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OC  HH GO AT TANG
trong khong gian

i

Hinh chir nhiit ABCD ¢6 ti s0 céic canh 14 ti sd vang (xem
THTT so 287 thdng 5/2001) goi 1a hinh chir nhit vang, trong D
rdt cin d6i. Qudc ki cla nude ta 14 hinh ch® nhit ¢6 0 88 cdc
canh biing 2 : 3 = (1,66, cir clia mot s& nude ¢ s6 3 : 5= 0,6,
2dn bing ti s vang.

Cic canh ciia ngdi sao 5 cénh déu, duge chia theo ti s3 vang
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Khi xép 3 hinh chr nhit ving déng tdm, vuong goc véi nhau
timg doi mdt thi 12 dinh cia ching chinh 1a 12 dinh cta khoi
da dign déu (V) c6 20 mit, 12 dinh, 30 canh (h.2), va cang la
tdm cdc mit hinh nga gidc déu cha khai da dién déu (T) co 12
mit, 20 dinh, 30 canh (h.3).

Danh cho ban doc

Goi R v Ro 1dn luot 14 bin kinh mdt cdu ngoai tiép khoi da
dign (N) v (T). Goi r v R lin lugt 13 bén kinh mit cdu noi
tiép khoi da dign (N) va (T).

Goi k va ko 1dn Tugt 12 bin kinh dudng trdn ngoai tiép mot
mit cGa (V) va (7). Goi ¢ vil ¢o ldn luot 12 canh cla (M) va (7).

1) Tinh ¢, &, r theo R cia khoi da dién (N).

2) Chimg minh ring rR, = R®. Tinh R, r, ko, co theo Ro ciia
khdi da dign (7).

Giai dap TRO CHOT1 DI NOI TIEP NHAU

Ta goi 50 bdc ciia dinh cdc hinh vuong 14 s§ canh hinh vuong
chiea ké c6 diu mit 1 dinh d6, d& thdy 0 < s8 bac < 4. Canh cudi
cung phéi kél thae & dinh bic 1

Ta goi dink xdu (mau xanh lam) 14 dinh bic 1, hofic dinh bic 2
ké vgi dinh 101, con dinh 161 (mau dd) 1a dinh bac 2 k& vdi dinh
xfu. Trong cudc choi sé xudt hign dinh xdu bic 1, tir dé tim duge
dinh 6t ke vdi n6, sau d6 tim duye dinh xfu bac 2 ké vdi dinh 101
nay v.v... :

C6 2 wuomg hop ké 1in cudi cing tmg véi : (1) dinh khong ndim trén bién, d6 1a diém ddu mai én 1 &
hinh 4, (2) dinh niim trén bién, d6 1 diém cudi mdi én 4, 5 va dAu mii tén 6 & hinh 5.

Néu kél thic cude choi & dinh khong niim
trén bién thi ngudi A di trude thdng cude vi co
mot s6 chiin canh dugc ké (s0 canh di bing s&
canh v&). Chi€n thujt choi d€ thing 14 : nhdm
ddnh ddu cdc dinh xfu va dinh 5t xuit hién
khi choi, néu ké tdi dinh (61 thi s¢ thing, con
ké t¢i dinh x&u s¢ thua.

Xin giri taing phdm cho ban 6 1 gidi 01 -

Nguvén Ton Phong, 12C1, THPT Ngo Gia
Ty, huyén Eakar, Déc Lie. PHI PHI
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Cho dudmg tron ndi ti€p tam gidc ABC véi céc
ti€p diém D, E, F thudc cic canh AB, AC, BC
twong umg. Lic d6 dudng tron ndy ngoai tiép tam
gidc DEF. Ve cic dudmg trdn ndi tiép cic tam
gidc DEF, ADE, BDF, CEF (h.1). Ta tht xét xem
c6 mdi lien h¢ gi gitta cde dudmg tron néi tren.

Hinh 1

Goi M 14 giao diém ciia dudng tron tam / ngoai
ti€p ADEF v6i Al, Iic d6 M 12 diém chinh giga
cung nhd DE. Tia phan gidc FM cla géc DFE di
qua tam K ctia dudng trdn ndi ti€p ADEF.

Tir tinh chét cia tiép tuyén va géc noi tidp clia
duong tron thm 7 ta c6 : ZADM = Z/DEM =
<EDM = DM 12 tia phén gidc clia g6¢c ADE, do
dd6 M chinh 1A tim cla dudng tron noi tiép
AADE,

Tuong tr nhw thé, cic tim N vi P cia cic
dudng tron ndi ti€p ABDF, ACEF 13 diém chinh
gitra ctia cung nhd DF vi EF, (1)

Dé thily EN, DP déu di qua diém K.
Ta c6 : s do géc MKE = % s do cung nhd ME

1
+E s do cung nhd NF:-;: s do cung nhd MD
+% $0 do cung nhd ND = s6 do g6c MEN.
Suy ra ME = MK (2)
Goi H 1a giao diém cta MI vi DE. Tir diém K

ké KT (ndm trong goc MKE) tiép xic v6i dudmg
tron tAm M tai 7.

2

TIMHIEUTHEMVE
CAC BUONG TRON NOI TIEP
VA DUONG TRON NGOAI TIEP

NGUYEN DE
(8¢ GD-BT Hai Phong)

Tu (2), MH = MT vi /MHE = #MTK = 90°
suy ra AMHE = AMTK = /AMEH = ~MKT

Miit khic ZAMED = ~MFE nén ZMKT =
£ZMFE, suy ra KTH/FE (3)

Tuong ty tir diém X ké KX (nim trong goc
NKF) tiép xiic véi dudmg tron tim N tai X, suy ra
KX/IFE (4)

Tur (3), (4) mit ra ; Ti€p tuy&n chung ngodi cia
hai dudmg trdn tim M va tAm N i€p xiic vdi canh
DE va DF ma cit AMNP thi di qua diém K vi
song song vai canh EF, (3)

Ta c6 két ludn tuong tu véi cic tifp tuyén
chung ngodi clia céc cip dudng tron thm M va P,
taim N va P.

Nhu viy ta da chimg minh duyc :

Dinh li 1. Cho dudng trdn tim I noi ti€p tam
gidc ABC vdi céc tiép diém D, E, F thudc céc
canh AB, AC, BC wrong tng, Thé thi :

a) Tam M, N, P cha cic dudng tron ndi tiép
AADE, ABDF, ACEF 1a diém chinh giga cic
cung nhé DE, DF, EF trong img.

b) Cic ti€p tuyén chung ngoai cia timg cip
dudmg tron thm M, tdm N, tdm P ma ching cit
AMNP thi tuong ng song song véi cic canh cia
ADEF vi dong quy tai tim K cla dudmg tron noi
ti€p ADEF.,

Bidolaitaco:

binh li 2. Cho dudmg tron tam / ngoai tép tam
gidc DEF. Goi M, N, P lin lugt 12 diém chinh
gitta clia cic cung nhd DE, DF, EF. V& céc
dudng trdn tam M, tdm N, tdm P theo thi ty tiép
Xuc voi DE, DF, EF. Thé thi :

a) Cdc ti€p tuyén chung ngodi ciia timg cip
dudng tron tdm M, tim N, tam P mi ching cit
AMNP thi twong dng song song vdi clc canh cia
ADEF vi ddng quy tai tim K cia dudng tron noi
ti€p ADEF.

b) Céc ti€p tuyén chung ngodi clia timg cip
dudng tron tim M, tim N, tim P ma chung
khong cdt AMNP thi cit nhau tai 3 diém 4, B, C
la 3 dinh cta tam gidc ngoai tidp dudng tron tim
I vdi cic tiép diém D, E, F.

Ching minh. Ciu (a) trong PL2 chi 1a céich
phdt bi¢u khic cia céu (b) trong DL 1.
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b) Xem hinh 1. Tir diém D k& ti&p tuyén DA
véi duong tron tim M va tiép tuyén DB vdi
dudmg tron tam N. Do tinh chét cia tiép tuyén va
g6c ndi tiép ta cb :

ZADM = £MDE = #MED ()

ZBDF = 2(Z/NDF) = 2(£NEF) = £ZDEF (1)

Tir (6) (7) ¢6 £LMDF + £ZADM + £BDF =
ZMDF + £MED + £DEF = AMDF + £MEF =
180° nén A, D, B thiing hang. Tix (6) ciing suy ra
DA 12 tip tuyén cda dudmg tron tim I ngoai L€p
ADEF nén ABC la tam gidc ngogi ti€p duomg
tron tam / véi céc ti€p difm D, E, F.

Xét vin d& teong ty d6i vOi UF gidc, taco

Pinh li 3. Cho dudng tron ndi tidp t gidc
ABCD véi cac tiép didm E, F, G, H thujc cic
canh AB, BC, CD, DA twong tmg. Thé thi :

a) Tam M, N, P, O cilia cic dudmg trdn ndi ti€p
AAHE, ABEF, ACFG, ADGH 1a diém chinh gitra
cic cung nhd HE, EF, FG, GH tuong img.

b) Céc tifp tuyén chung ngodi cla timg cip
dudmeg tron tim M vi tam N, tim N va tim P, tam
P va tam O, tim Q v tim M ma ching cit &
giic MNPQ thi cdt nhau tai 4 diém X, ¥, U, V1a
4 dinh ctia mot hinh thoi.

Ching minh. Xem hinh 2.

a) BPudng
trom tdm I ndi
ti€p wr giéc
ABCD cit Al
tai M va Al
cit HE tai K.
Lic d6 M 1a
diém  chinh
gitra cla
cung  nho
HE. Tir tinh
chilt cia tiép
tuyén vl
g6c noi tiép
ta co:
ZAEM =
/MHE = #MEH suy ra EM 1a tia phin gidc cla
p6c AEH, do d6 M chinh 13 tim duong tron noi tiép
AAHE. Tuong ty tim N, P, Q) clia cic dudmg tron
noi ti€p ABEF, ACFG, ADGH la dim chinh gitra
céc cung nhd EF, FG, GH tuong ung.

b) Goi giao diém ciia 4 ti€p tuyén chung ngoai
n6i trong dinh 1i 312 X, ¥, U, V nhu & hinh 2. Theo
chimg minh (5) cta DL 2 thi XY/HFNUV va
XVIEG/ YU nén ti gidc XYUV 12 hinh binh hanh.

Gi sir duong thing AB ti€p xic vdi céc duong
tron tim M, tam N ¢ A;, B, tuong tmg. Tuong ty
nhu thé xdc dinh duge cée tiép diém B,, C,, C,
Dy, D5, A, nhu trén hinh v&. Vi ABCD Ia tir gidc
ngoai tiép nén AB + CD = AD + BC.

Tird6 A\ B, + C; D) = A;D, + ByCs, Suy ra
XY + UV = Xv + YU, nhimg XYV 12 hinh binh
hanh nén XY = UV. Viy XYUV Ia hinh thoi.

Hinh 2

Pio lai, taco :

Dinh li 4. Cho dudmg trdn tim [ ngogi tiép t
gidc EFGH. Goi M, N, P, Q Iin luot 12 diém
chinh gira cic cung nhd HE, EF, FG, GH. Ve
cdc dudmg tron tam M, tm N, tam P, tam ¢ tigp
xtic véi HE, EF, FG, GH tuong Gng, Thé thi :

a) Céc ti#p tuyén chung ngodi clia tmg cip
dudmg tron tm M va tim N ma ching cdt tf gidc
MNPQ, tam N vi tam P, tim P vi tam Q, tdm 0
va tam M thi cit nhau tai 4 diém X, ¥, U, V (mdi
diém co 2 tiép wyén dén cing mot duomg tron)
va chiing Ia 4 dinh ciia mot hinh thoi.

b) Céc ti€p tuyén chung ngoai cta timg cap
duomg tron thm M va tam N, tm N v tim P, tdm
P va tam Q, tim Q v tim M ma chiing khong
cit i gidc MNPQ thi cdt nhau tai 4 di€ém 4, B, C,
D (mbi diém c6 2 ti€p tuyén dén cing mot duong
tron) va ching 1a 4 dinh cda ti gidc ngoai ti€p
dudng tron tam I v6i céc tiép diém E, F, G, H.

Chitng minh : Ciu (a) PL4 chinh 12 cich phit
bidu khéc cta céu (b) trong DL 3.

b) Xem hinh 2. Tir diém E ké tiép tuyén EA voi
duong tron tam M va tiép tuyén EB v6i duong
tron tim N. Do tinh chét cda ti€p tuyén v géc
ndi tiép ta cd !

ZAEM = /MEH = Z/EHM (8)

ZBEF = 2(£NEF) = 2(£NHF) = ZEHF (9)

Tix (8) (9) ¢6 £MEF + ZAEM + £BEF

= /MEF + ZEHM + £EHF

= /MEF + /MHF = 180°

nén A, E, B thing hang.

Tix (8) ciing suy ra EA 1a tiép tuyén cua duong
tron tim I ngoai tiép tir gidc HEFG nén ABCD la
i gidc ngoai tiép dudng tron tam I véi cdc tép
diém H, E, F, G. Mot truomg hop téng quét hon
PL3, PL4 c6 thé phat biéu nhu sau :

Pinh 1i 5. Cho & gidc 161 MNPQ. Dung cic
dutng tron tam M, tim N, tam P, tdm Q timg cip
rdi nhau va dyng cdc ti€p tuyén chung ngodi cia
ting cip dudmg tron tim M vi tdm N, tim N va
tam P, tam P va tam Q, tam Q vd tim M. Cic
tiép tuyén chung ngoai noi trén ma khong cit Lk
gidc MNPQ thi cdt nhau tai 4 diém A, B, C, D
sao cho mbi giao di€ém ndy thudc 2 tiép tuyén
cha cung mot dudmg tron.

Cic tiép tuyén chung ngodi néi trén ma cit &
gific MNPQ thi cdt nhau tai 4 diém X, ¥, U, V sa0
cho méi giao didém nay thujc 2 tiép tyén cha
cling mit dudng tron.

Chimg minh ring tf gidc ¢6 4 dinh A, B, C. D
ngoai ti€p duge khi va chi khi ti gic c6 4 dinh
X, ¥, U, Vngoai ti&p dugc.

Cic ban hay chimg minh DL niy tuong ty nhu
cdch chimg minh DL3.
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DE THI TUYEN SINH LGP 10 THPT CHUYEN TOAN - TIN
PAI HOC SU PHAM VINH NAM 2000

NGAY THU NHAT
(Thoi gian : 150 phiit)

Cau 1. 1) Cho tam gific ABC, c6 AC > AB. Hai
di€m M, N chuyén dong trén hai canh AB vi AC
trong img sao cho BM = CN,

a) Ching minh ring dudng trung tryc ciia doan
thing MN luon di qua mot diém cf dinh S

b) Chimg minh ring v&i mdi vi trf ciia M, N
bon diém A, M, N, S thuge mot dudng tron.

2) Cho 1t gide 16i ABCD, c6 hai dudng chéo
AC, BD vudng g6c vdi nhau vi bing nhau. Gii
st AB =3 ; BC =6 ; CD = 3. Tren nira mit
phdng v6i bdr 1a dudng thing AC khong chia
di€m B, dymg hinh vuong ACMN. Trén nir mit
phing véi bo 12 duong thing MD khong chia
diém N, dyng tia Mx vudng géc véi MD va 1y
diém E thudc tia Mx sao cho ME = MD.

a) Ching minh ring 4 diém C, D, M, E thudc
mdt dudmg tromn.

b) Tinh cic g6c cia ti gidc ABCD.

