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Trong chuong trinh Todn ldp 9 khi hoc phdn do thi
hém s6 c6 mét sé bai tap lién quan dén giao diém :m
dicomg thdang (d): y = ax + b va parabol (P): y = ax’
(a #0). Néu khéo léo uf{.-‘uuy hé thitc Viéte thi loi giai
bai todn sé ngan gon, dé hiéu hon. Trong bai viét nay
chiing toi xin giol thiéu voi cde ban thudt todn trén.

dé giai mot s b toém vé ham 56 y=ax%(a+0)

% Thi du 1. Cho parabol (P): y = x* va duing
thang (d): v = 2mx —m + 1 (m=0).

Tim m sao cho duong thang (d) cat parabol (P)
tai hai diém phdn biét A, B ¢é hodanh do x,, x,

thod man |x; — x;| = 2.

Loi gidgi. PT hoanh do giao diém gitia (P) v (d) 1a
P=2mx-m+l & 2-2mx+m—-1=0 (%)
2

Cé a‘=[m—lJ +z>0, Y m.

2 4
Vay PT(*) luén c6 hai nghiém phan biét x,, x,
hay () luén cét (P) tai hai diém phan biét A, B.
Theo hé thitc Viéte, ta c6 x;+x; =2m; xx; =m-1.
|.x| _le = 2 — (x] +Iz)2 - 4’1]3—2:4
<4t —4m—-1)=4< m=1 (do m20).0

* Thi du 2. Cho parabol (P): y = ax’ (a > 0)
va ducmg thing (d): 2x —y—a” = 0.

a) Tim a dé dwong thing (d) cdr parabol (P) tai
hai diém phdn biét A, B.

b) Goi x,, Xy la hoanh d¢ cua hai diém A, B.
Tim gid tri nhd nhdt ciia biéu thitc

T = 4 4 ! i
Xa '-1'.1-3 Xadp
Loi gidi. a) PT hoanh do giao diém gita (P)

va(d) la

a’=2x-a <a’-2x+a*=0 (N
Diéu kién cdn va di dé (d) cat (P) tai hai diém
phan biét A, B 13 PT(1) c6 hai nghiém phan biét
XuXg oA =1-a*>0=0<a<l (do a>0).

b) Ap dung hé thitc Viéte cho PT(1) ta c6

2
Xq+Xp=—, X4.Xg=a.
a

NGODUCTHODUONGMINHCHAU
DD: 0986885389

CAO QUAC CUBNG
(GV THCS Vinh Tuong, Vinh Phuc)

Thay vao T thu duoc
1
T= . + =2a+ J—
Xp+Xg Xp.Xp a
Ap dung BDT Cauchy cho hai s& duong 2a va

l, ta cé I:"az,fz.:z.l =242. Pang thic x4y ra
a

a

khi 2a = l@az—L.Vay gid tri nho nhit cua

a V2

Tl 22 datdugckhia= ——. O

V2

% Thi du 3. Viét phutong trinh cdc ducmg thang
di qua diém I(0 ; 1) va cat parabol (P):. y = x°
tai hai diém phdn biét M, N sao cho dé dai

doan thang MN = 2410.

Loi gidi. Vi dudng thing x = 0 di qua diém 10 ; 1)
tiép xtic vdi parabol (P) tai diém O(0 ; 0) nén
PT céc dudng thang thod min dé bai 1a (d):
y = ax + 1. PT hoanh d6 giao diém giita (d) va
P lard=ax+l < x2—ax-1=0 (*)

Puong thing (d) cit (P) tai hai diém phan biét
khi va chi khi PT (*) ¢6 hai nghiém phan biét x,, x,
<>A=a?>+4>0 (luén ding). Khi dé toa do
céc giao diém 12 M(x,; x,%), N(x,; x,%).

Tacé MN = 210

— J(Xg —X|)2 +(x22 —Xiz}z =2m

= ((x] + xz)z —4x|xg)(1 + (xi + X3 )2) =40 (1)

Ap dung hé thiic Viéte cho PT(*), ta duoc
X+x=a; xx;=-1.

TOAN HOC

S6 405 (3-201) _ * CTuditre 1

https://tieulun.hopto.org



https:'www. faceboolt. com/letrungldenmath

hitps:/sites. google. com/siteletrungldenmath

Thay vao (1), thu duge (a”+ 4)(1 + a*) =40

& at+5a2-36=0 © a=12.

Vay PT cic dudng thang can lap 12 y=2x+1
va y=-2x+1.0

* Thi du 4. Trén mdr phang toa do Oxy cho

parabol (P). y = —é—xz cdiém 10 ; — 2) va diém

M(mi ; Q) (vér m la tham s6, m #0). Viét phong
trinh duong thing (d) di qua hai diém M, I.
Chitng minh rdng duong thang (d) luén cdt
parabol (P) tai hai diém phdn biét A, B véi do
ddi doan thang AB lon hon 4.

Léi gidi. PT dudng thang (d) di qua hai diém

10;-2)vaM(m;0)la y= lx—z.
m

PT hoinh d6 giao diém giita (d) va (P) 1a

—nl-;c2=£x—2<:? me* +4x —4dm =0 (*)
2 m

Cé A' =4+ 4m* > 0 (V¥ m). Vay PT(*) luén c6
hai nghiém x,, x, phan biét, ching to (d) luén
ciit (P) tai hai diém phan biét A, B. Khi d6, toa do
2 2
cdc giao diém A, B 1a A[xl ;—%] : B(x?;— Z J
Tir do

(1 —x, }2 (%1 +x ]2
4

=((x| +x2}2— 4I|I2){1+@} (1)

Ap dung hé thic Viéte cho PT(*), ta ¢é

AB® = (12_—’51)2 +

4
x+x,=——; x.x,=-4.
m

Thay vao (1) thu duge

{2 o)

:(£+]6)[]+i]:>16 (v m).
m:‘. mz

Suy ra AB > 4 (dpcm). O
*Thi du 5. Treng mdt phang toa do Oxy cho
parabol (P): y = — -12-.\'1. Goi (d) la duong thang

di qua diém 100, -2) va c6 hé s6 gée k.

TOAN HOC |
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a) Viét phuomg trinh duomg thdng (d). Ching
minh duong thdang (d) luon cdt parabol (P) tai
hai diém phdn biét A, B khi k thay doi.

b) Goi H, K theo thit tic la hinh chiéu vudng géc
cua A va B lén truc hodnh. Chimg minh rang
tam gidc IHK vudng tai I.

Loi gidi. a) PT dudmg thang (d) c¢6 he s6 gde k

vadiqua diém /(0;-2) lay=kx-2.

PT hoanh do giao diém giita (d) va (P) la
—%x2=kx—2c:>f+2.hc—4=0 (%)

Co6 A=K +4>0(V k). Vay PT(*) luén c6 hai

nghiém phén biét x,, x,. Chitng t6 (d) luén cat

(P) tai hai di€ém phan biét A, B.

b) Theo hé thitc Viéte, ta ¢6 x,.x, = — 4. Gid sir
toa do cdc diém A, B 1a A(x; v,), B(xy; ).

Vi H, K theo thit tu 14 hinh chi€u vuong goc cua
A, B 1én truc hoanh nén toa do cic diém H, K la
H(x, ; 0), K(x,; 0).

Dodé IH = x>+ 4, IK* = x> +4; HK® = (x, — x,)".
SuyralH +IK =x"+x" +8=x"+ 3" - 2xx, =
(x,—x;= HK.

Chimg t6 tam gidgc IKH vuong tai / (theo dinh 1i
Pythagore dao). O

Cudi ciing moi cdc ban cung luyén tdp théng
qua cdc bai todn saw.

1. Cho parabol (P): y = 3x* va dudng thing (d):
y=2x-m+1(m # 0). Tim cdc gid tri cua m sao cho
dudng thang (d) cat parabol (P) tai hai diém phin
biét A, B ¢6 hoanh dé x,, x, thod man |x; — x| =5.

2. Cho parabol (P): y = x* vi
dudmg thing (d) : y = mx+4 (m la tham s6).

a) Chimg minh ring dudng thing (d) luon cit (P} tai
hai diém phén biét A, B vdi moi gid tri cia m.
b) Tim cdc gid tri chia m dé doan thing AB ¢6 do dai
ngén nhat.
3. Viét phuong trinh cdc dudng thing di qua diém
KO ; — 4) va céit parabol y = if tai hai diém phén
biét M, N sao cho do dai doan thing MN = 3/5.
4. Cho parabol (P): y = x* vi

duong thang (d): y = 2x + m (m 1a tham s6).
a) Tim cdc gid tri cia m dé dudmg thang (d) cat
parabol (P) tai hai diém phan biét A, B.

b) Tim toa do trung diém / cia doan thing AB theo
tham sé m.

https://tieulun.hopto.org
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Huong dan glal de thi vao lop 10
TRUONG THPT CHUYEN I.HM SON, THANH HOA

e

NAM HOC 2010 -2011
(Dé thi da ddang tréen THTT 50 404, thang 2 nam 2011)

Caul.a)Tacoé x3+3x—-140=0
S (x=5)x2+5x+28)=0 < x=5.
b) Vi P*=140-3P < P* +3P-140=0.
Nén P langhiém cha phuong trinh
x*+3x —140=0.
Suyra P= 5.
Cau 2. a) Gia sit E(0 ; y,) 12 mot diém trén

ng;iﬁ]le (P). Goi h 1 khodng
céch tir diém M dén (d). Taco ME = h

2 2
1
= +[1x2 —y{.) =[%x2—1] s

<> xz(i—%y0]+y& -1=0,vx

truc tung va

2
1 1
——=Yo=0 - :
<142 2 & yo=1.Vay E(0; 1).
yi—-1=0
b) Taco
(a+b+c)i=(a+(b+c))? 2 da(b+c).

Do a+b+c =1 nén tu BDT trén suy ra
1> da(b+c) < b+c = 4 alb+c)?.
Lai ¢6 (b+c)? = 4be. Suy ra b+c = l6abc.
il a 1 1

Pang thirc xay ra khi azE; b=c= T
Cau 3. Trén THTT 56 404 trang 4, d Cdu 3 dd in nham
gid thiét x> 0, y > 0. Xin sita lai ld x > 0, y < 0. Thanh thdt
xin 165 ban doc!

1 1 s
Vi k+—-{2x+—va

¥ ¥

10 10
i K e ol
3 3

Nén x+] + E—x+y:_>l-(—}+y+l+
yoI3 3 y
Tir PT thit nhit caa hé suy ra
a5 M
) Y
%—x+y20 (2)

Do do, ta co
10 1
—4y+— >0¢:>y2+—y+1<0 3)
3 y 3

82
Do xz+y2=3, vi x > 0 nén

2 2
10 10 82
e |—+y| 2xie|—+y| +yiz—
e (Le] 2 (L] 47228
<:>y2+¥y+120 (4)
Tit (3) va (4) suy ra
F==3
y2+ﬂy+l=0¢> ]
3 }'=—§.

HPT cé nghiém (x; y) la (%, - 3) va [3;—%).
Cau 4.

a) Ta 06 MH = MA = MC, suy a MHC = MCH =2BCK.
Do KB = KC (gia thiét) nén KBC = KCB. Tir dé
MHC = 2&%. ma m=ﬁ'+m, suy

ra KBC = HMB . Do d6 tam gidc HMB can tai
H, hay MH = HB.

Gia sit HA> HB, khi d6 ABH > BAH suy ra
BAH <45°va ABH > 45°.
Vi BAH + CAH = 105° nén CAH > 60°. Tam
gidgc AMH cén tai M nén AHM = HAM > 60°.
Suy ra AMH < 60°. Do d6 HA < MH = HB

A

D M

B H =

(méau thudn). Tuong tu, néu HA < HB ta ciing
gap diéu mau thuan. Vay HA = HB. -

TOAN HOC
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BETIVAS LSP 19
TRUONG THPT CHUYEN LE KHIET, QUANG NGAI

NAM HOC 2010 - 2011
(Thoi gian lam bai: 150 phii)

Cau 1. (2,5 diém)
a) Thu gon biéu thitc

u-(F- )3

viix>0:x # 9.
b) Giai phuong trinh

c¢) Giai hé phuong trinh

Cau 2. (2 diém)

a) Tim tit ci cic s6 tu nhién n dé

n? —n?-7n+10 1a mot s6 nguyén to.

b) Tim tit ca cdc s6 tu nhién x, y, z thoa man

phuong trinh 2010 = 2009~ + 2008

Cau 3. (1,5 diém) Cho phuong trinh

—mx+m-=1=0.

a) Chimg minh ring phuong trinh di cho luén

¢6 nghiém véi moi m.

b) Gia sir x,, x, 14 hai nghiém cta phuong trinh.
4.1.]13 +6

xE+x2+2(1+xx,)

bit A=

b) Tir a) a) suy ra tam gidc AHB vufmg cin tai H
nén BAH = ABH =45°, suy ra HAC = 60°

va ACB=30".
Cau 5. a)Daty = !PT di cho trd thimh

e

Tir hé thic [y+5] = [2y]- [y],
-1

4
suy ra [2y]= yT

TOAN HOC .
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4x

Vi gid tri nio cua m thi A dat gid tri nho nhat ?
¢) Tim tat ca cdc s6 nguyén duong m dé A nhan
gia tri nguyén.

Cau 4. (2,5 diém)

Cho tam gidc ABC c¢6 AC = 3AB = 3a va
BAC = 60°. Trén canh BC 1ay diém D sao cho
ADB =30°. Dudng thang vuong goc véi AD tai
D cat tia AB & E va cat canh AC & F. Ha EK
vuong géc v6i AC (K € AC).

a) Tinh ban kinh cua dudng tron ngoai ti€p tam
giac ABC theo a.

b) Chitng minh ba dudng thing AD, BF vi EK
déng quy.

Cau 5. (1,5 diém)

a) Tam giac KLM c6 cac duong phén gidc trong
1a KN va LP cit nhau tai Q (N € LM;P € KM).
Gia sir tit gisgc MNQP noi tié€p va PN = 2. Tinh
s6 do cdc gbc va cdc canh cua tam gidc NPQ.

b) Cho tam gidc ABC cin tai A c6 BAC =108°.

Tinh i s 2€.
AC

TRAN VAN HANH
(GV DH Pham Vdn Dong, Qudng Ngdi)
st tdm va gidi thiéu

R

4y -1
batt= 3 ,teZ taco

=t < ;’%ﬂ <Hl]l o -1<r<l

t=—1
=>[ (do teZ).
t=0

DS.x=—l;r=£.
B 16

PHAM NGOQC QUANG
(8¢ GD&DT Thanh Hod) suu tim va gidi thiéu

https://tieulun.hopto.org
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Chuan bi

cho ki thi

to1 nghiép THPT
va thi vao

Dai hoc

DAl HOC

Tron g cudn “Tuyén chon theo chuyén dé chuén bj
cho ki thi tét nghiép THPT va thi vao Bai hoc —
Cao Ddng mon Toén", tap 2, téc gid Pham Thj Bach
Ngoc da co bai gidi thiéu bai toan hinh cdu ngoai tiép

khGi da dién. O bai nay, ching t6i s& phén tich cach

gidi va dua ra cac thi du minh hoa déi vdi timg trudng

mzp cu thé cua bai foan trén nham giup céc thi sinh
i quyét dé dang céc bai tap vé hinh céu ngoai tiép.

