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TRUNG il(b“(t CO SO

rong céc E)é thi tuyén sinh vao 16p 10

thuong xuat hi¢n dang bai toan dudng
tron ¢6 hai tlep tuyen cit nhau. O bai bao nay
chling t6i xin néu mot vai tinh chat thu vi vé
duong thing qua hai tiep diém.
TINH CHAT 1. Néu tir mor diém M bén
ngodi dwong tron (), vé hai tiép tuyén MA,
MB vé mét cat tuvén MCD voi (O) thi ducng
a‘p'mm: AB luon di qua giao diém N cua hai
tiéep mwn tai C va D vai duong tron (O).

Chirng minh. (h. 1). B

Hinh 1

Tur O ke dudng thang vuong géc véi val CD
cat CD tai H, cit AB tai N. Do OM vunng
g6c vG1 4B tai K nén tir giac MKHN m;n tlep,
suy ra OH.ON' = OK.OM = OB’ = 0C* = OD°
= ND 1 OD,NC 1 OC= N =N. Do do
ba diém 4, B, N thang hang. O

TINH CHAT 2. Neéu tir mgt diem M bén
ngoai duong tron (0), vé hai.tiép tuyén MA,
MB va mot cat tuyen MCD véi (O) thi dwong
thang AB luén cat CD tai diém I thoa mén h¢
MC

. IC
i — = —,
D MD

NGODUCTHODUONGMINHCHAU
DD: 0986885389

MOT SO TINH CHAT THU VI
CUA TIEP TUYEN V01 BUGNG TRON

DUONG BUU LOC

(GV THPT chuyén Tran Pai Nghia, TP. H6 Chi Minh)

Chiing minh. (b 2).

Hinh 2
; MC MCMD MA?
Ta co
MD? - MD?

MA MB AC BC
~MD MD  AD BD
(do AMAC ©» AMDA, AMBC > AMDB)
AC BC IC IB_IC
"BD AD IB ID ID

(do AIAC <> AIDB, AIBC <> AIDA). O

TINH CHAT 3. Néu tr mét diém M bén
ngoai duong tron (Q), vé hai tiep tuvén MA,
MB va hai cat nwvén MCD, MEF voi (O) th
duong Il’ffm” 48 Tuon di qua giao diém r’neu
cd) cua cde edp dwong thang DE va CF, CE

Wi |' y Jf
Pé chimg minh tinh chét 3 ta can bo dé sau.

B6 dé. Gig sur domg thang CD va dwomg thang

EF cdt nhau fai M, dwong thang DE va

dieong Hfmf&{ CF cdt nhau tai P. Mot duong

thing bat ki qua P cdt CD, EF lan luot tai I

va .J.

Khi do, néu - o thi er W H_
MDD MF JF
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Chirng minh. (h. 3).
I

Hinh 3

Tir C ké dudng thing song song véi DE cit
MP, IJ lan luot tai R, S.

Tir F ké dudmg thing song song véi DE cit
MP, IJ1an luot tai U, T. Ta c6
JE _PE_PE FU
JF IF FUTF
_ME CR _ ME CR PD
MF CS MF PD CS
_ME MCID ME [do
MF MD'IC MF

MC IC
MD D)
Chirng minh tinh chit 3. (h. 4).

Hinh 4

Goi P 14 giao diém cia DE va CF; O la giao
diém cua CE va DF; J la giao diém cua AB
va EF.

Theo tinh chét 2, ta c6 222 =§f~ (1)

Goi J' la giao diém cua IP va EF.

Theo bo dé, ta ¢ ME o b (2)
MP‘ JF

TOAN HOC
2  Cludilré SS 410 (8-2011)

Tur (1) va (2) suy ra J tring J'. Chimg t6 diém
P nam trén AB. Chimg minh twong tw ta duoc
diém O nam trén AB. 0

Cubi qung, méi ban doc van dung ba tinh chét
trén de giai cac bai tap sau.

BAI TAP AP DUNG

I. T dlem M nam bén ngoal ducmg tron (0) vé
cic tiép tuyén M4, MB va cat tuyén MCD von
ducmg tron. Chtmg minh ring cac tlcp tuyen
ctia (0) tai C va D cit nhau tai mot diém nam
trén A8,

(Dé thi vio lép 10 TP. Ho Chi Minh nim 2008)

2. Cho tam gidc ABC c6 ba goc nhon. Puong tron
dut‘:mg kinh BC cit cic canh 4B, AC theo thir tr
tai E, D. Goi H la giao dlem cua BD, CE. Tir 4 ké
cac tlep tuycn AM, AN dén dutmg tron (O) véi M.

N la cac ticp diém. Chimg minh rang ba diém M, H
N thing hang.

(De thi vao lap 10 TP. Hi Chi Minh nim 20006)

3. Chimg minh ring néu t giac ABCD c6 cac
canh AB, BC, CD, DA lin luot tiép xic véi mot
dudmg tron tai M, N, P, O thi bon duong thing
AC, BD, MP, NQ ddng quy.

4. Cho dudmg tron (0). Tir mét diém A4 bén ngoai
dudng tron vé cac tlep tuyen AB, AC va cat tuyen
AMN (B, C la cac tiép diem, M nam gma AvaN).
Tir M ke dudng fhang vudng goc voi OB cit BC,
BN lan lugt tai D va E. Chimg minh ring DM = DE.

5. Gia su tr giac ndi tiép ABCD c6 AB cit CD tai
M, AD cit BC tai N, AC cit BD tai P. Chimg minh
rang OP vudng goc vdi MN.

6. Cho ti gldL ABCD ngi tiép dlm'ng tron (O).
Goi P la giao diém cia AD va BC, Q0 la giao
diém ctia AB va DC. Tir Q vE cic t1ep tuyén OF,
QF vai (0). Ching minh ring ba diém P, E, F
thing hang.

7. Cho sau diém phan biét 4, B, C, D, E, F nam
trén -::ung mét dudng tron (O) theo thir tyr do. Cac
tiép tuyén tai 4, D véi (0) va cac dudng thang
BF, CE dong quy. Chimg minh ring ba duomg
thang AD, BC, EF hoac cing song song hoic
ddng quy.

8. Cho tr giac ABCD ngoai tiép dudng tron (O)
co cac canh AB, BC, CD, DA tiép xuc vai (0) lan
lwot tai G, H, K, L. Goi E la g1ao diém cia AB va
CD; F 1a giao diém cta 4D va BCvaPla glao
diém clia GK va HL. Chimg minh ring OP vudng
goc val £F.
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Ki THI OLYMPIC TOAN HOC QUOC TE

LAN THU 52 - NAM 201

@lympiad Am
sterdam 24

i thi Olympic Toan hoc Québe té 1an thir 52

(IMO 2011) dién ra tai Amsterdam, Ha
Lan, tir ngay 12 dén 24/7/2011. Ki thi lan nay
6 101 nudce va vang lanh thd cir doi tuyen hoc
sinh tham gia, v&1 564 thi sinh, va 2 nuéc tham
gia voi tu cach quan sat vién.
Poan Viét Nam tham dy TMO 2011 gém 6 hoc
sinh: Vo Van Huy, Lop_12, THPT Lé Hong
Phong, Phi Yén; Nguyén Thanh Khang, Lép
12, THPT chuyen Hung Vuong, Pha Tho; Lé
Hiru Phudc, Lop 12, THPT chuyén Lé Qu_‘,.r
bon, ba Ning Nguyén Van_Quy, UP 12,
THPT chuyén Bic Ninh; Nguyén Van The, Lop
12, THPT chuyén L& Hong Phong, Nam Dinh;
Dé Kim Tudn, Lép 12, THPT chuyen Ha Néi -
Amsterdam, Ha Néi va céac Thiy gido Ha Huy
Khoai (Vién Toén hoc, Trudong doan); Nguyen
Khic Minh (B6 GD&DT, Pho doan) cung vai
mot s0 Quan sat vién.

Nhu thmmlg, 1€, c6 6 bai thi, chia lam 2 ngé.y,
moi ngay 3 bai thi lam trong thm gian 4 gio 30
phat, véi s6 diém t6i da cho mdi bai la 7.

Céc nudc co dé duge chon la: Mexico (B1),
Anh (B2), Béloruxia (B3), Iran (B4, BS), Nhit
Ban (B6). Theo danh gia chung, dé thi nim nay
kha hay, ddc biét 1a bai 2 (TS ho‘p) va bai 6
(Hinh hq)c} Trong bum thao ludn vé viéc chon
dé, nhiéu ¥ kién cho rang, cin “chdm dirt mach
18 nam lién tyc co 2 bai hinh trong dé thi”, vi
dé nghi thay vao do la 2 bai to hgp. Nhu véy
cau trac dé thi nim nay nhu sau: trong 2 bai
“dé” (B1, B4) ¢6 1 bai Pai s0 — S6 hoe, 1 bai To
hop; trong 2 bai “trung binh” (B2, B5) ¢6 1 bai

HA HUY KHOAI
(Trudng doan Viét Nam)

T hop, 1 bai So hoc; trong 2 bai khoé (B3, B6)
co mot bai Dai s6, 1 bai Hinh hoc.

Co thé nhan thay bai ra ndm nay c6 nhiéu chd
kha tinh té. Ching han Bai 2, Bai 3, va Bai 6,
ma nhiéu ban nhin qua nghi 1a kheng kho. Tuy
nhién loi giai (cua nhiing ban trong doi tuyén va
cua nhleu ban khac dua lén mang) thuong méc
sai 14m khi nhan dinh nhimg truong hop “twong

ty”, “dé suy ra”, ma khong nhén thiy d6 chinh
ia nhlmg diém tinh té nhét cua bai todn. Do do6
diém dat duoc chi 1a 0—2. Ban Nguyén Van Quy
co loi giai kha doc dao cho Bai 3, tiéc rang
khong két thac dugc!

Tuén thi nguyén tic 1/2 tong sé thi sinh duge
nhan Huy chuong, trong dé ti 1¢ Vang : Bac :
Pénglal:2:3, can clr diém cua thi sinh, Ban
Gidm khao da quyét dmh trao Huy chuong
Dong cho nhilmg nguai co6 ‘mng diém tir 16 dén
| ; Huy chuwong Bac: tong diém tir 22 dén 27;
Huy chuong Vang: tong diém tir 28 dén 42.
Ngudi duy nhat dat diém tuyét dbi 42/42 1a thi
sinh Lisa Sauermann, Puc.
Ca sau ban trong doi tuyén Viét Nam dcu dugc
trao Huy chuong Dong vai két qua cu thé trong
bang cudi trang,
Theo quy dinh, cac ki IMO khong tinh “giai
dong doi”, tuy nhién néu xép theo tong diém thi
thir tw 10 doan dau tién sé 1a: 1. Trung Quéc,
2. My, 3.Singapore, 4.Nga, 5.Thai Lan,
6. Thé Nhi Ky, 7.Triéu Tién, 8.DPai Loan,
9. Rumani, 10. Tran. Poan Viét Nam xép thir 31
trén téng s6 101 doan tham gia.

- Diém bai thi
Ho va tén s = "y = " =
Bai 1 Bai 2 Bai 3 Bai 4 Bai 5 Bai 6
Vo Van Huy T 0 ] 7 2 0
Nguyéen Thanh Khang 7 | | 7 2
Lé Hiru Phudc 7§ 0 0 7 7
Nguyén Van Quy 7 0 4 0 7 I
Nguyén Van Thé 7 0 2 1 7 0
D6 Kim Tudn 7 0 0 7 7 0
5 TOAN HOC
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Vai nhin xét.

1) Trong ki thi ndy co thé thay s tién b vugt
bac ciia mot s6 nuoc. Pién hinh 1a Singapore
(vi tri cuia Singapore trong 5 ndm gan day: 22
(2010); 30 (2009); 32 (2008); 36 (2007); 27
(2006). Dac biét, néu nhu tir khi bat dau tham
gia Olympic (1988), ho mdi dat 01 Huy chuong
Vang (1996), thi nam nay Singapore dat 4 Huy
chuong Vang, va trong s6 10 thi sinh co d1em
cao nhat, doan Singapore chiém dén 3. Mot sb
doan khac, nhur Thai Lan, Thé Nhi Ky ciing gitr
vimg v1 tri cao, nhi¢u nuc‘rc ¢ chau My Latinh
va chau Phi ciing cai thi¢gn déng ké trén bang
xép hang.

2) Nidm nay lan dau tién sau nhiéu nam, doan
Viét Nam khéng c6 Huy chuong Vang, tham
chi 1a Huy chuong Bac. Pong thoi thir tu cling
thdp nhét (31/101) trén bang xép hang ké tir khi
tham g:a Olympic. Viéc dQl tuyén Viét Nam sg&
khéng con manh nhu nhi€u nam trude day la
diéu da duoc canh bao trong nhicu héi thae cua
B Gido duc va Pao tao. Do nhiéu nguyén
nhan, hoe sinh ngay nay khéng con min ma voi
cac ki thi hoc sinh gioi. Viée bo cac ki thi hoc
sinh gioi va cac trudng chuyén cap THCS clng
lam cho trinh do hoc sinh bi giam sut. Nhiéu
klen thire phai hoc rit v§i vang trong thoi gian
ngén truée khi di thi va rat thiéu co ban. Mat
khac, nhiéu nuée ngay -::cmg cai tlﬁi‘l quy. trinh
tuyén chon, bdi dudng nén doi tuyén cta ho
manh din qua ting nam va do do day Iui dan vi
tri cua doi tuyén Vn;t Nam! Néu ching ta
khéng c6 nhimg glm phap hiru hiéu thi chic
chén ching ta ngay cang bi cic ddi khac bo xa.
Vige doi tuycn Viét Nam gip “bat lgi” do céu
triic dé thi nim nay chi lam ta thay & hon va
nhanh hon xu hudng do.

3) Nim nay Ban Giam khao danh dén ba budi
dé thao luén ve viéc thay doi quy ché ctia ki thi,
dé dam bao dé thi duoc giit bi mat tuyét déi
trong thoi dai céng nghé¢ thong tin, hi¢n nay,
Két qua la: Hodn viéc bo phiéu vé nhiing dé

ghl thay déi dén IMO 2012 ; lap Ban kieém tra
vl nhidm vu xem xét lai nhung bai thl ¢6 dau
hiéu “dang ngo’ trong khoang tir nay dén IMO
2012 va néu thiy co diéu gi bat thuong sé trinh
1én Ban Giam khao IMO 2012. Viéc nay s€
duge tién hanh thuong xuyén, cting tuong
nhur “kiém tra doping” ctia thé thao sau ngay
két thae giai dau.

IMO 2012 s& duoc td chirc & Achentina.
Sau diy 14 6 bai toan thi.

TOAN HOC
4 CTugilpe S8 410 @-201)

NGAY THU NHAT (18/7/2011)

Bai 1. Cho tdp hop A=la).0.,0:.a4} g?fm bon si
nguyén duemg phdn bigt, ta ki higu 10ng G+ +a; +dq
boi s,. Gid sit ny la s6 cde cdp (i, j) voi 1<i< j<4
sao cho a;+a, chia hét s,. Tim tat ed cde iap hop
A gom bon s6 nguyén dwong phan biét ma voi ching
n, dat dwoe gid tri lon nhdt co thé.

Bai 2. Gidg sir S la mot tap hop hiru han f?.-em tréen
nm.'phaug véi it nhdt hai diém. Gid thiét rang khong
c6 ba diém ndo cua S cing ndm trén mgt d’uang
IF:cmg' (ur xay gidé la mot qua trinh bhdt ddu véi mot
dicmg r.’zanq | @ qua chi mét diém PeS. Duong
thang nay quay theo cfueu kim ri“nng ho chung quanh
tam P cho dén khi lan dau tién gap mot diém khdc
ndo do cua S. Diém nay, ki hiéu Q, lai dwoc ldy lam
tam mei, va bay gio dwong thing quay theo c.’zwu
kim dong ho chung quanh Q, cho dén khi gdp diém
!rep theo cua S. Qua trinh duwgc fn:p tuc khong ditng,
véi tam ludn luon la mot diem cuia S.

Chimg minh ring ta co thé chon diém PeS va

ducong f!mng [ di qua P sao cho ﬁm xay gio nhan moi

diém cua S lam tam quay vé han lan.

Bai 3. Gia s [ R—>R

dinh trén tdp cde so thye va thoa man
S+ )< ()+F(f(x)

voi moi so thiee x va v. Chimg mink rang f(x)=0

ld mgt ham gidg tri thue xdc

vai moi x=0,

NGAY THU HAI (19/7/2011)

Bai 4. Gid sir n=>0 ld mét s6 nguvén. Cho mgt cm
can hai dia va n qud can voi trong hegng la 2°,
2',...,2% Ta muon ddt lén cai cdn moi mgt rong n
qud can, lan leot timg qua mot, theo cdach dé bao
dam dia can bén phm khong bao gio nang hon dia
can bén trdi. O maéi budc ta chon mot trong cace
qua can chua duoc dat lén cdn, r6i ddt né hoge ww
dia bén trai, hodc vao dia bén phdi, cho dén khi rdt
cd cdc qud cdn déu da duoc ddt lén can. Xac dinh
xem co bao nhiéu cdach dé thuc hién dwoc muc dich
dé ra?

Bai 5. Gia swt [ la mgt ham tir tdp cac 561 nguyén L
vdo tdp cdc so nguyén dicong N*. Gid thiét rang véi
hai 56 nguyén tiy ¥ m va n, hi¢u fim) ﬂn} chia hét
cho .f{n! —n). Chumg minh rang voi moi so nguyén
m, nnéu f(m)< f(n), thi f(n) chia hét cho f(m).

