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| & NHONG YONG TRON KY AO

“ai 8 tdng ké
-j cé tong la

Gidi ddp bai: CHU Y.fi‘f\-' CHUNG
MINH DINH LI PITAGO

Hét tiéc rang khéng c6 ban nao chitng minh dinh Ii Pitago
biing ca 3 cach. Vi trang bao nay cé han nén méi cach chi
diura ra mét |&i giai.

Céch 1. Tinh dién tich céc hinh va bién ddi dai sé (h.1)

. 3
b b a; (a+h) = Sagcp=51+ S+ S3 = - e 2(;31‘5]

3 D sa+b =
Hinh 1 Hinh 2 Hinh 3 Cédch 2. Phan chia hai hinh vuéng nhd thanh cac phan rdi
ghép lai thanh hinh vuéng Ién (h.2)

Cdch 3. Cing ghép thém 3 hinh tam gidc vao 2 hinh vudng nhd va vao hinh vudng Idn dé cing duoc mot
hinh ABCDE (h.3)

4

Fd

PHI PHI1
r - - -y ey,
HOI NGHI CONG TAC VIEN hoc Vigt Nam, PGS Va Duwoug Thuy, Pho
e S R Gidm ddic NXB Gido duc, cic uy vién
F'OAN HOC TUOI TRE 2000 Hoi ddng bien tap cung hom 100 cong tic

vién ¢Ac tinh, thanh v Thim Thién - Hué
réf ra va cac cin b trong toa soan. PGS
Hoang Ching va bién tip vién Trin Chi
Hicdu tir Tp Ha Chi M inh cang dén tham
du héi nghi. Hoi nghi danh gid nhing
HOL NGH thimh tich viv nhimg vige clum lun duoe
il Tir 1 T cta nam 2000 vi dé xudl nhimg In ' phip
Wb s i) La"ﬁ LI nhim Lép e dti moi nodi dung vi hinh
; thire clia tap ¢hi trong ném 2001 va nhimg
nam Gép dén. Nhidu cong tic vién da phat
bidu nhimg ¥ kicn d& xuit va hi VOILE Lap
chi s¢ ¢d budc chi uyén minh, chuin 511
cing dit ncke bwve vao nén kinh (& tri
thice. Céc cong lac vién cong hoan
nghénh sir rz 1 din etia Todn Tudi tho

Nhan dip nay, GS. Neuyén Cénh Toim
vi PGS, Vi Duong Inm da trao Bang
danh dw va eidi Llau omg cho cac b an doc
doat giki Xuil siic va 2idi Nhit cude thi
gidi Todn vA Viar Li weén tap chi
nam 2000).

Sang 22.12.2000 tai Hoi tnomg 81 Trdn Hime Dao, Ha Noi
da dién ra Hoi nghj cong tae vién nam 2000 cia tap chi Toan
hoc va Tudi tré. V& dy 6 GS D Long Van, Chi tich Hoi Todn

i
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Todn hoc va Tudi tré
Mathematics and Youth

 N&m thi 38
2 56 283 (1-2001)
Toa soan : Ng6187, pho Giang Vo, Ha Noi
BT : 04.5142648-04.5142650
FAX: (84).4.5142648

Téng bién tap :
NGUYEN CANH TOAN

Pho tong bién tdp :
NGO PAT TU
HOANG CHUNG

Hoi déng bién tdp :

NGUYEN CANH TOAN,
HOANG CHUNG, NGO PAT
TU, LE KHAC BAO,
NGUYEN HUY  DOAN,
NGUYEN VIET HAI, DINH
QUANG HAO, NGUYEN
XUAN HUY, PHAN HUY
KHAI, VO THANH KHIET, LE
HAI KHOI, NGUYEN VAN
MAU, HOANG LE MINH,
NGUYEN KHAC MINH, TRAN
VAN NHUNG, NGUYEN
DANG PHAT, PHAN THANH
QUANG, TA HONG QUANG,
PANG HUNG  THANG,
VU DUONG  THUY,
TRAN  THANH  TRAI

LE BA KHANH TRINH,

NGO VIET TRUNG

Truong Ban bién tip :
NGUYEN VIET HAI

Thu ky Toa soan :
LE THONG NHAT

Thue hién :
v0 KIM THUY

Trisw:
v ANH THU

Trinh bay :
NGUYEN THI OANH

Pai dién phia Nam :
TRAN CHi HIEU
231 Nguyén Van Cu,
TP Hé Chi Minh
BT : 08.8323044

TRONG SO NAY

Danh cho Trung hoc co s¢ — For Lower Secondary
Schools
Nguydn Khdnh Nguyén - Vé tinh chat cia mét ti
gidc néi tiép dic biét

€ Tiéng Anh qua cdc bai todn — English through Math
Problems — Ngé Viét Trung

Nhin ra th€ gidi - Around the World
Dé thi Olympic todn ctia Lién bang thic

o Chuéin bi thi vao Dai hoc - University Entrance
Preparation %
Péng Thanh Hai - Mét sé 16p tich phan déc biét

o LTN-Trén Phuong - D& thi mén Toan vao DH Ngoai
thuwong Ha Néi, khoi D, nam 2000

9 Nguyén Khédc Minh - Loi giai céc bai toan thi chon
hoc sinh gidi quéc gia mén todn - 16p 12 THPT nam
hoe 1999-2000 (Bang B)

@ Dé ra ki nay — Problems in this Issue
T1/283, ..., T10/283, L1,L2/283

@ Gidi bai ki trude — Solutions to Previous Problems
Giai cac bai cia s6 279

@) Tim hiéu sau thém todn hoc so cdp — Advanced
Elementary Mathematics
Tran Nam Diing - Song 4nh va céc bai toan giai
tich t6 hop

€8 Todn hoc va d¢i séng - Mathematics and Life
Xuan Trung — Tu lich trén mét ngon tay

€0) Cau lac by —Math Club
Sai lim & diau 7 Where’s the Mistakes ?

Bia 1: Tru s& Vién Toan hoc Vigt Nam

Bia 2 : Toan hoc mudn mau — Nhiing vong tron ki ao
Héi nghi Céng tac vién THTT

Bia 3 : Gidi tri todn hoc - Math Recreation
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VE TINH CHAT
CUA MOT TU GIAC
NOI TIEP PAC BIET

NGUYEN KHANH NGUYEN
(GV truong THCS Héng Bang — Hai Phong)

AD?  NA

Trong céc tt gidc ndi ti€p c6 mot i gisc djc ~ T0an toan tuong ty ‘{;E = NC @
biét. Ta hay xét bai todn sau :

Bai toan 1: Tir mot diédm M ngodi dudng tron Do AB = AD nén tir (1) va (2) ta c6 MA = NA
v& céc tifp tuydn MB, MD va cit tuyén MAC dén BC DC MC NC
duomg tron, Ching minh ring AB.CD = AD.BC o MA _NA

Chiing minh : (h.1) MC-MA NC- NA

AR MA MA _NA

Dé thiy AMAB o AMBC nén BC - MB = AC AL = MA = NA hay M tring N (dpem).
Tuong ty Van dung két qud 2 bai tdp trén ta ¢6 thé gidi
DA MA mot s6 bai todn tha vi sau ddy.
ggmﬁfﬁfﬂ Bai toin 3. Tir diém A ngoai dudng tron ve cic
AB DA ti€p tuyén AM, AN vi cat tuyén AKL dén dudmg
Ty e tron, V& dudmg thing d bat ki song song vdi AM.
o Gid si d it cic dudmg thing KM va LM tgi P vi
Eajggg% Hinh | Q tuong tmg. Chimg minh riing duomg thing MN
=AD.BC (dpem) di qua trung diém doan PQ.

Tt gidc noi ti€p ABCD co6 tinh chdt dic bigt la_

tich cdc canh ddi bdng nhau. Chiing minh

Se& khong 4nh hudng dén k&t qua bai todn khi

Bdao lai : ? .
. . o ho duomg thing d d N (h.3). Lac d6 :
ol ke 3: Gl Biko ABCD RO ifp o, © e g Al g ¥ (R S
dudmg tron va AB.CD = BC.AD, khi d6 céc ti€p M// [

tuyén tai B va C hoic cit nhau trén duomg thing

AC, hoic song song.
Chiing minh: d
- Néu BD la i

dudmg kinh cia

duong tron thi N
céc tiép tuyén tai
B va D s& song /
song v&i nhau va F Hinh 3
song song vdi NK
AC (vi AABD va Hinh 2 AMNP «» AMKN = L i (1)
ABCD wvubng & NM KM
AB CB ON NL
s 1 A w AMLN = = g
A va C, hon nira D C‘D) MNQ N - IM (2)
- Gié sir BD khong 12 duong kinh va gid sir céc : NK NL
tidp tuyén tai B vd D l4n luot cit tia CA tai M vh AV Bual | AR KM IM 3)
N (h.2). Khi d6 tir AMAB e» AMBC PN QN
_AB_MA_MB_ AR’ MA B, @ CL S B =
BC MB MC  pc? MC (dpem)
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Bai toan 4. Cho AABC ndi tiép trong dudmg
tron tim O, cdc ti€p tuyén tai B va C cdt nhau tai
N. Ve diy AM song song vdi BC. MN cit dudng
tron 14n nira tai P. Chimg minh ring dudng thing
PA di qua trung diém cia BC.

Chikng minh

Cdch 1. Gia sit D 12 trung diém cta BC va AD
cdt dudng tron tam O tai K. Ta s¢ chimg minh
cc ti€p tuyén tai B va C cit nhau trén dudng
thing MK, lic d6 K trung voi P. Xét ur gidc
BMCK. Khi d6 ta c6 :

CM _AB_DB _

G Tk DR
_CD_AC_BM
" DK BK BK
suy ra
CM.BK = BM.CK.

Theo k&t qud bai _
to4n 2 ta c6 didu phéi N
chimg minh. _ Hinh 4

Cdeh 2. Gid st AK
it BC tai D. Theo k&t qui bai todn 1 ta ¢

£k o Bh .| CEu BE
[ D s ST

CM BM  AB AC
DK DK

o ——=——¢DB=DC :
i B &S DC (dpem)

Tit ¢i Ii do d& xay ra cdc ddng thirc trong 10i
gidi cdc ban co thé ty gidi thich don gién !.

- Dé k&t thue cho mot tinh chit dep ctia mot
uf gidc ndi tép ddc bigt, xin mdi cic ban hay gidi
bai todn sau day :

Bai todn 5. Cho hai dudmg tron (Oy) va (O3)
cét nhau tai A va B. Tir mdt diém C trén dudmg
thing AB vh nim ngoai hai dwong tron v& hai
li€p tuyén CM, CN v6i duomg tron (0y). Ve cic
dwong thing AM, AN cit dudng trdn (O5) lin nira
tai P vi Q tuong tmg. Chimg minh ring dwdng
thing MN di qua trung diém cia PQ.

.........................................................

Ngudi trong anh ?
Ho vatén :

..................

TIENG ANH
QUA CAC BAI TOAN

BAISO 37

Problem. Let ABCD be a quadrilateral and
EFGH a square inscribed in ABCD such that EB
=FC=GD=HAas in
the following picture.
Prove that ABCD is also
a square.

Solution. Rotate the
figure counterclockwise
through 7/2 about the
center of the square so
that H falls on G, G falls
on F, Afallson A’ and D
falls on D', Since

ZFGC + ZGFD’ = ZFGC + ZHGD = /2,

the line FD’ is perpendicular te GC. Since FD’
= GD = FC, D' is on either GC or on the side of
the line GC opposite to F, and hence A’ is on
either GD or on the same side of GD as F. Hence
ZEHA = ZHGA’ does not exceed ZHGD. Thus,
applying the argument all around the square we
get £ EHA < ZHGD < £/GFC < LFEB < ZEHA
with the result that all these angles are equal.
Hence

LZHGD + ZDHG = £ZEHA + ZDHG = /2.

s0 £CDA = /2. Likewise, £ DAB = ZABC =
ZBCD = ZCDA = w/2. The result now follows

easily.

Tir mai.
quadrilateral = tr gidc
square = hinh vudng
inscribe = noi ti€p (dong tir)
picture = hinh vé&, anh
rotate = quay (dong tir)

counterclockwise = theo chifu quay ngugc
kim dbng hd (trang tir)

center = #im, trung tam

fall = roi, trang (dOng tir)

perpendicular = vudng géc (tinh tix)

opposite = ngugc phia, doi 1dp (tinh ti)

exceed = vuot, Idn hon (ddng )

apply = dp dung (dong tir)

argument = 1i 1, ludn ¢t

result = két qud

angle = goc

likewise = ciing nhur viy, tuong ty (gidi (i)
NGO VIET TRUNG

3
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BE TRl OLYWPIC TOAH
CUA LIEH BAKG DUT ( IQQB)

VONG 1
Bai 1. Mgt vién da trén truc s&, ban ddu ¢ vi

1
tri T dich chuyén dugc theo cdc quy tic sau :

a) Tir vi tri — 5 4 hao do, no ¢o thé chuyén dén

vi tri %" hodic %

b)'I‘&vitrignaodé,néua>bﬂﬁn(}cdthé

chuyén dén vi tri g";ﬁ con néu @ < b thi n6 6

thé chuyén dén vi tri b_

Tim di¢u ki¢n cdn va di vé quan h¢ gita x
va y sao cho vién d4 ¢6 thé dén vi tri E, sau mot
s6 htru han 14n chuyén.

Bai 2. Trén moOt doan thdng do dai 1 don vi
¢6 mdt s¢ htru han doan nhd rdi nhau duoc t6

DON DOC THTT sé 284 (2-2001)

mau sao cho khong c6 hai diém cach nhau 0,1
déu duge t6 mau. Ching minh ring tdng do
dai cilla cdc doan duge 1O mau khong thé vt
qud 0,5.

Bai 3. Xét nga gidc ma mdi dudmg chéo song
song vdi mot canh cia n6. Ching minh ring ti
sO clia d§ dai dudng chéo voi canh tuong tng
song song vdi né 12 nhu nhau d6i vdi cd 5
canh. Hay xdc dinh gid trj clia ti s6 nay.

Bai 4. Chitng minh réing mdi s6 nguyén k
(k > 1) c6 mot bdi s6 nhd hon k* va boi s6 nay
vi€t trong h¢ thap phan b&i nhidu nhét 13 4 cho
sd khdc nhau.

VONG 2

Bai 5. C6 thé phd kin mot hinh vudng canh
dai 5 don vi bdi 3 hinh vudng canh dai 4 don
vi duge khong ?

Bai 6. Caicdclamdtbang || 2 /3 4 I 5
hinh vudng kich thude n x n 5 ,H‘g‘*g 10
dwge dénh s6 tr 1 dén 22, |
ching han nhw hinh ve ben |'! 12 | 1314/15
vdin=>5 Bancothé chonn |16/17 1819 20
0 sao cho khong c6 2 6 nho |9 Igz !23 2425

cung cdt hodc cung hang roi
cdng céc sO trong cdc O da chon. Gid tri cia
tGng ny c6 thé bing bao nhiéu ?