“TRUONG HOP 1. Néu céc dinh cia kh6i da
dién déu nhin doan thang AB duéi mot géc 90°
(trit cdc dinh tring v6i A hodc B) thi n6 ndi tiép
trong mat cdu (S) c6 tam O la trung diém doan

: B
thing AB va bdn kinh R = 142—

% Thi du 1. Cho it dién ABCD cé bon mat la tam
gide vuong va canh lon nhdt c6 do dai bang 2a.
Tinh thé tich hinh cdu ngoai tiép cua ti dién do.
Loi gigi. 1) Néu A

mbi dinh cua tf
dién la dinh cua
mot goc vuong,
ching han nhu &
hinh 1. Khi d6 hai
mat cdu dudng
kinh BC va AD
déu ngoai ti€p i
dién. Kha nang
nay khong xay ra.
2) Néu c¢6 mot dinh 12 dinh chung cua ba géc
vudng thi theo tinh chét cia t dién vudng, mat
d6i dién véi dinh d6 phai 1a tam gidc nhon. Diéu
nay trai voi gia thiét.

3) Nhu viy phai tén A

tai mét dinh 1a dinh
chung cua hai goéc
vuong, Khong mat
tinh tﬁng quat gia sur
BAC = CAD =90°
khi d6 cic goc vudng
con lai duge sip xép
nhu hinh 2. Néu

ABD =90° thi do

Hinh 1

Hinh 2

Bdi todn

NAC DINH AR

ngodi mp khoi dién

PHAN CUNG BUC
(GV trudng chuyén KHTN, BHKHTN Ha Nbi)

cAv

CA 1 (ABD) nén BD 1 (ABC), suy ra ﬁ =90¢,

Hai géc vudng con lai phai c6 dinh 12 B.

Tir d6 & trudng hop trén, dé thdy CD la canh 16n

nhét. Cic dinh A, B déu nhin doan CD dudi mét

géc 90°, nén mit cdu ngoai ti€p tif dién 1a mat
CD

ciu dudng kinh CD véi ban kinh R = = =aq.

SuyraV 4, = %m? 0

% Thi du 2. Cho hai ducmg thang a, b chéo nhau
cé duomg vuong goc chung la AB (A € a, B € b).
Goi (P) la mat phcfﬂg qua A va vuong goc voi a.
Mat phdng (Q) chuyén dong song song vor (P) va
cdt a, b thit e tai C, D. Puong thang qua D, song
song voi a cat (P) ¢ E. Chiimg minh rang khoi da
dién ABCDE c6é mdt cdu ngogi tiép va mdt cdu nay
Iuén chita mor duomg tron cd dinh.

Loi giai. Vi AB
qua A va vudng
géc vdi a nén
AB € (P). Ta
thdy ACDE la
hinh chif nhat.
Cac dinh B, C,
E déu nhin AD
duéi mot goc
90°, nén khéi
da dién ABCDE

ndi ti€p duge
trong mat cdu tam O, dudng kinh AD, ki hiéu

la (5).

Goi M 1a trung diém doan AB thi diém M c6
dinh, d = MO 14 dudng trung binh cla tam gidc
ABD nén d c6 dinh, diém O e d c6 dinh khi (Q)
chuyén dong song song véi (P). Suy ra (S) di
qua hai diém A, B ¢6 dinh va ¢6 tam O thudc
dudng thang d c6 dinh. Goi (R) 1a mat phﬁng
chita AB va vudng géc véi d thi (R) c6 dinh. Mit
phing (R) cit (S) theo dudng tron () c6 dinh Ia
dudmg tron dudng kinh AB. O

Hinh 3

TOAN HOC
' CTudilpe 5
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“TRUONG HOP 2. Khi x4c dinh tim hinh ciu
ngoai ti€p cua cc khéi da dién co ddy (nhu khoi
choép, chép cut, lﬁng tru,...) ma khéng thoa man
truong hcp 1 thi phai dlmg truc dubng tron ngoai
ti€p ddy va mat phang trung truc cha canh bén.
Tuy nhién ching ta khong nén v6i dyng mat
phang trung truc ma tiy theo timg dang bai tip dé
dua cich xdc dinh tam hinh ciu ngoai ti€p ngin
gon nhit. Du6i day chiing ta phan tich mot s6 dang
bai tap thuong gap trong cdc ki thi vao Dai hoc.
DANG 1. Nhu da biét, hinh chép déu, hinh chop
c6 cdc canh bén bang nhau, hinh chép cé cac
canh bén nghiéng déu trén ddy luon c6 dudmg
cao la truc dudng tron ngoai ti€p ddy. Do dé
ching c6 mat cau ngoai tlép Vi truc dudng tron
ngoal ti€p day déng phang vai bat ki canh bén
nao nén ching ta chi viéc chon canh bén thudn
loi nhét & hinh vé dé trong mit phang tao béi
canh bén dé6 va dudng cao, tAm hinh cdu ngoai
tiép la giao cua duong trung tryc cua canh bén
d6 voi duong cao cia hinh chép.

*Thi du 3. Che hinh chép SABCD ¢ ddy
ABCD [d hinh thang voi déay lom AB = 2a va BC =
CD = DA = a. Cdc canh bén cua chop nghiéng
déu trén day géc a. Tinh thé tich hinh cau ngoai
tiep cra hinh chop.
Loi giai. Goi H la
trung diém canh AB
(h. 4) thi HA = HB =
HC = HD = a, nén
duong tron (H ; a)
ngoai ti€p day. Ta
thay SH 1a truc dudng
tron ngoai tiép day.
Do do trong mat
phing (SAH) dudng
trung truc clia canh
SA cat SH tai O thi O la tam hinh cdu ngoai ti€p
cua hinh chép. Trong trudng hop nay O cing
chinh la tim dudng tron ngoai tiép tam giac
SAB. Goi R 14 bdn kinh hinh ciu thi R = 0S. Ta

a

Hinh 4

thdy SA =SB = 5
cosa
Tir d6 dung dinh 1i sin d61 véi tam giac SAB, ta co
a a
2R=— <> R=— A
sin@cosa sin2a

= imgs - 4_“ a .
3 3 sin®2a

DANG 2. Xét hinh chép cé mot canh bén vudng

gbe voi ddy va ddy c6 truc dudng tron ngoai tiép

la A. Khi dé A song song v6i canh bén do va

ching tao thanh mat phiang (P). Bé xdc dinh

TOAN HOC
6 * CTuditpé_SO6 405 (3-2011)

Va}’ V::#iu

hinh cdu ngoai ti€p cua hinh chadp thi trong (P),
tam O cua hinh céu la giao cua dudng trung truc
ctia canh bén d6é va A. D& dang tinh dugc bdn
kinh R cta hinh céu theo dinh i Pythagore.

% Thi du 4. Cho hinh chop SABC ¢6 AB = AC = a,
BAC =120°. Cdc mdt phing (SAB) va (SAC)

cling vuéng goc vai day va mdt phang (SBC) rao
var ddy goc a. Tinh thé tich hinh cdu ngoai tiép
cua hinh chop.

Loi gidi. Goi E la
diém déi xing vai A
qua BC (h.5). Vi AB =
AC = a va BAC=12(r
nén duong tron (E; a)
ngoai ti€p ddy ABC.
Tir gia thi€t c6 SA L
(ABC’). Suy ra dudng
thang A qua E, song
song vdi SA la truc
duong tron ngoai tiép
tam gidc ABC. Trong
mp(P) chita SA va A,
tim O hinh cdu ngoai tiép cta hinh chép 12 giao
dutng trung truc cua SA voi A. Goi D 1a trung
diém canh BC thi BC 1 (SAD) = a =SDA =

Hinh 5

S.*&zgtana = OEzEtana,Dodé
R? =OB? = OF? + EB?

-
i

a
= —tan’a +a?
16

gn(ﬂs( tanza+16)3

3
= —?é(lan2 a+16)2.0

o
=—(tan? & + 16).
16

Va)'r Vcﬁu =

DANG 3. Xét hinh chép véi ddy cé truc dudng
tron ngoai ti€p 12 dudng thing A, nhung A khong
déng phing véi bat ki canh bén n.’lo Ciing dimg
voi dung mat phang trung truc ctia mot canh bén
ma héy binh tinh quan sat cic mat bén. Néu xdc
dinh dugc truc dudng tron ngoai ti€p cua mot
mat bén thi giao diém cha né véi A chinh 12 tdm
hinh cdu ngoai ti€p hinh chép phai tim.

% Thi du 5. Cho nt dién déu ABCD ¢6 canh bing
a. Goi A, D, la tdm cdc mar (BCD), (ABC). Tinh
thé tich hinh cdu ngoai tiép ti dién D.A,CD.

Loi gidi. Goi [ 1a diém d6i ximg cla A, qua CD,
E 14 trung diém canh CD (h. 6). Xét hinh chép
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A D,.ACD c¢6 day la
tam gidic ACD vdéi

ol

AC=AD=222 w

CA1 D =120°. Suy ra

a\EJ

duong tron { F & T

Hinh 6 ngoai tiép tam gidc
A,CD. Pudng thang A qua / song song v&i AA,
la truc dudng tron ngoai ti€p tam gidc A,CD
va thuéc mp(ABE). Xét mat bén (D,CD) ¢6

CD.D=90° vado AB L CD, va AB 1 DD, nén
AB L (B,CD). Vay dudng thing A, qua E song
song véi AB 1a truc dudng tron ngoai ti€p tam
gidc D,CD. Do dé A, m A = O 1a tam hinh cdu
ngoai ti€p t dién D, A,CD. Ta thay

— 6
10 = E'Ii,anOEf:a\E.AA' = “‘/_. Suy ra
6 BA 6
2 2
R:=0C* =10? +IC? i—+%=%:¢»
R:d_— Vay Vi, = %mﬁ'a :gm-". a

“TRUONG HOQP 3. D€ xé4c dinh tam hinh cdu
ngoai tiép t dlén ABCD ta c6 thé sir dung thém
phuong phip hai mgit phang trung truc: Goi
(P,), (P,) 1a hai mat phang trung truc cia mot
cip canh d&i dién, ching han AB va CD. Xic
dinh giao tuyén A ctia (P)) va (P,). Trén dudng
thing A ta tim diém O dé OB = OC thi O la tam
hinh cdu ngoai ti€p cua ti dién.

% Thi du 6. Cho tii dién ABCD ¢6 AB = 2a, CD =
b, khodng cdch gitta AB va CD bang h, trong tam
G cia e dién thudc duong vuong goc chung cua AB
va CD, (O; R) la hinh cdu ngoai tiép tie dién. Chiing

. v
minh rang R = ;\ﬁr’ +(a+b)*.

Loi giai. (h. 7). B
Goi MN la dudng
vuong goc chung
cia AB va CD
(M e AB,N €CD).
ViG € MN nén A,
B,, N thang hang
voi B, trong tAm tam
giac ACD, nén N la
trung diém CD.

Tuong ty M la trung diém AB, do d6 MN la giao
tuyén ciia hai mat phing trung truc cua AB va
CD. Suy ra O € MN. X4c dinh O tir diéu kién OA

= OC. Pinh hucmg MN theo chiéu MN va dat
MO =x thi ON=MN-MO =h—x. Suy ra
R2=04?=0C? =x2+a? =(h—x)* +b*

h? +b* —a*

x=—————— Dodb
2h

1 252
RR=qg° +1-h-2_{h2 +b2—a-)

o 4R = bt +2(a? + b2 )h? + (a2 - b2’
>h*+(a+brPh: +(a®>—b*)> 2 h* +(a+b)* h%.
Diéing thiic xay ra khi va chi khia = b.
Do do 4R?* 2 h* +(a+ b)* (dpecm). O

BAI TAP
1. Cho hinh chép SABCD c6 diy ABCD la hinh
thang vuong voi day 16n AB = 2a, dudng cao AD =
CD = a. SA vubng géc véi ddy va (SBC) tao vl ddy
géc @ E 1a trung diém canh AB. Tinh thé tich hinh
cdu ngoai ti€p cic hinh chép SADCE, SABC va
S.BCE.
2. Cho hinh chép SABCD c¢6 diy ABCD la hinh
vuong canh a. SH vuéng goc voi ddy, trong do H la
trung diém canh AB. Tinh thé tich hinh ciu ngoai
ti€p cua hinh chép trong hai trudng hop:
a) Hinh chép cé ba mat bén 12 tam gidc vuong.
b) Hinh chép ¢6 canh SC tao véi dédy va mét (SAB)
nhitng géc bang nhau.

Poc lai cho ding

e ( s6 403, trang 6, dé bai tinh tich phan & thi du 5
khong c6 nghia. Xin chinh lai:

L

)
Tinhtich phan 7= | o
& 3 (24342 +12x+5)
z
(HD. Dit 1 =4x2 +12x+5 . Déip s6. 1=%).

e (J s6 404, trang 6, 1 gidi thi du 2 khéng chinh xdc.
Xin gidi lai thi du 2 nhu sau:

TacéA_”;:'f%Ix_i" az[ x+(1—x1— ]vxe(m)

Xéthémsdﬂx}— xfx +(1—xWl—x, vdi xe(0;1) c6

== (f—ﬂ)

bién thien ham s6 f{x) trén (0;1) ta thdy min f(x):%

1 %
fix)=0& x=—£. Lap bang

Tirdé minA =+/2 dat dugc khix=y= %

Thanh that xin 16i ban doc.
THTT

TOAN HOC
* CTudite 4
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Thot sede TRUGC Kl THI

PE SO 6
(Thoi gian lam bai : 180 phiit)
PHAN CHUNG

Cau L. (2 diém)

Choham s6 y = x3+3x2 +9x+3.

1) Khao sat su bién thién va v& dé thi (C) cua
ham so.

2) Tim cdc gid tri cha k dé ton tai hai ti€p
tuyén vGi (C) phan biét nhau va cé cing hé s6
géc k, déng thoi dudng thing di qua céc ti€p
diém cia hai tiép tuyén d6 véi (C) cat céc truc
toa d0 Ox, Oy tuong img & Ava Bsao cho
OB =2011.0A.

Cau IL (2 diém)
1) Giai hé phuong trinh
x3+2y =xty+2xy
2x* —2y-1+3y*-14 =x-2.
2

2) Giai phuong trinh 2% +3x =17.

Cau IIL (1 diém)
3
Tinh tich phan 7 = [(x® —3x? +2)®"dx.

Cau V. (1 diém)

Cho hinh chép S.ABCD c6 diy ABC 1a tam
gidic vuong tai A, canh BC = a va ABC =30°.
Hai mat phing (SAB) va(SAC)cung tao véi
ddy mot goc 60°. Biét ring hinh chi€u cia
dinh § trén mit ddy thudc canh BC. Tinh thé
tich khéi chép S.ABC theo a.

Cau V. (1 diém)
Tim gi4 tri 16n nhAt cba biéu thic
. x3y3
(x+y2)(y+zx)(z +xy)*
trong d6 x, y, z 14 cic s6 duong thoa man
x+y+1=z

PHAN RIENG
(Thi sinh chi duoc lam mét trong hai phdan A hodc B)

A. Theo chuong trinh Chuin

Cau Vla. (2 diém)

1) Trong mit phang toa do Oxy cho tam gidc
ABC biét ba chan dudng cao img véi cac dinh
A, B, C lin luot 14 A'(1;1), B'(-2;3),C'(2;4).
Viét phutong trinh dudng thing chita canh BC.
2) Trong khéng gian v6i hé toa d6 Oxyz cho ba
diém A(1;2;-7), B(-4;0;0), C(5;0;-1) va
mit cdu (8):x2+y?+22-2x—-4y-7=0.
Tim toa do diém M thudc mét cdu (S) sao cho
thé tich tir dién MABC 16n nhét, nho nhat.

