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)AN HOC 16 cHoi
MUGN M/ Pl NOI TIEP NHAU

Hai ban A v B choi trd di ndi ti€p nhau trén mot ban choi hinh chit nhat kich thude 2001 x 100
(don vi) duge ké thinh 200100 hinh vuéng don vi. Ban A di dédu tién ké mdt canh hinh vuéng don vi
nao do. Ban B di tiép sau theo quy tic : Ké mdi canh hinh vuéng don vi ndo dé sae cho diém ddu
ciia canh dang ké phdi triing voi diém cudi canh vita ké ciia ban di irwde, nhung khéng duoc tring
vai cde canh dd ke roi. Hai ban thay phién nhau ké dudmg di theo cdc canh hinh vutng don vi theo
quy tdc trén (ching han nhu hinh bén) cho dén khi khong thé ké ti€p duge nira. Ai ké canh cudi
ciing 1a thua, biét ring hai ban A vd B déu mu6n thing, nghia la
khong ai muon ké 1dn cudi cling néu con cdch di khic.

Danh cho ban doc —

1. Hiy v& hinh chi ra cdc trudmg hop ké 14n cudi ciing. .

2. C6 thé khing dinh ring ban A hay ban B sg thing khong ? s 1o o i
Céch choi dé thing nhu thé nao ? \; " \;‘ N

S& ¢6 5 ting pham danh cho ciu trd 1&i 161 nhAt. T :-‘-|

Gidi ddp bai : BAT PANG THUC DAI SO THEO CACH NHIN HINH HOC

£ Trén hinh 1 18y AC =a, BC =bvéiazb> 0. Lic do :

- i 2 2
/W OB pmf=l g EHH p i
; o) - e 2 2 2
2ab 2
CE= <Jab ,CH= = :
W a+b  (1/a)+(1/b)

¥ . Dé thily CH < CE < CO < CF.
Hinh 1

Déng thitc xay rakhi a= b <> AB=0.

Ta thdy trén hinh 2 :
2a% +2b° 2 (a+b)

Jaz-i—bz a+b
=S =
2 2 b

Trén hinh 3 :

Ere S T . I

+b
=4 = <Jab

2 Hinh 2 Hinh 3 Hinh 4
Trén hinh 4 :

2
| | 1.1 1 | ) Z
—t—| 24— ——t—> & Nab2———
(a b] P T e B R T

Trong céc trudmg hop trén ding thitc xay ra khi ¢ = b.
Rl ti€c ring khong ¢6 ban nao trd 161 ddy di cdc trudmg hop.

PHI PHI
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oan .Oc va uoi ire Toa soan : Ng6187, phé Gr:n vg Ha No':

BT :04.5 14264&04 5142650

Mathematics and Youth FAX: 04.5142648

Téng bién tap :
NGUYEN CANH TOAN

Pho tdng bién tdp :

NGO PAT TU
HOANG CHUNG

Hoi ding bién tap :

_NGUYEN CANH TOAN,

HOANG CHUNG, NGO BAT
T, LE KHAC BAD,
NGUYEN  HUY  DOAN,
NGUYEN VIET HAI, BINH
QUANG HAO, NGUYEN
XUAN HUY, PHAN HUY
KHAI, VO THANH KHIET, LE
HAl KHOI, NGUYEN VAN
MAU, HOANG LE MINH,
NGUYEN KHAC MINH, TRAN
VAN NHUNG, NGUYEN
DANG PHAT, PHAN THANH
QUANG, TA HONG QUANG,
PANG HUNG THANG,
vO DUONG  THUY,
TRAN THANH  TRAI
LE -BA KHANH TRINH,
NGO VIET TRUNG

Truong Ban bién tdp :
NGUYEN VIET HAI

Thie ky Toa soan :
LE THONG NHAT

Thuce hign :
vO KIM THOY

Trisw:
v ANH THU

Trinh bay :
NGUYEN THI OANH

Dai drén hia Nam :
N CHi HIEU
231 Nguyén Van Ct,
TP Hé Chi Minh
PT : 08.8323044

TRONG SO NAY

Danh cho Trung hoc co s¢ — For Lower Secondary
Schools

Trinh Khéi — Vé hinh phu dé chitng minh déing thite
hinh hoc

D& thi tuyén sinh 1é6p 10 chuyén Toan - Tin truong
DPH Su pham Ha Néi nam 2000

e Dién dan day hoc toan — Math Teaching Forum
Bui Van Vién — Ho tiép tuyén véi duong tron

e Dianh cho thi vao dai hee — For University Entrance
Preparation
Nguyén Phu Chzen Tir hé thiie lwgng gide don gian
dén dé thi tuyén sinh dai hoc

GLTN — D& thi tuyén sinh mén Toan trutng PH
Thwong mai - ndm 2000

Tim hiéu sau thém todn hoc so cdp — Advanced
Elementary Mathematics

Dinh Thanh Trung — Uge lu'ang khodng cich gita
cAc diém dac biét trong tam gide.

() Ticng Anh qua cdc bai todn — English through Math
Problems — Ngé Viét Trung

@ bé ra ki n}i} — Problems in this Issue
T1/286, ..., T10/286, L1,12/286

@ Giai bai ki truoc — bolutmns to Previous Problems
GiAi céc bai efia 56 282

@ Todn hoc va déi sOng — Math and Life
Hoang Quy - Hoang Ching - Phuong phap don
gian giai bai toan Quin ma di tuan

€2 Cau lac b) — Math Club
Sai IAm & diu ? Where's the Mistakes ?

Bia 2 : Todn hoc mudn mau - Tro chai di néi tiép nhau
Bia 3 : Gidi tri todn hoc — Math Recreation
Bia 4: Trugng THPT chuyén Luong Thé Vinh, Béng Nai
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Danh e¢ho cae ban

TRUNG HOC CO SO

Khi gidi cdc bai ton hinh hoc, vige ve& hinh
phy tao didu kién thudn l¢i cho ta tim ra 1oi gidi
clia bai todn, nhung biét tao ra hinh phu mot cich
thich hop khong phdi hic ndo cing dé dang.
Trong bai viét nay ching toi dua ra mt cich
phin tich ¢6 chi ¥ dé tim cdch vé& thém dugc
hinh phu thich hop khi gidi mdt s bai todn
chimg minh déng thirc hinh hoc dang :
xy = ab+cd, x2 = ab+ed, P =a? + cd, x2 = a? + 2
va céic dang twong ty ma v& phéi 12 mdt W6ng.

"Ta xufit phat tir mdt bai toén don gidn hon :

Pé chimg minh mot doan thing bing téng cia
hai doan thing khdc : AB = CD + EF, ta tim cich
phan chia doan AB thanh hai doan béi diém M
sao cho AM = CD, cong vigc cdn lai 12 chimg
minh MB = EF.

Y tudng trén cing dugc sir dyng d€ chimg
minh ding thic xy = ab + ed va cc truong hgp
riéng nhu sau :

Bude 1. Chia doan thdng d0 dai x thanh 2 doan
bdi diém chia M @& c6 x = x; + X, sao cho
Xy =ab )

Budc 2. Chimg minh h¢ thic : x,y=cd  (2)

Buoc 3. Cong timg v& clia (1) va (2) dugce ditu
phédi chimg minh :

XV + X,y = ab + cd

CACVIDU

Vi du 1. Ching minh dinh If Pitago : Tam gidc
ABC cd goc A vudng, chiing minh rdng
BC? = AB? + AC>. A
Phdn tich : Lay
didm M thufc
canh BC sao cho
BM.BC = AB?
BM  AB
o SR AU
AR ° BC
suy ra
ABMA o ABAC nén £BMA = lv, tr d6 M 14
chin dudmg cao ha tr A xudng BC (h.1).
Loi giai: Ha AM L BC. Vi céc goc B, C déu
nhon nén M thugc doan BC.

Hinh 1

E HINH PHU
DE CHUNG MINH
PANG THUC HINH HOC

TRINH KHOI
(GV truong THPT NK Han Thuyén, Bdc Ninh)

AB AB. -g) = =
Ta ¢& ABMAwnABAC (g-g) B - BC

AB?=BM.BC (3).
Tuong ty ACMA ACAB = AC? = CM.BC (4)
Cong theo tmg v& cic h¢ thue (3), (4) duge

AB? + AC2 = BC(BM + CM) = BC*.

Vi du 2. Cho hinh binh hanh ABCD cd gdc A
nhon. Goi E va F ldn lwgr 12 chdn cde duong
vudng géc ha tir C xudng cdc dwdmg thdang AB va
AD. Chitng minh rdng !

AC? = ABAE + AD.AF.
Phdn tich: Lay diém M thudc doan AC sao
AM AE
cho AMAC = ABAE = Nl suy ra AABM
o2 AACE nén E
BM1 AC. Viy /
didm M cén
tim 14 chin B
dudmg wvudng LS
goc ha tir
B xudng AC
(h.2)

AB
o

M o
Loi giai, 5 F

- Goi M 1a Hinh 2
chin dudmg vudng géc ha tir B xudng AC (do cic
goc BAC vi BCA déu nhon nén M thugce doan
AC) hay AC = AM + CM.

- D& thiy AABM <2 AACE (g.g) suy ra
AMAC=ABAE

- Lai c6 AACFR ACBM (g.g)suy ra :
CM.AC = BCAF

T d6 vin chid ¥ BC=AD ta co
ABAE + ADAF = AMAC + CM.AC = AC?
(dpcm).

Vi du 3. binh 1i Ptolémé :

T gide ABCD ngi tiép dwomg tron tam G
Chimg minh rdng

AC.BD = AB.CD + AD.BC

Phén tich: Gid sit M thude doan AC sao cho
AM.BD = AB.CD, suy ra AABM < ADBC nén
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ZABM = ZDBC. Nhu
viy diém M duogc xdc
dinh (h.3).

Loi gidi.

Vi ZABC > ZDBC
nén trong doan AC tén
tai di€fm M sao cho
ZABM = ZADBC.

Suy ra AABM o
ADBC (g.2) = AM.BD = AB.CD,

Dé thidy ABMC «» ABAD (g.g)suyra:
MC.BD =AD.BC,

Cong theo timg v& céc ddng thirc trén ta duge :
AB.CD+ADBC=AC.BD

i dud. Cho tam gidc ABC, biét rdng
3A + 2B = 180" Chitng minh rdng

AB? = BC? + ABAC.

Phdn  tich.
M thudc canh
AB sao cho 7/ <§\
BMAB =
= BC2 f.'k' SF T
suy ra ABMC i
my ABCA = Hinh4
£BCM = ZBAC = ZA, k&t hop voi gid thigt ta dé
ding suy ra ZACM = ZAMC hay tam gidc ACM
can véi ddy CM. Viy diém M duge xédc dinh
(h.4).

Lo gidi. - Tir gia thi€t suy ra :
LZC=2/A+ 2B = AB> AC,

Trén canh AB 14y diém M sao cho AM = AC
hay tam gidc ACM cin vdi ddy CM, tir diy suy ra
LZACM = %(é.‘l + LB+ L0 - LAY=LA+ B
va do d6 co i
LBCM = £C - ZACM = ZA,

Vi du 5. Cho tam gidc ABC ngi tiép trong
duong tron. D la mor diém trén cung BC khing
chita dinh A. Goi I, K va H ldn lupt la hinh chiéu
cia D trén cdc diwong thdng BC, AB va AC.
Chiing minh rdng :

BC _ AB _ AC
or. DK DH
Phdn tich: Gid si¢ M thudc canh BC sao cho
L = ADKI v» ABAM
Dl DK

= £#BAM = ZDKI ma £ZDKI = ZDBI
= s8 do cung CD = sd do cung BN (N 12 giao
diém khéc A cla
AM véi dudng
tron)=> DN//BC.
Viy ta xdc dinh
dugce cc diém N
va M (h.5)

Livi gidi ¢

Qua D ke
dwmg  thing
song song vdi
BC, duong
thing nay cit
dudng tron tai
diém thir hai 1a N (N c6 thé trung D). AN cit BC
tai M. D& thiy :

B

Hinh 5

BM  AB

ADKlw ABAM (g.g) = i
CM AC
Lai thiy AACM <« HDI (g.g) = DI - DH

Cong theo timg v& céc ddng thic trén duge didu
¢in ching minh.

Trong m&i bai todn néu trén cdn ¢é nhing cich
giai khic va ¢6 thé c¢6 nhimg cich gidi hay hon.
Bai viét ndy mudn trinh bay 1&i gidi ¢ vé
nhién hon bing céch phén tich dé tim va v& hinh

Suy ra ABCM «» ABAC = BM.BA = BC? =  phy thich hgp cho mdi bai todn vA cang gitp cho
(AB — AC).AB = BC? = AB? = BC? + ABAC  mot s¢ ban trong qué trinh doc sach ty gidi d4p
(dpcm). bin kho#n : Tai sao ngudi ta lai v@ duge nhimg

hinh phy nhur viy !
VE LOT GIAI ... (Tiép trang 22)

Gid sir (2) ¢6 nghiém nguyén duong (u, v).
Ta co

(2) & (6u+1)? = (v+D(V* —v+ 1) (3)

Goi d 1a udc chung lén nhdt cia v+1 va
vi—v+ 1=vv+l) — 2(v+1) + 3 thi d phii 1a
ude cla 3, nhung vE trdi cia (3) khong chia hét
cho 3 nén chi c6 thé d = 1. Tir (3) tich hai s§
nguyén 13 cung nhau 13 s& chinh phuong nén
taco:

vil=m?vavi-v+1l=nivdimz2

hic d6 n? = m* - 3m? + 3 (4)

hay n2= (m?* -2y +(m* - 1)=
= (m*-1)?-(m*-2)

suyravdgi m = 2 thi

m-2<n< m?*-1 = (4) vd nghidm.

Viy phuong trinh (3), (2) khong c6 nthEm
nguyén duong nén phuong trinh (1) chi ¢6
nghi¢m nguyénlax=0,y=1.

‘PHETL
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DE THI TUYEN SINH LGP 10 CHUYEN TOAN - TIN
TRUGNG DH SU PHAM HA NOI NAM 2000

NGAY THI THU NHAT (Thei gian : 150 phiit)

Ciu 1. Giai phuong trinh

O A ?I‘

(.r - 1:13 x=1

Cau 2, Cho x, v, z 12 ba sd thyc my ¥ thoa man
didu kién :

-2=0

{;‘— y+z=0
=y 2 =1
Chimg minh rang x + y* + 78 < 2. Ding thic ¢6
thé xdy ra duge khong ?