Bai 7. C6 4 dudng thang trén mdt mit phing
sao cho o 3 duong thing trong ching xéc
dinh dugc mot tam gidc.

Mot trong céc dudong thidng nay song song
véi mot trung tuyén cda mot tam giac duge
hinh thanh bdi 3 duong thing khac. Chimg
minh ring mbi dudmg thing khédc (véi duomg
thdng vira néi trén) ciing c6 tinh chit nay.

Bai 8. Tim tdp hop tdt cé cdc sd nguyén
dwong n sao cho n.2"! 12 s6 chinh phuong.

https://tieulun.hopto.org
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" DANH CHO CAC BAN CHuN BI THi vAo oAl noc 2R

Trong céc ki thi tuyén sinh vao cic truomg dai
hoc va cao ding thuong giip céc bai todn vé phép
tinh tich phan. Né&u biét khai thic vh m& rong cac
bai toan d6 ta thu duge cac két qué kha dep vé céc
tinh chdt ciia tich phan va vin dung c4c tinh chét
nay gitip ta gidi dugc mot sO lugng 1én cic bai tip
v& phép tich phan cudi cdp THPT. Sau diy la mot
s@ tinh chdt ciia tich phan va cic van dyng cia nd.

1 1

i Sinx
+

24+l g+l

-1

14 ham 1& trén [-1,1], tir tinh chét 1

Loi gidi. Taco : 1= |

sinx

Dé thdy

{ +1

sinx x

= dx=0, con
_Iif’ 1 2+l

lahamchintrén[-1,1]

MOT SO LOP TIiCH PHAN PAC BIET

DANG THANH HAI

(GV khoa co bdn Hoc vign Phong khong Khéng quan, Ha Tdy)

Tinh chét 1. Néu f(x) lien tuc va 1a ham 12 trén
a
[-a, ] thi = | fx)dx=0
-a

a 0 a
Léi giai. Tac6 1= | fodx = [ foondx + [ frodx.
-a -a 0

Pit: x = -t = dx = —dt , do flx) 1a hamlé¢ = f-1)
= —fi1).

a o a a
1=[f-ndr + [ foodx=- [ foyr + [ fonax =
0 0 0 0
= ( (dpcm).

172
1-—x
Vdn dung: Tinh I = I cosx.lnf —)dx
_in ln( 1+

e ¥ Y Ioxy
Loi gala:. lRo rang flx) = cusx.h( 1+x) lién tyc
Lrénl:—a, 51.&5 Jix) + fi-x) =
1- 1+
—cos,x{ in( I+D + LI( IJD]_ cosxlnl=0
— fx) 1a ham & trén [— é %]. vay theo finh
chdrltac6é:I=0
Tinh chét 2: N&u f{x) lién tyc va 14 ham chfin
trén [-a, a] thi a P
1= [ foodx =2 [ fndx
Chimg minh tuong tr nhtt tinh chdt 1, chd §
fi-x) = flx)
Bcih i
X+ sinx
it I2+1

(42 thi tuy&n sinh DH Lam nghi¢p - 1999)

Védn dung. Tinh [ = dx

2-TH

nén theotinh chat2

.- 1
.'=2E[x2+!dx=2£

1 1 1
% 5 dx
—_-:s.f-2[£xza'.x gdx+£x2+1]

n_ 4

:>I=2[(%x3—x) ‘; +arcrg:t|;]= =
Tinh u.:l:ﬁ'rtv2 3. Néu fix) lién tyc tréq [0, 1] thi

S

x2+1

dx

2
[ ftsinydx = | fleosnydx
0 0

v

2

::-Tﬂshu)dr=—jqf[sin(g—t)]dr

Loi gigi. Datt = -x=dx=—dt

2 2
= f flcosndt = Iﬁcosx)dx (dpem).
0 0

" cod
Vén dung Tinh I = [—=""—dx(ne N)
o cos™x + sin"x
Lévi gidi.
2
ApdungﬁnhchﬁtS:!:_[gde
p sin”x + cos"x
e cos™x 44 sinx
== ——‘—.dx+_[f'"—'—dx
p COS™X + sinfx p SiN"x + cos’x
n2
2
=5l “e Tpat
o o. 2 4

Tinh chét 4. N&u a > 0, fix) 12 ham chin, lién tyc
trén R thi v6i moi s& thye duong o taco :
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o o
J'M = Iﬂx)dx
-ﬂﬂx+l 0
Lo gidi. Diit x = —t = dx = -df chi § fi-1) = fit)

jo [ Mo [ genar

L T | G
=T At =Ta‘gr1dr
(}_l_+1 ga'+1
a
o oL [+ 3
Vayj M=ja“ﬂx)dx +J’j(x)dx :
— ﬂ'r+l 0 ﬂx“f‘l 0a1+l

=[x (apem).
0

g |
Van dung. Tinh = [ —*—dx

_i1+2"r

(B¢ thi wyén sinh Hoc vien Cong nghe Buu
chinh Vién thong - 1999)
Lo gidi. Van dyng tinh chit 4 védia =2 > 0,
flx) = x* 12 ham chin, lién tyc trén R ta ¢6 :
1

1 11
= [stas = 52| =3

_ Tinh chat 5. Neu f(x) lien te wen [0, 1]thi
mn
[sinoax = 2 [fsinoax
0 2 0
Lovi gidi Ditx=n—t = dx=-dt

T 0
= I= [ xfisingdx = [ (n - 1) . flsine - n}de
Q s

ki T
= [ (x - nftsinnyat = fn—x)ftsinax
0 m Fj4
=T

i :

If(sinx)dx - J X flsinx)dx = I Sisinx)dx -1

e —7 0 0

= 2 = [ fisinmm)dr = 1 = g [ Atsinx)dx (dpem)
T

0 .
Vén dung Tinh I = | 7x's’m‘z dx
0 9 +4cosx
(cAu IVa, d& 11, bo dé thi tuyén sinh)
Loi giai, . :
Tacd flx) = i gt o= ;
9+4cos"x 9+4(1 -sinx)
n
Tirtinh chit 5 = /=" | !
09 +4dcos"x

sinx

T
s d(2cosx) n 1 2cosx | °
= f=—(-= —— - a
2 ¢ z}g(zmsx)lu-’- L
=J= —lz[ﬂﬂ'.' 1g(— g) —dqrc {gz = i ar{:fgg g
1 3 34 6 3

SONG ANH... (Tiép trang 22)

Phieong phdp thit hai cling tinh S, thong qua viéc
tinh T(i, k), tuy nhién v&i mdt cach nhin khac : vai |
phin t¥ ny, 7y, ..., n, thude (1, 2, .., n} ta dm xem c6
bao nhiéu bd (A;, Ay, ..., A,) thda man didu kien A, U
Ay .. UA, = (R, ny, ..., m} (3), tir d6 tinh duoc TV, &)
va s,

Ta cho céc phin ti ny, ny, ..., n, "ding ki" c6 mit
trong c4c tap hop A, theo quy tic : néu, ching han n,
ding ki ¢6 mit trong A,, A, va khong c6 miit trong cc

taep con lai thi phidu dang ki ghi 1a (1, 1, 0, ..., 0), con
néu my chi c6 mit trong A, thi ghi phigu 14 (0, ..., 0, 1).

Phi€u ding ki 12 hop 1& néu ¢6 it nhdt 1 s8 1 (néu
khong phén tir trong img sé khong ¢ mat trong A; U
Ay .. A VG i phidu dang ki clan,, 1y, ..., 0, ta

1ap duge b (A, Ay, ... Ay). DE thdy riing voi hai b

phi€u dang ki khéc nhau, ta c6 hai b) t3p hop (4, A,,
- Ay) khac nhau va nhir thé s5 b (A, Ay, ..., A,) théa

man (3) bing s b phifu dang ki hop 1¢. Vi phidu
ding ki clan,, p=1, .., i g6mk s6 0 hogc 1 va phai

¢ it nhdt 1 s& 1 nén n, ¢6 2%1 cach ghi phi€u dang ki

va nhu vy ¢6 tht ci (2%~1)' by phifu dang ki hop 12
khéic nhau,

Cudi cing, chd ¥ ring ¢6 C! cach chon i phén tir tir
n phin tir n2n ta ¢6 T(i, k) = Ci(2* - 1) va tir day suy
ra 8, =n(2k - 1), 2kn-1),

6

Lo gi% thir hai rd rang la ngdn gon va dep hon
rt nhidu. O day thye & d2 xay dyng mot song anh tir
tap F, vao @p hop G = {(ry, 75, ..., 1)l 12 céc xdu
nhi phin do dai k) va tdng ¢in tinh bing

> dlry, ry e, 1) VOLd(Ty, Ty .o 7,) 1286 CAC X8U

{rprger, ) € G
r; khéc (0, O, ..., 0). V& suy nghi xa hon mat chiit theo
hudng nay, ta c6 1o gidi thir ba cdn ngln gon va bat
ngd hon rit nhidu

Goi §,(/) la s cdic b) (A1, As, .., Ap) saochoie A U

Ay U ..U A thl S, = ) 5(0) (ban doc hay oy kiém tra
i=1
tai sao).

Co tat cd (2" bd (A, Ay, ... Ay VOIA, = (1,2, .,
n). Trong s ndy, ¢6 (271 bd Vi A; U 4, . U A,
khong chita i (vi hic nay v6i mbi A, chi con 27! cdch
chon). Nhir thé c6 27 — 20n-1% bo) (A, Ay, ..., Ay) Vi §
€ Aj VA, ... VA, Nhirviy S, (i) = 20Dk (2K~ 1) va
5, =n2m-1k (2k_1),

R0 ring céch gidi cudi cing rdt n trong v& sy don
gidn clda nd. Nhumg ¢6 duge sy don gidn d6, ching ta
da phdi may mo va suy nghi it nhidu, phii ¢ nhimg
ki ning co bin, nhimg kinh nghiém thu nhin dge
trong qud trinh gidi to4n va doi khi 13 mt “giac quan
todn hoc" ¢d dirge nhiy rén luyén khong ngimeg.

Trong s8 bao sau s& rinh bay tifp cdch gidi mot sd
bai todn td hop cd ap dung phirong phap song anh.
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DE THI MON TOAN VAO DAI HOC NGOAI THUONG HA NOI
KHOI D - NAM 2000

A. PHAN DANH CHO TAT CA CAC THI SINH
(chuyén ban v chua phén ban).
Cau 1. 1. Khio sit sy bién thién va vé db thi
ham s :
y=1 —6x2+9x-1
2. Tir mOt diém bét ki trén duong thing x=2 ta
¢6 thé k& duoc bao nhiéu tiép tuyén t6i dd thi
ctia ham s6 ?
Cau I1. 1. Giai phuong trinh :
P+3x-42+302+3x-4)=x+4
2. Gidi bét phuong trinh :
Vi+3 2 V2x-8 + V7 -x
3. Giai phuong trinh :
log(x2 + x + 1) - loggx = 2x - x
Cau IIL
1. Giéi phuong trinh :

) : 5
sin®r + cos®x = 2(sin'% + cos!%) + 7 cos2x

2. Cho AABC. Gia st G 1a giao diém cic
dudng trung tuy&n cia tam gide. Ki higu ZGAB
= o, ZGBC = B, ZGCA = y. Ching minh ring :
3(a? +b% +ch)
costga + cotgp + cotgy = = Syt ik
trong d6 a, b, ¢ 12 49 dai ba canh va S 14 dién tich
cla tam gidc.

Cau 1V. Cho parabol y? = 8x va diém I(2, 4)
niim trén parabol. Xét géc vudng thay di qua
quanh diém 7 vd hai canh cda gbc vudng cat
parabol tai hai didm M va N (khdc voi diém 1.
Chimg minh ring duomg thing MN ludn ludn di
qua mot dim cd dinh.

2. Cho parabol y = x* + 1 va duong thing y =
mx + 2.

Chimg minh ring khi m thay ddi, dudng thing
luon ludn cdt parabol tai hai diém phén bigt. Hay
xic dinh m sao cho gllﬁn dién tich hinh phing
gi6i han béi dudng thing va parabol 12 nhd nhat.

B. PHAN DANH CHO TUNG LOAI bOI
TUQNG THI SINH

Cau Va. (cho thi sinh thi theo chuong trinh
chusa phan ban)

+2x2+10x+1dx
x24+2x+9

1

3

Tinh tich phan : [*
Q

Cau Vb. (cho thi sinh thi theo chuong Irinh
chuyén ban B):
2 4+3x+10

1
Tinh tich phan : jx2+2,t 5
+

0

HUGNG DAN GIAI

Cau L. 1) Ban doc ty gidi
2) Gid st M(2; m) 1a diém thudc dudmg thing
x = 2. Pudmg thdng di qua M 1a y = a(x-2) + m.
Pudng thing nay 12 tiép tuyén cla dd thi < H§
{x3—6x2+9x——l —ax-2)+m (1)

2 -12x+9=a (2)
co nghidm.
Thé a tix (2) vao (1) ta ¢d :
1x)=-23+ 1202 - 24x+17=m (3)

Vi 1'(x) = -6(x — 2)% < 0 (Vx) nén i(x) nghich
bi&n trén R = (3) ¢6 1 nghig¢m duy nhdt v6i moi
m = tr M k& duoc duy nhdt mdt ti€p tuyén tdi
dd thi.

Cau IL 1) Viét phuong trinh vé dang

(2 +3x-4P2 + 403 +3x-4) = x>+ 4x
o [(2+3x— 42 - 2] +4[(x> +3x-4)-x]=0
e (2 + 2x - 4)(a? +4x) =0
o xe {-1+V5:0;-4).

Nxe 4 51w][6;7]

3) V§i diu kién x > 0, ta viét phuong trinh v&
dang

log3(x+i+ 1)=(x—1)3

Vai x > 0 thi 1033(x+l+1)210g33= 12t =
X
(x-1)%

Tir d6 suy ra : phuong trinh ¢6 nghi¢gm duy
nhitx=1.

Céau IIL
1) Ta viét phuong trinh v& dang

sin®x(1 - 2sinx) - cos®x(2cos’x - 1) = icosz.x

&> cos2x(sin®x — cosBx — %) =0
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Vi:sindx <1 < % + cos®x nén phuong trinh
trong duong vdi :
msh:ﬂ@x=£+k%(k62}.

2) Goi M 1a trung diém ciia BC. Tir cong thirc
tinh d¢ dai dudmg trung tuyén ta c6 :
m2 +mg +m2= 3{&2 +b2 4+ ¢,
Trong AABM ta co :
2, 2@
CHMa=y 4+ amd-g?
cotgo. = = e
48 Lt 8s
Tuong ty d6i vai cotgB, cotgy. T do ta c6 dpem.

