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TRUNG HOC CO SO

rong qua trinh m& rong dinh 1i Pythagore, ta
duoe dinh 1i 4 diém nhu sau:

Véi 4 diém A, B. C, D ta luén cé: AC viuong goc
veii BD khi va chi khi AB*+CD*=AD? + BC?.

~ v 2 . FE A ' A
Hai ong dung cua dinh li ndy vé moi quan hé
gilra cac canh vdi hai dudng chéo cia mot tr
giac la:

1) Néu tong binh phiong cdc edp canh doi dién
cua nhr gidc bang nhaw thi hai diwong chéo cua
no vudng goc voi nhau va ngurge lai.

2) Néu td'ng binh phwong hai canh doi dién
cua tir gide hang téng binh phirong hai duong
chéo thi hai canh @i dién con lai cua tir gide
vuong goc voi nhau.

Nét dep cua dinh li 4 diém la céc tir gidc ma
chiing ta xét trong hai img dung khong nhét
thiét la t& gidc 15i ma co thé la tor gisc 1om,
don hay khong don.

Viéc chimg minh dinh 1i nay, cac ban cé thé
tham khao bai viét ciia tac gia Vo Kim Hué
dang trén s bao thang 3 (237)/1997. Trong
bai viét nay, chiing t6i gidi thiéu ing dung cia
dinh li 4 diém vao giai quyét tot mot 16p bai
toan chimg minh hai dudng thing vuéng goc.
Mong mudn sé tiép sirc cho ban doc mot
phuong phap giai toan.

@I Bai todn 1. Cho hinh chif nhdt ABCD. Trén
tia doi cia tia DA va tia doi cua tia CB lan
lieot ldy hai diém F va E sae cho DF = CE =
CD. Trén tia dbi cia tia CD ldy diém H sao
cho CH = CB. Chimg minh rang AE vuéng
goc voi FH.

Lai gidl. (h. 1). Dat AB =x; BC =y. Theo biira
tacd DF=CE=CD=EF=x, CH=BC=y.

Net dep
CUA PINH Li 4 DIEM

NGO DUC MINH
(GV THCS Ngé Gia Tu, Héng Bang,
Hdi Phong)
X b
Sir dung dinh li ;
Pythagore, ta D il_ H
tinh dugc ;
AH* + EF*
=2x"+ 2xy + 237 (1) 1
AF® + HE'
= 2 + 2+ 27 (2)

Tir (1) va(2) suyra

AH + EF* = AP + HE. Hink 1

Theo img dung 1)taco AE L FH. O

@WBai toin 2. Cho nf gidc ABCD ngi tiép
diwomg tron (O) déng thoi ngoai tiép mot
dwomg tron khdc (O') ¢6 cdc tiép diém M, N,
P. O ldn lugt véi cde canh DA, AB. BC, CD.
Chitng minh rdng MP vuéng géc véi NO.

Loi gidi. (h. 2).
Goi H la giao
diém cia 04
va MN; E la giao
diem cua OC
va PQ.

Ta c6 ur giac
ABCD ndi tiép
(D) nén A+C=
180% tor giac
ABCD lai ngoai
tiép (0" nén

Hinh 2

1~

O‘AM+5’E‘_Q=§A +=C=90°, suy ra

-
2
m=5—@ (cung phu vai @).

O'M _ Mo
o go

Viy AO'MA s ACQO" . Do 46
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Dit M4 =AN=x,BN=BP=y CP=CQ =z,

DO =DM=1t O'M= 00 =r, khi do ta co

L -2 & = xz. Tuong ty, ta ¢6 1 = yt suy

Z 2

ra K =xz =ik

Do AM va AN 14 hai tiép tuyén cia (O nén

0'A L MN va HM = HN. Trong tam giic

O'MA vudng tai M co

1 1 1 4 1

= + fosae ] =

MA? MA* O'M? MNT %2
5] 2p2 2. 4 '22

e 4xr :43: (xz)= X’z

x4

x4 xz

Hoén toan tuong ty, ta ciing co

4xz? 2 o Ayr?
BFe T wra 2P g - DY
X4z y+I y+i
4x2z 4xz?
Suy ra MN? + PQ? = - Loy P
x+z x+z
2 2
NP?+MQ1=£+4N =4yt =4rl.
y+t y+t

Nhu vay MN* + PQ? = NP? + MQ’. Theo dinh
li 4 diém thi MP L NQ. O

&IBai todn 3. Gid si O la tam dwong tron
ngoai tiép tam gigc ABC. D la trung diém cia
canh AB, con E la trong tdm cua tam gidc
ACD. Chirng minh rang néu AB = AC thi OF
vuong géc voi CD.

Lei gidi. (h. 3). !.

Goi M la giao ’/\; T
diém cua CE va s
AB; N la giao [N P \

- o . ’ 3 \ )
diém cua DE va i v 4

AC. Dt BC=a \&E— ~—\/p
ViAB=4C—8 =N\ y
\. /
r"\p dung cong b T
thire tinh 4o dai 3
duomg tnmgtuyén, Hinh 3
ta cd
CM? = oA w00 AD?
2 4
.
G ST IR
Fo g T L;b)
5 —L"E! = 2 4 =
\ 2 / 2 4

TOANHOC .
2  tCTugilye SO 567 (1-2008)

b

= 5b% 4+ 2a? _£_9b3+4a2

8 16 36

suy ra CE? =~I--b2 +1—az.
4 9

Do DA = DB nén QD L AB. Trong tam giac
vudng ODB ta co

2
OD* = OB* - BD* = 0C* h['?w] =0C? -ibz .

Vay CE+0D* = OC? +%a2 (3)
Dé thiay ND la duong trung binh cua tam gidc
1
ABC nén DN:%BC, suyra DE=—a  (4)
)

Tir (3) va (4) suy ra CE* + OD* = OC” + DE".
Theo dinh 1i 4 diém thi OE L CD. O

O Bai todn 4. Cho tif gide ABCD ¢6 DAB=ABC

= BCD >90°. Chimg minh ring dwong thing
Euler cua tam gidgc ABC di qua D.

Lai giai. (h. 4).

Goi DA n CB = M, AB m DC = N; cac dudmg
cao MM, NN, cla cac tam gidc AMB va BNC
cét nhau tai .O. Do DAB=ABC = BCD nén
AMB, BNC déu la cac tam giac cén.

Tir do suy ra
O la tam
dudng  tron
ngoai  tiép
tam gidc
ABC.

Goi . H 1la
tre tam cua
tam gidc
ABC. Vj
ABC > 90°
nén H nim
ngoai A4BC
vi HA L BC
tf':!.i B],

HC 1.AB

tai C,. Nhu vdy, ta sé co cac tI gidc
AM\BIM, ABCC, CN\C\N va MACN 14 cac
tir gide ndi tiép.

Goi 1, J lan lugt la trung didm ctia MA va CN.

Hinh 4

https://tieulun.hopto.org
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Khi d6 1, J s& lan lugt Ia tim cac duong tron
ngoai tiép tur gidc AM,BM va CN,C\N .

Tir d6 dé thay
HB,.HA=HI? - I4* ; HC.HC = HF - JC%
HB.HA = HC.HC suyra

HI? - [ = HI? - JC? = HI? - HJ? = L& - JC2(5)
Tuongtutacé OI2—0J2 =142 - JC?  (6)

Tir(5)va{6)suyra HI?+0J2=01?+HJ?.

Theo dinh 1i 4 diém thi OH L IJ (7
Mit khac, do tir giac MACN néi tiép nén
DA.DM = DC.DN = (DI — IAXDI + I4) = (DJ
IO+ IO DE D =14 = JC  (8)

Tir (5) va (8) suy ra HP + DF = DFF + HP.
Theo dinh li 4 diém thi DH 1 IJ (9)

Tir (7) va (9) suy ra H, O, D thing hang.Ta
biét duong thing Euler cia tam giac ABC di
qua tryc tdm H, trong tdm G va tim O cua
duong tron ngoai tiép. Tir 46 suy ra dudmg
thang Euler ctia tam giac ABC di qua D. O

Moi cac ban st dung dinh li 4 diém dé giai quyét
cac bai toan sau day.

Bai 1. Cho tir giac ABCD ndi tiép mot dudng
tron ¢6 hai dudng chéo cit nhau tai /. Ha IP,
10 lan lugt vudng goc vai AD va BC. Goi M,
N lan lugt 1a cac trung diém cia 4B, CD.
Chirmg minh rang PQ vuéng géc véi MN.

Bai 2. Cho tir gidc ABCD co hai dudmng chéo
ct nhau tai Q. Goi M, N lan lugt 1a trung
diém ciia AB va CD. Cac tam giac OAD, OBC
lan lugt ¢6 tryc tm a4 H va K. Chimg minh
rang HK vuéng goc voi MN.

Bai 3. Trén cung nhd AB cua duong trén
ngoai tiép hinh chir nhat ABCD ngudi ta ldy
diém M khac A va B. Goi P, O, R va § thir ty
1 hinh chiéu ctia M trén céc dudng thing 4D,
AB, BC va CD. Ching minh ring hai dudng
thang PQ va RS vudng goc v6i nhau va giao
diém cua ching nim trén mdt trong hai duong
chéo hinh chir nhit.

%, T iR |
: 1\\' T IKHO TANG
/| TOAN HOC

va Gug du
aﬁﬁv:i miuﬁkququqéu U

THE NANG CUC TIEU

(Tiép theo ki trwde)

NGUYEN DANG PHAT
(Ha NG
H¢ qud 5. Diém Fermat P cua hé diém {1
khong triing véi bat ctt diém nao cua hé ds khi
va chi khi n bdt ddng thire sau déng thoi thoi
thoa mén:
ZPE}U
i=l
ik
(Hg qua nay duogc truc tiép suy ra tir BBT (7),
thiét lap & tinh chét 3). Tir hé qua 5 ndy ciing
suy ra dugc hé qua 1 cua tinh chat 2 thiét
lip & trén. That vAy, tir BDT (11) ta duoc

n n
pkap.; hay 2 p, c:ZpJ- =2 ey (12
= =]
ik

< véimoik=1,2,..n (11)

i}

H¢ gqud 6. Néeu p, ::Zp.- thi Ay la diém Fermat
=l
12k

P cua hé diém (1).

Chii thich 1) Hé n BDT (12) chi 14 diéu ki¢n
cdn (khong du) 88 P e {4, Ay, ..., 4,).

2) (4) < (11) vi mdi diéu kién nay déu ia dicu
kign cdn va di dé P g {4y, A, ... 4,}.

TOAN HOC
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1.5. Cac tinh chat dmh lwrong ciia diém
Fermat P cia mt hé diém
- Truée hét, diém Fermat P cua hé diém (1)

tring véi diém A4, (k € {1, 2, ..., n}) cta hé do
thi tinh chat 3 khéng nhimg da ch1 ra tinh chat

dinh tinh cia P = 4; ma ciing con da ddng dén
tinh chét dinh lugng ciia diém Fermat P khi P
= 4, bing cach dong thoi thiét lap dwge ngay
gia tri cyc tiéu m = f{P) cua ham v6 huéng
AM) dat duge & diém Fermat P tring vai diém
Ay ctia hé diém (1).
- Sau cuing, can tim cach xac dinh gia trj cuc
tiéu m = f{P) cia ham v6 huéng M) trong
trudng hop P ¢ {4, A;, ..., Ay}, ciing la
trudmg hop P 1a mét diém trong cia bao 16i %
ctia hé diém sinh bai tap cac diém {4;, 45, ...,
An} (hé qua 2).

Tinh chit 4. Néu P ¢ {A4,, As, ..., A,} thi cdc
gée APA; (i#])cédélon 6 (=6)) lien hé
véi nhau boi mét hé n ding thirc diéu kién
(giita C; goc d6) sau:
Z i cos 8
jml
(voi quy uée rang khi i = k thi 6= 0 va do
d6. costy = 1).

=0,(k=1,2,...n) {13)

Chitng minh. Thét vay, néu diém Fermat P ¢
§4y, As, ..., Ay} thi ta c6 ding thirc vecto (4)
(tinh chét 2). Biy git ta nhan v6 hudng hai ve
cia (4) vai g (k= 1, 2, ..., n} thi thu duge h¢
gbm n ding thic (13). O

Tinh chét 5. Néu diém Fermat P cia hé diém
(1) la mdt diem trong cua bao 16 33 cua hé
(1) thi cdc khoang cdch PA =x(i=1, 2, ...

n) la n nghiém dwong cua hé n phmmg trinh
dai 56 bdc n sau:

i(p,(}.‘,-3+xf ) TT x +2pexixa..x =0 (14)

Il rell k)

(k=12....n) trong do ay = AA:, (i # k).

Chitng minh. That vay, chi viéc 4p dyng dinh
li cosin vao cac tam gidc A4 P4, cd APA, =0,
thi biéu thi duoc cos @, theo x, x; va ay. Sau

dévi x, > 0(VYi=1, 2, ..., n) nén ta dua duge
hé (13) ve hé (14) . O

TOAN HOC

T S8 367 (1-2008
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Nhén xét. Néu P ¢ {4y, 42, ..., A} v6in=4
thi trong thyc té ta chi co thé tim duge gan
diing gia tri cuc tiu m = f{P) cia ham fiM)
ma thoi. Vi thr: ngudi ta phai tim cach xac
dinh vi tri gdn diing cia diém Fermat P va do
d6 xac dinh duge gin dang gia tri cuc tiéu
fIP) cua f{M) sao cho duge thuén tién nhit.

Trong thyc tién, diém P va fiP) ciing da tim
dugce nho sir dyng mo hinh co hoe duoc trinh
bay & phan 11 dudi day.

I1. Nguven li Thé ning cuc tidu va loi giai
viit li cia bai todn veé diém Fermat

2.1. M hinh co hoc cia bai todn tim diém
Fermat ctia mgt hé diém

o Nguyén If Thé ning cue tiéu duge phat bicu
nhu sau:

"Nhitng vi tri ciia hé n chdt diém 4, véi khoi
heong twong ttng p, (i= 1,2, ... n) ma o do
thé m;“!ng dat gid tri cuc tiéu la nhigng vi tri
cdn bang".

Néu vi tri can bang la duy nhat thi tir nguyén
li trén ta rit ra h§ qua sau:

Hé qud. O vi tri can bang, thé ndng cia hé
dat gid ri cuec tiéu.

e Lai giai v.jit I cdc bai todn vé diém Fermat
Trong cudn sach nho "Van hoa toan hoc"
(Kaleidoscof) \:, pho bién khoa hoc, nha toan
hoc Ba Lan noi tiéng Steinhauss co néu bai
toan sau day: Co ba xdm wnho, mét xdm cé 50
hoe sinh, mot xom co 70 hoe sinh va morf xom
cd 90 hoc sinh. Khu ddn cit grim ba xdm nay
die dinh xdy dung mét ngdi trueng tiéu hoc
chung cho ca khu. Hoi phai dat dia diém ngéi
truong o ddu dé rfmg 86 thai gian edc hoc
sinh ciia ca khu di dén trieomg la it nhdr?

Steinhauss khéng dua ra Io1 giai toan hoe cua
bai toan thwe té nodi trén (mic diu bai todn nay
c6 1o giai thuan tay hinh hoc b'mf: nhimg
phép dung ]1mh Euchde‘”} ma dé xuat mét [oi
giai "phi todn" banf- cach thidt ké mot maé
hinh co hoc dé giai bai todn nay dua trén
nguyén li rhe néing cuc tiéu cua Dirichlet trong
vt 1i so cap (phét biéu lan dau tién bang thuc
nghiém va quan sat).

Chiing ta cing s& sir dyng md hinh co hoc
Steinhauss dé dua ra l&i gidi vat 1i cho bai

https://tieulun.hopto.org
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toan tim diém Fermat cua mot hé diem trong

(%), (h. 3).

