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TRUNG HOC CO SO

iai mat so phuwony trinh vo &
cO dang dac biét

NGUYEN PHUOC

(GV THCS Lé Héng Phong.
Thia Thién - Hué)

'-n ------------------------------

,’ Trong cde ki thi hoc sinh gioi cdp THCS"
i hode tuyén sinh vao cdc truong THPT ta
V thuemg edp cdc dang phirong trinh vé ti. :
\ Ngoai mét 56 cdch giai da dwgc trinh bay

i 0 sdch gido khoa, chiing t6i xin dugc tdp ,
\ hop cdch giai mét s6 phweong trinh vo i ¢6 |
\ dang ddc biét dé gidi thi¢u ciing ban doc. |

* #

M I

1. Phwong trinh dang
@.P(x)+B.0(x)+7P(x).0(x)=0 (afy 20)
a) Cach gidgi

* Néu P(x) = 0 thi O(x) = 0. Dan dén giai h¢

{P(_x )=0
Q(x)=0.
* Trudmg hop P(x);t{] ta chia hai vé cua PT

), et _

cho P(x) dlmrca+ﬁ PCY) +7. POy

9(x)

-2
S +yt+a=0. Tir d6 tim ¢, rdi tim x.

bPat (= (¢t = 0). Phuong trinh tré thanh

b) Thi du 1. Giai phirong trinh

2(x? —3x+2)=3x" +8 5}

Bién déi PT (1) vé dang
2(x? - 2x+4)-2(x+2)=3,(x+2)(x ~2x+4) .

Lai giai.

Pidu kién: x2-2 (vi x2—2x+4=(x—1)"+3>0),

Do x = -2 khdng phai la nghiém cia PT (1)
nén chia hai vé cho x + 2 ta duogc
2(x?-2x+4 e
( ) sl
x+2 x+2

i
bat 1=, ff—ﬂ (t=0)tacod
x+2

22 -3t-2=0=t=

—% (loai) hodc ¢ = 2.

f i
V&it = 2 thi x—gc-fi=2 = xl-6x-4=0
x+2

ox= 3+413 hodc x = S—Jﬁ (thoa man).
Vay tap nghiém cva PT (1) 1a {3++/13}. O
2. Phwong trinh dang

a(P(x)+Q(x)+ B(\P(x) £ 0(x))

+2a. P(x).0(x)+y=0 (a* + 5> #0)

P(x) %/ O(x) thi

12 =P(x)+Q(x)x 2./ P(x).0(x) .
Phuong trinh trén tré thanh at? + Bt +»=0.

a) Cach giai. Dit (=

Do a va S khéng déng thoi bing 0 nén
at®+ ft+y=0tr¢ thanh phuong trinh béac
nhr‘n hode béc hai ciia 1. Gidi PT tim ¢ rdi thay

b} Thi du 2. Giai phwong trinh
V2x13 4441 =3x+ 222 +5x+3-16  (2)
Loi giai.Bién d6i PT (2) vé dang
2340+ =2x+3+x+1+2\‘m -20.
Dit t=y2x+3+yx+1 (¢20) thi
2=3x+4+22x+3Jx+1.
Din dénr’ -t -20=0< t=—4 (loai) hodic r= 5.

Thay ¢ =5 vao r=+2x+3++/x+1 ta dugc

\o 340 (& 2"_‘||:. 1
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|
J2x+34+/x+1=35 «:::-I sl
|22x+34/x+1=21-3x
J_]SIST
f l -c:

e |P:'fﬂ«ms:s
X S
Lx=73-/4755

< x=T73-44733.

Viy phuong trinh (2) ¢6 nghigm duy nhat

J4755.0

3. Phuong trinh dang

x=73-

ax?+bx+c=y pxt+qx+r trong do E=E
P 1
e
a) Cich gidi. Dat 1= px~ +gx+r (t=0).

Phuong trinh trén tro thanh er? + ft+y=0. Tir
do tim ¢, roi tim x.

b) Thi du 3. Giai phuong trinh

4x2 +10x+9=512x7 +5x+3 ()

Lai giai. Dat 1=~ " v2+5x+3 (r = 0) thi

2=2x2+5x+3 22 +3=4x1+10x+9.
PT(3) trd thanh 212 -5t+3=0 <> (=1 hoac =
o Véit=1thi V232 +5x+3 =1

a2 +5x+2=0<x=-2hodcx= -

2 thi V2x 1543 =

—Si\lrf_é

b |

| —

e Vait=

b | e

o8 +20+3=0x=

Vay tap nghiém cta PT (3) 1a
4'_,? —Si\FFl—q\

L.
2 4 )
4, Phuwong trink dang ﬁ(x)Jra iJF{x}sb

a) Cach giai. Nhén hai vé cua phuong trinh véi
bidu thirc lién hop F(x)+aTy/F(x) khac 0.

TOAN Hﬁ?’
9 55360 (6-2007) ¥ CTugitre

Luc do ta co hé phuong trinh
JF(x)+a+JF(x)=b

JF@+a®JF(x) :%.

Giai hé trén ta tim dugc x.

b) Thi du 4. Giai phuong trinh
Jax2 +5x+1+4/4x2 +5x+7=3 (4)

; 5Y’
Loi giai. Ta co 4x?+5x+7=| 2x+~--] +—=0
LT
va&i moi x;
a3

4x2+5x+1:(2x+%\l .

-—20 < 2x+i|21
K J 16 4‘ 4

I ;
Sxz - hodc x < -1.

e 1 o
piéu kién: x 2 = hodcx < -1.

Nhiin hai vé& voiJax2 £5x+7 —J4x* +5x+1 ( 0)
PT (4) tré thanh

f, T f = o
Jax2 +5x+7 —4x? +5x+1=2 (5)

Cong theo ve cua (4) va (5) va bién doi dan
dén 16x2+20x+3=0 < x = ~10+2413 hoéc
x¥= —10-2+/13 (thoa man DK).

Vay tap nghiém cia PT (4) 1a {~10£2413}.0

Phuong trinh v ti rdt phong phl’l va da dang,
vi vay doi hoi hoc sinh phal hét sire than trong
khi trinh bay loi giai. RAt mong cac ban ba
sung thém dé lam phong phi cach giai phuong
trinh vo ti c6 dang dac biét. Moi cdc ban tham
gia giai cac phuong trinh sau:

) Jxlrx?+1=x2-3x+1;
2) Jax+3 +V2x+1=6x+/8x +10x+3-16;

3) 18x2-18x+5=3Y9x2-9x+2 ;
4) \fl3\'1+5r+1—\j3\'3+51—7—2'

5) f3x+8+6+3x-1 + Ix+8- 6\};).’ 1~1\—rril
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Loi giai dé thi tuyén sinh vao Iop 10
THPT CHUYEN LUONG THE VINH, DONG NAI

NAM HOC 2006-2007
(Pé thi dang trén THTT 56 358, thang 4 nam 2007)

Bai 1. 1) Xét hai trudng hop
Néx-9z0=x= %

PT da cho cd dang 11x* - 2x— 12 =0.

1+ \.'IIT3_§

PT nay co6 nghiém x = .

(thoa man x = %).

9
Wexr-9<0=x< §

PT di chocé dang 11x° — 34x+ 24 =0,

PT nay c6 nghiém x = ]l_‘ir (thoa man x < %}.

Vay PT da cho ¢é hai nghiém

1+4133 12
¢

vax = —
11

2)PDK xy#0va (x + 2)(y + 2) 2 0. Hé da cho
tuong duong véi

5y+2

[x—vy=2 =2xy+4x xX= :

eyt T
FTITRETRTR 1oy 422y+12=0

Heé da cho c6 hai nghiém (x; y) la

Bai 2. 1) Nhan xét ring (d) di qua hai diém
(0 ; —4) vd C(4 ; 0); (d,) di qua hai diém
A(=2 ; 0) va (0; -1); (d,) di qua hai diém
(O:2yvaB(1;0) (h.l).

Nhan thdy (d), (d)), (d,) déng quy tai [(2 ; =2).
Goi D 1a hinh chigu vuéng gdéc cua [ 1én

truc Ox. Khi dé ¥
ID =2, AC = 6, \
BC = 3.

Diing dinh li

Pythagore, 3
tinh duge

Al= 245,

BI =5,

Tir do

Al_,_#4c

B BC

suy ra C thudc

phin gidc ngoai cua géc AIB.

Hinh 1

NTacdwr +v+FP=u+v+1
<:>{Hl—u}+(l'3—1'}+{Fl—)‘):ﬂ (1
Nhan thay

E:‘E—H=£{(2H—I): ~1})=z0,vdimoiue Z
(MiQu-1Y-120<2u-12>1 hodc 2u - |

< -1 uz=1hoicu<0).

Tuong tu v} —v20:£-1>0 Doddco 8 bo
(w;v:;0théamian (D AW:;0;0,(0;0; 1),
L AEESR e ) P A O (e R o B T e 0 B
SR B e R 3 e e

Bai 3. 1) (h. 2) Tam gidc
AQOM cén tai ( nén

PAQ = AMQ . Tuong ty
PNM =PMN va

ONM =QMN . Tit dé
PAQ +PNQ

— AMO+ PNM+ONM
AMQ + PMN + OMN
180" (dpem).

I

Hinh 2

TOAN HOC

" CTudilré 56 360 (6-2007) 3
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2) Xét hai kha nang sau.

i) NO /! AP hay N la trung diém cua BC. Lic
dé6 MB = MC = (AB — AM)* = MC? (v6i 0 <

. S 2
AM < AB) & AM = ABqu-C‘ (véi 0 < AM <

Fa

AB). Khi d6 0 < AM < AB <> AC < AB.

Vay trong kha nang nay diéu kién cin tim cia
tam gidc ABC vuong tai A la AC < AB.

iy AQ//PN. Lic nay AP =
APNQ noi tiép), suy ra 2(AM +MP)

NQ (do ur gidc
=2NQ

— (AB + AM)? = MC? (v61 0 < AM < AB)
AC2 _ AR?
o AM = e (véi 0 < AM < AB).
2ARB

Khi dé 0 < AM < AB & AB < AC < \/3.AB.
Két ludn: Diéu kién cédn tim la AC < AB hoéc
AR AT # AR,

Bai 4. Goi / la giao diém cla AC va BD.
Trong tam JAD ¢6 AD < IA + ID. Tuong tu BC
< [B + IC. Tit d6 AD + BC < AC + BD (2).
Theo gia thiét AC + AD < BC + BD 3

Cong (2), (3) theo v&, ta thu duge AD < BD.

LUONG QUANG DUONG

(S¢ GD-PT Péng Nai)
suu tam va gidi thigu

PHEP CHUNG MI
(Tiép trang 7}

Theo dinh li sin ta c6
sinH, Sll[th
sink, sinfl> sinG,

sink

_ sinky sin@, sinf, sin$ sinG; sinN
sinP, sinkK, sinR sinf- sinM; sinG,
i R=5: 0 =M,: R=N;)
DP DK FR FH BM BG _

" DK DQ FH FS BG BN

Ap dung dinh 1i Céva dang sin cho tam giic
KHG, ta cé AD, CF, EB dong quy. Dinh li da
duge chiing minh.

o’ fatral g,
4 53360 (6-2007) °
J FAV. VIS

-

DE THI VAO LOP 10
TRUGNG THPT CHUYEN HA Tl

NAM HOC -2007

-E'&'I:':

2006

(Theoi gian lam bai : 150 phit )
Céu 1, (2 diém)
Giai cée phuong trinh sau:

1
2-x?

a) 4x° + =2.

.]..+?;3)_-+i; b) —+
X X x
Cau 2. (1 diém)

Cho fix) = x’ + ax + b — 1. Gia sir phuong
trinh f{x) = -2 ¢6 hai nghi¢m nguyén duong,

Chimg minh rang P = —{ 2(M+/2(-D) la

hop sb.

Céu 3. (2 diém)

Tim s nguyén t p sao cho Lk 4—L vai
p a b’

a, b 1a cac so nguyén duong.

Céu 4. (3 diém)

Cho tir gidc ABCD ndi tiép duong tron tam O
¢6 dudmg kinh 4B = 2R. Goi E, F theo thir ty
la hinh chiéu vuéng goc cua 4, B trén dudng
thang CD. Tia AD cét tia BC tai . Biét rang

AE+BF=R+3.

a) Tinh sé do goc AIB.

b) Trén cung nhdo CD lay diém K. Gm giao
didm cua KA, KB véi CD lan lugt 1a M, N.

Tim gia tri 1011 nhit cua MN khi K d1 dong
trén cung nho CD.

Ciu 5. (2 diém)

Cho ba s6 dlmfngx y,zthoAminx +y+:z<1.
Tim gia tri nho nhat cla biéu thire

A=2(x+_v+z)+3{l+l+l].
X 3z

HOANG NGOQC CANH
(GV THPT chuyén Ha Tinh)
suu tdm va gidi thiéu,

https://tieulun.hopto.org
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\ Chuan bj
I :1 vﬂe

Ciu I. 1) Ban doc tu giai.

x2 —4x+10m-7
(x=2)2
Ham s c¢6 cuc dai (CP), cuc tidu (CT) khi

PT 3" = 0 co hai nghi¢m phan biét. Khi do m«c%

2} Taco y'=

Gia str ham s6 c6 diém CD (xi; y1) va CT (x; a).

Tacd xytx;=4; xix2=10m-7;

M=2x-2m—-3; y2=2x2-2m-3.

Hai diém CD, CT niam vé hai phia cia dudng

thang x +y — 7 = 0 khi va chi khi
n+x-T)(y2+x-7)<0

< 9xx5 =3(2m+3)x; +x2)+(2m+3)? <0

—41-3+/229 -41+3+/229
7 <m< ;

Ddp s6:
= 4

Ciu IL
. T T
1) sm3x—c053x=c032x.tan(x+z].tan[x——l

4
bK: cos(x+£] =0, cns[x—Ejiﬂ.
4 4

+ T Lo
Tacd tan| x+— |tan| x——
[ 4) [ 4)
i T
:—cut[x ——],tan(x— —)z—l )
4 4

PT tr& thanh sin® x—cos? x=—cos2x, dan dén
(sinx—cosx)(1-sinx)(1-cosx)=0.

Ddp s4: x = %+2.’m . x = 2kn (ke Z).

D6 mai ndi dung cho chuyén muc
CHUAN B THI YAO DAI HOC

Thi vao Pai hoe va Cao ddng la nguyén vong cua
dong ddo cde ban hoc sinh. Chiing toi ludn chi y dé
dic gia sw dung mdt cdch ot nhat chuyén muc nay.
Tir thang 7.2007 tie la 36 361 ching 16§ s€ cho ddng
cde chuyén dé dn tap theo cdc chu diém. Theo dai déu
dan cde ban 5€ ¢d duge bé tai lidu e’uyen thi day du
cde kién thire, dang loai bai tdp véi cdac phuong phap
giai. Chuyén muc ciing mong nhdn duge nhiéun bai
viél cua cde .‘hay gwo cde cdng tdc vién theo huéng
nay. Nhdn dday r:lmg xin Ihtjng bdo tiéu muc Dé tw
luyén khép Iai tie 56 THTT nay.

THTT

¥-2x2+2x+1=2y (1)
2) Tacé hé
¥-2p2+2y+1=2x (2)
Xét ham sé fir) =1 =26 42t +1 ¢6
fU=32-4t+2 >0, V¢.
nén ham sé f(7) lun ddng bién
Néu x>y thi 2y=f{x)>f(¥)=2x=>y>x vd li.
Tuong tyr, khong thé cé x <y. Viy x = y.
Thay vao (1) ta cd
B-2x241=0 & (x=-D(x2-x-1=0.