CaulIV.1) Tac61(2,4) € (P): y*=8x.
2 2
Goi M(’”—. m); N(”—, n) cing thugc (P)
; 8 8
Vi m,n:eztl.lKhidO: 5
= m2-16 - n2-16
M = , m—4); IN = s
L e m ) N ( § A 4)
DoIMlINva(T—4)(n—4)¢0nén:

= - 2 _ -
M. =P B 3 816+(m—4){n—4)=0
m+4 H+4+1=0

< mn+4(m+n)+80=0
Phuong trinh duong thing di qua 2 diém M, N

PN et L) B 0, SR 8
" n® m? a2 m+n
8 8 8

2
<= 8 (:c - %) = (m+n)(y-n) =0
< 8x— (m+n)y+mn=0
Gid sir A (x,, y,) 12 diém c6 dinh € duomg
thing MN. Khi d6 ta c6 he sau ding ¥m, n
mn+4(m+n)+80=0
8x, - (m+n)y, +mn=0

m_:(BO+4n)
= n+4
8x,— (m+n)y,+mn=0

80 +4n
=>8Jcﬁ+[—JPIer n

= 8(n+4)x +(80-n?)y, - (80n+4n?) = 0 ding Vn
& (=¥, — 4)n? + 8(x, - 10)n + (32x, + 80y,) = 0

_ya_ % ya=_4
ding v6i Vn < 4%, —10=0 1y =10
32x,+80y,=0 [

= Diém ¢d dinh 12 A (10, —4)

2) Hoanh d9 giao diém cta 2 duong 12 nghiém
ctia phuong trinh :

2+1 =mx+2<:>x3—mx—1=0(*)

Phurong trinh (*) ¢c6 P = -1 < 0 nén ludn c6 2
nghig¢m x, < 0 < x; = 2 duwdng ndy ludn cidt nhau
tai 2 diém A, B trong tmg (xem hinh va).

Goi § 1a dign tich hinh phdng gi6i han bdi 2
dudng thi :

*p

S=j[(mx+ 2) - (x2 + 1)]dx

=[_£+ﬁ+x 5
3.5 43 -

1
=—5(1§—xf4)+%{x§—xﬁ)+(xﬂ—xd)

- é (xp = X,)[2(x} + X5 + xpx,)-3m(xg +x,) - 6]
Luuj?.'x%+x§_ = (x4 +x3)2— PA %
X, +xp=m;
4

X ks =1 thib'=%(s'nz+-=l}3“'2 = 3

Ding thic xdy ra < m = 0, khi d6 mjn5=g
(dvdt).
1
Cau Va. = [xdx + % f d(x* +2x+9)

s + — 2 =
2‘0 2]nlJc +2x+ 9|

1 1
Cau Vb.J=[dx + %IM
0

0

x 1 1 1 1
= o+21nLr2+2x+9|lo —1+ln2—21n3
Hm‘gaddngidi
LTN va TRAN PHUONG
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LOT GIAI CAC BAT TOAN THI CHON HOC SINH GIOI QUOC GIA
MON TOAN - LOP 12 THPT - NAM HOC 1999-2000

(Bang B)

Bai 1. Cho s6thuc ¢ > 2. Day s6(x,). n=0, 1,
2, ..., duwgc xdy dung theo cdch sau ! x5 = e,
Xp = Ve=Nc+x, =01, 2, ..) néu cde
biéu thitc dwdi cdn la khgng dm.

Chimg minh ring day (x,) dugc xédc dinh vdi
moi gid tri n va tOn tai gi¢i han hiru han linwx,
khi n—o0.

L&i gidi. » Bing phuong phép quy nap theo
n, ta s& ching minh x, duge xac dinh Vn € N*.

That vay,doec>2nén:0<c+x,= c+ e
<2t = c+x0<@<c=>c—\’r:+xo:>0.
Suy ra x; duge xdc dinh (1).

Gid st x; (k > 1) da duge xé4c dinh. Khi d6,

hién nhién ¢6 0 < x; < Ve < c.
Viﬂ1€:0<c+xk<2c:>\Jc+xk<\!%<c

=c-VNc+x>0.

Suy ra x,; dugc xdc dinh (2).

Tir (1) va (2), theo nguyén li quy nap, suy ra
x,, duge x4c dinh Vn € N°. (dpem).
o Tir cong thic xdc dinh day (x,,) ta co :
OﬂxnﬂerVneN. (3)

Xét ham s0 flx) = Ne-c+x trén [0; Vel
Taco:

, 1
kg 4‘%'{:—:;'c+x .\’EE{O ®

Suy ra f(x) nghich bién trén [0; Ve ]. Dén t6i
(x31) VA (xop41) 12 céc day don di¢u. K&t hop
Vi (3) suy ra (x9;) va (X9p41) 12 céc day hoi tu
khi k — o0

Piat : limx,, =avalimxy,, =btaco:”

k—yo0 k—»oo

0<a, bz e, fifla) = avaffib)=b (5

Xét ham s6 g(x) = fif(x)) - x rén [0; Vc]. Ta
c6: g'(x) =1 () f (%)~ 1 (6)

R 2= 1
Tir fitjg. F' (0] 16(c — Ve+x)(c + %)

~ 16(c2—c—x)(cx) )
Ma:c+ c+x<c+\fz_c<2c‘u‘xe [O;JE].
Va : 16(c2—c—x](c+x) > 16(c—x)(c+x) =

= 16(c2—x2) 2 16(c2—c) > 16¢ Vx € [0; Ve]

NGUYEN KHAC MINH
(Vu Trung hoc phd thong)

Nén tir (7) suy ra |f '(0l < 1 ¥x e [0; ¥e]. Do
46, tix (6) ta dugc g'(x) < 0 Vx € [0; Ve). Suy
ra g(x) 1a ham nghich bién trén [O;WE ]. Két
hop v6i (5) suy ra a = b, hay limxy =

k=0

lim xp441. Do d6 (x,,) 1a day hoi tu khi n — o

X0

(dpcm).

Nhén xét: - Khong it thi sinh da viét : "DE thdy
a=h"l

- Nhidu thi sinh da chimg minh a = b xuft phét tr
giA thi€t fla) = a vA fib) = b. Xin Iuu § : gi thiét d6
twomg dwong voi vige thira nhin (xx) 12 day hoi tw
khi n—», hay, néi mot cich khéc, thira nhgn a = b.

Bai 2. Trén mdt phdng cho trutc cho hai
duong tron (04, ry) va (O, ry). Trén duimg
tron (Oy, ry) ldy mot diém M, va trén duimg
tron (O, o) ldy mot diém My sao cho dieong
thdng O(M; cdt duong thdng O,M, tai mot
diém Q. Cho My chuyén dgng trén dieong tron
(04, 1), My chuyén dng trén dudmg tron (O,
ro) ciing theo chidu kim déng hé va voi van thc
goc nhuesau :

1) Tim qug tich trung diém doan thdng M M.

2) Chimg minh rdng giao diém thit hai cua
duong tron ngogi tiép tam gide M0OM, voi
duwomg tron ngogi tiép tam gidc 0100, la mjt
diém cd dinh,

Lai gidi. (ban doc ty ve hinh) :

1) Goi O 1a trung diém 0;0,. Hién nhién O
1a diém c§ dinh. L4y cic diém M, M5 sao
cho : 1 1=0_1]tl'1,0 7 = 22.V]M1,
M, tuong tmg chuyén dong trén (O, ry), (02,
ry) theo ciing chidu va v&i cang vén t8c géc
nén M’,, M5 s& quay quanh O theo cing chiéu
va voi cung vén tc géc (8). i

Ta ¢6 : M 1a trung diém MM, < OM =
1 = = — 1, - —
—(OM,+ OM,) < OM = E(OIM‘I +0,M',)
< M 12 trung diém cia M’

M (9)
Tir (8) va (9) ta duoc: Quf tich ciia M 1
dudng tron tAm O bén kinh

R=%'\f2r%+2r§—d2.tr0ngdé

d = MM, = const (do (8)).
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2) Goi P la giao diém thit hai cia dudng tron
ngoai ti€p AM;QOM, va dudng tron ngoai tiép
AO100,. DEé dang chimg minh dugc :

POi ?‘1

MOIM}_U’ QPOQMZ Sllju’ ra — = —, Do 46,
POQ ry

P thudc duong tron Apdloniut dyng trén doan

F

0,05 ¢6 dinh, theo ti s& khong ddi ;} (10)

2

- -

DE thdy : (PO|, PO,) = a = const. Suy ra, P
thudc cung chira géc dinh huéng khong déi o
dyng trén doan 040, ¢d dinh (11)

T (10) va (11) suy ra P 12 diém c& dinh
(dpcm).

Ghi chi ki hi¢u (@, B’ 1a géc dinh hudng
gitta 2 vécto a,

Nhan xét: Do khong sir dyng géc dinh hwdng
nén nhi¢u thi sinh c6 101 gidi hodc khong diy dq,
thi€u chinh xac hodc ruim ra, phire tap.

Bai 3. Cho da thiic
P(x) = x3 - 9x2 + 24x - 27
Chimg minh rdng voi méi s6 nguyén dieong n
luén t6n tai mPt s6 nguyén duong a, sao cho
P(a,) chia hét cho 3n.
Léi gidi. Ta c¢6 P(1) = 81. Do d6, khi chon
an=1thi Plan):3"(n=1,2,3,4) (12).
Ti&p theo, ta cé ;
B&dél Vdia, ne N, n25 a=1(mod9)
via=a+3"2p, be Ztaludncé :
P(0) = P(a) + 3"bh (mod 37+1)
trongdé:he Zva(h,3)=1.
Chimg minh : Tacé :
aZ=a2+2, 3n2gp + 32n-4p2
ad = a3 + 3n-152p 4 321342 4 330633
Vin 25 nén 2n-3, 3n—6 vi 2n—4 déu khong
nho thua n+1.
Suy ra : a? = @3+3"1g2p (mod 37+1) va
a2 = a2 + 2.372gh(mod 37+1)
Do doé :
P(a) = a3+ 3"1a2b — 9(a? + 2.372ab)
+ 24(a + 37 2p) - 97
= P(a) + 3" 1p(a2 - 6ab + 8b)(mod3n+l).
Via?-6a+8=23(mod9) (do a=1(mod?9)
nén a? - 6a + 8 = 3h véi (h, 3) = 1.
Viy P(a) = P(a) + 3"~lbh(mod 37+1), trong
d6 h € Z va (h, 3) = 1 (dpcm).
Bay gid, bing phwong phdp quy nap theo n
ta s& chimg minh :

10

Bd@é 2. ¥nz53a,=1(mod9) sao cho:
P(a,) = 0 (mod 37)

Chiang minh : VOi n = 5 ta ¢6 a5 = 10 thda
mén cdc yeu cdu cia bd dé. Gia sir, bd a2 2
ding vGi n = k (k 2 5), nghia 12 Jq; = 1
(mod 9) sao cho P(a) = 3kv,v € N*.

Xét:ap =a,+352p,beZ

Theo b8 dé 1,ta c6 :

P(ay,1) = P(ay) + 35bh = 3%(v + bh) (mod3k+1)

Vi (h, 3) = 1 nén ¢6 thé chon b € N* sao cho
bh = —v(mod 3). V6i b d6 ta c6 : ap,; = (mod
9) va P(ay,1) = 0 (mod 3%+1),

Theo nguyén 1i quy nap, b8 dé 2 dugc chimg
minh. BJ d& 2 va (12) cho thdy :
¥Yne N 3Jane N saocho Plan) } 3" (dpem).

Nhén xét. Chi c6 mot thi sinh gidi duge bai trén,

Bai 4. Cho trudc géc o véi 0 < a < n. Tim
m@t tam thiec bdc hai dang fix) = x> + ax + b
sao cho véi mpi r > 2 da thiec ;

P, (x) = x" sina — xsin(na) + sinfn—I)ou chia
hét cho fix).

Lai gidi. Taco :

P3(x) = x3sine. - xsin3a + sin2a

= sino(x + 2cosa)(x? — 2xcosc + 1)

Tir d6 suy ra : véi fix) = x~ — 2xcosa + 1 thi
Pi(x) } fix) (13)

Honnira, Y= 3 taco :

Ppq(x) = x"* sina. — xsin(n+1)a + sinna
ik In+1
sinno

sinet + x[sin(n-1)c — 2Zsinnocoso] +

= x[x""sina. — xsinna + sin(n—1)a] +
+ (x7 — 2xcosa + 1)sinno

= xPn(x) + (x2 - 2xcosa + 1)sinno (14)
Tir (13) va (14) suy ra fix) = x2 — 2xcosa + 1
12 tam thitc cdn tim,
Nhan xét. Mic du bai todn trén khong phai
la bai todn khé nhung cling ¢6 t¢i 107 trong
tdng s& 216 thi sinh diy thi b diém 0.

Bai 5. Cho it dign ABCD c6 bdn kinh deimg
tron ngoai 1iép cdac mdt déu bdng nhau. Chiing
minh rdng cdc canh ddi dién cia it dign ABCD
bdng nhau,

Lai gidi. Ki hi¢u cdc midt BCD, CDA, DAB
va ABC tuong tng la mat 1, 2, 3, 4. V&i X €
{A, B, C, D},ie {1, 2,3, 4} takihigu X; 1a s§
do géc phing tai dinh X & mat i.
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Taco:

4 4 4 3
ZAE+ZBI - ZC5+ ZD,- = 4n
i=2 i=1 =1 i=1

2 3

Khong mit tOng quét, gid st :

]
2.D; =
i=1

4 4 4 3
=minZAf;ZB,-;ZCflzDi (16)
=2 i=1 =1 i=1
i=2 i#3

Khi d6, tir (15) suy ra :

3
Z Dl' =T
i=1
Do d6 : 2max{Dy; Dy; D3} < ® = max{Dy;
Dy; D3} < % Suy ra, tit ci cac géc phing tai

dinh D déu nhon.
Tir gid thiét clia bai rataco :

SiﬂDl = SH‘H4
sinD, = sinBy } (17)
sinD3 = sinCy

Khong mét dng quét, gid st A, = max{Ay,
By, C4}. Khi d6, nu Ay 2 ; thi tr (17) ta

durgre :
Dy =7 - Ay Dy =By vaDy=Ca

Dintdi: Dy + Da=By+ C4 = n—Ag=Dy,
trai vdi tinh chdt clia géc tam digén. Tir do suy

raAg < g va vi thé AABC 1a tam gidc nhon. Do

6, tir (17) ta ¢6 : Dy = Ag, Dy = By V2
Dy=C4.Suyra: Dy + Dy + Dy=m.

K&t hop didu ndy véi (16) va (15) ta dugc :
t6ng t4t ci cdc goc phing tai mbi dinh cla o
dién bing =. DEn day, bang cdch trdi cac mit
BCD, CDA va DAB ciia tit dién 1én mit phing
(ABC), dé dang chung minh dugc : AB = CD;
BC = DA va AC = DB. (dpcm)

Nhan xét. Tdt ci cac thi sinh déu gidi bai todn
theo cach : Xuft phat tir gid thidt, cmmg minh tam
0 ciia mat cAu ngoai ti€p tk di¢n ABCD céch déu
cfc mit phing chira cdc mit ciia tf dign d6. Va tdi
day, 14t ch d8u hoidc khong xét d&€n khi ning O la
tAm mét ciu bang tiép cha ur di¢n hodc co xét dén
nhimg khong logi trir dugc khi ning nay.

Bai 6. Tim 14t ca cde ham sd fix) théa man
didu kign : X2 f{x) + fil-x) = 2x — x4, voi moi s6
thuc x.

