (CHLB Brrc) theo Hoc béng Nghién
ctru Humboldt (AvH), thi GS. Hoang Tuy
dwoc GS. D. Hinrichsen moi dén lam viéc va
bao cdo trong seminar vé két qua nghién ciru
bai toan t6i wu cua ong. Toi da duge chimg
kién cac ban quéc té tham dy hém do rat than
phuc ndi dung toan hoc va tinh su pham cao
trong bai giang cua ong. GS. Hoang Hitu
Puong cling da duge GS. L. Arnold moi dén
bao cdo khoa hoc tai truong nay vé s0 mil
Lyapunov. Sau hai bdo cédo cua hai Ong
Hoang, Hoang Tuy va Hoang Hiru Duwong,
cic ban Pirc cho ring cic gido su toan hoc
Viét Nam déu 1a nha su pham gioi, déu viét
bang rat dep! Mot s gido su khac nhu
Nguyén Thé Hoan, Vil Quoc Phong, Ngaven
Hitu Viét Hung, Nguyén Khoa Son, Ngmlen
Pinh Céng, Hé St Dam, ..., cling da tung dén
lam viéc va béo cao khoa h-:_)c tai day.

2. GS. Hoang Tuy- mit nha khoa hoc ¢o
twr duy chién luwgc va hé thong

V& lich sir hinh thanh cua Khéi chuyén Toan
A0, sau nay t6i dugc nghe mot so thay, trong
do co GS Ngwen Duy Tién, ké lai rang: Y
tuong dau tién vé viéc m& lop chuyén toan A0
& Viét Nam thude vé GS. Hoang Tuy. nguyén
1a Chu nhi¢ém Khoa Toan, Tru-:mg DHTH Ha
Noi, ¢6 tham khao cach lam cda cac nha Toan
hoc X6 Viét vi dai nhu A. N. Kolmogorov, P.
S. Alexandrov, I. M. Gelfand, ... Dé xuit cla
GS. Hoang Tuy dugc su ung hQ mz_mh me cua
GS. Lé Vin Thiém, Pho Hiéu truong; cua GS.
Nguy Nhw Kon Tum, Hiéu trudng; cua GS. Ta
Quang Biru, B truong BO PH va THCN; dac
biét ctia Thu twémg Pham Vin Dong, ngudi
luén quan tam dén gido duc, noi riéng la viée
dao tao hoc sinh gioi.

https://tieulun.hopto.org
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GS. Hoang Tyy ciing la mgt trong s6 nhirng
nha toan hoc dau tién cha ta dd tham khao
kinh nghiém va nho sy giﬁp d& cua Lién X6,
CHDC Dire va mét s6 nudc XHCN anh em,
dé phén tich, can nhic, dé xuit va cudi clng
nim 1974 Viét Nam di cir doan gom 5 hoc
sinh gidi dau tién di dy thi Olympic Toan
hoc Quuc te (IMO 1974) tai CHDC DPurc va
ngay lan dau tién d6 Hoang Lé Minh da gianh
Huy chwong Vang, Vi Dinh Hoa gianh Huy
chuong Bac, Ddng Hoang T rung va Ta Hong
Quang gianh Huy chuong Pong.

GS. Hoang Tuy va GS. Phan Dinh Di¢u 1a hai
trong s0 cdc nha toan hoc Viét Nam dau tién
nhén théy tam quan trong cua Li thuyet hé
thong va mudn tmg dung li thuyet dé vao
khoa hoc, gido duc, quan li, kinh t& va nhiéu
linh vuc khac. Vi thé, khi nghién ctru va ban
bac vé bit cir linh virc ndo, nhit la gido duc,
GS. Hoang Tuy cung ludn khuycn cdo phai
xem trong tinh hé thong cua né. Ban than linh

vie ma ca doi (‘mg quan tdm nghién ciru 1a L

rhuyer 16i uu toan cyc ciing mang tinh hé
thong sau sdc. Nhur ching ta déu biét, nhimg
van dé toan cuc va hé thong, khong chi trong
toan hoc, khoa hoc ma trong moi linh vire
nhu kinh té, xa hdi, ..., bao gid ciing kho
khan, phuc tap va quan trong hon nhiéu so
voi nhung van dé dja phu’ong. cuc bo. Toi da
cO tim hiéu xem ai la ngum dau tién dua ra
khéi niém nay, Ii thuyét nay. Cudi cing, theo
thong tin ma toi nhan duoc tir GS. Nguyén
Khoa Son , GS. Pham Ky Anh va qua tai li¢u
tham khao thi nguoi dau tién vao nam 1961
da dit nén mong cho Li thuvér hé thong todn
hoc 1a M. D. Mesarovic, dua trén y tuéng tir
nam 1950 cua von Bertalanffy, Norbert
Wiener, John von Neumann vé li thuyét hé
thong tong quét. R. E. Kdlmdn, ngudi My gbe
Hungary, trong bai bao dang trén SIAM J. v, 1,

n. 1, ndm 1963, da dua ra cac khdi ni¢ém ban
dau va néu mot s6 bai todn dat nén moéng cho
1i thuyét hé théng hién dai. O Viét Nam, nim
1983 GS. Hoang Fyy da cung GS. Nguyen
Khoa Son xdy dyng va diéu hanh Trung tim
phan tich h¢ thng tai Vién Nghién ciru quan
1i kinh té trung wong.

Tiép tuc tim hiéu thém, ching t6i duoc biét
nha bac hoc ngudi Scotland tén 13 Patrick

Geddes (1854-1932) la ngudi dau tién trén
thé giGi dd néu ra y tudng vé "hé thong"
Ngay tir ddu thé ki trude, Geddes da khuyén
cao loai nguoi khi cong nghlc_:p hoa, khi d6 thi
héa, phai luon chi y git gin mdi sinh, moi
truong, phai ludn c6 cai nhin hé thong dé quy
hoach tong thé. Lon khuyén céo don gian
nhat, ngin gon nhét, nhung ciing téng hop
nhit cua 6ng la: “Suy ngh; phai toan dién,
hanh dong phai cy the” (“Think globally, act
locally”) Gin day, Lién hi¢p qudc ciing da
ding ciu nay 1am khau hiéu hanh dong cho
ca loai nguoi khi budc sang thé ki XXI,

- khong chi trong vige bao v¢ moi trudmg, khéc

phuc héu qua cua bién ddi khi hiu, ma trong
cd vige glal quyét cdc xung, dot sac tc, ton
gido, quyén loi, chinh tri, ch{mg khung bo
Tom lai, day khong chi la khau hiéu ma cén
la nguyén tic suy nghi va hanh dfng cua ca
loai ngudi khi budce sang thé ki méi nay.

Tir cubi nhimg nim 60 cia thé ki triege, GS.
Hoang Tuy di cung cac nha toan hoc tién boi
khac nhu GS. Tg Quang Buu, GS. Lé Van
Thiém, GS. Nguyén Canh Toan, GS. Phan
Dinh Diéu, ..., xiy dung chién lugc phit trién
Toan hoc V1-.=:t Nam cho giai doan 1970-1990.
Nhé do, chi trong vong 10 den 20 nam, Toan
hoc Vit Nam da c6 nhirng tién bé dang ké va
mot s linh vuc di vuon 1én c6 uy tin cao trén
the gioi. Dé uep nédi va hién dai héa, sau hon
hai nim chuin bi, gin day Chuong trinh
trong diém Quoc gia phat trién Toan hoc giai
doan 2010- 2020 va Vién Nghién cieu cao cdp
vé Todn, do GS. Ngo Bao Chdu va GS, Lé
Tudn Hoa dimg. dAu, da duoc Chinh phu phé
duyét. Trong sudt qua trinh d6, Ban soan thao
dd nhin duoc sy quan tim va chi dao sat sao
cua GS. Nguyvén Thién Nhdn, Phé Thi tudng
Chinh phu; GS. Pham Vii Lugn, B§ truong
Bé Gido duc va Pao tao, ...

Ching téi dd dugc cung di véi Phé Thi
twong Chinh phi Nguven Xudn Phiic va Thi
truéng Bo Giao duc va Ddo tao GS. Bii Vin
Ga, dén nha riéng d€ chic mimg GS. Hoang
Tuy, nhan dip GS dugc trao Giai thudng cao
quy Constantin Caratheodory. Xin kinh chiic
Thiy khoe manh, tiép tuc céng hién nhidu
hon nita cho todn hoc, khoa hoc, gido dyc va
phat trién dét nuéc.
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Chuan bi

cho ki thi

tot nghiép THPT
va thl vao

H é phm:mg trinh mii va légarit la mot phan
trong cau triic dé thi tuyén sinh vao Dai
hoc va Cao dang. Pdy la logi todn fuong doi kho
vi ngodi cdc thao tdac chung cua giai hé ph;m’ng
trinh, né con ¢ phén riéng biét cua ham sé mii va
I6garit. Do khuén khé bai viét cé han nén tdc gia
b6 qua cdc phép tinh hode bién doi dom gian.

Mét s6 phwong phap thwong dung
KHI GIAI HE PHUONG TRINH MU VA LOGARIT

1. Phuwong phép thé

Luwu y. Tt mot phuong trinh (PT) trong he¢, ta
tinh mot an so theo an so thir hai. Thay két qua
d6 vao PT con lai, ta s€ duge PT mét an so. Tu
do co thé tim dugc nghiém cua hé da cho.

% Thi du 1. Giai hé phwrong trinh

'|'_1'-1 —2y?*—=xy-3y—-1=0 (D
|2 4272 =5 (2)
Loi giai. Taco
PT ()< x2—yx—2y2-3y-1=0

Coi day la PT bdc hai cua x, giai ra, ta duoc
x=-y—1 hoic x=2y+1.

o V&i x=2y+1,thay vao PT (2) duge

422y +427y -5=0.
bat ¢t =2¥(r > 0), PT tro thanh 42 +4¢r-5=0
= = ;
s ”2“'%-, T 2‘/3 (loai).

Giai ra, ta duge y =log, (Jg—l)wl
— x=2log, [Jé—l)—l.

¢ Vi x=-y-1, thay vao PT (2) ta dugce
422 -52"+1=0.Tim dugc y=0=x=-1.
hodcy=-2 =>x=1.

Hé PT da cho co ba nghiém (x; y) la (=1;0),

(1;-2). (2 logo(V6 - 1)~ L log, (/6 - 1)~ 1).0

TOAN HOC
¢ °Clusilre S8 413 (11-2011)
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% Thi du 2. Giai hé phuong trinh
|'310g'1; x- Ingf y=log ; x.log, ¥y (1)
£ " 3

Léi gigi. Diéukién x>0,y >0,

PT (1) < 3log: x—log; y—2log, xlog, y=0

< (log, x—1log, y)(3log, x+log, ¥)=0

= 1
< y=x holic y=—.
X

e Vi y = x, thay vao PT (2) duge x=y=log, 2.

1
e Véiy=—. thay vio PT (2): 3435 =4 (3)
v

I
Taco x21=3+32 >3+1=4vi
1

O<x<l =35 +353

Do d6 PT (3) vo nghiém. Hé PT c¢6 mdt
nghiém (x; ) =(log; 2;log; 2).0

>1+3=4.