Céau 3. Tim tdt ¢ céc s6 nguyén td P c6 dang :

P=n"+1

Trong d6 n 1a mdt 80 nguyén duong, bidt ring P
¢o khong nhiéu hon 19 chi sd.

Cau 4. Gid s P 12 mot didm bdt ki nim trong
mit phidng cia mot tam gidc ddu ABC cho trude.
Trén cic dudmg thing BC, CA va AB lin lugt 1ay

cic diém A’, B’ vi C’ sao cho PA’, PB’ va PC’
theo thir ty song song voi AB, BC va CA.

1) Tim mi lign hé gika 49 dai cic canh cha tam
gific A'B'C’ vii cae khodng caich tr P d&n cae dinh
ciia tam gidc déu ABC. Ching minh ring cé mot
di#m P duy nhit sao cho tam gidc A’B'C’ 1a tam
gidc déu,

2) Chimg minh ring véi mei diém P ndm trong
tam gidc ABC, ta gt : LBPC - £B'A'C' =
ZCPA - ZC'B’A’= ZAPB — ZA'C'B’ (= @) v gil
tri chung ¢ cia cdc hidu ndy khong phu thudc vao
vi tri ciia didm P,

3) Tim quy tich cic diém P nim trong tam gidc
ABC sao cho tam gidc A’B’C’ vudng & A’ ; hay chi
0 cach dymg quy tich nay.

NGAY THU HAI (Thoi gian : 150 phiit)

Ciu 5. Chimg minh ring
V2 + 3 V4 ... 2000 <3

Cau 6. Giai h¢ phuong trinh
P2 +3v+3) = 32
izt 33y = 3
D +3x+3) = 32

Cau 7. Tim tit ¢ cdc bod ba s8 tw nhién 16én hon 1
thda man didu kién sau : tich cia hai sd bat ki trong
ba s& dy cOng vdi 1, chia hét cho sd thit ba.

Cau 8a. (danh riéng cho hoc sinh thi vde
chin'ér todn). ;

Tam gidc XYZ co cic dinh X, ¥, Z 14n lrgt nim
trén cdc canh BC, CA, AB cia mot tamn gidc ABC
20i 12 ngi tiép tam gide ABC.

1) Goi ¥’ va 2’ 1a hinh chi€u vudng goc cla ¥ va
Z wén canh BC, chimg minh ring néu tam gidc X¥Z

dbng dang véi tam gidc ABC thi ¥'Z° = % BC

2) Trong s& nhimg tam gidc X¥YZ ndi tiép tam gidc
ABC theo nghia trén va ddng dang vdi tam giac
ABC, hay xAc dinh tam gidc c6 dign tich nhé nhit,

Céu 8b. (danh riéng cho hec sinh thi vae
chivén tin)

Cho gl & vodng kich thude a1 = 1 (vdi 7 nguyén
duome), ngwryi ta- danh 84 thar ny cac dong 1an hegt
tir trén xudng dodi la 1, 2, ..., a, ddoh s68 i tr cic
cOL tr trdi qua phdi la 1, 2, ..., n. MU 6 vudng nim
trén domg i i, cdt Wi j dirge ki higu 1a (7, 7).

Cé mit guy tde (bao gdm mot s6 bnve cdn lam)
d2 ghi cic s6 wr nhigén nhit dinh vao hndi & vudng

4

néi trén. LAam theo quy tic do6, khin=2,3, 4,51
I4n luget thu duge cac kel qua nhir sau

a)n1=22 h)n_l”.;z 2

111 g kg b

R W 2l3]4]3
1242

n=4 dn=5

0 Ay MR

el Lo S ]!, 2 o By
.

2|3|4l4]3 s ia s sl ale

3(3[4]4]3 3!7 slolsl7

L __%i__%_wl_l s {45 el 5l
s{a e bla i

V&1 mbi n, ngudi ta ki higu sd da ghi trong o (i, /)
1afln, i, ), chiing han ¢6 : f{2,2,2)=1;f3,2,3)=
3;/14, 2, 3) = 4. Cho biét thém #n c6 dang n = 2g+r,
trong d6 0<r<2vachok=g+r.

1) Hay tim va phat bifu quy tic ghi s& vao ludi 6
vuimg kich thintc nxn 43 néi & trén.

Strdung quy tic da phat bidu, ehi cic s6 vao ludi
G vudng trong cAc timg hgpn=6,n=7,n=8

2) V&i quy tic da phat bidu, & mndi buiye hay chi
ra cong thirc tinh fin, i, /) khi bi€t uwde &, », j trong
46 0 <4, j<n, cdnn va k da cho bi€t & wén.
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F’ Dién dan
rm_n VA HOC TOAN

Cé nhidu cdch tim phuong trinh tiép tuyén véi
dudmng tron va toa do cia tiép diém. Sau diy
1a mot cich trong ddi ngén gon.

Cho dudmg tron (€) :(x-a)? + (y-b)? = R2.
Tiép tuyén v6i (C) tai M (x,, ¥,) € (C) c6 dang
(x-a)(x,~a) + (-b)(y,~b) = R>.
Y~ b

= (x—a)( ILIEE) + (- b)(

):R.

)'=1vM, e ©)

X —d 2 vy -b
OR e

X —d y_—b
Vi vy ¢6 thé dit —0;?— = cosat, —

Ta cé(

= sino,
o € [0, 2m) vd moi ti€p tuyén d, clda (C) 6 dang
(x—a)coso + (y-b)sino - R=0

Ta goi cdc tiép tuyén d, vdi tham s6 o 1a ho
tiép tuyén clia (C). Toa 40 i€p diém cda (C) voi
d, 1a x, = a + Recosa., y, = b + Rsino.,

Ta 4p dung phuong phap nay dé gidi cdc bai
tofn dudi day.

Bai toan 1. Cho duimg irdn (C):

(=12 + (y-12=1

Viét phuong trinh tiép tuyén voi (C) di qua
A (3, 2). Tim toa dp tiép diém.

Gidi. Ho ti€p tuyén vé6i (C) la d,, :

(x—1)cosee + (y—1)sina = 1 =0

Do A(3, 2) € d, = 2cosa + sin -1 =0 =
sina. = 1 - 2cosa thay vio ddng thirc
sin2o + cos2o = 1 = (1 — 2cosa)? + cosa = 1

4
— Scos2a — 4cosae = 0 = cosa = 0 hay cosa = 5

ecosa=0>sino=1=(d):y-2=0va

tiép diém E(x,, y,) véi x, =1 + cosa =1 ;
Vo= 1+sina=2

4 : 3
Lo SRR S

5
4 3 AT
S G- D-c0-h=1=0

2-TH

HO TIEP TUYEN
vOi
PUGNG TRON

BUI VAN VIEN
(GV truong THPT bdn c6ng Nguyén Thai Binh,
Tp. Hé Chi Minh)

=(d,):4x-3y-6=0

4 9
Vil Llépd]émF(xD,vn) v x0:1+g B
s
yo_l—j.-ﬁ.

Bai toan 2. Cho hai dudmg tron
(Cy: (v=-1P+ (y-1F =1
(Cy) 2 (-2 + (y+1 ) = 4.

Viét phuong trinh tiép tuyén chung cia (C)
va (C,).

Gidi. Ho ti€p tuyén clia (C,) 1a

(d;) : (x—1)cosa + (y—1)sino. — 1=0 {1}
Ho ti€p tuyé&n cia (C,) 12
(dy) : (x=2)cosP + (y+1)sinB ~2=0 (2)

D& tim ti€p tuyén chung cha (Cp) va (Cy),
tim o va [} sao cho d, tring d, (céc ban ty 2iili},
suyra ao=pvitaco:

(x—1)cosat + (y—1)sino—1 0 (1"
(x—2)coso. + (y+1)sina - 2 = 0 (2
Thay (x—1)coset + (y-1)sinat = 1 tir (1') vao
(2°),c6 —coso. + 2sin—1=0
<> cose = —1 + 2sino (=]
Thay vao ding thirc sin’c. + cos®oL = 1 duge
sina + (2sino—1)? = 1
& 5sin’a — dsino = 0

1l

; 4
<> sing = 0 hay sinct = g

o sino = 0 = cosa = -1 = (d,) 1 x=0

* sino = % = costL = % , CON COSO0L = -—53’ khong
thoa man (*).
=d Jadx—1) +4 -1 =5=1
=(d,):3x+4y-12=0

Vay c6 hai ti€p tuy&n chung ctia (C;) va (Cy)
v phuomg trinh

x=0va3x+4y-12=0./
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DANH CHO THI VAO BAI HOC

Cho tam gidc ABC, ching
ta c6 thé dé dang chimg

minh céc ding thic co bin

sau diy ;
1)tgA +1gB +12C

= tgA.tpB.1gC (AABC khong vudng)
2) cotgA.cotg B+cotgB.cotg C+cotgC.cotgA = 1

A B Tl (B
Ntg_tg_+tg_tg—+tpg_tg—=1
)22 132 g2 22 32 32

A B C
4)colg2+cotg2+coig 5T

= Ccot émt EDO‘[ E
Bt e ot

Tir 46 c6 thé chimg minh cdc bit ding thirc
sau :

SrigA +tgB +1gC 2 3V3 (tam giac nhon)
6) cotgA + cotgh + cotgC = V3

A B C
Tyte= +tg— +tg— =3
jgl g? g?'

8) rc:o(g_;i + cotgi;' + cotgg': > 343,

Tiép theo, chung ta s& tim cich két hop céc két
qué trén vdi mot s6 ddng thire don gidn dé tao ra
nhing bai todn mfi.

1) Ping thirc thir nhit: tex + cotex =
] 8 & = sin2x
Ap dung vao tam gidc ABC ta nhin dwgc :

A

B B
S g oo
gE gl

ig 4. cotg A5 3
' SRl sinB '

2 sinA
£g£+cntg£=—2—
2 2 sinC
Cong theo timg vE cdc ddng thic trén din dén :
A

tg -+t E-cnt g+COI. A+CA}I‘. 24 t i
g, TR +iE, g5 £, Teolgs

2 2 2
= + -

sind  sinB  sing

K&t hop vai hé thire (4) ta duge :

Bai todn 1.1, Chimg minh ring trong moi tam
gidic ABC ta c6 :

Fi i s
sinA  sinB  sinC

Ll B € A B2 e
—2(1g2+tg2+lg2+cutg2.cr:rtgz,Cmgz)

(B¢ thi DH Ngoai thuong 1998)
Né&u két hop vii cdc he thic (7) va (8) ching ta
c6 thém mot s0 bai todn sau :

6

Tie HE THUC LUONG GIAC DON GIAN
dén DE THI TUYEN SINH DAI HOC

NGUYEN PHU CHIEN

(GV THPT chuvén Ngogi ngtt, PH Ngoai nga, DHQG Ha Ngi)

Bai todn 1.2. Chimg minh ring trong mei tam
gilc ABCta ¢ :

1 1 1 1 A B &
B e e SR L s o | R b e ol ) 0 e

sinA  sinB  sinC 2 2 2 2
]
3
Bai todn 1.3, Chimg minh ring trong moi tam
gidic ABCtacod :
L L L Lo, B, )
sind _ sinB  sinC 2\ "2 - B
2. .3_.“'5_
p
Bai todn 1.4. Chiing minh frong trong moi tam
: 1 1
gidc ABC taco : A + SnC >2\3

O chc bit ding thie trén, ding thire xiy ra khi
vd chi khi tam gidic ABC déu. Do d6 ching ta
cling ¢6 thé phét bidu lai cdc bai toan trén dudi
dang bai todn v& nhin dang tam gidc déu.

Ap dyng vao tam gidc ABC theo huong thit hai :

2
tod + coted Bi-=s - “aR P eGleR s~
Sl smaat = SPRE T non
2

teC + cotaC=—==
& . sin2C
Cong timg vE ta ¢d ;
tgA + taB + 12C + coteB + cotgC

> 2 2

= + +
sin24  sin2B  sin2C
Tir cac hg thirc (1), (5), (6) va biing cach tuong
iy nhur trén, ching ta ¢ cdc bai todn sau :

Bai todn 1.5. Ching minh ring trong moi tam
gidc ABC khong phii 1 tam gidc vudng ta c6 :

1 1 1
sin2A4 % sin2B 3 sin2C
= % (tgA.teB.1gC + cotgd + cotgB + cotgC)

Bai todn 1.6. Chimg minh ring trong mgi tam
gidc ABC khong phdi 12 tam gide vudng ta c6 :
1 | e V3
- >—
snzA | sm2B  smac 2 o080 BCET,
Bai todn 1.7. Chimg minh ring trong moi tam
gidc nhon ABCtac6 :
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1 1 1

oA + . + e e {cotgA + cotgh + cotgC)
33

E

Bai todn 1.8. Chimg minh ring trong moi tam
gidc nhon ABC ta co :
1 1 1
+ +
sin2A  sin2B

——> 243
sin2C

2) Péing thiic thit hai: —fl— —cotgx = tg L
sinx 2

Ap dung vao tam gidc ABC ta nhin dugce :

B
= tgé ,_L - cotgB = IgE.

i
i t A
i i 2 sinB

sinA
1 £

— - —cotgC = g~

gig T by

Cong timg v& cdc ding thic trén ta duge :

1 1 0 ke (cotgd + cotgB + cotgC)

sinP

Pé ¥ dén (5) 1a tg%+tg§ e Igg > V3 (ding
thirc x4y ra khi va chi khi tam gifc déu) ta c6 bai
toén sau :

Bai todn 2.1. Ching minh ring diéu kién cin
va di dé tam gidc ABC déu la :

1 1

- +1tgB + =
sind g sinf? i sinC opd +ig e V3

(Pé thi PH Béch khoa Ha Noi - 1999)

N&u sir dung cotgA + cotgB + cotgC = \3
(ddng thirc x4y ra khi v chi khi tam gidc déu) ta
c6 bai todn khic :

Bai todn 2.2, Chimg minh ring diu kién cin
va di d€ tam gidc ABC déula:

1 1 1 A B C
sinA sinB+sinC & (rgE+th+tg2) = V3
Ap dung vio tam gidc ABC theo hunng thit hai :
B e ol B
A = 4 = B i 4
sin— sin—
2 2
etate o
e 3 e
sin
Cong theo timg v€ céc ddng thic trén ta dwge :
byt = (cmgi + r:c:;tgE + cm.gg)
sin—_ s.'mE s.inE s z 2
2 2 2
=g~ + tgE g
4 4 4