Cau II. 1) Tinh tri s& biéu thie :
2 2 2 z
g NAAA+) p\ e+l
l+q? 1+b2
2 2
+ N 1)
1+c2
trong dé a, b, ¢ 1a ba s¢ duong thdéa man
ab+bc+ca=1
2) Tinh téng :
§S=2+23+34+ .. +2000.2001
Céu IIL. 1) Gid sit a, b, ¢ 12 ba s§ thue va
a.b.c = 1. Chimg minh ring :
1 1 1
+
B+ +1 P +cd+
2) Gidi phuong trinh sau :

V2a-1 + Y+l = Viox

c+rad+l”

NGAY THU HAI
(Thoi gian @ 150 phiir)

Cau IV, ;

1) Tim tdt ¢ cic cfip s6 (x, y) thda man
phuong trinh :

x4 =33y + 5622 - 13(3y%42) + ¥4 + 1 =0
2) Tim 32 nghi@m nguyén cta phuong trinh ;
x2 + y2 = 3485

3) Cho biéu thitc P(x) = ax? + bx + ¢ thda min
didu kién :

IPx) < 1 khix=-1;x=0;x= 1. Chiimg
minh ring :

lal + 16l + lcl < 3

Cau V,

1) Gid st A = {1, 2, 3, ..., 2000}. Chiimg minh
ring tdn tai mot cfich phan chia tap hop A thanh
4 tip con rdi nhau A, Ay, A3, Ay va théa min
ddng thdi hai diéu kién sau ;

a) 56 céc s cla tdp A, bling k I4n sO cdc s6
clia tip A;.

b) Tdng tit cA cdc sO ciia tip A, bing k lin
t6ng it ca cdc sO chia tdp A, trong d6 k = 2; 3; 4,

4

2) Tim haim sd f(x) x4c dinh trén

D=R\ i-é ; %i vi thda man diéu kién ;
x-1
flx 1]-3;(1_2}:)&1 SN e D

3) Xéc dinh cdc s0 nguyén a, b, ¢ khic khong

va doi mdt phin bigt sao cho :
Pxy=x(x-a)x-b)x—-c)+1

phan tich duge thanh tich cha hai da thirc v6i he

s0 nguyén va biic cia chiing nhé hem 4.

Céu VL.

1) Cho tam gidc ABC noi ti€p duomg tron tam
O, bin kinh R va ngoai ti€p dudmg trdn tam /,
bén kinh r. Chitng minh ring : JA.IB.IC = 4Rr2.

2) Trén mijt phing cho 2000 diém, trong d6
khong ¢6 3 di€m nao thing hang va 1000 diém
duge danh didu mau do, 1000 diém con lai duge
dédnh diu miu xanh. Chimg minh ring tén tai
mdt cach ndi 1000 didm mau dd vdi 1000 diém
mau xanh ma khong co hai doan thing nao trong
ching cdt nhau tai mgt diém khéc v6i cic diém
di cho.

https://tieulun.hopto.org



hitps:i'www. facebook. comdetrungldenmath

hitps:/isites. google. com/site/letrunglienmath

|
MOT DANG BAT DANG THC
VE TONG CAC LUY THUA

pOBACHU
(GV THPT Déng Humg Ha - Thdi Binh)

"Tim dwge 1&i gidi cho mt bai todn la mdt
phdt minh" (Polya). S¢ thong minh hon néu ta
bi&t vin dung n6 dé sang tao, tim 10 gidi cho cic
bai todn mdi. Bai T7/282 12 mdt thi dy minh hoa
¢ tuong trén (xem 10i gidi & THTT s 286
(4/2001)). Tir k&t qua ctia bai todn ndy ta co bai
todn sau :

Bai toan: Cho cdc s6 nguyén duong k, n va
céc sO thyc khong am ay, 4y, ..., @; théa man :

ay+ay+ ..+ 2k
Chimg minh ring :

A+ dy o+ At zal a4 +ag M)

(*) trdr thanh diing thic <> @ =y = .. =@, = 1
Van dung BDT (*) gitp ta gidi dugc nhidu bai
todn khéc.

Bai togn 1. (PHQG Ha Noi Khdi A - 2000).
Véi a, b, ¢ 1a ba s thyc bit ki thda min difu
kién : @ + b+ ¢ = 0. Ching minh ring :

T T e (1)

Bai todn trén cd nhidu cdch gidi (THTT s& 278
(8/2000) va s¢ 281 (11/2000) hodc Gidi thi¢u céc
dé thi mon todn - 2000) Sau day 12 mot cach gidi
co ap dung BBT (*).

O nhign . 2% 2% 2° > 0 Wo, b £ Th
29 4 2% 42 > 3327+ = 3 (BDT Cauchy)

Tir do 4p dung BDT (*) ta c6 :

8%+ 82 +8°= 2% + @)’ + 2

2 {zﬂ)l B [zb}z ut (26‘)2 2 zﬂ i 2-!? at 21‘.‘

Suy ra : 8% + 87 + 8° 2 2%+ 2 + 2° (dpem).

Piéng thirc xdy ra < 2°=2"=2°=1
Sa=b=c=0

Bai toan 2. Cho céc sd nguyén duong k, n va
cic s thyc khéc khong x;, Xy, ..., X,,. Chimg minh
ring :

Xy, 2k Xy 2k X, 2k
(—j + (—) i (— >
) X5 X

Xk X
g
T (2)

Ay o

Gidi. Ap dung lien tiép BDT (*) taco :

X1+ 2k Ko, 2k X 2k
SRR

X2k X2 2k Xy 2k
=|= o
Iz X3 x-l
X, 2k-1 Xg, 2k-1 X 2R
2‘— 3 \—2\ ot | = e
Xa Xa x1
X xz X .Il 12 X
al—l +|— -1.-...+\—"l £ -—+—+...+—!i
X X3 X n X X1
Tir d6 ta thu duge BDT (2)
Diing thiic xdy ra ©
Lf3.|_‘ﬁ e
N e J(_ |x i—
1“52 A n 1
vi —, —, ., — =0
X X Xy
c>x1=x2=...=.xn>0

Bai toan 3. Xdc dinh tit ci cic AABC sao cho
biéu thic sau dat gié tri nhd nhdt :

00829924 + c0s2092B 4 cos??C

c052%4 + c0s2®B + cos?°C
Gigi: Ap dyng BDT quen thudc :
cos?A + cos>B + cos’C = %
Diu bing xiy ra < AABC déu.
Tir BDT c6: (2c0sA)+(2c0s By +(2c0sC)* 2 3
Ap dung BDT (*) cho : a; = (2c0sA)”
a, = (2c0sB)” ; ay = (2c0sC)” va n = 1000 ta c6 :
(ZCDSA)NGZ I (2(:033)3002 i (ZJCOSC)EU{R
> (2c084)2900 + (2008 B)29%0 + (2c0sC)2000
Suyra:

05224 + c0s2°2B + cos? ™2 C

1

:_;__

coptiy iy c0s?%%p + il sl
Ping thic xdy ra < AABC déu.

Viy biéu thifc trén dat gid tri nho nhdt bing 1/4
& AABC déu.

Bai todn 4. Cho cic s0 nguyén duong k n.
Tim cdc s8 thye x;, X5, ..., X; théa man :

eyl + bl + o+ Ll 2k (3)
B+ Sk )

Giai. Tir (3) va dp dung lien tiép BDT (*) ta
ch:

Py e P P [t
P12 L 2 byl bl Lyl 2k

Suy ra: X"+ 0" + .. +xp" = k cng voi (4) ta
di dén : (Xem tidp trang 7)
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BE THI TUYEN SINH MON TOAN VA0 DAL HOC DA NANG NAM 2000

PHAN I Chung cho moi thi sinh
Cau 1. Cho ham s&
_Xtmx-m-1
G x+1
1. Khdo sit va v& dd thi m = -1
2. Chimg minh riing ho (C,,) ludn di qua mot
diém cd dinh.
3. Tim m d€ ham s& (C, ) 6 cyc tri. X4c dinh
tap hop cdc diém cyc tri.
Céu II. 1. Gidi phuong trinh
$in2000y 4 cos2000y — |
2. Giai bt phuwong trinh 11 + log,2000i < 2

3. Chiing minh b4t ding thic
N2

(Cp)

|).‘.

]

dx
L] P =
\ £ V1 - x2000 ~ 4
Cau III. Trong khong gian, cho bdn difm
A(-4,4,0), B(2,0,4), C(1,2 -1) va D(7, -2, 3)

1. Ching minh riing bon diém A, B, C, D nim
trén cang mdt miit phing.

2. Tinh khodng cach tir dim C dén duomg
thdng (AB).

3. Tim trén duong thing (AR) diém M sao cho
téng MC + MD 1a nhd nhét

PHAN I

Cau IVa. Danh cho thi sinh ding ki thi chueong
trinh chiea phan ban

n
: A
Tinh tich phin I (%_— CGSI)
- \ sinx + cosx
4
Cau IVb. Danh cho thi sinh ddng ki thi
chuong trinh chuyén ban
Mot t6 hoc sinh ¢6 5 nam va 5 nit XEp thanh
mit hang doc,
1. C6 bao nhiéu céch x&p khic nhau ?

2. C6 bao nhieu céch x&p sao cho khong c6
hoc sinh cling gidi tinh dimg ké nhau ?

HUONG DAN GIAI

Cau L. 1) Ban doc ty gii,
2) biém c6 dinh (1; 0)
2
3) Ta ¢6 ;_-,;*:5. +2x+2m+1
(x+1)2

Ham s& ¢6 cyc tri < y° c6 nghiem va ddi ddu
qua nghi¢m < #(x) = *+2x+2m+1 d6i dfu tai
nghitmx#-1 <A’ >0-2m>0om<0.

Khi d6, ham s0 ¢6 cyc dai tai X; va cye tiéu tai
*p V61 Xy, X, 12 céc nghigm ciia 1(x) thda man x; <
-1 <x,.

Gia st D(x, ; y;) 12 diém cyc dai, ta c6 -

y1=2x]+m'|p'{5'1x1 =—E i \I—Zm

SN-2m=-1-x < -2m=xt+2 +1

@m:—%{x%+2xl+1}

Dodé:yl-'-—%xf+xl—%.Qu?tichﬂta

phdn parabol y = —‘;‘IZ+I-% véi x < 1. Ban

doc by tim quy tich diém cyc tiéu.

Cau II. 1) Ta ¢6 sin?x(1 - sin!%%) > 0 va
cos%(1 — cos!%) > 0, nen sinZx > §in2900 va

cos?x > cos = 5in?%%% + cos2%%0 < 1, Do
d6 x 14 nghi¢m cda phuwong trinh
6

sin?x(1 — sin1%%8x) = 0
cosZx(1 — cos!9%8x) = 0

sinx = 0
siny = +1

cosx=10
cosx=+1

km
e cax::;(keZ’).

2)I1 +10g,20001 <2 -2< 1 + log 2000 <2
< -3<log,2000 < 1.
Trudmg hop 1 :

e |

‘L‘:EDUG =X
x3

Trutmg hop 2 :
O0<x<l
1 <:>0<J:<—=1—_.__
;E:»ZO(]O::J: 2000
Nghi¢m ctia bdt phuong trinh 12 :
“1
xe(o, W)u(znm,m)

< x> 2000

1 1
i Fan < 2000« 42« &
S}mee[l},ﬁJthH}_x <y _ZnEn

https://tieulun.hopto.org



https:rwww. facebook com/detrungldenmath

https

csites. goagle. com/site/letrunglienmath

A-4,400
B(2,0,4) - AB = (6,-4,4)
CaWmL i} oo 0 ﬁ{é; e
D(7,-2,3)
— AB = CD = A, B, C, D nim trén cing mot
mit phing.
2) Phuong trinh dudng thing (AB) :
% v g gk XD
T P e o
z=2t+4
Gg;H(BHZ, 21, 2t+4) € (AB)
= CH= (3t+1, -21-2, 2}1—5)
ac0CHLABS CH.AB=0o1t=-1=
ICH = V13
3) Goi C’ 1a dim d0i xing voi C qua AB =
€'(-3,2,5) = CD=(5,-2,-1).
Phuong trinh clia dudmg thdng (C’D) 1a :

x=5-3
y=-2k+2
z=—k+35

Xét he phuong trinh cla (AB) v6i (C'D’)
{x=3t+2; y=-2t; z=2t+4

= (C’D)n (AB) = M (2,0, 4)

V&i Mbitki € (AB). Taco MC+MD =
=MC'+MD=C'D.

Diublng xdyrao>M=M(2,0,4)=8
= (C'D) ~ (AB)

Céu I'Va.

L]

2 Zsin(.r—E}
I=j|—|a&x
= \Ecns(x—i*}

cos(x .— E)] P
L), e

a

o ey 2 A

19
cos(x — 4)

2 =

3 1
=-Ingcnsﬁg=-ln2—2=- M2 <= Elni

Cau IVb.
s cAch x&€p 1a 10 1.
xen ké nhau.

Truomg hop 1. Cac ban nam dimg & vi tri thir 18
céch,

Trudmg hop 2: C4c ban nam & vi tri thif chén,

1, cang c6 5!5! céch x&p.
T6m lai: S& cach x€p 1a 2.5!5! = 288300.

=5k-3; y=- cr2=-k+5 Hwdéng din gidi
x=5k-3; y=-2k+2; 2 - HO SY THAI
MOT DANG BAT DANG THUC...(Tiégp trang 5)

He (3), @) oIyl =lxl=...=Iyl=1 RO rang :
SrEx=..mx=t ;gﬂ;l:"z thg%r(g*(;fzh:s 0 VA, B, Ce (0;m)

B cho ;

Bai todn 5. ABC Ii tam gidc bit ki. Chimg P E¥IETE L %

minh riing v&i moi s nguyénn=>2taco: S \f;l]:lgAjz, o V3igB/2, a5 = V3teCr2

te"A2 +tg"BR2 +1g"C2
teA/2 + tgB/2 + 1gC2
Gidi : Ap dung BDT quen thudc :
tgA/2 + 1gB/2 + 1gC2 > \3
Diu bing xay ra < AABC ddu.
T BDT ¢6 :
V3 tgA2 + Y3 1gB2 + V3 12022 23

s qlln)d gy

Ta c6 : (V31eA2)" + (V31gB2)" + (V3 1gC2)"
> (V3 1ga2)n! + (3 B! + (VBgl2)yr!
> .. 2V3 (1gAf2 +1gB/2 + 12 C/2)

Tir d6 ta thu duge BBT (3)

Diu bing xay ra < AABC déu.