1£+5

2
Véy hé PT c¢6 ba nghiém (x; y) la

4: ) [1+I 1+I],(1—J§_1*J§}r

Timdugex=1,x=

2 - S|

Caulll. 1) C6 digg=(1;1;-1).
x= 1+t

PT duong thing 4B la < y=—Il+¢ teR
z= 2—t

Giao diém ciia dudng thing 4B va mit phing

(Pyla M(0;-2;3).

d ﬁd=[ﬁp, aAB] nén i:c"dz (2 el I)

PT duomg thing (d) la ; y? z} 2

2)Co ﬁAﬁ(r:[ﬁP.ﬁAB] nén rigpc =(2;-1;1).

PT mat phang (4BC) ¢6 dang 2x—y+z-5=0.

https://tieulun.hopto.org
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PT mit phang trung truc cta 4B la
x+y—z-1=0.
Toa d6 cta diém C (x ;¥ :z) 1a nghi¢m cia hé
x-2y-4z+8=0
2x=y+z-5 =0
x+y—z-1 =0.

Giai hé tim dugec C (21 ;2).

5 .
Dat x-l=—=sint, te L —} Khi do
V3 22
I=— Icos rdt ———: I(1+0032r}.dr
3 5 V3%
3 %
o Nele elatedd
I= |-—-r+--r31|'|2£J ‘—— o
W3 3 k3 2
2 '?
2) Taco .\'1*—.\:}’-‘1-_],#2:( —5] >0,
L 2 4
Néu x?—xy+y2=0 thix=0;y = 0. Thoa min.
e 2 4 xy—2y2
Vai x?—xy+y?>0. Dat a:i‘l—.
: R —ap
Neuy=0thia=1.
t? 2
Voiy =0, dat x = 1y, ta dugc a——-+—w—
—ty+1

T dd (a-Dt* —(a+t+a+2=0.

Véi a#l ¢é A=-3a?-2a+9. Ta thiy

2T . a:.r3+xy—2_v1 {—I+2\E
sl i e B

Vi x2=xy+y2 >0 nén

Az0e

—(]+2J_]x__ ‘:T‘-i-l._]« 2y?
5(_]+2\ﬁ}ﬂ_

s L ;2
Theo gia thiét 0<* 22" <1,

Nén —1-24/7<x? +xy-232 <-142:7 .

Céu Va,
Cé Id=(—x:3-

1) Tam Ie(d)nén J(x ; x - 1).
x), IB=(4—x;6-7x)

6 58 360 (6-2007) &Crumme

IALIB = lf,&'.?ié=0:>x:%;x:2..

Ta dugc hai nghiém:
IC 5 B3 21 {C4;; 08 DU, =3}
2) S6 tao thanh ¢é 5 vi tri. Xét hai trudng hop
THI. S6 tao thanh c6 chit s6 0.
C6 bdn céch chon vi tri cho chir s5 0. S6 cach
chon hai trong bon vi tri con lai cho hai chir
s6 1 1a C2.86 cach chon hai trong tam chit s6
con lai cho hai vi tri con lai 1a Aj.Theo quy
tic nhan, sé cac sb 1a 4.C3.A}=1344
TH2. 86 tao thanh khéng cé chit 56 0.
Sb cach chon hai trong nim vi tri cho hai chir
s6 1 1a C2.86 cich chon ba trong tdm chir so
khédc 0, 1 cho ba vi tri con lai 1a Aj .Theo quy
tic nhan, sé cac sé la C2.A}=3360.Theo quy
tic cong, sb cac sb phai tim la

1344 + 3360 = 4704,

Cau Vb.
1) Pat logs(3++/3°+1)=log; (3" +1)=¢
e 3+20=50 (3)
a duoc == Jdl=n!

T 3+4/3 1=

ISy
) = =|=1.
Co 3= 3 {S} J{SJ

Vé tréi cia PT 1a ham s6 nghich bién, vé phai
bang 1 nén nghiém ¢ = 1 14 duy nhat.
Vait=1tacoéx=1.

2) Gia sit AB = a, I 1a trung diém AB, trong

1 ; a a3
tam gidc §I4 cd Sf:%cot?, HI= 3 x

viSHEZsz_HIE nén E]'2= 12h*
3eot? &1
2
2 3
V:l_ha \'(5: hﬁ : FU|0<:&<2_T"
; 3 300':2(_1__1 3
Z

NGUYEN ANH DUNG
(Ha Nai)

https://tieulun.hopto.org
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>

T rong bai bio nay, chiing t6i sé dua ra mot
ching minh khdc cho dinh 1i Brianchon,
Tac gia cua phép ching minh nay la Pao Thu
Ha, mot hoc sinh cii cia téi, Huy chuong
Déng IMO lin thit 39. Dé cho thuén tién, ta
chi phadt biéu va ching minh dinh 1i d6i vdi luc
gidc ngoai ti€p mot dudng tron.

Pinh li. Néu luc gidc ABCDEF ngoai tiép mot
diuong tron thi AD, CF, EB dong quy.

Chitng minh

Goi M, N, P,
0, R, § tuong
uing la tiép
diém clia
duong tron ndi
tiép vdi  cdc
canh AB, BC,
ch,  DE, EF,
FA cha luc

giac. Goi K la
giao diém cua
AD va M(O; K’
la giao diém
cia AD va SP (h. 1). Qua A, dung dudng
thang song song véi DE, cat MO tai L.

Ta ¢6 AML :ideSRQ ~EOM = ALM ,
vi AL//DE.
Tir d6 suy ra, tam gidc AML can vai AM = AL.

Ap dung dinh 1i Thalés, ta c6

AK AL _AM a0
DE Do Do
Tuong LR (2)
DK' DP

PHEP CHUNG MINH KHAC

etia dinth 1 F3rinChON

NGUYEN MINH HA
(GV BHSP Ha Nai)

Tir (1) va (2) v6i chd ¥ rang AM = AS; DQ = DP,

ta co AK =—A-E— Tirdo K = K. Vay AD, MO,
DK DK’

SP dong quy .

Tuong tu, ta cling chiing minh duge CF, PS,
NR dong quy; EB, OM, RN dong quy.

C6 hai trudng hop cdn xem xét.

Truong hop 1. MQ, PS, NR déng quy. Bai lap
luan trén, ta nhan thay ring AD, BE, CF dong
quy tai diém déng quy cia MO, PS, NR.

Truong hop 2. MQ, PS, NR khong dong quy.

Goi K la diém dong quy cta AD, MQ, SP; H 1a
diém déng quy clia CF., PS, NR; G la, diém
dong quy cua EB, M, NR. (h.2).

(Xem tiép trang 4)

TOAN HOC
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&Eng dung 50 phm:
DE GIAI TOAN T0 HOP

TRAN VIET ANH
(Hoc vién Quan i GD)

¢ 1 hiing ta da biét ring s6 phitc ¢6 nhiéu tng
% dung quan trong trong cic linh vuc toin
hoc nhu hinh hoc, dai s6, ... Trong bai viét
nay, ching toi gidi thiéu mot s6 két qua cla
viéc img dung so phiic vé todn t8 hop. Trong

bai viét, ta ki hitu [;j (X va X1 18n lugt 1a

s0 16 hop chip k cla n phdn tir, tong tét ca cdc
phén tir cta tdp hop hitu han X va sd cdc phin
L cha tip hop hitu han X trir nhitng truong hop
khdc duoce chi rd.

1. Kién thitc chuin bi

Ta luon gia thiét p 1a mot s6 nguyén to 1€ trir
nhitng trudng hop dudc chi 3.

e Phuong trinh x” =1 ¢ ding p nghiém phitc

phin biét 12 x; —cos£+tsm£ voi k = 0,

r p
1, ..., p—~1 va phuong trinh x7'+x7 2+, .+x+1=0

cd ding p —1 nghiém phan biét 1a

70y RN s B
Xp=cos—+isin—voi k=1, 2, ..., p-1.
P g

s Goi a la mot nghiém bt ki cia phuong trinh
xPlexr24 4+x+1=0 thi tdp nghiém cia

8 58360(6-2007) * cTiditre

phuong trinh x*7+xP=2 4+ +x+1=0 la {a, &
. ar} va (", a®,..,a ") 1a mét hodn vi
cla (@, o, ..., a?) , trong d6 n 14 s6 nguyén

duong nguyén to cing nhau vdi p.

H
> ayx* va s6 nguyén
k=0

e Cho da thic fix) =

duong m. Ta cé

m=1 n

Tren=% ZaazJ*_Zak Z

j=0 =0 k=0 =0

21 2n
vl 2= cos—+1isin— .
m m

= {m néu k chia hét cho m,

T $on {2 e
= 0 néu k khong chia hét cho m,

suy ra Iéng clia cdc s8 a,, voi k chia hét cho m

ving -3 721,

.i'_,_g

¢ Cho m, k 1a hai s8 nguyén duong véi m > 1,
khi do

g “2%ki  Tm—1 néu k chia hét cho m,
e m =
—1  néu k khéng chia hét che m,

2. Mot so bai toan

Bai 1. Cho p la mét s nguyén té le va so
nguyén diwong n nguyén t6 cung nhau voi p.
Tim s6 cdc bé (x, x,,.., X,-) gom p-1 s6 te
nhién sao cho tong x+2x3+.+(p—1)x,

chia hét cho p, trong dé méi sé x|, x,, ..., X,
déu khong lén hon n—1.

Loi gidi. Xét da thite fix) = x*'+xm 2+ +x+1
va dit F(x) = ffed).. flie-1).

Bing cach trién khai da thitc F(x), ta c6 thé
(u—}pip-1)
2
viét F(x) = Z agx*
k=l
bl (X Xy o X ), WO MOL X6 (L1, ., m—1]

a0 cho X, + 20, + ... + (p— 1) x, = k. Viy s6 céc

, trong d6 a, 1a so cdc

b6 (X, X3, ..., X,)) g6m p — 1 50 tu nhién théa
man diéu kLén bai todn, bing téng cia céic s

https://tieulun.hopto.org



=1 7101

httos:'www. facebook. com/letrunglienmath

https:/sites. google. com/siteletrungldenmath

a, voi k chia hét cho p. Ta biét rang tong cua

&
cac sO a; vai k chia hét cho p bénglif'"(af),

P =0

21 2n
vil = cosS— +isin— .

P P
R e A x;r_1 o . o
Chii y rang fix) = 1 néuxz=1va a¥ =1

e
. h itk —
vaik,j=1,2,....p-1.Dodé f‘(a”)—
ati—|

véi k, j= 1,2, .., p — 1. Nhan cdc dang thic &

trénvaik=1,2,...p

F(a’)=f(a’)f(@*)...f(a'P™D)
(a.l.l; _‘l)(aEHI ___l)"‘(alfp--ﬂnj =] J
(af =1)a* =1)...(aP i -])

— 1, ta duoc

viij=1,2,...p—-L Vi(n,p)=1nén(jp)=
(nj,p)=1vsij=1,2,..,p—1,dodé

(@, a®,..,a'P™) va (a’,a@,.,a" ) la
nhiing hodn vi cta (o, a?,..a?) véij=1, 2,
v p=1. Vay v6i moi j = 1, 2, ..., p-1 thi
F(a/y = 1. Chi ¥ rang P{a“"}—F{I) - prl |t
d6 sé cic b6 (x), X3, ..., x,-y) gom p-1l su tu
nhién thoa maén diéu kién bai toin, bing
nPl+ p—1 "

p

Bai 2. Che ba s6 nguyén duong m, n, p trong
dé n + 2 chia hét cho m va m lén hon p. Tim
56" cdc bé (x), X, .., x,) goém p s6 nguyén
dicong sae cho téng x, + x, + ... + x, chia hét
cho m, trong dé maéi sé x,, x,, ..., x, déu khéng
lan hon n.

Loi giai. Xét da thite f(x)=(x"+x""+..+x)".
Béng cach khai trién da thiic f(x), ta c6 thé viét

el

fix) = ZHM

x,) véiméi x, € {1, 2, ...,
wtx =k Vay st cic b iz, &, o &) pom p
s6 nguyén duong thoa min diéu kién Bai todn
bing téng clia cdc s8 a, vai k chia hét cho m.
Ta biét ring tdng cla cdc s a, véi k chia hét

trong d6 a, la cic bo (x, x,, ...,

n} sao cho x; + x; +

; il ; : 0o A
cho m bang —LZf(ch), véi o= cos—+isin—r .
miz m m

Vim 16n hon p nén s 16n hon 1, do dd af = |
vai j=1, 2, ..., m — 1. Mat khac, vi n + 2 chia

hét cho m nén 2= 1véij=1,2,.,m-1.

o P
Dé;’rﬁ(x)zLx 1—1) néu x = 1. Do dé véi
x_
j=1,2,...,m-1thi

ahr*l).l P f ﬂ'[""-:U—a‘r
e i R e ———1|
; \GI(Q’—E }

l—a’ i ( ] ]P
= | — 1| = (=1 —+I
[af'(cx"—l) J Eak kaf+

-2mji n —2mkfi

k=01

P P\‘ —2mkp
Tir dé f(af):(_mz[ e
=0\ K

vaij=1,2,...m—1.

L4y téng cic dang thitc & trén véij= 1, 2, ...,
m — 1, ta dugc

m=l

. (f Y el 2k 1
Z_f (ac!) = (—1)P Z&'» Ze Rl

\ k=l /I j=I /

Chu y rang k khong chia hét cho m, véi k = 1,
2, ap- Vim>pva
md —2mkp m-1 néu k chia hét cho m,
em =
= -1 néu k khong chia hét cho m,

v
-1

ta co Zf(ot’) (-nr| - H[ {+m— 1)

y k=l 4

{I)FL [ +m} (1) (m—27).
k=0 7

Cha v rang f(a") = f(l) = nr, vay s6 cic bo
bd (x;, Xy, ..., x,) g6m p s6 nguyén duong thoa
man diéu kién clia bai todn, bang

n? +(=P(m=27) nf—(-2)*

iy +{=1¢.0

m i

Cuéi cing, ching t6i xin gidi thiéu mot s6
bai toan c6 thé giai quyét nho sir dung cong cu
s0 phiic.

(Xem tiép trang 24)

TOAN HOC
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PHUONG PHAP

GIXI TOAR

Trude hét, xin nhac lai bai toan T11/344.

Gid st ba tam gidc ABC,, A,B,C; va AsBiCs
thoa mdn cdac diéu kién: a =E‘;=6; , A,B,
A.B, = A,B, va B,.C, + C,A;, = B,C, + C:A;
BiC; + CA, (%)

il

Chitng minh rdang ba tam gidc dé bdng nhau.
Sau day xin dugc gidi thiéu 167 gidi dai 50 cia
bal todn trén.

it C = y(0 < y<m), —2cosy=k; AB; =c,
BC; =x, C:A=v; (i =1,2,3). Ap dung dinh
li cosin vao cdc tam gidc A B,C; tacd

xt+y}-2x;y;cosy=xt+y? +kxy =c?,
(i=1,2,3)yvoix >0 v>0.

Ta xem 6 s6 duong x, y; (i =1, 2, 3) 1a cac
nghiém duong cia hé phuong trinh sau:

Xi+ys=Xo+yi=xat+y=d 6
() S xp+y+kay =x3+y3+kx,y,
e

=xi +y] +hkxiys=c?

(c>0,d>0,i=1, 2, 3).

Chiing ta sé ching to rang: Néu hé phuong
trinh (H) cé nghiém thi x, = x, = x; (= x) va y,
=n=n{E=y.