2. Phuwong phép dit 4n sé phy
Lieu y. Trong nhiéu hé phuong trinh, néu dat
dn sb phy 1a cac biéu thirc c6 chita log, u(x}

hodic a*®, ta s& thu dugc mot hé PT dai )
thong thudng vai cach giai quen thude.
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% Thi du 3. Giai hé phuong trinh

[ 1¢ o iz i
log; x+logs y=:

: . 3
J 5 i
ylog, 2 +,/log, 2 ,

Léi giai Diéukién x>1,y> 1.
Heé PT c6 thé viét thanh

log, x+log, y=5
1 i 3

+ ==,
chhgzx \flogzy 2

bat a=./log; x ,b=\/log, ¥ (a>0,b>0)

ta dugce
a*+b* =5 {a+b)2—2ab:5
1,1 _3 ©qa+b_3
la b 2 b
Laidit S =ag+b, P=ab(§ >0, P >0) ta dugc
8¢ —-2P=5 (1)
p 28
: )

Thay (2) vao (1) ta duge 35° -45-15=0
= 5=3; 8 :—% (logi).
Vi §=3thi P=2 suyra(a;0)=(1:2)
hodc(a;b)=(2;1).
Tir d6 tinh duoc (x; v)=(2;16) hodc
(x;y)=(16;2). O
% Thi du 4. Giai hé phuong trinh
[21 4322 =5
|27 + 437 =>5.
Léi gidi. Piéukién 2° <3, 20 <3.
Dit a=+3-2",b=+3-2/(a20,b20).

dat =h—1=1] 1)
262 —a-1=0 (2)

Ta dugc hé
Trir theo vé ctia (1) cho (2) ta dugc

2(a@* -0 )+a-b=0&(a-b)(2a+2b+1)=0,
Vi a=0,h>0 nén 2a+2b+1>0,suyra a=b.
Thay vao PT(1) ta duge 2> —a—-1=0

— gk a=—é (loat).

Do d6 a=bh=1. Hé co nghiém (x;y)=(1;1).00

3. Phwong phap logarit héa va mit héa
Luwu y. » V6i PT dang a=»b"+2) =¢ (1)
(0D<a=1,b>0,c>0) ta bién d6i nhu sau

PT (1) < log, (a“=»b*>» ) =log, ¢
< u(x, y)+v(x, y)log, b=log, c.
* V6i PT dang log,(,.,,v(x,»)=n (2) ta bién déi
PT(2) &u'(x, y)=v(x, p);ulx, y) > O u(x, y) #1;
Ta s& thu duwoc mot PT dai s6 thong thuong. O
% Thi du 5. Giai hé phuong trinh
314y =24
1314 . =3k
Léi gidgi. Diéu kién x =0, y 2 0.

1
Hé PT tuong duong vei {4 =18 ()

3r.4x =18 2
1
Taco PT (1) < log, [3".4-"' ] =log; 18

<:=:-x+£log3 2=2+log; 2

& xy—(2+log; 2) y+2log; 2=0 (3)
PT(2) © xy—(2+log; 2)x+2log; 2=0 (4)
Trir theo vé ctia PT (3) cho PT (4) ta dwoc
(2+1log; 2)(x-y)=0&x=y.

Thay vao (3) ta co

x2—(2+log; 2) x+2log; 2=0
3 x=12 holic x = log; 2.
Vay hé PT co hai nghiém (x;y) l1a (2;2),
(logs 2;l0g; 2). O

% Thi du 6. Giai hé phirong trinh

i]ugl-_; \-":-" =2+log; (x*-y)

log 5 vx =2+log, (»?-x).

Loi gigi. PK x>0,y>0,x*-y>0,*-x>0.
Hg¢ da cho tuong duong véi

TOAN HOC
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logy y+loga (¥ =p)=2 _ [x2y-y2=4 (1)

log; x+log, (2 —x)=2 " |V'x—x*=4 (2)
Trir theo vé ctia (1) cho (2) va bién déi, ta dugce
(x=y)(+x+y)=0x=y(doxy+x+y>0).
Thay vao (1) ta duge
x3—x1—420¢(x—2)(x1+x+2)=U.
Dap s6. Hé c6 nghiém (x;y)=(2;2). O

4. Sir dung sir bién thién ciia ham sb
Luwu §. » Néu ham sb f(r) dong bién (hodc
nghich bién) va lién tuc trong tap xac dinh thi
fB=f(MNex=y.
: fx)=g»)
g {f®)=g(X) i
ham s6 f(¢), g(¢) cung dong bién (hodc cling

nghich bién) va lién tuc trong tap xéc dinh thi
¢6 thé suy rax =y.

trong do cac

% Thi du 7. Gidi hé phuwong trinh

Jc‘—c-' =x-y (1)

! log, 2+log s(xy)=5 (2)

Léi gidgi. Diéukién x>0, y>0, x=1.

PT ()& e*—x=¢"-y (3)
Xét ham s6 f(f)=e'—t c6 t>0 = f'(t)=¢' —1>0.
Ham sé £ (t) dong bién khiz> 0.

TePT (3)co f(x)= f(y) < x= .

Thay vao PT (2) ta dugc
log, 2+log ; ¥ =5<>log, 2+4log, x=5.

biat 1 =log, x, ta duge

;+4t=5c>4rz

Tir do suy rax=y=2;x=y=i‘.)’§. Hé di cho
¢6 hai nghiém (x;y) Ia (2;2).(¥2:42).0

% Thi du 8. Gidi hé phuwong trinh

-5t+l=0=1=1;

t=—.

TOAN HOC |
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Léi gigi. Xét cac ham sb f(t) =1+t +1;
g(n=3"
Tacéd f'()=1+

>0;g'()=3'In3>0

t
Jit+1
véi moi £ € R.

Vay fi7) va g(f) déng bién trén R.

w125

Néux > ythi f(x)> f(1)=g(»)>g(x)=y>x
(méu thuin).

Néu x< y thi f(x)<f()=g)<gx)=y<x
(mau thuan). Suyra x=y.

Thay vao PT (1) ta dugc

xR +l=F o [J,?:?-x] e
Nhin thiy x =0 théa méan PT.

Xéthim sé g (x) =3 (\fxz +1 —x).

| 1
Co ¢'(x)=3|vx*+1-x]){ In3- >0
6 g'(x) [\x‘ x)[ m]

(VxeR) nén ham sb g(x) dong bién trén R.
Vay PTg(x)=1
Hé da cho c6 mét nghiém (x; y)=(0:;0). O

c6 nghi¢m duy nhat x=0.

BAI TAP
Giai cac hé phuong trinh sau
31+2ﬂ—5
3L +2m 3
-2 8' =20
55285 =20,

ex 1+y
e‘ 1+ x.

4{F Sy

3log, (9x? )— logs 3 =3.

3.

(Khdi B - 2005)

log, x2+y2

5, =1+log, (x)f]
3wt =81,

(Khdi A — 2009)
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Tl sete TRUOGC K TH

DE SO 2
(Thoi gian lam bai : 180 phiit)

PHAN CHUNG

Céu L (2 diém) Cho ham sb
y=x-6x*+9x-2.

1) Kha}O sét su bién thién va vé db thi (C) cua

ham so.

2) Viét phuong trinh tlep tu},f::n voi do thi (C)

tai tiép diém M, biét M cing v6i hai diém cuc

tri cua do thi (C) tao thanh mét tam giac cé

dién tich bang 6.

Cau IL (2 diém)
1) Giai phuong trinh
2 sin? x +3+/2 sin x —sin 2x +1

(sin x +cos x)?2
2) Giai hé phuong trinh

=-1,

| \JII::; + \,'II’: - 2 53
i — (vol x, v e R).
(Vx+3+y+3=4 ety
Cau IIL (2 diém)
1) Tinh tich phén
1

1=

(P —x+1D(x?+3x+1)
2) Giai bt phucmg trinh sau trén tap sd thue
Sx++/6x%+x*—x*log, x

>(x?—x)log, x+5 + 5V6+x—x2.
Céu IV. (1 diém)
Cho hinh chép S.ABC ¢6 54 = 3a (véi a > 0); S4
tao voi day (ABC) I'not gbc bing 60°. Tam gidc

ABC vubng tai B, ACB=30°. G la trong tam
cia tam gidc ABC. Hai miit phang (SGB) va
(SGC) cing vudng géc voi mat phang (4BC).
Tinh thé tich cua hinh chép S.ABC theo a.

Cau V. (1 diém)
Cho x, y, z 1a cac s6 thyc duong thoa mén
Xy+yz+zx<3.

Chimg minh ring
—%—- + i =3
Jaz (2x+y)2y+z)(2z+x)

PHAN RIENG
(Thi sinh chi dwoe lam
mot trong hai phdn A hodc B)

A. Theo chuwong trinh Chuén

Cau VIa. (2 diém)

1) Trong mat phing toa d6 Oxy, cho tam giac
ABC biét A(-1;1), tryc tim H(1;3), trung
diém cia canh BC 1a M(5;5). Xéc dinh toa
do cac dinh B va C cua tam giac ABC.

2) Trong khong gian vai hé truc toa d6 Oxyz,
cho tir dign ABCD biét B(-1;0;2), C(-1;1;0),
D(2;1;-2), vecto OA4 cing huéng véi vecto
i =(0;1;1) va thé tich tir dién ABCD la %.
Lap phuong trinh mit ciu ngoai tiép tir dién
ABCD.

B. Theo chwong trinh Nang cao

Céu VIb. (2 diém)

1) Trong mit phing toa dé Oxy, cho M(2;1)
va dudmg tron (C): (x-1P2+(y-2)*=5.
Viét phuong trinh duong thing A qua M cét

duéng tron (C) tai hai diém phén bit 4, B sao

cho d6 dai doan thang 4B ngan nhat,

2) Trong khong gian va&i hé truc toa dd Oxyz,
—1

Nmloa s va mat

: =] .=

phing (P):7x+9y+2z-7=0 cét nhau.

cho duong thing d:§=

Viét phuong trinh dudng thing A ndm trong
mat phang (P), A vudng goc vai d va ciach d

3
Va2

DOAN VAN SOAN
(GV THPT Viét Yén, Béic Giang)

mot khoang la
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Nguyén li Dirichlet dwoc phat biéu nhu sau:
whét vae n chiéc Iong mét s6 chii thé

ma s6 luong Ién hon n thi ta sé tim duoc
mét chiéc Iong ma trong do cé nhieu hon
mot chu tho.

Tir nguyén 1f Dirichlet ta c6 ménh dé

o thiee bat ki x,y,z |

! Ménh dé. Trong ba s

.-‘rm” fim dwoe hai w, co tich klrong dm. ‘

Piy la mot ménh d rat quan trong trong viéc
chimg minh bt a%ang thirc; boi khi ta da
chon duge “diém roi’ " (tue la ding thirc cua
bai todn), ching han dang thirc xay ra khi
a=b=c=k thitacé thé gia sir hai s6 (a—k),
(b—k) c6 tich (a—k)(b-k)=0; tir két qua
nay dé suy ra BDT cén chimg minh.

Chung ta s& cing diém qua mét sd thi du dé
thdy dwoc (g dung ciia ménh dé nay trong
cac bai toan chirng minh BDT.

* I'hi L‘i

Ching

1. Cho cac so thir dirane a, D, C
minh réans

a+ht +¢2 +2abe+ 12 2{ab+be+ca).
Léi gidi. Dy dodn "diém roi" tai a=b=c=1.
Theo Ménh dé thi hai trong ba s6 a-1,
b1, ¢—1 c6 tich khéng 4m. Khong mét tinh
tong quat, gia str (a—1)(b—1)20 thitacé
2¢(a-1)(b-1)2 0 2abc 2 2bc+2ca—2c.

Viy chi cin chimg minh

@ +0? +¢2 +12 2+ 2ab <> (a—b)’ +(c-1) 20.
BDT trén lu6n ding. Ta co6 diéu phai chimg
minh. Pang thitc xay ra khi va chi khi
a=b=c=1.0

TOAN HOC
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SU DUNG NGUYEN Li DIRICHLET
trong chiimg minh bi¢ dang thue

HUYNH TAN CHAU - NGUYEN DINH THI

(GV THPT chuyén Ludng Van Chanh, Phi Yén)

Viin vor. Ta cé thé chimg minh dwoc bat dang thirc
sau dung vai moi sé thiwe a, b, ¢
a*+b* +el+atbie? +2 = 2{ab+bo+ca).