Dén diy, ching ta ¢6 thé k&t hgp vai (4) va (8)
d8 c6 cc bai todn ;

Bai todn 2.3. Chimg minh ring véi moi tam
gidc ABCta c6 :
1 1 1
+ -

s'mé ::,ilfE sin-':-:-r

2 2 2
= 1£+[E+l£+00[£ CO[E CoO E
T g g TR L ERE, S S

Bai todn 2.4. Chimg minh réng v&i moi tam

gidic ABCta ¢t :
ik g pa L (tgf@_ﬂgﬁﬂg%
sinlﬁ s'mE sinE o s :
2 2 =
=33

Ap dung vio tam gic ABC theo hudng thit ba :

it cotg2B = 1gB,

AR Ly sin2B

sin2A

1
= cotg2C =tpC

Cong theo timg v& cdc ddng thic trén ta c6 :

1 1 - = S

sin24  sin2B  sin2C
~ (cotg2A + cotg2B + cotg2C) = tgA + tgB +tgC

K&t hop voi cdc hg thic (1) trong tam gidc
khong vudng va (5) trong tam giic nhon ta co
cic bai todn :

Bai todn 2.5. Ching minh ring v6i moi tam
gidc ABC khong c6 g6c vudng ta ¢ ¢
1 1 1
+ -
sin2A  sin2B  sin2C
—(cotg2A + cotg2B +cotg2C) = tgA.tigB.agC

Bai togn 2.6. Ching minh ring v&i moi tam

gifc nhon ABC ta ¢6
1 1 1
+ + -

sin2A  sin2B  sin2C
- (cotg24 + cote2B + cotg2C) = 33

Nhur vay ¢6 thé tao ra nhidu bai toidn mdi va
hay bing céch két hgp mot sd he thire hrong gidc
co ban trong tam gidc v6i chi mot ding thic
hrong gidc don gidn,

Dé k&t thiic, d& nghi ban doc c6 thé suy nghi ty
minh tao ra bdi todn mdi theo cich lam &
trén nhé sir dung méi ding thirc lugng gidc sau :

1) cotgx — tpx = 2cotglyx,
X

1
2) — +cotgx = cot
)s‘ cotgx lc-:)g2
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PE THI TUYEN SINH MON TOAN
TRUONG PAI HOC THUONG MAI - NAM 2000

Canl:
1. Khio st va v d6 thi (C) ctia hAm s6 :
y=x3-3x+1
2. Cho diém A(x,, y,) thudc (C), tiép tuyén vdi
(C) tai A ¢dt (€) tai diém B khac A. Tim hoanh
do diém B theo x,,.

Cau II: Cho h¢ phuong trinh :
x+ay—a =10
P+y2-x=0
1. Tim tit ci cdc gid tri clia @ d&€ h¢ phuong
trinh di cho c¢6 hai nghi¢m phan bigt.
2. Goi (x7, ¥1)» (X5, ¥o) 12 céic nghiém cilia hé da
cho, hay chimg minh (x, — x;)2 + O —¥)* < 1,
Diu bing xay ra khi ndo ?

Cau III:
1. Giéi phuong trinh : il g
3 sin2x — 2cos2x = 2V2 + 2c0s2x
2. Hay chimg minh : Trong AABC néu cotgA,
cotgB, cotgC theo thit ty tao thanh cip s6 cong
thi a2, b2, ¢? ciing tao thanh cép sd cong.

Cau IV:
1. Tim gi4 tri I6n nhit vd nhé nhit cda
haim 80 :
y = sinfx + cos®x + asinxcosx
i

4sinx dx

2
aommntichphis = .
P '{ (sinx + cosx)?

0

Cau V: 1. Cho AABC, biét A(2, —1) va phuong
trinh hai dudmng phén gidc trong cia goc B va géc
C l4n heot 12 :

(dp) 1 x-2y+1=0
(do) :x+y+3=0

Tim phuong trinh cia dudmg thing chira
canh BC.

2. Viét phuong trinh cla dudng thing di qua
diém M(2, -1, 0), vudng goéc va ciit duong thing
(d) ¢6 phuong trinh : -

Sx+y+z+2
T= el

0
0

HUONG DAN GIAI

Cau 1:

1) Ban doc ty gidi.

2) Vi Alx,y) e (C) nén-y, =3 -31.+1
Phuong trinh ti&p tuyén (d) tai A cia (C) 1a

¥ =fxy) =X )x —x,)

©y-(3-3x,+ )=0Gx2-3)x-x,)

Hoanh do diém chung ctia (d) va (C) 1a cic
nghig¢m ctia phuong trinh :

B-3x+1)-03-3x,+D=0x2-3)x-xy)
e T X=X,
S x-x)x+2x)=0c p=,

Tir d6 ta thdy : néu x, = 0 thi (d) ¢it (C) tai B
¢6 hoanh d) xp = - 2x, ma B khéc A.

Cau II: ;

1) Viét h¢ vé dang

x+aly-1) =0 (1)

1 2

(3o =, @

Phuong trinh (1) 12 phuong trinh dudmg thing
(A) quay quanh A(0; 1) va phwong trinh (2) la

8

phuong trinh duomg tron (C) tam [ (?12 : D), ban

kinh R = % (ban doc ty v& hinh kiém tra). Ta thdy
h¢ ¢6 2 nghiém phan bigt <> kholng cdch tir I t¢i

A)nhdéd hon R < — <
( e
<:>3a2—4a<(}c>ﬂ<a<§

N VGeil<ax< '}; thi (A) cit (C) tai M, N ma

MN < 2R = 1. Vi M(x;, y;) vd N(xy, y,) nén
Vi, -2 + (v - yp)? €1 = dpem.

Cau III1.

1) PT < 2¥3 sinxcosx — 2cos2x = 4lcosxl
cosx 2 0
{msx{\ﬁ sinx —cosx—2) = 0

=4

cosx <0
COSX (\E siny —cosx+2) = 0
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— cosx =0
cosx >0

lsin(.hg) = 1 (vd nghiém)

cosx < 0

sin( x—%) = -1 (v0 nghiem)

ox= % +kn (ke 2)
2) Ap dung dinh 1i ham s@ cosin vd ham s sin

ta co
2 2 2
cotgA:Rb + u) : cmgB:M 5
abc abc
742
corgC= R@H=€)
abc

Néu cotgA, cotgB, cotgC theo thi ty lip thanh

cip s cong thi : cotgA + cotgC = 2cotgB
:a‘:’ [(b2+c )+(al+b2—c2ﬂ=

2R
:—((:2+a2—b2)
abc
:>2,!:|2 Zéc +a b}
= 2% =a*+c? :>dp:.rn

CaulvV.1)y=1- :sinzzx + %sinlx ;

3 a
Bt sin2x = 1 € [-1; 1] thi yz_zerrEHl

Gi4 tri 16n nhit va nhd nhit cia ham sd da cho
chinh 1a GTLN v GTNN ciia ham s

fiy=—= Il+5r+lvd'1te[ fuslis

Viy =—%:+ crjngh&m:-;n&nsoszinh

5;— v&i +1 s& co cdc kha ning

KNI.'aq—3uﬁ§<—1,khidé:

=

1
YN =fi-1) o ,yNN =fil)="

hJ

.‘.’NZ.'a:r3th‘1§:-1,khidﬁ:

a
2

B

YLN=f(1)= i YNN=fl-1)=

e,
4
<

= ms:

KN3;-3<a<3 aymlsgsl'thi

2
YLN = f( ) —+1\Fﬁ

VNN = nnn[ﬁ{l)f(-l}]—mm(4 2 4 2)-

P+a ndu -3=a=0
R
a

2néu D=za=z3

2) Goi tich phin ¢in tinh 14 I
T

==

Pit u 5

w2 : 2
f=f 4sinu du

S (cosu + sinu)? =
Mt khéc :

w2 mzd(“%)
A=1+7=] LS TE

x 3 2 T T
o (sinx + cosx) o sin®(x + ;d:)

i
—xc::\x:E—uIacﬁ:

dcosx dx
5 (sinx + cosx)’

= —2colg (x +%)‘:ﬂ =-2(-1-1)=4

=1=2,
Cau V.
1) Goi didm d6i xumg cia A(2, —1) qua cic

duong thing (dg) va (dg) theo thit ty 1a A} viL Ay,
ta tinh duge : A, (0, 3) vi A5(=2, -3).

Pudmg thing di qua B, C cang la duong thing

di qua A;(0, 3), A; (-2, =5) nén ¢6 phuong trinh :

et

=0 -
oy-3=dxedx-y+3=0

(Xem tiép trang 23)

DON POC THTT s6 287 (5-2001)

Maa thi sdp dén, céc §i tir chudn bi khan goi di
thi Dai hoc nén biét :
« D& thi tuyén sinh mdn Toén vao Hoc vién
Ki thudt quan sy nam 2000 vdi 1o gidi.
¢ Cac tinh chat cia mét tam gidc déc bigt.
Con cic ban sdp vuot cdp 1én THPT hay doc :
« DB thi mén Todn vao khéi chuyén Todn -
Tin BHKHTN- PHQG Ha Noi. .
« Ching minh bit dang thic bing phuong
phédp phan ching.
Cac ban s& dugc 1am quen vdi :
* Mot hinh hoc ki la.

o Cich ching minh ngdn gon mot bt ding
thic hinh hoe do Carfulkel néu ra.
« Duong xodn 6c vang trong hi hoa
va cdc chuyén myc vui thuang I8 : Cau lac bg,
Gidi trf todn hoc, Sai lam & dau, Cudc choi Dodn
tudi va biét ai qua anh...
THTT
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UOC LUONG KHOANG CACH
GIUA CAC PIEM DAC BIET
TRONG TAM GIAC

PINH THANH TRUNG
(Khoa Todn — PHKHTN-DHQG Ha Noi)

Trong bai bdo ndy, ta sir dyng céc ki higu quen
thudc G, H, I, O 14dn lugt 1a trong tam, tryc
tim, thim dudng tron ndi tép va tim dudmg tron
ngoai ti€p cla tam gidc ABC vd&i ba canh a = BC,
b = CA, ¢ = AB. Tru6e hét dé phyc vy cho muyc
dich cta bai bio ndy, dé nghi cic ban gidi bai
todn sau coi nhur bai tip nho.
Bai tdp 1. Ching minh rdng trong AABC bdt ki
ta cd hé thirc sau
— — =+ =
alA + bIB + cIC =0
Ta sé tinh céc 49 dai OG, OI, HI, IG... thong
qua a, b, ¢ va bin kinh R cla dung tron ngoai
ti€p AABC, sau d6 so sdnh cic khodng cach nay.

_¢ Tinfy OG 3 Xudt phét tir ddng thie quen thuge
GA_;GB;;GC; 0, ta s& duge
30G = 0A + OB + OC, binh phuong vo hudng
hai v& rdi sir d h TC

LI i L
20A.0B=0A"+0B° - (OA-0B) =

CAU LAC BO THTT :
CUOC CHO! PAU THIEN NIEN Ki MO

Moi cac ban tham gia cude choi hang thang
DOAN TUOI VA BIET Al QUA ANH
Ban héy cét phidu cudc choi va ddn & bén
n:qoaf phong bi gli Tda soan THTT sau khi da
dien cau tra 15i. Bén trong phong bl ban ¢6 thé
viét cdm tudng vé cude choi nhung khéng g bai
khac. Nh& ghi dia chi clia ban !

Ngudi trong anh ?
! Hovatén:

..................

=2R* - v hg thic trong ty ta tinh duge
2
(1)

a+b°+c
9

o D¢ tinh khiodng cdch OLta s2 st dupg hg thig
trong bai {ap 1, phin tich /A = IO + Oe_%, 1B =10
+ OB, I = 10,+ OC_g6i nhém lai ta duge
(atb+c)OI=a OA + b OB + cOC

Tiép tuc binh phuong vO hudng hai v& vi sir
dung phép bidn dd & wén suy

khodng cich 0G 1a 0G* = R* -

(a+b+c)* 01 =
= RY(@®+b2+c?) + ab(2R%-c2) + bo(2R?-a2) +
£ ORI & O = B2 - 2 @)
a+b+c

bén day d€ ¥ ring vdi a, b, ¢ 1a cic s6 duong
thi theo bét ding thirc Cauchy ta c6
(@2+b2+c2)(a+b+c) = Yabe
ching ta sé& thu duge OG = 01 (3)

e Khodng cdch IH cung ¢6 thé tinh dugc nhe

h¢ thitc & bai tap i}meo cdeh twopg tr._,
(a+b+c)HI = a HA + bHB + cHC

E}_;nh ﬂlum;g,\éﬁ h@;}g hdl} vé, tﬂgnzdﬁl
2 HA . HB = HA® + HB* — (HA - HB)? suy 1a

(a+b+c)*HI? =
= (a+b+c)(aHA? + bHB? + cHC?) - abc(a+b+c)

Chi ¢ ring 4
cic d) dai HA,
HB, HC c6 thé
tinh theo cich
sau (hinh 1),
HA? = 40M? =
4R2 - @2, ﬂ,ﬂ
HB2 = AR2 - b2, h
HC?=4R2-¢2, B M ¢
thay vao hé thic Hinh i

© & trén ta duogc

@ + b + 2 +abe
a+b+c
Tir a3 + b3 + ¢3 = 3abe chang ta ¢6 ngay
HI <201 (5)
Diy chinh 14 ngi dung mdt bai todn trong ki thi
chon ddi tuyén Olympic Viét Nam nam 1993,

e Mot ciu hdi dit ra 12 giga HI va OG cd mdi
quan hé nhie thé ndo ? T sy chénh léch hé 58
cia R? gita HP? va OG? ta thir so sdnh HI? vdi
40G2, Ta c6

HP = 4R? - )

a+b+c 9
Phéi ching ta c6 bat ding thirc
@+bi+cd+abe | A(@+b+ch)
a+b+c 9

40G? - HP? =
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Khing dinh trén twong duomg véi

5(aP+83+¢3) + 9abc = dab(a+b) + dbc(b+c) +
dealc+a)

Vigc kiém ftra tinh ding din clia bit ding thic
nday khong phdi la dé, tuy nhién néu ban binh
tinh suy xét s thdy né chi 1a hé qua cha mot bat
ding thirc quen thudc sau mi néu ban chua gip
thi ¢6 thé chimg minh lai xem nhur mdt bai tp

Bai tdgp 2. Chitng minh rdng voi 3 s6 thuc
khéng @m a, b, ¢ ta c¢d bdt ding thikc

a®+ b3+ 3+ 3abc 2
= abla+h) + be(b+e) + calc+a).