Cau VIla. (1 diém) )

Tim tap hop cic diém biéu dién s6 phic
2z+3-i, biétring [3z+i[" <27 +9.

B. Theo chuong Nang cao

Cau VI b. (2 diém)
1) Trong mat phing toa d6 Oxy cho diém
M(2;-1) va dudng tron (C)):x*+y*=9.

TOAN HOC __
8 & cl'ubltre S6 405 (3-2011)

Viét phuong trinh dudng tron (C;) c¢é ban
kinh bang 4 va cit (C,)theo mot day cung
qua M c6 d6 dai nho nhét.

2) Trong khéong gian véi hé toa do Oxyz cho
tt gide ABCD véi A(1;2:1), C(2:4:-1). Hai
dinh B, D thuoc dubng thing IT“I =3’%2 =§
sao cho BD=4 . Goil 1a giao diém hai
dudng chéo cha ti gidc va biét rang
Suncp = 2011.5,4» . Tinh khodng cich tir diém
D dén dudng thing AC.

Cau VIIb. (1 diém)
Tim tap hop cdc di€ém biéu dién s6 phicz,
biét ring |z +2|+|z7 —2|=6.

pO BA CHU
(GV THPT Péng Hung Ha, Thdi Binh)
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HUONG DAN GIAI PE SO 5

Cau L. 1) Ban doc tu gidi.

2) PT x? —Z’w:m:z—1=0c::»3m=x—i2 (x#0).
X

Xét ham s6 f(x)zx—xiz*
Cé f‘(x)=]+%; fi(x)=0e x==-32.
X

Lap bang bién thién ham s6 f(x), ta thdy PT c6
ba nghiém phan biét khi m < —;1—_ .0

4
Cau II. 1) PT da cho tuong duong véi
4(cos®x—sin3x)—5(cosx —sinx)+1=0
bit r:cosx—sinx(|f|$~.5), ta dugc PT
(1-1)(2r2 +2t+1)=0t=1.
Ddp s6. x = 2km; x=—g+2k7t (kez).

2) DK —-1<x;y<3. Tri theo vé€ cua PT thit
nhit cho PT thit hai, ta duogc

I 1
(x_y)(\f’m+\/y_+I+J§—_x.+m]=0

x=y.

Thay vao PT thir nhét trong hé ta duoc
VX+1+y3—x=m.

Khio sdt ham s6 f(x)=~+x+1++3-x suy
ra2<m<2y2.0

1
CaullL /= | - ;
0

Ix+1
1 2
(x+ ) x+1

bat 1=J3x+l=> L = =ids;
x+l  (x+1)

Jz
I=[dt=v2-1.0
1

CauTV. Tacé SC L mp( AMN) nén ANM = 60-.
Tir cac két qua

L o 1o i 1_1+1_
AM?  S42 AB?’ AN? S4? AcC?’
J3

AB=a; AC=a\2; AM= AN.T.

az

Timduge SA=a; Sy =——

3 AMN 4@

a | a’
SN=—; ¥V =—8N.§ =—. 0

‘V@ SAMN 3 AMN 36
CavV, Tacs 25—+l —xisna

X ¥y xX+y

Trdésuyra x*+p3>22; x2+y222,
Chimg minh BDT

Jai 457 +\Jai + b3 = (@ +ar)* + (b +B,)’,
tir do6 suy ra

P=x+3y% +Jy¢+3x*

2‘,\{(153+y3)2+3(:c2+y:’}2 24.
Tadugc minP=4 khi x=y=1.0

Cau VI a. 1) Gid sit A(a;0), B(0;b),(a > 0,
b > 0). Khi d6, PT dudng thing AB c6 dang
X2 1. Diém M(1;2)e ABnén L4221,
a b a b

Ap dung BDT Cauchy c6 1=1+32&,
a b Jab

suy ra S pc = -;—ab > 4. PT dudng thang phéi

imia 2+2=1.0
2 4

E=3a
y=1+2t (teR).

z=-1

2) PT dudmg thing (d):

Vi Me(d) nén M(3+1;1+2t;—1).
Tacé MA? + MB? =121 +24r+ 74
=12(t+1¥ +62=262.
MinQ =62, khi r=-1. Pap sé6. M(2;-1;1). 0
(Xem tiép trang 29)

TOAN HOC
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T heo Cu triic dé thi tuyén sinh dai hoc, cao
déng nam 2001 mén Vat li, phdn chung cta
chii dé Dong dién xoay chiéu theo chuong trinh
chudn va chuong trinh nang cao c¢6 9 cau trac
nghiém. D€ lam (6t cdc cau tric nghiém cla cha
dé nay, thi sinh cdn nim vimg nhimg ndi dung
kién thic sau day: Pai cuong vé dong dién xoay
chiéu; Poan mach xoay chiéu chi c6 R, L, C va
c6 R, L, C mdc néi tiép, cong huong dién; Cong
sudt cua dong dién xoay chiéu, hé s& cong sudt;
Mady bién dp, truyén tdi dién ndng; Mdy phdr dién
xeay chiéu; Pong co khong dong bo ba pha.

D6i v6i mbi cau trac nghiém, thi sinh cin doc ki
phin din véa 4 phuong dn lua chon A, B, C, D;
phai nhin xét, dinh gid ngay dugc nhimg
phuong 4n sai dé thdy dé loai bo, déng thdi tap
trung suy nghi vio céc phuong dn con lai xem
phuong 4n nao la ding dé luva chon. Néu chua
lam duoc cau hdi trude thi hay tam thoi bo qua
dé lam cau sau, va cudi gidr sé quay lai cdc cau
di bo qua. Diéu luu ¥ 14 thi sinh khong nén dé
trong (khéng tra 16i) bat cit moOt cau nao trong
toan bo dé thi.

Duéi day, ching t6i dua ra mot s6 cau tric
nghiém vé chi dé nay, déng thoi huéng din
cdch lua chon phuong dn ding.

CAU 1. Pat hiéu dién thé u=U,sinwt vao
hai ddu doan mach R, L, C khong phan nhanh.
Biét dién tro thudn ciia mach khong doi. Khi ¢o
hién twong cong huwong dién trong mach, phat
hiéu nao sau day sai?

A. Cuong do hiéu dung cia dong dién trong
mach dat gid tri lon nhet.

B. Hiéu dién thé e thot o hai daw doan mach
cting pha vai hiéu dién thé nic thoi o hai ddu
dién tro R, _

C. Cam khang va dung khdng cia doan mach
bange nha.

D. Hiéu dién thé hiéu dung o hai dau dién tro
R nhd hon hiéu dién thé hiéu dung & hai ddu
doan mach.

TOAN HOC |
" CTudilre SO 405 (3-201)

10

Cho dé : DONG DIEN XOAY CHIEU oo

NGUYEN VAN THUAN
(GV trtdng DHSP Ha Noi)

Huéng ddn. Khi c6 cong huong thi Z=R = Z

. ¥ E:Inm,suyra.idﬁng.

Ta co tanq.J:L;ZE=U, suy ra u cing pha

v6i {; nhung i lai cing pha véi up =iR; vy u
cling pha v6i ug ; (B diing). Khi cong hudng thi

wL*-L=0, suy ra Z; = Z.,(C ding). Vi
Caw

Z=Rnén U =1Z = IR = Uy (D sai).

: Chon D. O
CAU 2. Doan mach dién xoav chiéu AB chi
chita mdét rong cde phdan ue: dign tro thudn,
cudn dday thudn cam hode e dién. Khi dat hiéu

T CHI | —— .
sin| ! + lén hai ddau A va

dién thé u=U,
L 6/

B thi dong dién trong mach ¢é biéu thic
: o i _
i=1lysin| wt—— |. Pogn mach AB chita

LY ]

A. Cuon day thudn cam.

B. Cugn ddy cé dién o thudn.

C. Dién ird thudn.

D. Tu dién.

Hudng ddn. Mu6n biét doan mach AB chita

phdn tir gi, ta phai tinh do léch pha (Ae) gilta

hiéu dién thé « cua hai ddu doan mach AB va

cuomg d6 dong dién i chay trong doan mach
" T ) =«

nay. Taco Ap=¢, —@; = 6 ( 3)- % suy

ra doan mach AB chia cu6n day thuin cém;
(A ding).
Chon A. O

CAU 3. Mot may bién thé diing lam mdy hy thé
eom cuon day 100 vong va cudn day 500 vong.
Bo qua moi hao phi cia may bién thé. Khi
ndi hai dédu cuon so cap voi higu dién thé

https://tieulun.hopto.org
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u =1002 sin 1007 (V) thi hiéu dién thé hiéu
dung o hai dau cudn thie cap bang

A.50V.  B. 100V, C. 20V. D. 150V.

i U, N
Hudng dan. Ap dung cong thic =l d Ty

N
c6 N, =500 vong, N, =100 vong, U, = 100V,
N, 100
suyra Uy, =—U/, =——_100=2 , C diing.
¥ 2 N, 1 500 O(V) £
Chon C. O

CAU 4. Mt doan mach gom cuon day thuan

cdm mde ndi tiép voi dién trd thudn. Néu ddt

hi¢u dién thé u =1532sin100mt (V) vao hai

ddu doan mach thi hiéu dién thé hiéu dung giita

hai dau cuon day la SN. Khi do, hiéu dién thé

hiéu dung gita hai dau dién tra bang

A 102V, B.10V3V. €. 5V2V. D. 5/3V.

Huéng din. Taco U2 =UZ+U},suyra

U =U2-U} hay

Up =JU —U} =+225-25 =102(V), A ding.
Chon A.

CAU 5. Poan mach dién xoay chiéu khong

phén nhanh gém cudn day ¢ do tw cam L, dién
tra thuan R va tu dién cé dién dung C. Khi

dong dién cé tan so goc la chay qua

JLC
doan mach thi hé so cong sudt cua doan mach
nay

A. Bang 0,

B. Phu thude dién tro thuan cua doan mach.

C. Bing 1.

D. Phu thudc tong tro cia doan mach.

Huong dan. Hé s6 cong sudlt

cosga=£m i
Z JrR2+(z,-2c)

1 1
Taco w= ,suyra @?=——: dodé
JLC Lc
wl. .3 =Z; —Zc=0. Vay cosp=1(C ding).
Ce

Chon C. O

FXD
BAI TAP VAN DUNG

Cau 1. Pat hiéu dién thé » =100v2sin100m (V)
vao hai ddu doan mach R, L, C khong phan

, I
nhinh véi C, R ¢6 do 16n khong doi va L=—H.
n

Khi d6 hiéu dién th€ hiéu dung & hai ddu mdi
phin tir R, L vd C ¢6 d6 16n nhu nhau. Céng
sudt tiéu thu cua doan mach 1a

A.500W. B.300W. C.100W. D.250W.

Cau 2. Poan mach dién xoay chiéu gém bién
tré R, cudn day thuin cam co do tu cam L va tu
dién c6é dién dung C mic ndi tiép. Biét hiéu
dién th& hiéu dung hai ddu doan mach 1a U,
cam khang Z,, dung khing Z. (v6i Z, # Z.)
va tdn s6 dong dién trong mach khong doi.
Thay déi R dén gia tri R, thi cong sudt tiéu thu
cua doan mach dat gid tri cuc dai .%7 , Khi dé

A R=Z,+Z;. B.Ry=|Z,-Z|
Z} e
C. Ry === D. Ry=—.
] Zc 0 .gﬁ

Cau 3. Tai thoi diém ¢, dien dp
u=200\ﬁms(100m—%) (trong d6é wu tinh
bing V, ¢ tinh bang s) ¢6 gid tri 100§2V va

dang gidm. Sau thoi diém dé ﬁs, dién ap

nay co gid tri la

A. 1003V, p 2y

2
C. =200+/2V.

D. —1002V.

Cau 4. Mot dong co dién xoay chiéu khi hoat
dong binh thutng véi dién dap hiéu dung 220V
thi sinh ra céng sudt co hoc 1a 170W. Biét dong
co ¢o hé s6 cong sudt 0,85 va cong sudt toa
nhiét trén day quan dong co la 17W. Bo qua cic
hao phi khdc, cuong do dong dién cyc dai qua
dong cola

A S2A. B2A CZA  D.3SA.

TOAN HOC

S6 405 (3-201) * CTuditye 1

https://tieulun.hopto.org



https:www. faceboole. com/letrungldenmath hittps.{isites. google. com/siteletrungldenmath

Trong bai viél nay, chiing t6i phan loai cac h¢ thic
lugng gidc trong tam gidc theo tiéu chi bién doi
tuyvén .'urh goc. Nho phép bicn déi tuyén tinh goc. ta cé
thé thiy nhiéu hé thitc luong gidc thuc chat 1.1 cde cdp
bai rring (dé dang nhan duge tir nhau qua phép bién doi
tuyén tinh goc). Cling nh& phép bién doi tuyén tinh goc,
¢6 thé tao va chitng minh nhiéu hé thie lugng gidc moi
tir cde hé thirc trong tam gidc da biét.

Sang tao va chitng minh
CAC HE THUC LUQONG GIAC TRONG TAM GIAC
NHO PHEP BIEN POI TUYEN TiNH GOC

LE THI THU HUYEN (GV THPT Lé Viét Tao, Hodng Hba, Thanh Hoa)

PHUNG THI OANH (GV Truing Phé théng Ving cao Viét Bac, Thai Nguyén)
TA DUY PHUGONG (Vién Toan hoc Viét Nam)

Y Jtlr{"mg ciia phuong phap Sir dung phép bién
doi tuyén tinh goc dé tao ra tam gidc mdi
AB\C, ti tam gidae ABC. Ap dung mot hé thiic
dd biét cho tam pide ABC,, ta sé ¢o mdr hé
thite mai cho tam gide ABC.

Dang tong quit ciia bién déi tuyén tinh goc
A =k A+ kB + ks C + A

By = kA + kB + ks C + A

C, = kyA + kB + k33 C + As;

A+B+C=m A4 >0, B>0C >0 (*)
Hé bon phuong trinh va ba bat ding thic (*)
chita 12 hé s6 k;;A;, véi i, j=1,2,3. Do do,

bing cdch chon cdc bo hé s6, ta s& c6 rat nhiéu
phép bi€n déi tuyén tinh géc. Cic phép bién doéi
tuyén tinh goc dugc khai thic trong bai nay la

I)A,—ﬁ A.BI=RFB;C.ZE C;
2 2 2
2A
2) A2=A+2B;32=B-;2C;C2=C; ,
T+ A t+B n+C
3) Ay = s By=——; G = .
) Ay 3 4 3 2

4) A,=n—-2A; B,=n-2B; C;=n-2C (vGi
ABC 1a tam gidc c6 ba géc nhon);...
Dua trén § tuéng co ban ctia phép bién doi tuyén
tinh géc, dudi day ta s& dua ra mot s6 nhan xét
rit don gian nhung rét ¢6 lgi trong chimg minh
cdc hé thitc luong gidc trong tam giac.

TOAN HOC
12 ' CTusitre S3 405 (3-2011)

Ménh dé 1. Cho tam giac ABC. Vi n22 thi
B+(n—-1)C C+(n-1)A
VR Yt bty Aot

:1] =~

n . n

. AHn-1)B : : (n—Nm
2 5, - ra s 2 f LN el
G =— — ciing la ba goc déw nho hon-

H h

Cia mot tam gide.