Thit viy, theo Ménh dé thi hai trong ba s6 a*—1,p2—1.
c2—1co tich khdng am. Gia sit (a* ~1)(b*—1)=0 thi co
(@ -1)(B2-1)20=a’b?c? +c? 2h¥c +cia’.

Wiy chi cin chimg minh
a?+b? +2+b%c? +ca* 22(ab+be+ca)
& (a—b)" +(be-1) +{ea-1)’ 20.
BDT nay hién nhién dtng. Déng thirc xdy ra khi va
chi khi g=b=c==%1.

w Thi du 2. Cho cdce 36 thee i B,

Chirng minh rang

dirona

b+t +2abe+32(a+1b+1)e+1)

Léi gidi. Sau khi nhan ca hai vé v&i 2 va bién
d6i thi BDT trén tuong duong vii
2( & +B +) +2abc+422( ab+be+aa)+2Aa+b+o).

Theo thi du 1, chi can chirng minh
@+ +c2+322(a+b+c)

+(b-1)" +(c-1)° 20(BDT nay ding).
Ta c6 diéu phai chimg minh. Dang thirc xay
rakhivachikhi a=b=c=1.0

% Thi du 3. Cho cac 50 thy
Chirr 1g

e(a-1)

dirorie d, -"J, .
T .".i'.':l.'f o _f
(e +2) {.".‘I +20e-+2) = .:-i_ a+b+e) + -__J..'-"W.' 1) . :
Lai giai. BDT trén twong duong vai

2(a’b? +b*c? +Pa?)+ M@ + b + )+ 2abe +7
2 9ab +bc+ca). Theo BPT Cauchy thi
2a%h? +2+2b%c? +2+2c%a? +2 = 4ab+ 4be +4ca
va 3a? 4+ 3b% +3c? 2 3ab+3bc +3ca.

Két hop véi két qué thi du 1 ta ¢6 diéu phai
chirmg minh. Péng thirc xay ra khi va chi khi
a=h=t=1.01
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Loi giai. BPT da cho twong duong voi

2a@’h +b*c? +cfat )+ ad + B+t + aPh et + 8

> 6(ab+ be+ca).

Tir nhén xét & Thi du 1, chi cdn chimg minh

2(a*h? +b*c? +c2a* )+ 6 2 4(ab+bc+ca)

& (ab-1)" +(be-1)’ +(ca-1)" 20 (dung).

Ding thire xay ra khi va chi khi a=b=c=41. 0

Nhin xét. Cde két qua Thi du 3 va Thi du 4 la

nhitng BOT lam chdr cho két gua sau:

Cho cde 56 thuc duong a, b, c. Chumg minh r&ng
(a*+2)(b*+2)(c* +2)2Yab+bc+ca).

(APMO 2004)

X

Loi gidgi. Theo Ménh dé thi hai trong ba sb
a—1,b-1,c~1c6 tich khong am. Khéng mat
tinh téng qudt, gia sit (a-1)(b-1)20 thi
c(a—l){b—l)3:0::abc2£;c+ca—c.

Nén ab+bc+ca—abc <ab+e.

Ma 4=a?+b*+c? +abc=2ab+c? +abe
=4-c?2ab(c+2)=>2-c2ab=>ab+c<2.
Tir hai BDT trén suy ra diéu phai chimg
minh. Didng thirc xay ra khi va chi khi
a=b=c=1. 0

® Thi du 6. Cho cac 56 thue dwong a, b,

Loi gidgi. Theo Ménh dé, hai trong ba s:é
a—1,b-1,¢~1c6 tich khong dm. Khong mit
tinh tong quét gia sir (b—1)(c-1)2 0. Khi d6
(b2 =b+1)(c2—c+1)
=bc(b-1)(c=1)+b>+c? —b—c+]

-
-

> b2 +¢2 —b—c+]2%(b+c) ~(b+c)+1>0.

Do d6 (a* —a+1)(b? —b+1)(c? —c+1)
> (a? —a+l)(%(h+c)2 —{b+c)+1)

=§(a2—a+l)(a2~4a+5}.

Nén chi can chimg minh

(@ —a+1)(d —4a+5)>2.
St dung phuong phap dao ham ta thiy BDT
nay ludn ding. Viy ta co diéu phdi chimg
minh. Ding thirc xay ra khi va chi khi
a=b=c=10

Nhin xér. Bar dang thire trén van ding véi nhiéu
bien. Cac ban hay thir chiimg minh hai me réng sau:

Mé& rgng 1. Cho x,.%......x, la cdc s6 thuc dicong

L . XtXat...+x,
thoa min ——————=L

néu n<13 thi

(3 = +1)(x3 —xp +1).. (2 —x, +1)=(r? —r+1)2 3

=rz1. Chimg minh rang
"

M rong 2. Cho cdc 50 thiee dwong a,b.c sao cho
a+b+e=3. Chitng minh réng

(a2 —a+1)(b7 —b+1)(c? —c+1)=1, véimeoip > 1.

% Thi du 7.

(UK TST 2005). Cho cdc 56 thi
-_'-'-u'_x"_rj'.'.“-' 1 .."' o R0 ho .’.___-. | { '.'_i,' 3

Lo gidi. Trude hét ta chimg minh hai BDT sau:

] 1 1 2
} > +1 |
l+a l+b-'ul+c_l+a—|—b+c ()
1 | 1 |
=3 s 5+ 2
(I+a)” (14+8) (1+¢) a+b+c+l

1 3

That vay
3+ab+be+ca+2(a+b+c)
2+ab+bc+ca+a+b+c
23+a+b+c
l+a+b+ec
Theo BPT Cauchy va abe = 1 thi
@’ + 5 +¢* >3 a*be? =3.

Véay BDT (1) dugc chimg minh.

BDT (1) &

<at+P+E =23

TOAN HOC
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Theo Ménh dé thi hai trong ba s6 a—1,b-1,
c—1 c6 tich khong adm, khéng mét tinh
tong quat gia su

(=10

——=gb+lza+b.
c

Taco (ab-1) +(a-b)" =0 (ding).

Tir d6 i : = LN
(1+a) (1+b) l+ab c+1
Ty o g AL 2l wgh il
(1+a)” (1+b) [1+c)‘ a+b+c+1
ST : 2+c+ll =1.
sbl i e .y
2

BDT (2) dugc ching minh. Tro lai bai
toan. BDT di cho tuong duong véi
e Bl s B

T . >3,
l+a 1+b l+c (a+1) (b+1) (c+1)
Theo (1) va (2) tacd
1 1 1 2} 2 2
+ + == e =k :
I4+a 1+b 1+c (a+l)] (b+1) (c+1)
2 2 2 2
L

= b =F ~+

(a+1) (b+1)" (c+1)° a+btc+l
>2+1=3, (dpcm).
Ding thirc xay ra khi va chi khi a=b=c=1. 0

R L ; 2L
* Thi du 8. Cho cdce sé th

a, b, c. Chimg minh rang

re khone am bat ki

Loi gigi. Theo Ménh dé thi hai trong ba s6
a-1,b-1,¢~1 co tich khong am. Khong mat
tinh tong quat, gia sir
(a=1)(b-1)>0=ab>a+b—1.
Viy dé hoan tt bai todn chi cin chig minh
|

ca+b-D+2+—((a-1P +(b-1P +(c-1)

5 )

za+b+c

hay*‘fi,i((a—l)2 +B-1P +(c-17 ) 2(a+b-2)1-c).

TOANHOC .
12 Cludifpe S8 415 (1-201)

Ap dung BPT Cauchy ta c

(@=1)* +(b—17 +(c—-1)? z“‘—iﬂﬂc—nﬁ

>\2|(a+b-2)1-¢)| 2v2(a+b-2)1-c).0

BAI TAP
1. (IRAN 2002) Cho cdc sé thuc dwong a.b,c
théa man a®+b*+c? +abc=4 . Chimg minh rang
at+b+c=3.

2. (MOSKVA 2000) Cho cde s6 thue diong a,b.c
sao cho abe=1. Chimg minh rang
a*+b +ct +a+b+ez2(ab+betea).

3. Cho cdc .-.u thiee dirong a, b, ¢ sao cho abe=1.
Chirng minh rang
| 1 1 I
2 i3 2 * 32
(1+a)” (1+5)" (1+¢)
4. (VMO 2006) Cho cdc so thuc dwong a,b,c sao
cho abe=1. Chimg minh rdng

: + 1‘+iq+33_“2[a+b+|:'}.
az bs— c2

+ =1
ab+bc+ca+l

5. Cho cdc s6 thue deomg a,b.c. Chumg minh !‘{;T??g
a b babc 55

b ¢ a ab*+bc?+ca?
6. Cho cdc s thie domg x,y,z sa0 cho x+y+z+1=4qz.
Chitng minh rdng xy+yz+zx2x+y+z.

a .-5'::'

7. (VMO 1996). Cho cdc s6 thuc khong am a,b.c
thoa man ab+bc+ca+abe=4.
Chimg minh ring a+b+c=ab+bc+ca.

8. Cho cdc s6 thuc duong a.b,c. Chimg minh rang

Sabc
-2 —
(a+b)b+c)cta)

9, Cho cdc s6 finge dieomg a, b, ¢ sao cho @+ -+ +abe=4,
Chimg minh rang

a+:!:+c+%min{(a:r—b]ll,{b—c)zﬁ[-:'—f-'}2 1=3.

10. Cho cde 56 thuc dwong a,b.c. Chimg minh r&ng

e
+ o - el
2a+b 2b+c 2e+a 9

11. Cho cdc 56 thue dwong a,b.c . Chimg minh réing

[a+%—1][h+:};—]]+[b+%—l}[c+%—l)
+[c+é—l][a+%—l}23.

https://tieulun.hopto.org
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PISA 4 chir viét tat cha "Programme for International
Student Aerseakmw‘ Chuong trinh danh gia hoc sinh
Quoc té". Muc ltiéu ctia PISA nham kiém tra, danf gia
kién thire, KT néng cua hoc sinh & dd l‘uo.l 15, do tubi két
thuc gido duc bat budc & hdu hét cac qubc gia, hoc sinh
da duoc chuan bj dé dap tmg cac thach thire cua cudc
am'_; sau nay & miec do nao. PISA ndi bat do quy mo
toan céu va tinh chu ki: da co 70 quoc gia tham gia, chi
ki 3 nam 1 lan

GIOI THIEU MOT SO BAI TOAN
CUA CHUONG TRINH DANH GIA HOC SINH QUd¢ TE (PISA)

NGUYEN HAI CHAU
(Pho Vu trudng Vu Gigo duc Trung hoc, B6 Gigo duc va Dao tac)

Noi dung danh gia cua PISA hoan toan duge xac dinh dua trén cac kién thic, ki nang can thiét
cho cudc song trong lai, khong chi dwa vao ndi dung cac chuong trinh gido duc quic gia. Dy
chinh 1a diéu ma PISA goi 14 “néng luc phé thong” (literacy).

Nhung bai toan PISA rat da dang; Bai toan dat ra nhim gidi quyét mot tinh huﬁng thyc, tlen
gom 3 phan: Ticu dé bai todn (chu dé cua tinh hudng thue t1en) Phin mo dau la phan dé dan
mé ta tinh hudng thuc tién; Céc céu hoi clia bai todn glal qu;,ret tinh hucmg thye tién. Diéu kién
dé giai bai toan vira "an nau" vira tan man ca trong phén dé din va phin cac ciu hoi, doi hoi
nang luc tu duy phan tich, suy ludn dé loc ra diéu kién giai bai toan. Do khuén khd han hep,

bai viét gidi thiéu 4 dang bai toan PISA.
Biin d6 Chau Nam Cuec % Thi du 1. DIEN TICH LUC PIA

- Hinh bén la ban do Chau Nam Ciec.

