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PHAN CHIA

DA GIAC THANH CAC
HINH TY -DONG DANG

Mt tdm bia hinh binh hanh (hodc hinh chit
nhit, hinh thoi, hinh vuéng), c6 thé cit ra
thanh 4 manh bdng nhau va déng dang véi hinh
binh hanh ban ddu nhu d hinh 1.

Néi cach khac, co thé
ghép 4 manh bia hinh
binh hanh bing nhau j
thanh mét hinh binh z / /
hanh déng dang véi hinh ban déu. / : / /

Hién nhién néu tiép tuc cit n 14n nhu trén ta dude 4" hinh bing -
nhau va.déu déng dang vdi hinh ban ddu nén chi cin xét véi s6 mi
n=1,

Danh cho ban doc

1) Cac tAm bia hinh da gidc déu nao co tinh chi't nhu trén ?

2) Cac tdm bia hinh da gide (181, 16m) khéng déu nao ¢é tinh chit nhu trén ?

(Xem tiép trang 31)

Hinh 1

Sach mdi Tiéng Anh danh cho Tiéu hoc:
LET'S LRN ENGLISH

* Hay hoc tiéng Anh cting véi cic ban
Nam va Mai trong sach ' _
Let’s Learn English! \= Ry : . [
Day Ia b séch tiéng Anh dugc bien N TR ¢ LEAR,
soan theo chuong trinh méi dugc ban = Wk EEsleune y
hanh ctia Bé Gido duc va Dao tao. B
Bé sach dugc thiét ké theo phong S
cach hien dai, két hop véi tranh anh
minh hoa ng¢ nghinh, tinh t&, rat hap
dan véi cac em hoc sinh tiéu hoc.
Nha xuét ban Gido duc hop tac véi

R o R e

Nha xuat ban SNP Panpac Singapore xuat ban bé sach nay.
Céc S& Gido dyc - Dao tao, cac Céng ty Sach - Thiét bj c6 thé dat mua tai:
Ha Néi: Phong phéat hanh SGK, 187B-Giang V6
DT: (04) 8562011 Fax: (04) 8562493
DPa Ndng: Phong phét hanh SGK, 15-Nguyén Chi Thanh
DT:(0511) 894504 Fax: (0511) 827368
TP Hé Chi Minh: Phong phat hanh SGK, 231-Nguyén Van Cit, Q5
DT: (08) 8358423 Fax: (08) 8390727
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TRUNG HOC CO sy
St duvg TINH CHAN Lé
rrong GIAI TOAN SO HOC

NGUYEN PUC TRUGNG
(GV THCS Da Tén, Gia Lam, Ha Néi)

Trong nhiéu bai toan vé s nguvén hodc s
hitu ti, doi khi chi cin xét tinh chéin lé cua gia
tri mot biéu thie, coi nhu mét didu kién can,
¢6 thd din dén viée giai quvét bai toan dé.
Dudi diy xin néu ra mot sd tinh chit cua cac
phép toan va biéu thite cé s6 chan va s6 1é dé
su dung khi 1ap luan, sau dé trinh bay mot so
dang toAn ma su dung tinh chidn 16 sé rat
thuan lgi.

Ta goi cac s6 nguyén chia hét cho 2 14 sé'chdn,
con 86 nguyén khong chia hét cho 2 1a sé'le.

TINH CHAT :

1. Téng (hoic hiéu) cia mét s6 chin va mot
sb lé 1A mot sb 1é.

2. Téng (hodc hiéu) hai s§ chin, hoac hai s&
18, 14 mét s6 chan.

3. Tich cac so e 1a mot st 18

4. Tich cac s6, trong d6 cé it nhat mét so
chin, 1a mdt s6 chin.

5. Trong hai 88 nguyén lién tiép thi c6 mot sé
Jé va mot sd chiin,

TINH CHAN LE TRONG CAC BAI TOAN VE

CHIA HET

Thi du 1. Cho bay sé6 nguyén a,, as, ..., a-.
Viét ede s6 nguyén do theo mét thit tw khae

dude b, by ..., by Chitng minh rdng tich s6

fa, —bylay —b,y) ... (a; —b,) chia hét cho 2.
Huéng dan gidgi. Diate, = a,-b, véii=1,2,
3,4,5,6,7. Cé:
[ + Cgicti +o,=
={a; - b))t (ay-by)+ ..+ (@; - by)
=(@,+ay+..+a)— (b, +byt+..+b)=0

Theo cac tinh chit 1, 2 thi trong cdc s6 ¢, ¢,
.y €7 phai ¢6 it nhat mot sé chan, lai theo tinh
chit 4 thi tich ¢,.¢,...c; phai 12 mét s6 chin.

Thi du 2. S6° 3" +2003, trong dé n la sé
nguyén duong, co chia hét cho 184 khéng ?

Huéng din gidi. Ta thiy 184 = 893 vi
3*" —1 chia hét cho 3* -1=8 .

e N&u nn = 2m chéin, thi 3*" +2003 = 3*" -1
+ 250.8 + 4 khong chia hét cho 8.

e Néun = 2m + 1 lé, thi 3" + 2003 =
(3™ - 1) + 250.8 + 6 khong chia hét cho 8,

Vay vdi moi sd nguyén dudng n thi sb
3" +2008 déu khong chia hét cho 184,

Céc bai luyén tap

Bai 1. Chon > 3,n € N. Chiing minh ring néu
2" = 10.a+b vai 0 < b < 9 thi a.b chia hét cho 6.

Bai 2. Cho cac s§ nguyén duong x, y, 2
thoa mén ¥ + y* = 22" Chimg minh ring
% -y chia hét cho 48.

Bai 3. Cho cac s0 nguyén duong x, v, z thoa
mén x° + },z =% Chiing minh ring xy.2z chia
hét cho 60.

Bai 4. Biét a 1a mot s6 nguyén dudng.

a) Néu a+1 va 2a+1 la cac s6 chinh phudng
thi s6 @ c6 chia hét cho 24 khéng ?

b) Néu 2a+1 va 3a+1 14 cae sé chinh phuong
thi s6 @ ¢ chia hét cho 40 khéng ?

TINH CHAN LE VOI CAC PHUONG TRINH

NGHIEM NGUYEN

Thi du 3. Giai phuang trinh nghiém nguvén
divong ' — 2" =5,

Huéng dan gidi. T phuong trinh (PT) suy
ra x° 1& nén x = 2n+1 1&, thay vao PT dugc
9n° + 2n -y = 2(%), suy ra y chan. Daty = 2m
thay vao (*) duge nin+1) - 2m* = 1. V& tréi
chan ma vé phai le, mau thuin. Vay PT da
cho vo nghiém.

Thi du 4. Tim nghiém nguyén duong cua hé
phuong trinh

xy+y—xl=1 (1)
(2)
x°—2y" +2x—4y=2 (3)

Hudng dan giai. Tit PT (3) suy ra x phai
chan, thay vao (1) thi y phai 1&. Vi 2(y+1) chan
nén tir (2) suy ra y! lé, do d6 chi ¢ thé y = 1.
Thay vio cac PT trén c6 mot nghiém (x, y, 2)
bangz (2. 1. 1).

yz+z-yl=1

1
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Cac bai luyén tap

Bai 5. Ching minh rang khéng cé cac s6
nguyén x, v, 2 nio thoa man :

19 +5” +1980z =1975"" +1993

Bai 6. Tim nghiém nguyén duong ctia méi
phuong trinh sau :

a) 2" +27 + 2% =9336 viix <y <z.

b) 27 +2% 427 =2¢

o) x* +2y* =42°

d) 3* =dy+1

e) I2+:}’2+2’2 .

il yz s

TINH CHAN LE TRONG CAC BAI TOAN SO

HOC KHAC

Thi du 5. Ching minh rdng mét phiong
trinh bdc hai vdi cde hé s6 déu la s6 nguyén Ié
thi khong thé co nghiém hitu t.

Loi giai. Gia sit PT ax™thxte =0 véia, b, ¢
14 cac s8 nguyén 1é ¢6 nghiém hitu ti x = P oys

q

(p, @) = 1. Thay gia tri cia x viio PT va bién dai
duge ap’+bpg+eq” = 0 (¥). Tt g 1a wdc cha ap”
ma (p, g) =1 suy ra g la ude cua sd 1é a nén g la
s0 lé. Lap luan tudng tu thi p ciing 1a sé'1é, lic
CTO vE trai Cﬁla (*) 1:1 sh le (Lheo cac tinh chat 1,

2, 3) ma vé phai ctia (*) 1 s6 chan, mAu thudn.
V dy PT bac hai trén khong 1.he ¢6 nghiém
hitu ti.

Véi ciing cach giai trén c¢6 thé ching minh
béi toAn tong quét nhu sau :

Chiing minh mng mot phu’o‘ng trinh bdc n
chan vdi jcde hé so déu la s6 nguyén le thi
khéng thé cé nghiém hitu ti.

a M— 3]'

n+43
la binh phuong ctia mat s6 hitu ti duong.

2

n-37 | q} v

n+43 \p

cée 86 nguyén dudng p, ¢ ma (p, g¢) = 1. Ta 6

n-37 = kq” va n+43 = kp® vo1 6 nguyén dudng

k. Tt db k(p—q)(p+q) = 80 (1) véi 80 =2"5.1.
Xét hai trudng hop -

Thi du 6. Tim s6' nguyén duong n dé

Huéng dan giai. Gia st -

1) Trong hai s p, g ¢6 mét s§ 1é va mot si

chin. Lic d6 p+q va p-g déu la 1é, nén ti (1)
suyraptg=5,pq=1,k=16=p=3,¢q=2,
n=101.

2) Ca hai s8 p, g déu 1é. Dt p = 20 -1,
g = 2b-1 vii a, b 14 cac s6 nguyén dudng.
Liic d6 (1) tré thanh k@ - b)a + b ~1) = 20, véi
Sl =9%5 1,

Chu ¥ ring a+b-1 > a-b, a+b-1 va a-b khac
tinh chan lé. Cho ciip sé (a b, a+b—1) 1an lugt
bang (1, 23, (1, 4), (1, 203, {5, '2(]} {2, 5), (4 o)
roi tinh @, b, p, g, k ta dude cac nghiém n biang
38, 47, 5 82, 199, 398. Bai todn ed 7 nghiém
nhu trén.

Thi du 7. Tim idt cd cde s6 nguyén té'a, b, ¢
théa man a’ + b = c.

Huéng dan gidi. Chi y ¢ > 2 valé thia, b
phai khac tinh chin 1é. Vi vai tro a, b nhu
nhau, gia su a 1é, b chan thi & = 2 nén c6
a’+2° =c. Néu @ = 3 thi ¢6 3° + 2° = 17 thoa
méan. Néu a # 3 thi e® = 3n + 1 véi n nguyén
dudng, 2 = @~ 1)'=3 -1 ~viglé Tadé
e=a®+2" =3n+1+3t-1 =3+ 1A hap sb.

Vay bai toAn ¢6 nghiém (a, b, ¢) bang (3,2, 17)
va (2,3, 17).

Thi du 8. Ki hiéu sfa) la sd cdc chiz 56 ctio
86 nguyén duong a. Hoi n lay gid tri nguyén
ditong nao thi s(5") —s(2") la s6'chdn ?

Hudng dan gidi. Gia st 2" c6 a chit 6 va
5" ¢6 b chil s6, lic d6 107" < 2" < 10" va 10" '<
5" < 10°. Suy ra  10™*% <10" <10*** nén
a+tb-2 < n < ath = n = a+b-1. Mit khac
s(5")-s(2") vA s(5")+s(2") = b+a cb clng
tinh chén 1é, vi vay dé s(5")-s(2") la s& chin
thi a+b 12 s6 chiin, nghia 14 n+1 phai la s61é.

Cac bai luyén tap
b+c”,
r= c+a” déu la s& nguyén té, trong dé a, b, ¢
1a cac sé nguyén duong. Chitng minh ring
trong ba sd p, g, r ¢6 it nhét hai sé bing nhau.

Bai 8. Cho céc 5§ @=2" +3" va b= 2""%+3™?
vii n 14 s6 nguvén dudng. Tim ude chung ldn
nhit cua e va b,

Bai 7. Biét cac s6 p = a+b®, g =

Bai 9. Chitng minh riing 3" +4 khong thé 1a
80 chinh phuong véi n 14 s nguyén duong
bat ki.

Bai 10. Tim cac s6 nguyén dudng m, n ldn
han 1 sao cho 2™ +3" 1a s6 chinh phuong.

Bai 11. Tim céc s6 nguyén dudng n sao cho
n” + 2002 1a 86 chinh phuong.

(Dé thi tuyén sinh ldp 10 chuyén DPHKHTN,
HN 2002)
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DE THI TUYEN SINH LOP 10 CHUYEN TRUONG THPT LE HONG PHONG
TP HO CHi MINH NAM HOC 2005-2006 MON TOAN

VONG I
(Thoi gian fam bai : 150 phat)
Cau 1: (2 diém).
Cho phuong trinh (co 4n s6 14 x)
42"+ 2(3 - 2muc+m” - 3m +2=0

a) Chiing to ring phudng trinh trén luén cé
nghiém véi moi gia tri cia tham sé m.

b) Tim m dé 6 tich cua hai nghiém dat gia
tri nho nhit.

Cau 2: (2 diem).

(iiai cac phudng trinh va hé phudng trinh :

3 sz +y* =2(xy+2)

{x+y=6

Cau 3: (2 diém).

a) Choa >¢, b >c,¢>0. Chiing minh ;
Jela—c) + Jelb—e) < Jab

b) Choa =0, 5> 0. Chiing minh :

Céu 4: (1 diém).

Tim s6 chinh phudng c6 4 chii sé biét ring
khi tang thém méi chit s6 mot don vi thi s6 méi
dude tao thanh cling 14 mdt s6 chinh phudng.

Cau 5: (1,5 diém).

Cho tam gidac ABC c¢6 ba géc nhon ndi tiép
trong duong tron (O ; R), goc C bing 45°.
BPridng tron dudng kinh AB cat cae canh AC va
BC 14n huodt tai M va N.

a) Chiing minh MN vudng goc véi OC.

b) Ching minh MN = E

J2

Cau 6: (1,5 diém).

Cho tam gidc ABC c6 ba géc nhon ndi tiép
trong dudng tron (O ; R). Diém M luu dong
trén cung nho BC. Tt M keé cac dutng thang
MH, MK lan lugt vuéng goc vdi AB, AC.

(H thude duong thing AB, K thuée dudng
thiang AC).

a) Chiing minh hai tam giac MBC va MHK
déng dang vdi nhau.

b) Tim vi tri cia M dé do dai doan HK lén
nhat,

VONG I
(Thoi gian lam bai : 150 phut)

Cau 7: (4 diém).

a) Dinh m d€ hai phudng trinh
2+ x+m=0vax" +mx+1=0coit nhit mét
nghiém chung.

b) Cho a, b, c 1a d§ dai ba canh ca mot tam
giae. Chiing minh rang phudng trinh :

B+ (b + ¢ —a’)x + ¢ =0 v6 nghidm.

Cau 8: (4 diém).

Giai phuong trinh va hé phudng trinh:

ﬁ‘rs—y3=ﬂx—y)

x+y=-1
2x . Tkt = .
3x® -5x+2 8x® +x42

Cau 9: (4 diém).

a) Chitng minh 2(a"+b") = ab™+a’b+2a°b",
vil moia, b.

b) Ching minh JVat -b* +‘.f2,;;b—b2 >a, vil
a>b>0,

Céu 10: (2 diém).

Tim cac s6 nguyén duong cé 2 chil s&, biét s6
d6 12 bii cta tich 2 chit 6 cua chinh s6 do.

CAu 11: (4 diém).

Cho hinh binh hanh ABCD co géc A nhon,
AB < AD. Tia phan gi4c ciia géc BAD cit BC
tai M va cit DC tai N. Goi K 14 tAm ena dudng
trén ngoai tiép tam gide MCN.

a) Chiing minh ring : DN = BC va CK1MN.

b) Chitng minh ring BKCD 1a mdt tit giac
néi tiép.

CAu 12: (2 diém).

Cho tam gidc ABC ¢6 A=2B. Chiing minh
ring

b)

BC*=AC*+AB.AC.

3
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Bét ding thic (BDT) Co-si c6 nhiéu tng
dung dé giai quyét cdc dang bai toan khac
nhau nhu : Chitng minh BDT ; Tim gi14 tri 16n
nhat v& nho nhat ciia ham sd ; Giai va hién
luan phuong trinh, bat phuong trinh ;...

Sau diay xin nhac lai BDT Cé-si va tng

dung no dé gidi mot s bai todn trong dé thi
tuyén sinh vao Dai hoc, Cao dang nam 2005.

BAT DANG THUC CO-SI TRONG DE THI TUYEN SINH
DAL HOC NAM 2005

I

Bat dang thite Co—si

Cho n sé thue khéng am aq, a,, ...
ludn ¢d

a, thi ta
EI] 0y +

+a
S L O T R )

DPang thiie xay ra khi va chi khi

n

a=ag=... =a,.
Bai toan 1. (Cau V, khoi A)
Cho x, y, 2 la cde 86 duong thoa man
l ‘i'l-i-l =4
DT
Chitng minh rang
1 1 1
—_—— +
x+y+2z

+ =L
2x+y+z a+ly+z
(Xem THTT s6 337, thang 7

Lai giai.
nam 2005}

Vai ki thuat "tach s6" ¢ thé tong quat héa
bai todan nay theo hudng sau :

Bai toan 2. Cho n 56 thic ditong a;, as, ...,

I /1
a, , thoa mdn —+—+., +——k (k=0 cho trude).

a6 g
Chitng minh ring
1| % 1
My +Myy +...+M, @, myay +..+ma, +mlan

1

M, B My 4k, 0

£

n

DANG THANH HAI
(Ha Téy)
3

ny, +m, +...+m

<

n
trong do my, mo, ..,
oy 3.

m,, la cac s6 nguyén dwong

(Bai toan 1 la trudng hop riéng cua bai toan
2khik=4.n=

Hudng dan: Ap dung BDT (*) cho

3?’?‘11—3”‘1) nlq—l:}

m = my+mg+ .. +m, sb, trong d6 m, s6 a;,

ny 0 ag, ..., my, s0 a, duge

@k tog HEed wobma) oot hey)
T e W (3)

Lai ap dung BDT Co-si cho m sd, trong do

ol LA
mq80 —, .., m, 86 — dugc
) a,

[1 1] [1 1)
— ot — | — o — [

@ th ) \Os g

1 1] m
T b (4)
@, a, m a-’“l a*’“? a"’ru

"

T (3), (4) cd
m
a,  ay

=

m 2
+—"J(mla1 I, g+ M, ) 2m

"

1
m,a, +MyQy +...4+Mm, a,
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Danh gia tueng tu cho cac phén thice con lai,
dan dén difu phai ching minh. Dang thie xay
n

rakhivachikhia;=as =..=a,= =

Bai toan 3. (Cau V, kho B)
Chitng minh ring vdi moi x € R, ta ¢ :

12y (15 V 50 il e o
Lﬁw LTE LT] =3% +47 £57.

e

Khi nao dang thite xdy ra ?
Ldi giai. Ap dung BDT Co-si cho hai s6

_ : P
'(5' f}_"a JJ e
(5 4 iy t 5.4
ilr ; n X fd) » X [IK X
ﬂﬁ! (20 ?:’Uﬂ] _o.5*
Ll g) T .4
;.r'l' 3K ." g\

I ;z\)|§_0_12} i

Céng theo timg v& cua ba BDT ciing chiéu
trén vdi nhau ta dude
"20

(3 2) (5

Ding thite xay ra khi va chi khi

i_s?'} {»J '(%} S i

JLE

1 2%t bt (Yee R).