Nhur viy ta di c6 duoc diéu mong muln
HI = 206G (6)

Tir (3) ta thdy ngay bét déing thic (5) chi 1a h¢
qué cua (6).

» D&n diy cic ban sé& thiy con mdt dai lugmg ta
chua dé cip t6i, d6 chinh 1A khodng cdch IG.
Dung hé thikc cha bai tidp 1 k&€t hop vdi cong thire
tnh do dai y
dutng trung
tuy&n céc ban ¢o /\
th tm do dai
IG*G & diy toi H G o
muon dira  ra ;
cich lam khic s
bing vigc sir dyng h¢ thiie Stewart cho tam gidc
IOH (h. 2)

IH?.0G + 10%.HG = IG2.0H + HG.GO.OH.

Ta da biét theo dinh 1i Euler

1 y
OG:; OH, HG:%OHdo viy ta s& co

IG% = % H? + % OF -20G*, suy ra

a +b + ¢ +3abe
Ia+b+c)

Trong tam gidc ta c6 bit ding thirc quen thude
a® + b? + ¢* < 9R?, k&t hgp v6i bit ding thic
Cauchy a3 + b3 + ¢3 = 3abc ta sé ¢6
IG2 <2/ - 22 _sop suy ra IG <2 01

a+b+c

bE két thuc dé& nghj cic ban hay gidi bai
todn sau

Bai tdp 3. Ching minh rdng AABC déu khi va
chi khi OH? = 501 + HP

Cédc ban da thdy biing nhimg ki€n thdc todn
hoe binh thudng ching ta da tim dugce nhimg mai
quan h¢ twong dGi tha vi gitta cdc khéi nigm vin
da quen thude. T4t nhién s& con nhidu nhimg tinh
chéit nhir vy, t0i mong ring cic ban hay tép tuc
tim toi, khim phd d€ l1am gidu thém kién thic
odn hoc cia minh,

IGlzi(a2+b2+c2)—

TIENG ANH QUA CAC BAI TOAN
BAI SO 40

Problem. Assume that all the underground -
stations of London are connected so that it is
possible to travel from any station to any other (if
necessary, the passengers are allowed to change
trains). Prove that there is an underground station
such that when it is closed (the trains are not
allowed to go past this station) it is still possible 0
go from any of the remaining stations to any
ather.

Solution. Let § be an arbitrary underground
station and T be the farthest station from § in the
sense that on the shortest way from § to T there
are more or at least not fewer intermediate stations
than on the shortest way from S to any other
station. Now suppose that station T is closed. Then
we can again go from § to any other station U
different than T since the shortest way from S to U/
cannot go through T (otherwise, station /' would
be farther from § than T). Therefore, if {/ and V
are two arbitrary stations different from T, then we
can undoubtedly go from one to the other without
passing station 7. Indeed, we may assume that
they are different than station §. Then we only
need to go from {/ to station § and then from § to
station V without passing T

Tir méi:
underground = ngdm
station =ga
connect = ndi, lién két (dong tix)
possible = ¢6 kha nang (tinh 1)
necessary = ¢fin thiét (tinh tir)
travel = di, di chuyén (dong tir)
passenger = hanh khéich (déng 1ir)
allow = cho phép (déng tiy)
change = d8i (dong tir)
train = tau
close = déng (dong tir)
arbitrary = bit ky (tinh tir)
past = sau (gidi tir)
few = {t (tinh r)
intermediate = O giita, trung gian (tinh )
different = khac (linh ©r)
through = qua (gidi )
otherwise = néu khong (lién tir)
undoubtedly = khong con nghi ngd,

10 riang (pho tir)
pass = di qua (dong tir)
indeed = thit vy

NGO VIET TRUNG
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CACLOP THCS
Bai T1/286. Day s0 uy, iy, ..., i duge xac dinh
AR o R L2, ..k
n(n+1)n+2)(n+3)
Bt 8= uy + u + ... + 4. Chimg minh ring

nhu sau: u, = vidin=

1
18 <~ <24,
<3

BUIDINH THAN
{(GV THCS Tdn Thudr, Kién Xuwong, Thdi Binh)

Bai T2/286. Giai phuong trinh :

18x2 — 18xVx — 17x - 8Vx -2=0
TRAN HONG SON
(GV THPT bén céng Thdi Thiy, Thdi Binh)

Bai T3/286. Chiing minh bit ddng thirc
‘.Ja+b \{ bic | aJeta

2 (NG5 + Vi« V)
trong d6 a, b, ¢ 13 cac s:‘.i dirong. Ding thire xiy ra
khi nao ?

DANG THANH HAT
(GV Hoe vién Phong khdng — Khéng qudn Sen Tdy)

Bai T4/286. Cho hinh vudng ABCD. Trén cic
canh CB va CD lin hrot 14y cic didm E va F sao
chog"f:‘_—k giz%;—i vii 0 < k < 1. Poan
thing BD cit AE va AF tai H va G tuong ung.
Dudmg vubng goéc voi EF k& or A cit BD tai P.

T TN
: b PG _ DG
Chumg minh ring Pl BH
PHAM HUNG
(Ha Negi)

Bai T5/286. Ta goi dudmg chéo chinh clia mot
luc gidc 181 14 doan thing ndi hai dinh va chia luc
gidc thanh hai tf gidc. Chitng minh ring :

a) Vi bat ki luc gide 16i ¢6 dd dai cic canh déu
bing 1 thi tdn tai dudng chéo chinh cé do dai
khong 1ém hon 2,

b) Va1 bat ki luc gidc 161 ¢6 dd dai cic canh déu
bang 1 thi tdn tai dudng chéo chinh cé do dai 16n
hom V3.

VU BINH HOA
(Vién Cong nghé thing tin)

CAC LOP THPT
Bai T6/286. Xét dﬁy 86 () (n=1,2,3,..) duge

x4c dinh béi : 31
U, =3u,_; +2n 9n2+9n—3vmn-23

12

Chitng minh ring voi mdi sd nguyén td p thi

-1
2000.>" u;  chiahétchop.
£ NGUYEN THE BINH
(GVTHFPT chuyén Ha Giang)

Bai T7/286. Xét phuong trinh
acosx + bsin2x + ccos3x = x
a) Chimg minh riing v&i bt ki cac s6 thue a, b, ¢
thi phuong trinh trén cé nghiém trong doan

b1 T
[_ 2% 2]‘
b) Chimg minh ring ¢6 cic 80 thyc a, b, ¢ ma

plurong trinh trén khoéng ¢ nghig¢m trong doan [u,
v], trong d6 ¢ic 80 w, v théa méin

s Tt T
2-|1hlmg[u.v]¢[—2. 2] '

NGUYEN MINH BUC

(Vién Cong nghé thong fin)

Bai T8/286. Cho tam gifc ABC khong c¢6 goc 1.
Ching minh ring :

T
S Sd SV S

2

tcsiL gD + t£+t—tBt£ 10%3
g, g, Flg, g g2

Dﬁng thirc x4y ra khi nao ?
pd BA CHU
(GV THPT Bdng Hung Ha, Thai Binh)

Bai T9/286. Cho tam gific ABC khong c6 goc m
vA m&i goc khong nhd hon g Ching minh ring :

cotgA + colgB + cotgC + 3cotgA.cotgB.cotgC <
42-\2) :
TRAN TUAN DIEP
(GV khoa Todn tmg dung DHBK Ha Ngi)
Bai T10/286. Cho tnt dign ABCD ¢6 cic ciip canh
doi dign bing nhau. Goi E 1a tiép didm cla mit
(BCD) va mit ciu tim O ndi i€p ur dién. Goi K 1a
1i€p diém cia mit (BCD) va mit cdu bang tiép ni
dién 1mg vGi dinh A. Chimg minh ring :
a) K la trge tam cha tam gidc BCD.
b) FA=2EF trong d6 F 14 giao diém clia AE va KO.
DAO TAM
{GV khoa Todn, BHSP Vinh)

CACDE VATLI

Bai L1/286. Mot soi diy xich dai L = 1,09 ¢m
duve dit trén mit ban niim ngang. Truyén cho xich
van (dc ban ddu v, = 6cm/s doc theo chidu dai cia
16 thi né s tudt dan khdi mat ban. Hoi sau bao lau

B L T e

a)Lact=0 == 2 A

1

-

A

[

- M

b) Thir diém ¢ e a2

-1 H

A4 1Y

il
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(k& tir lic ddu A cia xich roi khoi mit ban) toan b
sgi day xich sé roi khéi mit ban va tinh vt toc v cia
xich lic d6. Cho g=9,81m/s? va b6 qua moi ma sat.
NGUYEN QUANG HAU
(Héa Noi)

Bai 1.2/286. Mot he thong gdm 2N lrdi kim loai
gifing nhau dugc dit song song v6i nhau, cich déu
nhau. KhoAng cach gira 2 ludi k& nhau 13 d (d rét
nhd so-vai kich thude cia mdi Iwéi). Moi lwdi cd
dién tich 14 S. Céc ludi duge tich dign theo thiy ty
a: -0, @, -0, ..., 0. Mot electron e chui vao hé
thdng tir tAm lwdi thit nhdt véi van tdc ban diu v,

theo phuong hgp vai
phip tuyén cia ludi
| thir nhdt mot goc o,
| X4c dinh do lén va
hudmg van tdc cla

00-¢ O
|

' glectrdn khi ra khdi
v | he thong. Bd qua tic
: dung cia trong hpc.

I 23 2N NGUYEN QUANG MINH

(GV THPT chuyén Vink Phiic)

PROBLEMS IN THIS ISSUE

FOR LOWER SECONDARY SCHOOLS
T1/286. The sequence of numbers u, 4z, ..
is defined by :

o M

I
- fora=1,2 0. k.
i

1
Let § = ) + Uy + ... + . Prove that 18 < s <24,

T2/286. Solve the equation :
18x2 — 18xVx - 17x - 8Vx -2=0

T3/286. Prove the inequality :

VER B e,

b
a b
e =6, 2 Sldel
& 2[ at+h 2 \(b+c 2 V,cm]
for arbitrary positive numbers a, b, ¢. When does
equality occur ?

T4.286. Let ABCD be a square. Take the points
E and F respectively on the sides CB and CD so
that 3 k and L A where k is a given

BC e Gtk
number, 0 < k£ < 1, The segment BD cut AE and AF
respectively at H and G. The line, passing through
A, perpendicular to EF cuts BD at P. Prove that
PG _ DG
PH BH'

T5/286. In a convex hexagon, the segment
joining two of its vertices, dividing the hexagon
into two quadrilaterals is called a principal
diagonal. Prove that in every convex hexagon, the
measure of every side of which is equal to 1, there
exits a principal diagonal with measure not greater
than 2 and there exists a principal diagonal with
measure greater than V3.

FOR UPPER SECONDARY SCHOOLS

T6/286. Consider the sequence of numbers (uy)
(n=1,2,3,.) defined by : 1 =2,
lin = 3ip-1 + 2.’13 5 9?12 +9n - 3 forn= 2, 3, iy

Prove that for every prime number p, the number
-1

2000.2 i,
=1

is divisible by p.

T7/286. Consider the equation
acosx + bsin2x + ccosdx =x
a) Prove that for arbitrary real numbers a4, b, ¢
this equation has a root in the segment [ —g : %]
b) Prove that for given &, v such that

—%Sui vig but [u, v]:t[—g. %] there exist

real numbers 4, b, ¢ so that the above mentioned
equation has no root in the segment [, v].

T8/286. Let ABC be a triangle having no obtuse
angle. Prove that
1073

Lol £ oloh- Bk
th & th ot tg':?' + lgE [gE th = _9'“-.

When does equality occur ?

T9/286. Let ABC be a triangle having no obtuse
angle but each angle of which is not less than E y

Prove that :

cotgA + cotgB + cotgC + 3cotgA.colgB.colgC <
42 -)

T10/286. Let ABCD be a tetrahedron, each side
of which is equal to the opposite side. Let E and K
be the touching points of the face (BCD)
respectively with the inscribed sphere and with the
escribed sphere in the trihedral angle with vertex A.
Prove that :

a) K is the orthocenter of triangle BCD.

b) FA = 2EF where F is the point of intersection
of AE with KO (0 is the center of the inscribed
sphere).

13
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Bai T1/282. Tim tdt ca cdp sd nguyén duong

x +ch la sd nguyén dueong

X, ¥ sao cho

L&i gidi. cia Vwong Anh Quyén, 8A, NK
Trin Phu, Hai Phong. Trudc hét ta gidi

Bai todn : Tim tdt cd cdc nghi¢m nguyén
duong cla phuong trinh x+y+z = xyz (1)

Giai. Khpng han ché tinh tdng quét ta gia sl
xzyzz.

Khidotacox+y+z<3x

=hAr s ope i An gps ot L

Te3dzyzsuyra32yhayye {1,2, 3}

~Néuy=1.Tu(l) =x+ 2 =x(loai)

~-Néuy=2.Tiu(l) =>x+3=2x=>x=3

—Néuy=3 Tu(l) = x+d4 = 3x
= x=2 <y (loai)

Viy phuong trinh (1) ¢ nghiém x=3,y=2,
z =1 va cdc hodn vi clia né.
3

+
Trd lai bai todn cia ta : - ’: e Z*

=SxF+1) ¢ (y=1)
=2+ iy N MiEy-1D)=1)
= +1+xy- 1) Gy-1)
= x(x+y) I (xy-1)
SE+yiy-DMixxy-1)=1)
hay x+y=(xy - Dz (z € Z%)
S X+V+I=Xy7 (2)
Diy la dang phuong trinh (1) da xét trén.
Viy ta ¢6 céc cip s& x, v nguyén duong sao
X+x
xy—1
(3, 2), (3, 13, (2, 1), (2, 3), (1,2), (1, 3).

Nhén xét. 1. Rit nhidu bgn gidi ding,

2. Cac ban Vuwomg Bd Tudn, 9A, THCS Thuin
Thanh, Biic Ninh, Nguyén Lim Tuyén, 9B, THCS Lac
Thinh, Yén Thiy, Hoa Binh c6 nhin x&t cach gidi bai
T1/282 trong ty bai T1/273.

cho 12 s nguyén duong nhu sau (x, ¥) =

BINH PHUONG

Bai T2/282. Cho cdc s& thuc duong x, ¥, 7, t
théa man xyzt = 1. Chumg minh rdng :

14

e m—— + ] + I +
Olyz+zt+ty) }-S(xz+zr+tx} 2 (xt+ty+yvx)
1 +

T i enTey
Plxytyz+zxy 3
Dding thitc xdy ra khi nao ?