That vay, tir (*) thay y, =d — x3, y=d — x, v
yi=d — x; vio ().

10 S8 360 (6-2007) : quaitr:g

Loi giai dai so ciia bai toan hinh hoc
T11/344 (Thang 2 nam 2006)

NGUYEN DANG PHAT
(Ha NG

Léi toa soan. Lii gidi hinh hoc ciia béi todn T11/344 da duoc
gidi thiéu trén tap chi Todn hoc va Tudi tré trong sé 348, thang
6 ndm 2006. Vi khuén khé cia muc Gidi bai ki truée, trong s6
dé chwa dé cdp dugc 167 gidi dai 56 cua bai todn nay. Thé theo
nguyén veng ciia nhiéu ban yéu todn, Téa soan gioi thiéu tiép
loi gidi dai 56 cua bai todn dé trong sé 360 nay.

Sau khi thuc hién cdc phép tinh roi rit gon ta
dugc hé ba phuong trinh sau déi véi ba an x,,
X VA Xy

(hxy —2x3)d “‘(.l?% +kx3 )+ X =0
{kﬂ[g—'z.ﬁ )dr(x§+kr;x3] +X=0 ('IE)
| (s =23 ) = (o +hoea ) + X =0

3
trong d6 X=d* - c* + D x?.
il
Tir d6 ta biéu thi dugc d bing ba biéu thic
khdc nhau nhu dudi day.

Xlz +kIgI_1,'-X e 1—5 +kx30—X
1’_3(3. —2.‘(3 k.'ﬂ '—23‘3

e .sz-‘rk.lfll’g—X (“}
kr3_2x1

d

(véi quy udc néu mau s6 triét tiéu thi tr s6
cling triét tiéu).

Sau dé dp dung tinh chdt cta day cdc ti s6
bing nhau dé khir dai luong X, ta thu dwoc
d=t =1 =,

(23 =x2 ) x3+x2 —kxy )
2(x3—x1) +k(xz—2)

trong do = (111)

va t, nhin duoc tir ¢, ciing nhu ¢; nhan duoc tir
t, bai hodn vi vong quanh cic chisé | - 2 —
3 — 1. Dén day, tir cdc dang thic ¢, = ¢, (i # J
e {1, 2, 3}) ta déu thu duoc su triét tidu
fik) =0, trong dé
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flk)=ak®+ Pk + y (iv)
Chang han, tir t; = 1, (hay t; - 1, = 0), thi a, B
va y lin lugt déu cé dang la nhitg da thic bac
ba thudn nhdt va d6i xitng véi cac doi sO xy, X,
x, theo nghia hodn vi vong quanh cédc chi s6 1,
2, 3 nhu da néi & trén. Cu thé la:

a =—xyxf —x3x3 = x5 +3x 0203 (v)
F==2(xi +x3 + x3 -3x1x02X3)+¥ {(vi)
¥ =(xi +3 + x3 —xpxf —x3x3 —x23) (vii)

| +20f a3 + 2 —xsxl—mxl —017)

Sau vai phép bién déi don gian ta thu dugc

[—a = (x—x)(a—x)n+0s-aln (V)
l B =—(x+x3+x:)[(x2 — 33 +(x3—x)*
+(x —x3)%1+y _ (v1')
y = (%2 =x)[2(x3 —x7 )+ (xf —x)]
+(x3—x2 W 2x5 —xf —x4) (vi1')

Ngoai ra, nhd hodn vi vong quanh ta nhan
thém duoc hai biéu thic khdc nita cla a, ¥

va fi.

P61 véi viéc xét ddu clua a, S va ¥ khéng mat
tinh tdng quét ching ta cé thé gia dinh quy
udcrang 0 < x, < x, < x;. licdé a<0va y= 0,
con duong nhién 1a = 0. Tir dé suy ra biét so
cia (iv) khéng am: A = f - 4ay = 0. Ngoai
ra, voi cdc biéu thitc (v') va (vii') clla @ va % ta
nhin ra ngay ring: =0 x,=x;=x3; y=0
o x=x=x. Vadodd a=0, y=0, kéo theo

B=0,

Mat khdc, dé thdy: Tk A= F —day suyraA=0
khi va chi khi hodac @ =0 va #=0, hodc y=0
va f=0.

Bdi vay, chiing ta di dén két luan:

A=0& x, =x,=x;(=x) kéo theo y, = ¥, = ¥;

(=».

Nhung A = 0 lai la diéu kién cdn va dii dé k 1a
nghi¢m duy nhdt cua hé phuong trinh (#) dugc
Xét (néu hé nay cdé nghiém). Nhu vy la: Day
dang thitc diéu kién (*) cla bai todn chi duge
thoéa man véi: B,C, = B,C, = By,C; va C\A| =
C,A, = C;A; ma théi. Va do dé, ba tam gidc
AB.C; (i =1, 2, 3) bang nhau; dé la dpcm.

Chii thich bé sung. 1) Vi k = —2cosy, trong dé
0 < y< m va yla dé 16n cho trude cha cdc géc
bang nhau C; ciia ba tam gidc ABC; (i = I,
2, 3) nén khi y di cho, tic 1a khi da cho k thi
A = 0 1a diéu kién cdn va du dé k = ~2cosy la
nghiém duy nhdt cua hé phuong trinh (#). Tuy
nhién, y chi cin thoa man BPT 0 < y< n va do
dé, k chi cin thoa mén diéu kién -1 <k < 1
(Ikl < 1). Boi vay, theo lap luén trén diy ta
thivA=0<g= F=1r=[0 & 5=x= x>
¥, =y, =y;) vado do, k ¢é thé cé vo sé gid tri,
mién la thoéa man diéu kién Ikl < 1.

2) Cic hing s6 duong ¢ va d dua vio trong hé
phuong trinh 4 chi 1a phuong tién dé ldp ludn
véi diéu kién gia dinh rang néu hé K cé
nghiém thi nhat thiét phdi xay ra x, = x, = x,
(= x) va y, = y, = y; (= y). Bang nhiing phép
tinh don gian ta di dén két luan rang: Hé
x+y=d b .

¢4 hai nghiém

-

x4y +hxy=c?
duong khi va chi khi:

phuong trinh {

d2—c2

5

a) Hoac k < 2—4(

A%

b) Hoidc & =

DAT MUA TAP CHI TOAN HOC VA TUGI TRE DAI HAN
TAI CAC CO SO BUU DIEN TRONG CA NUOC

TOAN HOC
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"KHO TANG
TOAN HOC

C ing véi cac bit ding thic (BDT) gilta
trung binh cdng va trung binh nhén,
Schur, Jensen va Hdélder, BDT Cauchy-
Bunyakovski-Schwarz (CBS) la mt két qua
kinh dién, c6 nhiéu tng dung. Cau hoi quan
trong nhét & day la lam sao ta nhén biét duge
mot bat déng thire c6 thé gidi bang phuong
phap nay? Rit kho co thé noi mot cach rd
rang, nhung c¢6 1& 12 nén nghi dén BDT CBS
khi ta thdy tdng cua cac cin thirc, tong ciia cdc
binh phuong hay déc biét 1a khi ta c6 céc biéu
thire chira cén.

Péu tién, ta sé xét mdt s bai todn ma trong
|oi giai 4p dung BDT CBS & dang kinh dién:

(Ban) {8)2%)

Khé khan 16n nhat 1a chon @ va b. Ta s&
thiy ring trong mot vai truomg hop, diéu nay
la hién nhién, trong vai truong hop khac lai
khong don gian chit nao. Sau day ching ta
giai mot s6 bai toan.

% Thi du 1. Chumg minh rdng néu x,y,z la cdc
sd thuc thod man diéu kign x2+y2+22=2, thi
bdt ding thitc sau ddy ding: x+y+z<2+xyz.

(D& dé nghi IMO, Ba Lan)

Léi gidi. Tai sao ta lai nghi dén BDT CBS?
Nguyén nhan la BDT can chimg minh ¢6 dang
x(1-yz)+y+z<2 va ta cdn phai danh gid
théng qua téng x?+y2+z2. Tuy nhién, c6 rit
nhiéu cich dé ap dung BDT CBS. Chon lva

J TOAN HOC
12 58360 (6-2007) * CTugitre

Bdt deing thikc
CAUCHY-BUNYAKOVSKI-SCHWARZ

GABRIEL DOSPINESCU - TRAN NAM DUNG

(x(1-yz)+ y+z)P <(x2 + 32 +22)(2+(1-y2)*)

khéng may thanh cong. Vi thé co thé sé tot
hon néu coi y + z nhur mét sé hang. Néu
chiing ta dé ¥ riing bat ding thirc c6 déu bang
ching han khi x =1,y =1 va z = 0, chon hra

x(1—yz)+y+25J02 +(y+2))(1+(1-)2)?) o
nén kha tu nhién. Nhu thé cin ching minh
21+ y2)(2-2yz+y2z2 )4 )33 <y?z?,  dicu
nay hién nhién vi 22y?+2z222yz. 0

Mot (mg dung khéng tdm thuong khéc cua
BDT CBS la bai toan sau.

% Thi du 2. Cho a,b.exy,z la cde s6 thyc
dwong thoa man diéu kién ax+by+cz=xyz.

Chitng minh rang x+y+z>~a+b+lb+e+le+a.

s i b e
Loi gidi. Ta viét 942 4521 va phép thé
yz zx Xy
a = yzu, b= zxv va c = xyw tré nén ty nhién.

Nhu vdy, can chirng minh

Jz{yu+xv}+fo(zv+yw)+\fy(zu+xw){x+y+z
voiut+v+w=1.

C6 thé thdy dang cia BDT CBS:
2
(Jz_{yu+xv)+\fx(zv+yw) +Jy(zu+m))

<(x+ y+2)(yu+ yw+xv+xw+zu+2v)

va biéu thire cudi cung nhd hon (x+y+z)* vi
utv+w=10

Ta thiy c6 thé ap dyng BDT CBS khi c6 cic
tdng. Thé con vai tich s6 thi sao? Thi du sau
s& chimg to ring trong trudng hop nay, ta can
cH mot chit sang tao.

https://tieulun.hopto.org



https:'www. facebook. com/letrunglienmath

https:/sites. google.com/site/letrunglienmath

% Thi du 3. Cho a,as,..,a, la cde 56 thuc

dicong (véi n 2> 2). Chitng minh rang

(g +1)(a3 +1)...(a} +1)2(afa; +1)...(aia +1).
(Cubic thi CH Séc-Slovakia-Ba Lan, 2001)

Léi giai. Ta tha ap dung BPT CBS cho méi

thira s6 c6 mat & vé phai. Mot cach tu nhién,

ta viét (1+afa;)?<(1+a})(1+aka)), vi ta cén

1+a’ , biéu thirc c6 mat & vé trai. Tuong ty, ta

c6 thé viét

(I+ajas ) s(1+a3)(1+ajaz) ...,

(I+aia) <(1+ai)1+aia,) .

Nhin theo vé cac bat dang thirc nay véi nhau,

ta dugc

. . 2

((atay +1)...(a3a +1))

ai +1)..(a3 + D) +aia)...(+ata,) (*)

Nhung diy chua phai 1a diéu ta can. Nhu thé

BDT CBS khéng cé hi€u qua cho BDT nay.

Khoéng han thé! Ta lai 4p dung li ludn nay mot

lan nira dé ¢6

(1+aia)...(1+ala, ))2

<(ap +1)...(a3 +1)afax +1)...(aia +1) (**)

Nhur thé néu

(afa; +1)..(aia+1) 2 (+aiq)...(l1+afa,),

thi (*) s& cho chiing ta két qua, con néu ngugc

lai thi (**) sé& ket thuc [&i giai cua ching ta.0d

Béy gio ta s& xem xét nhitng bai toan khé hon.

% Thi du 4. Cho hai 56 duwong x, y sao cho

248 > ¥ +)#. Chitng minh rdng x3+y3<2.
(CHLB Nga, 1999)

Léi gidi, Y twong & ddy la chan x*+)° bai

A(x3+y*) véi A nao d6. Piéu nay la co li néu

nhin vao cac luy thira. Ta thir a&p dung vai tha

thudt voi BDT CBS va BDPT giira trung binh

cdng va trung binh nhén:

(7 + )2 (80 + y4 )0 + p)<(x2 + 7 ) + ¥2)

c{xz +yz+Jr3+y3]2

2

Nhu vdy ta da chimg té rang x3+3°< x2+)7.
Nhung (x2+p2)2<(x+y)(x*+)*) vd do do

X242 < x+y<J2x2+1?), suy ra x2+y?<2

va X' +)°%<2. [}

% Thi du 5. Chitng minh rdng néu x.y.z thugc
doan [~ ; 1] thod man diéu kién x+y+z+xyz=0,
thi ta co

Vx+l+p+l+4/z+1<3.

Loi gidi. Dau tién ta s& ap dung BDT CBS ¢
dang hién nhién:

Jx+1 +\g‘y+! +vz+1 i\/3{x+y+z+3] ;

Nhung biéu thirc vé phai c¢6 nhé hon 3? Co,
néu nhu x + y + z < 0. Bay gid ta gia sir ring
x+y+z>0. Khidéxyz <0. C6 thé gia sir
z<0. Tir ddy tacé x, y € (0 ; 1]. Ta sé& khéng
tir bo va ¢ ging ap dung BPT CBS mot lan
nita, nhung lan nay la cho hai cin:

Jx+i+Jy+t+-Jz+] <\2x+2y+4+4z+1,

Ta can chirg minh

J2x+2y+4+4z+1<3

2(x+¥) ol =
24 2x+2y+4  14+/z+]

—z(xy+1) o
2+ 2x4+2y+4  14+/z+]
& 2xy+2(1+xyWl+z £\f23:+2y+4 :

Vi l+z=7ﬂ_x}{1 =2
1+ xy

minh  xy++(I—x)1= )1+ %, h+f§£ I

mudn sir dung BDT CBS thé nao dé dé lam
mat di | — x & vé trai. Cu the la

xp+ (1= (1= 3)(1+x)
= \f;-\f$+\fl—x-v{ﬁ-xy—y—xy2

< Jl+xy-y EIS.JH%. a

TOAN HOC
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Co thé thi du khé nhit trong cac bai toan
dang nay la bai toan sau day.

% Thi

duomg a. b, ¢, x, y, z ta c6 bdt ding thitc

a b ¢
—(y+ ) +—(z+x)+——(x+y)
b+c c+a a+h

3. tyztzx
b e o

{Crux Mathematicorum)

Laéi gigi. Ki higua+ b +c= Y a. Tuong ty
véi cac téng c6 cac bién sé duoc lay hoan vi
vong quanh. Ta c¢é

Zh_i_c(;.ur )+ (y+2) 2(2"][2 o J

(Z(b*f}}k W%(ZJF)

Ta s& ching minh

(Zrea) 2

tir day suy ra dpcm.

ZJZ

£2¥x (1)

~ Tacé (1) twong duong voi

(Tt yzean)(Tx)
23(Xve)+ 2T )’
Bdai vi
Y etz 2y(Ta) +9(X).
Nén chi can chirng minh
(TN +ATr2)2(Zx) +3(2r2).

Nhung diéu nay la hién nhién sau khi binh
phuong hai vé caa BPT. O

Béy gid ta s& ndi v& mot thi thudt da dugce ap

“dung kh4 nhiéu trong nhimg nim gin day dé
giai cac bai toan thi. Dy chinh 1a mdt trong
nhirng phuong an cua BDT CBS:

14 S8 360 (6-2007) &: c.-.-|-I Imﬁ

du 6. Chitrng minh rang voi cdc $0

5

(S

ber

v&i moia thuc va b, duong, k=12, ..,n

" a
:‘_‘h
k=l b.ir

*

Mot ap dung don gian cia tha thudt nay la bai
toan sau, dwgc dé nghi tai Cudc thi gilra cc
thanh phé (Tournament of The Towns
Competition).