Mat dét
Hinh 3

- Truée hét, ta tim cach lién két n diém Ay, 43,
.. A, 1ai v&i nhau® }bang cach dit & méi didm
A do mot cai rong roc co dinh «, i =1, 2, ...,
n, (chdng han gin vao diu n thanh kim |03I
cimg, déng chit va vudng goc vao Il.rcmg
(hodic tran nha) R6i kiém n sgi day cude,
manh va dai (chdc) co chiéu dai /; tuong (ng
(¢6 trong lugng khong dang ké) dé treo n vat
ning co khdi lugng p, tuong img & n diu
thanh sau khi da dat twa cac ddy /, d6 vao cac
rong roc a; cung tén twong tng. Khi cic day
[; 43 duoc tya vao cdc rong roc o, tuong ing
xong xudi, ta nit cac ddu muat thir hai coa n
soi day [, do lai véi nhau o diém chung M thi
ta hdy tha » vat ning p, dugc treo O n dau
mit thér nhit coa cac day [, nay dé ching
duge ty do chuyén dong (tire 1a dbi vi tri do syr
du dua cha cac s¢i dav x¢é dich qua céc rong
roc ¢, da duge dit ¢b dinh ¢ vi tri cla diém
hinh hoc 4) cho dén khi hé dat vj tri cén
bing. Vi vi tri cin bang P 1a duy nhat nén theo
nguyén i trén thi, & vi tri can béng P thé ning
cua hé chit diém {4,(p,)} dat cuc tiéu.
Goi r, d, va b (i = 1, 2, ..., 1) ldn lugt la
khoang cach tir P dén A4 ; khoang cach tir
diém A, dén mat dit va khoang cach tir vit
ning mang khdi lwgng p; dén mit dat. Thé
thi, hé céc vt ning p, dugc lién két véi nhau
béri n soi day [;, bude nat lai & diém chung M
va dat vi tri can bang & diém P cé thé ning E,
duoce xac dinh nhu sau:

E = Zp,h Zp,(r+(d }

f=l

n n
ZPJF?+ZP; (di—1) (13)
i=1 =

i n
trong do Zp,f*i:Zp,-PA,- dung la gid tri cuc
i=1 i=1
neu m = f{P) clia ham f{M) ciia bai toan tim
dtqm Fermat P cia hé diem (1). RS rang thanh
phan thir hai & vé phai cua dang thirc (I‘ﬁ) la

mét hdng s6. Tir d6 suy ra E=) ph, dat cuc

=]

tidu & Zp,MA,:f(M) dat cye tiéu m = f{P)
i=l

& diém can bing P. 0

2.2. Mot phwong phap so cip ching minh
nguyén li thé ning cwe ticu

o Péi chidu hai 16 giai: 15i gidi tedn hoc va
loi giai vit li cha bai todn Fermat

Theo nguyén li thé ne‘mg cyc tiéu thi "Heé n vat
A, ndng p; (i = ., 1) cling tic 1a hé céc
chat diém {4, (p)} noi tren dat vi tri ciin bing
& diém P khi va chi khi thé nang E cia hé dé
dat gia tri cyuc tiéu"

Hé can bing (& diém P) < Thé ning E = > ph
i=l
(L)

Bdy gitr dién dat hai vé cua (L) trén co s
dang thie (15) & trén sang ngén ngl toan hoe:

clia hé dat cure tidu

" n
Zp,ﬁ—j:{]m Zpr-;‘»fA;:j'(fL«I) dat cuc tiéu
i=l

m = fiP) & diem M = P. Tém lai, nh& mé hinb
ca hoe Steinhauss, bai todn vé dn_m Fermat da
c6 mot "loi giai ph: toan", dua trén nguyén li
thé ning cuc ticu da dugc thira nhdn. Tuy
nhién, bai toan vé diém Fermat ciing da c6 1oi
giai thuan tuy toan hoc nhu da dwge chira &
cac myc 1.4 va 1.5 trong phin L. D1eu do noi
1én rﬁng Nguyén li thé ndng cue tiéu ciia Vit
If so cdp dd duge chig minh bang Ii lugn
toan hoc.
III. Mgt s6 trudmg hgp dac bift cia bai
toan ve ﬁlem Fermat. Thi du va mdt 56 bai
todn d& xuit

- Trude hét ta quy e Néu céc trong sb p; = 1
(hodc bing nhau tit ca va bing p # 1) thi hé

diém {A4.(p), i=1,2, .., n} dugc viét gon lai
R e SRR S ham diém (v6 huéng) e
< TOAN HOC
56 367 (1-2008) i qumh:.e
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DE THI VAO LOP 10 TRUGNG PHO THONG NANG KHIEU

PAI HOC QUOC GIA TP. HO CHI MINH
NAM HOC 2007-2008

Mén thi : TOAN (dianh cho hoe sinh chuyén Todn)
(Thot gian lam bai : 150 phit)

Ciu 1. a) Giai hé phuong trinh
{ x2+6y=6x
1 V2+9 =2y

b)Choa= y114+6y2 , b= V11-6+/2 . Chimng

minh ring a, b 12 hai nghiém ctiia mét phuong
trinh béc hai vé&i hé s nguyén.

R S
¢) Cho ¢ = 633 +10, d = 3633 —10 . Chimg

minh ring ¢’, d" la hai nghiém cia mét phwong
trinh bdc hai voi hé s6 nguyén.

Cau 2. Cho tam giac 4BC ndi tiép dudmg tron.
P la mét diém di dong trén cung BC khong
chia 4. Ha AM, AN lan lugt vudng géc v6i PB
va PC.

a) Chirng minh_rﬁng dudng thang MN ludn di
qua mot diém co dinh;

b) Xac dinh vi tri ciia diém P sao cho biéu thirc
AM PB + AN PC dat gia tri 1om nhat.

Céu 3. a) Cho a, b, ¢, d 1a cac s6 duong thoa

man diéu kién ab = ed = 1. Chimg minh bét
dang thic (a+ b)(c +d) + 4 = 2a+btctdy.

b) Cho a, b, c d 14 céc 56 duong thoa man diéu
kién abcd = 1. Chig minh bét dang thirc

(ac + bd)(ad + be) = (a + b)c + d).

Ciu 4. Cho hinh thang ABCD c6 day AB va
CD. Biét ring ducmg tron duong kinh CD
di qua trung diém cac canh bén 4D, BC va
tiép xtc véi AB. Hiy tim sé do cac goc cia
hinh thang.

Ciu 5. a) Cho a, b, ¢ |4 cic sb thure duong phan
biét co tong bang 3. Ching mmh rang trong ba
phuongtrmhx —2ax+b=0,x-2bx+c=0
va x* — 2¢x + @ = 0 ¢6 it nhdt mét phwong trinh
c6 hai nghiém phén biét va it nhat mot phuong
trinh v6 nghiém.
b) Cho § 1a mét tép hop gom ba s6 tu nhién co
tinh chét: mng hai phin tir tiry ¥ cia S 12 mét s6
chmh phuong (Vi du § = {5, 20, 44} hojc
= {10, 54, 90} la cac tap hop thoa man diéu
klen trén). Chung minh ring trong tdp S cé
khéng qua mot s6 é.

NGUYEN PUC TAN (Tp. Hé Chi Minh)
Suu tAm va gidi thiéu

Z M4, duge viét gon lai 12 AM) hodc fva gia
f=]

tri cue tidu cia ham f{M) dat dugc & diém
Fermat duge viét 1a: minf{lM) = AP) = m.

- Nhiing thi du va bai toan d& xut sau déy, noi
chung déu khong chi c6 mét cach giai duy nhat.
Ngoai cdch giai sir dung nhlrng tinh chat cia
diém cye tidu Fermat (k& ca nhitng hé qua cia
nhitng tinh chat d6), duge trinh bay ¢ phén I,
ban doc c6 thé tim thém nhimng léi gidi tryc tiép
bang 1ap luén phdn tich va thuc hién vige dung
iém Fermat bing nhung phep dung hinh
Euclide trong truomg hop c6 thé dugc (1= 3).

3.1. Vai thi dy.
Thi dy 1. Gia sir D 12 mét diém thuée miép tam
gidc ABC nhung D ¢ {4, B, C}. Ching t6 rang D

~ TOAN HOC .

la diém Fermat cua hé diém {4, B, C, D} va tinh
gia tri cuc ticu f{D).
That vay, chirng to réng P € mién [4BC] la bao
16i & {4, B, C, D}. Sir dung BPT tam gic,
chimg td ring BD + DC < AB + AC hoic hai
BDT twrong tir, sau dé suy ra

M) = MA + MB + MC + MD
= fiD)Y=DA+ DB+ DC=m=min fiM). O

(Ki sau dang tiép)

(1) Phép dung dugc thuc hién bing thudc ké va
compa (quy dinh déc doan tir thei Platon).

(2) Trong thye té. khi cdc khoang cdch 44, = a; 16n
thi ta phai lip ban d& thu nho hé didm {4} véi matti
1é thich hgp dé hinh déng dang thu nhé nay nim gon

trong mot cian phang.

https://tieulun.hopto.org
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L&i giidii de ¢hi vao I6p 10 chuyén Todn

TRUONG PAI HOC KHOA HOC H UE
NAM HOC 2007-2008
(Dé thi ding trén THTT s6 365, thang 11 nim 2007)

Caul.a) Tu 1—+ l+]—:
a b ¢ 2007

abe —2007(ab + bc + ca) + 20072 — 20077 =0.

Két hop voi a + b + ¢ = 2007 ta dugc

abc —2007(ab + be + ca) + 20072 a + 200725

+20072¢-2007* =0

& (a—2007)(b—2007)(c —2007) =0,

suy ra

Can 2. a) Tacod

[ LB
s@a+d2+) \33a+d2+1)

b) H¢ da cho trong duong voi

x+y=1
(x+y) =3xu(x+y)=(x+y)* - 2xy

[x+y=1
=t
([X'_]'Iﬂ

Bapw x:M=01;0),x.p)=(0;1).

Ciu 3, Gia sir xp 12 mft nghiém chung cua hai
da thire P(x) va O(x). Khi d6

raxi+1=0; xj +axpg+1=0.

Trir theo vé ta duge xp(xo —1)(x2 +a)=0.

T décdxp =1, suy rag=-2, Véi a= -2 thi
P(x) va O(x) c6 nghiém chung x; = 1.

Ciu 4. a) (Ban doc tir vé hinh).

Vi MAF = MBF =45°, din dén MF L NB.

Tuong tw co NE L MB.

b) Hai tam giac vudng BIN va BCN bang nhau,

suy ra Bi=BC =a.

c) Ta ¢d SMDH =t Smg = g2 — ZSBMN Ta
- thay Syon 16m nhat khi va chi khi Sam bé nhat

Pén déy ban doc c6 thé xem loi giai bai 5 (Be thi

vao Iop 10, THPT chuyén Lé Quy Don, Da Ndng),

THTT s6 365, thang 11 ndm 2007 (trang 3).

CiunS5.a)Ditb+c=X,cta=Y,a+b=2Zva

vé trai ciia BDT 1a B. Khi d6

~X+¥V+Z X-Y+Z X+Y-Z
+ +

B:

Y 2¥ 2Z
- ][X+£ £+i7_+l+.__3|>i(dpcmj
PRI T A S L

Ping thirc xay rakhi vichikhig=b=c= 1.

: 2 kS 15
b)Tathay 4 = 6+—=—. Yiy mind = —
) Y S iy :

Sa=b=c=1,

Bai 6. 5(x

Chia hai vé PT (1) cho 5xyz, ta dugc
L+L+L+ = =i.Giﬂsfrx2y2:2i.
¥ o oy B
24
\*’ii<i+ e nénz e {1;
5 o San il gae

+y+z)=dxyz-24 (1)

P

e Vaiz = 1 thay vao (1) ta duge

(4x = 5)(dy — 5) = 141.
Doxzyzznéndx-5z24y-52-1.
(4x-5)4y-5)=473=141.1. Suyra

4x=5=47 3
{ < (x;3)=(13;2); hodc

4y-5=3

{4;;—5:141
|dy=5=1
Ta duwoe nghigm (x; y;2)=(13;2; 1).

(khéng co nghiém nguyén duong).

» Xét tuong tu vai z = 2 ta ¢6 bd nghigm (x ; y: 2)
=(4;2;2). Con véi z =3 thi PT da cho khing
¢d nghiém nguyén duong.

Do vai trd x, y, z binh ding, ta duge 2 bo nghiém
trén va cac hoan vi cia nd. C6 tat ca 9 bd nghiém.

MINH TRAN

(Phong GD Huang Thity, Thira Thién — Hud)
s tdm va gion thiéu

TOAN HOC
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Chuan bi

e\ Cho Ki thi
“'l[l\\ t61 nghiép THPT
== \ va thi vao

Dai hoc

SU PHAN LOAI TU DIEN
va ung dung

LE QUAC HAN
(GV Pai hoc Vinh)

F I \ it dién 12 m6t mo hinh co ban va thuong
gip nhit trong hinh hoc khong gian, dac
biét 1a trong cdc ki thi tuyén sinh vao

Pai hoc hay ki thi Olympic Todn. Su phéan loal
cdc tir dién theo nhilmg tiéu chudn nao do sé
giip chiing ta xdc dinh nhanh két qua hay
phuong phap giai cic bai todn lién quan dén t
dién thé hién mot cich tudng minh hay chim
khudt. Bai viét nay khong c6é ¥ dinh phén lép
cdc tit dién mot cich triet dé ma chi néu lén
nhitng kinh nghiém gidi cic bai todn lién quan
dén ti dién duoc phén loai theo nhitng dac trung
khic nhau (nhung khong loai trir lan nhau).

1. TU DIEN PEU

Pinh nghia. T dién déu la tir dién cd tat ca
cac canh bang nhau.

Tinh chat. Trong mét nr dién déu:

a) Sdu mdt la nhitng tam gidc déu bdng nhau.
b) Chdn dudng cao ha nr mdot dinh bat ki
xudng mat doi dién la tric tam, trong tam, tam
ducng tron ngoai tiép va tam dudng tron néi
tiép clia mdt dé.

Ménh dé 1. Gid sut ABCD la tit dién déu canh
bang a. Khi do

1) Tdm mdt cdu ngoai tiép, tdm mdt edu noi
1ép va trong tdm cua ti dién tring nhau.

Ly 2 - .o aﬁlﬁ 5 o
2) Pudng cao cua nr dién bang —3—va thé
. S e 2 33\5
tich cua 1t dién bang =

TOAN HOC
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a\/6

3) Bdn kinh mdt cdau ngogi tiép tir dién R = =
T Ll e e S e avo
va bdn kinh mdr cau ngi tiép tu dién r = S5k

4y Cdc cdp canh déi dién cua tir dién doi mot
vudng goc voi nhau.

5) Pogn thang ndi hai trung diém cia hai
canh doi dién bat ki ld doagn vudng géc chung
cia cdc dudmg thang chita hai canh d@y.

6) Khodng cdch giita hai canh déi dién bdt ki

0\5 y

bang — —
8 2

7) Hinh hop ngoai tiép ur dién déu ABCD canh
f2

a la hinh ldp phuong ¢6 canh bang a—;-- !

Viéc chitng minh ménh dé trén khd don gian,
dé nghi cdc ban tu gidi xem nhu nhiing bai tap.
Bay git chiing t61 s&€ néu mot sd thi du tir
don gian dén phiic tap dé ban doc budc dau
thay loi ich clia viéc nidm vitng céc kién thifc
néu trén.

% Thi du 1. Trong khong gian vai hé truc toa
dé vudng gée Oxyz cho Ala ; 0;0), B(0; a; 0),
C(0;0:a)vdia>0.

a) Goi H la chin duéng vuong géc ha tir O
xuéng mat phang (ABC). Tim toa do diém H.

b) Goi D la diém déi xing cia H qua O.
Chitng minh ABCD la ur dién déu.

Loi gidi. a) Vi AB = BC = CA = a2 nen
ABC la tam gidc déu. Ta lai c6 OA = 0B = 0OC
= a nén OABC la hinh chép déu. Do d6 H la
trong tam tam gidc ABC. Suy ra H(E;E:E :
L33 5

b) Vi O(0 ; 0 : 0) 1a trung diém cua DH nén

; i
Bl A s Dﬂz[iﬁ;i;f :
s 1°3'3

162 a? a*

+—+— = a+/2 . Tuon
Vo 9 =
tw | DBl =1DC| = a2 nén ABCD la tit dién

déu. O

Suy ra | DAl =

https://tieulun.hopto.org
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*Thi du 2. Cho i dién déu ABCD canh

bdng a.

a) Goi (o) la mdt phang chita BD va song song

vai AC. Chitng minh rdng AB, AD, CB, CD

tao véi mp(a) nhitng gée bang nhau.

b) Goi H la chdn dudng vudng géc ha tir A

xuéng mdt phang (BCD) va I la trung diém ciia

AH. Mdt phang (n) quay quanh I, cdt cdc canh

AB, AC va AD tai M, N, P. Chitng minh rang
1 1

—
AM AN

| i
+—— nhdn mot gid tri khéng doi.
AP

Loi gidi. a) VE hinh hop AB/CD,.ABCD
ngoai tiép tit dién ABCD. Khi d6, dé thiy AB,
AD, CB vd CD déu tao véi mp(a) mot géc
bing 45" (mat phang (@) chinh 1 mat ddy
A BC,D cta hinh lap phuong).

b) (h. 1) Goi V
la thé tich ur

dien  ABCD.
Khi do
Vasen = Vacon
] I
=Vigon = 5 V.
Tacs Y
. ‘ABCD
Hinh 1 ﬂ ﬂ E
AB “AC AD
hay Vamne x AM.A{\“.AP 5
1‘? a’
Vo _AM AN Al i Vi 1 AM.AN
Visew AB AC AH ¥ Vv T
Tuong tu Viwer :l_A*M-"LP : T‘umr ] AM:AP
LT V 6 &

Cong timg v€ ba déing thitc cudi cling, ta cd

Viuve _ AM.AN + AN AP + AM.AP 2)
Vv 6a’
Tir (1) va(2) suy ra
AM.AN AP e AM AN + AN AP + AM AP
a 6a? ;
. AM AN + AN.AP + AM AP 64°
Do dé =—— hay
AM.AN.AP a?
1 I 1 0
—+ +—=— (dpem). O
AM AN AF 7]

I1. TU DIEN GAN PEU

Pinh nghia. Ti dién gdan déu 1a it dién c6 cic
cép canh déi dién bang nhau timg déi mot (Tu
dién gan déu con goi la i dién cdn).

Tinh chat. Trong mért ut dién gdén déu, cé

1) Cdc mdt cua tiv dién la nhitng tam gidc
bang nhau.

2) Cdc mdt cua tit dién la nhitng tam gidc cé
ba goc déu nhon.

