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KHOI PHO THONG CHUVEN TOAN - TIN BHSP HA NI
DON NHAN HUAN CHUONG LAO DONG HANG NHAT
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Ngay [8-11-21

k ) trong khéng khi tung bung ki
niém ngay Nha gido Viét Nam, Khéi PT chuyén
Todn - Tin PHSP Ha Noi di to chiic 1€ dén nhan
Huan chuong Lao dong hang Nhit cua Nha nudc
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2002) phat trién, khéi R e e : :
PTCTT da cd 36 khoéa dao tao vadi hon 1200 hoc sinh [Emwm“m LAD BONG HANG NHAT
16t nghi¢p. Nhiéu hoe sinh ctia kh6i nay da trd thanh VA KY NIEW NGAY NHA GIAD VIET NAM 20-11
nhitmg cdn bo khoa hoc ¢6 uy tin trong nhiéu linh :

vUuc trén ca nuoc,

Trai qua 36 nam (1965

Hé Noi, ngay 18./11/2002

e : o e vi doi tuyén Tin DHSP Ha Noi da
Hiéu truang tricgng OHSP Pinh Quang Bdo va : s

S : AR o STt gl g tram huy chuong cac
NGUT Nguvéen An Nghi, Chu nhiém khat PICT1 s vi lute 13 I,;._.| Srrina sl Ao
: I : . mj

Tir nam 1974 dén nay,
sinh cua khéi phé thong
[oan - Tin DHSP Ha Noi
duge 35 Huy chuong (9
0 ac, 10 déng) trong cic Ki
thi Olympic Todn va Tin Quéc (€.

Ghi nhin thanh tich dac biét cua
khér PTCIT DHSP Ha Néi, Nha
nudc da tang Khoi :

- Huan chuong Lao dong hang Ba
nam 1986

- Huan chuong Lao dong hang
Nhi nam 1996

- Huan chuong Lao déng hang
Nhit nam 2002.

Cdc thay gido va dai biéu trong ngay viu
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Khi nghién citu ki chiing minh cdc bai todn
hinh hoc ta thdv mat s diéu kién la thiét yéu,
con mot sa diéu kién khdc déng vai trd thir yéu,
khong cé anh hudng 1én dén phuong phip giai.
Néu thay déi diéu kién tha y€u nay ta sé& hiéu
thue chat méi lién hé gifta gia thigt va két luin,
tir d6 sé din dén bai todn téng guat hon. Xin
minh hoa diéu trén qua cdc vi du dudi day.

Bai toan 1. Cho hinh vudng ABCD. Ldy diém
M trén canh BC. Puong thang AM cdr duomg
thang €D tai P. Puong thang EF vuéng géc véi
AM trong dé E, F twong ing ndm trén AB, CD.
Duémg phdn gidc ciia géc DAM cdt CD tai K.
Chiing minh rang :

a)EF = BM + DK ;

piai L 12
AB? AM- AP
Y y p Loigiai.(h. 1)
2) K& AN L AM,
céit dudng thing
CD tai N
thi ANFE
/ H I hinh
N DF £ 36 p  binh hanh
én
Hinh | A
v EF = AN (1)

Ta 6 DAN=BAM , AD = AB, ADN=ABM
= 90° nén AADN = AABM = BM = ND,
AN = AM (2)

Mit khic ¢6 NAK = KAD+DAN =
KAM + BAM = KAB=AKN nén NA = NK (3)

Két hop (1) (2) (3) ta c6 EF = AN = NK =
ND+DK = BM + DK.

b) Ta c6 NAP = 90°. Trong ANAP vuong tai
A vé duong cao AD ta cé

1 i 1
= +
AD? AN® AP’

THAY BOI PIEU KIEN
THUYEU
TRONG BAI TOAN
HINH HOC

NGUYEN PUC TAN
(GV Tp. Ho Chi Minh)

1 1
k]

AB® AM® AP®

Nhdn xér. Diéu méu chot trong dudng 161 gidi
trén 1a vé thém AADN dé c6 AADN = AABM.
Néu & dé bai thay diéu kién ABCD tir hinh
vuéng tro thanh hinh chit nhdr (h. 2) thi trong
loi giai s& cd AADN e AABM =

Tir d6 va (2) suy ra

AN DN AL t(t>0). Licdéracd:
AM BM AB
A E B
M
N D K F E; P

Hinh 2

a) EF=AN=NK=ND + DK =¢.BM + DK

1 1 1

R e
AD” AN° AP
1 '
= 5 4 )
AB* AM® AP

Ta c6 bai todn téng qudt hon bai todn 1 nhu
sau : :

Bai toan 1'. Cho hinh chit nhdt ABCD vai AD
= tAB (t > 0). Ldy diém M trén canh BC. Puong
thing AM cdt duong thang CD tai P. Pucng
thdng EF vuong goc véi AM trong dé E, F tuong
itng ném trén AB, CD. Duong phdn gidc cia géc
DAM cat CD tai K. Chitng minh rang

a) EF =t BM + DK

1 'y, S
= +
AB® aM? AP?
Bai toan 2. Cho géc xPy = 120° va diém A
nam trén tia Px. Dung tam gidc déu ABC sao

b)

suy ra

b)

1
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cho B thudc tia Py va C
thudc tia phdn gide cia
géc xPy. Goi Q la giao
diém cua AB va PC.
Chitng minh rdng :

1 1 1

=

PO PA PB

Lo gidi. Lay diém
D trén tia déi cua tia Py
sao cho PD = PA (h. 3).
Do APD=P, = 60°nén AAPD la déu
=>PD=PA=AD (4)
Ta c6 R=R=F = 60°. Trong AABD c6
PO//DA nén theo DL Ta-let thi

Hinh 3

PO DA DA DA DA
PO DA DAPB
1 1 I
Tir (4), (5) ¢6: ——=——+— (6
4, (5)co PG PA PB )

Nhdn xét. Diéu miu chét trong dudmg 161 giai
trén la v& thém AAPD déu dé c6 PQ//AD. Néu
thay diéu kién géc xPytr 120° trd thanh o
(0° < o < 180, thi goc P,=APD = 180° — a
khong déi. Diéu kién AABC déu cho phép xdc
dinh duoc diém C khi biét diém B trén tia Py,
ldc d6 khong cdn yéu ciu diém C thude tia phan
gidc cua goc xPy.

Ta xét 2 truong hop md rong bai todn 2 :

a) Gia sit diém C ndm bén trong goc xPy
(h. 3). Ké AD // PC cit dudng thing PB tai D.
Goi AH, DK lan lugt 1a dudng cao cua AAPD
(c6 thé khong déu) thi :

PAsinP; = AH = DAsinP; = DAsin(a — P;) (7)
PDsinP, = DK = DAsin PAD = DAsinP; (8)
Vi PO//AD nén van c6 (5). Thay (7), (8) vao (5)
in(o— sin P
o L:sm{a_ P2)+ ‘ilIl. o )
" PQ PAsinF; PBsinF

Trudmg hop riéng cua hé thic (9) 1a hé thic
{6) k.h]a= 120“\?511’1 =P2=.P3=600.

Khi cho o = 90 hé thitc (9) trd thanh
,sin P

PB

1 _cosh

PO PA
b) Ta xét xem khi ;f’; = a thi diém C nidm
trén dudng ndo? Dung bén tam gidc déu ABC va

ABC’, PAE va
PAE’, thi diém
E, E' ¢o dinh
(h. 4). Ta cé
AC = AR =
AC’, EAC=PAB
= E'AC', AE =
AP =VAE“nin
AAEC = AAPB
= AR e by E’
d6 AEC-APB Hinh 4
~AE'C' =u

Nhu vay khi AABC va AABC' la déu con B
chay trén tia Py thi diém C chay trén tia Et va
diém E’ chay trén tia E". (Cdc ban tu ching
minh phin dédo).

Ta ¢ bai todn 16ng quat hon bai todn 2 nhu sau :

Bai toan 2'. Cho géc xPy = a (0° < @ <

180°) va diém A ndm trén tia Px. Dung tam gidc
déu ABC sao cho B thudc tia Py. Goi Q la giao
diém ctia AB va PC.

a) Vi C la diém ndm trong géc xPy, chiing
minh rang

sinAPB _sinBPC e sin APC

PQ PA PB

b) Tim quy tich cia diém C khi diém B di
dong trén tia Py.

Cic ban hidy thir thay d6i diéu kién thi yéu
trong bai toin hinh hoc nao do dé sdng tao ra
bai todn mai.

LOI GIAI BAI THL... (Tiép trang 6)

Vi khéng ¢6 lic nao TU
co diém chung véi nhiéu hon
hai dwudng tron trong ching
ca, cho nén T chi thuéc vé
nhicu lam la n-1 cung, tuong
tng véi cdp cdc dudng tron
(o gl oG gl
(Cp1.Cp). Tir d6_ sy ra
trong t6ng S, chu vi clia
duong tron Q duge tinh
nhiéu 1dm la r-1 lan, tic 1a S < (n-1)27p, tir (2) cé

Z 1 ;ig(n—l)ZTtp:(n—l}n
19'5;'96}0} Sp 8 4

Cdc ban cé thé xem bdn tiéhg Anh (khong hodn
toan nhie loi gidi dige trinh bay trén ddy) ciia Ban t6
chite IMO 2002 trén mang Internet voi trang Web
http : www.imo2002.

Hinh 5
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bi T TUYF\T SINH LOP 10 ’l‘RUﬂNG THPT NK
BHEKHIN - BHOG TP. llﬂ CHl MINH 2002

MON TOAN
NGAY THU NHAT — Jx+1 =m (1) trong d6 m 1a tham s6.
(Danh cho moi thi sinh) a) Giai phuong trinh (1) khi m = 1.
i e ki b) Tim tét ci cdc gid tri cia m dé phuong trinh

Céu I. Cho phuong trinh
X+ Z\f?cj —mr+6m—11=0
a) Giai phuong trinh khi m = 2.
b) Chimg minh phuong trinh ¢6 nghiém v6i
moi m.
Cau II. Cho hé phuong trinh :

.t+|_y|+m[x3 e |y|+2.ry2+|y|3)=l-~m

xlyl=—6

a} Giai he phuong trinh khi m = 0.

b) Giai hé phuong trinh khi m = 1.

Cau III. Goi M, N ldn luot 1a trung diém cic
canh AB, CD cta hinh chir nhat ABCD. Biét
ring dudmg tron ngoai tiép hinh chit nhat ABCD
c6 dudng kinh bing 8+2v/3 va tén tai diém I
thuéc doan MN sao cho géc DAl = 45°, géc
IDA = 30",

a) Tinh dién tich hinh chit nhat ABCD.

b) Goi K, H 14n luot 1a trong tdm cla tam gidc
AlD va BIC. Tinh dién tich tam gidc NKH.

Cau IV. Tam gidc ABC c6 géc ABC =30° va
géc ACB = 15". Goi @ 1a tam duong trdn ngoai
ti€p tam gidc ABC va M, N, P, I lan lugt 1a trung
diém cta BC, CA, AB, OC.

a) Tinh géc PON . Chimg minh A, M, I thing
hang.

b) Ching minh P 14 tryc tAm cla tam gidc
OMN.

Can V. a) Tim 4t ca so thuc @ va b sao cho
[2x+al = Ibx+5| véi moi s6 thuc x.

b) Cho a, b, ¢, d, e, f1a cic sd thue thoa diéu
kién : lax+bl + lex+dl = lex+f1 véi moi s6 thue x.

Bi€t a, ¢ vd e khdc 0, ching minh ring
ad = bc.

NGAY THU HAI
(Danh cho thi sinh thi vao chuyén Todn)
(Thai gian @ 150 phiit)

Cau VI. Cho phuang trinh

(1) c6 hai nghiém phéan biét.

Cau VIL Cho x, y, z la cdc s6 nguyén thoa
méin phuong trinh 2+ yz =72

a) Chitng minh ring trong hai s6 x, y c6 it
nhdt mot s6 chia hét cho 3.

b) Chirng minh rdng tich xy chia hét cho 12.

Cau VIII Cho dudng tron (C) dudng kinh BC
= 2R va diém A thay déi trén (C) (A khong
triing vo1 B, C). Pudng phan gidc trong goc A
cua tam gidc ABC cat duong tron (C) tai diém K
(K = A). Ha AH vudng goc vai BC.

a) Dat AH=x. Tinh dién tich S cua tam giﬁu: AHK
theo R va x. Tim x sao cho § dat gid tri I6n nhat.

b) Chtmg minh ring khi A thay déi, téng
AH*+HK? luon 1a mot dai lugng khong déi.

Tinh géc B cba tam gidc ABC biét rang
AH_[3
HE ¥5.

Céau IX. Cho cac s6 thuc a, b, ¢ thoa mian

G+i=b+£=ﬂ‘+l
C a

diéu kién

a) Choa =1, hdy tim b, c.

b) Chung minh ring néu a, b, ¢ d6i mot khic
nhau thi a*b%e” = 1.

¢) Chitng minh ring néu a, b, c déu duong thi
a=b=c.

Cau X. Trong mot giai bong dd c6 N doi
tham gia thi ddu theo thé thic vong tron mot
luot (hai doi bat ki déu gap nhau ding mot l4n).
Sau méi tran ddu, doi thing dugc ba diém, doi
thua kheng duoc diém nao, con néu tran diu c6
két qua hoa thi mébi doi ciing duoc 1 dicm Céic
doi dugc xép hang dua theo 15ng diém. Trong
[ruc‘.mg hop mot s6 doi c6 téng diém bang nhau
thi cdc doi nay duoc xép hang theo cdc chl sG
phu. Két thic giai ngum ta nhéin thay rang
khong c6 tran dau nao két thic voi i 50 hoa ;
cic doi xép nhit, nhi, ba c6 téng diém lin lum
Ia 15, 12, 12 va tdt ca cdc doi x&p ti€p theo cd
tdng di€m déi mot khéac nhau.

a) Chimg minh ring N > 7.
b) Tim N va téng diém clia mbi doi tham gia giai.

3
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LOI GIAI BAI THI TOAN QU

Ki thi todn quéc t€ lan thit 43 (IMO 2002) da
dién ra tai Glasgow thudc Vuong quéc Anh. Két
qua cta déi tuyén Viét Nam thi toin quéc 1€
dugc dang trén s& bdo THTT thang 8 nam 2002.

Bai nay gidi thieu dé thi va 1oi gidi t6m tit cha 6

béi thi todn quoc té.

Bai 1. Cho n la mét s6 nguyén duong. Goi T
la tdp hop cdc diém (x, v) trén mdt phdng toa dé
vo1 x va y la cdc s6 nguyén khéng dm thoa mdn
X+ y < n. Méi diém cua T duoc té do hodc
xanh. Néu diém (x, y) duge t6 dé thi tdt cd cdc
diém (x', ¥') cia T voi dong thai x’ <xva y' <y
ciing duge 16 do. Mgt X — tdp la mér tdp hop
gém n diém xanh cé hodnh dé déi mét khdc
nhau, va mot Y —idp la mor tdp hop gém n diém
xanh cd tung do déi mdr khde nhau. Chimg
minh rdng cdc sé' X —tdp bdng 56 cdc Y —rdp.

Loi giai. Néu khong ¢6 diém do nao thi hién
nhién khang dinh cla bii todn 14 ding.