Ciu héi. Udc tinh dién tich cua
chau Nam Cuc "w;f o cdch s dung
¢ ban do. Trinh bay cach tinh va
L;m! thich cdch wdc tinh clia f;._fm
(Ban cd thé vé trén ban do néu diéu

s Chiu Nam Cuc L do giup cho vige wdce tinh cua ban).
<

4 Goi y va lwge gigi. Ude luong dién
s PR tich cia mét hinh ‘“khéng tiéu
Ehf:r;cm; e Nui Menziea chuan® bing cach chon ra mét hodc
: nhiéu hinh “tidu chudn” ¢6 thé tinh
duge dién tich (nhu hinh tron, hinh
chir nhét hodic hinh tam gidc) co thé
“phtr” durge toan b hinh da cho; sau
d6 tinh dién tich cia nhimg hinh
niy @ tir d6 suy ra dién tich hinh
cén phai tim.
Két qua. Chép nhan vao khoang tir
12000 000km? dén 18000 000k?.

Ki-16-mét » & & &
TR A e

; TOAN HOC
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* Thi du 2. NGON DEN HAI DANG

Bén hai dane la nhitmg neon thap co lap den hieu tren dinh. Den hat dang ho frg tan bien iim

f o e L & i g EA
HIrEng |rr|'"."' dem Knt o aang o gan oa

aen

I (IR Scane vorl cac 1n Hie .-"-Jlfr'.'."uf"_ doi. Mar .;-!"_,'f-'n'.‘
aal aang oo N .l'l.".'-L':I"' rens Cug .'"":'-'_-'.’..’

g 4 e : RN 1. S f 2y K hadno
fiferl day, ¢co (he guan sat lnay [in |'fi"l.’|'-' Cla mot ngon den lal aanyg. ANOARg

hei gian dé két thile mot

: :
G I dieoe chit Ki

iy tiep theo sé tro nen

sang

&l el - ST R S A - o | e o
thoi gian (gidy) Den hai dang

Cau hoi. Hay vé biéu do biéu dién tin hiéu sang cua ngon dén hai dang dwoc phat ra trong
W) gidy rrén moi phiit va chu ki cua tin hiéu nay la 6 gidy.

Gyi y va lwpe gidi. Dén sang 3 gidy va tbi 3 gidy trong mot chu ki 6 gidy. Ki hidu cdc gidy cua
mot chu ky 6 gidy 1a: 1; 2; 3; 4; 5; 6. Khi noi dén séng k gidy (k= 1: 2: 3), nghia la sau k gidy
dén sang phai 14 1 gify hodc vai gidy dén toi. Cd tat ca 18 cdch.

e Trudng hop 1: Trong chu ki, dén nhay sang ba lan mdi ldn 1 gidy. Cé 2 cdch: Cac gidy sang
la (1; 3; 6) va (1; 4; 6). Truong hop cdc gidy sang la (1; 3; 5) va (2; 4; 6) khéng thoa man vi
khi do chu ki phat tin hiéu la 2 giay.

o Truomg hop 2: Trong chu ki, dén nhay sang hai lan: 1 1dn 1 gidy va 1 1dn 2 gidy. C6 12 cdch:
Chc gidy sang 1a (1; 34); (1; 45); (1; 56); (2; 45); (2; 36); (3; 56); (12; 4); (12; 5); (12; 6); (23; 5);
(23; 6); (34; 6).

¢ Truong hop 3: Dén nhay sang mot ldn 3 gidy trong chu ki. Cd 4 cdch: Cac gidy sing 14
(123); (234); (345); (456).

* Thi du 3. LAI XE Kelly lai xe
T gy A ) Vin tbe 72 =y
II‘\-LI.':l _.'“ll XE dl Cnal. Fen daudng (km} o

di, bdt ngo co mot con chdé chay

phia trudge dau xe khién co phai 48
dap manh vao chan phanh dé /

v - “ y = 1 36

tranh. Trong long lo lang, Kelly /
quvet dinh guay vé nha 24 \
Bo thi bén la ban ghi dom gian 12

biéu dién vdn toc cua chiéc xe 0 | | \
theo thoi gian 9:04 9:08 9:12

9:00 :
Thoi gian

TOANHOC |
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Goiy va lwgc giai
e Thoi gian Kelly di tir nha dén noi xay ra sy ¢ va tir d6 vé nha déu 1a 6 phut.
e Van tdc trung binh di tir nha dén noi xay ra su ¢6 16n hon tir d6 vé nha.

e Mdi 6 (mg v&i quang dudmg 0,2 km. Quang dudmg tir nha dén noi xay ra sy cb 12 4,7 km va
tir d6 vé nha 1a 2,9 km.

# Thi du 4. PHA' r*’l!"ntlli!- CAOQ
Vam | f}i.‘:f\' '."" J :I [ CQo Iring DI cla
Chiéu 190
¢ao Chiéu cao trung binh cia nam thanh nién
(em) L nam 1998
180 / L
/  ...dsxe-4 ChiBu cao trung binh cha nik thanh nién
170 o T nam 1998
160 /
3 Cau hoi. Hay giai 1 el
/ (o, [ 1e fed | ::-'- ! [r
K binh cua nid cham lai v
140 ' _
130 3

10 11 12 13 14 15 16 17 18 19 20 Tudi
(Nam)
Goi y va lwge giai
e Khai niém vé ham s6 ting nhanh va ting chim
Xét cac ham s6 f{x), g(x) lién tuc trén D = [a ; b],c6 dao ham trén (a ; b) va 14 cdc ham sb ting
trén [a ; b], ki hiéu M= [c ; d] 1a tfip con cta D.
a) Ham so6 f{x) goi la ting nhanh (hodc ting chdm) trén tip M néu:
Voimoi u<v, t>0, (u, v, utt v+tdéu thube M), ta cod
fut 1) = flu) < fiv+ 1) — fv) (hodic fu+ ) — fiu) > v+ 1) — fv)).
Ménh d&. f{x) ting nhanh (hoge tang chdm) trén M khi va chi khi /" (x) ting (hofc giam) trén M.
Y nghia hinh hoc. Ham s0 ting nhanh (hodc tang cham) khi va chi khi do dbc (hé s6 goc tiép
tuyén) ciia dd thi ham s6 ting 1én (hodc giam xubng).

b) Ham s6 f{x) £oi 1a téng nhanh hon ham s6 g(x) trén M (khi d6 ta cling néi ham sb g(x) ting
chdm hon ham s6 f{x) trén M) néu:
Vi moi u, £ >0 (u, u+ t déu thude M), tacd f(u+6)— f(u)> g(u +1)— g(u).

(Xem tiép trang 28)

) TOAN HOC
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CAC LOP THCS

Bai T1/413. (Lofp 6). Trén cic manh bia ta
viét tit ca cac s6 o nam chit so tir 11111 dén
99999 sau do6 xdo trén cidc manh bia roi dat
chiing thanh mgt day dé duge mét sb. Chirng
minh ring sé méi duge tao thanh khéng thé 1a
Ity thira cua 2.
VU HONG LUDONG

(GV THCS Yén Duwang, Tam Dao, Vinh Phiic)
Bai T2/413. (Lép 7). Tim tit cdc bd ba sb
nguyén t6 a, b, ¢ d61 mét khac nhau thoa man
diéu kién

20abc < 30(ab + bc + ca) < 2labe.

PHAM HUY THONG
(Ha Ngi)

Bai T3/413. Cho tam giac ABC. Trén duong
: S A

trung tuyén AD lay diém O sao cho ﬁ =

(0 < k < 1). Céc tia BO, CO cit cac canh AC,

AB lin lwot tai E, F. Xac dinh k dé
1

SAF()F —5 E SABL

BUI VAN CHI
(GV THCS Lé Lgi, Quy Nhom, Binh Bjnh)

Bai T4/413. Giai phuong trinh
Jx2 +x+19 +J7x2 +22x+28 +413x2 +43x +37
=33(x +3).

NGUYEN BUC TRUNG
(GV THFPT Nam Giang, Quang Nan)
Bai T5/413. Cho tam giac ABC vudng tal A.

D 1a mot diém nam trong tam gidc do6 sao cho
CD = CA; M la mit diém trén canh 4B sao

cho BDM =%;:Eb . N'i gino dibm cda MD

TOAN HOC
* CTudilre_SS 413 (11-201)

16

va duong cao AH cua tam giac ABC. Chimg
minh ring DM=DN. !
THAI NHAT PHUONG
(GV THCS Nguyén Van Troi,
Cam Nghia, Cam Ranh, Khanh Hia)

CAC LOP THPT

Bai T6/413. Cho tam giac ABC noi tiép
ducmg tron (O). F 12 mdt diém bat ki thude
cung AB (khong chira C) (F khac 4 va B). M la

diém chinh gilta cta cung BC (khong chira
A); N la diém chinh gita cua cung AC
(khong chira B). Duong thing qua C song
song voi MN cit lai duomg tron (O) tai P. Goi
L I, I 1an lugt 1a tim dudng tron noi tiép cac
tam gidc ABC, FAC, FBC. PI cat lai dudng

tron (O) tai G. Chimg minh rang bon diém 1,
F, G, I, cung nam trén mot dudng tron.

HO QUANG VINH
(Ha Ngi)
Bai T7/413. Giai phurong trinh
(2sin x—3)4sin? x—6sin x+3) =1+33/6sin x—4.
NGUYEN VAN XA
(GV THPT Yén Phong 56 2, Béc Ninh)

Bai T8/413. Xét bon sb thue x, v, z, ¢ thude

E 2 : o T U
doan [5’5} Tim gia tri nho nhat va gia tri
16n nhét cua bidu thirc

x+z Y CxtY
FP=9 +16[ ;
X+7 \x+y
TRAN VAN THUONG
(GV THPT Phu My, Tin Thanh, Ba Ria - Viing Tau)

TIEN TOI OLYMPIC TOAN

Bai T9/413. Chimg minh rén.g voi mdi )
nguyén t6 cho trude p thi ton tal nhimg s tu
nhién x, y, z, 7 thoa mén x2 + y?+z2 —-ip=0

va 0<i<p.

MAT T_UA’N ANH
(GV THCS Nga Pién, Nga Som, Thanh Hoa)

Bai T10/413. Xét day s6 (u
2 +Du, -1
J’E +1+u,

») duge cho boi

, (n21).

M =a; iy =

https://tieulun.hopto.org
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a) Tim diéu kién cua a dé moi s6 hang cua
ddy s6 déu xéac dinh.

b) Tim a dé g, = 2011,

LE THI HOA
(GV THPT chuyén Nguyén Hué, Ha Ding, Ha Ngi)

Bai T11/413. Tim tit ca cac ham s6 f/:N' >N
théa min diéu kién

SOANHI@ __ WHf@) e
2+ () FE+N+f0)
LE XUAN DAI

(GV THPT chuyén Vinh Phiic)

Bai T12/413. Cho tam giac ABC, BAC # 90~
D la diém ¢6 dinh trén canh BC. P la diém
nim trong tam giac ABC. Goi By, C) lan luot
la hinh chicu cua P 1én AC, AB. DB, cit AB
tai G, DC, ciit AC tai B. 0 la giao diém khac
A cua cac duomg tron ngoai tiép tam giac
AB|Cy va AB,(;. Chung minh yﬁng duong
thang PQ ludn di qua mét diém ¢o dinh khi P
di chuyén.
TRAN QUANG HUNG
(GV Trieomg chuyén KHTN, DHKHTN, PHOG Ha Noi)

CAC PE VAT LI
Bai L1/413. Co
hai nguoi ban
dau ding o cac
vi tri 4 va B
trén hai con
dudng  thing
song song Ax
va By, cach nhau doan AB = L = 540m; AB
vuong goc vai Ax va By, giﬁa Ax va By la mt
canh dong. Ngudi thir nhat chuyén dong trén
dudmg tir 4 t61 D véi vén toc v; = 4m/s,
Nguoi thir hai khai hanh tir B cting lac vol
ngudi thir nhit va mudn chuyén dong dén gip
ngudi thie nhét theo duomg BMD (hinh vé).