3) Poan thing ndi hai trung diém cia hai
canh doi dién bdt ki la doan vuéng goc chung
ca cdc duong thang chita hai canh dy.

4) Tam mdt cau ngoai tiép, tdm mdt cdau noi
tiép va trong tam cua tir dién tring nhau.

5) Hinh hép ngoai tiép ni dién la hinh hip
chit nhdt.

Viéc xét ménh dé déo cha cdc tinh chat trén
rat hitu ich va nhiéu khi viéc chiing minh (hay
bdc bo) tinh ding dan cia ching khong phai
lic nao ciing dé dang. Chang han xét ménh dé
sau diy.

Ménh dé 2. Cho uf dién ABCD ¢6é tam mat cdu
ngoai tiép va tdm mdt cau néi tiép tring nhau.
Chitng minh ABCD la ne dién gan déu.

Chitng minh. A

Gol O la tam mat

cdu ngoai tiép tu

dién ABCD.

K& OH | mp(ABC),

OK 1 mp(BCD).

Khi d6 H va K .
thit tu 1a tdm cha

dudng tron ngoal

tiép cdc tam gldc ¥
ABC va BCD (h2), Hinh 2
nén BHC=2BAC

va BKC =2BDC. Vi hai tam gidc vuong OHB
va OKB bang nhau, nén BH = BK. Két hop véi
HB=HCvaKB=KC KCsuy ABHC = ABKC (c c.c).

Do d6 BHC =BKC, dan dén BA(" BDC .
Viy ta co the dat BAC BD(, £
Tuong tv ABC = ADC =8, ACB=ADB=7;
ABD=ACD =a; CAD=CBD =7,
va BAD = BCD = b

TOAN HOC
' CTusilge 9
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Tacd

a+p+y=180" (1)
ay+ B+ =180"(2)
a+y +H=180° (3)
o+ G +y=180° (4)
Tir (1) va (2) suy ra
a+y=y+a; (5)

Tix (2) va (3) suy ra

Hinh 3 a+y=y+a (6)

Cong timg v€ (5) va (6) duoc a = ;. Tuong tu,
c6 f= B, va y= 5. Do d6 AABC = ADCB
(g.c.g) suy ra AB = CB va AC = DB. Tuong tu
¢6 AD = BC nén ABCD la ti dién gin déu
(h. 3).

% Thi du 3. Trong khéng gian véi hé toa do
vitong goe Oxyz cho A(1 ;2 2), B(-1;2;-1),
c(l:6;-1),D(-1;6;2).

a) Ching minh ABCD la ur dién gan déu.

b) Xic dinh toa dé trong tam cia tit dién ABCD.
¢) Ldp phuong trinh mdt cdu ngoai tiép va ngi
tiép tit dién ABCD.

Léi gidi. a) Vi AB =(=2;0;-3), CD =(-2;0;3)
|ABl = ICD1 =+13. Tuong ty, c6
AC =(0:4;~3), BD=(0;4;3) nén 1ACI =
|BD1=5; AD=(-2;4;0), BC=(2;4;0) nén
14D = 1BC! =24/5. Do dé ABCD la tit dién

gin déu.

nén

h) Vi G 1A trong tam cua ti dién ABCD nén

( 1
G| 0;4;—],
4 2

g @s[—i;—Z:—il

=t

=l %
c) Vi -f.—'A=(‘!;—2;E
i 2}

iy |'{
Gfﬁi Te2i

N,

. 8 =(1:2:2) nen 1
4

b2 | W

J
4

= IGBl =I1GC| = Ikih:“%. Do d6 tim

clia mat cau ngoai tiép tir dién ABCD la G va
29 :
hin kinh R = \l: , nén PT mat cau dé 1a

TOAN HOC _ .
10 *czruf_jigf\ o

O

1Y 29
2+ (y—4y¥+|z—=| =—.
x* +{y—4) ( 2] ;

Ta lai ¢6 d(G, (ABC)) = d(G, (ABD)) =
6
d(G, (ACD)) = d(G, (BCD)) = ——.
J61
Do d6 G ciing 1a tim mat cdu noi tiép ti dién

ABCD va ban kinh mit cdu dé la r =

Jo1°
Vay PT mait cdu néi tiép tir dién ABCD 1a
X% +( 4)2+(z_i]2—§-6—
RS T

L TU DIEN VUONG

Pinh nghia. Ti dién vuéng 1a ti dién c6 mot
g6c tam dién ba mat vudng.

Tinh chat. Gid s OABC la tir dién vudng,
OAL OB OALOC,0BLOC,0A=a,OB=0b,
OC = c. Khi dé

1) Tam gidgc ABC ¢6 ba géc nhon,

2) Goi H la truc tam tam gidc ABC. Thé thi
OH la dwong cao cua tit dién OABC va
1 1 1 1
= — —_—
A R A
3) Goi a, B, yla edc géc tao bai OH vdi OA, '
OB, OC. Khi d6 cos? ot +cos? B+cos’ y=1.

4) Scll.»m = Sias Sascs Shac = Suac-Sascs
Sésc = Supc-Sasc -

5) S3as + Shac *+Sbac = Siac

(Dinh li Pythagore trong khong gian).

6) Vorac =éabc va

Sip Z%(aiw ac +be +Ja2b? + b2c? + cla? )

7) Goi M, N, P la trung diém cua BC, CA va
AB, khi dé6 OMNP la ur dién gdn déu va

. |
Vomwe = 1 Voasc =—abc .

24
* Thi du 4. Trong khéng gian vdi hé toa do
vuéng gbe Oxyz cho M(1;0;2), N(1:1:0),
PO ;1:2).
a) Viét phuong trinh mdt phdng (a) di gua M,
N, P.

https://tieulun.hopto.org
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b) Goi A, B, C la giao diém ciia mdt phang ()
vdi ede triyc Ox, Oy, Oz. Tinh Vg pc va S g

c) Chitng minh AP, BM, CN déng quy rgi mot
diém G. Tim toa dé diém G.

d) Goi @, @, ¢, la cdc goc tao boi 0G véi

OA, OB, OC . Chitng minh
cos? @ +cos? @, +cos? ¢y =1.

Léi giai. (h. 4)
Phuong trinh mat
phing (@) la
2x+2y+z-4=0
nén A(2;0;0),
B(0;2;0)va

C(0:0;4).
Hinh 4
Khid6 xp=222% -, y,g%:l,

zZg +Z¢ B
P =H—2%5'~ =2 nén P 14 trung diém cua BC.

b3

Do dé AP la trung tuyén cla tam gidc ABC.
Twong tu, BM va CN la trung tuyén cua tam
gidc ABC nén AP, BM va CN dong quy tai G,

trong tAm tam gific ABC. Tix d6 0[3;3;1}
3'3'3
R e ¥
suy ra OGs[:;E; ]:Eﬁ, trong dé
3'3 3

ii=(1:1:2).ViOA =(2:0:;0)= 2¢, véi

i. 1
e =1(1:0:;0). Trdd cospy =————=—.
1 f la1.181 6
1 T
Tuong tr cos @, = —= : COS¢x =—— nén

J6 V6

cos’ @ +cos? ¢ +cos? @y =1. 0

¥ Thi du 5. Trong khéng gian véi hé toa dé
viudng gdc Oxyz cho Ala ; 0;0), B(O; b;0),
C(0;0;¢c)vdia,b,clacdc 50 duong.

a) Goi R va r thit tu la bdn kinh cde mdrt cdu
ngoai tiép va néi tiép nr dién OABC. Chiing

minh rdng o =31+ -\E} :
“

b) Gid sit a, b, ¢ thay doi nhung luén théa mdn

N o L :
diéu kién L + . +—=—. Chitng minh mdt phang
e S )

(ABC) Iuén di qua mét diém cé dinh.

= 2R
Lv gidl, a) —=

7
_Na?+b+c? (ab+ac+be +Jatb? +ate +bic?)

abe
o N 3Wa2b2e? 3 ab.ac.be +u{3§fa-’bz Al bie?)
E abce

= 3(1++/3) (theo BDT Cauchy).

b) Phuong trinh mat phang (ABC) I 5%4—2:1.
g b
| Tl g
Theo gia thiét l+l+i=— nén =+=+==1,
R R a b c

Vay mat phing (ABC) luén di qua diém
M(2;2;2)c6dinh. O

DE két thiic bai bdo. Xin mdi cdc ban 6n tap
lai bang cdch gidi céc bai todn sau day.

1. Cho tit dién déu ABCD canh a. Goi I, M, N
ldn luot 1a trung diém cia AB, AC va CD.

a) Tinh khoang cdch gilfa hai dudng thang BM
va AN,

b} Tinh khoang cdch giita hai dudng thang
AN va CIL

2. Cho tif dién gln déu ABCD.

a) Chitng minh céic mat cia tif dién la nhitng
tam gidc bang nhau.

b) Goi ¢, B, ¥tuong itng 1a cdc géc tao bai cic
miat phang (ABC), (ACD), (ABD) véi mat
phiang (BCD). Tim hé thic lién hé gifta cosa,
cosf3, cosy

3. Trong khong gian vGi hé toa do Descartes
vudng géc Oxyz cho A(a; 0:0), B(O; b;0) va
C(0; 0; ¢), trong d6 a, b, ¢ 1a céc sé thuc
ducng va l+—1-+]—=2.

a b e ;
a) Chitng minh mat phang (ABC) ludn di qua
mot diém 6 dinh. Tim toa do diém da.
b) Xac dinh tam, tim bédn kinh » cua mat cau
noi tiép i dién OABC. Dong thoi ching minh

3

By
rang —<jp s —m—,
%4 201 +/3)

TOAN HOC
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P R lﬂ I N i—)A‘J

Su dung
MOT SO KET QUA "BEP’
de tinh tich phan

TRINH TUAN
(GV truong PH Thuy Loi Ha NS

F I \ rong khi tinh tich phén, nhiéu bai dé tim
dugc nguyén ham cioa né hoan toan
khong don gian. Khi d6 ching ta nén

khai thac hét cac tinh chat dac bi¢t ciia ham dudi
dau tiql1 phfm va cén cua n6 de tr d6 vén dung
mdt s6 cac ket qua "dep trong tich phan VAo
giai. Trong bai viet na} ching t6i muon minh
hoa diéu d6 nhim gidp cac ban vuot qua nhimng
bai tinh tich phan loai nay va gop phan giy dlrr:_:rc
himg tha hon trong hoc tdp mén Toan.

eKét qua 1. Néu f(x) la ham lién tuc trén [-a ; a]
voia> 0, thi

jf(x)dx (f(x)+f( x)) dx

Thi du 1. Cho f(x) I ham 56 lién tuc trén R

f(T)+f( ~x)=+/2-2cos2x .

thoa mdn

|5

Tinh L) =

f(A)dx
(DHSP HN 2, 1998)

Nl:.u__‘u

Loi giai. Vige xac dinh ham séf(x} & ddy la rat
khé nhung neu vin dyng KQ [ thi viéc tinh /,
rat thudn loi. Thét vay

3:1: 3

2
L= j\fz 2cos2xdx = 2 [|sinx|dx
4]

| &

TOAN HOC
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ted

| ._,_|~J|;,.

I

=2 Isinxdx sinxdx |=6.0

T KQ 1 va sir dung tinh chin - Ié cia ham s6
fix)ytaco KQ 2 sau ddy.

oKét qua 2. Néu fix) la ham lién tuc trén [-a ; a]
voia> 0, thi

ajf‘(x}dx A 2 :[ f(x)dx khi f(x)chdn trén[-a;al
i 0 khi f(x) létrén[-a;a).

(51

Thidu 2. Tinh I, = J‘cos; In(x + 2 +1)dx.

b-al:.|

(HVKT Mt ma, 1999)
Loi gidi. Ta thiy cosx Ia ham chin, In|x+/x2+1]

1a ham lé nén cosx. In(x++x? +1) 1a ham lé. Nho
KQ 2 ching ta nhan duge ;= 0. O

oKét qua 3. Néu f{x) la ham s6 chan va lién
tuc trén [—a; ol voi a> 0, thi

If(x} :If(x)d.x voia>0vaa=1.
a®+1 5
Pé ching minh KQ

If(x} J'f(x)

i | s at+l

3 ta tach tich phin

j‘f{ )dr va doi bién
pa* +1

x = — ¢ d6i vdi tich phan j Sz (+}] dx
S

s

3
T gt Thh = | SR,

2 e +1

ra

(PH Béch khoa, 1999)

Lai gidi. Ta thay f(x) = sinx.sin2x.cos3x 1a him sb

chiin va lién tuc trén [-12‘- ﬂ T KQ 3 duge

sinx. sin2x.cosdxdy = 0. 0

[——

1,-3:

bafH

https://tieulun.hopto.org



hitps:iwww. faceboolk. comdetrungldenmath hitps:/isites. google. com/site/ Tetrungldenmath

T
2

Thi du 4. Tinh I, = | ]

2 L
- ; !
|51ﬂ x|dx

Ix .

i

5 (DH Duge, 1996)
Léi gidi. Ta ¢6 fix) = x’jsinx| 1 ham than, nhd

S to|d

KQ 2 ta dwoc [,=[x2sinxdx, tiép tuc tich
2 S +4d
phén tirng phan hai lan dugc Iy = = a

oKét qua 4. Néu ham s6 fix) lién tuc trén [0 ; a

véi a> 0, thi 'jf{x)dx: [f(a=x)dx.
1} {

Déi bién s6 ¢ = a — x, ta nhin dugc KQ 4.

4
ThiduS. TinhIs= [In(1+ tanx)dx
0

(PH Thuy lgi, 2001)
Loi g:'rif' Nho KQ 4 ta ¢é

L
d

Is = [In| 1+tan[£— Tldr—‘[ln[ . W'f(ix
0 4 (1]

\ i 1+tanx )

In(1+tanx)dx =—I|12 5.

DL—,J-\I-‘-I

:
= j1n2cu
0

Tlrdé !5 =§ln2. 'Ij
oKét qua 5. Néu flx) la ham 56 lién tuc trén
[a; b] thoa man f(x) '-'=ﬂ£? +b—x)thi

B

j"c Fl)de = — j F(x)dx .

Dé chimg mmh KQ 5, ta Chl can thye hién phép
déibiént=a+b—x. Chona=0,b =1 viflx)
la f{sinx) théa man f{sinx) = f{sin(0 + & — x)) thi
tir KQ 5 lai nhan dugc

]’xf(smx)dx = % I]f(sin x)dx (1)
a

Mt khéc “jf(sinx)dx ljf (sinx)dx+ jf(smx)dx
i) 0

(=N

Dbi bién x = 7 — ¢ cho tich phén If(sinx)dr co

2

T[f(sinx)dx = le-f(sinx}dx (2)
[i] 0

Véi phép datx = %—r ta lai co
n n

2 2
If{sinx}dx= J' f(cosx)dx (3)
[i] 1]

n

Thiduo. Tinh I;= J._r.sin_!:.cosz xdx.
{(HV Ngin Hang, 1998)

Léi gidgi. Ta ¢6 flsinx) = sinx(] — sin’x) va nho
(1) thu duge
T,
Is=— |sin x.cos? xdx=
==

0

s

Hdia
3

3
] —tan?(sinx) ‘dr.
cosx) )

cos?

3
Thidu 7. Tinh I;= J‘(
]

n

2

.....

0
Xem ham flcosx) la tan®(cosx) va flsinx) la
tan’(sinx). Sir dung (3) ta 6

i n

2 2
j' tan?(cosx)dx = jtan2 (sinx)dx.
0

a

[(FRE

Do dé I,= jd:: ==—.0
{

i
2

oKét qua 6. Néu flx) la ham lién tuc, tudn
hodan co chu ki T thi

(|

a+l

Jf(x)dx Jf{x)dx= | /(x)dx, Ya e R.

| __\_'t_.H

Thét vay, dat

|~

a+l

1= [ fldx, Jy= jf{x]dx Jy= J f(x)dx

a

2
(Xem tiép trang 30)
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Di song

ha dau tr ching khodn thanh cong la

ngudi c6 quyét dinh ding thai diém

bin ra ciing nhu thoi diém mua vio.
Nha xdc sudt goi dé la thoi diém ding (stopping
time). Dan choi ching khodn goi dé la tho
diém ra "hang". Nha ddu tu gioi 1a nguoi biét
mua vao, bdn ra ding lic tic 1a bi€t chon thoi
diém dimg 161 vu (optimal stopping time).
Gia sir nha ddu tr s& hitu mot ¢6 phiéu nao doé
¢ gid la a. Nha dédu tu dinh ra mot mifc gid
trin M va gia sin m, 0 d6 m < a < M. Chién

luge (quy téc) dimg cia nha dau tw 1a: "Sé

ban cé phiéu khi cé phiéu cham gid tran M

hodc khi ¢é phiéu cham gid san m" (xem
hinh vé).

Gi;i']

M

a

m ‘ & . .

S omy g g Y 8 e

%W Bai toan 3. Vi chién heoc ditng néi trén,
nha ddu tiwe sé chdc chdn gdp mér trong cdc
tinh huéng sau

a) A: Cé phiéu dat gig tran M tai mét thoi
diém nao dé.

b) B: C6 phiéu dat gid san m tai mét thoi diém
ndo do.

¢) C: Gid ciia cé phiéu cit dao dong lén xuéng
giita m va M ma khong cham tran M hay san m.
Hay tinh xdc sudt xdy ra cdc tinh huéng A, B,
C néu trén.