Bai 6. Gia su ABC la mot tam gidc nhon voi duong
tron ngogi tiéep T. Gia su 1 la mot tiép tuyén ndo do
ciia T, va gia s I, I, va 1. ld nhiing dwong thang
nhdn dwoe bang cich a'd:v doi ximg | qua cac duong
BC, CA, va AB nwong ung. Chieng minh rang duong
tron ngogl tiép cua tam g:ac tao thanh boi cde
duwdng thang [, lva I, Hep xue vai duong tron T
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DE THI VAO LOP 10

TRUGNG THPT CHUYEN K¢

N&m hoc 2011

N, DHKHTN, PHOG HA NOI

- 2012

VONG 1
(Danh cho moi thi sinh thi vao truong chuyén)

(Théi gian lam bai :

Céu 1. (3 diém)

1) Giai hé phuong trinh
(x-)y*+x+y=3
(y=2)x*+y=x+l.

2) Giai phuong trinh

3 x*+7

X+ :
X 2(x+1)
Cau 2. (3 diém)

1) Chu'ng minh ring khong ton tai cic bo ba so
nguyén (x ; y ; z) théa mén ding thire

xhipt=Te4es,

2) Tim tat ca céc c@p sé nguyén (x ; ¥) thoa man
dang thirc
(x+1)?—(x—1)*=)?

120 phiit)

Ciau 3. (3 diém)
Cho hinh binh hianh ABCD voi BAD<9(P. Pudng

phan giac cua 20c BCD cit dudmg tron ngoai
tiép tam giac BCD tai O khac C. Ke duong
thing (d) di qua 4 va vuong goc voi CO.
Pudng thang (d) lin luot cét cac dudng thing
CB,CDtal E, F.

1) Ching minh rang AOBE = AODC.

2) Chimg minh riang O 1a tim dudng tron ngoai
tiép tam glaC CEF.

3) Goi giao diém cua OC va BD la I, chimg
minh ring /B BE.EI = ID.DF.FI.

Ciu 4. (1 diém)
Vol x, ¥ la nhimg sd thue duong, tim gia trj nho
nhét cia biéu thirc

3 3
P= s o =i !
x3+8y* P +(x+y)

VONG 2
(Danh cho thi sinh thi vao chuyén Todn va chuyén Tin)

(Thai gian lam bai :

Céu L. (3 diém)

1) Giai phurong trinh
(u‘x+3 - J;)(\:‘l—x +1]=l.
2) Gidi hé phuong trinh

(x+y){]+xy}=4x2y3.

Ciu 2. (2,5 diém)

1) Vai mdi s6 thuc a ta goi phan nguyén cua g
1a sé nguyén 16m nhét khdng vugt qua a va ki
hiéu la [4]. Ching minh ring vdi mdi s

' 2
g i 1 1
nguyén du , biéu thicn +| 3n ——+—
guyén duong n [ = 3:|

khéng biéu dién dugc dudi dang lép phuong
ctia mot s6 nguyén duong.

{xz +y2 :2x2y2

150 phiii)

2) Véix, y, z lacac s6 thye ducmg thdéa man
ding thirc xy+yz+zx=>5, tim gia tri nho nhét
cia biéu thire

3x+3y+2z

J_ﬁ(:.,z +5) +:/6(2 +5) +4/22 45
Céu 3. (3,5 diém)

Cho hinh thang 4 ABCD vm BC song song voil

AD. Cac goc BAD va CDA 1a cc goc nhon.
Hai dudng chéo AC va BD cit nhau tai 1. P la
diém bét ki trén doan thing BC (P khong trung
véi B, C). Gia sir duong tron ngoai tiép tam
giac BIP cat doan thang PA tai M khac P va
dudmg tron ngoai tiép tam gidc CIP cit doan
thing PD tai N khac P.

l} Chl.mg minh ring nim diém 4, M, I, N, D
cung nim trén mot dudng tron. Goi dudng tron

nay la (K).

(Xem tiép trang 28)

TOAN HOC
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HUONG DAN GIAI BE THI VAO LO’P 10

TRUONG THPT CHUYEN DHSP'

{-,+

] NI

N&m hoc 2011 - 2012

(Dé thi da dang trén THTT sé 409, thing 7 nam 2011)

VONG 1
x+1

Ciu 1. 1) Pdp s6. A= - :
(2y—x)2x*+y+2)

; ; 2

2) Véiy =1 thi AZE & 40382 +11x-7 =0

“xx=L

Ciu 2. Goi nang suat dy kién la x san pham

moi ngay (xeN"). Thoi gian hoan thanh theo

ké hoach la @ Bon ngay déu ho lam dugce 4x
%

san pham. Trong nhiing ngay sau nang sudt la
x+10 sdn phdm mbi ngay. S6 ngay hoan thanh s6

200—4x

séin phim cdn lai 1A . Theo bairata cb
x+10
L WETIRGNE
X x+10

‘v’ay theo ke hoach mm ngay nhom céng nhin
cin san xuét 20 san pham.

Céu 3. PT hoanh d¢ giao diém giira parabol (P)
va duong thang (d) la

xt=mx-m?*+3 < xt-mx+m?-3=0 (1)
Pudmg thing (d) cit parabol (P) tai hai diém
phan biét <> PT (1) c6 hai nghiém x,, x, phan

biét <> A=12-3m? >0 <> -2<m<2. Taco
2 <m<?
.-'(|‘.>0
X +x=m >{)
x>0 2 = 7
& axxp=m=3>0 < m=[—.
Rag=> :

5
(4 +x)° —2x|12=5
Cau 4. (h. 1). 1) Trong tam gidc vuéng CEQ co
CE=\JCOP —OF* =3. Do Cﬁ;ﬁ&:%cﬁ

vi CEA=KBO =90° nén AAEC » AOBK, suy
OB _ . CEOB

A —=—o

= =
CE AE AE

=15.

TOAN HOC
6 ' Cluditre S3 410 (8-2011)

Hinh |

2) Do MEIBK nén o=t _, pg=2KA4E 3
BK AB AB 2

= C?nJ=CE—JW:‘=g.

i 1 27

Vay SC‘KM :5 CM.BE =?(dvdl}.

Ciu 5. (h. 2). Goi O 4 F

la tam ducmg trén

ngoai tlcp tam glac

MAN. Ta c6 MON

=2MAN =60°; M

OM = ON nén D N C

OMN =ONM =60°. Hinh 2

Do MON + MCN=180° nén tir gidc OMCN néi

tiép, tir d6 OCN =0OMN =60 mﬁ:%:a)ﬂ.

Suyrad, O, C thing hang. Vay O thudc dudong
thing AC cb dinh.
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Ciu 6. Dat 5 = 'Jr+-v". \ﬁhf_ J__Jnf_

!
b J_ 5 +~f_

Khi do, ta co 3.+52=\F-J=8.

LﬁlCD\/——\fzk
J-_+~J2k
=2k +1 -2k voik=1.

J_kw’ﬂ:T

Do vdy §) > 5, nén 5 > 4.

VONG 2

Ciu 1. 1) Tir gia thiét suy ra a > 0 va

S4fad o8] e

:»4a2+fa (1)
2) Tir (1) suy ra

a2=&g-—_i):>5=a2+ G;S“Emu
_pletd _Va-a) | (.-.m+3f)\rr =

22 4

Cau 2. 1) PK x+ y> 0. Ta cé PT thi nhat cia
hé tuong duong vai

1
(x+y)2—l+2:g{ -—1]:0
Xty

Exy(x+y—l}=0
x4y

S (x+y-Dx*+y?+x+y)=0

< x+y=1(do x2+)y?+x+y>0).

& (x+y+D(x+y-1)—

K&t hop véi PT thir hai ctia hé ta co
x+y=1 x=] _
=x2—y=l et lyzo hoic
2)Tacd a’b+ab®+2a%b* +2a+2b+1=0

< abla+b)? +2(a+b)+1 =0
< (ab-Da+b)+(a+b+1)? =0

x=-2
y=3.

(1)

2
Tu(1)suyra a+b#0 va 1—ab=[a:i;1] (dpcm).

Ciu3.Giasat a>b=>c. Taco

a* +b* +c =(a® + B + 32 - Aa*h? + P +32ad).
Vi p 12 s6 nguyén to va p>3, suy ra &+ +¢*
chia hét cho p khi va chi khi a?h? + b2c? + c?a?
chia hét cho p hay a?h? +c?(a®> +b%):p

o ath?-ctip & (ab—c)ab+c?):p.

Do p=a®+b*+c?>ab+c?>ab—c?20vap
la sé nguyén to nén ab—-c*=0 = a=b=c

=5 =3t StE=hse=1Na p=3,

Ciau 4. (h. 3)

Y
Hinh 3
1) Do BAE =SBM vi AEB=BMS =90° nén
AB
AAEBwn ABMS, suyra — = £
AE BM
Ma BM = ME nén A—B— By (1)
AE ME

2) Tam glac BME can tal M nén MEB = MBE.
Laico SBM + ABE BAE + ABE 90° = AEB
= SBA = AEM (2)
Tir (1) va (2) suy ra AAEM e AABS.
3) Tir két qua cdu 2 ta c6 BAP=EAN. Ma ABP
= AEN (cung bl véi CEF)nén AAEN e AABP,
NE
(3)

AN
suy ra —— =—
AP PB
Vi AMAE e» ASAB (cau 2) va tlmng tl,r ta co
AMAF e ASAC nén AME = ASB AMF = ASC
(Xem tiép trang 11)
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GS NGO BAO CHAU GIANG BAI I(HAI TRUUNG
VIEN NGHIEN CUU CAO CAP VE TOAN

(Tang GS. Ngé Bdo Chéu, khi anh buéc sang tudi 40, vao ngay 28/6/2011)

TRAN VAN NHUNG

(Téng Thu ki H6i déng Churc danh giao su nha nudc,
nguyén Thur tru‘Ung B6 Giao duc va Dao tao)

-----------------------------------------

......................................................

ao hic 9 gio sang ngay 23/6/2011, tai Tru so cua Vién Nghién citu cao cdp vé
Todan (Vién NCCCT, tén tieng Anh: Vietnam Institute for Advanced Studies in
Mathematics, VIASM) ¢ Toa nha Thu vién Ta Quang Buu, Triueng DHBK Ha Ngi,
GS. TSKH.Ngé Bao Chau - nguoi vira dvoc tang Giai thuong F ields cao quy nhat
vé Todan hoc trén thé gioi (gm nhiw nha bao Ham Chau la "Giai Nobel Toan hoc")
vao ngay 19/8/2010, da cé bai giang dau tién dé bat dau mot chuéi cac hoat déng

khoa hoc khai truong Ifmn nay.

........................................

I. XAY DUNG VIEN VA CHUONG TRINH
TOAN HOC

Sau thanh tru Toan hoc xudt sic va vang doi
thé gidi cua GS. TSKH Ngé Bao Chéu, dugce
su quan tam cua Dang va Nha nuoc, ma truc
tiép la Thua tudng Nguven Tcm Ding va Pho
Tha tuong, GS. TS. Vguwn Thién Nhan,
Chinh phu da ra quyét dinh thanh lap Vién
NCCCT va phé duyét Chuong trinh trong
diém qudc gia phat trién Toan hoc giai doan
2010-2020 (goi tat la Chwong trinh). Bé
truong B GD&DT GS. TS. Pham Vit Luan,
ciing di ki Quyét dinh bo nhiém GS. TSKH.
Ngo Bao Chau lam Giam déc Khoa hoc, GS.
TSKH. Lé Tudn Hoa 1am Giam déc Diéu hanh
cua Vién, GS. TSKH. Bui Van Ga lam
Truéng Ban Diéu hanh va GS. TSKH. Tran
Vian Nhung lam Phé Truong Ban Piéu hanh
Chuong trinh. Sau bai giang ddu tién, GS.
‘Ngé Bao Chdu, GS. Le Tuan Hoa, GS Ngo

hi tuémg GS Nguyén Thién Nhdn, BQ
S. Phgm Vii Lugn va Thu lrl.rorng
tlep than mat, trao doi vé
: va nhitng kho khin cu thé dé Chinh
: Bo, Nganh hé trg Vién som dua
‘ciic hoat dong khoa hoc vao né nép. Nghe tin
Vigt Nam da thanh 13p Vign NCCCT, mot )
nude, mot sé nha khoa hoc (c6 ca nhimg nha
toan hoe da tirng nhan Giai thuong Fields) da

TOAN HOC
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chic mimg va hira s€ sang tham, giang bai va
hop tac nghién ciru todn hoc tai Vién khi diéu
kién lam viéc va co so vit chit ¢ day tam
hoan thién.

Trude khi bit dau bai giang cua GS. Ngo Bao
Chau, GS. Lé Tudn Hoa da thong béo cho cac
thinh gia biét viéc bd nhiém hai dong Giam
dbc va chuong trinh khoa hoc ki nay cua
Vign. Thay mat Hoi dong Chirc danh gido su
nha nuée (HDCDGSNN), Tong Thu ki GS.
Tran Vin Nhung, Uy vién GS. Nguyen Ngoc
Thanh, GS. Nguyén Phung Hong va Chanh
Vin phong PGS. Do Tat Ngoc da ting hoa va
chiic mirng Gidm déc Khoa hoc GS. Ngé Bao
Chau va Giam déc Bleu hanh GS. Lé Tudn
Hoa. Xin nhic lai rang, TSKH. Ngo Bao
Chau da dugc phong GS cua PH Paris 11 nam
2004 khi anh 32 twoi va dugc HDCDGSNN
phong dac cich GS cua Viét Nam nam 2005
khi anh 33 tuéi. Nim 2004 anh duge trao
Giai thuong Clay cing véi thay minh la GS.
G. Laumon vi chimg minh dwoc Bo dé co ban
cho cdc nhom Unita. Cho dén nay anh van la
nguoi g:u’ ki lyc GS tré nhat khi duge phong
va hién van dang 14 GS tré nhit Viét Nam (39
tudi, vao nam 2011).

GS. Ngé Bao Chdu s€ lam viéc ba thing hé
ndy tai Viét Nam. Trudc khi dén lam viéc va
giang bai tai Vién NCCCT trong Toéa nha Thu
vién Ta Quang Biru, anh da dang huong, hoa
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truge tuong cua GS. Ta Quang Buu (1910

1986) dé tuong nho dén C6 Hiéu truong
Trmmg, PHBK Ha Noi va C6 Bo truong Bo
PH&THCN - ngu‘m da co6 cong lao to 1on xay
dung va phat trién nén giao duc dai hoc, khoa
hoc, néi rlcng l1a Toan hoc va dao tao nhan tai
cho dat nude, cung voi nhimg nha toan hec
lio thanh xuit sic khac, nhu GS. Lé Vin
Thiém, GS. Hoang Tuy, GS. Ngn_leq Canh
Toan, GS. Phan Dinh Diéu, GS. Nguyén Thuc
Hao,.... GS. Ngé Bao Chu nguyén la hoc
sinh Khm chuyén Toan A0 khoa XII cua
Truong DHTH Ha Noi, ma sy ra doi cua hé
nay do dé xuét cua GS. Hoang Tuy va dugc su
ung hé cua céac GS noi trén. That la ¢6 y nghia
khi nhé lai: Nam 1974 (khi ay anh méi 2
tudi), GS. Ta Quang Buu da mdi mot s6 nha
toan hoc gioi nguoi Phap va ngudi Viét Nam
& Phap, nhu GS. B. Ma!grange GS. F. Pham,
GS. Lé Diing Trang va GS. A. Chenciner sang
Viét Nam dé t6 chirc mot chudi bai giang vé
Li thuyet cac ki di, cling tai PHBK Ha Noi.
La mdt sinh vién PHTH Ha N§i méi ra
triromg, toi cﬁng duge den nghe giang. Khi do
li thuyét nay con rit méi mé trén thé gioi
nhu’ng da hira hen nhiéu img dung quan trong.
Nho vay ma dén nay Viét Nam di hinh thanh
duge mét nhom nghién ciru manh trong linh
vuc nay.

Khéc voi nAm 1974, lan nay Viét Nam da co
han mot vién dé td chirc cac bai giang mot
cach bai béan, do 1a Vién NCCCT, va giang
vién la GS. Ngé Bao Chau va cac GS, céac
nha toan hoc xuat sic trong va ngodi nudc,
100% la nguoi Viet Nam. Tat nhién nay mai
s€ c6 thém nhing bai giang cua céc nha khoa
hoc hang dﬁu thé gidi va sy tham gia cua cac
thinh gia qudc té nira. Chi qua vi du so sanh
don gian nay, ching ta da cé the thiy mot
bude tién dang tran trong cua nén Todn hoc
nudc nha. Cang tr hao bao nhiéu ching ta
cang nha dén cong lao to 16m cia cac béc thay
di trude bay nhiéu, nhung nha toan hoc da co
tim nhin chién lugc tao nén doi ngli hém nay
nhimg nguoi Viét Nam giang day, nghlen cuu
va tmg dung toan hoc & trong va ngoai nudﬂc
Dong thoi chiing ta ciling phai luén luén

nhd sy gluP dd va hop tac cua ban be, dong
nghiép quoc té, phai “fairplay”, va héu thé

phai tiép budc cac bac tién bdi dé phat trién
Toan hoc Viét Nam 1én mot tam cao mai.
Theo t61 dugc biét thi tir nam 1967 dén nay
dd c6 mot s6 nha toan hoc hang dau thé gioi
sau khi nhian Giai thuong Fields nhu GS. 4.
Grothendieck (Phap), GS. L. Schwartz
(Phap) GS. 4. Hironaka (Nhit Ban), va mot
s0 nha khoa hoc xuat siac khac, sau khi nhan
Giai Nobel, nhu GS. J. E. .Sngh!z (Hoa Ky, vé
kinh &), GS. R. J. Aumann (Isracl-Hoa K-
Puec, vé kinh t€), ..., di timg sang thim va
giang bai tai Viét Nam. Nam 1967, khi dang
hoc 16p 10 (trén 10) chuyén toan AO khoa I
cua Truong PHTH Ha Néi, t6i da thﬁy GS.
Grothendieck, khi ong Ién tham va giang bai
vé Pai s6 dong (‘Ileu2 ¢ khu so tan huyén Dai
Tir, tinh Bic Thai. Lan déu tién trong doi nhin
thdy con triu den, 6ng doi cudi. Moi ngudi
danh phai chleu ong, nhung s¢ ong bi nga.
T\eguyen khi qudc t& ma! Thé 1a, vdi cai dau
troc, ong vura doi mi rom vua cudi trau.
Nhimg nha bac hoc hang dau thé gidi néi trén
da timg ung ho manh mé cudc dau tranh chinh
nghla cua dan tdc ta chong My va ung ho
cong cudc xay dyng, d6i maoi dat nudc ta, gan
ba muoi nam qua, bang ca trai tim va khoi oc
cua minh.