Lai giai.

phsis

1
Hiu hét cdc ban déu biét dit a = ; =

C=E,d:%déduavéchfmgminh:
4

Sza2+bz+cz+dz
b+c+d c+d+a dta+b  atbie
vGi abed =1 va a, b, ¢, d 12 cdc s& duong.
Ap dung bt ddng thitc Bunhiacopxki ta ¢d :
Sl(b+c+d) + (c+d+a) + (d+a+b) + (a+b+c)]
= (a+b+c+d)?

, (atbrerd?® 1 0

> at d
PR e

Ap dung bit ding thic Cosi ta ¢o :

4
2 g
3

zll(a+b+c+a’} >Yabed = 1

4
=5 % (a+b+c+d) = E (2)

T (1) vd (2)suyra:S2 ‘; (dpcm).

Ding thic xdyra<a=b=c=d=1
x=y=z=t=1

Nhan xét. 1) Mot s8 ban con dea thém nhiéu cich
khédc d& c6 (1), ching han : 4p dyng bat déng thic Cosi
_a  bierd  2a
b e hy

Vi ba bat ddng thic trong ty nira s& suy ra (1).

2) Céc ban Pham Quang Chién, 9B, THCS Yén Lac,
Yén Lac, Vinh Phic, Huynk Thi Thay Lam, 7BI,
THCS Phi Lam, Tuy Hda, Phi Yén da chimg minh
dén 3, 4 cach (sir dung ci bdt ddng thie Trébusep!).

3) Céc ban Nguyén Dang, 8H, THCS Leé Lo, thi xa
Tam Big¢p, Ninh Binh, Nguyén Thanh Vinh, 10 Todn,
PTNK BPHQG Tp Hb Chi Minh; Nguyén Dic Thudn,
9A, THCS Nguyén Tryc, Thanh Oai, Ha Tay; Vi
Quang Thanh, 9B, THCS Nguyén Him Tién, Duy
Tien, Ha Nam; £5 Anh Ddng, 9A, THCS Din e ndi
tri Lap Thach, Vinh Phuc, Nguyén Vin Tai, 10A,
THPT chuyén ban Thanh Chwong I, Ngh¢ An, Trdn
Thi L2 Hing, 9A, THCS Huong Canh, Binh Xuyén,
Vinh Phic, Nguyén Ldm Tuyén, 9B, THCS Lac
Thinh, Yén Thily, Hoa Binh da néu bdt ding thic tdng
quat : "Véi n s8 deong a4y, dj, ..., a, théa man

ta co
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GlAI BAI Ki TRUGC

" n n 3

Tla =1vaS=Y o iy ——>-"
: : S-a, n-1
=1 =1 i=1

LTN

Bai T3/282. Tim tdt ca cdc da thiec P(x) vdi
he¢ s6 nguyén va thoa man hai diéu kién sau ;

a) P(x) > x v&i moi s& tie nhién x

b) Voi mdi s& nguyén duong d tiy ¥ thi trong
day sd (b)) (k = 1, 2, ...) xdc dinh béi b, = 1,
b, = P(b)véimoik =1, 2, .., bao gi clng
tim dugce sd hang chia hét cho d.

Lovi gidi.
Xét day (b,) n6i trén. Ta co by, > b,
= b, 2b.+ 1

e Néub,,, = b+ 1(Vk)thi (b)) = b+ 1
= P(x) —x -1 =0 tai v0 s& gid trj b, thanh thir
Px)=x+1vGi moi x. Ba thic P(x) =x + 1
théa man didu kién ddu bai.

e Giasttbntaindé b, , >b, + 1. Goimla
s0 nguyén duong nhd nhédt &€ b, ,, > b, + L.
Khidéb,=1,b,=2,...b, =mb_,, >m+l.

Goid=b,  , ~1>m Tacob, =1 (modd
=S bogm B )= B = Fih) = fy =
2 (mod d). Twong tu b, ., = by = 3 (mod d), ...,
b,, = m (mod d). Ta c6 day (b,) (mod d) tuin
hoan véi chu ki (1, 2, ..., m ). Viy khOng c6 s3
hang nao ciia day chia hét cho d.

Thanh thir P(x) = x + 1 14 da thic duy nhit
thda man didu kién ddu bai.

Nhén xét. Py la mdt bai todn hay va twong doi kho
vt hoe sinh THCS, Thanh thir chi ¢o 4 ban g 1o gidi
d&n. Hai ban : Ngé Neoc Khiém, 9,, THCS Binh Son,
Quéng Ngai va Nguyén Thanh Tung, TAl, THCS
Lang Thuong, Ha Noi cb & gidi tot.

DANG HUNG THANG

Bai T4/282. Cho tam gidc ABC vuéng ¢ A va
ZABC = 60P. Trén cdc canh AB va AC ldn lugt
ldy cdc diém M va N sao cho /MCB = #/NBA
= 20°. Gpi s do bdng d¢ cia cdc géc AMN,
ANM, CMN tuong tmg la o, B, y. Chiing minh
rdng a’ = p% +y*

Lai gidi. Goi P 1a giao diém clia BN va CM,
112 giao diém cla 3 duong phan gidc trong cda
ABPC.Taco:

ZBPC = 180° - (ZPBC + ZPCB) = 120°.

Suy ra ZMPB=£IPB = 60° = ZPBC= 40",

Mit khéc tir gid thiét va cach dyng diém [
suy ra ZMBP = ZIBP = ZIBC = 20°. Do d6
AMPB = AIPB (gcp). Tixr 46 PM = PI. Tuong
ti ta c6 PN = PI. Suy ra tam gidc PMN cén tai

P Viviyy= %L’MPB = 3(°,

Mit khic o + B = ZMBC + £BCM = 8(°,
Nén o = 50°.

Doa : B =90°suy tifp ra p = 40°.

Viy a? = B2+ y2,

Nhén xét. Gidi 16t bai nay cé cic ban ;

Hoa Binh: Nguyén Lam Tuyén, 9B, THCS Lac
Thinh, Yén Thiy, Nguyén Thi Phuong Thity, YA,
THCS Kim Bdng, Tén Lac, Yinh Phuc: Trdn Hodang
Ting, 8A, THCS Vinh Tuomg, Pham Van Hoang, 9B,
THCS Yén Lac, Khdng Puc Kién, 9A, THCS Huong
Canh, Binh Xuyén, Hai Phong: Bai Tudn Anh, Nguyén
Va L, Nguyén Thu Thiy, 8A, THPT NK Trin Phi,
Nam Binh: Nguyén Pdng Hop, 9A2, THCS L& Quy
Pon, Y Yén.

VO KIM THUY
Bai T5/282. Tam gidc ABC c6 chu vi 2p va

“bdn kinh ducmg tron ngogi tiép bang R. Goi D,

E, F ldn lugt 1a tdm cdc dudmg tron bang tiép
tam gidc twong tmg voi cde géc dinh A, B, C.
Ching minh rdng dign tich tam gidc DEF
bdng 2pR.

L& gidi. Vi EF, FD, DE la cdc dudng phan
gidc ngoai clia gdéc A, B, C wong (mg nén DA,
EB, FC 1a cac dudng cao cila tam gidac DEF va
chiing déu di qua tam 7 clia dudng tron ndi tiép
AABC, Diém I niim trong AABC nén ADEF c6
ba géc nhon. Goi O 1a tam dudng tron ngoai
ti€p AABC.

Cdch I. Goi @ 1a tam dudng tron ngogi ti€p

ADEF. Ta ¢6 ZQDE = 90° — %{A’DQE) L

90° - /DFE = £FDA = ZFEB = ZFCB (1t
gidc FBCE ndi tiép). Suy ra ZQDE + £ZBCD

15
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GIAI BAI Ki TRUGC

=90° nén DO 1 BC. Tuong tr EQ L AC,
FQ 1 AB. Tird6

S(DEF) = S(BDCQ) + S(CEAQ) + S(AFBQ)
= -%(DQ.BC‘ + EQ.CA + FQ.AB) = DQ.p (1)

Liy A,, B,, C, d6i xing v6i diém I 1in luot
qua EF, FD, DE thi ZA,EF = /FEB = ZFDA,
nén A, ndm trén duomg tron tim Q ngoai ti€p
ADEF. Tuong ty B, C, cting thujc dudng tron
tam Q. DE& thdy hai tam gidc ABC va A B|C,
ddng dang theo ti s§ 1/2nén DQ = 2R (2).

Tir (1) va (2) c6 S = 2pR

Cdch 2. Goi M, N, P l4n luot 12 giao diém
ctia ID, IE, IF v6i dudng tron ngoai ti€p AABC
thi M, N, P 1a trung diém cédc cung BC, CA, AB
tuong ung. Ta co :

ZBIM = ZBAM + £ZABI = ZCBM + £IBC =
ZIBM.

Tir do va tir £IBD = 90° suy ra IM = ID (*).

Viay S(BID) = 2S(BIM). Lap lu@n tuong tr
V(i cac tam gidac DIC, CIE, EIA, AIF, FIBta
dugce ;

S(DEF) = S(BICD) + S(CIAE) + S(AIBF) =
25(BMCNAP)

= 2AS(BMCO) + S(CNAQ) + S(APBO)) =
R(BC + CA + AB) = 2pR.

Cdch 3. Chitng minh nhu & phédn déu cach 2
duge IM = ID (¥). L4y diém Q d6i xing vdi [
qua diém O thi OM 1a dudmg trung binh cia
AIQD nén 0D = 20M = 2R. Lip lufdn tuong tu
c6 QF = QF = 2R. Tir d6

S(DEF) = S(BQCD) + S(CQAE) + S(AQBF)

16

= é(BC.ZR +AC.2R + AB.2R) = 2pR.

Nhéin xét. 1) Nhidu ban dwa ra cdc cdch gidi khac
nhung phii s dyng ki¢n thic trg giip nhy : dudng
tron Ole holic § = r(p-a) = rip-b) = rip—c) =
e

pp—a)(p-b)p-c) 4R

2) Céc ban 6 1o gidi trige GEp va gon 14

Thdi Nguyén: Trdn P Phong, 9A1, THCS Chu
Vian An, Tp. Thai Nguyén; Phui Tho: Lé Thanh Tang,
9C, THCS Viét Tri; Vinh Phic: Nguvén Thu Ngoc,
7C To4n, THCS Vinh Yén, Hoang Minh Chdu, 9A,
THCS Vinh Tuimg, Trdn Khdnh Tang, 9C, THCS Tam
D#o, Tam Duong; Bic Giang: Nguyén Tuyél Mai, 94,
THCS Lé Quy Don, Tx. Bdc Giang; Béic Ninh: Lé Duy
Cuomg, 9B, THCS Yén Phong; Ha Tay: Nguyén
Trung Nehia, 9B, THCS Nguyén Thuong Hién, Ung
Hoa; Ha Nam: Vi Quang Thanh, 9B, THCS Nguyén
Hiu Tién, Duy Tién; Nam Binh: Hedng Vin Tionmg,
Ding Dinh Truomg, 9A2, THCS Lé Quy Don, Y Yén;
Thanh Héa: Truomg Nho Pgi, 9A, THCS Lé& Him
Lap, Hau Loc; Ha Tinh: Pao Xudn Hoang, 9B, THCS
Nguydn Trai, Nghi Xuén; Vinh Long: Mai Thanh
Loan, 9, TH Nguyén Binh Khiém, Tx. Vinh Long; Tp
Hé Chi Minh: Trdn Hai Pdng, 6A9, THCS Trin Dai
Nghia, Quén 3.

VIET HAT

Bai T6/282. Hai day s6 (a,) va (b,) (n = 1,
2, 3,...) dwpe xdc dinh béi : a; = 3, b, = 2,

a, =a:+2ivab,, =2ab, voimpin=1,
SrS
Tim limzqz va lim 2\Jﬂalaz. o,

H=»20 1—t

Li gidi. Véimoin=1,2, ... tacé

a,, + b, 2=a+262+ 22 apb,=
= (a,+b, V2

Do d6 a +b,V2 = (a,_, +b,, V2 =
(@ ot s V2= = (a, + Jf;vl'sﬁ}z”"1 -

=@+ = (241

Tuong ty ta co

a,—b, V2 = (V2 - 17"
Tir do

Il

a

: %({«E + 1"+ (V2 - 17,
b

. £ 2
G (A2 e (2= DF)
Chi ¥
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,2"‘ i o
\E'” {'*\Jb,,<1\a‘an<‘.!'2+1
452

(2 +1)”
42

nén theo dinh 1i kep ta c6
lim¥a, =lim~b, =V2+1

n =>4

=42 41

va lim
= oo

-]

b
Matkhach,,, = 2a,b,hay a,,:--zigl (Vn=1).
E;'2 b 3 bn-i-l bn+1

=%, 2, T

n

Suyraaa,..a,

Do d6 lim Na,a,..a, =
H—p-+00 §
=1lim b, =(2 +1)? = 3+2\2

R=—+0

(vi lim 2'ﬂ\[l-=l).

n
H—s0 2

Nhién xét. Cac ban sau c6 1o giki ot : Ha Ngi: Pinh
Ngoc Thdng, 10A Toan, PHKHTN-DHQG; Phii Theo:
Hoang Ngoc Minh, Trdn Thanh Hai, Bid Ouang Nha,
Binh Thdi Som, 10A1, THPT chuyén Hing Vuong;
Vinh Phic: V@ Nhdt Huy, Nguwyén Thanh Trung,
10A1, THPT chuyén Vinh Phiic, Trigu Hodng Anh
Tudn, 10A1, THPT Lién Som — Lap Thach; Hai

Dwong: L& Quang Hoa, Nguyén Anh Neoc, B4 Quang

Trung, 10T, THPT Nguyén Trai; Thanh Héa: Trdn
Thanh Binh, Trdn Ank Quang, 10T1, THPT Lam Son;
Nghé An: L2 Vdn Pike, 10 Tin 2, THPT Lé Viét Thuat;
Tp. H6 Chi Minh: Trdn Vo Huy, Nguyén Thanh
Nhdn, 10T, PTNK-DHQG ; Déng Nai: L& Phuong,
10T1, THPT Lucmg Thé Vinh...

NGUYEN MINH BUC

Bai T7/282. Cho cdec s& nguyén duong k, n
va cdc s6 thue duong a,, a.,..., a, théa man

a, + a, + ... + a, = k. Tim gid tri lém nhdt cua
biéu thiic
e e O o
atl+atl + . +at!

