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L€  DUNG DOAN THANG
BANG NUA CHU VI PUONG TRON

Diing compa va bat chi, thude thing (khéng cé
vach chia) thi khdng thé ding diwge doan thang c6
B do dai R vi ™ = 3,1416 ... Ia s6 siéu viét. Tuy nhién trong thyc tién
(Lham_ han khi v& dé thi ham s6 lugng gidc...) nhiéu khi phai dung doan
thing cé d6 dai gin ding bang nira chu vi dudng trén bin kinh R cho
trudc ma chi ¢é dung cu vé thong thudng 1a compa, bt chi, thuée thing.

C6 thé dung tam gidc OAB vuéng tai O (h.1) véi OA = R, OB = 3R thi

AB = \Jia"'f2 +9R* = \10R=~ 3,1623 R. Doan thing AB gén bing cung
AC vdi sai s6 0,021R.

Danh cho ban doc

H R Hay trinh bay cich dung chinh xdc hon cich trén va twong déi don
& o A gian, ban s& nhin dugc tang phim.
Hinh 1

Loi giai : PONG IT LAN NHAT

1) Gid st cdc binh A, B, C ¢6 dung tich twong ting 13 a, b, ¢ 1it véi a < b < ¢. Mudn chuyén it hon ¢ lit
thi chi diing binh A va B d€ dong, con C chi 12 binh chifa.

Phuong phdp xét phuong trinh nghiém nguyén

Goi 56 lidn dé viio hodc rét ra khoi binh A (binh B) la s6 nguyén u R
duong hodc 4m (v duong hodc 4m). Viéc iy ra £ lit khi binh A, B
rong v ¢ = 2k = a + b chuyén vé viéc giai phuong trinh nghiém
nguyén au+ bv =k (¥)

Phuong trinh niy cé nghiém (i, v) <> UCLN (a, b) la uéc cua k.
Phuong trinh 6u + 9v = 8 vo nghiém ma 6 + 9 < 16 nén khéng thé
lay duoce 8 lit khi diing cdc binh 6 lit va 9 lit.
Phuong trinh 6u + [/v = 8 ¢6 nghiém tdng quit lau= 5 - [1r,v =
-2 4+ 6t (t € Z). Goi x, y, z 1a s6 lit dung trong cdc binh 6 lit, 11 lit,
16 lit trong tng (khi khong rét). Ung vdi nghiém u; = 5, v, = -2 ¢d

phuong dn (D)) dong khong lap gom 13 lan dmn_ {(khéng ké lin
cudi cung dudi day) : (x, y, 2) =

=1 u=2
(0,0,16) = (6,0,10) = (0,6, 10) — (6,6,4)—(1,11,4)

X
y==] u=3 =4 \

3 (0I5 @1, 15 > Bl > BIin 2 B1Y "‘\\ o Xs g» X aN *
P | =5
S 11L,3) > (2,0,14) - 0,2,14) = (6,2,8)>(0,8,8) e .
¥ y

Phucmg in (D,) Ung véi nghiém u, = -6, v, =4 ¢6 18 lan dong. 'E 4
Vi cdc nghigém khdc thi s6 lin dung > lul + vl > 23. Nhu vy bing \T\ '
cdch so sdnh vAi phuong 4n (ng v6i lu | + Ivl nho ta tim du‘crc 7 -
phicomg an cé s¢ ldn dong it nhdt trong diéu kién lic dau cdc binh 6
A, Bdéurdngvic=2k >a+b. %

Nhung néu lde déu binh A hoiic binh B di dung khéng day (hodc 4
khi a+b > 2k thi c6 thé xay ra tinh hudng (x, y, z) c6 dang (a, 2k-a,
0) v6i 2k-a<h, hoic (2k-h, b, 0) véi 2k-b<a => tr&s vé trudng hop co 3
binh dung khong déy), thi con ¢6 chc phwong én khéc nén chua thé 3
khang dinh vé 58 lan dong it nhat khi xét cic nghiém cua phuong |
trinh {*J

(Xem tiép trang 4) e s 2L
Hinlt 3
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TRINH, NGO VIET TRUNG

Tritong ban bién tdp : NGUYEN VIET HAL Thu ky tda soan : LE THONG NHAT. Thuc hién : VU KIM THUY .
Tri s : VO ANH THU. Trinh bdy : NGUYEN TH] OANH.
Bai dién phia Nam : TRAN CHI HIEU, 231 Nguyén Van Cir, TP. Hé Chi Minh. BT : 08.8323044.
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Trong SGK 16p 6 cdc ban di biét ddu hiéu
chia hét cho sc-p bang 2,5, 3,9 va thém nia la
7, 11. Liéu c6 cich nao khéc nita dé nhan biét
viéc chia hét ciia mot s6 ty nhién N cho mét s6
1¢ p khong ? Xin néu ra & day mot tiéu chudn
chia hét cho s& 1é p khong la boi cia 5 trong hé
thap phan, nghia 1a p ¢6 dang p = 105 + r véi r
Enp 1,3, 7.9

1. B6 dé. Véi mi s6 p = 10s + r v6i r bang 1.
3, 7. 9 ¢6 thé chon duoc s6 k (phu thudc vio
s, r) sao cho 10k + 1 la bdi ctia p, nghia la
(10k+ 1)ip.

Thue vay :

e VGip=10s+ ltachonk=s+pt(t € Z)
thi 10k+1=10(s+pD+1=10pt+ 10s+ 1=
p(107 + 1).

e Véip=10s+3Ftachonk=Ts+2+pt (1 €
Z)thi 10k + 1=10(Ts + 2 + pr) + 1 = 10pt +
7(10s + 3) = p(10r+7)

* Véip=10s + 7tachon k=35 + 2 + pt
(teZ)ythi 10k+1=103s+2+p) +1=
10pt + 3(10s + 7) = p(10r + 3).

e VGip = 10s + 9 tachon k =9s + 8 + pt
(te Z)thi 10k +1=109s+ 8+ pr) +1=10pt
+ 9(10s +9) = p(10t + 9).

Sir dung b6 dé c6 thé dua ra tiéu chudn chia
hét sau day

2. Dinh Ii

S6 te nhién N = 10x + a chia hét cho 5o le
p=10s + rvéirbang 1,3,7, 9 khi va chi khi
56 x —ka chia hét cho p, trong dé k la sd thoa
mdn 10k + 1 chia hét cho p (s6 k chon duge
theo b dé trén)

Chitng minh. Gia sit 10k + 1 = pv theo b6 dé.
Tacé N = 10x + a bing 10(x — ka) + 10ka + a=
10(x — ka) + a(10k + 1) = 10(x — ka) + pva

Vi (10, p) = 1 nén tit N = 10(x - ka) + pva suy
raN : p < (x—ka): p(dpem).

MOT TIEU CHUAN
CJA A HET

NGUYEN BON, NGUYEN LE HIEU
(Da Ning)

3. Tim déu hiéu chia hét

C6 thé 4p dung tiéu chufn chia hét trén dé tim
ddu hiéu chia hét cho cic s6 p cu thé. Mudn
tinh todn d& phiic tap ta chon s6'k sae cho (k! ld
nhd nhdt.

Pé tién dung trong bang dudi day da tinh s6 k
ma 10k+1 chia hét cho s6 1¢ p<81 va p khong la
boi 5. Néu p 1a sé nguyén t6 thi duge in dam.
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Ta hdly dp dung dinh Ii trén dé thir kiém tra vai
d4u hiéu chia hét da biét.

eV6ip=3hayp=9thi N=aqa.aq:3
(hay N:9) & (ap+a; + ... ) : 3 (hay : 9)

e Diu hiéu chia hét cho 7

N=(10x+a) : TeoM=(x-2a): 7
VD : N = 4852463, M, = 485246 — 6 = 485240,
M, = 48524, M5 = 4852 — 8 = 4844,
M,=484-8=476, Ms=47-12=35:T.
Vay 4852463 chia hét cho 7.

N = 6852463. Tinh M5 = 67-12=45=6.7+3.
Viy 6852463 khong chia hét cho 7.

e Véip=11thiN= a,a,..q, : 11
ek 1) gy P11 v
a ;M = a..a,-(a—a);V.V.

+ da,

gy —ap+ a3 —

M = c]'l...ﬂ';_l !
» Diiu hiéu chia hét cho 13, 17
S6 N = 10x + a chia hét cho 13 (hoac 17) khi

vi chi khi s6 M = x + 4a (hodc M = x — 5a) chia
hét cho 13 (hodc 17).

M céc ban trao d6i thém vé véin dé nay.
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DUNG PHEP LUY THUA
DE GIAI MOT SO BAI TOAN CHUA CAN THUC

Khi gip bai tap lién quan dén tinh todn, rit
gon hodc so sdnh cdc biéu thic ¢é "hai ting"

can thic (chang han +a+ bJe ), nhidu ban
ling ting khong biét cdch khir bo ddu can. Bai
n'ty gm y cich dung phép lay thua dé giai bai
tap cé hai biéu thiic lién hop.

1. Biéu thirc lién hop

Pinh nghia. Hai biéu thic chita ddu cin dang

M= %a+ be va M'=%a—bJe , trong dé
a, b, ¢ 1a cic biéu thirc, goi 1a hai biéu thitc lién
hop bic n.

Tinh chdt ciia biéu thic lién hop bic 2.

{x,illu +he + \lru = b\a!;)z = (M +M")*
=M+ M"+ 2MM’
= a+bfe+a-be iZ\/'(a +b\'rct)(a— by";}
=2a+ 2Ja? - h2¢ (1)
Tinh chdt ciia biéu thirc lién hop bdc 3
Ap dung (M+M')* = M® + M” + 3MM'(M+M")
suy ra M+M' = (%fa +bJe + @"a— h\:'F) la

nghiém cua phuong trinh
-3a2 -h2c X -2a=0 (2)

2. Van dung tinh chat biéu thiic lién hop

Khi gip bai tap tinh todn, rit gon, ... c6 dang
téng hay hiéu cia hai biéu thic (chua 2 tin
can) lién hop thi c6 thé ding phép lity thira d§
bién déi twong tu nhu (1) (2) dé khu bét diu
cin.

Vidul RitgonA=

]
=va+hb+e+2vac+ be +

+ Ja+h+c'—2\."ac'+br:

trong dé a, b, ¢ 14 cdc s6 khéng Am.
Gidi. Bién déi twong tu (1) ta c6 :

A =2a+b+¢) + 2(a + b +¢)? — 4ac + be)

= a+h+c) + 2\(a + b + ¢)?

=2a+b+c) + 2la+ b - ¢l

LE QUANG TRUNG
- (GV CBSP Bac Liéu)

Néu:a+hzcthid=2va+bvidz0
Néu:ath<cthid= 2JcviA=0
Vi du 2. Tinh
A = 31620 + 12417457 + 31620 - 124/17457
Gidi. Bién déi tuong tu (2) ta cé
A’- 1444 -3240 =0
© (A-18)(A%+ 184 + 180)=0
Vi:A*+ 184 + 180> 0nén A = 18.
Vi du 3. Tinh gid tri cla fix) = X’ + 15x
véi x, = 546 + 1) - Y56 - 1)
Gidi. Bién déi twong tu (2) cé
x2+15x,-10 =0
Vay flx,) = x2 + 15x,= 10
Vi du 4. Chiimg minh ring néu bd > 2 thi

i/ﬁ —3x+(x2 -Dx2 -4 ;.

2

+{/,r3 -3x—(x2 =1x2 -4 %
2

Giai. Coi v€ trdi 14 A bién déi nhu & (2) ta ¢
-3443x-8=0
SA-DA+FAX+°-3)=
Vild>2nén A*+Ax+°-3=

2
= (A +§] +%(I2 —.4) >0. VayA=nx.

3. So sénh céc biéu thirc chira can
Vidu5.Sosinh A= Jn+Jn+m va
B=Jn+1l+vJn+m-1

Gidi. Tac6 A>=2n+m+ 2+n® + mn
Bl=2n+m+2\fn?+mn+{m~l)

VimneZz',A>0,B>0,

Jn2+mn £Jn2+mn+(m—1)

Nén A < B. Déu ding thic xay ra khi m = 1.
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T1ENG ANH QUA CAC BAI TOAN

BAI SO 45

Problem.Prove that if ¢ and m are two coprime Tir mai:
numbers, then the linear congruence coprime = nguyén t6 cling nhau (tinh tir)
ax =b (mod m) linear = tuyén tinh (tinh tin) -
has exactly one solution modulo m. congruence = quan hé déng du, sy trong dang
Solution. When an arbitrary integer is divided ~modulo = modun
by m, the remainder is one of the numbers i of the divide = chia (dong tir)
set § = {0, 1, 2,..., m—1}. Suppose that when b is remainder = phén du
divided by m the remainder is a number k of §. In st = tip hop
order to find out whether the above congruence suppose = gia sir (dong tir)
has a solution in S, consider the remainders of the  division = phép chia
products a.0, a.1,a.2, ..., a.(m—1) when divided by  in order to = nham
m. Suppose that that division by m of the products  consider = xét (dong tir)
ai and aj (i, j € S5, i # j) yields the same product = tich
remainders. This would means that yield = cho ké&t qua (déng tir)
a(i — j)=mt same = cling, giéng nhau (tinh 1}
for some integer . Since m and a are coprime, m  mean = ¢d nghia (dong tir)
must divide i—. However, li—jl < m, and therefore  however = ruy nhién (pho tir)
m cannot divide i — j. So we have reached a therefore = béi véy, vi thé (phé tir)
contradiction. Thus the remainders of the division  reach = dat duoc, dén (dong tir)
of a0. ala2. . ..a(m—l) by m must all be contradiction = mau thuin
different. Hence one and only one of these say = ching han
products, say a.i, has the same remainder k as the  remain = con lai (dong tir)
number b. The number i is then a solution of the  regidue class = 1ép déng dut
congruence ax=h (mod m), and all remaining 5 :
solutions are in the same residue class of i modulo m. NGO VIET TRUNG

TOAN HOC MUON MAU (Tiép bia 2)

Phicong phap do thi

Mai tinh huéng (x, v, z) dugc biéu thi b&i mét diém nguyén c6 toa do (v, y) trong hé truc toa d Oxy.
Diéu kienbiitodn la: 0<x<6(1); 0<y<11(2);
0<z<16(3)=0<16-(x+y)<16 ©0<x+y=<16(3) :

Cic diém nguyén niy ndm trong (ké ca bién) hinh da gidc MNPOR vi MR g véix =0, MN ing v6i y
=0, NP ting véi x = 6, RQ tmg v6i y = 11, PQ (g véi x + y = 16, Mz ting véi x + y = 0 (h.2). Trong bat
o thoi diém nao (khi khéng rét) ciing phai xay ra d4u bang trong (1) hodc (2) hodc (3") nén cic diém
nguyén (x, y) luén nim trén bién cla da gidc MNPOR.