A D

M - ¥

—I,}-.—.— ............ v

Vin toc chuyén déng ctia ngudi thir hai trén
duong BM 1a v, = 13m/s va trén canh dong
MD 1a v, = Sm/s. Tim khoang thoi gian ngan
nhat tir ldc khoi hanh téi lue hai ngudi gip
nhau va tinh cidc khoang cach BM, AD.
NGUYEN QUANG HAU
(Ha Noi)
Bai L.2/413. Cho mach dién nhu hinh vé
g5 =120/2 5in 100m£(V).

c
- —{ [——

(e,
UL
I

,.; f_\:}’}. -t /’ng

L —

Cufn dédy thudn cam c6 hg s6 tu cam L. Dién
tro ampe ke khong dang ké. Dién tro R co the
thay doi dugc.

1) Khi R = 60, cho khéa K chuyén tir vi tri 1
sang vi tri 2 thi sé chi ampe ké khong thay

déi, nhung hai dong dién léch pha nhau g

a) Xéc dinh hé sb ty cam I va dién dung C.

b) Cho dién dung C ting lén /3 lén. Khi
khoa K dé ¢ 1 hay ¢ 2 thi hai dong dién léch
pha bao nhiéu? Viét biéu thirc ctia hai dong
dién do.

2) Dé khéa K & vi tri 2, cho tin sb dong dién
tang lén hai lan nhung giir nguyén gia trj hiéu
dung cua U,z =120V, sau do thay déi R dé
cong suit tiéu thu trong mach dat cyc dai.
Xdc dinh gia trj dién tré va cdng sudt cuc dai
e do.

NGUYEN VAN THUAN
{GV DHSP Ha Nji)

TOAN HOC

S& 415 (11-2011) * CTusilre 17

https://tieulun.hopto.org



https:www. facebool. com/letrungldenmath

https:/sites.google. com/site/letrunglidenmath
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3
aJad ;A
: RAT [ aerd
. T4 W | ¥
P |
| KY TRUGC ||
e ol o !
.
Wl s T
. S o N

2009 2010 2011
2010 2011 2009
1 1 2
E +1— +1+
2010 2011 2009
[ 1 1 ) [ 1 1 j
= ot 5 + = .
2009 2010/ (2009 2011
Suyra A>3 hay A-3>0 (1). Tir gia thiét c6
A(x—=2011) > 3(x-2011)
& A(x-2011)-3(x-2011)>0
< (A=3)(x-2011)>0
< x-2011>0 (theo (1)) & x > 2011.

Vay ta tim dugc céc s6 nguyén x > 2012 thoa
man de¢ bai. O

Loi gidi. Dt A=

> Nhin xét. 1) Rét nhiéu ban cho duge két qua x > 2012
nhung chi dimg ki higu nén 1o1 giai chia chat ché. Pé 1o gidi
chuin xic thi phai bién ddi tong duong (dimg ki higu <)
con néu ding ki hiéu = thi sau khi dén két qua phai thir lai.

2) Cac ban sau co 1 gidi ding:

Phi The: Nguyén Thiy Ouynh, 6A2, THCS Giay
Phong Chau, Phit Ninh, Kiew Thé Himg, 6C, THCS
TTr. Séng Thao, Cam Khé; Biie Ninh: Nguyén Thi
Thanh Huong, Neuyén Van Huy, 6A, THCS Yén
Phong; Thanh Héa: Lé Quang Diing, Dé Minh Thang
6D, THCS Nhir Ba 59, Hodng Hoa; Nghé An: Nguyén
Van Qudn, 6B, THCS Ly Nhit Quang, D6 Luong, Lé
Thi Ngoc Mai, Hdng Thi Thanh Thao, Cao Thi Thu
Haen Newyén Huy Haang, Cao Thi Mai Ldm, 6C, Phan
Thé Anh, Dwong Thi Ngoe Hdn, 6D, THCS Cao Xuédn
Huy, Dién Chéu; Quing Ngai: Nguyen Thi Hanh, Cao
Thi Thity Diém, Vi Thi_Thi, Nguvén Thiiy Pkupﬂg, 6A,
THCS Hénh Phudc, Pi Thi Thanh Truyén, Nguyé'rt Thi
Héng Uyén, Luong Thi Thim, SA, TH s6 1 Hanh

TOAN HOC
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Phude, Lé Thi Qupnh Anh, Phan Kiéu Chinh, 5C, TH
s0 2 Hanh Phucrc Nguyen Tan Trung, 5A, TH $6 2
Hanh Dirc, Nghia Hanh, Tran Thi My Ninh, V5 Nguyén
Hai, Trdn Vin Hién, 6A, THCS Nghia M¥, Tu Nghia.

VIET HAI

% Bai T2/409, tam oiae ABC co M N, |
theo thir tir Lo trig 10 . ena cac canh B
CA, AB. Tren tia doi cua cac tia BA, CA, CB
] .'IIJ)." { { b cho BA ( JI -IJL, |

{ 3( (roi A "'\? { r a1 !
eva A4, B r;( ! (
duwang than i |'r§ YV, P d

Loi gidgi. Truée hét, dé dang ching minh
dugc tinh chit "Trong tam gidc, doan thdng
noi trung diém ciia hai canh thi song song vai
canh con lai va bang nira do dai can}r a".

Bay gid ta chimg minh tia doi cua tia MA, la
tia phin giac cua goc PMN. Thit vy, goi E,
F lan lugt 1a trung diém cua BA; va C4,. Ta
¢6 P, M, E thang hang; N, M, F thang hang.
Hon nita, theo tinh chat néu trén ta c6

ME:%CAz, EA.}%B&,mﬁ B4 =C4; (gt)

nén ME = EA, =%BA1.

Tuong ty, MF = F4, =%BA;. Suy ra

AEMA, = AFMA, (c.c.c) = m = m

https://tieulun.hopto.org
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Vay MAy la tia phan giac cua goc EMF, ma

PMN via EMF 1a hai géc doi dinh nén tia
d6i cla tia MA, 1a tia phan giac cua goc PMN.
Tuong tr ta ¢ tia dbi cua tia NB, 14 tia phén
gidc cua goc PNM, tia d6i coa tia PC; 1a tia
phin gidc cua goc MPN. Trong tam giac
PMN, ba tia phdn giac cha cac goc M, N, P
phai déng quy. Vay cac dudng thing A,M
ByN, C,P déng quy. O

» Nhén xét. 1) Bai todn nay xuét phat tir mot bai todn
quen thude: "Trén cde canh cua goe xQy Idy lan luat
cac diém A, B va A" B' sao cho AB = A'B (O ndm
ngodi cdc dogn AB va A'B'). Goi M va N ldn Tt I
trung diém cac doan AA' va BB Cinmg minh rang MN
song song (hode trimg) vai tia phdn gide ctia goc xOy".
2) Tit ca cic ban tham gia giri bai déu c6 101 giai ding.
Mgt s6 ban sir dung deén khai niém hinh binh hanh, hinh
thoi (khéng thude chuomg trinh lop 7). Cac ban sau diy
c6 1o giai tot:
Vinh Phtc: Nguyén Trung Hiéu. TA, THCS Phuong
Khoan, Séng Lo; Nghé An: Newvén Van Qudn, 6B,
THCS Ly Nhit Quang B6 Luong; Quang Ngii: Biii
Diém H:r(mg‘, Nguyén Thi Ha Vv, Vi Thi Chi, 6A, Cao
”ﬂ Thuy Piém; "vguwn Thuy Diém, Vguyen Thi Hanh,
THCS Hanh Phuée, Nghia Hanh, Tran Thi My
'th_‘?A THCS Nghia My, Tu Nghia; Binh Binh:
Nguyén Trong Khiém, TAl, THCS Vo Xan, Tay Som.

NGUYEN XUAN BINH
* Bai T3/409. Cho b la mét s6 n:

Ty Te 7737 ) 3 T ' .ll .
Charng minh rang o won L.'-’ dien LJ'EHIL

.r .!'r(_.'h‘!: tong cua ba so chinh phuong Vol

moi 80 n nguyén dwong.

Loi gidgi. Ta co

a* =(3k +3k +1)* =9%k* +18k3 + 15k + 6k +1
=(k2+kP+(2K* +3k+1)? +(2k* + k)?
=al +a; +a;

(Vo a =K +k, & =202 +3k+1, @y =2k +k).

Tir diéu kién i) ta ¢6

b:biz +b§ +b3‘2 (bhbzib?; EN}

Tir diéu kién ii) ta c6 b = ta (t e N"). Do dé

b =12q® =t*(al +a +a}).
e Véi n 1a s6 nguyén duong chin, n=2m+2
(meN), taco

=" =(b"Y1lal +a +ai)
=(b"ta))? +(b" L., ) + (b"1.a, )
e Véi n 1a s6 nguyén duong 1&, n=2m+1(meN),
ta co
b* =(b"Y2.b=(b").(b} +bi +b})
=(bm.b) +(b".5,) +(b".b ).
Vay voi mdi n nguyén duong, b" ludn biéu dién
duge dudi dang tong cua ba so chinh phuong. O

> Nhin xét. 1) Chi ¥ ring v6i b nguyén duong tiy ¥
thi diéu kién ii) cia bai toan ludn dugce thoa man (w Vi
k=0 thi g =1 ludn | ude ciaa b). Do do bii todn co thé
phat bidu dudi dang "manh"” hon : Chumg minh ring
néu s nguyén dwong b la tong ciia ba so chinh phuong

thi b"(n e MN*) ciing la tong ctia ba 56 chinh phwong.
Thit véiy, tir gia thiét ta co b =4 + b + (b, b.,b,) e ).
o Véi n=2m(meMN )thi b"=b" =(b") +0° + 0.
o Vi n=2m-1(me ) thi
B =b"" ="V b=0"") (b + b +5)
S H B P P TN
Viy b" 12 tong clia ba s6 chinh phwong,

2) Cé it cac ban tham gia giai bai nay. Cic ban ¢d 1oi
giai tot la:
Pht Tho: Nguvén Nhdt Phiong, 9B, THCS Phong
Chéu; Thanh Héa: Hoang Bao Long, Lé Quang Diing,
6D, P& Minh Thimg, 7D, THCS Nhit Ba S§, Hoidng
Héa; Nghé An: Luwong Dink An, 7B, THCS Lé Héng
Phong, Hung Nguyén. 3

TRAN HOU NAM
* Bai T4/409. Cho a, b, ¢ I cdc 56 khon

am, chirme minh rang
a+ph-+e

Dang thi
Léi giai. Cach 1. Xét higu.

=B | Bes
A =(a+b+c)- i bt it
b+2 c+2 a+2

a—bh [ b—c] ( r:—a]
=|d— +| b- s
b+2 c+2 a+2
_ab+a+b+bc+b+c+ca+c+a
b+3 c+2 at2
Do a, b, ¢ 1a cac s6 khong dm nén 420 va
A=y @S h=o=0 SuyraBDT(l)du‘Uc
chimg minh. Ping thirc xay ra khi va chi khi
a=b=c¢c=0,
Cach 2. Dat a+2=x, b+2=y, c+2=z
véi x22,7>2,z>2 thi BDT (1) tré thanh

TOAN HOC
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x+y+z—62x_y+y_z+z_x
¥ g X
X
= x+y+z2m+f-+£+3 (2)
¥ Z X

Vixz22,y22,z=22nén x+y+z26, suyra

ST T

GECTRI TR

T

_Xty+z x+y+z
2 2

Diéu nay chimg t6 BDT (2) ding. Vi vay
BDT (1) duge chitng minh.

