https:'www. faceboolt. com/letrungldenmath htips:/sites. google.com/ isitel ferrmghenmarh S
N
Woaw -

TOFIN HOC

5ihré

NHA XUAT BAN GIAO DUC VIET NAM - BO GIAO DUC VA PAO TAO

uoi

xllﬂ"l' Biﬂ TU 1964 '~ TAP CHi RA HANG THANG - I\IAM THU 48
2 0 1 1 DANH CHO TRUNG HOC PHO THONG VA TRUNG HOC CO s&

Tru sd: 187B Giang V4, Ha Nbi.
DT Bién tap: (04) 5121607; DT - Fax Phat hanh, Tri sur: 1’04} 35121606
409 Email: tapchitoanhoc_ tuorlrs@yahno com.vn  Web: hitp://www.nxbgd.vn/toanhoctuoitre

BIIIII luan ve
BE THI TUYEN SINH
. (DAI HOC KHOI A,

LI/ ENAM 2011

~..._

4 ."'_ f :
-J

.f..

https://tieulun.hopto.org



https:www. faceboole. com/letrungldenmath

https:sites. google. com/siteletrunglienmath

N, . -J-___,, - >
R,

. -

TRUNG HOC €O SU
HOP SO la mor khai niém co ban va dep dé
cuta so hoc. Trong qua trinh hoc, chung ta da
gap nhiéu bai toan chiung minh mot so la hop
.s'r;?_ Théng thirong, phirong ;{11(5,;3 r'!'?h" _afﬁ"u dwa
vao dinh nghia: "Hop so la so tw' nhién lon
hon 1 va ¢o s6 wée sé lon hon 2". Bai viet
nay xin gioi thiéu mot phirong phap khac dua
vao nhan xét sau day.
Nhin xét. So a la hop so néu ton tai mot tich
cdc so nguyén dwonmg A=aya,...a, (n22) sao
choalawocsocuaAva a>a, voii=1,2,.,n.
Thét vy, gia sir a 1a s6 nguyén to va 4:a. Suy
ra, ton tai mot chi s0 k£ (1<k<n) sao cho a; chia
hét cho . Pitundy vé li, vi a>a;.

@ Bai todn 1. Gia sir a=x>+xy+3)? la mot
wdc 56 cia A=x5—y®, véi moi x, y ld cdc so
te nhién. Chirng minh rang a la hop so.

Loi giai. Ta co

A=x® -y =(x2 =2 Y —xy+y* )x* + 2+ y?).
Do a la wéc s cia A va a>x2—12, a>x+g+)7,
a>x’=xy+)?, Vx,yeN nén theo nhan xét trén
ala hop s6. O

¥Bai todn 2. Cho a, b, ¢. d la cde s6 ngUyeén
diwong thoa mdn diéu kién ac = bd. Chimg
minh rang a+b+c+d la hop sé.

Léi giai. Ta co

ac = bd <> (a+b)(a+d)=a(a+b+c+d)=A.
Do a+d<a+b+c+d; a+b<a+b+c+d va déu

la wdc s0 cuia 4 nén theo nhan xét trén ta co
dpem. O

@ Bai toan 3. Cho a, b, ¢ la ba 56 nguvén dirong
doi mot phan biét thoa man a’® +b° +¢* chia hét
cho P=a+b+c. Chirng minh rang P la hop so.

NGODUCTHODUONGMINHCHAU
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MQT PHUONG PHAP
CHUNG MINH MOT SO
5 LA HOP SO VA UNG DUNG

THAN NGOC THANH
(GV Pai hoc Néng nghiép Ha Noi)

Loi giai. Taco

@ +b +¢ —3abe
=(a+b+c)a’*+b*+c*—ab—bc—ca).
Tir gia thiét suy ra P 1a udc sé cua 3abe. Vi g,
b, c 1a ba s6 tir nhién d6i mét phén biét nén
P>a, P> b, Pbcg,Pl’S va do do theo nhéan
xét trén P 14 hop so. O

@ Bai toan 4. Cho hai 56 tw nhién m, n thoa
mdn m+n+l la mot woe s6 nguyén t6 cia
2(m? +n*)-1. Chitng minh rang m = n.

(Thi Qué‘c gia Thuy St 2010).
Loi gigi, Gia st m#n. Vi m+n+1 1a uéc s6
ctia (m+n)? —1=(m+n+1)(m+n-1),két hop voi
gia thiét thi m+n+1 phai 12 udc sb cua

(2(m? +n?)-1)—((m+n)*-1)
=(m—n)*= |m-n|.|m—n|.
Do m+n+1 >|m—n| nén theo nhdn xét trén
m+n+1 1a hop s6. Diéu nay mau thuin vdi
gia thiét dé bai hay diéu gia s 14 sai. Vay
m=n.0
& Bai toan 5. Choa, b, ¢, d, e [ la cdc 56 nguven
dwong. Gia sir S=a+b+c+d+e+ [ la uéc s
chung cua abc+def va ab+bc+ca—de—df — fd.
Chitng minh rang S la hop s0.
(Dé dy tuyén IMO 2005).

Lt giai. Xét da thac
S(x)=(x+a)(x+b)(x+c)—(x—d)(x—e)(x—f)
=8x +(ab+bc+ca—de—ef — fd)x+(abc+def).
Tl gia thiét suy ra S la uée sé cua fix) véi
moi x la sO ty nhién. Do vidy, § 1a udc cua
f(d)=(a+d)b+d)(c+d). Lai do S>a+d;
S>b+d; S>c+d nén theo nhan xét trén, S
phai 14 hop s6. O
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{Bai toan 6. Cho a, b, ¢, d, la cdc 56 tw
nhién déi mot phan biét thoa mdn
al+di= pP+c?=P.
Chitng minh rang
1) P la hop 6.
2)ab +edva ac + bd khong thé dong thoi la
80 nguyen 1o.
Léi gidi. Tir gia thiét, ta c6
(ab+cd)(ac+bd) =ad(b*+c?)+bc(a® +d?)
=(ad +bc)(a’+d?) (*)

Suy ra P la mot ude so (ab+cd)ac+bd) (**)
1) Lai co )

2(a*+d?—ab—cd)=(a-b)*+(c-d)*>0.
Suy ra @®+d?>ab+cd. Tuong tya® +d* >bd+ac.
Tt (**),’két hop v&i nhan xét trén ta duge P
1a hop so.
) Do a*+d*>ab+cd, a*+d? >ac+bd va
theo (*), suy ra ab+cd>ad+bc, ac+bd >ad+bc.
Gia sirab+cd,ac+bd déu 1a s nguyén to.
Khi d6 ad +bc phai 12 uéc cia ab+cd hodc
ac+bd. Piéu nay 1a v6 li. Ta c¢6 diéu phai
chimg minh. O
@ Bai todn 7. Choa > b > ¢ > d la cac SO e
nhién thoa man

ac+bd =(b+d+a-c)b+d—-a+c).
Chiing minh rang ab+ed la hop so.
Laéi gidi. Dang thirc da cho twong dwong véi
al—ac+c?=b*+bd+d*.

Do vy

(ab+cd)(ad+bc)=ac(b* +d* )+bd(a* +c?)
=qc(b?—bd +d?)+bd(a* +ac+c?)
= (ac+bd)(a*-ac+c?) (*)
Ta c6 (ab+cd)—(ac+bd)=(a—-d)(b-c)>0,
va  (ac+bd)—(ad+bc)=(a-b)(c-d)>0.
Nén ab+cd > ac+bd > ad +bc.
Gia sit ab+cd 1a sb nguyén td.
Suy ra(ab+cd, ac+bd) =1, do dé theo (*),
ac+bd 1a wéc sb cua ad+be (vo li vi
ac+bd > ad +bc). Viy ab+cd 1a hop s0.

TOAN HOC |
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Cudi cung, moi ban doc ciing luyén tap thong

qua céc bai toan sau day

Bai 1. Cho céc s6 nguyéq duong a, b, ¢, d voi

a = b = ¢ thoa man cac diéu kién sau:

a) abc=d?,

b) a+b+c—d 13 ude sb nguyén tb cua
ab+bc+cd —d>.

Chimg minh ring b = d.

HD. Tuong ty Bai todn 5, xét da thirc sau
fx)=(x+a)x+b)(x+c)— (x> +d*)x+d).

Vay a+b+c—d 1amdt udc nguyén tb cua

S(=d)=(a-d)}b-d)(c—d).

Theo diéu kién a) va ap dung BPT Cauchy,
suyra a+b+c=3d.
Do d6, a+b+c—d>la—d|; a+b+c—d>|b—d|;
at+b+c—d >|c—d| = f(-d)=0.
Tu do,suyrab=d.
Bai 2. Cho ba s6 tu nhién a, b, ¢ 1a do dai cac
canh clia mét tam giac. Chimg minh ring
néu ¢ + b la mot udce so 1€ cua

alb—c)* +Ka—cy +cla-by
thi n6 la hop sé.
HD. Tuong tu Bai toan 3, sit dung hing ding
thirc
a(b—¢) +b(a—c) +c(a—-b)?
=(a+b)(b+c)c+a)—8abe.

Két hop diéu kién bai toan, suy ra a + b 1a ude
sé 1¢ cua abe. Do diéu kién a, b, c 1a 46 dai
ba canh cua tam giac nén a+b>a, a+b>b,
a+b>c,suyraa+ b lahgp sb.

Bai 3. Cho n 14 6 tr nhién thoa man n* +2
13 udc nguyén td cia n*—1. Chimg minh
r'fmg n=1,
HD. Dya vao phén tich

nt —1=(n2 =1)(n% +1)(n* +1).
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DETH

VAD 6P 10 TRUDNG THPT CHUYENBHSP HA i

NAM HOC 2011 - 2012
VONG 1
(Ding cho moi thi sinh thi vao trudomg chuyén)

(Thai gian lam bai :

Céu 1. (2 diém). Cho biéu thirc

s (x by .rc2+yz+_1;r 2) 4xt+4x2y+y? -4
2y—x 2y *+xy—x?

voix>0,y>0,x 22, y#2 -2

1) Rat gon biéu thirc A.

X2+ y+xy+x

2) Cho y = 1, hdy tim x sao cho A:%

Céu 1. (2 d‘zem) Mgt nhom cong nhéan dat ke
hoach san xuat 200 san phim. Trong 4 ngay dau
ho thuc hién ding mirc dé ra, nhu'ng ngay con lai
ho d lam vuot mic moi ngay 10 san pham, nén
dd hoan thanh ké hoach sém 2 ngay. Héi theo ke
hoach mdi ngay nhom cong nhin cdn san Xuét
bao nhiéu san pham?

Ciu 3. (2 diém). Cho gambol (P): y = x’ va dudmg

thang(d') y=mx—m + 3 mlathamso Tim tat
ca cac gia tri cua m dé duong théng (d) cit
parabol (P} tai hai diém phén biét c6 hoanh do X,
x;. Vi gid tri nao cta m thi x, x; 1a d6 dai céc

120 phiir)
canh goc vudng cua mét tam giac vuong co dé dai

canh huyén bing

Céu 4. (2 diém). Cho ducrng tron (O) duomg
kinh A8 = 10. Day cung CD cua dudng tron (O)
vuong goc véri AB tai diém E sao cho 4E = 1.
Cac ticp tuyén tai B va C cua duong tron (O)
cit nhau tai K, AK v CE cit nhau tai M.

1) Chimg minh AAEC o> AOBK. Tinh BK.

2) Tinh dién tich tam gidc CKM.

Céu 5. (1 diém). Cho hinh thoi ABCD ¢6 BAD =
120°. Céc diém M va N chay trén cac canh BC

va CD Juong ung sao cho MAN = 30°, Chimg
minh ring tim duong tron ngoal tiép tam giac
MAN thugc mdt duimg thang co dinh.
Ciu 6. (1 diém). Chimg minh bét ding thirc

1 1 1 1

Y A OV N I AN -

VONG 2

(Dung cho thi sinh thi vao chuyén Toan va chuyén Tin)

(Thoi gian lam bai :

Chu 1. (2 diém). Cho asc /J‘ +__%

1) Chirng minh ring 4a2+\f’_a—\f'_=0.

2) Tinh gié tri cia biéu thirc S=a2++a*+a+1.
Ciu 2. (2,5 diém)

2xy -4
X+

Jxty=xi-y.

2) Cho hai s6 hitu ti @, b thoa min déing thirc
ah+ ab3‘+ 2a’b*+2a+2b+1=0.
Chimg minh ring 1 — ab la binh phuong cla

mot s6 hiru ti.

Cau 3. (1,5 diém). Tim tit ca cac sb nguyén tb p
cO0 dang p=a’+b®+¢?, voi a, b, ¢ la cic so
nguyén duong théa man a* +b* +¢* chia hét cho p.
Ciu 4. (3 d:em) Cho tam gidc ABC co ba goc
nhon ngi tiép dudmg tron (Q), BE va CF la cac

x2+y?+
1) Giai hé phuong trinh

150 phut)

duong cao. Cac tiép tuyén voi duong tron (0)
tai Bva C ciit nhau tai S, cic duong thing BC
va OS cét nhau tai M.

AB BS
1) Chimg minh ring —=——.
) g minh ring R

2) Chimg minh ring AAEM <> AABS.

3) Goi N 1a giao diém cia AM va EF, P la giao
diém cua AS va BC. Ching minh rang NP L BC.
Ciu 5. (1 d’zem} Trong h¢p co chira 2011 vién
bi mau [le vién bi chi co dung mot mau)
trong d6 co 655 vién b1 mau do, 655 vién b1
mau xanh, 656 vién bi mau tim va 45 vién bi
con lai la cac vién bi mau vang hodc mau trang
(mdi mau cé it nhét rnot vién). Nguodi ta lay ra
tir hgp 178 vién bi bt ki. Chimg minh rin
trong s0 cac vién bi vira ldy ra, luén c6 it nhat
45 vién bi cung mau Néu ngudi ta chi lay ra tir
hqp 177 vién bi bét ki thi két ludn cta bai toan
con ding khong?

NGUYEN THANH HONG
(GV THPT chuyén DHSP Ha Nbi) gidi thiéu.
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Loi

giai DE THI VAO LOP 10

TRUONGIEHOSTHON

NANGIKHIEURDHOGSTPAHOCHIMINH!

NAM HOC 2010 - 2011

(Dé thi di diing trén THTT s6 408, thdang 6 ndm 2011)

Ciul.a) a+b+c=0= (a+b)* =(—<)
= a® +b3+¢? =-3ab(a+b)=3abc. Lai cod
a* +b +c =0 nén 3abc =0 suy ra dpcm.
b) Tur hai PT déu cua hé, ta dugc
x2+y2+22=(x+y+2)? —-2(xy+yz+zx)=11.
Thay vao PT thir ba cua hé, ta ¢
X3+312+23+6=33 < ¥ +y*+22 =27
Suyra (x+y+z)—(x*+y>+23)=0

& (x+yNy+z)z+x)=0.
Xay ra ba kha nang x+y=0, hodc y+z =0,
hodc z+x=0,thay vao HPT da cho, giaira
thu dwrgc sdu cdp nghiém (x;y;z) la (1;-1:3),
(=1;1;3),(3; 1;-1),(3;-1;1),(1;3;-1),(-1;3;).

Ciu 2. a) PT da cho trong duong voi
x2—x-3Jx*-x-2=0.

Pit y=vx2—x-2 (y20), PT di cho tr&

thanh y2-3y+2=0< y=1 hoiic y=2.

V13 __1+V13

T d6 ta duge x=-2; x= > Sk 5
x=3 14 bon nghiém cua PT da cho.

b) Theo bai ra AB.AC=2; AB*+AC? =BCE,
Ap dung BPT Cauchy cho hai s6 duong, ¢6

BC=AB*+AC? 2\[24B.AC=2 (1)

Va V2(4B+AC)=\2(AB+ AC)?

=/2(4AB?+ AC?+2 AB.AC)

=J2(BC?+4)2 BC+ 2 (2)
Tir (1) va (2) suy ra dpcm.