Phuong 4n cén tim 12 mét dudng g&p khiic (D) di tir diém xuft phat M (0, 0, 16) dén mét trong 3 diém
dich 1a Y8(0, 8, 8), S8 (6, 8, 0), 82 (6, 2, 8) va céc doan thing cda (D) néi 2 di€m bién cia MNPOR phai
thoéa man :

e khi rét giira hai binh B va C thi x khong déi nén doan nay vuéng géc véi truc hoanh

o khi rét gilta hai binh A vi C thi y khong déi nén doan niy vudng géc véi truc tung

o khi rét giita hai binh A v Bthi x + y khong ddi nén doan ndy song song véi Mz.

Dé dong khong 1ap lai thi dudng (D) khong dimg & méi dinh qua 1 lin. Cé tht ca 4 phuong dn sau
dong khong lap lai (h.2)

: ®,):M->N—> Y65 — Tl - Xl Sl w Sl AT Sl S TI X525 5 pimi 13
in dong.

(Dz):M—>R—->S§—>Y5—:-XS—>Q—-)P—>Y10—>S4-—>Y4—3-X4—>T4—>S9 — Y9 —> 583>
Y3 — X3 — T3 — S8 gém 18 ldn dong

(D5) : M — N = P— Y10 — (tiép tyc nhu ;) gém 14 lin dong

®):M->R—->Q—>P — Y10 — (tiép tuc nhu D,) gém 15 1in dong. Viy phuong dn (D)) cé s6 ldn
dong it nhét ’

2) Cic ban tr giai thich theo hinh 3.

Xin gifi tang phdm cho céc ban sau c6 13 gidi ding :

1) Nguyén Duy Lién, 12A1, THPT Phan Bdi Chéau, Phan Thiét, Binh Thufn ;

2) Chu Dite Cdnh, 11A5, THPT Luong Ngoc Quyén, Tp. Thdi Nguyén ;

3) Phan Thanh Viét, 7D, THCS Luong Thé Vinh, Tx. Tuy Hoa, Phd Yén PHI PHI
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Ki thi Olympic todn chau Phi (Pan — Africa
Mathematics Olympiad, viét tat la PAMO) ldn
thit 10 duoc t6 chic tir ngdy 17 dén 24 thing 1
nam 2000, do truong Pai hoc Cape Town va
Pai hoc Western Cape & thanh phé Kepo (Cape)
dang cai.

C6 7 doan tham du ki thi nay gém cdc nudc :
Nam Phi, Angiéri, Bénanh, Buockina Phaso,
Mali, Médambich, Uganda. 7 trudng doan va 3
thanh vién cla Hoi Todn hoc chan Phi hop tai
Pai hoc Cape Town dé chon dé thi cho 2 vong
thi, méi vong thi gébm 3 bai va lam trong 4 gi¢
30 phﬂt.

Tit cé cdc doan du thi déu & tai DH Western
Cape. Trong thoi gian ban bién soan dé thi lam
viéc, cic doan 16 chic hoat dong giao luu, tham
quan : thim trung tam thanh phd, du lich bai
bién, tham quan khu tréng nho noi tleng ¢ phia
tay thanh ph6 Cape, di cdp dién lén nii Table va
mua sim & khu Waterfront. Cdc trd ngai vé
ngén ngit nhanh chéng duoc g& bo. Sau dé la
tran bong di giao hitu tai DH Werstern Cape
v6i su tham du cua cdc sinh vién trudng nay.

Sau thoi gian thi va chdm bai, thi sinh cua cédc
doan dugc tham quan dao Robben, trong d6 co
khu di tich nha giam lanh tu néi tiéng cua Nam
Phi va cua phong traio chéng chi nghia
Apﬁcthai la Nelson Maldela.

Lé téng két duoc t6 chitc long trong véi su
tham du cua hang tram nha todn hoc cua chau
Phi va nhiéu nuéc khic trén the giéi. Doi tuyén
Nam Phi xép hang nhét toan doan véi 1 HCV,
1 HCB va l HCD. Ky thi Olympic todn chau
Phi ldn thi 11 dugc t6 chife vao thing 8 nam
2001 tai nuéc Burkina Faso.

Sau day xin duoc gidi thiéu véi ban doc dé thi
ctia Ki thi Olympic todn chau Phi ldn thit 10

NGAY THU NHAT
Bai 1. Giai phuong trinh lugng gidc :
sin3x(1 + cotgy) + cosJ(I +tgy) = cos2x
Bai 2. X4c dinh cdc da thic P, Py, P, ... cho
béi -
P(x) = x* +213x% - 67x — 2000
P()=(x-mP_(x)vé6in=1,12,3, ..

2-TH

kI THI OLYMPIC TOAN CHAU PH
LAN THU 10

TRAN ANH DUNG
(GV THPT Litong Thé'Vinh -
Pong Nai)
Bai 3. Ching minh rang néu :
. 1B B 1 1
= 4 o ———
q 2 a2 1334 1335

trong d6 p, ¢ la céc s6 tu nhién thi 2003 la udc
s6 cla p.

NGAY THU HAI
Bai 1. Cho ba s6 thuc a, b, ¢ thoa méan
a® + b* = ¢*. Giai hé phuong trinh :

{1"1 +y? =77 {

Fy+bY =(z+c)

Bai 2. Tir mét diém P 6 ngoai mot dudng tron
vé hai ti€p tuyén PA va PB dén dudng tron.
POR 14 moét cat tuyén (Q, R o trén duong tron)
bdt ki. BS 14 day cung cua dudng tron va song
song véi cit tuyén POR. Chimg minh rang SA di
qua trung diém cia OR.

Bai 3. Mot cong ty ¢6 5 gidam déc. Theo quy
dinh cta cong ty, dé mo duoc cita phong boc
thcp clia cong ty phai ¢6 tir 3 gidm ddc tro lén,
con néu chi cé 2 gidm doéc hoic it hon thi khéng
thé m& duge phong boc thép. Phong boc thép
cua céng ty cé 10 6 khéa. Phong chi co thé
dwoc mo néu cé di 10 chia khéa cho cée 6 khéa
nay. Méi gidm déc duogc -::ﬁ'p I b6 goém n chia
khoa khic nhau. Tim tat ca cdc glé tri ciia n dé
6 thé thuc hién duge quy dinh cla cong ty.

VE MOT BAT PANG THUC ..
(Tiép trang 11)

(= (1}2

Phuong phdp chuyén viéc xét tam gidc ABC
sang xét tam gléc A,B,C, c6 ba géc nhon cé thé
dp dung dé gidi nhiéu b%u todn khic, ching han
nhu cédc bai todn sau.

Bai todn 6. Cho tam gidc ABC véi cdc dudng
phan gidc trong AA’, BB', CC". Chimg minh ring

AB +BC +CA'>33r

Bai toan 7. Cho tam gidc ABC vai I 1a tam
du'(mg tron noi tiép. IA, IB, IC cit dutmg tron
ngoal tlép AABC 14n nita tai cdc diém A, B,, C,
tuong tng. Chitng minh ring :

IA viB+ IC

IA, +1IB; +IC, 22R + =
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CHUAN B THI VAG DAL HOC

NHUNG SUY NGHI BAN DAU
VE DE THI TUYEN SINH PAI HOC MON TOAN NAM 2001

(Tiép theo ki trudc)

2. NHONG TRANH LUAN VE BE THI
VA DAP AN
D6i véi dé thi, du luan thudng quan tam t6i :
- Dé thi ¢6 chinh xdc hay khéng ?
- D€ thi ¢6 nidm trong chuong trinh mén todn
theo quy dinh cia B6 GD&DT hay khong ?
Mot s6 dé thi gay tranh luan 1a :

Thi du 1. Cho hdam 56 :
y=2¢ +3(m-3)°+ 11 - 3m (C,)

Tim m dé ham 56'c6 2 cue tri. Goi M, va M, la
cdc diém cuc tri, tim m dé cac diém M,, M, va
B0, -1) rfmng hang

_Day la bai todn khd quen thuée, dudng 16i giai
téng quét la viét phuong trinh dl.rcmg thing di
qua M, vd M,, sau dé dat diéu kién d€ B thuéce
dudng thing nay. O bai todn nay, hiu hét hoc
sinh (va ca ddp 4n) déu tim ra gid tri m = 4,
Nhung véi m = 4 thi B lai triing véi moét trong
hai diém M,, M,, viy m = 4 c6 thda man bai
todn hay khéng ? Dap 4n khing dinh thda man,
nhung nghe chimg khong xuéi va cubi ciing
Cha tich Hoi déng tuyén sinh danh tuyén b&

"Ca hai phm:mg dn : 14y hay khéng ldy m =
déu duoc diém t6i da !" RS rang khong bao glU
lai xay ra diéu dé d6i véi két qua cia mot bai
todn, 1am sao lai c6 thé két luan "nuée doi" nhu
thé duoc ?

Néu néi 3 diém thang hang ma hi€u ring 3
diém phal phdn biét thi gid tri m = 4 phai loai va
két qua s& khong c6 gié tri clia m thda man bai
todn.

Thi du 2. Cho hinh chép SABC dinh S, d'cfy la
tam gidc cdn AB = AC = 3a, BC = 2a. Biét rang
cdc mdt bén (SAB), (SBC), (SCA) déu hop véi
mdt phdng day mét gée 60°. Ké duong cao SH
cua hinh chép.

1) Chitng to rdng H la tam vong tron ndi tiép
tam gidc ABC va SA L BC.

2) Tinh thé tich ciia hinh chdp.

V6i dé todn nay, ngay trong gidi gido vién
ciing da phai tranh luan cing thang Néu dé bai
chi cdn bé di mot tir "phang" duy nhdt & gia

6

LE THONG NHAT

Ihlé[ th cdu 1 s& hodn toan ding va ddp an sé

"suén sé". Cic mit bén déu hop véi mdt phdng
ddy mot géc 60° 12 hoan toan khc cic mat bén
déu hcrp VoI mdt ddy mot goc 60°. Tranh Iu4n
nay sinh tir su phan biét mdr phdng dday va mdt
day. Mar phang day la mat phing chita day
(ABC) nén c6 thé xay ra tinh huéng (SBC) hop
v&i mt day goc 1207, con (SBA), (SCA) hop vai
mdt a'ay géc 60° 1a thoa mdn gia thiér. Khi dé
cdu | yéu cdu chiing to H 1a tam vong tron noi
ti€p tam gidc s&€ sai (vi lic dé H 1a tam dudmg
tron bang ti€p tam gidc ABC).

Nhu vay, nhiéu hoc sinh s& ban khoan khéng
biét minh nén nhu th€ nao ? Ma day lai la cdc
hoc sinh kha, gioi...

Thi du 3: Cé hao nhiéu s6 tw nhién gom 7
chit 56 (chit 6 ddu tién phdi khdc 0), biét rdng
chit 6 2 ¢6 mdt diing 2 lan, chit s6 3 ¢6 mdt
ditng 3 ldn va cdc chit s6 con lai ¢ mdt khéng
qud I ldn ?

DG6i véi bai todn nay, du luan cho ring dé bai
ra ngodi chuong trinh duoc hoc vi day la loai
todn lien quan t6i khai niém chinh hop c6 Iap
lai. Tuy nhién ai cling biét bai todn vé chinh
hop ¢6 ldp lai luén c6 thé gidi quyét nhey gid
thiét tam va chinh hop (khong 1ap lai).

Vay vé 1y ma néi thi bai todn vdan ndm trong
chuong trinh hién hanh.

Thi du 4. Cé 6 hoc sinh nam va 3 hoc sinh nit
xép theo mot hang doc dé di vae lép. Hdi cé
bao nhiéu cdch sgp xép dé cé diing 2 hoc sinh
nam ditng xen ké 3 hoc sinh nit ?

Bii todn tudng nhu rit binh thutng nhung lai
giy khé hiéu cho ca hoc sinh va gido vién. Lau
nay chung ta da qua quen v6i khdi niém cdc
phdn tit cua hai tap hop xép xen ké nhau. Chang
han bai todn tim diéu kién dé hai phuong trinh
bic hai cung c6 2 nghiém phan biét va cic
nghiém cta hai phuong trinh xern ké nhau. Khi
d6 ta hiéu ring cdc kha nang u, < v, < 1, < v ;
Vi < Uy < Vy < Uiy VOi 14y, s, 12 nghiém clia phuong
trinh nay va v, v, 12 nghiém ctia phuong trinh
kia sé thoa man yéu ciu bai todn.
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Nhung & dé todn nay lai yéu cdu "ding 2 hoc
sinh nam ding xen k& véi1 3 hoe sinh nit" thi
bing tiéu chuin nao dé dém dugc s6 phan i
ctia tap hop nay xép xen ké véi cac phin tir cla
tap hop kia ? Néu ki hiéu N la ban nam va n la
ban nif thi véi cich xépsaudiy: N-n-N-n-
N -n-N-N-N s& dém duoc miy ban nam
ding xen k& vé6i 3 ban nit ?

Xin dua thir ra 2 tiéu chudn :

1) Mét ban nam duoe goi 1a x€p xen ké v6i 3
ban nit néu ding gita hai ban nif nao d6. Vai
tiéu chudn nay thi cach xép trén ¢6 2 ban nam
thoa man.

2) Mot ban nam duoc goi 12 x€p xen ké véi 3
ban nif néu chi ding ké ban nit ma khong ké
ban nam khéc. Véi tiéu chudn niy thi c6 3 ban
nam thoa mén.

Nhu vay véi mbi tiéu chudn s& dng véi mot
két qua. Vay sé phai gidi quyét bai todn nay
theo tiéu chudn nio ?

Tét nhét 1a khong nén dién dat "mép md” nhu
bai toén trén ma nén noi rd hon dé cic thi sinh
khong phai ban khoan gifta hai céch hiéu.

Mot vai suy nghi mong céc tic gia dé thi luu ¥
v ciing c6 thé 1A chiit kinh nghiém dé ban doc
tu it ra cho minh nhitng cach nhin nhan dé thi.