Trong trudng hop co
it nhat mot diém do, ta
gol @; la s6 diém xanh
c6 hoanh do / va b; 1a
s6 diém xanh c6 tung
do 1a i, Khi dé sd céc
s tap la gy e Gy
va tuong wr s6 cic ¥ —
tap la bob, ... b, . Ta
s¢ chimg minh ring
a,_; = byby ... b,_, bing cich tinh céc
tich niy (s6 X — tdp va s6 Y — tap) theo toa do
cdc diém (x;, y)), ... (. ¥;) VO (x,—,y;-:l (i<k)
1A cdc diém d6 c6 tinh chét 1A cdc diém
(x;+1, %) va (x;,y;+1) néu thuoc T s& c6 mau
xanh (xem hinh 1). Xét hai trudng hop c6 thé
Xayra:

dnpdy ...

1) Tén tai diém (x,, .y, ) =n~- 1.

Khi d6 a;, = b, = O va khing dinh bai todn
hién nhién ding.

2) x;+y; #n— 1l chomoii<k.

Khi dé bing tinh todn don giin, ta s& co s6

X-tap Ia
(r=1-y;)! (n=2-ys=x; }!

(r—2-y—x)! (1=2=y,—x,)!

4

 TE LAN THU 43
VU BINH HOA
(Vién Cong nghé rhéng rin)
(n=2=y; —x.)!
" (n-2-y —x)!
Tuong tw, s8 cac ¥ - tap la bang
(n=2-y; =X 1 )!
(n=2=Yp_y =X !

(n—1-x,)!

(n=1-x,)!
(n-2-y—x)!
(n=2=y —x)!
(n=2—y; —x; )!

(n—1-y)!

va hién nhién s6 cdc X — tap cling bang s6 cic
Y - tap.

Bai 2. Cho trudgce BC la duong kinh cua duong
tron I cé tam la diém O. A la mot diém tién I

sao cho (P< AOB <120". D la diém giita ctia cung

AB (cung khéng chiza diém C). Duong thang qua

Q song song véi DA cdt duong thdng AC tai I.

Trung truc cia OA cdt tai E va F. Chimg minh

rang 1 la tam duong tron noi tiép tam gidc CEF.
Loi giai. Vi 0° < A

AOB < 120°, cho .

nén A va C khong E

cing phia véi EF '

(hinh 2). Do EF la !

trung truc cha AQ, p

cho nén AE = AF = ¢

OFE = OF = R la bin

kinh ctia dudng tron

I', suy ra CA la phan

gidc ctia ECF (*) Hinh 2

Vi D la diém chinh giita cung AB cho nén
DO vudng géc véi AB, va do BC la dudmg kinh
cua I, cho nén AC vubng géc véi AB, do dé
ADQOI 1a hinh binh hanh, suy ra A/ = R. Cho nén
tac6Al=AE=AF. (*¥)

Wﬁ=ﬁ+ﬁ=ﬁ+fﬁf v vi

Aﬁ = E"E#ﬁ , nén theo (*) va (**), ta co
EFI = IFC. Vay cho nén [ nam teén giao

diém cla cdc dudng phan gidc cia géc F va C
cha tam gidc EFC va do dé6 [ 1a tam cua dudéng
tron ndi t€p tam gidc EFC.

Bai 3. Tim tat cd cdc cdp sé nguyén m, n >3
sao cho tén tai vé han s nguyén duong a ma

a® +a-1

a"+a* -1

tai dé biéu thitc nhdn gid tri nguyén.

https://tieulun.hopto.org
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Loi gidai. Dat fix) = x"+x-1, g(x) =

a1 va fx) = gla).gle) + r(x) vl rix) 1a
da thie du. Tir gia thiét ddu bai suy ra )

8(x)
nhan v6 han gid tri nguyén khi x — . Do bac

cia g(x) lén hon bic cua r(x), cho nén
lim o, =0 do do bl chi cé thé nhan gid
v (X g(x)

tri nguvén 0 tai vo han gid tri nguyén duong x,
nghia la r{x) = 0. Tém lai f{x) chia hét cho g(x).

Do g(0) = -1 va g(1) = 1, cho nén g(x) cé mot
nghiém o (0, 1), va ciling co flo) = O-do fix) 1a
boi scha  glx). Ngodi~ra. 1a cod
J0 =gy ™ e (I ™ ™ 1]y
chia hét cho g(x) ma g(l) # 0 nén A(x) =

X ~1 phai 12 boi cua g(x). Dé thay
rang néum -~ n 2 nthicé 0 < h(a) < g(a), va
h(x) khong thé 12 boi clia g(x) dugc. Do d6 phai
com<2n,chonénm—n+ 1= n Do hix)1aboi
cla g(x) nén phdi cé m—n+l =n,vam-n=2.Ti
d6.m = 3, n = 3. Thir lai thay ngay la da thic
fX)=x+x-1=(@—x+ 1)gx), véi glx) =
Mot

Bai 4. Cho n la mét s6 nguyén lon hon 1. Tdt
cd udc nguyén duong cua nlad,, d,, ..., d, voi
.Ir "_—dJ {d:‘:. ...{dk=ﬂ.

ParD=dd, +dd, + ... + d, d,

(a) Chung minh rang D < n°

m—n+l =
o

(b) Xdc dinh tdr cd n sao cho D la mét woc sé
?

cian’.
Loi giai. a) Dé dang thdy bat dang thic
didy + dody + ... + dyydy < 1

tuong duong voi
dldl +d2d3+.”+dk_]dk <1
2 <

n ‘
—3 ﬂd—2+d—2d—1+ .+d""—_1.ﬁ£l
e g e
o A . S o e
R R R
(don=dd, =dyd;, |=..) Va bt dang thitc (¥)
diing vi
i B, o Ralis, B Doe
dy dy_ dy 4y dy 4
[ o) [1 1} {1 1]
S TN ek e Ll e
dy 4y dy dy) \d, dy
=<1
dy

b) Néu n = p 1a s8 nguyén 18 thi D = n 13 udc
ctia n°. Néu n la hop s6 va p 1a udc s6 nguyén 16

nho nhitctanthid,=n,d,=p, d;, = " vado
p
n? i’
d6 D> —.Theoa),tacén*>D> —, nén D
P P
khong thé 1a udc s6 cua n” dugc.
Bai 5. Tim tdt cdc ham s6 f ti¥ tdp hop cdc 56
thiee R vao chinh no sao cho
(fix) + fiz)) (f(y) + f{t)) = fixy - zt) + fixt + yz)
vt moi x, v, 2, t € R, =)
Loi giai. Thay x = y = z = 0 vio phuong trinh
di cho ta thu duge 2ﬂ0)(ﬂ0)+ﬂr}) = 2f0) (1)
Cho t = 0 thi 4(0))* = 2f{0)* va do d6 hoic

f{()) 0 hoiic f0) = 1/2. Ta xét céc trudng hop
c6 thé xdy ra :
1) Neu fi0) = 1/2.

Khi dé, tir (1) ding v6i moi £, ta ca fir) = 1/2.

Thir thay day 1a mot nghiém cia phuong trinh
ham da cho.

2) Néu fi0) = 0. Thay z = r = 0 vao (*), ta thu
duoc fL)Ay) = flxy) - Q)
va hdm fix) c6 tinh chit nhan, dac biét f{l) =
(fi1))%, cho nén f{1) = 0 hoidc (1) = 1. Xét 2
trudng hop :

2a)y Néufil)=0. Tu(2) tacod fix) =0 cho moi
x (voi y = 1). Thir thdy ham sé nay 1a mot
nghiém cua phuong trinh ham da cho.

2b) Néufll)=1. Thay x =0, y =1 = 1 vao (*),
ta thu duoe 2f(z) = fi-z) + fiz) va do dé
fl-z) = fiz), vay ham f{x) 1a ham chdn, ta chi cdn
chimg minh f{x) = +* cho moi x = 0 la di. Luu ¥

fx) = ((x/r;)z)= {V{;)z 20chomoix=0 (3)

Do fi0) =0, f(1) = 1, ur(2) ta dé dang chlmg
minh bang quy nap ring fin) = n” cho moi s ty
nhién n, va cling do (2) suy ra fix) = x* cho moi
s6 hiru ti x.

Thay r = x,z = y vao (*), ta thu duge

(fx) + A = A8 + ). tir (3) c6 ik + y) 2
(flx))* = fix’) cho moi x = 0 = ham s& flx) 1a
ham khong giam trén [0, «). Bay gi¢ véi moi x
€ [0, ») ta chon hai day s& hiru ti khong am u;,
v, véi i, 1a day khong gidm w, — x va v, la diy
khéng ting v; — x. Do tinh don diéu cua ham sé
flx), ta cé imflu,) < fix) < limf(v) va do limf{u,)
= limu? = 2, limfv) = limv? = 2, cho nén ta
¢6 f{x) = x°. Thir thdy ham s6 nay 1a nghiém tht
ba clia phuong trinh ham da cho.

5
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Bai 6. Cho [, I, ..., [, la cdc duong tron
ban kinh I trén mdt phang. o day n > 3. Ki hiéu
tam cua cdc du‘(m g tron nay mot cach tuong iing
lcx O; Oyt 0 Gia w,rmng kﬁwng cd duong
thang nao co diém chung véi qud hai trong sé
cac duong tron nay. Hay ching minh rang :

\_‘ l (H L
]<I{l.'<ﬂ'()0 4

Loi giai. Trudc hét dé thdy hai cung PR, OS
cat nhau tai mot diém X trong. hlnh tron € ban

kinh p (Hinh 3) sao cho PXQ RXS = 2a thi
PQ-—RS =4dap (1)

g = Th

ek Sef
] —Ef
H?"--..,_
\ i P Ly
) >

Hinh 4

Hinh 3

Tir diéu kién da cho dé thdy rang cdc hinh
tron da cho khong ¢6 diém chung. Pem phi cac
hinh tron cho trude bdi mot hinh tron 1én € ban
kinh p (Hinh 4). Xét hai hinh tron C; va C;
cho trude véi tam trong tng la O, va O, Goi 2a
la géec gilra hai tiép tuyén chung trong PR, OS

clla ching. Ta cé sina = . Tir bt ding

10,
thitc quen thuoc ¢ = sina, ta co6 duge o = sina. =
5

T (1)tac6 PO+RS = d0p > —P va
By 0:'0;'
do do Li i
[ i
Ta xét téng S tdt ci cdc cung khi i vl j nhan
tit ca cdc gid tri c6 thé. Ta khang dinh la khi do
mbi diém cia ©Q duoc phll nhidu 1lim 1a n—1
cung. D¢ thay diéu nay, goi T 1a diém bat ki clia
€ va xét tia tiép tuyén TU cua €2 xudt phat r T
(Hinh 5). Khi quay tia TU quanh diém T nhu
trong hinh, va khong mét téng quat quét gia sir
rang cdc hinh tron da cho b cat lan luot 1a C,
C,, ..., C, theo thi tu gquay nav. R5 rang T bi
phl b&i mot cung trong tong S khi va chi khi TU
cat hai hinh tron twong tng.
(Xem tiép trang 3)

(2)

3p

Ki NIEM 200 NAM SINH NIELS HENRIK ABEL

Cau chuyén cuia
chung ta bat dau tir
cudi thé ki 18. Vao
thti 4y & Na Uy
chua cé truong dai
hoc. Xidren Ghéooc
Abel, ciu con trai
thit ciia muc s Han
Machiac Abel, dugc
gui di hoc & Dan
Mach. Sau khi tot
nghiep dai  hoc
Xioren Abel duge cir
lam phé muc sv va
giip viéc cho bd.
Mua hé nam 1799
Xioren két hon véi
Ana Maria, mui
chin tuéi, con mot thuong gia gidu c6. Niel
Henrich Abel, nha todn hoc vi dai sau nayv la con
thit hai cua Xioren Abel, chio doi ngay 5.8.1802.
Liic bay gi¢ chién tranh gifra kh&i Dai Phap vai
khéi Anh, Thuy Dién di lan dén Copenhagen, uy
hiép Na Uy. Mua thu 1815, Niel Henrich dugc
cha g di hoc & 0s16. Cho dén niam 15 wéi N 1e1
Henrich vén dugc danh gid 1a ngoan va hoc gioi.
Anh hoc toin kh4 nhung van bi thay Bado dénh.
Nam 1818 Badd bi thai héi, chiic trg gido truémg
trung hoc duge giao cho thiy Honboe. bay Ja
budc ngoat 16n trong cudc doi Abel vi chinh
Honboé da khéu goi va c6 vii cho thi nang cia
Abel, huéng din anh nhimg buée di doc lap diu
tién trén con dudmg nghién ciu khoa hoc. Nho
thdy Honboé, Abel da doc nhimg tai lidu vé vi
tich phan do Ole viét bang tiéng La tinh. Anh
con doc Lacroa, Phringken Poatxong, Gausg,
Vecnié, Lagrang...

Cuéi trung hoc Abel da bat dau nghién citu
cach giai phuo‘n trinh béc 5 va cao hon (cdc
cong thuc g1a1 néu ton tai phai dugc biéu thi dudi
dang t3 hop cdc can thirc). Abel dua két qua cia
minh cho Hénboé, Hangxtin xem va hai 6ng da
gui cong trinh dén Déghen, nha toin hoc néi
ti€ng cla Pan Mach. Khong phat hién duge sai
lam, Déghen than trong viét "Cho du céch giai
clia Abel khﬁng diing ching nifa thi cong trinh
dé ciling chimg t6 cau Abel tré tudi co nhimg
ning khiéu todn hoc xuit ching so véi Iira o
con non tre va diéu do6 hira hen rat nhiéu & tuong
lai twoi sdng cha cau”. Deghen cing khuyén
Abel nén quan tam dén cic ham siéu viét elliptic,
mot van de c6 ¥ nghia d6i v&i su phit trién cla
giai tich va ca hoc. Doc xong thur Péghen, Abel
nhan thdy cdch gidi cua minh [a chua ding cho
moi trudmg hop. Cﬁng trinh ciia Abel noi tiéng
khép thanh phé. Do ciing Ia liic gia dinh Xioren

lam va canh tiing thi€u do cudc khung hoang tai
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Cliin ke ve Niel Hemach Aliel

chinh xay ra sau chién tranh. Nam 1820, Xitren
qua doi. “Niel Henrich tir day ph&l chat vat dé
diing s6 hoc bong it 0i cia minh gitdp d6 hai em.

1821, Abel thi vao dai hoc va dat diém cao vé
S6 hoc va Hinh hoc. Vi bé mat, me con nam em
nhod nén nhimg ndm & dai hoc Abel khong thé
trong chd vao sur gitip dd cia gia dinh. Anh duge
nhan vao & ki tic xd, khong phai tra tién. Ong
higu trucmg Trésop va nhiu gido su da bo tién
tii cua minh dé cdp cho Abel an hoc. Mol nguti
di bat diu biét dén nang khifu xudt ching clia
Abel. Nhung anh rdt khiém ton, khéng ca ngoi
nhirng thanh tu clia minh.