L&i gidi. (cia ban Nguyén Minh Hdi, 16p
10A1, THPT chuyén Trin Hung Pao, Phan
Thi¢t, Binh Thudn va ban Pdng Qudc Trang,
11 Ly, THPT NK Ha Tinh).

Cho mgi s¢ thyc duong a ta c6
(@-Da-1Dz0vadodoa -a"2a-1
vGi ding thitc xAy ra khi va chi khi a = 1. Sir
dyng bt déng thitc nay cho céc s thyc g, da
cho va cOng 4t c& cac bét ding thic thu duge
theo tirng v& ta ¢o :

(@ +at+. +ap) - (@f+ a3+ +al) 2
G+ 0+ ta—k

Do gi thiét ban ddu cida bai todn da cho 1a

a;+ay+..+a,-k 20suyrala
ajtay+..+a; o
a Vgl gt

Ding thic dat duwoc khi va chi khi g, = a, =
.. = @, = 1. V@y gid trj 16n nhft clia biéu thiic
lalkhiag, =a,=..=a,=1.

Nhan xét. Rit nhidu ban gidi duge bai todn nay,
nhimg chi ¢d it ban ¢ 1o gidi thit don gidn. DO 14 céc
ban sau diy

Ha Tinh: Nguyén Qude Va, 16p 11 Ly, THPT NK
Ha Tinh; Thira Thién - Hué&: Neuyén D Thai, 12CT,
PTCT PHKHT Hué; Pik Lik : Nguyén Vin Mdn, 16p
9A1, THCS Hing Vuong Eakar; Phni Tho: L2 Thanh
Tang, 9C, THCS Viét Tri; Ha Tay: Pham Trung Kién,
16p 12 Toan 1 va Nguyén Cuwomg Vigt, 12TN THPT
chuyén Nguyén Huog¢, Ha Pong; Ha Néi: Viong Xudn
Son 10K, THPT Van Noi, Dong Anh, Neuvén Trung
Kién va Pham Vdn Hing, 11A1, PTCT DHSP HN;
Vinh Phiic: Nguyén Triéu Diwong. 9A, THCS Huong
Canh, Binh Xuyén, Thanh Héa: L& Giang Bdc, lop
10T2, THPT Lam Son, Hoang Va 11B7, THPT bao
Duy Tir va Trdn Thanh Tang, 9A, THCS Lé Htu Lap,
Hau Lac.

VO BINH HOA

Bai T8/282. Tim tdt cd cdc ham s f: R—> R
thda mdn cde didu kign :

a)fix)ze*voimpix e R

b) fix+y) 2 fix).fiy) véi mpi x, y € R.
L gidi. (clia da s6 cdc ban)
Tacofix)z2e*>0. Vaix=0, y=0thi

flo) = 1 flo) = 1
f0) = AORO)  |A0) < 1
Suyrafl0)=1

Dity=-x. Khidovéimoix e R:

J0) 2 fxfi-x) = 1 2 fix).fi-x)

=1 =flx)es” = 1) =

K&t hop vdi gia thiét f(x) = ¢° (Vx) suy ra
fx) = e* (V).
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Thir lai, ta thdy ham f{x) = ¢* thda man céc
didu kién cia bai ra.

Nhiin xét. Pa sd cac ban déu c6 1o gidi ding. Mot
st ban c6 10 gi4i ngdn gon :

Nguyén Biic Tam, 8A7, THCS Trin Ding Ninh, Bii
Vidn Twomg, 12B, THPT Trin Nhit Duit, Nam Pinh;
Bai Duy Thinh, 11T, Lwu Van Hién, 10T, THPT
Nguyén Trai, Trdn Quang Khai, 12C3, THPT Nhj
Chiéu, Kinh Mon, Hai Duong; Trinh Thiay Nhung,
10T, THPT Lwong Van Tuy, Ninh Binh;, Nguyén Vi
Thién Nga, Trdn Vinh Himg, 11CT, THPT L& Hdng
Phong, Luong Thé Nhdn, 12 chuyén PHQG Tp Hé
Chi Minh; Phan Lgc Vigt, 10A2, DHSP, Nguyén
Quang Hai, 11A Tin, Ngé Qudc Anh, 12A Toan,
BHKHTN-DHQG Ha Noi; L¢ Vian Puc, 10T2, THPT
Lé Viét Thuit, Vinh, Nghé An; Lé Thi Khdanh Hién,
12T, THPT L& Quy Don, Khinh Hoéa ; Pham
HumgAnh, 11/6, Nguyén Duy Higu, Quéng Nam ;
Pham Huy, 6C, THCS Tam Do, Hoang Xudn Quang,
Lé Manh Hing, Bui Vigt Hgi, 11A, THPT chuyén
Vinh Phuic; Lim Quang Tudn, 12CT, THPT chuyén
unh Quang Binh; Trdn Thanh Hai, 10A1, THPT
chuyén Phd Tho; Liu Hong Van, 11A4, THPT Yén
Dinh 1, B4 Piee Trung, 10T1, THPT Lam Son, Thanh
Héa; Cao Tién Pat, 11T chuyén Nguyén Du, Dik
Lak; Nguyén Ldm Tuyén, 11T, chuyén Hoang Vin
Thy, Hoa Binh; Poan Duy Trang, 11T chuyén Trin
Phi, Hai Phong;, Neuyén Van Tam, 11/1, Gia Rai, Bac
Lieu; Trdn Va Khanh, 12A, THPT chuyén Phan Ngoc
Hién, Ca Mau; Nguyén Tudn Nam, 10T1, THPT
chuyén Ha Tay; Ban Ngd Xudn Bdch, 11T, THPT
chuyén Nguyén Trai, Hai Dwomg) ciing cho nhin xét :
két qua cila bai todn khong thay ddi néu ta thay diéu
kién fix) = ¢* bdi didu kién y&u hom : flx) 2 x + 1 (V).

NGUYEN VAN MAU

Bai T9/282, Cho tam gidc ABC. Cdc duimg
trung tuyén xudt phat tr cde dinh A, B, C cua
tam gidc cdt duomg tron ngoqi ti€p AABC ldn
nita tai A’, B’, C'. Ching minh rdng :

AB+BC + CASA'B'+B'C’'+(C'A’

Gidi. (Dya theo 1od gidi cia ban Luu Tién
Bue, 12A1, PTCT, PHSP Ha Noi) Trude hét
ta phat biu va ching minh hai b d8 sau :

B& dé 1: Cho b6n s x, y, z ¢ thda man diéu
kién

nxxzy zzt>0
X+t=v+z
Khi d6 : siny + sinz = sinx + sint
Chimg minh: Theo gii thiét

)

y—z -t w
o Xt T
0<| 5| = 2 "3
= CO wzf’msﬂ

T 2

18

Viy : siny + sinz = 2sin Z;LZ cos‘%zf

R e o /
=2 sm? cos? = sinx + sint.

= siny + sinz = sinx + sint

Ping thitc xAy ra <> cos® ;‘ = CDS.%‘F
e
i=z
2 e do (*
<:>| 3} | T = S| 0 (*)
A=2Z
=

B# dé 2: Cho hai tam gidc A,B,C,va A,B,C,
thoa man diéu kién ;

{max{A], B, C,} > max{4,, B,, C,]
min{A,, B,, C;} <min{4,, B,, C,}
Khi do :
sind, + sinB, + sinC| < sinA, + sinB, + sinC,
Chimg minh: Khong mét tinh tSng quat, gi
stiA, 2B, 2C, A, 2B, =C,.C6 hai trudmg
hop xay ra:
Truomg hop 1: A, = B,. Khi d6 :

n>A 2A,A +B, -A,2B,>0
{Al +B,=A,+ (A, +B, - A,)

n>A,+B -A,28B,,C,2C,>0
(A +B,-A)+C,=B,+C,

Theo bd dé 1 taco :
sind; + sinB, < sinA, + sin(4, + B, - A,))
sinC, + sin(A,; + B, — A,) <sinB, + sinC,
= sind+sinB;+sinC; < sinA,+sinB,+sinC,

Ding thirc xdy ra <> 4, = A,, B, = B,,
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Truimg hop 2. A, < B,. Khi d6

| %5 B, 24,8, +C,.~A,2C>0
i Bi+Ci=A+(B, +C, -4,

n>A 28, C,2B +C,-A,>0

Theo b8 dé 1 taco :

sinB, + sinC; < sind, + sin(B, + C, - A,)

sinA, + sin(B, + C, — A,) < sinB, + sinC,
= sinA | +sinB ) +sinC) < sind,+sinB,+sinC,

Ding thifc xiy ra <> A, =A,, B, =B,, C, =
C,. BG d& 2 da duge chimg minh. Chi ¥ ring
bt% dé nay da dugc gioi thig¢u trén bdo THVTT
sd 181 (1/1992) trong bai "Thir ty sip dugc
clia day bdt ding thic co bin trong tam gidc"
clia TS. Nguyén Vin Miu.

Trd 1ai bai todn cida ta.

Khong mét tinh t6ng qudt gid st A > B2 C
= BC = CA z AB. Goi G 1A trong tdm tam gidc
ABC,tacé:

GA < GB < GC (K&t qui co ban)

Ta ki hig¢u cdc géc nhu hinh ve. Tacé ;

A=A +A, =B +C, <A, +A =AM
GA<GB=GO

B=B+B,=C+A,2C,+A,5A, +A,
=A(viCB=CA, GA < GO)

C=C+C,=A+B,<A +B, A +4,
=A (Vi BC = BA, GA < GB)

Viy : max{A, B, C} zmax{A',B’,C'} (1)

Tacag;

A =A1+4,=B,+C,2B,+C,2C,+(,
=C(viBC=BA, GB<GO)

B'=B+B,=C+A,2C,+A, 2C,+C,
=C(ViAC=AB, GA<GC)

C=C,+C,=A;+B,2C,+C,=C(vi
GA < GB<G(O)

Vay : min{A, B, C} < min{A’, B, C'} (2)

Tir (1), (2) theobd d& 2 taco :

sind + sinf + sinC < sind’ + sinB’ + sinC’

Theo dinh li ham s§ sin ta c6 :

BC+CA+AB<B'C'+C'A’+A'B’

DPiéng thic xdyra< A=A, B=8",C=C
<> tam gidc ABC déu,

Nhan xét. 1) Pay 12 bai todn khd, chi co 28 ban
tham gia gidi, 16 ban gidi sai, sai 1dm chi y&u 1a do sir
dung bdt ddng thirc Trébusép khong thanh thao.

2) Céc ban sau day c6 1o gidi tromg ty nbwr 10d gidi
trén.

Thai Nguyén: Vo Quang P, 12T, THPT NK ;
Vinh Phiic: Lé Manh Hing, 12A1, THPT NK ;PHQG

Tp Hb Chi Minh: Luong Thé Nhén, Pham Tudn Anh,
12T, PTNK, Hai Dwong: Pham Thanh Truonmg, Lé
Quang Hoa, 10T, THPT NK; DH KH Hué: Nguvén
Dir Thdi, 12T; PHKHTN-DHQG Ha Nbi: Kim Pinh
Thdi, Nguyén Van Hing, 11A1; Thanh Héa: Nguvén
D T, 11T, THPT Lam Som.

NGUYEN MINH HA

Bai T10/282. Tim diéu kign cdn va di doi
vdi 1 dién ABCD sao cho tdng khodng cdch tir
mit diem M bdt ki ndm trong ne dién dén cdc
mdt ciia nd la khiong doi.

Leéi gidi 1. (Dua theo Ta Vigt Ténm, 12T,
THPT chuyén Vinh Phic) 4,

bé  tién
trinh bay ta
thay ddi ki
hiéu g0i
ttn lai cdc
dinh A, B, C,
D 14n lugt 12
A, A, A,
A,. Gid st P
1a mot diém
# M clng
nim  trong 2
(khong nam trén bién) tr dién A,4,4,4,. Goi
hy=AA", m,= MM’, p, = PP’ theo thu tr la
khoéng cdch tr A, , M va P d€n mit d6i dién
véidinh A, (i =1, 2, 3, 4) ciia tir dién va dat :

4 4
> m; =m,> p; =p. D& thdy ring néu P 1a
i=1 =1
trung diém cida doan thing A!M thi ta ¢o céc
ding thitc : 2p;=m;+h;, 2p;=m, (i # ), va do

do:2p=m+h; (n
Mit khdc, theo gid thi€ttacé:p=m  (2)
Tir (1) va (2) ta duoc ;

m=h{(j=1,234) (3

Vadods: S, =S, =S8, =S, (S, 1a dién tich
mét d&i dign vdi dinh A) suy ra tir dién 12 gdn
déu (cac canh ddi dién biing nhau). Trén diy 1a
diéu ki¢n cin. Piéu ki¢n di dugc ching minh
kh4 d€ dang.

L gidi 2. (Nguyén Va Nam Phuong, 11A1,
THPT Phan BOi Chéu, Vinh, E’hé An va
nhiéu ban khac). Ki hi¢u 71}, 75, 7, va 7, lin
lwot 12 phap vécte don vi ngodi cla cdc mit
BCD, CDA, DAB va ABC. Gid st M va N 1a
hai diém bit ki ndim trong & di¢n ABCD; theo
gid thi€t ta ¢6 h¢ thuc :
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- I T
A?Bz+ ﬂ?ﬂ’n2+}7Dnj+MAn4
5> > —> —»
=NBn, + NCn, + NDn, + NAn,
4 4
— - - —
SMN|Y n [=0(vM,N) = D n=0(1)
=1 i=1

Miit khéc, theo dinh li "con nhim", ta ¢ :
4
_._)
Y 5% =10 2
i=1

trong d6 S;, S5, S3 va §4 theo thi ty 1a di¢n

tich cdc mit d6i dién v6i cdc dinh A, B, C
va D.

Ddi chi€u (1) vd (2) tasuyra§; =S5, =§; =
S, la diéu ki¢n cdn va di phéi tim d6i v6i or
dién ABCD, nghia 13 ABCD la m{t t¢ digén
2dn déu.

Loi gidi 3. (Nguyén Du Thai, 12CT, DPHKH
Hué v nhiéu ban khéc).