Li giai, Thay x bdi 1-x ¢ ddng thirc cila bai
ra ta dugc ;

(1-x)"f(1=x) +{(1) =
=2(1-0) - (1I-x)" Vx e R (18)

Miit khac, tir ding thic clia bai ra ta 6

fl-x0=22x-x¥-x2(x) ¥xe R (19)

Thay (19) vao (18) ta dugc :

fi)x? —x - D2 -x+ 1)
=(1-01+x3)x2-x-1)VxeR
= (x2 -x—-1)fix)=

=(1-P) -x-1)¥reR

Suyra:fix)=1-x2Vx#a,btrongdé:a, b
12 hai nghiém ciia phuong trinh x2 — x - 1= 0.

Theo dinh 1i Viet taco :

a+b=1vaab=-1 (20).

Lén lugt thay x = g, x = b vao ding thifc cda

bai ra, véi luu ¥ t6i (20), ta duge :
a2fla) + fib) =2a - a*
b2Rb) + fla) = 2b — b*

T d6 : fla) = ¢ va fib) = 2a — a* - a’c, v6i

¢ € Rty §. Nhu vay

1-x2 nfuxzab
O fo= ce Rtlyy nfux=a
YZa-ag*-a*c nfux=h

trong d6 a, b 1a hai nghi¢m ctia phuong trinh
x* — x — 1 = 0. Nguge lai, v6i lyu ¥ t6i dinh
nghia clia a, b va (20), d€ kiém tra thdy f{x)
duoce xdc dinh bdi (1) théa man ditu kién dé
bai.

Vay tt ci cac ham sd fix) duoc xdc dinh bdi
() 12 tdt ca cdc ham s6 cin tim.

Nhan xét. Chi c6 1 thi sinh gidi quyét tron ven
bai toan trén. Rt nhidu thi sinh cho 101 gii khong
ddy di, thiu chinh x4c do da dua ra cic ké&t lusin
sai v& nghi¢m clia mot he phwong trinh bac nht hai
4n ¢6 dinh thée biing O.

THONG BAO

Do thanh phd thay déi bién sé nha, ban doc
gifi thu v& Toa soan Todn hoc & Tudi tré va
Toén Tudi the xin ghi theo dia chi :

Ngé 187 phé Gidng V6, Ha Noi
Dia diém, sb dién thoai va Fax khdng thay ddi.

THTT
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CAC LOPTHCS
Bai T1/283. Chimg minh ring véi mbi s§
nguyén duong n thi s§ (3 + n)(3".n% + 1) hodc
chia hét cho 49 hodc khong chia hét cho 7.

PHAM NGOC QUANG
(GVirieong THPT Lam Son, Thanh Héa)

Bai T2/283. Tinh gia tri biéu thic
VX(4-y)(4-2) + V¥(4—2)(4—x) + Vz(4—-x)(4—y)
-z
trong d6 x, y, z 12 cac sO duong thda man
X+y+z+ ‘J’xE =4

TRAN HONG SON
(GV truomg THPT bdn cong Théi Thuy, Thdi Binh)

Bai T3/283. Cic sd thyc khong a4m a, b, ¢
thdéa man diéu kién : a + 2b + 3¢ = 1. Chumg
minh rdng it nhdt mdt trong hai phuong trinh
sau ¢6 nghig¢m thue :

4x* - 4(2a + 1)x + 4a* + 192abc+ 1 =0

4x* - 4(2b+ 1)x + 4b2 + 96abc + 1=0

TRAN VAN THINH
(GV trieomg THCS T Cuomg, Tién Lang, Hai Phong)

Bai T4/283. Cho i gidc (16i)) ABCD va M 1a
trung diém cla AB. Xét diém P thudc doan
thiang AC sao cho hai duong thing MP va BC
cdt nhau, goi giao di€ém d6 1a 7. Goi Q 1a diém

BO _ AP
thydc doan thing BD sao cho oD = PC
Chung minh riing duong thing TQ ludn di qua
mot diém cd dinh khi P chay trén doan AC.

NGUYEN PHUGC
(GVirwomg THCS Kim Long, Hué)

Bai T5/283. Cho tam gidc ABC c6 dién tich
bang 1 (dom vi). Goi R va r tuong tng 14 bén
kinh dudng tron ngoai ti€p va ndi ti€p tam gidc
ABC. Chitng minh ring

2 +§24ﬁ
R r

Ping thiic x4y ra khi nao ?
PHAM MINH PHUONG
(GV khéi PTCT PHSP Ha Noi)
12

(':_fi[,' LOP THPT
Bai T6/283. So sianh hai s6
a= {2{)200(] =t 112000)20[)[
VA b= (202001 4 1120012000

DPAO QUANG DIEN
(Phong GD-DT Vdn Giang, Humg ¥én)

Bai T7/283. Cho k (k = 2) s& thyc duong a,,
a,, ..., . Chitng minh ring
a 4 a4l
i ] o = e
a a ag  a
e e o - g AT
trong d6 m, n 1a cic sO nguyén duong.

CAO TRUNG CHINH
(GV trutmg THPT chuyén Hoang Vin Thu, Hoa Binh)

Bai T8/283. Xét day so thyc a,, a,, a,, ...
théa man cic didu kign : 0 < g, < 1 va

G (e ) 2i vdimoin=1, 2, 3, ..

i 1
Ching minh ring — - — < g, < = vdi moi
& £ Ragyp 1 iy TLHOL
a=1213, ...
NGUYEN MINH bUC
{(Vién Cong nghé thong tin)

Bai T9/283. Goi A, B, C 1a ba g6c ciia tam
gidc ABC. Ching minh riing

(1+c052%)(1+0052§](1+0032%) <
<(l+§)3ﬁ

NGUYEN THE BINH
(GVitruomg THPT chuyén Ha Giang)

Bai T10/283. Chirng minh ring néu hai hinh
nén cing ndi ti€p mot hinh cdu va cé dién tich
xung quanh bing nhau thi thé tich cta ching
cing bing nhau. Pidu nguoc lai c6 ding
khong ?

HOANG CONG THANH
(GV trieemg THPT Nguyén Chi Thanh, Thita Thign — Hué)

CACPE VAT LI
Bai L1/283. M{t cdi xich dugc gitr trén mit

ban niim ngang khdng ma sdt ma i a0 dai cda

xich duwge tha thong bén canh ban, Xich c¢6
chiéu dai 1 /, ¢6 khoi lugng 12 m duge phan bd

https://tieulun.hopto.org
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déu cho moi g
mit xich. P L

Tinh  cOng ;

cAn thict @& E}’

kéo phin €

xich bi thong
xudng trd lai mit ban.

NGUYEN QUANG HAU
{Ha Ngi)

Bai 1.2/283. Cho mach dién chaa 3 linh kién
ghép ndi ti€p : R cudn cam L va C, mbi linh
kién chira trong mot hop kin X, ¥, Z (hinh ve).

bit vao 2 ddu A, B ciia mach dién 1 hi¢u
di¢n thé xoay chidu u = 8V2 sin2nft. Khi f =

50Hz, ding mdt von k€ do 1an lugt duge U, ;=

Dang odt k€ do codng sudt mach dugc
P =1,6W. Khi f > 50Hz thi s chi ampe k&
gidm. Bi€t R, = 0; Ry~ oo,

a) M&i hop kin X, ¥, Z chita linh kién gi ?

b) Tim gid tri ciia cdc linh kign.

TRAN MANH HUNG
(GV.khdi chuyén Todn - Tin, DHSP Vinh, Nghé An)

PROBLEMS IN THIS ISSUE

FOR LOWER SECONDARY SCHOOLS

T1/283. Prove that for every positive integer
n, the number (37+ mX3".n° +1) is either
divisible by 49 or not divisible by 7.

T2/283. Find the value of the expression
VX(d-y)(4-2) + \Y4-2)d-x) + Nz(4-X)(4-)
- xyz
where x, y, z are positive numbers satisfying

X+y+Z+ \J’XE =4

T3/283. The non negative real numbers a,
b, c satisfy the condition a + 2b + 3¢ = 1.
Prove that at least one of the two following
equations has real root :

42 —A(2a + 1)x+ 4282 + 192abc +1=0

42 - 4(2b + 1)x + 4b? + 96abc + 1 =0

T4/283. Let ABCD be a (convex)
quadrilateral and M be the midpoint of AB. Let
P be a point on the segment AC such that the
lines MP and BC intersect and let T be their
point of intersection. Let Q be the point on the

BQ AP

ap = Pc Prove that
the line TQ passes through a fixed point when
P moves on the segment AC.

T5/283. Let ABC be a triangle with area 1
and let R and r be respectively the
circumradius and inradius of triangle ABC.
Prove that

segment BD such tha

2 3.7
R r

When does equality occur ?

FOR UPPER SECONDARY SCHOOLS

T6/283. Compare the numbers

g= {202000 + 11200002001 54
b= (202001 " 112001}20(30

T7/283. Let be given k (k = 2) positive real
numbers a,, a,, ..., 8, . Prove that
& & &, &
Ea e L o g
g a a &
= a0 o AT AT
where m, n are positive integers.

T8/283. The sequence of real numbers a,,
a,, a,, ... satisfies the conditions: 0<a, <1

and a,,,(1-a,)= -1‘; foreveryn=1,2, 3...

1 1 1
Provethat — —=<a_<—forevery n=1,
2 27 "5 Y
oo S

T9/283. Let A, B, C be the angles of a
triangle ABC. Prove that

A z_ﬁgj C
(1 +::032§)(1 + cos : (‘I +-::0525j <
1+ ié &l
-:( P
T10/283. Prove that if two cones, inscribed
in a same sphere, have equal lateral areas

then they have equal volumes. Is the converse
proposition true ?

13
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Bai T1/279, Tim moi s6 tie nhién a (a > 1)
sao cho néu p la woc s6 nguyén 16 bdt ki cua a
thi sd cdc woe ciia a ma nguyén 16 voi p bdng
56 cdc woc ciua a ma khong nguyén t6' véi p.

L&i giai. (cia Pham Ngoc Lich, 8D1, THCS
Giao Ha, Giao Thiy, Nam Dinh).

Néua=p*nguyéntGthichicoa=p(x=1)
thda min,

Gié st dang phén tich ra thira s& nguyén t0
ciaala:
a=p..p; p; (x, e NYk=12.,nn22)

Céc udc s clia @ ma nguyén td vdi p; c6 dang
o A a.

Py Py Puy By

Céc udc s6 clia a ma khong nguyén td vdi p,
cd dang

o oy s My o,
Py = Peaq Pp By By
viil<o,<x, k=1,2,..,n
Ki higu A; 12 s§ cdc udc clia a ma nguyén td
vdi p; thi

A= (el (xy + Dx, + D

ol b gl 5

trong d6 (x, + 1) 12 s6 cic wdc cia p;k. Goi B,
12 0 cdc ude clia a ma khong nguyén t8 vdi p;
thi

B, = (1) (X FDxA xRy + 1), +

(x4 13 (2)

Ta thdy A, = B, khi va chi khi x; = 1 vdi bit
ki 1 £i<n. Vay tdt ci cac sO ty nhién a phéi
tim la

- Hodc a 12 mdt s§ nguyén 13 bt ki

-Hodca=pp,.p,voinz2vap (k=1,2,
..., ) 12 c4c 80 nguyén t& khdc nhau.

Nhan xét. 1. Hiu hét cac 1oi gidi déu bd sét tnromg
hop a 12 mdt s6 nguyén t& bit ki,

14

2. Cac ban sau day ¢d 1o gidl ddy dl : Vinh Phaic:
Pham Vidn Hoang, 9B, THCS Yén Lac; Ha Nam: Vi
Quang Thanh, 9B, THCS Nguyén Hou Tién, Duy
Tién;, Hai Dwomg: Newyén Anh Tudn, 7/3, THCS L¢
Quy Dén, Tp Hii Duwong; Nam Binh: Ddng Hong
Truomg, 9A2, THCS Lé Quy Pon, Y Yén; Thanh
Hoa: Triong Nho Bai, THCS Lé Hiru Lap, Hau Loc.

TONGUYEN

Bai T2/279. Ching minh rdng néu cdc s§
thuc x, ¥, a, b théa man cdc diéu kign x+y =
atbva X*+y' = a*+b thix* + y' = a" + I
vdi moi 56 nguyén duwong n.

Lavi gidi.

Cdch 1. (cia ban Va Minh Tridu, 16p 9A,
truomg THCS Ha Xuin Huong, Qujynh Luu,
Nghé An va nhiéu ban khdc).

Tux*+y + by =a* + b + (a+b)* taco
[Cr+y)>-2xy)? - 22292 + (x+y)*
= [(a+b)?-2ab)? - 24262 + (a+b)*
= 2(x+y)* - 4(x+y) 2y + %2 =

= 2(a+b)* - 4(a+b)*ab + 2ab?
= 2(x+y)? - 2y = 2[(a+b)* - ab)?
= (x+y)? —xy = (a+b)* - ab (1)

do (x+y)? — xy =0 va (a+b)* —ab = 0,

Vi th& tir (1) va gid thiét suy ra xy = ab.
Ta c6 h¢

X+y=a+b
xy=ab

Theo dinh 1i Viet thi x, y 1a céc nghiém cia
phuong trinh
t=a
t=5h

Vay (x, v} 12 hodn vi cia (a, b) nén di nhién
X" +y*' =g+ b" (Vx nguyén dueong) = dpcm.

Cdch 2. (cia ban Nguyén Dic Tam, 16p 8C
truvomg THCS Gidng V6, Ba Dinh, Ha Ngi va
mot s8 ban khac).

Chi c6 hai khi ning sau xdy ra :

1) Néua = b =0, thi tir gia thit
Peyi=gty P oyigei
= x"+y"'=a"+ b (¥ s8 nguyén duong n).

2) N&u a, b khong ddng thoi bang khong.

Ditt=x—-a=b-y=x=a+t;y=b-t

Tir d6 ta c6

O=xt+y'-a'-bt=
= (a+0* + (-0t - a* - b*=
= A4+48a+612a+ d4a 11— 483b + 612b° — 4b3
= 2[5+ 2P2(a—b) + 31(a*+b3) + 2a*-b3)] =

2 —(a+h)t+ab=0 < [

https://tieulun.hopto.org
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: abl 5. o @4P
—2.t(z+a—b)[ (47 $aibP ; ](1 )
Do a va b khong ddng thoi bing 0, nén

A 2482
(:+%’b) +§(a+b)2+a+b

>0

3 t=0
Vi th& tix (1) suy ra r(s+a—b)—(}@[tzb_a
Néur=0,thix=a,y=b=x"+y'=a"+ "
(¥ n nguyén duong).

Neut=b-a thix=by=a=x"+y"=
a® + ¥ (¥n nguyén duong).

Nhén xét. 1) Bai nay thujc loai d&, nén da cé tdi
129 ban g bai t6i. Hiu hét 1oi giki cla cac ban ddu
diing (chi c6 bon ban cho & gidd sai).