Chirng minh. Vi A, B, C 1a ba géc clia mot
tam gidc nén 0<A, B, C<n; A+B+C=n Vay
B+{n—1)C£[n—l}[B+C)<[n—1):rt

n

D'C:A] =

(n—l)?’c _
Twong tu 0<B,,C;<——. Hon niia
n
A +B+C =7 Dodé A,B,C laba géc cua
-1
(n=l)z o

K

mot tam gidc, v6i mi géc nhé hon
Cho n=2,tir Ménh dé 1 ta cé

Hé qua 1.1, Néu A, B, C la ba goc cua mot

— B+C C+A _ _A+B
tam gidc thi A = ~ Bi=——, (=~ .
2 i 2

ciing la ba géc crua mot ram gidc.
: B+C n-A
Nhan xét 1.1. Vi —

4éi AE:B+C,BZ=C+A,C2=A+B
2 2 2

nén phép bién

https://tieulun.hopto.org
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ciing chinh 12 phép bién ddi tuyén tinh goc
TI—A, B3=‘J'I:—B ‘ C3=E_C*
2 2 2
Nhan xét 1.2. Vi 4, = 22

Agz

nén

s BT | Ap dung hé thic da
cos By, cosC; cho tam gidc
B_:,—n—B Cszﬁ—z'c, i

sin —

cos A, =
biét chita cos A3

A333C3 voi Ag =

s& suy ra mot hé thic chita sin i
ding cho tam gidc ABC.

Tuong tu cho sin A;, tan A;, cot A; ta nhan duoc
cac hé thitc khac. Theo nhin xét nay, ta ¢ thé
tao ra mot hé thic trong tam gidc tir mot hé thic
di biét ma khong phai mat cong bién ddi luong
gidc. Thi du:

Bai 1.1. Chimg minh rdng voi moi tam gidc
ABC taco

cos? A+cos? B+cos? C=1-2cosAcos BeosC (1.1)
Chitng minh. Ta c6

cos? A+cos? B+cos?’ C
_l+cos2A  1+cos2B ”

B
sin —,
2

= 5 cos? C
=1+cos(A+B)cos(A-B)—cosCcos(A+B)
:1—cosC(cos(A—B)+cos(A+B))
=1-2cosCcos Acos B. O

Bai 1.2. Chimg minh rdng voi moi tam giagc ABC
ta co

sin? 4 +sin? s +sin? —=1-2 s'mﬂ sinEl s;inE (1.2)
2 2 22

Chimg minh Ap dung (1.1) cho tam gidc A;B;C;

B n—C
&_n

Vol A= s G =T ta dugc

L. A B
sin? — + sm2 — +s5in? —

2 2
T s ol
=sin?| =—A; |+sin?| ——B; |+sin?| - —C
- (2 3] N (2 &J (2 )

= cos? A; + cos? B; + cos? C;
A B.C
=1—2cnsA3cosB;msQ:l—ZsmEsmE-smE.

Tir Nhan xét 1.1 ta thdy, rit nhiéu he thic luong
gidc trong tam gidc thuc chit 1a nhing cdp bai
triing (gi6ng nhau), chi cin chilmg minh bai (.1),
s& suy ra bai (.2) bing bién déi tuyén tinh géc
tuong tu nhu ching minh bai 1.2 & trén. Thi du:
Véi moi tam gidc ABC ta ludn ¢6

Bai2.1.cot Acot B+cot Beot C+cotCcot A=1.
Bai 2.2, thtanEHanBtanEﬂmAtanC 1.
22 22 2 2

Bai 3.1. tan A+tan B +tanC =tan A tan Btan C,
vainéu ABC latam gidc cd ba goc nhon thi
tanA+tanB+tanC=tanAtanBtanC23xf§.

+mg+m§-m‘;m3mc>3ﬁ

33

Bai 4.1.sinA+sinB+sinC£—-5—-.

C _3f3

Bai 4.2. cos£+m‘:£+c05+<4——.
2 2 2 2

Bai 3.2.(:(1%

Bai 5.1.cos AcosBcosC S%.

Bai 5.2, smésmESm_-:_l.
2 2 2 8

33

Bai 6.1. O<sinAsinBsinC <—————.

Bai 6.2. Gccosicosgcos—c—“ii.
2 . 2
3

Bai 7.1. 1<cosA+cosB+cosC 55,

Bai 7.2. l<sin£+sin£+sin££§.
2 2 2 2
Bai 8.1. 2<sin2A+sinzB+sin2C£%.
Bai 8.2. 2<cos? A + cos? — + cos? E E
2 24

Bai 9.1. sin A+smmB+sinC &3,
cosA+cosB+cosC

A B C
COS8S — 4+ CO8S —+ C08s —
Bai 9.2. 2 2 2 .2,

. e
8in — +sin — +8in —
2 2 2

Tir Ménh dé 1 va Bai 1.1 ta suy ra ngay hé thiic
dudi day ma khong cén bién d6i luong gidc.
Bai 1.3. Vi moi tam gidc ABC va moi n =2
ta cé
A+(n-1 BHn-1)C C+(n-1)A

cos? +(n )B+a.:-:3:;2 o) +cos? o

n n n

AHn-1)B BHn-1)C CHn-1A
CUS—I-("}CCB%”}CCS*{R)(L3)

n n

n
Cho n =4, tt Ménh dé 1.1 ta ¢

TOAN HQC
" Clusilpe 13
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Hé qua 1.2 N.:*"ie A, B, C la ba géc cua mor
A C+"§A A+3B
s By= 2 C,= 2

ciing la ba gic cua mpr tam gidc.

tam gidc thi A, =

Nhan xét 1.2. Vi A, :B:rzg_w

B-C+2A
4

nén cos A, =sin . Vay, tir hé thic

chita cos Ay, cos By, cosCy ta cd hé thic chita
. B-C+2A. . C-A+2B . A-B+2C
sm#, Slnf, Slnf.

Ap dung (1.1) cho tam gidc A,B,C, ta dugc

Bai 1.4. Trong moi tam gidac ABC ta c¢6
., A=-B+2C . B-C+2A . C-A+2B
sin? + sin® + sin?
4 4 4
A-B+2C . B—-C+2A . C-A+2B
sin sin
4 4
Ménh dé 2. Néu A, B, C la ba géc cua mot
n+(n-3)A n+(n-3)B

tam gidc thi A=——m—m—, B=———"—,
n H

=]-2sin (1.4)

:t+{n—3}C

i

G= val mot n24 ciing la ba goc

n=2\m . ) »
- cila maor tam gide.

déu nho hon -
n

Tir Ménh dé 2 va Bai 1.1 ta lai c6

Bai 1.5. Véi moi tam gide ABC vamoi n > 4 ta cé

n+n-3)A n+(n-3)B i+ n-3)C
oos? ( ) +cos? (4=) +txsz——-—--( )
n n n
nHn-3)A mnHn-3)B nHn-3)C
PR s L s [
n n n
Hé qua 2.1. Néu A, B, C la ba goc cua mot
T+ A n+ 8 n+C
fam gide thi Ay = ; = , Co=
am g Ag 4 6 1 i 4
ciing la ba géc nhon cua mot tam gidc.
Bai 1.6. Vai moi tam gidc ABC ia c6
, T+ A ,T+B P BRI
cos* +cos +cos
4
+A +B +C
:I—Zc:c:;sﬂ ms1II cosn (1.6)
-+ . <+

TOAN HQC
& cl'uﬁit;e S6 405 (3-2011)

T

Nhan xét 2.1. Vi

_m+A 25—(B+C) = B+C
s £ 3 4
H(‘nr‘!ﬁzﬂj‘A. b:n-;B1 Cﬂ:TE:rC
ciing chinh la phép bién doi tuyén tinh gdc
& B+ B L+A _® A+B
EEE Lok I 3ok S
B+C

Do cos A; =sin nén voi moi hé  thic

chita cosin cua ha géc A, B,, C; cua tam gidc
A;B,C, ta lai ¢6 mot hé thic chiia sin cua ba
A+B B+C C+A

2o ’ ’
4 4

ABC.

cua tam gidc

Bai 1.7. Vi moi tam gidc ABC ta cé

T
=+ sIn

B. ..
+ sin

sin?

A+B . B+C . C+A
sin 3 sin

Chiing minh. Ap dung (1.6) ta dugc

A+B . 2B+C 2C+A
+ s1n

=1-2sin

(1.7)

sin?

+ cos? Lo

c , T+A
+ COoS

= cos?

n+A n+B t+C
cos *08

CO
4 4
C+A ., A+B
sin ‘
4 4

Két luan. Tir mét hé thitc luong gidc (1.1) ta co
sau hé thic lugng gidac mdéi (1.2), (1.3), (1.4),
(1.5), (1.6) va (1.7). Cac hé¢ thitc ndy chimg
minh rat don gian nhd phép bién déi tuyén tinh
goc, ma khéng cin bién déi luong gidc. Hon
nifa, ¢6 thé tao ra rdt nhiéu phép bién déi tuyén
tinh goc khdc bang cich chon cic hé s6 &, A,

j=1,2,3 thdéa min hé phuong trinh (*).

=]1-2cos

=1—23inB:Csin

Hoan toan twong tu Bai 1.1, ¢6 thé tao va ching
minh sdu hé thitc luong gidc méi tir moe Bai 2.1
(hoac tir cic Bai 3.1 dén Bai 9.1). Vi da co
hang tram hé thic lugng gidc trong tam giac
nén c6 thé sédng tao va chimg minh rét nhiéu hé
thirc lugng giac khéc.

(Ki sau ddng tiép)
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i WINK LAR RUUGNG NAO ?
PHAM QUYNH
) ; (Cong ty CP Sdch Gido duc tai TP. Ha Noi)
R((eZ=S Khi cdc hinh vuong & hinh 1 duge cuén vao thanh
N * \ mot hinh lap phuong, cic hinh lap phuong nio &
g e hinh 2 duogc tao thanh? Vi sao?
G \ \‘ X —
iGi tri todn hoc _/ >N /a\\ﬂ
4
e | J ‘\ bl
Re ' '
| | RS il T
| [~ A . A -
i i
Py O®
_- 1) \L/ E \\/
' Hinh 1 Hinh 2

Gidi dép bai: 1)0ng chir trén buu thigp
(Dé dang tréen THTT 56 401, thang 11 nam 2010)

» Thdy gido day Tin hoc da sir dung Bang ma héa nhur sau:

A A A B CDDPETZEGH I KL M
9 0 » 4 4 1 1 1. 2 72 3 3 4 4 &
2 3 8 9 1 3 7 % 3 o ¥ ®m % 3 W
N O O O P QU R ST UUV X Y
5 5 6 6 7 7 7 8 8 9 9 9 9 g
3 9 1 7 1 3 9 3 9 1 3 5 7 9
otréng \ ? ~ /| .

0 0O 0 0 0

0 1 4 6 8 9

* Dong chir duge mé hda 12
CHUC CO GIAO MANH KHOE TUOT TRE HANH PHUC
. Cé.c ban sau ¢6 16i gidi t6t va da phat hién duoc trong bang ma héa & cot thit 5 tir tréi sang thi€u ki

tu (chit C):

1 Bmh Ngoc Hdi, 11 Li, THPTchuyén Bién Hoa, TP. Phu Ly, Ha Nam;

2) Trdn Thi My Ank 11A1, THPT Phan Chu Trinh, Phid Yén;
3) Trinh Viét Dat, 10A10, THPT Xuan Mai, Ha Noi.
AN MINH

TOAN H
S6 405 (3-2011) - crumgg 15
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CAC LOP THCS
Bai T1/405 (Lép 6). So sénh hai sd
326 988 662

= 1955 1975 1985

3951 1 , 1
3950 5955 11730

NGUYEN TIEN TIEN
(GV THPT Gia Vién B, Nink Bfnh]

Bai T2/405. (Lép 7). Cho tam giac ABC cén
c6 BAC=96°.
sao cho MBC=12°, MCB=24°. Chitng minh
rang MA = MC.

Liy diém M trong tam gidc

PHAM HUY THONG
(Ha Néi)
Bai T3/405. Tim gi4 tri lén nhit cia biéu
thirc P = max {a, b, c}— min{a, b, c}, trong
d6 a, b, ¢ 14 cac sd thuc thoa méan diéu kién
atb+c=a+b +c =3abc=2.
TRAN VAN THUONG
(GV THPT Tran Hung Pao, Ba Ria — Viing Tau)
Bai T4/405. Giai phuong trinh

21x=25+2Jx=2=19x2 —x+2+/x+1.
NGUYEN TAT THU

(GV THPT Lé Héng Phong, Bién Hoa, Pong Nai)
Bai T5/405. Cho tam gidgc ABC ndi tiép
duong tron (O) cé6 BAC =60°, AK la phédn
gidc clia gbc BAC (K thuge duong tron (0)).
Goi F la trung diem cua AK, tia OF céat dudng
cao CE cua tam gidc ABC tai H. Chimg minh
ring BH vudng goc véi AC.

BINH CAO PHAN
(8¢ Gido duc va Ddao tao Gia Lai)

TOAN HOC
& crumt!:e S6 405 (3-2011)
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CAC LGP THPT
Bai T6/405.Tim gia tri nhé nhit cia biéu thirc

3 3 3
P=(Sa+———-2 J+(5b+—2 ]+{Sc+—2 J
b+c c+a a+b

trong d6 a, b, ¢ la cac sb thuc duong tho
man diéu k1énaz+bz+c 3

VU HONG PHONG
(GV THPT Tién Du 1, Bic Ninh)

Bai T7/405. Cho tr dién OA4ABC cé OA, OB,
OC vudng goc voi nhau timg déi mot. GQi
OH la dudng cao ha tir dinh O cua tr dién va
R 12 ban kinh dudmg tron ngoai tiép tam gidc

ABC. Chimg minh ring OH < R‘{
thire xay ra khi nao?

KIEU DINH MINH
(GV THPT chuyén Hitng Vieong, Phu Tho)

. Ping

Bai T8/405. a) Hay tinh sé cdc hoan vi khéc
nhau coa tt TOAN HOCTUOITRE
b) Hoi ring trong sé cac hodn vi & a) cO bao
nhiéu hodn vi ¢6 cum TTT (ba chir T lién nhau)?
¢) Hoi ¢o6 bao nhiéu hoan vi & a) khong co hai
chit T ding canh nhau?
vU DINH HOA
(GV Khoa Todn — Tin, DHSP Ha Ni)
TIEN TGOI OLYMPIC TOAN

Bai T9/405. Gia sir £ la s6 nguyen dwong,
e 1a sé thuc bét ki. Tim gidi han cua day sb

(a,) voi

[1k.a]+[2%a] +..+[n* a] "

P+l i
day ki hiéu [x] 1a s6 nguyén 16n nhit khéng
vuot qua x.

(n=1,2,

a, =

TRAN MINH HIEN
(GV THPT chuyén Quang Trung, Binh Phudrc)

Bai T10/405. Tim tit ¢4 cdc ham s6 /: N' > N'
thoa man dong thoi cac diéu kién sau:

1) f ting thuc su;

i) f(f(n)=4n+9 véimoi neN";

iii) f(f(n)—n)=2n+9 véimoi ne N".

NGUYEN TRONG TUAN
(GV PTNK, PHQG TP. Hé Chi Minh)

https://tieulun.hopto.org
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Bai T11/405. C6 ton tai s6 ty nhién n (7 = 1)
sao cho da thirc

F(x)=1+4x+4x>+...+4x> (n22)
béng binh phuong ciia mét da thire khéc hay khong?

NGUYEN PE
(Hai Phong)

Bai T12/405. Cho tam giac ABC ndi tiép
dudng tron (0) va A’ 1a diém co dinh trén (O).
P 1a diém di chuyén trén BC, K thudc AC sao
cho PK ludn song song véi mot duﬁmg thing d
co dinh. Puéng tron ngoai tiep tam giac APK
cit duong tron (0) tai diém thir hai £, AE cat
BC tai M. A'P cat dudng tron (O) tai diém thi
hai N. Chimg minh duong thing MN ludn di
qua mot diém c6 dinh khi P thay doi.