Céu 3.a) Dé thiy bon s6 nguyén t6 thoa min
débailal;5;7;11.

b) Mt s6 nguyén bét ki khi chia cho 3, s6 du
chi ¢6 thé 1a 0; 1; 2. Néu trong nim so
nguyén duong phan biét, ton tai ba s6 khi
chia cho 3 c6 cung so du thi téng cua ching
s& chia hét cho 3, mit khac tong nay lon hon
3 nén né 1a mét hop so.

Néu trong nam 5O nguyén duong phén biét do
khong ton tai ba s0 nao chia cho 3 ¢6 cung s6
dur thi ton tai ba 5o chia cho 3 ¢6 s6 du khac
nhau. Tong ba s nay chia hét cho 3 va téng
nay 1én hon 3. Do vdy tong cua ba s6 d6 ciing
1a mdt hop s6 (dpem).

Cau 4

a) Tir gid thit, c6 AKC = AFC; AFC=ACF
=> AKC = ACF.,

Twong ty AKB = ABE , ma ACF = ABE suy
ra AKC = AKB = ABE = ACF.

Lai ¢6 ABE+BAC=90°va 2BAC = BOC .
Tir d6, suy raﬁC+BOC=AKC+A!CB+B(K
=2ABE + 2BAC + BOC =180°,

Chumg to tir gidc BOCK ndi tiép hay K thuée
duong tron co dinh ngoai tiép tam gidc OBC.
b) V& 00' L BC tai 0', KK' | BC tai K'. Goi
I 1a giao diém cia BC va OK. Vi BC = R3
= OBC =30" = BOC =120°. Vay ban kinh
dudmng tron ngoai tiep tam giac OBC 13 R. Ta
thiy KK' < KI (vi KK' 1 BC), OI = 00’
(00’ L BC), OK = 2R (OK la day cung cua
duong tron (OB(C)). Do do

Skac = %KK’.BCS%KI.BC = —12-(0.'( - ONBC

2
s%[m—g}fe.\f _3V3R :

4

(Xem tiép trang 27)
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Chudn bi

cho Ki thi

tot nghiép THPT
va thi vao

Bai hoc

LTS. D¢ thi tuyén sinh vao Pai hoc Khoi A nim nay sat
véi chuong trinh va Ciu tric dé thi tuyén sinh coa B
Giao duc va Pao tao dd ban hanh, Mt sO ciu trong dé
cO mdt so v mang tinh phin loai hoc sinh, dic biét la
Ciu V. Duai day la phan huéng din va nhin xét mot so
ciu nromg doi kho trong dé thi cua cac Thiy ¢ gido:
Thanh Loan (Hai Duong), Nguvén Phuc (Nghé An),
.“\fgn_l-'i?}:r Anh Diing (Ha Noi).

@mfvﬁmvw

DE THI TUYEN SINH DAI HOG KHOI A, NAM 2011

CAU L. Cho ham m\ = {(']

2x 4+
Chimg minh rdng voi moi m (Tr.tm:;_{ thang y=x+m
luén cat do thi (C) cua ham so da cho tai hai
c?fwn phan biét A va B. Goi ky, k; lan leot la hé
56 goc cua cac mp I} én vai (C) tai A va B.
Tim m dé tong ky + k> dat gia tri l6n nhat.

Hudng din. PT hoanh d¢ giao diém cua (C)
voi duong thing d:y=x+m la
f(x)=2x +2mx—m—1=0 ()

—x+1
=X+m <> 1
2x-1 X#E—
PT(1)co N=(m+1)*+1>0,YmeR va

f[-;—):—%:ﬂ nén PT (1) ludn c6 hai nghiém

phan biét khac % Do d6 d ludn cit (C) tai hai
diém phan biét 4, B c6 hoanh d¢ thir i 13 x, x; va
X+ Xy = =M} X3 = _mTH (theo dinh li Viéte).
> xt+x2=mt+m+l.
S

2a-1? (2x-1)

A(xt+x3)~4(x +x2)+2

(4x1x2 —2(x; +x2)+1)?

Ta co k) +.k'p_ =

=—4(m+1)2 -

Viy k +k, dat gia trj 16n nhat bang -2 tai
m=-1.

>Nhin xét. Py 1a bai tdp co ban img dung dinh 1
Viéte ciia PT béac hai va hé b goc tai xpla k= f(xg).

(1+2m)x—2

. . L
Tim m dé dwong thang y = x + | cat do thi ham so tai
hai diém A, B sao cho AB=+/2.

CAU IL1. Gidi phtrong trinh

l+sin 2x +cos 2x el e
—— =T ein x N2y

% Bai luyén tip. Cho ham s6 y =

l+cot?x
Huéng din. DK. sinx = 0. Bién ddi PT vé dang
sin2 x (2cos2 x +2sinxcosx) = 2+/2sin? x cosx
& 2sin? xcosx(cosx+sinx—v2)=0
Do DK sinx # 0 nén

x=§+£m(keZ}
o

{cusx =0
m
X =Z+2mn (meZ).

cosx+sinx=+2

> Nhin xét. Thi sinh d& quén dat didu kién sinx = 0
nén khong loai nghi¢m sinx = 0.

% Bai luyén tap. Gidi phicong trink
1+sin2x —cos2x

T =cosxsin2x.
I+tan" x

CAU I1.2. Gidi hé phirong trinh
J"s_\-f p—dxp? 4313 =2(x+y) =0 (1) ,
(x,yeR).

[n(r +y)+2 = (x+p)? (2)

Huvng din. Dt u=x+y, v=xy thi PT (2) c¢6 dang
v(u?-2v)+2=u? < (v—1)(u?-2v-2)=0.

< v=1hodc u? =2v+2.

eVdiv=1thixy=1¢& y=l, thay vao PT (1)

ta co %

3y4-6y2+3=0 <& (y?-1)2=0 & y=1l.

TOAN HOC
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Tim duoc (x;)=(;1), (=1;-1) )

e Voi u? =2v+2 thi x? + y? =2, thay vao PT
(1) va bién déi duoc

(x-2y)(xy-1)=0 @[

=3
T&hé{x Y

x=2y
xy =1 (di xét & trén)

ta tim thém dugc

x2 4 yd=
2J10 V10) (-2V10 J_
(x;»)= 5 ; s | s )

Vay HPT c6 bbn nghiém & (*) va (**).

‘F‘Nhﬁn xét. Pdy la bai toan tuong déi kho. PT (2) dbi
xu‘ng vai x viy nén viéc dat bién phu gilp ta d& nhin ra
moi lién hé giita x va y.

% Bai luyén tip. Gidi hé phwong trinh
—x%y+ 21_)92 + 3_1;3 —dHx+y)=0
w(x® +yH)=1=3xy - (x+ y)’
CAU I }"fuh' tich phdn

xsinx+(x Fl)u::::r
_j rsinx +(x i

it XSINX +COSX

Hudng din. Bién d6i biéu thic duéi dau tich

phan thanh
ik ..xc;t)sx ” 1+(xsr_nx+cosx]
xsinx+cosx XSINX+COSX
m
= +442
I=(x+ Injxsinx+cosx|)| * ln(jlt—gx-f--{_l
]

> Nhin xét. Ngna:l céch trén c6 thé djt 1= - x siny + cosx thi
dt = xcosxdx va ding phuong phap doi bién so.

W Bai luyén tip. Tinh tich phdn

i {2 xcosx + (x—2)sinx i

XCOSX —$inx

[ —

CAU IV. Cho hinh chép S.ABC co day ABC la
tam gidc vudng can tai B, AB = BC = 2a; hai
mat phang (SAB) va (SAC) cting vuong gnc vari
mat phang (ABC). Goi M la trung diem cua AB;
mat phang qua SM va song song voi BC, cat
AC tai N. Biér gr:r.r gitta hai mat pfmm; (SBC) va
(ABC) bang 60°. Tinh thé tich khoi chop
S.BCNM va khoang cdach giwa hai dirong thang
AB va SN theo a.

me:g din ¢ T gia thiét c6 S4 L mp(4BC) va
SBA=60°. Do d6 SA=AB\3=2a+/3.

TOAN HOC
6 ° Cluditre S8 409 (7-2011)

)

dg3
S'Ll'}" ra I”g_AgC :lSA.S,ggC = e V{E %
3 3
2 3
Ta thay Vs powm =2 Vs ac = a*\3.

e Trong (ABC) dung hinh vuéng AMNQ. Trong
(ASQ) ké AH L SQ, thi do NO L SA, NQ 1L AQ
nén NQ L (SAQ) = NO 1L AH. Tu d6 AH 1
(SON), nghia 14 AH = d(4B, SN). Su dung hé
thire lugng cho tam giac vudng SAQ voi dudng
1 1 1 1
= + — + —_—
S42  AQ* 12a* @

. Do d6 d(A4B,SN)= 2“1”;3_9.

cao AH, ta cd

AH?

2a\t{?5
13

= AH =

» Nhin xét. 1) O ¥ thir nhdt cia cdu IV doi hoi thi
sinh xdc dinh dugc S4 1a dudng cao cua hinh chop
S.ABC tir gia thiét ca hai mit phing (S4B) va (SAC)
cung vudng goc vai mat phing (4BC). Déng thoi dé
tinh dugce 46 dai ﬁudmg cao SA, tir do suy ra Vg geaay thi
phai chi ra dugc SBA 13 mét g6c phing nhi dién tao
boi hai mit phing (SBC] va (4BC).

2) & y thir hai, c6 thé tinh gian tiép khoang cach giita AB

va SN theo cong thire: Fegpw = %AB.SN.d(AB,SN}.sina

(trong do « la goc gitra AB va SN, hay la goc nhon tao
bai SN va PN, voi P 14 trung diém cua doan thang BC).

Y Bai luyén tip. Cho hinh chép SABC c6 day ABC la
tam g:ac vuong tai C, CA = a, CB = b. Canh bén 54
vudng géc véi mdt phing day. Sé do goc phéng nhi
dién cgnh BC cua hinh chop SABC bang a. D li trung
diém ciia doan thang AB.

a) Tinh thé tich hinh chép S.ABC.
b) Tinh khodng cdch giita hat dwong thing AC va SD.
¢) Tinh khodng cdch giita hai duong thang BC va SD.

CAU V. Chox, v, z la ba 50 thire thuoc doan
[1;4]vax=yx=z. Timgia tri nho nhat cua

X ¥ -

biéu thiw P=—

https://tieulun.hopto.org
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Hudng dén. (Sir dung su bién thién ctia ham s6).

; 1 1 1
Taco P= = =
gagd 15 f g4
X ¥ z

Dit a=—'}i; b=i; cz-{ thi

5% y z

|
abe=1: ZEaSl, 1€¢c<4
T'a duroc

) 1 1 be 1
—_ +—+— (1)
l+¢ Zbc+3 1+b 1+c

T
1 1
Taco VO bc——>l 2
l+b I+(: 1++/be ] (2)

(BDT (2) & (Mml)(@—ﬁ)zzﬁ; déng

thire xay rakhi bc=1 hodc b=c).

bhe
2bc+3

2
Do dd P = + ;
1+ ~be

Laidit t=vbe;vi1<be=2<4 nén1<1<2.
v

Ta duoc P =

2t> +3 m =T
=8t + 612 (1 2]+6[:—3]<

(22 +3) (1+1)’

Tam[{)

voi 1<1<2, nén ham sb f{¢) nghich bién trong

[1;2]. Dods sz(r)zf‘(2}=%.

Viy minP:% khi t=vbc=2; vab=c;

twong ing voi x=4;, y=lz=2.

}Nllfm xét. 1) Pay la bai khéo danh cho hoe sinh
ai6i. Néu hai s6 dueng b, ¢ thod min be <1 thi ta ¢6
1 |

—
1+h 1+r
hoic h=c.

2} Ngoai cach trén, ta ¢ thé coi P = g(z) la mHt ham
s6 ciia bién so z con x, v la tham s6 thi

, dang thirc xay ra khi be=1

[ I S

l+ybe

eNéu x=y thi P=

th | oy

x>y thi g(z)=0 tai zzﬁ va giz) déi
déu tir - sang + qua z =JE . Vi vay

+ Néu

X

P=g{z:|2_g[\f;) X Z\J{- 2

+
2x 43y JJ_;+J_ 2% 13

l+J;
¥ ¥

Dit t:\F do 1<=<4, nén1<r<2.
v ¥

5
&=

+i_ FiGE trér vé I giai ban diu.

Taduge Pz 3
2 +3 1+¢

% Bai luyén tap. Cho x, y, z ld ba 56 thuc thude doan
[1:9] vé x2v,x2z. Tim gid tri Iom nhdt va nho nhdr
¥ z

+—.
y+z z+4x

. o i X
ctia biéu thue P=——+
x+2y

CAU Vib. 1) Trong mdt phang toa do Oxy, cho

e X Ve ‘ W i . &
elip (E)= T + T =1.Tim toa d¢ cac diem A
va B thuge (E), co hoanh dop dwong sao cho tam
gidc OAB can tai O va co dién tich lem nhat.
Huwdng dan. Gia sir Alxy ;v4) 5 B(xg;yg). Tir
gid thiét co x4 =xp >0 va yz =—y,. Do do
| X434

B =% AB.d(0; AB) =

Ap dung BDT Cauchy cho hai s6 duong va luwu
yrang A€ (E), ta thay

| 2 .2
| X4 V4 1:2J'"" Y3 g fd g di g

4 41
Ng]ﬁﬂ la S{)‘.;B <1. Tir do suy ra S()AB lom ﬂhﬁt

kel o e A[ﬁ;%};ﬂ[ﬁ;—%]

hoac A[\E;-—%J;B(ﬁ;%}

% Bai luyén tip. Trong mdt phing toa di Oxy cho elip
2 2
(EY: % +£’z =1 va dudng thing d: x - yN2 +2=0.

a) Chirng minh rd;ng d lucn c:ij'r‘_fE) tai hai diém phdn
biét A va B. Tinh dg dai doan thang AB.

b) Tim toa dd diém C trén (E) sao cho tam gidge ABC o
dién tich lém nhat.

TOAN HQC
& crua'l 7
n.hopto.org
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HUGNG DAN GIAI PE SO 9

Ciul.

3
2) y =|x|
A(0;-2) thuge tryc tung. Trude hét ta x4c dinh
tmp tuyen voi @b thi co tiép diém khong &m
(tiép tuyén véi phan d thi bén phdi truc tung).
Tir d6 suy ra tiép tuyen vGi phan db thi bén trai

truc tung. Tiép tuyén nay cé dang A: y=hx—2.

1) Ban doc tyr giai.

+2 1a ham sbé chin va diém

Phén dd thi bén phai truc tung c¢6 PT
y=x"=3x+2 (O
(A) 1a tiép tuyén ctia (C) khi va chi khi
3 3x+2=hkx-2 (1
Wi 0 co nghiém
3x2-3=k (2)
Thé (2) vao (1) tadwge x=3/2 >0 =k=33/4-1).
PT A: y=3(¥4-1)x-2 . Véy PT tiép tuyén ké tir
A(0;=2) dén phan db thj bén trai tryc tung la
y=3(1—~3.tq}x—2.

2x+1 .
Cu IL 1) Pjt y=——rvéixe [2;+00)
x—
thi y#2; .r:'}”r] . Khi d6 y'= <(), suy ra
y=2 (x-1

y(¥)<p(2)=5; lim y=2. Vay ve(25]. Taco

sin 2y+\53in[y—1]=l
<> (sin y—cos y)+2sin ycos y—1=0.

Piat ¢ =siny—cosy ta dugc PT £ —t=0 <1=0;
t=1.Tim dugc

y=£+kﬂ; y=§+k2n; y=n+k2mn.