Goi G va I 14n lugt 14 trong tAim va tdm mat
céu noi tiép ur dign ; h,, k. b, h, ldn luot 1a
cac chidu cao cia tir dién ha tir cic dinh A, B,
C, D; r 1a ban kinh mit cdu ndi ti€p. Ki hi¢u
d(M) 12 t8ng khoang céch tir mot diém M ndm
bén trong ti dig¢n ABCD d€n céc mit cia no.
Thé thita co:

d(G):i(ha+hb+hc+hd); (1

d(I = 4r (2)
Ngoai ra, theo mot k&t qua quen thudc, ta cé
hé¢ thikc sau :
1 el il =)

o= p—t—t— 3
r h, hb+h hy G)

(o
Mat khic, lai theo BDT Cosi, taco :
s v s
h +h gt et e o
(h,+ b+hc+hd)[ha hb+hc+h
Dfu ding thic xdy ra khi va chi khi :
ha=hb:h£'=hd
T (3) va (4), ta dugc
ABCD

=16

Vi moi ik dién

h,+h,+h, +h;>16r (5)
Tir (1) va (2) suy ra :
d(G) = d(I) = d(M) (vM € Mién trong ti
dién ABCD) <> h,+ h,+h +h;=16r (6)
T (5) va (6) suyra:
ki¢n cén tim d6i vdi tr dién ABCD, nghia la
ABCD 13 mot 1 dién gdn déu.
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Nhén xét. 1) Rét dang tiéc co mot s6 ban khong doc
ki ddu bai (M 132 mit diém ndm rong tir dign ABCD,
khong nim trén mit cing nhu trén canh nio cla w
dién), cho ngay M 1n lugt tring véi céc dinh A, B, C

v D cla tir dién r6i dya vao gid thifl cia bai todn vii

vang k&t lugn b, = h, = h_ = h, 1 didu kign cin va di
dsi v6i ur dién ABCD. Thit ra & ddy dé khéng dinh
ménh dé& nay ta cin dén tinh chat lién e cia mt ham
nhiéu bién. Ching han, ta dwa vio khong gian mt h¢
toa do Décac vudng goc Oxyz, didm M c6 cdc toa dd x,
¥, z. Thé thi, theo gia thidt :

d(M) = fiM(x, 3, 2)) = F(x, 3, 2) = k khong d8i.

vii WM e midn mé JABCD] ciia t dién ABCD.

Sir dyng tinh chét lién tyc clia hiam ba bién F(x, ¥, )
ta mdi két ludn duoc

lim AM) = h, = k, lim fM) = hy = k, lim fiM) = h,
M3 A M- B Mo C
=k, lim fiM) = hy=kvadod6 h,=h,=h_=h, (= k).

MDD

2) Céc ban sau Ay clng c6 1o gidi 10t :

Ha Noi: Bai Viét Dang, Neuyén Trung Kién, Pham
Vin Hing, 11A1, PHSP Ha Noi, Dinh Ngoc Thdng,
10A Toan, DPHKHTN-PHQG HN ; Nguvén Hoang
Thach, 11T, Pgng Ngoc Minh, 12T, THPT Ha Noi -
Amsterdam, Phan Nhdi Théng, 12A1, THPT Ton Dirc
Thing, Ba Dinh; Vinh Phic: Lé Manh Hing, 12A1,
Va Nhdat Huy, 10A1, va Bui Vigt Hai, 11A1, THPT
chuyén Vinh Phiic; Pini Tho: Hoang Ngpc Minh, Trdn
Minh Ngoc, Dinh Thdi Som, 10A1, THPT chuyén Hiing
Viong; Hai Duomg: Ngé Xudn Bdch, 11T, THPT
chuyén Neuyén Trai; Hai Phong: Podn Dy Trung,
11T, THPT Trin Phd ; Nam Binh: Bai Vian Ting,
12B, THPT Trin Nhit Duat , Nam Dinh ; Hoa Binh:
Nguyén Ldm Tuyén, 11T, THPT Hoang Van Thy;
Thanh Héa: Luu Héng Vin, 11A4, THPT Yén Dinh
1, Trdn Hupnh, 11K, THPT Ba Dinh, Nga Scn; L&
Hodang Tudn, Lé Anh Son, 12T, THPT Lam Son; Nghé
An: Cao Xudn Vinh, 12B, THPT Nghia Ban; Khdnh
Hoa: 12 Thi Khdnh Hién, 12T, THPT L& Quy Don;
Gia Lai: L2 Ti#n Hoang, 12C3, THPT Hing Vwong,
Gia Lai ; Tp Hé Chi Minh: Pham Tudn Anh, 12T,
Trdn Anh Hoang, Trdn Vinh Himg, Nguyén Tién Khai,
11T, Huynh Vigr Linh, 10T, THPT NK - BPHQG Tp HO
Chi Minh; Bac Lién: Nguyén Vdn Tdm, 11, THPT
Gia Rai.

NGUYEN DANG PHAT

Bai L1/282. Mt mol khi [T twémg don nguyén
e thue hign mdt gua
trinh bigndgi - 1 -2 "%
duge biéu dién trén
dd thi P-V nhu hinh v |
v,
Tinh nhiét lwong ma  po
mol khi nhdn vao
trong qud trinh trén
theo P, P, V. V,
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(Duomg biéu dién 1 — 2 la mt nika vong
tronm). :

Huong din gidi. Ap dung nguyén li I nhi¢t
dong luc hoc

Q=AU+ A.Taco

3R 3

AU=U,-U, = _5_(T2 )= Epl(vz -V
(ap dung phuong trinh trang thai).

Theo d& thi & hinh veé biéu din cOng ma
I mol khi thyc hién trong qué trinh d6 1a (vé&

mdt hinh hoc) : A= P((V, - V)) - %(Pl 5 Pu)z‘

Mt khdc v& mit hinh hoc ta lai c6 :
Vz i Vl
Bl pace

Vi vay dé dam bdo ding thir nguyén cilia céc
dai lugng ta co:
A=P(V,-V]) - E(P]' "Pu)("' i'_)-
Do dd :
ety

= 2 = 1(10 = )P, + ®F,).

Nhéan xét. Cac em co 1o gidi va ddp s8 ding :

Vinh Phuic: Neuvén Vian Hing, 10A1, Pao Duy Va,
10A2, Nguyén Minh Kién, 11A3, Nguyén Thé Cuong
v Nguyén Cao Cuomg, 12A3, THPT chuyén Vinh
Phic; Phai The: L Qudc Tudn, 11B1, THPT chuyén
Huing Vuong; Tién Giang: Nguyén Qudc Thinh, 12 Li,
THPT chuyén Tién Giang;Hai Dwong: Va Xudn Nam,
11T, Nguyén Xuan Trung, 11 Li, PTNK Nguyén Trai,
Diéng Nai: Neuyén Kim Huy, 11 Li 1, THPT chuyén
Lirong Thé& Vinh.

MAI ANH

Bai 1.2/282. Mgdr mach dign cé so do nhu
hinh bén. Ngudn dién khong ddi cé sudt dign

dong E = 10V: cupn R

cdm cé 4§ e cdam C 1

L=5H va dign tré

R, =15Q. Cdc dai 5 2 N
lugng sau diege coi nhue =g L
nhé khong ddng k€ so + : | K

vai R, : dign tré R, cua FI
cdu chi, dién trd trong L
ciia ngudn dién, dién
trér thudn ctia cugn cdm, dién tré cia khoa K
va cia cdc ddy ddn ndi. Tai thoi diém =0
ngudi ta dong khda K. Héi sau bao lau cdu chi
C sé bi dit, biét rdng cdu chi chi chiu dugc
mgt dong di¢n lom nhdt la I = 3A,

Huong dén gidi. Co thé xem nhu R = 0,

R,
= () vii dong

dién trér mach ngodi R =
ety

dién chay qua R khi déng mach c6 cudmg do
bing dong dién mach chinh 7. Khi déng X ta

Al
cO UMl"f:E*L%j:RMN'Jg():b_:E:}

AT
I= %r(mc t =0, I = 0). Ciu chi bi dit khi [ =
3A. Suy ra thoi gian tir lic dong K dén khi dit
céu chi :
IL
t=—=15s.
E 5

Ghi chi: C6 thé p dung cong thuc tinh
cuong do dong di¢n trong mach RL khi déng
R

machfzg(l—erir);swra
R

R 3
:C(1+;:)=£(1—e L)
BEER 3

3 ¥ sl
ViR.<<R nénR=R.,1 —¢e L= L

Tir d6 tim lai k&t qué nhur trén.

Nhan xét. C6 2 em cd 101 gidi ding :

Tién Giang: Pac L2 Tin, 12 Li, THPT chuyén Tién
Giang; Vinh Phiic: Nguyén Thé Cuomg, 12A3, THPT
chuyén Vinh Phic

MAI ANH

VE LOT GIAI BAI T1/281

Loi Téa sean: Trong THTT s6 285 (3/2001) da
ding 2 lii giAl bai T1/281 cia hai ban, nhung céc
Ieri gidi nay co chd suy ludn chua chat che (dé nghi
cic ban tr kifm tra). Thanh that xin 18i ban doc.
Toa soan da xem lai tit cA cac bai gidi khiac nhimg
déu c6 sai 1Am twong ty, vi vay xin ding 1&i gidi
ciia tic gid bai toéan :

Bai T1/281. Tim tdt ca cde nghiém nguyén
clia phieong trinh :

5S40 1= (1

L&i giai.

(1) &< 4.54x3(542° + 1) = 4.54x%°

& (4.27x + 1)2 - 1 = (6xy)?

bit 6u = 4.27x* va v = 6xy thi phuong trinh

trén trér thanh
(6u+172-1=v3 (2)

e Néu u = 0 thi v =0 théa man (2) vax =0,

v =114 nghié¢m ciia (1).

e Néu u # 0 thi 16u + 11 = 5 ta chi cin tim
nghi¢m nguyén duong ciia phuong trinh (2)
vdiv =3

(Xem tiép trang 3)
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HONG 1 DON LN
CAT BT TOAN
QUAN MA DI TUAN

HOANG QUY va HOANG CHUNG
(Tp H6 Chi Minh)

Trong ban c& vua (8 x 8 6), quan ma c6 thé
di chuyén tir @ d6n © b khi v chi khi a va b 1a
hai 6 thudc mot hinh chr nhit 2 x 3 6 hodic 3 x
26 vaa, b & ha goc dBi dién cha hinh chix
nhit 4y.

Tir gitra the ki XVIII, ¢6 mdt trd choi hée
bua goi 12 Qudn ma di tudn (Knight's Tour
Puzzle), vdi ndi dung nhw sau :

Tim duimg di ctia qudn md qua tdt cd cdc 6
ctia ban ¢ vua, méi 6 chi mgt ldn.

Né&u quin ma trd vé 0 xudt phdt thi d6 12 mot
duomg di tudn khép kin ; n€u khong thi d6 la
duong di tudn mo.

Céau d6 12 mot bai todn khong d&. Mot 1oi
gidi ddu tién (mdt dwdong di tudn khép kin)
dugc nha todn hoc Thyy Si Euler (1707-1783)
tim ra nam 1759, va nha todn hoc Phip
Vandermonde (1735-1796) tim ra nim 1771
(doc l4ap vdi Euler). Dén nay, bing cich mo
mdm, ngudi ta da tim ra nhiu 101 gidi khdc;
hinh 1 cho thdy mot &1 gidi.

Bai todn Qudn ma di tudn trén moOt ban cd
nxn © (n = 3), la mot bai todn quen thudc vai
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nhidu ban khi hoc vé tin hoc; d6 1a mot vi du
hay d€ hiéu vé& thudt todn dé quy cd ldn nguge
{quay lui), dua trén phuong phdp thir — sai.
Warnsdorff da nghi ra mt phuong phdp kha
doc ddo giup tim mot duong di tudn md cia
quin ma : Xudt phdt tr mgt & bdt ki, ludn di
chuyén dén 6 dinh véi sd lugng it nhdt nhong 0
chiea duec ding dén (hai 6 dinh nhau 14 hai 6

6 chung mdt dinh). Ban doc co thé thi dp

dyng phuong phip Warnsdorff va s¢ thiy ring
phuong phép nay han ch€ dugc viec md mim,
nhung khong phai bao gitr ciing gidp tim dugc
dé dang mot loi giai.

Céc tdc gid clia bai bdo nay da rim ra mjt s¢
phieomg phdp khd don gian, giip tim ra dé
dang va nhanh chéng nhiéu dwomg di tudn
khép kin cia quan md trong ban co vua. Sau
ddy 12 mot trong cac phuong phap do.

Trudc hét, ta tam coi ban c& vua 1a mdt hinh
vubng 7x7 8, véi vi tri va cdch di chuyén ciia
quan ma nhu trong ban c¢r tudmg, nghia 1a quéin
mi (cting nhu ¢dc quan khae) ludn ding & dinh
cAc O vubng va budc di cua quin ma 1a mdt
duong chéo cia hinh chir nhat 1x2 6 hodc 2x1
0 (ta goi cic dudmng chéo d6 12 mor canh thude
duong di cla quin ma). Hai dinh la ké nhau
néu do 1a cdc ddu miit clia mdt canh nao do.

Trén ban c& nhur thé mot dudmg di clia mt
quén cé ¢6 it nhit mot canh va khong qua dinh
nao 14n thit hai goi 14 mot 16 trinh, vidt tdt 12
(LT), nfu di tir ¢ d&n b ta ki higu 1a LT (a-b).
Mot 10 trinh ¢6 hai ddu miit trung nhau goi 1a
mot 19 trinh khép kin hay mét chu trinh (CT).
Mot 10 trinh qua tdt cé cdc dinh cia mft ban
c goi 12 mQt 1§ trinh Hamilton (LTH) Mot
chu trinh qua tdt cd cdc dinh cta ban cd (mot
10 trinh khép kin Hamilton) goi la mdt chu
trinhk Hamilton (CTH). Nhu vy, bai toan quin
ma di tudn ¢6 thé phat biéu nhu sau :

Tim mot 1§ trinh khép kin Hamilton (hay mdt
chu trinh Hamilton) cria qudn md trén ban co.

v il d V d
Y |\ e
/ ; / :
Aiel Al ol
R/ N/
Hinh 2 Hinh 3
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Mot phuong phdp gidi bai todn 1a sir dung
phép cdt ndi 8 va cac chu trinh bién sau day.

o N&u CT (o) ¢6 hai ddu mit g va b ciia mot
canh 14n luot k& vai hai dinh ¢, d khong thude
(o) (h.2), thi bing cédch 1ap LT (a—c) va LT
(b—d) sau d6 cit LT (a-b), ta duoc LT(c—d)
(h.3), 10 trinh nay c6 hai ddu miit 1a ¢, d va qua
tdt cd cac dinh cia (o). Ta goi day 1a phép cdt
ndi & cit CT(a) va ndi cic dinh ¢, d thanh
LT(c—d) va ki hig¢u 12

(¢, d) x = (o)

e Tit ca 64 dinh (vi tri clia quin ma) trén ban
c&r nim trén 8 dong va 8 cot. Céc hinh vudng
¢6 it nhat mot canh thudc canh hinh vudng ban
¢ 14p thanh mién bién cla ban co. Mot canh
a-b dugc goi 1a canh bién cliia ban co néu nd
nam trong mién bién, Mot chu trinh gdm toan
cac canh bién dwge goi 14 mdt chu trinh bién
(CT bién) ctia ban co. Hinh vudng 3x3 6, dng
tam v&i hinh vudng ban cd, goi la mién loi cla
ban co. .