Nam 1823 tap chi Khoa hoc ty nhién dau tién
ctia Hoi khoa hoc Na Uy ra di. Ngay s6 thi hai,
tap C]"Il da in mot bai bio cua Abel. Duce su o
vii clia Ilangmm Abel lai viét thém mot s6 bai
lan luot ding cdc s6 tiép sau. Doc gia dén doc
cdc bai bdo dé vai méi cam tinh sau sic. Trong
cdc bai bdo do c6 bai ban dén cdch giai phuong
trinh bang s& cia nhitng cdi ma nay ta goi la tich
phan. Nam 1823 Abel da dé trinh trude Hoi dong
khoa hoc nha truéng mot bio cdo & dé néu mot
phurmg phép cho phép kiém tra tinh kha tich clia

cac bicu thic. Gido su Rasmuxen khen ngoi
Abel, tang anh tién va khuyén Abel dimg né dé
di Copenhagen tim hiéu nhitng coéng trinh noi
ti€ng cua cac nha todn hoc Pan Mach. Abel da
gap Fon Xmit va Déghen & Dan Mach. Déghen
di xem bai bdo Abel viét vé cic ham elliptic
nguoc. Déghen khong phdt hién duge sai ldm

nao. Tir Copenhaghen, Abel da giri thu cho

Honbaé dé cip dén mot sé két qua lién quan dén
bai todn Fecma. Nhu‘ng hé thitc ma Abel néu ra
ngay nay duoc goi la "Céng thitc Abel". Sau khi
tir Copenhagen vé Abel tap trung vao hai huéng
mdi : cdc ham elliptic va Ii thuyét cic phuong
trinh. Céc nha todan hoc thdi d6 nhan thiy mot s6
loai tich phan cua cdc ham chia can bac hai cia
cic da thic bac ba, bic bon gilt mot vai trd quan
trong trong viéc giai cic bai todn va ung dung
trong co hoc, thién van... Mat trong nhimg bai
todn thudc loai nay 1a bai todn tim dé dai cla
mot cung ellip. Nguoi ta goi cac tich phan nay Ia
cac tich phan elliptic. Cac cong trinh cua
Logidng ]a xuat phat diém cho cdc céng trinh clia
Abel. Dé nghién ciiu cdc tich phan nay Abel phai
nghién ciru nhitng ham nguge, do chinh 1a cac
ham elliptic.

Linh wvirc thit hai ma Abel quan tam la phuong
trinh dai so. Trudc day, vao nam 1545 Cacdand
da cong bo cudn sdch "Nhilng sdng tao vi dai”.
Cuén sach cé néi cich glal phlm‘ng trinh bac ba
va ghi cong cho Ferd va tiép do 1a Tactaglia 1

nhitng nguth co6 1o
giai diu tién. Cuén
sich con néu cach
giai phuong trinh bac
bén. Tir phuong trinh
bic bén dén phuong trinh bac nam, nhan loai
phai di mat 278 nam. Nam 1823 Abel di chung
minh ring phuong trinh bac nam khong thé gial
duoc bang can thitc. Anh viét bai bdo dé bang

‘tiéng Phdp. Ngay nay, tai liéu dé duoc xem la

mot cong trinh c6 gid trl. Nhung ngay d6, khong
mot nha todn hoc ndo & chiau Au chi ¥ dén bai
bdo nay. Cach day khoidng hai muoi nam nha
todn hoc nguoi Y Ia Paolo Ruphini cling da di
dén két qua tuong Ty va da cong bo két qua cua
minh tuy két qua chua day di nhu cta Abel. Cdc
nha lich sir todn sau nay da goi dinh i vé sur
khong gidi duge & dang can thic cia phuong
trinh bac nam la dinh 1i Ruphini - Abel.

Nho sur can thiép cla cdc gido su, ndim 1825
Abel di c6 thé ra nudc ngoai bang hoc bong Cic
gidgo su Hangxtin va Rasmuxen di gii thicu
Abel v6i nha vua bang nhig 10i ca ngoi "It 6
sinh vién co dugc nhimng tr1én vong to lon nhu
Abel. Rit c6 thé mot ngay gén day, vdi nhimg
phit minh clia minh trong linh vuc todn hqc
thudn tidy, anh s& limg danh khap chau Au". O
Eiic Abel da quen vdi hai nha toan hoc Krelé va
Diarécxen. Chinh tho diém do tap chi todn hoc
diu tién ctia Pic ra doi va Abel da c6 nhitng bgu
ddu tién dang & s6 1 "Tap chi Krelé". Abel bat
ddu ngh1en ciu vin dé tim tdt ca cac phuang
trinh c6 thé gidi duoc bing dai s6. Anh con
nghién ciru vé cdc chudi. 1826 Abel di Ao rdi
dén Phap. Ngay tir nam 1824 Abel di c6 mot so
két qua vé 1i thuyét tich phén, (ngay nay dugc goi
la dinh 1i Abel) nhing anh dé trinh bay trirdc
Vién Han lam khoa hoc Phap, thay thu gidi
thigu. Abel cting da tim gap Logiang nhung chua
cé dip néi chuyén vé khoa hoc. Abel cling rat
kham phuc Cosi. Nhung Cosi chinh la ngudi da
lam Abel that vong khi ong ho himng bo quén
cong trinh "Hoi ki vé cdc tinh chat tﬁng qudt cla
mot 16p rat rong cdc ham siéu viét" clia Abel ma
ong duoc giao doc phan bién.

Thing 4.1827 Abel riri Beclin vé Oslo. Tién da
hét lai chua duge b tri viéc gi nén Abel vay no
dé song va chdy doi. Anh dugc bdu vao Hoi déng
Khoa hoc Hoang gia ctia Na Uy. Day la ln duy
nhét céng lao cua anh dugc thira nhan. Thoi gian
nay anh hoan chinh 1i Ihuyel quan trong ma sau
nay mang tén Ia Li thuyet cdc ham Abel. Mai
dén 3.1828 cong viec méi tam 6n, cd ché day
Abel khong phai lo nhiéu vé ng nan. Thang
2.1828 Abel da két thic phin tha hai cla tap
"Nghién ciu”, trinh bay cdc két qua vé dudng
lemniscat va If thuyét vé cic phép bién déi.

(Xem tiép trang 9)
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BAI TOAN JOSEPHUS

DANG HUNG THANG
(Truong DHKHTN — DHOG Ha Noi)

I. Cau chuyén truyén thuyét

Vespasien 1a hoang d€ La Ma trong thé ki thi
nhat (tlr nim 69 dén nam 79 theo duong lich).
Thoi dy, cé Josephus (Gi6-de-pho) la nha* viét
str bi Vespasien truy nd vi can t0i to chic chﬁng
lai tnéu dinh. Tuc [ruyén ran;, Vespamen tim
duge hang in ndu coa 100 ngudi chcmg déi va
kéu goi ho ra hang néu khong sé tan sit tat ca.
Da s6 muén tu sat, quyét khong dau hang, chi
cod mot ngudi 1161 nho vai Josephus 1a vi hodn
canh riéng muon dau hang dé song. Josephus
rit thong cam v&i ngudi naI\; va dat ra quy tic
sau, duoc tit ci moi ngudi nhat trf thi hanh ™

100 ngudi ding thanh vong tron ddnh s6 tir 1
dén 100 theo chiéu kim déng hé. Ngudi thi
nhdt cdm dao dém 1 réi dua dao cho ngudi thir
hai. Nguoi thit hai d€m 2 réi tr sat. Ngudi thi
ba cdm dao va lai dé€m 1 réi dua cho ngudi thir
tr, Ngudi tht tr dém 2 16i v sdt... Ct nhu thé
ma (i€p tuc tir vong ndy qua vong khéc. Cudi
cing con mot ngudi séng. Hoi Joseﬁphus phai
sap x&p ngudl mudn séng o vi tri ndo

Ta thir xét 14n luot timg vong :

Sau vong thit nhat con lai cdc ngudi mang s6 :

1, 3,5, ..., 97, 99. Sau vong thit hai con lai cic
ngudi mang sé: 1,5, 9, ..., 93, 97. Sau vong thir
ba concacso: 1,9, 17, ..., 89, 97. Sau vong thu

tr con cdc 86 : 9, 25, 41, 57, 73, 89. Sau vong
th nam con cdc s6 : 9, 41, 73. Sau vong thif séu
con : 9, 73. Cudi cung con lai so 73. Viay
}osephus phéi xép ngudi muén song & vi tri 73.

Néu thay 100 b&i » thi ngudi mudn séng
mang s& bao nhiéu ?

I1. Bai toan Josephus

Gid sw Josephus c6 n—l ban, n nguoi nay
ditng thanh vong tron danh 56 tic 1 toi n theo
chiéu kim dong ho va tu sdt theo quy tdc nhu
én. Goi f(n) la vi tri cua ngudi séng sét duy
nhat. Tim cong thitc cia fin).

Gidl ; Néu n = 2k. Sau vong thit nhat con lai
cics6: 1,3, 5, .., 2k-1 va k ngudi nay duge
danh 56 méi 1a 1, 2, ..., k. Néu mot ngudi cé sé&
2i — 1 & vong trudc thi vong nay mang sé i (i =

., k). Ngudi sdng sét ¢6 s6 ci 1a f2k) nay
mang 86 mai 1a fik). Vay ta co
A2k =2ftk) - 1. (1)

Néu n = 2k + 1. Sau vong thi nhat (kéca 1 1a

2k+2) con lai k s6: 3, 5, ..., 2k + 1 va k ngudi

nay dugc didnh s6 méi la 1, 2, ..., & Néu mot
ngudi ¢d sd 2i+1 & vong trude thi vong nay
mang s6 i (i = 1, ..., k). Nguti séng s6t ¢d sb cu
la f{2k+1) mang s6 méi la fik). Vay ta cé
M+ =2+ 1 )

Tacoi fll)=1.Patgn) =fln) —2n-1. V&I
n=2ktir(l)co

2(2k) = fl2k) — 4k — 1 =2fTk) — 2 — 4k = 2g(k)

Tuong tur véi n = 2k+1 tir (2) o g(2k+1) =
2g(k) = g(2k) (3)

Vi g(1) = ~2 nén suy ra g(2') = g(2'+1) = 2"
Ta ching minh rang : Néu n = 27 + 2?7 +
+ 2% §d60<i; <iy<..<i;thigln) = -2%"
Chiing minh quy nap theo k. V6i k = | ding.
Gia su ding véi k — 1. Ap dung (3) ta co

gln) = g(Zj’ Q%1 4 427270 +l})
— g(zik o B L +l)
= 21 g(’z""_"' +...+2’3_‘1]

_21:] Zf;.—r]+] =_2!'k+|
Vay khang dinh ding véi k.
Gia st n c6 biéu dién co s6 2 la
i :
= oy s x2' v6i x; € {0, 1},
(B ), ;ﬂ
%= 1. Khi dé

k .
fimy=gn)+2n+1=-2"" &+ Y x 2™y =

i=0)
k=1
in 2J1—1 +1
i=0
Nghia la néu n = (lxﬁ_l e }2 thi

fin) = (,rk_l...x[,l)z {nhin duge tir n viét trong

hé nhi phan bing cich chuyén chit s6 1 & dau
trai sang dau phai).

Thi du 100 = (110010u1)|2
thi f(100) = (1001001) =73

I11. Bai toan Josephus tong quait

Bai todn Josephus da duogc giai xong. Nhung
nhimg ngudi yéu thich tim toi sdng tao [o:m hoc
chra muén dimg & day. Tong quit, ’tong quét
nira, tong quit mii, dé la khdu hiéu cta cic nha
todn hoc. Sau khi giai xong mot bai todn ho lai
mudn tim mot bai todn khédc bao trim béi todan
vira giai sao cho bai todn vira giai trd thanh mot
truong hop riéng cia nd.
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Hiy tudng tuong rang Josephus ¢6 n — 1 ban
trong d6 c¢6 k ngudn khong mudn Iy sit.
Josephus dat ra quy tic sau : n ngudi ding

thanh vong tron ddnh s6 tir 1 dén n theo chiéu .

kim déng hé. Nguoi thif nhat chuyén dao cho
ngudi thir hai, ngudi thi hai cho ngudi thi ba,
cho dén ngudi thir k+1. Ngudi thit k+1 v sit.
Ngudi k+2 dém 1, ngudi thir k+3 dém 2 v.v.
cho dén nguoi thi 2k+2. Ngudi thir 2(k+1) tu
sat. Ti€p tuc qud trinh nhu vay, ci sau k lin
chuyén dao thi dén mét cude tu sit, cho dén khi
nao “chi con lai k nguoi. Hoi Joscphus phai sip
X€p k ngudi mudn song nay & vi tri nao ?

Goi f,(n) 1a tap hop goém céc s6 clia k ngudi
séng sot nay. Bai todn dat ra 1a tim cong thifc
cla fi(n) ?

Ching han v&i n = 41, k = 2 ta xét J.&[l luot
timg vong thi thiy :

Sau vong thir nhét cdc s6 tu sdt 1a 13 56 : 3, 6,
9, ..., 36, 39. Sau vong thit 2 loai thém 9s6: 1, 5,
10, 14, 19, 23, 28, 32, 37, 41. Sau vong thit 3 loai
thém 6 s6 : 7, 13, 20, 26, 34, 40. Sau vong thir 4
loai thém 4 s6 : 8, 17, 29, 38. Sau vong thi 5 loai
thém 2 86 : 11, 25. Sau vong thif 6 loai thém 2 soé:
2, 22. Sau vong thir 7 loai thém 2 s6 : 4 va 35.
Pén day con lai hai 56 1a 16 va 31.

Vay f2(41) = (16, 31].

Sau day la chuong trinh tinh ham f; (n) viét

theo ngon ngit Pascal (do Pang Thé Anh, 12D2,
Chu Van An, Ha Néi l4p trinh).

Uses Crt ;
const
maxN = 10000 ;
Type
mang B = array([l..
var
n: Long Int;
step : Long Int ;
dx : mang B ;
Function next{x : Long Int) : Long Int ;
begin
if (x:n) then next : = x+1 else
next:=1:
end ;
Function tien(x : Long Int) : Long Int ;
var
t: Integer
begin
fi=gie
repeal
t := next(t) ;
Until (not dx[t]) ;
tien:=1:
end;
Procedure Main ;
var
i, j. x : Integer
begin
e ey

.maxN] of Boolean ;

FillChar {dx, SizeOf(dx),False) ;
fori:= 1 to n—step do
end
begin
for j:= 1 to step do
X = tien(x) ;
dx(x] := true ;
X = ten(x) ;
end ;
fori:=1tondo
if (not dx[i]) then
writeln(1) :
end ;
BEGIN
Clrscr :
step: =4,
n =200
Main ;
readln ;
END

Sir dung chuong trinh tinh nay ta cd f>(100) =
{58, 91}, f2(200) = {53, 128}, f5(100) = {34,
45, 97)}, f4(200) = {72, 113, 121, 176}.

Tuy nhién day chua pha] la I gﬁa: todn hoc
cita bai todn Josephus tong quat. Toa soan
mong nhan dugc 101 gidi bai todn Josephus I(‘mE
quat ca cdc ban. Cic ban <0 thé tham khio \é
bai todn nay trén THTT s6 193 (7/1993) va sd
203 (5/1994).