Tiép tyc khai thic BDT (*) con gilp ta sing
tao va gidi dugc nhiu bai todn nia. Rat mong
nhan dwoc ¥ Ki€n trao ddi tir phia ban doc.
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THUAT TOAN
CHIA DA THUC NHIEU BIEN

NGO VIET TRUNG
(Vién Todn hoc)

Chring ta ai ciing biét tim quan trong ciia thujt
todn Euclid trong mon dai s@. Thuit todn chia da
thic 1a thudt todn mé rong thuit todn Euclid sang
truong hop nhidu bién. N6 ra doi trong nhimg
ndm 70 nhdm gidi quy&t bai todn thir phin tir.
Sau hon 20 ndm thuft todn niy da c6 nhimg tmg
dyng to 16n trong nhidu chuyén nganh todn hoc
khdc nhau. Bai bdo ndy giGi thidu khdi niem
thudt todn chia da thic va ¥ nghia cla n6 ddi vei
vigc 14p trinh d€ gidi quyét cdc bai todn ¢6 nhidu
bién.

Trong todn hoc ta thuomg phai xét tip nghiem
ctia mOt h¢ phuong trinh vdi gy, ..., g,, ddu 12 da

thire :
gl(x‘lr seey xﬂ} = U:

......

Néu ta them vio h¢ ndy mot phuong trinh méi
v6i f12 da thiic
ﬂxll seny xil‘!) = U

thi s&¢ ndy sinh mot vén dé 1A lieu h¢ phuong
trinh méi ¢6 tuong duong v6i h¢ phuong trinh
ban ddu khong. Bi&n d8i he phuong trinh ddu ta
¢6 thé quy vén dé ndy thanh bai todn sau day.

Bai todn thir phén tit. Cho f va g, ..., g, la

nhimg da thic nhidu bién. Khi nao ta ¢6 thé fim
duqc cic da thic Ay, ..., b, sao cho

f=hg +..+h g .

Lic d6 ta goi f1a mQt 18 hop tuyén tinh da thike
cla gy, ..., g,. T4t nhién 12 nghidm clia mot da
thize f nhu vy phdi ndm trong tap nghi¢m ciia he
phuong trinh trén,

Trong truomg hop mét bién c6 thé dé dang quy
bai todn trén v& truomg hgp m = 1. Khi do bai
todn phét biéu lai dudi dang : khi nao thi mot
da thitc f{x) chia hét cho mot da thirc g(x) cho
truede. Bai todn ndy dugce gidi quyst béi thujt
todn Euclid. Thuit todn nay cho phép ta xdc
dinh (sau m{t s§ htru han phép tinh chia da
thirc) mdt da thitc r(x) cé béc nhd hon bic clia
g(x) sao cho fix) c6 thé viét dudi dang : Ax) =
h(x)g(x) + r(x). Ta c6 thé coi r(x) nhu 13 phin
du clia phép chia f{x) cho A(x). Do bic cia r(x)

8

nho hon bic ctia g(x) nén fix) chia hét cho g(x)
khi va chi khi r(x) = 0.

Tiéc ring thujt toan Euclid khong thé 4p dyng
trong trudng hop nhidu bién. DE thdy diéu nay ta
hay nhé lai xem thudt to4n Euclid 1am viéc nhu
thé ndo,

Thuat toin Euclid : Gii st

f=a X +apxl+ . +a

g=bx'+b 1+, +b
VvGi s 1a bac cta f va 1 12 bic cla g tic 1a a, = 0
vab =0

(I)Néus<rthitaditr=f.

(2 N&u 5 = 1 thi ta c6 the vidt
f=(a/b)x*"'g + f; v6i bic cla f; nhd hon bic
ctia f. Khi d9 ta thay f biing f; vd quay lai cdc
bwrdc (1), (2) nhu trén,

(3) Thuft toén phdi dimg sau mot s& hou han
budc vi bac cia f gidm din,

Truomg hop nhidu bign c6 mdt khé khin co
bin 1a ta khong thé quy vé& trudong hgp m = 1
dugc. Ngay cé khi m = 1 thi ta cing khong thé 4p
dung thudt todn Euclid vi n&u coi flx,, ..., x,) va
g(x, ..., x,} 1a nhimg da thic mdt bién theo x =
X, thi a /b, khong con 132 mot da thic nira va ta
khong thé tiép tyc cic budc di tiép theo ciia thuat
todn. Tuy thudt todn Euclid khong gidi quyét
duge bai todn thir phdn tir nhung né da chira
dyng midm mdng 1&i gidi cho trudng hgp nhidu
bién, P4 Ia vigc xét cdc hang tir ¢6 bic cao nhit
vd viéc ha bic sau timg budc. Piém miu chat &
day la khdi ni¢m bac cho ta mot quy tic x4c dinh
thir tir cdc hang tir trong cdc da thirc mot bién.
Trong trudmg hop nhidu bién thi khii niém bic
thong thudmg khong con phi hop nita vi c6 thé
c6 nhiéu hang tir c6 cing bac. Vi viy ngudi ta
phéi sdp x&p thit ty céc hang tir theo mot quy tdc
nao do va tim cdch gidm thir ty sau mdi budc.

Do mdi hang tf tmg v&i mot don thie x§1...x%
nén nguoi ta phii dua ra mot sy sip x&p theo thi
ty thich hop cho cic don thige. Thir ty hay duge
dung d€n nhit 1a thit ne nr dién. Thir ty ny coi
Xis s X, nhur 12 mOt b chit cdi vd don thic

Xy Xy nhu mdt i ¢6 @y chir x, 8 ddu, ..., a, chit
x, & dudi.
X >l > s at sxlads
Tiép theo ta s& thay he da tnic Bt wir &, cho

trudc bdi mdt h¢ cdc t6 hgp tuyén tinh da thic
€s v €, €U gy, ..., g, 520 cho néu f 12 mot 5

hgp tuyén tinh da thic khic khong cta g, ..., g,,

thi hang t& cao nhdt cla f s chia hét cho hang
16n nhit cha mot trong cdc da thire €1s s € Mot

h¢ da thic nhu vidy dugc goi 12 mdt co s¢
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Groebner cia he gy, ..., &,,- Co s& Groebner luon
ton tai.

Vi du. Xét he hai da thic g = x§ + 3x,x,,
g, = 2x3 + x3. Néu ta siip x€p céc don thic theo
thar ty tir dién thi x? > x,x, > x3. Don thic 16n
nhdt cta hai da thic trén déu 12 .t%. Tuy nhién
ching c¢6 mot co sd Groebner 13 he cic da thitc

ey = X3 +3x1%= 815

1 1
ey = Xy~ Ex%= 16 281782

1 i
ey3=1x3= 7 [(6x,+19x,)8, — (12x,+2X5)g,] v6i
céc hang tir 16n nhét 12 x2, x,x,, x3.

That vy c6 thé thiy ngay hang tir 16n nhét cla
b4t ki mot t hop tuyén tinh da thitc bac 2 cla g,
g, chi c6 thé 1a x2, x;x,. Con hang tir 16n nhdt
ciia bit ki mot t8 hop tuyén tinh da thic bic > 2
chia g,, g, phéi chia hét cho mot trong cdc don
thic x4, X,X,, x3 vi moi don thic bic > 2 déu chia
hé&t cho mdt trong cdc don thirc nay.

Mot khi ta dd ¢6 mdt co sd Groebner thi ta
cing ¢é mot thudt todn chia tuong ty nhu thuit
todn Euclid. Thuit todn nay xéc dinh cho méi da
thirc f mot da thic r ¢6 hang tlr 16n nhét khong
chia hét cho moi hang tir I6n nhdt cia e, ..., e,
sao cho fco thé vi€t dudi dang

Do ¢y, ..., €, 1a nhimg t6 hop tuyén tinh da thirc
clia gy, ..., &, nén f1a mot t8 hop tuyén tinh cla
g1, - &, Khi va chi khi r 1a mOt 10 hop tuyén
tinh da thac cda gy, ..., &, Theo dinh nghia cta
co s& Groebner thi didu nay xdy ra khi va chi khi
r=0,

Thuat todn chia. Gid st e, ..., ¢, 1a mdt co s&
Groebner cha hé gy, ... &,

(1) Néu hang tir 16n nhdt cla f khong chia hét
cho hang tir 16n nhit cia moi da thic ey, ..., ¢,
thitaditr=1.

(2) N&u hang tir I16n nhdt ciia f chia hét cho
hang tir 16n nhit cda mot da thic e,. thi ta c6 thé
vGi h 1a thuong clia chc hang ti 16n nhét cla f va
e, cdn f; 1a mOt da thic ¢6 hang ti 16n nhit <

hang tlr 16n nhit cha f (diéu ndy phu thudc vao
sy lya chon thw ty cdc don thie). Khi d6 ta thay f
bing f va i ti€n hanh cdc bude (1), (2) nhu
trén.,

(3) Thuit to4n phii dimg sau mdt s hitu han
budc vi hang tr I6n nhét cda fc6 thir ty gidm din.

Sir dung thudt todn chia ta c6 thé d& dang giai
bai todn thir phin t& v&i mei da thic f, g, .. &,

cho trudgec,
Vi dy. Gid sit f = x3 va e, €5, €5 1a co sd
Groebner trong vi dy trén. Ta c6
o= xe -0, Ay = Jiyes — %qu%
Toat. -~ la 3
p 2= 0% "7

Vi vay x} 1a mot t5 hop tuyén tinh da thic cia
hai da thic g, = X} + 3%,Xy, 85 = 2x} + x3. Tr céc
b trén ta cling nhin dugc

1 1
I% =Xé = 3I1€2 ar Exzfz— E (=)

1
=X81" 1, (6x1-x2)(281-82) -

1
= g [(6.x1+1912)g2 — (12I1+2I2)g1]

1
- 52_8’[—[?2&'11‘5(}12}&'1 - {14011+95X2)32]

Viéc sit dyng cdc hé da thiac gidng nhu co s&
Groebner da xudt hién tr diu th€ ki ndy trong
cic cong trinh cda Gordan, Macaulay, Hilbert.
Ngudi diu tién thdy dugc tim quan trong th
tién clia thujt todn chia 12 nha todn hoc ngudi Ao
Groebner, Ong da dit viln dé tinh co s¢ Groebner
lam d& ti luin 4n pho ti€n si cho hoc trd cia dng
1 Buchberger. Nim 1970 Buchberger tim thdy
mot thudn todn hiru higu dé tinh co s¢ Groebner.
Sau ndy Buchberger méi phat hign ra ring
Groebner d4 biét nhing nét co ban ciia thudt todn
ndy tir nhimg nim 50.

Co s& Groebner duge nghién ctu ding thoi ki
mdy tinh c4 nhan ra doi va bit ddu trd nén phd
cap. Ngay 1ap tic ngudi ta thdy ring c6 thé 13p
trinh thuft todn chia dé gidi quy&t cdc bai todn c6
nhidu bién ma ngay nay dugc goi la finh rodn
hinh thiec. Thudt todn nay da chia dyng nhimg
thudn lgi co bin cho vige 14p trinh nhu

® Vigc sip x&p thi ty cdc hang t cha mot da
thitc cho phép ta bifu difn mot da thnkc nhue mot
vecto cic h¢ sG va do dd ta c6 thé dua dir ligu vé
c¢dc da thite vao trong mdy tinh mot cach dé dang.

e Vidc xé6t hang tif 16n nhit cia céc da thic cho
phép may tinh chi cin thi toa d0 ddu tién cia
cic vecto tuong Umg,

Hién nay cic chwong trinh méy tinh toan hoc
I6n nhu MATHEMATICA, MAPLE, v, v.. déu
¢6 chi dit cc thuit tofin 1Am vigc vdi co sd
Groebner. Ngodi ra con ¢6 nhimg chuong trinh
méy tinh chuyeén dyng khéc dugc xay dyng chii
y&u dya vao khéi nigm co s¢ Groebner nhim gidi
quyét c4c tinh toan hinh thic trong cdc chuyén
nganh to4n hoc khic nhau./.
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1A WED SAU THEM TOAN HOC SO ciip :
HAI BAI THI TOAN QUOC TE
TRONG MOT BAI TOAN

PANG HUNG THANG
(PHKHTN, BHOG Ha Noi)

D 56 cac bai tosn trong ki thi Toan Quc 1
(IMO) Ia cdc bai todn hay chita dyng nhimg ¢ t
toan hoc khd sau sdc, théch thic khd ning sing
tao cua thi sinh. Céc bai todn ndy da trai qua mot
qua trinh sang lgc cdn than gdt gao tinrsc khi duge
lra chon. Tir cdc bai todn d6 néu chiu khé dao siu
suy nghi ta c6 thé phét hién ra cdc vin d& méi, céc
bai todn mdi Ii thd. Cac bai todn IMO thyc sy 1a
mjt mo ving quy gid d€ céc ban dio bGi khai
thic, tap dugt sing tao ddy. Trén tap chi THTT
clia ta va trén mot s6 tap chi qudc t& khéc da ding
mot s6 k€t qui nghién ctu, ndy sinh tir viec phat
trién va do sdu cic bai toan IMO. Trong bai viét
nay t6i mudn trinh bay mot bai toin mdi, duge
hinh thanh trén co s& hai bai todn IMO va réi lai
bao 14y c4 hai bai todn IMO nay.

Trong ki thi IMO l4n thtr 31 (nidm 1990) tai
Bic Kinh ¢6 bai todn s8 hoc nhur sau -

Bai toan A (Rumani d& nghi) Tim 14t ca cde s6
nguyén dieong n > 1 cé tinh chdt

27 + [ chia hét cho n? (1)

Boi tuyén Viet Nam ndm 4y bi ha guc bdi bai
todn nay, diém trung binh ctia doi chi ¢6 1,33/7.

bén ki thi IMO lin thi 40 (nim 1999) tai
Rumani c6 bii todn s& hoc sau

Bai todn B (Dai Loan 2 nghi). Tim 1t cd cdc
cdp s& nguyén dieong (n, p) trong d6 n > 1, pla
56 nguyén 16 sao cho

n<2p (2)
va (p-1)"+1 chia hét cho nP-1 (3)

D0oi tuyén Vigt Nam c6 diém trung binh & bai
nay la 5,33/7.

Cdc ban ¢6 thé thdy ngay riing (1) 1a truong
hop riéng cia (3) dng véi p = 3. Nhung bai todn
B khong phii 12 bai todn téng quét ctia bai todn
A vi n6 ¢6 them didu kign (2). Pidu kign (2) Ia
khd gid tao lam bai todn kém hay di. Viy thi tai
§a0 ta khong bd didu ki¢n (2) di @& dugc bai todn
sau diy.

Bai toan C. Tim 1dt cd cdc cip sO nguyén
duong (n, p) trong d6 n > 1, p 1a s& nguyén 16
sao cho (p — D" + 1 chia hét cho nP-1,

RO rang bai todn C ndy khé dep va chira dymg
cd hai bai todn A va bai todn B nhur mt trrdmg
hop rigng. Nhung li¢u c6 gidi dugc n6 khong 7
Phdi chiing tdc gid cta bai todn B lic ddu da dit
ra bai toin C nhung khong gidi dugc nén phai
them vao didu kién (2) dé gidi duge né ? Rt tice

10

12 101 khong biét dugc ai 13 tic gid bai toan nay
A€ viet thu trao d6i. Sau mot vai gidr suy nghi, toi
c6 dugce 10i gidi cla bai todn C nhu sau :

Buoc 1. Néu p = 2 thi hién nhién n = 2. Xét
p>2. Ta chiing minh # chia hé&t cho p. Goi g 12
udc nguyén t6 bé nhit cda . Ta ¢6 (p-1)" = -1
(mod g) = (1-p)" = 1 (mod g) vi n 18. Goi h 1a
s0 mQ nhd nhdt cha 1-p trong déng du thirc trén.
Khi d6 d& chimg minh ring Al{g-1) va hin. Vi ¢
1a udc nguyén t6 bé nhdt cha n nénsuyra h = 1.
Viyl-p=1 (modg) =>p=0(modg) = p=gq.
Viy pln.