2) Cac ban sau ddy o6 1o gidi it

Ha Noi: Neuyén Thanh Tang, 16p TAL, THCS Lang
Thugng, Pong Pa, Lé Neuvdn Cong Nam, 9A1,
Trrémg Marie Curie ; Ha Tay: Lé Bao Khdnh, 9E,
THCS Le Loi, Tx Ha Pong, Nguvén Trung Nghia, 9B,
THCS Nguyén Thugng Hién, Ung Hoa; Hai Duong:
Pham Huy Hoang, 943, THCS L& Quy Don, Pham Vin
Hang, 9A, THCS L& Thanh Nghi, Gia Loc ; Hai
Phong: Nguyén Tién Dang, Pham Anh Minh, Neuvén
Bree Phieong, Pham Duy Thanh, 8A, tnromg NK Trén
Phi; Béic Ninh: Nguyén Hau Binh Minh, 9A, THCS
Yeén Phong; Bic Giang: Newuvén Thu Hién Trang, 8A,
THCS bire Thing, Higp Hoa, Neuvén Tudn Himg, 9D,
THCS L& Quy Don, Tx Bic Giang; Ha Tinh: Phan
Thi Ngdn, 9B, THCS Hoang Xuin Han, Dic Tho;
Humg Yén: Doan Thi Kim Hué, 7C, THCS Pham Huy
Thong, An Thi; Nam Dinh: DS Quang Viét, 9A3,
THCS Trin bang Ninh, Tp Nam Dinh, Luong Hiu
Long, 9A2, THCS Leé Quy Don, Y Yén, Neguvén e
Tdm, 8A7, THCS Trdn Bang Ninh, Tp Nam Binh
Vinh Phic: Phgm Huy, 6C, THCS Tam Ddo, Tam
Dwong, Nguyén Hong Biép, 9A, THCS Vinh Tuimg,
Bd Anh Ddng, 9A, THCS DTNT Lip Thach, Vinh
Phiic ; Déng Nai: Doan Thé Hién, 9C, THCS Trimg
Vuong, Xuin Loc; Qudang Tri: Ha Ngoc Som, 8C,
THCS Thanh C8, Quang Tri; Pdng Thap: Vo Hau Trf,
9A7, THPT tinh Bdng Thap; Quang Ngii: Hing Dinh
Thudn, 9A, THCS Nghia M¢, Tu Nghia, Quang Ngai ;
Thdi Nguyén Va Thanh Nhdn, Cao Nguyén, 9Al,
THCS Djc Lip, Tp Thai Nguyén; Thanh Héa: Mai
Vigt Dieomg, 8A, THCS Trin Mai Ninh, Tp Thanh
Héa, Truong Nho Dai, 9A, THCS L& Htru Lip, Héu
Loc ; Nghé An: Phan Negpc Thiy, 9/1, THCS Ha Huy
Tép, Tp Vinh, Phan Thi Ngoc Mai, BA, THCS Li Nhit
Quang, Do Luong, Pdu Minh Hoang, 9A, THCS Hb
Xuan Heong, Quynh Lwu, Neguyén Thi Nhung, 9H,
THCS thj trdn Quy Hop; Phi Tho: Nguyén Thi Thiy
Nhung, Lé Thanh Tang, 9C, THCS Vigt Tri, Ta Thi

Thanh Nga, 8A1, THCS Lam Thao, Lam Thao, Lé
Khdnh Hing, 9A12, THCS Phong Chéu, Phit Ninh

PHAN HUY KHAI

Bai T3/279. Chumg minh rdng :
PP + -
trong dé x, v la cdc s& duwong va n la s&
nguyén duong.

L&i gidi. (cia ban Phgm Huy, 6C, THCS
Tam Pdo, Tam Dwrong, Vinh Phiic). Ta chiing
minh bing phuong phép quy nap todn hoc :

* V@i n = 1, bt ddng thirc tr& thanh ding
thac ding.

* Gia sit bit ding thic ding véin =k = 1 tic
la:

(R Hgrf = bk g G = i)

Ta chimg minh bét ding thitc ding véi n =
k+1. That vay, tr gid thi€t quy nap ta c6 :

(P = (2 + Y0 + )

L o B e o

= (2 + P2 - Dt + 5% +y%] =

= (zir i z)xk}#{xz +}2) 4 2D 4 }_.2(1-+];| e
+ (1) + (ya)?

= 2(2#:_2)1)&1 .)’Hl if: IZ(.HI) -1 },2(k+l) =2
g Zxk-l-l },k+1

= 2Ir+1.xir+1 : },Jr+] + (xk+| i }Jr+1)2 (dpcm)

* Theo nguyén li quy nap thi b4t ding thic
ding v6i moi s& » nguyén duong. Pdng thic

n=1
Xyra<|(n=2
A=Y

Nhén xét. 1) Hin hét cic ban sit dung phiomg phap
quy nap todn hoc. :

2) Mot s@ ban st dung bt ddng thic Co-si suy ring
va chimg minh :

et sk IR gt s

dé suy ra k€l qua.

3) Céc ban c6 1di gidi ddng va gon hom 14

Nam Dinh: Pham Ngpc Lich, 8D1, THPT Giao Ha,
Giao Thuy; Hai Dwong: Pham Vian Hing, 9A1, THCS
Lé Thanh Nghi, Gia Loc; Bic Ninh: Neuyén Hau Binh
Minh, 9A, THCS Yén Phong; Nghé¢ An: LZ Bdo
Trung, 9A, THCS HS Xuan Huong, Quynh Liu; Phi
Yén: Neuyén Kim Dudn, 9C, THCS Luong Thé Vinh,

Tuy Hoa; Hai Phong: Trdn Xudn Dang, BA, THNK
Trén Phu.,

4) Ban Doan Trgng Hoan, 9B, THCS Nguyén
Chich, Pong Son, Thanh Hod phat hi¢n : Day 12 bai 11

15
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GIAI BAI Ki TRUGC

(cu c¢) trang 195 cda cudn sach "Céc chuyén d& mon
toén cdp II - tap II" cla céc tac gid Nguyén Hou Thio
va Tromg Codng Thanh. Chan thanh ¢im on.

LE THONG NHAT

Bai T4/279. Cho tam gidc déu ABC. Tim
tdp hop tdt ca cdc diém M ndm trong AABC
sao cho néu hinh chiéu ciia M trén cdc canh
BC, CA, AB ldn lugt la D, E, F thi cdc duong
thdng AD, BE, CF déng quy.

L&i gidi. Phdn thudn:
Pat AB=BC = CA=
=1don vj, AF =1,
BD =y, CE = z v6i
lex vz
(xem hinh)

Theo gia thiét B ¥ D £

R+y+t=
= AM? - MF? + BM? — MD? + CM? - ME?
= BM? - MF? + CM? — MD? + AM? — ME?
= (1-x)2 + (1-y)2 + (1-z)® suy ra
x+y+2z=312 (1)
Khi AD, BE, CF ddng quy tai P, d& dang
ching minh duge (dinh 1i Xéva) :
x vz _Sacp Sasp Ssep

I-x" 1=y 1=z Spcp Sacp Sagp

=12

Tir (1) va (2) suy ra 8xyz+ 2 = 4(xy + yz + zx)
hay (1 —2x)(1 - 2y)(1 -22)=0

Tir d6 suy ra diém M phdi thugc mot trong
ba dudng cao cla tam gidc déu ABC.

Ddo lagi, néu M thudc mot trong ba dudmg
cao clia tam gidc déu ABC thi do m&i dudng
cao 1a mot truc dbi xing clia AABC suy ra AD,
BE, CF d0ng quy.

K&t ludn: Tap hop céc diém M phai tim 13
ba duomg cao (khong k& cdc di€ém diu muit)
clia AABC.

Nhéan xét. 1) Mot s6 ban gidi cich khéc : Goi A,, By,
C; la cac didm twong mg trén cic canh BC, CA, AB
sao cho MA/IAB, MB//BC, MC/IAC. Tir dinh 1i Xéva
tinh theo MA, = x, MB, = y, MCy= z suy ma
(x=¥)(y-2)(z-x) = 0 cong dén d&n k&t ludn,

2) Céc ban sau c6 ¢ gidi ding va gon :

Phi Tho: Nguyén Tiung Ldm, 9A2, THCS Phong
Chéau, Phi Ninh, Lé Thanh Tang, 9C, THCS Viét Tri;
Vinh Phic: Hodrg Minh Hai, 9C, THCS Tam Do,
Tam Duong; Ha Noi: Lé Nguvén Céng Nam, 91;

16

THPT Marie Curie; Ha Tay: Nguyén Thanh Som, 9A,
THCS Thach That, Lé Bdo Khanh, 9E, THCS L2 Lui,
Ha Pong ; Nght An: Va Minh Tridy, Ddu Minh
Hoang, 9A, THCS HS Xuan Hueong, Quinh Luu ,Bii
Danh Nam, 8B, THCS thi trin Nam Dan, Phagm Vin
Tuyén, 9A, THCS Hmg Lam, Himg Nguyén; Bén
Tre: Nguyén Tién Diang, 9/2 THCS M§ Hoa.

VIET HAI

Bai T5/279. Cho tam gidc déu ABC va M la
mét diém ndm trong tam gide. Goi X, Y, Z ldn
lugt la diém doi xing cia M qua BC, CA, AB.
Chiing minh rdng cdc tam gidc ABC va XYZ c6
cung trong tdm.

Lai gidi. Goi
H 1a trung diém
ctia BC. Suy ra \
AH 1 BCva

BH:%AB(I)

A

Goi I 1a trung
diém cia XZ. B
Dé thidy AXBZ
cén va
£ZXBZ = 120°,

Taco BI= % BZ,

ZIBH = 60° — ZABI = ZABZ (2)
Tir (1) va (2) ta suy ra AIBH «» AZBA nén

N1 IH 1

o S 3

74 zvasuyraAY 7 (3)
PoOng théi £IHB = £ZZAB

Do d6 £HAY = AZAY - (£LZAB + 30°) =
(LZAY -30°) — LZAB = 90° — ZIHB = ZIHA

tic 1a JH//AY (4)
Goi giao diém ciia AH va IY 1a G.
IG HG 1
4 | i e, 8 = ey
T (3) va ( )lacﬁGY P
biéu nay chirng td céc tam gidc ABC v XYZ
cd cling trong tam (la G).

Nhén xét. Gidi 16t bai nay ¢0 c4c ban |

Vinh Phaic: Phgm Van Hoang, 9B, THCS Yen Lac;
Hai Phong: Pham Anh Minh, 8A, THCS Trin Phq,
Ha Noi: Nguyén L Thanh Ti, 8H, THCS Trumg
Vuong. Nam Dinh: Ngbé Huy Hoang, Nguyén Ding
Hop, 9A2, THCS Lé Quy Don, Y Yen; Nghé An: Ddu
Minh Hoang, 9A, THCS Hé Xuan Hurong, Quinh L,

VO KIM THUY
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Bai T6/279. Tim moi 56 nguyén duong n sao
cho n < t, trong d6 t, la s& cdc woc nguyén
duong ctia n.

Lai giai. (ctia ban Hoang Ngoc Minh, 10A1,

THPT chuyén Hiung Vuwong, Phui Tho) Gié sir
n = 2¢3Pp%, .. p% 12 phén tich tiéu chudn cla n

v6i p, > 5 Khi d6 n? = 22032%ple, | pla, vy
t, = 2o+ DB+ 1)(2a, + 1)...20 + 1)
Ta cln tim n dé
(20 + 1)(2B + 1)...(20, + 1) > 293Pp% . p%h,
Bing quy nap d€ dang chirng minh dugc
N2tz %(2n+1), VneN
22 =
NI 2
4)3" >

n+1,¥n=3
n+l1,vn2z1

%(2n+l},"u’n22

5)5 =

Ta thdy n khong thé c6 udc nguyén t§ lon
hon 3. That vy nfu trdi lai ta 6 n 2

2= 3P 5o, 5% %{2{1 + 1)(2B + 1). %(2(11 o
1)(20,+1)... (20, + 1) =1,. Vay n=2%3P,

%(2n+1},v’n21

Néuﬁ:zQﬂﬁn::-%{Qa+1)%(2|3+1)=rn

Thanh thtf=0hodcP=1.

NéuB=0thin=2%var, =2a+1

Khid62* <20+ 1=>a=1hojca=2ni
lan=2hayn=4

Néup=1thin=32%var =32a +1).

T2 <2a+l1=a=1holica=2<n=0
hodac n = 12.

Thit lai ta thdy : n = 2, 4, 6, 12 thda man 48
bai.

Nhén xét. Bai nay duge nhidu ban tham gia gidi va
hiu hét cho dap s§ diing. Mot s& 14p ludn hoi dai, mot
s6 lai lam qua tdt. CAc ban sau ddy c6 101 gi&i tot
Nguyén Lim Tuyén, 11T, THPT Hoang Vin Thy, Hoé
Binh; Ngé Xudn Bdch, 11 Todn, THPT Nguyén Trai,
Hai Dwong; Ha Nhit Sang, 11 NK Quéing Binh;
Doan Thai Som, 11CT, THPT L& Hoéng Phong, Nam
Pinh; Nguyén Vin Thdng, 12 Toin, THPT Thai
Neguyén, Lé Thi Khanh Hién, 12T, THPT Lé Quy Don,
Khédnh Hoa: Phgm Van Thdng, 10T, PINK DHQG

Tp H6 Chi Minh, I8 Arnh Son, 12T, THPT Lam Som,
Thanh Hod; Phgm Vdn Tuyén, 9A, THCS Humg
Nguyén, Nghé An, Lwomg Thé Nhan, 12 PTNK
DHQG Tp H8 Chi Minh, Nguyén An Huy, 11D1,
THPT Chu Vin An, Ha Noéi, Lé Hoang An, 12C3,
Hung Vuong, Playcu, Gia Lai, Ngwvén Hai Phong, 11
Luwong Thé Vinh, Déng Nai.

PANG HUNG THANG

Bai T7/279. Tim gid tri I6n nhdt cia biéu
' y z

P = + +
1+ 1+ 1+72
trong d6 x, v, z la cdc s& thuc théa man diéu
kitnx+y+z=1

Léi gidi. (cta Lé Vdn Tdm, 10A1, THPT
chuyén Huang Vuong, Phi Tho va da s§ cic
ban).

Nhdn xét : Khi (¢ + v)(tv — 3) < 0 thi ham s¢

A = % e min dity kigx
+

1

thiec

f+v

fit) + fiv) < 2}( i
Thit viy, ta ¢6

Hv

g Bt

() (v-3)1-v)*

(1)) 1+( %‘” )Z)

<0.

Ap dyng :
1) NEu trong 3 s8 x, y, z ¢0 1 s§ thudc

[_3—] 1],giﬁsﬁxe[—%,1],thix51,}r+zzo

vayzs(%)z i (1—;‘)25(-&21"3)23.

Suy ra (y+2)(yz-3) <0
y+z
va ﬂy)+ﬁz)s2;( 2).

Tuaﬂgm(x+%)(§—3)£0

nén

f0) +A(113) < 2f(%).