(:HUYE\ KFE ‘r‘rﬁ e (Tiép trang 7)

Cung v6i cdc cong trinh cua Giacobi, cdc thanh
tuu ctia Abel vé céc dang siéu viét elliptic da vuot
truéc ca cdc cong trinh thudc linh vue nay ma
Gauxo dinh cong bé. O vao thoi dé Giacobi noi
tiéng hon Abel nhiéu. Thuc ra Abel da di xa hon
Giacobi. Cudc dua tranh vé thii gian céng bo cic .
tic phdm da dién ra im thﬁm giita hzu nguvi. Abel
in plmn thit hai ctia tap "Nghién cid” va "Loi gidi
cia mot bdi todn tong qudt” trén to "Tin nic thién
van". Stic khoe Abel bit diu giam sit. Mua thu
1828 Abel di hoan thanh bai bdo vé tich phén
hypeelliptic. 1829 Abel dang dinh Ii ma anh trich
tir tp Héi ki & Pari. Day thuc sir 12 dai ki niém vé
Abel. Abel ciing khong ngd dé la bai bdo cudi
cing cla minh,. Ngiy 6.4.1829 Abel di trit hoi
thé cudi cung vi bénh phéi. Mai 1841 tap Héi ki
clia Abel méi duoc Vién Han lam Phdp chudn bi
cong b6. Nhun Libri, ngudi duge giao lam truc
tiép da tuyén bo ban thio lai that lac, 1859 nguoi
ta mai lai lhay hai ban géc cla Abel : "Li .rhuyef
gign yéu vé cdc ham elliptic” va "C hiing mmfe mot
tink chat téng qudt mot 1op ham siéu viét". 1881
tuyén tap tron ven cdc cong trinh cia Abel méi ra
mat the %e 1. Tén wdi Abel ngdi sing véi nhimg
dinh Ii Abel, ham Abel, tich phan Abel mdi, nhém
Abel, phép bign déi Abel...

v KIM THUY
Theo "Cude déri nha todan hoc
Niel Henric‘h Abel”
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[EETI £96% ST NGAN GO VS MAY TR

TRUONG CONG THANH
{NXB Grido duc)

M4y tinh la két qui cuéi clng clia mét qud trinh cdi tién cong cu tinh todn, phdt minh ra cic
mady... ddy gian khd vi kéo dai hang nghin nam, nham gidm bdt n6i nhoc nhan trong tinh todn. Bai
viét nity phic hoa nhitng nét so luge vé qud trinh xuat hién cdc cong cu tinh todn cling véi tic gia da
phdt minh ra mdy.

Khoang 3000 nam trudc CN

Sl Ban tinh Trung Quéc (bén trdi h.1) oftiajafaisieliisgs
| - : 1 4
E%—jmﬁ' =1 Ban tinh Nhat Bdn (bén phii h. 1) 2 4124
| | R , o Sl e s ;
-i T Duing tay gay cidc vién go tron trén ban tinh dé et ral el
‘m_m;"..ﬁ j-axls thuc hién cdac phép tinh céng, trir. s y 7
B—t | e i pt Tk 2
i e i == 1614. John Napier (hoac Neper) ngudi Scotlen, |2 Baeae 74121 ¥
|eo—ties| E=H ding phép tinh légarit dé chuyén phép nhan va UU :
chia vé phép cOng v trir. JU UUUU |

T
=
=

! 1617. Thanh Népe (h. 2) xuit hién, gém cdc
thanh trugt, cho phép thyc hién cdc phép nhin,
chia can bic hai.

Hinh 2

1621. Thudc iinh logarit
(h. 3) ctia Oughtred (ngudi
Anh). Trén thanh ngoai va
thanh giira chia thang vach
theo logarit. Trugt thanh
giita réi cong trir do dai dé
duoc két qua phép tinh
cong, trir, nhan, chia.

1642-1644. Mdy tinh co hoc (h. 4) do Pascal ngudi
Phdp sdng ché. Méi truc ¢6 binh xe gin véi médi chir s6
tir 0 dén 9, khi banh xe quay mot vong sé dich chuyén ’S,
mot 6, thue hién duge 4 phép tinh : cong, trir, nhén
chia.

O~ OO Gady. 2‘%’

e, anlo g g T il
RO LT 1T 1T 747

Hinh 4

1670. Mdy tinh ce hoc (h. 5) do Leibnitz ngudi
Pitc cai tién. Chi€c mdy nay la nguyén méu ctia cic
mdy tinh ding wong thuong mai ché tao trudc nam
1875.

1790. Mdy théu cong nghiép do Jacquard ngudi
Hinh 5 Phép ché tao. Trong chi ti€t mdy cé nhimg tim bia
duc 15 dé vé kiéu.

1812-1834. Babbage ngudi Anh di soan thio cdu tric mdy vi sai ghip tinh todn cdc bdng sd, sau
do lap du dn ché tao mdy phdn tich thuc hién chuong trinh héa cdc thao tdc trén tdm bia duc 10 co
ghi cdc dif liéu, nhim thue hién tu dong hang loat phép tinh s6 hoc, nhung mdy chua ra dai.

10
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1854. Nha todn hoc Anh Bool sir dung cdc ki t mdi dé biéu thi cdc phép

todn logic : phi dinh A, ¥a (&), hogc (+) ... (h. 6). Ham 56’ Bool I coso 1 [ [} [TJeey
thuyét ciia mdy tinh dién tir. [ I Agad

1855. K1 su Scheutz ngudi Thyy Dién di cii ti€n thanh cong mdy vi sai cia
Babbage.

1870. Lord Kelvin, ngui Anh ché tao mdy tinh fumtg tu cho phép tinh
todn thisi doan vi do cao cia thiy triéu.

A d

Hinh 6

1887. Mdy ké todn (h. 7) do Felt ché tao, c6 cdc s6 xép dat theo bang giong
nhu mdy chit, duge sir dung rong rii dé tinh todn.

1890. Hollerith ngudi M§ ché tao mdy thong ke (h. 7) lin dau tién sir dung
phigu duc 16. Nhér dong dién tir dugc tao ra khi qua méi 16 duc, mdy sap xép lai
cdc tdm bia roi cho két qua.

1930. Mdy tinh tuong tu do Bush hoan thién nhim trg gitip cic miy ngam.

1944, Mdy tinh dién co Mark I (h. 8) do H. Aiken
ngudi M7 ché tao véi sy gitip d& clia hang [BM. May c6
thé gidi nhanh hang loat bai todn véi t6c do khd cao.

1944. Mdy Colossus do mét nhém K1 su véi biét danh
"Bletchley Park Team" sdng ché nhdm gidi ma cdc tin
hiéu thong tin, duoc st dung trong Dai chién thé gidi
thir hai.

1946. Mdy tinh da ndng ENIAC lin diu tién sir dung
cic "6ng chan khong" do Eckert va Mauchly ngudi My
ché tao.

1949. May tinh EDSAC ciia Wilkes 1an ddu tién c6 thé Hinh 8
kiém sodt dudc cac chuong trinh luu trir.

1951. Eckert va Mauchly sdng ché May
UNIVAC \a mdy tinh dién ti¢ EIBM dau tién
(h. 9) sir dung béng dién tir (thé hé 1) xir li ca
thong tin s6 va van ban ding trong quan 1i.

1956. Lan ddu tién trasitor (linh kién sir dung
chit bdn dan do Bratten va Shockley phat minh
tir 1948) duge st dung 1am cho mdy tinh nho di
nhiéu lan va gid ré hon.

1960. Mdy tinh su dung transitor (th€ hé hai)
nho hon, nhanh va tin cay hon dugc bén trén thi
truong. :

Hinh 9

1965. Mdy vi tinh da tich hop cdc vi mach (th€ hé ba) dugc sir dung. Kich ¢ mdy nho gon, si
dung it ning lugng, ré hon... :

Tir 1972 dén nay céc mdy tinh thé hé thir 4 ding cdc mach in, nhi cong nghe vi hoa nén kich
thude giam (cdc mach nho li ti gén trén chip riéng biét), dat t6c do 1000000 chi thi/giay. Dy béo the
ki 21 mdy tinh thé hé thit 5 s& 12 mdy tinh song song téc d¢ cao, cdc loai mdy tinh 161 wu nhu may
vi tinh quang, mdy vi tinh ADN, mdy vi tinh phén tir./.

11
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CAC LOP THCS
Bai T1/306. Tim moi nghiém nguyén duong
cha phuong trinh @ 102" -1) = x(13x-3)
VU TRI DUC
(Ninh Binh)
Bai T2/306. Chatng minh ring
(atb—c—1)(b+c—a—1)c+a-b-1) <8
trong dé a, b, ¢ 1a cic s6 thuc duong thoa man
ab + bc + ca = abc '

PHAN THI M[’:{I
(GV THCS Trdn Quée Todn,
Tx. Tuy Héa, Phii Yén)

Bai T3/306. Giai phuong trinh :

pLty k!
S SN o
2002

HOANG THANH TOAN
(GV THPT Triéu Quang Phuc,
Yén M7, Hung Yén)

Bai T4/306. Cho tam gidc ABC c6 géc C th va
A=2B . Puong thing qua B vuéng géc véi BC
cit dudng thang AC tai D. Goi M 1a trung diém
clia AB. Ching minh ring AMC=BMD .

TRAN NAM DUNG
(GV PTNK DHEHTN -
DHQG Tp. Hd Chi Minh)

Bai T5/306. Cho tam gidc ABC. Liy diém D
trén canh BC (D khac B, C). Dudng trung truc
cua DB, DC theo thit ty cat cdc dudmng thang AB,
AC tai' M, N. Chimg minh rang dudng tron
ngoai tiép AAMN luon di qua mot diém c6 dinh
khdc A khi diem D di dong trén doan BC.

NGUYEN DE
(8¢ GD-BT Hdi Fhong)

CAC LOP THPT
Bai T6/306. Gia sir ham s6 f: N* — N théa
maén diéu kién
fimfin) = nz.ﬁm) v&i moi m, n thuoc N
a) Chung minh ring f{2003) hodc 1a sd
nguyén t& hodc 1a binh phuong cia mot sé
nguyén td.

=

12

b) Hiy x4y dung mot ham f thoa min diéu
kién trén. : iy
NGUYEN TRONG TUAN
(GV THPT Hiing Vitong, Plday Ku,
Gia Lat)
Bai T7/306. Ching minh ring phwong trinh
sau co nghiém thuc duy nhdt :
ey +35xﬁ—~x‘—5._r3—9f+ 39x—-1=0 -
NGUYEN QUANG MINH
(GV THPT Kréng Buk, Pdc Ldc)
Bii T8/306. Cho m la s6 nguyén 1dn hon 4.
Tim gid tri 16n nhdt, gid tri nho nhdt cua biéu
thiic ab™ ' +a™ b, trong d6 a, b 1a cic s6 thoa
Falig il -2
man cic ditukiéna+b=1va0<q, b= it P
m
TRAN TUAN ANH
(SV klioa Tocdn Tin 2000, PHKHTN -
DHOG Tp. H6 Chi Minh)
Bai T9/306. Cho wr gidc 161 ABCD véi céc
canh AB=a, BC=b,CD =c,DA=d Goi § la
dién tich cia ABCD. Chimg minh ring v&in = 1

thi 45" < a211+b2r!+c2n +d2n )

ﬂ"‘bjz" [b-—(‘ 2 (c_d]b! [d"’a]bi
- +| — it rellE
2 . 2 )

VO GIANG GIAI

(GV THPT Nguyén Thdi Binh,
Tp. H8 Chi Minh)

Bai T10/306. Trén cédc canh AB, BC, CD, DA,
AC, BD ciia tir dién ABCD 14y cic diém Q,, 0>,
04, 04, Os, O theo thi tu (cdc diém nay khong
tring voi dinh cta i dién). Tim gia tri 16n nhét

Vi,V
clia ti 56 —'-'%‘ﬂ trong d6 V, V,, Vi, V, V

ldn luot la thé tich cla cdc wr dién AQ, 0405,

B0, 0206, CO,0405, DO3040¢, ABCD.

PO THANH HAN
(GV THPT chuyén Bac Liéu)

CAC DE VAT LI
Bai L1/306. Tir diém O trén b mot con sdng
réng [ = OA = 0,5km, mot ngudi mudn di tGi
diém A d6i dién & bén kia song bing cdch di
thuyén tir O dén B, r6i di bo tir B dén A
(hinh v&). Vin téc cla thuyén déi véi nudc 1a v,
= 3km/h ; van t6c chdy

ctia nude déi véi bo song 2 2

14 v, = 2km/h ; van t8c di

bo cia anh ta trén by la - o

v = Skm/h. ! i
0
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Tim d¢ dai BA d€ thoi gian chuyén déng la

ngan nhdt va tinh thoi gian ngin nhit dé.
NGUYEN QUANG HAU
(Ha Nai)

Bai L2/306. Mot tu dién phfmg chua tich
dién, dién moi 1a chan khoéng, ¢6 dién dung C.
N@i 2 ban tu dién vdi nhau bang mot day dén.
Mot bén kim loai mong phang c6 kich thuée
bing kich thude cha ban tu dién va tich dién +g
durge dat sat mot trong 2 ban tu (hinh v&). Tinh

cong cdn thiét cha luc 5

dién trudng dé tinh tién
bin kim loai dé theo 4| o

'

phuong wvuong goc voi _:q,
cdc ban tw dén vi tri cach
déu cic ban tu.

Bo qua tic dung cia
trong luc véi ban kim loai.

NGUYEN XUAN QUANG
(GV THPT chuyén Vink Phiic)

FOR LOWER SECONDARY SCHOOLS

T1/306. Find all positive integer-roots of the
equation : 10(2* -1) = x(13x-3)

T2/306. Prove that

{a+b—c—=1)(b+c—a—1)c+a—b-1) = 8

where a, b, ¢ are real numbers satisfying the
condition ab + bec + ca = abe

T3/306. Solve the equation

i 3 3
‘Sx +2001 | _ 4004x-2001
2002

T4/306. Let ABC be a triangle with obtuse
angle C and A=2B . The line passing through B
perpendicular to BC cuts the line AC at D. Let
M be the midpoint of AB. Prove that
AMC=BMD .

T5/306. Let ABC be a triangle, D be a point
on the side BC (D distinct from B, C). The
orthogonal bisectors of the segments DB, DC
cut respectively the lines AB, AC at M, N. Prove
that the circumcircle of triangle AMN passes
through a fixed point distinct from A when D
moves on the segment BC.

FOR UPPER SECONDARY SCHOOLS

T6/306. Let f : N° — N be a function
satisfying the condition :

fim fi)) = i fim) for all m, n € N".

i) Prove that f{2003) is a prime number or a
square of a prime number.

ii) Construct a function satisfying the above
mentioned condition.

T7/306. Prove that followmg equation has a
unigue real root

X =T 43508 - =50 - 97 +39x-1=0

T8/306. Let m be an integer greater than 4.
Find the greatest value and the least value of the
expression ab™'+a™'b, where a, b are
numbers satisfying the conditions : ¢+b = 1 and
m—2

m :

T9/306. Let ABCD be a convex quadrilateral
with sides AB=a, BC = b, CD = ¢, DA = d and
let § be its area. Prove that for n = 1,

45" < a'lu +b2n _H__Zu +d1u =

(a_bJEH [b"‘-‘szn [C“d]h [d_a]Eu
- + + -
2 2 2 2
T10/306. Let Q,, Q,, Oz Q4 Qs Qg be
arbitrary points respectively on the sides AB,
BC, CD, DA, AC, BD of a tetrahedron ABCD
(none of them coincides with a vertex
of ABCD). Find the greatest value of the
[AAAL
V!

O0<a, b=

ratio where V), Vy, V3, V,, V are

respectively the volumes of the tetrahedra

AQ,Q.0s5, BO10,06, CO,0:05, DO-0,0¢ ABCD.

DINH CHINH
Trong THTT s& 305 (11/2002) ¢6 in nhdm diu.
Ban doc vui 16ng sira lai nhur sau
e Trang 1 dong 1,2 T :
A=-Im-1d<0 = m>-14/3
o Trang 3 dong 2 + : :

il b Jax-9 2f+1f+3
MR R L B

Thanh thét xin 18i tdc gia va ban doc.
THTT
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Bai T1/302. Chimg minh rang néu a, b, ¢ la
cdc 50 nguyén (khdc () thoa man diéu kién

s s et e : :
D248 2 3 thi tich 56 abe la lip phuwong cua
boc-a
MOt 6 nguyen.