Dén ddy ta dé dang suy ra 1o gidi bai todn B.
Thatv@yviplnvan<2p, nlé nénn=p. Ta co

(p-1P +1=p° + ... + '”—L‘ii"ﬁpi + p? chi

chia hét cho p? ma khéng chia hét cho p3. Do d6
facop-1=2hayn=p=3

Buoc 2. Ta chimg minh p=3, n =3¢, (g, 3) = 1.
Theo budc Lta cbn=pkq, 0. @9)=1,k21.Ta
chira (p-1Y 9+ 1 = pttlm voi (m,p)=1
Chimg minh quy nap theo k.

V6i k = 1 khing dinh ding. That viy dit
A=(p-1)P,tacé

A+1 =p-"+..‘Jrﬂp?_—ll,r;2+,1::2

chia hét cho p? va khong chia hét cho p3, Khi d6

(P-1P1+1=A9+1=
=A+1)AT -, A+ 1)=(4+ 1)B.

VidA=-1(modp) = B=qg<0(modp).

Viy A% + 1 chia hét cho p? va khong chia hét
cho p3.

Gia sir khing dinh diing v6i k tic 12
@ =~ 1'%+ 1=p* m, v6i (m, p) = 1.

Pita=(p- 1% Tac6

@-1P" 9+ 1=a? + 1= (a+1)C = p**! mC (4)
trong d6 C=aP~1 - ... + 1. Theo trén a = —1 (mod
P = a=-1(mod p?).

Viy C = p (mod p? hay C chia hét cho p ma
khong chia hét cho p2. Két hgp diéu nay véi (4)
ta ¢6 diu phdi chitng minh.

Vayk+12z@p-1)k = 12 (@-2)k = p=3, k=1.

Bwéc cudi. Ta ching minh n = 3. Theo budc 3
ta cé n= 3¢, (g, 3) = 1. Ta ching minh g = 1. Gi
str trdi lai ¢ > 1. Goi 5 12 w6c nguyén td bé nhat
clia g. Taco 23¢=87=—1 (mod 5) = (-8)d =1
(mod s). Goi A 1a s6 ma nhd nhét cia déng du
thic trén, khi d6 d& ching minh ring Alg va
hi(s — 1). Vi 5 12 udc nguyén t5 bé nhét cia g ta
suyrah=1. Viy-8=1 (mod s) = 519 = s =3,
Viy 3lg. Miu thuln. Thinh tht g =1 = n = 3.
Bai todn dugc gidi xong.

Pipsd:n=p=2van=p=3.
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Ki THI CHON DOI TUYEN QUOC GIA
DU THI IMO NAM 2001

Ki thi chon hoc sinh vao doi tuyén qudc gia
du thi Olympic Toén hoc qudc & (IMO) ldn tha
47 di dién ra tai Ha Noi, trong hai ngay 08/5 va
09/5/2001. Tham du ki thi ¢6 42 thi sinh, gdm
41 thi sinh dat tir 24 diém tr& lén & Bing A va
01 thi sinh dat 39 diém & Béang B.

Trong m&i ngdy thi, mdi thi sinh phdi lam 03
bii todn thi trong thdi gian 240 phit. DE thi nhu
sau:

Ngay thi thit nhdt (08/5/2001).
Bai 1: Cho ddy s6 nguyén {a,},n € N, xdc
dinh bai:
a,=1 VA a, =2+, vOimoine N
Chimg minh ring véi mdi s6 nguyén t6
p < 13, t6n tai vo s6 6 ty nhién k sao cho a,
chia hét cho p.

( [x] ki hiéu phdn nguyén cla s6 thuc X ).

Bai 2: Trong mat phing cho hai dudng tron
cit nhau tai hai diém A va B; PT 1a mot tiép
tuyén chung cha hai dudng tron d6 (P, T la cac
ti€p diém). Cdc tiép tuyén tai P va T cla
dudmg tron ngoai tiép tam gidc APT cit nhau
tai S. Goi H la diém d6i xtmg cla diém B
qua PT. ;

Hiy ching minh ba diém A, S, H thing
hang.
Bai 3: Mot ciu lac bo ¢6 42 thanh vién.

Biét ring trong 31 thanh vién bat Ki cla cau
lac b6 ludn c6 mot doi nam - nit quen nhau.

NGUYEN KHAC MINH
(Vu Trung hoc Phé thong)

Chtmg minh ring tir cdc thanh vien cla cdu
lac bo ta c6 thé chon ra 12 doi nam - ni quen
nhau.

Nedy thi thit hai (09/5/2001}.

Bai 4: X¢ét céc s6 thuc duong a, b, ¢ thoa
mén diéu kién:

21ab + 2bc + 8ca < 12.

Hay tim gid tri nhé nhét cta biéu thic:

1 B

P(a,b,c) = 5 + % &

Bai 5: Cho s6 nguyén n > 1. Trong khong
gian cho hé truc toa do Oxyz. Kihi¢u T latip
hop g6m t4t ci cdc di€m P(x, y, z) ma XY, Z
I cdc s6 nguyén thod min diéu kién: 1< X, ¥, 2
< n. T6 mau cic diém thuoc T sao cho: néu
diém A(X,, Yo, Zo) dudc t6 mau thi diém B(x,
W VisZ),md X S Xy, 1S Yo s A
khong dugc t6 mau.

Hbi, theo cdch trén, ta c6 thé 10 mau t6i da
bao nhiéu diém ?

Bai 6: Cho diy s6 nguyén duong {a,},
n e N°, thod min diéu kién sau:

0<a,-a <2001 véimoi ne N

Chimg minh ring c6 vo s cap s6 nguyén
duong (p,q) ma p<q VA a,laudc s6cla a,

Can cit két qua thi, sdu hoc sinh c6 tén duti
day dat diém s6 cao nhit trong ki thi dugc tuyén
chon vio Doi tuyén Qudc gia dy thi IMO ldn
thit 42 nam 2001:

STT Ho va Tén ’;’;: Truong - Tinh ’:"f:"
01 | Nguyén Anh Quan 12 | THPT NK Trén Pht, Hai Phong 29,0
02 | Le Anh Vinh 12 | Kh6i PTCT-Tin, PHKHTN-DHQG Ha Noi 26,0
03 | Nguyén Hoang Ding 12 | THPT Ha Noi-Amsterdam, Ha Noi 2059
04 | Vi Ngoc Minh 11 | Kh6i PTCT-Tin, DHSP Ha Noi 22,0
05 | Trin Khdnh Toan 11 | Khé&i PTCT-Tin, DHSP Ha Noi 20,0
06 '| Lé Dinh Hung 12 | THPT Lam Son, Thanh Hoé 19,0
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CAC LOP THCS
Bai T1/288. Tim tdl ca cdc s6 nguyen & Pis Py
P3Py Pss Pes P7. Dg 840 cho
Pi+p}+p3+p+pk + pk + pd = p}

VU bUC SON
(Ha Ngi)

Bai T2/288. Cho cic s6 duong g, b, ¢ thda man
abe = 1, Chimg minh riing :

a’ b3 3 3

e P S 8

(1+6)(1+c)  (I+o)(1+a) (l+a)(1+b) ~ 4
NGUYEN DUY LIEN

(GV THPT Vinh Twdng, Vinh Phiic)

Bai T3/288. Tim diéu kién cin v di d6i véi
cac s0 a, b, ¢ dé phuong trinh sau vo nghiem

a(ax? + bx +c)? + b(ax + bx+c) +c = x

VU PUC CANH
(Ninh Bink)

Bai T4/288. Goi M 13 trung diém canh BC cia
tam gidc ABC. Goi E 12 chan dudng vudng gdéc
ké tir B t6i AC va F 12 chan duong vudng gic ké
tr C t6i AB. Biét AMEF 12 tam gidc déu, tinh ti

I

80 f. trong d6 7 12 tm dudng tron ndi tidp
AABC vi K 1a giao diém (khdc A) ciia tia Al v6i
duong tron ban kinh R ngoai tiép AABC.

PHAM NGOQC QUANG
(GV THPT Lam Som, Thanh Héa)

Bai T5/288. Cho tir gidc ABCD noi ti€p mot
dudng tron. Diém P chay trén cung BC khong
chira A. Goi M va N lin lugt 13 giao diém ctia BC
v&i PA vi PD. Tinh d0 dai 1dn nhdt ctia MN.

NGUYEN HOU PHUGC
(SV DH Béch Khoa, Ha Noi)

CAC LOP THPT
Bai T6/288. Cho s6 nguyén 3 p > 2 ma p-2
chia hét cho 3. Chimg minh ring trong tip hop
cic s6 dang y2 - x3 - 1, trong d6 x, y 1a céc 56
nguyén khong am va nhé hon p, ¢6 nhidu nhit 12
p-1 phin t& chia hét cho p.

NGUYEN VAN THONG
(GV THPT Lé Quy Pén, Pa Ndng)

12

Bai T7/288. Gidi phuong trinh
%81x:§=x3-2x2+gx—2
TRIEU VAN HUNG
(GVTHPT Vatn Giang, Hung ¥én)

Bai T8/288. Cho céic s6 duong a, b, ¢ thda min
a?b? + b%2 + ¢2a2 > @%h2c2. Chimg minh ring :

azb? . _ bl - o et W3
@bt BB+ b(c2+ad) T 2
DAOMANH THANG

(SV K48 CLC khoa Todn, DHSP Ha Néi)

Bai T9/288. Ching minh ring v6i tam gific
ABC bitki : 4
3.3
2

SINASInB 4 ginBsinC 4 gjnCsind > 3 ( —)

Ddng thirc xdy ra khi nao ?
CAO HOANG ANH
(SV K42 Khoa Thiy Dién, DH Thiry Loi, Ha Néi)

Bai T10/288. Cho tt dign SABC vdi SA = g,
SB = b, SC = c. Mot mit phing thay déi luon
di qua trong tam cla i dién, cit cic canh 5S4,
SB, SC tai cac diém D, E, F tuong ng. Tim
£id tri nhd nhdt clia bi€u thirc

1 1 1

L L
TRUONG XUAN HUY
(GV THPT Phan Boi Chdu, Phan Thiét)

CACPE VATLI

Bai L1/288. Mot vat nhd khdi lwgng m dit &
dinh ctia mot b4n ciu nhin, bén kinh R. Newoi
1a tic dung vao vit mot Iyc khong ddi F theo
phuong ngang va né trugt xulng. Hay xac
dinh :

a) Van 13c cda vit lic n6 roi mit cdu,

b) G6c 6 gitra phuong thing ding va bén
kinh vecto tir tim O ciia qua cu d&n vi tri ma
vat roi khoi mdt cdu. Tinh 6 khi F = mg

TO GIANG
(Ha Nai)

Bai L2/288. Mot xilanh kin @it thing ding
€0 2 pittdng chia thanh 3 ngan. M&i phén chira
mot mol khi Ii twdng. Khi nhiét do cdc ngin
khi 1a T, thi d s thé tich cdc phdn 12 V, : V, :
Va=5 3] Khi nhi¢t d0 cac phén1a T, thi ti
s thé tichcdcphdn1a V' V', : V' 3=x:2;

7o
1. Tim x va Fi B& qua ma sét gifra c4c pittong
1
va xilanh.
NGUYEN XUAN QUANG
(GV THPT chuyén Vinh Phiic)
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PROBLEMS IN THIS ISSUE

FOR LOWER SECONDARY SCHOOLS

T1/288. Find all prime numbers py, P, Pa
Pas Ps pZE" P7: Ps such 1h3.t2 5 :
2
Py +P3+D3+Pi+ D5+ e+ P7=Ps
T2/288. Let a, b, ¢ be positive numbers
satisfying abc = 1. Prove that :
a b ¢ 3
+= hi T foa
(1+b)(1+c) (14+c)(1+a) (1+a)(1+b) 4
T3/288. Find a necessary and sufficient

condition on the numbers a, b, ¢ so that the
following equation has no solution
alax* +bx+c)’ +blax* +bx+c)+c=x
T4/288. Let M be the midpoint of the side
BC of a triangle ABC, E and F be respectively
the orthogonal projection of B on AC and C on
AB, Supposing that the triangle MEF is

IK
equilateral, calculate the ratio "y where [ is

the incenter of ABC, K is the point of
intersection (K # A) of the ray Al with the
circumcircle of ABC and R is the circumradius
of ABC.

T5/288. Let ABCD be a quadrilateral
inscribed in a circle. A point P moves on the
arc BC not containing A. Let M and N be
respectively the points of intersection of BC
with PA and PD. Calculate the greatest value
of the measure of MN.

FOR UPPER SECONDARY SCHOOLS

T6/288. Let p be a prime number, p > 2, such
that p-2 is divisible by 3. Prove that in the set
of numbers which can be written in the form

— x°— 1, where x, y are non negative

integers less than p, there exits at most p—1
numbers divisible by p.

T7/288. Solve the equation

W1x- 8 =x3—2x2+4§x—2

T8/288. The positive numbers a, b, ¢ Séatjzsf;

the condition : a’& + b2 + ¢t = a'bct
Prove that :
azb? o AN <o el V3
Aa2+b?)  ad(b2+c) b (c+at) 2
T9/288. Prove that for any trianglfiféBC :
; - ) 3.2
sindA™™ 4 sinBYC + sinC"™ = 3 (?3)«.'

When does equality occur 7
T10/288. Let be given a tetrahedron SABC
with SA = g, §B = b, SC = ¢. A moving plane,
passing through the centroid of the
tetrahedron, cuts the edges SA, SB, SC
respectively at D, E, F. Find the least value of
the expression
1 1 i

_+_+-—.—
{304 S0 o 4

|
Gia thuyét ve
DAY SO COLLATZ

PHAM THANH LUAN
(Tp Hé Chi Minh)

Diy s& Collatz dugc xéc dinh nhir sau :
SO hang ddu u, 12 s tr nhién = 0 bt ki

3u, + 1 néuu, la sd 18
gy =

u!’l
7Y n&u u,, 14 0 chiln,

Vidu : Chou, =1, ta c6 ddy s0
By
Cho u, mot gié tri khéc, ta ¢6 cdc day sO tuong
tmg nhur sau :

u,=2codiay2,1,4,2,1, ...
uy=3cdday3,10,5,16,8,4,2,1, ...
u,=4c6day4,2,1, ..
us=5coday5s,16,8,4,2,1, ...

u, =9 c6 diy 9, 28, 14, 7, 22, 11, 34, 17, 52,
26, 13, 40, 20,10, 5,16, 8,4, 2,1, ...

Diéu ddng chi § 12 vd&i mot gid tri i, cho trudc,
dén mot hic ndo d6 trong day Collatz s xudt
hign mot s& hang bdng 4, va hic dé ta c6 chu ki
gém 3s564,2,1,

Ban hay thit kiém tra lai xem sao ! Vi dy voi
u, =123, ta c6 uys = 4, con vai u, = 10635, ta co
Uyys=4.