2. GIANG TOAN HAP DAN NHU KE CHUYEN

Trudce day toi chua bao gio dam nghi dén sé
cOd mot ngay ma nguoi duge moi vé giang bai
tai Viét Nam, sau khi nhin Giai thmﬁmg Fields
hodc Nobel, lai chinh la mot nguoi Viét Nam.
Téi da cung cac thinh gia khdc nghe tir dau
dén cudi hon hai gid bai giang dau tién tai
Vién NCCCT cua GS. Ngﬂ Bdo Chau trong
chum bai giang cua anh vé cac dang tu ding
cdu va cac dang modular (autaorphlc and
modular forms). That xtc do oy ty hao khi
lin dau tién ching 61 duge nghe mot bai

thir thiét, khong cin ai phién.
vién lai la nguoi vira duqc TS
Flelds cao quy nhit vé Todl
Hay thir hinh dung vé n
Toan hoc: Ciing sé

mot ngay nao do chu

ngay tai nudc minh mot bd p
vira duge trao Giai Oscar md

OAN HOC
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dén dao dién va dién vién co ban 13 nguoi
Viét Nam!

GS. Ngé Bao Chdu giang bai trong mdt cdn
phong khé rong va lich sy. Bon muoi nhim
thinh gm v mai toc bac ¢6, hoa rdm co, den
co, ngoi chat kin, ling nghe rat cham :.hu va
ghi chép cin than. Moi ngudi déu biét diy la
mét co hdi quy, mot co hdi hiém cé, nén pha1
tan dung, vi dugc nghe mdt bai g:ang O tam
cao, chiéu siu va tong hop nhu vay sé rat bd
ich cho bat ki ai, du ngm:n dé muon co ca
nhin tong quan hay muon tim van dé cu thé
dé di sau nghién ctru. GS. Ngo Bao Chdu noi:
Sau khi két thiic, loat bai giang cia minh va
cdc dong nghiép sé duoc tap hop va bién tap
lai thanh tap bai giang cua Vién bang tiéng
Anh (Lecture Notes Series of VIASM).

Chi trong mot khoang thol gian hon hai tleng
ddng hé, nhung véi tam hiéu biét siu rong va
voi tai thuyet giang cua minh, GS. Ngé Bdo
Chdu di "ké" cho nguoi 11ghe mat cau chuyén
toan hoc dai xuyén qua gan hai muoi thé ki,
tir thé ki thw 111 sau Cong nguyén voi céc
phuong trinh nghiém nguyén c6 dién cua
Diophantine thanh Alexandria, tir Bai toan
lon Phermat dugc phat biéu nim 1637, cho
dén nhimg thanh tyu toan hoc kiét Xuat cua
nhan loai trong thé ki XX, XXI, trong do co
nhimg phdn lién quan dén Chimg minh cua
anh cho Bé dé co ban do R. Langlands phong
dodn. Anh cling da "v&" ra mdt burc tranh toan
cinh “ndi nhimg bcn bt xa la” trong Toan
hoc va Vat li lai véi nhau, nhu phu‘crng trinh
Diophantine, li thuyét s, biéu dién Galms,
biéu dién céc nhom Lie, dang modular va
dang tu ding ciu, duomg cong elliptic, hinh
hQC t0 po, .... Noi la mot bire tranh toan canh
vira ding theo ca nghia den 1an nghia bong, vi
anh da dé lai mn;:-t bic tranh "ki hoa" chiém
hét ca moét céi bang to, gém nhiéu linh vuc
cia Todn hoc va Vat li dugc mé ta nhu nhu'ng
“hon déo ¢6 lap”, ching dugc no6i lai véi nhau
bdi cac “nhip cau” nhang nhit. Mdi "dao",

moi "cau" deu co tén, ¢ ddo hai, ba tén (,Vl :

cac linh vyc Toan hoc giao thoa), cf:- cau.hal
ba, bon nguoi cung tham gia '*bac" R01 con
chi tiét hon ntra, nhip cau do dut;rc bﬁc 'Tdu.

nao, trong bﬁl canh nao. Va cudi cung thi B

dé co ban ndgm & dau trong birc tranh nay? No6
lién quan dén nhiéu dao va céu trong bic

tranh, vi nd 1a ca mot chuong trinh do R.
Langlands dé xuét tir 30 ndm trudc.

Trong bai giang cua minh, GS. Ngé Bao
Chdu ¢ nhac dén tén va thanh tyu khoa hoc
cua nhiéu nha toan hoc kiét xuat da ting
gianh dugc Giai thudng Fields, trong do
cOd A. Wiles (sinh nam 1953) nguoi Anh va
G. Faltings (sinh nim 1954) nguoi Dirc. Trong
vong 20-30 nam gan ddy, khi theo dbi tién do
giai quyet Bai toan lon Phermat trén thé bam
toi dé y nhiéu hon dén hai nha toan hoc nay
va chinh minh cung da co hai bai dang trén
Tap chi Toan hoc va Tuéi tré vé hai nha todn
hoc xuét sic do. A. Wiles c6 cong lon vi vao
niam 1994 di chimg minh duge Binh li 16n
Phermat sau 357 nam t6n tai. Khi dé anh da
41 tudi nén khong dugce trao Giai thuong
Fields, ma chi dugc trao Ki niém chuong
bang bac cua Hoi Toan hge Thé gidi nim
1998, Nam 1983, G. Faltings da chimg minh
duge gia thuyét do mot nha todn hoc nguoi
Anh 1a L.J. Mordell (1888—1972) néu ra ndm
1922, sau hon 60 nam ton tai, va anh da duoc
trao Giai thuong Fields ndm 1986. Con Ngoé
Bao Chau (sinh nam 1972) cua ching ta thi
sao? Nam 2008 anh da chirng minh xong Bo
d¢ co ban do nha toan hoc Canada R.
Langlands (sinh ndm 1936) néu ra trudc do
30 ndm. So v6i hai nguoi trude, GS. Ngé Bao
Chau "may man ‘hon" theo nghla Khi anh
glal quvet xong va.n dé dU’Q'C néu ra thi nguoi
"ra d&" van con song va anh con dugc gap,
dugce cung lam vi¢c v6i R. Langlands mot
thol gian ta1 Vién Nghlen cun cao cap
Princeton (IAS, Hoa Ky). &

5&,' e(i’ﬁ&u

Téi dé y theo ddi cach GS. N
giang bai. Anh néi hoan toan b;% Vigt,
vira ndi vira ding phan v1ét nhan 'lén Bé?i

bang t:eng Anh rit chua.n mg;qg,‘ A
thich kiéu "2 trong iV nay, _v1 o élf '
gla toan hoc tre V1et Nam con dw;’feh'”

sau nay khi cé ca giang vién vé -
quﬁc i dén Vién thi ca noi va vié u
bang tleng Anh. Trong subt bai glang hon ﬁa]

. gi0, anh khéng hé dung pnwcrpomt khong hé
-nhin mét trang tai ligu, gido an nao, tat ca déu

tg dau ma ra, vira noi vira viét mot cach tir
ton, sinh dong, hap dan. Ngudi giang bai con

TOHN HOC
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tre trung, khong hé c6 dau hiéu mét moi. Mic
du trong phc‘mg lon ¢6 micro, nhunj, anh
khong dung va noi du to dé moi ngl.n:n van
nghe ré. Tat ca nguoi ng,he déu bi cudn hit,
cho dcn khi két thic bai giang khong mot ai
ra vé trude va cudi cing la mot tring vo tay
vang doi.

Sang 28/6, dung vao ngay sinh cua minh, GS.
Ngo Bao Chau da tiép tuc giang bai thir hai
tai Vién, vé 50 thinh gia tham du, tire la
nhicu hon hém dau. Budi chiéu, GS. TSKH.
Do Ngoc Diép giang vé biéu dién cac nhom
Lie. Sang 30/6, GS. "vgr} Bao Chau Ei&nf, bai
thir ba cho 57 thinh gia. Nhu vay s0 nguoi
dén nghe GS. Ngo Bao Chau giang bai ting
dan, cha khong giam dan. Bicu nay thuong
hiém thay dor vor cac bar giang toan hoc.
Nhimg ngay gan day, mot nha toan hoc tré
xudt sac nguol Viet Nam ¢ nuoc ngoai, GS.
TS. Vii Ha Van (DH Yale, My), da bat dau
cac bai giang thi vi vé * Phuong phap xac
suat trong toan hoc hién dai”. Song song véi
chudi bai giang ¢ Vién NCCCT, tir 11 dén
30/7/2011, con co chudi bai giang ¢ Trudng
hé “Toan hoc cho sinh vién” do Vién Toan
hoc, Vién KH-CN Viét Nam, t6 chirc, thu hit
100200 sinh vién tir moi mién dat nudc. GS.
Hoang Tuy, GS. Ngo Bao Chau, GS. Vi Ha
Van va nhicu GS ndi tiéng khac da dén du
khai mac Truong he nay.

Ién nghe cac bai giang cua GS. ’\«go Bdo
Chau va sau nay con co thé phm hgp véi anh

( Tfé}:r trang 7)

— EMF = BSC = SBP = ﬁ‘\f (do hai tam
giac ¢dn ¢o hai goe o dinh bang nhau).

N NM

- .
Suy ra AEMN en ABSP = — = (4)
PB PS
: AN NM :
Tur (3) va (4) suy r = = NPIIMS
TG v Ry s =y

ma MS 1 BC nén NP 1 BC.

Néu ta chon ra 44 bi mau do, 44 bi
mau xanh, 44 bi mau tim va 45 bi mau vang
hoac trdnu (moi mau ¢o it nhat 1 vién) thi tong

50 bi I'u raladd + 44+ 44+ 45 =177 vién bi.

giang bai cho truong hé ba thang nay la céc
gido su toan hoc hang dau trong nudc gan
chuyén nganh va cac nha toan hoc tré cua
Viét Nam tr trong nudc va tr Phap, My, ...,
vé, nhu GS. Podan Quynh, GS. TSKH. Ha
Huy Khoai, GS, TSKH. Ngé Viét Trung, GS.
TSKH. Lé Tudn Hoa, GS. TSKH. Nguyen
Higu Vit Hung, GS. TSKH. Nguyén Tu
Cwong, GS. TSKH. Do Ngoc Diép, GS.
TSKH. Dé Dirc Thai, GS. TS. Nguyén Quoc
Thang, PGS. TS. Bui Thé Tam, PGS. TSKH.
Phung Ho Hai, PGS. TS. Lé Hm Khoi, TS.
Nguyven Chu Gia Vieong, TS. Lé Hung Viét
Bao (DH Harvard, My), TS. Ngo Dac Tuan
(DH Panis 13), TS. Bui Hung, TS. Lé Minh
Ha, TS. Phan Duong Hiéu (DH Paris 8—13),
TS. Ngo Quang Hung (DH Suny Buffalo,
My),.... Trong s0 cac thinh gia dén nghe bai
giang c6 nhiéu nha toan hoc giéi va nha toan
hoc tre. Ho cung da timg dugc mn di giang
bai va hgp tac nghién ciru khoa hoc & nhi¢u
nurdce trén thé giai.

Trude khi két thuc bai viét, Tac gia xin chic
cho Vién NCCCT cua GS. Ngé Bao Chdu,
GS. Lé Tuan Hoa va Chuong trinh trong
diém qudc gia phat trlen Toan hoc giai doan
20}0 2020 thanh céng tét d{j:p, gop phan phat
trien Toan hoc Vigt Nam, va xin chic GS.
N, gn Bao Chau budc sang tum 40 khoe manh,
tiép tuc thanh dat va cong hién nhiéu hon nita
cho T6 qubc Viét Nam va Thé gigi!

Do do khong co 45 bi nao cung mau. Viy bai
toan khong dung néu ta chi lay ra 177 vién bi.
Néu lay ra 178 vién bi thi s6 bi mau tring va
vang co to1 da la 45, nhu vay van con lai it
nhat 178 — 45 = 133 bi ¢6 mau do hodc mau
xanh hodc mau tim.
Theo nguyén li Dirichlet s& ton tai mot mau
i [ B8 o
ma co it nhat s +1=45 vién bi.
NGUYEN THANH HONG
(GV THPT chuyen BDHSFP Ha Noi) gion thiéu,
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I. GIOT THIEU BAI TOAN

Nim 1932 Esther Klein nhén xét rang:
Moi tdp ndm diém trén mdt pkéng a i tri rcin‘g
qudt (khong ¢6 ba diém ndo thang hang) déu
chita bon diém la dinh ciia tu gidc 161,

Nim 1935 Erdds—Szekeres d dua ra gia thuyét
sau ddy.

Gia thuyét Erdos—Szekeres. Moi Idp hop tren
mdt ;Jhrura{ gom khong it hon 2
(nelM.nz=3) & vi i tong qudal -’s(’?*’

+1 diém
chira n
diém le cfmfr ctia da gidc loi.

Bét chap su don gian trong phat biéu vd nhimg
ch _ging cua hang tram nha toan hoc, sau ba
phin tu thé ki, gia thuyét Erdos—Szekeres moi
duoc chimg minh cho n=3,4,5 Truéng hop
n=6 md dugc George Szekeres va Lindsay
Peters chirng minh nhd may tinh nam 2006.

2. PA GIAC LOI SUY RONG

Trong gla thuyet Erdos-Szekeres, diéu ](ll,?n cac
diém o "vi tri tong quat" 1a mt han ché can bo.
Hlen nhién, khi bo didu kién nay (tic la cac
diém c6 thé thing hang), thi ta khong thé c6 da
gidc 161 theo nghia théng thuong. Vi vay, vlec
déu tién la phai mo rong khai niém da giac 1i.

Dinh nghia da giac 16i suy rong. Cho mgt tdp
Q gr;-m hitu han diém trén mdt phang Ki hiéu
bao 16i clia :ap Q — tdp 16i nho nhdt chira ) la
convQ). Ta ndi Q la da gidc l6i suy rong néu
moi diém ctia Q déu nam ftrén bién cia tap
convQ), bién cua tdp convQ) duoe ki hiéu la
dconvQ theo cdch thong thuong. Thi du, néu
ba diém thang hang ta sé coi dé la ba dinh ciia
mot tam gzac suy rong, bon diém thang ﬁrang la
bén dinh cia mot e gide l6i suy réng, .

Dinh nghia cAu hinh (s, i, i) cia tap Q. Cho
tdp & la mot tap hitu han diém trén mdt phing
o v tri bat ki. Ki hiéu € = Q\ dconvl,

Q, =\ { deonvQ U éconvey, | .

TOAN HOC
* CTuditre S8 410 (8-201)

12

=) il TOHN ERDIS - STENERES
CHO NGU GIAC LOI SUY RONG

— DOAN HUU DUNG (Lién doan Co Viét Nam)
NGUYEN TIEN THINH (HV Cao hoc, PHSP Thai Nguyén)

Ta néi 1dgp €2 6 cau hinh (s, i, j) néu | dconve)| = s,
|dconvey | =i, va |fconved; | = j

Chit §. Do & phé thong cc ban chua co khai
niém vé bao 16i (convex hull) cho mét tap, hon
nira tap Q ciia ta & day 1a tp roi rac. Vi thé dé the
hién ¥ tucmg bai toan va lam chinh xéc tuyét doi vé
mit toan hoc ta phai sir dung cac ki hi¢u trén.

3. TON TAI NGU GIAC LOI SUY RONG
Ta c6 thé mé& réng cac nghién clu vé gia thuyét
Erdés—Szekeres cho truong hop cdc diém co
thé thang he‘mg

Bai toan. Can 16 thieu bao nhiéu diém o vi tri

bhat ki de co the 4:!1 ra diraec nam diém la dinh
cila mot ne gide loi si uy rong?

Cau tra 10 c6 trong Ménh dé duéi day.

Meénh dé. Moi 1dp o it nhat chin diém trén mdt
l,-H'aerO o vi trf bat ki déu chiva nam diém la dinh
ctia da giac 16 SHY FORg.

Cach chimg minh Ménh dé trén nho téng quat
nhitng phén tich cua Esther Klein, Poan Hirtu
Diing va Bonnice.

Chirng minh. Trugc hét ta c6 thi du ve tam
diém ma khong thé 14y ra dugc nim diém nao
la cac dinh cua ngii giac 16i (h. 1).

® ®
® ™
™ ™

® ®
Hinh 1

Ta gia sur tap gom chin diém & vi tri bat ki
trén mat phing. Néu éconvQ) chira it nhit nim
dlem ciia QO thi nam diém bét ki lién tiép trong
so cac dinh ciia éconvQ) la cac dinh cua ngu
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giac 16i (suy rong). Vi vdy chi con phai xét
trrdmg hop SconvQ) chira bon hodc ba diém.