Dita =3, b=4, ¢ =5, ta di dén bai toan
tifng quat sau.

Bai toan 4. Cho a, b, ¢ ld cac s6 duong tiy y.
Chiing minh rang vdi moi x € R, ta o6 :

(@T {.ée’f‘

KB a )

x
ca ;
+[?] :-_"al 'f'bx'fcx.

Hudng dan. Ching minh tucng ty Ba
toan 3.
Bai toan 5. (Cau V, khéi D).

Cho cac Sti”d\u’o‘ng x, ¥, 2 thoa mdn xyz = 1.
Chiing minh rdng :

N b w',l+}':++z"' N42° +2°
.——-u——l e —— = —— _..+_._..._
xy yez zx
Khi néao ding thite xdy ra ?

Lai giai. Dt

g J1+2® +y° +1.,f'l+y'°’ :r“:i+_\ﬁiz” +x°
xy yz zx I

Ap dung BDT Cé—si cho ba s6 duong, ta co
[1+x'] +4° =32 ;l:‘sy‘i =3xy
J1+y:'i +2' = 8yz

l

1422 +x% > B2x

T dd tacd:

e T e
SEJ3'¥}+V{} +\.r.x
L xy y& o ax

1
— i \.’f'_[ -'xy Vl,— \('Z}

Lai ap dung BDT Cé-si cho ba s6 duong

1 i 1 W
e i
Jxy WJyz ax
S> 33 : =3\-’§ (dpcm).

Déng thiic xdyrae>x=y=z=1.

Mét cach tu nhién, ta di dén bai toin ting
(qUAL sau ;

Bai toan 6. Cho ede 86 duong ay, ag, ..., a

thoa man a,as..a, = 1. Chiing minh rang :

Mlsaltoaskary  CRildadaf 4
+ 7

{alaz"'au—z )q ‘an )q

(aya,..

nn'l_ P F A
1+a; +ap +...+a; , ST

(¢, a...0, 9 )2

trong dé m > 2 14 sé nguyén duong, p, ¢ la cac
sd thuc tay ¥.

Hudng dan. Ap dung BDT (*) cho n s :
{U(ﬂ aé G 1

1+af +..taf , =

il
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TRAI HE HUNG VUONG 2005

Trong cic ngay tit 24 dén 26 thang 7 nam
2005, dudi su bao trg khoa hoc cua Héi Toan
hoe Vit Nam, Hoi Toan hoc Ha Néi va
Trudng Dai hoe Khoa hoc Tu nhién HN, Trai
Hé Hung Vuong 1an thit nhat da dude to chic
tai Truong THPT Chuyén Hang Vuong, Viét
Tri, Phi Tho.

Trai hé Hung Vuong 1a dot sinh heat chuyén
mén cua cac Trudng THPT Chuyén céc tinh
khu viic mién nii phia Bac. Tham gia Trai hé
Hung Viudng 14n nay c6 10 Trusng THPT
Chuyén thuée cae tinh Vinh Phiie, Phii Tho,
Yén Bai, Hoa Binh,Tuyén Quang, Ha Giang,
Cao Bang, Quang Ninh, Son La, Lang Son.
Ngoai cac sinh hoat hoc thuat nhu héi thao
khoa hoe, boi dudng kién thic chuyén sau cho

NGUYEN VAN MAU
(DH KHTN Ha NGi)

cac do1 du tuyén cua cac tinh va giao luu ngoa
khoa, Trai hé con té chiic thi Olympic Toan
hoc cho ecic hoe sinh 1dp 10 tham du trai hé
nhim giip cac trudng rit ra kinh nghiém
dinh hudng tot cho viée trang bi kién thie tiép
theo ctia doi du tuyén. Co thé nai, day 1a dgt
sinh hoat chuyén mén rat bé ich, c6 ¥ nghia
hoe thuat giap cho cic tinh khu vie mién nai
phia Béc cé diéu kién hoat déng ngoai khod va
giao htu, hoe hoi kinh nghiém. Hy vong nhiing
niam téi sé tiép tue cd nhimg hoat déng chuyén
mén, nhét la khi ching ta dang ¢ gang hét
stic minh cho cic dia phuong chu déng hi
nhap khu vue va quéc té.

Sau day la dé thi Olympic Toan hoc Trai hé
Hing Vudng 2005 (danh cho l6p10).

PE THI OLYMPIC TOAN HOC TRAI HE HUNG VUONG 2005
(Thai gian lam bai : 210 phit )

Cau 1. (7 diém).

Cac s6 nguyén dudng a,, a,, a;, a,;, a; lap
thanh mét cap sb cong tang.

Hoi lap dude bao nhiéu cip sb cong thoa
mén diéu kién a, > 50, a; < 100 ?

Cau 2. (7 diém).

Céac s6 nguyén dudng a,, a,, a; a, a; lap
thinh mét edp sé nhan tang. Hoi lap dude bao
nhidu ecdp 86 nhdn thoa man diéu kién
a;< 1007

Cau 3. (7 diém).

Cac s6 duong a,, g, a., a,, a; thoad min cac
diéu kién

() 2a;,2a,,2a;,2a,,2a;12 cic s6 nguyén
duidng

(a,+a,+a;+a,+a;=99.

Tim gia tri ldn nhdt va nho nh#dt eua tich
Preg oty O T 0

Cau 4. (7 didm).

(Gia su tam thic béac hai fix) luén ludn duong
vdi moi x. Chitng minh riing f(x) viét duge dudi
dang tong binh phudng cta hai nhi thic
béc nhat.

Cau 5. (7 diém).

Gia st him trung phuong glx) = x"+b:52+c
luén ludn dudng véi moi x. Chiing minh rang
glx) viet duge dudi dang tong binh phuong ctia
hai tam thiic bac ha.

Céu 6. (7 diém).

Cho hinh vuéng ABCD. Tim quy tich cac
diém M thude hinh vudng (phan bén trong va
bién ctia hinh vuéng) sao cho dién tich cac tam
gific MAB va MAC bing nhau.

Cau 7. (7 diém).

Cho hinh vuéng ABCD. Gié_)sﬁ E la trung
diém canh CD va F la mét diém o bén trong
hinh vudng. Xac dinh vi tri diém @ thude
canh AB sao cho AQE=BQF .

4] Nhiin tin : Cac ban dudge giai cude thi Gidi todn bang mdy tinh bo tii trén tap chi THTT niam ngoai hoe
16p 9 via 12 : Hodng Thi Cam Th, Neuyén Thu Ha, Qudch Ti Anh, Nouvén Thi Thu Phuong, Nauyén Thi Tho
bao dia chi mdi vé dé toa soan giti qua ting va bing chimg nhan giai thudng. Ngoai cac ban trén Toa soan da
gifi qua tang va sé gii biing ching nhan giai thudng theo dia chi cua ban di in trén THTT. Thian mén.

THTT
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oi sdng

Ta di biét Lage hap din cia mét vat tie dong
lén vat khac t1 18 nghich vdi binh phuong
khoang cach gifia hai vat dé. Dinh luat nay do
Niu-tdn néu ra, khéng ngo lai c6 mot ggi ¥
trong viée mé hinh héa su lan truyén cia bénh
dich.

Khi mdt bénh dich xay ra tal mot ngi ma
dén cu phén bé gan nhu déng nhat, vi du nhu
mét thanh phé, ngudi ta cé thé nghién ciu
cach ma bénh dé lan truyén bing cich gia
thiét ring nhiing ca thé khac nhau ciing ¢6
mét kha ning tiép xde nhu nhau. Nguge lai,
gia thiét dé khong cé higu luc dé xét dén vin
d€ lan truyén bénh dich néu su phan bd cong
déng dan cu khong dong nhéat trén inh tho
cua ho : vi du mét xit gom nhiéu cong dong co
dén s6 khic nhau qua xa (thanh phg, thi trin,
xA, lang, x6m..). Néu mét bénh xuit hién
trong mét thanh phd nhait dinh, ude Iugng nhu
thé nio nguy cd bénh d6 lan truyén dén thanh
phé khac cua dat nude ? Mot cach ¢ dién dé
xu i a4 gia thiét ring nguy cd dé i 1é nghich
vii khoang céch gitia hai thanh phé. Y tudng
chu dao 14 : hai thanh phé cang cach xa nhau,
thi tae déng qua lai giia chung cang yéu, do
dé nguy co giam di.

Nhung véin dé khéng phai don gian nhu vay.
Diéu trén khéng diing véi hai thanh phé lén
ngay nay c¢6 so6 hanh khich qua lai 1én bing
may bay. Thue vay, ti nhiing céng trinh cia
Andrew Cliff, nha dia 1i kinh t& d Dai hoc
Cambridge, nguoi ta thdy ring nhiing bién
déng vé din s0 quan trong hon rit nhiéu khi
%6t dén nhiing thanh phd 16n.

Diéu ghi nhan dé da goi ¥ cho Andrew CHff
vao nam 1973 xac ldp mét mé hinh hép din
ctia nhiing tac dong qua lai giita nhitng tap
hop dan cu : bang cich xem dan sé cua mit
thanh phé 1a "khéi lugng", xem tac dong qua

https:/sites. google.com/site/letrunglienmath

TOAN HOC
va s lan truyén

bénh dich

PHAN THANH QUANG - NGUYEN VAN THIEM

lai gilta cac thanh phd 14 t1 1& véi khéi ludng
(ho#e 14 véi lay thita cia moi khéi lugng), va ti
1& nghich, véi mét lay thita nao do, cua khoang
cich (khéng nhat thiét 1a lay thia bac 2 nhu
trong trudng hop cua lue hap dan).

Vén dé con lai 1a hién ké&t hai yéu té : bénh
dich véi dia li, sy lan truyén cua mét bénh
dich v6i mé hinh hap din cha nhing su trao
doi déan cu gitta hai thanh phé. Dé 1a didu ma
Yingcun Xia va cic cong tac vién cua ong o
Pai hoe Quic gia Singapore dd thuec hién.
Trén co sd nhitng sé lidu da thu dugdce vé bénh
s0i ving Royaume-Uni ¢ Anh gitia nam 1950
va 1966 (nhiing s6 liéu chinh xac via dude 14y
trong thoi ki trude khi tiém ching), ho da
chitng t6 ring c6 thé xac dinh dude nhiing
théng sd ciia mot mé hinh hap dan nhu vay dé
c6 su an khép gitia s6 liéu dy kién va sé liéu
thuc t&. Trude hét, trén cd s ciia nhiing s6 litu
lay duge tit 60 thanh phd, éng thiy ring su
lan truyén bénh dich minh hoa mét cach kha
rd "luat hap dan", trong dé luc hap din ti 1&
vo1 khoi lugng cua thanh phé xudt phat, ti 18
theo lay thita 1,5 cua khoi lugng thanh phé
dén, va ti 1é nghich vdi khoang cach hai thanh
phé. Phan tich gan 900 thanh phd khac, éng
thay ring diéu khing dinh dé pha hop véi
dinh luat dé ra.

Phai chang dé 14 mét cong cu toan hitu hiéu
dé mot ngay nao dé, phuc vu yéu ciu chéng
nhiing bénh dich ?

Céac tac gia con ¢6 ¥ dinh vAn dung mb hinh
nay nghién cfiu sy lan truyén cta bénh ctim,

mét bénh ma ndm nao ngimh y t& ciing phai
d6i pho.

(Theo Benoit Rittaud trong La Recherche
$6'379 thing 10 ndm 2004)
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TINH 901! XUNG CUA BAI TOAN CUT TRI

NGUYEN NGOC KHOA
(GV THPT chuyén Lé Khiét, Quing Ngdi)

Xay dung ¢ hudng trinh giai 14 mdt bude rat quan trong
trong Izm‘c do gidi todn bén bitde eia G. Polia. Dé ¢6 chudng
trinh giai 61 1tu, trude hét ta phai nghién ctu that ki efu trie
cua bai toan, xem xét dudi nhmu goc do, tim ban chét ctua bai
toan, xdy dung thém cic gia thiét, ti dé dinh ra hu‘cing g'uu
pha hﬂp Bai viét nay khai thac tinh déi xing cta cac biéu
thic dé giai bai toan cuc tri. Trong bai, ki hiéu gia tri nho
nhét (GTN‘\J cua mot bidu thie P 1a MmP gia tri ldn nhat

(GTLN) ctia F 1a MaxP.

Thidu 1. Gia s A, B, C, D la cacgoc cua fi
gide Ioi bdt kL Tinh gid tri lon nhat cua biéu

thitc P = —sm—q—A+smB+sinC+sinD.

[

Nhdan xét. Si dung BDT
B+C+D

sinB + sinC + sinD < 3sin

(Ban doc ty chitng minh). Dliﬂ vao tinh dm
xting cua B, C, D ta quy vé tim GTLN cia
biéu thiic mét bién ¢ nhy sau -

Ditt = E’L—S-fg tac6A=2m— 3¢

T 9n
e )
3 I.3 ( )

-

i g ; vE D
P < -sin 5(271—30 +3sint = -?msﬂisim

LSIRCR

Dang thite xay ra khi cost = —J% , 8int =

3 o
Vo8
(2) (thoa man (1)).

Vay MaxP = V7 dat dugc tai B=C=D =1,

A = 2n — 3t véi t xac dinh bai (1) va (2) (d& thay
td gide nay ton tai).

Thi dy 2. Cho cde 56 thuc x,, x, x, thoa mdn
X+ X3 4 X3 = \Ja, +1+ 2, +2+ Xy +3. Tim
GTLN, GTNN ciia biéu thitc x, + x, + x,

Nhdn xét. Sai 1dm cia hoc sinh ]a binh
phuong hai v& dé lam mat cin, nén da bién

bai todn don gmn vé bai toan phiic tap hon rit
nhiéu. Loi giai sau dua vao tinh dai xtng cta
ba biéu thee x,+1, x,+2 vi x,+3.

it + (et 2) + (et 8=

& il
= X 1 424 x, +3 + 6

AL
Yo +120,X,= \/x, +2 =0,
X,= Jx,+3 20.

Bai todn quy vé tim GTNN, GTLN cia biéu
thic S=x +x,+x, =X, +X, + X,

PatX, =

voi Xi+ X7+ X2 =X, +X,+X,+6 (3
Tit (3) va BDT
XY+ X5 +X3)2(X, + X, +X,)?

tac6S°-38-18<0= S < 6.
Déng thie XAy ra khiX, =X, =X, =2 Vay
Max([X;} +X2+X? 6] = MaxS = 6 do db

Max(x, +x,t,) = 6

e Dy doan GT ’\IN dat tai cic "diém bién", ta
bién déi nh sau :
X+ X3 +X; -6 =X+ X, +X, >8-S -6=
AX, X + X, X, +X,X,) 20523 (Do S >0).
Ding thie xay ra ching han tai X,=X,=0;
X;=3. Vay MinS = 3 do d6 Min(x,+x,+x,) = 3.

Ban doc co thé gidi bai toan trén bing
phudng phap hinh hoc,

Thi du 3. Cho ba s6 thuc khing ém «x, 72
thoa mén x+y+z > 0. Tim gid m nfm nhdt, gid
x4y +162_

tri ldn nhdt cua biéu thite P = :
(x+y+z)
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Nhdn xét. Plax ; ay ; az) = Plx ; y ; 2) vii moi
a > 0. Tinh thuidn nhéat cua P cho phép ta
"thém gia thiét" x+y+z = 1 ma khong mat tinh
Long quat B Lnan quy vé tim GTNN, GTLN
etia @ = x™+y'+162° véi didu kien xty+z = 1.

¢ Tim GTNN cuia §): Tinh do1 xiing cua x, y
dinh hudng cho ta ude Iugng qua BDT trung

gian  x*y’> % La-zy?
THd6 Q> 1(1-2) +162" =
i'“—z) +642" 1— f(z),0<z=1
f'&):3i64zj—(]_z)~];

f2)=0¢ z= %} (chuy0<z<1)

Lap bang bién thién cua ham fiz) trén [0; 1]

. .. B4 . 16
tathiyflz)z — = @= —f(z) = —.
y1e) 81 Q 4f 21
o # L . 4 1
Diang thiic xayrakhix=y=—,2=—.
9 9

Viy minP = E

L

» Tim GTLN cua @ : Du doan GTLN dat tai
"diém bien" (0; 0; 1). Ta ude lugng nhit sau :

x:’._i_y:_'._l_ lazd :x3+_y3+23+ 15.23
< (x+y+2)”+ 152" < 16.

Vay MaxP = 16 dat duge, chang han, tai
x=y=0,z=1.

Thi du 4. Cho cde 56 thue khing dm x, y, z
Tim gid tri nho nhdt, gid tri ldn nhdt cua
P=x"+y' + 2" trong cdc truimg hop

alx+y+z=23

blx+y+z=3vd xy+xz +yz=1

Gidi.a) « Ap dung BDT Bu-nhi-a-cop-xki dudc

27(x* + 9! +20 )29 +y7 + 27 ) 2 (x4 y+2)
= xgteytrz' 23
— MinP =3 dat dugc taix =y =z=1.

e Dy doan GTLN dat tai cic "diém bién" ta
biéu dién P theo cac da thic ddi xing so cip
§) = X4yH2, 8, =yt azhyz, 8= xyz dé danh gi
{C 1 ¥ ring moi da thite d6i xing déu biéu
dién dude qua cac da thic dél xding s0 cip).