Néu biét 1ap trinh, ban dé dang viét dugc mot
chuong trinh d& tim diy so Collatz theo u, cho
trudc va tim ra nhanh chéng cac két qua do,
Ding mdy tinh, ngui ta da thiy ring tinh chit li
thi noi wén cha diay Collatz ding véi moi
u, < 3.10!2. Nhumg ching minh diéu d6 vdi moi
s& ty nhién 10 12 mdt bai toan chua ¢6 16 gidi.

13
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Bai T1/284. Cho 56 nguyén duong n va s&
nguyén 16 p lom hom n+ 1. Hoi phuong trinh sau
o nghigm nguyén khong :

x o b

l+——+ + ..+ =
n+l 2Zn+1 pn+ 1

Léi gidi. Ta ¢6 phuong trinh da cho tuong
duong vGi phuong trinh sau ;

A, P + ...+ ayx® + ajx + a, = 0 (1) trong d6

_ (n+D)(2n+1) ... (pn+1)
4 in+1

Tir gid thi€t suy ra (p, n) = 1, do d6 dé thdy
khi chiapsSin+1(=0,1,.,p)chopta
duge p s& du phan bigt. Vi vay ¢6 diing mot s6
ke {1,2,...,p}théaman (kn+ 1) ip.

Honntra, dé thiy k # 1 vaO<kn+ 1 <p? =
kn+ 1/ p?

Vay voi so k do ta ¢6 a, / p, ddng thoi p he
s con lai (trong do c6 a,, a,) cia phuong trinh
(1) déu chia hét cho p nhung khong chia hét
cho p? (*). '

Gid sir phuong trinh (1) ¢6 nghi¢m nguyén
x=c¢,taco:

ap & +...+axt+ac;+a,=0

aipVvie {0,1,..,p},izkk=0,1.

Suy ra a,ck i p (p nguyén td) = ckip
=cip=acip?Vie {2, .. p) dbng thoi
aicip*(via;ipvacip)

Tir d6 suy ra a, p2. Pidu ndy miu thufin véi
(*). Suy ra (1) khong c6 nghiém nguyén. Do
dé phuong trinh da cho khong c¢6 nghigm
nguyén.

€Z;i=0,1,..,p

TO NGUYEN

Bai T2/284. Cho cdc sd thiec x, y théa man
diéu kién
x+V1+2)y+V1+22) = 1,
Chimg minh rdn
x+V1+2)y+ V1 +y?) =1
Lovi gidi. Ta 6 (x — V1 +32) (y - V1 + 22)

=2y + 2V(1+x2)(14y2) -

— (x+V1+2) 3 + V1 + 22)
= 2xy + 2V(1+x2)(14y2) — 1 (*)
14

Nhan timg v& clia (*) v6i déng thic da cho ta
duge :
el o e
=20y + 2V(1 + (192 -1
=2 —(.1'2—}'2)2
= 2xy + 2V(1+2)(142) - 1
=2(1-xy=
=2V - 12+ (x+y)2 + (52 - y9)?
= 1 —xy2V0y - 12 +(x + )
Zl-nl=x+y=0=x=-y

Trdé s cod: (x+ V1 +2)(y+ V1 +3?) =
(x+VI+y)(y+V1+x2) =1

Nhén xét. 1) Kha nhiéu ban sir dung phép bién ddi
qud phirc tap dé diin d&n x = -y,

2) Mot 86 ban lam ngupe lai nén "dé dang” :
Tir (x + V1 +2°)(y + Y1 +%) = 1 nhan véi phén tir

lién hop cia timg thira 56 & ¢6 ;
—(y+\4i1+y2)=.r— V1 +2% (1)
va —(x+ "Jl+x1)~—_y—‘.l'1+y2 (2}

Cong timg vE€ ciia (1) v (2) din dén x = -y va tir d6
suyra(x+1 +y2){}'+ 1 +x2)= 1

Nhur viy hai h¢ thie da cho & bai todn 1a twong
dwong (y kién cia ban Lé Bao Khdnh, 9E, THCS NK
L& Lgi, Ha Dong, Ha Tay), Trdn Trung Kién, 9A2,
THCS Lg Quy Don, Y Yén, Nam Pinh va mot s6 ban
khic.

3) Cac ban gidi tot va din dat gon 1a : Bai Qudc
Trung, 9B, THCS thj trin Tién H&i, Thi#i Binh;
Nguyén Lam Tuyén, 9B, THCS Lac Thinh, Yén Thdy,
Lé Thdai Hoang, 9A1, THCS Hiru Nghj, Hoa Binh;
Nguyén Puc Tdm, 8A7, THCS Trin Dang Ninh,
Nguyén Khanh Hoi, 6E, THCS Yén Tri, Y Yén, Nam
Binh; Nguyén Quang Tang, 9H, THCS Trung Vuong,
Ha Noi; Phan Tudn Thanh va Pham Huy Hodang, 9/3,
THCS Lé Quy bon, Tp. HAi Duong, Hdi Duong;
Pham Vdn Hoang, 9B, THCS Yén Lac, Vinh Phiic;
Huynh Thi Thay Lan, TB1, THPT Phd LAm, Phu Yén;
Ngé Thi Huyén Trang, TA1, THCS Trin Himg Pao,
Tp. Budn Ma Thudt, Pie Lac; Vo Thing Thai, gl
truomg cip 2-3 Ngd Gia Ty, Cam Nghia, Cam Ranh,
Khdénh Hoa; Nguyén Lé Vin Tign, 9A, THCS Nguyén
Trai, Mo Die, Quang Ngai, Nguyén Birc Phuomg, 8A,
NK Trin Phi, Héi Phong, Lé Vidn Bdc, 8A, THCS
Quéng Linh, Quang Xwong, Thanh Héa; Neuyén Tién
Dang, 9%, THCS My Hoa, Tx. Bén Tre, Bén Tre;
Bdng Dinh Trung, 9°, THCS Hoa Binh, Long Thanh,
Béng Nai, Neuyén Trung Nghia, 9B, THCS Npuyén
Thugng Hién, Ung Hoa, Ha Tay.

LETHONG NHAT
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GIAI BAIL KI TRUOC

Bai T3/284. Tim gid tri nho nhdt va lém nhdt

ctia biéu thirc
(1 +x)% + 162
(1+x3)*

trong dé x la s6 thuc.

L&i gidi. (cta nhiéu ban)

St dung bdt ding thirc quen bi&t

(A’+B%)* _(A+B)*

A*+ B> p 2 g (*)

Cho A=(l1+x)*vaB=-2xtacé
{1+x)3+16x‘>(1+x2)“_1

1+x2)* ~ 8(1+x®* 8
Ping thirc chi x4y ra khi A = B, titc 14 khi
x==2+3

Ap dyng (*) c6
o st (1 vt
(1+x3) 2( 5 ) T (1)
1+ xD = (1 + X2 =20 + 2l =
= ((1 - b)? + 21x)* = 16x* (2)
(1+x)8+16x*

1), (2) co =16+ 1=17, voi
T (1), (2) €6 =55 5 v

ding thitc x3y ra chi khi x= 1.

T6m lai gid tri nhd nhét ciia biéu thic da cho
1aék1ﬁx=—2i\r§vagiairj 16n nhit 1a 17
khix=1.

Nhin xét. Da s8 cic ban gidi ding va ngdn gon bai
to4n nay, nwmg cing ¢d vai ban gidi sai khong xéc
dinh diing gi4 tri 16n nh#t hodc nhd nhit cia biéu thirc,
Ban Nguyén Truwmg Tho, 8A2, THCS Phong Chau,
Phi Ninh, Phi Tho c6 dura ra va gidi mdt bai to4n tng
quét hon.

VO DINH HOA

Bai T4/284. Cho dudmg tron tdm O bdn kinh
R va ddy cung BC<2R. Diém A chuyén ding
trén cung lém BC, diém D chuyén dpng trén
cung nhé BC. Hay xdc dinh vi tri cia diém A
va D dé tong $+L+L dat gia tri

DB DC
nhé nhdt
Lei gidi. Vai A, D bdt ki thi AD < 2R. V6i
mdi diém D tén cung nhd BC ta ludn chon
dugce di€ém A trén cung 16n BC sao cho
1 1
AD = 2R @8 e 12 nhd nhat (1).

K& DH L BC tai H. K& dudmg kinh EF 1 BC
tai K (xem hinh) thi E, F, K 1a cdc diém c§

dinh. Do

ZABD = ZCHD

=90° va

ZDAB=-DCRB

(cung chin

cung BD) nén

AABDw ACHD, K

suy ra

DB _DH

DA DC

= B R

RO =2y
Tact DH+ OK<0D=0E=EK + 0K =

DH < EK : (3)

St dung bidt ding thkc Cosi vd (2) (3)
1 1 2
taduge ——+——-22V:

A

DB DC DB.DC -~ \2RDH
> e @
= \2REK
5 ] it
Tir (1), 4) €6 7+ 2=+ 7
1 2 1 i

" VorEX 2% T BE ©

(trong tam gidc vudng EBF véi duong cao BK
¢6 EF.EK = BE?)

V& phii ciia (5) 12 hiing s6. Ddu déng thuc &
(5) x4y ra <> diu ding thikc & (3) va (4) xdy ra
<> DA tring vdi dudmg kinh EF (EF L BC).

Nhan xét. 1) C6 nhidu chch tim gi4 tri nhd nhdt cia

o Tit (3) ¢6 DH < EK <> DH.BC < EK.BC
& Sppe S Spae < DB.DC sin(180° - £BDC)

< EB.EC.sin(180° - #BEC) < DB.DC < BE*.

» Kéo dai BD mot doan DG = DC, suy ra BD + DC
= BD + DG = BG < BE + EG = BE + EC = 2BE r6i dit
==y 4 2
— et e ————— }_
dyng bdt ddng thic o5 DS DB+ De 2 BE
e Ap dyng dinh Ii Ptoleme ddi vai tr gidic ndi 1iép
BFCD duge DB.CF + DC.BF = BC.DF = (DB +

i 4 2BF
g E e i o — 2_
OB e = B B DRADE. BB
1 2

1
11 H H R el
2) Khong it ban bién dfi dén ot e

aa v0i ket lugn ngay ring

i 75
—— >
hodc g * bc > DB + DC

v& trai dat gia tri cyge tifu khi vé phai dat gid tri cyc
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ti€u va dfu bing xdy ra khi DB = DC. Lap luin nay
khong diing vi v& phai chua 14 hiing sd.

3) Céc ban sau ¢6 101 gidi 1ot :

Phi Tho: Nguyén Bd Gia, 8A, THCS Tam Nopg;
Vinh Phic: DJ Anh Déng, 9A, THCS DINT Lap
Thach, Phang Vdn Cuwdmg, 8B, THCS Tam Déo, Tam
Duwong; Béie Ninh: Newyén Hau Binh Minh, 9B, THCS
Yén Phong, Pham Thdi Som, 9A, THCS Nguyén Ding
DPao, Tx. Bdc Ninh; Ha Tay: L& Bdo Khdnh, 9E,
THCS Le Lgi, Ha Dong; Ha Ngi: Nguvén Quang
Timg, 9H, THCS Trumg Vuwong, Hoan Kim, Neuvén
Tudn Dang, 9P, TH Marie Curie, Thanh Xuan; Hai
Dwong: Lé Dinh Huy, 8A, THCS Nguy8n Trai, Nam
Sich; Nam Dinh: Nguvén Nhi Long, 9A1, THCS
Phing Chi Kién, Tp. Nam Binh, Pham Ngoc Lich, 8D,
THCS Giao Ha, Giao Thiy, Nguyén Bdng Hep, Ned
Huy Hoang, 9A2, THCS L& Quy Pon, Y Yén; Ninh
Binh: Nguyén Thanh Ludn, 9A, THCS Dinh Tien
Hoang, Tx. Ninh Binh, Lé Hién Vinh, 9E, THCS TT
Yén Ninh, Yén Khanh; Hoa Binh: L& Thdi Hoang,
9A1, THCS Hira Nghi, Nguyén Lam Tuyén, 9B, THCS
Lac Thinh, Lac Thiy; Thanh Héa: Nguyén Dinh
Dang, 9A, THCS Nhir Ba Si, Hofing Héa; Nghé An:
Phan Trung Kién, 8C, THCS TT. Nam Pan; Ha Tinh:
Lé Minh Quang, 9A, THCS Phan Huy Chd, Thach Ha,
Trdn Vigr Ding, 9B, THCS Nguyé&n Trai, Nghi Xuan,

VIET HAI

Bai T5/284. Tam gidc ABC c¢6 cdc duimg
phan gidc trong AD, BE, CF cdt nhau tai diém
Q. Chimg minh rdng néu bdn kinh cdc dwomg
tron ngi tiép cdc tam gidgc AQF, BOD, CQE
bdng nhau thi tam gidc ABC la déu.

C

Loi gidi. Goi 0,, 0,, O, 1a tam cédc duong
tron ndi ti€p cdc tam gidc AQF, BOD va CQE
trong ung. Kéo dai QO,, Q0,, Q0, 1in lugt
cit AB, BC, CAtai M, N, P. Theo gi4 thiét ban
kinh cdc duong tron ndi ti€p cdc tam gidc

16

AQF, BOD, CQE bing nhau nén suy ra

0,0,//AD, 0,04/ICF, 0,0,//BE (1)
T MO, NO, PO, R ¥,
atkhacMQ_NQ—PQ( ub gré

d6 r, 1a ban kinh cdc dudmg tron ndi ti€p néi
trén con r 12 ban kinh duong tron ndi tiép
AABC). Suy ra O,0//MN, 0,0,//MP,
0,0,/INP (2)
Tir (1) va (2) ta ¢6 MN/AD, NPI/BE va
MP//CF.
Kéo dai MQ cit NP tai H, BQ cidt MN tai K.

MQ MK
Tacé 0H ™ KN (3)
MK KN BK MK AQ
Mt khéc 400D (= BQ) nen s — oD 4
: MO AQ
Tir (3) va (4) suy ra OH ™ oD (5)

Tir tinh chit dudrng phan gidc ta cé
AD AR AC_AB4AC .
QD ED "DC, BC
Miit khic ZMNQ = ZNQD, ZPNQ = ZBON
ma ZBON = ZNQD nén ZMNQ = /PNQ tic
NQ 12 phin gidc AMNP. Tuong tu MQ cting 1a
phin gidc AMNP nén Q 13 tam dudmg tron nodi
ti€p AMNP. Cang theo tinh chdt dudng phin
gidc co
MQ MN_MP_MN+MP
QH NH HP NP
T (5),(6) va(T)ytaco:
AB+AC MN+MP

(7)

BC NP
AB+AC MN + MP
s 1 —_
Nén BC + NP +1
Suvra NP _MN+MP+NP
B AR A+ B
Tuona g MY _ MP _ MN+ MP+ NP
BN D T AC T AR BCLAC
MN MP NP
R e N NP AHD
e PR MR 5

Trdé LNMP = ABAC = ZA

Mit khic ZNMP = ZAQF = 5+% Suy ra

Tuwong tr Bt Viy AABC déu,
Nhén xét. Gidi 1§t bai nay ¢d céc ban :
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Ha Tay: LZ Bdo Khdnh, 9E, THCS L& Loi, Ha
bong; Ha Noi: Nguyén Quang Tung, 9H, THCS
Trung Vwong, Hai Phong: Trdn Xudn Duang, BA,
THNK Tran Phd; Nam Binh: Neuvén Bdng Hop,
9A2, THCS Le Quy bon, Y Yen.