% Thi du 7. Cluing minh rdng véi ede so thyc
dwong a,b,c ta c6 bat ddang thic sau:
a’ b’ e
= - -
a*+ab+b? b*+bc+c?

12 +h? 4l
P S e

el +ac+at

a+b+c
Loi gidgi. Néu viét lai vé phai duéi dang
(a?+b%+c?)

PrTveS Y 2),tasébiétc5nls‘tmgi:
a+b+c)(a +b2 +c

55 (@)

a(b®+ab+a?)

(Za?)

“Ya(a? +ab+b?)’

i

a? +a:‘:'+b2

Nhu vdy, ta sé ¢6 diéu phai ching minh néu
Za(a3+ab+bz}£(2a){2az) . va thyc té thi

& day xay ra dau bang. 0

S& c6 nhitng trrdng hgp ma gin nhu ta khéng

thé tim duoc a, va b . Ta sé& thao ludn mft s6
bai toan ma trong d6 thu thuit nay dugc ap
dung mét cach khong hién nhién chat nao.

% Thi du 8. Ching minh rdng véi ba sé
dwong a, b, ¢ ta cé bdt dang thirc

{b+c—a]2
a?+(b+c)?

(c+a—b)?
b? +(a+c)?

s AR
+{a+b c) 21.
ct+{a+b)? 5

{Nhét Ban, 1997)
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Léi gidi. Cach thire tu nhién nhit 12

5 {bre=ay Z[?_'L(Zf?%]

a?+(b+c)? I+(ﬁj3_3+z[ﬂr
a

v a

vi trong cach nay ta thu duge mot bat dang
thire ba bién s6 ma da biét kha ré mot sb tinh
chat. Nhu vy, cin ching minh ring néu

b+te a+b .
p==— y=—— 2= thi

a b i

(x+y+z —3}1 zg(xf +y?+2z243),
5

diéu nay tuong duong voi
(Tx) 153 x+3% xy+1820.

Déng tiéc 1a khong thé sir dung truc tiép dir
kién xy+yz+zx = 12. Vi vdy, can tim céc bat
ding thirc dang nhu xy+yz+zx2k(x+y+z).
Hing sb t6t nhdt 1a k = 2 (vi ta co déu bang
khi x = y = z = 2). Thét thé, sau ‘mot sb tinh
toan tru-: tlep, BDT nay co thé viét dudi dang
(> a*)+3abc =Y ab(a+b), va d6 chinh 12
BDT Schur. Tir d6, ta c6 thé viét:

(Xx) 153 x+33 xy+18

>(Tx) -93 x+1820.

Va BDT cudi cing ding vi x+y+z26. 0

Tai ki thi Toan Qudc té 2001, bai toan 2 da
gdy dwoc kha nhiéu khé khin cho cac thi sinh.
Ta dwa ra mdt cach tié‘p cén khac, cho phép
dira ra mgt ma& rong dep.

% Thi du 9. Cho k la sé thue, k > 8. Ching
minh rang vdi cdc sé nguyén dwong a, b, ¢
ta co

a i b L e - 3.
Jar+kbe b +kca Nervkab Nk+1
Léi gidi. Ta cd, theo BDT CBS thi

a 2

—— | > ava®+kbc|z() a) .
b G
Bay gidr, 4p dung BDT CBS cho tong thit hai

(Zm# a? +fcbc')2 =(Z\(G~J a’ +kablc.:)2

‘Bai 1. Cho x, y,

<(Xa)(X (@ +kabe)) .

Nhur vay chi cén chimg minh

(k+1)(Ta) 29(X(a* +kabe)) .

Nhung diéu nay twong dwong véi
(k=8)(a*+b°+¢*) + 3(k+1)(a+b)(btc)(cta)
= 27kabc.

Bat déng thitc cudi cung la hién nhién theo
BPT trung binh cdng — trung binh nhan. O

Bai tap ap dung
z 1a cac s6 lén hon 1 thoa man

didu kién L BT Ching minh ring
P

Jx+y+32-.fx~] +,fy—1 +vz-1.

(Iran, 1998)

Bai 2. Chimg minh ring néu cic 50 @, @2, ..., G6

1 ‘J_il o
—_:~j3 | thitacb
NE)

thudc doan {

=a dy—@3 a3—fly da—ds
s i +
dr+ady aztay aytds ds+dg
a5 —a g —
Pl L e GO
dg+ap G +d;

Bai 3. Cho x € [0 ; 1]. Chimg minh ring
x(134/1-x2 +94/1+x2) < 16.

{(Olympic 30/4, 1996)

Bai 4. Chirng minh ring véi 2n sb thue ay, as,
vy Gy X175 X3, 100y Xn 1A CO

Bg)=2EeNE)

Ding thirc xay ra khi nao?

Za,x, +

i=]

(Kvant, 1989)
Bai 5. Cho a, b, ¢, x, , z 1a cac sb thyc sao
cho {a+b+c)(x+y+z)=3 va
(@ +B2+e2Xx2+y? +2%)=4.
Chimg minh ring ax+by+ez20.
(Cudc thi Mathlinks, 2005)

TOAN HOC
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CAC LGP THCS

Bai T1/360. (Lép 6) Cho day s6 a, =3, a: = 4,
:=60,..,4

a) S6 2006 c6 thude day sé trén khong?

b) S6 thir 2007 cua day s6 trén 13 sé nao?

¢) Tinh tong ciia 100 s hang dau tién cua day
50 trén?

=q +n, ..

n+l

LE TRONG CHAU
{Phong GD Lic Ha, Ha Tinh)

Bai T2/360. (Lép 7) Cho tam giae ABC
vudng tai 4 c6 ACB = 54°. Trén tia ddi cua

tia CA4 lay didm E sao cho ABE = 54°, Chimg
minh ring BC < AE.

TRAN VAN HINH
(GV THCS Nam Giang, Nam Truc, Nam Binh)

Bai T3/360. Cho tong gom 2006 sb hang

;'ﬂ+t r+ 441 12007 +1

P 1r0ﬂ
V2 b V 2007
Hay tinh {S].

S;

(Ki hiéu [a] la s6 nguyén 16n nhat khong vurgt
qua a). d :
NGUYEN TAN NGOC
(GV THCS Nhon My, An Nhon, Binh Dinh)

Bai T4/360. Giai h¢ phuong trinh

4 2
X-—=2y-—
x ¥
2x =3p3+3

LE BA HOANG
(Phing GD-DT Tx. Hong Linh, Ha Tinh)

Bai T5/360. Cho a, b, ¢ la cac sé khong nho

kR s = ey
hon o g thoa mén dieu kién

=

abe+ab+bctecata+b+e=20.

16 353460 :a-zooy]T?;&{-"umﬁgg

Chirng minh rang a + b + ¢ > 0.

PHAN THI MUI
(GV THCS Trdin Ouoc Tean, Tuy Hoa,

Phu Yén)

Bai T6/360. Liy cac diém M, N, P & phia
ngoai tam giac ABC sao cho théa min cac

didu kién: CAN =CBM =30°, ACN=BCM =
20°, PAB=PBA= 40°. Chirng minh ring tam
gidc MNP la tam gidc déu.

PHAM HUY THONG
(49 Bach Mai, Ha Nai)

Bai T7/360. Cho tam giac ABC vudng tai 4 v
duong cao AH. Goi 1, I, I lan lugt 1a tim duong
tron ndi tiép cac tam giac ABC, AHB AHC.
Chig minh ring dudmg tron ngoai tiép tam gidc
I1,I; bang dudng tron ndi tiép tam gidc ABC.
HOANG NGOC CANH
(GV THPT chuyén Ha Tinh)

CAC LOP THPT
Bai T8/360. Tim tat ca cac ham s6 /i B =&
thoa man diéu kién

X)) =fx +yAix)), Vx, y € R*.

HUYNH TAN CHAU
(GV THPT chuyén Luworg Van Chdanh, Phiu Yén)

Bal T9/360. TJm sb thuc m lén nhat sao cho
ton tai mot sb thue k thude doan [1; 2] dé bat
dang thic

2k
1‘1
(Q+b+cJ 2(k+1)a+b+c) | ]—+ : += |[+m
\b ¢ a c)
duge thoa man véi moi s6 thHC duong bat ki
(i e
NGUYEN DINH NHUAN
(1634 Tén That Thuyét, Khu phé 3,

P.5, TX. Déng Ha, Quang Tri)

Bai T10/360. Cho day so tang (), k= s 1

Lép tép 4, gom cac 50 duong ;- u; (1 {j <is n)

Chimg minh ring néu tap A, cd it hcm n phan e

thi day (up), k=1, 2, ...n. 12 mét cip s6 cong.
NGUYEN BA THANH

(1! ngd 83, dwdng Doan Xd, F.Ddng Hai,

Q. Hai An, Hai Phong)

Bai T11/360. Cho tir gidc ABCD c6 cac cip

canh doi khdng song song va hai dudng chéo

https://tieulun.hopto.org
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AC, BD cit nhau tai O. Cac dudng tron ngoai
t1ep cac tam giac OAB va OCD cit nhau tai X
va 0. Céc duong tron ngoal tiép cac tam gidc
OAB va OCRB cat nhau tai ¥ va 0. Cac duong
tron dudng kinh AC va BD cit nhau tai Zva T.
Chimg minh rang bén diém X, ¥, Z T cing
thudc mot duong thing hodic cung thuge mot
dudmg tron.

HA DUY HUNG

{(GV DHSF Ha Noi)
Bai T12/360. Trong khong gian cho dudng
ghp khic dong A A;...4, c6 cac canh tiép xic
véi mit cdu ¢ tim O ban kinh R. Goi G la

trong tim hé diém 4, , i =1, 2, ... n (tic 12
G +Gy +...+GA, =0) va ki hiéu 4 =444,
(vé&i quy ude: Ag= A, va A,u=Ay).

Chitng minh bat dang thirc
£ G4 1

L ) Al

=1 Si[‘l AF nR |si< s

HOANG KHAC HIEU
(K50, Lép PKTPI, DHBK Ha Noi)

CAC PE VAT LI

Bai L1/360. Mot vong nhin duge long vao
mot cai thanh dai hinh tru ban kinh R nhu

hinh vé. Khi pp— -y
truyén cho véng ( ,,)”{ (((_.‘_.,, O | 2R
mot van toc goc ; __‘L
ay thi vong sé 5
dirng lai sau thoi gian f;. Néu dong thoi vira
cAp cho vong vén tde goc ay vira truyén cho
né van thc dai v, doc theo truc ciia thanh thi
vong sé chuyén dong dugc quing duong doc
theo thanh cho dén khi n6 ding hin la bao
nhiéu? Biét ring vong nhén ncp xac Khit vai
thanh luc can chuyén dong déi véi méi diém
ctia vong nhin khéng doi theo thoi gian va
lubn ludn huéng nguoe chiéu voi van toc cua
diém d6. Bo qua anh hudng cia trong lue.
TRAN VAN NGA
(GV THPT chuyén Phan Bdi Chéu,
TP. Vinh, Nghé An)
Bai L2/360. Mot tu co dién dung C duoc nap
dién t&i hiéu dién thé 3E, sau do duge mac
vao mach dién nhu E
hinh vé, déng khoa [
K. Hiy xac dinh
nhiét lugng tdéa ra g
trén dién tror R khi
bd qua dién tré 2
trong ctia ngudn. R
NGUYEN XUAN QUANG
(GV THPT Amsterdam, Ha Noi)

PROBLEMS IN THIS ISSUE

FOR LOWER SECONDARY SCHOOLS

T1/360. (For 6" grade)

Consider the following sequence a, =3, @ =4,
3= 6, vy Qo =8y +N, ...

a) Is 2006 a number in the above sequence?
b) What is the 2007" number in this
sequence?

¢) Calculate the sum of the first 100 numbers
in the above sequence?

T2/360. (For 7" erade)
Let ABC bc a right triangle with right angle at

A, and ACB = 54°. Choose a point E on the
open ray in opposite direction to CA4 such that

ABE = 54°. Prove that BC < AE.

T3/360, Consider the following sum of 2006
terms

S il e el +200?J200?+1‘
2 3 4 2007

Find [S].
(Here [a] denote the largest integer which
does not exceed a).

T4/360. Solve the following system of equations

4 2
x—— =2y——
X y
Ix. =+

T5/360. Let a, b, ¢ be numbers, all greater

g
than or equal s such that

abctab+bctcatatb+cz0.

Prove thata+ b +¢ = 0.
(Xem tiép trang 27)

TOAN HOC
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% Bai T1/356. Tinh tong sau gom 1002 56 hang
_13.24 (n-DwsD) | 10021004
e R L SRS +
35 % '? (2n-1)(2n+1)

Léi gidi. Ta bién dbi s6 hang tong quat nhu sau:

(n—-D.n+1)
2rn-D{2rn+1)

= dn* -1)
T 4(2n-1).2n+1)

J@a-NEned -3 1 3
o A2Zn-1D2r+1) 4 42n-D.(2n+])

l_i' YETE
4 8(2?1—1 2n+1

Cho » lan lugt nhén gié trj 2, 3....,1003, ta duge

5_1,1(1_11.
35 4 #3 °5)
E_L_z(imq
75 4 TEA T
1002.1004 1_3( fet o 1k J
20052007 4 82005 2007
Do do
S=1mzl_i(l_l+l_l+m
4 R385 7
+________L__]
2005 2007
501q_{__ J lﬁﬁﬂl
R LR 669
167501
Viy 5= ——
< 669
TOAN HOC

18 56340 (6-2007) * Tusitre

2005200?'

< Nhin xét. 1) Diéu then chét dé giai bai toan 12 tao
ra phén tich

(n=1).(n+1) _1_3[ . ward
o e MR
Mat sé ban ¢6 cach phén tich khac nhung dai hon.

Ba~Dinel): % . 8

2) Céc ban sau day c6 loi giai tot:
Phi Tho: £3 Quynh Trang, 6A1, THCS Lim Thao;
Vinh Phic: Phan Vdn Tin, 6A1, THCS Yén Lac,

Yén Lac, Kiéu Thi Thuy Nguyén Nguyén Thi
Phuong, Lé Thi Thanh Lean, 6A1, THCS Thach Ba,

Mé Linh: HA N§i: Lé Héng Dung, 6Al, THPT
Nguyén Tét Thanh, D& Trudng Son, 6G1, THCS
Marie Curie. Lé Minh Phiic, 6A5, Nguyén Qudc

Hoan, 6A16, THCS Giang Vo, Q. Ba Binh; Hai
Duwong: Pham Quy Cudng, Vii Dang Tu, Pham Van
Ta, Vi Thi Hwcng A, Nguyén Thi Ciic, Vit Thi Mai
Anh, Vii Thi Phuong, Trinh Bd Thang Chu Thi Té
Uyén, Pham Thi Hai Yén Nguyén Thi Minh Thu,
6A 1, Vii Mai Anh, 6A2, THCS Vi Hitu, Binh Giang ;
An Duy Manh, 6/3, THCS Lé Quy Bén, TP. Hai Duong;
Hai Phong: Vii Hai Long, 6A8, THCS Chu Vian An;
Nghé An: Trdn Dwong Hing, 6C, THCS Théng Tén,
Hung Nguyén; Ha Tinh: Nguyén Thi Kim Qanh, 6C,
THCS B#c Héng. Hong Linh; Thira Thién - Hué:
Hoang Phudc ’\ha Thi, 6A, THCS Ngu)en Tri
Phuong, TP. Hué: Quang Ngii: Nguyén Thi Tran,
6A, THCS Hanh Trung, Nghia Hanh; TP. Hb Chi
Minh: Nguyén Trdn Thién Nghia, 6/6, THCS Truong
Vin Ngu, Q. Thu Die.
NGUYEN ANH DUNG

% Bai T2/356. Goi BE va CF la hai duong
cao cua tam gidc ABC. Chitng minh rang tam
gidc ABC cdn tai A khi va chi khi

AB+ BE =AC + CF.