4

Viye(Z;S]nény=§$;y:x.
. 4

Khi d6 x:51t+ ; n+1

P x= :
5n—8 n-2
2) PK: —%stﬁ;x;en *)

PT thir hai ctia hé twong duong voi

logl 2+ 10g2 x=1 'v"—':‘lﬂgg x =1 =E
X

TOAN HOC
8 * Cludilpe S3 409 (7-2011)

PT thir nhat ctia hé twong duong véi
(V3x+4 —/5-x).2” =3(19—3x2 +8x)
X

& JIx+d=5-x=19-3x2+8x
& (x+4-9+(1-5-x)+(3x? —8x-16)=0

3 1 ]
<i:>{x—4}[ T~ 5_x+1+(3x+4}}~—0
Pdp 56. x = 4.

Ciu NI

I= ]((J(J}_-Tn)z +\/(xfx—1—l)3)dx
i(\/ +1+|Jx—1-—1‘)
1

3 34
zzjdx+ EJ\a‘x—l(h':—.

Céu IV. Xét hinh chép tam gléc déu S.ABC.
Dit a 1a canh cua tam giac déu ABC, H la tim
gidc déu ABC. Tinh dugc

3a\3

a3 gy AH
3 cos 60° 3
Goi M 14 trung diém BC. Ké 4K 1 SM thi
AK 1 (SBC). Do 46 AK=6.
St dung méi lién hé AK.SM = AM.SH, ta thay
a=213. Tim duoc

1 2639
3

Vs.apc = 3 SH.S 45 =

AH =

(dvtt).
Cau V. Taco

P=[(@HPHB-3F How 2P +/(@+9F Hb—4P +Hc-9F-
Trong hé toa d6 Oxyz xét mit phing
B):2x—y+2z+1=0;

cac diém A(—1;3;-2);B(-9;4:9);:M (a:b;c).
Kiém tra dugc A, B cung phia déi véi ().

Liy A' dbi ximg véi A qua (f), A4'L(f)
tai My, tim duge Mo(-1:2;3) va A'(3;1;0)
— A'B=3./26.

V6i Me(f) thi MA'=MA, nén
MA+MB=MA'+MB=A'B =326 .

https://tieulun.hopto.org
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Dodo P23426,P=3J26 > M=M,
<a=—1b=2;c=3. VﬁyminP:SE.

Ciu Vla :

1) Tim duge B(7:3). Duong thang A qua M song
song vo1 AB ¢6 PT x-2y=0.Goi F=BDn(A),

14
=1
Pudmg thang d qua M vuéng goc véi 4B c6 PT

2x+ y—5=0. N=dnBD, tim dugc N [%g}

[=ACABD suyra I la trung diém NF , tim
duoc I(E,EJ = D(0;2).
2 2

tim duoc F‘[ 258

PT BC:2x+y-17=0; PTDC:x-2y+4=0,
tim duge C(6;5); A(1;0).

2) PT mp (4BC): 6x+3y+2z-6=0.

Goi I(a;b;c),r 1an luot 12 tim va ban kinh coa
mat cdu néi tiep tr dién OABC thia,b,c>0;
r<d(0,(ABC)) =g.

Taco d(I,(ABC)=c=a=b=v¥.
11la— 6’

Ja0

b:c:r:

Dodd ga=b=c=r=

6
chu yr<—).
(chuy 7)
Vay PT mit cau ndi tiép tr dién OABC la

(A

1
Cau VIla. Giai PT z+— =1 dugc nghiém

Z

1

; T T
Zz=—+—1 =cos—tisin—
3 3

2
4 =2cos(2011.£)=].
' 3

Khi dé z2' +

zd}l
Cau VIb. 1) Goi / 1a tdm cta hinh chir nhat.
Dudmg phan gidc goc I c6 chira diém M (-3;5)
cOPT x+3y-7=0 (A).
PT canh hinh chit nhat chita diém M (-3;5)
vuong goc voi (A),co VTCP u (1;3)1a

5 o
F=BDA (a)fi yTha} x—y+14=0.
2) Taco ACL(BB D\D) do d6 mit phéng
(BB,D\D) c6 VIPT la n= AC(1;1;0).

Mit phing (@) qua C c6 PT
a(x=1)+b(y—1)+cz=0 (a?+b*#0) c6 VTPT

ne(a;b;c).
Mt phing (@) qua G,D va C;D(~1;0;1) nén
E-?Dz':}:?_ﬂ+C=0:§a:cﬁa(a;b;al

Goi ¢ la goc gitta () va (BB,D\D), taco

coswzlcos(h;,ﬁkw—lajd——

V2242 +2

‘Vf_ 2a—r= +b’{ V2a?+b2, l+ J_

J_ e 2 m
nén (o>g Do d6 @ nho nhit bing E khi

2a=b. Luc do6 PT (&) 1a x+2y+z-3=0.

Cau VIIb. Ta co

y=(x2=1)(x2=4)+m(x-2)(x+1)
=(x=2)}x+1)}(x? +x+m-2)(C)

(C) tiép xic truc hoanh khi va chi khi HPT sau

¢0 nghiém
(x=2)(x+1)(x2 +x+m—2)=0
(x+D(x2+x+m=2)+(x-2)(x2 +x+m—2)

+(x-2)(x+1)(2x+1)=0
<> PT x?+x+m-2=0 nhin x=2 hoic x=-1

hoac x:"% 1a nghiém.
A3 9
Tim duge m=—4: m=2; m=E.

NGUYEN THANH GIANG
(GV THPT chuyén Hung Yén)

HUGNG nﬁ.n ON TAP MON VAT LI THI TUYEN smu
'DAIHOC, CAO DANG NAM 2011,

Bép an s6 bao ki trudc:

Cau1:C; Cau2:B; CAu3:A. Caud'B

TOAN HOC
& crué*,l i
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(GV

1. MO PAU

Trong bai viét nay ching t6i xin dua ra mdt
huéng tiép cin khac cho deé toan T8/399 cua
Tap chi Toan hoc va Tudi tré sé 399 thang 9
nam 2010.

Ta da biet mot bai toan quen thudc trong tam
giac la
& Bai toan 1. Cho tam gidc ABC vdi trong
tam G. Chieng minh rang

Hineeer = Hcen = Kicasy-

Trong do, ki higu (XYZ) chi dudng tron
ngoai tiép tam gidc XYZ, ki hiéu % xz) chi
phuong tich cua diém K ddi voi duong tron
(XYZ). Céac ki hiéu nay sé dung trong toan
bd bai viét.

Trong bai toan T8/399 chung ta da biét mot
tinh chat dao lai rit Ii thu d6 14

W Bai toian 2. Cho tam gide ABC va diem P
khing nam trén cdc canh, khong nam trén drong
tron ngogi tié; p tam gidc do thoa man hé thiec
Fucrser = Jarcn = Hipan)-

Chuing minh rang P la trong tam tam gidc ABC.
Vé phuong dién hinh hoc vecto ching ta co
thé coi trong tim G la tim ti cy cua bd ba
diém (4, B, C) vai cac hé s6 (1, 1, 1). Vay
tai sao chung ta khong xét bai toan -::ho tam ti
cu bat ki? V&i y tuong do, trong bai bao nay
ching téi xin trinh bay mét 11 giai khac cho
tinh chét trén dong thoi tong quat hon, khong
nhung the I6i gidi thu duge sé din ching ta
dén cac két qua tuong ty trong khéng gian.

2. BAI TOAN CO BAN
Trong bai nay cach ki hiéu tim ti cy chu yéu
ding theo bai Cdc thudt toan bién doi tam ti

TOAN HOC
10 ° CTugitpe SS 409 (7-201)

TONG QUAT HOA

MOT DE TOAN HAY

TRAN QUANG HUNG
trirang chuyén KHTN, DHKHTN, BHQG Ha Noi)

cw trong hinh hoc ph&-ng, THTT sb 403,
thang 1 nam 2011.

@ Bai toan 3. Cho tam gidc ABC véi diéem
TE: 1P o
—,—,— | har ki khong nam trén cac
| & f A

canh, Urm?g nam trén dwong tron ngoai tiep

fam giac. Chung minh rang

aSypscy = B = VR pam =@+ B+ 7V ey

Ta s& dua ra mot bo dé dé giai bai toan trén.
B C}

: Py

bat ki. Phuwong tich cua P voi dwong tron ngogi

tiép tam giac ABC dwoc cho boi cong thuc

Pya’ + yab® + afic?

(@+Berf
Chirng minh. Tu h¢ thic Leibniz, voi moi
diém M thi
aMA? + PMB? + yMC?
=(a+ f+y)MP?+aPA4* + BPB? + yPC2.

Cho M =0 la tam dudng tron ngoai tiép
tam giac ABC , ta suyra

(a+pB+y)R
=(a+ f+y)OP? +aPA® + BPB? + yPC? (1)

B6 dé. Cho tam gidc ABC voi diém P[

'ﬁ#uﬂ(‘) ="

Bfingqphucmg phap binh phuong vo huong ta
cé thé chira

2 2 2
aPA* + pPB? + yPC? = i

a+f+y

(2)
Két hop (1) va (2) taco

| PA* + BPB? + yPC*
Hiascy = OP? — R? B YL A

a+pf+y

__Pra* +yab® +afic’ 1
(a+B+7P

https://tieulun.hopto.org
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Nhdn xét. Tur cong thirc tinh phuong tich ta

; A B ,
thay P[—,—,E} thugc dudng tron ngoai
a By

tiép khi va chi khi

_ Bra’ +yab® + afic? 0
(a+pB+y)

< fya* +yab® + afic’ = 0.

S asey =0 <

Diéy chinh 1a phuong trinh biéu dién duong
tron ngoai tiép trong hé toa do ti cy. Ding hé
toa do ti cu d¢ nghién ciru hinh hoc tam gidc
la mot hudng di rat hay va cho nhiéu két qua
phong phi.

Vi y tuong hoan toan tuong tu khi s dung he
thirc Leibniz két hop dinh nghia phuong tich ta
¢6 thé tinh phuong tich cua diém cO toa do ti cur
cho trude voi mot duong tron bat ki hodc vai
mét s6 duomg tron dac biét nhu dudng tron ndi
tiép hay dudng tron Euler cua tam giac, tir do
suy ra phuong trinh cac dudmg tron dic biét
nay. Day cling la mét chu dé lon, xin hen cac
ban ¢ mot bai viét khac.

Léi gidgi bai todn 3. Ta s& xét vi tri twong doi
cua P voi tam giac ABC. ViA, B,C, P lacac
diém bat ki trén mit phang nén ta cling ¢6 thé
tim "toa d0" ti cu cua A trong tam giac
PBC sau d6 tinh #;pge, theo cong thirc
trong bd dé trén. That vy, ching ta s& dua ra
cong thic d6 thong qua mdt hé thic quen
thudc cia tam ti cu néu aPA+pAPB+yPC=0
thi véi moi diém M taco

aMA+ PMB+ yMC =(a + 8+ y)MP.

Cho M = A ta thu dugc

hay —(a + B+ y)AP+ BAB+yAC =0,

Tir déy ta thay A[#, E,E} :
~(a+B+y) B 7

Ap dung bd dé cho diém A va tam giac PBC

ta thu duoc '

Ky pacy

__Pra*-Bla+B+y)PB —(a+B+y)yPC?
(—{atgry g+ P

__ Bya@ ~(a+f+yXBPB +yPC?) *)
aZ

Ta sé tinh :ﬁPBz + yPC?, Tu hé thirc Leibniz

cho moi diém M tacéd

aMA? + BMB? + yMC?

= (a + B+ y)MP? + aPA? + BPB? + yPC?

hay aMA? + BMB? + yMC?

Bya’® + yab® + afc?
a+f+y '

Néu cho M = A thi ta thiy

pc + 72 =(a+B+y) AP +ﬁya3+;vm"ﬁ+q&2‘

=(a+f+y)MP* +

a+f+y
bods pa - BB+ 70~ fra®
(@+B+y)

Tuong tu cho M =8, M = C ta thu dugc

PB? = (r+a)(yb? +ac?)- yab?
(@+f+y) ’

pce - @ + P)ab* + fe?) - afic? '
(@+p+r)

Tuy nhién ta khong tinh truc tiép ma sé tinh
thong qua cong thire

PPB* +yPC* = aPA* + fPB* +yPC* —aP4’
=ﬂ}’a2 +7w-i72 +q&: _a(ﬂ+};m.z +},bz)_ﬁyﬂg
a+ﬁ+}’ (a+ﬁ+},)2
= (a+ f+y)fra® +a(Byra® + yab® + afic?)
(a+pf+y) ‘

Thé vao dfmg thic (*) ta thu dugc

-ﬂ:{ PRC)
i BN e Aol fe vyl vl
a+f+y

sz
pra*+yab® +afic?
. ala+p+y)
Mat khéc, cling tir bd dé ta di ¢

Bra’ + yab? + afic?

Ipiancy = (Gt ByF
. TOAN HOC
S8 400 (7-201)  ° CTugilre
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Tir hai cong thuc trén suy ra
aZycpsey = (@ + B+ ¥) R ancy

Néu lam tuong ty véi cac dinh B,C ta sé thu
dugc didu phai chimg minh.

ayeacy) = PRucpcay = YR pag)
=(a+ B+ y)%iasc)- 0

Tuong tu, dwa vio hé thirc Leibniz c6 thé xdy
dung dugc cong thic tinh phuong tich cua
mét diém trong hé toa d6 ti cu véi mit cau
ngoai tiép tir dién nhu sau:

Bé dé. Cho tir dién ABCD véi diém
P[A g5 D] bat ki. Ki hiéu (XYZT) la mat
a By

caw ngogi tiép tir dién XYZT, ta lubn co
phwong tich ciia P déi véi mat cau ngoai ﬁép
tie dién ABCD cho boi céng thire
> afidB?
A4.8,C.0
(@+B+y+8)?°

Ap_ dung bd dé trén va lam tuong tw cho mit
phing ta s& thu duoc

'ﬁ’-“[ABCD] T

$3Bai todn 4. Cho tir dién ABCD voi diém
J4BCD

——— bat ki khong nam trén cde
|'f2( ﬁ ;f

mat, khong nam trén mdt cau ngoai liép tir

dién. Khi do ta co

= By pcoay
= (x4 ,"3 g e t’s)-ﬂ";.mc'.'}r

~ ¥ - e
oSy PRODY = Yol ppam = O pascy

3. MOT SO UNG DUNG CO BAN

Ta lhﬁy bai todn 3 & trén tong quét cho cic tim
ti cu bat ki nén c6 tmg dung kha l6n trong mat
phing va khong gian, ching han nhu tinh cac
phuong tich Fieacy, Hrcy, Hram) theo Hync)-
O day ta chi néu ra mt s6 img dung ctia bai toan 3
v gia thiét trong tam giac c6 nhimg diém P
thoa man hé thitc #y(pacy = Bircay = Ropan) -
Chiing ta quay lai ching minh bai toan 2 ¢
phéan mé dau.

TOAN HOC

12 & Crumtce S5 409 (7-2011)

Chiing minh. Gia st P co toa do i c1rP|i— = (—:}
a fy
Ap dung bai toan 3 ta c6
a.Fypscy = PSipcay = ¥R pasy-
Nhur vay
Fypacy = Hupcay = Rupan)
‘:‘-"*(a:ﬁ:y}:[l:l:l)@PEG[%,%,%}

14 trong tdm tam giac ABC. O

Véi céc chimg minh twong ty, ta di dén bai
toan sau

Bai toan 5. Cho tam giic ABC va P
Ia diém ba! ki khong nam trén cdc canh,
khéng nam trén dwong tron ngoai tiép tam
giac voi thoa man he thiee

a¥ypacy = ﬁ"rﬁj!.wt"'.-!] = ,-“7‘(}“ PAR) -
: . : A B C
Chung minh rang P| —.—,—|.
a By

Bai toan nay chinh la tong quat hoa cia dé
todn T8/399 v6i n6 c6 mét s6 hé qua don
gian vi du nhu

Bai toan 6. Cho tam gidc ABC (BC = a, AC =b,
AB =c)va P la diém bat ki khong nam m’n
canh, khong nam trén dwong tron ngogi tiép
tam gidac thoa mdn hé thirc

adypocy = by pen = O pas)-
Chirng minh rang P la tam dwong tron noi
tiep tam giac ABC.
Bai toan cho tir dién duoc chimg minh hoan
toan tuong tu.