Ki hiéu cac diém con lai cia Q sau khi bo di
cac dinh thudc dconvQ) 1a €. Lai liy bao 16i
ciia ©Q, . Néu dconvQ), tao thinh ngii gidc hodc
luc gic 1i (suy rong), thi bai todn duge giai.
Nhur véy, chi con phai xét truong hop éeonve),
gom bon dinh hodc ba dinh. Khi ay cic dlem
con lai (mot, hai hodic ba diém) s& thudc phan
trong ciia conv(}, . Noi cach khic, ta chi con
phai xét cac cdu hinh sau: (4,4,1); (4,3,2);
(3,4,2) va (3,3,3) véi bao 16i ngoai cing 1a tir
giac hodc tam giac.

Ta c6 cdu hinh (3,3,3) chira cu hinh (3,3,2)
bang cach bo di mét dinh cua tam gidc trong
cung; céu hinh (4,3,2) chira cau hinh (4,3,1)
bang cach bo di mét trong hai diém trong cung.
Viay chi con phai chimg minh cac cau hinh
(3,3,2), (4,3,1),(3,4,2) va (4,4,1) chira ngii
giac 161 (suy rong).

Chu hinh (3, 3, 2). Ta goi E, Fla hai diém
nam trong tam giac ABC. Cac tia FA, FB, EA,
EC chia mat phang thanh ba mién 16i: mién (I)
gi¢i han boi tia EC, tia d6i cua tia AF va doan
AE. Mién (II) gidi han boi tia d6i cia cac tia
AF, BF va doan AB. Mién (III) gi6i han bai tia
FB, doan FE vatia EC (B, F, Ehoic F, E, C
c6 thé thing hang) (h. 2).

Hinh 2
Néu c6 mét dinh cua éconvQ) thude mién (I1I)
thi né cing v&i bén diém B, F, E, C la cac dinh
cia mOt ngu giic 16i (suy rong néu B, F, E
thang hang).

Nguoe lai thi phai ¢6 ding hai dinh ctia deconve2
thuge mot trong hai mién (I) hodc (1I). Vay ton
tai it nhat mdt mién (I) hodc (II) chira hai dinh,
cua tam gidc ngoai cing. Hai dinh nay cing Vi
ba diém A, E, C (hoac 4, F, B ) la cac dinh cua
mét ngii giac 16i (suy rong).

Ciu hinh (4, 3, E) Gia sur tam gidc ABC chia
diém P thuge phan trong. Ta ke cac tia PA, PB,
PC. Céc tia nay chia mit phing thanh ba mlén
101 mién (I) gioi han boi hai tia PA va PC;
mién (I) gi6i han boi hai tia PA va PB; mlen
(IIT) gi6i han boi hai tia PB va PC. V1|aconvﬂ|
hay da giac ngoai la ti giac (suy rong). Vay ton
tai it nhat mot mién trong ba mién (I), {II) (111}
chira hai dinh cia dconvQ2, thi dy mien (11}
chU'a hai diém R va Q. Khidy 4,B,P cung vGi

R va Q tao thanh céc dinh cua ngl giac 101 (suy
rong, thi dy, khi P, 4, R thang hang) (h. 3).

Hinh 3

Céiu hinh (3, 4, 2). Ti gidc ABCD chira hai
diém E, F thudc phan trong. Cac tia F4, FB,
EC, ED chia mat phéng thanh bén mlen 16i.
Mién (I) gidi han bai tia EC va ED. Mién (1I)
gi6éi han bai tia ED, doan EF va tia FA. Mién
(IIT) gidi han boi tia F4 va tia FB. Mién (IV)
gi¢i han boi tia F'B, doan FE va tia EC (h. 4).

Néu c6 mot dinh N cua dconvQ) thude mién
(1D th1Ncung vii A, F,E,D (hoic B,F.E,C
ncu N thuge mién (IV)) tao thanh cac dmh cua

ngil giac 161 (suy rong) (h. 4).

Hinh 4
Nguge lai it nhat mjt trong hai mién (I) hodc
(111) pha1 chira <Iung hai dinh cta dconv€) —
tam gidc ngoai cing. Thi dy N va M nim
trong mién (III). Khi dy A F,B, N, MIla cac
dinh moit ngii gidc 101 (suy rong, khi
F, A, N hoic F,B,M thing hang) (h. 5).

OAN HOC

SS 410 (8-201) ¢ CTygifre 173
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Hinh 5

Chu hinh (4. 4, 1). Goi céc dinh thudc dconvQ),
la 4,B,C,D. Ta chia tir giac ABCD thanh hai
tam gidc bai mot ducrng chéo AC (hoac BD). Goi
M 14 diém thudc mién trong tir giac ABCD.

Khi ning 1. Piém M thudc phan trong cia
mdt tam gidc (tam gidc ABC hodc tam giac
ACD), thi ta ¢é ¢Au hinh (4, 3, 1). Cu hinh nay
da xét o trén.

Khd ning 2. Diém M thudc duong chéo cua
tir gidc ABCD, khi dé ta c6 ba dinh thing hang
1a A, M, C (hodc B, M, D). Duong thing di
qua ba dinh 4y chia mit phing thanh hai
mién. Vi [conv€l|=4 nén c6 it nhit hai dinh
cua dconv ) thudc cung mot mién. Hai dinh
ndy cing véi ba diém thiang hang 1a cac dinh
mdt ngil giac 16i suy rong (h. 6).

- ‘- " _""“—--l
\
\

Hinh 6
Vay Ménh dé trén di dugc ching minh xong,
HE qua. Gid thuyét Erdis—Szekeres ding cho
truong hop n=3,4, 5.

Két ludn. Bai toan Erdos—Szekeres co rat
nhiéu mo rcmg va bién thé. Bai toan xet trong
bai viét nay la truomg hop don glan nhit (tuy
nhién do khu6n kho bai viét tac gia chua thé
liét k& hét cac dang hinh cia clnmg minh, cting
nhu di vao viéc néu day du lich su vc loi giai
bai toan). Bai toan dé xuat rat nhiéu cau hoi
mé. Cac ban ciing ¢6 thé thir chimg minh giai
thuyét Erdds—Szekeres véi n=6. Hi vong ring
ching ta con co dip tro lai bai todn nay.

TOAN HOC
14 k cruo‘h;e S& 410 (8-2011)

HOI THAO
TAP HUAN otltlt'. GIA

cho giao vien Toan cac truong
THPT chuyén tai Bac Ninh

T rong cic ngay tir 20 dén 25/7/2011 vira
qua, Vu Gido dyuc Trung hoc va Chuong
trinh phat mén Gido duc Trung hoc B6 GD&DT
da phéi ho*p t& chirc Khoa rap huén p}mr trién
chu_ven mdon gido vién gumg day mon Toedn
triwong THPT chuyén tai Trung tdm Vién hoa
Kinh Béc, TP. Bac Ninh, Tinh Béc Ninh.

Khoa tap huin nay nhim gitp glac- vién tiép
can voi nhimg cach nhin mé1 téng quan, cot
15i, hé théng v& ndi dung chuyén hién hanh;
nhimg ¥ tu(mg phat trién chuong trinh;
nhimg don vi kién thirc méi ciia b6 mén gbp
phin d6i m&i phuong phap giang day va
ning cao chit lugng dao tao hoc sinh giéi
Todn cua cac tnrcrng THPT chuyén. Tham
su dot Tap huén cé cac Gido su, Giang vién,
Chuyén vién cia Vién Toan hoc Viét Nam,
Truéng PHKHTN, PHQG Ha Néi, Truong
PHKHTN, PHQG TP. Hd Chi Minh,
Trrémg DHSP Ha N6i, Vu Giao duc Trung
hoc, B6 GD&DT, Tap chi Toén hoc va Tudi
tré, Cong ty CP Piu tu va Phat trién Gido
duc Ha No6i cung vdéi hon 250 gléo vién
Toan ¢ 63 tinh thanh phé trong ca nudc
dang truc tiép giang day cho 1ép chuyén &
cac truong THPT chuyén, chuyén vién phu
trach mon Toan cua Phong Gido duc Trung
hoc cua cac S¢ GD-DT. Pay cung la budc
khoi dong hoat dong glao duc Toin chuyen
sau cdp Qudc gia, lam tlen dé dé tiép tyc
thue hién cac Khoa tap huin vao 4 ki tiép
theo cho chuong trinh hoat déng 5 nim
(2011-2015) cua B§ GD&PT.

Véi phuong cham HQP TAC + GIAO LUU,
KET NOI + CHIA SE, THONG NHAT +
PHAT TRIEN va dugc sy nhiét tinh gitp d&
cia UBND, S¢ GD-DT Tinh Bic Ninh,
Khoa Tép huan da thanh cong tot dep, dé lai
4n tuong sau sdc cho cac dai biéu tham du.
Hi vong rang két qua dao tao, h01 dudng hoc
sinh gioi Toan co budce phat trién cao hon.

THANH LOAN
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A’ i -
Gidi dap bai : CHAM DIEM
MOT BAI TOAN HINH HOC
(Dé dang trén THTT s6 408, thang 6, nam 2011)

Lai giai cua ban An trén THTT s6 408 xét con
thicu trudmg hop. Loi giai do chi xét truong hop
hai tam cua hai duong tron nam khac phia nhau
so voi dirong thang MN, chua xét dén trudmg
hop hai tim nam vé cung mort phia so voi duong
thang MN,

E)e loi giai bai tap da cho dugc hoan chinh ta
can xét thém mot trudng hop nira, cu thé nhu
sau:

Tuong ty nhu 16 giai ban An & phén déu ta tim

3 & T
dugc 1H =5; I4=35. Xay ra hai kha nang sau:

1) Aval nidm khac phia nhau ddi véi dudng
thang MN. Luc nay PT duong tron (C7) can tim
la (x=5)2+(y—-1)?=13.
2y A val nim \{é
cung mét phia ddi
vol duong thang
MN (hinh vé).
Luc do

13

AH = Al +IH = E
Suy ra ban kinh
dudémg tron (C) 12

> 2
R'=-JAH? + HM? :J(g] +[%J =/43.
Trong kha ning nay, PT dudmg tron (C) 14

(x—357 +(y-1) =43

K&t hop hai kha nang trén ta thay ¢6 hai duong
tron thoa min diéu kién dé bai ldn lwot co PT:

(x=5Y¥+(y-12=13
va (x—5F +(y-1)?2 =43.
Nhin xét. Cac 161 binh guri vé Toa soan déu chi
dung thidu sot clia ban An trong 1o giai di néu
(khong xét kha nang thir hai, dan dén thiéu dap
so) Pai da s cac ban déu mo long khoan dung
cham cho ban An 5 diém (vdi diém tdi da cho bai
tap nay 1 10). Sau ddy 12 nhitng ban co dép 4n tét
hon ca:

Ha Nam: Nguyén Pire Nam, 11AS, THPT Duy
Tién B; Ninh Binh: Nguyén Van Linh, 11A,
THPT Yén Mb A; Ha Tinh: Nguyén Mdu Thanh
11 Toan 1, Trdn V6 Hoang, 12 Toan 1, THPT
chuyén Ha Tinh; Nam Dinh: P§ Thé Duong,
10A1, THPT Glao Thuy B; Bnng Thap: Trin Chi
Th:en 11T, THPT Thanh phd Cao Lanh; Tra Vinh:
FPho Nghia Viin, 10A1, THPT chuyén Tra Vinh.

NGOC HIEN

MOT LOT GIAI HAY?

Co6 mot bai toan vai ndi dung:
Giai phwong trinh y2x—1+x* —3x+1=0 (1)
Mot cudn sach di trinh bay 1o giai nhu sau:

PK x> % . Phuong trinh (1) tuong duong véi

2x—1-+2x-1=x?-x.
Phuong trinh c6 dang f(v/2x-1)= f(x)

Trong d6 f(#)=1%—1t, v&i rz% [do xzéj.
Ta cd f'(B)=2t-120, ‘v‘te[% ; +oo]. Suy
ra ham s6 f{r) ddng bién trén [% : +ocu) {vi A1)
)

lién tyc trén 3 4o ||

Do d6 f(N2x-1)=f(x) & J2x-1=x &
x =1 (théa mdn DK).
Viay phuong trinh ¢6 nghiém duy nhit x = 1.

Theo b:;m thi 1o giai trén ¢o thyre sur hay khong?
Loi giai cia ban nhu thé nao?

LE VAN QUY
(GV THPT Binh Som, Quéng Ngdf)

. TOAN HOC
So6 410 (8-2011) & crumt':e 15
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CAC LOP THCS

Bai T1/410.(Lép 6). Tim céc cdp sb nguyén
duong x, y nguyén to cung nhau sao cho
xty 7
x2+y? 25
NGUYEN VAN TIEN
(GV THCS Lém Thao, Phit Tho)

Bai T2/410. (Lop 7). Cho tam giac « déu ABC,
cac duong cao 4H, BK cat nhau tai_ diém G. Tia
phéan gidc goc BKH cat cac doan thing CG, AH,
BC lan Tugt tai cac diém M, N, P. Chimg minh
rang KM= NP.

PHAM HUY THONG
(Ha Nor)
Bai T3/410. Tim gia tri nho nhét ctia biéu thirc
S=2011lca—ab-bc
trong d6 a, b, ¢ 1a cac s6 thoa mén
al+br+ct <2,
TRAN HONG SON
(S GD-PT Thai Bink)
Bai T4/410. Cho tam giac ABC vuéng can o
A. Goi M, N, O lan luot la trung diém cua
AB, AC, BC. Pudng vudng goc vo1 CM ke
tr O cit MN tai G. So sanh dd dai hai doan
thing GM va GN.
PHAN TUAN KHAI
(Ha Noi)
Bai T5/410. Giai phuong trinh
T2 4255419 —Jx?—2x-35=T/x+2.

THOI NGOC ANH
(GV THCS Phé Minh, Biic Phé, Qudng Ngai)

CAC LOP THPT
Bai T6/410. Cho tam giac ABC. AM, BN, CP
la cac dudmg phan gidc trong (M € BC, N = CA4,

TOAN HOC
16 & CTudi t;e S3 410 (8-2011)

https:/sites. google. com/site/ letrungldenmath

P e AB) cia tam giac do. Tim s6 do clia goc
BAC @é PM vudng goc voi NM.
HAN NGOC bUC
(Trung tam CNTT EVNIT, Ha Ngi)
Bai T7/410. Giai phuong trinh
(sinx—2)(sin? x—sinx+1)=3/3sinx—1+1.
HOANG ANH TUAN

(GV Trung tdm GDTX ¥Van Ban, Lao Cai)
Bai T8/410. Tim cic gia tri cua a, b dé
phuong trinh

x*+axi +bx? +ax+1=0
c6 nghiém va téng a>+b* dat gid tri nho nhét.

DAO CHI THANH
(GV THPT chuyén Vinh Phiic)

TIEN TOI OLYMPIC TOAN
Bai T9/410. Cho ba sb duong a, b, ¢. Chimg
minh rang
{'QENE _azmn +3}(hiﬂlz i bEDIU +3)(clﬂl2 1 (:2010 +3)
> 9(ab+bc+ca).
Dang thirc xay ra khi nao.

TRAN XUAN PANG

(GV THPT chuyén Lé Hong Phong, Nam Birnh)
Bai T10/410. Cho tam giac ABC. Mot dudng
thing bat ki cit cac duong thing BC, CA, AB
tai M, N, P theo thir tu. Goi X, Y, Z lan lugt la
trong tam cac tam gidc ANP, BPM, CMN.
Chimg minh rang

2
Sxvz :ESABC-

NGUYEN MINH HA
(GV THPT chuyén DHSP Ha Noi)
Bai T11/410. Cho day s6 (a,).(neN') dugc
xac dinh boi a,=0; @, =38; ¢;=-90 va
a,q =19a,,-30a,_,, Vnz3.

Chimg minh ring .y, chia hét cho 2011.
DUONG CHAU DINH
(GV THPT chuyén Lé Quy Din, Quang Tri)

Bai T12/410. Vi s0 nguyen duong n 1én
hon 2. Tim 86 cic ham s6

f2il 2.3, on) => £1,2.3.4. 53
thoa min tinh chat
| F U +1)- £(k)|23 véi ke {l,2,...n—1}.

MAI TUAN ANH
(GV THCS Nea Bien, Nga Som, Thanh Hoa)

https://tieulun.hopto.org
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CAC PE VATLI
Bai L1/410. Trong khong gian co trong
trudng déu voi gia téc bang g. Mot vét co
khoi luong m dugc nem thang dung lén fur
mit dat voi van tdc ban dau Vo . Biét luc cén
khong khi ti 1€ vol vin téc cua vit theo cong
thirc F, =—kv .
1) Hay xé4c dinh d¢ cao cyc dai cia vat theo
vg, k, g va m.
2) Hiy so sinh cong coa lrc cin khong khi
khi vat chuyén dong di 1én vcrl cbng cua luc
can khong khi khi vt roi xudng,

PHAM XUAN THI
(3CB-38 Bién Hoa, Déng Nai)

Bai 1.2/410. Cho ba tu dién C, = 2pF (hai cot
14 4vaB),C= 3}!.].: (hai cdt la D va E) va
Cy = 3,6puF (hai cot la £ va G) co cac dién
tich lan lugt la q1 =qu= 10 C,g2=qgp=
3.10°Cvags = =216.10" C(hmhve}

-------------------------------------

FOR LOWER SECONDARY SCHOOLS

T1/410. (For 6™ grade). Find all pairs of co-
prime positive integers x, y so that

xty _ 7T

xi+y? 257
T2/410. (For 7™ grade). Let ABC be an
equilateral triangle whose altitudes AH, BK
intersect at G. The angle-bisector of angle
BKH meets CG, AH, BC at M, N, P
respectively. Prove that KM = NP.
T3/410. Find the minimum value of the
expression S=2011ca—ab—bc
where a, b, ¢ satisfy a?+b*+c? < 2.