Lai giai. Cach 1. Dat AB=c, AC=bvagol§

12 dién tich tam gidc ABC. A

Taco

AB+ BE=AC+CF
28 28

e+ —=b+—
=

28(b-e)
be

28
& (b=c) 1+—[=0
( )( bc] B c

&b-c=0 [do 1+£>0]
be

&< b=c< AABC cantai A.

Cdch 2. » Diéu kién cin. Dé thdy néu AABC
cantai A thi AB + BE = AC + CF.

< b—c+ =0

https://tieulun.hopto.org
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e Diéu kién di. Gia st AB + BE = AC + CF.
Ta co
AB.CF = AC.BE (= 25,3¢)

on AB_BE _AB+BE
AC CF AC+CF

AB = AC hay AABC cantai A. O

< Nhan xét. 1) Hiu hét cic ban gidi ding (chi ¢6 2
ban gml sai). Khi ching minh diéu kién du (& cich
2), sl dung phll’ﬂng phdp danh gid, nhiéu ban ciing ¢6

-----

= 1. Dién t6i

2) Céc ban c6 léu gidi ngdn gon la:

Pha Tho: Nguyén Vdn Hing, TE, THCS Van Lang,
Viét Tri; Vinh Phic: Nguyén Thi Hong Hanh, 6A1,
THCS Thach Ba, Mé Linh, Khéng Hodng Trang, 7D,
THCS Lap Thach, Lap Thach: Thanh Hoa: Pinh Uyt
Ndy, 6B, THCS Lé Hiru Lap, Hau Loc; Nghé An:
Cao Hiu Bang, 7B, THCS Cao Xuan Huy, Dién
Chau, Pdng Trung Anh, TA, THCS Hoé Xuan Huong,
Quiynh Luu; Thira Thién — Hué: Hodng Phude Nhd
Thi, 6', Trdn Thi Khdnh Quynh, 8', THCS Nguyén Tri
Phuong, Hué; Binh Pinh: Va Thi Kim Yén, TA2,
THCS Phudc Quang, Tuy Phude.

TRAN HOU NAM

% Bai T3/356. Cho A la mot 56 tw nhién lon
hon 9 va tgo bdi cdc chit 56’ 1, 3,7, 9. Chiing
minh rang A luén cé it nhdt mot ude nguyén 16
én hon hode bdng 11.

Loi gidi. Chit y: Néux,y € {1,3,7,9}, hvak
déu 1a cdc s6 chdn thi xy = 10u + v, trong do
vell, 3,7, 9}, ulasochin v

(10% + x)(10k + y) = 100hk + 10(hy + kx + u) + v,
trong do hy + kx + u la s6 chan. Tirdo
(I0h+x)(10k+y)=10t+vvdive { 1,3,7,9],
t 14 58 chan.

Bay gio gia sl rang A ¢ udc s6 nguyén o p
vai p < 11 thi p # 2, p = 5 (theo gia thiét), nén
p=3 hodc p =7, do dé A c6 dang A = 3".7" v6i

=0,n>1,hodic n=0,m>2, hoac m > 0,
n> 0.

Theo Chii ¥ trén thi A phai co chif s6 chan ¢
hang chuc, trdi gia thi€t. Vay udc s6 nguyén to
ctia A phai khong nho hon 11. O

<Nh$n xét. Cic ban sau c6 lai gidi tot:

Phi Tho: Nguyén Ngoc Trung, 9Al, THCS Lam
Thao; Vinh Phic: Lé Thi Tuyét Mai, 8A1, THCS
Yeén Lac, Mac Thi Thu Hué, TA, THCS Dong Que,
Lip Thach; Ha Néi: D6 Trudng Sen, 6G1, THCS

Marie Curie, Q. Thanh Xuén; Thanh Héa: La Hing
Qudn, 8B, THCS Nguyén Chich, Pong Son, Nguyén
Vian Huy, 8A, THCS Nhir Bi Sy, Hoing Hoéa;
Nghé An: Pinh Viét T, 8A, THCS Ly Nhat Quang,
P6 Luong. . 3

VIET HAI
% Bai T4/356. Che 10 56 thuc khong am a, ,
@, a3, g, as, by, by, bs, by bsthda mdn
cdc diéu kién a?+b?=1 (i=1, 2, 3, 4, 5) va
a? +al +a? +al+at =1. Hdy tim gid tri nho
nhdt cia biéu thitc
bi+by+by+by+bs

P= :
@ +a+az+ag+as

Lai gidi. » Trude hét ta ching minh BDT
M+ P+ +dYz(a+b+c+dy (*)
That vay, BDT (*) twong dwong vdi
(@a-bP+(b-cl+(@-c)+(-dp
+(h-d’+(a-d)*=0.

BDT nay luon diing vi xay ra dang thitc khi
g=b=c=d

e Tir diéu kién cha bai todn suy ra
bl =1-af =a3 +aj +ai +a;.
Ap dung BDT (*) ta cé

4b} =Ma} +ai +aj+ai) 2 (@ +as+as+as) .

Do b,, a,, as. a,, as la cdc s6 khoéng 4m nén
khai can hai vé ta dugc

2b,za,+a,+a,+as (1)
Diéng thic xay ra khi a, = a; = a, = a;.
Tuong tu, ta ciing co
2b,za, +as+a,+ a; (2)
2b;za, +a,+a,+ as (3)
2b,za,+a,+as+as (4)
2b;za +a,+a;+a, (5)

Céng theo vé€ cha (1), (2), (3), (4), (5) nhén dugc

2b,+ b+ by+ b+ by) z4a +a, +as+a,+ as)
Dodo P=2.

a,=a; =@
a? +b? =1

al +a3 +ai +aj +ai=l1

=dy=ds
P=1s

TOAN HOC
* CTudiltpeé 56 360 (6-2007) 19

https://tieulun.hopto.org



hitps:iwww. facebook. com/detrungldenmath

hitps:iisites. google.com/site/letrunglienmath

Js 25

o di=——, b;:—S (i=1,2,3,4,3)
5 5

Vay gid tri nho nhat cta P bing 2 tai @, = a,=

53=a4=ﬂ5:% Vﬁb]=bg=b3=b¢=bs=

25
=

< Nhan xét. 1) Bai toin nay c6 nhiéu ban tham gia
va déu cho 1&i giai ding. Tuy nhién, da 56 cdc ban
déu thira nhan va dp dung ngay BDT Bunyakovski
cho hai bé bén sé.

2) Mot s6 ban dd néu va ching minh bai todn téng
quat:

Cho 2n (1= 2) 56 thue khong dm a,, b, (1 = 1,2, ..., n) thoa
man cic diéu kien @+bP=k vi al+ad+.+ai=k
(k > 0). Khi dé gid tri nho nhit ciia bifu thac P =
b+ba+..+b,

bing V-1, dat duoc taia, =a,=...a,
a1 +ar+..+dy,

= \E Wb ety e
n n

3) Cac ban sau day cd Lii giai tot:

Ha Noi: Pham Duy Long, 9H, THCS Lé Quy Pon,
Cdu Gifly, Pham Pirc Nam, 9B, THCS Cu Khéi, Long
Bién; Pha Tho: Nguyvén Ngoc Trung, 9A1, THCS
Lam Thao; Ha Tay: Neuvén Thé Ank, 9C, THCS Ngo
Si Lién, Chuong Mi; Nghé An: Pham Lé Nhdt
Hodng, 9A, THCS Dang Thai Mai, TP. Vinh; Binh
Pinh: Nguyén Déng Tién, THCS Luong Thé Vinh,
Quy Nhon.

PHAM THI BACH NGOC

% Bai T5/356. Cho tam gidc ABC khéng
vudng voi cdc dudong cao AA', BB, CC’. Goi D,
E, F lan luot la tam duwéng trén bang tiép
trong cdc géc B'AC', C'A'B, B'A'C cila cdc
tam gidc AB'C', BC'A', CA'B' niong iing.
Dudmg tron bang tiép trong géc BAC ciia tam
gidc ABC tiép xiic véi BC, CA, AB ldn licat tai
M, N, P. Chitng minh rdng tdm dudng tron
ngoai tiép tam gidc DEF la truc tdm cia tam
gidc MNP,

Lot gidi. Ki hiéu (X) 1a dudng tron tam X. Goi
I 1a tdm dudng tron bang tiép géc A cla
AABC, H 1a tiép diém ciha (E) trén BC. Do
l B

ACA'C la uf gidc ndi ti€p nén EAH = 2&4‘0

=%.Em=mj.

20 55360162007 T eRyng

Suy ra AEA'H «» AIAP hay

HA'_EH_EH_HB_HB
PA IP IM BM BP’
Suy ra Lt nén HP//AA"wkc 1A E, H, P
HA' PA
thang hang va EP//IM.

Dodé E =1, =1, , nén EP = Pi= IM. Tic 1a tit
gidc EPIM 1a hinh binh hanh, ciing véi EP = PI
nén EPIM 13 hinh thoi.

Tuong tu, cic ti gidc PIND, FNIM la hinh
thoi. Do dé cdc canh EM, PI, DN song song
va bang nhau; FM, NI, DP song song va bing
nhau; nén cdc tit gidc EMND, FMPD la hinh
binh hanh hay PM//FD, NM//DE. Mat khac,
goi O la tAm dudng tron ngoai tiép ADEF. Ta
¢6 PE = PI = PD. Suy ra PO 1L DE, ma
DE//MN nén PO 1L MN.

Tuong tw NO L MP hay O 14 truc tam AMNP.O)

< Nhan xét. 1) Day 12 bai toén khé nén cé rét it ban
gidi duge, Mot s8 ban khong tham gia giai bai nay cd
thé do khéng hiéu khai niém dudng tron bang ti€p
hodc do khé vé hinh.

2) Céc ban sau co 1o gidi tét:
Phi Tho: Nguyén Ngoc Trung, 9Al1, THCS Lam
Thao; Ha Tay: Nguyén Binh Tuong, 9A, THCS Phi

Lim, Ha Dong; Nghé An: Vil Dinh Long, 8A, THCS
L¢ Nhat Quang, Do Luong.

VI KIM THUY
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% Bai T6/356. Trong mot gidi ddu béng dd c6
10 doi bong thi ddu theo thé thicc méi déi déu
gap doi khdc mét lan. Nguwei ta nhan thdy mot
diéu thi vi la véi 3 déi A, B, C bdt ki, néu A
thang B va B thang C thi A thing C. Chiing
minh rang it nhdt mot trong hai diéu sau phdi
xday ra:

(1) C6 4 doi A, B, C, D ma A thang B, B thing
C va C thang D.

(11) Co 4 doi ma cde trdn giita ho déu hoa.

Lai giai. Ta n6i rang doi A thuoc 16p G, néu A
khong thang dugc tran nao. Vi méi k = 1, ta
noéi A thudc 16p G, néu ton tai k doi A, A,, ...,
A, sao cho A thang A,, A, thang A,, ..., A,
thiang A,. R6 rang G =Gy (k= 1) dat T, = G,,
T, = G¢\Gpa (k= 1). Nhan thay

i} Cac tap T, d6i mot ro1 nhau.

ii) Néu hai doi A, B cung thuéc mot tap T, thi
A hoa B. That vay gia st A thing B. ViB € G,
nén tir dinh nghia suy ra A € G,,,. Mau thuén.

Ta thay chi cé hai trugng hop cé thé xay ra:
Triegng hop 1. Tén tai k = 3 sao cho T, = &.
Liv A € T,. Khi dé theo dinh nghia c¢é 4 doi
A, A, A,, A, sao cho A thang A, A, thang A,,
A, thing A..

Truomg hop 2. NéuT, = &, vé6i moi k = 3 thi
Tl + IT,| + IT,l = 10.

Vay ton tai k € {0 ; 1; 2} sao cho IT,| = 4. Khi
do voi 4 doi trong T, thi cdc tran gifta ho la hoa.()

<Nhan xét, Cic ban sau day cd I giai ot

Thai Nguyén: Va Tién Tu, 10 Todn, THPT chuyén
Hung Yén: Hodang fhic Tdam, 11 Todn, THPT chuyén
Hung Yen; Thanh Hoa: Hoang Puc ¥, 11T, THPT
chuyén Lam Son; Nghé An: Nguyén Hiw Héng
Qudn, 10A1, THPT chuyén DH Vinh.

PANG HUNG THANG

% Bai T7/356. Ching minh rdng néu a, b, c la

cde 56 dirong va abe = 1 thi

A R
l+¢ T+a

Ddng thitc xday ra khi ndo ?

1+b

Lai giai. Ta cé
l+a 1+b l+c
146 l+c l+a

- [Ha —H—HJ+[I+b—]—+EJ+[I+f —ﬂJ_E,
1+b l+c¢ I+a
(1+a)[l —Juj+(1+b)[1 —*1—')+{f+c)[l - L),3
1+b I+¢ l+a

(1+a)b » (1+b)c % (1+c)a
l1+b

a+b+c-

3

l+¢ l+a

3 331(1+a)b (1+b)c _yjﬂgﬁ
N 148

= 3¥abc -3 =0 (do abe = 1).

3

l+c I+a

Bat dang thiic (1) da dwoc chiing minh.
Dang thifc xay ra khi va chi khi

(e Thkible (el os e 1y

1+b l+¢ l+a
@) & (1+a)b=(1+b)r=(]+c}a i
1+b l4¢ l+a

g —ihesior="1 < a=h=c =1
(via, b, ¢ 1a cdc 56 duong). O

“(Nhan xét. Nhiéu ban hoc sinh di luu ¥ ring bai
todn nay chinh 1 bai 2.9 trong cudn sich "Sing tao
bit ding thie” cla tic gia Pham Kim Hing, nhung it
giai trén cua cdc ban hoc sinh don gian va hay hon i
gidi trong cudn sdch dé. Cie ban hoc sinh THCS sau
cd lei giai tot:

Bic Ninh: Nguyén Ngoc Long, 8A, THCS Thuin
Thinh; Phi Tho: Nguvén Quéc Hing, TE, THCS
Vin Lang, Viét Tri, Nguvén Ngoc Trung, 9A1, THCS
Lam Thao, Bii Nguyén Tdt Thanh, 9A2, Nguyén
Nhdar Anh, 9D, THCS Gidy Phong Chau, Phit Ninh;
Ha Tay: Nguyén Thé Anh, 9C, THPT Ngo S1 Lién,
Chuong Mi; Nam Binh: Hink Thi Ngoc 9B, THCS
Yén Tién, Y Yén; Thanh Héa: Lé Trong Cucng, 9B,
THCS Nguyén Chich, Dong Son; Nguyén Huy Linh,
9B, THCS Yén Bdi, Yén Pinh, Lé Thi Thuong, 9E,
THCS Nhir B4 Sy, Hoiing Héa; Nghé An: Hd Himu
Qudn, 9C, THCS H6 Xuan Huong, Quynh Luu; Ha
Tinh: V& Thi Thdo, 7C, Ddng Thi Bdo Ngoc, 9A,
THCS Trung Loc, Can Loc; Quang Ngai: Pham Thi
Héng Van, 8E, Pham Thi Quinh Vy, 9D, THCS Hanh
Phudc, Nghia Hinh; Pdk Lak: Triwong Thanh Céng,
84, THCS Nguyén Khuyén, Eakar; Binh Binh:
Nguvén Péng Tién, 8BA3, THCS Luong Thé Vinh,
Quy Nhon; TP. CianTho: Pham Thi Tuvét Hanh,
8A1, THCS Binh Thuy. 4 X

NGUYEN MINH bUC
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% Bai T8/356. Cho day s6'(u,) ; n=0,1, 2, ...
dugc xdc dinh nhi sau:

Uy = @ va u,,, = sin’(u, + 11) — 2007 vdi moi
56t nhién n, trong dé a la sé thuc cho trude.
Chitng minh rang

a) Phuong trinh sin*(x + 11) — x = 2007 cd
nghiém duy nhdt. Ki hiéu nghiém doé la b.

b) limu, = b.