3 Bai todn 7. ("ﬁ:'r) tir dien ABCD vdi P la diem
hat ki M:m:rcr nam trén cac mat, khong nam
tren mat cmr ngoai nep tir dién thoa man
hé thie

3 - yh = —
aSy pacpy = ,8')'54-4!'1":}.4: = Y By ppagy = OH o pasc -

Chumng minh rang P
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Kim tw thap sé gém sau tang, tAng théP!
nhat c6 sau s, tang cao nhat c6 mot sb. |
Méi sb & tang trén dwoc tinh bang téng cla |
hai sé lién ké nhau & sat ngay tang dudi :
né. Ban hay dwa vao kién thirc toan hoc :
clia minh dé suy ra nhirng sé chua biét !
trén Kim tuw thap so.
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3 | Gidi dap bai:
 GHEP HINH CON MEO

(Dé diing trén THTT sé 404, thing 2 nim 2011)

Dwéi day trinh bay hai cach cét hinh chir
nhat (hinh 1, hinh 2) dé ghép lai thanh hinh
con Meo. Manh dwoc cat ra dwgc ghi béi
s0 mau den va manh ay khi ghép lai dwoc
ghi b&i ciing s6 d6 véi mau dé.

W y
W
Hinh |

DAN QUYNH

Doc lai cho ding
Trén tap chi THTT sé 408, thing 6 nam 2011 xin
duge chinh lai hinh vé trong Bai 6. CHIM AN QUA
theo hinh dting duéi ddy. Thanh thit xin 161 ban doc.
THTT
B C

Cac ban nhé dat mua TAP CHi TOAN HOC VA TUOI TRE cho Quy Il nam 2011
va CAC AN PHAM CUA TOA SOAN tai cac buu dién trén canwoe
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Szich gido khoa Todn bac THPT da trinh bay
cdch gidi mot s& phuong trinh ding cip doi
vdi cosx va sinx qua cdc thi du bang s va kha
don gian. Trong bai viét nay ching ti xin trinh
bay nhimg suy nghi xung quanh 16p phuong trinh
luong gidc d6 thong qua viée xét cic dang téng
qudt hoac nhimg thi du tuong doi phiic tap.

1. Phuong trinh

acosx + bsinx = ¢ {:{j:{_ j;:;' m {#)
Bién déi PT (*) vé dang va? +b? cos(x—@)=c
0<p<2m

{p=r—-

. a ; b
vl CO8 (p=—F=——=, SIi )
Va2 +h Jat +b
e Néu ¢2 > a? + b? thi PT (*) v6 nghiém.
e Néuc¢? <a@? + b?: Chon duge a sao cho

c
COS O = ———=
Ja? + b?

Din dén cos(x —@)=cosc

,0€a=sm.

X = .2
c{rl p+o+ k.27 kicT).

X;=0—0+12n

T dé cos(x, + x;) =cos 20 =2cos’ p—1

. 28 _ =0
Tai+bhr @+ b
v cos(x; — X3 ) =cos 2o =2 cos? o —1
. 2e”
Ta bt
Suyra cos? 7 P & :
2 a*+b?

Hon nira, y = acosx + hsinx + ¢
=+a? +b* cos(x —@)+c.
Chii ¥ ring —1<cos(x—@)<1 nén
a2 +b* +c<ysNa*+b* +c.
Két qua 1. Diéu kién dé phuong trinh (¥) c6
nghiém la a® +b? = 2.

TOAN HOC
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SUY NGHI SAU THEM

vé phuong trinh dang cap
doi voi COS X vaSinx

LE QUOC HAN
(GV khoa Toan, Dai hoc Vinh, Nghé An)

Gid st x,x; (vdix, —x; #2kmk eZ) 1a hai

nghiém cua PT (¥), thi

at-b . X — X3 (
Vad COs= = n

@+ 1 2 @+

Két qua 2. Cho ham s6 y =acosx +hsinx+c¢

véi a? + b2 = 0. Khi do

Vmin = —Va2 + 5> +¢, Ymax =VNa?+b* +c.

¥ Thi du 1. Gid sii ham s6 f(x)=acos x+bsin.x

2

cos(x, +x;)=

triét tidu tai xi. x> sao cho x;—x; # k1 voi mot

keZ. Clumg minh rang f(x)=0,
(Tuyén sinh Pai hoc nam 1970)
Loi gidi. Gia st a?+b? #0. Khi d6 theo Két

AT =0 nén e =E+kﬂ:

qua 1, cé cos?

hay x; —x; =(1+2k)n v6i 1+2keZ: trdi gia
thiét. Do d6 a2 +h2=0 hay a=b=0. Tu do
f(x)=0v6i moi x hay f(x)=0.0

% Thi du 2. Chiing minh rang var moi sa thie x

{udn co

| A } o
lcos x +asinx+1| _1++1+3a”

cos x+ 2 | 3
Loi gidi. Mién gid tri cia ham s6
cos x +asinx+1

»= cosx+2

la tap hop tit ci cdc gid tri cha y dé phuong
trinh (4n x) oos,x+as1nx+1=y (1) cé nghiém.
coS X +2
Vi cosx+2#0 v6i moi x nén PT(1) ¢ nghiém
tuong duong v6i cosx+asinx+1=ycosx+2y
hay (1-y)cosx+asinx=2y-1 (2) co nghiém.
Theo Két qui 1, diéu kién dé PT (2) c6 nghi¢m
1a (2y —1)? <(1-y)* +a? hay 3y? -2y-a® <0.
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1- /14 3a? 1++/1+3a?

5 o iR
3 4 3

1++/1+3a? -
=g

Tirdé |y|<

2. Phuong trinh
acos?x + beosxsinx + csinlx =d (**)

(voi(a - ¢)’+ b*#0)

Sur dung cong thitc ha bac dua PT (**) vé dang
(a—c)cos2x+bsin2x=2d —(a+c).
vi acos? x+bcosxsinx+csin?x+d=

H+a‘]
2

a—cC

cos2x + %sin 2x +(

Ap dung cdc Két qua 1 va 2, ta cé

Két qua 3. Diéu kién dé PT (**) c6 nghiém 1
(@-c) +b?2(2d~(a+c)) Goi (v6i
X, —x, 2kn, ke Z) 1a hai nghiém cia PT (**),

Xis X2

: [@=c =
thi cos(Zx +2x;)=—mm——— v
(2x, 2) @—o)2ib
2
(2d-(a-0))
cos? (X —X3) =
Co8" (i =) (a—c)2+b?

Két qua 4. Cho ham s6
y=acos® x+bcosxsinx+csin® x+d
(vGi (a —¢)* + b* £ 0).
Khi d6 v Z——v’Az + B2 +C, Ve =VA*+82 +C
_b. A
5
% Thi du 3. Cho phuong trinh

—(3sina—cosa)x—4—4cos2a=0.

a—C
ot el

vl A=

a) Chitmg minh phuong trinh c6 nghiém vor moi .
hj Goi x| va x> la hai nghiém cua phuong trinh.
Tim gia tri lon nhat va nho nhat cua 7 + x3
khi a thay doi.

Loi gidi. a) Vi ac=—4—4cos2a=42cos’a <0
v&i moi @ nén phuong trinh ludén ¢6 hai nghiém
(khdc ddu) véi moi a.

b) Theo dinh 1i Viéte ta cé

y =xt+xd=(x +x,)2 -2 %,
=(3sina — cosa)? + 8 + 8cos2a
=4cos2a —3sin2a +13.

Theo Két qua 4, ta cé
Ve =4 + 32 +13=8 Vex =4 +32 +13=18. O

3. Phuong trinh

+a,, cosxsin® ! x
($*a‘=}

dy COS" X +a cos" ! xsinx+..
+a, sin” x=»5

Truong hop 1. n chan (n=2m, me N*),

e Kiém tra x=g+k1': (keZ) co6 phai 1a nghiém
cua PT (***) khong.

¢ Tim nhimg nghiém x:-g+kn(keZ) bang cach

chia hai v€& cua PT (***) cho cos” x # 0, v&ichd y

b 1
=h
cos" X cos? x

v6i ¢ =tan x , ta duge phuong trinh dai s6 4n ¢

) =1‘J(1+t:«,u'12 ,r)m =b(1+1'2 )m

dy +at+...+a, 1 +a,tr =b(l1+ )",
Giai tim ¢, réi tim x.
Truong hop 2.
hop 1.
Truomghop 3. n lé, b=0:
e Kiém trax =mn+k2n (k € Z) c6 phai la nghiém
cua PT (¥**) khong.
e Tim nhitng nghiém x#n+k2x (ke Z) bing
P2
cach dat t=tan_ thi si11x=—~2-{-—, cos,r=1 ¢
7 1+1¢2 1+1?

dé dua phuong trinh di cho vé phuong trinh dai
s64n 1.

n lé, b=0: Giai nhu trudng

% Thi du 4. Giai phuong trinh

Ill'_
TV _l (1)
COs X s1n x
Loi giai, Diéu kién cos x 20,sin x#0. Khi d6
(1) & 8sin?xcosx=+3sinx+cosx (2)

Chi ¥ ring
3 sinx+0&sx=(\f35inx+cosx)(sin3x+msz x)

nén PT (2) thudc truong hop 2. Chia hai vé
phuong trinh dé cho cos® x =0 ta duoc

8 tan? xzwgtanxﬂ)(lanz x+1), hay
\Etanj‘x——?tanzx-r-vglanx+l=0.

(Xem tiép trang 30)

TOAN HOC
mﬂ-'ﬁ?émﬁ ho&&)rg

So 409 (7-2011)




https:iiwww. facebool. com/letrunglienmath

hitps:/isites. google. com/siteletrunglienmath

CAC LOP THCS

Bii T1/409.(Lép 6). Khong quy dong miu so
biéu thirc trong ngodc, tim 6 nguyén x biét
(2009 , 2010, 2011
L2010 2011 ' 2009
HOANG NGOC LAM

(GV THCS TTr Phii Bai, Hwong Thuy,
Thira Thién Hué)

Bai T2/409. (Ldp 7). Cho tam giac ABC co M,
N, P thir tu 14 trung diém cua cdc canh BC,
CA, AB. Trén tia doi cua cac tia B4, CA4, CB,
AB, AC, BC thir tu ldy cic diém A4,, 42, By, By,
C\, C, sao cho BA,= CA;, CB1=AB,, AC\=BC,.
Goi Ao, By, Cp thir tu 14 trung, diém cia 4,45,
B\B;, C\C;. Chimg minh rang cac duong
théng AoM, ByN, CoP ddng quy.
PAO QUOC DUNG
(GV THPT Dién Chéu IV, Nghé An)

) x—2011) > 3x—6033.

Bai T3/409. Cho b la mot s6 nguyén duong
thoa man hai diéu kién sau:
i) b la tng ctia ba sd chinh phuong.
ii) » co mot udc nguyen duong dang
a =3k +3k+1 (keN).
Chimg minh rang " ludn biéu dién duge dudi
dang tong cua ba s6 chinh phuong véi moi so
n nguycn duong,.
LE XUAN DAI
(GV THPT chuyén Vinh Phuc)

Bai T4/409. Cho a, b, ¢ 1a cac s6 khong am,
chung minh ring

—b b—c c-a
a+b+c = ;
b+2 c+2  a+2
Ding thirc xdy ra khi nao?
LE VIET HAI

(Trucmg PTNK, PHOG TP. Hé Chi Minh)

TOAN HOC

16 & Cﬁmce 50 409 (7-2011)

Bai T5/409. Cho tam gidc ABC ndi tiép
duong tron (0), [ 1a trung dlem cua canh BC.
Trén doan IC lay diém M bat ki (M khac C va
. AM cit duong tron (O) tai dlem thu h:n D.

Trén doan BD lay diém F sao cho BME=MAI
Hai duong thgng EM va DC cit nhau tai F,
Chung minh rang

CF_BE
CD BD
BUI VAN CHI

(GV THCS Lé Loi, TP. Quy Nhom, Binh Dinh)

CAC LOP THPT
Bai T6/409. Gia1 phuong trinh

/%2 —1 = 3(x-3) +39(x-3).

LE TAM THU

(Lé Xuyén, Triéu Trach, Tricu Phong, Quang Tri)
Bai T7/409. Xét cac tam gidc ABC ndi tiép
mét dudng tron (O) cho trude. Cac trung
tuyén xut phzit tir A, B, C céat duong tron (O)
tuong ng tai A, B|, C,. Hoi trong 50 nhirng
tam gidc do, tam giac ndo lam cho biéu thu-::
_ AA}+BBE+CC}
AB*+BC?+CA?

PAO XUAN LUYEN
(GV THPT chuyén Lé Quy Don, Binh Dinh)

c6 gid tri nhd nhat?

Bai T8/409. Cho tam giac ABC, chimg minh

rang
sindsinB sinBsinC sinC.sind
- e B =9,
sin® — gin®— sin? —
2 2
TA HOANG THONG

(GV TT Thang Long, TP. Ho Chi Minh)

TIEN TOI OLYMPIC TOAN

Bai T9/409. Cho tam gidc ABC c6 cac diém
A’, B’, C’ thir tu thudc cac canh BC, CA, AB
AB B'C _C'A
AC B'A C'B g
diém cua 44’ va BB, E la giao diém cua BB’
va CC’, F la giao dlem cua CC” va A4’. Cac
duong thang qua diém O nam trong tam giac
va song song voi A4°, BB, CC’ tuong g

sao cho . Goi D la giao

https://tieulun.hopto.org
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cat BC, CA4, AB tai 4,, By, C;. Chimg minh
rang voi diém M bat ki, ta co

AD(M#4 —OA )+BE(MB,—OB))+CF(MG —0G ) >0.
DAU THANH KY
(GV THPT Dién Chéu IV, Nghé An)
Bai T10/409. Cho P=(n+1)’ —n"~ 1 (n €N).
Chirng minh rang c6 vo han sb tu nhién n @&
P la mot s6 chinh phuong.
NGUYEN ANH VU
(GV THPT Nguyén Binh Khiém,
Hodi An, Binh Dinh)
Bai T11/409. Tim tat ca cac ham s6 [ R—>R,
lién tuc trén R va thoa man diéu kién
SO+ f(x+y)=f(ay+x)+f(»), Vx,yeR.
NGUYEN TAT CHUNG
(GV THPT chuvén Hing Vieong, Gia Lar)
Bai T12/409. Cho ham sb f: R— R thoa min
cic diéu kién sau:
(i) f(1)=2011
(i) fix +1)Ax) = (,f(x)ﬁ +f(x) — 1, VxeR.
1
bat S
- Z] fH-1" Z f(.a)+1
Tim lim '(S| +Sz).

Lk gl

KIEU PINH MINH
(GV THPT chuyén Hing Vieang, Phi Tho)

FOR LOWER SECONDARY SCHOOLS

T1/409. (For 6™ grade). Without taking common
denominator, find the integer x given that

(2009 2010 2011 J( ~2011) > 3x—6033.
2010 2011 2009

T2/409. (For 7" grade). In a triangle ABC, M, N,
P are midpoints of sides BC, C4 and AB
respectively. Choose the points 4, 4>, By, By, C,
C on the opposite rays of rays B4, CA, CB, AB,
AC, and BC respectively so that B4,= CA,,
CB\=AB,, AC\=BC;. Ay, By, Cy are I'Illde]IltS of
A1Az, B\B,, C,C; respectively. Prove that the lines
AoM, ByN, CoP meet at a common point. -

T3/409. Let b be a positive integer with the
following properties:

(‘,-Su:' PE VAT LI
vit nho A bat dau
trugt tr dinh B
cua mot khéi hinh
ném BHC co day
HC = 2,Im va goc -
BCH=a .H¢ s6 11 o
ma sat giita Vat va mat BC la k = 0,14. Tinh
gla tri cua goc aumg voi thoi glan di xuc}ng
tir B dén C 1a nho nhat. Hoi thm gian dy bing
bao nhiéu ? Cho g = 9,8 m/s’.

