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Anh trén:

- Cac thay giao va hoe sinh
duoc giai thuong Le Van Thiem
cung cdc nha toan hoe,

Anh digi: ; i
- Nhom Toan, Ban bién tap B
- Chu nhanh NXB Guio duc tai Da Nang
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Gip Gy
DE THO DA GIAC DEU

Trong thue tién thuong 2ap truong hop ¢6 mot
tdm g, tdm ton, miéng bia, o E_Id\- hinh vudng
ma phdi xdc dinh mot hmh da gidc déu ben trong,
cd dién tich khd 1én nhung khong cé dung cu do vé ki thuat. » F N I

Dé 1am diéu d6 ©o thé ding cich gdp gidy. Tir manh gidy hinh vuong m
ABCD tao thinh cdc tam gidc déu APD, AEF, bang cich gip Li'fl'y nhu
sau (h.1) : Cho A tring D, B tring € dé c6 HK, sau "d6 cho AB trilng vol
AP v6i P nam wren HK dé c6 AE r6i gip theo AC dé c6 AF.

Danh cho ban doc

i
o

Tir manh gidy hinh vuong ban hiy gp gidly dé tao thanh : ;

- Hinh luc gidc déu - Hinh ngii gidc déu 1
sa0 cho moi hinh nay cé 4 dinh déu nam trén canh hinh vuong. A K

Tang pham danh cho 1&i gidi ddy du, gidi thich rd ring. Hinh |

Gidi dap bai : PUONG DI CUA QUAN MA TREN BAN CO

} Ta chia ban c& 4 x 2001 6 thanh céc hinh chir nhit A, A,, ..., ,1%« kich thude 4 = 3 6. C6 nhidu
cic h di qu.m mi tir & dau (D) dén 6 cudi (C) lién ti€p qua tit cd cdc 6 cua bin ¢, dudi diy chira 2

cich ¢ hinh 2 va hinh 3. trong dé véi moi dudmg di qua cdc hinh chit nhat ¢ gia chi ghi hai diém
dau bai ciing mat s6.

7 | sl 17 7 | N7 NP e e J}é@d
v, N i v, 0N s [ v e 9N 2 8‘{/{’?‘? PN
AVIN D el <K e S NN
XN TEARRN N RN Zavre oo e g\

i Hg— e E—— N om— e i —— e T
Hinh 2 Hinh 3

23 Ki hiéu cidc & ¢ hing thir nhat va thi wr 1 6 bién (B}, cdc 6 & himg thir hai
val thit ba la 6 161 (L).

Bin co duoe t6 2 mau : den (D) va trang (T) sao cho 2 6 ké nhau bit ki
khong cling mau.

-

Méi bude di (—) clia quan mi tuén theo cic quy tic sau :
)P -5 ThoacT -Phd):b)B—->Lvial - Bhoac L. — L.  Hinh 4
(Chi v : khong ¢o dang B — B).

Ta s& ching minh rang : néu qudn md xudt phdr ti 6 l6i (L) thi khéng thé di hét ede o ciia ban ¢6
Gia sir ¢6 cdch di quan ma lién tiép qua tat ca cdc 6 cua ban co thi plml codicukién (*):s00T
$6 6 D vii 56 B = s6 6 L. Néu xuat phat tir o LT thi moi dutmg di cla quan mi bi¢u thi b sa dé sau:

LT —» BB—»LT—» B}J; ..— L'T—» BD.

LD— Bl—Lb— ... —»Bl—LD
Néu trong cdch di ¢6 it nhat | lin chuyén tir hing trén cta so dé ‘{Llong hang dudi thi s¢ 6 L. nhicu

hon s6 & B, con néu chi di theo hiang trén thi khong bao git di qua cdc 6 LD v BT ; déu ridi vai
diéu kién (*).

Ciic ban sau di chi ra cich di cta quan ma tir 6 D, duge nhin 1ing pham :
Ly Phani Ngoc T, 125, truong THPT Dén toc noi tri, Dak To, KonTum.
2) Nguvén Minh Diic, 11A, truomg THPT Thanh Chuong 1. Nghe An.

3) Ngavén Thi Chung, d6i 7 xi Thanh Ngoc, Thanh C hu:m" Nghé An. PHI PII
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Toan hoc va Tuéi tré
Mathematics and Youth

~ Nam thu 39
S0 297 (3-2002)

Toa soan : 187B, phd Giang V6, Ha Noi
DT - Fax : 04.5144272

Email : toanhoctt@yahoco.com

© 0 6 00

TRONG SO NAY

Danh cho Trung hoc co s¢ — For Lower
Secondary Schools

Lé Duy Ninh - Phat trién tit mét bai
toan hinh hoc

Tim hiéu sau thém todn hoc so cdp -
Advanced Elementary Mathematics

Trén Thi Nga - Vai phuong phéap giai
phugng trinh ham

Vi Dinh Hoa, Nguyén Trong Tudn,
Nguyén Anh Quén - Dung phuong
phap phén hoach tap hop dé giai bai
toin s hoc

Haé Huy Khodi - Giai thudng Lé Van
Thiém nam 2001

Tiéng Anh qua cac bai toan - English
through Math Problems

Ngé Viét Trung - Bai 86 51

Toan hoc va doi song - Math and Life
Phan Thanh Quang - Bai toan ki
nhong dbdi mau

Dé thi tuyén sinh 16p 10 hé THPT
chuyén truong DHKHTN - DHQG Ha
N6i ndm 2001

Nhin ra thé gidi - Around the World

Dé thi chon ddi tuyén toan Rumani
(4 — 2001)

Tong bicn tap :

&
(14
&
@

Ban doc tim toi - Reader's Contributions
Trinh Xuén Tinh, Dé Van Dic — Vigc
udc Iugng gia tri mot bieu thic giita cac
canh mdt tam gidc .

Pé ra ki nay - Problems in this Issue
T12/297, ..., T10/297, L1, L2/297

Giai bai ki trude - Solutions to Previous
Problems

Giai cac bai ctia s6 293

Dién dan day hoc toan - Math Teaching
Forum

Nguyén Anh Ding - V& bai toan
phuong trinh tiép tuyén

Ngé Viét Trung - Giai thudng Khoa hoc
Vién Toan hoc ndm 2001

Ciau lac bo - Math Club
Sai lam o dau ? - Where's the Mistakes ?

Bia 2 : Toan hoc muén mau - Multifarious
Mathematics
Gap gidy dé tao da giac déu

Bia 3 : Giai tri toan hoc — Math Recreation

Bia 4 : Chi nhanh Nha xuat ban Gido duc tai
thanh phd Ba Nang

Chiu trdch nhiém xudt ban :

NGUYEN CANH TOAN Gidm doc NXB Gido Dyc :
Phé téng bién tap : NGO TRAN Al
NGO AT TU Téng bién tap NXB Giflo Duc :
HOANG CHUNG VU DUONG THUY
Hgi dong bién tap :

NGUYEN CANH TOAN. HOANG CHUNG. NGO DAT TU, LE KHAC BAO. NGUYEN HUY DOAN, NGUYEN
VIET HAI DINH QUANG HAO, NG XUAN HUY, PHAN HUY KHAI, VO THANH KHIET, LE HAI KHOL
NGUYEN VAN MAU, HOANG LE MINH, NGUYEN KHAC MINH, TRAN VAN NHUNG, NGUYEN DANG
PHAT. PHAN THANH QUANG, TA HONG QUANG, DANG HUNG THANG, VU DUONG THUY, TRAN THANH
TRAL LE BA KHANH TRINH, NGO VIET TRUNG

Tréng ban bien 1dp - NGUYEN VIET HAL Bién tdp : VU KIM THUY, HO QUANG VINH

Tri si - VO ANH THU. Trinh bay : NGUYEN THI OANH

Dai dién phia Nam : TRAN CHI HIEU, 231 Nguyén Vin Cix, Tp. Hd Chi Minh. DT : 088323044
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Trong bai bdo nay ching toi muén gidi thiéu
véi cdc ban mot sd két qua khai thdc tir mot bai
todn gitp ban doc hiéu dugc ré qué trinh tao lip
bai todn mdi tir bai todn ban ddu, tim dugc
nguén gdc cta bai todn va budc ddu lam quen
véi tap duot sdng tao toan hoc. Trude hét ta hdy
xét mot ket qua hét sire quen thude,

Bai toan 1. Cho tam gide ABC va diém [
trong tam gidc dé. Cac dwong thang Al, BI, CI
cdt cdc canh BC, CA, AB ldn liwer tai A, B’, C".
Chitng minh rang

e IR . R
- -
ARY . BB ae

=1 (1)

A Loi giai. Goi §),
Sz, 53, S 1a dién tich
cidc tam giic IBC,
ICA, IAB va ABC.
Khi d6 ta cé cdc he
thic vé ti sd dién

IfChr@;:-ﬁ:S—l;
AA" hy 8
A° IR' IC
A4 RBL EC
T (1) co ~&+ it +— Ic
AA' BB' CC'
{m IB' IC)
=3- + + =
AAYPRRY: CE
Vay IA 5 IB i Ic 7 @)
AASREY O

I) Van dung cdc hé thite vé ti s8 dién tich va
cdc bit ding thic Cosi, Bunhiacopxki dé ching
minh duge lan luot cdc két qua sau :

V.V el ] B
+——+

, 29 (3)
1A B =2y

e U IR >
37 et 7 |

@/mt tritn
T MOT BAI TOAN HINH HoC

| LE DUY NINH |
(Nguyén GV truong DHSP Ha Noi 2)
IA .’B Lo IC 3 )
!.4 IB I 2
Tix (4) va (5) rit ra —ﬁ a8 : i ng
IA "R e
cing 16n hon 2 ; khong cing nho hon 2 (6)
s Cre oy =
1A IB it 12
1A 1B IC (8)
A" IB' IC'
AA'
A4 BB CC' o
FAve R e
AA'
M BB CC ! N

L. 05 0 cok
Ngoai cdc BDT (1) - (10) chiing ta cdn c6 céc
keét qua sau v6i n 12 s6 nguyén duong :

HA HB fIC > 385
M IB ', i

(1L)
o A4 —_— ! —+ C{-‘ = 3”1 (12)
1A IB IC 2
BB' JCC’
n - L 13
IA B NI ¥ o
zdm +2de +2drc- - A T
G B ol
2#.&1 +2#IB +2{{!C£2"6 (15)
AASAE B GG

Diu dang thifc xay ra trong méi BDT trén khi
va chi khi I Ia trong tam AABC. Xin huéng dan
chiing minh mot s6 BDT.

e Ap dung BDT Cosi va BDT (8) ta c6 BDT
(11)khin=

IA 1B Ic
Vi N "Nie ©
A 1B IC

B ,f =338 =3./2.
A" IBIC

e Tir (1) va BDT (10) ta ¢6 BDT (12) khi n=2:
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AA' \/BB‘ cc'
e e b e S S
1A IB iC

> B s

e Ap dung BDT Bunhiac6pxki va (1) ta duoc
BDT (14)khin=1:

f.’A ffB‘ [IC'
= t1. = =
BB’ G

4 IR e
B e + “\E
\/( )[AA BB' CC]

Mai cdc ban chiing minh ti€p cic BDT con lai.

II) Ta ¢6 thé md rong cdc bii todn néu trén
sang khong gian bang phuong phép tuong ty .
Bai todn trong khong gian dugc chiing minh nho
dp dung hé thic ti s thé tich giong nhur viec dp
dung hr: thirc ti s dién tich trong hinh hoc
phdng Cdch lam nay goép phin rén luyén ki
nang chuyén héa cdc tinh chat hinh hoc gitta
mat phang va khong gian, tir dé thay duoc mai
lien hé khang khit gita hai loai bai tip hinh
hoc nay.

Bai toan 2. Cho i dién ABCD va diém I nim
trong nt dién dé. Cdc dwong thang Al, BI, CI,
DI cat edc mdt déi dién lan luot tai A", B, C,
D’. Chitng minh rdng

AT IR IC' H)'
o 2 = (1)
AA' BB’ CC" DD'
Loi giai. “{lq—FIh—;m L,J'BCD : 'JB'=VIACD ;
AA' hy Vigep BB' Vigep
i :E}ABD Gty 28 Vianc B e L
CC' Vigep DD’ Vygep
st B S
+ o + — =
AA' BB' CC' DD!'

_ Visep *+ Viacp +Vigap + Viase _

Vascp
Tuong tu nhu ¢ phan I, ching ta cé cdc két
qua sau v6i n la s6 nguyén duang :

IA 1B Ic 1D

- + + =3 (2)
AAY BR® GCL DD
M+BB+CC +DD & 16 3)
TA 2 TR el ey
M+IB+.’C+ID212 )
A e RN 8
0 e o 2 | i 0 S | 4
—_——t— = — (5)
AW IR 6 D 3

fi, - i ik khong ciing l6n hon
1 SR O e i

3. khong cting nho hon 3 (6)
AR L BB e 16
+ - + z — (7)
IA 1B IC ID 3
“Li.- IB : IC . D 58] @)
IA Il FE D"
Bergif kOBl oes . )
g 8 e TR
AAr i ] '
BB [ DD 256 (10)

(11)

1A IB ic ID
M— 4 >4
BB AT
(o
A B 3
AA’ BE'

i I > 48
\/M.+J;3- Vi o 24 0
B' 2 2:r 2n-1 (14]

+’\7(CC'+J <A4

Qf.’A‘
AA'
{/ y zd B zd i
' : e DD’
< 2\”‘ 3.43"‘ (15)

Xin mdi cdc ban e chitng minh cdc bat dang
thire (1) — (15) Rdt mong cdc ban tim dugc céc
két qua tuong ty giita hinh hoc phing va hinh
hoc khong gian tir cdc bai todn khidc.

LTS: Téa sean nhdn duce mét sé6 két qud
tong tie, cung not dung voi bai bao ndy ctia ban
Nguvén Hitu Hau, K38D, khoa Todn, BH Vinh.
Maong nhdn duge cde bai bdo khde cita ban.
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Tll'ﬂ HIEU SAU THEM TOAN HOC SO cip

VAI PHUONG PHAP GIAI PHUGNG TRINH HAM

(Tiép theo)

TRAN THI NGA

(GV THPT DL Nguyén Trucong To, Vinh, Nghé An)

Trong THIT s6° 296 thdng 2/2002 da néu 2
phicong phdp gidi ph.',(o’ng trinh ham (PTH), bai
nay gidi thiéu tiép cdc phiong phdp khdc.