Loi gidi. (Theo y ctia Vo Ta Son, 12A1, THPT
Tran Phi, Ha Tinh).

a) Tir gia thiét, ta thdy ngay u, = -2007,
Wne N*.

Xét ham s6 f(x):= sin’(x + 11) - 2007, x € R.

Ta thay
f(x) =2sin(x + 11)cos(x + 11) =sin2(x + 11)
va g =fu,).
Viy ham s6 glx):= flx) — x cd
g'(x) =2sin(x + 11)cos(x + 11) -1

=sin2(x+ 11)-1=<0,
2(=2007) = sin’(~1996) > 0
va lim g(x)=-o, lim g(x)=+o0.
Vay ham sd g(x) nghich bién va cé nghiém
duy nhit trong [-2007; +cc]. Goi nghiém dé
12 b, thi phuong trinh

sin’(x + 11) — x = 2007

c6 nghiém duy nhat 14 b.
b) Ki hiéu e =

max lg(nl.Khidé e [0;1].

&{~2007:-2006]
Ta thdy 2007 < u, < -2006 va phuong trinh
Isin2(x 4+ 11)l = 1 vo nghiém trén [-2007; —2006]
nén 0 < @ < 1. Theo dinh li Lagrange, @ng v&1
mbéi n e N, tén tai ¢, € [-2007; -2006)
sao cho

179 “b|=|8(Hn)‘g(bﬂ:'g'(fn}uﬂn -bl

< alu, -bl.

Tir day, theo phuong phdp quy nap, ta thu dugc
I, —bl<a"luy—-bl.

Suy ra limlu,. —bl=0, tic 1a limu, =b. O

= i=poi

22 55360(6:2007) TR

< Nhan xét. 1) Day 12 mot bai todn chia dung kién
thic ning cao vé giai tich: V&i ham s& fix) xic dinh
trén mién D, ¢ tinh chit If '(x)l £ @ < | va phuong
trinh fix) = x cé nghiém duy nhil x = b trong D, thi
day 56 {x,} xdc dinh theo cong thic x,.5,=f(x,)co
gidi han b.

2) Ciéc ban sau diy c6 1o giai tot:

Ha Noi: Trinh Ngoe Duong, 11A1T, DHKHTN HN,
Hai Dwong: B4 Duc Tai, 11T1, THPT chuyén
Nguyén Trai, Hii Duong; Hai Phong: Ddo Minh
Hodng, 10T, THPT NK Trin Phi; Pha ‘l_"én: Trdn
Minh Hoang, 11A2, THPT DL Duy Tan; Bén Tre: Lé
Minh Chdnh, 12T, THPT chuyén Bén Tre; An Giang:
Viecong Qudc Vi, 11T, THPFT chuyén An Giang; Ba
Ria — Viing Tau: Duong Vin An, Dinh Ngoc That,
11A1, THPT chuyén Ba Ria — Viing Tau.

NGUYEN VAN MAU

% Bai T9/356. Cho tam gidc ABC khéng déu.
Trén cdc canh BC, CA, AB thit tu ldy cdc diém
A,, B, C, sao cho -Bﬁ:C—&zﬁ.
BC CA AR

Chitng minh rdng néu bdn kinh dweéng tron
ngoai tiép cdc tam gidc AB\C,, BC\A,, CA,B,
bdng nhau thi cde diém A,, B, C, theo thir tw
la trung diém ciia cde canh BC, CA, AB.

Loi giai. Gia sir rang ABC# ACB. Goi R, R,
lan lugt 13 ban kinh dudng tron ngoai tiép tam
gidc ABC va AB,C,. Tir gia thiét bai todn, dp
dung dinh 1i sin, ta dugc

BC _ G4
BC CA
_AB _R

AB R’
Suy ra AA\B,C,

o3 AABC, din dén
BAC, = BAC (1)
B,C,A, =BCA (2)

B D A C

Dung C,D/fAC (D thudéc BC). Theo dinh li

Thaleatiy AL o DD
CB AB A

Tir d6, ti gise DBAC, 1a hinh binh hanh, nén
B,DC, =BAC (3)

https://tieulun.hopto.org
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Tir (1) va (3) suy ra BJAC, =B DC, . Gia sit 4,
khong tring véi D, va D nam giita B, A, (D
nam giita C, A, ta xét tuong ty). Lic d6 do bon
diém D, A,, B,, C, ciing ndm trén mét dudng
tron, nén

B.C\A = BDA = ABC (4)

Tir (2) va (4) ta thdy ABC =ACB (mau thuin).
Vi M5 A = D, e as o w P B
CB AB BC

CA, = BA,. Nghia la A, 1a trung diém ciia BC.
Lic nay B,, C, tuong tng 1A trung diém cua
AC va AB. O

< Nhan xét. Cic ban sau c6 I5i gidi t6t:

Vinh Phic: Nguyén Hoang Hdi, Trdn Bd Trung, Vin
Manh Tudn, 10A1, THPT chuyén Vinh Phic; Ha
Noi: Nguyén Thi Thanh Hoa, 11Al Todn, DHKHTN
— DHQG Ha Nai; Hai Duong: Twing Thé’ Nghia, Dé
Dirc Tai, 11T1, THPT chuyén Nguyén Trai, Vi Thanh
T, 10A1, THPT Ké Sat, Binh Giang; Hai Phong: Lj
Tréin Ditc Anh, 11 Todn, THPT NK Trén Phi; Thanh
Héa: Nguyén Cao Tudn, 10T, THPT chuyén Lam
Son; Nghé An: Trdn Binh An, 11CT, THFT chuyén
PH Vinh, Bdng Tudn Anh, 11A1, THPT chuyén Phan
Boi Chauw; Ha Tinh: Trdn Qudc Ludr, 10A1, THPT
Cao Thing, Huang Son; Pidk Lak: Nguyén Trong
Nghia, 11CT, THPT chuyén Nguyén Du, TP. Budn
Ma Thuot; Phi Yén: Pham Quang Thinh, 8H, THCS
Hung Vuong, TP. Tuy Hoa.

HO QUANG VINH

% Bai L1/356. Hai vdt nho ciing khéi luong m
dwge luén vao mét thanh ciing nhdn ndm
ngang va duwoc noi voi nhau bang soi dday nhe
khong gian chiéu dai 2L. O chinh giita doan
ddy cé gdn mét vat nhé khéi lwong 2m. Ban
ddu nguwoi ta giit cho ba vdt ¢é cang d¢ cao,
soi day cdng roi sau dé thd nhe. Hay tim vdn
téc cuc dai cia méi vdt. Bo qua sitc cdn cua
khong khi.
ni m

S el

2m

Lai gidi. Do tinh d&i ximg, vat 2m chi chuyén
dong theo phuong thing dimg.

Xét thoi diém céac vat m céd vin t6c u, vat 2m
c6 van téc v. Do day khong gidn nén hinh

chiéu vin téc clia
cdc vAt m va 2m
trén phuong day
phii bang nhau,
tie 1a

V.COSQ = u.sing
= u = v.cot@ (1)

Ap dung dinh luat
bao toan co nang ta co

2 2
2mgh = Sk B
2 2

< 2gh =+

2

<> 2gh = v +(1+cot? @)=

sin® @

= v' = 2gh.sin’p (2)
Mat khédc A = L.cos.

Do dé

T
v = 2glcosg.sin’p = 43,!'_\’0052(9.5“12 @.sz £,
Ap dung BPT Cauchy cho ba s6 khong am

T ]
coszg’a, sz i ; % ta duoc

3
2l P
sin sin
cosl@p+ ol S

v < dgL g <

4
Suy ra vV* € —=pl..
¥ 3\}53

Do VAY Viax = B , Xay ra khi
V343

S0P hay @~ 54°44.

cosQ =
e
Tix (1) va (2) ta c6 u® = 2glcos’ .

Do dé u,,, = +2gL , xay ra khi cosg =1
hay @= 0.0
< Nhan xét. Cic ban sau c6 13i giai ding:

Vinh Phiic: Nguyén Thi Minh Thu, Nguyén Kim
Ngoe, 10A3, THPT chuyén Vinh Phic; Phia Tho:
Pdng Tién Thudr, 126G, THPT Tam Néng; Bic Ninh:
Trink Vin Tam, Tran Vdn Long, 11 Li, THPT chuyén
Bic Ninh ; Hai Duong: Nguyén Hitu Viér, 11A1,
THPT Tt K¥; Hung Yén: Pham e Linh, 11 Li.

TOAN HOC
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THPT chuyén Hung Yén: Nghé An: Nguyén Diic
Son, Nguyén Tdt Nghia, Trdn Vdn Giai, 11A3, THPT
chuyén Phan Boi Chiu; Tién Giang: Lé Mai Phuong
Thdo, 10 Li, THPT chuyén Tién Giang; Quang Ngai:
Nguyén Ngoc Duy, 10 Li, THPT chuyén Lé Khigt,

NGUYEN XUAN QUANG

Y Bai L2/356. O so dé dudi day hay tim su
phu thuéc cia hiéu dién thé U,y = Uy cua tu
dién C theo thoi gian t néu déng khoa K liic
r=0,

A
K
+ ; i’.? C
== R I::| i e
i ]
R
3
| AR |
I B

=~

(% s
'
D"
=
|1
P |

R
]
i B

Tit dinh lIuat Ohm ta co
iR+iR=E (1)
Usg=Uc=iR (2)
Mat khéc B = e AR (3)

dt dt
Tainit Bthi  i=i+6 (4)
Thay (4) vao (1) dueoe 24R+iLR=E (5)
dle =

Thay (2), (3) vo (5): 2Uc +RC—E<E  (6)
I

Qua vai phép bién déi (6), ta duac
d{E-2U¢)  2dt

E =2U: RC

L4y tich phan biéu thifc trén:

24 55360 {6-200?}1-?%?3;%

.[d(E_EUC) ol
B2 RC

Ta duoge

In(E-2Uc) =~ -%4"(?.

Khit=0thi I/, =0 nén C=InE .
It
Vay U¢-=§{I—E_R]. 0

<Nhan xét: Cic ban sau day c6 151 gidi tot:

Thanh Hoa: Nguvén Duy Hung, 11F, THPT chuyén
Lam Son, Nguvén Van Trink, 12A1, THPT Béng Son I,
Quang Ngai: Nguyén Tht Kim Khuyén, 12 Li, THPT
chuyén Lé Khiét; Hung Yén: Pham Dic Linh, 11 Li,
THPT chuyén Hung Yén; Ninh Binh: Mai Trong
Phiic, 11A9, THPT Yén Mé A; Vinh Phac: Ta Buic
Manh, 11A3, THPT chuyén Vinh Phdc; Ha Noi: Tran
Arh Vii, 11T, THPT Dan lap Pao Duy Tir; Bic Ninh:
Trdn Viét Long, Trinh Van Tam, 11 Li, THPT chuyén
Bic Ninh; Nghé An: Nguyén Tdr Nghia, Lé Dinh
Khiéi, Nguyén biic Son, 11A3, THPT chuyén Phan
Bai Chau.

NGUYEN VAN THUAN

UNG DUNG... (Tiép trang 9)

Bai 3. Cho p la mot s6 nguyén 16 le va sé
nguyén duong n. Tim s& cdc bg (x), x,, ...,
X,.) gomp — 1 56 tu nhién sao cho téng

X +2x;3+...+(p=1x, chia hét cho p, trong

dé moi $6°x,, Xy, ..., X, déu khong lon honn - 1.

Bai 4. Cho p la mot sé nguyén 16 l€ va sé
nguyén duong n lon hon 2p. Tim 56 tap con X
cua tdp {1, 2, ..., n}, biét rang X chita diing 2p
phdn ti va téng tdt cd cdc phdn ti cia X chia
hét cho p.

Bai 5. Cho hai 56 nguyén dicong m va n trong
dé n + 2 chia hét cho m. Hdy tinh s¢ cdc bo
ndm $6 nguvén dwong (x, v, z, v, t) thaa mdn
diéu kién téng x + y + z + v + t chia hét cho m.
trong dé méi sé x, y, z, v, t déu khéng lon
hon n.

Bai 6. Cho p ld mét 56 nguyén 16 Ie. Tim s6
cde tdp con X cia tdp {1, 2, ..., 2p+1), biét
rang X chita ding p phdn ti va 16ng tdt cd cde
phdn i clia X khi chia cho p ¢é 56 du bang 1.

https://tieulun.hopto.org
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EPEECTN EDA N

Séch gido khoa (SGK) Todn 16p 11 theo
chuong trinh chudn cé nhiéu diém khic
biét so vdi SGK Todn 11 hién dang luu hanh.

Vé chuong trinh, nhdm phuc vu cho cic mén
Vit 1i va Sinh hoc ngay tir ddu 16p 12 nén
hai chuong Pao ham va Té hop — Xéc sudt da
dugc chuyén tir 16p 12 xuéng 16p 11. Vi phai
dua thém hai chuong mdi nay nén cic chuong
Ham s6 mil, Ham s6 logarit dugc chuyén sang
16p 12. Ngodi ra, mot s6 ndi dung trudc day
co trong chuong
trinh nhung xét

trong SGK Todn 10 1a ¢6 gang dan dit dé hinh
thanh cdc khdi niém mot cich tu nhién, tranh
xu huéng dp dat cdc dinh nghia mot cdch mdy
moéc, diac biét d6i véi cdc khdi niém kho.
Chéng han khdi niém phuong trinh lugng giac,
lau nay trong cdc sdch da trinh bay theo mot
dang phuong trinh md& rong, c6 ca don vi do
tham gia vao phuong trinh, nhu phuong trinh

N5

sin(x + 15%) = —.
2

Vé nguyén tac, khong duge dua don vi do vao
trong phuong trinh, hon nita nghiém cua
phuong trinh cling 1a mot s6 khong cé don vi.
Thé ma déi véi phuong trinh luong gidc ta lai
c6 nhimg nghiém nhu x = 25° chang han. Dé
giai quyét mau thudn nay, mot s6 nudc da quy
dinh khong dua don vi d6 vao phwong trinh
lugng gidc. Tuy nhién trong Vat li, do dac su
dung nhiéu phuong trinh lugng gidc dé xdc

dinh do 16n vé
d6 cha cdc goc,

thdy khong that A Ch : % T - i 'i vi vay ta chip
cdn thiét cho Ve Sa; !J do 04 uan nhin cdch trinh
hoc sinh nén bay khong that

di bd di hoac
chuyén sang bai :
doc thém nhu e,
Hé phuong trinh B
lugng gidc hoic

Bit phuong trinh

luong giac.