Miit khic ta cing ¢d

=
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nén f{v) + flz) + flx) + f(1/3)

<2[4%5) (5]

+y X+ 173 riy+ia b
Vﬁ_}‘(2)+f( —2)£2f[ . )_

1+173 6
2 o, = 2 2 - —
f( 4 ) 10
Suy ra fiy) + flz) + fix) + A(1/3) < :—3

9

va  fly) +fld) + fix) < 10
D4u ding thie xdy rakhix=y=z=1/3.
2) Khi cé 3 s0 x, y, z déu khong thudc [-1/3,

1] thi do x+y+z = 1 nén phdi c6 it nhit 1 s§
duong.

NE&u ¢6 1 s8 dwong (gia st x > 0) va 2 s§ m

ﬂﬁﬂ)’)-::(}.ﬂz)s:[)vamaxﬂx}:% nénPc:%

N&u c6 2 s6 duong (gid st v, z>0) va 1 s0
am (x<0) thi do x < =1/3 ta c6 Bax+1)3+x) < 0

3
A aheat
’ 10

<
1 +x?

Do d6
e 1t 59 o
P= : B
fR+ N+ AD <5 +5 10710
K&t luan : Gi4 tri 16n nhit cla bidu thic

X y Z 9
=—— =
1+x2  1+y? l+zzbang 10

Nhéin xét. Da 56 cac ban déu xac dinh dung dép s6,
nhimg chimg minh khong duge chinh xé4c, khong chit
che, chira xét hét cac tinh hutng.

Céc ban sau day co 1o gidi 10t ;

Huynh Nhie Thiy Tién, 11T chuyén L& Quy Don,
Quy Nhomn, Binh Dinh; Bii Quang Ma, 10A1 chuyén
Hong Veong, Phi Tho, Pham 59 Ldm, 11C, THPT
My Hao, Humg Yén; Hoang Nam Phuong, 12A4, [.&
Quy bon, Ba Ria - Ving Tau; Bui Vin Ting, 12B,
THPT Trin Nhit Dugt, Nam Dinh; Pinh Quyét Tién,
10A2, THPT Yén Khianh A, Ninh Binh; Negd Xudn
Bach, 11T, Té Minh Hoang, 12T, PTNK tinh Hai
Dwong, Hodng Kim, 11T, THPTNK Quing Binh;
Neguyén Hoang, 11T, THPT NK Trén Phi, Hai Phong;
Trigu Thanh Binh, 10T1, THPTNK Lam Son, Thanh
Héa; Vo Minh Triét, 10T, DHKHTN-DHQG Tp Hd
Chi Minh; Nguvén Hoa Cuong, 11T, THPT L& Quy
bon, Nha Trang, Khinh Heéa;, Bii Hdi Nam, 10A
Toén, DHKHTN-DHQG Ha Noi.

NGUYEN VAN MAU

18

Bai T8/27Y. Tim gid tri lom nhdl cha bifu
thiic

2y + ¥z + 22+ Px - 3t -y - gt - i
trong dé x, v, 7, t1Q cdce s6 thue thuge [0; 1]

La&i gidi. (cla ban Hoang Ngoc Minh, 10A1,
THPT chuyén Hiung Vuong, Phi Tho),

Goi biéu thic trén 12 S, Tir tinh hodn vi vong
quanh cila cdc s0 x, y, z, ¢ trong S, khong mdt
tinh tdng quét gid st x = max{x, v, z, t}. Ta ¢

S=y0 -2 +yz-xv) + 02— x* + xt — z0)
= Y(x-2)(x+2=y) + (z-x)(x+z-1)

Ta thdy t(z-2)(x+z-) <0 va :

: ryrEzixtzyy3 8 8
WedmeN S (75 ) = oS o

(theo bét ddng thic Cosi).

8
T d / <
6 suy ra § =

Ding thic xﬁyrakhipl.y=§,z=%,f=0-

Vay gid tri 16n nhét cia S 1a 2%

Nhén xét. Toa soan nhin dwge 1od gidi cia 148 ban,
hiu hét cac ban giai ding. Cac ban sau c6 10 gidi it -
Thai Nguyén: Cao Nguvén, 9A1, THCS Tan Lap, Ha
Noi: Lé Hang Vigr Bdo, 9A, THCS Nguyén Trudtmg
To; Vinh Phiic:: Phamn Quang Chién, Phgm Vin
Hoang, Kim Dinh Truomg, 9B, THCS Yén Lac; Hai
Phong: Bui Tudn Anh, Trdn Xudn Dang, Nguyén Vi
Lic, Nguyén Duc Phuong, Phgm Duy Thanh, BA,
THCS Trén Phui; Nghé An: Trdn Thi N Ngoe, 9A,
THCS Quén Hanh; Ha Tinh: Bdng Vian Truomg, 9A,
THCS Phan Huy Chii.

NGUYEN MINH DUC

Bai T9/279. Trén mdt phdng cho ba diong
tron ddng tdm O voi ban kinh ldn lugt la
n=lrn=%21r=".GiA B Clhe
diém khong thdng hang ldn Tugt ndm trén ba
dudmg tron dé. Goi § la dién tich AABC.
Chimg minh rdng S < 3. Tinh d dai cdc canh
AABCkhi § = 3.

Lavi gidi. Cdeh [, (Dya theo Pham Tudn Anh,
12T, PHKHTN-DHQG Tp H6 Chi Minh).

Ki hi¢u cic dudng tron (O, r) voii= 1,2, 3
14n uot 12 (v,), (v,) va (v,). CO dinh hai dinh B
va C, B trén (v,) va C trén (v,). DE thdy ring
khi cho A chay trén (v,) thi tam gidc ABC co
digén tich 1én nhdt khi duomg cao AA" cla no di
qua O sao cho O thudc doan AA’. Li luin
twong tu ddi vdi hai dinh con lai, ta di dén két
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ludn : Trong cdc
tam gidc ABC c6
ba dinh A, B, C
theo thit ty ndm
trén ba dudmg
tron  (vy),  (vy),
(v3), tam gidc co
dién tich Idn
nhdt phai 12 mot -
trong nhimg tam
giac nhon
A_B,C,nhin O lam tryc tam.

Bay gior ta chi ra cich dyng mot tam gidc
A_B_C_nhu thé.

Lol e Bl v ]

Chon mot hé toa dO Décic vudng géc Oxy
¢6 gdc & tam chung ciia ba dudng tron sao cho
dinh A c6 toa do A, (1, 0) va hai dinh con lai :
B, (x,y), C, (x, y2) vi BC//Oy, trong d6 x < 0,
"1‘2 < D {tuc lan€uy, >0thiy,<0(vi O nﬁm
trong AA B C ). The thi, mudn cho O la tryc
tdm cida tam gidc A B C,, cin va dii 1a OB, 1

CA, va do do x, y, va y, phii la nghi¢m cia
h¢ phuong trinh :

>
!03 LA, C,=x(x=1) +y;y, =0
lxz =2-¥=5-»

Khir y, vi y, tir h¢ ba phuong trinh trén, ta

dugce x 12 nghigm am clia phuong trinh béc ba
sau day :

~4x? + 5= (x+1)(x* - 5x+5) =0, (x <0)
Ta dugce x, = -1 (hai nghi®ém duong

(x<0, y;¥, < 0)

5
X2= (V5 F 1) bi loai)

Trdé:y, =1vay,=-2(hodcy, =-1va
¥, = 2). Suy ra

S(AB,C)=8=3,B,,=3.CA,=2V2 v
AB,=5 (hosc CA,=V5 vaA B, =2\2).

Nhu v@y v6i diém A c§ dinh thi t6n tai hai
tam gidc nhon A B, C nhan O lam tryc tdm va

do d6 ctng 1A tam gidc c6 dign tich 16n nhét
nghia 1 S(ABC) £ S(A B.C))= 3.

o-eT o

Cdch 2. (cla Ngéuyén Huy Cung. 11T
THPT L Khlf’:t Qu E, Ngai; Trdn Vo Huy,
10T, PhamTudn Anh, Thé Nhén, 12T,
BHKHTN DHQG Tp H6 Chi Minh). Trén

ua 0 vuf}ng goc voi mit
{AB l;al yﬂlémDsao cho OD = 1. Ighldg

Dﬁi =2, DB = \3, DC = V6 va WABCD)

=§S (1)

Mat khdc, ta lai co :
V(ABCD) < é pADBDC=1:

Tir (1) va (2) ta suy ra : sS(ABC) = S < 3.

Diu didng thic xay ra khi va chi khi DA, DB
va DC db6i mot vudng géc vai nhau & D. bidu
nay c6 thé xdy ra vi cé ding thl’lc 4

1 1 1
pAz " pBt " pC? DG? b

Sau do ta chi ra cdch dyng mdt tam gidc ABC
¢6 dién tich 1én nhdt nhu thé véi do dai cac
canh nhu & cdch pidi 1.

Nhén xét. 1) Mot s6 ban dira ra 1&d gidi theo hiwdmg
lo gidi 1 nhung 13p ludn thiéu chit che. Hau hét khong
ching minh didu ki¢n dd.

2) Da s0 céc ban st dyng coOng thire dién tich tam

gidc s = %absinc dé tinh dién tich céc tam giac OBC,

OCA va OAB r6i tir d6 suy ra dign tich tam gidgc ABC
theo vj tri trong ddi clia O d8i voi tam gidc ABC.

Ngoai mdt s§ ban d& xudt bai todn tdng quat trong
miit phiing va bai toén trong ty trong khong gian

Nhan xét. Ngoai cac ban c6 tén & trén, cic ban sau
day co 1oi gidi wrong A0 01 :

Ha Néi: Han The Anh, 12A1, PTCT, DHSP Ha Noi;
Hai Dwong: Ned Xudn Bdch, 11T, THPT chuyén
Nguyén Trai, Vinh Phic: Trdn Trung Hiéu, 12A10,
THPT Ngo Gia Ty, Lip Thach, Neuyén Bdc Tang,
12A3, THPT chuyén Vinh Phic; Phui The: Trdn
Thanh Hai, 10A1, THPT chuyén Hing Vwong, Yén
Bdi: Trdn Binh Minh, 10A1, Luc Tri Tuyén, 12A1,
THPT chuyén Yén Bai, Nam BDinh: Npuyén Vin
Thing, 11CT, THPT chuyén L& Hing Phong; Hai
Phéng: Vi Pinh Bdu, 11T, THPT NK Trin Phu; Ha
Tinh: Nguyén Thira Thidng, 12T, THPT NK Ha Tinh;
Pa Ning: Pgng Quang Huy, 11A1, THPT L& Quy
Don; Lam Péng: Cdp Pham Binh Thang, 12T, THPT
chuyén Lam Ddng, Da Lat; Déng Nai: 1é Phuong,
10T1, THPT chuyén Lwong The Vinh, Bién Hoa.

NGUYEN DANG PHAT

Bai T10/279. Cho iz dién ABCD sao cho cdc
canh AB, BC, CA déu nho hon cdc canh DA,
DB, DC. Tim gid tri Idm nhdt va gid tri nhoé
nhdt cua PD, trong d¢ diém P thoa mdan didu
kign PD* = PA* + PB? + PC?,

Lo gidi, L.y Qém @ sao gho

OA+0OB+0C-0D=0 (1)
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(Nhu da bi€t, ¢6 duy nhit mot diém O thda
man (1) va c6 nhidu cach xédc dinh n6 ching
han DO 1a hinh chéo ctia hinh hdp ¢6 cic dinh
A B C D, 0)

Ta thdy : 20D? - 2(0A? + OB? + OC?)
= 3092 201_)2 + 01:12 2(0A2 + OB + 0C?)
= 30,92 200( OA +03+ OC}+
+(0A+03+OC)2 2 0A2+032+0CQ)
= (0D -2 0D . OA +042)
+(OD2-20D . OB + OB?)
+(0D? - 201‘) 0t+ (TEQ)
=1 oiﬁ 2 OA OB+ 032)

- ( 032 2 OB OC+ O@)
b 0C2 20C. OA + 0A2)
= (DA2+DB?*+DC?) — (AB*+BC?+CA?%)
P4t : x=DA? + DB? + DC? ;
y=AB? + BC? + CA%

Theo gié thiét

20D? - 2(0A% + OB+ OCH =x- y>0(2)

Vay : PD? = PA? + PC? + PB?
< PA?2 + PR2+ PC2-pPD2=0

=% =3 > =
< (0A-OPY +(0B-0P)+
=% =
+(0C-0P?2-(0D-0P?=0
- =23 =
< 20P2-20P(0A+0B+0C-0D)
= 0D? - (0A? + OB + 0C?)
& 20P%=0D? - {OA2 +0B? + 0C?)
(Theo (1))

e OP2= 5—;—3 (Theo (2)) < OP=%V'x-y

< P € mit cu (o) tim O, ban kinh % Nx-y.

Nhé (1) d& dang tinh duge OD? = i(l‘r ~y) =
D nim ngoai (o).

Gid st duong 2
thing OD giao vai

((l:l) [al P-l, PZ,

(DP, < DP,)

(xem hinh).

Vai mbi P e (o)
ta thiy

DP=DO - PO

20

V3x-y —Vx-y

2
Diu bing x4y ra <> P = P,
DP<D0O+ 0P = DP<D0+ OP,
V3x-y+Vx

2

Dédu bing xdyra<>P=P,

Témlai:DP ; < P=P,
DP,, <P=P,

Nhan xét. 1) Day 1a bai todn quen thude, nhing 8
ban tham gia gidi bai todn nay khong nhidu. Cic ban
du gidi ding. Tuy nhién, ki thuft bién Adi tich vo
huwdmg trong céc bai gidi déu khong thit hoan hio.

2) Céc ban sau ddy cd 1od pidi twong ddi t6t. Lao
Cai: Nguyén Vit Ha, 12A5, THPT Cam Dwiémg; Thdi
Nguyén: Vo Quang Prac, 12T, THPT chuyén Yén Bai:
Lyc Tri Tuyén, 12A1, THPT chuyén; Ca Mau: Trdn
Va hanh, 12A4, THPT Phan Ngoc Hién; Hii Phong:
Pham Buc Higp, 11T, THPT Trin Phi; Nam Djinh:
Bui Van Tung, THPT Trin Nhat Dudy, Pa Ning:
Bdng Quang Huy, 11A1, L& Quy Don.

NGUYEN MINH HA

= DP<DP, =

Bai L.1/279. M@t xe cher cdt chiu tdc dung
theo phuong ngang boi mét luc kéo F khong
déi c¢ hudmg trung voi huémg cia vecto van
t6c V'caa xe. Do mpt 16 thiung & san xe, cdt
chdy xubng véi liew legng khong ddi c (kg/s).
Xdc dinh gia t6c va van tdc cia xe & thoi diém
t, néu liic t = 0 khoi luong ctia xe bdng m_ va
vdn t6c cha xe bdng khéng. Bé qua mp:
ma sdt.