3. Phuong phép xéac dinh nghiém duy nhat

Ciing gi6ng nhu cdch gidi phuong trinh thﬁng
thuong, khi gidi PTH ta c6 thé dodn nhan céc
nghiém ctia PTH va chimg minh rang ngoai cdc
nghiém d6 ra PTH khong cé nghi¢m nao khdc.
Théng thudng ta hay thir cdc ham s6 dac h1ex
ham hang, ham déng nhat, ham tuyén tinh, .
xem ching cé phai la nghiém cua PTH hay
khong.,

Vidu 4. Tim tdt cd cdc ham s6'f : R = R thoa
.*mfnﬁf}+f(yjj=y+(ﬂ.rj)2 (1)
vai moi 56 thuc x, y.

(Dé thi todn qudc 1€ 1992)

Gidi. Dé thdy f{x) = x 1a nghiém ctia PTH (1).

Ta s& chimg minh d6 1a nghiém duy nhat clia
(1). Pat a = f{0). Thay 14n lugt x =0 roi ¥ =0
viao (1) ta duoe

Afi)) =y +a’ véimoiy € R (2)

fi +a) = [flo)) véimoix € R (3)

Thay y = 0 vao (2) duge fla) = a (4)

Tir (3) va (4) cé

a +ﬂx2 +a) =fla) + [_)'E(Jc]]2 =

fid + i + @) = fifl@) + FOP) (5

Sir dung (1), (4) ¢6:
ﬂaz +j'[.r2+a]) =x4a+ (f[ﬂu'}]]z =X +a+a

Strdung (1), (2) co:
2 - v i 2\?
ALY +fla) =a+ (AR =a+ [x +a )
Thay céc két qua bién déi nay vao (5) duge
2 4 h
X +a+a =a+ {.r+u ] suyraa=0.
Vay fl0) = 0.

Thay « = 0 vao (2) dugc fifly)) = yhay laz =
fly)ythiy=fiz) vdimoiy,z € R (6)
Tir (3) ¢6 fir) =[]’ véimoix e R. (7)

Tir (7) suy ra néu x = 1> 2 0 thi fix) 2 0.

Néu f{x) = 0 thi theo (1), (7) c6
x=x+ [f0) = + fx) = ) = [An)* =0

Vay t =0 fix))=0, via nfu x >0 thi
flx)>0 (8)

Vi > 0 bat ki dat.y =1 %, tit (6). (1), (7) €6
foky) = F + o) = = + [0 = A + i) =
fly+fiyvéimoiyve Rvax>0 (9

Pat y = —x thi 0 = fi0) = fix + (-x) = fl) +
fl—x) = fi—x) = —f(x) vai x bat ki.

Gia sir fix) = x + u v6i bat ki x € R. Xét cac
trudng hop sau :

e Néu u > 0 thi theo (6), (8), (9) co

x = flfix)) = fle+u) = flx) + flu) = x + u + flu)
din dén mau thudn vi ¢ > 0, flu) > 0 theo (8)

e Néu u < 0 thi - > 0 nén x = f{fin)) =
= flx+u)=—fl—x—u)
= —fi(—x) + (—u)) = =(fl-x) + fl-u)) =
= flx) — fi-u) = x + u — {—u) din dén mau
thudn vi u < 0 va —fi—u) < 0.

e Vay chi xay ra fix) = x vdi moi xeR (dpcm).

4. Phuong phap diém bat dong

Ta c6 thé dua vao an phu u = h(fix) dé
chuyén PTH vé tim « thoa mén phucng trinh
g(u) = u, tic 1a tim diém bat dong ctia him g{u}
Khi x:ic: dmh duoc u ta s& tim dugc nghiém cua
PTH da cho.

Vidu5.ChoS = {x/ x € R, x > =1} Tim tat
cd cde ham sé'f : S — S thoa man 2 diéu kién -

(1) fix + fiy) + Xfiv)) =y + fix) + yftx) voi
moix,y e8;

(2) — f( la ham tdng vor =1 <x<0 va 0<x.

5
(Dé thi todn quéc té 1994)

Gidi. Thay y = x vao diéu kién (1) ta co

fix + (14x) flx)) = x + (1+x)fl) voi moi
xes$ (10)

Pt u = x + (1+0f(x) (1 &
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GIAI THUGNG LE VAN THIEM NAM 2001

Giai thuong Lé Van Thiém ctua Hoi Todn hoc
Viét Nam duge gianh dé tang cac thdy co gido
6 thanh tich xuat sic trong giang day mén todn
d bac phé thong va cdc hoc sinh pho thong dat
thanh tich xudt sic trong hoc tip mén Todn.
Giai thuong Leé Van Thiém ndm 2001 dugc trao
cho cdc thiy gido va hoc sinh sau day:

I) Thay gido.

1. Hoang Vidn Phii, sinh nam 1969, t6 trudng
16 Todn-Tin, trudng THPT chuyén Hoang Van
Thu, Hoa Binh.

- Di 11 nam day Toén tai tinh mién nii Hoa
Binh, lién tuc 1a gido vién day gioi cdp tinh.

- Tir 1996 dén nay, phu trdch giang day tit ca
cdc chuyén dé cho Doi tuyén Todn tinh Hoa
Binh. Cic hoc sinh ciia Déi tuyén da dat 32 giai
qudc gia, trong d6 c6 2 giai nhat, 10 giai nhi.

Duoc ting nhiéu bing khen cla S& GD-DT,
UBND tinh Hoa Binh, B6 GD va DT.

2. Vii Quoc Licong, sinh nam 1953, t6 trudng
16 Todn truong THCS Chu Van An, Ha Noi.

- Pa ¢6 tham nién gidng day 29 nam, lién tuc
chu nhiém cdc 16p chuyén, chon cla truong.

- Lién tuc tham gia boi dudng hoc sinh gidi va

Doi Iuyén quan Ba Dinh, trong d6 c6 nhiéu em
dat giai cao & cdc cude thi Thanh phd, Quéc gia,

HA HUY KHOAI
(Vién Todn hoc)
nhiéu em vé sau dugc giai trong cdc ki thi
Olympic quéc té.
-La déng tic gia cua 2 cudn sdch boi dudng
hoc sinh gioi (NXB Gido duc) va c6 nhiéu bai
dang trén tap chi Todn hoc & Tudi tré.

II) Hoc sinh:

1. Vit Ngoc Minh, hoc sinh 16p 11 (nadm hoc
2000-2001), Khéi Phé thong chuyén Todn -
Tin, trudng DHSP Ha Noi.

- Giai nhat ki thi HS gioi thanh phé 16p 7.8.9.

- Giai nhat ki thi hoc sinh gioi Khéi chuyén
Todn-Tin DHSP Ha Noi 16p 10, 11, 12.

- Giai ba Ki thi HS gioi toan quéc nam 2001,

- Huy chuong vang Cudc thi Olympic Todn
quéc té€ 2001.

2. Lé Anh Vinh, hoc sinh 16p 12 (nam hoc
2000-2001), Kh6i Phé ‘théng chuyén Todn-Tin,
(hién 12 hoc sinh Khéi Cir nhan khoa hoc
nang), truéng DHKHTN-DHQGHN.

- Gidi nhi ki thi HS gidi toian quéc 1999-2000,

- Gidi nhi ki thi HS gidi toan quéc 2000-2001.

- Huy chuong bac Cudc thi Olympic Todn
qudc t& 2001.

L& trao giai thuong L& Viin Thiem nam 2001 da
duoc 6 chitc ngiy 3-3-2002 tai Hoi trudmg Leé
Van Thiém 19 Lé Thanh Tong Ha Noi.

% thi flu) = u v6i mbi u c6 dang (11). Thay
x=uvao (10) tacd ﬁ:uz +2u) = ut+2u.

o Néu -1 < 1 < O thi ciing ¢6 -1 < u® + 2u <0
ma theo diéu kién (2) thi chi cé 1 diém bat dong
trong (=1, 0) nén '+ 2u = u = u = 0 hoic
u = —1 diéu ndy khong xay ra.

e Né&u u > 0 thi «® + 2u > 0. Lap luan nhu tén,
diéu nay cling khong xay ra.

» Vay u = 0 14 diém bat dong duy nhat thudc S
cia ham f nghia la x + (l+x)flx) = 0

= flx) = i
+l

Thir lai ta thdy him nay thdéa min céc diéu
kién (1), (2).

BAI TAP

Ung dung cic phuong phdp trén c6 thé giai
cdc phuong trinh ham sau day :

Bai 1. Giai cac PTH :
a)ﬂxy-szfilj =xv6ix#0,—1,+l.
x+1
b) 2f(2x) = f{x) + x, trong do f lién tuc trén R.
Bai 2. Tim tat cd cdc him s6 f: R — R thoa
man : '
Dfix+y)=f)+Ay YV, ye R
Qf=1;
(3)f[l]=£%9\ﬂLt:0.
X

X

Bai 3. Tim tdt ¢a cdc haim s6 f: ¥ — N sao
cho fim + fim)) = fiflm)) + fin), Ym,n € N.

Bai 4. Tim tat ca cdc ham s6 don diéu tang :
fi: N = N thoamin fil) = 1, /(2) = 2, fipq) =
fip)Raq), véi(p, q) = 1.
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DUNG PH(IONG PHAP PHAN HOGCH Tap HOP
DE GIAI BAI TOAN SO HOC

VU DINH HOA, NGUYEN TRONG TUAN, NGUYEN ANH QUAN

LTS. Bai todn s6 6 trong cudc thi Todn quéc
1€ (IMO} lan thir 36 ) ndm 1995 :‘a mdt bdi todn
kho doi hoi tinh 56 cde tdp con ctia mot tdp hop.
Loi giai bai nay cila ban Ngé Pdc Tudn (Huy
chuong vang ciia IMO ldn thit 36) da duoc ding
trong THTT s6" 224 (ZH 996). Trong bai bdo
"Ding cdi do de dém cdi thdt” THIT 56 250
(4/1998) tac g:a Pdng Hing Thdng da sit dyng
56 phitc dé giai bai todn téng qudt hon sau ddy:

Bai toan 1. Cho p 1A mot s6 nguyén t6 1&. Tim
socidctapcon Actatdiphop X = {1,2, ..., n} co
tinh chit sau :

i) A chira diing p phén tir

ii) Téng tat ca cdc phdn tir clia A chia hét
cho p.

Bdi todn 56 6 cua IMO ldn thir 36 la truong
hop riéng khi n = 2p.

Toa soan dda nhdn dwoc thu cia cde ban :
Nguyén Trong Tudn (GV truong THPT Hung
Vwong, Gia Lai) va Nguyén Anh Qudn (lép 12
Todn, truong THPT NK Trdan Phi, Hdi Phong,
HC bac cua IMO lan thit 42 ndm 2001) vé loi
gidi bai todn néu trén dua trén sy phdan hoach
tép hop. Y ndng nay da duoc trinh bay tém tat
trong hiténg dan gidi cua nuéc ra dé thi la Ba
Lan (ddng ¢ THIT s6 250 thdng 4/1998). Toa
soan da nho TSKH Vi Dinh Hoa viét bai gidi
thiéu phuong phdp phdn hogch tdp hop, dua
frén y kién ciia cdc ban Nguyén Tror:g Tudn va
Ngu}‘en Anh Qudn, véi hi vong cdc ban cé thé
sit dung phuong phdp nay dé giai nhiéu bai
todn khdc.

Ta goi su phan chia tdp hop A thanh cic tap
hop con khéc réng A, A,, ..., Ay (k> 1) clia A 1a
mot phdn hoach ciua tdp hop A néu thoa man
diéu kién :

1) Hop céc tip con chifa tron ven A, nghia la

UAA

i=l1
2) Cic tap con doi mot rdi nhau, nghia la
A nA; =0voimoiiz], i,je{l,2,..k}.
Pé 1ap mot phin hoach cua tap hgp A ta xdc
dinh mo6t quan hé T giifa cdc phin tr cua A co
ba tinh chat sau va goi A quan hé tvong duong :
1) Tinh phéan xa : xTx v6i moi x thudc A
2) Tinh d6i xuing : néu xTy thi yT'x vdi moi x,
v thudc A

3) Tinh bac cdu : néu xTy va yTz thi xTz véi
moi x, y, z thudc A.

Ngudi ta da chimg minh ring : Mot tap hop A
duoc phdn heach thanh céc tap hop con A;, A,
.., Ay khi va chi khi ton tai quan hé tuong dicong
T gifta cdc phédn tlr clia A théa man : xTv < x, y
clng thuoe mot tip con A; nao dé (1 <i < k)

Ta s& van dung phuong phdp phan hoach tap

hop dé giai cac bai todn lién quan dén bai s6
hoc s6 6 trong ki thi IMO ldn thir 36.

V6i méi tap hop s6 hifu han A ki hiéu |Al 12 s6
cic phﬁn tir clia tap hop A va S(A) la tong cdc
phén tir ctia tap hop A.

Bai todn 2. Cho p la mot s6 nguyén t6'lé va
56 nguyén duong t < p. Tim 56 cdc tdp con D
cuatiap¥ = {1, 2, ..., p} cé tinh chdt sau

i) D chita diing t phan tit

ii) S(D) =r (mod p) voi r la hang 56,0 <r < p

Loi giai bai 2. Goi .#'1a 1ap hop céc tap con D
clia ¥ ma 1Dl = t < p.Véi mdi tap D = {d,, ds, ...
d!} I&P énh- K@- {pm : D_} Dm Vé‘i {Pr.l.'(dr') = dm;- nhu
sau ; Q,,(d) = d; + m (mod p) v6i m la hang s va
0<¢,(d)<p-1.Licdé D,,={d,, ... d, } Ta
thiy d;#d; < d,, * dmj. véi i #J nén @, 1a song
dnh va D,, gém f phén tir phan biét.

Dé thdy quan hé D o,D,, gilta céc tap gbém ¢
phan ur trong -4’1 quan hé tuong duong va 4"
duge phan hoach thanh céc 16p roi nhau, mbi
16p gém p tap (dom =0, 1, ..., p—1) vd mai tap
¢6 ding ¢ phén tr.

i

&
Vi vay s6 cdc 16p cha # 12 —
g P

Tinh téng S(D,,) = S(D) + mr (modp), ta thiy
mt khong chia hét cho s6 nguyén t6 p nén S(D,,)
va §(D) ¢6 s6 du khdc nhau khi chia cho p ma
mbi 16p cé ding p tap (m =0, 1, ..., p-1) nén
trong méi 16p phai tén tai ding mot tap c6 s6 du
béng r khi chia cho p.