TOAN HOC
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i4

me 'Em'g
chu’ngmkh@an

(Tiép theo ki tricoc)

DANG HUNG THANG
(Truong PHKHTN. DHQG Ha Noi)

Loigidi. Kihigug=1-p

a) Goi u, 14 xdc sudt dé co phiéu dat gid trin
M & mot thdi diém nao d6, néu hién tai co
phiéu c¢6 gid tri bang k (m = k < M). Ta c6 hai
kha nang sau:

+ Hom sau c6 phi€u 1én (véi xdc sudt p) roi
sau dé dat gid tran M (vo1 Xdc sudt u,). Theo
cong thitc nhan xdc sudt, xdc sudt cla tinh
huéng nay la puy,, .

+ Hom sau cé phiéu xuéng (véi xdc sudt
g = 1— p) réi sau dé dat gid trin M (vdi xdc
sudit u,_;). Theo cong thifc nhan xic sudt, xdc
sudt clia tinh hudng nay 1a guy,.

Theo cong thirc cong xdc sudt ta cd
iy = Py + gl .
Diy (i), (m<k<M)laday truy hoi cap hai
tuyén tinh. Phuong trinh dic trung ciia né la
px*-x+q=0 (1)

1) Trudng hop p=0,5thig=0.5.

Phuong trinh (1) ¢6 nghiém kép a=1. Do do

cong thitc téng quat ciia u; 1a
w=at(Ck+Cy)=Ck+C;.

Tacéd u, =0, uy =1. Tir diéu kién nay dé dang
xdc dinh duoc

https://tieulun.hopto.org
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Do d6 &= s

—m
a—m

Viy P(A)= u, =— 2a
iy P(A)=u M (2a)

néu p=0,5
—m

ii) Trwong hop p=0,5 ;4=0,5.
Phuong trinh (1) c¢6 hai nghiém phan biét

a:i‘ﬁ.—_]_
P

Cong thic tdng qudt ctia u, 1a
iy = Ctak +C2}'3k =C1ak +C3 .

Tacd u, =0, uy =1. Tir diéu kién nay dé dang
xic dinh duoc

" |
o W _
N e e
- : ] =gt
Thanh thir u, = e

-E “[ Eri ]u—nr
Vay. P(A) = u, =—LL—

0}

b) Goi v; la xdc sudt dé co phi€u dat gid san
m & mot thoi diém nao dé, néu hién tai cé
phi€u cé gid tri bang k (m < k < M). Li luén
tuong ty nhw a) ta cling 6 v = pve + Vi -

néu p#0,5 (3a)

Diy (v;), (m<k <M) la day truy héi cdp hai
tuyén tinh cé phuong trinh dac trung la (1).
Xay ra hai truomg hop:
i) Truong hgp p = 0,5 thi phuong trinh (1) cé
nghiém kép o= 1.

Vi =a‘(C]k+C3)=C]k +Cs.

Ta cé v, =1, vy =0. Tir diéu kién nay dé

ding xdc dinh dugc hang s6 C, = : :
m—-M
G~ V% ol 6 i ke o 28
m— =T
RN = R S s @Y
M —m

il) Trudng hop p+0,5 thi phuong trinh (1)

¢6 hai nghiém phén biét =i,,6 =1, do dé
P

V. = C]ﬂil +Cgﬂ£ = C[G!'k + s,
Ta ¢6 v, =1, vy =0. Tir diéu kién nay dé

dang xdc dinh dugc

o™ & (I'” ]
Ci T R (—-2 o e
l_a.i.f-m l“aM_m
b=m _ a-.ﬂf—m
va do dé tim duge v, =
s = aﬂ.ﬁ'—m

= 5 M=
B
P P

e

c) Tir (2a), (2b) va (3a), (3b) ta co
P(A) + P(B)= 1. Suy ra P(C) = 0 véi mol p.

Vay PB)= v, :[

néu p#0,5 (3b)

Viy xédc sudt xdy ra tinh huéng C bang 0. Do dé
c6 thé coi ring C khong xdy ra. Néi cich khic,
¢6 thé tin chic ring sém hay muon cO phicu
ciing sé cham gid trin M hodc gid san m. O

Bang sau day cho mot s6 gid tri biang so clia
P(A), P(B) theo p, m, M, a.

M P(A) J'I}-_ B |

100 | 110
- - - f - -4
0,51 05 |2000|(10000]12000| 0.8 i :

110 | 0.134 | 0.866
T [ETETEAT P
WL [ Yan

4| 06 10 100 110

0.4 0.6 1 104 101 |0.667

& Bai toan 4. Tinh loi nhudn trung binh ma
nha déu tw thu dicoe néu theo quy tdac dimg
trén.

Loi gidi. Goi X 14 lgi nhuan nha diu tu thu
dugc. Ro rang X 1a mét bién ngiu nhién rai
rac. Néu tinh huéng A xay ra thi X=M - a.
Néu tinh huéng B xay ra thi X=m - a. Do dé
bang phan bd xdc sudt clia X1a

X _",;fTr m—d

P | P& | BB |

(Xem riép trang 30)
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CAC LOP THCS

Bai T1/367.(Lép 6) So sanh tong S gém 100
s0 hang

aSl T
.13 233

P e

a= + + +...4
s R e R 100.199.201

NGUYEN KHANH NGUYEN
(GV THCS Héng Bang, Hai Phong)
Bai T2/367. (Lép 7) Cho tam giac ABC cén ¢

A véi BAC <90° va cac dudmg cao BD, AH.
Trén tia BD lay diem K sao cho BK = BA.
Tinh so do cia goc HAK.

TRAN BA DUY LINH
(Vinh Long)

Bai T3/367.Cho0<b<a<=4 amj 2ab £ 3a +
4b. Tim gia trj 1&n nhat cua a+ b
PHAM XUAN TRINH
(GV THCS Truc Phii, Truc Ninh, Nam Bink)

Bai T4/367.Tim hai nghiém c6 tich bang 1
cua phuong trinh

5x% — 16x* = 33x° —40x* + §=0.
PHAN MANH HA
(GV THPT Nam Yén Thanh, Yén Thanh,
Nghé An)

Bai T5/367. Xét tam giac ABC vudng & 4 va
AC > AB. Goi O la trung diém ciia BC va [ la
tam dudng tron ndi tiep cua tam giac. Tinh ti
sé cac canh cia tam gidc 4BC, biét ring
()IB =0,
TA VIET TON
(SV K464,T, DHKHTN, DHQG Ha Nai)

TOAN HOC

16 B crl.lb’lte Sé 367 (1-2008)

CAC LOP THPT
Bai T6/367. Tim tit ca cac cap s6 tw nhién
(x ; ) thoa man didu kién y* =1 =(y-1)!
trong do y 1a mot sd nguyén t6.

TRINH XUAN TINH
(GV THPT Phtt Xuyén B, Ha Tdy)

Bai T7/367. Cho a, b, ¢ la cac sb thuc khéng
am. Chirng minh rang

)
{az +h? +c'2)" > d4(a-b)(b-c)(c—a)a+b+c).
Ping thirc xay ra khi nao?
PHAN THANH NAM
(S Khoa Tedn- Tin DHKHTN,
PHOG Tp Hé Chi Minh)

Bai T8/367. Cho tam gidc ABC cin tai 4 va
BC < AC. Ly diém M trén AB va diém N trén
AC (M khac 4, B) sao cho MN tiép xic véi
dudng tron ndi ti€p tam gidc do. Tim gia tri

AM

Iém nhit ciia bidu thire ———— khi diém M di
BMCN

dong trén canh AB.

LE HOAI BAC
(GV THPT Nguyén Vin Cir, Xudn Son,
Chdu Dite, Ba Ria - Viing Tau)

TIEN TOI OLYMPIC TOAN

Bai T9/367. Cho tam gidc ABC ndi tiep duomng
tron tam O. Lay diém P nao do trén dudng
thing BC (P khac B, C). Dudng tron tim O cat
duomng thing AP & N va cat dudng tron dudng
kinh AP 6 E (N, E déu khic A). Goi M la giao
diém cua BC va AE. Chimg minh ring duong
thang MN ludn di qua mot dtem cb dmh
NGUYEN MINH HA
(GV Khéi THPT chuyén DHSP Ha Néi)

Bai T10/367. Cho day sb (u,) (n=1,2,..)
duoc xac dinh nhu sau :
16u} +27u,
48u2+9
Tim phén nguyén ciia tong S gdm 2008 s6 hang
1 1 1

S= + L.+ :
4w +3 dur+3 Auzoos +3

BUI TUAN NGOC
{(GV THPT Chu Vin An, Lang Sorn)

w =1, Upr =

https://tieulun.hopto.org
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Bai T11/367. Tim gia tri nhé nhit cia biéu

: | I 1
thuc P= e ;
cos®a cos®h cosbc

trong do ba sé a, b, ¢ ldp thanh mot cép sb

. e sl e
cOng vai cong sai bang 5
NGUYEN LAI
(GV THFT Luwong Vin Chdnh, Tuy Hod, Phi Yén)

Bai T12/367. Cho ham sb f{x) xac dinh trén
doan [0 ; 1] thoa mén ba tinh chét sau :

DAD=1;

o= Yo e} 52)

vai moi xe [0 1];

iii) Voi r}1gi s6 thue dwong & nho tiy ¥, ludn
co mdt s6 duong 8, (5, phu thude vao &) sao
cho: Véimgix, vy € [0; 1] ma |x — y| < &, thi
fix) - )l < &

Chirng minh rang f{x) = 1 véi moixe [0; 1].

VU THAI LUAN
(Hoce vién Cao hoc khoa Todn
PHKHTN, DHOG Ha Noi)

CAC PE VAT LI
Bai L1/367. Hai dién tich diém 4 va B c6 khoi
lugng va dign tich tuong (mg 13 (=g, m) va
(2g, 2m) dugc nbi v6i nhau bai mét 16 xo nhe.
cach dign co do clng bana K. Bit hé trén mot
mit phang ndm ngang nhan cach dién. Ngudi
ta tao ra mot dién trudng déu co cuong dg E
va huéng tir 4 dén B. Hay tim do gidn I6n
nhat ciia 16 X0, biét ring & thoi diém ban dau
lo xo khong bién dang. Bo qua twong téc dién
giita hai qua cau.
NGUYEN XUAN QUANG
(GV THPT chuvén Ha N6i - Amsterdam)

Bai L2/367. Mgt soi A

ddy xich AOD c6 dd Jﬁmﬁ%‘

dai /, dau D cham T
dat, dau 4 dugce giir k
chit trén mit ban

nam ngang O4. Cho D ]

blct OD = h. Khi tha

déu A ra sgi day xich s& tudt xubng dit. Tim
van roc ctia ddu a khi no t&i mép ban O. Ap
dung s6: / = 50 cm, h =30 cm, g = 9,81 m/s

NGUYEN QUANG HAU
(Ha Ngi)

TR Ry R R R RN RN R N R R R R RN

PROBLEMS IN THIS ISSUE

FOR LOWER SECONDARY SCHOOLS

T1/367.(For 6™ grade) Let S be the sum of
100 terms:

T A SN RINE S

S= + + + +.t

113 235 3571 479 100.199.201
Compare § with 3
T2/367. (For 7" grade) Let ABC be an

isosceles ftriangle (4B = AC) such that

BAC <907 . Let BD and AH be the altitudes.
Choose a point K on BD such that BK = BA.
Find the measure of angle HAK.

T3/367. Given 0 <b<a<4and 2ab <3a+ 45)
Find the maximum value of the expression
at + b
T4/367. The equation

5¢° - 16x" - 33x° —40x° + 8=0
has two roots which are reciprocal. Find these
rools.

T5/367. Let ABC be a right triangle with right
angle at 4 and AC > AB. Let O be the
midpoint of BC, and [ be the incenter of the

triangle ABC. Suppose that OIB = 90°, find the
ratio between three edges of the triangle ABC.

FOR UPPER SECONDARY SCHOOLS

T6/367. Find all pairs of positive integers
(x ; y) such that

y =1=(y-1!

where y is a prime number.

T7/367. Let a, b, ¢ be non-negative real
numbers. Prove the inequality

(az +52 +{:'2)2 = 4(a-b)b—cXc—a)a+b+c).
When does equality occur?

(Xem tiép trang 26)
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nhién lién tiép

|'Ir}l.' L17] ."_'

* Bai T1/363. Cho
L dén 100.

Xep mot cach tuy y
tiep nhau 1}

hiinh mot day cde chif 56 ta

100 50 trén 1o
I'(_."[ '\fJ
A. Hoi rdng A co chia hét cho 2007 .*I(Jln'ru.‘t.j g
Loi gidi. Do A 1a s6 dugc tao thanh khi viét
100 sé ty nhién lién tiép tor 1 dén 100 mot
cach tiy y noi tiep nhau thanh mét day nén
trong A ¢6 21 chit s6 1, 20 chir s6 mdi loai tir
2 dén 9 va 11 chir sé 0. Vi viy tong céc chit sd
cuad la

S(A)=21+20(2+3+...+9)=901

Giasir 4 : 2007. Vi 2007 : 3nén A4 : 3. Theo
ddu hiéu chia hét cho 3 thi S(4) : 3. Méu
thudn vi S(4) = 901 7 3. Vay 4 khéng chia hét
cho 2007. O

<Nhﬁn xét. Cac ban sau ¢o 1o gidi ding va gon:

Lang Son: i Ngoc Nhdt Minh, 64, THCS Chu Vin
An, TP. Lang Son:; Phii Tho: Khing My Linh, 6A3,
THCS Lim Thao; Vinh Phiic: Nguyén Thi Chinh,
6A1, THCS Yén Lac: Bie Ninh: Ngwyén Nhe Negoc,
6A, THCS Nguyén Cao. Qué Va; Hi Ngi: Hodng
Phiong Link, 6B, truémg Ha N§i — Amsterdam; Nam
Dinh: Bii Vi Viét Ha, 6A, THCS TTr. Ngoé Déng,
Giao Thuy; Ngh§ An: Thdi Khde Hung, 6H, THCS
Dang Thai Mai, TP. Vinh, Pham Thi Thao Nguyén, 6A,
THCS H6 Xuan Huong, Quinh Luu; Ha Tinh: Ddu
Thi Mai Hién, 6D, THCS Nguyén Trai, Nghi Xuan.

HOANG TRONG HAO

* Bai T2/363. Cho tam gidc ABC khong cdn
vii AB la canh ngdn nhat. Trén tia doi cua tia
BA ldy diém D sao cho BD = BC. Chitng minh
ACD Ié nhon.

rang gec

L¢i gidi. (Theo ban Nguyén Vin Bdo, 7D,
THCS Ly Nhat Quang, D6 Luong, Nghé An).

. oy ,J‘
18 eSS 867 1-2008

Trén tia B4 ldy M
diem M sao cho A
BM = BC. Ta co
B4 < BC, nén BA
< BM ma M thl{@-c N
tia B4 nén 4 nam 1-" W el

giira B va M. Tir do
A nam gitta D va M
(vi D thudc tia doi
cua tia B4). Viy co

ACD<MCD (1)
Mit khac BD = BC nén tam gidc BDC cén

tai B, suy ra BDC=BCD (2). Bong thoi, do
BM = BC nén tam gidc BMC cdn tai B, dan tai

BMC=BCM 3)

Tir (2) va (3) thu duge

BCD + BCM = BDC + BMC
:%(ﬂéﬁ*uﬁ?):@m.

Nghia la MCD =90° (4). Tir (1) va (4) suy ra
géc ACD la goe nhon (dpem). O

%Nh.’m xét. 1) Mot sé ban nhdn xét ding la gia thiét
"Tam gmc ABC khdng can va AB la canh ngan nhdt"
12 qud manh, khdng cin thiét. Ta chi cin dung gia
thigt yéu hom: " Tam gide ABC thoa man 48 < BC".

2) Tét ca céc 1o gial giri vé Toa soan déu ding. Céc

ban sau cé &i gidi gon hon ca:

Ha Ni: "fguye-n Dank Bdch., TA2, THCS Trung

Vu'{mg Pham Huy Hoang. TA5, THCS Giang V8,

Hodng Anh Ti, 71, THCS Marie-Curie; Biie Ninh:

Ngé Quang Qudn, 8A, THCS Yén Phong; Vinh

Phuc: ’\fgn»en Minh Hiéu, Té Thi Thu Ha, 6Al,

Pham Vin Tii, Phan Vin Tin, TAl, THCS Yén Lac: #
Phii Tho: Trdn Thi Thay Linh, TA3, THCS Lam
Thao; Thanh Héa: Dinh L Ndy, TB. THCS Lé Hou

Lip, Hau Loc; Nghé An: Trdn Ngoc Déng, TA,

THCS Hbd Xuén Huong, Quinh Luu, Nguyén Thi

Thiey Linh, 7B, THCS Ly Nhit Ouang_ Pé Luong;

Ha Tinh: Pdu Thi Mai Hién, 6D, THCS \Iguyen

Tréi, Nghi Xuan; Quiang Nam: Pham Hodng Thién,

7/1, THCS Luong Thé Vinh, Tam Thanh, Phi Ninh;

Binh Pinh: Poan Quic Trung, 6Al, THCS Nhon

Khanh, An Nhon; Bac Ligu: Trdan Quang Minh, 711,

THCS Trian Huynh, TX. Bac Liéu.