Hudng din gidi. Khdi lugng clia xe & thoi
didm t12 m = m_ — ct. Ap dyng dinh lugt IT
Niuton theo phurong chuyén dong tim dugc gia

F F
tdc ma xe & thoi didmila a=—=
m m,—ct

\ﬁa:{{"‘;tacé:
dt

m
o[22 e

o

Nhén xét. Cdc ban cé 10d gidi gon, ddy di va chinh
Xdc :

Nghe An: L2 Minh Nguyén, Neuyén Thi Bich Ngoc,
12A3, THPT Phan Boi Chau, Vinh; Yén Bai: Trdn
Vigr Yén, 12A, THPT chuyén Yén Béi, Hai Duwong:
Neuvén Quoe Hogn, 11 Li, THPT Nguyén Trai;, Ha

https://tieulun.hopto.org
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Néi: Ned Heang Quy, 11 Li, THPT Ha Noi -
Amsterdam; Bach Ngoe Bugmg, 11L, PTDL Hujnh
Thic Khang, Ha Tinh: Lé Héng Qudc Tigp, 11A,
THPT Hong Linh; Hai Phong: Trdn Prec Truomg, 12
Li, THPT NK Trin Phi; Khinh Hoa: Nguyén Thanh
Som, 12 Li, THPT chuyén L& Quy Pon, Nha Trang;
Déng Thdp: Chdu Hoang Huy, 12T, THCB thi xa Cao
Lanh; Phi Yén: Lé Ngoc Thién, 12 Li, THPT Luong
Vian Chénh, Tuy Hoa; Ba Ning: Lé Anh Vi, 11A2,
THPT chuyén Lé Quy Don; Thanh Héa: Lé Thé
Trong, 12A4, THPT Bim Som; Tién Giang: Trdn Tdt
Lic, 12 Li, THPT chuyén Tién Giang; Humg Yén:
Neuyén Hai Ha, 10 Li, PTNK Hung Yén; Vinh Phuic:
Neuyén Duy Humg, Lé Khanh Hung, Nguyén Kim
Thdng, 12A3, Nguyén Minh Kién, 11A3, THPT
chuyén Vinh Phic; Nam Binh: Trdn Dic Sinh, 11 Li,
THPT L& Héng Phong

MAI ANH

Bai L2/279. Qud cdu nho tich dién treo bdng
ddy nhe, khong dan, cdch dign, dai | = Im,
trong mot dign truomg déu ndm ngang, day
treo léch mgt géc a. = 60°.

Sau do ddi dot ngdt hwdomg dién truimg
(cuomg do vdn gik nguyén). Khi day treo lgch
goc a, = 30° (cung phia lgch ban ddu so voi
phuong thdng ding) thi vat va cham dan héi
vao mot coc ct dinh thdng dimg. Biét rdng
ngay trucc va cham, dign truong bi ngdt. Hoi
vdt ndy 1én dén do cao nao ?

Huwing din gidii.
Khi vat nim can bing trong dién truong, hgp

luc F+P+T=0

= lyc dién
trudng
F = mgtga (1)

Ddi chiéu_gien
truomg, lyc F ddi
nguoc hudng
nhing  van  cd
cuomg do nhu
trén. Khi qué cin
dén D (bdt diu
va cham v&i coc) cong do lyc F sinhra :
A = F.Al, v6i Al = l(sina. —sina))  (2)

Ap dung dinh ludt bio toan ning lugng tim
duge van tdc v ciia vt ngay trudc va cham :

mgAh + F.Al = Vg

=> 2g(Ah + Altga) = 2 (3
K,'m va cham dan hdi véi coc ¢d dinh, van
tic v clia vit sau va chg)m ddi xung v&i v a6
vai CQC Phén tich v° = v+ vz, tim duge thanh
phﬁn v, lam vit ndy 1én dén do cao h so vdi vi

tri va cham D : v, = vsinp “)
Ngay khi va cham ngdt dién truomg. Ap dung

dinh luat bdo toan ning lwong sau va cham :
mv? vi

Tmmgh::shng

Tir (2), (3), (4) va (5) tim dugc :

(5)

—i—GZSm

Nhan xét, Cac qu ¢6 1o gidi gon, ding :

Tién Giang: Trdn Tdr Loc, 12 Li, THPT chuyén
Tién Giang; Nghé An: Pao Vinh Quang, Nguyén Thi
Bich Ngoc, 11A3, THPT Phan Bgi Chau, Vinh; Hai
Dwong: Poan Van Tuyén, 12A3, THPT Hong Quang;
Quing Binh: Diwong Lé Quang, 11 Li, THPT NK
Quing Binh; Déng Nai: Nguyén Kim Huy, 11 1i 1,
THPT Luong Thé Vinh; Ca Mau: Duong Quéc Chanh
Tin, 12A4, THPT chuyén Phan Ngoc Hign, Nam
Pinh: Trdn Prc Sinh, 11 Li, THPT Lé Héng Phong,
Vinh Phic: Nguyén Duy Humg, Nguyén Kim Thing,
L2 Khdnh Hing, 12A3, Neguvén Ngoc Anh, Duong
Qudc Huy, 11A3, THPT chuyén Vinh Phiic.

MAT ANH

" ) 5 07 i)
DIEW GIA0 THUA

Diém giao thira, téi la mét lGt cdt
Trong khéng gian trii méat cila thoi gian
La digm déu, téi cing la diém cubi

Hai vecto néi tiép ciia thii gian

Bén trdi téi mét epxilon

La ndm méi véi bao niém mo wéc
Tér ding giita nhung khing ld

trung diém
Vi trude t6i la thoi gian vé tdn
Va sau téi la vé tan thoi gian
Héam thii gian tai thei diém giao thiva
Cé bude nhay gitta hai bo méi, ci. [.

PHAN THANH QUANG
(Tp HS Chi Minh) W
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TiM HIEU SAU THEM TOAN HOC SO CAP

Gidi tich 6 hgp 1a mot dang todn khé. Tat ci
ching ta, m&i ngudvi chic chin da khong it lin
phdi dau ddu trudc céc bai toan dang nay. Loi
ifi cia nhimg bai todn gidi tich td hgp thudmg
khong ¢6 khudn miu, rdt bdt ngd, ngdn gon va
khi gidi dugc rdi thi thdy chang thit ... d&. Thé
nhung dé c6 dugc céi 1o gidi "dé" d6, ching ta
sé phdi ton rit nhidu cong sic dé€ tim ra duge
chia khéa cia 1o gidi, tim duye dudng 161 ding
din cho 1 gidi. Va véin d& méu chdt 1a phéi tim
ra duye chia khoa d6, con moi vin dé sau dé doi
khi chi 12 céc phép cong trir don gian,

Viy lam sao c¢6 thé tim ra dugce chiéc chia khéa
vanég cho cdc bai todn gidi tich 8 hop 7 C6 ril
nhiéu phuong phédp khdc nhau, rdt nhidu céch
tiép can doi v&i cdc bai todn ndy nhu phuong
phip quan h¢ d¢ quy, phuong phip quy dao,
phlmrn‘g phép thém bot... Trong bai viét ndy, qua
mt s& cdc vi du, tdi s@ trinh bay vdi céc ban mot
phuong phdp khd htru hi¢u dé gidi cic bai todn
gidi tich to hop mi ching ta sé tam goi la
phuong phdp song dnh.

Y tudng ciia phuong phdp nay 13 : Hai tap hop
A vd B c6 cing s phin tr n€u nhu tén tai mot
song dnh tr A vao B. P& dém dugc s6 phin tir
clia A (ki hiéu IAl), ta c6 thé xiy dyng mOt song
nh tir A vio mdt tdp hgp B ma ta da bigt cich
d€m s& phin tr, va tir ddy suy ra LAl = IBl. Mot
¢iu hdi chic chin sg duge dit ra : tai sao B d€m
duge ma A lagi khong d€m duge, mic do ching
24n nhu tuong duong nhau 7 Vi diy chinh 1a
méiu chdt cha vin dé : hai tdp hop cé cung sd
phiin tr ¢6 thé cd ciu tric duge mo t3 hoan todn
khdc nhau va phép dém thuc hign dugc hay
khong, dé dang hay kho khin chinh 1a & nhimg
mo té ndy. Va ngay ca ddi vdi cing mot tdp hop,
néu ching ta ¢6 nhimg céch mo td khic nhau, s&
¢6 nhimg phép dém khic nhau, mic du cudi cung
ching cing cing di d&n mdt két qud chung,
chidng han nhw trong bai to4n sau :

Bai toan : Gia st F 12 tap hop tht ci cdc bd
(Ap, Ay, ...y Ay), trong A6 A, (I =1, 2, ..., k) 12 mOt
tap con cla tip {1, 2, ..., 1998). Ki hi¢u |Al 1 s§
phin tir cia tip A. Hay tinh :

S=Y U ud,..uAal (1)
(Apdyd) & F

(D& thi Olympic toin chdu A - Thdi Binh
Duong 14n thi 10 ném 1997)

Léi giai. Lod gidi thie nhdt dung phuong phd
quy nap khd ty nhién vé mjt § tudng, tuy rit
cdng kénh va doi hoi nhidu ki néng tinh to4n ;

Dé trdnh nhim In, ta goi F 12 F, va S 1a §;.
V6i k = 1 thi Fy chinh 13 tap hop t4t ci cdc tap

con clia E vi §; 13 tdng cic phén tir cia ching,
Ta thay 1998 bing s6 nguyén duong n bt ki.
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SONG ANH
VA CAC BAI TOAN
GIAI TiCH TO HOP

TRAN NAM DUNG
(GV khoa Todn, PHKHTN Tp H6 Chi Minh)

C6 Cn thp con gdm ding § phdn 1, va nhu viy,
Bi=F s an2 .

i=0
n

(Tir ding thie (1+0)" = Y Chx' idly dao ham hai

i=0

vE ta duge n(l + )" = X iCix'™!. Nhan hai v&
=0

Vi x, ta duge : x(1+x)"" =Y iChx' (2). Thay x

= 1, ta duge k&t qud trén), Y

Vi k = 2, theo hudng trén, ta mun tinh s§ cdc
clip (A1, Ag) € F5 sa0 cho 1A, U Adl = i. Goi 56
nay 12 T (4, 2) thi ta sé ¢6 S, = T(1, 2) + 2T(2, 2)
+ ...+ nT(n, 2). P& tinh T, 2), ta ¢d dinh A; va
i sir A 12 mot tip hop ¢6 j phin tl, j < i (6 G,
cach chon A;). D& tap hop A; v A, c6 ding
phin t&r, A, phii chita dang i—j phin & khic vdi
cdc phéin 1 cha A va chira mot s lugng y § sO
phin tir da cd irong A, nhu viy 6 Cii, . 2 cich

n=j
i

chon Ay, do d6 T(i, 2) = 3 €}, CiJ; 9 Chu ¢ ring
=0
A n! (n-n!
B e e
A TR T Sy
=- Z = ,1' ——im (% O oo
iln-0) I;!(:—;‘,l!

N, =3 € aal'=CL> CI=C I
j=0 j=0

§,=) 1Ck3 = n34m1
=0

Li ludn tuong ty, ta thu duge cong thire truy hoi
I
doi v6i TG, k) : TG, k+ 1) =) T, bHCi2

=0
Tir day biing phuong phép quy nap todn hoc, ta

tim dwe TG, k) = C2F-1Y va
83 = n(2k-1)2k==1) (sir dung cong thic (2)).
(Xem 1iép trang 6)
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TOAN HOC VA POT SONG

D Nam

Ban chi cin dang
mit ngdén tay 14 co
thé tinh dugce ngay m
théng 1 trong nim roi
vao thi mdy trong
tudn,

Trude hét ban cdn  Hai A
nh¢ ma cia cdc thing
theo bing sau : Ma ndm 200/

Thang| 1|2 |3 |45 |6]7]8]9]10/11]12

Ma [a|D|D|c|[B|B|G|c|[E|a|D|E

bé d& nhé ban chi cAn hoc thudc chu sau : Anh
Dang Day Giip Ban Déng Giip Ca Em Anh
Dang English. Cic chtt cdi ddu ctia mdi tir theo
thir ty 12 ma cta théng,

Sau d6 ban cdn bift ngdy 1 théng 1 clia nam
dang tinh roi vao thit mdy trong tudn, Thé 12 di.

Trén mdt ngén tay, ban 14n lugt dit bay cher cai
A B C D, b, Eva G img v6i by ngay trong
tudn, Tai vi tri A ban dit thir cia ngay 1/1 cia
ndm dang xét. Vi ndm 2001 ta bigt ngay 1/1 1a
thit Hai (nhu hinh ve trén). Viy diém A tng vei
thir Hai. Khi d6 diém B tmg vdi thi Ba, C ung
vGi thit Tu v.v... P& xdc dinh ngay m thang f roi
vao thir miy cia ndm dang xét ban thyc hign céc
budc sau day :

Budc 1: Xéc dinh ma cla thang theo bing trén.

Bwdc 2 : Tinh m = n (mod 7). (L4y m chia cho
7, due 56 dur 12 n),

Butc 3. Bt ddu tir diém ma cia thang trén
ngén tay ciia minh (dwgc xéc dinh theo timg niim)
ban hay d&€m tr 1 dén n theo chidu kim déng hd.
Didm két thic s¢ tmg v6i thit trong tudn.

Thi dy 1. P€ xdc dinh ngay 20/5/2001 roi vao
thir mdy ta tinh nhu sau :

Bugc 1. Mi cha thang 51a B (img véi tir Ban)

Budc2 Tacom=20,m=6(mod 7),n=6:

Bw¥c 3, Tai B tinh 1a
1 d€m 6 14n theo chidu
kim ddng hd. Diém két
thic tmg véi 6 14 G roi
vao chil nhit.

P Ba

Hai C

Viy nghy 20/5/2001 (N p i Nom
1a chii nhat. .
V6i cdc ndm nhudn ;0 A S

ta chi ¢cin luu ¥ théng 2

c6 29 ngay cho nén cic Ma nam 2000

TO LICH
TREN MOT NGON TAY

XUAN TRUNG
(Vién Cong nghé thong tin)

ngay tr thing 3 trd di phii tinh them mot dom vi.
Nhur vy két qui im dugce theo cich tinh néi trén
s¢ dugc cng thém 1 néu tinh tr thing 3 dén
thang 12. Céc két qua cta thang giéng vi hai viin
21 nhur cd.

Vdi ndm 2000 ngay 1/1/2000 roi vao thi biy,
d6 12 diém A trén ngén tay nhur hinh ve bén.

Thi dy 2. Ngay 19/5/2000 roi vao thit mdy ?

Mai ciia thdng 5 1a B. Tor diém B coi 12 1 ta
d€m dnn = 5vi 19 = 5 (mod 7), s& tim duge
diém két thic ¢ng v6i 5 12 E. Do niam 2000 12
nhuin nén k&t qui sé 1a thit sdu.

Thi du 3. Ngay 3/2/2000 roi vao thit mdy 7

Ma cia thang 2 1a D (img v6&i tr Dang). Tir
diém D coi la 1 ta d8m dén 3 diém két thic 12 £
img v thie Nam.

Giai thich : Céch tinh ma thing & bang trén
dya vao nhin xét sau : v6i cdc ndm khong phii 12
nhufn thi céc thing sau ddy sé c6 nghy ddu thing
roi vao cing mot thir va tao thanh cic nhém léch
nhau 1 ngay tinh theo madun 7,

Ma A : nh6m 0 (mod 7) gbm 2 thang 1 va 10.