T4/410. Let ABC be an isosceles right
triangle with right angle at 4. Let M, N, O be
respectively the midpoints of 4B, AC, BC.
The line perpendicular to CM from O cuts
MN at G. Compare the lengths of the two
segments GM and GN.

T5/410. Solve the equation
JT2+25x+19 —/x2 —2x-35=Tx+2.

-

)

A B D E
— 44— 2y

Mic cac tu dién trén theo cac SO dd 1 va 2.
Hiy xac dinh cac hiéu dién thé Uys, Upz va
Urg trong so a6 1 va Uy, Ups VA Ugg trong

so do 2.
A B Dy |j:‘

B

Ay 8Dy E
|1

L 1T | | ]
|
Ale ] <7

So do 1 So dé 2
NGUYEN QUANG HAU
(Ha Néi)
POC LAI CHO PUNG

Trén THTT sb 409, thang 7/2011 & bai T12/409,
trang 17 di in: ... Tim lim ($;+5,). Xin duoc sira

A=+

Tim lim($-S). Thanh that xin 16i ban doc.
THTT

thanh: ...

------------------------------------

FOR UPPER SECONDARY SCHOOLS

T6/410. Let ABC be a triangle. Let AM, BN,
CP be its internal angle-bisectors (M € BC,
N € CA, P € AB). Find the measure of angle
BAC so that PM is perpendicular to NM.

T7/410. Solve the equation
(sinx—2)(sin? x—sinx+1)=3/3sinx—1+1.

T8/410. Find all values of a, b so that the
equation
*+axd+bx?+ax+1=0

has at least one solution and the sum a?+b?
is smallest possible.

TOWARD MATHEMATICAL OLYMPIAD

T9/410. Let a, b, ¢ be positive numbers.
Prove that

(alﬂlz _HZUIO +3)(b2l}12 _bﬁﬂlﬂ +3)(cz-:112 _CEUlU +3)
>9(ab+bc+ca)

When does equality occur?
(Xem tiép trang 27)
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* Bai T1/406. Cho m la mét s6 nguvén duong.
Hay tim cde chir s6 x va y (x = 0) sao cho

56 A= xyS+100m(m+5) ld s6 chinh phwong.

Lo gidi. Sb A=):J,=_S+ll]0m(m +5) (meN*)
chia hét cho 5 nén c6 dang
A=(10t+5) =100¢2 +100¢ + 25 vbi e N.
Tir do co

1002 +100¢ + 25
=100x+10p + 5+ 100m? + 500m (1)

Do d6 10y +5—25 phai chia hét cho 100, suy
ra y = 2, thay vio ding thirc (1) duoc
t2+t=m?*+5m+x (2)

Pit ¢ =m + v, thay vao ding thirc (2) dugc
(m+vi+m+v=m>+Sm+x
< 2m(2-v)=vi+v—ux.

Piéng thitc nay xdy ra vai sb m bat ki khi va
chi khi v = 2 va x=v?2+v=06. Cic chit s
phditimla x=6,y=2.0

»Nhin xét. Nhiéu ban tim dugc dap s nhung chua
14p ludn chiit ché dé nghiém trén la duy nhat. Céc ban
c6 17 giai ot 1a:

Nam Dinh: Pham Quang Huy, 6A4, THCS Trin Ping
Ninh, TP. Nam Dinh; Ha Tinh: Tran Thi N ¥, 6A,
THCS Trung Dnng, ‘Can Léc; Quing Ngdi: Vi Thi
Thi, 6A, THCS Hanh Phudrc, Nguyen Thi Kiéu Duyén,
6A, THCS Nguyén Kim Vang, Nghia Hanh, Trdn Thi
My Ninh, 6A, THCS Nghia M¥, Tu Nghia.

VIET HAI

* Bai T2/406. So sanh hai sé A va B. Biét
rang A =4023%

B (343 +1)(5'+5°+1)...(201 1*+201 I +1)
12 (24422414 +42 +1)...( 20107 + 20102 +1)

L]

Léi gigi. Voi n 14 sb tu nhién, ta c6
nt+n2+1=(n*+2n%+1)-n?
=(n2+1)2—n2=(n2+1—n){n2+l+n) (*)
Cho n céc gia trj lan lugt tir 2 dén 2011, ta co
B_ (32 +1-3)(32 +1+3) § (52 +1-5)(5%*+1+5)
12 (22 4+1-2)(22+1+2) (42 +1-4) 4 +1+4)

(20112 +1-2011)(20112+1+2011)
(20102 +1-2010)(2010% +1+2010) -

Mt khac, v&i moi sb tu nhién k, ta c6
(k+1)2 +1—(k+1) k214K
k*+1+k {k+1)2+l (fc+l)
Ap dung két qua trén véi k = 2, 3,
gian udc céc nhan tir chung, ta dugc
A 201174142011
12 22412
B 12.(20112 +1+2011)

oyl

, suy ra

=16184532.

Ma 4=4023%=16184529, viyA<B. O

>‘Nh§n xét. 1) Toa soan nhan duge nhiéu bai giai
dung, tat ca déu ap dung diing thirc (*) dé riat gon biéu

thirc — 4
12

2) Cac ban sau day c6 Ién giai ding va trinh bay ngan gon:
Phi Tho: Neuyén Thanh Quang, 7As4, THCS Gidy
Phong Chau, Phii Ninh, Nguyén Dinh Méu, TA3, THCS
Lam Thao; Vinh Phie: Vi Trung Hoa, Nguyén Hién
Linh, 7A, , THCS & THPT Hai Ba Tnumg, TX. Phic
Yén, Pd Thi Nhu Oupnh, Tran Viét Huy, TA, THCS
Yén Lac; Nam Dinh: Pham Quang Huy, 6A,, THCS
Tran Pang Ninh, TP. Nam Dinh; Hai Phong: Nguyeén
Khanh Humng, ‘?A,, THCS Héng Bang; Thanh Héa: Lé
Quang Ding, 6D, THCS Nhir Ba Sy, Hoang Hoa;
Nghé An: Lirong Dm.& An, 6B, THCS Lé Hdng Phong,

TOAN HOC
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Hung Nguyén; Ha Tinh: Nguyén Thuy Hién, Lé Trung
Anh, Nguyen Mai Lé, 7B, THCS Hoing Xuin Hin,
Bic Tho; Vinh Long: Podn Hodng Gia Bdo, 6/1,
THCS Lé Quy Don.

NGUYEN XUAN BINH

* Bai T3/406. Cho tam giac nhon ABC. Tim
phan nguyen cua

sin A sinf sinC

'Lf = — A .
sinB+sinC  sinC+sinAd sinA+sin8

Loi gigi. Ke dudng A
cao AH va dat
AB=¢,BC=a,

AC=h.

Trong tam giac
vuong HAB ta co

AH = ¢sinB. I
Trong tam giac
vudng HAC ta ¢6 AH = bsinC.

Suy ra ¢sinB = bsinC = sinB = 2sinC ;

¢
Tuong tu ta co sinA =%sinc,
o
a .
; sinC
Do d6 ‘smA. A=bc _4
sinC+sind 0.~ o~ btc

c
Chirng minh hoan toan tuong ty ta dugc

sinB b sinC~ ¢
sinC+sind c+a  sind+sinB  a+b
b
Suyra M = £ 4 gt (*)
b+c c+a a+b

¢ Do a, b, ¢ la cac s0 duong nén

a % a b > b c . C
b+c a+b+c’ c+a a+b+c a+b a+bic
a b c
Suvra M > =1 (1
4 a+b+c a+b+c a+tb+c )

e Theo BDT tam giic ta co b+c>a, nén
a 2a . 2a
b+c (b+c)+(b+c) a+b+c’

b 2h c 2¢c
Tuong tu < : < .
c+a a+b+c a+b a+b+c

2a 2b 2c

=2 (2
a+b+c 2)

Suyra M< +
a+b+c a+b+c

Tir(1)va(2)c6 1 <M<2nén[M]=1.00

> Nhin xét. 1) Bé din dén cong thirc (*) nhiéu ban da

dya vao chimg minh nhén xét
sind=2520C  ginp25apc o 2DanC poy
bc ac a
sinAd = i, sinB=— sinC= -i.
2R 2R

(v6i R 1a bén kinh ddmg trdn ngoai tiép tam giac ABC).

2) Mgt s6 ban da sir dung ngay dinh li sin, céng thirc
cong cung, bit dﬁng thirc Nesbit (khéng chimg minh) la
khéng phil hgp voi yéu céu bai ra cho cip THCS. Co
ban tir dra ra sinA4 <sinB +sinC ma khéng c6 18p ludn
ciing khong dat yéu cau.

3) Tuyén duong cac ban sau diy c6 1&i giai ngdn gon,
chinh xac:

Phd Theo: Nguyén Nhat Phwong, 8B, THCS Phong
Chau, Bui Prrc Thinh, 8A3, THCS Lam Thao, Vi Tuan
Link, 9E, THCS Vin Lang, TP. Viét Tri; Vinh Phiec:
Pham Thi Khdnh Linh, 9A1, THCS Yén laL Ha Nam:
Nguyén Manh Hai, 9A2, THCS Tran Pha, TP. Phu Ly;
Thanh Héa: Nguyén Quoc Dat, 9C, THCS Thiéu Phi,
Thigu Hoa, Nguyén Trong Nhdi, 9B, THCS Nhir Ba Sy,
Hoang Hoa Nghé An: Ddu Xudn Quang, 9B, THCS
Dién Chau, Lé Héng Pire, 9B, THCS Ly Nhit Quang,
D6 Luong, Nguyén Thi N}uen 9A, THCS Phiic Tho,
Nghi Ljc, Neguyén e Nguyén, 9C, THCS Lé Hong
Phong, Hung Nguyén; Ha Tinh: Duong Hoai Nam,
8/1, THPT My Chéu; TP. Ho Chi Minh: Pé Nguyén
Vinh Huy, 7A3, THPT chuyén Trin Pai Nghia; Long
An: Nguyén Ngoc Phuomg Vy, 9/8, THCS TT CD 2; Ba
Ria Viing Tau: Hd Nguyén Hoang Anh, 9A1, THCS Hﬁc
Dich, Tan Binh.

PHAM THI BACH NGOC

* Bai T4/406. Giai hé phuong trinh

2x2 +3xy=3y-13 (1)

3p?+2xy=2x+11 (2)
Léi gidi. (Theo ban Lé Hong Pirc, 9B, THCS
Ly Nhat Quang, D6 Luong, Nghé An).
RG rang x = 1 khéng thoa méan PT (1), vay
x # 1. Khi d6 hé da cho twong duong véi
2x?+13
3(1-x)

2 z 2
3{2_.2} IR o -

y:

3Hx-1) 3(1-x)

OAN HOC
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2% +13
e {7 30—
2x3 —5x2 —-86x—136=0
2t 413
=3 T
(x+2x+H(2x-17)=0
x==2 17
<4 7 hojc :;:;4 hoic {*~ 5
- y=-T1

Viéy hé phuong trinh da cho c6 ba nghiém (x ; y)
la [—2,21} (—4;3), [Sl;—?} a
3 2 .

> Nhin xét. 1) Nhiéu ban da giai bai toan trén theo
cach sau

e Cong (1) va (2) duge (2x+3y)(x+y)=2x+3y-2 (3)

o Nhin (1) v6i (2) va (2) v6i (3), rdi chng timg vé duge

(2x+3y) =6(x+y)+7 4)
Tir(3) va(4)suyra
{2x+3y=l ‘ 2x+3y]=3 ‘ 2x+3y3=—4
+yp=-1 g + Y =— ’ + y=—
X+ x+y 3 x+y 3

Tir déy ciing tim duge nghiém cua hé dd cho.
2) Tét ca cac ban tham gia déu co 16 glai ding. Ngoai
ban Pire, cac ban sau cling ¢o 1éi giai ngan gon:

Phi Tho: Neuyén Thanh Quang, 7A4, THCS Gidy
Phong Chéu, Phu Ninh; Vinh Phuc: Nguyén Vin Cao,
9A, THCS Phuong Khoan, Song Ld, fd Quy Ddn, 8B,
THCS Liap Thach: Thanh Héa: Lé Thi Khanh, Lé
Pham Ky Anh, Nguyen Trong Nhat, 9B, THCS Nhi Ba
S¥, Hoing Hoa; Nghé An: Truwong Céng Phu, 9B,
THPT Ly Nhat Quang, P6 Luong, Nguyen Cong Khoa
10A1, THPT D6 Luong I1I; Quéang Ngai: Huynh Dang
Hiéu, 9B, THCS Nghia M¥, Tu Nghia.

TRAN H{U NAM

* Bai T5/406. Duong tr drz ngi tiép trong tam
giac ABC (AB # AC) m'p xile vai cdc canh
AB, BC, CA lan luot tai E, D, F. Ha DP
vuong goc voi EF. Duong trung tryc cua BC
cdt d:rfmg thing EF tai Q. Chung minh rang
nr gide BPOC néi tiép.

Loi giai. Tie B va C, ke duong thing vudng goc
vaFcatEFlanluoithvaK Tamgiac

AEF céan tai 4 nén HEB = AEF AFE KFC
ma BHE:CKF-——QG" nén ABHE «» ACKF

TOAN HOC
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25 = BE mit khac BE = BD; CF = CD
CK CF’
. BH BD
nén — = —
CK CCD
Lai c6 BH//DP//CK, nén theo dinh li Thales
BD HP
tach —=—-.
& PK

Suy ra @=—PE = ABHP«» ACKP (c.gc)
(X X

-5

Gia sir duong tron ngoai tiép tam glac BCP

cit dudng thing EF tai Q'. Khi d6 P BCQ 5

P> = CBO, suy ra BCQ' = CBQ' hay QB = Q'C,
do d6 Q' ndm trén trung tryc cua BC, nghia la
Q' tring Q. Do do B, P, Q, C cing nam trén
mét duomg tron (dpem). O

PNhﬁn xét. 1) Trung qua trinh tim toi 1o gidi, céc ban
da dwa ra mét 56 két qua tha vi nhu: MH/IPC, MK//PB
(M li trung diém cua BC); P.D cit dudng tron ngoai
nep tam gidc PBC tai diém nim trén MQ Cac két qua
nay ciing gitp cac ban dua ra nhimg 16 giai dep.

2) Cac ban sau ddy ¢6 101 gidi tot:

Biic Ninh: Pham Pirc Hién, 9A, THCS Yén Phong;
Vinh Phic: Fii Thi Quynh Anh, 9A, THCS Vinh Yeén.
Ha Nam: Neuyén Manh Hai, 9A,, THCS Tran Phu,
Phu Ly; Hai Phong: Hodng Phii Purc, 9A4, THCS Nii
Déo, Thuy Nguyén; Thanh Héa: Nguyen Trong Nhdt,
Lé Thj Khanh, Lé Pham Ky Anh, 9B, THCS Nhir Ba
Sy, Hoang Hoéa, Lé Vian Hung, 9B, THCS Nguyén
Chich, Pong Son. Ngh¢ An: Triong Cong Phu, Lé
Hang fire, 9B, THCS Ly Nhit Quang, P6 Luong;
Nguyen Piuc Nguyén, 9C, THCS Lé Hong Phong,
Hung Nguyén; Quang Ngai: Huynh Dang Hiéu, 9B,
THCS Nghia M§, Tu Nghia. TP. H5 Chi Minh : Pham
Tudn Huy, 9A6, THPT chuyén Tran Dai Nghia; Ba Rja
- Viing Tau: Dé Nguyén Hodng Anh, 9A,, THCS Hac
Dich, Tin Thanh.

PHAN THI MINH NGUYET
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* Bai T6/406. Tim gia tri nho nhat ciia biéu
thiee

| - f
P=262 + 22 =2x+2y+14y 232 +2)7 +2x—2y+]

by 2024237 +4x+dy+4.

Léi gigi. Ap dung bit ding thirc quen thudc
(a?+h? )(x2+3?)2(ax +by}2
déng thirc xay ra khi ay = bx.
Tacod
2/2x2 +2y? —2x+2y+1
= \/((n—x+y+])2 +(Jc+y]|2 )(3+l)
> B(—xty+l)—(x+y) (1)

Tuong tu
2\{2x2 +2y24+2x-2y+]

=\&x—y+l)2 +(x+y)2){3+1)
zﬁ(xwy+l}—[x+y] (2)

Mit khac
2,/2x2+2y2 +4x+4y+4

=2 (x+y+2) +(x-y) 22(x+y+2) ()

Cong theo vé cac BDT (1), (2), (3), ta duge

2P24+2J§:>P22+J§.

Ping thirc xdy ra khi va chi khi
—x+y+l=—v5{x+y)20
x—y-l—l:—».@(ery]zG WO— L
x+y+220 23
x=y

Vay minP =2++/3 dat dugc khi

1
x=y=——+=.0
YT B

> Nhin xét. 1) Co thé giai bai toan bing céch khic:
Str dung bét dang thire

J;E+b12 +Jas + b3 2\/{;+a2)2+{h +».‘;»2}2

(co kém theo chimg minh) dé woc lugng hai s6 hang
dau cha P; ket hop vai (3) suy ra ket qua.

Mot sd ban sir dung tinh chat : Trong tam giac nhon ABC,
diém M ¢6 téng cic khodng cdch 16i ba dinh 4, B, C dat
eid t7 nho nhat khi ba goc AMB: BMC: CMA cing
bang 120°. Tuy nhién lam nhu vay dai va phic tap.