P=gs'-4s's, +25) +45,5, =
= 81 - 36(xy+rz+yz) + 2xy+xz+yz)” + 12xyz.
Ta ¢6 : xy+xz+yz < %l{x+y+z)2 =3

Xy+xz+yz

== =1

= [:lt:_er:vr:z*+3«':-:‘]3 L Xyraziyz
3 3 3
hay 2(xy+xz+yz)” — 6(xy+xz-+yz) < 0. (1)
Theo BDT Co-si : x+y+z = 33xyz , do dé
0D<xyz<1,dan dén
xy+xz+yz = 33 x" v- A sy A

Tu (1), (2) co

P =81 + 2xy+xz+yz)” — Bley+xz+yz) —
— d{xy+xz+yz-dxyz) — 26(xy+txztyz) < 81

Vay MaxP = 81 dat dude, chang han, tai
x=3,y=z=10.

b) Nhén xét. Diéu kién x =y = z khéng )fiiﬁ’
ra, va x, ¥ (hodc x, z hode y, z) khéng thé dong
thdi bing khong, vi vily ta khong thé su dung
phuong phap nhu d edu (a). Tinh déi xiing cua
da thite P va gia thit cia bai toan dinh hudng
cho ta tinh P theo cac da thiic déi xiing sd cdp :

P=s! 4575, +255 +48,8; =47+123,.
Bai toan quy vé tim GTNN, GTLN cua s,.

¢ Rd rang s, = 0 nén MinP = 47 dat dugc
chang han tai x =0 ; con y, z la nghiém eua hé

y+z=3 (345 8-J51. .
=,2)=| ,— | hoic
el 2 2
. 3-J6 3+5
U’: Z) e 2 T 2 .
b
¢ Tim GTLN cua
=xyz =x[1 —x(y+2)] = x[1 — x(3-x)]
= x"—3x%+x .
Tach: yr=3-x; yz =x"-3x+1.

Theo BDT Co-si ta co (y+2)° = dyz
= (3-2) 2 4(x"-3x+1) < 3" - Bx-5<0

s

9
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Léap bang bién thién ctia ham s6's, = x"-3¢" + x
s 5
3+ 24 5 469
> } tach s, < .

nen
46 —91 ’
9

4

trén doan lﬂ;

105+16+6
3

MaxP = 47 + 12{ . dat

due, ching han, taix = Ei%-ﬁ,y =z= ¢ ;“4 .

BAITAP
1) Cho a, b, ¢ > 0 thoa man at+b+e = 1.
Chiing minh:
2 + 9abe = Tab+be+ea)
(Tht Vo dich Anh — 1999)

2) Cho tam gidec ABC. Tim GTLN ctua méi
biéu thiic sau :

a) cosA + cosB + 2004cosC ;

b) sin”A + sin”B + sin”C v6i0<p < 2.

3) Tim GTLN, GTNN cua biéu thic
x, 1a nhiing

Xy +%g .+, | rong db x; e,

86 thuc tay y thoa man

Xy + X ot X, =%y + 142 424+ x40
4) Tim GTNN ctia biéu thiic

s ghyd bt g

B 1 1 e

trong dé x, ¥, 2, ¢ 14 cAc 8 thuc khéng 4m thoa
man x+yt+z+t =3,

5) Tim GTNN, GTLN cia P = B
trong moi truong hgp sau, trong db x, v, z la
cde s6 thue khéng am

alx+y+z==6.

blx+y+z=8vaxyz=16.

T
6) Tim GTNN, GTLN cia p= 2 2¥ *2
(x+y+2)’
trong mdi trudng hop sau :

a) x, v, z 1a cée sb thue khong 4m thoa mén
x+y+z>0,

b) x, ¥, z 14 cac s0 thue khing Am thoa méan
X+ }_z 2= Tlxy+xz+yz)
) x, ¥, z 14 cac s6 thuc duong thoa mén

(xty+z)’ = 32xyz (Bai 5, thi HSG Quéc gia
THPT bang A nam 2004).
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KET QUA CUOC THI
OLYMPIC TOAN

SINGAPORE 2005
CUA HOC SINH VIET NAM

VU KIM THUY

Ngay 26.04.20056 Hoi Toan hoe Singapore
dd moi Hoi Toan hoe Ha Nai Viét Nam tham
du cude thi Olympic Singapore. Hang nghin
hoc sinh cua cic nube thuge Déng Nam A
tham gia cude thi. Nam ngoéi 1an dau tién hoc
sinh Ha Noi da tham gia va c6 két qua tét.

Ngay 06.05.2006 Héi Todn hoc Ha Néi, So
Giao duc — Dao tao Ha Noi, S¢ Gido duc - Dao
tao Vinh Phiie da théng nhat cit hoe sinh gioi
cua mét s6 trudng thude Ha Néi, Vinh Phiic va
moi Hung Yén tham gia. Sd Gido duc Vinh
Phic da lap doi tuyén du thi va to chic én
luyén chu déo. Trudng ban td chic cude thi la
GS. TSKH. L& Hiing Sdn, Phé Chu tich Héi
Toan hoc Ha Ngi, Phé ban thuong truc to chic
cude thi 13 ThS. Vi Kim Thiy, Uy vién Ban
Chap hanh Héi Todn hoe Ha Noi. C6 19 hoc
sinh sinh sau ngay 01.01.1989 cua ecic trudng
Chuyén Ha Ndi - Amsterdam, THPT Chu Van
An, THPT chuyén ban Hung Yén, THPT
chuyén Vinh Phte, THPT Xuin Hoa, Vinh
Phie, THCS Ngé Si Lién, Ha No6i thi bac
Senior Section. C6 20 hoe sinh sinh sau ngay
01.01.1991 cua cac truong THCS Trung
Vuong, THPT Ha Noi - Amsterdam, THCS
Ngo 8i Lign, Dan ]ap Nguyén Siéu, Ha No,
THCS Vinh Yén, THCS Yén Lac, THCS Hal
Ba Trung, THCS Lap Thach, Vinh Phiic thi
bae Junior Section. Ngay 31 'D') 2005 tai Hbi
truong L& Van Thiém, 19 Lé Thanh Tong, Ha
Noi cude thi di dién ra tit 9h30 dén 12h (gis
Hi Néi) déng thdai vdi cac nude khac. Pé thi
gém 35 bai toan bang tiéng Anh va hoc sinh
ciing phai viét 161 giai bang tiéng Anh. Muoi
cAu ddu 14 tric nghiém va 25 cdu sau viét 1oi
giai van tat. (Dé thi Senior Section da in trén
THTT s6 337 thang 7.2005). Theo quy ché
cude thi, bai thi duge niém phong va gli sang
Singapore chim va thang 9 Hoi Toan hoc
Singapore cong bo két qua. Thanh tich cia hoe
sinh Viét Nam nam nay cao hon nim ngodi.
38/39 hoe sinh da doat giai trong dé c6 26 giai
Vang (xin xem bang trang bén).
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Junior Section (sinh sau 01.01.1991)

T

Ho va tén

Truong

oo =1 0 e s o b

L& Minh Hang

4 lHd‘ Duc S
| Nguyén Tmng Duc :
| Nguyén Thi Thu Hltdng

e .I‘\altven F[‘hl Hﬂ S e s s
| Van] “v[anh Tuan
| Ta Thé Anh

Pham Hoang Linh

| Trin Minh Hing |
| Khéng Hoang Thao

Mai Tuan Anh
Nguyén Thé Hang
Tran Quang Su
Ding Hong Phiic

Nguyén Minh Trang

.| MacThé Trudng
Dudng Thuy Linh

Lé Lan Chi
Pham Hing Anh

| THCS Trung Vuong, HaNai =~
_THCS Trung Vudng, Ha Noi

Sé'diém |
25 | Vang

20 | Vang

THCS Vinh Yén, V‘nh Phuc
THCS Yén Lac, Vinh Phuc _ e Wy T
THCS Yén Lac, VinhPhtie |
THCS Yén Lac,VinhPhae |
THCS Ti'u’ng Vuong, Ha Nm - .

‘THCS Hai Ba Trung, Vinh Phuc__"__._"___. =
THCS Lap' 'Ihach Vinh Phic

THPT Ha Nai -

Amsterdam

THCS Hai Ba Tmng Vinh Phuc.

THCS Yén Lae, Vinh Phuc
THCS Tring Vuong, Ha N6

THCS Lap Thach, Vinh Phie |
__THPT Ha Nm ﬁ;m:.terddm i vl
| THCS Lap Thach, Vinh Phie |

_THCQ' Ngo Si Llen Ha Nm S
THCS Trung Vuong, Ha Néi

25 | Vang

L e
18 | Vang
b N . L

B T

28 ) Vg
24 | Vang
24 | Vang
72 Vang
b YRS
21 | Vang
20 | Ve
21 | Vang |
21 | Vang |
19 | Vang |

g oS Vg

12 Déng

ior Section (=inh sau 01, Ol 19%)

S O L O NN N < o;
o =5 ©® o .._xic..:-w.—n:]] Y
i =3

| NguydnThiHa | THPTchuyénVinhPhac | 23 | Vang
| Nguyén Xuéin Tho | THPT chuyén Vinh Phic S8 | Wong
| Nguyén Hing Tién | THPT chuyén Ha Néi - Amsterdam o Vang
Tr ﬁn Trung Dung | THPT chuyén Vinh Phie 21 Vang
|LéTiénDde | THPT chuyén Vinh Phic 21 ~ Vang
_ "Jguven K}ln Thuat | THPT chuyén Vinh Phiic S aRIEE e Bac
| NguyénHaily | THPT chuyén Ha Nm Amqterdam 1 18 | Bue |
) | D3PhuongAn | THPT chuyén Ha Noi - Amsterdam | 16 | Bac |
1a T\Iguyen Bao Lmh | THPT Xudn Hoa, Vinh Phtie | 15 | Bac
14 |LéNgocHai | THCS Ngb Si Lién, Ha Ngi com b BB _Bac
15 | Lé Thanh | THFT chuven Ha N01 Amqterdam 3 418 - | Bung
16 | PhamXuanThing | THPTchuyénbanHungYen | 9 | KKhich
17 | Nguyén Pinh Tuan | THPT ChuVanAn, HaNgi | 9 | KKhich
118 | Dinh 81 Quy |THPTChuVanAn,HaNei | 9 | KKhich
| 19 | Trén Ngoc Tra Mi THPT Chu Vén An, Ha Nai 9 K.Khich

Nguyén Van Ngoe

THPT chuyén Vinh Phiie

Ho va tén Truing = Sé'diém | Gidi
Nguyén Hodi Nam | THPT {huyen NI R -t i SR oo RGN
D& Van Cuong __THPT-: apven VaphePhdie. oo oo ] oo BB L YRDE
Nguyén Xuén Chuong | THPT chaven Vinh Bhdio 000 v | B ~Vang

B4 Veng

Dang chu ¥ ¢6 cac hoc sinh Lé Ngoc Hai, 1Lé Thanh, Nguyén Hai Ly tham du thi Senior
Section nhung mdi hoc 16p 9. Lé Ngoc Hai 1a hoc sinh nam ngoai dat Huy chuong Bac trong Ki
thi Olympic Khoa hoe Quéc té 1an diu tién, to chiic tai Indénésia.
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Géc dinh hudng trén mat phing 1a mét
khéi niém tudng déi phie tap va tinh té& ma
trong SGK toan chua dé cap day du. Tuong
ty nhu khi xét doan thang véi hai yéu to 1a dé
dai va hudng ta 6 vectd, khi xét goc véi hai
yéu to 1a db lén va hudéng ta c6 goc dinh
hudng (GDH). Trong bai nay, trinh bay khai
niém goc dinh hudng va mét s& hé thite co
ban vé gée dinh hudng, nhiing hé thiic nay
gidp ta giai nhiéu bai tap lién quan dén goc
mét cach gon ging han.

GOC DINH HUGNG

I. Khai niém gde dinh hudng

a) Goc dinh hwdng cua hai vecto chung géc

1. Cho hai vecto chung géc EA, EB (déu
khac vecto-khéng). Trong mat phing (EAB)
cho tia Ex quay quanh diém E theo mot hudng
nhat dinh i tia EA dén tia EB, ta noi tia Ex
quét mot goc dinh huong, ki hidu la
(EA,EB), vi EA la vecto dau (hoic vectd
g6c), EB 1a vecto cudi (hodc vectd ngon).

Nhu vay géc dinh huéng cta vects EA va
vectd EB chinh 14 gde luong gide cua tia EA
va tia EB (xem SGK Dai s6 va Giai tich 11).

2. Théng thudng, ngudi ta quy ude hudng
quay cua tia Ex néi trén quanh diém E la
duong néu hudng quay nay nguge véi hudng
quay cua kim dong hé, va 14 dm néu hudng
quay niy theo hudng kim déng hd.

3. Khi xac dinh GDH ¢ trén ta khéng quan
tim dén d6 dai vecto nén dé thuan tién ta cb
thé xét cac vecto EA va EB c6 do dai bing
nhau: |EA|=|EB|=r (h.1).

M N C

S,
Q

Hinh 1

12

NGUYEN MINH HA — NGUYEN VIET HAI

(He Néi)

Khi cho diém X chuyén déng trén dudng
tron tAm E, ban kinh r = EA = EB ti diem A
dén diém B va quay |k| vong theo mot hudng
xac dinh thi diem X vé nén mét cung dinh
hitdng, ki hicu 1a AR, trong d6 & = 0 néu quay
theo hudng ducng va & < 0 néu quay theo
huédng Am.

Ta c¢6 cong thide vé s6 do eung dinh huéng
(SGK néi trén) :
: sdAB =a° + k£.360°
vii k 1a sé nguyén va AEB =a’.

NE&u st dung s6 do radian véi a.180°= e thi
cd cong thc

sd(EA ,EB)=a"+ k.360"
trong d6 a” = AEB (0° < a° < 360°), (AEB la
g8 do gée khéng dinh hudng, tudng tng véi so
do cung khéng dinh huéng AB), |k| la s6
vong quay cua tia Ax ti tia dau EA dén tia
cudl EB, k = 0 néu quay theo hudng duong,
k < 0 néu quay theo huéng Am. Néu dung don
vi do radian ta cé céng thiic

sd(EA ,EB) =a + k.2,

Nhu vay méi GDH (EA ,EB) dude xac dinh
hai vectd ddu EA, vectd cuéi EB (do dé
a’ = AEB xac dinh) va mét s8 nguyén k. Méi
GDH ¢ mét s6 do xde dinh, tuy cé thé viét
theo nhiéu cach, chﬁng han sd(Eﬁ ,ETBJ =
a° + 2.360° = 760" = -330° + 3.380° =
1110° - 1.360° (3 day k = 2).

https://tieulun.hopto.org
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b) Gde dinh hudng eua hai vecto khéng
chung gic

1.Cho hai vects MN , PQ (déu khac vectd —
lchéng) nam trén cling Jn@t mat phing. T mét
diém (goi 1a diém géc) E nao dé trén mat
phing iy dung cac vectd EA=MN va
EB=PQ (h.2). V& mdi vecto diu MN ,
vecto cudi PQ va sé nguyén k, ta xic dinh mot
goe dinh hudng, ki higu la (MN,PQ), véi
sd(MN, PQ) = sd(EA ,EB) = a°+k.36(°, trong
déa’= AEB va | k| 14 s& vong quay tit tia EA

dén tia EB, k > 0 néu quay theo hudng dudng,
k <0 néu quay theo hudng am.

A

I'A*L
il

Hinh 2

2. Céach xac dinh GDH (MN,P®) nhu trén
khong phu thude vae vi tri diém goc E. Thuc
vay, gia st voi hai diém gée E va F ta dung cac
vecto EA=MN=FC vi EB=PQ=FD (h2)
thi AEB=CFD (hai géc ¢d canh tuong tng
song song cung hudng), dong thoi sé vong quay
k 14 nhu nhau nén sd(EA ,EB) = sd(FC ,FD).
Hai goe dinh huéng (AB,CD) va (MN,PQ) goi

la bang nhat khi sd{AB CD} = sd(i'lvﬂV PQ}
Ki hitu su bing nhau eia hai GDH trén la

(AB,CD) = (MN, PQ). Chu y rang hai GDH
bang nhau khong nhit thiét c6 hai vecto goc
cua ching cling hudng,

Quan hé bing nhau cua cac GDH cé tinh
chat : phan xa, ddi xiing, bic ciu, nghia la céc
tinh chat cua quan hé tuong dudng,

II. Cac hé thitc cd ban vé s& do goc dinh
hudng

Su xac dinh GBH nhu trén khéng phu thude
vao db dai va diém géc cic vectd nén dé thuan

tién, ta chi cAn xét cdc vectd ¢6 do dai bang
nhau vi cd chung diém gbe, nghia la cac ban
kinh vectd cia mét dudng tron vdi diém goc
chung la tAm chmng tron,

Tu cic hé thie vé sd do cung dinh hudng
trén cing mot duong tron (SGK Dai s6 va Gia
tich 11) c6 tam E, ban kinh EA = EB=rta suy
ra dude cac hé thic cia s do cac goce dinh
hudng chung goe E, ti dé suy ra hé thic cua
cac goe dinh hudng khéng chung gée. Nguoi ta
thuong xét s6 do GDH theo médun 2n dé
khéng phai quan tim dén s6 k, cudi ciing khi
chi xét nhting GDH ¢6 s6 do ti 0 dén 2r thi sd
do goc d6 xac dinh duy nhat. Xét cice hé thic
vé s6 do goe theo modun 2n (hodc ) ta sé nhan
duge nhiéu déng du thie dep va trong thuc té
st dung nhitng déng du thiic nay sé rat thuin
g khi gidi toan.

Dudi day 1a mot s¢ hé thic cd ban do va
cac GPH chung goc va cac GDH khéng chung
MN=EA, PQ=EB va
ST=EC (h.1). Chi § riing XY =-YX .

1) Gée khéng : (EA , EA)=0 (mod 27)

2)Gécbet: (EA,~EA) =n (mod 2n)

3) Hai g ngude hudng

(EA ,EB)=—(EB,EA) (mod 27)

(MN , P@) = —(PQ, MN) (mod 2n).