TRAN QUANG HUNG
(GV trieong chuvén KHTN, DHKHTN Ha Ngi)

CAC PE VAT LI
Bai L1/405. Mot day dan uén cong theo
dudng parabol y = ax? (ala héng s6 duong),
dugc dat trong tlr truong déu, cam g tir B

vuong goc mit phing xOy va huéng vao
trong (hinh v&).

-------------------------------------

FOR LOWER SECONDARY SCHOOLS

T1/405 (For 6™ grade). Which of the
following two numbers is greater?
_ 326 983 662

1955 19'?5 1985

3951 1 1
3950 5955 11?30'

T2/405. (For 7™ grade). Let ABC be an
1sosceles triangle with BAC = 96°. Apoth
is inside the triangle such that MBC= 122,

MCB=24“. Prove that MA = MC.

T3/405. Find the maximum value of the
expression P = max {a, b, c¢}— min{a, b, c},
where a, b, ¢ are real numbers satisfying the
condition

atbte=d+b+c*-3abc=2.

Tai thoi diém
t=0(s), mdt thanh

dan MN bit dau \ > / .
chuyén  déng L
tinh tién theo
phucmg Oy tr
goc O voi_ gia "
tdc khéng déi a. 0 X
a) Tinh #ir théng qua dién tich mach MON tai
thoi diém ¢,

b) Suét dién dong cam {mg trong mach theo
toa dj y va chiéu cia dong dién cam ung trén
canh MN.

LE THANH HOAN
(SV lép 03VL1A, PHKHTN, TP Hé Chi Minh)

Bai L2/405. Mot vit chuyén dung vOi gia toc
khong déi c6 d6 16n @ = 5m/s’. Tai thoi diém
t = 2 (s) vecto vén tdc va vecto gla toc cua vat
hop v6i nhau mot goe @ = 60° va vén tdc cod
do lém vy = 10m/s. Hay xac dinh:

a) Thoi diém ma vén toc cua vat c6 d6 16m nhé
nhét. Tinh d§ 16n nho nhét d6 cua van tbe.

b) Khoang cach gilra vi tri ctia vat & thoi diém
t, va thoi diém ban du 7= 0 (s).

NGUYEN MINH TUAN
(GV THPT Yén Thanh, Nghé An)

N O NN NN RN R R

T4/405. Solve the equation
21x =25+ 2Jx-2=19Vx2 —x + 2 +/x +1.

T5/405. ABC is a triangle inscribed the circle
(O) with BAC = 60°, AK is the angle-bisector
of BAC (K is on the circle (O)). Let F be the
midpoint of AK, the ray OF meets the altitude

CE of triangle ABC at H. Prove that BH is
perpendicular to AC.

FOR UPPER SECONDARY SCHOOLS

T6/405. Find the minimum value of the
expression

3 3 3
=[5a +i] +[Sb+ij +[Sc+i)
b+c c+a a+b

where a, b, ¢ are positive real numbers
satisfying a® + b* + ¢ = 3.

(Xem tiép trang 27)
: TOAN HOC
S8 405 32010 * Cugitre 17
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.
}{?‘1 4 =f Loy — i, E"_-" =
W3 ;" = ;’;f’
) u:rm Hi
£ [ { LT \'.
\ \
- 4 ' BA J [/ T\
___,/.}. J 1 \ ql i 7
(<! kY TRUGC || |
E Y e L
| 7 oo !‘ - : |
ey %
i s 5
* Bai T1/401. Cho 56 tw nhién n lon hon 11
Hot o 1on tai hay khéng so te nhién v sao

ek n e e Vel X OO0 /1

s tgn cung la 07
Lai gigi. Do n > 11 nén

HZU]J . n!t]lﬂ - nZDIU(n_ 1] > l 12010 x]o > ][}.lﬂll1
nghia la c6 it nhat 10°°!" s6 tu nhién lién tiép
nam giira hai s6 n2" va n2'_ Trong 10201
sO tur nhién lién ti€p d6 cé mot s6 chia hét cho
102°!' | @6 chinh la s6 x can tim. O

»Nhan xét. 1) Hiu hét cdc ban giai duge bai nay,
nhung mo6t s6 ban 1am dai hodc viét chua chudn xdc.
Chii y rang trong 10?°!'! s6 tur nhién lién ti€p c6 ding
mot s6 chia hét cho 102011

2) Cic ban sau c6 loi gidi gon:

Vinh Phic: Lé Huyén Tram, Ngé Thi Phuong Anh.
6A1, THPT Hai Ba Trung, TX. Phic Yén; Nghé An:
Nguyén Van Phat, Nguyén Thi Binh, Cao Thi Linh,
Ngo Thi Mai, Tran Thi Thiy An, Trdn Minh Cuing,
Nguyén Thi Ly, 6C, Cao Thanh Nam, Luu Nhdit Théng,
6D, THCS Cao Xuén Huy, Dién Chau,

VIET HAI

* Bai T2/401. Gia sir p la 56 nguyén 10, a va

fr e o |' rJ t ithien (a0 < ) fhod .".-‘a':'.-TI-‘ dic

.. "l IrIJ.I-ll [._j.'l.illl-|IJ f } |'-'.|'I;"Idl|l \"I ||l-I
I I

neim erifa o va b bang 2011

kien: Tong cde phan

Tim cde so p.a, b

sthat 2011 ¢fur

Loi gidi. Tru6c hét luu ¥ ring, téng cla k s6

tu nhién dau tién la

k(k+1)
2

M&bi phan s6 t6i gian ¢é gid tri ndm giita a va

1+2+..+k=

(D

b véi mau s6 p s€ ¢6 dang a+m+— véi m,
P

n la s6 ty nhién thoa man 0<m<h-a-1;

1<n< p-1. Tuong ing véi mdi gia tri cha m

co p—1 giad tri cha n va tuong ng véi mbi

gid tri cla n c6 b—a gid tri cia m. Do d6 s6

phan s6 t8i gidn thod man bai toan 1A

(b-a)(p-1).

Neén téng ctia tat ¢ cdc phéan s6 cdn tinh la

[+2+..+(p-1)

p
(1+2+..+(b-a-1)) (2)

2011=(b-a).

+(b—a}(p—l:}a+(p—

Ap dung cong thitc (1), ta c6

2011:%'—1)%5-{:)(19—1}::
(p-1)(b-a-1)(k-a)
2
2011 = {b‘“)(Pz—l)(b“L“]
hay (b-a)(p-1)(b+a)=2.2011 (3)

Do 2011 1a s6 nguyén t6 con b—a, b+a

cung tinh chdn 1é va b-a <b+a nén

b—-a=1
(3) = 1b+a=2011
p—1=2.

Tudésuyra p=3; a=1005; b=1006.0

TOAN HOC |
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> Nhan xét. 1) Day 13 bai todn khd hay. Diém mau
chat cha loi gidi la thay duge: M6i phan sd t6i gidn miu

86 p cd gid tri ndm giita @ v b cé dang a+m+2 vei
Iy

m, n la s6 tr nhién thod min 0<m<bh-a-1 ;

| <n<p-1.Tidé mditinh duge tdng cha ching.

2) Cdc ban sau day c6 két qua dang:

Vinh Phiic: Nguyén Thi Thanh Ha, Nguyén Hién Linh,
7A1, THCS Hai Ba Trung, Phic Yén, Truong Thi Hodi
Thu, 7A, THCS Yén Lac; Nghé An: Pham Quang
Todn, 6C, THCS Dang Thai Mai, TP Vinh.

NGUYEN ANH DUNG

* Bai T3/401. Cho a la sé e nhién cd n chir
so (viét trong hé thap phan) va a' ¢6 m chiy
s6. Hoi n + m ¢6 thé bdang 2011 dioc khong?

Loi giai. Gia sir ton tai s6 tu nhién @ sao cho a
v @ thit tw c6 n va m chit sd va n + m = 2011.
Khi dé ta cé

10 <a<ll, 10" < g2 <107,

Suy ra 10mm2 <g* <10™* hay 102 <q* <107,

Lai c6 102 >(10%2)' 10211 < (105%)*,
suy ra 1052 < g <10°. Do dé a c6 503 chir
s6, titc 1a n = 503, do d6 m = 1508.

Chéng hanchon a = 30..0 thi & = 270...0 .

502chirsa0 1506chiTsa0
RO rang s6 a ¢6 n = 503 chir s8, s6 o’ co
m = 1508 chit s6 nén n + m = 2011.

Vay ton tai nhimg s6 tu nhién a thoa min
diéu kién cna bai toin. O

lemn xét. 1) C6 nhiéu ban chi suy luan s6 tr nhién
a cin c6 503 chir s§ di voi két luan su tn tai cha s6 a
ma khong chi ra vi du cu thé. Mot s6 ban di suy luan
sai. Tir 102099 < g% < 102011 suy ra o =10P010, 42 =] (1005
(diéu nay vo li do a € N) ddn dén két ludn sai la khong
tdn tai s6 tu nhién a thoa min dé bai.

Riéng ban Pham Lan Huomg, 9A, THCS Lap Thach,
Vinh Phiic da bé sung thém diéu kién cta bai todn:
Tén tai s6 ty nhién g ¢é n chir s6 gidng nhau (viét trong
hé thip phan) va &’ ¢6 m chit s6 sao cho n + m =2011.
2) Ngoai ban Huwong, cdc ban sau diy ctng cé i
gidi toL:

Vinh Phic: Pham Thi Khdnh Linh, 9A1, THCS Yén
Lac; Ha Noi: Nguyén Nhdt Minh, Nguyén Thi Bich
Ngoc, TA4, THCS Déng Da; Hai Phong: Luong Thé
Sem, 8A1, THCS Héng Bang; Nghé An: Lé Hong Diic,
9B, THCS Ly Nhat Quang, D6 Luong, Ddne Thi Thu
Thity, Nguyén Thi Hodi Anh, 8A, THCS H& Xuin

Huong, Quynh Luu; Quang Binh: Hs Pue Khdnh, 9A,
THCS Quiich Xuan Ky, BS Trach.

PHAM THI BACH NGOC
* Bai T4/401. Giai phicong trinh

X+ y+z+qxyz =2|Jxp + vz +vzx -2},

Loi gidi. (Theo da s6 cic ban)

DK: xyz20,xy20,yz20,zx20=x20,
y=z0,z20.

Theo nguyén tic Dirichlet, tén tai it nhat hai
trong ba so \E,\E Wz cung lon hon hoic
bang 2 hay ciing bé hon hoiic bing 2. Gia stt hai
56 d6 1a Vx va \Jy, khi dé (Jx—2xy-2)=0.
PT da cho twong duong véi

Wx—yP+(0z-22 +2(x=-2)/y-2)=0 (1)

Vi méi s6 hang & vé& trdi cua (1) déu khong
am, nén dé c6 (1) thi phai c6

s
Ve(x -2y -2)=0 = JVx =y =z =2
Vz-2=0
— T s e L
Viy PT da cho ¢6 nghiém duy nhat
(x;y;2)=(4;4;4). O
» Nhan xét. 1) C6 thé giai cich khdc nhu sau:
DK:x=0,y=0,z2>0.PT di cho tuong duong vdi
(x=2P +y-2P + (222 +x-2y-20z-2=0  (2)
pat Vx-2=a, Jy-2=b, Vi-2=¢ = a > -2,
bz-2,¢c2-2.Khid6 (2)cé dang & +B +2 +abc=0 (3)
Xét ba truomg hop
a) abc > 0,khi dé a® + B +c% +abe >0, Méau thudn véi (3),
nén PT da cho vo nghigém.
b) abc < 0, khi d6 t6n tai mot thita s6 am, ta gia stta < 0,
be>0.Doaz-2nén @ +b +c? +abcza® +b? —2be+c2
=a? + (b —c)? >0, mau thuin vai (3).
Qabc=0,tr(3)suym @+ +c2=0= a=b=c=0
s _[:y:z :l:‘.r
Vay PT dd cho c6 nghiém duy nhat (x;y;z)=(4; 4: 4).

2) Cic ban sau 6 I gidi t6t:
Vinh Phic: Pham Lan Huwong, 9A, THCS Lap Thach;
Hai Phong: Luong Thé Som, 8A1, THCS Héng Bang;

TOAN HOC
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Nghé An: Trdn Bdo Trung, 6A, THCS Ton Quang
Phiét, Thanh Chuong, Bdu Héng Qudn, 9D, THCS Cao
Xuan Huy, Dién Chau, Nguyén Tdat Khdnh, 9B, THCS
Ly Nhat Quang, D6 Luong.

TRAN HOU NAM
* Bai T5/401. Cho hinh binh hanh ABCD.
Tia phan gide gbe BAD cdt cde duong thang
BC. DC ldn lvot tai M. N. Goi E la giao diém
thit hai cia cdce duong tron ngoai tiép tam

gidge BCD va CMN., Tinh 56 do goc AEC.
Loi giai

Goi /, K 1an lugt [a tm céc dudng tron ngoai
ti€p cdc tam gidc CMN va BCD. Dé thdy
A =M,(= A)) nén tam giac ABM cén tai B, suy
ra AB=BM hay BM=DC. Ma M, =N (=A)
nén tam gidc CMN can tai C, suy ra CM =
CN. Mat khac, IM = IN, do dé6 CI 1a dudng
trung truc cia MN, nén CI ciing 1a phan giic
clia géc MCN, tac6 ICM =ICN. ViIC =IM
nén tam gidc CIM can tai /, ta ¢c6 ICM =IMC.
Do d6 IMC = ICN, suy ra BMI = DCI (cing
bil v6i hai géc bang nhau). T d6 ABMI =

ADCI (c.g.c) = IB = ID. Vi dudng tron (K) di
qua B, D nén KB = KD. Suy ra IK 1a duong

trung truc cua BD, nén IK L BD (1)
Ta lai ¢6 CE 1a day cung chung cia hai dudng
tron (1), (K) nén CE L IK (2)

Tir (1), (2) suy ra BD//CE, do d6 BDCE la
hinh thang cén, nén BC = DE, BE = CD. Vi
ABCD 14 hinh binh hiinh nén BC = AD, CD = AB.
Do dé6 DA = DE, BA = BE, nén DB la dudng
trung truc coa AE, suy ra BD | AE. Vi BD [/ CE

nén AE | CE. Vay AEC =90°.00

TOAN HOC
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» Nhan xét. 1) Bai todn khé hay va ¢6 nhiéu céch gidi.
Mdu ch6t cha bai todn 1 chimg minh AE vuéng géc véi
BD. Tit ca cic ban tham gia gii bai déu cho két qua
diing, chimg minh chiit ch&. Mét s6 ban con cé nhan xét
thém 12 diém / thude dudmg tron (K), do MBI = CDI.