LTS. Khi bdo dd lén trang Téa soan nhdn
duwoe thie ciia nha gido Vi Hitu Khuéng, THPT
My bire, Ha Tdy ban vé thi du 2. Xin cam on.
Toa soan rdt mong nhédn dugc thu phdn dnh,
binh ludn cdc bdi todn thi tuyén sinh vao Dai
hoc ndm 2001.

'HiNH HOC PHI OCLIT (7ic) vane 22)

..ciia ching ta ma théi. Néu ching ta chuyén
dong cang nhanh, thi déng hé cla ching ta
chuyén dong cang chim va nguoc lai. Cang
phat trién 1i thuyét cia minh, Einstein cang di
dén nhiéu diéu cé vé phi If hon nita, ching han,
khong cé khai niém dong thoi, va ning luong co
thé chuyén héa thanh vat chil va ngwoc lai...

Thé nhung, nhing hé¢ qua cua Ii thuyét tuong
dsi din ddn dwge kiém ching, va nhit 1a y
twomg bién déi vat chét thanh nang lugng da din
dén viéc ché tao qua bom nguyén tir d6 la bing
chitng vat chat khong thé chéi cdi néi cua su
ding din cia né. Ngay nay, i thuyét tuong do
da hoan toan dugc cong nhan. Tham chi, hoc
thuyét vé su ra doi va phét trién cua vii tru cling
duoc xay dung lai trén co so 1i thuyét tuong doi
va tir khéng gian nang luong don thudn. Con
Einstein dugc cong nhéan 1a nha khoa hoc l6n
nhét theé ki XX. Nhitng thanh cong cua 6ng
duoc xdy dung trén cébng sic cua nhiing nha
toén hoc thién tai dd tim ra va di hi sinh cho
hinh hoc phi Oclit.

1 GAM ANH SANG
GIA BAO NHIEU ?

Mat troi cho ching ta
dnh sdng. Anh sdng rét cin
thiét cho con ngudi cling nhw moi loi sinh vat
trén trdi ddt. Vai trd cua 4nh sdng la t6i cin
thiét. Nhung ¢6 khi nao ban thir suy nght xem
dnh sdng c6 gid tri bing bao nhiéu khong ? Chi
c4n dong ndo mot chit, bing cong thic Vat 1i
l6p 12 ta c6 thé tinh duoc 1 gam anh sing gid
bao nhiéu déng Viét Nam néu ta phai mua dé su
dung.

Trude hét dp dung hé thiic Anhxtanh :

E = mc*

Véim=1g=10"%g;c=3.10"m/stacd:

E= 1002100y =000 ()

Ta cé 1Tkwh = 1000(w)x3600 (s) = 3,6.10° (I).

O Viét Nam, chiing ta 18y gid ré nhét la : 500
déng / 1 kwh (uic 1a twrong duong 1 s6 theo
cong to dién) ta c6 s6 tién phai tra cho 1 gam
500d x(9.10'%)

3,6.10°

Ban c6 biét 12,5.10° bing bao nhi¢u khéng?
Mot con 56 khong phai 1a nhé, trong duong véi
s& tién 1am mot cay cdu bé tong cot thép dai vai
tram mét. Chic cdc ban khong ngd t6i thién
nhién di vu dai ching ta dén nhuéng nio !

TRUUNG MINH
(205h, phd'Lé Hong Phong,
Nam Dinh)

dnh sdng 12 : =12,5.10° déng

DON DOC THTT s6 292 (10/2001)

Ki nghi h& vita qua rét nhiéu ban d3 tham
gia cudc thi Vur hé 2001 cia THTT. Xin mai
céc ban dén doc phén giai dp cdc ciu do va
danh sich céc ban tring giai trén s6 béo
thang 10.

e Lo gidi cic bai todn thi chon hoc sinh gioi

THPT toan quéc nam 2001.

e Mot 56 sai ldm trong giai todn tim cuc tri.
o Mot s6 bai toan kho trong ki thi tuyén sinh

Pai hoc nam 2001.

o Hudng din gidi dé thi tuyén sinh mon

Todn trudng dai hoc Xay dung nam 2001.
e Khéng gidi dugc hay gidi dwoc mot bai

toén Hinh hoc 16p 9 ? :

v cdc chuyén muc vui khic : Ban cd hiét,

Cdu lge bg, Sai ldm ¢ dau ?, Gidi tri todn

e e e

C4c ban nhd dit mua Todn hoc & Tudi tré
quy IV nhé.
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BE THI TUYEN SINH MON TOAN TRUGNG DAI HOC THUY LI
NAM HOC 20012002

Cau L. Cho ham s6 y = x* — 4x? + m (C) D V1+2x -1+ 3y
1) Khao sat ham s6 véi m = 3. b L ) =
2) Gia sir d6 thi (C) cit truc hoanh tai 4 diém xl4
phén biét. Hiy xdc dinh m sao cho hinh phing 5y Tih . 7 = I | ,
S8 han bii 36 th (C) v trué hodnhoco diga . 2 0 : LY e
ich phdn phia trén va phin phia dudi h
:-::gngpnhzlfhla e s e e Cau V: Trong khong gian véi hé toa dé truc
Cau I1. 1) Giai hé phuong trinh : chudn (Oxyz) : e } :
1) Lap phuong trinh téng qudt ciia mat phang
di qua céc diém M(0; 0; 1), N (3; 0; 0) v tao

2,1.' = y=
v6i mit phing (Oxy) mét géc %

) 2) Cho 3 di€m A (a; 0; 0), B (0: b; 0),

2) Giai phuong trinh : C (0; 0; ¢) véi a,zh, c'zl& b%_sﬁ' duong, thay déi va
201 2 = (12 luén théa man a“ + A~ +'¢" = 3,

e Xic dinh a, b, ¢ sao cho khoang céch tir diém O

Mim:"g\,|m

2y+x=

Cau III. 1) Giéi phuong trinh lugng gidc : (0; 0; 0) dén mit phing (ABC) dat gi4 tri 16n nhat.
sin[iﬁ_i]zlsm[iﬁi) ~ HUOGNG DAN GIAI
A ed K10 2 Cau L. 1) Ban doc tu gidi

2) Che tam gidc ABC c6 d6 dai cdc canh la a,

b, ¢ va dién tich § théa man : 2) Goi xp, x; (0 < <) 14 cde nghi¢m

duong cia x* -4 + m=0 (1)
— i —bic - i 5 L
e Goi dién tich giéi han boi (C) ¢ phia trén
Chiing minh ring : tgC = 2 (hodc o phia duéi) truc hoanh véi v = 0 14 §,
15 (hodc §;). Do (C) nhan Oy lam truc déi ximg
: nén chi cdn tim m dé §, = §,.
CAU LAC BO THTT : a
CUOC CHOI DAU THIEN NIEN Ki MOl 5, =5, & jl_r*—cuz $mlde
Mai cdc ban tham gia cudc choi hing thing 0
DOAN TUOI VA BIET Al QUA ANH o
Ban hay cat phi€u cudc choi va din & bén ngoai = jl x*=4x2+mldx .

phong bi gi Tda soan THTT sau khi da dién cau

tra loi. Bén trong phong bi ban cé thé viét cam x

tuong ve cudc choi nhung khang gli bai khac. Nhé = J'(r; a2 e £
0

il

shi dia chi ciia ban !

x} Axd

| THAM GIA CUDC CHOI DAU THIENNIENKI | < x, [—52———2 +mJ =0
Ngudi trong anh ? © 3x3 -2003 +15m =0 (dox,>0) (2)
Ho va tén :

Tir (2) va x, thoa mén (1) suy ra m = %
Céau IL 1) V&i x, y # 0 hé da cho viét dudi

233 +yx2 =3
dang sau
2y  +xy? =3
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Trir tirng vé& cla hé ta duoc:

=2+ 2%+ 3y =0 (%)
R I
Do 212 + 2% + 3xy = Z(x +‘4l] +2¥2 >0

vix, y=0néntlr (*)suyrax=y=0.

Thay vao hé dd cho c6 x = 1 va y = 1. Thir lai
ding.

2) Ta nhan thiy x — 1 < x* - x (Vx) =
gedic e« o 2l _oxtor o)

Mat khic (x — 1)> = 0. Do d6 chi xiy ra
{(x ~1)2 =0

o= _2.1'2—.1' =0 <> x = 1 1a nghiém.

Caulll. 1) Bat r = ?—g——; thi phurong trinh

tr&s thanh sint = %sin 3t < sinf(dsin’t — 1) =0

sinr=0 t=kx
keZ
= c052r=é— .'=i£+kr.r i ral
.t-=§£+2mx
5
= .\’:1:1'—;:+2mfr (me Z)
,1':4—ﬁ+2mfr
5
2)§=c*—(a-by )

Thay § = -;—ah sinC , > = &® + b* - 2abcosC

thi (1) < sinC = 41 — cosC) < tg%:%
2.rg£ 8
= tgl= 2 =
1~-tg‘gZE L
2

Céu IV, 1) Nhan véi biéu thic lién hop dé
tim cdc gidi han thanh phén dugc :

il v'l+2:c—(l+x}__l

1
.1.'1—1[] J['2 2
o 3
o e Ll e
r—l) _;(2
o V142 -+3x
x— X2

oA+ 2x =(i+x) :
= lim 2 =+

(1+x)=31+3x
= il
x=0 X x—0 =
= _,,l_;_] :—1.—_
2
2)yDatx= LB
4
0
sal= = Jln[lﬂg[i—r)}h
A

rid 2 Tl4
= Iln[ }lr = [ilnl’—]n{l+tgr)}dr
. 1+tgs »

=Zm2-1=>7i=Z1n2
4 8
Cau V. 1) Phuong trinh mat phang (P) c6
dang Ax+By+Cz+D=0
C+D=0 _ [D=-34
3A+D=0 C =34
= Ax+By+34-34=0 (*)

(Pyqua M, N nén {

Mat khéc (P) tao véi (Oxy) géc -g-

T 13A1

buom R e ey
JIOA? + B2

vao (*) duoc :
Ax + AV26y+3Az-3A = 0. Phuong trinh
mp(P) cédang x+ v%y +3z-3=0
2) Phuong trinh mat phing (ABC) c6 dang

= B = +A26 thay

= +l+—z— =1=hex +acy+bez —abc=0
i
Gid sit & 14 khoang cich tir O dén (ABC) =
| —ahc| [l et
= — — =t —t—
Ja2b? +a?e? + b2 he Eighiope ph
Tir d6
1 1 1 l‘ j 2 12
3,};—2—[;—2'4"}72'—4‘(—2](3 +ht+c )29

=hs —-—1-— Ping thic xay rakhia=hb=c= 1.

J3

1

Hudng dan gidi :
PHO BUC ANH, TRINH TUAN,
PHAM XUAN DONG
(GV todn DH Thily Loi, Ha Noi)
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BAN BOC Tim T0I

VE MOT BAT DANG THUC LUONG GIAC TRONG TAM GIAC

TRAN XUAN DANG (GV THPT Lé Hong Phong, Nam Dinh)
VU THANH LONG (1241, khoi PTC Todn ~Tin — DHSP Ha Nogi

LTS. Trong THIT 287 (5/2001) da gidi thiéu
mot 56 bdt ddng thirc (BDT) hinh hoc do nha
todan hoc Jack Garfulkel néu ra ma khong ghi
chitng minh, trong dé BPT duéi ddy diroc nhiéu
han doc guan tdm.

Bai toan 1. Cho tam gidc ABC. Chitng minh
rdang

- B-C %
cos + cos + cos
2
5% (sin A +sin B + sin C) (1)
>—(sin A +sin B + sin
V3

Xin gidi thiéu 2 cach ching minh BDT nay.
Céc ban c¢é thé tim ra cdch gidi ndo khdc
khong ?

Cdch 1. (cta ban Tran Xudn Ddng)

Khéng mit tinh téng quit, gia st A < B < C.

Khi d6 A < % Bit ding thite (1)

B-C B-C 7 —3A
+ 2cos cos
4 4

=0

< CODSs

; 4 A
——35In A ——— c0S—CO0S

NE] o

2
=1 I—ivmsd 2C0523_C—1]+
Ve 4

+ ZCGSB;CCOSH_3A—iSinA z0(2)

. e
Xét ham s6

o) — [l—%cos%)(ﬁﬂ -1) +

+2xt:-::|sﬂ-uiwl ———sin A vl
. 3
gor J2
S =rht , xe|—;l
4 2

Dé dang chitng minh duac f(x) < 0,

Yx e [E;IJ
2

10

B-C

Suy ra f{cos }:f’(l) vai

—3A
fily= ]—-icos£+2cosx :

2

- —sinA
R 4 J3
Ditr=A ¢ [0;%] . Xét ham s6
o=l 4 cnsi+-2cmﬂ—isinf
£ \E 3 : -JE
Ta co
)= - cosi + = sin~ +EqinL3{
5 3 e
; i . SS:
= =—=— 0S4+ —=8Il— +— 85I —C0§ — —
43 N3 AR s
e T
—=c0s—sin—
) 4
Bién déi luong gidc c¢6 sir dung cong thirc

nhén déi, nhan ba ta dugc

i t gk
'(t) = | sin—+cos— || 2sin——1
g [Slﬂ 7 c054}[ sm.2 Jx

x i(‘:inl+cos£]—ﬁ
| 4 4

T
1+ cos —

5_\f§+l

! T
COS— > COS—=
4 12

ST

: 1
Tir @6 va tir 0 < sm%c:a suy ra

g <0,

3

vt € [{)—EJ Nhur va'y glr) = g(ﬁj =

Wt e [U;E—}
3

Suy ra fil) = g(t) = 0 = f{x) = 0, viy bét dang

thifc (2) ding.
Suy ra bit dang thic (1) diing.
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Biing céch tuong tu, ban doc c6 thé tim duge
11 giai cla cdc bai todn sau ciing duge dit ra
b&i Jack Garfulkel.

Bai toan 2. Cho tam gidc ABC nhon. Hay
khing dinh hoac phl dinh cdc bdt ding
thirc sau :

2

L
2

L L
1) sin— +sin— + sin
2 2
4 il HE T
= —| 1+ sin—sin —sin—
) 2 2 2

A B
2) cos— +cos— + cos— =
2 2 2

4( AR C)
= —| 1 +sin—sin—sin—
ﬁ 2 2 2
Bai toin 3. Cho tam gidc ABC. Ching minh

ring

tg? i+tg2 e tg? £+Ssinésin£sin£2
2 2 2 2 2 2

> 2
Cdch 2. (cua ban Vi Thanh Long)
bat A, = E;n&: E';—é ;G = A;B

thi A;,, B;, C; 12 cdc géc nhon thoa man
A+B +Ci=A+B+C.