4) Hé thie Sa-lo
(E—A n EB) = (.ETA J Eé}ﬂEC ,EB.} (modZ2m)
(MN ,PQ) = (MN, ST)+(ST ,PQ) (mod2n)

5) Hai gée ngudge hudng b nhau hodc hai
GDBH cb canh tudng ting song song b1 nhau :

{E_A EB) (modZ2m)

ghe, trong dé

=n+ (-—EA EB)
(EA, EE?) =n+ (EA,- EB) (mod2m)
(MN , PQ)=n+ (MN , - PQ) (mod2n).
#) Hai GDH dé dinh :

(EA,EB) = (-EA - EB)  (mod2n)
(MN ,PQ)= (-MN ,-PQ) (mod2n).
7) Hiéu hai GDH chung tia diu :

(EA . EB) = (EC ,EB)—(EC , EA) (mod2n)
____ (ST, PQ)—(ST , MN ) (mod2r).

%
§|

13
https://tieulun.hopto.org



https:www. facebook. com/letrunglienmath

Hé Lhu-:: Sa-ld (4) la sy md rong cha hé thie
vé tia nam gida hai tia. Hé thic Sa-lo (4) dude
suy ra ngay tit hé thiec Sa-lo cla cung dinh
hudng (xem SGK da dan). Tit cac hé thic (4)
va (2) suy ra hé thite (5). T (5) suy ra (6). Ta
chiimg minh hé thie (7) dua vao cac hé thic
(6) va (3) nhu sau :

(MN.PQ) = (MN,ST)+(ST, PQ)

= (8T, MN) +(ST ,PQ) (mod2n)
So sanh cac hé thite (B)va (7) ¢6 quy tic :

Khi chuyén mét (s6 do) goe dinh huéng tit vé

nay sang vé kia cia ddng du thiic theo médun
2m, ta phai d6i diu cia né.

IIIl. Mét s6 ng dung cua goée dinh
huéng

Ta hdy lam quen vdi viéc s dung cée hé
thic o ban néu trén khi bién doi GDH dé
chiing minh mét s8 tinh chat hinh hoc ¢6 lién
quan dén goc va giai mjt 56 bai toin. Dong
thoi su trinh bay mét s8 tinh chat cac hinh o6
GDH so vii truding hdp gée khéng dinh hudng
céin phai chi y dén hudng nén 6 khic chuit it.

1. Téng edce géc trong mot tam gide

Tit (AB, AB) =0 (mod2m), st dung hai lan
hé thic Sa-ld (4) duge
(AB,AC)+(AC,CB)+(CB,AB) =0(mod2m)

Stt dung edc hé thie (3) va (6) duge :
(AB,AC)+n+(~AC,CB)+(-CB,~AB)=0 (mod2n)
hay
{EHH@H{B@,BE}-%(@, CB) =7 (mod2m) (8)

Heé thie (8) duge phat bidu nhu sau :

Tong ba goc ciing hiwdng trong mét tam gide
bing (theo modun 2.

Néu xét cie gée duong nho hon n ta cé : Téng
ba gée cting hudng trong mt tam gide bang .

2. Goe ngoai cua mot tam gide

Tit hé thite (8), chuyén vé va sii dung cac hé
thide (3), (6) va (5) duge

(AB,AC)+(BC.BA) = n—(CA,CB)

= n+(—CB,-CA) (mod 2m)
hay
(AB, AC)+(BC,BA) =(CB,~CA) (mod2n) (9)

Xét cac goc d dinh C cia AABC 6 :
(CA,CB)+(CB,~CA) =(CA,-CA)=7 (mod2x)

14
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nén ta goi GDH (CB,-CA)=(-CB, CA) 1a géc
ngodi cua goc trong dinh hudng (CA,CB) clia
AABC. Tt d6 hé thiic (9) dude phét bidu la :

Tong hai goc
imng cling h zrmag
cu,a met tam gidc
bang @oc ngoai
cing hudng o
dinh thit ba (theo
modun 27

3. Géc néi tiép
va géc o tdm

Gia st tam giac
ABC ndi  tiép
dudng tron tdm O
(h.3). Giua GDH
néi tiép va GDH d

tim cung chdn Hinh 3
day AB c6 hé thie
sau

(OA,OB) = 2ACA,CB) (mod 27) (10)
Chitng minh : Theo hé thic Sa-1d (4) ¢6
(OA,OB) = (OA,AC)+(AC,BC)+(BC,0B)
=7 +(Eﬁj,;‘ié) A BT n+{E}E,§5)
(theo (5) va (6))
= (CA,CB)+(CA,C0O)+(CO,CB)
(do AOAC va AOBC déu can ¢ dinh O, xem Bai
tap 2).
= (CA,CB)+(CA,CB) = 2(CA,CB) (mod2n)
(theo hé thiic (4)).

Su dung cac hé thie (6), (5) thi hé thic (10)
6 thé vidt dudi cac dang khac nhu sau :

(OA,OB) =2(CA,CB)=2(-CA,-CB) (mod2n)

(OA, OBJ 2(CA,CB)=2(n+(-CA, CB,I}

= 2(-CA,CB) (mod2m  (11)

hoie tudng tu (@E,@)E‘?{Eﬁ,bﬁ)
=2n+(DA ,—~DB)) = 2(DA,~ DB) (mod 2r) (12)

Cac ban hay viét hé thdc (10) (11) {]2) khi
thay céc vectd —CA,~CB,-DB béi CA, OB,

D32 theo thi tu (h.3).

Chi ¥ ring hé thiic (}D) xdy ra dai vdi diém
C bdt ki (khae A, B) nim trén dudng tron di
qua A v B, nhﬁng vl gcn_ khéng dinh hudng

thi ta 6 AOB= 2.ACB khi C, O nam cing
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phia d&i véi duong thing AB, con AOB =
2(r-ADB) khi D, O nim khéc phia do1 véi
duong thang AB.

4. Bon diém cing ndam trén mét duong
tron

(ia st bén diém phan biét A, B, C, D ciung
nam trén dudng trom tAm O (h. 3).

a) Khi € va D nim cing phia dé véi dudng
thang AB thi (CA,CB)=(DA,DB) (mod2m)

b) Khi C va D nam khac phia dé1 vdi dudng
théng AB thi (CA,CB) = (DA, DB) (mod2m)

Chitng minh. Theo hé thie (10) 6 :

2(CA ,CB) =(0OA,0B) = 2DA,DB) (mod2n)
hay E(QCA,CB)—(DA, DB))=0 (mod2m)
Xay ra hai trutng hop :
a) (CA,CB)=(DA,DB) (modZn)
b) {E";,E'_B) _(DA,DB)=n (mod2n)
ma m+ (DA,DB) = (bk—’l_,—DB.} (mod2n)
nén (CA,CB) = (DA,—DBJ (mod2n)

Xét hai GDH (CA,CB) va (DA,DB) c6 sb

do nam trong khoang (-x, n), néu C va D nam
cing phia do1 vdi dudng thang AB thi
(CA,CB) va (DA,DB) cung huéng nén xay
ra (a), edon khi C va D nidm khac phia dé1 véi
AB thi chiing ngude hudng nén xay ra (b).

5. Cung chia goc

Cho tam giac ABC. Tit cAc hé thiic vé bon
diém nam trén dudng tron suy ra : Tdp hop
diém M sao cho (MA ,MB)=(CA, CB) (mod2n)
la cung tron di qua diém C va chan day AB.

Trén hinh 3 tip hop diém M théa min
(MA ,MB)=(CA,CB)= o (mod 2m) 1a cung trén
ACB , con tap hdp diém N thoa maéan
Eﬁﬁ,ﬁfﬁ)atf}ﬁ,bﬁ} = - + o (mod 27 la
cung tron ADEB .

Cac ban hay st dung cac hé thite vé GDH dé
lam cac bai tap sau

BAI TAP
Bai 1. Chiing minh cac hé thic sau cua GDH:
) (EA,-EB) =(-EA , EB) (mod 21} ;
(MN,— PQ)= (-MN , PQ) (mod 2m) .
b) (—E’E,Eﬁ) = n—(EB.E’E) {mod 27} ;
(-MN , PQ) = n - (PQ . MN) (mod 2m) .
¢) (EA,EB) =n-(-EB,EA) (mod 2m);
(MN ,PQ) = n—(-PQ,MN) (mod 2n).
Bai 2. Trong AMBC cian 6 A cd hé thie
(BC, BA} {(‘A CB) (mod 27) .

Bai 3. Cho bon diém A, B, C, D cung r_ﬁlm
trén mot dudng tron tdm Q. Chang minh rang:

a) (CA,CB)+(DA,DB)=(0A ,0B).

b) (AB,CD)+(DC,DA) =(AB,AD).

Bai 4. Chiing minh ring tong cac goc trong
ciing hudng ctia mot da gide 16i n dinh dong du
véi m néu n lé, hodc dong du véi 0 néu n chan
theo modun 2m.

HD: hia vao (9) hodc bai tap 3).

Bai 5. T giac ABCD néi ti€p dude khi va
chi khi

(AB,AD) = (CB,-CD) (mod 2m).

(Ki sau ddng tiép)

SACH MOT
THUOC TO SACH TOAN HOC VA TUBI TRE

Tuyén chon theo Chuyen dé Toan hoc va Tubi tré {Quyén 1) 1a cudn sach diu tlen
trong bé tuyén chon. Sach gom 3 chuyén dé : Phuong phdp giai todn, Todn hoc va Di song,
Lich stz Todn hoe vén 14 nhiing chuyén dé ban doc rat quan tAm. Sach c6 ich d6i véi thay co
giao day toan, cac em hoe sinh va moi nguoi yéu toan. Cac don vi mua véi 6 lugng 16n co thé
oiti phiu bao vé toa soan. Sach sé c6 mat trén thi trudng vao cubi nam 2005, Cac ban hay
don doc va théng tin cho nhiéu ngudi cing biét. Cam on céc ban,

THTT
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CAC LOP THCS
Bai T1/339 (Ldp 6). S6 5™ viét trong hé
thap phan 6 bao nhiéu chii s6 ?
BUI VAN KHAC
(GV THCS Cdm Himg, Ceim Gidng, Hai Dicmg)
Bai T2/339 (Lap 7). Tim gia tri nho nhat clia

cac phén s6 ¢6 dang

,trong dda, b, c,d
ac+

14 cic s6 nguyén duong thoa mén diéu kién
a+b=c+d= 2008,
NGUYEN ANH THUAN
(GV' THCS Trein Vin On, Hong Bang, Hei Pliéng)
Bai T3/339. Phu‘cjng trinh

xdiJCI'{:l +y = 92007 2003
co nghiém nguyén duong khéng ?
TRAN NHU NGOC
(GVTT GOTX EaSup-Dik Lak)
Bai T4/339. Giai phudng trinh

24,J2?x'2+24x+§ =1+ f£x+s.
3 Y2

VO HUU HA
(GV THET Céiin Xuyén, Ha Tinh)
Bai T5/339. Cho cac s6 thuc duong x,, x., X3,
x,, x; thoa mén diéu kién
Xy +ah +x5 +x2 +x2 =2005
Tim gia tri nho nhat cua biéu thiie
1
P= + s + ! +
e, l+aaxs ltxex,
1 1
+ ;
l+x,2,  1+x.x,
NGO VAN KHUONG
(GV THCS TTr. Thang, Higp Héa, Bde Giang)

Bai T6/339. Cho hinh chii nhat ABCD.
Dudng Lhang vudng goc voi AC tai C cit cac
dudng thang AB, AD lan lu’cit tai &, F.
Ching minh ring

+

16

BE./CF +DFA/CE = ACEF .

LE CHU BIEN
(GV THCS Xiicine Phi, Xeecin Trieomg Nam Dind)
Bai T7/339. Cho tam giac ABC ngoai tiép
duong tron tim I. Goi m,,, m, , m, lan luet la
cic trung tuven xufit phat ti cae dinh A, B, C.
Chiing minh ring

e
e R
1, o1 S
TRAN HONG SON
(N THCS BC Thi Thuy, Thei Bindi)
CAC LOP THPT
Bai T8/339. Gia su x, y, z la cac s6 thue
ducng thoa man diéu kién xytyztzx = 1 .
Chimg mmh 1'1ng gla tri nho nhat cia biéu
thitc P = * + uy* + vz” bang 2, trong do ¢ 1a
nghiém cua phudng trinh
2 4 v+ —uw =0
trong khoang (0 ; vuv) .
Tim cac s6 nguyén to'w, v dé 2¢ 1a s hitu t.
QUACH VAN GIANG
(GV THPT Chn Vian An, He Nei)
Bai T9/339. Xét day s6 (x,) (n =1, 2, 3, ..)
duge xae dinh béi x, =a® | trong d6
1

(2r)!
a —_— —

by
C‘hl.mg minh rang day (x,) ¢6 giéi han khi n
dAn tdi vo han va tim gml han ds.
NGUYEN TRUGNG PHONG
(SV T I, CNTT, K45, DHBK Ha Nrif}
Bai T10f339 Cho sé thuc a thude (0 ;
Tim tit ca cac ham s6 f: R — R lién tuc ta;
x = 0va thoa man diéu kién sau véi moix € R:

flx) — 2flax) + fla™x) = x°
HUYNH TAN CHAU
{GV THPT Litong Vin Chednh,
TP. Tuy Hoa, Phii Yén)

Bai T11/339. Trong mat phéng cho dudng
tron tim O ban kinh r. Lay diém P ¢§ dinh
nam hén trong dlrc:ing tron vdi OP =d > 0. Hai
diy cung AB va CD di qua diém P tao thanh
mét goc o khing déi (0° < a < 90%). Tinh gia tri
Ién nhat va gia tri nho nhat cua téng AB + CD
khi hai diay AB, CD thay déi va xac dinh vi tri
cua ce day AB, CD do.

NGUYEN XUAN HUNG
(GV THPT Lam Scm, TP Thanh Hda)

viimoin=1,%23,..
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Bai T12/339. Cho td dién PABC trong do
PA, PB, PC vubng goc vl nhau ting déi mot.
Go1S = Sspe. S, =Spag. Sy =Sppes Sy = Spac-

i gl S
Chiing minh rang S% 8 ﬂé.
S48 Sﬂh‘ S+8 4

VUONG DINH TAN
(GV THPT Va Thi S, Long Pdi, Viing Tau)

CAC DE VAT L
Bai 1L.1/339. Mot con lic 16 xo, gom 10 xo cd
dd eding & = 50 (N/m) va vit nang M = 500 (g),
dao dong diéu hoa vai bién dé A, doc theo true
Ox trén mit phing nim ngang. Hé dang dao

ding thi mot vat m = % (g) ban vao M theo

phudng nam ngang véi van téc v,=1 (m-'s} Gia
thiét va cham 14 hoan toan dan hoi va xay ra
vio thai diém 10 xo c6 chiéu dai nho nhat. Sau
khi va cham vat M dao déng diéu héa lam cho
16 xo0 c6 chiéu dai cuc dai va cue tiéu lan lugt la
l__=100(cm) val ;= 80(cm). Cho g = 10(m/s%).
1) Tim vén toe ctia cic vt ngay sau va cham.
2) Xac dinh bign dé dao dong trude va cham.

CHU VAN BIEN
(B Héng Dhie, Thanh Héa)

https:/sites. google. com/site/letrungldenmath

Bai L2/339. Cho mach dién nhu hinh vé
U,z = 12(V). Cong sudt tidu thu cua cae dén
D BB i B D n ot 16 P, = AW,
P, = 16W ; P,=4W ; P, = 10W ; P, = 1W. Céng
sudt tiéu thu trén bién tro R, 12 1W. Dong
dién co chiéu nhi hinh vé,

-———h—u{\;———k < f--. -I-._;..- 5|

S("l
A E
== =
Iy !
AR |
" { . {
FISSENS - S [ WP
% E.0b &
o - I
r.ﬁ. 1/

a) Xae dinh dién tré cia cac dén va dién trg
phén bién tro tham gia vao mach dién.

b) Khi dién trd phin bién trd tham gia vao
mach dién thay doi thi do sang cua cac dén
thay déi the nao ? Gia st ring khi dé, cac dén
va bién trd khéng bi hong.

NGUYEN MANH THANG
(GV THCS Khdnh Duong, Yén Mo, Ninl Bink)

PROBLEMS IN THIS ISSUE

FOR LOWER SECONDARY SCHOOLS

T1/339 (for 6" grade).

How many digits has the number 5" (written in
decimal system) ?

T2/339 (for 7" grade).

Find the least value of the fractions of the form

ab

, where a, b, ¢, d are positive integers

ac+bd
satisfying the condition a+b = e+d = 2006,

T3/339. Has the equation
L2005 };gcm.ﬁ — 0072000

integral solutions ?
T4/339. Solve the equation

2 4}271%24“23—8 =1+ }%Ha

T5/339. Find the least value of the expression
1
. - : + . + 1 ! :
1+ x52; T+xgxs 1451
where x,, Xj, ¥, %; X5 are positive real numbers
satisfying the condition

1+axp%y 1+xq34

x%+x§+x§ +x,, +x5 =2005
T6/339. Let be given a square ABCI. The line
perpendicular to AC' at C cuts the lines AB, AD
respectively at I, F. Prove that
BE.JCF +DF JCE = ACJEF

T7/339. Let J be the incenter of triangle ABC and
let m,, m;, m.be the measures of the medians of
ABC issued respectively from A, B, C. Prove that

T8% AR Hr 4
—.J"+—L+ - =,

: ]
mg; my m; 3

FOR UPPER SECONDARY SCHOOLS

T&/339. Let be given two positive real numbers u,
v. Consider the expression P = x+ uy2 -+ Uzi. where
x, v, z are arbitrary real positive numbers satisfying
the condition xy+yz+zx = 1 . Prove that the least
value of P equals 2¢, where ¢ is the root lying in the
interval (0 +uu ) of the equation

2” + {I£+V+]).‘(2 -

Find prime numbers %, v so that 2f is a rational

number.

un=0
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Hinh 1

Nhiing ban sau ciing ¢6 cach cat ghép, tao
hinh chi giu dep mat : Ddng Tuyét Nhung,
11CT, THPT chuyvén Thai Nguyén, Thai Nguyén,
Ddao Trdn M% Hanh, 7B, THCS Ly Nhat
Quang, Dé Ludng, Trdn Thanh Tudn Trdng,

hitps:iisites. google.com/site/letrunglienmath

Két qua :
TAO HINH CHU GAU

Bai Tao hinh chi gdu dudge nhiéu ban hudng
ting. Mét sd ban di trinh bay dén ba, bon cach
cit miéng bia hinh vudng ra 3 manh dé ghép
dutde chii giu dang véu dé ! Dudi day Toa soan
gidi thiéu 2 cach cat ghép cua ban Trdn Vin
Ngoc Hung, 7/1, THCS Phan Thuc Duyvén,
Dién Tho, Dién Ban, Quang Nam

Trong hinh 1, hinh 2 mé ta cach cat cic
miéng bia a, b, ¢ réi chuyén dén vi tria’, b, ¢’
theo thit tu dé duge hinh cha gau.