Lai giai. (Dua theo bai gidi cua Vié Sy Bdc,
9/4, THCS Nguyén Binh Khiém, TP. Bién Hoa,
Pong Nai va coa Ngé Vinh Thai, 8A1, THCS
Gidy, Phong Chau, Phit Ninh, Pha Tho):

pitr =2,y = e gid thiét ta

b C a
c6 x* + y3 gL 3xyz =0, hay
x+y+l + Y+ =xy—yz-2x) =0

Tir do co hai truong hop :

Nt de g7
=) 2+ (-0 =0 x=y=z

Tir day, dé suy ra a=b =c. Do do abc = i
ta co dpem.

a [0 [c
Dx+y+z=0 ticla: 3f—+-°‘[+3/:= 0.
Y Vo Ve Va
Nhan ca hai v& clia ding thic nay lin luot véi
Ybieva Yac? , ta duoc hé ;
Yabc +b+lafﬂzb2r2 =0
a

I'{ o it ||—
E' a*b’c? +3abe +¢=0

Khir ¥a’ b’ c? trong hé nay, ta tinh duoge :
(a-b) Yabe =bic -a) (1)

Doabcz0nénnéua—b=0thi:(1)=a=58k
= ¢ (khong xayravix+y+z=0).

Néua-b=0thi: (1)

3
= Yabe = M:>abc = (M] (2).
a—~b a-b

(2) chimg to abc la lip phuong clia mot s6
hiru ti. Nhung vi abe nguyén nén no la lap
phwong clia mot s nguyén.

Viy trong moi trudng hop, abe déu la lap
phuong cha mét s6 nguyén (dpcm).

14

Nhan xét : 1) Trong s6 gin 70 bai gl dén toa soan,
chi cé 9 bii giai ding. Cdc 161 phé biéh la :

+ Ap dung bit dang thic Co-si cho 3 s6 ma khong
dé ¥ gia thiét 3 s6 do phai khong am.

+ Col réng @, b, ¢ ©6 vai ted nhu nhau nén dua thém
gia thi€t a < b £ ¢. Day 13 sai ldm rét d& mac phai. Thuc
1&, bidu thuc %+ a += hoin todn thay déi néu ca dinh

i
a, thay the b boi ¢ va thay the ¢ boi b. Diéu dé ching 16
vai tro cia a, b, ¢ khéng hoin todn binh dang.

2) Ngodai cdc ban trén, cic bai giai ding la

Phi Tho : Neuyén Quang Huy vi Trdan Duy Thdnh,
9G, THCS Vin Lang, Viét Tri ; Nguyén Trung Kién,
8A1, THCS Gidy, Phong Chau, Phu Ninh ; Hii Phong :
Nguyén Vi Lan, 9A, PINK Trin Phd ; Hai Duong :
Hodng Dinh Phirong, 8/3, THCS Lé Quy Don | Thanh
Hoa : Trink Thanh Kién, 9A1, THCS Trin Mai Ninh,
TP. Thanh Hoa.

NGUYEN HUY DOAN
Bai T2/302. Giai phuwong trinh
(2001 —x)* + (2003 -x) = 2000 (1)

Loi gidi. Dat dn s6 phu y = 2002 — x thi

PT(1) = (v—1)* + (y+1)* = 2000

oy +6y°-999=0

Lai dat y> = > 0, giai PT /> + 67 — 999 = 0
durge nghiém ¢ = 1247 = 3. Tir dé PT (1) ¢6 2
nghiém 1 x, = 2002 + V1247-3, x;, = 2002 -
V1247-3.

Nhan xeét. 1) D€ giai phuong trinh bic 4 dang
(_r-+-a}4 + (Jr+.b)4 =c (2]

i by,
Vd‘iczﬂ,ladatanst}phuy=x+%— thi PT(2)

a—b

A 4
tres thanh [_v+%—] +[_v— ] =-:*r¢::»l:{1;yrd1 +
24(a-b)*y* + (a-b)* - 8c =0

Giai phuong trinh tring phuong nay ta tim duge
nghiém.

2) Hon 200 ban da gii 1&d giai, da sd giai ding, con
moét s6 ban sai do tinh nhdm s8, hodc ghi 1 nghiém,
hodc ghi 4 nghiém.

Céc ban 1gp 7, 8 da tham gia giai nhiéu va cac ban
16p 8, 9 ¢6 nhan x€t vé cdch giai bai todn dng quat

Yén Bai : Mguvén Thiy Ha, 8A, THCS Phi Thinh,
Yén Binh ; Thai Nguyén : Pham Hoang Ha, 8C10,
THCS Trung tam Tx. Song Cong : Pha Tho : Nguvén
Trung Kién A, BA, Nguyén Xudn Trucng, 9A, THCS
Gidy, Phong Chau, Phi Ninh ; Vinh Phuc : Tran Thi
Huyén, 9A, THCS Pham Céng Binh, Yén Lac, Dé Dinh
Khanh, Nguvén Kim Thugi, TA, THCS Yén Lac, Trdn
Tdn Phong, 7A, THCS Lap Thach, Vii Thi Phuong, 6A,
THCS Lang Céng, Lap Thach, Nguyén Thi Thanh
Ngdn, 71D, Nguyén Héng Hanh, TA, Vi Hong Todn,

https://tieulun.hopto.org



https:www. faceboole. com/letrungldenmath

https:/sites. google. com/site/letrunglienmath

8A3, Nguyén Vdn Bde, 9A3, THCS Vinh Tuémg,
Ngayén Duy Hoi, 8A, THCS Tam Duong ; Ha Noi :
Ninh Pirc Viér Anh, 8N, THCS Trung Vuong, Hoén
Ki€m, Ngé Anh Tudn, 9G, THCS Nguyén Trdi, Thanh
Xuén ; Bac Giang : Trdan Thi Duvén, 94, THCS Quéng
Minh I, Viét Yén ; Bac Ninh : Ta Khde Cong, 7B,
THCS Yén Phong, Nguyén Céng Anh, 8C, THCS Han
Thuven ; Hai Duung : Ngwyén Trung Thanh, 711,
Pham Quang Cudmg, 8/3, THCS L& Quy Pon, Tp. Hai
Duwang, Trdn Qude Hodn, 9A1, THCS Chu Van An,
Thanh Ha ; Hai Phong : Tiéu Pan Truong, 7T, THCS
Chu Van An ; Quang Ninh : Té Ngoc, 84, THCS Ngo
Quvén, Cim Pha ; Nam Pinh : Nguyén Xudn Binh, 9E,
THCS Ngo Béng, Giao Thiy, Vi Duc Khdnh, 8C,
THCS Pao Su Tich, TT. €6 L&, Truc Ninh ; Ninh
Binh: Vi Tién Thdanh, 9E, THCS Truc Ninh, Yén
Khinh : Thanh Hoa : Nguvén Manh Buc, 98, THCS
L& binh Kién, Luu Dt Ba, 8B, THCS TT. Quin Lio,
Yeén Dinh, Vi Ngoc Thanh, TE, THCS Thdi Hoa, Triéu
Son . Nghé An : Nguyén Cdnh An, 6E, THCS Thuong
Son, Do Luong, Vd Quang Vinh, 7D, THCS Thdi Hoa
II, Nghia Ban, Nguyén Thi Huyén, 9C, THCS Tir. Quy
Hap, Trdn Anh Mink, 9E, THCS Ding Thai Mai, Vinh ;
Ha Tinh : Phuong Mink Chau. 8A1, THCS Binh An,
Can Loc ; Quang Nam : Nguyén Dwong Nguyén,
FPham Thi Ngoc Lean, 8/3 THCS Nguyén Du, Tx. Tam
Ev; Quang Neai : Pham Nhu Nguyén, 7T, THCS Binh
Chau, Binh Son, Trdan Ngoe Cdm, 8A, THCS Nghia
Lim ; Khanh Hoa : V& Thdi Théng, 7/4, THCS Ngbé
Gia Tu, Cam Nghia, Nguyén Vdn Hung, 92, THFT BC
Tran Hung Pao, Cam Ranh ; Pac Lac : Lé Phong Nhd,
TA4, THCS Buén Trap, Krong Ana ; Tay Ninh : Pham
Thi Cdm Huyén, 8Al, THCS Trin Binh Trong, Hoa
Thinh ; Pong Nai : Nguvén Hdi Pdng, 9A3, THCS
Nguyén Cong Trii, Xuan Loc ; Dong Thap : Nguyén
Trong Nguyén, 6T, THPT Tx. Cao Lanh ; Can Tho :
Nguyén Minh Ludn, 8A, THCS Nguyeén Viet Hong.

VIET HAI
Bai T3/302. Ching minh rdng
m-+n m+hn mi+n
x y R
T e i .IH * }I.rr i :H
m m m
! Z X

trong dé x, y, z la cdc s& thuc duong va m, n la
cde 56 nguyén duong.

Loi giai. (cta ban Luw Thi Thu Trang, 9A,
THCS Yén Phong, Bde Ninh)

; s Y 1
HIiL P S el i . R — =4,
1 1
—=y, =
m nl
y z

Khéng mat tinh tdng qudt gid st x = y > 0,
x2z>0.Licdéazbazcvausv,ust=
(a—cv—u) =0 (1)

BDT cén chimg minh tong duong voi :

av+ bt +cuzau+bv +ct
Sav+br+cu—au—bv—ctz0

& alv—u) + b(t—v) + cl(v=1) + (u—v)] 2 0

< (a=c)(v—u) + (b=c)(t—v) = 0 (2)
eNeuy>z>0thib>cvav<t
= b-c)t-v)=0 (3)

e Néuz>y>0thib<cvav>r=(3)ding.

K&t hop (1) va (3) suy ra (2) ding nén BDT &
dé bai dung.

Ding thiic xay ra & dé bai < ding thiic xay ra
gea{llva (B a=b=cx=y=1

Nhan xét. 1) Nhiéu ban gidi nhir trén nhung bién déi
truc ti€p theo BDT & dé bai nén dai hon. Mot s6 ban
khong xét 2 truémg hop déi véi gid tri cia v, z nhu trén,
& day vai trd x, y, z khéng binh ding ma chi I hodn vi
vong quanh. Nhiéu ban da chi ra ring bai nay 1a truong
hop riéng clia bai T7/283 va ding BDT Co-si cho n s6
dé chitng minh, tuy nhién day 1a kién thic todn THPT.

2) Ngoai ban Trang, cdc ban sau cé &1 giai tot :

Phit Tho : Phan Binh Duwong, 9H, THCS Vin Long,
Vigt Tri ; Bac Giang : Phan Twdn Anh, 94, THCS biic
Giang, Yén Ding : Hai Duong : Hedng Dinh Phiong,
8/3, Nguyén Anh Tudn vi Newyén Duy Manh, 9/3,
THCS Lé Quy Pon, Tp. Hai Duong ; Ninh Binh : Vi
Tién Thanh, 9E, THCS Ttr. Ninh, Yén Khdnh ; Thanh
Héa : Lé Manh Thanh vd Nguyén Tudn Nam, 9A,
THCS Nhir Bd S¥, Hoang Hoa ; Nghé An : Nguyén
Hodi An, 9D, THCS Dang Thai Mai, Vinh ; Da Néng :
Vi Hia Hanh Nguyén, 8T, THCS Lé Thi Héng Gam.

VU DINH HOA

Bai T4/302. Goi AD, BE, CF la cdc duong
phan gidc trong cua tam gigc ABC vuéng ¢ A.
AD cdt EF tai K. Puéng thang qua K song song
vai BC cdt AB va AC ldn luot tai M va N.

vy e . 3 2_'\-"'2 . -
Chitng minh rang MN = - --5---—{:18 ol

Loi giai. Dat BC = a, AC = b, AB = ctaco
at = b+

1 2
= —(b+c)",
2( )

suy ra

b+c£ 7 1)

o

ViCF la
phén giic nén:
AC_AF

B e A B
BC+AC a+b

Tuong ty AE= 25— (2)
a+c

)
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Xeét dieén tich hai tam gidc AABD, AADC va
dién tich AABC co :

be = (c + BYAD x sind5” nén AD = V2be
b+c
Tuong tu
g el E (do c6 (2))
AE+AF  2a+b+c
Nen AR BHE | g MV o g BE
AD Za+b+c a 2a+h+c
(vi MN /f BC). Tir dé va (1) ¢
= (bt+e) x 1 > (b+c) b b
el D
J' a
——= (AB+AC).
Vay MN = s ‘F(AB +AC)

Ding thitc xdy ra khi b = ¢ nghia 12 AABC
vuong can tai A.

Nhan xét. Giai 161 bai nay ¢d cdc ban : Phi Tho :
Nguyén Xuan Truong, 9A, THCS Gidy, Phong Chau ;
Yinh Phic : Nguyén Thé Hing, 8A3, THCS Vinh
Tudmg ; Ha Noéi : Vi Nhdr Minh, 9H, THCS Lé Quy
bon, Q. Ciu Gidy ; Hai Phong: Bii Ngoc Khoi,
Neuyén Manh Chién, 9A, THPT NK Trin Phd ; Hai
Duwong : Nguyén Anh Tudn, 9/3 THCS L& Quy Don,
Tp. Hai Duong ; Thanh Hda : Nguyen Tudn Ditong,
GAl, THCS Tran Mai Ninh ; Tp. Ho Chi Minh : Kiéu

FPhong, 8° THCS Déng Khai, Q. Tan Binh.
VKT

Bai T5/302. Cho tam gidc ABC va diém M
ndm trong tam gidc. Cdc diém A;, B;, C; theo
thi ty thudc cde canh BC, CA, AB va thoa man
diéu kién A,B//IAM, B,C,IBM, C;A;//CM.
Chiing minh rang S(A;8,C;) < %S(ABC)
trong dé S chi dién tich ram gi:il:.‘.

Loi giai. Vi MB//B,C; nén S(BB,C,) =
S(MB\C;). Vaytaco:

AB, S(ABB) S(AB,C,)+S(BB,\C,)
AC  S(ACB) S(ABC)
_ S(AB,C))+S(MB\Cy) S(ABMC,)

S(ABC) S(ABC) ()
Tuong tu nhu vay taco :
BC, Z.S(BCI MA,) ’ CA, =S(CA,MBI) @
BA S(ABC) ChB S(ABC)

Tir(1),(2) suyra:

16

AB, BC, CA _, R _

Vol T A
Mat khdc, ta co :
S(MB,Cy) S(BB,C))

S(ABC) ~ S(ABC)

_ S(BB,C)) S(BBA)

" S(BB,A)  S(ABC).

— —Bﬂﬂ (3). Tuong tucd:

BA AC
SMGA)_CA BG ; S(MAB,)_AB, CA, @
S(ABC) CB BA S(ABC) AC CB

T (3), (4) suy ra :
S(AB,C)) BC1 AB, CAI BC, AB, CA,
S(ABC) BA AC CB BA L

1{ AB, +BC1 CA :i (theo (*))
SBCAC SHAVSEBY): +3
Suyra: S(A,B,C,) < %S(ABC}

AB, BC, _CA
AC BA CB

Dé thdy, (**) chi xay ra khi M la trong tam
tam gidc ABC.

Nhan xét. 1) Déi véi hoc sinh THCS, day 13 bai todn
khd. Chi c6 22 ban tham gia gidl. Mot s6 ban gial qua dai.

2) Ngodi loi gidi trén mot s6 ban cho 161 gidi thong
qua dinh li Peletier (THTT s& 270 thang 12/1999).

3) Cic ban sau day cd 1o gidi 16t : Vinh Phuc : Trdn
Tdn Phong, TA, THCS Lap Thach ; Phd Tho : Nguyén
Xudn Truong, 9A, Nguyén Trung Kién, 8A, THCS Gidy
Phong Chéu, Phi Ninh ; Ha Noi : Nguyén Trong Nhét
Quang, 94, THPT Ha Noi, Amsterdam, Nguyén Trung
Kién, DBé Xudn Huy, Trdn Viéi Tudn, Nguvén Hodng
Viér, Vii Nhdar Minh, 9H, THCS Lé Quy Dén, Cu Gidy;
Khanh Hoa : Hé 57 Dong, 9/16, THCS Théi Nguyén,
Nha Trang.