Trong SGK Hinh hoc 11 ngoai nhimng vin dé
truyén théng nhw dudng thing va mat phang,
quan hé song song va quan hé vudng géc,
chwong diu tién gidi thiéu cdc phép bién hinh
trong mat phing nhim chinh xdc héa khai niém
hai hinh bing nhau vi hai hinh déng dang méa
céc em di duoc 1am quen khi hoc vé tam gidc &
céip THCS.

Déng thoi viéc gidi thiéu phép tinh ti€n con
gilip cho viéc trinh bay dé thi ham s6 luong
gidc trong Dai s6 va Giai tich 11: Do thi ham
s0 y = cosx dugc suy tir do thi ham s6 y = sinx
bang mot phép tinh tién.

Vé phuong phip, SGK Todn 11 theo chuong
trinh chudn vin tuép tuc dudng 16i da thuc hién

THEG\CHUONG TRINH CHUAN

chudn nay. Do dé
ching t61 khong
dua ra moét dinh
nghia chinh thic
vé phuong trinh
luong gidgc ma chi
gi6i thieu mot s6 vi du dé ddn dit t6i khai
niém phuong trinh luong giac.

TRAN VAN HAO
(Téng chu bién)

Vé miic dé, SGK Toin 11 khong thién vé cdc
ki nang gidi todn phic tap, doi hoi cic cong
thitc khé nhé, hodc cdc meo muc khong cédn
thi€t. Chang han, chuong Phép bién hinh chi
yéu cdu gidi thiéu mot sé phép cu thé ma hoc
sinh di lam quen & 16p dudi, qua do dan tdi
phép d&i hinh va phép dong dang, chif khéng
rén luyén ki nang st dung phép bién hinh dé
gial toan. Day khéng phai la yéu cau doi voi
hoe sinh theo chuong trinh chuén, c¢é chang
chi nén rén luyén trong cdc 16p chuyén. Cic
chuong Phuwong trinh luong gidc, Gidi han,
Pao ham ciing vay, chi gidi thiéu nhitng dang
don gian. Muén tim hiéu nhing bai todn phikc
tap hon, xin xem sdch "Tai liéu ty chon nang
cao" ciing phdt hanh ciing vdi bo SGK.

. g, '
|

tON .f_-;-:};:_;
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Két qué cudc thi CIMO IMO 2007

JIAI NHAT (2 gidi) S S 0SS0 S 080
1) Nguyén Ngoc Trung, 9Al, THCS Lam
Thao, Phii Tho.

2) Hoang Ditc Hai, 11A1, THPT chuyén Phan
Boi Chau, TP. Vinh, Nghé An.

GIAINHI (3 gidi) SS8SLSLLEDHOT
1) Pé Vdan Piic, 10A, Todn, khoi THPT
chuyén DPHKHTN - PHQG Ha Noi;

2) Nguyén Quéc Dai, 11CT, THPT chuyén Lé
Héng Phong, Nam Dinh;

3) Bdng Tudn Anh, 11A1, THPT chuyén Phan
Boi Chau, TP. Vinh, Nghé An.

GIAI BA (10 gidi) S #SSSSDSS06
1) Pham Quang Thinh, 8H, THCS Hung

Vuong, Tuy Hoa, Phu Yén;

2) Tang Van Binh, 98, THCS Ly Nhét Quang,
D6 Luong, Nghé An;

3) Mac Thé Truong, 10Al,
Vinh Phic, Vinh Phiic;

4) Nguyén Tién Huwong, 10A1, THPT Quynh
Coi, Quynh Phu, Thai Binh;

5) Trdn Nhu Ngoc, 10A,, THPT Nguyén Binh
Khiém, Krong Pak, Pak Lak;

THPT chuyén

Cude thi CHAO IMO 2007 trén tap chi THTT duge chia lam ba dot
(moi dot gom 5 bai todn), ldn luot ddng trén cdc s6 bdo 355, 356, 357
nhdm muc dich chao mirng Olympic Todn hoc Quéc té lan thir 48
ndm 2007 duoc t6 chitc tai Ha Noi tir ngay 19 dén ngay 31 thang 7.
Cudc thi nay duoge nhiéu ban ¢ khap cd nuce tham gia. Ddc biét co mot
s6 ban o bac THCS dd gwi léi gidi t6t cho nhiéu bai toan. Sau day la
danh sdch cdc ban doat gidi cua cuée thi.

6) Vé Vian Tudn, 10 Todn, PTINK DHKHTN -
PBHQG TP. Ho Chi Minh;

7) Nguvén Luu Bdch, 11A, Toan, Khoi THPT
chuyén DPHKHTN - BPHQG Ha Noi;

8) Trinh Ngoc Duong, 11A, Todan, Khoi THPT
chuyén DPHKHTN - BPHQG Ha Noi;

9) Tir Pitc Phong, 11C3, THPT chuyén Hing
Vuong, Gia Lai;

10) Lé Minh Triét, 11CT, THPT chuyén Lé
Héng Phong, TP. Ho Chi Minh.

THTT

CANG TY O PHAN XNK BINH TAY (BITEX)

TpHCM: 110 -112 Hau Ging PE GB; Hé N&: 128 Bach Mai GHsi B2 Trung
Nha phan phéi chinh thic mdy tinh CASIO. tai Viet Nam

HAN HANH TAI TRG CUGC THI NAY
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Problem

In normal weather conditions, an aircraft
travelled 648 nautical miles between A and B at
a average speed of x knots. In bad weather, the
distance travelled was increased to 700 nautical
miles and the average speed was reduced to
(x — 40) knots.

(a) Write dow expressions involving x for
(1) the normal weather flying time in hours;
(ii) the bad weather flying time in hours.

(b) Given that the difference between the ﬂying
times is y minutes, write down, but do not
simplify, an equation involving x and y.

(c) Given that x = 540, calculate y.

Vocabulary
normal  théng thutmg

- condition diéu kién
bﬂem& aircraft  may bay

mile ddm :
nautical  (thugc) bién,
_ (thugc) hang hai
(dam dat lién = 1,609km
dam bién = 1,852 km)
knot = one nautical mile per hour )
mgt dam trén gir (don vi toc do cua
mdt chiéc tau thiy hay may bay)
speed téc do (don vi vé hudng, thuong
ding vé&i distance thanh cdp toc do
- quing dudmg)
velocity vén toc (don vi cd huong, thudng
dung voi displacement thanh cédp
vén toc - su dich chuyén)
expression  biéu thire
Ay bay
simplify it gon, don gian hoa
equation  phuong trinh 1
involve lién quan dén, bao gém
calculate  tinh, hay tinh

Solution. (Chd céc ban giri vé)
VU KIM THUY

PROBLEMS ... (Tiép trang 17)

T6/360, Let M, NV and P be three points outside a
given triangle ABC such that ZCAN = ZCBM =30°,
LACN = ZBCM =20°, ZPAB = ZPBA = 40", Show
that MNP is an equilateral triangle.

T7/360. Let 4BC be a right triangle with right angle at 4
and let AH be the altitute through 4. Denote by [, [, /> the
incenters of the triangles 4BC, AHB and AHC
respectively. Prove that the circumcircle of the triangle
117 is exactly the incircle of the triangle 4BC.

FOR UPPER SECONDARY SCHOOLS

T8/360. Find all functions £ R* —» R* which
satisfies the following identity

LAy = fix + pfix)), ¥x, p € R*.

T9/360. Find the largest real number m such that there
exists a number & in the interval [1; 2] such that the
following inequality

a b oV i
[—+—+—} 2(#+l}[a+b+c}[—-+——+—}+m
b ¢ a a b e

is satisfied for all positive real numbers a, b, c.

T10/360. Let (), k=1, 2, ..., 1, be an increasing
sequence and let 4, be the set of all positive numbers of

the form #, — u, (1 < <i < n), Prove that if 4, has
fewer that » elements, then (), k=1, 2, ..., n forms
an arithmetic sequence.

T11/360. Let ABCD be a quadrilateral with non-
parallel opposite sides and let O denote the
intersection of the diagonals 4C and BD. The
circumcircles of the triangles 048 and OCD meet at
X and O. The circumcircles of the triangles (48 and
OCB meet at ¥ and O. The circles with diameters 4C
and BD intersect at Z and T. Prove that either X, V,
Z, T are colinear or they lie in a circle.

T12/360. Consider a closed polygon 4, 4>...4, where

each of its a sides is tangent to a sphere ¢ at
center O and radius R. Let G be the centroid of the

system of points 4;,i= 1,2, ..., n (thatis, G4 + GAz

+ ..+ Gdy = 0) and denote 24, = £ A1 Aidin
(with the convention that 4, = 4, and 4,1 = 4,).
Prove the inequality

n o
zﬁ‘ﬂ_.:»L R

i=1 Sin‘_‘l" ~ nR 1si<jsn
2
Nguoi dich
LE MINH HA

(PHKHTN, DHQG Ha Néi)

HOC
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L
T ri théng minh la téng hop cdc ndng luc tri

tué cia con ngwoi nhu: 6c xem xét, tri
nhd, sitc tudng tuong va chi yéu la nang luc
suy nghi ma dac trung co ban nhdt 1a ndng lyc
suy nght doc ldp va sdng tao.

Mét hoc sinh hoc todn théng minh biéu hién &
cac diém sau day:

— Nam kién thic co ban mot cich chinh xéc,
c6 hé théng, hiéu, nhé va van dung duge céc
kién thitc todn hoc;
- Cé nang luc
phan tich, téng
hgp, triu  twgng
héa, khdi quat
héa, cu thé héa,
quy nap va suy
dién;

— C6 nang lyc suy
nghi doc lap, tic
I tr minh thdy
duoc van dé, phit
hién vd tim ra
cich giai quyét,
¢6 ddu 6c phe phén;
— €6 nang lyc suy nghi linh hoat, sdng tao, tiic
la khong theo con dudng mon.

Tuy nhién khong nén tuyét ddi héa tri thong
minh, vi tri thong minh cla con ngudi cé
nhiéu mic do.

Nhitng kha nang trung binh cla con ngudi
hoan toan dii dé nim vitng todn hoc & trudng
pho théng néu cé chi din t6t va nhimg cudn
sach tot" (Vién si Lién X6 Konmogorop).

1. V¢ 56 hoc, cdc bai todn vui sau day gop
phin rén tri théng minh:

a) "Mot gido dung 5 qua cam, hidy chia cho 5
em sao cho em nado ciing dudgc mdt qua, ma
trong gid van con mét qua”,

Céch chia 1a: Chia cho 4 em méi em m6t qua,
rdi dua gio trong dé con médt qua cam cho em
thit nam.

b) "Mot s6 ngudi cling ngdi &n com, ¢6 ho hang
lién quan véi nhau, trong dé cé 2 cha, 2 con,

TOAN HOC
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mot cach théng minh

2 chi, 2 chdu, 1 6ng, 1 anh, 1 em. Th& 1a ¢c6 12
ngudi! Ding hay sai? Quan hé ho hang cla bén
ngudi nhi thé nao?"

That ra, A 1a cha ciia B, C 1a cha ciia D va la
chdu goi A bing chi (chd ruét).

2. V¢ dai 56, sau khi hoc hing dang thifc (x + y)°
thi cé thé giai bai todn: "Chiing minh hé thirc
X+y+2=3xyzbiétring x+y+2=0".

RG rang tir

XxX+y+z=0ta
chz=—(x+y).
Thay vao vé trai
dudc
£+y=(x+y)]
==
~3fy -3 -
= —3xy(x+y), ma
i 12 . -(x+y)=znén
LE HAI CHAU 4y 47 =30z,
(Ha NéD vi
=In(x+y) =3z
Tir d6 khi gap bai todn sau: -
"Phén tich da thic (y — z)* + (y —x)° + (x - y)°
ta thira s6", thi thdy ngay két qua s€ la
3(y = 2)(y = x)(x — ¥). Tuong tu s& thay
(x = y) + (y = 2)’ + (z = x)" 1udn chia hét cho
5(x — y)(y — z)(z - x) V6i x, y, z nguyén va
timg doi mot khong bang nhau:
Maét vi du khic
"Fathily camps 3 + 42 =5 5 4 128 = 122
7 + 247 = 25% 9 + 40° = 412, Hiy tim ra quy
luat téng quat dya vao cdc vi du trén réi ching
minh né."
Quy luat tdng quat Ia
2n+ 172+ 2nn+ DP=2an+ 1) + 1%,
viin=1,2,3,..

Tuong tu v&i bai todn sau

"Ta thdy rang:
i 1.§.3 ; 12+32=3.:.5; sl 86T
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Hay tim ra quy luét tong quit dua vao cic vi

du trén réi chitng minh né".

Ta sé tim dugc quy luat tdng quat 1a
fapiegiy 4 pe SEHNEEHD

6
vrik=1,23,.
Tir day ta lai tim thém duoc
+44 6"+ L+ =2+ 22+ 3+ .+ 1)
_ An(n+1)(2n+1)
Tl Sl

Ta xét thém bai todn sau (VMO 1996).

J?x.(HL]:z

xX+y

ﬁ.[l—L]z.q\E.

Gidi hé phuong trinh
x+y

Lai giai tom tat nhu sau:
Véi diéu kién x #0 v # 0, ¥* + y* # 0, ta duoc
Eeto
x+y 3x 1y
1 22
i

Nhén timg v€& hai phuong trinh thu duoc

7y* — 38xy — 24x =0 hay (y — 6x)(7y+ 4) =0
din dén y = 6x vi néu (x ; y) 1a nghiém cta hé
thi x, y>0).

11+447

Tirdox= e
.

hé tuong duong

22487

7
Mot cach giai khac nhu sau:
bat Jx = u, J;:v. ta duoc hé tvong duong

H(H_l_}__z_
w2 +v2 _\fi
v[l 1 J 42
w+vt) \1°

Néu coi u® + v* 1a binh phuong gid tri tuyét déi
clia s8 phiic z = u + iv , chiing ta nhin dugc

4(
B h

h u—iv 2
U+ v+ —— (*)
u +v?

P ode 22 F E L
w1z 7 oz
1

thanh 2+—=~-—+£—£NIE

z i fi
2 4
hay z? —[$+E%Jz+1=0, ma nghiém

(I T @@ﬁ]

Vay tit ca cdc s thuc x vd y thoa min hé
phu‘cmg trinh da cho la

f N f
Phong cdach hoc tdp mdi vé todn la: hdang say
viot khé, déc lap suy nght, lién hé thuc té, hoc
di déi véi hanh, hoc tdp cé ké hoach.

3. Vé hinh hoc khi hoc xong tit gidc hay tu dat
céu hoi dé tir tra 1oi:

— Hinh thoi vad hinh vuéng cé chu vi bing
nhau thi hinh nao ¢6 dién tich 16n nhat?

— Khi néi trung diém cdc canh lién ti€p cla
hinh tif gidc bat ki, ciia hinh binh hanh, cua
hinh chit nhat, hinh thoi, hinh vuéng, hinh
thang cén thi sé tao dugc theo thir tu nhiing
hinh gi?

— Pa gidc nao cé téng cdc gbc trong bang téng
cdc goc ngoai?