Hinh 2

101, THPT Nghia Dan, Nghia Dan, Nguyén
Xuén Long, 11A6, THPT chuyén Phan Béi
Chau, Tp Vinh, Nghé An.
HONG QUANG
(Xem tiép trang 31)

@ T9/339. Consider the sequence of numbers

(x)(n=1,23,.) defined by x,=a", where
1
- & foreveryn=1,2,3, ..
(R 2

Prove that the sequence (x,) has a limit
when n tends to infimity and find this limit.

T10/339. Let @ be a real number belonging
to the interval (0 ; 1). Find all functions § :
R - R, continuous at x = 0, satisfying the
condition

fix) - 2flax) + fla) = «*

fore every x € R.

18

T11/339. In plane, let be given a cirle with
OP = d = 0. Two arbitrary chords AB, CD
passing through P, form an angle with
constant measure o (0° < @ < 90%. Find the
greatest value and the least value of the sum
AB + CD, when the chords AB, CD vary and
determine the positions of AB, CD in these
cases.

T12/339. Let PABC be a tetrahedron such
that PA, PB, PC are perpendicular each to the
others. Let § = SA.BC' SI e Sp_w y Sz = S_JIE(_' 3
83 = SPA(" Prove that

St S3

L .

: 4
§* +Sf 5% +S'§ §*+582

3
=
4
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Bai T1/335 (Ldp 6). Tim & 86 cue A va B,
biét rang

1 1 1 1
et T e | bouui————
1.1981 2.1982 n(1980+n) 25.20056

.o i i

= + BT
1.26 2.27 1980.2005

- % 3
mi{Z25+m)
trong dé A cé 25 36 hang va B cé 1980 36 hang.

Léi giai. Dé thay ring

oy o0 b (l_ 1
n.(1980+n) 1980\ n 1980+n)
Ap dung khai trién trén cho méi s& hang
trong A, ta dugc:
1 i 1
= e - o
1.1981 2.1982 25.20056
150 . e G
1980L 2005,1

1 1981 2 1983 7 45

Gees (1J+.__4
1980{\1 2

Ching tuong tu, ta co

1}’1 1
L1981193.',am5

_._}__i(l_ e
m(25+m) 25\m 254-mJ'
Ap dung khai trién trén cho méi sé hang
trong B, ta dudc:
1 1 1
= o + £F
120 227 1980.2005
£ i AL B
| m e e e e
25 I\l ZE & 2 J

1980 2005,
1 [1 1
=—|| =t—F.t

25{1 2

LB
"1980/ \26 27 J"

Nhan thdy hai biéu thic trong hai dau
ngodc bén vé phai cua B 6 phan chung la

L T e
2005 |

e 21 1
b e
26 27 1980

Do do sau khi rat gon, ta dude

1f(1 1 1) ( £ ool 1)
—|| ===+ ...1——J-- e e} (2)
“25/l172 " 25) l19s1 1982 7 2005
T (1) va (2), suy ra
e
1980 25
AL 95 &

Vay —= :
B 1980 396

Nhén xét. Co rit nhiéu ban tham gia giai bai nay
va déu theo cach trén. Sau day la mot phin trong sé
cac ban e 101 giai tot:

Thanh Hoa: Lé Thanh e, 4D, TH Ly Ty Trong,
Déng Son, Lé Ngoe Tw, Pham Thanh Tiung, Trinh
Hing Nhung, 6A, Mai Anh Biang, 6B, THCS Lé Hiu
Lap, Hau Léc; Trinh Quynh Trang, 6H, THCS Tran
Mai Ninh; Nghé An: Phan Manh Hai, 6A, THCS
Bach Lidu, Yen Thanh; Phan Thé Hoang, Nguvén Tat
S, Nguwn Thi Thity Dung, Va Binh Long, GA,
Nouyén Thi Hanh, Vi Thi Thutong, Trizong Thi Hing
Nhung, 6B, THCS Ly Nhat Quang, Dé Luong; Hai
Phong: Nguyé'n Tra Giang, 6AS5, THCS Chu Vian An,
Ngd Quyén; Ha Noi: Lé Quang Huy, Vi Bich Naoc,
6H1, THCS Tring Vudng, @ Hoan Kiém; Hai Duong:
Bao Thanh Thdi, 6A3, THCS Lé Thanh Nghi; Mac
e Huy, 64, THCS Pham Su Manh, Kinh Mén ;
Binh Dinh: Bii Huinh Tudn, Huinh Quang Toan,
6A8, Va Thi Tudn Hung, 6A4, THCS Ngd May, Phu
Cat; Quang Tri: Nguyén Thie Vi Hoang, 6M, THCS
Neguyvén Hué, Trugng Nhd Uyén, 4/1, TH Ham Nghi,
TX Diéng Ha; Quang Ngai: Cao Thi Nhat Link, 6D,
Dao Thi Thiy Dung, 6B, Phan Qudc Ban, 6C, THCS
Hanh Phude, Nguyén Tri Nam, 6A, THCS Huynh
Thie Khang, Nghia Hanh; Khanh Héa: Trdn Thi
Anh Nguyén, 7, THCS Cam Nghia, Cam Ranh; Nam
Dinh: Nguyén Ngoe Linh, 6C, Dao Su Tich, TT Ca Lé,
Trie Ninh; Vinh Phac: Phan Thé Tudn, 6A, THCS
Vinh Tudng, Neuyén Thi Giang A, Nsuyén Thi
Huwyén, Nguyén Thi Loi, Lé Thi Tuyét Mai, Nguyén Thi
Giang B, Nguyen Van VI, Nguyén Thi Xudn Hoang
Thi Trang, Kim Anh Tung, Bid Thi Thu Hién,
MNouvén Vin Phuong, Nguyén Ngoc Quy, Nguyén Thi
Ngoe, Ta Thi Anh, Nguyén Thi Thu Hién, Nguyén
Ngoe Quy, BA1, THCS Yén Lac, Yé&n Lac.

NGUYEN ANH DOUNG

Bai T2/335 (Lap 7). Cho tam gidc ABC
vudng cin vdi day BC. Goi M va N lan luot la
trung diém cua AB va AC. Ke NH | CM tai H.
Ké HE { AB tai E. Ching minh ring tam gidc

ABH cin va HM la phdn gide cua goc BHE.

Loi giai, (cia ban Pham Duy Long, TH,
THCS Lé Quy Don, Cau Gidy, Ha Néi).

19
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a) Tu A ke AK | MC tai K va AQ | HN
tai . Hal tam gi ac vuing MAK va NCH

c6 MA = NCL ABJ A, =C, (ciing phu vdi

goc AMC) — AMAK = ANCH . Suy ra
AK=HC. (1)

Dé& thiy ABAK=AACH (c.gc) = BKA=AHC .
Hai tam gide vuong AQN va CHN co
AN =NC, ANQ=CNH = AAQN = ACHN
= AQ=CH. (2

Tt (1) va (2) suy ra AK = AQ = HA la
tia phéan giac cua goc KHQ = AHQ = 45° =
AHC =135"= BKA=135".
Tu BKA+BKH + AKH =360° suy ra BKH=135".
AAKH ¢6 KHA = 45° nén né vuong cén tai K
= KA = KH. Xét hai tam giac BKA va BKH c6
BK chung, BKA=BKH = 135°, KA = KH —

ABKA = ABKH (c.gc) = BA = BH hay tam
giac ABH cin tai B.

b) Ta ¢6 A, =H, theo (1), ma HE // CA =
H,=C, (dong vi). Vi A,=C, nén H, =H,
hay HM 14 tia phan giac cua goc BHE.

Nhin xét. 1. Bai toan nay kha hay va kha dai vdi
cic ban 1dp 7. Cée ban tham ga gin bai déu ed 16 giai
diing nhung phal dung dén tinh chit dudng trung
binh cua tam giac. Mot sd ban dung thém hinh vuong

ABDC réi chitng minh BH = BD, cung di dén két
lufn ding,

2. Cac ban sau day o6 101 gidd diing va ngan gon hon
ca : Vinh Phace : Nguyén Bing Thanh, 7B, THCS Yén
Lac, Yén Lac ; Nam Dinh : Tran Thu Thiy, Lin Thu
Hanh, TA4, THCS Trin Dang Ninh, Tp Nam Dinh :
Thanh Hoa : Lé Thi Thiomg, 7D, THCS Nhi Ba Sy,
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Hoing Héa, Lé Trong Ciimg, 7B, THCS Nguyén
Chich, Béng Sun ; Nghé An : Trin Trgimg Giang, TA,
THCS Cao Xudn Huy, Dién Chiu ; Pao Trin My
Hanh, Hoang Trung Bie, Hodang T,'u Lé Quyén,
Nguyén Thi Kim Chi, TB, THCS Ly \hﬂt Quaug ba
Luong : Ha Tinh : Nguyén Trung Theanh, 7B, THCS

TT Ky Anh, Ky Anh ; Khanh Héa : Trdn Thi Anh
Nguyén, 67, THCS Cam Nghia, Cam Ranh.
NGUYEN XUAN BINH

Bai Cﬂm _luf'ln'f.").'r‘-? f:f' h nghiém

T3/335.
- = &
nguyén: 20 -y F=x+9 4 8 1)

Liﬁ giﬁi Chi ¥ ring néu &-6 x = 2t chan thi
x* = 4% con x = 2+1 18 thi 2% = 4t@+1) + 1 =
8k+1 (LE_(_ s0 7, B nguyén). Tit (1) suy ra x va y
phai cang chan hodc cling 1é.

a) Gia sit x, ¥ cling 16. Liic d6 0 vé trai cta (1)
thi %" ~ 3" chia hét cho 8, nén v& phai caa (1)
X+ y +922° =8 + ‘2(1 + z‘ﬁ phai chia hét cho
8 suyrazle, 2(1 +2z% =28k + 2) = 8 + 4, din
dén mau thuan.

b) Gia st x, y cung chiin. Vi v& trai cia (1) va
x° + v* déu chia hét cho 4 nén & vé phai cuia (1)
58 z phéi chin. it x = 2, y = %y, 2 = 22,
thay vao (1) duge 8(x7 -y} )* = x? +y? +227 (2),
lap luén tudng tu nhu trén thi x,, y,, z, phai
chén. Tiép tyc nhu thé ta c6 x = 2".x, , y =

2"y,,2z = 2"z, vil sf n nguyén duong lén
thy ¥. Diéu nay chi xay ra khi x =y =z = (.
Vay phudng trinh (1) eé nghiém nguyén la
x=y=z=0,

Nhin xét. Cac ban gui bai giai déu laim ding nhung
mét &0 ban lip luan dai déng ho#ie ¢ chd chua chat
che. Cac ban eb loi giai tt 14

Phit Tho: Nguyén Tién Thanh, 9C, THCS Neuyén
Quang Bich, Tam Néng, Dao Piic Trung, 943, THCS
Gidy Phong Chiiu, Phit Ninh ; HA Néi : Neuyén Ngoc
Hiéu, 9A, THCS Nguyén Céng Tri, Ba Dinh :Ha Tay:
Khudt Véan Phién, 9D, THCS Thach Thit, £§ Tién
Trung, 9A, THCS Kiéu Pha, Quée Oai, Trdn Thi Thiy
Trang, 8B, THCS Nguyén Thudng Hién, Ung Haa :
Bée Ninh : Nguyén Manh Hung, 9B, THCS Tii Son :
Nam Dinh : Nguvén Quoc Dai, Vii Ngoc Trung, Trdn
Quang Anh, 9A7, THCS Trin Dang Ninh, Vi Duy
Thank, 9C, THCS Dao Su Tich, True Ninh; Trin Thi
Héng Van, 8D, b6 Thiy An, 9D, THCS Nguwen Hién,
Nam True ; Hai Duong : Nguyen Quang Tridmg, 94,
THCS Bmh Minh, TP. Hai Duang; Thanh Hoéa :
Hoang Dite Y, 9E, Trin Cong Phan Vinh, 9B, THCS
Trin Mai Ninh, Trdn Anh Ngoc, 9A, THCS 1é Hiu

https://tieulun.hopto.org



https:www.facebook. com/letrungldenmath

https:/sites. google. com/site/letrungldenmath

GIAI BAI KI TRUOC

Lap, Hau Lée, Lé Thanh Trung, Nguyén Cao Tudn,
8B, Nguyén Duy Hién, 9A, Lé Thi Thuong, 7D, THCS
Nhit Ba 87, Hoang Héa ; Nghé An : Tdng Vin Binh,
7B, THCS Ly Nhat Quang, Dd Luong, Binh Thj
Guiynh Anh, 8A, THCS Thai Héa 2, Nghia Dan ; Thiia
Thién — Hué : Nouyén Vi Thanh Long, %1, THCS
Chu Vin An, Hué Dak Lak : Va Van Tudn, 8AS,
THCS Nguyén Du, Kring Buk ; Quang Ngii : [é
Tién Heo, 8B, THCS Hanh Phudc, Nghia Hanh ; Tp.
H6 Chi Minh : Nguvin Gia Lm{rr o/8, THCS
Nguyén Du, Q. Go Vap.

VIET HAI
Bai T4/335. Giai hé phuong trinh
[x+y+2=1 : (1)
xT ¥ Z x4y y+z .
g cis” MR (2)
Yy 2 X y+z x+y -
trong do x, v, 2 le ede 86 duong.
Loi giai. Ta sé chiing minh :
x z_x+ 4z
Gt SRR )

¥ 2 = }J-z x+y

) o x(y+z){x+y) i yy+z)x+y) s
¥ &
z(y+z)(x+y)

P gt e L > (xhy) + (y+2)* + (ehy)(y+2)
x

X Z
e Tkt fay+xz+
¥

, Y2y+z)
x
4 £
o X2 Yy (aty) yzy+z)
¥ z x
> xy+ 29z + 2° (4)
Ap dung BDT Cé-si vao vé trai cia (4) duge

2 3 2 2
d='e X | doe 2y
2l ¥y oz 1 A -

- —y)+y +Xy+2" +yz
z

2x2+xz+zz+3_yz+3xy+3_yz

2xyt {\sz +J'v 215+:2}v = xy+2yz+2y"
\
Vay BDT (4) ding nén BDT (3) dudc chiing
minh. Dang thic o (3) xayra o x =y =z.

Két hap véi cac PT (1), (2) ta dugex =y =z = -

t-.rlv—-

Vay hé da cho c6 nghidm duy nhat 1

e
|'\3 e 3J '

Nhin xét. 1) Mot 8 ban da méc sai lim khi giai
nhu sau : D& chiing minh ving ;: VT(2) = 3, ddng thiie

XAy ra khix=y=z VP(2) 23, ding thite xay ra khi x =
y = z. Két hop véi (1) suy ra nghiém cia hé lax=y =z

= % . Lap luan nay khéng ding d ché :x =y =z chi dé
VT(2) = VP(2) = 3. Cé thé tin tai cac s6 x, ¥, z ma (2)
van ding tic 1a VT(2) = VP(2) = o = 3. Vi vay déi var
bai todn nay, trude khi két luin nghiém, phai chi ra
ding thite d (3 xayra csx =y =

2) C6 24 ban tham gia giai bai nay, nhung ¢ téi 11
ban giai khéng ding. Cac ban 6 161 giai t6t 14 : Hai
Duong : Ddao Thanh Thdi, 6A3, THCS Lé Thanh
Nghi, Gia Lic: Hung Yén : Nguyén Thi Nhw L, BA,
THCS Tién Lit, Tién L ; Ha Néi : Dé Nhw Milan,
8A1, THCS Chu Van An ; Thanh Hoa : Trinh Quang
Tharth, 8B, THCS Ham Rcmg TP Thanh Héa ; Nghé
An : Lé Tudn Hiép, 9C, THCS Thai San, Da Luang ;
Ha Tinh : & Vén Anh, 81, THCS Nguyén Du, Hurng
San ; Khanh Hba : Va Thdi Thing, 94, THCS Ngi
Gia Ty, Cam Nghia, Cam Ranh ; Tp Hé Chi Minh :
Pham Hodng Long, 912, THCS Nguyén Du, Ga Vap.

TRAN HUU NAM
Bai T5/335. Tim gid tri nho nhat cua bicu
thite
A e 3 28 LTS B
P=|31-—-!--J-'7}---!--11}- i
L 2 BN B el
trong do cac sd duong a, b, ¢ thoa méan dién

c o

3
kRien: a+b+c <—.
2
Léi giai. (Cia nhiéu ban)
bat l+i =x; l+l:‘y : 1+l::-:
a b (R c a

(véi x, v, 2 12 cac s0 dudng), ta co
P=3+x)@+y)}3+2)
= 27 + Olety+2) + Aly+yz+zx) + xyz.