C6 thé tim mdt CTH trén ban ¢ theo thud!
todn sau day :

1) Vach 14t cd cdc canh bién cua ban co,
dugc 4 CT bién, ddnh 56 (1), (2), (3), (4) cdc
CT bién nay (hinh 5 & bia 3).

2) Vach 4 1§ trinh qua tdt ca dinh ciia mién
16i LT(5-5%), LT(6-6%), LT(7-7%), LT(8-8%)
nhu trén hinh 5.

3) Thuee hign bén phép cdt ndi & nhu sau :

(7,8 x—> (1), (8%, 5%) x = (2)

(6%, 7*) x — (3), (56) x—> (4),

Hinh 6 & bia 3 cho thidy mot cdch thyc hign
bugc 3 clia thuat toan. D& ching minh ring
viee thyc hién thuit toidn cho chu trinh
Hamilton ciia quin ma trén ban ca.

Chu ¥ rdng thuat todn trén day cho ta khong
chi mot ma nhiéu 1o gidi cta bai todn. Ching
han ¢6 cdc cach khdc thuc hién phép cdt ndi 8
¢ bude 3 ; ba cdch thye hign (3, 6) x = (4) va
ba cach thyc hién (6%, 7%) x — (3). Mir khéc,
& budec 2, ¢6 thé
vach trén mién 16i S5« : 4 7%
bon 1 trinh khdc e e
(nhu hinh 4 chdng (| \/ | ;
han), va tir d6 ¢6 \/ NN\ /
phép cit ndi khic A/ X A
din dén mot thudt  TH—¥—1—F—1*
todn khdc d€ tim i / \-\ / \
nhang CTH khic gl W W \| g
trong ban cd.

Con &6 nhitng Hinh 4
phuong phdp khéc tim ra nhirng CTH khéc cla
quan ma trén ban c&, va ¢6 thé chimg minh
ring tr mot CTH da biét, ¢ thé suy ra hang
nghin CTH khéac nhau. Ban doc mu6n tim hiéu
them vé& vidn d& nay, xin doc cudn sich cia
ching 10i : Nhung két qua mdi gidi bai toan
quin mé di tudn, NXB Pai hoc Quéc gia Tp.
H& Chi Minh, 2000.

S*

\

N 5*

PE THI TUYEN SINH... (Ti¢p trang 9)

Bl voi cde bai tinh todn vé phuong phdp tpa
dé sau khi giai cdn phdi vé hinh ki€m nghiém.
bai nay theo hinh vé d2 bai ¢in phai sira lai

2 .I“j'\.‘:‘ i)
O . \ ..
s f Ji X
/ \ ll'll !,' — =
OB
L -'\l 7
[.#
/ g
e ) o,
f y o5 1 e
| 5
L | “,
= |
|

" .. Phuong trinh hai duomg phan gidc (ngoai)
cha géc B va géc € 1An lugt 1a (dp) va (dg)...".

|5x+y+z+2=0
2.(0).{_x_y+23+1 2%

x=t x={
eiy=—1 8¢

¥4z = =15
Sy e 2l

it
g=-1-2t
= (d) ¢6 vecto chi phwong V= (1, =3, -2).

Ly H (t, -1 -31, —1-21) e (d)
= HM = (2_)— 1, 3, 1+21)

Ty co HM 1 (@)
S HM . ve(2-1)-9-2(1 +28)=0
& t=0= H (0, -1, -1). Dwong thing di qua M (2,

~1, 0) vudng gé¢ va cit (d) chinh 13 dwmg thing di

qua H, M v6i HM = (2, 0, 1) va c6 phuong trinh :
[x=2+2

= -1 Hueong ddn gidi

ILTN

T =
1

| : e I
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Két qud :
CUOC CHO! DAU THIEN NIEN K

Qua khé véi tat ca cac ban, vi anh clia mét thoi
xa xua ma CLB suu t&m & thé Doan vién tir khi...
anh Ngb Dat T méi 16 tudi. Chi mdi ban Trén
Van Minh, nha K12, phong 312 phudng Bach
Khoa, Ha Noi la doan ding. Khi m& phong bi, CLB
méi phat hién ra ban Minh la ban ci clia anh Ngd
Pat TG. Ban Minh tang ngudi trong anh dbi cau
ddi :

Lac tré xinh trai
Vé gia dep ldo

Xin trao tang phdm va cadm on ban Minh.

CLB

SUA THO va... CHIA BANH

R4t nhiéu ban 1ap luan rat todn hoc dé tim ra
ch® nham I&n clia cic con s8. Chi ¢é ban Luong
Xuén Manh, 10C10, THPT Bim Son, Thanh Héa
I tinh mét va sang da d& y va hiéu chit "miéng" &
bai tho. Nhu vay khéng cé ai dudc nguyén ca cai
banh. Néu 4 ngudi xoi 1 banh chung ma cat dén 7
nhat thi hoi... khong thuc t&. Do d6 bai thd ding
phaila:

7 ngudi xoi 1 banh chung
Cét dung 4 nhét chia timg nguoi dn
Khong ngudi nao phéi ban khoan
Nhé to nhung s6 miéng bang nhau thoi.

Nhu vay thi... bai toan cling khéng yéu cau chia
déu vé thé tich va .. nhan banh ma chi méi lan cét
thi chia déu
vé s6 miéng.
Nhiéu  ban
it chia céng phu

' vé thé tich

1 nhung lai noi

sai vé s8

miéng. Bap

an rat chi la don gian (nhiéu cach) nhu 2 hinh
bén_ Xin trao ting pham cho ban Manh.

L.T.N

CAT VA GHEP

Hay cit hinh dudi va ghép cac manh thanh

mdt hinh vuéng.

NGUYEN THI ANH THO
(Ngb 1, t6 8, Cum 4, Khuong Binh,
Thanh Xuén, Ha Noi)

e+ %%, =mc2.

- 5

MOT BAI, HAI L3I GIAI, HAI BAP SO

TRONG MOT CUON SACH
Ban Pham Khdc Thanh, 10B Toin, DHKHTN,
PHQG Ha Noi "bat mach, ke don” "
1) & cich 1, diéu kién cdn thi

xg +2x, =m+1 phdi sira thanh

biéu kién du khi m=—% thi x=y=% chit

3
khong phai x =y de
2) Cich 2 sai ngay (ir phép bién ddi
rala:
x+y=1
xy=m+l

x+y=m+l1
pe=1

va tit nhién... khong con gi d& ding.

ddu tién, I

Ban Thanh con binh luan thém : "So v6i cich 2

thi ¢dch 1 ¢6 phiin ding hon".
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(1)

(3) -

()
(4)

(1)

(2)

(4)

Viéc giai ding 1a don gidn nén xin khong trinh
bay & day.

Cic ban : Vi Danh Duwoe, 11H, THPT Ké Sat,
Binh Giang, Hai Duong, Phan Thanh Nam, 10
Todn 2, THPFT chuyén Luwong Van Chanh, Phi
Yén; T6 Ngoc Ding, 11E, THPT Nguyén Viét
Xuin, Vinh Tudng, Vinh Phie; Dink Tudn Hdi,
10/11, THFT Phan Chéau Trinh, Pa Nang; Trinh
Xudn Thanh, 11A, THPT Ha Huy Tap va Lé Vidn
e, 10 Tin 2, THPT Lé Viét Thudt, Vinh, Nghé
An cé nhin xét t6t.

KIHIVI

HAI LONG CHUR ?

Cho a, b, ¢ 12 40 dai ba canh cia mdt tam gidc.

Chirng minh ring
at +b* +c* <:2(a2b2 +b2e? +cta?)

L gidi. (cha mot s6 sach vé bit ding thic)

vi a, b, ¢ 1a d6 dii ba canh ciua mot tam gidc nén

Ib-cl<a.
2bc +¢* <a’
2

= b’
= b? +¢? -a® <2bc
= (b2 T )2 -:(2!;{-)"'

= b* +c* +a* + 2622 - 2a%b* - 2c%4% <
g )
<4b%c?
4 a; + !J'j' + f."= c:{Zaz bl + b?t"j + t.“j'd“’}
(dpcm)

Cidc ban c6 hiii long vdéi 161 gidi nay khong ?
Theo ban phai gidi th€ ndo cho ding ?

NGUYEN BUC TAN

Giai ddp bai
BANG SO KI DIEU

Ki hiéu (m; n) |a s6 & giao cla hang m va c6t
n thi thay ngay (1; 3) = 30 = (1; 2) = 31. Mat
khac thdy ngay (4; 1) = 29 = (4; 2) = 19. Nhin
hai duding chéo s& c6 (3; 2) = 26 va (2; 2) = 22
= (3; 4) = 21; (2. 4) = 25.

Xin trao giai trinh bay dep nhat cho cac ban
Nguyén Van Toan, 7C va Nguyén Van Théang ,
9B, THCS Yé&n Lac, Vinh Phac, Trén Van Ngoc
Tan, 6/3, THCS Phan Phic Duyén, Bién Tho,
Dién Ban, Quang Nam.

Cam on tat ca cac ban.

NGOC MAI

CHOI CO

Mot ngudi méi ngay chai it nhat 1 van cd, mbi
tuédn chai khéng qua 13 van cd. Chitng minh
réng tén tai mét s& ngay lién tiép nhau ma téng
s& van cd anh ta choi ding bang 20.

v BiNH HOA

PHUONG PHAP GIAI BAI TOAN QUAN MA DI TUAN ( Tiép trang 23)

@ @ @ m @ @

i

(3)

@

5* .'. 6* : F (4]

(1)

@)

(3)

(@)

2 B @M@ 6 @

Hinh 5

(1) () (3} 4) (1 @ (_3) (4)
\> P e = /=l =

(3) 7@

)] A . AL 4 (3)
g .

o X (1)

( ! _."l B 7 5w / E*

() EX b A (4)

Hinh 6
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"Ma s6: 8BT88M1

TRUONG THPT CHUYEN LUONG THE, VINH, DONG NAI

Thc‘mh lép vao thang 10/1994, truéng THPT
chuyén Luong Thé Vinh, tinh Déng Nai duoc
xem la thanh vién tré tudi nhét trong hé théng

¢

Nrer gidher 1o 1

TRAN ANH DUNG
Hidu tregmg nha irieemg

cdc truéng chuyén cd nudec. Buge sy quan tam
cUa Tinh Uy, HDND, UBND tinh Béng Nai, ndm
1997 truong da khénh thanh co 56 méi véi dign
tich 2,7ha tai dueng Déng Khéi, phuang Tan
Hiép, Tp Bién Hoéa tinh Déng Nai. Dén nay
truang dé <o 30 lop véi trén 800 hoc sinh thuée
cac lép chuyén Van, Toan, Ly, Héa, Sinh, Tin
hoc va tiéng Anh.

La mét truang trong diém cia finh Déng Nei,
tép thé su pham va CBQL cia trudng ngodi viée
chi trong néing cao chat luong gidng day, xéy
dung déi ngd, truéng cén chd trong ding muc
dén vigc gido duc toan dién. Co s& vt chat cia
truong hién 18t nhéit trong tinh Bong Nai véi hé
théng phonu thi r1g|*| &m, thu vién, céc séin quan
vot, béng flwyen béng 18, béng da. Buoc su

i tro cia t& chie GLOBAL LIFE LEARNING *

CENTER (Nhé&t Bén) gido vién va hoc sinh cia
truéng duoc st dung 1 phéng Internet dé gidng
day va hoc tap mién phi

ISN : 0866-0853 Ché bén tai Toa soan

Chi s6 : 12884

Trong & ném hoc qua, vuot bao khé khan, tré
ngai ban déu céng véi su manh dan, dém ngh
dém lém coa tap thé su pham va CBQL cia
trudng, buédc déu trudng da dat nhing két qua
dang khich 18 vé chét luong gido duc todn dién,
vé xay-dyng déi ngi. Nhing thanh qua tidu biéu
cUa nha trudng trong 6 ném hoc qua lé :

« Dat 105 gidi trong céc ki thi chon hoc sinh
gidi céip quéc gia

« Dat 1104 gidi trong céc ki thi chon hoc sinh
gidi cdip tinh véi rét nhigu gidi nhat.

o Ti 18 d& dai hoc hding ndm 1 90% dén 96%.
15 luot hoc sinh dé thi khoa, a khoa cée ki thi 1
taii vé tuyén sinh vao Bai hoc. 6 hoc sinh da duaoc
nhan hoc béng toan phén cia nha nuéc du hoc
tai Ue, Nga, CHLB Puc, Nhét vé Trung Quéc.

« Dat 20 huy chuong Viang trong cac ki thi
Olympic 30/4 coa cdc tinh thanh phia Nam. Dat
gigi nhi toan dodn fai ki thi C|yn. ¢ 30/4 nam
1998 16 chic tai truong THPT chuyén L& Héng

Phong, TP Ho Chi Minh.

e Dot 2 huy chuong Bac tai Hai khée Phi
Déng toan quéc.

e 4 nha gido duge Cho tich nuéc fing danh
hidu cao quy Nha gido vu 10, 5 nhé gide duoc
Tho tuéng chinh pho ting Bang khen, 20 luot
giGo vién duoc trao ting Huy chuong vi sy
nghiép gido duc. Hidu trudng nhé truong dugc
tang danh higu Chién s thi dua tean quéc ném

2000,

To ngay thanh lap dén nay, nhé truong duoc
nhén nhidu Béng khen cua UBND finh Béng Nai
B6 Gido dyc - Dde too, Thi tuéng chinh pho
Ném 1998 truong vinh du duoc Chu tich nuoc
trao tng Huén chueng Lao déng hang Ba

In tai Nha may in Dién Hong, nga 187 phé Giang Vo  Gia : 3.000d
In xong va ndp liru chiéu thang 4 nam 2001

Ba nghin dong
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