NGUYEN QUANG HAU
(Ha Noi)

Bai L.2/409. Mot sgi day khong
khéi lucrng mét diu diy treo
vao tran nha, dau con lai bude
vao vat m. Phia du6i vit m céd
ndi voi vit 2 m thong qua mot
I6 xo. Ban diu hé ¢ trang thai
can bing, dé bién dang cua 10
x0 khi d6 1a 3em. Nguoi ta dem
dét soi déy.

A

m

2m

a) Tim gia tbc chia chc vat ngay khi vira dbt day.
b) Sau bao 1au 1o xo lai tra vé trang thai ban
dau ? Tim van tdc cua cic vat khi do.

pO TUAN
(GV THPT chuyén Vinh Phuc)

1) b equals a sum of three squares.
11) b possess a divisor of the form

a=3l+3k+1 (keN).

Prove that b" is also a sum of three squares
for any positive integer n.

T4/409. Given three non-negative numbers
a, b, c, prove the inequality
a-b b-c
+
b+2 c+2
When does equality hold?

T5/409. Let ABC be a triangle with circumcircle
(0), I is the midpoint of side BC. M is chosen
on /C (differ from both C and 7). AM meets (O)

(Xem tiép trang 27)

c—a
+

a+b+c = 3
a+2
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NAP=BAC—BAN-~CAP=96°—1 8 —18° =6(°
Suy ra tam gidc APN déu, do d6 NP = N4 =
AP = NB.

Hai tam giac ABC va ANP cén tal 4, c6 cung

tia phan g,ld(_ clia goc A, dong thoi 1a trung
truc cua cac canh BC va NP, do 60 NP//BC

— NPB=PBC (so le trong), ma NPB=NBP
(do tam gidc NBP can) nén NBP=PBC. Do

NBC=420-18° =24° nén PBC=12°, suy ra
tia BP trung tia BM i

Tir (*) va (**) suy ra P trung M. Viy M4 =
MC. O
}‘;_\'hf.m xét. 1) Piy la bai toan kha quen thudc va cd
nhiéu cach giai. Nhung khong co nhi¢u ban tham gia
giai. Co thé tong quat hoa bai toan trén nhu sau:
Cho tam gidc ABC cén tai A, ¢6 BAC=a (60° <a <120°).
Lay diém K o trong tam gidc sao cho KCB=120° -a,
KBC = 60° - %[z %EE&] Chiing minh ring KA = KC.
2) Céc ban sau day ¢6 1oi giai tot:
Phii Tho: Pham Ngoc Khanh, TA1, THCS Lam Thao;
/inh Phic: Pham Van Nhiém, 7A, THCS Yén Lac,
Nguyen Hién Linh, Vi Trung Hoa, 7A1, THCS Hai Ba
Trmg, TX. Phic Yén; Qudng Ngii: Nguyén Thuy
Phicgng, Cao Thi Thiy Biém, 7TA, THCS Hanh Phudc,
Nghia Hanh, Tran Thi My Linh, TA, THCS Nghia My,

Tu Nghia. TP. H6 Chi Minh: D6 Nguyén Vinh Huy,
7A3, THPT chuyén Tran Dai Nghia, Quanl.

NGUYEN XUAN BINH
* Bai T3/405. Tim gia tri lon nhdt ctia bicu
thire P = maxi{a, b, ¢} - minia, b, ¢}, rong
rffj i, ||r3|~ ¢ !II{:? {‘{éf_- -‘l'-f; If'[“:l,.(, ”'I”“ ”?(}” (?!.{;” A‘J-(_..:”
3abc =2 (1)

a+b+e=a +bh +c -

Loi gidi. Do vai trd cta a, b, ¢ trong bai toan
la binh dang nén khong mét tinh téng quat ta
co thé gia st a>b>c. Khido P=a—c=0.
Sir dung (1) va hing ding thirc quen thudc
a’+b*+c*—3abc
=(a+b+c)a*+b*+c? —ab—bc—ca)
ta duwoc a?+b?+c?—ab—bc—ca=1.
Lai vi a+bh+c=2 nén
4 a? +b* +c2 —ab—be—ca)=(a+b+c)?

& q+b?+cr=2ab-2bc—-2ca=0.

Suy ra P2=(a—c)>=b(-b+2a+2c)=b(4-3b)

2 2
:_3{3)"5] +:S§ (do a+c=2-b).

Do do P s%. Ding thirc xay ra khi va chi khi

2++3
a+b+c=2 e

23 g
a—c= & sbh=—
3 3

pol 3443

= o
3 -

Viy gi4 tri 16n nhat cia P 12 % khi (a;b;c)

2+J—22J_}

3 "3 3

la hoan vi cua bd s6 {

7> Nhin xét. 1) e Co thé chimg minh 0< a, b, cég (2)
va danh gid

1f3b+4- 3b‘J2 4
= |

S=b(4-3b r-—3b4 3b) <
( ) ( ) A 2

Tir 36 ciing tim ra két qua max P =

243
-

e Khi ¢6 (2), mot sb ban d suy ra Psi: vi két lugn
" P, s : 2 4
ngay MPZE' Diéu nay khong dang, vi P=§ Xay 1a

.4
khi a= 3 ¢=0 (voi gia sit a2 b>c). Nhung nhimg b
sé nay khéng thoa man diéu kién (1).
2) Céc ban 6 1oi giai tét la:
Vinh Phic: Tran Thi Lan Huwong, 9C. THCS Vinh
Tudng; Ngh§ An: Nguvén Birc Nguyén, ‘}‘C THCS Lé
Héng Phong, Hung Nguyén, Nguyen Tat Khanh, Lé
Héng Pire, Truong Cong Phi, 9B, THCS Ly Nhat
Quang, D6 Luong. \

TRAN HOU NAM

% Bai T4/405. Giai phwong trinh

. i I r
21x =254+ 24x—2=19Jx" —x+2+yx+1.

Loi gigi. Dat a=x+1;b=vx-2 (@20, b 20),
ta co
21x-25=6(x+1)+15(x—2)—1=6a>+15b*-1;

Vxi—x-2=J(x+1)(x—2)=ab.

TOAN HOC
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Phuong trinh da cho tr¢ thanh
6az+15b*-1+2b=19ab+a (D

= (2a—3b-1)(3a—5b+1)=0

~ 3b+1
[2a—3b—}=0¢> T s
3a-5b+1=0 _5b-1
3
s 3b+1 .
e Vol a= 5 thi 2/x+1=3Vx-2+1

& Ax+4 =9x—17+6:/x—2

& 6Vr—2=21-5x &>{¥=3
25x2—246x+513=0.

&Sx=3.
5h—1

thi 3+/x+14+1=5Jx-2
< Ox+104+6+/x+1=25x-50
15

Xz—

< 3yx+1=8x-30 4
64x% —489x+891=0

e Vil a=

297
x=—
64
Vay tap nghi¢m cua phuong trinh da cho la

S={3;E}. O
64

}:"_Nhén xét. 1) be tim rr]E}i lién hé gita ¢ va b, ta co
thé lam cach khac: Bién doi

(1)< 6a” ~ (196 +1)a+15b° —2b+1=0 (2)
Coi (2) la phwong trinh bac hai 4n a ¢d A = {h—S}z,
L ot

2) Tuyén duong ban Trdn Hong Qudn, 9A6, THCS
Luong Thé Vinh, Théi Binh c6 161 gidi tot.
PHAM THI BACH NGOC
% Bai T5/405. Cho tam giac ABC noi Iftfp
'cfu'fi’ng tron (0) co BAC = 60°, AK la phan
giac cua goc BAC (K thuoc dwong tron (0)).
Goi F la trung diem cua AK, tia OF cat
duong cao CE cua tam giac ABC tai H.
Chitng minh rang BH vuong goc vai AC.

TOAN HOC
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Loi gidgi. (Theo ban Lé Héng Pirc, 9B, THCS
Ly Nhat Quang, D6 Lurong, Nghé An).
A

Ta chirng minh cho trudng hop tam gidc ABC
nhon, vi tri cdc diém nhu hinh v&. Céc truong
hgp con lai duge chimg minh tuong tu.

Trong duomg tron (O) ta co BOC=2BAC=120°,
suyra OBC=0CB=30°(do OB=0C) (1)

Mat khic OF 1 AK (vi F 14 trung diém cua
day AK), suy ra tir giac AEHF ndi tiép, do do

(f&:M:%%:w 2)

Tir (1) va (2) suy ra OHC = OBC nén tir gidc
OHBC ndi tiép, do d6 BHC = BOC =120¢.

Tir d6 ABH = BHC — BEH =120° —90° = 30°
— ABH + BAC =90° = BH | AC .1

> Nhin xét. 1) Ngoai cich giai trén, mét sé ban chimg
minh t0r gidge AHKO 1a hinh thoi, suy ra AH/OK
= AH 1 BC hay H la trye tim tam gidc ABC.

2) Khi tam gidc ABC déu thi O = F, ta khéng thé ké tia
OF. Vi vay, ban Vi Tudn Anh (lap 9A,, THCS Trin
bang Ninh, Nam Dinh) d¢ xuat sira ciu "Goi F la
trung diém.... tai H" & dé bai thanh "Puong thang qua
O vudng goc vai AK cat duong cao CE cia tam gidc
ABC tai H".

3) Ban Vi Tuan Anh ciing nhin ra mét két qua hay tir
bai toan nay “Trong tam gidc cé mgt géc bang 60°,
tam dwong trén ngoai tiép doi ximg vai triee tam qua
duomg phén gide géc 60° do”.

4) Ngoai ban Puc, ban Anh, cac ban sau diy cing co
&1 gidi ngdn gon: Vinh Phuc : Newyén Thi Lan Hirong,
9C, THCS Vinh Tubdng; Vii Thi Quynh Anh, 9A, THCS
Vinh Yén; HA Nam: Nguyén Quang Huy, THCS Dinh
Céng Tring, Thanh Liém; Théi Binh: Tran Hong
Qudn, 9A;, THCS Luong Thé Vinh, TP. Thai Binh.
Thanh Héa: Lé Pham Ky Anh, 9B, THCS Nhir Ba Si,
Hoang Hoa. Nghé An: Pgu Hong Qudn, THCS Cao
Xuin Huy, Dién Chiu; Qudng Ngii: Huynh Pang

https://tieulun.hopto.org



https:www. faceboolt. com/letrungldenmath

https:/sites. google. com/siteletrunglienmath

Hiéu, 9B, THCS Nghia My, Tu Nghia; Héu Glang
Nguvén Ar Ngdn, 10L, THCS Chuyén Vi Thanh. Bnng
Nai: Huymh Quéc Bdo, 9/3, THCS, Nguyén Binh
Khiém, Bién Hoa. Ninh Thuén: Ngupen Binh Chuong,
9/1, THCS Ly Ty Trong, Thap Cham DPong Thap: Bii
Trw.- Hai Bang, 9A9, THCS Kim Hong, Cao Linh; Ba
Ria Viing Tau: Pé Nzuyén Hodng Anh, 9A,, THCS
Hac Dich, Tan Thanh; TP. Hd Chi Minh : Newyén Vin
Hai, TTBDVH Vinh Hlén Quéan Tan Phu; Trinh Ngoc
Duy, 9A,, THCS Trén Vin On, Quén 1.

PHAN THI MINH NGUYET

* Bai T6/405. Tim gia tri nho nhdt cria biéu thike

o 2 6%
P:ISf.r et ] +|Sh+—-2—] -

1 b+ c+a \ a+b)
frong do a, b, ¢ la cdc 56 thuc dirong thoa
mén diéukiéna® + b* + > =3,

Loi gigi. Ap dung BPT Cauchy cho cac sd
duong, ta co

5
5a+—2~=a+a+a+a+a+—2ﬂ266 - ;
+c b+e b+c
e 3 5 4
do d6 L5a+ = )2216 2a° _ 216V2a .
b+c b+c a~Jab+ac
3 4
Tuong tur [5b+ : ]221&5&1 ;
c+a b be+ba
(Sc+ 2 ]3>2E6\5c4
a+b) eJeateh
Str dung BDT quen thugc
Ei o c_->(a+b+c}2
X ¥y z Xx+y+z
suy ra

a° 4 4
P:»zlﬁ\f_( e ? )

aJab+ac bv’bc +ha c\fca+cb

216v2(a2 +b? +c2)
B a\}’ab+ac+b«fbc+ba +eJeat+eh

Ap dung BPT Bunyakovsky ta ¢c6
avab+ac+bJbc+ba+cea+ch

<J(a? +b2 +¢2)(2ab+2bc+2ca)

= J6(ab+bc+ca) < J6(a2 +b2+¢2) =342 .

Viy P=648.
Pang thirc xdy ra khi vachikhia=hbh=c=1.01

<Nhgn xét. 1) Bai todn trén c6 thé tdng quat nhu sau,
1&+i giai xin danh cho ban doc:
Chirng minh rang

el el
ma+3~— + mb+—— | + me+——

+c ct+a a+h)
Amfseg)
= 3 5E

trong do a, b, ¢ la cic 56 !hgrc dsmg m m,on,pk(p=2)
la ede tw nhién theamina” + b + ¢’ = k

2) Cac ban sau da} ¢0 1&i giai ngan gon va c6 néu duge
bai toan tong quat.

Thanh Hoé: Lé Vin Tudn Anh, 10A1, THPT Nong Cng I;
Vinh Long: Pham Ngoc Trung, 1172, THPT chuyén
Nguyén Binh Khiém; Nghé An: Trdn Trung Hreu ATK48,
THPT Thai Hoa; Chu Ty Tdi, 10A12, Agu_}en Duy Ting,
11A12, THPT Dién Chau 2; Ha Tinh: Nguyén Mdiu Thanh,
10T1, THPT chuyén Ha Tinh; Ha Ngi: Luwong Hine Bing,
11A1, THPT Déng Quan, Phii Xuyén; Biic Ninh: Trirong
Giang Khang, 10 A1, Cao Tran Pink Huynh, 11A1, THPT
Thugn Thanh 1; Péng Nai: Ong Thé Phuong, 10 Toan,
THPT chuyén Liromg Thé Vinh.

NGUYEN THANH HONG

*Bai T7/405. Cho ar dién OABC co OA,
OB, OC vuong goc voi nhau tumg doi mot.
Goi OH la duong cao ha tir dinh O cia tr
dién va R la ban kinh dwong wron ngoai r.fép
- S : > Ry2
tam giac ABC. Chirng minh rang OH <—-\' ~

Ping thire xay ra khi nao? $
Loi gigi. Dit OA=a; OB=b; OC =

: |
Ta cod Vpupe =§OH.S,,3(; =é~czbc

suyra OH= v (H
2SABC
Miit khic S 0= AB.BC.CA
4R
__\faz +52 B2+ A +a? >V[2-ﬂb-\f%.\}2aﬁ'
4R - 4R '
V2abe
Do d6 S, 5c > 2
=20 (2)

Tir (1) va (2) ta thiy OH <

RV2
- 2 .
Pang thuc xay ra khi vachi khia =5 = ¢,

hay OABC la tir dién vubng can tai 0. O

TOAN HOC
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> Nhan xét. S6 Ioi giai giri vé Toa soan rit nhidu vi
nhiéu cich giai khdc nhau. Tat ¢ cc ban déu gidi ding.
Sau diy ld danh sach cdc ban co 101 giai gon hon ca:
Vinh Phuc: Pam Van Tu, 11A3, THPT Déi Cén; Pha
Tho: Pinh Anh Hoang, 10A, THPT LCS, Lam Than
Hai Phong: Phan Pwe Minh, 12A5, THPT Thai Phién;
Hii Dwong: Nguvén Viét An, Tran QOuang Thanh,
Nguyen Thi Thanh Yén, 11 Toan, THPT chuyén
Nguyén Trii; Ha Nam: Nguyén Chi Linh, Lai Thi Thu
Huwomg, 11T, THPT chuyén Bién Hoa; Nam Dinh:
Nguyen Qucmg Nhin, 11 Toan 2, THPT chuycn Lé
Hong Phong; Thai Binh: Hodng Bmh Quang, 11A1,
THPT Quynh Coi, Quynh Phu, Nguyén Anh Tuyén, 12
Todn, THPT chuyén Thai Binh; Nghé An: Viwrong Nhdt
Qudn, 10A1, THPT chuyén DH Vinh, Nguyen Thanh
Long, 11A1, THPT chuyén Phan Boi Chau, TP. Vinh,
Nguyén Van Hodng, Lé Dinh Tudn, 11T7, THPT D6
Luong I, Lé Hoang Hiép, 10A1, THPT Thai Hoa, TX
Théi Hoa, Phan Ngtiyén Thanh Son, 11A1, THPT Dién
Chau 3, Hoang Danh Thang, 11A1, THPT Qujnh Luu
M1, Lé Thi Thao, 12A1, THPT Hoang Mai, Quinh Luu;
Quing Nam: Nguycn Phudre Toan 11/5, THPT Trin
Van Du, Phii Ninh; Binh Pinh: Trdn Quang T, 11T-L,
THPT chuyén Lé Quy Pén, Nguyén Quang Hadi,
1ITN2, THPT Tang Bat H6, Hoai Nhon; Déng Nai:
Ong Thé Phirong, 10 Toan, THPT chuyén Luong The
Vinh, TP. Bién Hoa: Hiu Giang: Dudgng Ngoc Lan,
I IH, THPT chuyén Vi Thanh: Bén Tre: Pac Ba Kha,
Khieu Thanh Quy, 11 Toan, THPT chuyén Bén Tre;
TP. Hu Chi Minh: Tran Ngoc Quynh, 11CT, THPT
Nguyén Hiru Huén, Quin 9.