Ap dung bit ding thite Cé-si cho ba hoic
hai s6 duong, ta c6

x+tyt+tzz3¥Yxyz ioytyztax> ijrﬂj:yz}j

- =Gl

- a bJ\b c)le a)

" 2 s 2 ] (1)
Jab b6 Jou  abe
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32a+b4c23:~1@_§ = abc < é (2)

T (1) va (2) suyra  xyz = 64,

T do ta co
Pz 27+27% xyz+9§j{i@ +xyz=(3+i€@}3
> (3+464)* =343.

minP = 343 khi va chi khi

a=b=c

t;zbnc=1
o)

B | —

3

a+b+c=—

Nhin xét. 1) Bai nay tudng déi dé nén da e cac ban
tham gia déu giai diang. Lai giai eia nhiéu ban phie tap
hon do ap dung BDT Cé-si cho 7 = ducng, BDT
Bu-nhi~-a-cép-xki, BDT Tré-bu-sép... Mat s6 ban di
manh dan néu vi chiing minh dude mot s6 bai toAn
ting quat hon. Chang han nhu -

"Tim gid tr nho nhit cua biéu thic

S

trong d6 m 1a hang sd dudng va ;> 0,i= 1,2, .. n
{n = 3) théa man a; + a5 +

1 1
dudng), S = —+—+...+i "vi di tim duge minP =
y; 0h @y
_l n ] '
[m+MJ khivach khia,=a,= .= a,= L _
b n

2) Cée ban sau dav ed 1o giai tat :

Thanh Hoa : Nouyén Trong Hiing, 9F, THCS Bic
San, Tx Bac Son, Lé Thi Thao, Newvén Thi Hong
Nhung, Dinh Thé Tién, Nguyén Cao Tudn, 8B, THCS
Nhit Ba 51, Hoang Héa ; Nam Dinh : Vii Duy Thanh,
9C, THCS Dao Su Tich, Cao Manh Himg, 9A, THCS
Yén Dinh, Hai Hau, Pham Thi Diép, 6A, THCS Yén
Thé, Y Yén ; Hung Yén : Neuydn Thi Nhe Lé, 8A,
THCS Tién La, Chu Thi Huomg, 9A, THCS Déng
Than, Yén Mi ; Ha Tay : Ta Van Tién, thon Dén Du,
xd Kim Thu, huyén Thanh Oai, Nguyén Thé Tam,
8A1, THCS Ngé Si Lién ; Hai Phong : Pham Van
Phuemg, 9C, THCS Thuay Son, Thuy Npuyén ; Hai
Dudng : Nguyén Thi Dung, 9B, THCS TTr Kim
Thanh ; Ba Ria — Viang Tau : Dinh Ngoc Thdi, 9AS,
THCS Ving Tau ; Quang Negii ; Viaimg Binh Tudn
Npuyén, 7C, TH{"‘S Phd Ninh, Dt Phé.

PHAM THI BACH NGOC

22

.t a, <b (bli hing sd

Bai T6/335. Cho hinh binh hanh ABCD co
goe BAD ti. Trong mién gée BAD, dung tam
gine ADE vudng cdn vdi day AE, tam giac
ABF vuong cin vdi day AF. Goi M la trung
diém cua EF. Doan MB cat CF tai K, doan
MD cat CE tai H. Chitng minh rang HK song
song vdi BDD.

L& gml Tz
ADC=ABC suy

vaCDE=FBC .

Ma DC = AB =
BF :DE=AD=
BC suy ra
ACDE = AFBC.
Nén CE = CF
va DEC=BCF.

Tacé ECF= 360"

- BCD-DCE-BCF

= 360"~ BCD—(180° —CDE)
=360° ~ BCD-ADC ~ 90° = 90° téic ACEF

vudng cin tai C. Suy ra CM = ME = MF,
MEC=-MCF=MFC, CM L EF. Tu &
DEM =BCM . Do d6 ADEM = ABCM. Riit ra
DM = BM (1), HME=CMK . Nén AHME =
AKMC. Suy ra HM = KM {2}

T (1) va (2) ta duge HEKHYBD (dpem).

Khi DEC=BCF=135" thi H=E, K = C

ta ¢6 D, E, F thing hang. Khi do AMCE,
AMBD la cdc tam giac vulng cin nén
MEC=MDB = 45", Vay HK//BD.
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Nhan xét. 1. Ban Nguyén Thi szg néu nhan xét
chi cin AADE v AABF cfin cd géc ADE=ABF>ABC,
bai todn vin diing,

2. Gidi t6t bai nay ¢ cic ban : Hai Duong : Ngwvén
Thi Dung, 9B, THCS TTr Kim Thanh ; Ha Néi : i
Nh {lrﬁfan, 8A1, THCS Chu Vin An ; Ha JNam 5
Nguyén Thi Thuy Dung, Chd Luong, Yén Bac, Duy
Tién ; Nam Binh : Mai Thanh Huvén, 16p 9C, THCS
Negd Déng, Glao Thuy, Binh Thi Thanh Ngoe, 9C,
THCS Dae Su Tich, Trye Ninh ; Thanh Hoa : Nguyén
Cao Tudn, 88, THCS Nhu Ba 5%, Hoing Héa, Lé Thi
Ti, 7B, THCS Lé Quy Bin, Bim Son ; Bak Lak : Vo
Vein Tudn, 8A5, THCS Neuyén Du Krong Buk.

VU KIM THUY
Bai T7/335. Cho tam gide edn ABC uvdi
ABC = 120, Goi D la giao diém ctia duimg

thang BC vdi tiép tuyén tai A cua dudng tron
ngoai tiép tam gidc ABC. Duong thdang qua D
va gua tam O cua duong tron lan lugt cdt AB
va AC tai E va F. Goi M, N theo thi ty la
trung diém cua AB va AC. Chitng minh rdng
cde dicong thang AO, MF, NE déng guy.

Loi giai. RO rang tam gide ABC cén tai B,
Do AAOB déu va OB | AC nén N la trung

diém cua OB. Xét '\&DB ch AE’I) = 60°, DARB
= 30" nén DB = —A_B = —BC : va BCIOA

BB DB DB 1
EA OA BC 2

dan dén

Gia st H la giao diém cua AO véi dudng tron
(0) : P 13 trung diém cia AE, khi dé EH/IOP.
Mzt khae tix (1) ta thay E la trung diém cua
BP, suy ra EN/J/OP. Do dé ba diém H, N, E
thang hang.

Tiép theo, goi [, K lan lugt 1a cac giao diém
cua dudng thang HF vdi BC va BO, ta co

FD CD D(" ‘3

FO OA BC 2

(2)

Lai do i —FO nén thay vao (2) dude
DI FD
B8 60 B oimy o on & Vi g
DI DC 2
KO OH 1
OH—LIB By B LML i
VY ¥B~ 1B 3 i

thm aABH, ndi cich khic HK &i qua trung
diém M ctia doan AB.

Tém lai, ba dudng thing AO, MF, NE ding
quy tai diém H (dpem).

Nhin xét. 1) Bai todn trén cong c6 thé giai bing
cach ap dung Binh i Méné<a—uvt cho AAEQ vil cat
tuyén (HMF) hodc Pinh i Xé-va cho AAEH (H 1a glao
diem cua NE va AQ) dé suy ra ba dudng thing NA,
EQ, MH dong quy tai diém F.

2) C6 thé lam manh két qua bai todn T7/335 bing
cich thay fam gide cdn ABC { B = 120°) bdi tam giac
ABC bdt ki. Ban doc tu chitng minh két qua nay.

3) Cée ban cé 161 gial gon, hinh vé& chinh xae 1a:

Ha Noi : 96 Nhue Milgn, 841, THCS Chu Vin An
Ha Tay : Trin Ngoc Thity, 8B, THCS Nguyén Thugng
Hién, Ung Hoa ; Bac Ninh : Hoang Thi Van, 7C,
THCS TT Gia Binh, Gia Binh ; Hai Duong : Phan
Tiéh Thank, 9B, THCS Phi Thai, Kim Thanh ; Nam
Dinh : D§ Thiy An, 9D, THCS Nguyén Hién, Nam
True, Vii Duy Thanh, 9C, THCS Bao Su Tich, Tric
Ninh ; Thanh Hoéa : Lé Thanh Ting, 9C, THCS Lé
Thénh Téng, Tho Xuén, Hoding Pie Y, 9E, THCS
Trin Mai Ninh, TP Thanh Hoa ; Nghé An : Ting Thi
Ha, 8D, THCS Ly Nhat Quang, Dé Ludng ; Quang
Tri : Triemg Xudn Nhrz 7A, THCS Neguyén Hué,
Dﬁng Hi ; Da Nang Nguyén Nhe Quée Trung, 91,
THCS Ly Thudéng Kiét, quian Hai Chau ; guang
Nam: Phan Thi Thu Trang, 94, THCS Ngug,-én Vin
Trdi, FHén Thang, Dién Ban ; Quang Ngai: Viong
Dinh Tudn Aguyen 7C, THCS Phé Ninh, Dic Phé ;
Khanh Hoa ; Vi Thai Thing, 94, THCS Ngé Gia Ty,
Cam Nphia, Cam Ranh ; Dak Lak : Vi Vin Tudn,
8A5, THCS Nguvén Du, Krong Buk ; Thita Thién -
Hué : Nguyén An Hoang, 9A4, THCS Kim Long, TP
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4

Hué ; TP Hé Chi Minh : Pham Hodang Long, 9°, THCS
Nguyén Du, quan Go Vap ;Hung Yén : Nouyin Thi
Nhy Lé, 87, THCS Tién Lid, Tién Li ; Ha Tinh :

Nguyén Thi Cam Heéng, 9C. THCS Trung Lée, Can Léc.
HO QUANG VINH
Bai T8/335. Xét da thue
Tix) =2 + 17x" — 1239x + 2001,

it Tix}) = Ttx) va T, (x) =TT (x)) vdi moi
n=1223.. '
nguyén n > 1 sao cho T (x) — x chia hét cho
20003 vdi moi 86 nguvén x.

Lai giai. Ki hiéu x = y thay cho x = ¥ (mod
2003).

Bédél.x’=y*x=y(Mx,yeZ).
Chifng minh. Ta chi ean chiing minh 1 = y*
= x=y.

Néu x = 0 thi y = 0 (vi 2003 14 s& nguyén td)
=» x = y. Néu x khdng chia hét cho 2003 thi y
khong chia hét cho 2003. Theo dinh N

4 0 2002 gy -
Phee-ma nho : x =y = 1o X 5= ¥" nén
2001 2001 2001 90002 2001 b
P S ae e s sy
= y=x.

B6dé2.Tx)=T() <= x=y (Vx,y € Z)

Chiing minh. T(x) = (x - 662)" + 2003¢" -
657x) + 2001 + 662,

Do dé : T(x) = T() <> (x - 662)" = (v - 662)".

Sx-662=y-662(theobd dé 1) = x=y.

Ta tré lai bai toan. Dat A = {0; 1; 2; ...; 2002},
Véi moi xe A, xét diy T,(x), Ty(x), ..., Tpo,@).
Theo nguyén 1i Di-rich-1& tdn tai cic s6 a, b
théa man 1 <a < b <2004 ma Tfx) =Ty(x) =
T,x) = T,(Ty () = T, (x) = x (theo bd dé 2).
Vay véi mdi x € A, tn tai n, € N ma
T, (x)=x.Lay mét boi chungn > 1 cuan, n,,
s Ny T chitng minh n théa man diéu kién
bai toan.

That vay :

« Vo moi 5 2 A T (x=x. =
Ty, (=T, (y=x. Clt nhu vay c6 T, ,=x

lylx) "

(Vk € N'), ma n chia hét cho n_nén T, (x) =x.

24

Chitng minh rang ton tai mot so

* Vdi méi x khéng thude A ton tai v thude A
max=y= T, (x)=T, (y)=y=x. Vay ton tai
n>1ma (T, (x)-x):2003, (Vx € Z).

Nhén xét. 1) Bang cach tudng ty ta ching minh
duge bal todn ting quat : Cho da thie TVx) vii hé =6
nguyen va sd nguyvén m = 0. Biét ving vdi mo x, v
nguvén thi (Tx) ~ T(y) © m < x—y:m . Chiing minh
ring ton tai vo sd =0 nguyén duong n thoa man

(T (x)—x)m, (VxeZ)

2) Trong s6 cde ldi giai mii vé toa soan, hiu hét cie
ban chon . la béi chung nho nhat eaa n, ny, .. 1y
ma khéng chi vd n > 1. Ban Lé Trutimg Son, 1dp 11A1,
THPT chuyén Vinh Phue, tinh Vinh Phue giai ding
v o chi v dén difu nay,

3) Ban Vi Vin Quang, 12A1, THPT chuvén Vinh
Phue di chitng minh ba dé 2 biing each viét

27T(x) = (3e+17)° — 2003.18x + (2001.27 - 17%)

4) Cac ban sau eling o6 161 gia t6t © Bice Giang:
Than Ngoc Thie, 10A, THPT chuyén Bie Giang,
Ngryén Triing Hudn, 111, THPT chuyén Lé Quy Dan;
Nghé An : Nguyén Viei Khai, 11A1, THPT chuvén
Phan Béi Chiu ; Thanh Héa : Hoang Vi Hanh va
Trinh Vén Viemg, 10T, Bii Khde Kign, 11T, Nguyén
Tudan Diteng, 12T, THPT chuvén Lam Son ; Vinh
Phae : Nguyén Kim Thudt, 11A1, THPT chuyén
Vinh Phiie.

HOANG TRONG HAO

Bai T9/335. Xt day s6 (x.) (n =

dede xde dinh boi : x, = 2 va x
i o R
z 1
Tl S =
Tinh phan nguvén ctia 8.; va tinh gid

& , o
ctea S, khin tang lén v han

Loi gial. (cua da sd cac ban)
Ta chimg minh day s& (x,) diy ting va

khéng b1 chan trén. Taco x

, 40 »

it =—§(x;f +1) . Suy
1 %

A X —X, = E{xn -1 =0, (vn=1,2,3.)

Vay day (x,) la diy ting va x, = x, = 2 vdi
moi n>1, Mit khic, néu diy (x,) bi chiin thi day

https://tieulun.hopto.drg
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sé co giéi han. Gia su limx,

H=rod
gia thiét (chuyén qua giéi han), ta thu duge
i i i
= E(azﬂ) hay @ = 1, diéu nay khong thé

xdy ra do a = 2. Vay day s6 (x,) 1a diy tang v
khéng bi chan trén, ticla lim x, =+,

0= 40

Tiép theo, ta viét lai gia thiét x =é(x,'-j—1)

i 1 1 1
dudi dang = - ——
o s o I F N
2o 1 1 1
Tt day suyra S =——+-— tot— La
e b 1t 5o
1
= G el Rl R
=S ] A gl
Dol = lc:]_ nén[S,]=0,(vr=1,23, ).
el T

Suy ra [Sy:] =0va lim S, =

11—

Nhén xét. Day [4 mot bai toan thude loai dé vi cé
rat nhiéu ban tham gia giai. Tt ca déu giai theo cach
da trinh bay d trén. Xin néu tén mdt s6 ban lép 10 cd
161 giai dung :

Trin Trong Quée Trang, 10A Toan, THPT Long
xuyén, An Giang, Lé Trén Tiéu My, Trin Lam An,
Ding Xudn Huy, Tran Minh Hiéu, 10T, THPT Lé Quy
Bén, Binh Dinh, Than Ngoe Dife, 10A, THPT chuyén
Béc Giang, ; Nguyén Chi Hiéu, Ngo Ngoc Ha, 10T,
THPT chuyén Bac Ninh ; Lé Vidn Chanh, 10T, THPT
Bén Tre ; B Thanh Ting, 10CT, THPT chuyén Dak
Lak ; Tran Dize Vige, 1003, THPT Hung Vudng, Gia
Lai ; Lé Trong Thach, 10A3, THPT Phuie Thanh,
Trung Ngoe Son, Vi Dinh Quyén, Di Binh Tho, 10T,
THPT MNguyén Trii, Hai Duong ; Binh Van Son, 10T,
THPT chuyén Ha Nam ; Nguyén Quang Phuvng, La
Vinh Hoa, 10T, THPT Nguyén Hué, Hoang Thé Duy,
10A1, THPT Ngoe Tao, Ha Tay; Pham Bd Son, Lé
Hitu Dién Khué, 10T, THPT Quéc hoc Hué, Nguyén
Thi Hoang Qudn, 10T, THPT L& Quy Dén, Nha
Trang, Khanh Hoa ; Pham Tién Ding, 10T, THPT
chuvén Hung Yén ; Bm Nguyén Céng, Luong Thi® Ky,
Tran Ditc Nhan, Le Ngoe Thach, Trinh Vin Nam,
10A1, THPT Phan Béi Chéu, Ng,ht. An ; Nguyén Cao
Cuimg, 10T, THPT chuyén Tién G]ang Neyyin Hei
Thach, Thdai Thuy Trang, 10A, THPT chuyén Lé Quy
Bén, Quang Tri, Pham Duy Hiép, Binh Quang Huy,
10T, THPT Lé Hung Phcmg Nam Dinh ; Nguyén Vit
Thang, 10T, THPT chuyén Hing Vitdng, Phu Thu,
Nguyén Die Phii, 10A, THPT Phan Chu Trinh, Xudin
Loe, Phi Yén, Lé Tién Nam, 10A1, THPT Thiéu Haa,
Lé Trung Thanh, Trinh Ha Linh, Trinh Van Viong,

= gaa 2o thi b

10T, THPT Lam Son, Thanh Héa, Trén Vin Hujnh,
10A1, THPT Lap Thach, Lé Tién Pie, Pham Minh
Hué, Di Manh Cuimg, Nguyén Hodi Nam, 10A1,
THPT chuyén Vinh Phue ; Hdng Ngoc Thanh, 10T,
THPT Quang Binh, Lé Bii Tién Duy, 10T, THPT
chuyén Lé Héng Phong, TP Hé Chi Minh.

NGUYEN VAN MAU
Bai T10/335. Xeét day sé (a,) (n=1,2, 3, ...)

dude xac dinh bai: a=— vt
14
o |
l~[1-a, ] |
Q1= - — vaEmoin=123
2
)
Chitng minh rang a, + @, + ... + Gagy; < 1,03

Loi giai. (Cua nhiéu ban).