Vi mbirma 0 <r<p- lgois, lasdcdc tip
D cua .#'ma S(D) = r (mod p) ta két luan dugc

CI
r

S“=31 =..=3 o
S
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- Loi giai bai toan 1. Gia st n = kp + r V6l
0 < r < n. Xét cdc tAp con cha X = {1, 2, ..., n}
nhusau: By ={1,2,..,p};B;={p+l, p+2, ..,
2p} 1 o By = {(=1p + 1, (k=1)p+2, ... kp} ;
C,=X={1,2,.., kp+r) ; G = {p+l, ptl, ..,
kp+r} 3 o Cp = {(k-1p + 1,.(k-1)p + 2, ..,
kp+r}; Con={kp+1,..kp+r} (néu r=0
thi Cpyy = D).

Trong tap ¢ cdc tap con A c6 ding p phdn tr
clia tip X ta xdc dinh mét quan hé T nhu sau :
AT A’ néu thoa min 2 diéu kién

1)néu AU A < C; v6ichis6 i 16n nhat (1 <
<KHthiANC, =A"N C'iyy

2)tén tai snh xa f: AN B; - A"n B; (i l6n
nhat nhu trén) thdoa mén : véi moi x € A M B; thi
flx) = x + m (mod p), trong d6 m 1a hing s6,
O<m=p-1;1<fix)<p.

Dé dang chitng minh duge quan hé T 1a quan
hé tuong dwong trong tdp ¢ va ¢ dugc phéin
hoach thinh 16p cdc tap con c6 ding p phén ti.
Trong phin hoach néy cé k l6p gém diing 1 tap
conla {B,},{B,}. ... {By}. Xétldp co it nhit
hai tdp hop 1a A va A’ véi chi s6 i 16n nhit nao
d6,ma AVA'CcC,licdéANCiy=E=A
A Ciy vaA N B, =D, A' n B; = D". Liic d6
A=DuUE;A"=D"u E v6i D va E r6i nhau, D’
va E r&i nhau . Gia st IDI = ID1 =t = p - |El .
Lic dé xét quan hé T han ché€ trong cdc tap D
gbm diing ¢ phén tir trong tép % cdc tap con D,
ta dp dung duge két qua bai todn 2 :

e Mbi 16p céc tap D ciia - chia ding p tap
hop, suy ra méi 16p cdc tap A cua ¢ cling chia
diing p tap hop, do dé s6 céc 16p nhu thé cha ¢

(e
Cor b vanes ki (BIY:
P

la

e Néu S(E) =p - r (mod p) va S(D) = r
(mod p) thi S(A) = S(D) + S(E) = 0 (mod p)
nghia 1a trong mdi 16p cia tap A cé ding mot
tép hop cé tong cdc phén tir chia hét cho p.

Toém lai, s6 cdc tap con c6 ding p phén tir va
c6 téng cdc phidn tir chia hét cho p bing

P _
k+ == k,trongdﬁk=[—”—}.!.
p P

TIENG ANH QUA CAC BAI TOAN

BAI SO 51

Problem. Given are two skew lines in the
space and two segments of fixed lengths on the
lines. Prove that the volume of the tetrahedron
determined by the endpoints of the two
segments is unchanged by sliding the segments
along the lines.

Solution. Recall that a base of the tetrahedron
is one of its triangular faces and the
corresponding  height is the perpendicular
distance from the remaining vertex to the face.

Since the volume of a
I ,  tetrahedron is
proportional to the area
of a base and the
corresponding  height,
we can solve the
problem by showing that
each of these ingredients
remains unchanged.
Obviously, it is enough to show this claim when
one of the segments is held fixed and the other
is permitted to move. .

Let AB be the fixed segment and let CD move
along a line x. Then the area of the base ACD
remains constant for all positions of CD. The
distance from B to the base ACD is the distance
from B to the plane spanned by A and the line x,
which is constant, too.

Tiur méi:
skew = l&ch, chéo nhau (tinh tir)
space = khong gian
fixed = ¢6 dinh (tinh tir)
tetrahedron =t dién
determine = xdc dinh (dong tir)
segment = doan, doan thang
unchanged = khong thay doéi (tinh tir)
slide = truot (dong tir)
along = doc theo (phé tir)
recall = nhd lai, nhéc lai (d6ng tir)
triangular = dang tam gidc (tinh tir)
height = dd cao
distance = khodng céich
vertex = dinh
proportional = ty 1& thuén (tinh tir)
area = dién tich
solve = giai, gidi quyét (dong tir)
ingredient = thanh phin
obviously = mot cach rd rang (pho tir)
hold = nim, giit, ding (dong tir)
permit = cho phép (dong tir)
move = chuyén déng, di chuyén (dong 1ir)
constant = bt bién (tinh tir)
position = vi tri
span = cing ra, trai ra (dong tit)
NGO VIET TRUNG
7
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BAI AN
Ei SS90 DV A

PHAN THANH QUANG
(Tp. Ho Chi Minh)

il

Ki nhong 13 loai bd sdt ludng cu dao hang
song & cdc bii cdt, bdy bién. O mot hon dio An
b6 Duong c¢6 mot loai ki nhong dac biét, rat
doc ddo. Ching c6 ba mau : xdm (X), nau (hat
dé) (N), tring nhat (T). Diéu thi vi la khi
hai con ciing mau gip nhau thi ching gilt
nguyén mau. Néu hai con khdc mau gap nhau
thi ching doi thanh mau thit ba. Vi du 2 con
mau xdm va tring gap nhau thi chiing cting déi
thanh mau nau.

Tai mot thdi diém ngudi ta dém thdy cé 45
con ki nhong véi cdc mau : 13X, 15N, 17T.

Bai todn dat ra la : Liéu sau mot s6 14n gap
nhau gilfa ching, 45 con ki nhéng véi cdc mau
nhu trén c6 thé bién thanh ciing mot mau duogc
khong 7 Néu duge, thi mau gi ? Néu khong, thi
tai sao 7

Lai giai :

Lic ddutién : X,=13,Ny=15,T;=17.

C6 ba truong hop don gian nhat khi cdc con ki
nhong gap nhau dé ching ddi mau.

Kiéu a : 1 xdm gap | nau thanh tring ca,
nghia la X bét 1, N bét 1, T thém 2, viét tat la

a:(X,N, T) = (X-1,N-1, T+2)

Tuong tur cd :

Kiéu §: (X,N,T) = (X-1,N+2, T-1)
Kiéu y: (X,N, T) » (X+2, N-1, T-1)
Dé thdy rang thit tr cdc kiéu gap la khong

quan trong : «ff = Pa nghia 1a két qua cia hai

ki€u gip o r6i B va B réi o la nhr nhau.
That vay

s (X, N,T)i (X~1,N—l,T+2}E>{X—2, N+1,
T+1)

o (XN, T —E (X-1, N+2,T-1) —a:v (X=2, N+1,
T+1)

C6 thé kiém tra dé thy ring két qua cla cic
kiéu giip nhau khéc ciing vay, nghia 1a ay = ya

va By = yp.

Ta thir tim m&i lién hé gilta cdc mau sau khi
xay ra mét 58 cudc gap gilta cdc con ki nhong.
Gia sir sau a cude gap kiéu a, ta cé

X=Xp-a;N=Ny-a,T=Ty+2a

Tiép theo néu cé b cudc gip kiéu B ta cd
X'=X-b=Xy-a-bvaN"=Ny-a+2b:
T =Ty+2a-b

Tiép theo né&u c6 ¢ cude gap kiéu v ta cb :

X=Xy—-a-b+2c
N=N”_a+2b—c

Suy ra sau @ + b + ¢ 14n gap nhu thé c6

N-X=N,—a+2b-c-(X, -a—b+2c)
=3(b-c)+N,- X,

Vi N, - X, =2taco:

N - X -2 =boisocia3

Néu chiing c¢6 méau trang ca thi N =X =0 =
N - X - 2 = -2 khong phai boi s6 cha 3.

Néu ching co6 mau xim cathiN=0=> N - X
— 2 =-45 - 2 = —47 khong phai boi s6 cia 3.

Néu chiing cé maunducathi X=0=

N - X -2 =45 - 2 = 43 khong phai boi s8
cha 3.

Vay v6i 13 con xdm, 15 con nau va 17 con
trang thi khong thé xdy ra truong hop 45 con
cliing mau sau nhimg lan gap nhau dugc.

Céc ban hay di tir két luan dén gia thiét dé xét
xem vai nhimg mau nao cua 45 con ki nhong thi
sau nhiéu lan gap nhau ching c6é thé cé cung
mot mau ? Tir bai todn nay ban c¢6 nghi ra mot
tro choi méi khong ?

Todn hoc da minh hoa va t6n vinh ban tay ki
diéu ctia thién nhién, ma nguoi ta goi 1a s sdp
ddt vé song, huyén bi ciia Ong Tréi tao nén mot
th€ gidi mudn hinh, muon vé,

(Duta theo bai ctia Jean Brette
trong tap chi Découverte 3/2000)
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DE THI TUYEN SINH LOP 10 HE THPT CHUYEN
TRUONG DHKHTN - DHQG HA NOT NAM 2001

MON THI : TOAN

VONG 1
(Danh cho thi sinh thi vao chuyén Todn,
Ly, Héa, Sinh)
(Thét gian lam bai : 150 phit) .
Cau I. Tim céc gid tri nguyén x, y thoa min
ding thic :
G+ +1=y
Céau II. 1) Giai phuong trinh :
Jx@x+1y—Jﬂx—n=2J:5
2) Giai hé phuong trinh :
x4+ xy+2=3x+y
5 4 y2 =2

Cau III. Cho nira vong tron duting kinh AB =
2a. Trén doan AB ldy diém M. Trong nira mit
phing bo AB chita nita vong tron, ta ke 2 tia Mx
vi My sao cho AMx=BMy= 30°. Tia Mx cit
nira vong tron & E, tia My cét nita vong tron & F.
Keé EE’, FF’ vuéng gbéc xudng AB.

1) Cho AM = g, tinh dién tich hinh thang

vuong EE"F’F theo a.

2) Khi diém M di dong trén AB, ching minh
dudmg thiang EF lu6n ti€p xiic véi mot vong tron
cd dinh.

Cau IV. Gia st x, y, z 12 cdc s6 thue khdc
khéng thoa min hé ding thifc :

Gl
X —+—|+y|—+—|+z|—+— (=2
P ze X R

ok y3 + =1

Haiy tinh gid tri clia biéu thife :

P= L + 1 + i :

b e
Cau V. Véi x, y, z 1a nhitng s6 thuc duong,
hay tim gid tri 16n nhét cia biéu thic
- e
(x+y)y+2)(z+x)

VONG 2
(Danh cho thi sinh thi vao chuyén Todn
va chuyen Tin)
(Thei gian lam bai @ 150 phiit)

Cau VI. 1) Cho fix) = ax® + bx + ¢ ¢6 tinh
chat : fix) nhin gid tri nguyén khi x 1a s6
nguyén. Hoi cic hé s6 a, b va ¢ c6 nhit thiét
phai 14 cdc s6 nguyén hay khong ? Tai sao ?

2) Tim céc s6 nguyén khong am x, y thda man
dang thitc :

=y + fy+1
Cau VIIL Giai phuong trinh :

4fx+1 =x* - 5x + 14
Céaun VIII. Cho cic s6 thuc a, b, x, y thoa mén

ax+by=3

ax® +by* =5
hé : . 3 :
acv +by =9
ax® + by* =17
Hay tinh gid tri ciia cdc biéu thuc :
A=ax + b}:s
B=M2“D1 i b}gﬂﬂl

Cau IX. Cho doan thing AB c6 trung diém la
0. Goi d|, d, 1a cdc dudng thing vudng gée vai
AB tuong (mg tai A va B. Mot gée vudng dinh O
¢6 mot canh cit d, & M, con canh kia cit d, &
N. Ké OH vuéng géc xudng MN. Vong tron
ngoai tiép tam gidc MHB cit «, & diém thit hai
E khic M. MB cat NA & I, duong thing HI cit
EB & K. Ching minh ring K nim trén mot vong
tron 6 dinh khi géc vudng quay Xung quanh
dinh O.

Céau X. Cho 2001 déng tién, méi déng tién
duoc son mot mat bing mau do va mit kia bing
mau xanh. Xé&p 2001 dong tién dé theo mot
vong tron sao cho tit cd cdc dong tién déu cd
mit xanh ngiia 1én phia trén. Cho phép méi lin
doi mat dong thai 5 dong tién lien tép canh
nhau. Hoi vé1 cach lam nhar the, sau mot s6 hiru
han ldn ta cé thé 1am cho t4t ca cdc dong Lién
déu c6 mit do ngua lén phia trén duge hay
khong ? Tai sao ?
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9F TH CHOW 20 THYEN TOAY Rttt
(4 - 2001)

Bai 1. Chimg minh ring néu a, b, ¢ 1a céc s6

phiic sao cho
(a+b)a+c)=b;
(b+c)(b+a)=c;
(c+a)(c+b) = a

thi a, b, ¢ 1a cic s thuc.

Bai 2. Cho tap hop cédc s6 nguyén Z.

a) Cho f, g : Z — Z la céc song dnh. Ching
minh ring ham sé & : Z — Z, dugce xdc dinh bai
h(x) = fix)g(x) véi moi x € Z, khong thé la
toan dnh.

b) Cho f: Z — Z la toan 4nh. Chimg minh
ring tdn tai cdc toan dnh g, h : Z — Z thoa man
flx) = g(x)h(x) véimoi x € Z.

Bai 3. Cic canh clia mot tam gidc c6 do dai la
a, b, ¢. Chimg minh bét dang thic :

(—a+b+c)a—b+c) + (a-b+c)(a+b—c) +
+ (a+b—c)(—a+b+c) = dabc(vg +b+ \E)

Bai 4. C6 ba trudng hoc, méi truong cé 200
hoc sinh. Méi hoc sinh (trong ba trudng nay) co
it nhit mot ngudi ban trong méi trudng (néu a 12
ban clia b thi b 1 ban cla «). Biét ring ton tai
mot tap hop E gém 300 hoc sinh trong céc
trudng noi trén sao cho véi méi trudng S va voi
hai em hoc sinh x # y bat ki trong E ma x, y
khong thuoc truong S thi s6 ban clia x va s6 ban
clia y trong trudng S 14 hai s6 khac nhau.

Chimg minh ring trong méi trudng hoc tim
dugc mot hoc sinh sao cho ching la ban
cua nhau.