HO QUANG VINH
* Bai T8/405. a) Hay tinh $0 cdc
khae nhau cua ir TOANHOCTUOITRE.

b) Hoi rang trong so cac hoan vi o a) co
nhiien hodn vi co cum TTT (ba chir T lien nhau)?

bhao

c) Hoi ¢ bao nkiéu hoan vi o a) khong co hai

chi T dwng canh nhau’?

L&i gidi. Trude hét ta chimg minh rang:

S6 hoan vi cua mot tir gﬁm n chitr car ma

trong d6 chir cai thir i xudt hién &, lan voi

ie{l,2,..,n}la

(ki + ko +...+k, )
ke Vo1 k!

That viy, ¢o tat ca (k +k, +...+k,) vi tri

trong tir gdm céc chir cai noi trén,

P(kikyyik,) = (1)

Trong (fq +hy+ ..+ k,,)! hoan vi cua cac chir
cai thi s tir lap lai do hoan vi chwr cai thir i
voi nhau 1a k! lan voi i e {1,2,..,n}. Tir do
suy ra (1).

TOAN HOC |
929 ¢ Clugilre SO 409 (7-201)

hoan vi

a) Trong tir “TOANHOCTUOITRE” c6 14
chit cai gom 3 chir T, 3 chir O va 8 chir cai
con lai d61 mot khac nhau (khac T va O). Su
dung (1), ta duoc s6 hoan vi khac nhau phai
14

380

b) Dé ¢o cum “TTT” (ba chir T lién nhau) ta
thyc hién thu thudt 1a “budc”™ 3 chir T lai véi
nhau va coi n6é nhu moét chir cai mai. Khi dé
trong tir trén con 12 vi tri v4i 3 chir O va 9 vi
tri con lai tuong (mg véi cac chir cai d6i mot
khac nhau (khac 0). S6 hoéan vi phai tim la

|
P(3.LLLLLLLLI) = %

tim la P{3 3LLLLLEL Y=

¢) Dé tinh s6 hodn vi ciia TOANHOCTUOITRE
sao cho khong co hai chit T dung canh nhau,
truGe hét ta tinh s6 hoan vi ma trong do
khong ¢o chit T, nghia la cac hodn vi cua
"OANHOCUOIRE". C6 tit ca 11 vj tr,
trong d6 ¢6 3 chit O va & chir cai con lai déi
mot khac nhau. S6 hoan vi la

11!
P(3.1111,11,1,1)= e

Tuong (mg véi moi hoan vi trén, ta chon 3
trong s6 12 vi tri khac nhau cho 3 chitr T (bao
gém vi tri déu, cudi va 10 vi tri xen gitra 11
chit cai cua mdi hoén vi d6), sb cach chon vi
tri cho 3 chir T 1a C3,

Vay s6 hoan vi ma trong do khéng ¢6 hai chir

T ding canh nhau la —(,,2 _“U;__zy

}Whan xét. 1) Hau hét cac ban tham g1a gidi bai déu
dang phén a) va b). Trong phén ¢) nhiéu ban lam nhu
sau: Tinh s0 hoan vi ma trong do co hai chi T dl.mg
canh nhau. Két qud o ¢) bang két qua a) trir di két qua
trén. Lam nhu vy phire tap va dé nham lan.

2) Céc ban sau day ¢o 161 giai tét:

Ha N§i: Nguyén Trung Hiéu, 10 Toan, THPT Chu Vin
An; Nam Pinh: Trdn Vdn Dat, 11B1, THPT Hii Hau
A: Hai Dwong: Nguyén Thi Thanh Yén, 11T, THPT
chuyén Nguvén Trdi; Nghé An: Vwong Nhdr Qudn,
10A1, THPT chuyén BH Vinh, Chu Ty Tai, 10A12,
THPT Dién Chau II: Ha Tinh: Phgm Tién Diing, 11T2,
THPT chuyén Ha Tinh.

NGUYEN ANH DUNG
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* Bai T9/405. Gia swr k la so nguvén duong,
a la so thue bat ki. Tim gioi han cua day so

(@,) vdi

e l]",&‘} I [2‘.(1_]_+.._._+ [H" .r;-’] .

"1‘. +i
o day ki hiéu [x] la so nguyvén lon nhat khong
virg't g X,

Léi gidi. (Theo ban Tran Quang Tri, 11T-L,
THPT Lé Quy Dén, Binh Dinh).
Tacd x—1<[x]< x. Do dd

k k & k k k
a(l*+25 +. . +n }—L<anf; a(lF+25 +..+n%)
n* nt!

L, N WG U N
o B2 0] 1g 0
&dd fx)=xt,

Theo dinh li co ban cua tich phan ta ¢

(1

14425+ 0%

1 [
1

lim = FGOdx = [ x*dx = P

0 ﬂlH .ﬂ,[f{ ) i k—'—l { )

Tir (1) va (2) 4p dung nguyén li kep ta co

lima, =—a—. m)
k+1

» Nhin xét. 1) Dé chimg minh (2), mdt s6 ban st
dung cac cach khic nhur sau:

Kk k k4]
1 -
sy Chligaitul st T (AT =]
kzl @ (k+ 1D
b) Diing dinh I Stolz :  lim>2 = lim>x =%
Yn Vu+l = Va

ado x, =[l¥al+..+[n"a], vy =n*"".

(Tuy nhién dinh li Stolz nam ngoai chuong trinh toan
pho thong).

2) Céc ban sau cb 1 giai tot -

Ha N§i: Lwong Hiru Bang, 11A1, THPT Dong Quan,
Pha Xuyén; Bac Giang: La Van Quan, 10 Toan, THPT
chuyén Bac Giang; Ha Nam: Truwomg Cong Minh,
11A1, THPT A Duy Tién; Hdi Dwong: Nguyén Thi
Thanh Yen, 11 _Toan, THPT chuyén Nguyén Trin
Hung Yén: Po Thanh Tung, 10T1, THPT chuyén
Hung Yén; Nghé An: Hé Dién Phic, 11A1, THPT
Quynh Luwu III; Quing Nam: Nguyén Phicoc Toan,
11/5, THPT Tran Vin Dur; Tién Giang: Nguyén Khiét
Thién, 12 Toan, THPT chuyén Tién Giang, TP. M¥ Tho.

DANG HUNG THANG

* Bai T10/405. Tim tdt cd cde ham s6 { N >N’
thoa méan dong thoi cac dicu kién sau:
1) [ tang thuc su;
1) f(f(n)=4n+9 vai moi ne N';
i) f(f(m)—n)=2n+9 voi moi ne N"
Lo giai. (Theo da sd céc ban).
Tir didu kién iii) suy ra
f(f(2n)-2n)=4n+9, vneN* (1)

Str dung i1), tu (1) ta thu dugce
J(f(2n)=-2n)=f(f(n)), VneN* (2)

Do f ting thyuc sy trén N* nén tir (2) suy ra
f(2n)-2n=f(n), YnelN"
hay f(2n)=f(n)+2n, VnelN* (3)

Gia st dnyeN* sao cho f(n,+1)=f(ny)+1
thi suy ra

S(my)—ng= f(my+1)—(ny +1)
hay  f(/(10)—no)=f(f(no+1)—(np+1)),
ma theo 111) thi
2ny+9=f(f(ng)—no)

= f(f(ne+1)=(ng+1))=2ny +11,
mau thuan.
Vay nén f(n+1)# f(n)+], vrneN*, do f ting
thue su trén N* nén f(n+1)= f(n)+2,VnelN’,
Do do
f(n)+2n=f(2n)z f(Zn-1)+2
= f(2n-2)+42---= f(n+1)+(2n-2) = f(n)+2n,
suyra f(n+l)=f(n)+2,VheN".
Viy day {f(n)} la c:’ip s6 cong voi cong sai
1a2 nén f(r)=2(n-1)+ f(1).
Thé vao ii) f(f(n))=4n+9, ta thu duge
4n+9=f(2(n-1)+ /(1))

=22(n-1+f(D)-D+f(1),

suyra f(1)=5. Vaynén f(n)=2n+3.
Thir lai, ta thdy /(#)=2n+3 thoa mén bai ra. O
PNhﬁn xét. 1) Mot 6 ban tim nghiém trong lép ham
bic nhét f(n)=an+#b dé xdc dinh cong thic nghiém

va chimg minh tinh duy nhét nghiém cia bai todn. Mot
$0 ban khac thi sir dung tinh ting ngat dé chirng minh

TOAN HOC
' CTugitre
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Sfin+1)z f(n)+2 va diung gia thiét dd cho dé chimg
minh ding thic f(n+1)= f(n)+2.

2) Cac ban sau day o6 1&i giai dang:

Biic Giang: La Van Quan, 10T, THPT chuyén Bic
Giang: Vinh Phic: Hodng Ha Phuong,_ 10A1 THPT
chuyén Vinh Phic; Hai Duong: Ngwen Thi Thanh
Yén, 11T, THPT chuyén Nguyen Trai; Hdii Phdong:
Pkan £re Minh, 12415 THPT Thai Phién; Nam Pinh:
Vi Xuan Truong, Vi Hai Long, 10T1 THPT chuyén Lé
Iiung Phong; Hung Yén: Tran Ngoc Tien LOAL,
THPT Duong Quang Ham, Lweng Piwre Hiéu, 11T1,
THPT chuyén Hung Yén; Thai Binh: Hoang Ngoc
Son, 10A1, THPT Tay Tién Hai, Tran Quang Dai, 11T,
THPT chuyén Thai Binh; Thanh Hoéa: Lé Van Tudn,
11T, hguven Quéc Pat, 10T THPT chuyén Lam Son;
Nghé An: Vieeng Nhét Qudn, 10A1, THPT chuyén DH
Vinh; Ha Tinh: Tran Thi Phwong Thdo, 11T, THPT
chuyén Ha Tinh; Cén Tho: Hoang Vdan Anh, 11A1,
THPT chuyén Ly Ty Trong; Dong Nal Neguyén Ngoc
Duy, 10T, THPT chuyén Luong Thé Vinh, Pham Van
Minh, 10C, THPT Xudn L{c; Hiu Giang: Puong
Ngoc Lan, 11H, THPT chuyén Vj Thanh; Qudng
Nam: Phan Tuan Anh, 11/1, THPT chuyén Nguyén
Binh Khiém; Quing Tri: Vo Thi Hong Hanh, 10T,
THPT chuyén Lé Quy Ddon;, Pha Yén: Huwynh Vin
Thong, 10 Tin THPT chuyén Luong Vin Chanh.

NGUYEN VAN MAU
% Bai T11/405, C6 ton tai s6 te nhién n (n > 1)

sao cho da thuce
f(xy=1+4x+4x* +...+4x* (n 2 2)

bang binh phwong cua mot da thic khac hay
khong?

Lei gidi. (Theo mét s6 ban hoc sinh)

el

1 2n+]
e
—3+4.—2—:—3+§(1+ 1 )
]_[_I_J 3\ 22
2

N APWENE W
12 3

Boi vay khong co sﬁn tw nhién 7 = 2 ndo thoa

man da thirc f{x) bing binh phuong cua mot

da thire khac. O

TOAN HQC
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}_Nhgin xét. Xin tuyén duong cédc ban ¢ 1o giai hay,
ngin gon sau:

Bic Ninh: Trirong Giang Khang, 10A1, THPT Thuan
Thanh so 1; Hai Phong: Phan Puc Minh, 12A15,
THPT chuyén Thai Phién; Thanh Hoéa: Lé Thi Lan
Anh, 10T, THPT chuyén Lam Som; Quang Nam: Phgm
Tudn Anh, 11T, THPT chuyén Nguyén Binh Khiém.

NGUYEN MINH BUC

* Bai T12/405. Cho tam gidc ABC noi !fé})
duweong tron (O) va A' la diém cé dinh trén (O).
P la diém di chuyén trén BC, K thuéc AC sao
cho PK luon song song voi mgt duong h‘zc?ngd
(r} dinh. Ducng tron ngogi tiép tam giac APK
cat dwong tron (O) tai diem thir hai E. AL cat
BC tai M. A'P cat dieong tron (O) tai diem thir
hai N. Chung minh dwong thang MN luon di
qua mot diém 6 dinh khi P thay doi.

Lai gidgi. Cach 1. (Theo ban Phan Dirc Minh,
12A15, THPT Thai Phién, Hai Phong).

Ki hiéu (XYZ) 12 dudmg tron di qua ba diém
X, Y, Z, (XYZT) la duomg tron di qua bén
diém X, Y, bl B

Léy diém X thudc (O) sao cho X4” // BC; goi Y
la giao diém thir hai cua BC va dumlg tron
(AKP); Z 14 giao diém thi hai cua XY va duomg
tron (O) (h.1).

Hinh 1

Puong nhién diém X co dinh.
Vi ¥, 4, P, K cung thugc moét duong tron va
PK//d nén

(YA,BC)=(¥A,YP)=(KA4,KP)=(AC,d)(modm).
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Tir d6, chi ¥ riing diém A ¢6 dinh va céc duong
thang BC, AC, d co dinh, suy ra diém Y co dinh.
Tir d6 diém Z c6 dinh.
Mit khac, vi N, A°, Z, X cung thudc mot
dudng tron va XA*//YP nén
(NP,NZ)=(NA',NZ)=(XA',XZ)
=(YP,XZ)(modn).
Suyra N, P, Z, Y cung thudc mét dudng tron.
Ta thiy NZ la truc déng phwong cia cac dudng
tron (NPYZ), (0); AE 13 truc dang phuong (_:ila
cac duong tron (Q), (APK); PY la tryc dang
phuong cua cac duong tron (4PK), (NPYZ).
Suy ra NZ AE, PY ddng quy. Diéu do ¢o
nghia la NZ di qua M = AE N PY.
Noi cach khac, duong thang MN luon di qua
diém Z co dinh.
Cdch 2. (Theo ban Lé Vin Tudn, 11T, THPT
chuyén Lam Son, Thanh Hoa).
Goi @ 1a giao diém th hai cia PE va (O); Z
1a giao diém thir hai coa MN va (O); L 1a giao
diém ciia A4" va OZ (h.2).

Hinh 2

Ta ¢6 (d,AC) = (PK,AK)(modn) (vi d//PK;
AC trung AK)

=(PE,AE)(modm) (vi P, K, A cung thudc
mot dudng tron)

= (QF,AE)(modn) (vi PE tring OF)

=(QC,AC)(modmn) (vi O, E, A, C cung thudc
mot duong tron).