Ding thifc xay ra <

NGUYEN MINH HA

Bai T6/302. Xét ham 56 f : 25 — Z* thoa
mdn cde diéu kién !

1) Vi méi 56 nguyén duong n thi fin+1) hodc
bang fin) — 1, hodc bang 4f(n) - 1.

2) Vi moi 56 nguyén duong m thi ton tai duy
nhdtmot s6 nguyén dwong n sao clo fin) = m

Hay tinh f{2002).

Loi giai. (cha ban Vi Nhdt Huy,
THPT chuyén Vinh Phiic).

Xét day f{1), f(2), ...

12A1,

https://tieulun.hopto.org



https:rwww.fa céboofc. comAdetrungldenmath

hittps:/isites. google. com/siteletrunglienmath

Pav 14 cdc s6 nguvén duong déi mot phin
biét. Ta co nhin xét sau :

a) Néu fin+1) > fin) thi v6i moi k > n+1 ta déu
cé fik) > fin). _

b) Vi mdi s6 nguyén duong xudt hién trong
day ding mot lan nén fla+l) = fin) - 1 néu
fimy =1 g {f(1), A2), .... fin)}. Trong trudng hop
trdi lai thi fin+1) = 4fin) - 1.

c) Néu fil) # 1 thi tdn tai ¢ dé fa) = 1 =
flarl)=3 = fla-1)=2=a=2=f(1)=2do
dé f{1) e {1,2}.

Trucng hop I : Néu f{1) = 1. Ta s& ching

minh f(2" +k)=2"" —(k+1) voi 0<k<2"-1.

Ta chitng minh quy nap theo s = 2" +k

Dé thay s = 1, 2, 3 dung. Gia sir ding t&i s.
Néus=2"+k vdi 0 < k = 2"-2 thi fis) =
2" _{k+1). Theo nhan xét b) fis+1) = fis) - 1
= 2" — (k+1+1). :

Neus=2"+k voik=2"-11thifis)=2"vi
f(2"1=2"_1 = fis) - 1 d4 xuét hién trong
day {f(1), ..., fils)} nén theo nhin xét b) thi
fis+1) = 4fis) = 1 = 221, Ménh d& duoc
chitng minh.

Truong hop 2. Néu fil) = 2 thi chitng minh
tuong tu cho ta f4"+k) = 3.4" — (k+1) néu 0 <k
<24" -1 vafl4" + k) =6.4" - (k+1) ndu2.4" <
k<34"-1

Tir d6 f{2002) = 1069 hoic f(2002) = 2093

Nhan xét, Cdc ban sau cé 151 gidi 6t : Hai Duong :
Nguyén Thé Loéc, THPT chuyén Nguyén Trdi ; Vinh
Phuic : Pham Vin Hodng, 10A, THPT chuyén Vinh
Phiic'; Binh Binh : Lé Thanh Binh, 12T, THPT chuvén
Le Quy DBoén, Nghé An : Dinh Viér Sang, 12A1, THPT
Phan Boi Chéu ; Bde Ninh : Nguyén Vin Thdo, 12,
THPT Han Thuyén ; Tp. Hé Chi Minh : Nguyén Ldm
Hung, PTNK ; Déng Thap : Neguvén Vé Vinh Lc, 12T,

THPT Sa Pec ; Can Tho : Mach Nguyér Minh, 12,
THPT Ly Tu Trong.

DANG HUNG THANG
Bai T7/302. Chitng minh rang

m_N ‘qu ’.ﬂ"! |
i....:‘.f“. s } =z = e 5150 '__}_rm o+ y’” + :m

ZH B ,F_fi
trong dé x, y, z, m, n la cdc sé thuc duong thoa
mdn diéu kiénx 2y 2z vam 2n.

Lai giai. (clia ban Nguyén Xudn Trudng, 9A,

THCS Giay, Phong Chau, Phi Tho va mot sd
ban khdc)

m_ R m_n moon

L L L j’ 42 : 42 f
- X ¥

Xm (yu _z_.:.) ] ym (Z" —X" )-+ zm (Iﬂ —}‘” )

m

= xm_ym' -

¥ zﬂ xil y!i

Vixzyzz>0,m=2n>0taco
}-'",HE x”’(y"rz”Hym(z" _th]+zn:(xrz_yn)(1}
=5 (xﬁ‘l _yﬂ’f )(yﬂ _zN )_(x“ —}.‘" }(},HI _ZTJ’T) - K
Néu (x—y)(y—z) =0 thi K = 0. Vay H =.0.
H=0khivachikhix=y=:.
Néu (x—y)(y-z) 20, tic lax > y >z, ta cd
il m H m-—-n Jm n v L
sl (S0 L F L S 1
i m m " m=n I H
yr—z" ="y Y =z
xay ra khi va chi khi m = n. Vay K =z 0. Do dé
H=z0.
Chu ¥ & (1) ¢6 ddu "=" khi va chi khi x =y
Nhur vay ta cé6 H > 0 va ddu "=" xdy ra khi va
chikhix=y=z. '

m_H e _n Hr M
: ; ; =5 Rp ) e S L
Nhan xét, 1) Bat dang thic — +2 e
z 5 ¥
gl n i - Iy - i B - ]. 1
X'+y' +z" cothesal, viduvdix=1,y= 5-12: -

vim=2, n=1. Mot s6 16n cdc ban chitng minh b:g't
dang thitc trén do khang dinh sai rang ™ = ", ¥r> 0.
2) Ban Phan Tudn Thanh, 10T, THPT Nguyén Trai,
Hai Duong nhin xét ring véi m = 2, 1 = | bii todn trén
12 bii 6, thi hoc sinh gioi toan quéc THPT bang A, 1991.

NGUYEN MINH DUC
Bai T8/302. Chimg minh rdang
£, 1 1 LS

il n—1

s 5 B s

- =1

trong dé C'f la 16 hop chdp cia k cia i va
n=kz2.
Loi giai : Nhan xét : Vi n = ktacd
ntl 1 1 1

o 7

e (j+DCE k+l _(n+2)Cﬁ+;
Chiing minh : V6i j > k tir
1 lee: RIG—=D! KIG-kN
JCy (+1)C) =D - jiG+1)
KG—-k=D!, . :
= et T R RaSy Ly
Ginp AR
o kDG ks A e
G+ G+neft o

17
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ntl i n+l ( 1 1 :
Z ; raTEe Z FISE T R OEET
j=k+1 (j+1)C; e\ JCy  (JHDC;
5 1
E+l (ne2)Chy
Trés lai bai todn da cho : chi ¥ rdng véi n = &
i+l : e
al PUNUC 3 poypdt
(k+DI(j—k-1) ;
rf Ji]l 1
— = — =
Frr 1(k+2)r:j‘:1 joen (+DC
1

B et

thi (k+2)Cf,‘f12 -

Pa—y

(theo nhén xét trén).

53, k+2 k+2
vy ¥ e
=k C k+1 (¢1+’7]C“+l
—k+1k!
Mat khac £+2£ L k+2l'(n +1)k :
(2100 n+2  (e+1)!
(n-k+DNE+2) _ CH e
(n+2)! T S 6
Tir (1), (2) c6
ritl E+]
I i 1 C:H—] {3)

R k+2
J=h+l C,H'] k+l (‘J'l'+] Cr1+2

Patk+2=m n+2=pthipzm=22 Tir (3)
p=1 1 Cm_—l
o Lotchy, - m_’; 1 — hay
J=m—1 CJ.J,] m—1 CF“I 'CIJ
-1
| 1 £
Dl s )
i=m Cr' = CF—I 'CP
Nhan xét : Day 13 mot bai todn thuoe dang o ban,

do dé cé nhiéu bai gial giri dén tda soan, trong d6 rit
nhiéu ban cho 13 giai tot.

QUANG PHUC
Bai T9/302. Cho tam gidc ABC cé ba goc
nhon. Cde diomg cao AA;, BB, CC; cat duimg
trén ngoai tiép tam gidc ldn nita tai Ay, By, C
tiong ung. Chiing minh rdng :
43

(A B, +B,C, +C1A)
i af3

2.3
CCy<* :—r.:w +BC+CA) (*)

Loi giai. Pat BC =a, CA= b, AB=c. Gai H
la truc tim, R, r 1A cdc bdn kinh dudng tron
ngoai ti€p, noi ti€p AABC, khi d6

< AA; + BB, +

18
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AA, = 2Rsin ABA, =2Rsin(3+325—ﬂ
., /I

= 2R.cos(B—C).
Tuong tu BB; = 2Rcos(C-A),
CC, = 2Rcos(A-B).

Lai vi: B|C, = AH.sinA =
= AC, .sin A % AC.colsA.smA_  ReiA
T sin B
COSL __B/i

C,A, = Rsin2B ; A\B, = Rsin2C, nén BDT (*)
cén chitng minh tuong duong voi :

3
—(sin2A+sin2B+sin2C) =
3
< cos(A—B) + cos(B—C) + cos{C-A)

= (sinA+sinB+sinC)

\-’E
=] isim’asim‘i‘ainc <

3
< 2(sinAsinB +sinBsinC + sinCsinA) — (cosA +

cosB + cosC) i{sinﬁwsin B+sinC)
J3
= ?_SAHC —(ab+be+ea)-R(R+r) =
R
< —(a+b+c)
v3

e Chimg minh v€& trdi cia (**) :

L2

i

%{ab+bc+ar}— R(R+r) = %SABC (1)

P& CM (1) ta sir dung cdc két qua :

R>2r(2);a>+b" + > <9R* (3):

2ab + be + ca) = a® + b + ¢ + 4r(r + 4R) (4)

&+ b + &= 4R+ r)* (néu AABC nhon) (5).

Pé chitng minh (5) xét BDT Co-si cho cde s6
duong:

2cosAcosB = J‘;mZA cotgA.sin2B. coth

-(sm2A cotgB+sin2B.cotgA).

Tuong te cho 2 BDT con lai, suy ra :
2(cosAcosB + cosBeosC + cosCcosA)

< %[cotgA(sinZBstinZCHmlgB(sinZCHinEA}

+cotgC(sin2A +sin2B)]

= —(cos2A + cos2B + cos2C)
= 3 (cos*A+cos B+cos’C) — (cos’A+cos B+cos’C)

https://tieulun.hopto.org
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= (cosA+cosB+cosC )? < sin’A + sin’B + sin°C
= (5) duge CM

Ap dung cic két qua (2), (3), (4) ta duec :
16p*=4[2(a’+b*+c D) +2(ab+bet+ac)—(a*+h +c™))
< A[18R® + 4r(r+4R)]
= 3(5R+2r)° — (R=2r)(3R+2r)
< 3(5R+2r)

Apr ;
TacoH: s <2r'+ 5Rr=
3
= (R + 2Rr + 1) + r(r+4R) - R(R + 1)
< %{ab+bc'+ra}—ﬁfﬁ'+r) ey e ;

BDT (1) duoc CM.
* Chitng minh v€& phai ciia (**)

|
—(ab+bc+ac) — Rir+R) € —(a+b+c)(6)
> ﬁ
| 3 ) il
Theo (3): R= g\‘a‘#} +c* = T{a+b+c).
tr do : 3
R 1 8 7
—(a+b+c) = 6(a+b+c} E(ab+bc+m) (7
3
Theo (3), (4) thi
9R* _
ab+betea = T+2r(r+4R: (8)

Tir (2) ¢6 (3—;-”-](!2_2;'} 20
b

S ARy S o (9)

Tir (7) (8) (9) suy ra BDT (6) ding . Diu dang
thitc & (1) va (6) xay ra khi va chi khi AABC déu.

Nhan xét. 1) Bat dang thic (1) thuc chét 14 he qua
cua mot BET do Jack Garfulkel dé xuat. Cic ban cd thé
tham khao mét 54 cdch chitng minh BOT nay & ba; viét

"Vé mor bdt ddng thire hr.-mg gide trong ram gide" cua
cdc tde gid Trdan Xudn Pdng, Vi Thanh Long (THTT s6
291 {9/2001).

2) Héu hét cdc ban déu sir dung cong cu dao ham dé
CM céc BDT ¢ bai ra. Mot 58 ban dp dung BDT
Tré—bu—sép cho hai diy don diéu ngugc chiéu : !smA
sinB, sinC'} va {51112A sin2B. stCl cung cho 1&i giai
ding. Cdc ban sau cd li giai gon hon ca 13

Vinh Phic : Pham Vdn Hoang, 10A1, THPT ch.
Vinh Phic ; Bac Ninh : Bii Phan Phic, Pham Thdi
Son, 11T, Lé Vin Nghia, Nguyén Vdn Thdo, 12T,
THPT NK Han Thuyen ; Ha Noi : Nguyén Chi Hiép,
12A1, khai PTCT-T, DHSP Ha Noi, Lé Hiing Viér Bdo,
11A, Khéi PTCT-T, PHKHTN - PHQG Ha Noi ; Hai
Phong : Lé Hdi Yen, 11T, THPT NK Trdn Phu : Hai
Duong : Poan Manh Ha, 11A1, THPT Thanh Ha,
Pham Viét Hdi, 11A4, THPT Héng Quang : Thai
Binh: Nguvén Quang Vuong, 12C, THPT Bic Duyén
Ha, Hung Ha } Ninh Binh : Lé Vdn Nghia, 12T, THPT

chuyén Lueng Van Tuy ; Thanh Hoa : Lé Qudc Hiép,
11T2, THPT Lam Son, Trdn Vdr Binh, 12A1, THPT
Hau Loc I ; Nghé An : Nguyén Danh Hdo, 11A1,
THPT Phan B&i Chau, Tp. Vinh ; Pa Ning : Thdi
Thanh Hai, 10A1, THPT L& Quy Don, Q. Hai Chau ;
Quang Ngai : Nguyén Vian Thang, 11T, Pham Vin
Trung, 12T, THPT chuyén Lé Khiét ;: Pha Yén : Phan
Thanh Nam, 12T2, THPT chuyén Luong Van Chdnh ;
Cén Tho : Mach Nguyér Minh, 12A1, THPT Ly Tu
Trong, Tp.Cén Tho. ;
HO QUANG VINH

Bai T10/302. Goi V, r va R ldn luot la thé
tich, ban kinh mdt cau néi tiép va ngoai tiép ti
dién ABCD. Chitng minh rang

Y 2412
R~ AB.AC.AD.BC.BD.CD

Ddng thitc xdy ra khi nao ?

Lai giai. Ta ki hicu BC=a; DA=d',CA=b,
DR=b ;AB=c,DC=c'vd S, §,, 8., §; lan
Irot 1a dién tich cdc mat BCD, CDA, DAB, ABC

Trudc hét, ta chimg minh céc b dé sau :

Bé dé 1. Néu a, b, ¢ 1a do dai cdc canh va S 1a
dién tich cha mot tam gidc thi ta c6 BDT :

o B BPOIG oo )

Aa® +b* +¢¢
That vay, dé dang ching minh dugc hé thic
sau ; a2+b‘+cz=9(R‘j‘—d2]£9R2

& s %Jal b i @

(trong dé d = OG la khoang cdch giffa trong tim
va tam dudng tron ngoai ti€p tam gidc cd ban
kinh 1a R). Sir dung BDT (2) va hé¢ thic abc =
4RS ta thu duge BDT (1). Pang thiic xay ra khi
va chi khi tam gidc 1a déu. :

Bo dé 2. Trong mét tit dién, bén ldn téng binh
phuong dién tich cac mat khong lon hon téng
binh phuong cua tich do dai cdac canh doi dién .