Nguoi gidi thiéu : VO DINH HOA

10

LTS: Trong tap chi THIT so 292 (10/2001)
tdc gid Trdn Tudn Diép dd gidi thiéu loi gidi
Bai todn 1 duéi day trong dé thi tuyén sinh vdo
truong DH Vinh ndm 2001 ciing véi sy phdan
tich cde cdch gidi.

Trong bai viét ndy ki hiéu a, b, c la do dai ba
canh ciia mot tam gide va chu vi 2p = a+b+c.

Bai 1. Chiing minh ring véi 2p = 3 thi
3a% + 3b” + 3¢ + dabe > 13 (0

Bai 2. Chitng minh rang v6i 2p = 2 thi

% <@+ +cF+2abc<2 (2)
Bai 2 chinh la bai T3/213 va loi giai da dang
trén THTT s6 217 (7/1995)

Téa soan dd nhdn dugc thi cua cdc ban Trinh
Xudn Tinh (GV todn truémg THPT Phit Xuyén B,
Ha Tay) va ban D6 Van Dic (GV todn truong
THPT chuyén Litang Van Tuy, Ninh Binh) trong
dé chitng minh két qud ciia cdc bai todn iéng
qudt hon duwci ddy, dong thoi ciing néu loi ban
thém ciia TS Nguyén Viét Hai.

Bai 3. (ctia ban Trinh Xudn Tinh)

Ching minh réng :

Epi s prpy 29 Loty

27 P

Gidi : Ap dung BDT Cosi ta dugc
0 < (p—a)(p-b)(p-c) =

2 [pua-!-p—b-F-p—c p iy
9 5 27

3

<0< pg—pz(a+b+c) + plab+bc+ca)—abe < =

27
& p’ < plab+be+ca) - abe < %‘2’1’3
o2 < P[(ﬂ+b+f)2 ~(@* + 1 *Cz))_zabc

£§—p3

27
o2 < 4p® - pla® + b + ) — 2abe < g%f

=1 5—2-,02 < +b+c+ i
2 p

Bai 4. (cta ban Dé Van Pitc)
Chitng minh ring v6i 2p = 3, va s6 thyc £,

<2p*

a) Néu k < = thi 3a® + 3b% + 3¢ + kabe >
>90+k 2 (4a)
thi 3a® + 3b% + 3¢? + kabc <

(4b)

b}Néukz?
<9+k

https://tieulun.hopto.org



hitps:i'www. faceboolk. com/detrungldenmath

hitps:/isites. google. com/siteletrunglienmath

BAN DOC Tim TOI

Vi VIEC Uéc LUG\G GIA TRI m)'r BIEU THUC
GIUA CAC CANH MOT TAM GIAC

Gidi : D& chimg minh réng :

2 2
3a*+3b%+3¢% + kabe — 6[“7”’) r-kc[“—”’] -

= -l—(a—b)z{ﬁ—kc} (3)
a) Néu k < 0 thi 3a® + 3b° + 3¢° + kabc 2
I[a+:!:--!-c.‘)2 + k[%ﬂ)a =9+ k= co (4a)
Giasic<b< avaa+b+c=3thi0<c<1.

NéuO<k=< % thi ke < %.1<6=>ve'ph€ti
(5) duong. Tix d6 3a® + 3b° + 3¢” + kabc >

2 2
3-—(‘} %k 3—6‘) .
2 2
=9+ k+ i(c—l}z(kca- 18 —4k) =9 + k (do

2k £9), suy ra co (4a).
) Gidstas bscvaa+b+c=3th

l=ec< %.Néuka?thikcz §5§.1 >6=>vé

phai (5) Am. _
Tir d6 ¢6 3a® + 3b* + 3¢® + kabe <

2 2
< 3t + 6[3‘C] LA
2 3
o e %(c—l}z(.&c+18-4k) < 9+k (do

18 +kc—4k< 18 + %k -4k =
suy ra co (4b)

Loi ban thém. C6 thé sir dung cdch bién déi
ctia ban Dé Van Dirc dé uéc luong gid tri biéu
thirc

f=a* +b* + ¢* + tabe, trong d6 ¢ 12 tham s6.

Bai 5. Ching minh rdng véi s6 duong 1,

a) Néu it <t< £ thi @® + b* + ¢* + tabe >

4 ip
2,02 (6a)

>3t + 6(

T e
2

TRI_NH XUAN TINH, bO VAN BUC

i thi @ + b + ¢ + tabe >

b) Néu t <
4 8 :
et 6b
3P Z?P (6b)
c)N€ur:_»—;-§- thi @* + B* + ¢ + tabe <
p .
4 8
=P 6¢c)
3 p’ 27 p't : (
Gidi : Dé chitng minh rang

4(a +51 + tabc) =
=(a+ b) (2 +Ic) + (a~b) (2-tc)
hay 4f = 4c? + (2p—c)’(2+tc) + (a—b)*(2—tc)

3Y 9
4f = 8p* + Ic[c—2p+?] +c[4p—}—] "
+(a- b)Y’ Q2-t0)

2
16 b 32 2;:} [ 8 ]
4 4le-Z2)| |e+6—=pt
f = T L [c 3 p
+ (a—b)z(Z—!c)
a) Néu %srgi, xét ¢ 12 canh ngin nhit

P 3p

2p 9 2p iy

thics — = ' i va4p~2:_;0
3 3p 1

nén tir (7a) suy ra 4f > 8p7, titc 1 ¢6 (6a)
b) Néur < % , Xét ¢ 12 canh ngén nhat thi c <

p
o R S e e
3 4p

3 4p 3 2 3
16 32 4
= 6 nén tir (7b) suy ra 4f > —3—p +27 p't, uic
1 c6 (6b).
c) Néut = ;—8 , X&t ¢ 14 canh dai nhdlt thi 2?‘0
P

18 2p_12
)

I[Ep c]}r BP =1 2—1—55‘0
3 3 dpiis

2
(7b) suy ra 4f < % pz +‘-32-,-,’- psr , Wie 1a ¢é (6c)./.

ShE T opn B uilb L > 2 va

6 nén tir
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CAC LOP THCS
Bai T1/297. Tim ba s6 nguyén a sao cho biéu
thirc sau c6 cling mot gia tri: a - 124 +47a
VO TRI BUC
(Ninh Binh)
Bai T2/297. Tim gié tri nho nhét cha biéu
a® b?
- -
l-a 1-b a+b
trong d6 a, b 1 hai s6 thuc duong thoa mén diéu
kitna+b<1

-

thirc +a+b

TRUONG NGOC DAC
(GV THFPT Lé Quy Dén, Quy Nhon, Binh Dinh)

Bai T3/297. Chiing minh bét dang thirc

2 2 2
a a a
L + 2 + 3 +
ay +ay+a;, aytayt+as ay+as+aq
2 2
a a V5
ds +ap +ay @ +ay +ay 3

trong dé ay, ay, as, a4, as la 5 s6 duong thoa
min diéu kién

ai +a3 +aj +a; +as>1
TRUONG CAO DUNG
{8V lép Dién ur 5, K43 PH Bdch Khoa
: Ha Néi)

Bai T4/297. Dudng tron tAm O bdn kinh R va
dudmg tron tAm O’ ban kinh R’ (R > R’) uép xic
ngoai tai diém A. Géc vudng xAy cit hai dudng
tron ¢ cdc diém B va C (khdc A). Goi H 14 hinh
chi€u ciia A trén dudng thang BC. Hiy xdc dinh
vi tri cdc di€ém B, C dé do dai AH I6n nhit va
tinh gid tri do theo R, R".

NGUYEN BUC TAN
(GV Tp. Hé Chi Minh)

Bai T5/297. Cho dudng tron tim O dudng
kinh EF. L&y hai diém N, P trén dudng thing
EF sao cho ON = OP. Tir diém M nio d6 nim
bén wong dudng tron ma khong thudc EF, ké
dutng thing MN cét dudng tron tai A va C,
duting thing MP cét dudng tron tai B va D sao
cho B va O nam khéc phia d6i véi AC. Goi K 1a
giao diém clia OB va AC, Q la giao diém clia

12

EF va CD. Chimg minh ring cdc dudng thang
KQ, BD va AO déng quy.

NGUYEN HOU PHUGC
(SV DH Bdch Khoa Ha Noi)

CAC LOP THPT

Bai T6/297. Cho a, b 1a cdc s6 nguyén duong
nguyén t6 cung nhau, chimg minh rang c6 diing

%{ab —a - b+ 1) s6 ty nhién khong biéu dién

duge thanh dang ax + by vdi x, y la cic so
nguyén khong am.
TRAN NAM DUNG
(GV todn BHKHTN-DHQOG Tp. Hé Chi Minh)

Bai T7/297. Tim gi4 tri 16n nhat clia biéu thirc

a,2 + a% + ..t aﬁ (n > 1), trong dé cac s6 thuc

ay, as, ..., a, thuoc [0; 2] va thoa man
ajtay+..+a,=n
TRINH XUAN TINH
(GV THPT Phii Xuyén B, Ha Tay)
Bai T8/297. Tim moi gid tri cha tham s6 a dé
phuong trinh ax® + 2cosx = 2 ¢6 ding 2 nghiém

(phan biét) trong [0 ; %} ;

NGUYEN VAN CUONG
(SV K26G Khoa Todn, DHSP Ha Néi 2)

Bai T9/297. Dudng tron tam / ban kinh r tiép
xiic véi ba canh BC =a, CA= b, AB = c cla
tam gidc ABC lin luot & céc diém M, N, P. Goi
S 1a dién tich AABC va h,, hy, h_ 12 do dai duomg
cao cua AABC tuong ng véi cac dinh A, B, C.
Chitng minh rang :

1) 45° = ab.MN* + bc.NP* + ca. PM*

MN? NP pPM?
2) + + =
hhy,  hh.  h.h,
LE QUOC HAN

(GV Khoa Todn, BH Vinh, Nghé Anl

Bai T10/297. Cho tt dien OABC vuong ¢ O
(OA, OB, OC vuong géc timg doi mot). Goi o,
B, v 14n luot 14 géec hop béi cdc mit OBC, OCA,
OAB véi mat ABC. Tim gid tri 16n nhdt cua
biéu thiic

[ 1 1 1 ]2 6
+ T + =
tgotgB tghrgy tgytee) rglatg’prgly

BUI LINH PHUONG
{8V K33B khoa Todn DHSP Thdi Nguyén)
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CAC PE VAT Lf
Bai L1/297. Mot doan mach dién c6é so do

nhur hinh bén. Cho bi€t uyy = 127+/2 sin100mt
(V) : S6 chi cia von k& V, 16n gdp doéi s6 chi
ctia von k€ V, : R=350Q ; C = 10°/n (uF).

M D E N
_ﬁci_+_| R:!.__
: T
D ©)

Hay viét biéu thic cia cudng do dong dién
tirc thoi i di qua doan mach dién trén, biét rang
uyp vuong pha véi upy.

NGUYEN QUANG HAU
(Ha Néi)

Bai L.2/297. Cho mach dao dong dién tir nhu

|
hinh v&. L = EH,C= 0 F.R =500
T
mach c6 dién trd thuan R L
nén dao dong tat din. DE
duy tri dao dong nguoi ta
lam nhu sau : Vao thoi ..

diém tu tich dién cuc dai
ngudi ta thay doi khoang

cdch 2 ban tu mot lugng
Ad, va khi dién tich clia tu bang khong thi dua
cdc ban tu vé vi tri ban ddu (cdch nhau d). Cho
ring thoi gian dé thay ddi khoang cdch giita 2
ban tu 1a rit nho so véi chu ki dao dong.

Hay xac dinh do bién thién tuong dai %’f dé
dao dong dugc duy tri.

NGUYEN THANH NHAN
(GV THPT Yén Lac, Vinh Phiic)

PROBLEMS

FOR LOWER SECONDARY SCHOOLS

T1/297. Find three distinct integers a such
that the expression a — 12a* + 47a takes the
same value at them.

T2/297. Find the least value of the expression

a* b?
- +
l-a 1-b a+b
where a, b are two positive real numbers
satisfying the condition a + b < 1.
T3/297. Prove the inequality
e 2 2

+a+b

4 43 a3 2
a2+ﬂ'3+ﬂ4 ﬂ3+ﬂ4+as a4+ﬂ5+£.i'|

2 2
as +a +a, a ta;+ay 3

where a,, a;, as, a4, as are five positive numbers
satisfying the condition

+al +al =1

T4/297. The circle with center O and radius R
and the circle with center O’ and radius R" (R >
R") are externally tangent at A. The rays of a
right angle xAy cut the circles at B and C
(distinct from A). Let H be the orthogonal
projection of A on the line BC. Determine the
positions of B and C so that the measure of AH
attains its greatest value and calculate this value
in terms of R, R".

P il
al +a3 +aj

N THIS ISSCE

T5/297. Let EF be a diameter of a circle with
center O. Take two points N, P on the line EF
so that ON = OP. From a point M inside the
circle, not belonging to EF, draw the line MN
cutting the circle at A and C and the line MP
cutting the circle at B and D so that B and O lie
on distinct sides of the line AC. Let K be the
point of intersection of OB and AC, let Q be the
point of interssection of EF and CD. Prove that
the lines KQ, 8D and AQ are concurrent.

FOR UPPER SECONDARY SCHOOLS
T6/297. Let a and b be two coprime positive

: . 1
integers. Prove that there exist exactly 3 (ab-a

- b + 1) natural numbers which cannot be
written in the form ax + by, where x and y are
non negative integers.

T7/297. Find the greatest value of the
expression a,z +a@ +..+a> (n> 1), where the
real numbers «,, as, ..., @, belong to [0; 2] and
satisfy the condition a;+a; +...+ @, =n

T8/297. Find all values of the parameter a
such that the equation : ax* + 2cosx = 2 has

exactly two distinct roots belonging to [G; g]

(Xem tiép trang 21)
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Bai T1/293. Cho cdc 36 tw nhién n va k

thoa mdn cdc diéu kién: n = ab véi a+b=10

My R A : k
va 50 thdp phdn (hitu han hay vé han) — =
n

0, ayayay ... cd moi chitsd a; (i=1,2,3,..)
déu khdc 0. Ching minh rdang hai chit s6 thdp
phan ké nhau bat ki a;, a.,

bédng nhau.