Piéu d6 co nghia la QC//d.
Tir d6, do C, d cd dinh, suy ra diém Q c6 dinh (1)

Ap dung dinh li Pascal cho séu diém 4, N, O,
Z E A',chiyraing AENNZ=M; 44’ N QZ
= L; NA'NQE = P, suy ra M, L, P thang hang.
Mit khac MP trung BC, L thuoc BC,

suyralL =A4A4° N BC.

Piéu d6 c6 nghia 1a diém L ¢b dinh (2)
Tix (1) va (2) suy ra diém Z c6 dinh.

Vay duong thing MN luén di qua diém Z ¢b
dinh. O

PNhan xét. Bai toan nay khd khoé, cd it ban tham gla
giai. Vi khong blét sir dung goc dinh huo‘ng nén léi gzal
clia mét sb ban déu phu thur.;n:; hinh vé. Tuy nhién, cic
ban van ximg dang dugc néu tén:

Thai Binh: Pham Hoang Giang, 10T1, THPT chuyén
Théi Binh; Thanh Hoé: Trinh Van Tam, 11T1, THPT
chuyén Lam Son; Ngh§ An: Nguyén Hién Trang,
10A1, THPT chuyén Phan Bgi Chau, Hé Dién Phiic,
11A1, THPT Quynh Luu III; Pdng Nai: Dwong Quoc
K?mn.& THPT Lé Hong Phong; Quiang Nam: Nguvén
Phuée Toan, 11/5, THPT Trin Van Du; Bén Tre: Lé Thi
Minh Thdo, 10T, THPT chuyén Bén Tre; Bdie Ninh:
Trieong Giang Kﬁmng, 10A1, THPT Thuén Thanh L

NGUYEN MINH HA

* Bai L1/405.
duong parabol vy = ax? (a la hdang so dirong),

Mot day dan won cong theo

duwoc dat trong tie truong déu, cam wng tir B
vuong goc voi mat phang xQy va hwong vao
trong (hinh vé).

Tai thoi diém y: Y
¥ A B &
1= 0(8), mot thanh ®
dan MN bat dau \ -~ / :
chuyen dong tinh M g

tien theo phwong
Oy tir goc O voi
gia toc khong
doi a. O X
a) Tinh tir thong qua dien tich mach MON tai
thoi diém 1.

b) Sudt dién dong cam wung trong mach theo
toa do y va chiéu cua dong dién cam ung trén
canh MN.

B
-

Léi gidi. a) Tai thoi diém ¢, tung d6 cua thanh
- " 2

dan MN bang y = % con hoanh d¢ cua hai

diém M va N dugc xac dinh tir phwong trinh

parabol:

TOAN HOC
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at® f f
y~ax2=u:>xw— r X

Dién tich gidi han boi thanh MN va day din &
thoi diém 7 bang

A= I(Ef——a.x de.

Tinh tich phén trén theo bién 6 x ta tim dugce

_.E 2_\‘5"!3
WNa

Chon vecto phap tuyén hudng vao trong mit
phang hinh v& thi tir théng qua dién tich cua
mach MON ¢ thoi di€ém ¢ bang

Ba (2a

B.S =—,—.t%.
¢= 3Va
b}_Sufit dién dong cam tng trong mach ¢ thoi
diém ¢:
=
Eo=|- 22— Ba |21 = Ba Eﬂ:zs\fﬁ
a a a a

Theo quy tic Lenxo dong dién cam umg chay
tr N t&éi M @é tao ra tir truong lam giam sy
tdng tir théng qua mach. O
» Nhiin xét. Cac ban co 15i giai ding:
Biic Ninh: Lé Van Manh, 12 Héa, THPT chuyén Bic
Ninh; Nam Binh: Dinh Viét Théng, Bii Xudn Hién, 11
Li, THPT chuyén L& Hong Phong; Thanh Héa: Mai
Van Ting, 12A1, THPT Hau Léc 4; Bii Thi Thay,
12A3, THPT Lé Hoan 1, The Xudn; Nghé An: Bui
Hiru Vinh, Nguyén Vin Hoang, 11T7, THPT D6 Luong
I; Tran Hodng Khdnh, K43A6, Tran Van Bdc, 11A6,
THPT chuyén, BH Vinh.

NGUYEN XUAN QUANG

% Bai L2/405. Mor vat chuvén dong voi gia
toc khong doi ¢o do 1om a = Smis”. Tai thoi
diem t, = 2s vecto van 16¢ va vecto gia toc cua
vat hop vei nhau mot goe a = 60° va vdn toc
co do lon v = 10m/s. Hay xac dinh:

a) Thoi diém ma vdn téc cua vat co doé lon nho
nhat. Tinh do lom nho nhat do cua véin toc.

b) .-Umang cach giita vi tri cua vat o thoi
diém t, va thoi me ban dau [ = 0s.

Loi gidgi. Chon hé truc toa d§ Oxy nhu hinh
vE. Goc toa dd O & vi tri cua vat ¢ tho dlem
f; goc thoi gian la lic vat bat dau chuyen
dong; truc Oy theo hudng cua vecto gia toc.

TOAN HOC
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e Hinh chiéu cua vecto gia téc trén cac truc
tpadgla a, =0;q, =a.

Tir d6 suy ra phuong trinh vin toc cua vit
trén cac truc toa do

v, =Wy = WSINg = SVG,

v, =v, +alt—4)=vcosa+a(t—t)="5t-5.

e Phuong trinh chuyén déng cua vét trén cic
truc toa dd co dang

X=x+ V|x{f'—f|} = SJg(f—Z)
y=mn +v,_,.(t+!1)+%a(£—fl)2 = 2,512 - 5t.

a) D4 16n cua van tée tai thoi diém ¢ bang
i \/VE +vi = V2512 =50t +100

hay v =25(t-1)" +75.

Tir ddy suy ra khi 1= l(s) thi
P P 2 B (m/s)

b) Khoang cach gitra hai vi tri cua vét o thoi
diém ¢, va thoi diém ban daur=01a

J:J(;. —xﬂ]2+(y. —yg)2 = lﬂﬁ(m). 0

> Nhin xét. Cac ban sau diy c6 1o gidi tdt:

Nam Binh: Bii Xudn Hien, 11Li, THPT chuyén Lé
Hong Phong; Ha Nam: Pinh Ngoc Hai, 11 Li, THPT
chuyén Bién Hoa, TP. Phu Ly, Nguyvén Duc Nam,
10AS5, THPT Duy Tién B; Thanh Héa: Mai Van Tung,
12A1, THPT Héu Lgc 4, Dodn Van Hiép, THPT Trigu
Son IV, xém 6, Tho Thé, Triu Son, Bii Thi Thiy,
12A3, THPT L& Hoan; Ngh§ An: Tran Van Bac,1 1 A5,
Tran Hodng_Khanh, K43A6, THPT chuyén Dai hoc
Vinh, Neuvén Thanh Long, 12Toan, THPT chuyén
Phan Boi Chau; TP. Hd Chi Minh: Pham Quang
Diing, 11Li, PTNK PHQG TP Hé Chi Minh;

NGUYEN VAN THUAN
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PROBLEMS... (Tiép trang 17)

at D. Point £ is on BD such that BME=MAI .
EM and DC intersect at F. Prove that
CF BE

CD BD

FOR UPPER SECONDARY SCHOOLS

T6/409. Solve for x:

,J% 1=3(x-3) + Yox-3).

T7/409. Triangle ABC is inscribed in a fixed
circle (Q). The medians from 4, B, C meets (O) at
A;. B,, C, respectively. Which triangle makes the
AA? + BB? +CC?
AB?+BC*+C4?

value of the expression p=

minimum possible?

T8/409. In a triangle ABC, prove that

sinAdsinB  sinB.sinC  sinC.sin A

z 9.

. 5l -
sin® —
2 2 2

TOWARD MATHEMATICAL OLYMPIAD

T9/409. Let ABC be a triangle with points A°, B”,
(" on sides BC, CA and AB respectively

A'B_B'C C'A
AC B'A C'B
at D, BB’ meets CC ' at E, and F is the intersection
of CC’ and AA’. Parallel lines to A4°, BB', CC’
through point O in the interior of 4BC meet BC,
CA, AB at A,, B,, Crespectively.

Prove that for any point M,

AD(Md, —OA )+BE(MB,—OB,)+CF(MC,—0C,)20.
T10/409. Given

P=(n+1) -n"—1(ncN).
Prove that there are infinitely many natural
numbers 7 so that P is a perfect square.

T11/409. Determine all functions f: R—R,
continuous on [ such that

S+ f(x+y)=f(y+x)+ (), ¥x,y €R.
T12/409. f: R—Ris a function with the following
properties :

(iy A1)=2011

(ii) fx +i}ﬂx> = (X))’ + flx) - 1, VxeR.

Let 5= Z

such that . A4 and BB meet

m S ) 1" f(!]+1
lim ($5,+5:).

Translated by LE MINH HA

Find

ﬁ%&ﬁﬁ?'ﬁﬁﬂ##ﬂﬁ#ﬁﬁ@ﬁﬂ*ﬂsﬁ*&ﬁiﬁﬁ##'@i&'#ﬁ%ﬁ#ﬁ@ﬁ###ﬁ-13%2'&

LOI GIAI DE THI... (Tisp trang 4)
C33r
=

Viy tam gide KBC c6 dién tich 1n nht 1a

dat dugc khi OK la duong kinh cua dudng tron
(OBC). Khi d6 cac diém K', /, O' trung nhau <
BK = CK < A4BK = AACK & AB=AC = A4 la
diém chinh giira cta cung lém BC.

¢) Theo cau a) ta co ﬁ‘:.@:E':EEB . Suy ra
ACH = AEH hay tit giac AHCE ndi tiép, ar d6 c6
AHE=ACE. Mit khic

AKC=AFC, AFC=ACF, ACF=ABE, ABE=AKE
— AKC=AKE = KC=KE.

Nén c6 AHB=ACK. Laic6 ABE=AKE

hay ABH =AKC. Suy ra AAHBw» AAKC (g).

Hon nira ABH = AKC=90° -BAC.

Ma :5]?6‘:653:%(1300 —B’é&):%o—ﬂc,

nén AKC=OKC=KO=KA. Vay AK luon di qua
diém O co dinh.
Céu 5. a) C6 12 d5i, mdi déi thi diu dung 4 trdn

nén tim dugc hai dgi chua thi diu véi nhau. Goi
hai doi do la 4 va B.

Mdi doi A, B thi diu ding bén trén, do vay trong
10 doi con lai cd it nhét hai d6i chwa thi ddu vai ca
A va B. Goi mét trong hai déi do l1a C. Khido 4, B,
C 14 ba doi bong dbi mot chura thi diu voi nhau.

b) Khdng djnh trén khong con ding néu mdi doi
da thi dau ding nam trn. That vy

Chia 12 doi bong thanh hai nhém, mdi nhém ¢6
sau dm, cac doi trong mdi nhéom doi mét da thi
dhu vai nhau va mdi d6i da thi ddu dang nam trin.

Xét ba d§i bong tuy v, ludn cd it nhét hai dgi bong
o cung mot nhom. Nhu vy voi ba dgi bong bt ki
ludn co it nhét hai d6i da thi dau véi nhau,

NGUYEN BUC TAN - NGUYEN ANH HOANG
(TP Hé Chi Minh) suu tam va huéng din giai.

TOAN HOC
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upc bau cu Dai biéu Quoc' hoi va Dai

biéu Hpi dong nhdn dan cac cap viea dién
ra trén cd nwoc vao ngay 22/5/2011. Nh.teu ban
doc dat cdu héi "Kiém p}ueu nhi thé ‘nao cho
r:kmh xdc, nkanh va dé lam?” Bai viét nay xin
dé cdp dén vin dé do.

( L u’.l—l THU BA (chm phleu nguoc bang cach
xep phleu theo tirng dang roi dem) Cach nay dugce
nhiéu noi sir dung trong cudc bau cir vira qua.

Céng viée 1. Xép phteu theo tung loai va tung dang.
s Mo phleu ra va xép theo ba loai:

— Phiéu hop 1é bau du (gach tén ding 2 ngudi):;
— Phiéu hgp 1§ bau thiéu (gach tén nhiéu hon
2 nguoi, nhung khong gach tén tat ca),

— Phiéu khong hop lé.

 Trong ba loai phleu trén, cac phiéu hop 18 bau
du chiém hiu hét [thﬁmg thucmg 1a trén 90% s0
phiéu). Do do, ta xep cic phleu loai nay theo timg
dang phleu gach tén cac Umg vién 1-2, 1-3,

Bai viét nay liy thi du minh hoa trong tru{:mg
hop béu 3 trong 5 u‘ng vién. Khi do co 10 dang
phiéu gach tén cac img vién 1-2, 1-3, 1-4, 1-5,

AP DUNG TOAN HOC

VAO KIEM PHIEU BAU DAI BIEU QUOC HOI
VA HOI PONG NHAN DAN CAC CAP

( mdi don vi bau cir trong cudc bau cir vira
qua, hodc bau 3 trong 5 ung vién, hodc biu 4
trong 6 (mg vién, hodc bau 5 trong 7 Ung vién,
nhu vy

~ Sb nguoi bi loai la 2;

- S& ngudi duoc bau la 3, hoac 4, hoiic 5 (sb
ngudi duge bau nhiéu hon s0 ngudi bi loai).

A. CACH THU NHAT (Kiém phiéu xudi bang
cach ghl s6 phiéu bau).

Ghi s6 phiéu bau cho mdi img vién theo timg
nhom 5 phiéu (N[ Ta khéng ding céch nay vi
né khong thich hop khi s6 nguoi dugce bau
nhiéu hon s ngudi bi loai.

B. CACH THU HAI (Klem phiéu nguoc bing
cach ghi s6 phiéu khéng bau).

Ghi s phleu khon bau cho mdi {ng vién theo
tirng nhém 5 ph1e EE . r&i ding phép trir dé
tinh s6 phidu bau cho mdi tmg vién. Cach nay
nhanh hon cich thir nhét, nhung ta cling khong
ding vi vi¢c ghi nhu vay mat nh1eu thoi gian
hon viéc xép phiéu theo ting dang rdi dém.

TOAN HOC
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v0 HOU BINH
(Ha Ngi)

2-3, 2-4, 2-5, 3-4, 3-5, 4-5. (Céac tru'cmg hap bau
4 trong 6 ung vién, bau 5 trong 7 ung vién dugc
lam hoan toan tuong tu).

Cong viée 2. Kiém phiéu hop 1¢ bau du.
Ghi s phiéu cia méi dang vao bang sau (céc sb
ligu trong bang 1a mét thi du minh hoa).

1-2 1-3 1-4 1-5
10 13 20 8 51
1-¥ 2-3 2-4 2-5

10 14 21 1 7 52
1-3 23 |34 3-5

13 14 16 5 48
1-4 2.4 | 34 4-5

20 2] 16 11 68
1-5 2-5 3-5 4-5

8 7 5 11 31

C{;mg cac s6 & timg hang ngang roi ghi két qua
vio 6 cudi ciing, d6 chinh 1a sé phiéu khong bau
cho cédc img vién 1, 2, 3, 4, 5.

O thi du minh hoa trén, s phiéu khéng bau cho cic
tmg vién 1,2, 3, 4, 5 theo thir tir 1a 51, 52, 48, 68, 31.

https://tieulun.hopto.org
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Cong viée 3. Kiém cdc phiéu hop !é bau thiéu.
S6 phiéu lom nay rét it, ta ghi s6 phiéu khong
bau cho mdi tmg vién (twong tw nhu cach thir
hai). Chang han co 11 phlcu loai nay, trong do
s6 phiéu khong bau cho céc img vién 1, 2, 3, 4
Stheothortyla?7, 8, 11,8, 2.