VO KIM THUY

Bai T6/284. Chiing minh rdng khong tén tai
da thiee P(x) bdc lém hon 1 théa mdn diéu
kign : voi meoi x néu P(x) la sd nguyén thi
P(x+1) cing la s& nguyén,

Lei gidi. (cia Nguyén Dw Thdi, 12CT,
PDHKH Hué&, Thira Thién Hué va mot s ban
khic)

Gid str da thitc P(x) cé bic n = 2 va hé sd cao
nhdt duong thda mén diéu kién da cho, ta goi
12 ¢6 tinh chit (*).

bit A'P(x) = P(x+1) — P(x)

A?P(x) = AlP(x+1) = A'P(x)

thi cdc da thiic A'P(x), AZP(x),

.. cing c6
tinh chat (*).
Pdc biét, da thic bic hai :
AP =g+ bx+c, a>0

cang cd tinh chat (*). Bing cé4ch dit x — % =1

Py
%=dtacddath&cﬂf)=aﬁ+dcﬁng

6 tinh chét (*). Suy ra:
) =fli+1) - flt)=2at+a
cling ¢6 tinh chét (*).
Gidstrg(t)e Z=g(t,+ ) e Z=
glt,+1)—g(t))=2a e Z. RO rang

3n e Nsaochoy= % 12 56 vO t.

Khi do :
ﬂy}=a.?+d=nez

fiy+1) = fy) + 2ay + a la sd vo ti, dpem.

Nhan xét. Cac ban sau ddy o 10 gidi tot :

Lé Thi Hanh Trang, 12A2, THPT Hai Ba Trung, M2
Linh, Vinh Phiic, Nguyén Xuan Trutmg, 11A1, chuyén
Vinh Phic, Phgm Thanh Trung, 10T, Ned Xudn Bdch,
11T, THPT Nguyén Trai, Hii Duong Lé Minh Todn,
11T, chuyén Ha Long, Quang Ninh; Pham Dic Higp,
11T, chuyén Trin Phd, Hai Phong, Kim Binh Thdi,
11Al, chuyén Tin, DHSP Ha Noi; Trdn Anh Hodng,
11T chuyén, DHKHTN, PHQG Tp H8 Chi Minh

NGUYEN VAN MAU

Bai T7/284. Chiing minh rdng phuong trinh
16X =20 + 5x +2=0 (1)

cd nghigm duy nhdt va tim nghiém do

Loi gidi. (cia ban Trdn Minh Mdn, 10T,
THPT Luwong Vin Tuyy, Ninh Binh vi mdt s6
ban khdc).

Véix € [-1, 1], x = cose, 0 < ¢ = = khi d6
phuong trinh (1) twong duong cosSe + 2 = 0.

Nhur vy (1) khong ¢6 nghiém x € [-1, 1].

Truomg hop 1 > 1, tén tai duy nhit u € R,
lul > 1 max—%(u+i){u=x+‘\lx2—l néu

x>1.u x—Vx2—1nfux<- 1),khjtilfa
16,1:5—2{(3‘.154-; +5(u + )+10(u+ )
=—[(;¢5+E)+S(u+l—l) —5 u+;:|

1 5 i
=5 (# )+20x3 5x.

Do do (l)mcmg dumlg vai
(u5+ )+2 0.
Gidi phuong trinh trén ta c6 u’ = -2 - V3.
Vay phuong trinh (1) ¢6 duy nhit mot
nghi&mﬂmcx:%(‘a—Z—fo— + 2+ 48).

Nhin xét. 1) T (x) la da thie Trébusép loai 1 bic s,
tic 1a T, (cosp) = cosngp, phrong trinh (1) cé dang

l), thi

Tx)=— (u" +- ) (ching minh biing quy nap theo n,

Tj(r}+2=0,NéuLxl>l,x=%(u+

diing cong thire T,,+ () = 20.T,(x) - T, ().

2) Céc ban sau o 1o gifi 10t : Hoa Binh: Neuyén
Ldm Tuyén, 11T, THPTNK Hoang Vin Thy; Ha Noi:
Pham Khde Thanh, 10B Todn, Ngé Qudc Anh, 12A
Toan, PTCT, PHKHTN, Nguyén Thi Hédng Phugng,
11T, PTCT, PHSP 1; Hai Duong: Ngd Xudn Bdch,
Neguyén Anh Neuyén, THPT chuyeén Nguyén Trai; Hai
Phong: Vi Pinh Hdu, 11T, THPT NK Trin Phi; Ha
Tinh: Trdn Viét Hung, 11T, THPT NK; Thanh Phd
Hé Chi Minh: Trdn Anh Hoang, 11T, Luong Thé
Nhdn, 12T, PTNK, DHQG:; Tién Giang: Nguyén Thi
Tuyét Nga, 10A9, THPT Tan Hiép, La Minh Thdi,
10T, THPT chuyén; Quing Ngai: Phgm Vidn Trung,
10T, THPT chuyeén L& Khiét; Phwi Yén: Phan Thanh
Nam, 10T, THPT chuyén Luomg Vian Chénb, ...

NGUYEN MINH BUC
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Bai T8/284. Cho day s (x,)(n=0, 1, 2, ...)
duege xdc dinh boi ;
2%(x,In2, - 1) + 1
BEOM A i

Hay fim gidi han (theo a) cia ddy trén.

Loi giai. (cha ban Liwong Thé Nhdn, 12T,

NK PHQG Tp Ho Chi Minh).
2(xin2 -1} +1 x+1-2%
Xét = o e
e T
2* (In2)%(x + 1 - 2%)
T X)) =-
e e
Béng bién thién ciia f{x) nhu sau :
X -0 0 log,log,e 1 +a0
Fix + - = S o
fix) Sl h"‘xﬁ "'le .///-
Nhu vay :

® N&u a = log,log,e thi day khong xdc dinh

e Néu a < log,log,e thi x; = fix,) = fla) <0
=x=fx) A0 =0, .., x,=fx,;) < [A0)=0
Yn € N*,

X T 1 - 2%
L 3 \.é e = T
Fai N e TR

Vay x, 1a day ting va bi chin trén bdi 0.
Suy ra ton tai. limx,=a. DE kiém tra

o=+
a+l=2* =2 a=0(doo < ()

® Néu a > log,log,e thi x; = fix,) = fla) = 1.
Vay x =flx) 2 (1) = 1

(2)

Do d6 x, = fix,;) 2 A1) =1, Yn € N ma

P12 - 1

Xp = Xy =

20 vix.; = L

Do d6 day (x,) giim va bj chan dudi bdi 1. -

Vi vay tOn tai limx, = B. SuyrafP+ 1 =28 =
H =30

B=1(doPz1).

Két luan : :

- N&u a < log,(log,e) thi limx,, = 0.
n—>w

- NEu a > log,(log,e) thi lim x, = 1

n=rwx

- N&u a = log,(log,e) day khong xéc dinh.

18

Nhén xét. Cac ban gidi ot : Nguvén Hodng Thach,
11T, Ha Noi, Amsterdam, Ha Noéi; Kim Pinh Thdi,
11A1, PHSP Ha Noi, Cao Tién Pat, 11T, Buén Me
Thuot, Biai Quang Nha, 10A1, Hing Vwong, Phi
Tho, Va Pinh Pdu, 11T Trin Phd, Hai Phong;
Nguyén Xudn Truwdmg, 11Al, chuyén Vinh Phiic,
Pham Ngopc Pdng, 11, Dién Ban, Quéang Nam; Trdn
Tién Hoang, 11 Todn, L& Quy Don, Quang Tri, L2
Phieong, 10T1, Lirong Thé Vinh, Déng Nai,

PANG HUNG THANG

Bai T9/284. Cho ba duomg tron (O, Ry),
(02, R:} vd (03, Rg) v R3 < Rl = Rz 5 Cﬁng
1iép xtc voi duimg thdng d va doi mét tiép xiic
ngodi véi nhau. Goi M, N, P theo thi tie 12 tiép
diém cha dmﬂg tron (03, R3) vk (01. Rl)'
(0, R,) va& d. Chitng minh rdng dién tich tam

2R3R\R,

(Ry + R)(R; + Ry)

gidc MNP béng

Léi gidi. (cia ban Kim Pinh Thdi, 11A1,
PTCT-Tin, BHSP Ha Noi)

Gia sir d ti€p xic vdi (0,), (0,) ldn lugt tai
A B Gidst PMn (O, R))=C#M; PN~
(05, R)) = D # N. D& thdy CA, DB 1a duomg
kinh ctia (Oy, R,), (O, R,) (xem hinh vé).

A P

Nhér dinh 1i Pitago dé dang ching minh dugc
céc ding thite sau

AP = 2\R\Ry; BP = 2\R,R, ; AB = 2\RR,

ViAP + BP=AB nén :

VR, (YR, +VR;) = \R,R,
Mt khdc ;
RN = o oD
Vi POL/IAC//BD nén :

PM PN _ R}

PC PD (R, +R3)(R, +Ry)

B

(1)

PM TN S peD)
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Vay :
S(MNP) =

2

> SPCD) (2
(R1+R3)(Ry+Ry) ( AR

Taco;
S(PCD) = S(ACDB) - S(ACP) - S(BDP)

=%(AC+BD)AB—%ACAP—%BD.BP

AC(AB - AP) + ; BIXAB - BP)

||—l {\JI!—-

]

1
5 ACBP + 5 BDAP

= Rl.zm +R2‘2"V{E1‘R_3

= 2VR, (VR + VR,)VR R,
=2VR,R, . VR\R; = 2R,R, (theo (1))
Tr(2) va(3)suyra:

soanp) « — T Riky — (dpem)
T (R +R)Ry +Ry) P

Nhén xét. 1) Day 1a bai to4n dé, rdt nhidu ban tham
gia gidi vdi nhidu cach gidi khac nhau. Tuy nhién, con
nhidu ban gii dai, mot s&' ban giAi qua dai.

2) C4c ban sau day cd I pidi ot

Thdi Binh: Luu Hoai Nam, 11A8, THPT Phy Due,
Quynh Phy; Nam Dinh: Nguyvén Minh Pur. 11B3,
THPT A Hii Hau; Khdanh Hoa: 12 Thi Khdanh Hién,
12T, THPT Lé Quy Don; Nghé An: Phan Puic Tudn,
10Q, THPT Ha Huy Tap; Vinh Phuc: L& Thién Hanh
Trang, 12A1, THPT Hai Ba Trnimg, Mé Linh; Hoa
Binh: Nguyén Ldm Tuyén, 11T, THPT Hoang Vin
Thy; Ha Nbi: Nguyén -Hoang Thach, 11T, THPT Ha
NOi Amsterdam, Binh Ngpc Thdng, 10AT, DHKHTN,
Bing Dinh Khdnh, 101, Khoi PTCT-Tin, DHSP ;
Tp H8 Chi Minh: Trdn Vinh Himg, PTNK, DHQG.

NGUYEN MINH HA

Bai T10/284. Cho hinh chép SABC. Chimg
minh rdng néu cdc trung tuyén cia cdc tam
gidc SAB, SBC, SCA ké tir dinh § tao véi cde
canh ddy AB, BC, CA nhimg goc khong ti
bdng nhau thi dign tich ctia méi mdt bén nho
hon téng dién tich cdc mdt bén con lai.

L&1i gidi. (cha nhiéu ba

Goi ¢ 12 gdc tao bdi
cic trung tuyén SA,,
SB,, SC, vGi cdc canh
day BC, CA, AB. Dy

ring ¢ < g (theo dinh

nghia ciia géc gitta hai

dudng  thing
trong mat
phdng cang
nhur trong
khong gian),

Vi vai trd
cla cac mit
bén 13 binh
ding nén ta
chi cdn ching minh, ching han :

S(SBC) < s(SCA) + 5(SAB) ; (1

DE thdy ring (tr cong thic tinh dién tich
tam gidc)

(1) ¢ B,C,.5A, < C,A,.SB, + A B,.SC, (2)

Nhung (2) va hai BBT twong ty chinh 13 noi
dung ciia BDT Ptolemé t8ng quét d5i véi mot
ur di€m {S, A, B,, C,} bdt ki khong déng
phing : "Trong mot ti diém bt ki, tich do dai
cdc canh d&i dién biéu thi s6 do do dai cic
canh ctia mdt tam gidc T ndo d6 ; T suy bi&n
thanh doan thing khi va chi khi t¢ diém duge
xét dong vién (cung thudc mot dudrng tron)
hogc thing hang",

CG6 nhidu cdch ching minh BPT Ptolemé
tdng quat d6i véi mot tt didm bit K (dbng
phdng hay khong déng phing). Ching han,
nhiéu ban da sir dung phép néghjch ddo cuc S,
phuong tich p > 0 thy y ma d€ cho tién, ¢é thé
Ay p=1.

Sau day 12 mot cdch ching minh BPT
Ptoleme tdng qudt ddi véi mot t diém (S, A,
B, C,} khong ddng phing dva vao BPT
Ptoléme trong mit phing va BET tam gidc.

Trén mjt phdng (4 B,C,) dung diém §* sao
cho 5’ nim khic phia v&i A, d6i véi dudmg
thing (B,C,) vd B,S" = B,S, C.5' = C,S. biu
dé cang c6 nghia 12 trai mit SB,C, ciia 1t dien
5A.B,C, 1én mit ddy A,B,C, dén vi tri §'B,C,
sa0 cho § niim khac phia véi A, d8i véi dudng
thdng B,C, (bing céch thyc hi¢n phép quay
tam gidc SB,C, xung quanh truc B,C, mit goc
bing gdc bu cila géc nhj dien canh B,C, cla ti
dign SA,B,C, d€ d&n trang v6i nita mat phing
bu cia nia mit phing [B,C.A)) cé by 1
B,C,).

Goi D = (B,C,) N [A,S'], the thi d& thdy
ring DS = DS’, tir d6 suy ra : SA, < A D+DS =
A8’ vadod6 : B,C,.SA, < B,C,.S'A,

(3) Miit khdc, vai ti diém phing {§*, A, B.,
C,} ta c6 BDT Ptoléme trong mit phing
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(xem ching minh & THTT s6 263 (5/1999)
trang 11) :

B,C,.SA, < CA,SB,+AB,.SC,=

BLC SA. <CA .S58 +AB . SC;, (4

Cudi cang, tir (3) va (4) ta thu dugc BDT
Ptoleme tdng quét (2) cin tim. B ¥ ring dfu
ding thitc khong xdy ra & (3) nén cing thé xdy
ra & (2).