L : )
Chiay:Néux=sinp,0<p< o thi

i

(1-x7)"

1-(1-x° }1” b (l—cosq) o P
S —— | =sin—.
2 W 2

Do dé, ching minh

= cos(, suy ra

Al s 1
Ta ¢ a; = E“ﬂng

bang quy nap theo n duge a, = sin véi

3.2"
moin=1,2,3, ..
Bai vay, st dung bit dang thitc quen thudc :
sinx <x vl moix >0, ta cd

aptagt.. t iy =
a 3.g8 TN e
- 1 s T
§+ 397 & +3 2005
TR 1_1n11'
X O
1
< .é;_g l+3’18 = 1,03 (dpem),

Nhin xét. Diy 1a bai toan dai s6 giai biing phuong
phap ludng giac. Toa soan nhan duge 16i giai cua hon
100 ban, hau hét déu giai nhu trén. Cac ban sau c6 1
gial tét : Vinh Phae : Trein Vin Huynh, 10A1, THPT
Ngd Gia Ty, Lap Thach ; Hai Dviong : Lé Trong
Thach, 10A3, THPT Phie Thanh, Kinh Mén ; Vi Pinh
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Quy. 10A, THPT Nam Sich ; Thanh Hoa : Neuyén
Ba Tudn Anh, 10C3, THPT Bim Son, Nguyén Hai,
10A1. THPT Béng Sdn 1, La Tién Nam, 10A1, THPT
Thiéu Héa, Pham Khdac Thanh, 10B1, THPT Tréu
Son I ; Quang Tri : Thai Thi Thu Trang, 10A, THPT
Vinh Linh : Khanh Hoéa : Nguyén Thi Hoang Oanh,
10T, THPT Lé Quy Ddn, Nha Trang : Binh Dinh : Lé
Tran Tiéuw My, 10T, THPT Lé Quy Dén, TP. Quy
Nhdn; An Giang : Trdn Ank Duong, 10T, THPT Long
Xuyén, v.v... )
NGUYEN MINH bUC

Bai T11/335. Ching minh rang déi vdi tam
gide ABC bdt ki ta co

cosA + cosB + cosC <
iIf . A-B o B-C o U—AN

=1+ —|cos” FCOS’ D08 —

3k p a 1R
Lai giai. (Cua ban Tran Van Link, 16p 11
Toan, THPT Lé Quy Dén, TP Ving Tau, Ba
Ria - Vang Tau).

Tacé:

2
_B—Qsingj =0

[
| cos

A-B e A-B . C

= cos® +4sin” =24 cos sin—
= cos’ B+2{1—L09C’)> 4cosA Cos A;B
= cos’ _B+2 = 2(cos A+cosB+cos(C)

Tuong tuy, tacod:

cos® Bk +2 > 2(cos A +cos B+cosC)
cos” C_—A+2 = 2(cosA+cosB+cos(C)
Suyra:
2 A-B g B-C 5 O—A
cos 5 e ipes ———rok +6 =
>6lcos A +cos B+ecos(C)
= cosA+cosB+eosC <
J 1[' 2 A-R s B-C 3 C—A
= l+—|cos 008 +00s”
6 2 4]

Diéng thic xay ra < AABC déu.

Nhén xét. 1) Day la bai toan dé, rdt nhidu ban
tham ga giﬁ'i tuv nhién vﬁn com mit ‘:ﬁ'ban giéi di.
khae, kha ngin gon, thcmg qua b-.it déng thic quen
thude sau

21 B=O - 04

A-B
8in—gin —sin—<—cos co8 cos

2 2 2

26

3) ¥in néu tén mét s6 ban ed 161 giai tit:

TP Hé Chi Minh : Nguyén Tudn Tu. 11CT, THPT
Lé Hong Phong ; Quang Tri : Nguyén Tién Lam, 10T,
THPT Lé Quy Dén, TX Déng Ha ; Ha Ni : Dao Duy
Anh, 10418, THPT Quang Trung ; Hung Yén : Phan
Tién Dang, 10T, THPT chuvén Hung Yén ; Bén Tre :
Nguy{n Lém Anh, 22T, THPT Bén Tre ; Can Tho :
Npuyen Minh Cudng, 1041, THPT chuyén Ly Tu
Trong; Binh Dinh: Déng Xudn Huy, 10T, THPT Lé
Quy Dén, TP Quy Nhon ; Phia Yén : Bding Lé Trin
Viz, 10T, THPT chuyén Luong Vin Chanh ; Thanh
Hoa : Hoang Vin Tién, 10A1, THPT Hau Lac 2, Hau
Lae, Nguyén Hdi, 10A1, THPT Déng Son 1, Dang Son.

NGUYEN MINH HA

Bai T12/335. Tam gide ABC o BC = a,
CA = b, AB = ¢ va dién tich bang S. Gig st cdc
diém M N, P theo thi tw nam trén cde canh
BC, CA, AB. Chitng minh rang

ab.MN* + be NP* + ca. PM* > 48* (*)

Bang thite xay ra khi nao ?

Loi giai. Trude hét, st dung diéu kién cin
va du dé bon diém dong vién (cung thude mot
duong tron) ta dé dang chiing minh dude rang:
Ba dudng tron (ANP), (BPM) va (CMN) dong
quy d mit diém J nao dé (né1 dung ménh dé
nay dude goi 1a Bé dé Miken (Miquel) va Jf
dugc goi 1a diém Mi—ken).

A

Trong trudgng hop bai toan cua ta, vi M
thude BC, N thudc CA va P thudc AB nén J
thudc mién AABC. Sau niia, dé ¥ riing besinA
= casinB = absinC = 25, trong do 8§ = s(ABC)
la dién tich AABC. Vi thé goi vé& trai caa (¥) 1a
u thi iz = 28p, trong dé :

_ NP* PM? MN*?
v= + + (1)

sinA sinB  sinC
Tudésuyra:u=>4S* v =28
Bai toan dua vé chitng minh BDT sau day :

https://tieulun.hopto.org
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NP>  PM* MN®
+ —— >28 w
sinA sinR s sinC iy

Duéi ddy 14 mébt s8 cach chitng minh (**).

Lai giai 1. Tu ba duong tron (ANP), (BPM)
va (CMN) dong quy d.J, ta dugc : JMB=JNC
= JPA = ¢. Ap dung dinh li ham s6 sin vio
cac cap tam giac ndi tiép ba dudng trén noi
trén, ta dude cac hé thite sau :
W_M " M MN
JAsinA  JBsinB JCsinC sing

Thé thi, ti (1) va (2) ta dudc :

v=~k(JANP +JB.PM + JC.MN) (3)

Goi S;, S, va S, lan lugt 1a dién tich cée tit
giac JNAP, JPBM va JMCN. Thé thi :

S, +8;+8,=8va 28, =JA.NPsinf,,

28, = JB.PMsin®, , 28, = JC.MNsin0,, trong
dé 0,, 8, va 0, theo thi tu 14 dé 16n cac goc ciua
cic cip dudng chéo JA va NP, JB va PM, JC
v MN cua céc tit gide ndi tiép néi trén. T do
ta dudc :

=k (k=21) (2)

p= 2&.[ ,S‘ E _S{“’ i _S"i (4)
sin®; sinB, sinb,
Visin, <1 (i=1, 2 3) va sing < 1 nén
k= nil{p > 1 va do d6 ta thu duge BDT (**)
{dpem)

Déng thic & (**) xdy ra khi va chi khi déng
thdi ta ¢6 : sing = sing, =1 G =1, 2, 3), va do
dé: vy, = 28 < @ =0, =0, =80, =90" tic la
JM L BC, JN L CA, JP | AB déng thoi
JA | NP,JB | PM, JC L MN va vi viay JM =
JIN=JP, nghia la J tring véi tim I dudng tron
ndi tiép AABC va M, N, P 1an luct 1a tiép diém
cua (I) véi BC, CA va AB.

Lai giai 2. Cling nhu loi giai 1, trude hét
thiét 1ap cac hé thie (2) nhu trén réi ap dung
dinh 1i ham s6 sin vao tam giac ABC, ta dudc
biéu thite sau day cha v :
v= X s Pl )

ZR . ] T q =

2Rs=in” g

viig = a.JA? +b.JB? +e.JJC? (6)

Tur d6 suy ra v nho nhét khi va chi khi g nho
nhit va sing = 1, tic 14 ¢ = 90°. Bay gio dé xac
dinh dudc g,;,. ta xuit phat tt BDT sau :

(@ A+bdB+cdC) 20 (7)

Béng cAch khai trién vé trai cua (7), sau khi
rit gon ta duge BOT : (a+b+e)lg-abe) = 0, ti
désuyra:q=aJA®+bJB" +cJC" zabe (8)

Pang thilc ¢ (8) xay ra khi va chi khi
a.JA +b.JB +cJC = 0, nghia 1a J trung vai
tdm [ dudng tron ndl tiép tam gidc ABC va
T i = €2,

q abc

TG va(B)suyvravz Tk zR-—ZS {dpcm).

Nhin xét. 1) Cac lai giai 1 va 2 la nhﬂng lcii giéi ch
sAe thai hinh hoe thuan tuw,- riéng l gml 2 ¢ sit dung
[]en khai ni¢m tdm ti ey cia mét hé diém, Mét sd ban
giai ngin gon hon nhd st dung témg hdp cac kién thiic
hinh hoc hudng mac va dai s6 (BDT dai s6 gilia trung
binh cfng va trung binh nhan cta hai s6 duong). Ta c6
nhan xét thém ring khi ding thite & (*) xay ra ta oo
bai toan T9/297 (THTT sé thang 3/2002).

2) Ngoal cae 16i gial trén diy, ban Vi Vén Qumrg,
12A1, THPT chuyén Vinh Phiic, Vinh Phue con dua
ra mit 181 giai déc dao va ngén gon nhu sau. Goi I 1a

diém sao cho ; aIM +bIN +cIP=0, nghia la : [ 1a tdm

i e cua hé diém (Ma), Nib), Pie)l. Diém I dude xac
dinh va duy nhat khi cho biét M, N va P va I thuée
mién AMNP va do dé T thude ITIlEl'I AABC (ké ca khi
AMNP suy blen thanh doan thang). Sau khi thay

MNZ=MN® =(IN-IM)* N NP = (IP-IN)?,
PM?=(IM -IP)* i mit gon, ban Quang thu dugdce
ding thite sau :

= ab.ﬂrﬂ'\f" + beNP* + caPM* = (e IM+h, )'N+N'P) +

abIM-INY + be(IN-IPY’ + ca(IP-IM) (11)
Mit khac aIM + bIN + cIP=
> 9[s(IBC)+s(ICA)+s(IAB)]=28 (12)

T A1) va (12) suy ra BDT (*) : . 2 452 {dpem) va
déng thite xay ra & (*) khi va chi khi IM = IN = IP ding
then IM L BC, IN L CA, IP 1L AB. Didu dé xéc nhan lai
cic két qua da chi ra trong cic 16l giai o trén.

Ngoai ra, ban Bé Dinh Tho, 10T, THPT Nguyén
Trii, Hai Thidng con phat biéu va gidi diing bai toan
thng quat hon :

Cho da gide 160 AJA,..A, ngoai tiép duwde mot
ding trom o6 dién tich 8 va d dai canh AjA, =q

(trong do xem A, , = A Cde diém B, thude canh
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n
AiAf+1 5 8(13 I = Z a’jﬂ_,l

i= =1

u 24.5'2 :

4) Ngodd cic ban trén, cie ban sau diy co lol giai tat
v tudng dél gon gang

Ha No&i : Pham Hing Son, 11A1, Nguyén Dic
Giang, 10A2, PTCTT-DHSP Hi Noi : Hai Duong :
Vi Dinh Qudn, Truvng Ngoc Son, 10 Toan, THPT
Nguyén Trai, Nguyén Phon Hai, 11A1, THPT Kinh
Mén ; Pha Tho : Neuyén Quang Huy, 11A1, THPT
L:hu:l,'én Hiing Vudng, Viét T ; Thanh Héa : Hodng
Vii Hanh, 10T, Neuyén Tudn Duong, Bui Khde Kién,
11T, THPT Lam Son ; Nghé An : Bii Nguyén Cing,
10A1, Lé Ngoe Thaeh, Trinh Vin Nam, 10A1, THPT
chuyvén Phan Béi Chau, Vinh, Hoang Th Thuy, 11A1,
khéi PTCTT DH Vinh ; Ha Tinh : Tran Dink Cuing,
Phan Quic Dudn, 10 Toan, THPT chuyén Ha Tinh
‘Thita Thién - Hué: Tran Qudc Todn, 11 PTCT
DHEKH Hué, TP Hué: Quang Ngai: Thai Thanh Tan,
11A9, THPT Die Phé [ ; Khanh Hoa: Nguyén Thi
Hoang Oanh, THPT Lé Quy Dan, TP Nha Trang ; TP
Hé Chi Minh : Newyén Tudn T, 11CT, THPT
chuyén Lé Hong Phong,

NGUYEN DANG PHAT

Bai 1.1/235. Mot cai bue
ddng trén mdt phdang ngang boi mdt hiéc kéo F
co p hudng ndam ngai ng ve ¢6 do lon khong dél.
Nhit mot cal .'J-’w: eo dinh, rm’ chay vao buc

heo phiidng thd g ditng vdi téc db khong don

kg(s). Xde dinh van toe va gla toc cua buc
5i gian t. Biét rang o thoi diém déau t =0

BB} . Chitng minh BDT :

bat dau chuyén

khéi litong eua bue la m, vé vén téc cua buc la
v, = (. Bo qua moi ma sdt.

Loi giai. Do bién thién déng ligng cia hé
trong thol gian dt 14 d(m, +ut)v=Fdt. Tich
phin hai v&: Ft = (m, + pte + C. Liacddut =0
thiv=0.SuvraC=0vatacdFt=(m, +put.

oL LN i

Rl Gy =
m, +ut (m, +pi)”

Nhin xét. Cac ban o 16i giai va dap =i ding : Vinh
Phue : Neuyén Dic Trong, 10A3, Boan Anh Qude,
Nguyén Duy Hei, Neuyén Ngoc Hung, 11A3, Vi Neoc
Quang, 12A3, THPT chuyén Vinh Phac ; Quang
Ngai: Piang Pinh Nhdt, 12 Li, THPT chuyén Lé Khiét,
Pham Nhén Tho, 12C1, THPT Trin Quéc Tuidn ; Ha
Tinh : Hodang Thanh Ha, 1i K3, THPT chuyén Ha
Tinh; Bac Ninh : Trin Thdi Ha, Nguyén Xudn Nam,
12 Li, THPT chuyén Bac Ninh ; Nghé An : Ho Vin
True, 11G, THPT Nghia Dan ;Pha Tho : T6 Minh
Tién, 10 Li, THPT chuyén Hing Vudng ; Yén Bai:
Tran Quang Khdi, 12 Li, THPT chuyén Nguyén Tat
Thanh ;Thanh Héa : Lé Bd Ngoc, Ha Viét Anh, Litu
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Tien Manh, 10F, THPT Lam Son ; Hai Dwong : Lé
Hodng Ding, 11 Li, THPT Nguyén Trai ; Biac Giang :
Nguyen Phze Todn, 10C Li, THPT chuyén Bac Giang ;
Ha Noi : Nguyeén Tién Hung, 11B Li, DHKHTN -
DHQG Ha Nai ; Tien Giang: Nguyén Vinh Phic,
12A18, THPT Chg Gao ; Thai Nguyén: Ngo Thu Ha,
Li 11, THPT chuyén Thai Nguyén.
MAIT ANH

Bai L.2/335. Mt bom khéng khi co pitiéng P
dige diing dé hit khong khi trong mot binh
thé tich V vdi hai van K; va K, (hinh vée). Ci
sau mot nhat bom (mdét lan kéo P lén va day P
xudng) sé hiut duwge mdt thé tich la Av (thé tich
cua ong bom). Hoi sau bao nhiéu nhat f?d" 1 thi
dp sudt ki 1 trong binh giam di n ldn.
trinh la dang nhiét, khi la khi li tuong.

Lai giai. Goi
p, la ap sudt
khi Iic dau
P PyPr A v
ap sudt khi sau
nhat bom 1, 2,...
m. Do qua trinh
la diang nhiét,
khi 1a khi i tudng, ap dung dinh luat Boyle—
Mariotte, ta c6

1 L.J': g fl

=P|J (L) (])

pV=p (V+AV)= p, V1AV

V=p, V+AV ) = g =
-Iul Pz( s :} P_ P|(V+QV

...................................

pm LV pm{V+&V:l:>pm pni I(VVV] (l'ﬂ)
Tt (1), (2),... , (m), suy ra :
¥,
o n R |
Py p@(v_i_&v) (m+1)

Gia st sau m nhat bom ap suit khi trong
binh giam di n lan, nghia la : p, = py/n
Phuong trinh (m+1) trd thanh :

1 v AV
i m LTk s i
= (—V+AV} =n=(1+ V}
Dé dang tim dude :
=log 4 n hay m:bi
(13E AV
v 10g(1+—p;-)
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Nhin xét. Hiu hét cac 181 giai g vé Toa soan déu
diing, Sau day 14 cac ban o6 161 giai tat

Vinh Phae : Ci Quic Cuwing, Ngo Viét Curing,
Podn Anh Qudn, 11A3, THPT chuyén Vinh Phuc ;
Ha Néi : Neuyén Thanh Trung, 10A chuvén Li,
DHEHTN, DHQG Ha Noi ; Thanh Hoa : Lé Thi Viin,
10A1, THPT Déng Son I, Vi Thé Manh, 10H, THPT
Ba Dinh, Nga Son, Bii Vin Trung, 12F Ngi.'{yf.fn Tudn
Dueng, 12T, THPT Lam Son, Pham Khic Thanh,
10B1, THPT Triéu Sdn I ; Quang Ngai : Lé Ha Kiéi,
12A2, THPT Biic Pho I ; Khanh Hoa : Nguvén Ngoc
Ki Nam, 11 Li, THPT Lé Quy Dén, Nha Trang ; Yén
Bai : Trdn Quang Khai, 121i, THPT chuyén Nguvén
Tat Thanh ; Pik Lak : Trinh Thi Ngoc Tu, 10 Li,
THPT chuyén Nguvén Du, Buén Ma Thudt ; Hung
Yén : Tran Khdnh Hoan, 10A1, THPT Yén Mi ; Nam
Dinh : Duomg Qudng Pién, 11 Li, THPT chuyén Lé
Héng Phong ; Bac Ninh : Trdn Thdi Ha, Nguyén
Céng Dudng, 12 Li, THPT chuyén Bic Ninh ; Ha

Tinh : Hoang Thanh Ha, 1i K9, THPT chuyén
Ha Tinh.

ANH HOANG
POC LAICHO PUNG

¢ Trong dé bai T8/338 THTT sd 338 (8.2005)
da in nham 1a P0) = 1, xin stia lai 14 P(0) = 0.

 Trong bai1 Mot s6 tinh chdt thu vi cua hinh
vudng THTT s6 338 (8.2005) c6 mdt ménh dé
chua chudn xde. Xin doc lai nhut sau : Cho
hinh vuéng ABCD va cac diém M, N, P, @
nim trén cac canh AB, CD, AD va BC theo
thii tu sao cho AMN va ﬁFQ cting nhon
(hodc ciing ta, hodc ciing vudng). Khi dé MN =
P@ khi va chi khi MN 1 PQ.