Céng vige 4. Tong hop két qmi. Co ba budc:
Bue 1. Tinh s6 phiéu khong béau cho mdi img vién.
Cong sb phleu khéng bau cho mm ing vién ¢

hai loai phleu hop 1€ bau di va biu thiéu o vi
du trén, ta co:

Ung vién 1: 51 -+ - 58 (phiéu).
Ung vién 2: 52 + a --ﬁmphujn_n_
Ung vién 3: 48 + 11 =59 (phiéu).
Ung vién 4: 68 + 8 =76 (phiéu).

Ung vién 5: 31 + 2 =33 (phiéu).

Bude 2. Tinh s6 phiéu hop 1&.

Lay s6 phiéu hop 18 bau du (la téng sé cac

phiéu ciia 10 dang 1-2, 1-3, g, 13, 2-3; 2—4

2-5, 3-4, 3-5, 4-5) cOng vdi s6 phiéu hop 1¢ bau

th1eu, du‘gc 56 phiéu hop 1.

O thi du minh hoa trén, ta c6 sé phiéu hop 18 14

125+ 11 =136.

Buge 3. Tinh sﬁ phleu biu cho mdi img vién

bing cach lay sb phieu hop 1& trir di s6 phiéu

khéng bau cho (g vién do.

136 - 58=178 (phiéu}.

136 — 60 = 76 (phiéu).

136 — 59 = 77 (phiéu).
l.:i'ng vién 4 duoe 136 - 76 =60 {phiéu}.
Ung vién 5 duge 136 — 33 = 103 (phiéu).

D. CACH THU TU (Céch cai tién).

Cong viée 1. Xép phiéu theo timg loai va mng

dang. Nhu cong viéc 1 cla cach thir ba.

Cong viée 2. Kiém cac phiéu hop Ié bau di

theo hai buoec.

Budre 1. Ghi s6 phiéu cia mdi dang vao bang sau.

Ung vién 1 duoc
Ung vién 2 duoc
Ung vién 3 dugc

T —

1-2 1-3 1-4 8 1
10 13 20 8 | 51
B el e 2
| 14 F 2] 7 42
3-4 35 | 3

| T 21

| = =

| 11 11
25k 5' -
10 21 1 57 1 31 125

Céng céac sd & timg hang ngang roi ghi két qua
vao ¢t cuoi (ki hiéula1,2,3, 4).
Cong cac s6 & timg cdt doc rdi ghi két qua vao
dong cudi (ki hiéula 2, 3', 4', 5N.

Tiép tuc cOng cac 50 ‘O hang ngang cudi cung 1o
ghi két qua vao c6t cudi (ki hiéu 1& n). Chi § y ring

1+243+4=2"+3+4"+5 =n.

Buée 2. Tinh s6 phiéu bau cho mdi img vién
(trong cac phiéu hop 1 bau du).

Ung w.,n | duge
-1 =125-51= 74 (phiéu).
Uni__ vién 2 dugce
2 —2'=125-42-10 =73 (phiéu).
Ung vién 3 duge
n—3 -3'=125-

n— 2

21-27=77 (phiéu).
lJJ'ng vién 4 duge
n—4 —4'=125-11-57 =57 (phiéu).

Ung vién 5 duoc ’
n—5"=125-31 =94 (phiéu).

Céng viée 3 K:em cdc ph:eu hop lé bau thiéu
bing cach ghl 50 phiéu bau cho moi ung vién
(twong tu nhu cach thi nhat).

Vi s6 ligu minh hoa trén, c6 11 phl{_u loai nay,
trong do s6 phiéu hau cho céc (mg vién 1, 2, 3,
4,5theothirtelad, 3,0,3,9.

Cong '«ii‘c 4. Téng hop két qud

Cong 80 ph:eu bau cho mm umg vién ¢ hai loai
phiéu hop 1& bau du va bau thiéu.

74 + 4 = 78 (phiéu).

Tng vién 2 duge 73 + 3 = 76 (phiéu).

Ung vién 3 duge 77 + 0 = 77 (phiéu).

Ung vién 4 duoc 57 + 3 = 60 (phicu).

Ung vién 5 duge 94 + 9 = 103 (phiéu).

Ung vién | duoc

E. SOSANH CACH THU BA VA CACH THU' TU
Céch thr ba ¢6 nhieu wu diém hon céch thir
nhét va cach thir hai nho vige xép theo timg
dang rdi dém ph:eu Tuy nhién, cach thir tu con
6 nhiéu vu diém hon céch thi ba.

O céng viée 2 (Kiém cac phieu hop 1& biu du).

Cach thir ba doi hoi ghi két qua vao 20 6 va méi
két qua phai viét hai ldn nén rat dé nham Trong

khi d6 cach thir tu chi doi hoi ghi két qua véao
10 6.

TOAN HOC
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Trong cach thir tu con co phep thur

1424+ b d=0ti Bq Qi g
cho phép phat hién ngay ra 13i cong sai (néu co).
O cong viée 3 (Kiém cac phiéu hop 1¢ béu thiéu).
Cach thir tir thyc hién kiém phleu xudi, nhanh
hon cach thir ba thychi¢n kiém ph:eu nguge vi 6

cic phiéu hop 1 bau thiéu thi s6 ngudi duge bau
thuomg it hon nhiéu so véi sb ngudi bi gach tén.

O ciing viéc 4 (Tong hop két qua).

Vi cich th tu, khéng phai tim 56 phleu hop 1€
bau da, vi nd da duge thé hi¢n la SO # trong
bang. Con ¢ cach thi ba, dé tim s6 phiéu loai

nay phai cong sb phiéu cta 10 dang: 1-2, 1-3,
1-4, 1-5, 2-3, 2-4, 2-5, 3-4, 3-5, 4-5.
Cach thir tu con cho ta cong thire tinh s6 phiéu
bdu cho moi img vién trong cac phiéu hop 1é
bau du (cac phiéu nay chiém dai b phén trong
cac phiéu bau), cong thirc dé 1a
B=n—-a-a',

trong do
n la s6 phiéu hop 1é bau du (gach tén ding 2
nguoi);
a la s6 phiéu ma (mg vién thir a 1a ngudi dau
tién ké tir trén xubng dudi trong s6 hai nguoi bi
gach tén;

a’ la s6 phiéu ma ung vién tht @ la nguoi thu
ha1 ké tir trén xuong duéi trong s6 hai ngudi bj
gach tén;

P, 1a s0 phicu bau cho Gng vién thit a.

Ching han, sé phiéu bau cho umg vién thir ba
(trong cic phiéu hop 18 biu du) 1a n— 3 =3,
trong do

n la s6 phiéu hop 1¢ bau du (da duge tinh trong
bang);

3 lasd phiéu gach tén cic ng vién 3-4, 3-5
(Umg vién thir ba 1a ngudi dau tién bi gach tén).
3' 1a s phiéu gach tén cac ung vién 1-3, 2-3
(tng vién thur ba 1a ngudi thar hai bi gach tén).
Cong viéc 2 va cong viec 3 duge glao cho hai

nhém tién hanh dong thoi. Sau d6 chi véi vai phép
cong hai s6 la da hoan tat két qua kiém phiéu.

Nhu vay, néu thyc hi¢n kiém ph:eu theo cach
thir tu thi viéc kieém phiéu s€ nhanh va don gian
hon nhiéu so vai cach thir ba.

Cac ban hay ty tim cach kiém phiéu trong
trudmg hop s6 ngudi bi loai khac 2.

TOAN HOC
%0 * Cludifre S8 409 (7-2010)
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SUY NGHI SAU THEM...
Xay ra 3 kha ning

(Tiép trang 15)

1 T
etanxy=— & x=g+k?t.

NE

° tanx=v'§+2 <> xz~g+kn.

etanx=+3-2cx —%Hﬂt{{keZ). a

P - v ¥ ] i - - T[ ] ’ o -
% Thidu 5. Gia sir 0 < x € % Cluing minh rcng

sin 'L'[l.‘.t‘.l.‘. X+sm2y)+sin iy HQL,("IH X

Lai gidi. Vi Osxsg nén cosx>0. Chia hai v& bt

dang thiic phai chimg minh cho cos® x>0 véi chi ¥
sin2x=2sinxcosx, sin3x=3sinx—4sin® x rdi
datr=tanx (0<r< 1), taco

H1+20)+31(1+12)—42 <9 hay 2 =22 -4t 490,
Xét ham s6 y=13-2¢2—-4r+9, !E[O; I], co
: 2
y' =03 -4-4=0. Tim ra =2, ,=——.
Lap bang bién thién ctia ham y trén [0;1] ta nhan
AU Vi =4 Ve =9 nén y >0 véi moi !E[O;]],

suy ra diéu phai chimg minh. O

BAI TAP
1. Cho phuong trinh /m cos x +sin x =-1.
a) Tim diéu kién cia m dé phuong trinh c6 nghigm.
b) Tim gid tri cia m dé phuong trinh ¢6 nghiém
chung véi phuong trinh m sin x +cos x = m?.

g : m
2. Cho phuong trinh (m+1)cos x+msin x =—— |
oS X

a) Tim diéu kién cia m dé phwong trinh ¢6 nghiém.
b) Tim gid tri cia m dé phuong trinh ¢é hai nghiém

X1, X7 thoa min ixl—x2|:§—‘

3. Gidi cdc phuong trinh

a) cos® x+sinx—3sin? xcosx=0;

b) Soos? x+3 008 xsinx+6008” xsin® x—oos xsit x+sin’ v=2

4. Tim gia tri 16n nhat va nho nhat ciia cdc ham s6

a) y=(3cos x+4sinx)? +2(3 cos x+4sin x)+5;
3cosx+2sinx+5

b) y="— :

Isinx+2cosx+5

5. Giasit 0<x < g . Chitng minh ring

CcOos X
=8,

sin? x(cos x —sin x)

https://tieulun.hopto.org
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'Cdu lac bo

A.Tén va ho

A,: Bolzano B. A,: Cardano G.
A;: Chebyshev P.L. A,: Fermat P.
As: Galois E. Ag: Kepler J.

A, Zermelo E.F.F.

B. Nam sinh, nam muit

B;: 1501 - 1576 B,: 1571-— 1630

B,: 1601 — 1665 B,: 1781 — 1848

B 1811 - 1832 B,: 1821 — 1894

B,: 1871 — 1953

C. Qudc tich

C,: Dic C,: bic Cy:Phap  C,: Phap
Cs:Nga; Cgltalia G Sec :

D. Cong trinh todn hoc lién quan dén ndi dung
toan & trutmg phé thong

r

Ki niém mot so Nha Toan hoc
L] * ]

Ban Si da lap mét danh sach cac nha toan hoc co
tén dudi day ma nam sinh cla ho tinh dén nam
2011 vifa tron chyc nam, dong thdi ho cé cac coéng
trinh nghién c(tu lién quan dén ndi dung toan hoc d
trudng phé théng.

D,: Xay dung nhitng tap hop mdi bing cic phép
hop, giao, ...
D,: Su phan bd céc sé nguyén té trong dy sé s
nhién. C6 bit dang thitc mang tén ong.
D;: Dinh li: S6 a? —a (a la s6 tu nhién) chia
hét cho 0 nguyén 16 p.
D,: Phuong trinh bic ba va cong thitc nghiém.
D;: Piéu kién can va du dé phuong trinh dai s6
béc cao hon bon giai duge bang can thite.
D;. Céc duong conic. Ba dinh luat vé quy dao
céc hanh tinh.
D;: Tinh lién tuc, gidi han, dao ham cua ham sd.
Ban hdy sip xép lai cic muc 4, B,C.,D.
(i1=1,2,3,4,5,6,7) sao cho phlt hgp véi timg
nha todan hoc néu trén.

AN MINH

S e R R R S e W S M M M e e e T M e M e e m M R MW RN MR RN RN MM NN R N NN N R O AN M

Gidi dap bai: Noam Thonkh nien 2011

(Dé da dang tren THTT s6 405 thang 3.2011)
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‘H o1 L1 [e]~Nfla[1[E]P|TH]A[N[H[N]I[E]N]
IM|O|T|T|R|U|0O|N|G|
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Tir & cot mau 12 THANH NIEN,

Cac ban sau cé 16 gidi ding, duge nhan tang phim:
1) Ta Diéu Ly, 8A3, THCS Lam Thao, Phii The;

2) Phan Piee Minh, 12A15, THPT Théi Phién, Hai Phong;
3) Nguyén Ngoc Minh, 10A2, K48, THPT Thai Hoa,
Nghia Dan, Nghé¢ An;

4) Nguyen Vin Hoang, 11T7, K50, THPT Do Luong I,
Nghé An;

5} Cao Thanh Nhan, 7B, THCS Cao Xuan Huy, Dién
Chiu, Nghé An;

6)TranVa Hodng, 11 Toan 1, THPT chuyén Ha Tinh;

7) Nguyén Trong Khiém, 6A1, THCS Vo Xdn, Tay
Som, Binh Pinh;

8) Nguyén Thi Thiy Hoa, 10A2, THPT Son M¥, Som
Tinh, Quang Ngai.

VAN KHANH

T?FIN HOC
tC[ E#hoﬂrg

S3& 409 (7-2011)




https:'www. faceboolt. com/letrungldenmath https:/isites. google. com/site/ letrunglienmath

XUAT BAN TU 1964

> Tap chi TOAN HOC va TUOI TRE o con 1078, i

DT Bién tap: 04.35121607
BT - Fax Phat hanah, Trj su : 04.35121606

/ }'.owﬁr/ ) Mﬂﬂlﬂlﬂﬂ“ts und Yﬂlﬂh Muguzlne Emall: tapchitoanhoc_tuoitre@yahoo.com,vn

BAN €O VAN KHOA HOC CHIU TRACH NHIEM XUAT BAN
. ; Chu tich Hai déng Quan tri kiém
GS. TSKH. NGU}' EN _CANH TOAN Téng Giam déc NXB Gido duc Viét Nam
GS. TSKH. T]{-A.N VAN NHUNG NGUT. NGO TRSLN Al
75. NGUYEN VAN VONG Ph6 Tong Gidm doc kiem
GS. POAN QUYNH Téng bién tap NXB Gido duc Viét Nam
PGS.TS. TRAN VAN HAO TS. NGUYEN QUY THAO

HOI DONG BIEN TAP

Tong bién tap : TS. PHAM THI BACH NGOQC Thie ki Toa sean : ThS. HO QUANG VINH

75. TRAN DINH CHAU, ThS. NGUYEN ANH DUNG, TS. TRAN NAM DUNG, TS. NGUYEN MINH DI, 75. NGUYE\:
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TRONG SO NAY

o Danh cho Trung hoc Co s¢ — For Lower @ Giai tri toan hoc — Math Recreation?

Secondary School ~

Than Ngoe Thanh — Mot phudng phép ching @) Dién din day hoc todn — Math Teaching

minh mét s& 12 hgp s v ting dung. TR )
Lé Quéc Hdn = Suy nghi sfu thém vé

Dé thi vao 16p 10 truéng THPT chuyén phudng trinh dang cap déi vdi cosx va sinx.

DHSP Ha N6i, nam hoc 2011 — 2012.
@ Pé ra ki nay — Problems in This Issue

Loi giai D& thi vao 16p 10 Trudng Pho T1/409 ..., T12/409, L1/409, L.2/409.

thong Nang khiédu, DPHQG TP. Hé Chi

Minh, nidm hoc 2010 - 2011. @ Giai bai Ki trudc — Solutions to Previous
Problems

Chuan bi thi vao dai hoc — University Giai céc bai ctia 86 405.

Entrance Preparation
Binh luan vé& Dé thi tuyén sinh Pai hoc @ Toan hoc va doi song - Advanced

khdi A, nam 2011, Elementary Mathema?tics
= P B it Vi Htu Binh - Ap dung toan hoc vao
Thur sire trude ki thi — Hudng dan gidi dé 56 9. kiém phigu biu Dai biéu Quéc hai va Hai

ST déng nhan dan cac cép.
Ban doc tim toi — Reader's Contributions d P

Trdn Quang Hung - Tong quat héa mot  €)) Caulac bo - Math Club
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