HO QUANG VINH

ade S0 Hhuc

% Bai T3/363. Cho a, b, ¢ la

dwong cé tong bang 1. Ching minh ringe

f'.Jt?J!lLf zﬁn.rc .m} ra khi nao ?

https://tieulun.hopto.org
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Loi gidgi. Vi a+b+c=1 nén

P =(avt)(p+2](c+2]
11

=abet——+—+—+—+1.
abc a b ¢

Tir BDT Cauchy cho ba sé duong, ta c6

lzwz-"abc:}abcil— (1)
3 27
1
Pat p=abc,thi 0<ps—.
at p P 77
27-p)(1-27
Do do p+-]- 27— { w2 p}
r 27 2ip
suy ra p+l—abc+—]—>2? £ 20 (2)

P abe 97 -2

Mit khéc, ta c6
At | gl i
(a+btc)| —+=+— |29 = —+—+-29
a b

€ g b
nén P = E+llf}=@.

2 27

( e
Vay |a+}_,'|(b+ ]( —]2[?] (dpcm).
\ 7/ (SN a

o e : 1
Dau dang thirc xay ra khi a=b=c= 7 a

<Nhin xét. 1) C6 thé chimg minh BBT (2) bing
cach khac nhur sau:

Do (1), 4p dung BDT Cauchy cho hai s duong, ta ¢é

1 { 272
abe + — = | abe + — +
abc \ 27-abe 272abe
f | 277 -1 730
22, |abe.——— + — = —,
272 abe 27 27

2) Céc ban sau ddy c6 lai giai tét :

Lang Son: Lai Hodng Nam, 7A, THCS Chu Vin An,
TP Lang Son: Phd The: Triéu Thi Quinh Mai, 9A3,
THCS Lém Thao ¥inh Phiic: Nguyéen Duy Kién, 9B,
L& Thi Tuyet Mai, Phing Ngoc Quy, 9A1, Lé Vin
Ti, Nguyén Hoang Ha, Nguyén Thé Bao, SAI THCS
Yén Lac; Nguyén Manh Qudn, Vii Quéc Hieu, L_} Duy
Cuwong, 9C, THCS Vinh Tudng; Ha Tiy: Ngz{vé'n
Qudn Dwong, 8B, THCS Thanh Mai, Thanh Oai;
Ddng Xudn Son, 9C, THCS Ngb ST Lién, Chucmg
Mi; Ha N§i: Nguyén Tudn Phong, 8A1, THCS Chu
Van An; Lé Quang Huy, 9H1, THCS Trung Vuong,
Q. Hoan chm Thanh Hafla La Hong Qudn, 9B,
THCS Nguyén Chich, Péng Son; Ha Tinh: Tran
Viét Cudng, 9C, THCS TTr. Ky Anh Quing Ngai:
Nguyén Ti Khai, 98, THCS Trin Hung Dao, TP
Quang Ngéi; Pha Yén: Pham Quang Thinh, 91,
THCS Hing Vucng, TP Tuy Hba; Cén Tho: Le Bai

Thanh, 9A4, THCS Tra Néc, TP Can Tho; Binh Dinh:
Huymh Kim Linh, 8A3, THCS Phude An. Tuy Phude.

NGUYEN ANH DONG

* Bai T4/363. Giai g
T G e

(4 +58 +82 + Tx+5)" +( o + 53 +8:2 + Tx+3)" =16.

IR (FIN

Lvi gigl. Datt=x"+5x" + 8" + Tx + 4

thi PT da cho trd thanh

(¢+ 1) +(@-1)Y=16hayr +67-7=0.

Giai PT béc hai ddi véi A duge =1 var =-7.
PT ¢ =—7 v6 nghiém. Ta xét hai truong hop sau:
)VGit=1thix*+5¢7 +8x*+7x+3=0 (1)
Bién doi vé trai ctia (1) nhu sau:
X450+ 83+ 7x+3

=(x' + x%) + (407 + 4xD) + (4x* + 4x) + (3x + 3)
=(x+ 1) +4x’ +4x +3)

=(x+ 1D +37 + 7 +3x +x+3)

Viy( e @+ Dix+ 3" +x+1)=0,

ke \2
Tathﬁyx‘+_r+]=( -,I;J

I'--J

>0 voi

mgi x nén PT (1) c6 hai nghiém 1a x; = -1 va
133—3.

2}Véit=-1thi x*+5x + 87+ 7x+5=0(2)
Dit vé trai cia PT (2) 1a f{x) thi tir bién dbi trén
ta co
fy =x*+50+ 87 +7x+5

=+ DE+3)E+x+1)+2

= +ax+ D +x+1)+2 (3)

Tir (3) c6 —1) = A-3) = 2, fi-2) = -1, con
voix<-3hoficx>-1thi(x+ 1)x+3)>0va
x*+x+1>0nénfix)> 0.

Nhu’ véy da thirc f{x) c6 it nhét hai nghiém thyc
nam trong cdc khoang (-3 ; -2)va (-2 ; -1}
Céc nghigm nay la so vo ti. Ta c6 thé tinh gia tri
gan ding céc nghiém cua fix) bing cach sir
dung phuong phép hé sb bit dinh dé phan tich
Ax) thanh f{x) = x +ax+ b +cex+d)+5(4)
sao cho sai s s xAp xi bang 0.

Khai trién (4) va so sénh cac hé sé cia (4) véi
hé s6 cia f{x) ta duge hé PT sau:

TOAN HOC
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a+c=5

b+d+ac=8

ad +bc=17

bd +s5=5
Tir (3), néu a =1 hofic a = 4 thi sai s6 s =2, do d6
co thé chon a gin bang céc so6 do6 (cha v vai tro
clia a va ¢ nhu nhau),

Thir voi mﬁt vai gid tri clia a ta chon duoc

azi. c=— thi b—ﬁ, d:E véi sai sb
2 2 32 32
p=Spgn T e i
1024
fix)= (A +l\‘+£](x2+2x+ﬂj+ L2 :
2 32 2 32 1024

; 1 { 2 a

Ta thay x? +—x+E:Lx+lW +~J—]>U
e 2 32 4 ) 2

vOIi moi x.

; 9 ISl ;
Tam thire x? +—::: +—_§E co hai nghiém

—13+J_ 48—@

Xy=——————=-17v
= 8

(vi sai s6 |s| < 0,15 nén gia tri nghiém chi 14y
dén phan mudi dcm vi).

=~-2 8

Nhu véy phuong trinh da cho c6 bbn nghiém 1a
Xy= —],J{‘g = —3.,_'-[_1 = —l,? va Xy = —2,8. O

<Nhin xét. 1) Néu ding chuong trinh cho mdy
vi tinh, ching han nhu MATHEMATICA (phién ban
6.2) ta c& hai nghiém thuc gén ding cia flx) la
X =, 70203 va x, = —2,82105. Bing cach giai trén
néu chon gid trj cia a sao cho sai 56 |9| < 0,01 thi tim
duge nghiém gan ding chinh xéc dén 0,01 don vi.

2) Pa sé cac ban giri bai vé da giai duge PT (1) va
tim ra hai nghi¢m x, = -1, x, = 3. M6t 56 ban sai lam
khi khﬁng dinh rang PT {2} vO nghiém vi ban d6 khéng
phén tich dwge ve trai cua (2) thanh tich cia hai tam
thirc bdc hai (1). Mt vai ban khic bién ddi x = (+/x)2

hogc xét x > 0'nén ddn dén fx) > 0 véi moi x (!). Riéng
ban Lé Viét Qudn, 9A6, THCS Quang Trung, TP.
Thanh Héa cho két qua ding

flx) = [3:3 + %x + 0,99](x +1,7)x + 2,8).
VIET HAI

* Bai T5/363. Gia sir AH la dwong cao cua
tam gidc ABC vudng tai A va AH® = 4AMAN,

TOAN HOC

20 °¢ Cl'ufnme S48 367 (1-2008)

trong d6 M, N theo thir ty la chdn duwong
vuong goc ha tir H dén AB, AC. Tinh sé do
cde goc nhon cua tam gide ABC.

Loi gidi. Th gidc AMHN la hinh chit nhat nén
AM = HN.

B
M H
A N = &)
Theo gia thiét ta c6 AH* = 44AM.AN (1)
Tam gidc AHC vudng & H; HN 1L AC nén
AH = AN.AC (2)
Tir (1), (2) suy ra AC = 44M = 4HN 3)
Goi E 1a trung diém cia AC, ta ¢c6
EH = EA = EC = AzC (4)

Tir (3), (4) suy ra HE = 2HN. Ma HNE =90°
nén HEN =30°. Ta thdy AEHC cin & E nén

ECH = — HEN =~ 300 =
o 2
T dé ABC =90

15° hay ACB=15°,
— ACB=90°—15° =75°,

Vay s6 do cdc goc nhon cia AABC la 15°
va75° O

"(Nhsjn xét. 1) Npoai cach giai trén day, mot sb ban
dp dung tinh chét ciia tam gidc dong dang hodc dung
cong thirc tinh dién tich cia tam gidc vubdng.

2) Céc ban sau ddy c6 1&i giai tét:

Vinh Phiic: .-’\*guyén Thi Ngoe, Phing Thanh Lam,
9A1, Nguyén Thi Hudn, Nguyén Hiu Duy, Nguyén
Thi Ha Anh, Ta Thi Viét Chinh, 8A1, THCS Yén Lac;
Phi Tho: Lé Mank Héng, 8C. THCS Vin, Viét Tri;
Nam Dinh: Nguyén Van Quy. 9A. THCS Hai Héu;
Thanh Hoéa: Hoang T:en Diing, 9A, THCS Lé Hiru
Lép, Hau Léc, Nguyén Thanh Ting, 9G, THCS Trén
Mai Ninh, TP. Thanh Hda: Nghé An: Duang Cim
Tii, Hodng Nguyén Nhu Qupnh, Hé Khdnh Dy,
Hoang Thi Lan Hr,ro'ng, Dgng Trung Anh, Lé Hing
Dinh, 8A, THCS H& Xuin Huong, Quynh Luu: Pha
Yén: Hd Nhw Vi, 9H, THCS Luong Thé Vinh, TP.
Tuy Hbda; Quing Ngii: On Ni Oupnh Nhw, 9E.
THCS H&nh Thinh, Nghia Hanh. Bii Vdn Héng Link.
7C, THCS Nghfa Diing. TP. Quang Nei: Cin The:
Lé Dgi Thanh, 9A4, THCS Tra Néc. TP. Can Tho.

NGUYEN XUAN BINH
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* Bai T6/363. Tim tdr ca cdc cdp 56 nguyén
(x : y) thod man

x2007 = ;2007 _ ;1338 _ 1,669 4 (1)

Loi gigi, Pat u = x*°, v=1% (u, v € Z) thi
PT(1) codangs’ =v — v —v+2,

Cdeh 1. Nhén thiy

W=V -V —v+2=(- IV 2v—17+1> v—1F va
w =1 == 1){v+2)

+ Néu v > | hodc v <=2 thi (v - 1)(v +2) > 0,
suy ra (v-1)< W<V o v-1<u<y, ditu
nay khéng thé xay ra khi u, ve Z.
+Véi-2<v<1vave Zthive{-2;-1
Néuv=-2thiy***=-2,nény e Z.
1 thiu=1
Néu v=0thi u=2, suy ra x**

100

Néuv= Suyrax=-1,y=1.
=2,nén x g Z.

Néuv=1thiu=1,suyrax=y=1.

Cdch 2. Nhin thdy

W=V =V —y+2=@- 120 -17+1> v-1) va
W= (v +2) = (Tv + 6)(v +1) £ (v +2)° (vi v6i
ve Zthi =(7v + 6)(v +1) < 0). Suy ra (v 1)’ <
w’ < (v +2)°. Xay ra cac kha nang sau:

e=viov=yvV_v_v+2ov=1hoic
v=2 Voiv=1timdugcx=y=1. Vaiv=2
thi y**=-2,nény ¢ Z.

e =@+ v 1)Y=V -V -y +2
oh'+4v-1=0nénvelZ.

W=w+2) o (Iv+6)(v+1)=0.DoveZ
nénv=-=l=u=1.Trdotimdugcx=1,y=-1.

Viy cac cip s6 nguyén (x ;

(1;,(1;-D.0

<« Nhin xét. 1) C6 rt nhidu ban tham gia giai bai va
déu cho dédp sé dung. Mot sh ban dua ra bai toan
téng quét nhu sau: Tim tdt ca cde cdp i nguyén (x : y)
i = yln - }.Ei: -y + 2 ine N“)
Béng cach dat an phu va danh gid nhu trén, ta cling tim
dugc cac cip sb nguyén (x ;¥ 1a (1 D va(l;-1).

y) thoa man (1) Ia

thoa mdn

2) Cac ban sau day co I&i giai tot:

Ha N{i: Phagm Duy Long. 10T1, THPT Ha Ngi-
Amsterdam, Negwyén Khdnh Viér, 10A2  Todn,
PHKHTN-BHQG Ha Nbi, Vi Mink Thang, 10 Toan,
K41, PHSP Ha N&i; Vinh Phie: Phimg Ngoc Quy,

9A1, THCS Yén Lac, Vi Thi Thu Ha, 10A1, THPT
chuyén Vinh Phic; Ha Tay: \-gu}en Qudn Duong,
8B, THCS Thanh Mai, Nguyén Manh Qudn, 11 Li,
THPT chuyén Nguycn Hué: Bic Ninh: Neguyén

Quang Ruc, 9A, THCS Yén Phong, Nguyén Manh
Hung, 12A1, THPT Ly Théi Té; Phu Tho: Ngupén
Triuwong Gigng, 9A2, THCS Gidy Phong Chiu; Lo
Cai: Lé Dirc Tho, 10 Toan, THPT chuyén Lo Cai:
Hai Phong: Trdn Hoang Bd, 12 Toan, THPT Ning
khiéu Trin Phu: Hung Yén: Luong Xudn Huy, 11A1,

THPT Tién Li; Hii Dwong: Tran Van Hanh, 11AS,
THPT Ninh Giang; Bé Thi Thu Thde, 12T1, THPT
chuyén Nguyén Trii;Thanh Hod: Dink Minh Thanh,
11A11, THPT Pao DU} Tir; Ha Tinh: Nguyén Viér
Trung, Thié¢u Pdng Ba, 10 Todn, THFET Nang Khiéu
Ha Tinh; Quing Ngai: Nguyén Tuén Hung, 10T,
THPT chuyén L& Khiét; Ninh Binh: Trdn Thi Tuoi,
12 Todn, THPT Luong Vin Tuy: Nghé An: Vit Dinh
Long, 9D, THCS Ly Nhit Quang Cao Thi Thanh Hoa,
10A1, THPT chuyén Phan BGi Chau; g Fin Diing,
11A1, Khéi THPT chuyén BH Vinh; Binh Thujn:
Pham Minh Qudn, 10T, THPT chuyén Trén Hurng Bao;
Binh Dinh: Ding Tdn Phdr, 11A1, THPT s6 3 Phil
Cit; Quang Tri: Neuyén Vin Luong, 11Toan, THPT
chuyén L& Quy Pon; Phi Yén: Dwong Xudn Vinh,
11A,, THPT Phan Dinh Phung; MNguyén Dinh Thi,
10A1, THPT chuyén Luong Vian Chanh; Quing Ngai:
’\\-guyen Trung Bir-:.rng, 10A6, THPT S4 1 Dirc Phé; Tp
Ho Chi Minh: Mai Quéc Thang, 12AT, THPT chuyén
Lé Hoéng Phong; Diak Lik: Nguyén Tdn Nam, 11T1,
THPT Ngé Gia Tu, Eakar.

PHAM THI BACH NGOC

* Bai T7/363. Cho déy 0 (x,) dwoe xde dinh
nhie sau:
=Nk X ~2 =1, 2.\

" N Xanal
Tim lim ——
XKD venXy

e

Loi gidi. » Tir cach xac dinh day (x,), ta co

lim x, =+, (1)
=4
eTacd 22, —4=(x}-2) -4=x3(x} -4
= x2 .x£_|(xn_| —dy= =xtxl . (al-=4)
s b o
2
§ 4

Suy ra | ——t— | =214 e

S L A (nx;..x;)*

2

o o X+l X 4
Dodd lim | ——— | =21+ lim E
n—tm | XXX, n—tm (X X5...%, )

1 (do (1)).

- . X, +1
Viy lim ————=+21.0
=+ r] Tz l'f

TOAN HOC
' Cusilge 21
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<{Nhin xét. 1) Nhidu ban dua ra nhin xét: x, > 2
Wn=1,2,..(2). Khi d (1) dugc chimg minh biing cich
chimg 16 ddy (x,} tAng va khdng bi chin trén,

- Sir dung két qua 2, ¢6 thé chimg minh

: 4 :
lim ————— =0 bang cdch dp dung nguyén li

x4z (m..Xy )2

4 4
—_—
(I]Iz An }2 41
2) Céc ban ¢6 1oi giai tdt la:

Vinh Phic: Nguvén Hoang Hai, 11Al1, THPT
chuyén Vinh Phic; Ha Tay: Nguyén Thi T‘ﬂyen Khu
tip thé 73, TSQLQ1; Dk Lik: Truong Thanh Céng,
9A. THCS Nguyén Khuyén, Eakar; Pha Yén: Lé Vdn
Thao, 11T1, THPT chuyén Luong Van Chanh; Binh
Dinh: Bii Hituw Nhén, 11T, THPT chuyén L& Quy
Pén; Da Ning: Newyén Tang Thanh, 10A1, THPT
chuyén Lé Quy Dén; Ba Rja — Ving Tau: Dwong
Vidn An, 12A2, THPT Chéu Thanh, TX. Ba Rja;
Khanh Hoda: Bii Binh Minh, 11T, THPT chuyén L&
Quy Ddn.

kep tir bt ding thirc 0 <

TRAN HOU NAM
+ Bai T8/363. Ki hicu a. b, c: h, h,,

canh; cde

H. varg

theo thie tw la dé dai cdc

dwang cao va bdn kinh cdc dirong tron bang
tiep cua mdt tam gide ABC bat ki Ching
minh bdt dang thiee
a b c Y
L b s = o3 {:‘ \
he+1: he+n B+
Loi gigi. (Dya theo Tdng Vdn Binh, 10A1,

THPT Phan Boi Chau, Nghé An).