» Bién ddi vé phai cia (1) c6 sir dung céc
dang thic luong gidc quen thudc :

—(sinA +sinB+sinC) =

= —-::c:-sﬂn:n:)s‘-ﬂiccrsE
AR s )
8 . B+L  C+A . A+B
= —sin sin sin
J3 2 2 2
3
= ——sin A, sin By sinC (3)
\ﬁ 1 1 L
o Bién déi v€& trdi cia (1) :
B-C B+C B-C
cosA, + cos = CO§ + cos =
Bl 2 . C+A . A+B
= 230550055 — A sin =
= 2sinB,sinC, (4)

Lic d6 tir (3) va (4) ciing céc dang thic tuong
tw (4) ta chuyén bai todn 1 vé bai todn 4 tuong
duong.

Bai toan 4. Cho tam gidc nhon A;B,Cy,
chitng minh rdng
2(sinA;sinB; + sinB;sinC + sinCsinAj) =

2cosA; + cosBf + cosCy +

8 ) :
Esin A, sin By sinC,  (3) |
Ki hiéu cdc canh cia AA|B\C, 1a a, b, ¢. Goi
S, R va r l4n luot 1a dién tich, bdn kinh dudng
tron ngoal tiép va nﬁl ti€p cua AA,B,C,. Nhan
hai v€ ciia (5) v6i 2R, 4p dung dmh li ham s6
sin va cdc cong thirc :
S = 2R%sinAsinBsinC
cosA + cosB + cosC =
=1 +4sin£sin£sin£=] i
2 2 2 R
thi bai todn 4 twong duong véi bai todn 5 sau :
Bai todn 5. Cho tam gidc nhon A,B,C,, chiing
minh rdng

ab + bc + ca 22R + 2Rr + Lk (6)

V3

Gidi. D& chitng minh (6) ta sit dung cdc céng
thitc da biét sau :
2(ab + be + ca) = a*+b*+c? + 4r(r + 4R) (7)
Rz2r (8)
OR?> a’ + b+ ¢ (9)
a* + b* + ¢ = 4(R+r)* néu AABC nhon (10)
Diing thiic g;éy ra 6 méi BET (8) (9) (10) khi
tam gidc la déu,
Tir (7) va (10) suy ra
ab+be+ca > 2R +
Néu chitng minh duoc :

12Rr + 4% (11)

2R + 12Rr + 4r* 2 2R* + 2Rr + &8,

(12)
V3
thi tir (11), (12) suy ra (6) ding.
Spr
12) < 10Rr + 47*

: * B

4p
< SR+2rz — (13)

NE)

Ta di chitng minh (13) c¢6 st dung (7} (8) (9)
nhu sau :
ll:')f:»2 = 4((12 + B2+ 2+ 2ab +2be + 2ca)

= 4{2(:::2 b (*2) + 2(ab+be + ca) - (a® + b?
+ D)) < 4[18R% + 4r(r+4R))
=3 (25R® + 20Rr + 4r%) — (3R® — 4Rr — 4r%)

=3(5R + 2r)* — (R-2r)(3R + 2r)
< 3(5R + 2r)*
Tir dé suy ra (13) ding = (12) ding = (6)
ding
(Xem tiép trang 5)
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CAC LOP THCS
Bai T1/291. Tim tét cd cdc gid tri hitu ti cla x
X2 4+2x+3

e —x+1

sao cho biéu thitc nhin gia tri 14 s6

nguyén
v TRI BUC
(Ninh Binh)
Bai T2/291. Cho ba s6 a, b, ¢ d6i mét khdc
nhau va thoa mén
a b '
07 +
b—¢ ¢—a a-b
Chimg minh ring trong ba s6 dé phai ¢6 mot
s6 duong va mét s6 am.
BUI MINH DUY
(GV THPT Nguyén Du, Thdi Binh)
Bai T3/291. Cho ba s6 thuc x, y, z théa mén
cicdifukién:O<x<y<z<l
vi Ax+2y+:z< 4.
Tim gid tri 16n nhéit cua biéu thitc
T+ 2y +z
DO THANH HAN
{GV THPT chuyén Bac Liéu)
Bai T4/291. Cho dudng tron tim O va hai
diém A, B thudc dudmg tron nay. Mot dudng
tron thay doi nhung luén di qua A vA B ¢6 tim
la Q. Goi P 1a diém d6i xing cia O qua dudng
thing AB. Pudng thang AP cit dudng trdon tim
O l4n nifa tai £. Dudng thang BE (khi E khic B)
cat dudmg tron tam O ldn nita tai F. Chitng minh
ring diém F luén nim trén mét duding thing khi
dudmg tron tam O thay déi.
VI QUOC DUNG
(GV DHSP Thdi Nguyén)
Bai T5/291. Cho tam gidc ABC véi AB £ AC
vh AD la dudng phan gidc trong. Liy diém M
trén canh AB va diém N trén canh AC sao cho
BM.CN = k khong déi (k < AB®). Xdc dinh vi tri
cia M, N sao cho dién tich cua tt gidc AMDN
14 16m nhat.

=0

PHAM BINH TRUONG
(K41 khoa Todn Tin DHKHTN —DHQG
Ha Noi)

12

CAC LOP THPT

Bai T6/291. Tim tat cd cac ham s6f: 0 — Q
thoéa min f{fix) + y) = x + f{y) véi moi s6 x, y
thuoc tap hop s6 hitu ti Q.

VU bUC SON
(Kd i khoa Todn —=Tin DPHKHTN -
BHOG Ha Néi)

Bai T7/291. Tim tét ca cdc ham s6 f: N'— N’
thoa man fifin) + m) = n + fim + 2001) véi moi
s6 m, n thude tap hop s6 nguyén duong N

NGUYEN ANH TUAN
(SV DH Xdy dieng Ha Ndi)
Bai T8/291. Tim gid tri I6n nhét cua biéu thic
.x‘z(y —I)+ _y‘j‘(z — v+ 22(1 —z)

trong dé x, y, z la cdc s6 thuc thoa min digu

kicn0<x<y<z<l
NGUYEN VAN THONG
{GV THFT chuyén Lé Quy Dén,
Ba Neing)

Bai T9/291. Goi p, R va r lan luot 1a nira chu
vi, ban kinh dudng tron ngoai ti€p va noi tiép
ctua mot tam gidc ABC. Chitng minh ring ABC
la tam gidc déu khi va chi khi p* = 6R* + 3,7

LE ANH TUAN
(GV THPT chuyén Vinh Phiic)

Bai T10/291. Ti dién ABCD n6i ti€p mat céu
tam O ban kinh R sao cho diém O nim trong tir
dién. Cic dudmg thing OA, OB, OC, OD cit cic
mat BCD, CDA, DAB, ABC wong ing & A', B,
C’, D'. Chitng minh ring

AA' + BB+ CC + DD’ 2 %R

NGUYEN BE
(S0 GD-OT Hai Phong)

CAC PE VATLY

Bai L1/291. Mot ban cdu khoi luong M dat
trén mat phing nim ngang. M6t vat nho

Mo o s
m= o bat diu trugt khong ma sét, khéng vin

M

0
téc tir dinh A cla bdn cdu. (Hinh v&). Khi vat
truot dén vi tri B v6i ZAOB = a = 10° thi bdn

https://tieulun.hopto.org
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cdu bit du truot trén mat phing nim ngang.
Tim hé s6 ma sdt giita bdn cdu vi mat phang
nam ngang.
NGUYEN XUAN QUANG
{GV THPT chuyén Vinh Phiic)

Bai L2/291. Cho mach dién nhu hinh bén.
Nguén dién 1a 1 dcquy (Sdd = 2,2V ; dién tro
trong r). Ba dién ké c6 dién tro g,. g,, g1 déu
khic 0.

Maic thém 1 dién trd R = 1 (Q) lan lugt vao :

« 2 diém AB, thiy G, chi 0,05 (A)

« 2 diém BD, thiy G,, G; chi 0,05 (A)

« 2 diém CD, thily G; chi 0,05 (A)

» 2 diém AC, thdy G,, G, chi 0,05 (A)

A N\ B o 5 i)
D@0
&I £ 3]

« 2 diém BC, thdy G, chi 0,05 (A)
Hay tinh cdc dién tr& r, gy, €2, £3-

TRAN VAN MINH
(GV Ha Néi)

PROBLEMS IN THIS ISSUE

FOR LOWER SECONDARY SCHOOLS

T1/291. Find all rational values of x, at which
expression

12 +2x+3

xt —x+1
takes integral values.

T2/291. Let a, b, ¢ be three distinct numbers

satisfying the condition
a h fd
+ i =
h—c¢ c¢c—a a-b

Prove that among them, at least one must be
positive, one must be negative.

T3/291. The real numbers x, v, z satisfy the
conditions :

0

[0<x<y<z=l
i'L3.1'+2y+z <4

Find the greatest value of the expression

g P e R o

T4/291. Let be given a circle (O) with center
O and two points A, B on it. A moving circle
(@) with center () passes through A, B. Let P be
the mirrorimage of @ in the line AB. The line
AP cuts (O) again at E. The line BE (when B, £
are distinct) cuts () again at F. Prove that the
point F lies on a fixed line when the circle (()
moves.

T5/291. Let ABC be a triangle ABC with
AB < AC and let AD be its inner angled -
bisector issued from A. M is an arbitrary point
on the side AB, N is an arbitrary point on the
side AC such that BM.CN = constant &k (k <

ABY). Determine the position of M and N so that
the area of the quadrilateral AMDN attains its
greatest value.

FOR UPPER SECONDARY SCHOOLS

T6/291. Find all functions f : @ — QO
satisfying fifix) + y) =x+f(y)
for all numbers x, y in the set of rational
numbers Q.

T7/291. Find all functions f : N° — N’
satisfying
fifin) + m)=n + fim + 2001)
for all number m, n in the set of positive
integers N
T8/291. Find the greatest value of the
expression
2 2 2
XQ-zty(z-MN+z(l-2)
where x, y, z are real numbers satisfying the
conditions :
O<x<y< z<l.

T9/291. Let p, R and + be respectively the
semi-perimeter, the circumradius and the
inradius of triangle ABC. Prove that ABC is an
equilateral triangle when and only when

pr=6R*+3r°

T10/291. The tetrahedron ABCD is inscribed
in a sphere with center O, with radius R, such
that O lies inside the tetrahedron. The lines OA,
OB, OC, OD cut respectively the faces BCD,
CDA, DAB, ABC at A", B', C', D'. Prove that

AA’ +BB'+ CC'+ DD’z ?R

13
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Bai T1/287. Gid sit a va b la cdc 56 nguyén
duong sao cho 2a-1, 2b—I va a+b déu la cac 50
nguyén 16, Chimg minh rdng a” + b* va a* + b"
déu khéng chia hét cho a + b.

Loi gidi. (cla Vi Quang Thanh, 9B, THCS
Nguyén Hiru Tién, Duy Tién, Ha Nam).

Vi 2a - 1 va 2h - 1 la cdc 36 nguyén t8 nén
a, b>1,maa+hblas6nguyén té nén a + b lé.
Khéng giam téng quat ta gia sit @ chdn, b 1é.

Vi b 1é nén (a” + b")i(a+b)

Gia stt (" +H)(a+b) thi (F*H-1)i(a+b)(1)
(vi néu b* hodc hb° chia hét cho (a + ) thi s6
nguyén t6 a + b 1a udc ctia b = mau thuin)

Ma theo dinh 1i Fecma nhd thi

(bl ~1) i(a+b) (2)

Céc ban tu chitng minh bé dé sau :

Véi mbi s6 nguyén t6 p > 2, va x khéng chia
hét cho p, d 14 s6 nho nhét théa man (x4 - 1) | p
thi v4i s6 m bét ki théa man (x™ —1):p, ta cé
m : d.

Ap dung vao (1), (2) ta cé

Néu tén tai d duong nhé nhdt théa man

(b4 —~1)i(a+h) thila—bl id va(a+b-1) i d

Suy ra 2a — 1 hodc 2b — 1 chia hét cho d.

Nhung 2a — 1 va 2b - 1 déu nguyén t6 suy ra
d=1. Vaytacé (b-1)i(a+b) v6 Ii. Do dé
(a® +b%)(a+b). V6i (a® +h")i(a+b), bing

cdch ching minh tuong tu ta ciing thiy diéu dé
v li.

Vay a? +b? vad a? + b* déu khong chia hét
choa+b.

Nhan xét, Cic ban Trdn Quéce Hodn, 8B, THCS Chu
Vian An, Thanh Ha, Hai Duong va Nguyén Duy Hiéu,
8B, THCS Nguyén Trutng To, Ha Noi cling c6 1&i gidi

diing.
- TONGUYEN
Bai T2/287. Tim gid tri nhd nhdt cua
hiéu rh,u.:
Xt e g X
i G
t+y Yy+z z+X X+1

trong dé x, y, z, t ld cdc 56 duong.

14

Loi gidi. (cha nhiéu ban)
Sir dung bat dang thitc Cosi ta dé dang cé bt

ding thic L véi a, b > 0. Ding

a b a+bh
thitc xay rachikhia=h.
Bapae Lol Aol ITR R ol e
I+y Y+2z z+x x+ft
s Gl A S
R L S R
=(f—-—+1J+( JJ+1J+
f+y }'+Z
e = \
!y +I]+[z 'r+1J—4
2+T B
+y i+ I+
LeTEy AR YRR R
t+y y+z z+x X+t
+ -
=(1 1 x}+[r+z+z+rJ_4
t+y z+x y+z X+t

= (x+y)[L+
gty

1
+
z+xJ

+(z+0[ l - 1 }—4
y+z x+t

3_*(x+y)# e
X+y+z+1

+(z+0)——— -4
X+ y+z+t
=4-4=0,

ding thitc xdy rakhir+ y=x+zvay+z=x +1¢
Spx=yvaz=t.

Vay gid tri nho nhat cdn tim cta A 14 0 khi
X=J3Vviz=r

Nhan xét. Tuy bai todn nay khd don gidn, nhung
ciing c6 mot 58 ban xdc dinh sai gid tri cin tim, va rit
nhiéu ban di dén diéu kién cin va di dé dat gid tri nho
nhat la x = y = z = , diéu do khéng chinh xdc.