Ping thirc xay ra khi va chi khi x=y=2=2
S a=b=c=0.0

> Nhén xét. 1) Déy 14 bi toan co ban nén c6 nhidu ban
tham gia gii va da s lam theo hai cach trén. Tuy nhién
co ban di quan niém nham coi vai trd a, b, ¢ nhu nhau dé
gia sir a = b= ¢ (!); co ban da sr dung BET Cauchy cho
ba so khﬁng am vurgt qué pham vi bac THC S

=x+y+z

Ha Nji: Neuyén szg Sl:m, SAIG Nguyén Chi Ting,
9A10, THCS Giang V&, Ba Dinh; Hai Phéng: Luwong
Thé Son, 8A1, THCS H(’mg Bang; Vinh Phie: Newyén
Thi Khanh Huvén, TA, Tran Mach Cuwong, 8A, THCS
Yén Lac, Hoang Thu Uyén, 9B, THCS Ly Tu Trong,
Binh Xuyén; Pha Tho: Nguven Nhdt Phirong, 8B,
THCS Phong Chau, TX. Phi Tho, Biii Pikc Thinh, 9A3,
THCS Lim Thao; Bic Ninh: Lé Thi Hai Linh, 9A,
THCS Yén Phong; Thanh Héa: Hodng Bao Long, 6D,
THCS Nhir Ba S§, Hoang Hoa; Nghé An: Nguvén Vin
Qudn, 6B, THCS Ly Nhit Quang, D6 Luong, Nguyén
Thi Hong Fdn, 8A, THCS Quynh Trang, Qu}*nh L,
Nguyén e Nguyén, 9C, THCS Lé Hong Phong,
Hung Nguyén; Ha Tinh: Ngwvén Mai Lé, 8B, THCS
Hoang Xuan Han, Bic Tho, Quang Tri: Trdn Hitu
Diing, 9D, THCS Tran Hung Pao, TP. Dong Ha;
Quiéng Ngai: Tran Thi My Ninh, TA, THCS Nghia My;
Binh Pinh: V5 The Dw}, BAL, THCS TTr. Phit M.

PHAM THI BACH NGOC
* Bai T5/409. ABC ngi tiép
dirong tron (O), 1 la trung diém cua canh BC.
Tren r."-';._:f;' IC lay diem M bat ki (M khac C va
0. AM cat duong tron (O) tai diém thu hai D,
Trén doan BD r’rn diém E sao cho BME=MAI.
Hai dwonge n’r.:]_’ng EM va DC cat nhau tai F.
minh rang

Cho tam giac

P g, T
LAng

CF _BE
CD BD
TOAN HOC

20 & crumt!:e_so 413 (11-2011)

Loi giai
Theo gla 1h1et
ta co AE M],
suy ra

B{A A] - Maf
= M] + Mz

= AME = FMD.

Két hop véi

B, =D, (hai goc néi tiép cing chén mot
cung), suy ra A4BI o AFDM (g.g)
ap el

S (1)
FM DM

Tuong tu, MED M1+B] E+3;=;§&.
Két hop vai Dl = ICA suy ra

AMDE e AICA (g.g) Ml o )

EM DM
ViIB=ICnéntir (1) va(2)suyra EM=FM.

Ké EK//CD cit BC tai K thi dé thiy EK = CF,
theo dinh 1i Thales, ta co

e ~E£=£ (dpcm). O
C'D CD BD

}Nhan xét. 1) Ba so cac ban déu sir dung cic tam
gidc dnng dang dé di dén két qua EM = FM. Tir ddy c6

thé bing nhiéu cach d& ching minh £=

, frong
cb BD’

do co ciach sir dung dinh Ii Menelaus.

2) Hai ban Pé Nguyén Hoang Anh, 9A,. THCS Hic
Dich, Tan Thanh, Ba Ria - Viing Tau va Nguvén Ven
Cao, 9A, THCS Phuong Khoan, Séng Lo, Vinh Phic
clng tong quat hoa bai todn bing cich thdy gia thiét 7

la trung diém cia BC thanh gia thiét }{gzm{m =0),

khi d6 két luin sé 12 e = m,E . Céach giai hoan toan
BD cD

fuong ty.

3) Ngoai hai ban trén, cic ban sau diy cling co léi giai tot:
Ngh¢ An: Nguyén Van Qudn, 6B, THCS Ly Nhit
Quang, Po Lwong. Ha Tinh: Tran Thi Minh Thiy, OA,,
THCS Lé Van Thiém, TP. Hi Tinh: Dgu Vin Tudn,
9T, THCS TTr. Cim Xuyen Quang Ngii: Ting ﬂrfmh
Neuvén, Huynh Tién V¥, 8A, THCS Hanh Phudec,
Nghia Hanh; Huyﬁh BDang Hiéu, 9B, THCS Nghia My,
Tu Nghia. Bﬂng Nai: Lé Hupnh Quoc Bao, 9/3, THCS

Nguyén Binh Khiém, TP. Bién Hoa; Biic Ninh: Lé Thi
Hai Linh, 9A, THCS Yén Phong; Thai Binh: Bii Tudn
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Hung, 6A, THCS TTr. Bong Hung; Thanh Héa: Lé
Tudn Linh, "J*Bi THCS Tran Mai Ninh. Gia Lai: Trdn
Nguyén Try, 9', THCS Pham Hong Thai, TP. Pleiku,
Gia Lai. HA Nam: Lé Thanh Hdi, 9A, THCS Binh
Cong Tring, Thanh Llem Binh Binh: Newyén Anh
Thang, 9A,,, THCS Nguyén Trudmg T§, TP. Quy Nhon.

PHAN THI MINH NGUYET
% Bai '|'f'|lf4"9 Giai phwong trinh

Ix +__1 i, —
1| | = \l\,lj[.‘u‘

3/9(x—3).
N 2 R :

3)? +;

Léi gidi. Diéu kién x> -2.
bit r—%,“}l x— 3 thi ta co

r"‘+27 ok \}Ir3+45 f3(x- 3] _I
{ i

Phuong trinh di cho tré thanh

3,145 2 3
IR AL e R sgins
I8 3 >

2
Ta co r2+31+3=[r+%) +%>O, nén phuong

trinh (1) tuong duwong véi
1P +45
2

<26 +11£2 +30¢2 + 361 -27=0
& (2t=1)(1+3)(2+3r+9)=0

= (2 +3r+3)

@t:% hodc t =-3.

3
T e Sttt Rle BLT
P 9 7
3
R R e

Céac nghiém trén thoéa man diéu kién cua bai
toan. Vay phuong trinh da cho c6 hai nghiém
217

x=0x=——.
T2

P> Nhin xét. Cac ban sau day c6 1oi gidi tot:

Bic Ninh: D5 Quang Khai, 10T, THPT chuyén Béc
Ninh; Vinh Phie: Nguyén Vin Cao, 9A, THCS
Phuong Khoan, Séng Lo; Thdi Binh: Trdn Héng
Qudn, 10 Todn I, THPT chuyén Thai Binh; Thanh
Hoa: Lé Thi Kﬁanh 10T, THPT chuyén Lam Son;
Neghé An: Neuvén ﬂn Hirong Giang, 10T1, THPT Do
Luong 1, Cao Thanh Linh, 9A1, THCS Hanh Thiét,
Quy Chéu; Quang Tri: Tran Bic Ank, 10 Toan, THPT

chuyén Lé Quy Dén; Dong Nai: Ha Van Triong,
10A1, THPT chuyén Luong Thé Vinh.

NGUYEN ANH DUNG

* Bai T7/409. Xér cac tam gide ABC

mot dwong tron (0) cho irudc. Ci

mwu xudt phat tir I h C cdt dirong .fmu (N

firong ung tai Ay, . Hoi trong so nhiing

lam (.{E.:E-" do, tam U.f:.'r( m;f-s'; lam cho biéu thiec
'1’- '-Rh‘-f ( ‘

o E ” ,,f - ¢6 gid tri nho nhat?
J' b )’l_ = J'

noi tiep

Jf.li'|l'r!

Loi gigi. Gia st A4, By, Cy theo thi tu la
trung diém cac canh BC, CA4, AB. Khi dé

2
AAy A Ay = 4B.AC = i .

Tir cong thire tinh do dai dudng trung tuyén
trong tam giac, ta co

AB?* + AC?* = 2443 + E-g‘l- =2 A4 AA,.
Tuong i ta it
cling co ﬂf\ - h‘;
BC? + BA? \
= 2BB,.BB,: : \/ \ )3/
CA? +CB? ’ ¢ \\ ;
= 2CC,.CC,. F$ \
TLr E.’fn'), theo b‘ , ) /" (
bat diang thirc “'x-hx Y
Bunyakovsky e _‘} 3

AB? + BC* + CA* = AA,.AA + BB,.BB, + CC,.CC,
< /(442 + BB} + CC?) (A4} + BB} +CC}).

Suyra (AB? + BC? +CA?*)?

< % (AB? + BC?* + CA*)(AA} + BB + CC}).

Do do ng. Ping thirc xay ra khi va chi
khi tam gidc ABC déu.

Tém lgi, v6i tam gicgc ABC déu thi biéu thire
p 6 gid tri nho nhat la % 0

>Nh§n xét. 1) Mat so ban sir dung khai niém phuong
tich ciia mot diém doi vei mot dm'mg tron két hop voi

cong thike Leibnitz AB* + BC' + CA* =9(R’ - 0OG)’,

TOAN HOC
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rong d6 G 14 trong tdm tam gidac 4BC, R la ban kinh
dudmg trom () ciing di dén két qua nhur trén.

2) S& 1o giai giri vé Toa soan rat nhidu. Tat ca cac loi
giai déu dong. Xin néu tén nhimg ban c6 1o gidi gon
hon ca:

Ha Noi: Lwong Hitu Brmg, 11A1, THPT Dong Quan,
Phi Xuyen Hai Phong: Lirong Thé Son, 8A1, THCS
Hong Bing, Phan Diic Minh, 12A15, THPT Thii
Phién; Yén Bai: Nguven Hai Linh, 10 Toian, THPT
chuyén Nguyén Tat Thanh; Vinh Phiic: Ding Quang
Tudn, 11A1, THPT chuyén Vinh Phic; Bﬁl: Giang: La
Van Qudn, 11 Toén, THPT chuyén Bic Giang; Bic
Ninh: D6 Quang Khai, 10T, THPT chuyén Biic Ninh,
Truong Giang Khang, 11A1, THPT Thuin Thanh S6 1;
Hung Yén: Dwong Manh Cuwong, 10 Toén 1, Do
Thanh Timg, 11T1, THPT chuyén Humg Yén; Hai
Dwong: Pham Pric Vieong, 11A1, THPT Thanh Mién
1, Tran Quang Thanh, Nguvén Thi Thanh Yén, 11 Toan,
THPT chuyén Nguyén Trdi; Nam Dinh: Vi Xudn
Trugng, 11 Todn 1, THPT chuyén L& Hong Phong;
Thai Binh: Tran Héng Qudn, 10 Toén 1, Trdn Trung
Hiéu, 10 Toan 2, Tran Quang Dai, 11 Toan, THPT
chu\-fen Thii Bmh Thanh Héa: Lé Thi Lan Anh, 11T,
THPT chuyén Lam Son; Nghé An: Vieong Nhdr Qudn,
10A1, THPT chuyén BH Vinh, Neguyén Hién Trang,
11Al, THPT chuyén Phan Boi Chau, Hoang Danh
Thang_, Hé Dién Phiie, 11A1, THPT Quynh Luu III,
Nguyén Ngpe Minh, IOM THPT Thai Hoa, Nghia
Bin, Nguyen Tar Khdnh, 10A1, THPT D6 Lwong 11,
Lé Pinh Tudn, 1177, gﬂgul’en Van Hoang, 12T7, THPT
b Luong I; HA Tinh: Tran Ooe Diing, 10 Toan 1,
Nguyén Mgu Thanh, 11 Toan 1, Tran Vé Hoéng, 12
Toan I, THPT chuyén Ha Tinh; Qudng Binh: Tran
Thanh Tién, 10 Toan, THPT chuyén Quang Binh;
Quing Nam: Lé Vi Van Phi, 11/1, THPT chuyén
Nguyén Binh Khiém; Binh Binh: Trin Quang Khanh,
12TN2, THPT Tang Bat Ho, Hoai Nhon; DPong Thép:
Vo Hoai Bao, 10T, THPT TP, Cao Lanh, 4u Anh Minh,
11T, THPT chuyén Nguyén Quang D;cu Bfmg Nai:
Tmn Hoang Nht Link, 10 Todn, THPT chuyén Luong
Thé Vinh, Duong Quoc Khdnh, 11B1, THPT Lé Hong
Phong, Bién Hoa, Bén Tre: Lé Thi M'mh Thao, Pham
Xudn Bdch, 11 Toan 1, Dao Ba Kha, 12 Toan, THPT
chuyén Bén Tre.