Thanh that xin 16i tac gia va ban doc.

THTT

https:/isites. google. com/site/letrungldenmath

HOI NGHI KHOA HOC VE CAC
PHUONG PHAP NGHIEN CUU
TOAN HOC TRONG HE THPT CHUYEN
Nhan ki niém 40 nam thanh lap hé THPT
chuyén toan tridng DHKHTN DHQG Ha Néi,
ngdy 16.08.2005 tai truting DHKHTN Ha Nai
dii t6 chie Hai nghi khea hoc. Céac baoe ciao tap
trung vao hai chti dé la Kinh nghiém giang
day, béi duding hoc sinh ¢ ning khiéu todn va
Mot s6 phuong phap gial toan trong chuong
trinh todn PT danh cho hoc sinh chuyén toan.
Nhiéu nha toan hoc va cic giang vién cua cac
trusng dai hoc, nhiéu gido vién toan cac
truong THPT chuvén ¢ cac mién dat nude da
taL du.

PY.

HOI NGHI TRIEN KHAI NHIEM VU
NAM HOC 2005 - 2006 CUA
BO GIAO DUC VA PAO TAO

Trong hai ngay 24 va 25.8.2005 tai D6 Son, TP
Hai Phong di dién ra Hoi nghi danh gia két
qua niam hoc 2004-2005 va hudng dan nhiém
vu nam hoe 2005-2006 cua cac Vu Giao duc
Trung hoc, Vu Gido duc thuong xuyén va
Thanh tra giao duc. Héi nghi cing 6 chiic
tong két coéng tac giao duc ngoai khéa thuc
hanh gial toan trén may tinh CASIO trong 5
nam (1999-2005). B6 GD&DT da tang Bang
khen cho cac ddn vi va ¢a nhin ¢6 thanh tich
Xuit sic trong cdng tac ngoai khoa thuc hanh
giai toan trén may tinh CASIO véi su tal trg
giai thutng cia Cong ty xuit nhap khau Binh

V.H.

e

* Gée dinh huéng (tiép theo)

e

PON POC THTT SO 340 (10.2005)

» K&t qua Cude thi giai Toan va Vat Ii trén THTT nam hoe 2004-2005

¢ Ldi giai dé thi tuyén sinh 16p 10 THPT Lé Hong Phong TP Hb Chi Minh 2005.
» Ldi giai cac bai thi chon HS giol toan qudc gia THPT 2004-20056
» V& mét bai Hinh hoe trong Ki thi tuyén sinh Dai hoc 2005.

Mdi cac ban dat mua tap chi THTT tai Buu dién.

Tay BITEX.

THTT /
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Pdp an
O SO KI NIEM 60 NAM QUOC KHANH

Dong 1.

S& tinh, thanh c6 bién: 28,

?6’ tinh, thanh cd dugng bién gidi trén dat
lién: 25.

Dén s6 Viét Nam: 82 tridéu ngudi.

Tuéi cia Ha Néi tinh tit Kinh d6 C6 Loa:
2200 nam.

Tinh cé méat d din s0 cao nhat la Thai
Binh: 1213 nguoi/km?,

Dong 2.

Tinh co it din nhit 1a Kon Tum: 265000 ngudi.

8§ thi xa; 59.

Tinh c6 mit do dan s6 thap nhat 1a Kon
Tum 27 ngudgikm®,

Tinh cé dién tich hep nhdt la Bic Ninh:
799km?.

Tuéi cia Ha Noi tinh tiz Thang Long: 995 nam.

Dong 3.

S thi tran ; 580 (lam tron).

Dién tich mdt trong ba tinh hep nhat 14 Ha
Nam: 823km*,

Dong 4.

S& tinh, thanh phé thudc trung uong: 64.

Mat dé dan s§ ndi thanh Ha Noi: 14400
nguoi/km”®,

S& thanh phé : 31 (tinh dén 6.2005).

Dong 5.

Thi x4 it ddn nhdt 12 Muong Lay (tic 1a TX.
Lai Chéu trude day) : 13000 ngudi.

Thanh phd c6 mat dé dan sd ngi thanh cao
nhit 14 Nam Dinh: 30000 ngudi/km?®.

Tinh cé s6 din déng nhat 14 Thanh Héa =
3500000 ngudi.

Cét 1. Dién tich mét trong 3 tinh hep nhat 1a
Hung Yén: 895km?.
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Cot 2. Mat do dan sd cao nhat caa TP thude
trung wong 1a Ha Noi: 2463 nguoi/km”,

Cét 3. S do thi nude ta : 656.

Cét 4. 86 thanh pho thude trung udng: 5.

Cét 8. Nam ki niém : 2005.

Cét 9. Tudi cta do thi co thit hai sau Ha Ngi
12 Thién Trudng, sau la Vy Hoang, nay la
Nam Binh : 740 nam.

Cot 10. Dién tich tinh réng nhat 1a Dik Lak
(tinh e) : 19800km*,

Cét 13. Chiéu dai bg bién nuide ta: 3300km.

Nhén xét. 1. Rit vui vi nhiéu ban doc yéu toan
d o6 hidu biét kha ro rang vé dit nude minh.

2. Cac st héu trén 1a 1ay 0 nhiéu tu Liéu va khong
cing thdi diém nhung la eap nhit. Dén thang
9.2005 nay s6 liéu da khac. Vi du 6 thém TP Rach
(4 tit 7.2005. Cé cho 1a "bAy" cae ban nhu sf tinh,
thanh, trude 14 61 nay 1a 64.

3. Hai doc gia Pham Dife Chdn, thén An Hiép, xa
Lién Hiép, Dtc Trong, Lim Ding; Dudng Minh
Tign, lép 11TL, THPT chuyén Nguyén Binh Khiém,
Vinh Long c6 cac dap an tét hon ca. Ngoai ra, cac
ban Trdan Vin Ngoe Tén, 11/1, THPT Hoang Diéu,
Pién Ban, Quang Nam, Nguyén Thi Tram, ldp
1241, THPT Hoang Mai, Quinh Luu, Nghé An; Lé
Xudn Qudn, thén 9, Xuin Du, Nhu Thanh, Thanh
Héa: Tran Ngoe Toan, xom Thanh Céng, xd Chan
Hung, Vinh Tutng, Vinh Phie; Tran Thdi Ha, 12
Ly, THPT chuyén Bée Ninh; Hodang Vin Hing,
12A1, THPT Kinh Mén, Hai Dudng ciing ¢6 dap an
tuong da tot.

VU THANH THANH

B CHUPNGAY KHAT GIANG

l il |

B AN i b
rﬂ ] 1 N|H :
3e T
L'Il' | H N H i
NEH] |1 N ]
Bl N
{ls N
E [chE] |r[w [
T
r] | 1]
N i 1
[ [u] |u o u]

Ban hay dién not cac chit cai (khong ké dau)
vao 6 chit dé biét ¥ nghia cot t& mau, theo cac

gol v dudi day dude viét theo thit tu céc dong :  wg~
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TOAN HQC MUON MAU e bia

Gidi ddp :
CAT CAC HINH VUONG_
GHEP THANH PA GIAC PEU
(Dé ddng trén THTT s6 336
thang 6.2005)
1) Xét da giac déu n canh néi tidp duong
tron tdm O ban kinh R. Da gidc nay gom n
tam giac cdn va bang nhau c¢é dinh 1a O,

[

canh hén 1a R va géec d dinh la : , do dé

dién tich da giac déu n canh la

Si-5F dn | T 45 S, = kR voi k12 of
I

o
14 s6 nguyén.

2 Pies
nguyén <> k = —sin
2 n
Dé thdy véin = 4 thi §, = 2R? véin = 12
thi 8,, = 6R%in30" = 3R>
Viée chiing minh S, = ER* vdi k nguyén
din dén giai phuong trinh béc n hé sd
nguyén nghiém hitu ti, phudng trinh nay cé
nghiémlak=4va k=12
2) Duéi day trinh bay 3 cAch cdt ba hinh
vudng thanh 9 manh réi ghép lai thanh
hinh da gidc déu 12 canh. Ta xép 3 hinh
vudng sat nhau sao cho eé 1 dinh chung cho
ca 3 hinh vudéng. Cac manh bi cat roi ra ¢

Hinh 2 Hinft 3

ba hinh wuéng roi
xép vao goc vudng
con lai dude in dam
hdn trén cac hinh 2,
3, 4.

Cac ban sau 6 loi
glal tot, dude nhan
tang pham :

1. Nguyén Vin ; Hinh 4
Ngoe, 11 Ly, THPT chuyén Bac Ninh

2. Nguyén Thi Thanh Thiy, t6 39, khu 3, P.
Vinh Niém, Q. Lé Chan, TP. Hai Phong.

3.Tran Khéde Ding, 11B, THPT Anh Son 1,
Anh Son, Nghé An

4, Té Phuong Nhung, 12A2, THPT Mai Sdn,
Mai Sdn, Son La.

5. Lé Nhu Manh, khu 3, TTr. Tho Xuén,
Thanh Hoa.

PHI PHI

— Pén trudng dé ... kién thie.

— Phudng phap giang day mdi : 14y hoc sinh
lam ...

~ Lue lugng chinh trong méi nha trudng.

— (Gid hoe thu vi

~ Phong rat can cho day va hoe.

~ Ndi ¢6 cac hoat déng day - hoc.

~ Cong cu cin thiét dé day hoc.

- Noi gin b véi ngusi thay.

— Don vi do thdi gian d trudng.

— Ddn vi lac déng cua cée giang vién,

— Don vi lao ddng nho cha cac thay, ¢b gido.

- Hai hoat dong chinh trong lao dong cua
ngudl thay.

- Cdu néi gitta thdy va tro.

Dap an va tén cic ban giai tét 6 chil sé
dang vao thang 11.2005 trén s6 341. Chue
cAc ban may man.

VU b0 QUAN

GIAI TRI TOAN HOC (Tiép trang 18)

PHEP TOAN TOAN CHU SO 9

Nhéan dip ming ngay khai giang 5/9 va
gip ban bé trong nim hoc mdi. Son da dua
ra mét bai toan dé dé ban bé ctia minh. Bai
toan nhu sau ;

"Héy ditng bén chit 56" 9 va cde ki hiéu
todn hoc dé ldap phép todn cho két qua la
999",

Ban ciing giai bai toan nay dé nhing
ngay khai giang eaa ching ta thém ¢ nghia
nhé !

NGUYEN THI THU SUONG

(GV THPT An Phude, Ninh Phuidc,
Ninh Thudn)
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-
i 7 X 7%9‘ 1 XUAT BAN TU 1964
74# C& 70}4% g'oé va ? 725 Toa soan : 1878, phd'G%?rSS\a?é{g};?ﬂg{

M ﬁfj t | g M M ' DT - Fax : 04.5144272
W Email : toanhoctt@yahoo.com

BAN €O VAN KHOA HOC CHIU TRACH NHIEM XUAT BAN
GS. TSKH. NGUYEN CANH TOAN Chu tich ““-’ldé“g Quan Lri
GS. TSKH, TRAN VAN NHUNG Jong fuim doc HKB Gifo due
TS. NGUYEN VAN VONG sy
(8. DOAN QUYNH . Phé Tong Giam doc
PGS, TS. TRAN VAN HAO Tong bién tap NXB Gido due

VU DUCONG THUY
HOI PONG BIEN TAP
TS. TRAN DINH CHAU, ThS. NGUYEN ANH DUNG, TS .TRAN NAM DUNG, TS. NGUYEN MINH DUC,
TS. NGUYEN MINH HA, TS. NGUYEN VIET HAI, PGS. TS. LE QUOC HAN, ThS. PHAM HUNG
PGS. TS. VU THANH KHIET, GS. TSKH. NGUYEN VAN MAU, Ong NGUYEN KHAC MINH, TS. TRA}
HOU NAM, TS. PHAM THI BACH NGOC, PGS. TS. NGUYEN PANG PHAT, TS. TA DUY PHUONG.
ThS. NGUYEN THE THACH, PGS. TSKH. DANG HUNG THANG, PGS. TS. PHAN DOAN THOAL
ThS. VU KIM THUY, PGS. TS. VU DUONG THUY, GS. TSKH. NGO VIET TRUNG, ThS. HO QUANG VINH.

TRONG SO NAY

o Danh cho Trung hoe Co sd — For Lower @ Va Kim Thiy - Két qua Cufe thi
Secondary Schools Olympic Toin Singapore 2005 cua hoc
Nguvén Pite Truomg - Su dung tinh sinh Viét Nam.
chén 1é trong giai toan, : _

g A ) ) 4 Tim hieu sau thém todn hoc so cap -

o be thi tuyén sinh ldp 10 Uhuf‘-‘-n FTU(}‘“E{ Advanced Elementary Mathematics
T%—IPT Leq l-Iong; Phong TP Ho Chi Minh Nguyén Minh Ha — Nguyén Viét Hdi -
nam hoce 2005-2006 mon Todn. Clée dinh Widng.

o Chuén bi thi vao Dai hoc — University @ Pé ra ki nay — Problems in This Issue
Entrance Preparation : s
Ding Thanh Hdi - B&t ding thie Co-si T1/339, ..., T12/339, L1, L2/339.
trong dé thi tuyén sinh dai hoc nam 2005.

@ Gidi tri toan hoc — Math Recreation
@ Neuyin Viin Mau —Trai h Hing Vuong 2005,

Gidi bai ki trude — Selutions to Previou:

o Toian hoc va doi song — Mathematics Pr.c:tlllems B )
and Life Giai cac bai cua s6 335.
Phan Thanh Quang - Nguyén Vin Thiém ;
Toan hoc va su lan truyén bénh dich. @ Cau lac bo — Where's the Mistake?

o Phuong phiap giai todn — Math Problem
Solving
Nguyén Ngoc Khoa — Tinh dol xiing caa
bai toin cuc tri.

Bia 2 : Toan hoc muon mau

Tong bién tap: PHAN DOAN THOAI Trudng ban bién tap: NG UYEN VIET HAL Thu ki Toa soan: VO KIM THUY,
Bién tap : HO QUANG VINH. Tri su, Ché'bin VI ANH THU , NGUYEN TH] OANH.
Dai dién phia Nam : TRAN CHI HIEU, 231 Nguyén Van Ci Q. 5, Tp. Hé Chi Minh. DT : 08.8309049.
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TRUGNG TRUNG HOC PHO THONG CHUYEN viK PhUc

Truong THPT chuyén Vinh Phie dude thanh lap thang 5 nam
1997. Hai ndm hoc déu, trudng chua co co sd riéng nén hoc sinh cua
trudng van hoc tai truong THPT Tran Phi va Tiéu hoc Lién Bao,

Ngay dau thanh 1ap trudng c6 10 16p chuyén véi 350 hoc sinh va 31
can bé gido vién, nhan vién. Hién nay trudng c6 30 16p véi 930 hoc
sinh va 82 cén bd, gi4o vién, nhan vién. Dén nay ¢d ngoi clia truting
dude xdy dung kha khang trang trén dién tich 37.000m?

Sau 8 nim xAy dung va phat trién, Truong THPT chuyén Vinh
Phic 14 truong tién tién xuat sic din dau chit lugng gido duc cta
tinh Vinh Phiic; trutng nhiéu 14n duge Bé Gido duc va Dao tao,
UBND tinh Vinh Phiic, Thu tuéng Chinh phn ting Bang khen. Nam
2003 Truong duge Nha nuée ting Huan chuong Lao déng hang Ba.
Tit khi thanh 1ap dén nay ti 1& d t6t nghiép luén 1a 100%, ti 1é 46 Dai
, hoc - Cao dang trén 90%. Tinh dén nay truong da cé 3403 hoc sinh

TAVUONG gioi cdp tinh, 387 hoc sinh gidi cép Qude gia va da doat duge 2 Huy
chuong Vang Quéc t&€ moén Toan va Ly, 2 Huy chudng Déng Quée t&

mén Toan va Sinh, 2 Bang khen Quéc t&€ mén Sinh, 1 Huy chuong Vang mén Toan Chau A - Thai
Binh Duong , 2 Huy chuong Dong mén Ly Chau A, 1 Bang khen mén Ly Chéau A, 8 giai Vang, 1
gidi Bac thi Hoc sinh gidi Singapore. Con nhiéu hoc sinh da doat gii cao hang nidm trén bao Toan
hoc va Tuoi tré, bao Vat 1y va Tudi tré; cé hoc sinh da dat thanh tich cao trong cude thi Duding lén
dinh Olympia cua VTV,

Déi ngh gido vién
cua trudng ciing
phét trién va trudng
thanh: 28 GV di c6
trinh 46 thac si.
Nhiing guong mait
tiéu biéu la cac thay
c6: Lé Anh Tuin,
Nguyén Duy Lién
(Mon Toan), Nguyén
Pic Phi (Mén L),
Nguyén Phong Nha,
Nguyén Thi Lé
Chung (Mén Sinh)
c6 nhiéu hoc sinh
giol cip Qudc gia,
Quéc t&, Ngb Van
Triédu (Mén Hoa),
Nguyén Thi Thu
(Mén Su), Sai Ngoc
Chi (Mdn Bia), Vi
Manh Ha (Mén Tin),
Ta Thi Binh (Mén
titng Anh) 6 nhiédu
hec sinh gioi cdp Quée gia.

Tam nam, khoang thoi gian rat ngin so vdi su nghiép tréng ngudi nhung cing da dé cho ngdi
truding tré tudi khiing dinh minh, Véi sy vuon 1én cia stic tré, Truong THPT chuyén Vinh Phuc rit
tin tudng véao tuong lai phat trién cia minh.

Hiéu truong

o THES

Cdc thay cé gido t6 Todn-Tin clia truomg

ISSN:0866-8035  Giéy phép XB s6 67/GP-BVHTT do B VHTT cAp ngiy 15.6.2004 :
Chi so ; 12884 In tai Cong ty CP in Dién Hong, 187B Giang Vo Gia : 4000 dong
Mi s6 : SBT4IMS In xong va nop luu chiéu thang 9 nam 2005 Bon nghin dong
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CASIO.

Khi mua mdy tinh CASIO
ban sé duoc tagng NGAY !

Chuong trinh

Qua 5y

Mua khai.trudng

Tang 02 but bi cao c4p
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(BITEX) :
Chuang trinh qua ting bit ddu t 24/08 dén hét 30/11
(Khéng ap dung cho Model HL 122L)

Xem chi tiét tai Nha sdch, cia hang ban may tinh
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