Nhiéu ban c6 151 giai giong nhu 1&i gidi rén, trong do
mot s6 ban quén khong ghi tén va dia chi. Cic ban sau
day cé 1o gidi ddy db va ngin gon hon ci : Pho Yén:
Nguyén Tam Déc Link, 9D9 THCS Phi Yeén, Tuy Hoa ;
Binh Thuan: Pdu Ngoc Ti, 6T, THCS Nguyén Tri,
Phan Thiét; Hoa Binh: Nguyén Ngoc Tuyén, THCS
Lac Thinh, Yén Thiy, Lé Thdi Hoang, THCS Himu
Nghi ; Yén Bai : Hodng Thi Phuong, THCS Dan toc
néi rd Yén Binh, Mguvén Puc Tam, 9B, THCS Luong
The Vinh, Mau A, Van Yén,

VU DINH HOA
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GIAI BAI Ki TRUGC

Bai 13/287. Giai phuong trinh
#1728 Y228 —1=1
Loi giai. (dua theo Hoang Thi Phirong, 8C,

THCS Dan toc ndi tri Yén Binh, Yén Bai va
nhiéu ban khic).

Patu= WN7=x* uz20);v= Y218 -1
Ta cé hé :

{u—v=l @{v:u—l
2ut +v3 =33 It + (-1 =33 ™)
M) 2t + 10 -3’ +3u—-34=0

o u-2)2uw + 50"+ Tu+17)=0

& u=2MVi2ul +5u° + Tu+17>0)

Tirds Y17-x8 =2+ =1 x=+1 Thi
lai ding.

Nhan xét. 1) Ngoai céch trén, nhiéu ban xét 3 truéng
hop : 51: 4% < 1 vax®=1 dé fim duoc nghiem x = + 1.

2} Cé 2 sai lim ma mot s6 ban mic phai la : dé thiéu
nghiém x = -1, dat diéu kién cho can béc 1¢ khong am !

3) Céc ban sau cé 1o giai 16t :

Yén Bai: Trdn Manh Cuomg, 8B, THCS Lé Héng
Phong, Tx. Yén Béi; Vinh Phuc: Dai Thi Huong, 8B,
Pham Vdn Hodng, 9B, THCS Yén Lac, Nguyén Truong
Qudn, 9A, THCS Hai Ba Trung, Phic Yen, Mé Linh,
Phan Tién Thanh, vi Nhdm Ting Giang, 8A, THCS
Vinh Yén, Tx. Vinh Yén, Trdn Thi Lé Hang, 9A, THCS
Huong Canh, Binh Xuyén; Phi Tho: Nguyén Truémg
Tho, 8A2, THPT Gidy, Phong Chau, Phd Ninh, Lé
Thanh Ting, 9B, THCS Viét Tri, Nguyén Bd Gia, THCS
Tam Nong; Phi Yén: Nguyén Tam Ddc Linh, 9D9,
THCS Phi Lam, Tuy Hoa; Béc Ninh: Nguyén Qudc
Khéanh, 9B, THCS Yén Phong, Viwong Hitu Ding, 9A,
THCS Tién Du, Ngoe Thi Thanh Chdam, TA, THCS
Thuin Thanh, Chu Thi Minh, 9A, THCS Yén Phong;

Ha Noi: Vi Trudmg Giang, khu C, thi trin Séc Son;
Ha Tay: Nguyén Vdn wong, 9B, THCS Kiéu Phi, Quéc
Qai; Hai Duong: Lé Binh Huy, 8A, THCS Nguyén
Trai, Nam Sach, Khéng Minh Thdo, 9/3, THCS L& Quy
Pon, Tp. Hai Duong; Hoa Binh: Lé Thdi Hoang, 9A1,
THCS Hiru Nghi, Nguyén Lam Tuyén, 9B, THCS Lac
Thinh, Yén Thiy; Hai Phong: Trdn Xudn Ding, 9A,
PTNK Trén Phd; Hung Yén: Dodn Thi Kim Hué, 1C,
THCS Pham Huy Théng, An Thi; Thai Binh: Ngé
Xudn Ting, 9B1, THCS Luong Thé Vinh, Tx. Thdi
Binh; Nguyén Thdi Vinh, 9A5, THCS An Ninh, Quynh
Phu: Ha Nam: Vi Quang Thanh, 9B, THCS Nguyén
Hiu Ti¢én, Duy Tién; Ninh Binh: Dinh Hiu Cong, 94,
THCS Truong Hdn Siéu, Tx. Ninh Binh; Thanh Hoa:
Biii Thanh Ting, 98, THCS Lé Quy Don, Bim Son,
Pham Minh Ngoc, 9A, THCS Yén Tho, Yén Dinh;
Nghé An: Lé Bdo Trung, 9A, THCS H6 Xuan Huong,
Quiynh Luu, Bui Céng Truong, 9A, THCS Thi trin Hoa
Binh, Tuong Duong, Lé Thi Hong Ngdn, 8A, THCS Ly
Nhat Quang, Do Luong; Ha Tinh: Lé Minh Quang,
Nguyén Phi Ting, 9A, THCS Phan Huy Chi, Thach

Hi, Phan Hdi Ha, 9y, Lé Nam Truwemg, 7) THCS Le

Van Thiém, Tx. Ha Tinh; Da Nang: Trdn Duy Son, 8/2,
THCS Nguyén Khuyén, Tp. Pa Ning; Quang Ngai:
Biii Lé Trong Thanh, 8C,, THPT Nguyén Nghiém, Tx.
Quing Ngi; Binh Dinh: Lé Ton Khach, TM, THCS Lé
Héng Phong, Tp. Quy Nhon; Tp. Hé Chi Minh: Trdn
Hdi Pdng, 6A9, THCS Trin Dai Nghia, Q.3, Hd Lé
Duy, 9y, truong Nguyén Du, Q.1; Poéng Thap: Nguyén
Lé Héng Diém, 9A1, THPT Tx. Cao Linh.
MAI THE DUY

Bai 14/287. Cho hinh vuéng ABCD. Hai
duomg chéo cdt nhau tai E. Mét duong thang
nao dé di qua A, cdt duomg thang BC tai M va
cdt duomg thing CD tai N. Goi K la giao diém
cia cdc duong thang EM va BN. Chimg minh
rang CK L BN.

Loi  giai. 4 ! B
Xét  trudng
hop M thude =
canh BC va .
khi d6 N 5 M
ndm trén CD
kéo dai vé

phia C. D C

LAy I trén canh BA sao cho IB = CM.

Ta ¢6 AIBE = AMCE (cgc). Suy ra EIl = EM.
Ta lai ¢6 ZMEC = ZBEI nén AMEI vubng can.

Tir d6 LEMI = 45° = #BCE.

Ta cé Jo. G . Hi . Nén IM//BN. Suy ra

AB AD AN

ZBCE = ZEMI = ZBKE.

Do dé tit gidc BECK noi tiép. Tt ZBEC = 90°
ta suy ra ZCKB = 90°. Vay CKLBN.

Céc truomg hogp M nidm trén BC kéo dai vé
phia C, M nim trén BC kéo dai vé phia B ta
chitng minh twong tu.

Nhan xét. 1) S§ dong céc ban khong xét du cdc
trudmg hop ma méc nhién coi chi c6 1 trudng hop nhu
hinh v& thé hién.

2) Céc ban ¢6 1o gidi t6t :

Thai Nguyén: Ninh Trung Kién, 9A1, THCS Chu
Vin An; Yinh Phic: Lé Huy Quang, 9A, THCS Vinh
Tudng, Nguyén Viét Cubng, 9B, THCS Yén Lac; Bic
Ninh: Nguy&n Tuin Minh, 9A, THCS Yén Phong; Ha
Tay: Nguyén Duy Khiém, 9A, THCS Thach That; Ha
Nam: Trin Phan Binh, 8B, THCS Trén Phi, Pha Ly;
Hai Phong: Pham Anh Minh, 9A, THPT NK Tréin Phu;
Nam Dinh: Nguyén Thanh Thién, 9B, THCS Hai Hau,
Pham Kim Hing, Nguyén Dang Hop, 8A2, THCS Le

Quy Don, Y Yén, Nghé An: Cao Biic Tufn, 9B, THCS
Cao Xuén Huy, TT Dién Chéau.
vU KIM THUY
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GIAI BAI Ki TRUGC

Bai T5/287. Cho tam gidc vuéng c¢an ABC véi
ZA = 90°. Goi I la tam ducmg tron néi tiép tam
gidc, M ld trung diém ciia AC. Puong thang M1
cdt AB tai N. Goi E la trung diém ciia IN, F la
diém trén canh BC sao cho FC = 3FB. Puong
thang EF cdr AB tai D, cdt dwong thing Al tai
K. Chitng minh rdng tam gidc ADK cdn.

Loi gidi. Ké IH L BC va IG L AB. Vi MH//AB
n ﬂ:fi (])
MH ~ IH

Do Bl la dudng phén gidc cua AABH nén

IA _BA
—=—L(2).
IH BH

Tir (1), (2) vi do AB = 2MH nén AN.BH =
MH AB = %AB2 = BH? = AN =BH.

Tudé BN=AB-AN=AB—-BH=AB- BG =
AG=IG=BN=1IH (3)

Ta dua vé bai todn phu : Cho tam gide thuimg
ABH (AB > AH). Goi N va I ldn lugt la cde
diém trén canh AB va AH sao cho BN = IH.
Goi E va F la trung diém ciia NI va BH twong
ung. Thé thi EF song song véi duong phan gidc
trong At ciia AABH.

Dé chimg minh goi J 13 trung diém cla BI.
Theo tinh chédt dudng trung binh cta tam gidc ta
¢6: EJ//BN va 2 EJ = BN, JF//IH va 2JF = IH.
Tir d6 AEJF can. K¢ At//EF thi LA = ZJEF =
ZLJFE = £A, nén At la dudng phan gidc trong
cla géc BAH.

Tr& lai bai todn : Vi DK//At nén ZADK = ZA,
= /Ay = ZAKD nghia 1a AADK cén tai A
(dpem).

16

Nhian xét. 1) Nhiéu ban di phat hién duoc dé ra in
nhdm nén da tv sia "AC" thanh "Al" vi chimg minh
ding. Mot s& ban di tinh do dai edc doan thing nén 1o
gidi dai dong.

2) Céc ban Nguyén Quang Ting 9H, THCS Trung
Vuong, Ha Noi, Lé Bdo Khdnh, YE, THCS Lé Loi, Ha
Dong, Ha Tay phat hién thém ring néu F' 1a trung
diém clia HC (F'B = 3F'C) v duding thing F'E cit AB ¢&
D', cit Al tai K’ thi AAD'K’ can. Thuc viy theo chimg

45" _

minh trén AANH céan nén ZBHN = LAy =

£HCl = NHJfIC. Do EF’ 1a dudmg trung binh cta hinh
thang NHCI nén EF{NH ma AANH cin & A nén
AAD'K’ cling can & A.

3) Céc ban sau 6 loi giai gon :

Yén Bai: Trdn Manh Cuéng, 8B, THCS Le Héng
Phong, Tx. Yén Béi; Vinh Phue: Pham Vidn Hadng,
9B, THCS Yén Lac; Hoa Binh: Nguyén Ldm Tuyen,
9B, THCS Lac Thinh, Yén Thuy, Lé Thdi Hodng, A1,
THCS Hitu Nghi; Ha Tay: Nguvén Ngoc Tudn, YA,
THCS Thach That; Bac Ninh: Vii Vidn Son, 9A, THCS
Han Thuyén, Luong Tai; Hai Duong: Pham Huy
Hodng, 9/3, THCS Lé Quy Bon, Tp. Hai Duong, Lé
Dinlt Huy, 8A, THCS Nguyén Trdi, Nam Sich; Hai
Phong : Bii Tudn Anh, Nguyén Dite Phuong, 8A, Tidn
Xudn Ding, 9A, TH NK Trdn Phi; Nam Binh: Nguvén
Ddang Hop, Trdn Trung Kién, 9A2, THCS Lé Quy Bon,
Y Yen, Nguyén Thanh Thién, 9B, THCS Hai Hau;
Thanh Héa: Nguyén Pinh Ding, YA, THCS Nhit B4
5y, Hodng Hoa; Nghé An: Phan Trung Kién, 8C,
THCS TT Nam BDan.

VIET HAI

Bai T6/287. Chimg minh rdng phuong trinh
sau c6 vo 56 nghiém nguyén

ey edirl=28 -
trong dé § la téng ciia n s6 nguyén dicong dau
tién, n la mot 56 nguyén diong cho trudc.

Loi giai. R6 ring phuong trinh c¢6 mot
nghiém riéng (x,, Yo 2o 1,) = (5, S, =1, 0). Ta sé
tim cic nghiém khdc dudi dang x = § - r,
y=§+rz==(+1),t=1

Khi dé
x4y 4+ 2+ £ =28 - 1 twong duong véi
25¢ =2 -1=0

o @+1)72 857 =1,
Pitu=2+1=u’-4n(n+ =1 (2)
Ta chi cdn chiing minh phuong trinh (1) ¢6 vé

s6 nghiém nguyén duong (r, [) <> phuong trinh

(2) c6 v s6 nghiém nguyén duong (i, r) (bdi vi

nghiém u cla (2) chiac chan 1a s6 1é). Phuong

trinh (2) hién nhién cé mét nghiém u, = 2n + 1,

ro = 1. Dit d = 4n(n+1). Néu (u,, r,) 1a mét

nghiém cia (2) thi
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{H,H_l =u,u, +dr,r,

Tagp =M, T UT,

ciing 1a nghiém cua (2). That vay
u, —drz, =

i+l n+l
= (u,u, +dr,r, ) —d(r,u, +u,r,)?
= (w2 —dr2)ut -dr2)=1
Vi, > Uy, ey > 1y nén ta cé dpem,

Nhan xét. 1) Phuong trinh dang x* — dy* = 1 (3)
duoc goi la phuong trinh Pell. Pay 1a mot phuong trinh
Diophiang rit ndi tiéng trong s6 hoc. Di chimg minh
duge ring phuong trinh Pell (3) cé v6 s6 nghiém
nguyén duong néu o la mot s6 khong chinh phuong.
Cac ban co thé tim hiéu chi tiét vé phuong trinh Pell
trong cudn sich : "Bai gidng sé hoc”, NXB Gido duc
nam 1996,

Nhir vay két luén cia bai todn vin con ding khi thay
§ boi mot s8 nguyén dwong bit ki sao cho 25 khong la

nin+1)

s6 chinh phuong (trong bai § cé dang ) do dé
dé thiy 28 = n(n + 1) khéng la 58 chinh phuong.