AS2+52+82 482y <da? + b7 + Pe? (3)

Dang thitc xay ra khi va chi khi tt dién la mot
tut dién truc tam (cac duong cao dong quy).

That vay, dp dung cong thic Hé-rong cho
dién tich tam gidc, ta ¢6 :
1655 =2a*b2+2a%c? +2b7 c? —a" b -

Tuong t cé cong thic dGi véi 1657, 1653 :
1652 (4). Ap dung (4) va bi€n déi ¢6 :

(az 24022 4 c*c?) ~ 16(S; +55+5; +5))
=(a*+ a’ R b2y sl bR - g
(2 +¢? - a* - %) 2 0 = BDT (3) duge CM.

19
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Pang thitc xay ra & (3) khi va chi khi :
d+a’=p+b? =+ (5)
< tir dién da cho 1a t¢ dién truc tam

Hé qua. Tir bo dé 2 (BDT (3)), dp dung BDT
Bu-nhi-a-cop-xki ta thu duge BDT sau :

S, +S5,+8.+5; = \faza'z +b2 b +c%c (6)

Pang thitc xay ra & (6) khi va chi khi
5,=5,=5.=5;va a+a’=p+b%=ct+e'2
Khi do, ti dién da cho 1a déu. :

B6 dé 3. (Céng thirc Crelle). Trong mot tit
dién, tich dé dai cdc cdp canh doi dién biéu thi
dé dat cde canh cuia mét tam gidc (‘T) nao dé,
va dién tich X cia ('C) lién hé vai thé tich V va
bén kinh R mdt cdau ngoai tiép tir dién boi céng
thie L= 6VR (7)

Cdc ban cé thé xem chimg minh cong thic
Crelle trong cuén sdch "340 bdi todn HHKG"
ctia Sa—ru—ghin (Bai todn 302}, hodc & THTT so
282 (12-2000). Cuéi cung, 4p dung BDT (1) vio
tam gidc (T) cé dién tich S va do dai cic canh
aa’, bb', cc’, BET (6) va hé thic (7), ta thu duge
BDT (*) can tim. Pang thic xay ra o (*) khi va
chi khi ABCD 1a mot ti dién déu.

Nhan xét. 1) S4 cdc ban tham gia giai BT nay khong
nhiéu, hdu hét déu chimg minh cdac BDT (1), (6) va sit
dung cong thitc Crelle (7). Tuy nhién, cdch chiing minh
ba dé (2) hoac BDT (6) c¢6 khidc nhau. Khong cé ban
nio biét sir dung cong thic Hé-rong thong thuong cho
dién tich tam gidc ma hdu nhu déu phai st dung tich
ngoai hay tich cé hudng cha hai vécto khi tinh dién tich
cdc mat cla i dien ABCD. Mot val ban biét sit dung
phucng phap hinh hop ngoai tiép 1t dién va ching minh
rang tong binh phuong dién tich cic mat cia mot
dién bang 1/2 téng binh phuong dién tich cdc mat clia
hinh hép ngoai tiép né réi tir do suy ra BDT (6).

2) Cdc ban sau day co 1&i giai twong déi gon :

Ha Néi : Trdn Anh Tudn, 12A, DPHEHTN - PHQG ;
Vinh Phie : Vi Nhdr Huy, 12A1, Ngwvén Duy Hung,
THPT chuyén Vinh Phiic ; Bac Ninh : Bach Hoang
Yén, 11 Anh, Nguyén Vidn Thdo, 12 Todn, THPT NK

HanThuyén ; Bae Giang : Phan Tudn Anh, 94, THCS

Pic Giang, Yén Ding ; Hai Duong : Pham Viét Hdi,
11A4, THPT Hoéng Quang, Podan Manh Ha, 11Al,
THPT Thanh Ha, Lé Quang Héa, Pham Thanh Trung,
Phan Tudn Thank, 10T, Nguyén Thé Léc, 12 THPT
chuyén Nguyén Trai ; Ninh Binh : Trinh Thay Nhung,
12T, THPT Luong Van Tuy ; Nghé An : Phan Hodng
Phieong, 10Al, Trdn Quang Vii, 12A3, THPT chuyén
Phan Boi Chau ; Quang Binh : Phan Binh Quang,
12A, THPT Dao Duy Tt ; Quang Tri : Trdan Minh,
11A, THPT Hai Lang ; Phu Yeén : Nguvén Quang Khd,
11T2, Phan Thanh Nam, 12T2, THPT chuyén Luong
Van Chdnh ; Khanh Hoa : Phan Lé, 10A3, THPT
chuyén Lé Quy Don, Nha Trang ; Tay Ninh : Pham
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Hitu Viang, 11 Todn, THPT chuyén Hoang Lé Kha, Tay
Ninh ; Tp. Ho Chi Minh : Nguyén inh Hién, 11CT.
THPT chuyén Lé Héng Phong ; Pong Nai : Nguyén
Canh Lam, 12 Tin, THPT chuyén Luong The Vinh,
Bien Hoa ; Can Tho : Nguyén Minh Ludn, 8A, THCS
Nguyén Viét Héng, Mach Nguyét Minh, 12A1, THPT
Ly Tu Trong, Tp. Cdn Tha.

NGUYEN DANG PHAT

Bai L1/302. Trén mdt ban ndm ngang cé mot
chiéc ném cé khéi luong M, cé mdt cat la hinh
tam gidgc ABC
viudng o B. Goéc
gilta hai canh AB
va AC la 8 chiéu
cao tr B dén mat
san la h. Trén mdt
phang nghiéng AB
tai A dgr mét vat cé khéi luong la m (hinh vé).
Liic déu vét va ném déu dimg yén. Sau do cho vt
m chuyén dong theo huong AB véi van téc ddu v,
Bo qua ma sdt gifta ném va mdt san va ma sdt giita
vt va mer AB.

Haéi v, phdi Ién hon gid tri bao nhiéu dé vt
cé thé vieat qua duoc dinh B ?

Loi giai. Ta hdy tim v,,, dé vat m dén duoc
diém B thi dimg lai (so v&i ném) ; khi d6 ném
va vt c6 cung van téc i (xem hinh vE). Ap
dung dinh luit bao toan dong lugng theo
phuong ngang ; mv, cos8 = (m+M)u (1)

Ap dung dinh luat bio toan co nang :

m\-‘imm _(m+M)u2
2
Tir (1) va (2) tim duge

/ ; : ;
Vomin = 2 l(n!-"-tf} : Va)’ khi van toc v, cua
M +msin~ 0

2eh(m+M)

M +msin’ 0

+mgh (2)

VAt ¢6 tri 80 v, > thi vat vuot

duoc dinh B.

Nhin xét. Cic ban ¢ lé gidi tot :

Yén Bai : Phan Thi Kim Hoa, 12A1, THPT chuyén
Nguyén Tat Thanh ; Hai Duong : Lé Ngoc Hodng,
12A2, THPT Héng Quang ; Hai Phong: Bii Manh
Hoang, 12A7, THPT Yén Ling, Yén Lang ; Thanh
Hoa : Nguyén Vdn Bdch, 11C6, THPT Dao Duy Tir ;
Vinh Phiic : Hodng Vinh Hung, 12A3, THPT chuyeén
Vinh Phic ; Bac Lién : Lé Thanh Hoan, 12T1, THPT
Bac Lieu ; Bac Ninh : Vi@ Céng Thanh, 11 Li, Nguyén
Vin Thdo, 12 Todn, THPT NK Han Thuyén ; Nguyén
Vdn Phong, 11A1, THPT Thuin Thanh L.

MAIANH "
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LE PHAT BDONG LAM SACH GIAO KHOA MGI LGP 2 VA LOP 7

Sdng ngay 4.12.2002 tai hoi truéng chinh Nha
xuat ban Gido duc da dién ra Lé phdr déng lam
sdch gido khoa mdi lop 2 va lép 7. Dén du bubi
1€ ¢6 : Ba Pang Huynh Mai, Thit trudng Bé GD
va DT ; Ong Lé Quang Trung, dai dién Van
phdng Chinh phi ; lanh dao Vu Tiéu hoc ; Ban

. chi dao bién soan chuong trinh SGK mdi ; cdc
bdo, dai Trung wong va Ha Noi ; Pho GD Tong
bién iap NXBGD Vii Duong Thuy ciing cdc
bién tap vién SGK mdi ciia NXBGD...

Sau 1 phédt biéu khai mac cta Thi truémg
Pang Huynh Mai, Ong Dang Tu An, Vu phé

Vu Tiéu hoc doc Quyét dinh clia Bo trudng Bo
GD va DT vé danh sich cdn bo bién tap SGK
I6p 2. PGS D6 Dinh Hoan, Gidm déc Trung
tdrn ndi dung va phuong phip GDPT, Vién
KHGD da théng béo viéc thim dinh SGK 1ép 2,
16p 7 ciia Hoi déng thdm dinh Quéc gia.

Phé G Téng bién tap Nhi xudt ban Gido duc
Vii Duong Thuy di tong két dot lam SGK mai
16p 1, 16p 6, déng thi phat dong chién dich lam
SGK méi 16p 2, 16p 7 theo tinh thin chi dao cia
Bo GD va DT.

PV

= Bai L2/302. Hai thanh ray dong chdt, tiét
dién déu, ¢é cung chiéu dai la 2L, déu cé dién

2L i tré sudt p dét

;_{ i trén mdit
' 2 E] phang ngang ,
E Q 1 ! J song song voi
T i} 0 nhau, cdch
x x nhai mét

khodng |. Cdc

thanh ray dugc néi véi nhau qua cde ngudn

dién nhie hinh vé. Sudt dién déng moi ngudn la
E, dién tré trong rdt nho.

Mét thanh kim loai khéi lugng m, chiéu dai I,

dién tra R ti lén 2 thanh ray va cé thé truot
khdng ma sdt trén chiing.

Hé théng duoe ddt trong tix truong déu B c6
phucnmg thang ditng. Tir vi tri cdn bdng ctia thanh,
dich chuyén thanh mét doan rdt nhé theo phicong
song song vor 2 thanh ray. Ching 16 rdang thanh
dao déng diéu hoa. Tim chu ki dao déng.

L#i giai. Phin luc cla cdc thanh ray 1én thanh
cin bing v6i rong luc P=mg clia thanh. Thanh
chi con chju tic dung coa lvc tir. 0 vl tri can
bing cla thanh, lyc tir tdc dung 1én thanh bing
khéng nghia 1a khéng c6 dong dién qua thanh.
Diéu do chimg 10 vi tri cdn bing cla thanh 1
trung diém O clia cdc thanh ray. Chon truc Ox
nhu trén hinh vé. Xét khi thanh léch khai vi tr
cin bang mot doan nhd bd (Il <« L), khi do
dong dién chay qua thanh cé cuong do /[, nhu
trén hinh. Ta co :

2
o ol ) ;—;{E(L+le]—]2R=E @);

© Li 1, THPT Nguyén Hué ; Phia Tho ;

213§(L—k,rl)+.’2f€ =E(3)

T (1),(2), (3) 6

Elxl Elx|
b=

=
Pz i Brlapr
3 S
ching to chiéu dong dién ding nhu trén hinh
v&. Luc tir tic dung lén thanh hudng vé vi tri can

bang va c6 cudng do F = IEBI=—~£€{|-X—[-\-

L[P—M- RJ
5

.l'-‘lp dung dinh luét 1T Niuton ta ¢6 :

EBI & 2 :
=X = x" + wx =0 vdi

L(EL+RJ
s

2 /
o = L Chu ki dao dong cia thanh

Nhién xét. Cic em c6 1 gidi gon va ding :

.Nam Pinh : Hodng Thanh Vdn, 12E, THPT Giao
thity A ; Quang Ngai : Nguyén Vdn Thdng, 11T, THPT
L& Khiét ; Binh Binh: Lé Van Thong, 12 Li, THPT Le
Quf Boén, Quy Nhon ; Ha Tinh : Nguyén Vdan T¥, 12
Li, THPT NK Ha Tinh ; Ha Tay: Ddo Xudn Ding, 11
Nguyén biic
Nhdn, 11B1, THPT chuyén Hing Vuong ; Nghé An :
Nguyén Minh Tién, 11A, THPT Cita Lo.

MAI ANH
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NHUNG SO NRO NHi ?

Toan dang viét bai béo trén méy tinh. Chang hi€u
phin mém bi 18i th€ nio ma cdc con s6 bong nhién
bién mét. Ban ¢6 thé gitip Toan duoc khong?

e Nim..., thai Ly Nhan Téng md khoa thi Nho
hoc tam trudng ddu tién & nuoc ta. Lé Van Thinh
d6 thil khoa ki thi do.

e Nam ..., Nguyén Quan Quang (Tam Son, Tién
Son, Bac Ninh) dé Trang nguyén, 1a Trang nguyén
déu 1én coa Viér Nam.

e Nam ..., Nguyén Hién (Duong A, Nam Thing,
Nam Truc 'Nam Dinh) d6 Trang nguyén khi mai

.. tudi, 1a Trang nguyén nho tudi nhit nudc ta.

e Nim .., Trinh Tué (Séc Bién, Vinh Léc,
Thanh Héa) d6 Trang nguyén, la Trang nguyén
cudi cling cia Khoa cir Viét Nam. C6 tit ca ...
khoa thi vdi ... Dinh nguyén. Trong d6 cé ... Trang
nguyén. Xét vé qué qudn thi cdc tinh ¢6 3§ Trang
nguyén nhu sau :

Bic Ninh: ...vi;

Ha Néi : L

Hai Phong : ... vi;

Nam Binh: ...vi;

Hai Duong : ... vi
Ha Tay : s Vi
‘Hung Yén: ...vi
Bic Giang: ...vi

Thai Binh: ...vi; Ha-Tinh:- .~ .¥i
PhaThHe . woivi; Nghé An : ,,.V]:.
Thanh Héa : . .. vi; Quéng Binh . ..wvi

ETNH NAM HA

Gidi ddp :

LICH SU TOAN NGAN GON

» Theo nghia c¢6 dién toan hoc la khoa hoc
nghién cttu vé cdc quan hé sé ligng va hinh dang
khong gian trong thé gici khdch quan.

Toédn hoc theo nghia d6 da phit trién qua ba giai
doan. Tir thdi thugng cd dén thé ki thé 5 truée
Cong nguyén la giai doan "todn hoc kinh nghiém"
(chua c¢6 1i luan). Tir the ki thi 5 trudc cong
nguyén dén ddu thé ki thit 17 1a giai doan todn hoc
se cdp (c6 1 luan, chua cd khdi niém blen 56 VA
ham s6).

Tir ddu thé ki 17 dén cudi thé ki 19 la giai doan
todn hoc cao cdp (c6 khdi niém bi€n s6 va ham so,
phuong phép toa da).

22

® Theo nghia hién dai thi todn hoc la khoa hoc
nghién ctru vé cdc rdp hop gém mot sé loai phan
ur goi ld cdc khdi niém cor bdn va cdc iitomg quan
giita chiing goi la twong quan co bdn thoa man
mdt hé tién dé. Todan hoc hién dai nghién ciu cde
cdu triic todn hoc. Tt cudi thé ki 19 todn hoc
chuyén sang giai doan mdi goi la giai doan rodn
hoe hién dai. Ngay nay, todn hoc vin dang phdt
trién nhu vil bao, déi tuong nghién ciu cang mang
tinh triru twgng cao do.

Nhin xét. Chi cé ban Lai Van Thiér, 16p K25A, Todn
— Tin, PHSP Ha Noi 2 trd 181 gdn ding cdc cau hoi.