2) Céc ban sau day ¢ loi giai tot:

Bic Ninh: Lé Bich Ngoc, 9A1, THCS Nguyén Diang
Pao, TP. Bic Ninh; Thai Binh: Ha Hodng Anh,
Nguyén Binh Nguyén, Lé Vdan Thdng, 9A4, THCS
Nguyén Dic Cénh, Thdi Thuy; Nghé An: Trdn Bdo
Trung, 6A, THCS Tén Quang Phi¢t, Thanh Chuong,
Nguyén Tdt Khdnh, Lé Héng Ditc, 9B, THPT Ly Nhat
Quang, D6 Lwong; Quang Nam: Lé Thé Hai Au, 9/7,
THCS Lé Quy Pon, Thang Binh; Pong Nai: Lénh Ho
Xung, 6A1, THCS Ly Tu Trong, Tring Bom; Péng
Thép: Bui Trdn Hdi Ddng, 9A9, THCS Kim Déng, TP.
Cao Lianh. .
NGUYEN XUAN BINH

% Bai T6/401. Tim gid tri nho nhdt cua
p) 2 . 5

.
bh—c|

‘ _|n—r'=

+ —
c—al Jab+bc+ca
trong dé a, b, ¢ la edc 56 thuc thoa mdn hai
diéukiena+b+c=1vaab+bc+ca>0.

Léi gidi. Khong giam tinh tdng quat cé thé
gia sta>b>c. Khid6taco
et B & o 5
a-b b-c a-c <Jab+bc+ca
Sir dung BDT quen thude
4, ds A o 22
m+n Jm?+n?

i n
Ping thitc xay ra khi va chi khi m = n. Ta c6

, (m>0,nr>0).

A:2(1+1]+2+ :
a-b b—-c/) a-c Jab+bc+ca

10 10

+

a-c 2Jab+bc+ca

. 204/2

N J(a——c)z +4(ab+ bc + ca)

_ 20:/2 _20\2 a

Ja+c)a+c+4b)  J(1-b)(1+3b)
Lai cé

3(1 — b)(1 +3b) <

(3-3b+1+3b)% _
4

Suy ra /(1—b)(1+3b) s%.

4.
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Kéthop véi BDT (1) suy ra A > 106 .

Déng thic xay ra khi va chi khi

a—-b=b-c,3-3b=1+3bvia+b+c=1
246 1 o O,

s D=t i
6 3 6

Vay GTNN ciia A 1a 10J/6, dat dugc khi va

2+6 _2—\@
6 6

chi khi a= s

hodc

1
= =
3
cic hodn vi. O
> Nhan xét. C6 it ban tham gia gidi bai todn trén. Mot
56 ban khi nhin dudc ddnh gid (1) da st dung phuong
phdp khao sdt ham sd va cling cho dap s6 ding. Cic
ban sau day c6 16i giai tot: '
Vinh Phic: Phan Xudn Truimg, 11A, THPT Nguyén
Viét Xudn, Vinh Tudng; Thanh Hoa: Lé Van Huy,
10A2, THPT Néng Cong I; Nghé An: Nguyén Vin
Hoang, 11T7, THPT D6 Luong L, Hodng Viét Anh,
12D, THPT Thanh Chuong 3; Quang Tri: Nguyén Anh
Quéc, 11 Todn, THPT chuyén L& Quy Don; Quing
Ngai: Luong Khdnh Loc, 11 Todn, THPT chuyén Lé
Khiét; Phi Yén: Huynh Vdn Thong, 10T1, THPT
Luong Vian Chénh, Tuy Hoa; Kién Giang: Triong Hitu
Van Lge, 10T2, THPT chuyén Huynh Min Dat, TP.
Rach Gid. i X
NGUYEN THANH HONG

* Bai T7/401. Giai hé phuong trinh

|4+9.35-2y = (4+9 ).720-x%+2 (1)
]\41— rd=dx+4,2y-2x+4 (2)

Lot gidi. Diéu kién y—x+220 Dat r=x2-2y.
Phuong trinh (1) < 4+ 32 = (4+9").7*

44372 443%
7i+2 = T = f(f ® 2) o f(z"}'

443 1Y (aY
trong do = =4 - =1l R
ng dé f(x) = [?] +(7J re

I3 ham s6 gidm (i 0<%;$—<1).
Dodé ft+2)=f2H t+2=21 S =2,
tic 1a x? -2y =2. Suy ra (1) & 2y =x*-2.
Thay vao phuong trinh (2) ta cé

4 +4=4x+4x* -2-2x+4
&4 = x4+ J(x 12 +1

&4 =s5++s?+1, trong d6 s=x—1

o4 =—g+[s7+1 :

Vi 447 = (s+ V2 + (s +V2 + D) =1 (3)
T (3)taco 4 -4 =2s,

Xétham s6 g(s)=4* -4 -2s5,5eR.

Taco g'(s)=Ind(4*+4+)-2>0,VseR

(do 4 +4-* >2), suy ra g(s) la ham s& déng
bién. Chi y g(0) = 0. Boi vay s = 0 la nghiém
duy nhét cua phuong trinh g(s) =0. Dodé s =0
12 nghiém duy nhét cia phuong trinh (3), tirc
la x—1=0. Suy ra nghiém duy nhit cua hé

phuong trinh dd cho la (x;y) = (1 - —%) O

P'Nhan xét. Day 1a bai todn thudc dang co ban trong
cic dé thi tuyén sinh vao Pai hoc, cdc ban sau cé 1o
giai tot:

Hung Yén: Trdn Ngoc Tién, 10Al, THPT Duong
Quing Ham, Vin Giang; Thai Binh: Nguyén Quang
Trong, 10A1, THPT Tay Tién Hai, Phan Thi Mai, 12T,
THPT chuyén Thdi Binh; Thanh Héa: i.é Thi Neoc,
12A3, THPT Lé Hoan, Tho Xuan; Nghé An: Nguyén
Van Hodang, 11T7, THPT D6 Luong 1, Lé Thi Thdo,
12A1, THPT Hoang Mai, Quynh Luu; Pak Lak: Hink
Thi Kim Thoa, 12A1, THPT Easup, Pong Nai: Pham
Vdn Minh, 10C1, THPT Xuin Loc; Binh BDinh:
Nguyén Danh Nhdn, 11A1, THPT Phu Cit II; Pha
Yén: Huynh Vén Thong, 10 Tin, THPT Luong Vin
Chénh, TP. Tuy Hoa.

NGUYEN MINH pUC

w Bai T8/401. Cho hinh vuong ABCD canh
da. M, N ldn luot la hai diém nao dé trén cac
mdt cau S(D ; @), S(C ; 2a). Tim gid tri nho
nhdt cia biéu thire MA + 2NB + 4MN.

Loi giai. (Theo ban V6 Vidn Huy, 12A,, THPT
Lé Hoéng Phong, Tay Hoa, Pha Yén).

TOAN HOC
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Trén doan AD, BC lan luot 14y cdc diém E, F

sstehie. D S o Ee Tasg Ao =28 oy
4 DE DM

suy A AMDE en AADM (c.gc) = MA=4ME .

Tuong tv ANCF e ABCN (c.g.c) véi ti sO

déng dang la S B = NB=2NF.
NF CF

Tir dé, ta c6

MA+2NB +4MN = 4(ME + MN + NF)

>4EF = a+/265.

Ping thiic xdy ra khi M va N 1a giao diém cia
doan thang EF véi S(D ; a) va §'(C ; 2a).

Vay GTNN clia biéu thic MA+2NB+4MV 1a

a+/265 , dat duoge khi M, N 14n luot 1 giao diém
cua doan thing EF v6i S(D ; a)va S’ (C ; 2a). O

}Nhan xét. 1) Diéu cdt yéu cha bai toin nay la xdc
dinh duoc cdc diém E v F ¢f dinh d€ chuyén viéc tim
Min (MA+2NB+4MN) thanh tim Min (ME+MN+ NF),
chinh 14 bai todn quen thudc vé tim GTNN cia do dai
dumg gip khiic. O day ta quy vé tim cdc didm E, F sao
cho MA=4ME, NB=2NF. D& xdc dinh dugc vi tri
cha E, F, ¢6 thé dua vio tam gidc déng dang nhu ban
Huy, va cling ¢6 thé ding phuong phdp vecto. Néu goi
P, Q la giao cha S(D ; a) v6i dudmg thing DA (P nim

giita D, A) thi tinh duoc MA =§FP—%FQ, lic d6

diém E duoc xéc dinh béi A?E:%IJ?+§FQ P, Q.
A, E chinh 1a hang diém diéu hda). Twong tr cho
diém F.

2) Xin tuyén duong ban Huy vi chi co duy nhét ban dy
lam ding va cdch trinh bay rdt ngin gon sdng sia.

PHAN THI MINH NGUYET

* Bai T9/401. Cho tam gide nhon ABC voi
AB = AC. Tir diém P ndm trong tam ¢ide sao
cho PBA = PCA, ta ha cde duong vuong goc
PM va PN theo thir ir xuéng cde canh AB va
AC. Goi Q la trung diém cua BC. Phdn gidac
cae goc BAC va MON cat nhau tai R. Chimg
minh rang cac diccong on ngoai tiép hai tam
widc BMR va CNR cé6 mor diém chung ndam
rrén doan BC.

Lai giai. (Theo da s@ cic ban)

TOAN HQC |
99 © Clugifre S8 405 (3-2011)

A

Goi D va E theo thi tu 1a trung diém cla PB
va PC. Khi do ta c6

MD = OF = %PB; NE=OD:%PC.

Lai ¢c6 ODM =2PBA+ODP =2PCA + OEP
=0EN. Tit 46 AODM = AOEN (c.g.c), suy
ra OM = ON, dian dén RM = RN. Goi R’ 1a
diém chinh gifia ciia cung MN khéng chita A
cuiia dudng tron ngoai ti€p tam gidc AMN. Khi
d6 RM=R'N vAi R'AM=R'AN, suy ra
R=R'. Do dé nam diém A, M, P, R, N ciing
nidm trén dudng tron dudng kinh AP. Goi Q la
giao diém cha dudng tron ngoai tiép tam gidc
BMR v6i canh BC. Ta c6
ORN =360° — MRN — MRQ

=360° — (180° — BAC) —(180° — ABC)

=180° - ACB.

Suy ra nr gidc CNRQ ngi ti€p. Ta c6 diéu cén
chimg minh. O

)*Nll:fm xét. 1) Mot sd ban sir dung dinh Ii Miguel cho
ba dudmg tron (AMN), (BMR) va (CNR) cling di dén két
ludn clha dé ba.

2) Cdc ban sau c6 |t gidi ding va gon:

Hai Phong: Phan Pic Minh, 12A15, THPT Thii
Phién; Phi Tho: Dinh Anh Hodng, 10A1, THPT TTr.
Lam Thao; Hai Dwong: Nguyén Viét An, 11 Toén,
THPT chuyén Nguyén Trii; Nam Binh: Trinh Thi Viér
Ha, 10 Todn 2, S Thi Thu Hién, 11 Toin 2, THPT
chuyén Lé Hong Phong; Nghé An: Pham Viét Quyén,
10A1, THPT chuyén Phan Boi Chau, TP. Vinh, Trdn
Bdo Trung, 9C, THCS Tén Quang Phiét, Thanh
Chuong, Pdu Héng Qudn, 9D, THCS Cao Xuan Huy,
Dién Chau, Newyén Vin Hodng, Lé Binh Tudn, 11T7,
THPT D6 Luong I; Pa Nang: Lé Trdn Nhac Long,
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10A1, THPT chuyén L¢ Quy Don; Binh Pinh: Nguyén
Danh Nhdn, 11A1, THPT Phi Cét II; Pha Yén: Vé Van
Huy, 12A1, THPT Lé Héng Phong, Tay Hoa; Bén Tre:
Lé Thi Minh Thdo, 10 Toan, THPT chuyén Bén Tre.

HO QUANG VINH

* Bai T10/401. Cho a ld so thue didong tiy v.

Xer day 50 (x,) (n=1,2,...) xdc dinh hoii
XoNZ2+HN24..4+ V2
.l {;. ‘-r_._ 1 g —
x, +1

vat moin=1,2, ... (0 ff cé n 56 2).

Chiing minh rdang dav 5o (x,,) (in=1,2,...) co

it han hitu han va tinh gioi han do.

Lai gidi. (Theo ban Nguyén Anh Quang, 11T1,

THPT chuyén DHSP Ha Noi).

bat y, = \/2+\,‘2+ + 2 (c6 n so 2). Dé

chimg minh bing quy nap rang y, = 2cos
Thanh thur

2n+i ’

2x, COS ;u
e e (1)

Xp+l =
x, +1

Pat a, =—. Khi d6
%

i T 2 @)

2-;05.i 2cos =
2n+1 2n+l

. Khi d6 (2) tr& thanh

da,

Lai dat b, =
. T
sin—

217

. W .
sm-zﬂﬁ.b,m smzl1+I .b,,+ )

4 4

b1
2cos—
7

: 3)

aofy =l
. X
sin —
2-9'
L
Ju

Chi ¥ rang cot—— — cot

2n+l i T

sin—

2:1
Tir (3) suy ra

b — ittt s, = Aot (A= 1,2, 2
2n+! 2”

Suy ra b, —4oot21n= b —4001:% = 1.

Tirdé b, =b +4cot2—1:. Thanh thir

. I T

sin— sin—

= 2 b, =——(b, +4cot—]
4 4 an

2n

Vay lima, = 5IimsiniJr limcos— =1.
4 2n 2n

Suy ra limx, = — - =1. 3
lima,

> Nhan xét. Hiu hét cdc 16i gidi gii dén déu khong
diing (hoac cho dap s6 sai hoac ddp s6 ding nhung lap
luéin chua diing hoic sit dung kién thic dai hoc (dinh li
Stolz)). Chi duy nhét ban Quang c6 16i gidi diing.

DANG HUNG THANG
* Bai T11/401, Tim tdt ca cdc ham so f: R —> R
thoa mdn diéu kién
flx+f(»))
= () +4x3 f () +6x° f3(
vat mot x, v thuoc .
Loi gidi. (Theo da s6 cdc ban).
Viét diéu kién cua bai toan duéi dang

S+ fON-S(-x)

=(x+f()' -x*, vx,yeR. (1)
Néu f(x)=a thi tir (1) ta thu dwoc a=0 va
f(x)=0 thoa mén dé bai.

V) +45 (1) + £ (=)

Xét truong hop f(x)#0, tic ton tai x, dé

f(x,)#0. Thé y=x,; vao (1), ta thu duge
Sflx+f(x))— f(-%)

=(x+f(x) -x",VxeR (2)

V€ phai 1a da thitc bac ba theo bién x nén no

1a ham s6 ¢6 tap gid tri 1a R. Vay nén, v€ trii

ciing 12 ham s6 c6 tap gia tri 1a R va v6i moi
xeR déuténtai u,veR dé f(u)-f(v)=x.

Thay x =0 vao (1), ta dugc
SUON=(f() +a, VyeR (3)
TOAN HOC
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Tiép tuc thay x boi —f(x) vao (1), ta dugc

SUD - @) -fxD)
=/ - O =(f(xN*Vx.yeR 4

T (3) va (4) suy ra
Ff(y)-f(x))
= (f(») - f(x)* +a,¥x,y R. Suy ra

JX)=f(f)- ()
=(f)-f(v)*+a=x*+avxek.

Thir lai, ta thdy ham sG nay thoa man diéu
kién dé bai.

Két ludn. Cic ham s6 cdn tim la f(x) =0 va
f(x)=x*+a, véiacR. O

> Nhan xét. 1) Day Ia bai todn phuong trinh ham
thuéc loai khé, tuy nhiéu ban gl bai vé tda soan nhung
da s6 déu khong co6 nghiem f(x)=0 va khong chi ra
duoge tap gid tri cia f(x+ f(xp))— f(-x) laca R

2) Céc ban sau day c6 1o giai ding:

Hai Duong: Nguyén Viét An, Mac Lwu Phong, Trdn
Quang Thanh, 11T, THPT chuyén Nguyén Trii; Thanh
Hoa: Neguyén Anh Thdng, 12T, THPT chuyén Lam Son;
Quang Ngai: Luong Khinh Loc 11T1 THPT chuyén
Le Khiét: Phii Yén: Huynk Van Thong, 10T, THPT
chuyén Luong Van Chianh, Vg Vdn Huy, 12A1, THPT
Lé Héng Phong, T4y Hoa.