+  wna . % + k T B e .
Loi giai. Gia sit — =0, g,a,4a,... véi moi g

(i=1,2 ..) déu khac 0. Ta sé chimg minh
béng phin chung

Theo gia thiét n = ab = 10a + b =

=10(10-b)+ b =100-9b (1)
a) Xétay =a,=c >0 thi ALl =CC,05...
n
i1 8 BEOE O py §opgimidden gug,
n 100
(1lc+1n
100 . e
T (1) cé 11cn = 11e(100-95) =
= 100e(11 = b) + bc (3)

(1lc + 1)n = 100c(11-b) + bc + 100 — 9b =
100c(11-b) + 100 — 9(9—c)

<100c(11-b)+ 100 vi9—¢c 20

Thay (3), (4) vao (2) dugc

(4)

be
c(l1-b) + ﬁ <k<c(ll-b)+1
Diéu nay khong xdy ra vi k 12 s6 nguyén
duong.

b) Gia sir @; = @;,, > 0 v6i chi s6 i > 1, khi
k.10
n
h =

dé

= a]az.ua;_l s il g wee

Dﬁt k+10r—1 =piae i ay az...ﬂ}'__l thi

| ol 2, .
—=0,4;a;,.. véis6tunhien hi>0=>h21.
n

14

khong thé

Ap dung két qua cau a ta c6 diéu phai chimg
minh.

Nhan xét. Mot s6 ban gidi theo cdch trén khong
néu ré h > 0 (do gia thigt a; = 0 véi moi i = 1). Cic
ban cé 1&i giai ding 1a :

Phi Tho: Nguyén Quang Huy, 8A, Nguyén
andmg Tho, 9A, THCS Gidy, Phong Chau, Phi Ninh
; Vinh Phic : Bii Hitu Dite, 9A, THCS Vinh Yeén ;
Hu‘ng Yén: Dodn Thi Kim Hué, 8C, THCS Pham
Huy Théng, An Thi; Nam Dinh : Nguyén Diic Tam,
9A7, THCS Trin Pang Ninh, Tp. Nam Dinh ;
Quang Tri: Phan Hodng Phiong Trang, 6/2, THCS
Nguyén Trai, Tx. DPéng Hi , Lé Thanh Nhdn, 8E,
THCS thi trin Hai Lang ; Quang Neai: Hodng Lé
Duy, 8H, THCS Trén Hung Dao, Tx. Quing Ngii ;
Binh Dinh: Nguyén Phiic Tho, 9D, THCS Ngoé May,

Phi Cat.

VIET HAI
Bai T2/293. Cho ba s6"thue x, v, z thoa mdn
cdc diéu kién :

T e
Xyz=2vaxy+yz+:zx< y2(x+y+z2).
Chiing minh rdang trong ba sé x, v, z cé mot

va chi mét sé' lén hon '1(5
Loi giai. (cua Lai Xudn Truemg, 9A, THCS
Gidy, Phong Chéu, Phi Ninh, Phu Tho).

Ta c6 thé phdt biéu va chiing minh bai todn
t6ng quét sau :

Cho ba 56 thuc x, v, z théa man cdc diéu

kién: xyz =¥k (1)
xy+yz +zx<kix+y+z) (2)

voi k > 0. Chitng minh rdng trong ba sé'x, v, z
€6 mot va chi mot sé lém hon k.

Xét A = (=) (y=k)(z—k)

= kz{x+y+z} — k(xy+yz+zx) (do (1))

= k[k(x+y+2) - (xy+yz+zx)] > 0 (do (2))

Diéu nay chimg td trong ba s6 (x—k), (y—k),
(z—k) chi xay ra hai trudng hop :

a) Ci ba s§ déu duong. T d6 suy ra

xyz >k (mau thudn véi (1))

b) Chi ¢6 mot s6 duong, tifc ¢6 moét va chi
mot s& 1an hon k.

Cho k = Y2 ta & vé bai todn cdn chiing
minh,
Nhan xét. Rat nhiéu ban c6 1&i gidi 1ot :

Pong Théap : Neuvén Thi Minh Chdu, 9T, THPT
Cao Linh ; Tp. Ho Chi Minh: Nguyén Lé Hodng,
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GIAI BAI Ki TRUGC

31, Héng Bang, Q.5 ; Khanh Hoa: Pdo Thi Thanh Ha,
9'® THCS Thai Nguyén, Nha Trang ; Pic Lic : Ngo
Thi Huvén Trang, SAI. THCS Trin Hung Dao, Buén
Ma Thudt ; Quang Ngai: Bii Lé Trong Thanh, 9D1,
THCS Nguyén Nghiém ; Da Ning: Thdi Thanh Hdi,
9/2, truong Nguyén Khuyén; Quang Tri: Phan Hodng
Phicong Trang, 6%, THCS Nguyén Trdi, Déng Ha ;
Nghé An: Nguyén Bic Hing, 9A, THCS H6 Xuan
Huong, Quynh Luwu ; Thanh Hoéa: Nguyén Hing
Phong, 8A1, THCS Nhir B4 Si, Hoang Héa ; Nam Binh
: Luu Dire Ly, 9C, THCS Dao Su Tich, Truc Ninh ;
Nguyén Thé Tién, 9A2, THCS L& Quy Don, Y Yeén ;
Hung Yeén: Trdn Quéc Viér, 9D, THCS Lé Loi ; Hai
Duong: Trinh Quoc Bdo, 9A1, THCS Chu Van An,
Thanh Ha ; Nguyén Ditc Phicong, 9A, NK Trin Pha ;
Hai Phong: Trdn Xudn Diing, 9A, Nguyén Vii Ldn, 8A,
PTNK Trin Phi; Ha Noi : Nguyén Pham Hién, 9A, Ha
Noi — Amsterdam ; Bdc Ninh: Nguyén Vdn Hién, 9B,
THCS Nguyén Cao , Qué Vo, Luu Thi Thu Trang, 8A,
THCS Yén Phong ; Ha Tay : Cdn Vdn Bdng, 9A,
THCS Thach Thét, Phing Quang Hiép : 9A, THCS Ba
Vi ; Vinh Phiic: Nguyén Phu Cudng, 9B, THCS Yen
Lac ; Phid Tho: Ngé Vinh Tho, 9A2, Nguyén Trung
Kién A, 8A, THCS Gidy, Phong Chau, Phii Ninh.

duong thoaman : x + y + z = 2001.

Loi gidi. (cha nhiéu ban). Sir dung bat ding
thire Cosi cho 20 s6, trong d6 ¢6 11 s6 y va 8
s0 667, ta co :

20

yl16678

+11y+8.6672

x20
> 2020 —————. y!1.667¢ = 20x
y“ﬁﬂ?s

Tuong tu :
y20
216678
220
i hoeTs
Cong theo timg vé& cdc bat dang thic trén va
bang bién doi don gian, ta thu dugc bat ding
thiic
X2 20 520

yll = gl el
> (9(x + y + 2) -3.8.667).667° = 3.667°

+ 11z + 8.667 = 20y

+ 11x+ 8.667 = 20z,

2

TO NGUYEN
T3/293. Tim gid tri nho nhdt cria biéu thic
S04 3REN o
——+——+—— trong dé x, y, z la cdc s
V” :l[ X]]

v6i diing thic xay ra chi khi x = y = z = 667.
Vay gia tri nho nhét cin tim 12 3.667°.

Nhan xét. Khodng 1/3 s6 ban giai sai bai todn nay di
ciing di tdi két qua dung 1a gid tri nhé nhat cia biéu
thitc dat duoc khi x = y = z. Chii yéu phuong phép cic
ban diing hoan toan sai, phé bién nhit 1a cdc ban di t6i
mot bt dang thic déi vai xyz va két luan vi dang thic
xay ra khi x = y = z nén gi4 tri nho nhét dat dugc khi x
= y=z (luu ¥ tai gid tri nay, xyz dat gié tri 16n nht véi
ring buéc x + y + z = 2001). Nhiéu ban di 16i bt ding

20 Pzﬁ 200
thitc ding — +——+— = X+ y9+ 2 16 ciing ket
TRt T gl
ludn déng thiic xdy ra khi x = y = z vA d6 14 gié tri nhd
nhat, K&t luan tuy ding, nhun%thié’u co s&f todn hoc, vi
phai tim xem khi dé ham sd x + yg +2 ¢b dat gid tri
nho nhat tai gid tri x = v = z hay khong. Khd nhiéu ban
néu ra va gidi bai todn tdng qudt cho n bién.

VU DINH HOA
Bai T4/293. Cho tam gidc ABC va diém M
nam trong tam gidc. Puong thang qua M cdt
cdc canh AB, AC lan lugt tai D, E. Chitng

L

minh rdng': Sypp -Sycr S—8% 5.
: ' MCE ADt
64

Xdc dinh vi tri cria M dé ddng thitc xdy ra.

Loi giai. Hai tam gidc c6 chiéu cao bing
nhau thi ti s6 dién tich cla chiing bang ti s8¢
taiiih dhy, iah Seom _ SepM ., SBDE | SBAE

e SmpE Ser  Sasc
_DM_BD 4F
DE BA AC
vy Smec _ Smec | Spec  Spac _
Sisc  Spec  Spac  Sasc
_ME_EC DA
DE AC BA
Do dg SMep XSuce _
Sisc
G BDxADxDMKMEKAEXEC
AB? DE? AC?

Ma BD x AD < i(BD +AD)* = iABz (Bit

ding thiic Cosi)

Tuong tu DM x ME < %m:2

AE x EC < -j:ACE
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GIAI BAI Ki TRUGC

2 1
Vay Sysp % Syce < a*ﬁﬂc

Dau ding thic xdy ra khi va chi khi ba déu
dang thirc xay ra & ba BDT Cési, nghia la BD
= AD, DM = ME, AE = EC tic M la trung
diém cia trung tuyén xudt phat tir A.

Nhan xét. Nhiéu ban trinh bay bai giai dai dong,
phitc tap. Cdc ban sau cé 11 giai gon gang :

Vinh Phuc: Bii Hitu Pite, 9A, THCS Vinh Yén ;
Hai Duong : Nguyén Anh Tudn, 8, THCS Lé Quy
bon ; Phd Tho: Ngo Vinh Tho, 9A2, THCS Gidy
Phong Chau, Phi Ninh ; Nam Binh : Nguvén Dic
Tdam, Vi Khdac Ky, 9A7, THCS Trin Dang Ninh ; Hai
Phong : Tran Xudn Diing, 9A, THPT Tran Phi ; Ha
Tinh: Trdn Danh Tudn, 9f2, THCS Lé Van Thiém.

VU KIM THUY

Bai T5/293. Cho tam gidc ABC vai I la tdm
dwong tron néi tiép va G la trong tam. Biéi
rang Al L IG. Chitng minh :

AB + AC > 2BC.

Loi giai. Cdch 1. Nhan xét ring néu AABC
cén tai A thi Al = AG, vi pham gia thiét AJ L
IG. Gia sl rang AB < AC, Al cit BC tai D.
Dung MN L AD tai N. Khi d6 ADC =
ABC +BAD > ACB+DAC. Nhmg vi
ADC + ADB = 180° nén ADC > 90"

Tir d6 D ndm gitta I va N, suy ra IN > [D.

Mt khac tix IG Jf MN ta 6 AL = AG _
; IN  GM

= Al = 2IN > 2ID

A

C

Ap dung tinh chdt dudng phan gidc trong
mét tam gide, ta duge

BD DC ID
= AB+ AC > 2(BD + DC) = 2BC (dpcm).

16

Cdch 2. Goi P, Q lan luot 1a cic giao diém
clia dudmg thing IG véi cdc canh AB va AC ;
x, y 1a khoang cdch tir G dén cdc canh do. Goi
hy, h, 14 cdc dudng cao clia AABC ké tir B, C.

Khi d6 x = %h(. iy = %hb. Nhan thay AAPQ

cin tai A = AP = AQ, tir 46 (x + VAP =
284pg = 2AP.r (rong d6 ¢ la ban kinh dudng
tron néi ti€p AABC). Suy ra x+y = 2r hay

1
—(h, +h.)=2r
S{Ib 1)

Str dung cic cong thiic
o 25,50 (@a+b+o)r
b —_— =

b b
hc_: M taduqc
i
(a+b+c}[al~+l) =i
bose
Ap dung BDT é+i > t (>0, >0,
: +c

b#c) ta ¢6 b+c > 2a hay AB+AC > 2BC (dpcm).

Nhan xét. Rat nhicu ban da gini len gidn vé& Toa soan
va déu gidl ding. Cic ban ¢6 1&i giail gon hon cd 1a

Ha Noi : Nguyén Thanh Tung, 8A1, THCS Ling
Thugng ; Phi Tho : Lai Truéng Xuedn, 9A, THCS Gidy,
Phong Chau, Phid Ninh ; Hai Duong : Lé Dinh Huy,
9A, THCS Nguyén Trdi, Nam Sdch ; Nam Binh : Pham
Kim Hung, 9A2, THCS Lé Quy DPon, Y Yén ; Pham
Vdan Hai, 9C, THCS Dao Su Tich, Truc Ninh ; Thanh
Hoa : Nguyén Ngoc Ti, 9B, THCS Lé Dinh Lién, Yén
Dinh ; Bii Anh Viér, 9B, THCS trdn Mai Ninh, T.
Thanh Héa ; Nghé An: Nguyén Ngoc Cuorg, 9B,
THCS Hé Xuan Huong, Quinh Luu ; Khanh Hoa: Vé
Thong Thdi, 9B, THCS Ng6 Gia Ty, Cam Nghia, Cam
Ranh ; Hai Phong : Nguvén Thanh Huyén, 8A. Pham
Anh Minh, 9A, Bdng Ngoc Chién, 8B, THPFT NK
Trén Phi.

HO QUANG VINH
Bai T6/293. Tim tdt cd cdc gid tri nguyén
12 -6x

ctia biéu thic trong do x

16x* —219x + 249
la bién 56 thuc,
Loi giai. (cha ban Trdn Manh Ha, 12A1,
THPT chuyén Vinh Phiic)
Tacé: 16x* — 219x + 249 =
= (4x* = 7)% + 5622 - 219x + 200
ma 56x* — 219x + 200 > 0 (do A < 0)

do d6 16x* — 219x + 249 > 0 (Vx)
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12 - 6x
16x% - 219x + 249

Ta chitng minh

a)fix) <2< 16 - 216x + 243 2 0 =

(4*-9)? + 18(2x-3)*> 0. D4u bing khi x = % :

bat fix) =

b) fix) > —1 < 16¢* — 225x + 261.> 0
< (4x% = 9) + 72x* = 225x + 180 > 0 diing vi
tam thitc 72¢* — 225x + 180 c6 A=-1215<0

Vay -1 < fix) £ 2. V6ix =2 thi fix) = 0.
Ham f{x) lién tuc nén di qua tit ca cdc gid tri
trong [0, 2]. Vay 3x dé fix) = 1. Nhu vay, tat
ca cac gid tri nguyénctua fix)1a 0, 1, 2.