VKT

Gidi ddp bai :

PA PHAI LA

GIA TRI LON {J‘ﬂ
NHAT CHUA ? "‘“

Két qud Iloi giai bal todn la sai vi nr

33

M s’%su}* ra GILN cia M ld s md khong

kiém tra xem cé ton tai tam gidc khong nhon ABC

33

sao cho M = 5 ? Nguyén nhin din dén ket

qua sai niy 1a ngudi gidi khong nam vimg khdi
niém GTLN ctia mét ham hay mét biéu thitc ndo
d6 nhu ban Nguyén Viét Hoa (GV THPT An Thi,
Hung Yén) da nhan xét. Mot 1oi giai ding cho bai
todn nay la:

Gia st AABC c6 A lzt‘ khi dé : M = sind +

sinB + sinC = sinA + Zcos-;-.cos - eind
i
+2cus£ <1+ 2cos— =1+ \'E
2 4
cosﬁ—l
Diu déng thirc xay ra khi 2 =
sindA=1

AABC vubng cén tai A

Do d6 GTLN ciia biéu thic M 1a 1++/2 , gid ui
nay dat dugc khi AABC vudng cén,

Nhén xét. Ddy 12 mot sai [4m dé nhan thdy nén cé rét
dong céic ban tham gia phat hién va sira chira lai 1oi gidi
bai todn trén. T4t ca cdc ban déu c6 1di giai lai ding,
tuy nhién chi ¢6 cdc ban sau 6 101 giai gon hon ca :

Ha Noi : Trdn Ngoc Thdng, K50A, khoa Toin — Tin,
PDHSP Ha Noi ; Vinh Phiic : Pham Quang Chién,
L1Al, THPT chuyén Vinh Phic ; Nghé An : Phan
Hadng Phiong, 11A1, THPT chuyén Phan Boi Chau,
Tp. Vinh ; Quang Nam Nguyén Anh Tdm, 11/5, THPT
Hoang D1¢u : Quang Ngai : Vi Thi Thity Nga, 11A,
THPT Ba To, Ba Tao. NGOCHIEN =
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Két qua : e
NAM THU 39 TOAN HOC VA TUO! TRE

- s 5 39.40
Tong cdc s6 tir 1 dén 39 1a T = EHals 780.

Goi n;,r,s; (i=1, 2, .., 13) la cdc 56 trén mbi
vong tron. Tir gia thiét bai todn suy ra téng céc s6
theo mdi vong tron :

{8y < 3% 3

1
Zni :Zr; =Z.::J- =—2: =260

i=1 i=1 i=1

Téng cdc s6 theo méi dudmg thiang hudng tdm la:
no+r o+ =% i TR ke

Lép bang tinh :
n 2?}28 29130(31132132134]135]36|37|38|39

Pi= 133132131 |30 29|28 |27 {26 (25|24 |23 | 22|21
60-n,| |

r: |23|20122|17|18]25|26[24|21|19]15]|16/14

)

s |olizlolialii|sli|2]4lslsle]|7

{
Oday r,+5,=p; =60 - n; (i=1,2,..,13).Cé
nhiéu cdch phan tich p; =r; +s; vdi céc rang bubc:
141,223,125, 213, 5;+4srsm-4(i=1,

13 :
2. .., 13). Vi D r; = 60 nén chi can chon céc s¢
i=1
n,va 5; d6i mot khdc nhau nhu bing trén. Mot
phuong dn chon va sdp x€p n;, r;, §; trén moi vong
tron duoc thé hién & so dé bén.

Néu sap xép 13 s6 trén mdi vong tron va chon
cip (n;, ;) khdc di thi ta c6 cdc nghiém khic.

Nhan xét. Nhitng ban sau dua ra dugc nhicu ddp dn
ding, trinh bay rd rang : Vinh Phie : Pham Thi Thiy
Ngdn, K27C Todn — Tin, DHSP Ha Noi II, Xuan Hoa,
Mé Linh, Té Thi Ngot, khu 8, Déng Van, Yén Lac ; Ha
Noi : Nguvén Thi Thu Ha, 11A2, THPT Ngoc Héi,
Thanh Tri; Ha Tay : Ddng Xudn Nam, 10 Tin, THPT
chuyén Nguyén Hué, Tx. Ha Dong ; Tp. Hué : Mai
Thanh Vidn, 110 Thach Han, Thuan Hoa.

HONG QUANG
TINH GOC

Béang cdch cit di mot hinh quat ACD clia mot
tdm bia hinh trdn, sau d6 dan khudt hinh OCDB
sao cho hai doan OA, OB
tring nhau ta sé dugc mot
vat dung hang cd dang
hinh nén. Néu ban mutn
\ lam mot vat dung hang

; nhu trén cé thé tich lén
nhat thi géc & tam AOB
phai bang bao nhiéu ?

BUI CONG THUC

(Kho Thanh phdm, Céng ty Mabuchi
KCN Bién Hoa 2, Pdng Nai}

<  PA CHINH XAC ... CHUA?
Lién nh& Long gidi hod bai todn ¢
Gid st a, b, ¢ lda dé dai ba canh ciia mér tam
gide. Chiing minh
NP+ P+ 3d) <a’+b v cfvrabe(arbic) (1)
Sau khi suy nghi Long dua ra mot 181 giai :
BDT (1) & ab(2ab—c?) + be(2bc-a®) + ca(2ca-b*)

<a'+b'+ ()

Taco:2ab-c’<a® +b° —c* = ab(Zab——cz) <
g (@®+b>)a2 +b° —c%)

ab(@ + b — c*) ;

(3)

Tuong tu :
SR LB B
bc(Zbc—az)*_: (bt c }(b2+c a’) @)
A o F
vl Fo b S et )(‘2“’ P itis

Tir (3), (4), (5) suy ra BDT (2) duoc ching
minh. Do dé BDT (1) dugc chitng minh.

Cic ban thdy l&i gidi cia Long dd chinh xdc
chua ? Con |&i gidi cua ban ?
TRAN NGOC THANG
(5V K50A, khoa Todn —Tin, BHSP Ha Néi [)

23
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Todn hoc va Tudi tré
Mathematics and Youth

Nam ther 39

56306 (12-2002)

Téa soan : 187B, phdé Gidng V6, Ha Ngi
DT - Fax : 04,5144272

Email : toanhoctt@yahoo.com

o

© ©0 0

TRONG SO NAY
o Danh cho Trung hoc co s6 — For Lower @

Secondary Schools
Nguyén Biie Tén — Thay 461 diéu kién
thit y&u trong bai todn hinh hee

Dé thi tuyén sinh 16p 10 truéng THPT
NK DHKHTN - DHQG Tp. Hé Chi
Minh

Vi Binh Hoa - Loi gial bai thi todn
quéc té 1an thi 43

Vi Kim Thiy — Chuyén ké vé Niel
Henrich Abel

Tim hiém sidu thém todn hoc so cip -
Advanced Elementary Mathematics

DPéing Hiing Thang — Bai toan Josephus
Lich sir toan hoc - History of Math

Truwong Céng Thanh - Lich sii ngin gon
vé may tinh

T“'ﬁ’ng b:én q&p
~ NGUYEN CAN'H TOAN

Pho tan.g bién tip :
 NGODATTU

14

20
(22

Pé ra Ki nay - Problems in This Issue
T1/3086, ..., T10/3086, 1.1, 1L.2/306

Giai bai Ki trudce - Solutions to Previous
Problems

Giai cac bai cua s6 302

L& phat déng lam sach gide khoa méi
16p 2 valép 7

Cau lac b - Math Cluh

Sai lam ¢ dau ? - Where's the Mistake ?
Giai tri toan hoc - Math Recreation

Bia 2 : Khoi phd théng chuyén Todn - Tin DHSP
Ha Néi dén nhdn Hudn chiuemg Lao
dong hang Nhdt

Bia 3: Toan hoc mudn mau — Multifarious

Mathematics
Bia 4: Trutmg THCS Kim Long, Tp. Hué

- Chiu trdch nhiém xudt b&n
. Gidm ddc NXB Gido duc :
NGO TRAN Al
. Téng bién tap NXB Gido duc :
Vﬁ DUt'lNG THUY

deng ban bién tdp : NGUYEN VIETH.AI Bién tdp : VU KIM THUY, HO | QUANG V]N‘I

Tri s : VU ANH THU,

 Trink bay - NGUYEN THI OANH, NGUYEN THANH LONG NGUYEN néN DUNG
Dai dién phia Nam : ?Rijv cif HIEU, 231 Nguyé'n Van c. Tp HS cm Minh.

DT :08.8309040

/r

Mg

PON POC THTT SO 307 (1/2003)

e Bai todn cét binh chung ngay Tét
e Thuit todn hiéu qua tim s6 nguyén (& bang mdy tinh !

 Hucng dan giai dé thi tuyén sinh 16p 10 THPTNK DHKHTN - PHQG Tp. H6é Chf Minh
* Huéng dan giai dé thi tuyén sinh Pai hoc khéi D 2002

» Dé thi Olympic todn Hoa K¥ 2002 (tiép).
e (¢ bai thd vi ddu nam 2003 clia cdc muc : Cau lac bo, Giai tri todn hoc, Todn hoc muén mau ...
Moi cic ban dat mua Toan hoc & Tudi tré nam 2003 tai cac co s Buu dién

- X

THTT
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~ C TiM BOI SO
MU , TREN BANG 5O 5AC THANG

Dé tim duoc cdc boi s6, s6 nguyén (& trong S
tap hop s6 tr nhién duge thuin tién ta 1ap bang 1
gém cdc 6 vuéng bang nhau xép thanh hinh 4]

: _Lhanh ik 3| 4
bac thang (chang han nhur h. 1), roi x€p tat ca - T [
cdc sd tr nhién khae O tir nho dén 1dn vao bang i I E 0 B
do theo quy tic : tIr trén Xudng dudi va tir trai 10| 11 12| 13| 14| 15| 16
sang phal. Néu moi bac thang (trlr bac trén 17] 18| 19] 20| 21| 22] 23 [ 24] 25
cung) c6 do dai bang p canh 0 vuong thi ta goi 26| 27 28| 29| 30| 31| 32 33| 34] 35 ] 36

bang 50 do 1a bdng 56 béc thang kidu p. O bai 8 ¢ e —

nay chi xét bang 86 bde thang kiéu 2 (goi tat la i e Mo B . B e s B B B et SR

bang kiéu 2) (h. 1) bl B | |
Dé tim boi clia s8 k (k > 1) trén bing kidu 2, ta W | |

lam tdm bia hinh vuong V), kich thudc k& = k © Hind [

vuong (bing 6 vudng trén bang), duc 16 hong &

cdc & mau xanh nhu & hinh 2 (0ng
vl &k = 2), hinh 3 (k= 3), hinh 4 {k
= 4}, hinh 5 (£ = 5), ... Bat hinh
vuong V vao bang kiéu 2 sao cho
A tia A, B, trung voi tia AB thi & moi
O vuong hﬁl]g hién lén mot bol s6
clia k. Tiép tuc dat V', nhu thé phu
kin bang kiéu 2 sao cho hinh V)

w [
;e.ﬁ oL MR L bang. il
: mdi c6 ding | canh chung véi hinh

Hinh 2 Hinh 3 f:‘f};)‘; o J'IJFJ:!JJ'II .'; Cl_:l, ta 58 [im dLIC_fC m(}l h("'n SO ol A
rong bang so6.

Danh cho ban doc

Hay chitng minh cdc tinh chat sau cua V| trong dé 6 (x, v) ki hiéu & & cot x (tinh tir trdi sang phai) va
hang v (tinh tir trén xuodng dudi) coa V', :

1) Céc & (-1, 1), (k-1, k-1), (k, k) c6 mau xanh

2) V; cd va chi ¢d k 6 mau xanh.

3) Néu bo hing thi k ctia V. thi hinh chit nhat con lai cling v6i cdc & mau xanh la hinh d6i xing véi
[ruc nam ngang. X ) . R

Gidi ddp : PUONG DI CUA QUAN HAU

1) Bii todn duoc phdt biéu theo ngon ngit hinh hoc :

Cé 64 diém la dinh ciia 64 6 vuong duge tao thanh e 8 d{mng thang ndm ngang va 8 diong mmig
ding. Hay vé cde diang gap kliic pr kin, mai dtrm:g cd 50 canh it nhdt di qua méi diém it nhdt mot

lin theo canh hodc diudng chéo ciia cdc & vudng ma klidng vieor ra ngodi hinh vaong chiva ding 64
diém do.

2) Dudng gdp khic khép
| N it v 7|r/ N /! kin vdi 56 canh it nhat gom
, P d N y/ 1] N AR 14 doan [hdng Cé tdi ca 3
’ / X/ cdch v& nhur & hinh 6, 7, 8

7

| . 0] e 3
azeaNinm X _ >§~ || (chua ké cich ldy déi ximg
| Al B V7N /] » : qua dudng chéo cia hinh
i I 7 n - i vuong lém).
LE, - o ! C L S Rit ti€c 1a khong ¢6 ban
= o T w | i nao tim duge dudmg di gom
14 doan

Hinh 6 Hinh 7 Hinlt 8 Sa s PHI PHI
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TRUGNG THCS KIM LONG THANH PHO HUE

[rudmg THCS Kim Long dong trén dia ban phude
Kim Long vdi dién tich trén 9.500m’. Khuén vién truomg
¢co cay xanh, san chai, bai p TDTT. Trudng cé 37 Id
1660 hoc sinh, 70 cdn b gido vién, nhin vién, 28 ph
' hong chie nang. Trudng da cé nhiéu ¢6 gang .
bic va vuon lén trong t0p cdc truong dian diu cua thanh
ph& Hué : 4 nam lién dat giai toan doidn vé thi hoc sinh
g1 thinh phoé vé cdc bo n van hoa (2 giai Nhi, 1 giai
Ba, | gidi Khuyén khich)
doan Hoi khoe Philt Ddng thanh phd (2 gidi Nhat, 1 gial

noc,

: bon nam lién dat giai t
Ba, 1 giai Khuyén khich); dac bi¢t co 3 huy chuong
Viang, 3 huy chuong Bac tai giai dién kinh tré toan quac ,
3 nim dat giai toin doin trong Hoi thi tiéng hat gido
vién va hoc sinh TP Hué (2 giai Nhat, 1 gial Ba, | gial
Khuyén khich). Trudng duge ban chi dao phong chong
ma tiy va 161 pham cia Tinh khen thudng vé thanh tich
phong chéng toi pham ; UBND tinh Thira Thién Hué
ting Bang khen vé thinh tich xudt siac trong phong trao
TDTT nam 2001 ; nhiéu ndm duge UBND tinh Thira
hién Hué cong nhan rrwong ' h:

hai nam lign tuc (ndm hoc 2000-2001 va 2001-2002)

Tirtrdi sang : i
Phé hiéu tricong Nguyen Phidc
Hiéu rruong Vi Xudn Hdu ; S 3
v s € 0 . £ 3 e T ~ham 1] L [ ! Hé 1 T
Pho hiéu irueang Lé Thi Khdeh dugc Ban chap TU Doan TNCS | I : Chi Minh _
' khen vé thanh tich xudt sac trong cong tic Doi va phong
trao thi€u nhi.

i1 tién xiidl sde cua tn

ng Bang

Nim hoc 2001
2002 trwong THCS
Kim Long la mdt
trong bon
THCS thu
(G140

1

cua tinh dong thon
la mot trong nhitng
trvong THCS diu
tién duoc thanh

Dor tuyén hoc sinh gior khdi 8
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