HO QUANG VINH

Cho tam gigec ABC, chimg

* Bai T8/409.

sinBsinC  sinCsind
{ A -
sin? - sin

3 il
s1n .A.81m b

~ il_|

Lai gidgi. (Theo da sé cdc ban). St dung dinh
li sin va dinh li cdsin trong tam gidc ta co

. , Xo
sinAsinB 4sin Asin B.cos’ =
sin2- sin?C
TOﬁN HOC

al+h2-c? j
2ab _[a+bT 5

]

2ab(1+

2

i Bsi bac Y
T SlﬂBSlnC=[ +c] 4

sin? =

sinC.sinA _[c+a)2 4
5 :

sin? —

Vay BPT can chimg minh tuong dwong véi

2 2 2
T:[aerj +[b+c] +(c+a] 519
c a b

Ap dung BDT Cauchy cho céc s duong ta c¢6

T > 4(£ _335 E] =433 @b_cﬂ_lz_
Lc- 2 p2 \ch a’ b?

Pang thirc xay ra khi va chi khi a = b = ¢ hay
ABC 1a tam giac deu. O

> Nhin xét. C6 kha dong ban tham gia giai bai toan
trén va da s6 cho 1 giai dung. Cac ban sau day co léi
Zial gon:

Ha Ndi: Lwong Hitu Béing, 11A1, THPT Ddng Quan,
Phu Xuyén; Ngo Viér Hai, 11A1l Todn, THPT chuyén
KHTN, PHKHTN, BHQG Ha Ngi; Thai Binh: Tmn
Trung Hiéu, 11 Toan 2, THPT chuyen Théi Binh; Béc
Ninh: Ngé Hiru Tri, 10A5, THPT Yén Phong 2; Cao
Trdn Pinh, 11A1, TI-IPT Thuén Thanh 1; Hung Yén:
Dirong Manh Cuing, 10 Toan 1, THPT chuyen Hung
Yén, Hai Duong: Mgc Vin T‘nh 10A1, THPT Nhi
Chiéu, Kinh Mon Nghé An: Tr wong Tudn Anh,
11A12, THPT Dién Chau II; Bén Tre: Dao Ba Kha,
Khiew Thanh Ouy, 12 Todn, THPT chuyén Ben Tre,
Nguyén Hai Linh, 11 Toén, THPT chuyén N guyen Tt
Thanh; Binh Bijnh: Newyén Danh Nhdn, 12A1, THPT
Phu Cat IT; Yén Bdi: Vi Thi Minh Thu, 12T4, THPT
Nguyén Hué.

NGUYEN THANH HONG

* Bai T9/409,
diem A" B, C'thir i InUOC « ac
1B sao cho - s - o = : '.[. Groi D la grao
¥ AR B R
‘va BB, E la
e Ziao f{ m ciia CC' va AA". Ca

Ler .”l"[;""u'!:__'

Cho tam giaec ABC co cdc

mh BC, CA,

oiqo diém cia BB’

gua diém (O nam trong fam gide

va song sone voi AA', BB CC' tiwong itmg cdt
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j ¢ g3 (" “f1res ¥ 0 B P 1T
LI A, AD 0l A )y L L AILEFIY TN PRt

Loi gigi. D& thiy 4D, BE,CF theo thir ty
ciing huéng véi 04, OB,, OC, (1)

AR e g

AC BA OB

A We ok
He U A TR

Ap dung dinh Ii Menelaus cho tam giac 44'C
va cat tuyén BDB', ta co
DA B4' B'C _
DA’ BC B4
Tir céc dz:mg thirc trén, sau mot vai bién d6i
dai s6 don gian ta dugc
DA
i
BE CF

Tuong tu = i =

Khi d6, ta cé

k+1
K+k+1

k+1
K2+k+1

k+1
K +k+1

Vay AD+BE+CF = (E+E;+Eﬁ)

k+1
A’ +k+1

i k+1
kK +k+1
k(fc+1}
k2+k+1
Tém lai, véi moi diém Mta co

AD(MA, — O4) + BE(MB, — OB,)
+CF(MC, - 0C))

(4—8 BC+CA+BA'+CB'+. 1«::']
(B4'+CF +AC‘)

(Bc C4+AB) 0 (2)

5|
EI

| + BE.MB, + CE.MC, — AD.OA4,
~BE.OB, - CF.OC,

= AD.M#4, + BE.MB, + CF .MC, — AD.O4,

- BE.OB, - CF.OC, (do (1))
= AD(MA, — O4,)+ BE(MB, - 0B))
+CF(MC, - 0C,)

= (4D + BE + CF)MO = 0 (theo(2)).

Diing thitc xay ra khi va chi khi M4, MB,, MC,
theo thir tir cing hudng véi AD, BE, CF. Néi
cach khac, dang thirc xay ra khi va chi kh1 M
trung O. O

>Nhan xét. Dy 14 bai toan co ban vé biéu dién vecto

va tich vo hu'rmg khé nhiéu ban tham gla va déu cho 1o
gidi ding. Xin néu tén mot sd ban ¢d 1o gidl tot:

Vinh Phic: Hoang Dé Kién, 11Al, THPT chuyén
Vinh Phiic; Bae Ninh: Nguyén Viér Thiy, 12T, THPT
chuyén Bac Ninh; Nam Binh: Trdn Quang Huy, THPT
A Hai Hau; Ha Nh}l L:.-ofng Hiru Bing, 11A1, THPT
F)ono (uan, Phu Xuyén; Thai Binh: Trcm Trung Hiéu,
11I2, Pham Hodng Giang, 11T1, THPT chuyén Thai
Binh; Nghé An: Hé Dién Phiuc, 11A;, THPT Quynh
Luu III, Lé Hoang Hiép, THPT Thai Hoa; Quang
Nam: Lé Vi ifan Phi, 11T1, THPT chuyén Nguyén
Binh Khiém; Déng Nai: Dwong Quic Khanh, 11B1,
THPT Lé Hong Phong, TP. Bién Hoa.

NGUYEN MINH HA

% Bai T10/409. Cho P=(n+1)

I'l : i I.'.-'. ._\.’ : : ;

Loi giai. (Theo ban Phan Pire Minh, 12A15,
THPT Thai Phién, Hai Phong).

Taco P=(n+ly —n’ —1=Tn(n+1)(n* +n+1)°
Thanh thu ta chi cén chi ra co vo han sb tur
nhién n dé 7n(n +1) la s6 chinh phuong hay dé
nn+D)=7y* (yeN").

Tacd n(n+)=7y*<(2n+1)* -282 =1 (1)
biat x=2n+1 ta dugc x?-28y? =1 (2)

Ta di biét phuong trinh (2) (goi & phuong
trinh Pell) ¢6 v6 s6 nghiém nguyén duong.
Nguoe lai, néu (x;y) 1a nghiém cua PT (2)

thi x 1¢, do 46 n = -xz;lthﬁa man (1). Do d6
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véi moi nghiém nguyén duong cua (2) thi
g voi mot gia tri n:IT—ldé n(n+1) =7y

& P 1a sb chinh phwong. Viy bai toan dugc
giai xong. OJ

‘P'\Ihan xét. 1) Ban Mink con ¢ thém nhén xét: Tat
cd cde 56 t nhién n can fim la cdc 56 hang cua day n,
=0, 1, =63, npy =254n, —ng_ +126(k = 2).

2) Negoai ban Minh, Céc ban sau déy cling c6 1év gidi tot:
Ha Nii: Neuyén Chi Timg, 9A10, THCS GiangVa, Ba
Pinh; Hung Yén: Duwong Manh Twomg, 10 Todn,
THPT chuyén Hung Yén; Thanh Hoéa: Lé Thi Lan
Anh, 11T, THPT chuyén Lam Scm; Nghé An: Ho Dién
Phiic, 11A1, THPT Quynh Luu III; Quing Tri: Trdn
Dire Anh, 10 Toan, THPT chuyén Lé Quy Dén; Quang
Nam: Lé Vi Van Phi, 11/1, THPT chuyén Nguyén
Binh Khiém; Ding Nai: Dwong Quic hhanh 1181,
THPT Lé Hcmg Phong, Bién Hoa, Mgwen Quang Vi,
11 Toan, THPT chuyén Luong Thé Vinh; Quing
Ngii: V6 Van Tién, 12T1, THPT chuyén Lé Khiet.

DANG HUNG THANG
* Bai T11/409. Tim tdt ca cde ham s6 | R—>
trén R vé thoa man diéu k ien

V)=fy+x)+ (), Vx.yeR (1)

f(xp)+ f(x+
Loi giai. (Theo da s6 cdc ban).

Viét lai PT (1) dudi dang
foy+x)—f(0)=fx+y)-f(), Vx5, yeR (2)
Trong (2) thay y bdi xy, ta thu dugce
SOEy+x)— f(2)= fx+x)— flp), ¥, yeR (3)
Tir (2) va (3) suy ra

Sy +x)- () =flx+y)-f0) ¥x yeR (4)
Trong (4) tiép tuc thay y boi xy, ta thu dugc
J&y+x)—f(xy) = fle+2)—f), V5 yeR (5)
Tiur (2) va (5) suyra

f&y+x)— (@)= fx+y)—f(¥),Vx, yeR

Bing phuong phap quy nap, ta chimg minh
duge véimoi ne Z, ¢

J&y+0)—f(x"y)=flx+y)-f0), V5 yeR (6)

o Xét xe(—1;1)\{0}. Tir gia thiét /' 1a ham

lién tuc trén [ nén tu (6), ta thu duge
Fx+p)=f(x)= lim (f (x+3)-f(x))

= lim (f (x"y+x)-f(x"y))

TOAN HOC
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= f( lim (ery+0))={ im () =/ ()= 10)

nén f(x+y)=f(x)+/(y)-f(0),
YyeR,xe(-1;D\V{0} (7))

e Khi xeR\[-1;1]. Tir gia thiét £ 1a ham
lién tuc trén R nén tir (6), ta thu dugc

fe+y)=f(0)=lm (f (x+)-7(x))
= lim (f(x"y+x)—f(x"))=/ (x)-f(0)

nén f(x+y)=f(x)+f(y)-f(0),
vyeR,xeR\[-1;]1] (8)

Tir (7) va (8), ta thu dugce
Sx+y)=f(x)+ f(») - f(0),

VyeR, xeR\{0;£1} (9)
Nhan xét ring, véi mdi v cé dinh déu ton tai
gidgi han ‘le f(x+ y) nén tir (9) suy ra

fA+y)=7D+ f(y)-f(0),vyeR (10)
va f(-1+y)=f-D+f0)- /0. weR (11)
Tir (9), (10) va(ll)suyra
fx+y)=f(x)+ ) - f(0),¥x,yeR (12)

bat f(x)— f(0)=g(x) thi g cing la ham
lién tuc trén R va (12) co dang

glx+y)=gx)+g(y)Vx,yeR (13)

(13) la phuong trinh ham Cauchy trong lop
ham lién tyc nén cé nghiém g(x) =ax, suyra
f(x)=ax+b.