Nhan xét. Nhiéu ban ¢6 1 giai 1t nhu :

Phan Thanh Nam, 11T2, THPT Luong Véin Chénh,
Phi Yén ; Nguyén Manh Long, 12N, THPT Thang
Long, Hodang Ngoc Minh, 11A chuyén Hing Vuong,
Phi Tho ; Trdn Tién Hodng, 12 chuyén Lé Quy Don,
Quang Tri ; Nguyén Lam Tuvén, 12 chuyén Hoang
Van Thu, Hoa Binh ; Lé Bdo Khdnh, 10A Todn,
DHKHTN - DHQG Ha Noi ; Lé Diép Kiéu Trang.
12T, Luong Thé Vinh, Pdng Nai ; Neuyén Lam Hung,
PTNK DHQG Tp. Hé Chi Minh : Trdn Ngoc Trung,
11T, Lé Quy Pon, Quy Nhon, Binh Dinh ; Nguvén
Huy Cung, 12T, THPT Lé Khuyét, Quang Ngai. Ciing
cd mot vai ban cho ddp sd khéng diing.

DANG HUNG THANG

Bai T7/293. Xér day sé' (u,) (n=1,2,3, ...)
ditoe xdc dinh boi :

v u,

up=a>0, u, =u,+| I"_i|—\_
- | =

voimoin=1,2,3,..
(ki hiéu [x] la s6 nguyén lon nhdt khong vieor
qua x). Chitng minh rang day sé nady cé gici
han va tim giot han do.

Loi giai. (cla da s6 cdc ban)

Tir cdch xdc dinh day (u,) ta c6 nhan xét sau:
Néu3m e N d€ u,, = 1,y thi lim u, =u,,.

—Khiae(0; D34 w[6;12) thin, =

i; nén limu, =a.
H—o0

—Khige[l;2)u[4; Sthius=u,=a+2

nén limu, =a+2
H—m

—Khiae[2;:3)U[5:6)thiu,=u;=a, +1

nén limu, =a+1
H—o0

— Khi a € [12 ; 13) thi w, = u; = 1 nén

limu, =a-1=11+ {a}.
H=pod

Tuong ty, khi g € [13; 14)thiw, =u; -1 €
[12; 13)vaus=u;— 1 nén limu, =u3=a-

2 =11+ {a}.

Ta chiing minh bang quy nap theo m : Néu
ton tai u; € [12 + m ; 12 + m + 1) thi ton tai u;
e [11, 12) véi j du lén.

Thatvay, néu u, e [12+k+ 1,12+ k + 2)

thiw,, =u,+ [Ju_]—[u?‘} <.

Suyra limu, =11+ {a}.
R—m

Két luan :
- Néua e (0; 1) v [3; 4 v [6; 12) thi

limu, =a
n—o0

— Néu a € [1; 2) v [4 5) thi limu,
H—»o0

=a+2
—Néua e [2;3) ][5 6)thi limu, =a+1

H—pat

~Néug>12thi limu, =11 + {a}.

H—»0

Nhin xét. Cidc ban sau day c6 1o gidi tot :

IHoa Binh: Vi Hiu Phuong, 1ICT, THPT Hoang
Vian Thu ; Vinh Phac : Cac Viér Ding, Nguvén Vin
Gicip, Npuyén Xudn Truong, Trdn Bd Bdch, 12Al,
Nguyén Duy Hung, 11B2, THPFT chuyén Vinh Phiic ;
bBoing Thap: Nguvén Va Vinh Loc, 11T, THPT Sa Péc ;
bong Nai: Lé Phuong, 11T1, THPT chuyén Luong Thé
Vin h ; Ninh Binh: Trinh M¥ Chédu, 11T, THPT chuyén
Lwong Van Tuy ; Pha Yén: Phan Thanh Nam, 1272,
THE'T chuyén Lwong Van Chanh, Hujnh Thi Thiy
Lam:, 8C1, THCS Phi Lam ; Quang Ngai: Nguvén Duy
Thamh, 11 Ly, Trdan Thidi An Nghia, 12T2, THPT
chuyén Le Khi€t ; Thanh Hoa : Bii Hong Quvén,
11°T1, THPT Lam Son, Nguyén Minh Céng, 12T, THPT
Lam Son ; Quang Ngai: Nguyén Hdi Duvén, 11T, Trdn
Tién Hoang, 12T, THPT chuyén Lé Quy Don ; Ha Noi:
Lé Hing Viéi Bdo, 10A Todn, Vi Dinkh Thé, 11A Toin,
Nguyén Hitu Thudn, 11B Toan, Nguyén Puic Nhdr, 12B
Todn. DHKHTN - DHQG Ha Néi : Tp. Hé Chi Minh:
Nguyen Lan Hung, 11T, BHQG tp. HCM ; Bac Giang:
Nguyén Tudn Huong, 12A2, THPT Viét Yén ; Khinh
Hoa: Nguyén Tiér Viér, 10T, THPT chuyén Lé Quy
ben ; Hai Duong: Nguyén Thanh Nam, 11T, THPT
Nguyén Trai ; Lao Cai: Nguyén Quac Tudn, 12A,
THPT I.ac Cai ; Nghé An : Nguyén Dite Nam, 10Al,
PIC Tosin — Tin, BH Vinh.

NGUYEN VAN MAU

{73
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GIAI BAI Ki TRUAC

Bai T8/293. Chiing minh rang
f [_1).".

; 1 + k2
trong dé C™ la té hop chdp m ciia n.

Loi giai. (cla cdc ban Vi Khdc K¥, Nguyén
BPire Tam, 9A7, THCS Tran Dang Ninh, Nam
Pinh ; Trdn Manh Tudn, 9C, THCS Triéu Thi
Trinh, Triéu Son, Thanh Héa ; va nhiéu ban
THPT).

et <0

n+k

s T
+ k?

Ky hiéu g, = 1
Chiing ta s& chiing minh a; > a, > ... a,,.
Véik=12,..,n-1tacéd

o _(tktDin—k-D! _n+k+1_
CI (k) Nn—k)! n—k
Nigvay er SERt s Tepis
1 1
T+ 142 0 T T4pl
Dodéa;>a;>..>a,

1

>

Va ro rang

WA, ot LN ¢
H +C‘]i+ i
c qua lz:l: 1 + kz 2n
(@ +a)+H -t +a)+..+-6,,+a,)
néln chin
(o +a) +(—ay +a) +..+(—a, 5 +a,.,)-a,
néunlé

< 0 (dpcm).

Nhan xét. Toa soan nhan dwoc 14i gidi cia 71 ban,
trong dé c6 3 ban THCS, ¢6 70 ban da giai bai todn
theo cdch trén.

NGUYEN MINH bUC

Bai T9/293. Cho tam gidc ABC vai BE, CF
la cdac duong phdn gidc trong. Cac tia EF, FE
cdt duemg tron ngoai tiép tam gidc theo thit ty
tai M, N. Chitng minh rdang

1 I 1 1 l 1

BM 5 CN AM : AN | BN CM
Loi gidi. (Nguyén Nam Chdn, 10A1, T8

chuyén Vinh Phic ; Pinh Duy Hién, 12T,

THPT chuyén Hoang Vin Thy, Hoa Binh)

Kihiéu: BC=a,CA=b,AB=c.

18

— Ap dung dinh Ii
Ptolémé vao hai i
gidc noi ti€p AMBC
va ANCBtaco:
aAM+bBM=cCM (1)
aAN+cCN=bBN (2) &

Tir (1) va (2)
ta duoc :
a(AM+AN) = b(BN-BM) + c(CM—CN),
hay 1a

AM+AN = 28BN - BM)+ S(CM ~CN) (3)
a a

— Mat khac, lai c6 :

Lo AM . ME

AAMF« ANBF (g.g) = EN - BF (4)

Ciing vay :

AANF « AMBF iN_=£=> (5)

BM MF

Tir (4), (5) va tinh chét dudng phan gidc c6 :
AMAN _AF _b ©
BM.BN BF a

Chimg minh tuong tu, ta dugc :

AMAN _AE ¢ )

CMCN CE a
Tir (3), (6) va (7) ta thu dugc hé thic (*) cdn
tim.
Chii y. Chi tlr (2), (6) va (7) ta cd hé thic :
1 A Iy v il @)
AM CM BM
Hoan toan twong tu, tir (1), (6) va (7) ta
dugc :

1 1 1
+ —
AN BN CN

Va tir (8) va (9) ta cling dugc (*)

Nhin xét. 1) Néu chi xét mot tia [EF) hoic [FE) thi
ta dugc he thic (8) va (9) ; mot trong hai hé thic niy
cho ta bi€t quan hé giira ba khodng cdch tr M (hodc N)
dén cdc dinh cla tam gidc ABC. Xét vé khia canh tinh
chit hinh hoc lién quan dén dudng phan gidc va dudng
tron ngoai ti€p mot tam gidc thi (8) hoic (9) 1a dep
hon (*).

2) Mot s6 ban chitng minh (*) bing cic cdch khéc :

e st dung dinh 1i ham sin va dinh li Piélémé ciing
thiét lap duoe (8), (9).

s dung hinh chifu vuéng gdc coa M, N, E. F len cic
canh cia tam gidc ABC.

(%)

https://tieulun:hopto.org



https:rwww. facebook com/Adetrungldenmath

hittps:/sites. google. com/site/letrunglienmath
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Ngodi ra ban Trdn Bdc, 10A1, THPT chuyén Vinh
Phiic ¢6 nhan xét thém : n€u AABC khong can & B va
thay phan gidc trong BE bang phan gidc ngoai, thi trong

1
duc!c thay bing ———

(*}
cM’

4) Ngoél céc ban da néu tén, cdc ban sau day co l&i
gidi gon hon ca:

Ha Noi : Trdn Tudn Anh, Lé Bao Khdnh, 10A Todn,
DHKHTN - PHQG Ha Noi ; Vinh Phiic : Nguyén
Vén Gidp, 12A1, THPT chuyén Vinh Phiic ; Phd Tho:
Hodng Ngoe Minh, 11A1, THPT chuyén Hing Vuong,
Viét Tri ; Hai Duong: Phan Tudn Thanh, 10T, Nguyén
Thanh Nam, 11T, Nguyén Anh Ngoc, 11A1, THPT
chuyén Nguyén Trai ; Hai Phong: Trdn Xudn Ding,
9A, THPT NK Trin Phi ; Hoa Binh: Hd Hiu Cao
Trinh, 11T, Nguyén Ldm Tuyén, 12T, THPT chuyén
Hoang Van Thu ; Thanh Héa : Mai Quang Thanh,
11T1, Lé Manh Trung, 111, THPT Lam Son; Nghé An :
Ddu Minh Hodng, 10A1, PTCT, DH Vinh ; Quang
Tri: Phan Quéc Hung, 12B, THPT Hai Lang ; Quang
Ngai: Nguyén Huy Khiém, 10T1, Nguyén Huy Cung,
12T2, THPT L& Khiét ; Pha Yén: Huynh Thi Thiy
Lam, 8C1, THCS Phi Lam, Tuy Hoa, Phing Trong
Thitc, 11T2, THPT chuyén Luong Van Chdnh ; Pong
Thap: Lé Thanh Nhdn, 12T, THPT thi xa Cao Lénh,

NGUYEN DANG PHAT

Bai T10/293. Cho tir dién ABCD vai tam
dién vuéng dinh A. Xdc dinh vi tri diém M dé
biéu thicc sau la nho nhdr :

V3MA + MB + MC + MD

Loi giai.

Cdch 1. (cua ban Hodng Ngoc Minh, 11A1,
THPT Hing Vuong, Phi Tho)

Vi cdc véclo iﬁ é—{?— flﬁ cd do dai
AB’' AC' AD
bing 1 va d6i mot vum‘.‘mg géc véi nhau nén :
AB AC | ADY ik PR B
AB AC AD
—(AB _AC 4Dl _ &
AB AC AD
Tir dé, v6i moi diém M ta 6 :
J3MA + MB + MC + MD
AB AC AD|— MB.AB
= —+——-——+—‘ ‘ 5
AB AC AD AB
MC.AC MD.AD
+ + 2
AC AD

AB AC AD)-— MBAB
——— +
AB  AC  AD AB
MC.AC MD.AD
. + 5
AC AD
(A + MB)AB (AW +¥C)AC
= + +
AB AC
(mmﬁ)ﬂ)‘
+
AD
—2 —2 —2
L dioe) i s ibighag et BB €
AR AC. AD

Ding thifc xdy ra khi va chi khi M tring A.

Vay : (V3MA + MB + MC + MD] nho nhét
khi M tring A va gi4 tri nho nhét dé bing
(AB + AC + AD)

Cdch 2. (cha ban Phan Thanh Nam, 11T2,
THPT Luong Van Chanh, Phi Yén).

L4y M bat ki. Goi By, Cy, D, lan lugt la hinh
chi€u vudng géc clia M trén cac dudng thang
AB, AC,AD. Tac6:

J3MA = \[3(AB? + AC? + AD?) 2

2AB, +AC, +AD,;
MB>B,B: MC>C,C :MD>D,D

Vay /3 MA + MB+MC + MD 2
= (ABl + Bl.B) + (AC] + C}C] + (AD] + D]D)
ZAB+ AC + AD

Pang thitc xdy ra khi va chi khi M triing A.
Tir d6 ta c6 két luan cén thiét cho bai toan.

Cdch 3. (cta ban Lé Diép Kiéu Trang, 12T,
THPT Luong Thé Vinh, Pong Nai).

Vi tif dién ABCD c6 tam dién dinh A 1a tam
dién vudng nén ta lap hé toa d6 vudng géc
Axyz saocho A (0; 0; 0) ; B (b ;0 :0)
C0:c;0;D0;0;d)vdib=AB;c=AC;
d = AD. V&i diém M (x, v, z) bdt ki ta ¢6 :

BMA = \[3(x2 + y? +22) 2

> |x+y+zl (Theo bt dang thiic Bunhiacopxki)
MB=\[(x-b? +y* +22 2l b-x|
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MC = Jx? +(y—c? +22 2lc—yl

MD:sz +y2 +(z—-d)? 2ld-z|

= \3MA + MB+ MC + MD =
= Ix +y+zl + 1b—xl + le—=yl + ld—z|
> lx+y+z+b—xt+c—y+d—zl = |b+c+dl = b+c+d

Ding thiic xay ra khi va chi khi x=y=z=0.
Tir d6 ta 6 két luan cén thiét cho bai todn.