NGUYEN VAN MAU

* Bai T12/401. Cho tam giae déu ABC vor
béin kinh dwémg tron ngoai tiép R va P la diém
nam trong tam gide do. Chimg minh rang

9
PA.PBPC < 3 R,

Loi giai. Khong
mit tinh téng
qudt gia su tam
gidc déu ABC cé
canh bang 1. Khi

3

do R=—.
3

Goi O la tam cia
dudng tron ngoai tiép tam gidc ABC va M, N
14n luot 12 trung diém ctia AB, AC.

Goi Q 1a phén hinh tron tam A ban kinh AO
vé trong tam giac ABC.

TOAN HOC
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Dé thay M, N thuoc Q. Gia st P thuoc Q.

Tacod PAEOA::’%_ Diat PA=m {m = [Q;LD;

V3

PAB=ca; PAC=Z-q|ae O;E} !

3 3
Ap dung dinh If césin trong tam gidc PAB va
PAC ,taco
PB? =1+m? —=2mcosa;
o =1+m2—2mcas(-§—aj.
Suy ra PB?.PC?

=(1+m?)* —2m(1+ mz)[cosa+ ms[%—an
i _
+ 4m? cnsacos[;—a}

=(1+m?)2 —4m(1+ mz]cos—g—cos(%—a]

+2m? coszt— +cos| =—2a
3 3

=(1+m?)’ —2J3_m(1+m2)cos(g—aj

+2m? l+ zcosz(i—a]—l
7 6
=4mzcosz[% —aj—Zﬁm{Hmz)ons[g—a]
+mt+m?+1.

bat x= cos[i—;r—a} . Xét ham béc hai

F(x) = dm2x? = 2\3m(1+m?)x +m* + m?> +1
o

xdc dinh trén doan {T;l

r

Ta co f[%]—f(l)
=(2J§_3)ms ~m?+(2V3-3)m 20,

1
Vme|0;—|. Suy ra
[ Jﬂ 4

NERI J3
T J(x)= ﬂm{f[—j—}f(l)} = f[;]

xe| —;1
2

NGODUCTHODUONGMINHCHAU
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Tir d6 suy ra PB2.PC? dat gid tri 16n nhat
khi va chi khi

v gid tri 16n nhat do bing
m* —3m’ +4m? —3m+1 =(1—m}2(m2 —~m+1) (1)

Vay khi P thudc Q, ta co
PA*PB2.PC* <m?*(1-m)" (m? —m+1)

=(m(1=m))’ (1-m(1-m)).
Tir d6, chu y rang ham bac ba: g(x) =x2(1-x)
xdc dinh trong doan {0;%} dat gid tri lon

nhét khi x:% va vi m(!—m)e[{];i} khi

I
me[(];—-—} suy ra PA.PB.PC 16n nhdt khi

V3

m =l va gid tri 1én nhat dé 1a ﬁ =2R3 (2)
2 8 8

T (1) va (2) suy ra, khi P thuoc Q thi

PA.PB.PCS%P.

Dang thic xay ra khi va chi khi hoic P tring
M hoic P tring N. Vay khi P nim trong tam

gidc ABC thi PA.PB.PC S§R3. Diing thifc x4y ra

khi va chi khi P 1a trung diém cia m6t canh nao
dé ciia tam gidc ABC. O

}Nhan xét. Bai todn nay khoé nén it ban tham gia gidi,
céc ban sau c6 1i giai trong dai ot

Bédc Ninh: Truong Gia Khang, 10A, THPT Thuén
Thanh 1; Ha Néi: Luong Hitu Bang, 11A1, THPT Déng
Quang, Phi Xuyén; Nam Binh: Phing Manh Linh,
Trdn Thi Héng Nhung, 11T , THPT chuyén Lé Héng
Phong; Ha Nam: Nguyén Chi Linh, 11T, THPT chuyén
Bién Hod; Thanh Hoa: Lé Quang Lam, 11T, THPT
chuyén Lam Son; Nghé An: Nguyén Duy Ting, 11A .,
THPT Dién Chau 2, Trdn Bdo Trung, 9C , THCS Ton
Quang Phiét, Thanh Chuong; TP Hé Chi Minh: Vi
Huy Qudn, 10T, THPT chuyén L¢ Héng Phong; Déng
Nai: Lénh H6 Xung, 6A1, THCS Ly Tu Trong, Tring Bom.

NGUYEN MINH HA

* Bai L1/401. Trong khéng gian ¢ dién
triong déu E ndm ngang va trong truong vai
gia toc g. Mot qud cau kim loai khoi liong m,

mang dién tich q

(g > 0) duoec ném lén E

vat van toc ban ddu — g
Vo (hinh vé). Hay v

tim géc ném a dé
vdn téc cua qud cdu
luon tang. Bo qua
sie can khong khi.

-V

Loi giai. Theo phuong Ox qua céu chiu tic
dung ctia Iyc dién F = ¢E . Theo phuong Oy
c6 trong luc P tic dung.
J thoi diém ¢ bat ki, thanh phén van t6c theo
hai phuong Ox va Oy l4n luot 1a

gE

Vy = Vo, +d.F = veCosa +—.1,
m

v, =Vvy, +a,l=Vvysina—gt.

Vin téc clia qua cdu & thoi diém 7 14

v=,vi+vi
2
=J[vgcosa+-g£.r] +(vosina—gt)’

m

2

:\[[Q—Eiwbgzjrl +2v0[—q-E~.oosa—gsina]t+v§ (1)
m* m

Diéu kién dé d¢ 16n van téc cuia qua cdu ludn
ting la %:—)2 0,v6imoi 7 2 0.

Léy dao ham cua v theo £ r6i mit gon ta thu ducc
252
{q = +g2)t+vn[ﬂ‘£cosa—gsinaJ20
m? m
véi moi 1 2 0.
Tir dé suy ra
gc:::;m::cmgsi‘ﬂa_‘20::-t.’-m¢::r££.
m mg
Vay géc ném « phéai théa man diéu kién

D<a <oy voi tanc:ro:E.
mg

TOAN HOC
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}'Nhan xét. Cdc ban sau ¢6 1&i giai ding:

Béc Ninh: Lé Vdn Manh, 12 Héa, THPT chuyén Bic
Ninh; Hai Dwong: Pham Thi Yén Nhi, 10 Ly, THPT
chuyén Nguyén Tréi, Vii Toan Thiang 12A1 THPT Pha
Lai, Chi Linh; Ha Nam: £inh Ngoc Hai, 11 Li, THPT
chuyén Bién Hoa; Nam Dinh: Pham Qudc Ldm, Lé
Quang Trung, 12 Li, THPT chuyén Lé Héng Phong;
Théai Binh: Phan Thi Mai, 12T, THPT chuyén Théi
Binh; Thanh Héa: Bui Thi Thiy, 12A3, THPT Lé
Hoan, Tho Xuin; Mai Vdn Tung, 12A1, THPT Hau Lac
4, Poan Van Hiép, 11B1, THPT Trigu Son 4; Nghé An:
Nguyén Thanh Son, 11A1 THPT Dién Chau 3, Neuyén
Vidn Hodng, 11T7, THPT D6 Luong I; Ha Tinh:
Nguyén Viét Hang, 11T1, THPT chuyén Ha Tinh.

NGUYEN XUAN QUANG
* Bai L.2/401. Cho doan mach RLC mdc noi
tiép nhie hinh vé,
r, L ¢ R
—

A M B

Biét R = 40€Q), dng ddy cé dién tro thudn r = 10Q

; ; 1 e o
vet he so tie cami ‘{:»;._”‘ 5 = 504 2 cos(100m ) V.
g

Tu dién co dién dung thay doi duoe.

a) Tim gid tri cuc tiéu c6 thé dat dwoc cua
U khi dién dung C cua tu dién thay doi.

b) Vé dang do thi biéu dién su phu thude cua
Uy theo Zp.

Léi gidi. a) Xdc dinh gid tri cuc tiéu ciia U 4,
Truéc hét ta xdc dinh hiéu dién the U,
UAM' - I'ZAM .

U "
\/(r +RY +(Z,-Z.)
Ly = rt +(ZL “-.2(;}2 .

UJr? +(Z.-Z) |
JO+RY (2. -Z)

U
R +2Rr

1+ 5
\j r? +{Z;_ —ZC)

Taco =

Do d6 Uuy =

Tirday suy ra U,y =

TOAN HOC |
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Dé dang thdy ring U,, cuc tiu khi
ZL:ZC'

Tacé Z,=Lw= zi.mon = 50(Q).
o

Vay khi Z, = Z, =50Q thi U,y cuc tiéu.

Ur _ 50.10
r+R 40+10

=10(V).

U ammin =
b) Vé dé thi
Khi Ze — 0 thi U, — 20V2V.
Khi Z; — +oo thi U,y — 50V.
D6 thi biéu dién U, theo ZC nhu hinh v&.

UV
50
40 +
30T
201
10 1

0 30 Z.(€Y)
> Nhan xét. Cic ban sau day c6 10 gidi t6t:
Thai Nguyén: Ngd Thugng Thiy, 12A1, THPT Phé
Yén; Bic Ninh: Dae Thi Thiy Trang, 12A1, THPT Tién
Du 1, Lé Van Manh, 12 Héa, THPT chuyén Béc Ninh:
Hi Noi: Bai Vdn Tudn, THPT Ung Hoa A; Nam Pinh:
Trdn Qude Pat, 12C3, Vii Bdo Chung, 12C10, THPT
Hai Hau A; Ninh Binh: Hodng Tudn Anh, 12M, THPT
Yén Khianh A; Thai Binh: Phan Thi Mai, 12T, THPT
chuyén Thdi Binh; Nghé An: Truong Lé Vdn, A3K38,
THPT chuyén Phan Boi Chau; Quang Tri: Nguyén
Pitc Lam, 12 Todn, THPT chuyén Quang Tri; TP. Hé
Chi Minh: Hodng Nguyén Nhdt Anh, 12A6, THPT
Nguyé&n Thuong Hién. }

NGUYEN VAN THUAN

Binh chinh cho muc PE RA KI NAY.

1) Bai T4/403 b sung thém gia thiét x,y,z e {0;%} ‘
2) Bai T9/404 diéu kién vé ding thic sira thanh

x2-x+1 2y2-2y+4 322-3z+9
+ + =12,
xedx=1 " ya+fy-2  z44z-3
Thanh that xin 16i ban doc.

https://tieulun.hopto.org
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PROBLEMS... Tiép trang 17)

T7/405. OABC is a trirectangular tetrahedron
at vertex ) OH is the altitude from O of
tetrahedron. Let R be the circumradius of

R\2

2. When
2

triangle ABC. Prove that OH <

does equality occur?

T8/405. a) Find all distinct permutations of
the word TOANHOCTUOITRE.

b) How many permutations are there that has
three consecutive T - TTT?

c) How many permutations are there without
adjacent Ts?

TOWARD MATHEMATICAL OLYMPIAD

T9/405. Let k be a positive integer, & is an
arbitrary real number. Find the limit of

sequence (a,) where

[1a]+[24a]+..+ [ a]

dy =

(n=1,2,..),

here the notation [x] is the largest integer that
does not exceed x.

T10/405. Find all functions f: N' — N which
satisfy the following conditions

1) [ 1s strictly increasing;

i) f(f(n)=4n+9 forall ne N’;

i) f(f(n)—n)=2n+9 forall ne N".

T11/405. Does there exist a positive integer
n 2 2 so that
S(x)=1+4x+4x? +.. . +4x",

is a perfect square polynomial?

T12/405. Let ABC be a triangle inscribed the
circle (O) and A' is a fixed point on (O). P
moves on BC, K belongs to AC so that PK is
always parallel to a fixed line d The
circumcircle of triangle APK cuts the circle
(O) at a second point E. AE cuts BC at M. A'P
cuts the circle () at a second point N. Prove
that the line MN passes through a fixed point.

Translated by LE MINH HA

gom 5 chuong:

Tap chi Toan hoc va Tudi tré sap phat hanh cuon Phudng trinh nghiém
nguyén va kinh nghiém giai ciia tac gia NGND Vii Hifu Binh. Cudn sach

« Mét so phuong phap giai phuong trinh nghiém nguyén.

» Mét so dang phudng trinh nghiém nguyén.

« Bai toan dua vé giai phuong trinh nghiém nguyén.

« Phugng trinh nghiém nguyén mang tén cac nha toan hoc.
o Nhifng phuidng trinh nghiém nguyén chua co ldi giai.

Sach trinh bay dé hidy, chit ché, cing nhiing kinh nghiém giai toan.
Cuon sach sé giiip ban doc rén luyén phuong phap suy ludn, ki ning
giai toan va cam nhan thém ve dep cua mén Toan.

Xin tran trong gidi thiéu cung ban doc.

THTT

Cic ban nhé dit mua TAP CHI TOAN HOC VA TUOI TRE cho quy Il nam 2011
va CAC AN PHAM CUA TOA SOAN tai cac buu dién trén ca nuoc

TOAN HOC
* CTudilye 27

https://tieulun.hopto.org

S& 405 (3-2011)




hittps:iiwww. facebool. comiletrunglienmath

hitps:/isites. google. com/siteletrunglienmath

KI THI OLYMPIC TOAN HOC HA NOI MG RONG

W W nam

2011 SO

Ngﬂ}{ 20.2.2011 tai Truong Dai hoc Khoa hoc Tw nhién, Dai hoc Qu

éc gia Ha Noéi, Héi Todn hoc Ha Noi -

_ dd 1o chiec Ki thi Olympic Todn hoc Ha Ngi md réng (HDMO) lan thir VIII voi sy tham gia cua 102 em

~ hoc sinh lop 8 (Junior Level, sinh sau ngay 01.01.1997) va 97 em hoc sinh lop 10 (Senior Level, sinh
sau ngay 01.01.1995) tir cdc truong THCS va THPT thuge 16 tinh, thanh phd: Ha Ngi, Hai Duong,.
Qudng Ninh, Bdc Giang, Ha Giang, Bde Ninh, Hod Binh, Lao Cai, Yén Bai, Vinh Phic, Phu Tho, Thai
Binh, Thai Nguyén, Hung Yén, Di¢n Bién, Lang Son. Két qua ctia Ki thi & Junior Level co: 6 giai Nkar -
(16-20 diém), 13 gici Nhi (I14-15 diém), 19 giai Ba (10-13 d:em) 32 g:a: Khuyen khich (6-9 dlém)..
o Senior Level co: 8 giai Nhdt (18-20 diém), 14 giai Nhi (15-17 diém), 36 gidi Ba (10-14 c'a':em) 19 giai
Kkuyeu khich (7-9 diém). Pdc biét, em Phimg Dic Vii Anh (trucmg Ha N01~Arm'rerdam) va em Hoang
Dé Kién (Tmang THPT chuyen Vinh Phic) da doat diém tuyét déi 20120 ¢ Junior Level va Senior Level.
Dua vao két qua cua Ki thi nay, Hji Todn hpc Ha Ngi s chon ra 20 em & Junior Level vd 20 em o
Senior Level tham di Ki thi Of}nﬂpzc Todn hoc Singapore ma rong ndm 2011 _ :

Sau ddy xin gidi thiéu dé bai ctia Ki thi HOMO 2011.

Important:
Answer all 12 questions.
Enter your answers on the answer sheel provided.