2) Do sa su#it nén dé bai in nhim phuong trinh trén la
4+ +2° + £ =38 - 1 (4). Thanh thir khong c6 ban
nao grilaii dugc béi todn (4) nay. Toa soan xin thanh that
cdo 16i cling ban doc.

DANG HUNG THANG
Bai T7/287.Cho cdc sé thie a > 0, a = 1,
b >0, b =1. Chitng minh rang phitong trinh
log# y + log# x +3log? x.log? y -
~8log, y.log, x—16(log2 y + log? x)+80=0 (*)
c6 hai nghiém, va goi hai nghiém dé6 1a (x;, y),
(xg, ¥2) thixy + x5+ + ¥ >4
Loi giai. Diéu kién: x>0, y> 0.
Dat u = log,y, v = log,x.
Chiy log, x.log, y=
= log, b.log, x.log, a.log, y=u.v
Do dé phuong trinh (*) tuong duong véi
0= u*+ v + 3% — 8uv — 16(® + v%) + 80
= (uz T 8)2 + (uv — 4-)2

{u2+v2=8 |:u=v=2
= ="

wv =4 H=v=-2

= B2 )
log, y=log, x=2 A=k
lo =lo x*-ZQ o i
Ba ¥ =108, X = x_h_E'y_a_l

Boivay x;+x,+y + ¥, =

= b+ —i;l;+a2 +L2>2+2=4(doa¢ 1).
7]

Nhan xét. Toa soan nhin duge 1oi gidi cua gdn 300
ban, hiu hét céc ban déu giai nhu trén.

NGUYEN MINH BUC

Bai T8/287.Gid sw phuang trinh ax: + by + ¢
=0 {a #0) cé 2 nghiém phan biét. Xeér day sé
{x,}(n=0,1,2,..)dugc xdc dinh hdi 56 x, cho
trude va cde diéu kién

f"'nfcr.r,,_; + .I[Jj +e=0vdin= 1,2.

Hay tim lim x, theo x,.

=3 ;

Loi giai. (Theo cich cha Nguyén Dire Nhdr,
12B Todn, DHKHTN — BPHQG Ha Noi)

Goi 2 nghiém cia phuong trinh la m va p, gia
str Iml < Ipl. Suy ra p = 0. Khi dé

Xplax,_;+h)+c=0

= xn(x”_! +£j+i w0
a a

=Xy (xu—l Ees (P +m))+ mp = 0
<> (X = pX Xy = P} + P(Xpy —p) -
~m(x, - p)=0 5 )
Tir (*) suy ra ngay két qua :
= Né’u X =P thi X, =p, n = 1_ Py S‘Ll:y’ ra

limx, =p
Aol

+Néux,=mthix,=m,¥n=1,2, .. Suyrm
lim=m
N=a0

+Néux,zpvax,2zmthix,2pva x,#m
(n).

1
< x,= p+— taduoc
X, =P Z,
1+pz,-mz, =0

bitz, =

1
¢:>z,,=-n1z,,_, -—,n=1,2,..
r P
Xét phuong trinh
m 1 1
xXxX= —x—-—— DX=
P r L i
Suy ra:
1 m 1 1
Zp = ! e e S o |
m=pn |7 AEE s )
m 1 ml|’ 1
= ||z =———| == || |2, —
m-—p P m-—p
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m

Néu Iml < Ipl thi — 0 khi n —> o0 va

P

lim z, =
A=y

hay limx, =m
m-=p R0
Néulml =Iplthih=0va

1 1

2, ——|=|2, ———

n

m—p m-—p
1
=x,=p+ 1
__iza_
m-—p TH—P

Trudng hop nay khéng tén tai lim x,,
1—»m

Nhin xét. Cic ban sau day cd o giai tot.

Luong Thé Nhdan, Trdan Ank Hodng, 11T, DHKHTN
— DHQG Tp. HCM; Nguyén Vin Thing, 10T, chuyén
Lé Khiét, Quang Ngai ; Nguyén Hodang Thach, 11T,
Amsterdam , Kim Pinh Thdi, 11A1, PHSP Ha Noi ;
Ddo Anh Diing B, 12T, THPT Nguyén Trai, Hai
Duong; Ddu Thi Ngoo Anh, 10A, PH Vinh; Bai Vidn
Tiing, 12B, THPT Trin Nhat Duit, Nam Dinh ; Nguyén
Xudn Trudmg, 11A1, chuyén Vinh Phic ; Vii Dinh
BOdu, 11T, THPT Trin Phi, Hai Phong; Nguyén Thdi
Ngoe, Nguyén Lam Tuyén, 12T, chuyén Hoang Van
Thu, Hoa Binh; Nguyén Thi Thiy Dueng, 11 Sinh,
chuyén Han Thuyén, Bic Ninh.

NGUYEN VAN MAU
Bai 1T9/287. Cho tam gidc ABC va n la sé¢
nguyén duong. Chitng minh rdng
a) cosA + cosB + cosC <
<Il+ %(msz A-B+msz B_I‘:'Jrc:ns2 C_A] 5%

n n n

viin=2 (1)

b) Sini+sinﬁ+sin£ 5
2 2 2

=]+ -1—[0052 J’lg'l——'l':"+-::1|::\52 g +00s? C_AJ <
6 n n n

véin 24 2)

Lo giai. a) e Taco :

o oA g BC €A,
6 n " n

< 1+l{1+1+]j|-——E
6 2

Ding thic xay ra <> AABC déu.

18

s Tacd:
A-B
H

A-B

0= =

‘qi wnz2
A

:bcoszA" B‘a’nzl

2A_
= cos

n 2
B

n

£-a fii o8 Vnz2

> cos?

Bl

= cos?

Tuong tu ta cé : cos?

cos?

n
Vi viy, thay cho viéc chimg minh phén trdi
ciia bét ding thite (1) ta chi cdn chitng minh bit
déng thic
cosA + cosB + cosC <

<1+ 1[&32A—_E+0m2££+m53 =4
6 2 2

\

]- (*)
)

Ta c6 thé chitng minh (*) nhu sau.

Cdch 1. (cua ban Hodng Ngoc Minh, 10A1,
THPT chuyén Hing Vuong, Phi Tho)

V2
Ta co [cosA B-Zsin— =0
:>coszA—B+4sin2-§—24cosdﬁgsin§-
= cos2 —— + 2(1 —cosC)=2(cos A + cos B)
= cos2 —— + 22 2(cos A + cos B+cosC)
Vay :
et 2B g @ pL ol o

= 6(cosA + cosB + cosC)
Tix d6 suy ra (¥)
Ding thiic xay ra <> AABC déu.

Cdch 2. (ctia ban Nguyén Thi Thity Duwong, 11
Sinh, THPT NK Han Thuyén, Bic Ninh)
Theo bét ding thic Cosi ta c6 :

sin B +sinC = 2,/sin BsinC
sinC +sinA = 2+/sinCsin A
sin A +sin B = 2+/sin Asin B
Nhan theo timg vé ciia ba BDT trén cé:

(sinB + sinC)(sinC+sinA)(sinA+sinB) >
= 8sinAsinBsinC

https://tieulun.hopto.org
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Sir dung cong thitc bién déi téng thanh tich va
cong thiic nhan déi ta dugc :

B ¢-A v A-Fb
0s cos cos >

C
2 2 2
A B
= 8sin—sin—sin— {ct)
AR e
- C-A A-B
Vilzcosﬂ c,cos , COS >0
2 2
néntaco:
cos2 —— + cos2 —— + cos? A;B >
- - A-B
e +cos? + cos? 5 B
Theo bat déng thirc Cosi ta c6 :
= - A-B
cos? +cos? 2 + cos3 >
2 2
B~ —-A A-B
> 3cos Ccos & cos (y)
2 2 2

Tir (ct), (B), (y) suy ra:

i % el u
l‘ cos? Beb +cos? S +cos? a B] >
6l 2 2

C

e :
= 45111—3111—31115

BoC o
+ COs

A A-B
= l[::os2 + cos? } =
6 2

= cosA + cosB + cosC — 1. Tir dé suy ra (*)

Ding thic xay ra < AABC déu.

b) Ap dung (1) cho tam gidc véi ba géc 1A
B+C C+A A+B ) ;

T ta ¢é ngay (2). Bién déi
chi ti€t xin danh cho ban doc.

Nhan xét. Day 14 bai todn dé, cdc ban sau day cd loi
giai t6t. Quang Binh : Ha Nhdt Sang, 11T, PTNK
Quéng Binh; Pdc Lac: Nguyén Minh Mdn, 11A3,
THPT Trdn Qudc Todn; Ha Tinh: Nguvén Qude Hodi
Viét, 10A1, THPT Minh Khai; Hoa Binh: Nguyén Lam
Tuvén, 11T, THPT NK Hoing Vin Thu; Nghé An:
Hodng Diing, 10A, THPT Lé Viét Thuat; Vinh Phiic :

Dai Quang Trung, 11B2, THPT chuyén Vinh Phic;
Dong Thap: Hodng Céng Thién, 12T, THPT Cao Lanh.

NGUYEN MINH HA

Bai T10/287. Gid sit M la m¢t diém ndm
trong tit dién ABCD. Cdc duing thing AM, BM,
CM, DM theo thir tu cdt cdc mét phang (BCD),
(CDA), (DAB), (ABC) tai A’, B', C', D’. Mt
phing (@) qua M, song song véi mdt phdng
(BCD) ldn lugt cdt AB', AC’, AD' tai X, ¥, Z.

Chitng minh rdng M la trong tdm ciia tam gidc
XYZ.

Loi gidi. (dua theo Lé Phuong, 10T1, THPT
chuyén Luong Thé Vinh, Péng Nai)

Ta sit dung phuong phip vécto dé giai bai
toAn nay. '

— Vi trong khong gian, bdt ki 4 vécto nao
cling phu thudc tuyén tinh nén tén tai 4 s thuc
x, ¥, z, t khéng déng thei bing khong sao cho :

xMA + yMB + zMC +tMD=0 (1)

(Ngoai ra, ciing dé ¥ ring ca 4 s6 x, y, z VA
déu duong vi M 1a m6t diém nam trong tir dién
ABCD).

Vi M € mp(a)//mp(BCD) nén MX//BA', X €
[A'B]. Trong tam gidc B'BA’, MX//BA’, 4p dung
dinh Ii Talet ta c6 hé thic vecto sau :

M B
BB’

— Bay gid ta chiéu céc véc to xdc dinh bai (1)
lén dudng thing BB’ theo phuong mat phang
(ACD), ta dugc :

yﬁ+(z+r+x}ﬁﬂ?:ﬁ,hayla:

(2)

(z+r+.x']m'=yﬁf- (1)
Tir d6 suy ra :
ME BM _ BF
¥y Z4+t+x x+y+ztt
i MB' ¥ 3)

BB’ _x+y +z+1t

Tir (2) va (3) ta duoc ;' MX =kyA'B , trong d6:
: :

x+y+z+r

k= — (k=0) 4)

19
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Chiing minh tuong tu, ta duge :
MY =kzA'C
MZ=kiA'D

MY=25-A'C

%) MZ=2SyA'D

(6)

— Mat khdc, lai chi€u céc vecto xéc dinh boi
(1) 1&én mat phing (BCD) theo phuong dudng
thang AA’, ta duoc hé thife

_y}i'3+ zA'C+1A'D+10=0 (T)

— Cuéi ciing, tir (4), (5), (6) va (7) ta dugc :

MX + MY + MZ =

=k(yA'B+zA'C+1A'D)=0 (8)

Hé thitc (8) chiing to rang M 1a trong tim cua
hé ba diém (X, Y, Z}, ciing titc 1a, M la trong
tdm tam gidc XYZ.

Loi giai 2. (Nguyén An Huy, 11D1, THPT
Chu Vian An, Ha Noi) :

Ki hiéu S, Sz, Sc va Sp 14n luot la dién tich
céc tam gidc BCD, A'CD, A'DB va A'BC; thé thi
§= Sz +8c+S5p vataduge hé thiic vécto sau
day (mot hé thitc quen thudc da cé trong SGK):

SBE._B.‘FSC‘AIC:‘PSDA_IE):E) (l}

Lai dé y ring trong mit phing (MAB), cdc
dudng thing AB' va BA’ cit nhau & moét diém B,
nao dé trén canh CD. Goi X' = mp(a) M ABy;
thé thi vi M € mp(a)//mp(BCD) nén (a) M
(MAB) = MX //BB, va () " AB' = X € MX.
Theo dinh li Talet, trong cic tam gidc B'BB, va
AA'B; cé MX'//BB, nén ta duoc :

ﬁ_h?[_MB'] . MX' AM

—_—— | = Vi el
BA' BB, \ BB AR A
Tir 46 suy ra :
o TE AR o
BB, AA'" BB,

_AM Botar

RS
hayla MX=1.S,A'B, (ii)
trong d6 : A = —i‘y—-}-

AA''S

Chitng minh tuong tu, ta duoc :

20

Cong theo timg vé céc dang thic (i), (iii) va
(iv) réi sit dung (i) ta thu dugce hé thic (8) nhu
10 gidi 1 & trén, d6 1a dpem.

Nhan xét. 1) Ngoai hai lén gidl néu trén, da s6 cdc
ban sir dung phuong phép thé tich hodc dién tich cing
di dén hé thic (8). Chang han, co thé biéu thi ti 6

i

— theo ti 56 thé tich hoac ti 56 dién tich nhu sau :

MB' v(MCDA) AM

BB' vw(BCDA) AA'

AM s(A'CD) AM Sg

AA' s(BCD) AA' §

(Phan Quéc Hung, 12B, THPT Hai Lang. Quing Tri)

2) Hai ban Bach Ngoc Bido Phwee, 11T, THPT
chuyén Lé Quy Pon. Quang Tri va Ngmw: Manh Long,
11N, THPT Thang Long, Ha Noéi con cé nhin xét rﬁng
biii todn nay 1i bai todn tuong tu trong khéng gian clia
bai todn T4/222 clia ciing tdc gid.