Goi S 1a dién tich va p 1a nira chu vi cua tam
gidc ABC, ta co
25=ah, = 2p- =(b+c-a)r,

Bitx=2(p-a),y=2(p-5), z=2p - c) thi
dugc2a=y+z,2b=z+x,2c=x+y(x,p2

i\.fxyz(x+ y+z).

(Péyx+y+tz=a+b+c=2p),

ﬂ)ru

déu duong) va S =

D¢ trinh bay dugc gon, ta sir dung ki hidu
2 @& chi tong cac hodn vi vong quanh.

V&i ki higu nhu trén, BDT (*) can chimg minh
firong duong vai
x(y+z)? .
Y = > [Bxyz(x+y +2) (1)
Dén ddy, dé chimg minh (1) ta chang minh

2x+y+z
BDT (2) sau diy, manh hon (1):

"ORN HOC
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ZXY=XY+ YZ+ZX> xz(x+y+z) (2)

Mi = f(_r_‘ ¥, z} 2

2x4 piz
Y=ARy, z,x) va Z=fz, x, y); va do d6 vé trai
cta (1) duge yiét gon lai la ZX thay cho tong
X+ Y+ Z(Diéu do suy ra tur BDT
(X+ Y+ Z)? > 3(XY + YZ + ZX)).

trong do X =

Mubdn vay, ta dat
X i t
o= —2 = (3)
X+y+z

=

X+y+z x+y+z

u, v, w déu 1a nhing s6 duong va c6 tong

u+v+w= 1. Thyc hign phép doi bicn (3), ta

dua dugce hai ve cua (2) ve dang sau day, roi

ching minh (2) © Flu, v, w) = Zﬁu, v, W)=
(1-u)* (1—v)* s 1 @)
(1+2)(1+v)w

That vay, ap dungrBBT Cauchy — Bunyakovski

— Schwarz vao vé trai ciia BDT (4) cdn ching

=

32 ; 4
. y g 4
minh| cé dang{—ﬂf- +[—] {— | | ta thu
=) 7))
dugc (sau khi da tinh toan va rut gon):
Flu, v, w)
(A=w)(1=v)+(1=»)(1-w)+(1-w)(1-u))>

()0 w (1) (A+wu+(1+w)(1+u)v

(uv+vw+wu)? —=3uvw

=1+ (3)

2(uv+vw+wu )+ Juvw+1
Mit khéc, ta lai cé dang thic sau (véi dé y
ringu+v+w=1)
(av+vw+vu)? —3uvw

= wvi+viw? s wiu? —uvw(u+v+w)

< %((w_w.}z +w—wu)? +(wu-uv)’)  (6)

Cubi ciing, ddi chiéu (5) va (6) véi chi § rang
ve phai cia (6) khéng dm, ta thu duge BDT (4)
roi (2), (1), nghia la thu dugc BDT (*) can tim.

Dau déng thire & (4) dat duge va do d6 & (*) dat
dugce khi va chi khi = v = w hay khi va chi khi
a=b= ¢, tlrc |4 ABC la mét tam gide déu. O

“(Nhfm xét. 1) Nhiéu ban lrong gidc héa bai todn

hodc st dung qué nhiéu BDT dai sé khong can thiét
{ch@ng han BDT Chebysev, Nesbit, ...} thanh thir [

https://tieulun.hopto.org
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gidi qud dai, khéng gon. Mot 56 ban sir dung qui
nhiéu hé thirc hinh hoc vé nhimg ycu t6 trong tam
giac, dua BDT (*) cdn chitng minh vé dang mgt BDT
bdc ba cb chira ca tham s&, thim chi s dung ca dao
ham bdc nhat va bédc hai!

2) Loi giai trén ddy cua ban Binh khing nhitng gon
gang m'a con dep nita. Pa s ban thyc hién mot lin
dbi bién tir a, b, csangx, ), = dé thyuc hién céch ddnh
gid bléu thirc & vé trai cua (*). Riéng ban Binh da cé
sdng k;en thuc hién viéc d6i bién ladn thir hai, dé 13
phép dbi bién (3) tir x, y, = sang u, v, w. Viéc trinh
bay loi giai vi thé ducc gon gang, tuy nhién nhing
bién déi trung gmn cling khéng qua it. Tom lai, doi
véi bai todn ndy. ching ta cén dén su lua chon ki
thuat sir dung BDT dai sb.

3) Ngoai ban Binh, cac ban sau ddy co 1oi giai tuong
doi tot: Trinh Ngoe Duong, 12A1, BPHKHTN -
PHQG Ha Nﬁl J\guyen Hai Thanh, 12A4, THPT
Bao Duy Tir, Dong H&i, Quing Binh.

NGUYEN DANG PHAT
¥ Bai T9/363.

4D = BC. AC
ede gdc DAB va CBA L

“lr;_) co

au o €, f?

Gia ._\:'.." tir "n'.".'

vt BD car nh

mhau o ,r". Chirne

fr i o, A S IR 1 7
1 diém cua cdc doan thang AB,

thude méit duwe Sne
o thuge mot dwong thang,

Léi gidi, (cia ban Nguyén Huy Hoang, 11A1,
THPT chuyén Vinh Phiie).

Trude hét xin phat biéu khéng ching minh
mot nhian xét hién nhién.

Nhin xét. Cho tr gide ABCD. Tdp hop cdc
diém dong thoi thuge wira mdt phang bo AD
chita BC, mia mét phang bé BC chita AD va
edch déu eae dwang thing AD, BC ciung thudc
mt dueomg thang.

Trer lai

vige giai
hdai todn.
Dung cac
hinh binh
hanh

AEBI, CFD.

Dé thay:
BT
cung thude
cic nira mit phing by AD chira BC, by BC
chira AD (1).

Goi H. K theo thir tw 13 hinh chiéu coa E trén
AD, BC, tacd

S,r)‘.”_::SB_,i,l.; (Vi .D.BHAE) = SH('.‘:' (\"i AC.HI.;.BE)

= %AD,EH:%BC.EK = EH = EK (vi AD = B().

Viy khoang cich tir £ téi cac dudng thing

AD, BC bing nhau (2)
Tuong tu khoang cach tor F tdi cac dudng
thang 4D, BC bang nhau (3)

Chi y ring IAB=1IAD, fBT4=fE(:" ta co
khoang cach tir [ t&i cac dudng thing 4D, BC

bfing nhau (4)

Tur (1), (2), (3). (4) theo nhén xét ta thay £, F,
I thang hang. Tir d6, dé dang suy ra, trung
diém cta 4B, CD va OI thing hang. O

{Nhan xét. 1) Bai todn nay khéng kho. kha nh|€u
ban tham gia giai, nhneu ban giai qua dai, da sé cac
ban déu ding bd dé vé duo’ng thing Gauss, mdt vai
ban phéi ding phueng phép toa dé.

2) Ngoai ban Heang. xin néu tén mot sb ban co 1o
gidi tot:

Vinh Phiic: Khéng Hodng Thao, Tran Bd Trung,
Phan Van Thanh, 11A1, THPT chuyén Vinh Phic:
Nam Dinh: Nguyén V'an Quy, 9A, THCS Hai Hau;
Thai Binh: Hoang h'mh Ldp. 9E. THCS Quang
Trung, Kién Xuong: Ding Nai: Nguyén Ngoc Hoa
Quynh, 11T. THPT Luong Thé Vinh; Pik Lik: Lé
Duy Timg, 11T, THPT Nguyén Du, TP. Buén Mé
Thudt; Phi Yén: Nguyén Dinh Thi, 10T1, THPT
chuyén Luong Van Chanh, TP. Tuy Hoa.

NGUYEN MINH HA

“‘-lﬁ' Bai Tl{i;:’sfﬂ ( .I'.Hmff nti ."? J‘{ﬁ!';_{

3.t : P G P o1 L A
FOrr died of, 0, ¢ L0 €A S0 AW KOS Aac o L.

Loi gidi. Ta bién déi

e (ab—D)be —D(ca—1)
abe
. (a® =1)(B2 =Dic2 -1
i abe
< (ab-1)hc —Deca-1) = (& -D(B* -1} -1)
< alhic? —abe(a+b+o)+{ab+be+ca)

z a’b’?+a? +b? +c? = (@?h? +hre? +¢ra?)
< 2a*b? +bic?+cta?)-2abc(a+b+c)

= Aat+bi4+e)-2(ab+bct+ca)

< (ab—be)? +(be—ca) +(ca—ab)?

2 (a=b)Y2 +(b—cY¥ +(c—-a)

. TOAN HOC
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hay (a—¢)* (B> -1)+(a—b)*(c2 -1)
+(b-c)2(a?-1) 20 2)

Do a, b, c 1a céc s6 thyc khong nho hon 1 nén
(2) dung. Dau diang thire xay ra khi va chi khi

J(u—c)l(bﬁ—l):u
(a-b)(c?-1)=0 haya=b=¢. 0
{(«E---c:’}l{.:‘r3 -1)=0

<Nhin xét. Day la mét bai toan vé bién ddi ddng
nhét thire dang don gian nén cé rit nh1éu ban giai
dung Toa soan xin neu tén cac ban nho tudi & lép 7,
8 va 9 dacé lui giai tét:

Lang Som: Vi Negce Nhar Minh, Lai Hodng Nam,
7A, THCS Chu Van An, TP. Lang Son; Phi Tho:
Triéu Thi Quynh Mai, Tf? Hai Nam, THCS Lim
Thao; Bﬁc Ninh: Pdé Vi Thanh, 9A, THCS Yén
Phong; Biic Giang: Tong Thi Thu Hodi, 7A. THCS
Phiic Son, Tdn Yén; Vinh Phiie: Nguyén Thé Bio,
8A1, Phing Ngoc Quy, A1, THCS Yén Lac, Lé
Trung Kién, 8C, Ly Duy f_i,rong '\ga.‘yen Thuy Hang
Nguyén Manh Qudn, 9C, THCS Vinh Tuéng, Nguyén
Duy Kién, Phing Thanh Lam, Nguyén Thi Ngoc,
Pinh Tién Diing, 9C, THCS Tam Duong; Ha Tay:
Truong Vian Khoi, 9B, THCS Hoa Chlnh Chu‘t:mg
M#: Nam Bijnh: Neuyén Van Ouy, Bii Van Viegng,
9B, THCS Hai Hiu: Thai Binh: fHoang Minh Ldp,
9E, THCS Quang Trung, Kién Xuong: Thanh Héa:
Lé Thé Vinh, 9B, THCS Nguyén Chlch Béng Son;
Nghé An: Ddu Thé Vi, 9B, THCS Cao Xuén Huy,
Dién Chéu; Ha Tinh: Trdn Phueang Thae, 9C, THCS
Ky Anh Quing Nam: Nguyén Tan Tai, 9C, THCS
Nguyén Dinh Chiéu, Dién Ban; Binh Phwée: Nguyén
Vin Himg, 7C, THCS Minh Thing, Chon Thanh:
Phi Yén: Lé Cao Thing, 9A, THCS Phan Chu
Trinh, Séng Céu.

NGUYEN VAN MAU
*Bai TI11/363. Mot day aas.a, voi
a; € {0: i} goi la mat xdu nhi phin co dd dai
n. Hoi ¢o bao nhiéu xdu nhi phan do dai n

(n=4) chita ding hai lan xudt hién cua 01 ?

Loi giai. (Theo ban Trinh Ngoc Duong, 12A1,
DHKHTN, PHOG Ha Ni).
Trude hét ta chimg minh bé dé sau:
Bd dé. Chok, n € N (k < n). Khi d6 s6 nghiém
nguyén duong cua phieong trinh
X+ X+ +x=n (1)Ia C}
That vay @ng véi mdi nghiém (xi, ..., x;) ta
cho twong ng voi diy nhj phan
I R e e E R
— —_ e

X X Xy

TOAN HQC
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trong do k — 1 chir s6 0 duoc dit vio n—1 vi
tri gitta » chir sé 1. D& thday phép tuong ting
do la song anh. Vay s6 nghiém nguyén duong
ciia (1) bing sb cach dit k— 1 chir sé 0 vao n
— 1 vi tri gitra n chir s6 1, do d6 bang C*-1. Bd
dé duoc chirmg minh.

Tro lai bai todn: Mdi xdu nhi phin cé chira
ding hai 1an xuat hién 01 c6 dang

ABABA, ABABAB, BABA, BABAB

trong do A 14 xau nhi phan gdm toan chir s6 1;
B 1 x4u nhi phin gbm toan chir s6 0, mdi xiu
c6 d6 dai it nhat la 1.

Xét xdu dang ABABA: S6 xiu c¢6 dang nay
chinh la nghiém nguyén duong cia phuong
trinh x; + x; +x3 + x4 + x5 = .

Theo bo dé trén so xau dang nay la Ci_

Twong ty s6 xéu dang ABABAB BABA,
BABABtwong img la C)_,, C3_, va Ci

n-1»
Thanh thi'r sb xdu thc‘)a man diéu kién dé bai la
(Cu l .u ])"'(Cu ] Ji -1 (:‘r_l1 +C: = '.:":-1-|
(dung hing dang thirc Pascal). 0

<Nh§n xét. Nhiéu ban giai sai bai todn nay. Cac
ban sau cd i giai tot:

Vinh Phie: Khéng Hoang Thao. 11A1, THPT
chuyén Vinh Phic; Nam Dinh: Tran Thi Hong Vin,
11A1, THPT chuyén Lé Héng Phong, Nguyén Van
Dinh, 121, THPT Giao Thiy A; Hai Duong: Trdn
Hoang Sen, 11T, Dé Thi Thu Thao, 12T1, THPT
chuyén Nguyén Trai; Bd Ria — Viing Thu: Dwong
Vin An, 12A1, THPT Chéu Thanh.

DANG HUNG THANG
% Bai T12/363. Cho ham s6 f: N" — R | thoa

man diéu kién f(1)= 2—(:)— vel
- i
{l) { :} ] .‘.;_.(iil - _”i -}(l{ij"ll)
1 2 n P

veri moi ne N*,

Tim lim (2008 +n) £ (n).

L ]

Loi gidi. Véimoi n € N' tacé

SO SO, fE) S as2 o
] 2 " n+l 2]
R g R ]
2 n+1

§ THTT

https://tieulun.hopto.org



hittps:iwww. facebook. com/letrungldenmath

hitps:iisites. google. com/site/ Tetrunglienmath

) F2), S0 nil

| x n i
n+2 | , n+l
3( 5 —m]f(ﬂﬂ):Tﬂ”)
nln+3) =Eil .
—2(n+ D fn+1) 3 Jf(n)
= fore=TE ron (1)
n(n+3)
Béi v = z (n—1
ivay f(n)= mf(”_ )
% n{n-1) -2~

(n=1.(n-2)(n+2).(n+1)
o (n({n-1)..2)7
(n=1)(n=2)...1) ((n+2)(n+1)..4) 0
Lo E3a. 0T 20
(n+2)(n+1) 6  (n+)(n+2)

Do do lim (2008 +n) /(1)

‘? =
_ i 2007:0(n +2008) 0o o

i (n+1)(n+2)

< Nhin xét. Pay thyc chét 12 mdt bai todn day sé.
Miu chét chi véu 14 tim ra coéng thirc 14i (1). Hoan
nghénh cac ban hoc sinh 16p 9, 16p 10 sau tham gia
va ¢6 11 giai dang:

Ha Noi: V'a Minh Thing, 10T1, PTCT, DPHSP Ha
N&i; Ha Tinh: Dinh Van Hoe, 10T, THPT chuyén Ha
Tinh; Pa Ning: Nguyén Tdng Thanh, 10A1, THPT
chuyén Lé Quv Dén; Dik Lak: Truong Thanh Céng,
9A, THCS Nguyén Khuyén EaKar; Phi Yén:
Nguyén Dinh Thi, 10T1, THPT chuyén Luong Vin
Chénh, TP. Tuy Hoa: Binh Pinh: Bii Trong Tri,
10T, THPT chuyén Lé Quy Bdn.

NGUYEN MINH BUC

* Bai L1/363. Mot con
lde hinh nén lad mét thanh
déng tinh, tiét dién déu co
chiéu dai | va khéi leong
m, dwoc quay déu quanh
mgt truc thing dirng véi
vin téc géc o (ddu trén
cua thanh gdn véi true
quay bang ban 1¢). Tim dj
lom goc € gita thanh va
dwomg thang ding. Bo
qua moi ma sdt.