Nhéin xét. 1) Ban Hoang Xudn Quang, 11A1, THPT
chuyén Vinh Phic ¢6 nhin xét ring bai todn trén day
da duoc gidi thieu wong "Tuyén tip dé thi Olympic
30-4, nam 2000" va da cd 1&i gidi trong cufn sach dé
rfi, Ban Quang khong trinh bay lai loi gidi dd. Tuy
nhién ban Quang va mdt s§ ban khéc sau khi st dung
dinh 1i ham s& cdsin va cong thic cIu-Cmg trung tuyén
(hodic ¢6 ban sit dung cong thic a® = b*+¢” — 4ScotgA,
trong tam gidc ABC) va gid st ring SA < §B < 5C da
thi#t 13p duge cée hé thic

Tt e s LR R
= = . =dcotpp (%)
s(SBC) s(SCA) S(SAB)
trong d6 : @ = Z(BC, §A,)) = £(CA, §B,) = Z(AB, SC))

theo gid thit (0 < o < ’E‘J_ Tir che h¢ thic (*) nay

Suy ra:
Néu @ = g (e 120 < @< f) thi 5(SAB) + s(SBC) =

S(SCA) !
K&t qui nay mau thulin vdi dpem dua ra trong bai

toéin, Nhir viiy phéi ching nhit thi€t xay ra ¢ = % 7

Dy 14 mot céu hdi kha thid vi. Nlumg, trurde hét ban
Quang ctng nhr cdc ban hay tr trd 101 cdu hdi nay.
Vigéc trd 1od cAu hdi nay dwa cic ban dén mt bai todn
mi 1i thi sau ddy : Chimg minh ring néu cdc canh dadi
dién clia mdt tf dién tao voi nhau nhimg géc bing
nhau thi gée d6 phai 1a gée vudng va tir dién 15 mot
dién trire tAm (chc dudmg cao ddng quy).

2) K&t hgp v bai todn "mdi" vira néu & trén, chiing
ta ¢6 thé thdy ring hai bai toan cia tic gid Ngo Thé
Phit chinh 14 I gidi hinh hgc cia bai todn sao ddy :
Goi x, y va z 13 dd 1ém (do bing radian) cic mit cla
mdt géc tam dién bt ki. Chiing minh ring sinx, siny va
sinz bifu thi s& do cdc canh cia mdt tam gidc khong
suy bién T ndio d6. CAc ban hiy thir tim céch giai bai
toAn "mdi" thit hai vira néu bing phrong phép thudn
tiy dai s¢ v lugng gidc.

3) Céc ban Bai Vigt Dang, Pham Vén Hing, 11A1,
PTCT-T, DHSP Ha Noi, Luu Vit Thanh Huong, 11A1,
THPT Phan Boi Chau, Nghe An da ching minh dirgc

Q= g. dBng thér dira ra hai 10 gidi (hinh hoc va lugng
gi4c) bai todn trén ciia boin ban noi trén. Ban Quang da
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phit hién dwge vin dé d€ nghign ciu tuy chua gidi dap
duge trigt dé. Dang tiée, c6 dén khodng trén dudi 10
ban cing tinh toan nhr ban Quang hodc da go aé suy
ra dpcm ma khong thiy sai 1dm & dau da voi vang stra
lai k€t qud nhw saw : Dién tich mdi mét bén khong 1dn
hon t8ng dién tich hai mét bén con lai (!!!). That Ia tai
hai (chi vi tic phong suy nghi hoi het, voi vang, thi€u
dho sau vin dé).

NGUYEN PANG PHAT

Bai L1/284. Mot tdm van c6 chiéu day h
dugc gie cd dinh trong mdt phdng thdng dimg.
Mgt vién dan bay theo phuong ngang vuong
gbc voi mdt tdm vdn va xuyén qua tdm van.
Van tdc ciia vien dan gidm tr v, dén v. Biét
rdng luc cdn cia tdm vdn ti 1¢ véi binh phuong
vdn tdc vién dan. Tinh thoi gian chuyén dong
ctia vién dan trong tdm vdn (bo qua tdc dung
ctia trong lyc ddi voi vién dan).

Hudng din gidi. Do bd qua tic dung cla
trong lyc nén vién dan chi chiu tic dyng cia
lyc can F, = —kv2, v&i k1a he sO i 12.

Chifu phuong trinh cla dinh ludt IT Niuton
1&n phuong chuyén dong ta cé :

dv

S g av §
kvi=ma= m (1)

Chon g6c thoi gian 1a Iic vién dan bdt ddu
xuy&n vao tdm vﬂn lict=0,v=v,tir(1)1a

6 d: k_[dr Gt e B o,
o k G
.fi.p dung dinh 1i dong nang :
m dv
( i ) Ffdh =, =~
m
(3)
e
lnf
Thay (3) vao (2) ta dugce thodi gian vién dan
h(v, - ﬂ

chuyén ddng trong tdm vén : ¢ = i
v,V ln{f)

Nhan xét. Cic em c6 13p lufin chiit che va 1od gidi
diing :

Phi Yén: L& Anh Nhdn, 11 chuyén li, THPT chuyén
Luong Van Chénh, Tuy Hoa ; Nghé¢ An: L& Minh
Nguyén, 12A3, THPT Phan Boi Chau, Vinh; Hai
Phong: Trdn Dt Triwng, 12 Li, THPT NK Trin Pha;
Phu Tho: Vi Qudc Huy, 12 Li, chuyén Hing Vuong,
Vigt Tri; Bic Ninh: Bdng Thi Thanh Xudn, 11A2,
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GIAI BAI Ki TRUOC

THPT Han Thuyeén, Nguyvén Ngpc Tudn, 11 Li, NK
Han Thuyén; Hai Dwomg: Hoang Trung Trf, 10 Li,
THPT Nguyén Trai; Vinh Phic: Neuyén Duy Himg,
11A3, Trdn Nggc Thanh, 10B3, Duomg Manh Cucomg,
11A3, THPT chuyén Vinh Phic; Tién Giang: Trdn
Téin Lje, 12 Li, THPT chuyén Tién Giang; Péng Nai:
Neuyén Kim Huy, 11 Li 1, Trdn Heu Higu, 11 Li 3,
THPT chuyén Ling Thé Vinh, Bién Hoa; Nam Djinh:
Bd Thi Lan Huwomg, 11A, THPT Téng Vin Tran,
Y Yeén.

va U

MAI ANH

Bai _1.2/284. Pdr mft hitu dién thé
u= U\rsm(mr) vai U, o khong ddi vao dogn
mach AB (hinh bén), ngudi ta thdy khi diéu
chinh bién tr& dén gid tri R = 75(Q) thi déng
ther cd:

— Bién tré R ’F"_{ﬁ_m_‘wmm_ri{k_f
tiéu thu cong R L, Za
sudt lom nhat.

— Thém bdt ki mot tu dién C' ndao vdo doan
NB, di néi tiép hay song song voi tu dign C
vdn thdy Uyg giam.

Hay tinh r, Z;, Z, Z biét rdng chiing déu c6
tri 56 (Q) nguyén.

Hudng déin gidi. Cong sudt tiéu thy trén R :

¥ U?R
(R+r2 +(Z; - Z.)2
vz .
—ZP+r? .
R+ u+ +2r
UZ,
BT R+ + (2, - Z0)?
2 U
& ,\/{R+r)2 +Z; _Z
- = 9=
AR

Theo d& bai P va Uy, dat gid tri cyc dai.
Muén vy phéi 6 :

R=(Z.—-ZP+7P ! (D),
va ZZ, =(R+r*+2Z% (2)
Tir(l)suyrar<R="T50, va

Tir d6 téng tré mach
Z=VR+rPP+(Z, -Z)? =V2RR +7)
= Z= \fll 50(75+r) = 5N6(75+7) (3)

gla THPT ném 2000..

DE r va Z 12 sd nguyén thi 75 + r = 6k2 (4),
vdi k nguyén, Vi < r < 750 nén tir (4) nit ra

75<6k2<150=3,53<k<5
=k —d— =210 —Z 20

Ngodi ra, tir (2) ta co
Zi (Zpo— Z;) = (R+1)? (5)
= Zs > Ly,
Viviyar(l)tacéd

va tir (5) va (6) tim dugc Z; = 12802 va
Z-~= 2000

Nhin xét. Cic em ¢6 I gidi chic che va ding :

Ngh¢ An: Nguvén Xudn Trung, 12G, THPT Huynh
Thisc Khang, Hé Vigt Hing, K28 Li, THPT Phan Boi
Chau, Vinh; Quéng Ngai: Neuyén Khoa, 11 Li - Héa,
THPT Lé Khiét; Bic Ninh: Nguvén Ngoc Tudn, 11 Li
NK, THPT Han Thuyén; Hai Phong: Trin B
Trwomg, 12 Li, THPT Trin Pha; Phi The: Va Qude
Huy, 12 Li, THPT chuyén Hiong Vuwong, Viét Tri;
Thanh Héa: Newyén Thi Thanh Ha, 11A, THPT Ha
Trung; Hai Duwong: Trdn Thi Bach Dwomg, 11B2,
THPT Nhij Chiéu, Kinh Mon; Vinh Phuc: Nguvén Vin
Hai, 11A3, THPT chuyén Vinh Phiic; Hoa Binh:
Giang Som Bgat, 11 Todn, THPT NK Hoang Vin Thuy;
Tién Giang: Trdn Tdn Lgc, 12 Li, THPT chuyén Tién
Giang; Quang Nam: Hoang Anh Va, 12T, THPT Trin
Cao Van, Tam Ki; Ha Nam: Trdn Gia Phuong, 12 Li,
THPT chuyén Ha Nam.

MAT ANH

- DON BQC THTT s6 2&9 ﬂ-iﬁﬂf)

. Mﬁahedaden,mmcacbanﬂmmgia
Cufc thi Vui ke 2001 cta TI-I'IT va gla: tri bang
céc bai todn vui, nguy bién.

Ly 'l:mng hai hga co ﬁn déu dufmg xa&n OC !

vangt o fal
i 'Kétmiéklﬂuchonhgcsmhgtﬂ‘ 0An qu

| Céc ban du:r__lg quén ﬁéf mua TH‘IT quy

; 1}2901 nhé!
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DUNG MAY TiNH PE CHUNG MINH
C&C PINH Li HINH HOC

Chiing ta da timg nghe néi : may tinh biét dinh
c0, bigt soan nhac, v.v... Bii bdo ndy sé giGi
thi¢u v cic ban vé mdy tinh bigt ching minh
cdc dinh li hinh hoc,

Ching ta hdy xét mot dinh 1i hinh hoc cy thé,
ching han, dinh 1i v& dudmng thing Ole: "Trong
mdt tam gidc thi triec tdm, trong tdm, tdm dwdng
Iron ngogi tiép la 3 diém thdng hang",

B(3r. 3s)

0, 0) M A (6p, )

bé co6 thé ching minh dugce dinh li nay bing
mdy tinh, trudc hét ta cdn biéu difn gid thit va
két lugn cha dinh Ii thanh cdc phuong trinh da
thire nhidu 4n, Ta phai ding cdc dn sd dé biéu
dién toa d® mot s6 diém cho trude vi hinh vé cda
ta bién thién trén mit phing.

CAU LAC BO THIT

CUOC CHOI PAU THIEN NIEN Ki MOI

M6i cdc ban tham gia cudc choi hang thing
DOAN TUOI VA BIET Al QUA ANH

Ban hdy cit phiu cubc choi va ddn & bén ngodi

phong bi gli Toa soan THTT sau khi di dién cau
trd |i. Bén trong phong bi ban cé thé viét cdm
tudng v& cude choi nhung khéng gl bai khic. Nha
ghi dia chi cta ban !

Ngugi trong anh ?
Ho va tén :

22

b0 bUC BINH
(GV. THPT Lam Soit — Thanh Héa)

Gid sit AOAB c¢6 H 1a tryc tdm, G 14 trong tim
va C 12 tim dudng tron ngoai tiép. Liy hé tryc
toa dd Oxy co goc tai O va tia OA chinh 12 truc
hoanh. DE vigc tinh todn cho gon, ta ¢6 thé dit
tpa do cdc dinh ciia AOAB nhu sau : O = (0, 0) ;
A =(6p, 0); B=(3r, 3s5).

Khi d6 dé dang thdy réng toa do cdc diém con
lai ¢6 thé dit 1a

C=0Cp,q);G=0Cp+r,5)va H=3r, u).

& day cdc bign p, r, 5 c6 thé 1dy thy ¢ ma ta goi
la céc bi€n dfc Idp, con cdc bi€n g, u khong thé
ty ¥ dugc mi n6 phy thudc vio cdc bién p, r, §
ta goi n6 14 céc bién phu rhude.

Bay gid ta sé biu dién gid thift v két ludn cla
dinh Ii thanh cdc phuong trinh da thire nhu sau :

Vdi cidch dit tga dd cha C, ta ¢6 ngay CO =
CA, vi viy d€ C la tdm duong tron ngoai tiép
AOAB cén va dG 12 CO = CB, diéu ndy twong
duong vm phuong trinh :

(3p— 32 + (g-35) Qp -q- =0hay ;=0 (1)

Vdi cdch dit toa do cia H, ta lai ¢6 ngay BH L
OB, do d6 dé H 14 true tim AOAR ta chi cin didu
kign OH 1 AB nita 1a di. Sir dung tich vo hudng
ta thdy ngay ring didu ndy twong duong véi
phuong trinh : :

3Ir2p-r)~us=0hay b, =0 (2)

Viy gid thi&t ctia dinh 1i chi géi gon trong 2 he
phuong trinh (1), (2). Cudi cang ta biéu dién két
lugn cia dinh li : H, G, C thing hang va chi khi
cic vécto GC = (p-r, g—5) v GH = (2r-2p, u-s)
1a vécto cong tuyén. Diéu nay tuong duong vdi
phuong trinh ;

(@-ru-s) - 2r-2p)g-s)=0 hay g=0 (3)

Chd y céc phuong trinh by =0, h, =0,2=012
nhing phuong trinh da thic nhidu dn (5 dn),
nghig¢m ctia m&i phvong tinh la céc bd gdm 3
s0, trong d6 cdc dn p, r, 5 1Ay gi4 tri thy §.

Dinh li l[ﬁnh hoc cilia ta 12 ding néu tirhe :

thy =0

Didu nay diin (¢i nhin xét sau : Néu tén
da thic f}, f5 vi s0 nguy@n duong ¢ sao che :

g =fih +fohs (4)
thi dinh 1i s& ding. Thit viy, r0 rang t i; =0, A,
=0thitr(4)tasuyrag’'=0vadodog=0.

ta suy ra duge g = 0.

icac
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Bidu thirc (4) n6i ring da thic g’ duge bidu thi
bing t6 hop tuyén tinh cia cic da thac Ay, ho.
Vi he thic (4), ta lai ¢6 thé viet ;
1=g".+(-g"=
=Z(fil+fh) + (1 - g1 +gz+...+ g7 27

hay 1 =2'.g..h; + 2k, + (1 —g)(1 + gz + ...
+ gr—l z;'-l)

Diéu nay lai chimg t3 1 duge biéu thi bing t8
hgp tuyén tinh clia cdc da thic ki1, h2, 1 - gz.
Trong li thuyét chia da thire, didu nay c6 nghia la
phén dw khi dem chia 1 cho hé da thic (h1, b2,
1 - gz} 1a bing 0. D& tim phin du niy trén médy
tinh, ta phdi c6 m{t phin mém chuyén dung,
ching han phin mém dai s6 CoCoA (phidn mém
CoCoA do mdt nhém cic nha todn hoe & trudng
DHTH Giénoa - Italia xdy dyng dé gidi cic bai
10én vé da thic. Phin mém nay dugc cung cip
mién phi trén mang Internet theo dia chi
cocoa@dima,unige.it. V&i phin mém nay, ta yéu
ciau méy thyc hign 1€nh sau :

NF (1, 1deal (h1, 2, 1 — gz) ;

Miy cho ta két qud 1a 1, didu nay trdi véi
mong mudn cia ta 1a k&t qué phii 1a 0. Tai sao
vay 7 Hiy kiém tra lai tir ddu, dinh li cda ta
khong phéi 13 hoan toan ding v&i moi gid trj cla
cdc bién doc 1ap p, r, 5. Chdng hankhi r = s = 0
thi dinh B trung vdi dinh O, lic nay trong tim,
tryc tdm ndm trén doan OA codn tdm dudng trdn
ngoai ti€p c6 thé & bt ok diu trén dudmg trung
truc ciia OA, nghia la 3 diém nay khong thing
hang. Nhimg trudmg hgp ma dinh li khong con
dung ta goi 1a nhtng trudmg hop suy bién cia
dinh li. D€ tim céc gia tri cla cdc bién ddc Idp p,
r, 5 1am dinh 1i suy bi€n, trong Hinh hoc dai s6
ngudi ta da ching minh duge rdng gid tri cla céc
bi€n s p, r, 5 d6 1a nghi¢m cha cic da thic thudc
tip hop I 12 giao cic tip hop sau day :

I=(hy, hy, 1 —g2) ~ R[p, 1, 5].