2) Cac ban sau déy co i gidi tot:

Thanh Hod: Lé Pham Ky Anh, Nguyén Trong Nhdt,
9B, THCS Nhir Ba Si, Hoang Ho4; Nghé An: Nguyén
5y Tudn, 10A7, THPT D6 Luong I; Pa Nang: Tran
Hgu Long, 10A2, THPT chuyén L& Quy bén, TP. ba
Nang; Pong Nai: Duwong Quoc Khanh, 10C2, THPT L&
Hong Phong, Bién Hoa; Pha Yén: Huynh Van Thong,
10 Tin, THPT chuyén Luong Van Chanh, Tuy Hoa;
Pbng Thap: V5 Hoai Bdo, 10T, THPT TP. Cao Lanh;
Ca Mau: Lé Hodng Minh, 10T1, THPT chuyén Phan
Ngoc Hién. .
NGUYEN ANH DUNG

* Bai T7/406. Giai phrong trinh

Ag(x)) + g(2+fix)) = 23, trong do

= 14 khi x=3
f(x)= -2--—43.'+9: g(x)= m

12 ek
254+ —— khix<3,
5-x

Laoi gidgi. Ta co f(x):%(x—ﬁl)2 +1 =2 1,suyra

2+f(x) 23, VxeR.
Viay g(2 + fix)) = 14, ¥VxeR.
Do d6 phuong trinh da cho tro thanh

fig) = 9> (8(x))' ~4g(x)+9=9
<> g(x) =0 hodc g(x) = 8.

o Vi x > 3 thi g(x) = 14, véi x < 3 thi LB

5-x
nén g(x) > 0. Vay PT g(x) = 0 v nghiém.
e Xét phuong trinh g(x) = 8 (1)
R® rang ta chi can xét x < 3. Ta ¢6
g'(x)=2In2+ 4 = >0, Vx<3.
(5—x)

Do d6 g(x) 12 him sé dong bién trong khoang
(—oo ; 3). Suy ra nghi¢m cua PT (1) (néu cd)
la duy nhat.

D& théy x = 2 la mot nghiém cua PT (1).
Viy PT da cho c6 nghiém duy nhatx = 2. 0

» Nhiin xét. Cc ban sau day c6 1oi giai tot:

Vinh Phic: Nguyén Van Linh, 12A2, THPT L& Xoay,
Vinh Tudng; Ha Ngi: Luong Hitu Bang, 11A1, THPT
Pong Quan, Phi Xuyén; Thanh Hoa: Hoang Vin
Hiép, 11B2, THPT Triéu Son II; Ha Tinh: Pham Tién
Diing, 11T2, THPT chuyén Ha Tinh; Nghé Am:
Nguyén Thanh Long, 11A1, THPT chuyén Phan Boi
Chau, TP. Vinh; Bén Tre: Khiru Thanh Quy, 11 Toan,

TOAN HQC
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THPT chuyén Bén Tre; Ca Mau: Lé Hodng Minh,
10T1, THPT chuyén Phan Ngoc Hién; Binh B[nh
Neuyé n Vin Hai, 11B, THPT Tay Son Yén Bii: Neuyén
Hai Linh, 10 Toan, THPT chuyén Nguyen Tét Thinh.

NGUYEN THANH HONG

* Bai T8/406. Cho tam giac ABC. Goi
By B b lan lwot la dé dai cac dwong cao ke
tir dinh A, B, C; R, r ldan luot la ban kinh

dwong 1ron ngogi uep ban kinh dwong tron
noi Hcp cua tam gide ABC. Chieng minh rdng

h,+hy+h.—9r < 2(R-2r).
Lai gigi. D¢ giai bai toan ta cén két qua sau:
Bé de. Gia s I, H thi tw la tam dr,rang tron

noi Izep truc tdm tam grac ABC, p la nira chu
vi cua tam gidc do thi ta co hé thic

[H? =4R? +4Rr +3r* - p* (1)

Ching minh. Tix hé thitc ald+bIB+cIC=0
(véia=BC b=AC,c=AB)suyra
(a+b+c¢)IH =aAH +bBH +cCH.

Binh phuong v6 huong hai vé, ta duoc
(a+b+c)* IH? =a(a+b+c)AH? +b(a+b+c)BH?
+e(a+b+c)CH?—abc(a+b+c).
Do do

(a+b+c)IH? =a.AH? +b.BH? +c.CH* —abc
=a(4R? —a?)+b(4R? -b*)+c(4R?> —c*)—abc
=(a+b+c)dR?—(a* +b*+c?)—abc
Hay 2p.JH?=2p. 4R?—(a*+b* +c?)-abc.
Tur d6 dé ¥ ring
a+b+cd= 2p(p 2 —6Rr); abc=4pRr

(vem THTT 56 337, thang 7 nam 2005, trang 6),
ta suy ra hé thire (1). Bo dé dugc chung minh.

Trér lai bai T8/406. Ta thiy BDT can chimg
minh twong duong véi
R(h, +h, + h,)—9Rr < 2(R* - 2Rr) (2)
4Suc _abe _be
2a 22 2
ac ab
Tuong tuw RA, =—; Rh. =—.
gu b= h. >
Suyra R(h, +h, +h)= %(bc +ac + ab)

Laico Rh, =R.

= %(_;::-2 +r2+4Rr).

TOAN HOC
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Véy BDT (2) trong duong vai
pt+r* <4R?+6Rr (3)

Tir két qua bd dé va JH? 20, suyra
p?+r? <4R? +4Rr +4r2,

Do R 2 2r nén 4r2 < 2Rr. T dod
p>+r?<4R? +6Rr.

BDT (3) duoc ching minh nén BDT dé cho
dugce chimg minh. Dang thire xdy ra khi va chi
khi I = H va R = 2r, hay tam giac ABC déu. O

}Nhﬁ’n xét. 1) Ngoai cach gidi trén, mot s ban sir
dung két qua sau:
Véi moi tam gide ABC ta 6 bat dang thirc

(1-cosA)(1—cosB)1—cosC) = cosA.cosB.cosC.
Pdng thire xdy ra khi va chi khi tam gid¢c ABC déu
ciing cho 191 giai tot.
2) Cac ban cé 101 giai dang va gon:
Ha Ni: Luong Hiwu Béng, 11A1, THPT Ddng Quan,
Phu Xuyén, Trdn Dang Phuc, 10A1 Toén, THPT
chuyén KHTN, DHKHTN, BPHQG Ha Néi; Bae Ninh:
Truong Giang Khang, 10A1, THPT Thuén Théanh s6 1,
Nam Pinh: Phung Manh Lmh 11 Toan 1, THPT
chuyén Lé Hong Phong; Thai Binh: Tran Trung Hiéu,
10 Toan 2, THPT chuyén Thai Binh, Vi Huy Hoang,
11Al,_"[‘HT-':[‘ Tady Thuy Anh, Thdi Thuy; Nghé An:
Nguyén Hién Trang, 10Al1, THPT chuyén Phan Bdi
Chéiu, TP. Vinh, Pham Hung Vwong, 11CI, THP‘T
Phan Dang Lwu, Yén Thanh, Lé Hodng Hiép, Trdn
Trung Hieu, 10A1, THPT Thé.] Hoa, TX. Thai Hoa,
Hoang Danh. Thm:g, 11A1, THPT Quynh Luu III; Ha
Tinh: Neuyén Mdu Thanh, 10 Toan 1, THPT chuyén
Ha Tinh; Quéng Nam: Nguyén Vin Tw Thien, 12T1,
THPT Nguyén Duy Hiéu, Dién Ban; Pong Nai: Duong
Québc Khdanh, 10C2, THPT Lé Héng Phong, Ong The
Phwong, 10 Toan, THPT chuyén Luong The Vinh, TP:
Bién Hoa.

HO QUANG VINH

* Bai T9/406. Cho ti gidgc loi ABCD . Goi O
la giao diem hai dweong chéo AC va BD. Cac
duong tron ngogi tiép cac tam giac ABC,

ACD theo thir Hrmf lai cac tia OD, OB tqi E,

F. Chieng minh rang i giae ABCD ngoai tiép
khi va chi khi nr gigagc AECF ngogi tiép.

Léi gigi. Cach 1. Truée hét, xin phat biéu
khong chirmg minh mot bo dé quen thude.

Bé dé. Tir gidc ABCD ngoai tiép é::ong tron
(D; M, N, P, Q theo thir tw la tiép diém cua
dieong tron () véoi AB, BC, CD, DA; O la

giao diém ciia AC va BD. Khi do % = -ﬂﬁ
oC MC
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Tro lai giai bai toan T9/406.
o Chitng minh diéu kién can (h.1).

Hinh I

Gia su tir giac ABCD ngoai tlep duong tron
(HvaM, N, P, Q theo thir ty la tiép diém cua
dudmg tron () véi cac canh 4B, BC, CD, DA.
bat AM=AQ=x; BM=BN=y; CN=(CP =z
DP=DQ=t (1)
Ta thiy AOAEAOBC, AOCEAAOBA,
AOAFnAODC, AOCFenAODA.

Do do AE = Qf-.CB; CE = EA.-B’
OB OB
dralan’ " apabt am i
oD oD
Viy+z+£+zy zy+y—+y, nén
x ¢ o

++2 20+ x)=2(x+y)+Lz+1).
Xl X f

Tir dé theo (1) va bo dé, suy ra

oC OB oc OB

CB+~——"AD=-——AB+——CD. Hay
04'0D" 04" 0D
Of 520 00 415 O oy D
OB" 0D 08" 0D

Tir d6 theo (2), suyra AE + CF = AF + CE.
Vay tir giac AECF ngoai tiép.

o Chiung minh diéu kién di.

Hoan toan tuong tu phép chimg minh dieu
kién can. O

Cdch 2. (Theo ban Ong Thé Phuang, 10T,
THPT chuyén Luong Thé Vinh, Pong Nai).

Trude het Xin phét biéu khéng chimg minh
hai bb dé& don gian.

Bq dé 1. Cho ur gigc ABCD. Puong tron noi
tiép cua cac tam giac ABD, CBD theo thur tu
tiéep xuc voi BD tai E, F. Khi do, ur giac
ABCD ngoai tiép khi va chi khi E tring F.

Bé de Za Néu dwong tron ngi tiép tam gidc
ABC tiép xuc voi canh BC tai T thi

cot -‘?
I8 __ 2
rc C(}tg
2

Tré lai gidi bai toan T9/406 (h.2).

Hinh 2

Goi M, N theo thir ty 1a tiép diém ciia dutmg
tron ndi tlep cac tam glac BAC, DAC voi AC;
ol s theo thar tu 1a tiép diém cia dudng tron
néi tiép cac tam gidc AEF, CEF véi EF.

Vi cac tir gidc ABCD, AECF ndi tiép nén
CAB = CEF; ACB = AEF; CAD = CFE;
ACD = AFE (1)
Viy i giac ABCD ngoai tiép

MA _ NA

MC NC

Cmq{.{.{) (theo bo dé 2)

cotACD

cot CAB
= —
cot ACB

TOAN HOC
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i cotCEF _cotCH‘ff (theo (1))
cotAEF cotAFE

- cotm T cotgér‘f
cotﬁ cotCﬁ

= — 24 QE (theo bo dé 2)
PF QF

& P=(Q < AECF ngoai tiép (theo bo dé 1). O

}Nhﬁn xét. 1) Pay la bai todn kho nén co it ban tham
gia gidi va chi co 7 ban giai ding.

2) Ban Duong Quoc Khanh, 10C2, THPT Lé Hong
Phong, Bién Hoa, Pong Nai cé 1o g1a1 kha hay bing
cong cu tich vé hurdng.

3) Cung vai cac ban Phurong, Khanh, 5 ban sau diy ¢é
Ha Ngi: Tmn Pang Phic, 10A1, THPT chuyén
KHTN, BHKHTN, DPHQG Ha N6i; Ha Nam: Nguyén
Chi Linh, 11T, THPT chuyén Bién Hoa; DPdng Nai:
Pham Vi Minh, 10C1, THPT Xuén Léc; Nglle An: Hé
Dién Phuc, 11A1, THPT Quynh Luu III; Bén Tre: Lé
Thi Minh T?m:o 10T, THPT chuyén Bén Tre.

NGUYEN MINH HA
* Bai T10/406. Cho day s6 (u,) duge xdac

Z i % '!L +'H.’r % r .

dinh boi wy = a va up=——, (k. = 0) voi
1 —u,
moi n eN*. Biét rang w3 = u| Hay tim tat ca
cac gia tri cua k.
it

W k+u Uns] k

Loi gigi. T u,,,=——= == J_ (N
l_un \/r-";

k. kI

pit Vk =tana; = tan

L8
Jk

o ris T
0 —;——< <.
(w{z’ 2 <F 2]

Tir (1), chimg minh bing quy nap, ta c6

u — .
L =tan((n-DNa+ ), voimoi ne N".
i )

Do d6 uyy = 4, < tan(12a+ ) =tanff

& 2a=in(leZ).

Vi D{a{% nénle {1,2,3,4,5}

TOAN HOC
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n
1—cos—
Nhin xét tan? - =—6 = 23 5 4.
l4+cos— 2+J—
i}
m25n=00t2%=7+4\/§. Do d6 us=u,

o ke{?—ﬂf\ﬁ, % I,3,?+4\/§}.D

}“‘Nhﬁn xét. Pay 1a bai toan dai so giai bing phuong
phap hrong gidc, thuge dang co ban. Cac ban hoc sinh
sau ¢6 1o giai ot

Bic Giang: Pinh Thanh Tudn, 10T, THPT chuyén Bac
Giang; Ha Ngi: Luong Hiru Bdng, 11A1, THPT Déng
Quan, Phi Xuyén; Ha Nam: Lo Thmwécm 9A, THCS
Pinh Céng Tring, Thanh Liém, Nguyen Chi Linh, 11T,
THPT chuyén Bién Hoa; Thai Binh: Vi Huy Hodng,
11A1l, THPT Tay Thuy Anh, Thai Thuy, Thanh Hoa:
Hoang Van Hiép, 11B2, THPT Triéu Son II; Ha Tinh:
Nguyén Mdau Thanh, 10TL, THPT chuyén Ha Tinh; Pa
Ning: Lé Trin Nhac Long, 10A1, THPT chuyén Lé
Quy Bén, TP. Pa Nang; TP. Hb Chl Minh: Lirong
Xudn Vinh, 1"T THPT chuyén Lé Héng Phong; Dfmg
Nai: Nguyén Ngoc Duy, 10T, THPT chuyén Luong
Thé Vinh, Pham Véan Minh, 10G, THPT Xuén Loc.

NGUYEN MINH BUC
* Bai T11/406. Cho day so (x,) dwge xdc
£ e
1

E = e -

\2
neN*. Chimg minh rang day so (x,) c6 gici
han hivw han va tim gioi han do.

Loi gidgi. Nhan xét rang x, = 0,va e N*, Xét

dinh nhie sau: x; = 0, x, vail moi

ham s& f(x)= (32%) nghich bién trong
khoang [0,+00). Khi dé x,., = f(x,).¥neN*
va f(x)< f(0) nén 0<x, <1, VneN".

Ta ¢o Xy =0,x2=1,X3

X, = ()< fn)=x.

Tiép theo, ta chimg minh bing phuong phip
qUY NAP, X <Xopy VA Xppap X, VO1 VRN,

] - n
=— hén x <x; va
27

Thit vay, gia str cd x;,, < Xy, thi
f(X2,00) 2 f(X2541) €N X5, 2X5,2 VA VI VAY

fl(xErJ ) < f-(-x2n+2 )

https://tieulun.hopto.org
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Suy ra Xp,. £ Xowes.

Tuong tu, 2id sur cO X, 2 X3, thi

S (x2,) £ f(X2412) D€N Xp41 S Xap43 VA VI VAY
S (X201) 2 f(X2043). SUY 12 X3002 2 Xapaa-

Vay (x,,.,) 1a day don di€u giam va day (x,)
la day don di¢u tang va déu thude [0:1] nén cbd
gioi han hiru han:  lim x,, =a, limx,, , =b

=¥+

vad a= Hrﬂ:x;,ﬁz = ]iII]w‘fl:Ian) — I_I'T&,I‘(f(xzn ))

— s - _ 1 {il?}ﬂ 2 1

= f(f(a)), nén a = __] A
{2? 3

Tuong tu, ta cling thu duogc ?):%. Viy nén
a=bvi limx, =%- 0

H—+0

> Nhin xét. Diy |2 dang todn quen thudc vé phép lip
lién tiép cha ham don diéu nén cé nhidu ban tham gia
giai va co & gidi dang theo trinh ty coa cach gidi &
trén. Danh sich cac ban co 11 giai ding:

Phi Tho: Ngwvén Thanh Nho, 10A3, THPT Long
Chiau Sa; Vinh Phuic: D6 Xudn Viér, 10A1, THPT
chuyén Vinh Phiic; Bic Ninh: Phong Thanh Dmmg,
11A, THPT Yén Phong 2; Bﬁc Giang: Dinh Thanh
Tudn, 10T, THPT chuyén Bﬁc Giang; Ha N{i: Luwong
Hiru Bang 11A1, THPT Déng Quan, Phi Xuyén,
Nguyén Minh Hgnh 10A2, THPT Lé Quy Bon, Dong
Ba, Nguyén Viér Diing, llAI Toan, THPT chuyf“;_n
KHTN, BHKHTN, BHQG Ha Noi; Ha Nam: Nguyén
Chi Linh, 11T, THPT chuyén Bién Hoa; Nam Binh:
Phung Manh Linh, 11T1, THPT chuyén Lé Hong
Phong; Hii Phong: Phan fhic Minh, 12A5, THPT
Thai Phién; Quiang Ninh: Pham Manh Tung, 11T,
THPT chuyén Ha Long; Hung Yén: Dirong Manh
Tieong, Do Thanh Tang, 10T1, THPT chuyén Hung
Yén; Thai Binh: Vi Huy Hodng, 11A1, THPT Tay
Thuy Anh, Thai Thuy; Thanh Héa: Nguven Quoc Pat,
10T, THPT chuyén Lam Son; Ngh@ An: Nguyén Ngoc
Minh, Le Hoang Hiép. 10Al, THPT Thai Hoa, Hodng
Danh Thang, 11A1 THPT Quynh Liu III; HA Tinh:
Pham Tién Diing, 11T2, THPT chuyén Ha Tinh; Binh
Binh: Nguyen Van Quy, 12T, THPT chuyén Lé Quy
Pon; Quing Ngii: V5 Vin T;en 11T1, THPT chuyén
Lé Khiét; Quang Nam: Pham Tudin Anh, 11/1, THPT
chuyén Nguyén Binh Khiém, Nguyén Vin Tic Thien,
12T1, THPT Nguyén Duy Hiéu, Pién Ban; Bén Tre:
Khiew Thanh Quy, 11T, THPT chuyén Bén Tre; Pha
Yén: Huynh Vin Thowg 10 Tin, THPT chuyén Lwrong
Vin Chénh. )

NGUYEN VAN MAU

* Bai T12/406. Cho tap hop X={0, 1,2, 3, ..., n}
voi n la 56 nguyén duong. Voi x = (x,X2,%3),

v=(n, W) thuéc X°, ta noi xRy néu x; < Vi
voi k=1, 2, 3. Hay xdc dinh s6 nguvén duong
nho nhat p sao cho vai bat ki tap con A co p
phdn tir ndo cia X3 déu ¢ tinh chat: Néu x,
v thuoc A thi xRy hodc vRx.