Loi giai. Trong hé quy chiéu quay clng truc
quay v&i van tée goc @, mét doan nho cua
thanh co do dai dx, cach O mét khoang x chiu
tac dyng cua lyc quan tinh li tdm la:

dF, = @’xsin @dm
trong d6 dm la khéi lugng cua doan nho ¢6 do

dai dx, dm=?dx.

Momen cha lyc quan tinh li tdm tac dung lén
doan nho dé d6i voi truc quay A qua O vudng
a6c voi mat phing thing dimg chira thanh la:
G
mw* sin @ cos f o
{

Momen cua lyc quan tinh li tdm tac dung 1€n
ca thanh la

dM,, = xcos@dFy, =

s )
me?® sin 6 cos @
Ty naaed g,

J i)
me? sin @ cos & 7

M, = [dM, =

Ml g =

My =

Momen cia trong luc coa thanh déi voi truc
. mgl sin @

Ate ity BN

i

Dé goe 6 khong ddi thi M, = M, . nghia 1a

2

me?® sin & cos & o mgl sin &
3 e
Suy ra cos &= 23g hay @ = arccos —57-%’. )

2
< Nhin xét. Cic ban sau day c6 15 giai tdt:

Ha Tay: Nguyén Manh Qudn, 11 Li, THPT chuyén
Nguyén Hué; Nghé An: Nguyén Ldam Hoang. 11A3.
Nguyén Dirc Son, A3K34, THPT chuyén Phan Bdi
Chéu; Thanh Hoa: Lé Ba Son, 12F, THPT Lam Son;
Hung Yén: Pham ire Linh, 12 Li, THPT chuyén
Hung Yén: Hai Dwong: Bii Tién Manh, 12A1.
THPT chuyén Nguyén Trai; Nam Dinh: Nguvén Vin
Aink: 121, THPT Giao Thuy A; Binh Phude: Pham
Van Tdm. 11 Li, Trigw Phic Qudn, 11B, THPT
chuyén Quang Trung; Quéang Ngii: Nguyén Ngoc
Duy, Tran Ngoc Sang, 11 Li, THPT chuyén L& Khiét;
Bic Ninh: Nguyén Thanh Linh, Trdn Viét Long
Nguyén Vin Bao, 12 LI, Nguyén Thanh Trung, 11 Li.
THPT chuyén Bac Ninh. 2
NGUYEN VAN THUAN

Y Bai L2/363.
Cho mot mach
dién nhw hinh 1.
,-\-',qrrfén dién co
hiéu dién thé
Us va dién tro

Hinh I

TOAN HOC
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trong khong ddng Ké. Bon fﬂ'uin fi pfn' tuyén
giong nhau ma ¢é cuong do dong dién chay
qua n-m phan tir phu thuge vao hiéu dién thé
=a U?

hai ddu cua né theo guy ludt [ , lrong

dé a la hé so dwong. Tim so chi ampe ke. Coi
rang dién tro ciia ampe ké khong ddng ké.

Léi gidi. Ki hiéu dong di¢n trong mach nhu
hinh 2. Ta co

c
.ir[ = (IU(ED-. i FE
2 :CEU:{;,_- o .

20 e UER
| fﬁ) ]
= i

\ 2 o ;

Miit khac Hinh 2
I=L+15

U- 2
o aoUy-Un) = aU?p +a[%‘”] .
2,
25
Do dé s6 chi ampe ké bing
Sal}
b= Q(UU"U{‘I}]Z S

9+44/5

Tir dé suy ra Ugp =

< Nhin xét. Cac ban sau c6 15 giai tbt:

Sen La: Lé Vit Hai, 12 Li, THPT chuyén Son La,
Bic Ninh: Nguyén Thanh Lmh 12 L, T:gm Vign
Long, 12 Li, THPT chuyén; Ha Tiy: Nguyén Manh
Qudn, 11 Li, THPT chuyén Nguyén Hué; Hai Dwong:
Ta Van Pie, 11A, THPT Kim Thanh; Thanh Héa:
Nguyén Vin L.ong, 12A1, THPT Ha Vin Mao, Ba
Thude, Lé Bd Sen, 12F, THPT chuyén Lam Son, Lé
Trung Diing, 12A1, THPT Dong Son L Nghé An:
Bdng Hai Cuong, Trdn Vin Giai, A3K34, THPT
chuyén Phan Bgi Chdu; Qudng Ngii: Nguyén Ngoc
Duy, 11 Li, THPT chuyén L& Khiét; Binh Phwdc:
Trigu Phic Qudn, 11B, THPT chuyén Quang Trung.

NGUYEN XUAN QUANG

Nhin tin:

Trong cédc ban tham gia giai bai, cé mft 56 ban & béc
hoc THPT thudmg ghi khda hoc cua trudmg (vi dy;
A3K34, THPT chuyén Phan Bgi Chdu, Nghé An). pé
nghj céc ban hdy ghi & [6p hoc cia minh (»1 du : lép
11A3) dé Toa soan tién théng ké Cudc thi giai Todn va
Vit li trén THTT hing ndm.

Cam on cdc ban.
THTT

TOAN HOC
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PROBLEMS... (Tiép trang 17)

T8/367. Let ABC be an isosceles triangle at
vertex A and BC < AC. Choose a point M on
AB (but not the vertices A or B) and a point N on
AC such that MN touch the incircle of the
triangle ABC. Find the maximum value of the

ratio when M moves along the edge 45.

BMCN

TOWARDS MATHEMATICAL OLYMPIAD

T9/367. Let O be the circumcenter of a triangle
ABC. Choose a point P, different from B and
C on the line connecting BC. The circumcircle
of ABC meets AP at a point N and the circle
whose diameter is AP at a point E (N, E are
both different from 4). BC and AE intersect at
M. Prove that MN always passes through a
fixed point.

T10/367. A sequence (u,) (n = 1, 2, ..) is
determined by the following recursive formula
1623 +27u,
=1t = 45249

Find the largest integer which is smaller than
the sum S of 2008 summands
1 1 1
= + +
duy+3 sy +3

+ .
4uzmg +3

T11/367. Find the smallest value of the
following expression
1 1 1

cos®c

i +
cosba cosbh
where a, b and ¢ form an arithmetic sequence

T

whose common difference is 5

T12/367. Let f{x) be a function defined on
[0 ; 1] such that the following properties hold

NA=1;

o= 37(5)- (57 (57))

for all xe [0; 1];

iii) for every & positive but can be arbitrarily
small, there exists a positive number &, (&,
depends on &) such that: For all x, y € [0 ; 1]
such that [x —y| < &, , we have [f{x)-fly)| <&
Prove that f{x) =1 for all xe [0 1]

Translated by LE MINH HA
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¢ AL

Tho viet tdng em

Dt bicr vz, Z}m‘yfﬁd‘i/ﬂé}&’m@my

B nhd quing khin khi di dao phs’
Plhocong ui- chidiv emv chi vecto thii

Ca trd ué ki ndng think thao nkit
Pdéc nhit, bic hai emy nii tishg mae thee

Wéi lin trao ués han lin hank phic
Hghiém ngoai lai lam sao mév e dige
fﬁwwmm%ﬁamy&w

Lin dao chai nai thank phe me suang
D Lat thing reo bén dea Vigoan Wue
SAnhs udi emv chai vit bai xde suit

B hdi ank khing gian méi by gi?

) z&féaz/ nraﬁmammw&m‘b

Cd liw gidn anks em ddo la khing cé

Gld tri tuydt doi bao gics am dudge

Md’é&&m&m mean&ﬁﬂ?mn?né&

%@mmyaﬂﬂmm@ wéng em

PAO QUANG DIEN

(Cyu sinh vién khoa Toan BHSP Ha Nai, ®

khéa 1969 - 1973)

ha dge

T cr!s@pn‘f edu)

209220003923

e Mo diu. Nhe thién vdn hoc Kepler da viét mor
o cuén sdch nho vé nhitng béng tuyét. Bén tram
® ndm sau, mot kharzg dinh trok -{,_?-a n sdch do

=

: ddn dén mét vin d@é co ban & idm hoc va
o khoa hoc may tinh.
o 1. Vén & wﬂ, i tnhﬁt trong hmh I:lqc rii rac

A Ry
Zy

- Nha thiéh' 1’-_?.'3 vi dai Johannes Kepler da
' viét mdt cudr sach nhé ndm 1611 t&n 14 "Bong

Tuyet sdu goc e‘i n thé nao dé giai thich tai

i rang do 13 + wiy bis
khm tron va str sy
ta hinh dang c@@iba n""_-

. nay da lée san% 'h‘nng hai thé ki -_

® |inh vure tinh thé hoc. L

vién dan 61 rang d6
o theo g co S
e cic hin ang dan
® Lhoa wian lom hon cdc

mec biét nhu 1a gxa

s D6 13 mét vin dé lau dvi nhit ire

s gidi dap dén thé? M@
e New Zealand dd dem cdu hdi nay ra mét khu
® ch-:r Nhirng ngudi ban rau qua & do khong hé

® ngac nhién véi cdu héi. "Bo taiadd chi cho toi
a lam thé nao dé xep cac qua capvkhidoi
e tudi”, mot nguyi ban rau gi
‘ Sau khl ngheke L
& mat bon t gl thn céng véan de nay va duoc
e hoi anh thayk hiin nhur thé nao khi tim cach

TOAN HOC
' CTusitre 27
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xép tét nhat Allen da than n@n tra 1oi: " Ban
chi viée dat mdt qua lew nigdinh cla nhung
qué kh.n. Viéc nay ch-i\- t ¥hoang hai gidy
théi ma" ;

"':.',\

Sau mudi nim nghién ciru, mét nghién ciru sinh
vi t6i di dua ra chimg minh cho gia thuyét
Kepler vao ndm 1998. Chimg minh nay dai ba

nghién ciru da chimg minh hinh thirc cac dinh li
I6n nhu Pinh i bén mau, Pink li 50 nguyen to.
BDinh Ii dwong cong Jordan.

Téi da bit ddu mot du an tén 1a Flyspeck dé xdy
dung mot chimg minh hinh thirc cho gia thuyeét
Kepler. Tir Flyspeck c6 nghia Ia kiém tra chi
tiét, T6i chon ca1 tén nay bai vi nod chira cac ki

tram trang glﬂ}’ N6 dua trén mot khoi |UU“8-¢~’ ‘L{ﬁ" P K, la viét tit cua Chitng minh hinh thic

tinh toan khong 16 trén may vi tinh va phai mat

o cha}f xong.

i3
Trude khi“bai bdo duge cong>
oém muéi hai nha phan b]ﬁ%-‘dﬂ ai kiém tra
xem toi ¢o sai s6t nao khong. Sau nhiéu thang,
ho van khéngykiém tra xong chimg minh,
nhung ho chac % rang chimg minh la
dl'mg Tuy nhiériheg
cong viéc. Chun:imhh cudi cunﬂ dd duoc cong
bd sau tém nim méc di nd van chua duge kiém

tra hoan toan da} du. \E.

mét bao nhiéu nair
phep chimg minh. T@i ety

¢6 nén théa man vai cae chung minh dlmc ku,m
tra 99% hay khéng. Viy phai ching todn hoc

luén co nghia 12 phai chac chin hoan man‘?%r,%

» '3!
3 Chl.'mg minh hinh thire = 3

s ring cic nha !ogic
¢ miay tinh da phat trien
- ktem tra chimg mm :

chirng mmh,'
hoc vé cac.al

mong mai clia 1@ i
tra bang mdy tinh theo céch nay duoc goi 12
chimg minh hinh thie. Déi vai nhimg két qui¥
dai va phirc tap, mét chirng minh hinh thirc l1a
dang tin cdy trong khi nhimg chirng minh théng
thuomg thi khong.

Dé thuc hu;n mot ::hu*ng mmh hinh thire, tat cd

s6t nao khong

Ngéy nay, nhimg chung minh cue ki phirc tap
déu c6 thé dwgc kiém tra hinh thitc. Cac nha

TOAN HOC
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a;’“ﬂfﬁm

,§m ﬁmyer Kepler.

.'Flyspeck clia t6i s&€ ldp trinh cho may
f.u;fﬁ d&kiém tra chimg minh ma nhom muoi hai
ngudi phan bién da phai dau hang. Téi mong
rang dy an nay s& hoan thanh trong vai nam. Hi
vong rang du 4n ndy s& lam thay déi phuong
phap kiém tra cac cong trinh trong twong lai.

4. Tai sa0 9% lai';Wg i 1612

Nén kinh té ths_gl

. én su‘ chit ché cia
toan hoc. Chiing 4.

w,m tai hang khong

. va thuong mai dlcﬁﬁr nhé vao cac chimg minh
¢ cua cac thudc tinh cua ching, May tinh ngay
/cang xdy duyng cdc chimg minh ma khong cén

sy trg giup cta con nguoi. Nhifng sai sot vé mat
man hoc ngay cang cd: nguv ¢o tiem tang cho
nén kinh té thé gfé’ dy,nhu, cich day mot
thap ki, mot nha ig@n hog @& phat I11en ra rang
bo vi xir Ii Pcr}tfulﬂ ﬂg‘lntel chia s6 khong
chinh xic. L0| chla nay.trong bo vi xir li da Iam
Intel tiéu ton mat S'fﬂ)’tru:u d6 la. Ldi chia tiép
theo s& con lam tiéu tén nhiéu hon. Trong mét
bai bao gan day, Shamir (chir cai S trong thuat
toan bao mat RSA) canh bdo vé mot su cd

mang tmh gla thuyet vé mdt 13i toan hoc trong

inh dugc sir dung rong réi
2 ';i 6ng thuong mai dién t
o¥: shiéhae hiem... Néu mot to
s - :

chu:c phat hién 1a 101 toan hoc trong mot bo
vi xr 1 duge sirdu g%ng rai, thi phan mém
bdo mét cla may tinh voi bé vi xir 1f nay s& bi
pha huy dé dang... Hang triéu mdy tinh c6 the
bi tin cong ddng loat. :

Khong co gi ngac nhién khi cac cong ti lon trén
thé gidi ngay cing quan tamsﬂﬁeﬁac chimg
minh hinh thirc. Geoges Gonthi ﬁgu{‘.:'l xdy
dung chimg minh hinh thire ¢ h 1 bén
mau dang lam wgc tai Mlcmsﬂﬁ‘ Jolin Harrison,
ngum tao ra phin mém kiém tra-chimg minh
ma t6i sir dung dang lam viéc tai Intel.
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TOAN HOC
va bude di cda ank chang
SAY XIN
nh chang say xin "quic can cu" budc
A di nhu thé nao? Lao dao bude sang
trai, sang phai, budc lui, budc toi,

khéng theo mét quy ludt nao ca. Sau n budc,
dwréi con mét hinh

hoe, cac budc
chin cua anh ta
tao thanh mét

duong gip khue
(zic-zac) gom n
doan A4 A;...4,
Pudng gap khic
nay la mét "hinh
ngau nhién".
Trong trudomg hgp nao cling cé mot dudng tron
tdm O, ban kinh » nho nhat chira hét toan bo cac
diém Ao, A1, Az, A3, .oy An

Nim 1990 Pal Révész dat ra bai todn "budc di
ctia anh chang say" nhu sau: "Gia sit ¢é rdt
nhiéu anh chang say, méi ngwoi doe ldp nhau
tién hénh n budc di, tao ra nhieu dwcng gdp
khiic khac nhau, do do co nhiéu dwong tron tdm
O bdn kinh r khic nhau chita cdc dwomg gdp
khiie d6. Hay tinh gid tri trung binh cua bdn
kinh r lém nhdt cia cdc dweng tron dé. Noi

- RS W G M N OO TEE M M E T e W e e e e mes

5. QED Manifesto

QED Manifesto khing dinh rang tat ca cdc bai
todn quan trgng nén duge chuyén tir gidy sang
may tinh. Pé dam bao tinh nguyén ven cua tap
hop toan hoc nay, tit ca céc chirng minh phai
duge lru trit nhu 14 cac chirng minh hinh thiec.
Pay la mot du an tham vong va doi hai sy hop
tac clia cac nha toan hoc, cdc nha logic hoc, va
cic nha khoa hoc may tinh trén toan thé gidi.

Dy an QED thuc hién cho todn hoc nhiing
gi ma du 4n Flyspeck thuc hién cho ching
minh cua gia thuyét Kepler. Dy an Flyspeck

cdeh khde gid i r lom nhat cd xu hwong tdp
trung vao gid tvi ndao vai méi gid tri ctia n cho
friccc?”.

Amir Dembo & Dai hoc Stanford va Youal
Peres & Dai hoc Berkeley dé dua ra cdu tra 1ot
Gid tri trung binh cua r vao khoang can bdc bon
ciia n, hic la i (m). Vi du néu n = 16 thi gia

trj trung binh cia r la 6= 2(m). Bang céch
nao ho da khing dinh nhu viy? Khéng biét! D6
1a chuyén nghiém tic hay tim phao? Tiy ban!
Chi biét ré‘mg cong thirc nay dugc dang & to bao
uy tin vao bac nhit cua cac hoat déng khoa hoc
ctia nude Phap 1a La Recherche sb 386, thang 5
ndm 2005. Xin ghi lai dang 100% dé ban doc
suy xét.
PHAN THANH QUANG
(TP. H6 Chi Minh) suu tdm

dai dién cho mot phin nho cia du 4n tng
thé QED.