Cuéi ciing giita tri nhd va tri thong minh thi
phdi biét nho mér cdch thong minh, cu theé:

a) Phai hiéu thi méi nhé t6t duge, chang han
muén khai trién (x + y)* thi phai viét né la
dudi dang (x + y)*.(x +y).

b) Phai ndm dugc méi lién hé gifta cdc khai
niém ciing loai, chéng han véi hé thic sin’a +

; . ; 1
cos’a = 1 thdy ring néu viét sm2%+m53% =
1a sai (!).

c) Phai nhé bing hinh v&, chang han nam vimg
dutng tron luong gidc s& nhé duge cdc cong
thitc tinh nghiém cha cdc phuong trinh lugng
gidc co ban.

TEEAR LSS
:J"-J‘i N j"‘
1 -
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Heé may ban co ﬂze lén ring hodc xupng' _
bién dé ng}u ngot sau mot nam hoc vit va.
' Liic rdnh réi ban vdn c6 thé dén véi rap chi
- bang hai con duong Todn hoc va Tuoi tré.

']Bgnda_sans_a;tgckgg? :
I|
l
NN 4
V ¥ TOAN HOC» 2 ||| [H] |5« Tuéi TRE

Ban hdy vé hai con duong xudit phdt ti TOAN HOC va
xudt phdt 1 TUOI TRE @& dén duoc chd tap chi. (Nén vé

dudng di mdu 9 con mé [ mau xanh cho dé nhin nhé).
BINH NAM HA

Céu 2. Cddf/gﬁép ﬁinﬁ/ ----------------------------------------------

Ban hdy chi ra cdch cdt hai fam bia hinh tron bang nhau
thanh nhigu mdnh roi ghép tat cd cdc mdnh lai (khéng
chom nhau) @& tao thanh sd 2007 nhu hinh bén. Bing cdt
thanh qud nhiéu mdnh nhe! DAN QUYNH
Cau3. DIEI EE  ----=ssevmmmmmmnnneeremmmmncennen e
Ngd gidc ABCDE (hinh vé) duoc chia thanh 11 phan rei nhau. Hay
dt cdc 50 tu nhién tu 1 dén 12 (i cdc s0 8 v 10, 3 ghi vdo
phin gidio) vdo 10 phdn con trong (mdi phan c6 mot s6) sao cho
T.rn= 80F = fmzra.w:rm: 36,
trong d6 ki higu T, 1d tong cdc s6 trong tam gide XV 7.

e ———— T e e e
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TRUNG HOC

(Dé déng trén THTT 56 358 thang 4 nam 2007)

1. Nam nay, thi viio Pai hoc ¢6 nhimng thay doi
s0 vdi nam hoc trude vé quy ché nhu sau:

- Ciac mon Li, Héa, Sinh 18 chic thi tric
nghiém (nam ngodi mdi chi ¢6 mon Ngoal ngit
thi trac nghiém).

- Hoc sinh gidi dugce gidi Qudc gia van phai dy
thi Pai hoc va phai di diém san. Viéc tuyén
thang cdc hoc sinh nay duoc giao cho cic
truding dai hoc tu quyét dinh.

trir khi Toa soan yéu cau sto va gui lai,

161 ban doc.

e e e e e e i

2. Ban nao cdn mua sé 360 THTT bdng tiéng Anh cén déng ki véi Toa soan trudc ngay
25.6.2007 (DT/Fax: 04.5144272; Email: tapchitoanhoc_tuoitre@yahoo.com.vn).

3. Bé trénh hién tuong tring Idp khi déng bai, dé nghj cdc déc gia va céng tdc vién gui bai
dén Toa soan chi gui mét lén (néu dé gli buu dién thi khéng gui dién thu va nguoc lai}

4. Bai L2/355 do bi trung nén chung t6i khéng ddng lai I&i gidi trong sé 359. Thanh thét xin

- Hoc sinh vi pham quy ché khi thi t6t nghiép
THPT bi dinh chi thi s&¢ khéng dugc thi trong
ki thi 14n 2 6t nghiép THPT vao thing 8 va
ciing khéng duge du thi Dai hoc nam nay.

- Thi sinh c6 thé dang ki noi thi la noi dang
hoc chit khong bat budc vé cdc diém thi theo
ho khiu.

Ngoai ra con mét s6 thay ddi nho khdc. Xem
Quyét dinh  04/2007/QD-BGDDT  ngay
22/02/2007 trén trang web: www.edu.net.vn

2. Nude ta dén dau nam 2007 c6 téng cong
311 truong dai hoc, dai hoc ving, Dai hoc
Qudc gia (khong tinh cdc truong trong dai hoc
viing, trong dai hoc Qudc gia va cdc trudng
riéng clia quan doi, canh sat) v cao dang.

3. Céc tinh, thanh phé thuoc Trung wong co tir
3 truong dai hoc va dai hoc tro lén: Ha Noi
(43), TP. Hé6 Chi Minh (32), Ha Tay (6), Hai
Phong (4), Nam Binh (3).

4. Cic tinh, thanh cé tir 10 trudng dai hoc, cao
dang va trung hoc day nghé trd lén: Ha Noi,
TP. H6 Chi Minh, Hai Phong, Da Ning, Dong
Nai, Ha Tay, Khinh Hoa, Nam Dinh, Thdi
Nguyén, Thanh Hoéa.

5. S6 phén tram hoc sinh tot nghiép ldp 12
duoc cic trudng quéc lap ti€p nhan du kién
la 13%.

Khéng cé ban nao tra 1di ding cdc cau hoi.

vU b0 QUAN

B S o B o e SRS N I BB e o o R A IRt S ST
CUNG BAN POC
1. Theo quy dinh mdi cia Chinh phi cdc co quan ding dia chi frén mang phdi ¢ cac ki tu .vn,
ké tir thang 7.2007 tap chi Toan hoc va Tubi tré thay déi dia chi email (dién thu) nhu sau:
tapchitoanhoc_tvoitre@yahoo.com.vn

Vo s 8 5 — . — — i — o — 5 —
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XUAT BAN TU 1964

; / %} = . '72 » $6 360(6.2007)

7ﬂ;ﬁ Céc 70/4% é ta 7%07 . 5 Toa soan : 1878, phé Giang V6, Ha Noi
. . / DT Bién tdp: 04.5121607, 04.5121606
M@&W cwd? %mff: MW DT - Fax Phét hanh, Tri su': 04.5144272

Email: tapchitoanhoc_tuoitre@yahoo.com.vn

BAN CO VAN KHOA HOC

GS. TSKH. NGUYEN CANH TOAN
GS. TSKH. TRAN VAN NHUNG

Q

900@@

TS. NGUYEN VAN VONG
GS. POAN QUYNH
PGS. TS. TRAN VAN HAO

CHIU TRACH NHIEM XUAT BAN
Chi tich Héi déng Quén tri kiém
Tong Giam déc NXB Gido duc
NGO TRAN Al
Phé Téng Giam déc kiém
Téng bién tap NXB Gido due
NGUYEN QUY THAO

HOI DONG BIEN TAP
Téng bién tdp : PGS. TS. PHAN DOAN THOAI
Thu ki Toa soan : ThS, VU KIM THOY

TS. 1RAN B—I'*JH CHAU ThS. NGUY]%:N ANH DUNG, TS TRAN NAM DUNG TS. I\GUYE-‘\J MINH DU'C
TS. NGUYEN MINH HA, TS. NGUYEN VIET HAI, PGS. TS. LE QUOC HAN, ThS. PHAM VAN HUNG,
PGS. TS. VU THANH KHIET, GS. TSKH. NGUYEN VAN MAU, Ong NGUYEN KHAC MINH,
TS. TRAN HUU NAM, PGS. TS. NGUYEN DANG PHAT, TS. TA DUY PHUQNG, ThS. NGUYEN THE THACH,
PGS. TSKH. PANG HUNG THANG, PGS. TS. VU DUONG THUY, GS. TSKH. NGO VIET TRUNG,
ThS. HO QUANG VINH.

Phé Téng bién tap : TS. PHAM TH| BACH NGOC

TRONG SO NAY

Danh cho Trung hoc Co s¢ — For Lower
Secondary Schools

Nguyén Phuwde - Giai mét sé phudng
trinh vé ti c6 dang dic bidt,

Loi gidi dé thi tuyén sinh vao lép 10
THPT chuyén Ludgng Thé Vinh, Dong Nai,
nam hoc 2006-2007,

Dé thi vao 1dp 10, trudng THPT chuyén
Ha Tinh, ndm hoc 2006-2007.

Chuédn bi thi vao dai hoc — University
Entrance Preparation

Thir sife trude ki thi — Hudng din giai dé s8 4.

Ban doc tim toi — Reader's Contribution
Nguyén Minh Ha - Phép ching minh
khée cta dinh li Brianchon.

Tim hiéu siu thém Toan hoc so cip —
Advanced Elementary Mathematics

Tran Viét Anh - Ung dung s6 phitc dé
gidi toAn td hap.

Phuong phap giai toin — Math Problem
Solving

Nguyén Dang Phat -Loi giai dai s6 ca bai
todan hinh hoc T11/344 (thang 2 nam 2006).

@ Tur kho tang toin hoc — From Math Treasure
Trian Nam Ding - Bat dang thic

Cauchy-Bunyakovski-Schwarz.

@ Dé ra ki nay — Problems in This Issue

T1/356, ..., T12/369, L1/360, L2/360.

@ Giai bai ki trudc — Solutions to Previous

Problems
Giai cac bai clia s6 356.

@ Dién dan day hoc toidn — Math Teaching
Forum
Tran Vin Hao - V& Séch gido khoa ldpl1
theo chuong trinh chuan

€D Két qua cugc thi Chao IMO2007

@ Tiéng Anh qua cac bai todn va loi giai
UNIT 4.

@ Néi chuyén v6i cac ban tré yéu todn
Lé Hai Chéu — Lam thé ndo dé hoc toan
mot cach théng minh?

@ Todn hoc vui — Maths Fun

€D Cau lac bo — Math Club
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CUOC THI VIET SACH BAI TAP
SACH THAM KHAO CAP TIEU HOC,
THCS VA THPT

Thuc hién chi dao cua Bo Giao duc va Dao tao, Nha
xuét ban Giao duc tiép tuc t6 chirc cude thi Vit
sach bai tap, sach tham khao theo chuong trinh mai
cap Tiéu hoc, Trung hoc co so va Trung hoc pho
théng. Kinh mai cac thay, ¢d gido, cac chuyén gia
giao duc tham gia viét sach du thi.

1.D6i voi cdp Tiéu hoc va Trung hoc co so:

- Vit séch bai tap, sach tham khao cho hoc sinh
theo cap (khong viet rleng cho tung Iop), dac biét
luu y t6i mang dé tai vé bai tap trac nghiém theo
chu dé.

- Viét sach tham khao theo huéng déi méi phuong
phap day hoc dung cho giao vién va phu huynh
theo cap hoc va ting 16p.

2. D81 véi cap Trung hoc phd théng:

- Viét sach tham khao theo hudng déi méi phuong

phap day hoc cac mén hoc cua lép 10,11, 12 danh
cho giao vién va phu huynh.

- Viét sach bai tap (dac biét la bai tap trac nghiém)
theo cac chu dé cua moi mén hoc trong chuong
trinh cap Trung hoc phé théng.

Mailién hé : Ban t6 chirc Cudc thi Viét sach bai tap,
sach tham khao.

Dia chi: $6 25 Han Thuyén, Ha Ngi

Piénthoai: 04.8266361. Fax: 04.9717061.

Email: bantkbt@gmail.com

S4ch méi Tiéng Anh danh cho Ti€u hoc
LET’S LEARN ENGLISH

Hay hoc tiéng Anh ciing véi cac ban
Nam va Mai trong sach

Let's learn English

bay la bo siach gido khoa Tiéng Anh
cho Tiéu hoc, bién soan theo chuong
trinh mdi duoe Bo GD & DT ban hianh.

NXB Giao duc hop tiac véi NXB
Panpac Education-Singapore xuét ban
bo siach nay. Sich da duoc Hoi dong
Anh tham dinh va thu bang.

Sach duge thiét ké theo phong cich
hién dai, két hop vdi tranh dnh minh
hoa ngo nghinh, tinh té; déng thai ¢6 bo
thiét bi bo tro cho viée day - hoe gom
bang, dia CD, VCD, quéan bai, con chir...
rat hap dan véi hoc sinh Tiéu hoc.

o

Céc S6 Gido duc va Dao tao, cdc Cong ty ¢ phdn Sdch - Thiét bi ¢6 thé dat mua tai

Mién Bic : Phoing phdt hanh SGK, NXBGD tai Ha Noi :
DT : (04).856201]. Fax :
Mién Trung : Phong phat hanh SGK, NXBGD tai TP. Pa Néng :

187 Giang V&, Ha Néi
(04) 8562493
15 Nguyén Chi Thanh, TR D4 Ning

PT : (0511).894504. Fax : (0511).827368
Mién Nam : Phong phét hanh SGK, NXBGD tai TP. H Chi Minh : 231 Nguyén Van Cir, Quin 5, TP. H6 Chi Minh
T : (08).8358423. Fax : (08).8390727
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o . ;
Mmm acebooic.comidetringlEermnatli————l P SI68 le.comisitedetrunalienmarti

TOA SOAN BANG PHAT HANH CAC CUON SACH THAM.} KHAU TAI BAN:
% Tuyeh chon theo chuyen 42 Toan hoc va Tuoi fré

QUYEH 1  Sach day 300 trang, khd 19 x 26, 5 cm, gia bén 1é 34.000 déng
unEH 9  Séch day 252 trang, kh& 19 x 26,5 cm, gié ban |& 30.000 déng

% Sl sawdink l; PYOlémé

Séch day 164 trang, khd 17 x 24 cm, gié ban lé 21.500 dong

TU SACH THTT XIN TRAN TRONG GIG1 THIEU CUNG BAN BOC CUON SACH:
¢ Cac bai thi Olympic Toan THPT Viét nam (1990-2006)

Sich gom cdc dé thi va hudng dan gidi cdc bdi todn thi fuyén chon hoc sinh gidi Todn Quéc gia

THPT (Bdng A va bdng B) tu-1990-2006. Scich cang diing cdc 3¢ thi chon di tuyén Todn Quoc gia | OE?&;@'TTS'AN

Viét Nam du thi Todn Qudc té t 1990 dén 2006, Trong sdch con gidi thidu danh sdch va thanh fich  [88 ==z ==
cia dodn Viét Nam duy thi Olympic Todn Qudc 16 1 lan dau dy thi (ndm 1974) dén nay. Sch day | :
284 trang, kho 17x 24 cm, gld bdn lé 39. SU{Iiiung
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Day la cudn sach thuéc dang «best-seller” dé duoc tai ban
6 lan cia Nha xudt ban (NXB) McGraw-Hill - mét trong nhiing
NXB Khoa hoc danh tiéng nhét nudc My. Lén nay sach duoc
xudt ban theo hop déng chuyén nhuong tac quyén gida NXB
Gidio duc va NXB McGraw-Hill. Sach la cudn céim nang déy du
nhét vé cdc co sé todn trong tin hoc nhu: tap hop, légic ménh
dé, ham, thudt toan, ma tran, If thuyét s&, quan hé, cay, db thi,
dai s8 Boole... cng véi céc ing dyng cUa né trong tin hoc. Véi
luong kién thic phong pho, rét nhiéu vi du va bai tap kém theo
huéng dan gidi, cudn sach la mat tai ligu tham khéo v tra cdu rét
bé ich cho nhigu déi tuong va duoc coi | mét trong nhimg tai liéu
tham khéo chinh ding dé &n tép trong cac ki thi tuyén sinh cao hoc vé nghién cou sinh nganh
Todn va Céng nghé théng tin.

Sach day 864 trang, khé 20,5x29cm, bia cing, giéban lé 166000 déng.
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