Léi gidgi. Voi mdi x = (x;,x,,%;), dit s(x)=
XX 4+ X.

Ta néi tp ¥ < X3 14 tip loai 7 néu véi mbi
x,y €Y tacé xRy hay yRx.

Ta noi tap ¥ < X° lﬁt tap loai F néu khong
ton tai x,y € ¥ nao dé xRy.

Véimoi ke{0,1,...,3n} diit 4, ={acY|s(a)=k).
Dé thdy 4, la tap loai F. Ngoai ra

Ay | < | A |, v6i k=1,2,.. B”}

|A;( |= |A3n—k|'
bat r=|:§]. Khi do trong cac tip A, tédp
Auir ©0 50 phén tir 16n nhat. Ki higug =|4,.,|
Bé dé. Phuong trinh x +x,+..+x, =t (12 5)

co dung Ci7) | nghiém tw nhién.

(Bb dé nay kha quen biét véi cac ban hoc sinh
chuyén Todn).

Sir dung bd dé trén ta tinh duge g =C2,,,, —

Véimdi k=0, 1,
{(k,a)[n—kaae)(}u

£ 5

rel*
. 1, ta dﬁt Bﬂ. =

{(a,n —k)k<ae X}.
e V6ik=0,1,..,rvaj=0,1,2, .., n dit
By = {(a,b,))| (a,b) € Bi}, €6 (n+1)r+1)
eVaoik=r+1,..nva (ab)e A, dit

4, (a,b) = {(a,b,k) | k € X}, ta duge (n—r)?
tap nhu vay,
S céc tip By Av(a,b) la d=(n—rP +(n+1)r+1).
Dé thiy d = ¢. Ki hiéu céc tip néu trén la
(X;)’,. R® rang céc tap X, c6 tinh chit T va

(X i )L

1a mét phéan hoach cia X °.

TOAN HOC
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Véi mdi thp A< X* ma | A2 g+1 phan tir
thi theo nguyén li Dirichlet véi mdi x,v e A4
t6n tai X, sao cho x,y e X,. Do d6 xRy hoic
yRx. Thanh thir p = g + 1 chinh la s can tim
(vitdp A,,, c6 tinhchat Fva |4,.,|=¢q).

D‘ip 35' p=c§+r+2 _3C3+1 +1 vai r= |:§:| O

> Nhin xét. Day la mt bai toan khé va rit tiée khong
co ban ndo giai dung.
DANG HUNG THANG

* Bai 1.1/406. Ban An nhin thay qud tdo chin
trén mgt canh cay. Vei thing canh tay lén
cao, An van khong thé but dwoc qua tao vi
con thiéu 40cm nita. An lién ha If'mp nEUOi
xuong 30cm so voi khi dirng rﬁumg va bat nhay
len bt duwoc tdo. ?mng qua trinh bt nhay,

An da tac dyng xuong mat ddt mq}f hwec. Hay
tinh gia tri toi thieu cua lyc nay va tinh cong
.‘:L!f{f twong ung ma bagn An da san sinh ra.
Biét rang ban An nang 50kg va gia toc roi tw
do noi ban An birt tdo la 9,.8m/s’.

Loi giai. Dé birt dugc qua tao, van toc nhay
cua ban An phai thoéa man

2gh (1)
Goi F la lyc tuong tac cua An va dat trong

qua trinh bat nhay. Ap dung dinh 1i déng
nang trong qua trinh bat nhay ta co

2
e —=(F-mg).s =>F=";—v+mg (2)
§

2
: . . mgh
Tu (1) va (2) tatim dugc F 2 +mg.
Ay
- Ao g e e 1 th
Vay lyc to1 thiéu can tim la Fo;, =——+

Thay s6 h = 40cm; s = 30cm; m = 50kg;
g= 9.8m/s’, ta tinh duoc oy, = 1143N.

Céng sudt trung binh san ra trong thoi gian
bat nhay

P = Fmin Wy = Fmin-g = 1600W. O

F'Nhén xét. Cac ban co 1&d gidi dang: HA Nam: Pinh
Ngoc Hai, 11 Li, THPT chuyén Bién Hoa; Hung Yén:
Nguven Van Pwrc, 10A1, THPT Duong Quang Ham,

TOAN HOC |
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Vin Giang; Ngh¢ An: Phan Nguyén Thanh Som, 11A1,
THPT Dién Chéu 3. _
NGUYEN XUAN QUANG

* Bai L.2/406. Cho mach dién nhw hinh vé.
Hiéu dién thé U,z= 16V, dén P logi 3V- 3W,
cac dién tro r = 2Qva Ry=4Q | Ry la bién
tra. Ampe, ké A cé dién fro J'(hont? dang ké,
con von ké V co dién tro rat lon.

a) Bén P _sfmg R, »
binh  thuwong, 2

vén ké V co
cue duong mdce
vao M va chi
5V. Hay tim
dién tro Ry, gia
tri cua bien tro
Ry va s6 chi cua
ampe ke khi do.
b) Thay dén D bang mét dién fro co cz}ng gid
tri cua den. Tim gia tri cua bién tr o Ry dé
aong sudt tiéu thy trén né la lom nhat. Tinh
gid tri lom nhdt dé va sé chi cua von ké khi
do. Bo qua dién tro cua cdc ddy noi, col cdc
dién tro khing thay déi theo nhiét do.

Loi gidi. a) Cudmg d6 dong dién di qua dén 1
P 3
.l.rﬂ :i:_:I(A).
Uy 3

Ta ¢co UMH :UM"‘.-' +UN3 :5+3=8(V).
Cudng d¢ dong dién I; qua R, bang
Yum B o,
R, 4
Cudng d¢ dong dién 7 qua ampe ké biang
I=Ip+L =1+2=3A).
Hiéu dién thé U, gitra hai dau dién tro r 1a
U, =r =23=6(V).
Ta co Upg =U,43 '_UAP =16-6= IG(V:I
UPB

2
Suyra R =5-R, =5-1=4(Q).

Tuong ty Ry +Rp = L;PE =$= 10(Q2), trong
D
do Rp la dién tro cua dén
UI} 32
=3(02
9’" 3 G

Viy R, =10—Rp =10-3="7(Q).

2:

R] + R2 = - S(Q).

o —
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b) Vén ké V co dién tr rat 1én nén dong dién
di qua nd c6 cuong do nho khéng d!mg ké,
nén cd thé bo qua. GQI R la dién tré tuong
duong cia R + R, méc song song voi R; +Rp.
Tacéd

(R +R)(Ry +Rp) SRy +15

R+R+R+Ry, Ri+8
Dién trd toan mach 1a
e Ry RIS TR +31
Ry +8 R, +8
Cuong dd dong dién / trong mach chinh bing
_Us  16(Ry+8) W
r+R TRy +31
Mat khac
UPB =J'2{R| +R2) = ID(Rg +RD) (2)
R3+RD R1+R2 R1+R3+R3+RD
trongd6é I =1, +1p.
IR +R
Gyt e o O 3)
R+R+R+Ry, B+ Ry
Thay (3) vao (1) tacod [ *-ﬂw (4)
¥ ® = 3+7R,

Céng suit tiéu thy trén Ry bing P=RM; (5)
Thay (4) véo (5) ta duge

_ 6400 R 6400
P= c S (6)

314+ 7R
(B1+75) {? R3+—§-----—-]

VR
Theo hé qua BDT Cauchy, 5 cuc dai khn
TR = i .hay R; :;"_1_ ~443(Q2) (7)
JRs 7
Thay (7) vao (6) ta tinh duge #,. = 7,37TW.
Séchiciavonké VI1a
Um :Uw +Um _—"UMQ _U,r\.g :Rg.rg -RDID

Tu (4) va (7)suyra Ip =1,29A.

Tir (2) tacéd
Io(Ry+Rp) 129(4,43+3
;= ol Ft 8o} 128 ) < 192(8).
R +R 1+4

Viy U, ~ 4x1,92-3x1,29 =3,81(Q). (1

}"Nhﬁn xét. Céc ban sau diy co 10 giai tét:

Bic Ninh: Lé Van Manh, 12 Héa, THPT chuyén Bic
Ninh; HA Nam: Dinh Ngoc Hai, 11 Li, THPT chuyén
Bién H{)a, Phii Ly; Nam Binh: Bii Xudn Hién, 11 Li,
THPT chuyén Lé Hong Phong; Thai Binh: Nguyén
Van Minh, 10A2, THPT Bic Dong Quan; Hung Yén:
Bé Vin Manh, 10A9, THPT Nam Khoai Chéu; Thanh
Hoéa: Trdn Vin Thang 10AS5, THPT Néng Cohng 2,
Mai Vin Ting, 12A1, THPT Hau Ljc 4, Bii Thi Thiy,
12A3, THPT L& Hoan; Nghé An: Nguyen Thanh Long,
12 Toan, THPT chuyen Phan B&i Chéau, Tran Hodng
Bidch, Nguyén Ditc Nzuyén, 9C, THCS Lé Hong
Phong, Hung Nguyén, Phan Nguyen Thanh Son, 11A1,
THPT Dién Chdu 3, Ho Dién Phuc. 11A1, THPT
Quinh Luu 111, Nguyen Ngoc Minh, 10A2, K48, THPT
Thai Hoa; Ha Tinh: Nguyen Viét Hing, 11T1, THPT
chuyén Ha Tinh; Quang Tri: Lé Quang Hai, 10 Li,
THPT chuyén Lé Quy Don; Tlén Giang: Bur Hitu
Thudn, 11 Li, THPT chuyen Tién (Giang; Pong Thap:
Huyn.& Thanh Dw, 10 Li, THPT Cao Léanh.

NGUYEN VAN THUAN

PROBLEMS..

T10/410. Let ABC be a triangle. An
arbitrary line cuts the lines BC, CA4, 4B at
M, N, P respectively. Let X, Y, Z be
respectively the centroids of triangles ANP,
BPM, CMN. Prove that

2

S.l’lr? =§SAB'C "

. (Tiép trang 17)

T11/410. Let (a,),(n €N") be a sequence

given by a,=0; a,=38; a;=—90 and

a,. =19a, ,—30a,,, Vn=3.

Prove that a,q,, is divisible by 2011.

T12/410. For all positive integers n greater

than 2. Find the number of functions

PTG o 341,25 48]

satisfying

| f(k+1)—f(k)|=3 where ke{l,2,..,n-1}.
Translated by LE MINH HA

TOAN HOC
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dap]bail:
MEO dudi CHUOT
(Dé ditng trén THTT s 406, thang 4 nim 2011)

a) Gia st Chuét chay theo dudng glp khic
CHKN. Ta chi ra rang Méo chay theo doan
thang MK sé bat gip Chudt tai diém K, nghia
la cén chimg minh MK = CH + HK (hinh v&).

ff.J

Ta biét DBA=BAG=CDM =120°. Tir d6
theo gia thiét BCH = BHC = AHK = AKH

A R B SR M R me e e e R R B

L THI ..

2) Gia sir cac dudmg thdng BM va CN cét nhau
tai O, chimg minh ring Q ciling ndm trén dudng

tron (K).

3) Trong trudmg hop P, I, Q thing hang, chimg

minh rin E——BE
8 PC Ca

. (Tiép trang 5)

TOAN HOC
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= GKN = AKP = AHP = DCM = DMC = BCQ
=30°,do d6 APHK la tam giac déu. D2 thiy
CM = HK = PK va PK//CM nén CMKP 1a
hinh binh hanh, suy ra MK = CP = CH + HK.

Cidch khac. Tinh dé dai. Gia st AB=BD =a

thi HKz-C;ﬂ:%JE nén CH + HK = a /3.
Con KM = AD = zﬂ_ aJ3. Do dé
KM =CH + HK.

b) Gia sir Méo chay bt gip Chudt tai diém X
trén doan CH (hoﬁc tai diém Y trén doan HK).

D2 thay MCH = M‘TY—IZO“ nén MX > CX
(hoacMY>TY = CH+HY) Ca hai truomg

hop nay deu khong xay ra vi téc 4o cia Méo
va Chudt bing nhau, mic di Méo chay trén
doan thang 1a dudng ngédn nhat roi.

Ket [ugn. Méo chay trén doan thing MK s&
bit gap Chudt tai diém K trong thoi gian it
nhit,
Nhin xét. Cic ban sau co loi giai ding, dwoc
nhan ting pham:
1) Dinh Ngpc Hai, 11 Li, THPT chuyén Bién
Hoa, TP. Phu Ly, Ha Nam;
2) Pinh Viét Thang, 11 Li, THPT chuyén Lé
Hong Phong, TP. Nam Dinh;
3) Pago Viét Anh, 10 Toan 1, THPT chuyén Hung
Yén;
4) Pham Minh Tém, 11A1, THPT Dién Chéu 3,
Dién Chau, Ngh§ An;
S) Tran Quang Khanh, 11TN2, THPT Ting Bat
Hé, Hoai Nhon, Binh Dinh;
6) Tran Thi My Anh, 11A1, PT cép II-IIl Phan
Chu Trinh, TX. Song Cau, Phd Yén.

PHI PHI

- N NS S DN NN M WY T WM W M WM M M e S e S

Ciu 4. (1 diém)

Gia sir 4 1a mdt tdp con cua tép cac s6 tw nhién
N. Tép A c6 phan tir nho nhét 13 1, phan tir lon
nhét 1a 100 va mdi x thuge 4 (x # 1), ludn tén
tai a, b cling thugc 4 sao cho x=a+b (a cbd thé
bing b). Hiy tim mot tdp 4 c6 so phan tir
nho nhit.

PHAM VAN HUNG

(GV THPT chuyén KHTN,
DHKHTN, PHOG Ha Ni) gidi thigu.
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ryc doi x{mg va tdm dai xung ctia d6 thi
ham so 1a nhimg tinh chat hinh hoc hay

cua ham s6, nhiéu bai todn ma khi giai sir dung
toi no thi dat duq-:: két qua nhanh chong. Vén
de datrala dbi v6i mot ham sé cho truge lam
thé nao nhanh chéng biét dwgc-d6 thi cia nd
c6 truc ddi ximg hay tam doz xu‘ng khéng ? Va
hiy tim truc dbi xtmg, tam d6i ximg d6 néu co.

Bai viét nay xin gioi thigu mét phucrng phap
s dung dao ham dé giai quyét yéu cau trén
d6i voi do thi cac ham da thire.

Ta viét f(x) =ap +ax +...+a,x" (@, #0,n=2)
dudi dang

SOy =by +bh(x—x)+..+b,(x—x)" (2)
Lay dao ham cia f{x) theo x tir cép 1 dén
cap n
S'(x)=b+2by(x—x0)+...+ nby (x—xp Y
FU(x)= 12+ ... +n(n=Db, (x—x,)"2

.............................

SO =kth +..+n(n—1)(n=2)...(n—k+1)(x—x )

F (x)=nlb,.
Thay x = x; vao cac hé thire trén ta dugc
b= £y b =136, - L200),
I ) M
k' ’ LT | n n! L

DAU I-IIEU VE TRUC pOI XUNG, TAM POI XUNG
cuca do tlu ham da thiic

NGUYEN VAN NHIEM

(GV truong THPT chuyén Lam Son, Thanh Hoa)

I. KIEN THUC CAN NHO

Cho f(x)=ag +ax +...+a,x" (a,=0) (1)
la mot da thirc voi cac hé s6 thy, doi sb
x € R. Goi d0 thi ham s6 y = f(x) (1) la (C).
Ta dé dang chimg minh dwgc cdc nhén xét
sau:

e Néu f(x) la hing sb, hoic nhi thirc bic
nhét thi mm dudng thdng vucmg goc voi dd
thi ham ) (l) déu la truc ddi xing cia né va
moi diém nim trén dd thi (C) déu 1a tam dbi
xing cua no.

Bay gio gia st deg f =n=>2.

. Neu dd thi ham s6 (1) cO tam déi xing thi n
14 s6 tw nhién ¢ va tam dbi xtmg thudc d6 thi.

. Neu 5 thi ham s6 (1) cb true dbi ximg thi n
la so tr nhién chan va truc déi ximg cung
phuong voi truc Oy .

f’( X0)

Do do f(x)= f(x0)+
f{"’(xu)
n!