Thir lai, ta thiy ham f(x)=ax+b théa man
diéu kién (1) véimoi a.beR. O

»Nhin xét. 1) Nhiéu ban gii 101 gidi tim nghi¢m
trong 1ép ham c6 dao ham bédc nhat nén 141 gidi tuy don
gian nhlmg khong phi hop voi diéu kién bai ra.

Mot s ban dit bién phu xy = z va coi day Ja bién doc
lé.p ciing khong diing vi khi xét z = 0 thi nhat thiét pha
¢6 didu kién di kém 1 hodc x = 0 hodc y= 0.

2) Céc ban sau ddy c6 101 giai ding:

Vinh Phic: Hodng D6 Kién, Dang Ouang Tudn, 11Al,
THPT chuyén Vinh Phic; Bae Ninh: Trwomg Giang
Khang, 11A1, THPT Thuan Thinh 1; Dong Nai: Diong
Oude Khanh, 11B1, THPT Lé Hong Phong, TP. Bién Hoa,

NGUYEN VAN MAU
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* Bai T12/409. Cho ham 56 [:R—>R thod

médn cdc diéu kién sau:
(1) A1) =2011.
(i1) flx +1).Ax)

Dat §, —Z}-I} —
iml J I

(fx)) + (\]'
5% -

f(u l
Tim lim (S, +85,).
Lai gigi. Ki hiéu a, = f(n),ne N".

Tir diéu kién cia bai todn ta cd g = 2011,
a,n.a, =a:+a,—1,vnzl.
2

a; +a, —1 1

TR T L

ay dy,

Suyra a,, =

Tir céng thire trén, bing quy nap theo », ta thiy
ngay Ml=aq <a <a<..va a, <2010+n, Yn=1.

Cha y lim g, =+e0, vi PT gidi han azaJrl—l

a
khong c6 nghiém thuce thude (2011 ; +o0).
o Tir cac nhin xét trén ta c6
a, -1<2009+i, Vi=1.
2 il i 1
Do d6 §, = 2 » ———— >+ khi
l Zl a, -1 Z. 2009 +i

n—>+oo (vi nhu ta da biét lim (i l) = +a0),

n—+m )y 7
Tuwong tu §; — 40 khi n — +m,
Nhu viy lim(S; +8,) =+,

o Két qua 1a hay hon néu ta xét lim (S,

=400

1 2
That vy §, - - — —.
L e g’(q 1 a+J = a1

-55).

-
St e e o Pde SR s,

a, & a

1 a a+l-1 a+1 1
— — — = =
au-1 a'-1 a-1 gagt-1 a-1
gl TRHT R
a-1 al-1
= ] = 2 b Boi vay
at-1 a-1 a.,

& im0 =2i[
i=1 ai — R |

!
1 aa'+1_l
=2 1 —
1" 1

2 2 1

a—1 2010 1005

> Nhén xét. Nhu di thé hig¢n & trén, ban chat cua bai
todn nay 1a bai todn diy s06 v day la bai todn diy so
khéng kho, nhung ¢6 nhiéu li ludn rat co ban. Cdc ban
hoc sinh 16pl0, 16pl1 sau ¢6 1o gidl ding:

Yén Bai: Nguyén Hai Linh, 11T, THPT chuyén Nguyén
Tat Thanh; Bic Ninh: Treong Giang Khang, 11Al,
THPT Thuén Thanh s6 1; Hung Yén: Hoang Van Duy,
10T1, B Thanh Timg, 1 ITI THPT chuyén Himg Yén,
Vi’llh Phie: Dang Quang Tuan& 11A1, THPT chuyén
Vinh Phuc; Hii Dwong: Neguwyén Thi Thanh Yén, 11T,
THPT -:huyen Nguyén Trai; Nghé An: Lé Hoang Hiép,
10A1, THPT Thai Hoa; Hoang Danh Thang, 11A1,
THPT Quynh Luu III; Ha Tinh: Trdn Ouoc Diing,
11T1; Neuyén Mgu T?ranh 11T1, THPT chuyén Ha
Tinh; Quéing Tri: Hé Phicée Bao, 11T, THPT chuyén
Lé Quy Bon, Déng Ha; Quing Nam: Lé Va Van Phi,
11/1, THPT chuyén Nguyén Binh Khiém.

NGUYEN MINH BUC

= lim (5, -S,)=

% Bai L1/409. Mot B
vt nho A hdt dau
trugt tw dinh B
cua mot khoi hinh
ném BHC co day
HC = 2,1m va géc Pr. -
BCH=a (hinh vé). C

He s6 ma sat gitia vat va mgt BC la k= 0,14.
Tinh gia tri cua goc a ung vai thoi gian di
xuong fir B dén C la nho nhat. Hoi thoi gian

ay fnm,{' bao nhiéu? Cho g = 9,8m/ i
Lai giai. Theo dinh luét IT Newton ta co
Trong do P= mg,
Fmg' — kﬁ B
Chieu  phuong
trinh (1) theo
phuong  vudng
goc va song song
voi mit phang H C
nghiéng, ta duoc
mgcosa—N=0 (2)
mg sin & — kN = ma (3)
Suyra a=g(sina-kcosa) (4)
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Thoi gian di xubng cua vat tir B dén C 13
\{2.30
I= =
[#)

@ phai thoa man diéu kién

2.HC
J . (3)
cosar.g (sina—kcos a )

T
O<a<—

(6)

tan a > k

Dit y =cosa(sina—k cosa). Dé 1 nhé nhat
thi y phai c6 gia tri 1n nhit. St dung diéu
kién (6) khi khao sat ham y theo a, ta tim
dugc a = 48,98".

Thay «a = 48, 98" vao (5) ta c6 £y, =0,993s. O

> Nhin xét. Céc ban sau day c6 1o giai tot

Phii Tho: Nguyén Quy Duomg, 11 Li, Ha Thi Huyén
Nhung, 12K1, THPT chuyén Hiung Vuong, Trdn Hi?u
Béng, 11A5, THPT Long Chéu Sa; Biic Ninh: Lé Va
Manh, 12 Hoéa, THPT chuyén Bac Ninh, Nguyén Van
Long, 11A4, THPT Thuédn Thanh 1; HA Nam: Nguyén
Thi Hong Pire, 11A1, THPT A Duy Tién, Pink Ngoc
Hai, 11 Li, THPT chuyén Bién Hoa, TP. Phu Li: Nam
binh: Vi Xudn Truwomg, 11 Toan 1, Dinh Viét Thang,
Biii Xudn Hién, 12 Li, THPT chuyén L& Hong Phong:
Hai Dwong: Pham Thi Yen Nhi, THPT chuyén Nguyén
Trai; Hung Yén: Nguyén Trung Hiéu, 12 Li, THPT
chuyén Hung Yén: Thdi Binh: Hodang Dinh Quang,
11A1, THPT Quynh Céi, Nguyén Vian Minh, 11A2,
THPT Bic Péng Quan; Thanh Héa: Ddng Duy
Khanh, 12F, THPT chuyén Lam Son; Ngh¢ An:
Nguyén Trung Hiéu, 10A1, THPT Nguyén Xudn On
Hoang Vian Chdn, Chu Ty Tai, 11A12, THPT Dién
Chéu I, Ha Dién Phiic, 11A1, THPT Quinh Luu III,
Tran Trung Hfsu Trinh An Binh, 10A1, J'N'gmen Ngf,?c
Minh, 10A2, Tran Tuan Chung, 11A1, Nguvén Ngoc
Chidin, 11A25l Trdn Vin Béde, 12A6, THPT chuyén Dai
hoc Vinh; DPong Thap: Huj-nh‘ﬁmnh Dhr, 10 Li, THPT
TP. Cao Lanh; Binh Binh: Trdn Quang Khanh, 12TNZ,
THPT Ting Bat Ho, Hodi Nhon.

NGUYEN VAN THUAN

*Bai 1.2/409.
khéng khéi lwong mét dau ddy

Mot spi day

treo vao tran nha, dau con lai
. 4 u 7 o m
buoc vao vat m. Phia duoi var m
co noi vai vat 2m thong qua mot
lo xo. Ban dau hé o trang thdi
cdn bang, dé bién dang cua 1o
xo khi do la 3cm. Nguwoi ta dem 2y
dot soi dav.

a) Tim gia téc cua cdc vat ngay khi vira dot day.

TOAN HOC
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b) Sau bao ldu I6 xo lai tro vé trang thai ban
dau? Tim vén toc cuia cde vét khi do.

Léi gidi. a) Khi chwa d6t day, 16 xo gian Al .
Diéu kién cin bing v&i vat 2m 13 kA, =2mg.
Ngay sau khi dét déy, vi tri céc vat chua thay
doi, gia toc cla cac vét 2m va m lan luot bing
kAl _2mg _ 5 g

m m

b) Sau khi dét day, khoi tim G cla h¢ roi tu
do. Trong hé quy chiéu gin v6i G cédc vit s&
dao dong diéu hoa nhur nhimg con lic 106 xo0
ma dau 1o xo tuong ing gan voi G.

a, =0;a =

Khi chiéu dai 16 xo 1a /, vat m cdch khoi tim

2] , o et
G mot khoang ?, con vit 2m cach khoéi tim

%. P cimg 10 xo trong tmg cua cac con lac
mvaZmla bk va k;. Taco
kl 2!} k:izkf :}k]:ﬁ k'&—3k
3 3 2
Tan sé goc cua hai con lic 1dn lugt 14

\/k‘] [3k E
= |=—= _,CE);= —_— =, [—.
Hi 2m 2m 2

Nhur vay hai vit dao dong cling tin s goc va
ngugc pha nhau.

Lo xo s& trér vé trang thai ban diu lan dau tién
sau | chu ki dao ddng, tirc 1a sau khoang thoi

J)
gian T =2=n _{{’_:27[1/*’” =2n ) = 0, 2s.
k k 3g

Khi d6 van toe cia cac vat doi vai khoi tim G
bang 0, vin téc cua cac do1 vor dat bang van
toc cta khéi tdim G: v, = v, = gT=2m/s. O

% Nhin xét. Cac ban sau diy c6 10 giai 6t

Hai Dwong: Pham Thi ¥én Nhi. 11 Li, THPT chuyén
Nguyén Trdi: Nam Djnh: Dinh Viét Thang, Bt Xudn
Hién, 12 Li, THPT chuyén Lé Hong Phong; Ha Nam:
Dinh Ngpe Hai, 11 Li, THPT chuyén Bién Hoa; Nghé
An: Trdn Vin Bde, 12A6, THPT chuyén DH Vinh;
Quing Ngii: Kiéu Vin Bao, 11 Li, THPT chuyén Lé
Khiét; Binh Dinh: Tran Quang Khanh, 12TN2, THPT
Tang Bat Ho, Hoai Nhon; TP. H& Chi Minh: Pham
Ouang Ding, 11 Li, PTNK PHQG TP. Hé Chi Minh.

NGUYEN XUAN QUANG
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FOR LOWER SECONDARY SCHOOLS

T1/413. (For 6™ grade). On the cardboards,
Write each five-digit numbers, from 11111 to
99999, on a cardboard. After mixing the
cardboards, place them in a sequence in
certain order. Prove that the resulting number
is not a power of 2.

T2/413. (For 7" grade). Find all triple of
pairwise distinct prime numbers a, b, ¢ such that
20abc < 30(ab + be + ca) < 2labe.

T3/413. Point O on the median AD of triangle
ABC 1is chosen such that -jg =k (0<k<1)

The rays BO, CO cut AC, AB at E, F
respectively. Determine the value of & so that
1

B i
AEOF 15 ABC

T4/413. Solve the equation
Va2 +x+19 44722 +22x 