O day cn gidi thich them 1a : Tap hop (hy, ks,
1 - gz) 1a gdm tdt i céic td hop tuyén tinh cda 3
da thic hy, Ay, 1 - gz con R|p, r, 5] 1a vanh da
thizc 3 biénsd p, r, 5.

Dé tim tdp hgp 1, vdi phin mém CoCoA ta chi
cin yeu ciu mdy thyc hign 1eénh sau ddy :

Elim(z..q, Ideal (h;, hy, 1 — g2) ;

3
M4y cho ta k&t qua I = Ideal (s, 3pr — ?2)_
Nhur vily dinh Ii clia ta chi sai khi :

s=0
s=0 {r.'&ﬂ()
3 =
13pr-=r2=0 g=4 (%)
2 r=2p

{Xem tiép trang 24)

TIENG ANH QUA CAC BAT TOAN

BAI SO 42
Problem. Two points on a sphere of radius
| are joined by an arc of length less than 2,

lying inside the sphere. Prove that the arc must
lie in some hemisphere of the given sphere.

Solution. Let A and B denote the endpoints
of the arc. Let A’ be the intersection point of the
line passing through B and the center (J with the
sphere. Consider the plane & which passes
through O and which is perpendicular to AA".
Then A’ is the image of A across of h. Note that
if X is any point in h, then AX = A’X It is
impossible for any arc AB of length less than 2
to contain any point belonging to & because if
the arc AB contains such a point X, then

arc AX+arc XB=2AX+ XB=A'X+ XB,
and by the triangle inequality,
AX+XB2AB=2.

Therefore, A, B lie in the same hemisphere
produced by the plane h.

Tiur méi:

sphere = mat ciu

radius = bén kinh

join = ndi lién (dong tir), ndi

arc = cung tron

inside = bén trong

length = do dai

lie = pam (dong tir

hemisphere = nira mét ciu

endpoint = diém mit

intersection point = giao diém

line = dudmg thang

center = t4m diém, tam

plane = mit phing

perpendicular = vuong gic (tinh tix)

image = 4nh

across = ddi dién (gidi tir)

note = ghi nhd, luu ¥ (dong tir)

impossible = khong thé xdy ra,
khong thé cé (tinh tir)

belong = thudc vao (dong tir)

triangle inequality = bét déng thitc tam gidc
roduce = tao ra (dong tir)
NGO VIET TRUNG
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CUOC CHOIl DAU THIEN NIEN Ki
(S5'286 - 4/2001)

Rét nhiéu ban dodn sai, thim chi ¢6 ban nhin

ra ngudi trong &nh 12 ... Luong ThE Vinh (?). Chi
¢6 5 ban dodn dung ngudi trong dnh 12 PGS. TS
Nguyén Ding Phit, nhung ching c¢6 ai dodn
dang tudi,

Tdm énh nay thdy Nguyén Ding Phit chup khi
minh mdi... 24 tudi.

Ban 8 chitc vin quyét dinh trao ting phdm cho
5 ban biét ngudri va doén gdn ding tudi la :

1) Pham Thi Thanh, 16p KT 26E, truomg Trung
hoc Thuong mai Trung wong 5, Tp. Thanh Héa,
(dodn ; 20 tudi),

2) Lé Bdo Khdnh, 9E, THCS Le& Loi, Tx Ha
bong, Ha Téy (dodn : 28 tudi).

3) Pao Kha Tudn, 10B2, THPT Triéu Son II,
Thanh Héa (dodn : 36 tudi).

4) Bai Cao Cudng, 1111, THPT Long Chéu Sa,
Thi trdn Lam Thao, Phi Tho (dodn : 43 tudi).

5) Lé Thi Thu Trang, 9/3, THCS Leé Quy Don,
Tp. Hai Duong (doén : 46 tudi).

Xin méi cc ban ti€p tuc tham dy cudc thi.

CLB

CAT VA GHEP
Nhiéu ban tix hinh dd cho cidt va ghép aé€ dugc

2 hinh vuéng hodc 1 hinh chi thdp r6i tir d6 méi
cit, ghép dugyc /1 hinh vudng. Mot s6 ban cdt

thanh qud nhiéu
ménh. Céc ban cé
cach cdt va ghép
don gidan 1A
Nguyén Van Huau,
9A2, THCS thi trin
Tien Lang, Hii
Phong; Nguyén
Ngoc Sdng, 10C,
THPT Phan bDinh
Phiing, Ha Tinh, Lé
Trong Chdu, BEl,
THCS Binh Lgc,
Can Loc, Ha Tinh, Neguyén Tén Phong, 12C1,
THPT Ngo Gia Ty, Eakar, Bidc Lic.

LTN

Két qua
HAI LONS ... CHUZ 2

Mot s6 lugng "béc si”
khdng 16 da tham 2
gia phdt hién va l}k‘k
gidi quydt tot %PE" A
"ca bénh ndy" nay. o
Tt cd déu nhit tri c6 mot "khoi... u”
¢ vi tri sau ddy :

b2+ c2- g2 < 2bc = (b% + 2 - a?)* < (2bc)?.
Chi cin tam gidc ABC c6 géc A th hay
b2+c2-a2<0 va "khdi .. u" nay sé gdy "nhic
nhdi" ... 10 gidi. -

DUNG MAY TINH (Tiép trang 23)

Ta hay xem ¥ nghia cia cdc diéu kién (*) va
(**) 12 gi ?

Piu kign (*) 1 {° g khi d6 B = 0,
con didu kign (**) : {° ~ gp khi d6 B = A.

Tite 12 dinh Ii v& dutmg thing Ole cho AOAB
chi sai trong 2 truomg hop: khi B=0 hay B=A.

Nhur viy bing méy tinh ching ta hoan toin c6
thé kiém tra dugce sy ding din ctia mot dinh 1i

24

hinh hoc, mdy tinh da gidp ching ta chi 1o mot
dinh 1i hinh hoc dung khi niio vi sai trong nhimg
trudmg hop nio.

Bai bdo ndy chhd v&u c6 tinh chdl giGi thigu,
ban doc ndo mudn hi€u sau sdc hon hay trang bi
cho minh nhimg kién thitc co ban vé mon Hinh
hoc dai 50 va Dai s6 mdy tinh. Nhimg chuyén gia
hang ddu vé cdc linh vyc nay & Viet Nam 12 céc
nhd todn hoc dang 1am vigce tai Phong Dai s& vi
Li thuyét sd thudc Vien Todn hoe Vigt Nam,

https://tieulun.hopto.org
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@ Cic "bic si" déu quyft dinh gidi lai v cho
nhiéu 101 gidi :

Cdch 1. Vi) <A < mnén lcosAl < 1

= 2bclcosAl < 2be = (2becosA)? < (2be)?

= (b2 + 2 - a?)2 < (2bc)?

= a* + b4+ ¢4 < 2(a2b? + b2 + c2a?).

Cdch 2. Bdt ding thic cin chitng minh twong
duong vii

(b2 +c% - a?)? - (2bc)* <0

&> (b—c—a)b—c+a)b+c—a)b+c+a) < 0

Via, b, ¢ 12 d0 dai 3 canh cda mdt tam gide
nén bit ding thic nay hién nhién ding.

Tuy nhién, da sd cic "bdc si" chi tip trung gidi
quyét "bénh" ning mi chua chim séc "ki" bénh
nhén, bd qua "bénh ngoai ra" (16i in &n) & dong
cudi cung.

Xin bidu duong céc "y gia" : Neuyén Trong
Trucng, thon Mai Trung, Mai Pinh, Hi¢p Hoa,
Biic Giang, Neuvén Xudn Khdnh, 11A1, THPT
Ngoc Tio, (1) ; Ha Phuong Thdoe, 9A, THCS
Thanh Son, Thi trin Thanh Son, D& Vigr Cudng,
8D, THCS Vigt Tri, Phd Tho, Trwong Xudn Ky,
x6m Yén Ludm, Pdng Nai, Chiu Giang, Quy
Hop, Nghé An ; Pham Kim Hoang, 10A1, THPT
Trin Nguyén Han, Lip Thach, Vinh Phic, Vo
Thong Thai, 8, trudmg cdp 2-3 Ngo Gia Ty, Cam
Nghia, Cam Ranh, Khinh Hoa.

KIHIVI

HAI CACH DUNG CA HAY SAO ?
Trong mdt cudn sich cha NXB Tré ¢6 bai todn
nhu sau : Chung minh rdng ¥n € R, n 2 2 thi:

215 mpy

n
Tédc gid cudn sdch d6 da gidi 2 cdch nhu sau :
Cdch 1. Ap dung bit ddng thic Cosi cho n s
duong gdm 1sd1an, vin-1s6laltaco:

D Bl S ke
n n

bing thirc khong xdy ravin = 2.
Cdch 2. Xét {u,} va {v,} dugc xdc dinh : u, =
2= l Vi, = n Ta ¢6 lim U, =2.
n fi—» +m
Ap dung bit ding thitc Cosi cho (n-2) s& biing
I va2sd1a Vi thi
Un = WNn .V
¥ # i
g v ;.J;' = 1

2
odl
= == (1)

Ny
Mitkhicn>2nen ¥n > ¥1 =12
Kéthgp (1) va(2)tacé :

= (k2
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Két qua CHOI CO
HAu hét cdc ban [am ding nhir sau :
Bt diu tir ngay diu tulin, ki higu a; 14 dng s6 céic
vAn ¢ ma ngudi d6 choi tinh h&t ngay thir i Xé 21

sOasvoii=1;2; .. 2. Torgid thifttacd: 0<a <
a2 < ... <21 < 39, Theo nguyén tde Dirichlé thi tdn
tai ax va g; trong 21 so trén sao cho k < j vh a;— ag
chia hét cho 20. Nhumg 0 < a; — ax < 39 nén a; — ai
= 20. Vay tong sd cic vin cdr tir ngay thir & + 1 dén
hét ngay thit j dung bing 20.

Nhan xét. C6 ban xé1 20 s8 va diin d&€n thém mot
trutmg hop c6 sd chia hét cho 20 nén s6 nay ding
biing 20. Nhi¢u ban khong néi rd 1a "tink i ngay
ddu tudn” nén chua chit cheé. Co ban phin xél i
154 ngay lién tiép va xét td1 308 sG (thém cic sO g
+ 20). Cac ban co lod gidi ot 1a : Nguyén Minh Hai,
11B, THPT Quing Ninh, Quang Binh; Ta Tién
Bar, 9C, THCS L& L¢i, Tx.HA Ddng, Ha Tay,
Phan Thanh Nam, 10 Toédn 2, THPT chuyén Lwrong
Van Chanh, Tx. Tuy Hoa, Phi Yén; Tg Thi Nha
Quvén, 8A, THCS Nghia Phuong, Ty Nghia,
Quang Ngai.

' NGOC MAI

CO Al PUQC 10 Ti PONG ?

Mot ngudri da tuyén bd riing s& tAng thudng 10 t
ddéng cho ai gnip Ong ta tim duge modt 50 ¢o 7 chir
s sao cho s do cong v 88 duge viét bdi cac chir
53 clia s0 &y nhumg theo thir tr ngwge lan ma cho
téng hai s& nhy 14 s ¢6 7 chir s6 va cdc chir s0 cla
tdng déu 1&. Lidu c6 ai duge tnrdng ?

TA THAP
Ty TR

1< ql'gi l—-2+
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e i} =400
dpem.

Ta thdly riing cdch 1 riit ngdn gon nhung céich 2
lai dai va kho hiéu hon. Vay cdch ndo 33 mic sai
IAm ? Mdi céc "bic s1 bdn chuyén nghi¢p" cung
"bit mach, k& don". " .

NGUYEN VAN BANG
(Ldp 10B Todn, DHKHTN-BHQG Ha Néi)

https://tieulun.hopto.org
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Cude thi VU] HE 20017

Cuéce thi Mini Vui h& 2001 s& giip ben gidi tri
v thu gign dé cé thé hoc t8t hon. Cuéce thi ciing
dinh cho moi ngudi khéng cdn ngdi trén ghé nha
trudng. S& béo nay (288 /6.2001) déng 3 bai totn.
Ban cén gidl mdi bai trén mét t& gidy vaghi vé tda
soan trude ngly 31.7.2001 trong mét phong bi. S8
béo sau (289 /7.2001) s& déng 3 bai tiép va han
nhén bi & khéng chém hon ngdy 31.8.2001 (cén
clr véo déu buu dign). K& qua cude thi s& dugc

céng b trén s& béo 292 /10.2001. Phia trén méi
bei gidi, ban edn ghi chinh xéc dia chi noi & ciing
diachi |ép, trudng, huyén tinh hogic co quan minh.
Ngogii phong bi cén ghi :
DU THI VUI HE
Tep chi Toan hoc va T udi tré
Ng& 187 phé Giéeng V3

-

HA NO

PE THI VUI HE 2001
Vong thir nhdt

Bal 1. TIM ONG

M&i con ong mang mét vién phén hoa (méi

o * =t i = = & o R PR

vién l&a mét hinh trén néu) vé 18, dat & mét 6 rdi

chui véo 6 ké bén. Ban hay tim cée con ong dé,
biét réng khéng cé 2 con ong n&o & 2 6 ké nhau.

Bai 2. GORAN

M&t cudn len cé soi day len bi quéan vio chiée
kéo. Bon hay néu céch g& soi ddy len ra khdi
chiéc kéo m& khéng dugce lem dit soi day var di
nhién khéng g& hét cuén len ra.

ISN : 0866-0853
Chi s6 : 12884
Ma s6 : SBT90M 1

Ché ban tai Tva soan

#

Bai 3. XEP sO

10 tém bic
cd ghi chi s6,
sép x&p nhu trén 6 B
hinh duoc mét
phép céng ding.
Ban hay déi chd = Y =
céc tém bia dé
duoc céc phép 1 0 9 3
cong ding (véi
két qua l& 56 co
bén chir 58).

ad

In tai Nha méy in Dién Hong, ngt 187 phé Giang Vo Gia : 3.000d
In xong va ndp lrru chiéu thang 6 nam 2001

Ba nghin déng

https://tieulun.hopto.org

-