For the multiple choice questions, enter only the
letters (A, B, C, D or E) corresponding to the
correct answers in the answer sheet.

No calculators are allowed.

SENIOR SECTION

O8h45 — 11h45

Sunday, February 20, 2011

Multiple Choice Questions

Q1. An integer is called "octal" if it is divisible
by 8 or if at least one of its digits is 8. How
many integers between | and 100 are octal?

(A): 22: (B):24;(C): 2% (D):30; (E) 33.

Q2. What is the smallest number

(A)3; ®r2%;  (©: 2,

(D): 2%+2'23; (E):Qg.

Q3. What is the largest integer less than to
(2011 +3x(2011)2 +4x2011+5?

(A):2010; (B)x:2011; (C) 2012;
(D): 2013 ; (E): None of the above.

Short Questions

Q4. Prove that 1+x+x%+x3+...4x¥1120
for every x 2 —1.

TOAN HOC
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Q5. Let a, b, ¢ be positive integers such that
a+2b+3¢=100. Find the greatest value of
M = abc.
Q6. Find all pairs (x, y) of real numbers
satisfying the system

x+y=2

xt—yi=5x-3y.
Q7. How many positive integers a less than
100 such that 4a? +3a+5 is divisible by 67

Q8. Find the minimum value of
S=|x+1|+|x+5[+|x+14|+|x+97|+|x+1920].

Q9. For every pair of positive intergers (x, v)
we define f{x, y’) as follows:

f(x, 1)=x;
FGy)=0ify>x;
fr+ Loy = y(flapd+ flay=1)):
Evaluate £{5 ; 5).

Q10. Two bisectors BD and CE of the triangle
ABC intersect at O. Suppose that BD.CE =
2BO.OC. Denote by H the point in BC such
that OH | BC. Prove that AB.AC = 2HB HC.

Q11. Consider a right-angle triangle ABC with
A=90°, AB=cand AC=b. Let P € AC and
Q€ AB such that EFQ=H§E? and ,@:ﬁ
Calculate PO + PE + QOF, where E and F are the
projections of P and Q onto BC, respectively.

Q12. Suppose that |ax?+bx+c|=|x2-1| for
all real numbers x. Prove that |h? —4ac|=4.

https://tieulun.hopto.org
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JUNIOR SECTION

Sunday, February 20, 2011 (08h45 — 11h435

gquestions Q3, Q8, Q10, respectively, in the

Senior Section.
Multiple Choice Quetions

Q1. Three lines are drawn in the plane. Which
of the following could NOT be the total :
number of points of intersections?

(A): 0; (B): 1; (€): 2

(D): 3; (E): They all could.

Q2. The last digit of the number A=7!" is
(A): 1; (B): 3; (C):-7:.

(D): 9; (E): None of the above.

Q4. Among the four statements on real numbers ;
below, how many of them are correct?
"If a<b<0 then a<b®";

"If O<a<b then a<h?";

"If @< b’ thena<bd";

"If a><b* thena<b";

"If |a| <|b| then a<b".

(A)0; B (C)x2; (D)3

Short Questions

Q5. Let M=T!x 81 x9! x 10! x 11!x 12!,

How many factors of M are perfect squares?
Q6. Find all positive integers (m, n) such that
m*+n?+3=4(m+n).

Q7. Find all pairs (x, y) of real numbers
satisfying the system

x+y=3

x—y4=8x—y.
Q9. Solve the equation

I+ x+x2+x3+.,.+x01 =0,

Q11. Given a quadnilateral ABCD with AB = BC’
=3cm, CD = 4¢m, DA = 8cm and DAB+ABC
=180°. Calculate the area of the quadrilateral.
Q12. Suppose that a>0, b>0 and a+b<1.
Determine the minimum value of

(E): 4.

TN B S
ab a*+ab ab+b? a*+b?
THANH LOAN

(Nguén: http://hms.org.vn)

I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
|
I
I
I
I
I
I
I
I
I
|

| HUONG DAN GIAL... (Tiép trang 9)

i Cau Vlla. BDT da cho tuong duong véi
The questions Q3, Q8, Q10 are the same as the .

Inx-In(4-x)-x<lny-In(4-y)-y (1)
Xét ham s6
(f)=lnt—ln(4~f)—r (0<t<4).
1 (1‘—2)2
f(f)_r 4 £ g = )>0 (0<r<4).

Ham s6 f{z) déng bién trong khoang (0;4).
Tirdé suy ra BDT (1). O

Cau VIb. 1) Gia sir vecto phdp tuyén cua
dutmg thing AC 14 74 = (a;b). Lai ¢6

na =(21), nge =(14); B(L-1);

jnAB "BCI

I"AL "BCI

cosB =cosC :>’

UFTIE ”acr IHJC’ |??Bc

suy ra 3la’ —40g —44b% = 0. Tim dugc vecto
phap tuyén cita dutmg thing AC

N4 :(—22;31).

PT dudng cao quadinh B1a 31x+22y-9=0.0
2) Pudng tron (C) ¢6 tam 1(4;2;1), ban kinh
R=3c6 u, =(2-21).Gid sit n, =(a;b;c);
(1)
bi€m A(L;-L;1)ed= Ae(P), 1 dugc PT
a(x=1)+b(y+1)+c(z-1)=0; (P) tiép xdc
vai (C) khi d(I;P)=3 <> 2ab=c? (2)

Tir (1) va (2) ta tim dugc phuong trinh ctia
{P;) 2x+y-2z+1=0; (Pg) x+2y+2z-1=0.

nPLsz:>2a—Zb+c=0

Cau VIIb. Gia sir z = x + yi. Tir gia thiét cé
e+ 1+(y-5)i| =[x +3-(y+1)i| &

(x+1)° +(y-5)
tacé 16 =(x+3y)’ <10(x? + y?) =10|z|".

:(_7c+3)2 +(y+l]2 < x+3y=4;

S6 phitc c6 moédun nhd nhat 12 z = % + gL 0
NGUYEN ANH DUNG
(Ha Nai)
TOAN HOC
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P &
A

% Q.Ap &11_0 s Pa
BAI TOAN TIM GIGI HAN

Trong gi® bai tap todn, thiy gido goi ban Khanh
1én bang giai mot bii tip vé tim gidi han:

1+2+3+..+n
n?+1 )
Ban Khanh di trinh bay 161 giai dé nhu sau:
1+2+43+..+n

Tim lim

Ta co lim

n?+1
1 2 3 n
—t
=lim"2 nt nt n?

1

1+ —

n?

" w 1B e 3 . n
lim—+lim—+1lim—+...+ lim—
n n? n? n? -0

; 1 o
llm(1+n—2]

Theo em, thdy gido s€ cho ban Khanh mdy
diém? L& gial cia ban nhu thé nao?

THAN VAN DU
(GV THPT Son DBong s6 3, Bac Giang)

Giai ddp bai:
Pa dung chua?

(Dé dang trén THTT 50 398,
thang 8 nam 2010)
¢ Loi gidi cia ban hoc sinh d6 pham sai ldm &
buéc bién déi sau:

(4D BE)(4B-DC) =0

AB-DC=0 (2)
Luu ¥ rang v€ trdi cua (1) va (2) 1a hiéu hai
vecto nén vé& phai cia chiing cing phai 12 mot
vecto. Tuy nhién, néu sita 4D — BC =0 hoac
AB—-DC =0 thi didu nay ciing khong thé suy
ra it (4D~ BC)(4B~DC) =0 duge. Vi theo

[E—BT::O (1)
—

dinh nghia thi MN.PO =0 < MN va PO c6
phurong vuéng géc vdi nhau,
e Bai gidi duoc diéu chinh lai nhu sau:

Ta cé (E—B_'C)(IB—D—C)=U
& ((4B+ BD)~ (BB + BC))(4B - BT) =0

e —_— —
< (4B-DC) =0 « 4B=DC,
hay ti& gidc ABCD la hinh binh hanh.
Céc ban sau c6 ddp dn t6t hon ca:
Ha Nam: Nguyén Piuc Nam, 10A5, THPT Duy
Tién B; Thai Binh: Pinh Thi Nho, 11 Todn,
THPT chuyén Thdi Binh; Quang Nam: Nguyén
Hong Son, 12/1, THPT chuyén Nguyén Binh
Khiém; Pong Nai: Trdn Hodng Nhdt Linh, 10
Todn, THPT chuyén Luong Th€ Vinh, TP. Bién
Hoa; Bén Tre: Khéng Hitu Hiép, 11 Todn,
THPT chuyén Bén Tre,

NGOC HIEN
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" Lm-gmisaakha qud!

Khdo sdt nam nao day?
Meo day Hé tréo cay,
Ha day Meéo bt Lon,
Hé nhin cay ma on,
Méo thdy Lon budrc theo...
2 ; Cuc tri cua nam Meo,
Nﬁm 2011 duoc chon la NAM THANH NIEN Bai todn vui dén thé,
vGi cdc hoat dong chinh theo chi dé va ba Min ciia ham con dé,
ngay ki niém lién quan t6i thanh nién. Ban hiy Max cuéc dii kho gheé...
tim tir & cot mau sAm trong 6 chit, biét rang moi PHAN CUNG PUC
dong chit cha 6 chit (theo thi tu) duge dién mot (GV truomg chuvén KHTN
cdch hop i vao cdc phén dé trong (...) trong chin DHKHTN Ha Ngi)

cdu dud day.
1. L& phat dong ngay thanh nién hanh d6ng vi... ¢6 hoan canh kho khan (4.1.2011).
2. L& phat dong ngay thanh nién hanh dong vi... (31.12.2010).

3. Ngay 26.3.1931 la ngay thanh 1ap ... Cong san.

4. Ngay 15.5.1941 la ngay thanh 14p ... Tién phong.

5. Ngay 15.10.1956 tré thanh ngay truyén thong cua ... Viét Nam.

6. L& phat dong ngay thanh nién hanh dong vi ... (2.1.2011).

7. L& phat dong ngay thanh nién ... tinh nguyén (9.1.2011).

8. L& phit dong ngay thanh nién hanh dong vi... cia T6 qudc.

9. Phuong cham: Hanh déng vi mot moi trudng... cho tudi tré.

1 -
" o
3 | Pl
4
3 [
6
; L
8 . |
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VAN KHANH
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XUAT BAN TU 1964

[ Py 2 .
’ : S6 405 (3.2011)
Top chi TOANHOCVA TUOI TRE oo o iERREEL
. . DT Bién tap: 04.35121607
BT - Fax Phat hanh, Tri su : D4.35121606
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BAN CO VAN KHOA HOC CHIU TRACH NHIEM XUAT BAN
I T Chi tich Hoi déng Quan tri kiém
GS. TSKH. NGUYEN CANH TOAN Téng Gidm doéc NXB Gido duc Viet Nam
GS. TSKH. TRAN VAN NHUNG NGUT. NGO TRAN Al
Ts. NGUY]?N VAN VONG Ph6 Téng Gidm déc kiém
GS. DOAN QUYNH Téng bién 1ap NXB Gido duc Viét Nam
PGS.TS. TRAN VAN HAO TS NGUYEN QUY THAQ

HOI PONG BIEN TAP

Tang bién tap : TS. PHAM THI BACH NGOC Thu ki Toa soan : ThS. HO QUANG VINH

75. TRAN DINH CHAU, ThS. NGUYEN ANH DUNG, Ts. TRAN NAM DOUNG, TS. NGUYEN MINH DUC, 75. MJUYEN
MINH HA, TS. NGUY&N VIET HAI, PGS. TS. LE Q-UOL HAN, ThS. PHAM VAN HUNG, PGS, TS, VU THANH KHIET
GS. TSKH. NGUYEN VAN MAU, Ong NGUYEN KHAC MINH, TS. TRAN HOU NAM, PGS. TS. NGUYEN DANG PHAT,
PGS. TS. TA DUY PHUUNG, ThS. NGUYEN THE THACH, GS. TSKH. DANG HUNG THANG, PGS. TS. PHAN DOAN THOAI.
Ths. VU KIM THUY. PGS. TS. VU DUONG THUY, GS. TSKH. NGO VIET TRUNG.

TRONG SO NAY

o Danh cho Trung hoc Co so — For Lower @ Ban doc tim toi — Reader's Contributions

Secondary School Lé Thi Thu Huyén, Phung Thi Oanh, Ta
Cao Qudc Cuong — St dung dinh Ii Viéte Duy Phuwong — Sang tao va ching minh
dé gidi mot s6 bai toan vé ham sé cac hé thite lugng gide trong tam giac
y=axt(a=0). nhd phép bién déi tuyén tinh géc.

Huéng dan giai Dé thi vao ldp 10 trudng Giai tri toan hoc — Math Recreation
THPT chuyén Lam Sdn, Thanh Hoéa, nam
hoc 2010 - 2011. Pé ra ki nay — Problems in This Issue
o ) A T1/405 ..., T12/405, L1/405, L2/405.
Pé thi vao 1dp 10 trudng THPT chuyén Lé
Khiét, Quang Ngai, ndm hoc 2010 - 2011. Giai bai ki truéc — Solutions to Previous
e . Problems

Chuan bi thi vao dai hoc — University Gidi cic bai ctia s6 401.
Entrance Preparation

Phan Cung Due — Bai toan xac dinh tim

hinh céu ngoai tiép khoi da dién.
Thur sire trude Ki thi — Pé so'6.

Ki thi Olympic Toan hoc Ha Néi md rong
nam 2011.

Sai lam ¢ dau — Where's Mistake?
Hudmg dan giai Dé 50 5.

6 06 6 00

Cau lac bo — Math Club

60 ©© ©0 ©

Hudng din 6n tap mon Vat li thi tuyén
sinh Pai hoe, Cao dang nam 2011.

Bién tap : NGUYEN THI THANH MT thugt : MINH THO
Tri su, phdt hanh : NGUYEN KHOA DIEM, VU ANH THU Ché ban : NGUYEN THI OANH
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" NHA XUAT BAN GIAO DUC VIET NAM |
tran trong gidi thiéu dén ban doc

BOJSACHIGIAO]KHOANTIENGJANHITIEUJHOGITHIIDIEN

B Sach gido khoa Tiéng Anh 3, Tap 2 dugc Nha xuét ban Giao duc Viét Nam td chifc bién soan
theo Chudng trinh thi diém Tiéng Anh tiéu hoc do B3 Gido duc va Pao tao ban hanh theo Quyét dinh
s 3321/0D-BGDDT ngay 12 thang 8 nam 2010, trong dé tiéng Anh dudc day tir 1p 3 dénlép 5.
Sach sé giisp cac em hoc sinh buic du hinh thanh va phat trién ning lyc giao tiép bang Tiéng Anh
théng qua bén ki nang: nghe, néi, doc va viét; trong do v tién phat trién hai ki nang: nghe va néi.
Téc gia cita bd sich la cac chuyén gia Tiéng Anh va giao vién Tiéng Anh gioi ciia Viét Nam hdp tac
ciing Nha xuét ban Macmillan Australia va Vién Khoa hoc va Cong nghé Viét Nam.
Hién nay, Nha xut ban Giao duc Viét Nam da xuét ban dong b 3 cudn: Tiéng Anh 3, Tap 2, Sach
giao khoa thi diém ; Sach giao vién thi diém ; Sach bai tap va cac thiét bj day hoc nhu: dia Audio CD, b
quén réi, b thé tif, b tranh, robot teacher,... Cac thiét bi day hoc nay rat than thién véi giao vién va
hoc sinh Viét Nam s& hd trg dac luc cho giao vién va hoc sinh trong viéc day - hoc.