3) Ngoai cdic ban trén, cdc ban sau day ciing co lbi
gidi tét

Ha Noi: Pham Vdn Hung, Kim Dinh Thdi, 11A1,
Pham Quang Nhédr Minh, 12A1, PTCT-T. DHSP Ha
Néi; Vé Van Thanh, 10 Todn, PHKHTN - BDHQG Ha
Noéi ; Nguwyén Hodang Thaeh. 11T, THPT Ha Noi -
Amsterdam; Bdc Ninh: Ngd Quang Hing, 11CT,
PTNK Hin Thuyén, Ha Tay: Nguvén Tiét Yér, 11T1,
THPT cuyén Nguyén Hué; Hai Dwong: Pham Thdanh
Trung, 10T, Pham Vdn Hing, 11T, THPT Nguyen Trai;
Vinh Phic: Vi Nhdr Huy, 10A1, Nguyén Xudin
Truemg, 11A, Nguyén Vin Gidp, 12A1. THPT chuyén
Vinh Phic ; Hoa Binh: Nguyén Lam Tuyén, 11T,
THPT NK Hoang Van Thu; Ha Nam: Trdn Thi Thu
Minh, 11A1, THPT chuyén Ha Nam; Thanh Hoa: Mai
Quang Thank, 10T1, THPT Lam Son; Binh Binh:
Pham Thdai Dueng, I2T THPT Lé Quy Bon, Quy
Nhon; Ddc Lic: Mai Trong Mdn, 11T, THPT Nguyén
Du, Buon Mé Thudt; Péng Nai: Lé Trung Hiéu, 12T1,
THPT chuyén Luong Thé Vinh; Tp. Ho Chi Minh:
Trin Vinh Hung, Pham Vin Thdng, 11T, DHQG
Tp.HCM.

v(A'CDA) _
v(BCDA)

NGUYEN DANG PHAT

Bai L1/287. M¢t gior mua nhé réi khoi ddm
mdy trong thoi tiét khang co gid, ¢ dé cao J'o‘n
Tai théi diém gia téc cua giot mua hang 7.5mls’
thi védn téc ciia né bdng 20m/s. Dén gdn mdt dat
né roi véi van toc khéng dér va roi vao tdam kinh
hén ciia mot 616 tao thanh mét vét nghiéng 30°
so voi phicong thiang diimg.

https://tieulun.hopto.org
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Héi nguoi ldi xe ¢6 bi phat vi da chay qud
nhanh hay khéng néu téc do cho phép la
60kmih cho biét lic cdn ciia khéng khi ti 1é voi
binh phuong ctia vén téc va ldy g = 1 Omis’.

Hudng dan gidi. Gia t6c cla giot mua :

P - kv? T
a= " =g - X . Xét tai thoi diém t =1,
m
giot mua c6 a = 7,5m/s> va v = 20m/s, ta ¢6 :
k.202
75=10-
m
=2 {0 = 160.
s

Xét tai thoi diém 1 = 1,
giot muwa chuyén dong
thing déu : a=0= v =

% = 1600 = v = 40m/s.

Ap dung cong thic cong van te
viy =V =¥y, V6 v, v, 1A van t6c cla giot
mura vi clia 616 d6i véi mat dét ; :2 14 van toc
clia giot mua d6i véi 616 (xem hinh bén). Vé do

40
v, = —m/f5 > 82km/ >
gt

60km/h : Ngubi l4i xe bi phat.

Nhan xét. Cdc em c6 15i gidi ding vé gon, ddy di :

Thanh Hoéa: Nghiém Héng Quang, 10T1, THPT
Lam Son: Ninh Binh: Lé Thu Hién, 11 Li, THPT
Luong Van Tuy; Yén Bai: Phan Thi Kim Hoa, 10A1,
THPT chuyén Nguyén T4t Thinh; Quang Nam: Hodng
Anh Vi, 12, THPT Trén Cao Van, Tam Ki; Pa Ning:
Lé Anh Vii, 11A2, THPT chuyén L& Quy Dén; Thira
Thién — Hué: V& Phuong Nam, 11 chuyén Li, Quéc
hoc Hu¢; Pong Nai: Ma Nam, 11 Li 1, THPT chuyén
Luong Thé Vinh; Quang Binh: Trdn Xudn Nhdt, 11 Li,
THPT NK Quéang Binh; Hai Phong: Trdn Die Trucng,
12 Li, THPT NK Trén Pha; Ca Mau: Lé Khdi Nguyén,
11A3, THPT chuyén Phan Ngoc Hién; Nam Dinh:
Trdn Bite Sinh, 11 Li, THPT chuyén L& Héng Phong;
Hung Yén: Pao Ngoc Hing, 11 Li, PTNK Hung Yeén;
Vinh Phic : Trdn Minh Khué, Duong Quéc Huy,
11A3, Duong Ngoc Quang, 11B2, Nguyén Van Hiing,
11A1, THPT chuyén Vinh Phic; Hai Duong: Hodng
Trung Tri, Nguyén Quéc Long, 10 Li, PTNK Nguyén
Trai; Nghé An: Nguyén Thi Bich Ngoe, 11A3, Pham
Cung Son, 10A3, THPT Phan Béi Chau, Vinh, Ngh¢
An: Phii Tho: Ngé Viét Hdu, 11A2, Vii Quée Hiéu,
10B1, THPT chuyén Hing Vuong, Viét Tri, Phi Tho;
Biic Ninh: Nguvén Ngoc Tudn, Nguyén Trong Tiing,
12 Li, THPT NK Han Thuyén: Quang Ngai: £6 Tdn

lon ta tim dugc :

Tai, 11 Li- Héa, Lé Trung Tin, 10 L{, THPFT chuyén L&
Khi¢t; Ha Tinh: Neguyén Viét Huong, 11 Li, Nguyén
Ve Ty, 10 Li, THPT NK Ha Tinh.

MAI ANH

Bai 1.2/287. Tai trung diém khodng cdch giita
2 bdn ciia mét tu dién phdng c6 mot électron
dang diing yén. Tu duoc nap dién bdi mét nguon
¢6 hiéu dién thé U = U sinwt . Trong thoi gian
hao ldu électron dén duge mét trong 2 ban tu.
Cho biét giita 2 bdn tu la chan khéng, khoang
cdch gita 2 bdn tu la d. B qua tdc dung ciia
trong luc. Cho rang trong mot chu ki bién déi
ciia hiéu dién thé, électron dich chuyén dugc
mét doan rdt nho so voi d.

Loi giai. Gia t6c cta électron :

F 3 : :

a4 = —:£=£:E—U"-smmr (e la do lon
m m md

dién tich électron). Vén téc tic thoi cla électron

(chi ¢ lict=0,v=0):

Edu - £ Ls'm wt.dt = v =yl - coswt),
md .

o

véi v, =

. Ki hiéu 1, la thoi gian électron

mdow
dén ban tu, nghia 1a thei gian électron di dugc
quing dudng

= Ej-,tacf):s=£-[0vdr
2 2

0 ¥ :
= r v, (1-coswt)dt =v,t, ~—%sinat,
o w

A . S
Yo" sinewt,, v6i T 12 chu ki bién

e P75
>y & r X 3 o " ]J.OT d
déi ctia hiéu dién thé. Theo dé bai e -3:.5_
2
dodotacé: vaﬁ,rc =, = _i,gmd @
2 2v, 2eU,

Nhin xét, Cac em c6 14i gidl gon va ding :

Hai Duong : Nguyén Quéc Long, 10 Li, PTNK
Nguyén Trdi; Hai Phong : Trdn Pic Truomg, 12 Li,
THPT NK Trén Phi; Pdéng Nai: Ma Nem, 11 Li 1,
THPT chuyén Luong Th€ Vinh; Ha Tay: Nguyén Minh
Chinh, 12 To4n 1, THPT chuyén Nguyén Hug, Ha
Dong; Bac Giang : Trdn Hdi Link, 11B, PTNK Ngo Si
Lién; Phii Tho: Luu Quée Tudn, 11B, THPT chuyén
Hing Vuong, Viét Tri; Vinh Phic : Chu Anh Diing,
11A3, Trdn Minh Khué, 12A3, Nguyén Minh Kién,
12A3, THPT chuyén Vinh Phic.

MAT ANH
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HiNH HOC PHI OCLIT VA LY THUYET TUONG G/

Péu the ki XX cé mot li thuyét vat If méi lam
thay déi tan géc toan bé quan niém cia ching
ta vé khong gian va thoi gian. Bao nhiéu nédm
sau d6 thé giGi vin cdn ban ron véi viéc khio
ciru nhimg hé qué cia né va tim céch phit trién
né hon nifa. Hin cdc ban déu dodn duoc, dé 1a 1i
thuyét tuong déi cua Einstein.

Nhung chi cé it ngudi biét duge va hiéu rd
ring If thuyét tuong d6i duge xay dung duy nht
tir mot tién dé dnh sdng va bing cong cu hinh
hoc phi Oclit.

Phai néi ré hinh hoc Oclit tuy mang tén nha
todan hoc Oclit, nhung lai khéng phdi l1a cong
trinh riéng ctia nha todn hoc Oclit. Ong chi ¢6
cong tap trung nhiing két qui nghién ciu thoi
bdy gid, viét lai thanh cuén sich gido khoa co
ban vé hinh hoc.

Trong hinh hoc Oclit, tién dé vé dudng thing
song song di giy moét cudc tranh cii lén & the
ki 19. Nhiéu nha todn hoc tim cdch chitng minh
tién dé niy, nhung déu thét bai.

Chi c6 hai nha todn hoc, Boyoi ngudi Hung
(1823) va Lobasépxki ngudi Nga (1830), da
manh dan din dét tr ménh dé nguoc lai, ring
qua mot diém cho trudc & ngodi mot dudng
thing da cho c6 thé ké it nhét hai duong thang
song song véi duding thing cho trude, t6i mot hé
théng ki€n thitc méi ma ho goi tén 1a hinh hoc
phi Oclit.

Lic bdy gi& gdn nhu khéng cé nha todn hoc
nio ung hé hinh hoc phi Oclit, bai vi n6 o rét
nhidu ménh dé "qudi g&", ching han t6ng cic
gbc clia mot tam gidc 13 mot ham s6 cla dign
tich tam gidc d6, va ton tai tam gidc gidi han la
tam gidc c6 dién tich 16n nhat... K&t qua la tén
tudi nhitng ngudi sing lap nén hinh hoc phi
Oclit bi ngudi dudng thoi quén lang va bi coi 1a
nhimg nha todn hoc gan do.

Cho dén dau thé ki XX, tén cua ho lai duge
tran trong nhéc lai véi su ra doi cua i thuyét
tuong d6i. Hoc thuyét méi cia Einstein xudt
pht tir nghién cttu chuyén dong cia dnh sin
di thay doi tan g6c quan niém cua ching ta v
khong gian va thoi gian va md ra mot ki nguyén
m&i vé khdm phd vat chét.

Phii néi doi 1o vé ngubn gbc phét sinh I
thuyét twong d6i dé thdy vai trd cua hinh hoc phi
Oclit. Tét ca chiing ta déu biét dinh luat vé quin
tinh, khing dinh sy doc lap ciia vin tdc néu vat
bay khong bi tdc dong boi luc bén ngoai. Su déc
lap ctia van (8¢ dugc Galilei phat hién déu tién,
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VU BINH HOA
khi éng khdo citu quj dao bay cia cic vat thé
nhu diu dan dai bdc va cdc hanh tinh. Nhung
khi ngudi ta thir dp dung nhiing dinh luat vat Ii
vé chuyén dong va chuyén dong cha anh sing
thi cdc nha vat Ii gap phai vén dé nan giai.

Trudc hét, trong thé ki 18, ngudi biét ring
anh sdng khéng tifc thoi tir nguon phdt séng tdi
mat nguoi quan sdt, ma né cling cin mot thdi
gian dé vuot khoang cich nay. Ho do dac va xdc
dinh dugc vin t6c 4nh sing qudng chung
300000 km/gidy.

Tai sao lai néi rdng van téc dnh sing do duge
chi 1a tuong d&i. Phai néi riang do la van téc ma
ngudi quan sit do duge nd & trong tinh trang
dimg yén. Con néu anh ta cling chuyén dong
trong moi trudng do, tiy theo hudng chuyén
déng cla anh ta, nguge hay xuéi chiéu bay cua
anh sdng, van t6c do duoc khac nhau. C6 nghia
12 néu do vin t6c 4nh sdng tai cdc dia diém
quan st dat khéc nhau trén trd1 dét thi két qua
do duoc phai khéng giéng nhau.

Thé nhung két qua do dac trong thi nghiém
néi ti€éng Michelson-Morley nam 1887 chi cho
két qua do duge nhu nhau, that 1a mét diéu ki la.

Néi réng ra, phai ching néu do van téc dich
chuyén ciia 4nh sdng tir bét cir noi nao va bét ci
trong tinh trang nao, dit ngudi do dac cb ding
yén hay dang dich chuyén véi van téc khung
khiép, thi két qua do duoc ciing giéng nhau
chang ? R& rang diéu d6 khong thé ding, va
ching ta c6 thé dp dung cic dinh luat quen
thudc cia vat i Newton dé giai thich diéu nay.

Nhung Einstein lai nghi khdc. Trong nam
1905, 6ng viét mot bai bao khoa hoc, va chiing
minh ring moi ngudi do dac, dit & dau va dang
chuyén déng nhu thé nio chang nita, anh ta
ciing chi duge két qua giéng nhau khi do van
téc chuyén dich cla anh sdng. Diéu dé c6 nghia
la néu ki hiéu van t6c dnh sdang la ¢ thi ta phai
¢6 a +c¢=c chomoi a. That 1a phi li.

Thé nhung Einstein dd gip may man khi éng
luc tim trong thu vién, va da tim duoc cubn sich
cia Lobasepxki viét vé hinh hoc ciia minh,
trong d6 cling c¢é nhitng cong thiic twong tur.

Bing tién dé dnh sdng va cong cu hinh hoc
phi Oclit, Einstein da xay dung nén 1i thuyét
twong d6i ctia minh. Mot trong nhiing hé qua ki
la ciia i thuyét nay la thoi gian cia ching ta
khong giong nhau. Mi-ngudi c6 mét thoi gian
riéng biét, chi phu thudc vén t6c chuyén dong

(Xem tiép trang 7)
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Vii MOT BAI TOAN PA THUC

Trong ki thi chon hoc sinh gioi quéc gia nam
hoc 1999-2000 c6 bai todn da thic (bai s6 3,
bang B) sau day :

Bai tosin : Cho P(x) = ¥ — 9 + 24x - 97,
Chitng minh rdng véi méi s6 tu nhién n, ton tai
s6 nguyén a,, sao cho P(a,) chia hét cho 3".