Nhan xét. 1) Bai todn nay c6 81 ban tham gia gii,
(chi cé mot ban gidi sai) véi ba hudng gidi co ban néu
trén.

2) Céc ban sau day c6 1o giai t6t @ Vinh Phic :
Nguyén Xudn Trudng, 12A1, Kiéu Ngoc Thanh, 11B3,
THPT chuyén Vinh Phdc ; Quang Ngai: Nguyén Duy
Thank, 11 Li, Trdn Thdi An Nghia, 12T2, THPT
chuyén Lé Khiét ; Nghé An: Hodng Vit Tdi, 10A2,
Nguyén Ti Anh, 11A1, THPT Phan Boi Chéu ; Hoa
Binh: Nguyén Ldam Tuyén, 12T, Ha Hiu Cao Trinh,
LIT, Vii Hitu Phuong, 11T, THPT Hoang Van Thu ; Ha
Noi : Lé Bdo Khdnh, 10A Todn, PHKHTN - DHQG ;
Nguyén Chi Hiép, 11A1, Phan Lac Viét, 11A2, khéi
PTCT - Tin, DHSP Ha Néu.

NGUYEN MINH HA

Bai L1/293. Mér vdt AB khéi lugng M, dong
chdt, tiét dién déu, cé dang mot cung tron
chiéu dai L, bdn kinh cung tron la R, vdt duwoc
treo vao diém O c¢d dinh nho 2 soi ddy nhe
OA va OB ciing chiéu dai bang R (hinh vé).
Kich thich cho vdt dao ddong nho trong mdt
phing thdng dimg.

Chitmg minh vdt dao déng diéu hoa.

Tinh chu ki dao déng. B qua ma st.
Loi gidi. Pat AOB =2a = %. Xét vat lech

khoi vi tri can biing mot géc @ rat nho, Ki
hiéu A’ 12 diém d6i xing v6i A, tacé A'OB =
2¢. Ap dung phuong trinh chuyén dong quay
cla vat quanh truc O
nim ngang, ta cé
I = MR’. Momen
trong luc hai phéin
MA va MA’ triét
titu nhau, nén chi
cOn moémen trong luc
cia cung A'B tic
dung lén vat ., =
mypgRsin(o—p+¢) =

MR . 2MgR? sina
[ 7 .th] g.Rsino = 7 @

Ta cé phuong trinh (do mémen nay c6 tdc
dung kéo vat trd vé vi tri can bang) : I¢" =
2gsina

L
AB dao dong diéu hoa véi tdn s6 goc o =

: 2
’zg%g.véichukii":n L

sin( L] .
& s OB

Chi ¢ ring c6 thé giai bdng cich khéc : xem
vdt nhie mot con lde vdt Ii, tim vi tri khéi tam
G ctia con ldc va dp dung 1ap luan nhu véi con
lac vat li.

Nhan xét. Mot s8 em tim duoc ddp s6 nhung 1ap ludn
thi€u chat ché. Cdc em ¢ 1ap luan hop i :

Ha Tinh: Nguyén Xudn Bite, Nguyén Vin T3, 11 Li,
THPT chuyén Ha Tinh : Thanh Héa : Lé Vdn Ducng,
12A2, THPT Hau Loc I ; Yén Bai: Ngoc Anh, 11A2,
THPT chuyén Nguyén Tét Thanh ; Phii Tho : Vi Quoc
Hién, 11B, Luu Quéc Tudn, 12B1, THPT chuyén Hing
Vuong.

—AMlyp = @" + @ =0 : ching 16 vat

MAI ANH

Bai L2/293. Bén dién trd cé gid tri 1, 2, 3,
4(£2) duoc mdc vao so dé mach dién (chia ré
vi tri) nhu hinh dudi. Biét U = 10(V ). Ampe ké’

A, chi 2(A). Xdc dinh s6 chi Ampe ké A, biéi
56 nay la sé" nguyén. Bo qua dién tro cdc
Ampe ké.

Loi giai. Ki hiéu cdc dién trd nhu wén hinh
vé. Gia sir dong dién chay qua A; cé chicu tir
C—>D.ChonVyg=0=V,= 10V, Tai C 1a
10-V, V¥
i Lh o BT

1 2

c6l,=1,+ 14, suyra
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Tuong tu, tai D : Iy = I3 + [, suy ra
Vi 0-V-
it C 42 (2). Tr(l)va(2)rmitra:
R, R,

Dé dang nhén thay :

X=RRR; + R R2R4 + R\RRy + R2R1R4 =
50 Khong phu thudc vao céch chon céc gid tri
dién trd. Do vay tir (3) suy ra

50 + S(R,R; — RyR:) =0

— R,Ry =10+ R,R, > 10

— R,Ry =12 VA R\R, =29
Bt i Bl

R +Ry Ry +Ry

3 50

(R +R)(R, +Ry)
1, 12 s6 nguyén vai :
U (R +R)R,+R,y)

S 5

thi tich (R, + Ra)(R, + R,) phai chia hét cho 5,

nghia 1a phai c6 : hodc R, + R; = 50, hodc

BéiviRyp =

"."11 =

nén dé s6 chi ampe k¢

Suy ra 2 cdch mic cic dién tro : R = 1€2 ¢
R, =20 : R, =3Q; Ri=4QVa R, = 2Q; Ry =
1Q;R, =40 ;R =3Q

Dé dang thdy ring néu dong thdi déi chd R,
v6i Ry, Ry v6i R, thi s6 chi ampe ké A, vin la
2(A) nhung dong dién qua A, c6 chiéu tr D
dén C. Nhu vay c6 4 cach mic cdc dién tro.
Véi 4 cich mic d6, ta déu c6 Ryp = 2€Q va s6

kP
Rap

Nhan xét. Cdc em c6 1o1'gidi ddy du va ding tuy lap
ludn chua ddy du, chat ché. Da Nang: Nguyén Van Chi
Bitu, 11A2, THPT chuyén Lé Quy Pon ; Pong Thip:
Nguyén Héng Thdi, 12T, THPT Déng Thdp, Cao Lanh ;
Nam Dinh : Trdn Vii Diéu, 11 Todn 1, THPT chuyén
L& Héng Phong ; Hai Phong: Nguyén Hodai Phiong,
12A1, THPT Vinh Bdo, Bdc Ninh: Vii Vdn Todn,
10CT, Pham Céng Nam, 11AL, THPT NK Han Thuyén
: Hai Duong : Navén Pire Hodang, 11 Todn, Ngivén
Anh Ngoc. 11A1, THPT chuyén Nguyén Trai : Vinh
Phiic : Trdn uc Pini, 10A3. Cha Anh Ding, Cao
Manh Linh, Ta Neoc Bindi, 11A3, THPT chuyén Vinh
Phic ; Nguven Hong Anhi, 12E, THPT Nguyén Viét
Xuan, Vinh Tudng ; Nghé An : Nguyén Thi Thity Linh,
Nguvén Thi Ngoc Bich, 11A3, Trdn Quang Vii, 11A7,
Nguvén Piic Giang, A5, K28, THPT Phan Boi Chiu ;
LéDinh Hung, 10B1, FTCT-T, BH Vinh.

Ry + R, = 5. MAI ANH
i PROBLEMS IN THIS ISSUE
: gﬂﬂ dOC ; (Tiép trang 13)
TH.IT 5 298 (4"2002) T9/297. The circle with center [ and radius r
o Dﬁng ﬁn phu dé glal phumlg ir mh cc. touches the sides BC = a. CA=b, AB=cof a
d4u cin triangle ABC respectively at M, N, P. Let § be
& Pé thi vho lﬁp 1{} cidc ]c’}p chuyén | the area of AABC, let Iy, hy, h, be the measures
PH Vinh of the altitudes of AABC issued respectively
% Sir dung tfch ngoai hzu vecto vao giai | from A, B, C. Prove that :
todn 1) 452 = ab.MN?* + be.NP? + ca.PM?

< Ban tiép vé phuong phap nghiém kep

% Mot s& phuong phdp gidi todn tim cuc
tri ham s trong ki thi tuyén smh
Pai hoc .
¢ Nghich If vé phan, chm gml thucmg lh1
dau doi khang. :

% Cdc ban sé biét két qua cic cufac chm
Ai biét nhiéu hon ? Sap xép den trang
tri, Dun xuan gm phtrcmg trinh chir...

TH‘I‘I‘ :

MN®> NP*  PM?
+ + =
35 TR TN
T10/297, Let OABC be a tetrahedron, right at
O (i. e. the angles AOB, BOC, COA are right).
Let o, B, 7 be the angles formed by the faces

ABC respectively with the faces OAC. OCA,
OAB. Find the greatest value of the expression

2)

{ | 1 1 T 6
+ + + :
1gotgp  tgPigy  tgy.ago 1gza.tg2ﬁ[g ¥
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B ién (Tﬁﬂ%
{ DAY VA HOC TOAN

e bad toan -
SHUONG TRINH TIEP TUYEN

NGUYEN ANH DUNG
(Thanh Héa)
Nhiéu ngudi da quen gidi cdc bai todn vé
phuong trinh ti€p tuyén bang hai cich dua trén
co s& ménh dé sau:

Ménh dé 1. Puong thing y = ax+b la tiép
tuyén ciia do thi ham s6'y = f(x) tai x = x, khi
vd chi khi thoa man 1 trong 2 diéu kién sau :

1) fixg) =axg+b va fi(xp)=a(cdchl)

2) Plucong trinh fix) = a x + b cé nghiém boi
X = xp. (cach 2)

NGi riéng & cdch 2 néu f(x) = ax+b 1a phuong
trinh bac 2 thi nghiém boi la nghiém kép.

Theo “Tai liéu huéng din giang day Todn 12
(sdch chinh 1y hop nhdt 2000 - NXBGD) thi
cich 2 MBI 1a “thi€u co s& If thuyét” va khong
dugc ding. Tuy nhién néu chi sir dung céch 1
MD 1 thi nhiéu bai todn dang nay phai sir dung
nhiéu thi thuat bién déi rat phic tap.

Hai bai bdo “Nhin lai khai niém nghiém kép clia
phuong trinh va van 'dé dudmg cong tiép xic véi
tryc hoanh™ (THTT 5/1998) vi “Mot s6 vin dé
vé nghiém boi ciia phuong trinh” (THTT 9/1998)
di dé cap dudi dang t6ng quit méi lién hé giita
“nghiém boi” va “tiép xic”. Tuy nhién trong bai
ddu chi xét v6i ham s6 da thifc con bai thif hai do
tinh tong quat cia van dé nén khong tranh khoi sy
phifc tap d6i v6i hoc sinh pho théng.

Ta s& nghién citu co s& 1i thuyét cla cich 2
MDI, tic la phiong phdp nghiém kép d6i véi
cdc him s6 da thitc hodc phan thic hitu ti ma
cdch ching minh phi hop véi kién thic todn &
trucmg pho thong.

Xét da thic P(x) = apx" +a;x™ '+ .. +a, .
Ta néi x = xp la nghiém béi cdp k ciia P(x) néu
P(x) = (x=xp)* . Q(x) , trong d6 k>1, k € N va
Qfx) la da thitc thod man Q(x,) #0 (Q(x) ¢6 thé
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la hang s6). Ta goi tat x, 1a nghiém boi cha P(x)
khi khong chi cin chi ra s6 k. Nghiém boi cip
2 goi la nghiém kép ciia da thiec.
Dé dang chimg minh rang:
Ménh dé 2. Da thicc P(x) c6 nghiém béi x,
khi va chi khi P(xy)=0 va P'(x,)= 0.
Tir d6 theo cdch 1 MD 1 ta c6 ngay:
Meénh dé 3. Duong thang (d) véi phuong trinh
y =ax + b la tiép tuyén ciia dé thi (C;) cua
ham s6'y = P(x) tai diém x = xy khi va chi khi
phuong trinh P(x) — (ax+ b ) =0 6 nghiém
boi x = xy.
Bay gio ta xét ti€p tuyén clia dé thi ham s6
U(x)
I .
V(x)
Ménh dé 4. Dudng thang (d) véi phicong trinh
y = ax + b la tiép tuyén cia dé thi (C,) cia ham

U . . & - r .
(x) tai diém x = xy khi va chi khi

38 y=
¥ 5

phuong trinh U(x) — (ax + b)V(x) = O véi
Vixy) #0 cé nghiém béi x = x,.
Chirng minh:
Xét da thifec P(x) = U(x) - axV(x) - bV(x)
a) Gia sir da thitc P(x) ¢c6 nghiém boi x = x,,
thi P(xg) = 0 va P'(xy) = 0 theo MD 2. Tir dé c6
U(xp) = axyV(xg) + bV(xg) (1
U'(xg) — axoV'(xg) —aV(xg) = bV'(x9)=0 (2)
Nhan 2 v€ cua (2) véi V(x,) # 0 ta duoc:
V{xgU'(x) = V'(xp)ax V(xy) + bV(x()) =
=aVi(x,) (3)
Thay (1) vao (3) ta c6
V(x)U'(%g) = U V'(xg) = aV2(x)
8 V(xg U '(Xg)=U(x)V'(xg) s
V3 (xg)
Tir (1) va (4) ¢ y(xy) =axg+bvay'(xy) =a,

do dé6 (d) 14 ti€p tuyén cua (C,) theo cdch 1
MBL.

b/ Gia su (d) 1a 1iép tuyén cia (C,) tai x = X,

U
the thi V(xg) » 0 v c6 —20)

Xq
¥'(xg) = a. Tir d6 ¢6 (1) va (4) r6i 1an lugt suy ra
(3) va (2), nén P(xy) = 0 va P'(xy) = 0. Ap dung
MBD?2 c¢6 diéu phii ching minh.

ha (4)

=ax,+b,
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Bay gid dp dung MDP4 vao xét haim s6 f(x) =

2
m (5) va f(x)= Eluu'b‘ (6) dugc:
a'x+b a'x+

Ménh dé 5: Puong thdang y = ax + b la tiép
tuyén cua dé thi ham sé6'y = f{x) tai diém x = x,
val fix) cé dang (5) hodc (6) khi va chi khi
phuong trinh fix) —(ax + b) = 0 la phwong trinh
bdc 2 cé nghiém kép x= x,.

ik :

Vi du. Cho ham s6 y= = c6 do thi (C).
Tim tap hop cdc diém M ma tr dé ké duoc 2
ti€p tuyén téi (C) vuong gde voi nhau,

Gigi: Gia sir M(x,, yg) 1a diém bat ki trén mat
phing toa d6 Oxy, phuong trinh dudng thing
(dquaMla: y=a(x— Xp)+yy .