(x—xo) +...

e e

(3)

Xét phep tinh tién hé truc toa dd Oxy theo

vecto Of = (xy;f(x,), ta co cong thic chuyén

x=X+x

y=Y+f(x).

Trong hé truc IXY db thj (C) c6 phuong trinh

Y___f'{xo) f"(xu)Xz f(")(xo)x,, 4)
1! 2! n!

Tir (4) suy ra:

hé truc toa dd {

Pb thi (C) nhan duomg thing x = x, lam truc
dcu xing khi va chi khi ham s6 (4) 1a ham
50 chin.

OAN HOC
“ Cludifre 29

S5 410 (8-2011)

https://tieulun.hopto.org



https:rwww. facebook com/detrungldenmath

hittps:/sites. google. com/site/ letrunglienmath

D6 thi (C) nhan diém 1(x,: (%)) 1am tam ddi
xtmg khi v chi khi ham s6 (4) 1a ham s 1é.
Vay ta ¢co cac két qua sau day.
Ménh dé 1
D6 thi ham da thirc y = f(x) (deg f = 2)
nhdn duong thing x =x, lam truc déi ximg
khi va chi khi xy la nghiém cua cac phwong
trink 2N (x)=0,VkeN.
Ménh dé 2
D6 thi ham da thirc y = f(x)(degf =2)
nhan diém 1(xy; f(x,)) lam tém d8i ximg khi
va chi khi xo la nghiém cua cdac phwong trinh
F®#(x)=0,VkeN". '
H¢ qua. Phuong trinh
F(x) = a3, x*" + @y x + ... +a, =0,
(ay, #0,n e N") chuyén vé dang

Ay X+ A X+ +4,=0
khi va chi khi @& thi cia ham sé y = /(x) ¢d
truc d6i xtmg cung phuong véi truc Oy.
IL. MOT SO THi DU AP DUNG
* Thi du 1. Giai phwong trinh

x*—2x3 + x—l ={.
4

Phén tich. Dit vé trai cia phuong trinh 13
flx), ta thay f'(x) v f'"(x) nhin x=% lam
nghiém nén theo Ménh d& 1 dd thi ham
s6 y= f(x) nhin duong thing x=% lam
truc doi xung.

Loi giai. Dat x=%+X, PT da cho tr¢ thanh

3 1 3

Xt—-=X1+—=0= =% —i\/z.
2 16 4 2
1 3 1
Vi =—=+,|—%./—. 0
i 2=5%, \/;
+ Thi
y =x*+4ax?

du 2. Tim a dé d6 thi ham sb
= 2x* =12ax o truc déi xirng.

TOAN HOC
& crumt;e S& 410 (8-2011)
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Lei gidi. Taco
y'=4x3 +12ax® - 4x-12a,
y'=12x* +24ax—4,
V"= 24x + 24a.

Theo Ménh d2 1, @b thi ham s6 trén ¢6 truc
doi xdimg khi va chi khi hé phuong trinh

=0 - 4x* +12ax? —4x-12a=0
i) 24x+24a=0
¢6 nghiém. Tim duoc a € {-1;0;1}.0

% Thidu 3. L‘m&ng minh rfiﬁg néu phicong trinh
f(x)=ax*+bx* +cx’ +dx+e=0 (a#0)

co cac nghiém dang x, — B, xy — e, Xy + @;

xo+ B (= B) thi do thi ham 56 y = f(x)

6 truc déi xwng la duong Ihcfrzg =X

Lai gidgi. Do f(x) nhin cic nghiém dang

Xt f;x; T nén

F)=a((x—x)* -a)((x—x)* - 5?)

=a(x—-x)* —a(a? + B*)(x—x)? + aa? 2.

Suy ra

fl(x)=4a(x-x) - 2a(a® + 2 Nx—x)

S'(x)=12a(x—x)* - 2a(a* + §*)
S"(x) =24a(x - x).

oy f'(x)=0 B
Xét hé {.f"'(@‘f) —0 b= X

Vay dudng thing x = x, 13 truc ddi ximg cua
dd thi ham s6 y = f(x). O

»Nhdn xét. Thi du 3 cho ta mét dleu kién
can dé mét da thirc fix) bac bén (tong quat
mot da thirc bac chan lon hon 0) c6 cac
nghu;:m lap thanh cap s0 cong 1a dd thi ham
s0 y = f(x)¢o truc doi ximg.

% Thi du 4. Chimg minh rang néu phutong trinh
f(x)=a’ +bx* +ex’ +dx’ +ex+ [ =0(a+0)
co cac nghiém dang x, — X, —a; X, X%+
o+ (a=B) thi do thi ham sé v = f(x)
6 tam doi ximg la diém I(xy; 0).

Lo gidgi. Ta co

() =a((x=x%) -a?)((x—x) - B2)(x—x).

https://tieulun.hopto.org
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1] — 0

xetng {1 )

SO =0
Suy ra diém I(x,;0) 12 tim déi xémg ciia d&
thj ham s6 y=f(x). 0
»Nhdn xét. Thi du 4 cho ta mét dleu kién
cin dé mot da thitc f{x) bac nim (tong quat
mét da thirc bic 1€, 1ém hon 1) c6 cic nghlem
lap thanh mét cﬁp sb cong la db thi ham s
y = f(x) c6 tim déi ximg thudc truc Ox.

X=X

* Thi du 5. Tim m dé phieong trinh

[ =x"—mx*-2mx* +2m?x° +9x-45=0
co 5 neghicm phan bict lap thanh can 50 COng.
Lai gidi.  Diéu kién can. Ta cb

f(x)=5x*—4mx* —6mx? + 4m?x+9

fM(x) =20x* -12mx? —12mx + 4m?

fM(x) =60x% -24mx-12m
S®(x)=120x—24m.

m=0

") =0
Fo=0"

o Didu kién dii. — V6i m = 0, ta drge phuong trinh
¥ +9x-45=0 (1)

Cach 1. Dé thay phuong trinh (1) ¢ nghi¢m
duy nhét, suy ra véi m =0, yéu ciu bai toan
khong thod mén.
Cdach 2. P6 thi ham s y = x° +9x—45, ¢6
tam d6i xtmg 1a diém 1(0;-45) ¢ Ox.
Suy ra v&i m=0, yéu cau bai toin khong
thoa man.
- Vé&i m =5, ta duge phuong trinh

x5 =5x% =10x? +50x2 +9x—45=0 (2)
Phuong trinh (2) c6 tap nghiém {-3;-1;1;3;5}
1ap thanh cép s6 cong. Vaym=5.0

m

x=— m=S5.
5

f(x)=0
Xét hé { :[

thong.
1. Danh cho Trung hoc co sé

3. Phugng phap gial toan.
& l:udmmnim&mmnn

5. Dién dan day hoc todn.
8. Nhibu cach gial cho mtbaitoan.

hoc sinh trén toan quéc.

Thiét bi truémg hoc & dia phuong.
Moi chi tiét xin lién he:

PON POC AN PHAM MOT:

TAP CHi TOAN HOC VA TUOI TRE
SO DAC BIET THANG 10 NAM 2011
Chao mu-ng nidm hoc mdi 2011 - 2012, Tap chi Todn hoc va Tudi
tré xuit han va phét hanh thém Sf; D C BIET vao thang 10

nam 20‘i,nde phuc vu cho cdc thay cb gido, cdc em hoc sinh phé
pham bao gém céc chuyén muc sau:

2. Glip bandn1ap minToanldép 10,16p 11, ldp12.
va thivie B3l hoc, Cao #dng cac mon Toam,Li,H6a. 11 Bancanbiét.

Nhéng chuyén muc trén dquc cdc nha gido, cdc nha s pham ¢é kinh nghiém
bién soan, giup cic thay co guio trong viéc gﬁng day, gitip cic em hocsinh én tip,
hé théng kién thiic dat két qua cao trong cdc ki Kiém tra chuong, hoc ki, thi tot
nghiép THPT, thi vao cdc truomg Dai hoe, Cao déng.

Téa soan rt mong c6 sy huong vng doc, viét bai cua cdc thiy cé gido va cdc em

Ciéc ban cé thé dat mua tai cdc Co sé buu thén trén ca nudc, cdc cong ty Sdach va
TAP CHiTOAN HOC VA TUGI TRE, 187B G1ANG V@, HA NI

BTBléntip : (04)35121607 ; BT - FAX Phit hanh, Tr) su: (04)35121606
Emall: tapchitoanhoc_tuolire@yahoe.com.m

7. Gialtoanvéi maytinh.

8. Donvudntoan.

9. I!l hoc lﬂin;

10. Ke chuy@n v8 lich sii toan hoc.

12. Teanhoc va déi song.
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Tap chi TOAN HOC va TUOI TRE

Mathematics and Youth Magazine

XUAT BAN TU 1964

546410 (8.2011)

Tia soan : 1878, phd Gidng Vo, HA Nbi

BT Bién tap: 04.35121607

BT - Fax Phat hanh, Tri su : 0435121606
Email: tapchitoanhoc tuoitre@yahoo.com.yn

BAN CO VAN KHOA HOC

GS. TSKH. NGUYEN CANH TOAN
GS. TSKH. TRAN VAN NHUNG

75. NGUYEN VAN VONG
GS. DOAN QUYNH
PGS.TS. TRAN VAN HAO

CHIU TRACH NHIEM XUAT BAN
Chu tich Hoi dong Thanh vién kiém
Téng Giam déc NXB Gido duc Viét Nam
NGUT.NGO TRAN Al
Phé Téng Gidm déc kiém
Téng bien tap NXB Giso duc Viet Nam
75 NGUYEN QUY THAO

HOI PONG BIEN TAP

Tong bién tdp : TS, PHAM THI BACH NGOC

T5. TRAN DINH CHAU ThS. NGUYEN ANH DUNG, Ts. TRAN NAM DUNG, TS. NGUYEN MINH pUC, T5. NGUYFN
MINH HA, 75. NGUYEN VIET HAI, PGS. TS, LE QUOC HAN, ThS. PHAM VAN HUNG. PGS. 7§. VU THANH l{H[ET
GS. TSKH. NGUYEN VAN MAU, Ong NGUYEN KHAC MINH, T5. TRAN HU NAM, PGS. TS. NGUYEN DANG PHAT,
PGS. TS. TA DUY PHUONG, ThS. NGUYEN THE THACH, GS. TSKH. DPANG HUNG THANG, PGS. TS. PHAN DOAN THOAI,
Ths. vU KIM THUY. PGS. 75, VU DUONG THUY, GS. TSKH. NGO VIET TRUNG.

000@

Thu ki Toa soan ; ThS. HO QUANG VINH

TRONG SO NAY

Danh cho Trung hoc Co s6 — For Lower
Secondary School

Duong Buu Léc — Mot s6 tinh chit tha vi
clia tiép tuyén véi dudng tron.

Ki thi Olympic Toan hoc Quéc té lan thi
52 - nam 2011,

Pé thi vao l6p 10 trudng THPT chuyén
KHTN, DHKHTN, DHQG Ha N§i, nam
hoe 2011 - 2012,

Hudng dan giai D& thi vao lép 10 trudng
THPT chuyén DHSP Ha N6i, nim hoc
2011 — 2012,

Tran Vin Nhung - GS. Ngé Bao Chau
giang bai khai truong an Nghién ciu
Cao cap vé toan.

Bién tgp : NGUYEN THI THANH

Tri su, phdt hanh : "NGUYEN KHOA pIEM, VO ANH THU

12

6 666

Ban doc tim toi - Reader's Contributions
Doan Hiu Ding, Nguyén Tién Thinh —
Bai toan Erdos—Szekeres cho ngii giac 161
suy rong.

Sai lam & diu — Where's Mistake?

Pé ra Ki nay — Problems in This Issue
T1/410 ..., T12/410, L1/410, L2/410.

Giai bai ki trudc — Solutions to Previous
Problems

(Giai cac bai caa s 4086.
Toan hoc muén mau - Multifarious
Mathematics

Dién dan day hoc todn — Math Teaching
Forum

Nguyén Vin Nhiém — Dau hiéu vé truc ddi
xting, tAm doi xiing cta do thi ham da thic.

MT thugt : MINH THO
" Ché'bdn : NGUYEN THI OANH
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TRUONG THPT CHUYEN BAC GIANG

20 nam

Hiéu fruong
ThS. BACH DANG KHOA

XAY DUNG va TRUONG THANH

Tdp thé cdn bo, gido vién v nhdn vién nhd trudng.

Tlrfmg THPT chuyen Bac Giang duoc thanh lap ngdy
26/8/1991, khi @6 mang tén Truong PTTH Ning khieu
Ha Bac. Niim 1997 tinh Ha Bac tdch thanh hai tinh Bac Giang
vd Bdc Ninh, truong dai tén thinh Trudng PTTH Nang khieu Ngd Si
Lién Bdc Giang. Ké ti ngdy 18/11/2004 den nay theo Quy che
truong THPT chuyén cia Ba GD&DT va Quyet dinh coa UBND Tinh
Bdc Giang, truong duoc mang tén Trugng THPT chuyén Bac Giang.
Khi mdi thanh lp truong chi ¢d 8 ldp vdi 3 mn chuyén (Todn, Vat I,
Tieng Nga) gom 150 hoc sinh va 22 cdn bd gido vién. NGUT Cao N goc
Thanh |a Higu trudng dau tién, tiep den la NGUT Nguyén Buic Hien.
Pen nay, nhd truong dd co 29 lp vdi 10 mn chuyen (Todn, Vat I,
Héa hoc, Sinh hoc, Tin hoc, Ngif vin, Lich su, Dia Ii, Tiéng Anh, Tieng
Phdp) gom 856 hoc sinh. Hai dong nhd trudng 6 4 Cdn bd Qudn i
Higu truong ThS. Bach Bang K hoa, cdc Pho Higu truong: NGUT. ThS.
Nguyén Sinh Long, NGUT. ThS. Hé Thi Ldn, ThS. Luw Hai An va
91 cdn b, gido vién, nhén vién; trong d6 cd 30 Thac s7, 08 gido vién
dang hoc thac i, 01 gido vién dang lam Nghién cvu sinh.

Trai qua ZU nim xdy dung v truong thanh, nha truang ludn hoan
thanh xuat sdc nhiém vy chinh tri l trudng trong diém, <o chat
lvong gido duc fodn dién cao nhét tinh; ki noi khoi nguon, phat hién,
béi dudng hoc sinh gidi, ddo tao ngudn nhéin lyc chat luang cao cho
dia phuong vd dat nugc. Nha truong dd c 669 luot hoc sinh doat
gidi Quoc gia, 01 Huy chuong Bung Olympic Quéc 1é vé Hoa hac,
01 Huy chuong Bac Olympic Quac té vé Todn va nhigu gidi Todn, Vat
li Khu vue; 6 nhiéu hoc sinh dat diem tuyét doi 30/30, nhieu hoc
sinh 13 tha khoo cdc truong dai hoc hang déu Irong cdc ki thi tuyén
sinh vio Bai hoc (ndm 2010, nha truong xép thi hang 30/200
frwong c6 diém thi dai hoc binh qudn cao nhat nugc). Song song v

ISSN : 0866-8035

Chiso: 12884

viéc ddo tao, boi dudng kien thit, nha trueng thuong xuyén tao
dieu kien dé hoc sinh tham gio, 10 chuic cdc hoat dong ngoai khd,
chuyén de nham phdt huy tinh nang dang, sdng teo ca hoc sinh
chuyén nhu: To chutc thi tim higu 1000 nam Thang Long Ha N6i nhan
dip chdo mung Thu 6 trén 1000 nam tudi, hay hoat dang nghia tinh,
chia sé vdi Truong THPT (4 Huy Can huyén Vi Quang tinh Ha Tinh
khi thdy vd tro nha truéng ban phdi duong dau véi hai tréin 1 lut
lich st @@u nam hoc 2010201 ...

Vi su quan 1dm su sdc cua cdc cap Gy Bang va Chinh quyen, sy nd
lyc vuon lén, nha truong dd dat duoc nhing thanh tich ddng tran
trong vd tu hdo. Nhd truong dd duoc Chu fich Nudc fing Hudn
chm:mg Lao ddng hang Ba, hang Nhi; Eltrcrc nhan (g thi dua cua Chinh
phd, cia Tinh va nhigu Bang khen cc cap; lién tuc nhigu ndm lien
dat danh hiéu Trlrcmg Tién tien Xudt sdc. Cdc to dic luon duoc céng
nhan Ving mqnh Xuat sdc. Hoi dong gido duc nha truong cd Thay
gido Trdn Vdn Chut duoc phong ting danh higu Nha gido Nhan dan,
10 thay ¢ gido duoc phong tang Nha gido Uu 16 va nhigu nha gido
duoc tdng Bang khen cia Thy tueng Chinh phu, cia B truong Bd
GD&DT, cia Cho tich UBND Tinh. Nhieu the hé hoc sinh ra truing dd
truong thanh, 16 tham thém ld cd' truyén thong vé vang cia nhd
truong nhu: TS. Nguyén Minh Ngoc (gidng vien BH Pari Phdp),
TS. Ngé Thi Thanh Diép (giang vién BH Y Dugc TP. Ho Chi Minh)....

Trén dd phdt trién su nghiép trong ugm:ﬂ Trung THPT chuyen
B¢ Giang xin cdm on su quon tim cva cdc cap lanh dao, cua
nhing nguoi dd danh tinh cam va nhing dieu tot dep cho nhd
trudng. Mong rang nha truang sé la noi ty héi, trd vé ca cdc the
hé cdn bd, gido vién, hoc sinh @@ tung gan bd véi mdi frugng than
thuong ndy.

Gidy phép XB s6510/GP-BTTTT cip ngay 13.4.2010
In tai Xi nghiép Ban dé 1- BQP

Gia : 8000 dong
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