6. Két lujn

T6i mong muén té chirc mot nhém chimg minh
dinh Ii hinh thie & Viét Nam, hoan thanh du an
Flyspeck va dé tién téi du 2 an tong thé QED. Téi
mong mudn tao 1ap mét méi lien két lau dai véi
cong dong toan hoe Viét Nam. Toi xin mai cac
sinh vién va cic nha nghién ciru tham gia vao
du an nay.

Ngudi dich:
VUONG MINH THAO (Vién Todn hoe)

TOAN HOC
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SUDUNG... (Tiép trang 13)
a+] i} i

T I
Ji= [ fO)dx= [f0de+ [f)de+ [ fx)dr.
[ ﬂ '||"

a
a+T

Doi bién x = ¢ + T ddi vai tich phan [ f(x)dx
;

dugeJ, =J5. Chona= - g ta duge J, = Js.

In
Thidu 8. Tinh Iy= jln{sinx+\#l+sin2x)dx.
1]

(Olympic SV Toan quéc, 2007)
Lo gidi. Nhan xét ring f(x)=In(sinx++/1+sin? x)
|4 ham lién tuc, tudn hoan véi chu ki T = 2x.

Nho KQ 6 ta duge Iy= [ f(x) dx.
Mat khac ham f{x) & day la ham s6 lé, do d6 sur
dung KQ 2 taduge f3=0. 0

2008n
Thidy 9. Tinh Iy= | sin®xdx.
0

Loi gidi. Ham s6 flx) = sin?7 x 13 ham tudn
hoan voi chu ki T=2n va

2n 4
= fsin"—“”"xdx+ Isinm’xdx+...

[ In
2008w

+ J 5in2%7 x dx,
2006%
Str dung nhicu lan KQ 6 ta thiy cac s6 hang cua
tong nay bang nhau, do do

in Tt
1,=1004 jsinlﬂmxdr:lom [sin27x dx .
[i] -n

Do f{x) = sin2 x 13 ham s6 l& nén 1o =0. O

Cudi cing mdi ban doc sir dung cac KQ trén dé
tich cac tich phan sau day.

L9
) . 3
xt+sinx s X+COSX
l[!-:_[,—dx;!r”: ! o dx;
R » 4—sin° x
3
!

: I x2008 4 5in® x+cos® x
1|:=I“_"_'““ ; 3= j““"‘“—“‘—
52007 +1 ¢ 6~ +1

i
i n
4 A5 oo
xsinx
flu= jlﬂgzoﬁs[]+taﬂl)¢f: fis = _{—2
3 P i

TOAN HOC
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XAC SUAT... (Tiép trang 15)

Thanh thir lgi nhuan trung binh la ki vong E(X).
Nhu vay, vé trung binh nhd dau w16, lai
hay hoa tuy theo E(x) am, duong hay bang 0.
Theo cong thite tinh ki vong ta cd
E(X) =(M—a) P(4) + (m — a)P(B)

= MP(A) + mP(B) - a.
i) Néup=0,5: Tir (2a) va (2b) ta cé

Ma—-m)+m(M —a)—a(M -m) _
M—m

0.

EX) =

Diéu niy c6 nghia 1a: Néu su lén va xudng gid
ctia c6 phiéu c6 xdc sudt nhu nhay thi vé trung
binh nha ddu tw sé "hoa" véi bar ké' gid tri ndo
cua M va m .

i) Néu p=0,5: Tir (3a) va (3b)tacod
\ﬂd m a
[EJ (a—m){g) I:M—a){E] (M-m)
E() = £ R 0
Wkl
r \p

Nha ddu tr ludn ludn muén 81 da hod loi
nhudn. Thanh thir mot bai toan méi dat ra la:

I Bai toin 5. Gid su tai thoi diém cd phiéu cé
gid la a, xdc sudt dé c6 phiéu tang I don vi la
p da biét. Hoi nha ddu tw phdi xdc dinh gid
trdn M va gié san m la bao nhiéu dé:

a) Vé trung binh nha ddu i 5€ cé lai?

b) Vé trung binhk nha dau w dar loi nhudn
lon nhdt, néi edeh khde chién luge ding 161 uu
cua nha ddu twla gi?

Bai todn nay xin nhudng cho cic ban gidi quyét

https://tieulun.hopto.org
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[a—

Khdi nghia Hai Ba Trung chéng nha
Doéng Han.

2. Nghia quan Ly Bi (Ly Bon) ddnh dudi
nha Luong, gianh doc lip, Ly Bi xung
la Ly Nam DE&, dat tén nudc la Van
Xudn.

3. Tran Bach Dang: Trin Hung Dao cam
- " P quén ddnh thing giac Nguyén Mong.
#
‘M-hﬁng ddu Son nam ('y 4. Thanh lap Mat tran Déan chu Pong
TRONG LICH S[ Y Duong ddu tranh chéng Phap doi tu do,

’ - . dén chu.
DAU TRANH GIU NUOC 5. cuien théng quan Phép tai La Nga v

Chiing ta d& buéc sang nim 2008 va sip  Bnalo.

dén Xudn Mdu Ty, hdy nhé lai mot vai sy 6. Thanh Lap Mat trin Dén toc giai phdng
kién ndi bat trong lich st dung nudc va giit mién Nam Viét Nam chéng My - Nguy.
nudc Viét Nam vao nhitng nam Ty. B@n
cho biét mbi sy kién sau diy xay ra vao
nam duong lich nao va nam am lich nao?

Gidi dap 6 chir: NGRY NNA GIRG ME@ A

(Dé ddang tréen THTT so0 365 thang 11.2007)

7. Tran ddnh thing mdy bay B32 cha My &
mién Bac Viét Nam.

T

LIE|Q|U|Y|[P|O|NL1L|7[2]6]|—|1]|7]|8]|4
H T 1 = T
|C{H|U|V[A|N[AINJL|2]|9|2]|—[1]3]|7f®
i T e : A -
IN|G|U|Y|EIN|B|I|NIH|K/H|I|E|MJ1|{4]|9|1{—|1]|5]|8]5
.ﬁ-—nﬂ--i”j'.\' N|T.|H 1!{} I1|E M _H_?_g_n 5| —Fkl 7|4 351
IN|G|U|Y|EIN/D|TN/H|C[H|TI|E[UJ1[{8|2]2 1 8(8(8
Inlclulv B T [ . " : '
!l_‘ar.u_.__\ll,\i [HILIEIPJ1]7]2 1_§ j! 8104
Ipluja|N|B|U|Y|C|H|O]1|7]|8]2 i" 410
INH|U{B[Als|{1f1]|7]8]8]|—]1]8]6]7

Hoan nghénh nhiéu ban da tham gia CLB ki nay va déu cho ddp dn ding. Cic ban sau
day da dwa thém nhiéu thong tin vé nhiing nha gido ndi trén, riéng ban Vit Minh Thding
dat ki luc (15 trang in), duoc nhan tang phim:

1. Vi Minh Thdng, 10T1, khéi THPT chuyén, DHSP Ha Noi

. Nguyén Tudn Duy, 11A10, THPT chuyén Vinh Phic

Nguyén Quang Huy, 10A1, khoi THPT chuyén DH Vinh, Nghé An
Tran Thé Diing, 12/1, THPT Nghén, Can Lac, Ha Tinh

Chu Huwong Giang, 8A, THCS Han Thuyén, Luong Tai, Bac Ninh.

-J

h b b

VAN KHANH
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- 2 2 XUAT BAN TU 1964
7@# ché 7'9/4 % q{ag ua mq 725 Téa soan : 1878, nlg%igf: ﬂflggl%:
Mﬁﬂ%@w Gﬁtf @0«#& Magag,me BT - Fax Phit hanh, Tri su: SALSINETE, A B121008

Email: tapchitoanhoc_tuoitre@yahoo.com.vn

BAN €O VAN KHOA HOC CHIU TRACH NHIEM XUAT BAN
(iS. TSKH. NGUYBN CANH TOAN | Sl ‘;5?*3}"]9“’3” o e
GS. TSKH. TRAN VAN NHUNG B
TS. NGUYEN VAN VONG ; BTy
: : Phé Tong Giam doc kiém
G‘C’ DOAI:I ?UYNH Téng bign tap NXB Giao duc
PGS. TS. TRAN VAN HAOQ NGUYEN QUY THAO

HOI PONG BIEN TAP
Téng bién tap : PGS. TS. PHAN DOAN THOA! Phé Téng bién tap : TS. PHAM TH| BACH NGOC

TS. TRAN DINH CHAU, ThS. MGUYE\T ANH DUNG, T8 TRAN NAM DUNG, TS. NGUYEN MINH DUiC,
TS. NGUYEN MINH HA, TS. \IGUYE\I VIET HAI, PGS. TS. LE QUOC HAN, ThS. PHAM VAN HUNG,
PGS. TS. VU THANH KHIET, GS. TSKH. NGUYEN VAN MAU, Ong NGUYEN KHA(‘ MINH,
TS. TRAN HUU NAM, PGS. TS. NGUYEN DANG PHAT, TS. TA DUY PHUONG, ThS. NGUYEN THE THACH,
PGS. TSKH. DANG HUNG THANG, ThS. VU KIM THUY, PGS. TS. VU DUONG THUY,
GS. TSKH. NGO VIET TRUNG, ThS. HO QUANG VINH.

TRONG SO NAY

Danh cho Trung hoc Co s& — For Lower @ Dién dan day hoc todn — Math Teaching

Secondary Schools Forum

Ngé Pize Minh — Nét dep ctia dinh 1i 4 diém. Trinh Tudn — Su dung mét s6 két qua
"dep" dé tinh tich phan.

@ T Kho tang Todan hoc — From Math : o
Treasure @ Toan hoc & doi song — Math and Life

Pédng Hing Thang - Xac sufdt véi thi

Nguyén Pdng Phédt — Bai toan vé diém A i
trudng chimg khoan. (Tiép theo ki trudc)

Fermat va ting dung chiing minh nguyén
- o - = o x )
li thé ning cue tiéu. (Tiép theo ki trudc) Pé ra ki nav — Problems in This Issue

9 Dé thi vao 16p 10 trudng Phé théng Ning T1/367, ..., T12/367, L1/367, L2/367.

kkhidu Dai hoe Quéc gia Tp. Hé Chi Minh, Giai bai ki trudc — Selutions to Previous

ndm hoe 2007 - 2008, Problems
Sen s e Giai cac bal cta 6 363.
Loi giai dé€ thi vao ldp 10 chuyén
toan trudng Pai hoec Khoa hoc Hué, niam Ban ¢6 biét? — Do you know?
hoe 2007-2008. Thomas C. Hales — Nhiing bong tuyét va
o e phép chiing minh.
Chuan bi thi vao dai hoc — University

Entrance Preparation Phan Thanh Quang — Toan hoe va bude
Lé Quéc Hdn - Su phén loai tit dién va di cua anh chang say xin.
fing dung. € Cau lac bo — Math Ctub

Bién tdp - HO QUANG VINH.  MT thugt : MINHTHO. Tri si, Ché'bdn VU ANH THU , NGUYEN THI OANH.
Dai dién phia Nam : TRAN CHI HIEU, 283 Thich Quéng Piic, Thix Dau Mét, Binh Duong. Tel : 0650.852320
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TRUONG THPT MI HAO, HUNG YEN
47 nam xay dung va truong thanh

Céc thay cé gido 6 Todn cia Nha frudng

Ban Yén Nhéan, huyén MT Hao, tinh Hung

Yén. Truong duoc thanh lap o nam 1961, la
ngdi truang cé bé day truyén théng, nhigu ném lién
dat danh hiéu truang Tién tién Xuét séc coa finh.
Trdi qua 47 ném xdy dyng va trudng thanh, truong
luén dat duoc nhiing thanh tich déng tu hao. Nhiéu
gido vién doat gidi cao trong cdc ki thi chon gido
vién day gidi cdp tinh. Nhigu ndm truéng ¢é hoc
sinh doat gidi frong cac ki thi chon hoc sinh gioi
quéc gia, dac biétla cacmén Todn, Hod, Sinh.v.v.
Nhiéu hoc sinh dogt gidi trong céc ki thi chon hoc
sinh gidi cdp tinh. 58 hoc sinh d6 véo céc trudng
Dai hoc, Cao dang hang ném ngay cdang ting,
trong dé c6 nhing hoc sinh dé Tho khoa, ¢ hoc
sinh dat digm tuygt d&i 30/30. Nam 2007 diém
binh quén ba mén thi Dai hoc la 15,22, dimg tha 2
frong tinh Hung Yén, ding thi 130 toan quéc.

T rudng THPT MT Héo nam trén dia ban thi tréin

Chi bé Dang nhé truéng t ném 1997 dén nay
lién tyc dat danh higu Chi bé trong sach viing manh
cé thanh tich tigu bigu duoc t&ing Gidy khen va Co
coa Ddng bé huyén M Héo.

Céng dodn nhé trueng nhiéu
nam lién duge céng nhén la
Céng dodn viing manh xudt sdc
cla tinh. Tap thé céng doan nha
truong duoc Céng doan nganh
Gido duc - Bd Gido duc va Dao
tao tang Béng khen.

Hoat déng doan thanh nién
cda truong sdi ndi, réng khép,
thiétthuc, bé ich va cé nhiéu séng
tao. Phong trdo  v&n nghé, thé
thao phat trién, cé doan vién
doat Huy chuong Bac trong héi
thi "Giai digu tuéi héng" do B&
Gido duc va Pao tao 18 chie ndm
2007 . Doan trudng vinh du duoc
tang C& 5 ném xuét séc lign tuc,
duoc téng Béng khen cia Trung
vong BPoan, guqc tang Bang
céng nhén don vi ddn déu khéi
THPT clia Toan quéc.

Tép thé can bé gido vién, hoc sinh nha trudng
dd, dang va s& c8 gang phdt huy nhing truyén
théng t&t dep clia trudng va thuc hién 8t cude véin
déng "hai khéng" véi bén néi dung do B& Gido duc
va Dao tao phat déng.

LE XY RIEm
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SACH DANG PHAT HANH

-----------------------------
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© By WW‘”’?W 4 % CACBAITHI OLYMPIC TOAN
Tm Hdc VA TUOI TRE THPT VIET NAM (1990-2006)

Sach gom cgc dé thi v huéng dan gidi
OUYEN 1 300 trang, kho 19x26,5¢m. cic bai todn thi chon hoc sinh gidi Todn
(tsiban)  Gia ban ?é: 34.000 dong. Qudc gio THPT (Bang A vd bang B) t
" 1990 dén 2006. Sach cing dang cdc dé
QUYEN 2 252 trang, khd 19x26,5cm. thi chon @i tuyén Todn Qudc gio Viét
(téi ban) Gid ban 1é: 30.000 dong. Nom du thi Olympic Toan Quoc 1 i
1990 dén 2006. Tromg sach con gidi
- P A A& thiéu danh sach va thanh tich cvo dodn
AN SAUDINH LI PTOLEME Viét Nom dy thi Olympic Toén Quéc té

ti lan ddv dy thi (ndm 1974) dén nay.

-
L]

e L L L L L

-
R ———————— e e e L L L

(tai ban) 164 trun?, khd 17 x24cm.

Gid ban lé: 21.500 dong.  § Sach ddy 284 trang, khd 17x24cm.
N, /1 Gid ban lé: 39.500d0ng. i
PONG Tat ca 12 so tap chi cua nam 2007 dugc dong thanh mot tap ngoai co bia

TAP ciing. Day la cach dé huu giir tap chi tot nhat, co he thong va tien tra cuu doi
'|'|.i'|'|' vai cac thu vién, cac thay co gido va cac ban yén Toan. Do so lugng co han,
nam ban can dang ki ngay vai Toa soan néu muon co cuon sach nay.
2007 Gia ban lé : 75.000 dong.

.................................. SJCHSJP PHAT HANH oo

Guei chon theo chuyén && TOAN HOC VA TUOI TRE QUYEN 3

(Mai)

Séich chon loc cac bai viét va dé todn da dang irén tap chi THTT gom ba chuong:
Chieong I: Khai thac cac bai toan THCS, gioi thicéu cac phuong phap
gidi toan cuc tri dai s6 va néu ra nhung sai lém té nhi, cach ren luyén tu duy
qua giaitean hinh hoc phang.

Chuong II: Nhin bai toan to nhiéu huéng, néu cac y kién frao déi vé
vén dé nghiém béi, nghiém kep cba phuong trinh, maoi lién hé giva duong
thang va ba duéng cénic, mé réng bai toan con bugm va mg rong mot s6
tinh chat hinh phang sang hinh khéng gian.

Chucong [11: Gigithieu 100 dé toan hay cung vdi [gi giai duoc tuyén chon
tis cac dé toan da dang trén THTT cacnam 1996, 1997,

Sach day 252 frang, khé 19x26,5cm. Gia ban lé: 34.000 déng.

Cac don vi mua nhiéu xin gui phieu datmua sach (co kitén dong dau) ve toa soan theo dia chi:
TAP CHi TOAN HOC VA TUOI TRE, 187B GIANG VO, HA NOI

Mua tir 10 quyén trd len duoc trir phi phat hanh. Dé biét thong tin chi tiét xin lien he:
PT/FAX: 04.5144272-04.5121606; Email: tapchitoanhoc_tuoitre@yahoo.com.vn
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