Dé tim hoanh do giao diém giita (C) va (d) ta

%o

xét phuong trinh

=a(X-Xp) + ¥o

hay (a - 1)x* - (axg— yg)x— 1=0. (¥)
Dudng thing (d) l1a tiép tuyén cua (C) <
phuong trinh (*) cé nghiém kép < a=1 vaA=0
(lvu y a = 1 1a he s6 gbéc cha tiém cén xién).
Taco: A= (ax;— },“)2 +4(a—-1)
= xga’® —2(xy¥, = 2)a+yl +4
Qua M ke duoc 2 tiép tuyén t6i (C) vudbng géc
véi nhau < phuong trinh A =0 c6 2 nghiém a,,
a, thoa man aja; = — 1 < Diéu kién sau thoa

2
man : X, # 0, yﬂ—;r%:—l
X0

Tir d6 ta dugc X,2+y,” = 4.

Vay tép hop M phai tim la dubmg tron
X"+ y" =4 trlr cdc giao diém clia dudng tron véi
2 dudng tiém can ( do cdc diéu kién x, # 0 va
a=l).

Liru y:

- Doi vai loai todn trén néu khong sir dung
phuong phip “nghiém boi” thi cich giai sé khd
phirc tap.

— Cdch giai trén khong phéi 14 méi nhung
theo “Tai liéu huéng din giang day Todn Giai
tich 127 thi “Gido vién khong nén day cho hoc
sinh cdch lam ay” (tr. 34).

Y kién dé xusdt: Trong chuong trinh phd
thong nén chip nhan phwong phdp “nghiém
boi” khi giai cac bai toan vé phuong trinh tiép
tuyén doi voi cic ham s& da thifc va phan thic
hitu ti./.

GIAI THUONG KHOA HOC
VIEN TOAN HOC NAM 2001

NGO VIET TRUNG
(Vién Todn hoc)

Hoi dong khoa hoc Vién Toén hoc tran trong
thong bio Giai thudng khoa hoc Vién Todn hoc
ndm 2001 di dugc trao cho TS Piang Ditc
Trong, cin bo Khoa Toin, Trudng Dai hoc téng
hop thanh phd Hé Chi Minh.

TS Dang Bic Trong sinh nam 1964 tai Sai
Gon, 16t nghiép dai hoc nam 1987 tai Trudmg
Pai hoc té%]g hgp thanh phé Ho Chi Minh, va
bao v¢ luan 4n ti€n sinam 1996 tai Trudong Dai
hoc ky thuét (Ecole Polytechnique) & Pari
(Phap). Huéng nghién ciu chinh cua TS Pang
Dic Trong 14 phuong trinh dao ham riéng, cu
thé 1a cdc bai todn ngugc va cdc bai todn
nghiém toan cuc. Anh da cong b6 14 cong trinh
@ cdc tap chi va sach quéc 1€, trong dé ¢6 6 bai
tir naim 1998 dén nay. Ngodi ra anh cdn ¢6 8 bai
bdo o dang tién dn phdm.

Giai thuong khoa hoc cua Vién Todn hoc
dugc trao hai nam mot 1dn, rude nam 1996 chi
gi61 han cho cdc cdn bo tré ctia Vién Todn hoc
va tlr naim 1997 duge mo rong cho tat ca cdc nha
todn hoc tre trén toan quéc. Moi cin bd nghién
clru va giang day todn cta Viét Nam khong qué
40 toi déu cd thé dang ky xét thudng. Chi tiét
s€ dugc thong bdo trén & Thong tin todn hoc
vao ddu cic nam Ié 12 nhimg nam trao giai
thudng. Neudi duge giai thudng sé duoc nhin
mot gidy chimg nhan va moét khoén tién (nim
2001 1a 5 trieu déng). Nhitng ngudi duge giai
thudng cua cdc ndm 1997, 1999 1a:

1997: TS Dinh Nho Hao (Vién Toédn hoc) va
TS Pham Anh Minh (Dai hoc téng hop Hué).

1999: TS Ta Lé Loi (Dai hoc Da Lat) va TS
Phan Thién Thach (Vién Todn hoc).

- CUNGBANBOC
~ Tir thang 22002 TOAN TUOI THO tach
~ thanh dac san, khong 1a phy truong cla tap

chi TOANHOC VA TUOI TRE.
86 mdy dien thoai vh s6 fax hién
nay clia TOAN HOC VA TUOI TRE la
(04)5144272. Dia chi Toa soan vin nhu
cii : 187B phé Gidng Vo, Ha Noi, .

‘Hai s6 mdy (04)5142648, (04)5142650 1a
chia dac san TOAN TUOI THO,

‘Tran trong kinh bdo dé doc gia va cic
cong tdc vien tién lien he. = =

/ THTT
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%gﬁc ot 202 : AL BIET WHIEU HOW 7
CAC NHA NU TOAN HOC

Nhin ngay Qudc t€ Phu nit cdc ban cé biét
chinh xdc vé 5 nha nir todn hoc ndi tiéng trén thé
gidi qua bang thong ké dudi day khong 7 Cic ban

“hay lap lai bang thong ké cho ding nhé ! Nam
ban gioi nhét la 5 "nha lich sir todn" Ki nay ddy.

i tod Qué | Ndm sinh
Nha nit todn hoc I 2 i
{ Ghipati :
[HYPATIE Y 1850 - 1891
A-nhé-di M.G.
e e 0 e
Giécmén S. g
GERMAIN Sophie Pac | 1882 - 1935
'| Covalepskaia S.V.
KOVALEVSKAIA Phép | 370 - 415
Sophia Vasilievna
Notho A.E. :
NOETHER Amalic Emmy | ' €#P | 17181799
CLB
Gidi ddp bai : -

TEN - QUE HUONG - NAM SINH

Day la 5 nha todn hoc vi dai cua nhan loai ma
céc cong trinh cua ho trén cdc linh vuc chiing ta
di, dang va s& lam quen. Rét nhiéu ban giGi thi¢u
chinh xdc qué huong, nam sinh ctia cdc nha todn
hoc dé, mot s6 ban con néu mot s6 cong trinh ticu
biéu ctia ho nita day !

Gi6i thiéu véi cdc ban qué huong va nim sinh
clia 5 nha todn hoc thong qua bang théng ké chinh
xdc dudi day.

Nha todn hoe h?r:: ¢ i::i? ’4:;.1
Viét (Viete F.) Phdp 1540 5
birichlé (Dirichlet P.) b3 ite 1805 2
Niuton (Newton L) Anh 1643 1
Ole (Euler L.) Thuy Si | 1707 3
Cacdand (Cardano G.) Y 1501 4
24

Trong cudc choi Ai biét nhiéu hon Ki thit nhét da
xudt hién cdc "nha lich sir todn" : Trdn Thanh
Giang, 12A2, TH thuc hanh — DHSP Tp. Hé Chi
Minh ; Nguyén Dink Thanh, 11/8, THPT Vinh
Loc, Phi Lac, Tp. Hué ; Ta Quang Diing, 10A1,
Khéi PTCTT, PH Vinh, Nghé An ; Dinh Ngoc
Tang, 11 Li, THPT NK Tran Phd, Hii Phong ;
Tran Céng My, THCS Trin Quy Cédp, phutng
Khué Trung, Quan Hai Chau, Tp. Da Nang ; Lé
Hiti Cdn, 9A, THCS Bit Son, Hodng Hoa,
Thanh Hoa.

CLB

Gidi dap bai :
BAN KHOAN
C6 kha dong

a =
cdc ban tham gia . A
binh ludn va dai o

da s6 dd chi ra sai ldm rdt ddng ticc =~ =
vé 10 giai bai todn d6. Tir viéc bién ddi biéu thirc

2
D= E~(,r+).=)2—(2,1c—1\1'| —{J.‘—ﬁ_)2 thi
i \ 2)

: I SR s Lt g
mdi chi suy ra duge D < T , con viéc két luan

gid tri 16n nhét cha D khong ton tai la chua chinh
xdic (vi con phu thude vao cdc gid tri clia x va y)

Loi gidi ding cta bai todn nay nhu sau :

Bién d6i biéu thic D dudi dang

D=2+ —6x+2xy+9)— (4" - 8x + 4) -
O -dy+4) +16

= —(x+y-N-dx-1)-(y-2°+16

Suy ra D < 16. Ddu bang xdy ra <> x =1 va
y=2

Do dé Max D = 16, dat duoc khi va chi khi
x=1lvay=2

Céc ban sau day da cd loi phan tich 16t va gidi
ding dé todn nay 1a : Pdng Thanh Ting, 10T,
THPT NK Han Thuyén, Bac Ninh ; Trinh Ngoc
Tri, 12A6, THPT chuyén Phan Boi Chau, Nghé
An: Ha Viét Phuong, 9B, THCS thi trdn Tién Hai.
Thai Binh ; Lueng Thi Thwong, 12A7, THPT
Nguyén Binh Khiém, Vinh Bao, Hai Phong : Biii
Mai Thanh Loan, 10T2, THPT chuyén Nguyén
Binh Khiém, Vinh Long.

NGOC HIEN
DA DUNG CHUA !
Bai todn :
Gidi phicomg trinh :

244+ ... +x=526,
biét réng x la mot s6 hang cia cdp s6 nhan
2o

Mot hoc sinh di giai nhur sau : &
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Két qua :
0 CHY MUNG XUAN MO

Mot s6 ban két luan khong thé xép cic chir
cdi X, U, A, N. M, O, I. méi 6 mot chir cdi va
khong c6 dong nao, cot nio, dudng chéo nao
cla bing ¢6 hai chir giong nhau (7). Tat ca cic
ban con lai déu dién ding cdc chif cdi vao cdc 6
bing phuong phdp loai trir din tir cdc hang 1, 3,
5. 7 clia bang d6, déng thoi nhan xét ding rang
chi ¢6 mot cich dién 6 chit nhu bang bén

Cic bun sau diay da dién chinh xdc 6 chir v
gui bai sém vé TS :

X|Uu|A _' N|(M| G |1

O|N|X|U [1[m|4
M1 |ulalx[n]o

AlM|1|ofu|{x]|N|
|T|O|N|M|A|U|X
_' N r A .' M W_c H—il—
[U|X|O]|1|N[A | M |

Trirong Thanh Tam, 10T1, THPT Luong Van
Tuy, Ninh Binh; Vi Thanh Hai, 11A1, THPT
Nghi Loc I, Trinh Thi Minh Tué, 8B, THCS
Tien Thuy. Quynh Luu, Nghé An: Newven
Pinlt Hiéu, 6A2, THCS Lé Quy Don. Dai Lac,
Quang Nam; Ta Viét Ding, 11A2, THPT Yen
Lac 2, Vinh Phue; Vi Thdi Himg, 1AL THPT
Chau Thanh A, Bén Tre ;. Tran Thi Ngoc, 9A,
THCS Le Hiu Lap, Hau Loc, Thanh Hoa.

NGOC HIEN

THU HIEN, LOI AN

Nhian dip ngiy Quéc 1€ Phu nir 8-3, mot
ching trai di gui mot bo hoa chic mimg ban gdi
kém theo mot bire thur trén bang gidy va mot cii
thudc ke hoe sinh tiet dién hinh vuéng 9x9mm .
Co gdi doc xong thu, mim cudi xao xuyén va du
dinh s& viét mot bic thu tra 161 theo cdch tuong
1. Chang trai da viét gi cho ban gdi viy ?

Do bing gidy hoi dai (¢ [& tinh cam cula
chang danh cho ndng qud dao dat !) nén tam
phin ra lam ba doan bang. Cic ban hay
photocopi ding kich c& va dian dau wdi cua
doan thir hai vao dudi (t6 dam) cua doan thu
nhat; ddu cta doan thir ba vao dudi cia doan thu
hai dé "bat mi" noi dung clia bang gidy dé nhé !

LEBICH

& Do gia thiét, x phai ¢6 dang : x = 2"
(neN)
Phuong trinh trd thanh : 2 + 27 + .. + 2" =526
»jn'! .
= 2.'7 l =526 ¢ 2¥ =1=263

o 2"=264 & v =264

Viy phuong trinh ¢é nghiém la : x = 264,

Theo ban, loi gidi trén da ding chua ?
PO BA CHU

(GV THPT Dong Hing Ha, Thai Binh)
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CHI NHANH NHA XUAT BAN GIAO DUC
TAI THANH PHO DA NANG

. - - 4110 o5 Ang oy inth Hinh 11
® Pia chi : 15 Nguyeén Chi Thanh, Tp. Da Nang Quang Nam, Quidng Ngii, Binh Dinh, Gi

Lai, kon Tum.

57

® Dién thoai : (0511)8947

Fax : (05111827368 s

cidc phong : To

10m 35 cian bo, cdng nhan vién, chia tha

1

nh
chirc Hanh chinh, K& todn Tii

® Giam doc : Huynh B4 Vian vu, Phit hanh Sich Giio khoa va Thu vién
Phé Giam déc : Mac Vian Thién truong hoc, Phit hanh Sach Tham khao, Quan

Ké toan ruong : Hé Van Linh li san xuat. Kho vian via mdt Ban bién 1ap.

® Theo su phin cong cua Gidm déc NXB G

40 * Riéng nhom bién tap sdch Todn thudc Ban

duc, chi nhinh NXB Gido duc tai Pa Niang bien tap gom cac ong lran Phudc Chuong,
xdy dung do1 negll tic g1a, cong tdc vién, lam Huynh Thong, Nguyén Van Nho. ngoai vige

bién tip, ché ba

in 4n va phdt hanh sdch tham gia bicn 1
gido khoa va cic an pl '

I

n eiio due phuc vu chire duoc nhiéu dau sdich Todn tir bic

dia ban 9 unh mién
Quang Tri, Thira Thién Hué, Pa Nane, phiit hanh cao.

49
~oLvwpic MY
TOAN HOC 0UOC T

TUYEN TAP

200 BAI THI
1 VO DICH TOAN |

(54 ot va Dal ss)

ISN : 0866-0853  Ché ban tai Toa soan
Chiso : 12884 In tai Nhit mdy in Dien Hong. 1878 pho Gidng Vo, HaNol  Gia : 3000d

Maso: 8SBT99M2  In xong va nop luu chiéu thang 3 nam 2002 Ba nghin dong
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. doc dinh chinh SGK, con t&
Téu

Quang Binh, hoc dén Pai hoc ¢d chit luong 16t, s6 luong