Day 12 mot bai todn xét gid tri da thiic c6 pha
tron s6 hoc va twong d6i la nén nhiéu hoc sinh
khéng tim duge quy luat tinh gid tri cia da thiic
trén. Bai viét sau ddy nhim xét vin dé téng quat
hon : Tim 16p céc da thic bic ba c6 hé s6
nguyén thoa man diéu kién bai todn.

Xét tap hop T = (P(x) = ax® + bx® + ¢cx + dI
a b, c,d €eZ,a#»0vaa=0(mod3),b=0
(mod 3). ¢ #0 (mod 3)}

Ménh dé 1. Cho da thitc P(x) € T thi tén tai
s6 r e (0, 1, 2) dé P(3x + 1) = 3.Q(x) véi
Q(x) e T.

Chitng minh. Gia st P(x) € T, P(x) = ax’ +
bx* + cx +d v6i a = 3ay, b=3by, cr + d = 34,
trong dé ay, by, d; € Z (vi ¢ khong chia hét cho
3 nén luén tén tai duy nhdt r € {0, 1,2} dé cr +
d = 0 (mod 3)).

Trong P(x) thay x bdi 3x+r ta duge

P3x+r) = w(3.vf+r)3 + h(3x+r}?' +c(3x+r) +d

= 27{4.1‘3 + 27ar® + 9ar’x + ar’ + 9.-‘:1;" + 6brx +
brf +3cx+cr+d

= 27ax’ + (2?ar+9b)x2 + {9ar2 + 6br+3c)x +
ar +brt +er+d
= 3{9&1‘3 - (9-:!1‘+3b}.1’2 - (3ar2+zbr+f:)x - aﬁ‘s +
hyr* +d,] = 30(x)

Ta thiy Q(x) € T vi 9a, 9ar + 3b 1a céc s6

nguyén chia hét cho 3 ; 3ar’ + 2br + ¢ khong
chia hét cho 3 do b chia hét cho 3 va ¢ khong
chia hét cho 3.

Ménh dé 2. Cho da thic P(x) € T, véi mbi
s6 tu nhién # ludn tén tai s6 nguyén a, sao cho
P(a,) chia hét cho 3".

NGUYEN TRONG TUAN
(GV THPT chuyén Himg Viong, Gia Lai)

Chitng minh : Ap dung ménh dé 1, véi mébi
P(x) € T luén c6 r, € {0, 1, 2} sao cho
P(Bx + r) = 3P(x) véi Pix) € ©C. Vo
Py(x) e Tcory € {0, 1, 2} sao cho P(3x+ry)
= 3.P,(x) V6i P,(x) € T. Do d6 POx+3rytr)) =
9P5(x).

Cit ti€p tuc nhu vay ta s€ duoc ddy ry, ra, ... Iy,
e {0, 1, 2} saocho

P3" + 3" 'r, +
Px)eT,nz1l.

.+ 3ry 4+ ) =3"P,(x) véi

Suy ra véi méi s6 tu nhién 2 lubn ton tai a, =
3% 4+ 3" 'y + .. + 3ry + r, v6i x nguyén sao
cho P(a,) chla hét cho 3". Ta ciing thdy ring cé
vO 6 u, nhu vay.

Chitng minh bai todn HS gioi :

Cho P(x) = ¥ — 9x% + 24x — 97. R& rang P(x)
¢ C. Thay x boi 3).+1 ta cd :
P(3x+1) = 2?{4 S N=270Nx)

Nhung Q(x) = x* — 24> + x - 3  ‘C. Lai thay

x bdi 3x ta duge
P(9x+1) = 81(9x° — 6x* + x — 1) = 81R(¥)

R& rang R(x) € T va ta suy ra ngay ket qua
céin chiing minh.

Chii vy rang néu P(0), P(1), P(2) khéng chia
hét cho 3 thi da thiic P(x) khong thuoc T.

Thue vy, gia st P(x) € C .

Bién déi nhu trong chifng minh ménh dé 1 ta
c6 P(3x+r) = 3.5(x) + P(r). ViP(r) = ar’ + b +
cr + d khong chia hét cho 3 v6i r bang 0, 1, 2
nén P(x) khong thda man ménh dé 1. Vay P(x)

khong thudc C.

Mot vin dé dugce dit ra la : Da thitc ban ddu
P(x) phai théa man nhiing diéu kién gi dé sau

phép thay x bai 3™x + a thi ta dugc mét da thic
O(x) thude ‘T ma

P(3"x + a) = 3".0(x).
R4t mong duoc trao doi thém véi cdc ban.
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Két qua : ‘
CUOC CHOI BAU THIEN NIEN KY

Chi cé 9 ban nhan ra GS. Vi Thanh Khiét,
ngudi "gdc sin Vat Ly" cia tap chi Todn hoc va
Tudi tré. Nhung dén phén tudi ctia GS thi s ban
doan sai 14 100%. Chan dung GS dugc chup tai
Cudc gip g& than mat cia Toa soan TH&TT
nhin ngdy Bdo chi Cich mang Viét Nam
(21-6-2001). Khi 4y ... GSdi 66 tuéi.

Xin trao ting phim cho ban Pdo Thanh
Trung, 16p 10A1, THPT Yén Diing I, Yén
Diing, Bac Giang 14 ngudi dodn chi sai (it hon)
c6 9 tudi !

Nao cdc ban hay ti€p tuc cudc choi thing
nay nhé.

CLB

Két qud :
HUONG DAN
DUNG HAY SAI?

Rit nhiéu "bdc si"
THCS tham gia hoi
chén va két luan ding:
— Pay la sai ldm hay "méc" khi tim GTLT,

GTNN cia mot phan thitc ma tir thic va méu
thitc chwra phai 14 luén duong.

Mot s6 ban lai dua ra ti€p nhitng loi gidi sai
khéc dé goi 12 bao vé ddp s6 A nhé nhat bing 4.

Két luan diing cia bai todn nay 1a : A khéng
cé gid tri nho nhat.

That vy : ViA <0 <> x> 1 nén gia st A cé
gid tri nho nhat khi x = x, thi x, > 1. Khi d6 :

IR S M PR L
V2> Jx - = Jx0-Jx) <

24

1
.I|(1_ ‘rl) < D=5 — >
e T

=t

1
—— = Alx) > Alx
e

Diéu nay mau thudn véi gia thiét A(x,) la gid
tri nho nhit cha A,

Ching td A khong cé6 GTNN.

Xin trao tang phdm cho cdc ban : Trin Tién
Hoang, 12 Todn, THPT chuyén Lé Quy Dén,
Quéng Tri; Phan Thanh Viét, 7D, THCS Luong
Th& Vinh, Tx. Tuy Hoa, Phi Yén; Bii Ngoc
Sdng, 11 Toan, THPT NK Hung Yén; Nguyén
Vin Birc, 11A1, THPT Héau Loc I, Thanh Héa;
Nguyén Duy Khanh, 10A, THPT Tx. Lao Cai,
Lao Cai; Huynh Thanh Quang, 28A Hoang Vin
Thu, phudng Cam Léc, Cam Ranh, Khianh Hoa
va ban Q.G.T & Hai Duong.

KIHIVI

~ PHAI CHANG
KET QUA DUNG ROI ?

Trong mét s6 sach tham khao hinh hoc 12, ta
thuéng gap bai todn véi 161 gidi nhu sau :

Pé toan. Trong mat phing tea d6 Oxy cho
A(4; 5), B (-2; -7) va dudng thing (d) :
3x — y -4 = 0. Tim diém M trén (d) sao cho tam
gidc MAB can.

Loi gidi. Goi M (x ; y) 1a diém cdn tim.

"Me(deoh-y-4=0y=-4<

M (x; 3x — 4). AMAB cén tai M khi : MA = MB
S MA?=MB* & (4 - )% + (9 - 3x)% = (2—x)°
+(3-Io8x=84dcr=1M(;-1).

Ban thdy 10i giai trén c6 so hd gi khong ? Néu
so hd thi ban ¢6 thé gidi quyét bai todn trén nhu
thé nao ?

HO CONG DUNG
(GV THPT Trdn Hung Dao, Binh Thudn)

PINH CHINH

Trong Dé ra ki nay THTT s& 290 (8/2001)
0 dé bai T9/290 in la tam gidc ABC, xin sifa
lai 1a tam giac nhon ABC.

Thanh that xin 15i tac gid va ban doc.

THTT
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TIM PUONG NGAN NHAT

Mot con kién A cdch ddy cde hinh tru 25cm.
Mot giot mat & C thude dirgng sinh EF xa nhat,
cach vanh ddy coc la CF = 6cm. Biét chu vi ddy
c6e 14 16em va chiéu cao 14 9ecm. Hoi chiéu dai
con dudng ngin nhdt ma con kién c6 thé di dén
giot mét 1a bao nhiéu ?

TCT
~ il ___'_'.‘115
! ]
E C{J mit
L ol L_ _JF
A B o

XAC SUAT RAT BE ?

O Chau Au ¢6 ngay hoi héa trang. Trong ngay
hol nay ngudi ta thuong deo mat na va dn mic
rit khdc thudmg dé khéng ai nhan duoc nhau.
C6 mot nhém ban gap nhau trong ngiy hoi hoa
trang sau mot lic vui choi nguoi ta khong biét
ai 14 ai ca. Mot anh ban tim dugc mot co gdi ma
ding vé c6 ta lam anh rdt thich, anh to tinh véi
co gdi nay. Ching may cho anh ban tré nay
dang 10 tinh véi chinh ngudi vg cia minh.
Ngudt vo di khon khéo dianh din chiée khan
cua chong trong lic héa trang nén dé dang nhan
ra. Con anh ban cla ching ta vi nghi ring xdc
sudt gap lai vg minh la rdt bé (!) nén qua tu tin
deé 1o tinh.

O day c6 mot diéu it ai ngd i : Xdc sudt dé
mot ngudi gap lai vo minh trong ngay hoi dong
ngudi 1a rit bé, nhung xdc sudt xay ra it nhat 1
l4n nhu thé d6i véi cd ddm dong ngudi xdp xi
bing 1/3 !

NDT

>, Jn.: POC SACH

40 NAM
OLYMPIC TOAN HOC QUOC TE

Da lau lam réi, thii con 1a hoc sinh, t6i duoc
doc cudn "16 ki thi todn quéc t&" do tap chi
Todn hoc va Tudi tré xudt ban nhu 1A mot dic
san nhian dip ki niém 10 nim thanh lip béo
(nam 1974).

Tir khi Viét Nam tham gia thi Olympic todn
qudc t&€, nim nao tap chi Todn hoc va Tudi tré
ciling gidi thiéu dé ra cia Ki thi nay.

Nhung ai cling mong ¢6 mot tuyén tap day du
céc dé ra coa tat ca cdc Ki thi.

PGS.TS Vil Duong Thuy va ThS. Nguyén Vian
Nho da c6 cong két hop nhiéu tai liéu va ca tu
liéu & cdc Website trén Internet dé bién soan
cuén "40 nam Olympic todn hoc quéc t&" (Nha

" xudt ban Gido duc, nam 2001).

Cic tic gid da gidp ban doc hiéu thém vé cic
chuyén "bép niic" cua mdi Ki thi va tim cich
phan loai céc bai todn thi theo céc chu dé : Hinh
hoc, S6 hoc, Pai s6, Giai tich va Hinh hoc Té
hop.

Hai tap cia cuén sdch da bao quat hét cdc bai
todn thi Olympic todn cho t6i nam 2001.

Dii cdc ban khéng hy vong minh sé duge tham
gia nhitng ki thi nhu thé nhung véi long ham mé
hoc héi, yéu thich mén Todn, cde ban vin cd
thé "di hét" 40 ki thi.

Vdi cdce thiy gido, ¢ gide day Todn thi cuén
sdch la mét cdm nang khéong thé thiéu trén gid
sdch ctia minh.

Cam on cic tdc gia va trin trong gidi thidu voi
ban doc.

LE THONG NHAT

40
OLYMPIC  NAM

o TONHOC QUG g
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CRIUONG  BUOT - CHI TAN AN

L||_I"\.TL_'
thanh lap ndm
1908 vl tén

Truong

“Truong trung hoc
Bio hé". nhung

thin dian quen gol

rucng Buoi. Trai

dich cua

muc

nhia nudec biao ho,
|

cdc thé& hé hoc sinh

cua truong da thé

hién long yéu nudc

nong nan qua cdc

ranh, biéu tinh, bai
khoa, Nhigu
h cdc nha guan su chinh

10a hoc ki

ach mang kiét xua

Ha Huy Tap, Ph

n Van Cir.

LI 11 ch
Sau khi hoa binh lap lai (ndm 1934) trudng d3
mh du nhiéu 1an don Chu tich Ho

Chi Minh

il = o s s il LT 5 T £ i
CdC V1 [dann dado cao | CUa TrAnNg vVa [NNod NUCC
! 4
IalTl.
|
| ] ; -
1 TOn 1 Khango I I | 1

ISN : 0866-0853
Chi 50 : 12884
Ma so : 8BT93M1

Ché ban tai Toa soan

In tai Nha may in Dién H6ng, ngd 187 phs Giang V&
In xong va nop luu chiéu thing 9 nam 2001

o Nhiéu thiy cé gido dugc nhan huy chuong
khéng chién, huy churong vi su nghiép gido duc
Thang 1 nam 1993, truémg Ba Dinh sdt nhap
véi truong Chu Van An.
tudmg Chinh phu
THPT chat lugng

[hing 2 ndm 19935, Thu
quyét dinh xiy dung truc
cao Chu Vian An

Vén thanh tich
nhan phin thudng cao quy :
- Hudn chuong Lao doéng hang b

- Huin chuong Lao dong hang nhi nam 1992,

- Huén chuong 6c lap hang nhét nam 1998
lrong nam hoc via qua
|| I YOI ot t
A = Vi «
- hpry
1 SITiN O
» 7 sinh
11
¢ |3 huy chuong vé var
ac cuoc thi toan gude vi thin
Budc vao nam hoc maéi, phit huy truvén thong
Y3 ndm truwong Buoir - Chu Vian An, L truong
lua day 1ot hoc tot. boi dudne ho

Gia : 3000d
Ba nghin ding
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