Mi B : nhém 1 (mod 7) gdm théng 5,

Ma C : nhém 2 (mod 7) gdm théng 8.

Ma D : nhém 3 (mod 7) gém céc thdng 2, 3
va 11.

Ma D : nhém 4 (mod 7) gdm thing 6

Ma E : nh6m 5 (mod 7) gém 2 thang 9 va 12.

Ma G : nh6m 6 (mod 7) gdm 2 thang 4 va 7.

Con v6i ¢ic ndm nhudn, nhu d3 néi, do thang 2
¢6 29 ngay nén k& ur thing 3 dén thang 12 nim
nhufn ta phii cong két qui thém 1 dom vi.

Cudi ciing, luu ¥ ban doc ring nim nhuéin dugc
nhidn biét theo cic diu hi¢u sau

1. Néu tan cting 12 2 chit s& 0 thi s§ nam d6
phéi chia hél cho 400

2. Néu khong tan cung 1a 2 chir s6 0 thi phai
chia hél cho 4,

Ching han cdc nim 1964 va 2000 sé 12 nhuin
con ném 1990 thi khong (D1 nhién ching ta chi
xéc dinh cho nhimg nim cé t8i da 4 cha s8).
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GAP NHAU QUA NGAY SINH

Oi ! Mat nam sao ma tror nhanh gua ! M&t nam
trong cuge doi moi ngudi dé lai nhidu ki niém khé
guén. Co nhitng ki niém vui, véi nhing 1&i chic
ming bét tan. Co nhu'ng ki niém buon vd&i bao tdm
Iong san sé. Cam on moi ngu‘dl da sﬁng cung ta, ké
ca lic vui, ldc bubn va gio day tat ca clng budc
sang mot thién nién ki mai.

HB&i cac hdi vién yéu quy cla CLB ! Gia nhu co
cach gi dé c6 thé héi tu nhau vé cling mét noi, rnat
nhin thdy nhau, tay trong tay nhau thi chic chan
chung ta s& nhan ra rang : Tinh ban that khéng
bign gidi. Bao nhiéu Ira tudi khac nhau. Bao nhiéu
qué quén khac nhau. Bao nhiéu céng viéc khac
nhau. Thé ma chung minh da & bén nhau, chung
mét cAu lac bd cla Toan hoc Tudi tré.

Trude khi md ra cude choi mdi, cude chai xuyén
subt cd nam dau tién cta Thién nién ki maéi, Thién
nién ki ma cdc ndm bat diu viét bdi chir sé 2, cau
bd xin trao tang pham dac biét cho héi vién may
man nhat nam 2000.

Ban Nguyén Danh quhg sinh ngay 5 thang 11
nam 1984, Bia chi . s6 5, dudng Céng an vi trang,
phudng Trén Nquyen Han, thi x4 Bac Giang, tinh
Bac Giang

Chuc ming ban Hu‘ng va cdm on tat cd céc ban,
Xin ban Hung gtfi mét tam anh cla minh dé CLB c6
thé "cdng bd dung nhan" cia ban vgi tht c& moi héi
vién va ban c6 tdm su gi khi nh&n dugc sy may
man dac biét nay ?

CLB

TET VU

Chi nhin sé luong céc bai gidl gLﬁ vé di théy 'Tét
Vui" duoe Vui nhu Tét. Hag ét cdc ban déu khang
dinh c6 dang thirc ding YTET VU | = VU |

Céac cach giai ciing rét phong ph, €6 ban khéng
ngai gian kho viét dén 4 trang gidy to dé tim ra Isi
gidi (). Trong khi dé, c6 ban lai céng nhédn nhing
diéu ma |8 ra phai _chimg minh "Nhu ta da biét
nhung sbcé 3chirsd khi binh phuong |&n lai co tin
cung la chinh nd chi gom 2 sb dé la 625, 376"
Nhieu ban "cé thém" két qua V390625 = 625 vi
quén khéng nhin T =3 déng thai T=0.

Xin gidi thidu 1&i gidi cua ban Nguyén Khdnh Ha,
10T2, THPT Nang khiéu Quang Binh : Ti déng
thire da cho ta dan d dén:

1000 TET = VUI {VUI =13

Vi [VUI; VUI - 1) = 1 va VUI(VUI - 1) chia hét
cho 23.5% nén chi cé hai kha ning :

VUl = 8k
VUI-1 = 125p
O<p<B8. Tirdotactd:8k=125p+1

Dop<8valésuyra p=3=VUI=1253+1=
376. Ta c6 két qua : V141376 = 376 thoa mén

Kha nédng 2 : {VUI = 1asm véim, ne Nva
Dem=8

VUl-1 = 8n

Dom<8valésuyram=5
= VUI = 625 = TET = 390 khéng théa man.

Bai toan c6 mét két qui duy nhét. Hai ban T.BK
H.N.S {Quy Nhon) c¢é i gidi gidng nhau qua...
khéng hiéu visao ?

MNhan dip nam mdi, xuén "li xi" cho ban Ha va cac
ban Pdo Xudn Quang, 9B, THCS Yén Lac, Vinh
Phuc; Pham Ngoc Diép, SA, THCS Nguyén Truding
T6, Ha No&i; Luv Hai Vi, 12A5, THPT chuyén Tran
Hung Bac, Phan Thiét, Binh Thuan ; Pham Vén
Chién, 10T, THPT NK Ha Tinh. Cim on 14t ca céc
ban.

Kha néng 1 : vdi k, pe Nva

LT.N

G TOISAI HAY SACH SAI ?

Xura... cdc cu ¢ cdu "ndi
nhir sich” mang theo mot
ham ¥ : da la sach thi dit
khodt la ding. Nhumg nay
thi ¢6 nhidu cudn sich ma
kha nhiu chi ti€t lai cin

< " phdi "don vwon". O bai
to4n nii)f cd thé chl ra ngay : két lugn bdt phuong trinh

v0 nghiém "cita sich” 14 sai vi x = -1 duong nhién la
-nghiém.

Mot s6 ban viin phé phdn léi gidi cia "to1" 1 sai:
V3-x >+l +

Nhimg that can cho "t
toan... chudn.

—&3—.x>l+ +1 +x+1

pi", phép bién ddi niy hoin

Céc ban Inu ¥ r‘ang néu d¢é bit phuong trinh & dang
Viox -+l > mi binh phirong hai v& thi mdi phai

két hop voi didu kien V3 —x - Wx+1 2 0, con & gidi
cha "toi" la ... khac !

C6 nhtmg ban gidi lai nhimg bi sai trdm trong !

Ban Phgm Ai Quoc, 12T, NK Hung Yén da cho I
gidi khdc va ding. Ban Trdn Humg DPai, nha 390, duéng
MNeuyén Trai, Ha Noi nhan xét kha "tinh" : hinh nhie hoi
thita didu kién x < 3 & phdn ddu Lo gidi.

Ban Vi Quang Thanh, 9B, THCS Nguyén Huu Tién,
Duy Tién, Ha Nam thi "thd dai” : Péang gia (7" phii cho
loni gidi trong sdch... dé chdn dodn bénh. Ai lai dé cic béc
s1 "nhan” thé ? Xin thua cac ban : Nhiém vu ciia bdc si
diu phdi chira bénh ma nhidu khi phii bi€t khim sie
khde va phé tdt nira diy ! Cim on.

KIHIVI -
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Cudc choi méi dau thién nién ki moi

== 2 _—— =

DOAN TUOI VA BIET AI QUA ANH

Ai ciing ¢é quyén tham gia cudc chai that Ii thu
nay dé trd tai "con mat tinh tudng" cla minh. Suét
nam 2001, CLB sé& in phiéu cudc chof va mét dnh
chédn dung & timg s6 tap chi.

Ban hay lam nhu sau :

1) Ghi r& ho va tén clng dia chi cla ban & ngoai
phaong bi. ]

2) Cat va dan phiéu cudc choi & bén ngoai phong
bi ; trong phiéu cudc choi cac ban dién 56 tudi cla
ngudi trong dnh & thai diém chup &nh va cho biét
tén ngudi dé.

3) Ban viét cam tudng cla
ban vé cudc choi nay va cho
vao phong bi. Cac bai viét
khac khéng bd chung trong
phong bi nay.

Mai thang CLB s& in phiéu
cudc choi v& mbdt &nh chén
dung cla médt ... ngudi da timg
co anh trén THTT (tat nhién
khac anh d& in). Ban nhin anh
that ki va tham gia cudec choi ;
nhé ! Néu sG ban doan ding qua nhiéu thi CLB sé
tién hanh bdc tham dé chon ra 3 ban dg& trao tang
ph&m. Nao | Hay budc vao cudc choi méi, dau thién
nién ki mai !

CLB

ahg
.’} ’
» ~1§ - -3
& TINH MAT, KHES TAY

Ban nhin 3 hinh bén va phai
e t6 mau nhu thé nao vao hinh
= Al cudi sao cho hop | nhat ?
% THANH MAI (st)

Gidi ddp bai
PAT BAO NHIFU

Sau méy ldn mua, ban va chudc lai tic gid mat
155 ngan ddng va duge mdt bd quin do. Néu goi
214 tri thyc clia bo quin do 1a x ngan ddng thi tic
2i4 bai bio s& bi thiét ndu x < 155 va sd tidn thigt
1a (155 —x) ngan ddng. Con sO nay hoan toan phy
thudc vao x.

Lip ludn cta Trung 12 dua vao gid thiél x =
150, HoAnh l4p ludn viéi x = 140.

Nhan xét: Chi ¢6 ban Phan Thanh Nam, 10
Todn 2 THPT chuyén Luong Vin Chinh, Phi
Yén 14 hidu bai toan. Céc ban Trin Ping Hién,
12A, PTBC cip 2, 3 chuyén Ngtr, Ha Ngi, Pham
Manh Hung, 98, THCS Diang Thai Mai, Vinh,
Nghé An, Ha Vin Quy, 12 Todn, PTTH ning
' khiéu Quang Binh c6 mot so
v ding tuy chua gidi dugc bai
m{t cich tron ven,

VKT

DANH SO NHANH

Ban hay dénh s 1, 2 va 3
vio cic hinh nhd sao cho cic
hinh lién nhau khong ¢é cang
mat s0. .
VIET bUC

« LOIGIAI DA PUNG CHUA ?

Trong dé thi chon hoe sinh gidi todn lép 9@ THCS ciia
Quan 1, Tp H& Chi Minh nim hge 2000-2001 vao nghy
29-11-2000 ¢& bai todn sau :

Bai todn; Gidi phuong trinh
Vard +5x+1 - Va4 —dx+4 =0x-3

Mot s& hoe sinh da cho 1&i gidi nhir sau
VaP +5x+1 = V&P —dx+4 = 9x—-3 (1)

Pita=Vdr? +5x+1,

b=Nd? —dx +4 (a; b20)
Tacé a® - b* = (dx*+5x+1) — (4x°—4x+4) = 9x - 3 (2)
Te(l)va(Qtacba-b=a -b>
= (a+b)a-h) — (a-b) = 0 < (a-b)a+b-1)=0
& g—b =0 hodc atb-1=10

* Neéua—b=0tacé V4 + 51 +1 = V42 —dx +4
AP +5x+l = AP —dx+d S x=—
*Néna+b-1=0tacéa+b=1 3

a-b=9x-3
i ‘ S
Tir{1) va (3}:{a+b=l =2a=0x-2

VAP 45341 = 9x-2 (4) < 4(d4x” + S + 1) = (9x - 2)°
= 160 + 20x + 4 = 81:% - 36x + 4 < 6588 - 56x=0

@xfﬁﬁx—56}={)qx={}hoacx:§

Thir x = 0 thod man (4) x = ;.;75@ thoa _ (4)

Vay phuong trinh cd nghi¢m lax = é— vax= 26

L gidi trén da ddng chira 7 = ;
NGUYEN BUC TAN
(Tp HS Chi Minh)
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VIEN TOAN HOC - 30 NAM

Tién than céa Vign Todn hoc la Nhém nghién
ctu Todn hoc thudc Uy ban Khoa hoc Nha nudc
duoc thanh lap v ddu nhiing nam 60, Céc gido su
Ta Quang Biu, L& Van Thiém, Hodang Tuy lé nhiing
ngudi dé cé céng hoach dinh chién luoe xay dung
va phét frién Vién Todn hoc. Nhing sinh vién 15t
nghiép logi giéi coa trudng Bai hoc Téng hop Ha
Noi (1962, 1963) la nhiing ngusi déu tign cia
Nhém nghién ctu Todn, ¢6 try s& lam viéc la mét
can pheng réng khodng 15m? tai 39 Trén Hung
Dao, Ha N&i véi mét chige bang den, méy cai ban
va mét 10 sach ching 100 cuén | Mac ddu vay, tap
theé can bé cia Phéng van migt mai hoc tap,
nghign ciu. Mét didu déng ngac nhién la trong
hoan cdanh chién tranh, mét s& xémina cia Hai
Todn hoc nhu Ham phuoc, Phuong trinh dao ham
riéng... van sinh hoat rét déu dan. Héi dé, lich sinh
hoat hang théang coa cée xémina duoc in rénéd va
gui di cac khoa todn cia tat cd cac trudng. Mai
dot xémina, moi ngudi di xe dap hang méy chuc
cay s8 vé Ha N&i tham dy réi hém sou lai quay vé
khu so tén.

Ngay 05/02/1969 Thi tuéng Pham Vén Déng
da ki quyét dinh thanh lap Vién Todn hoc, tryc
thuge Uy ban Khoa hoc va K7 thuét Nha nuée. Dén
cudi ndm 1970, khi Gido su Lé Van Thiém, Higu
phé truéng Bai hoc Téng hop Ha Nai, duoe cu vé
git chie Vign phé Vién Toan hoc, Vign méi chinh
thire di véo hogt déng. Nam 1972, Vian Toan hoc
lai phdi di so tan. Tuy déi séng rét vat va thigu
thén, tai lieu sach v& nghéo nan, céng tac nghign
cou vin duoc tién hanh véi quyét tam cao. Céc
xémid khoa hoc vén duoc tién hanh. Nam ndo
Vién ciing 16 chie Hoi nghi khoa hoc dé théng bdo
két qua nghién cu méi. Cing chinh trong thi
gian nay, nhiéu edn bd cla Viégn vdn cé nhing
cong trinh dat chét lvong cao, cng bé irén cac top
chi ¢6 vy tin trong nudc va quéc 18,

Thang 5/1975, Vién Khoa hoc Viét Nam duoc
thanh lap va Vién Toan hoc la mét thanh vién. Tu
do Vién Toan hoc da cé nhiéu bude phdt trién va
tién bd ving chic voi myc tiéu phan ddu dé g
thanh mét Vién Todn hoc theo cdc chudn myc quéc
1€, Luc lvong nghién cu coo Vién dan dén truéng
thanh : bén canh mét 58 nha khoo hoe déu dan
Vién da c6 mét lép can bé tré duoc dao too tueng

ISN : 0866-0853
Chi s6 : 12884
M3 sb : SBT85M1

Ché ban tai Toa soan

déi 16t va ddy nhiét finh trong nghién cou. Nhidu
can bd cia Vign da bdo vé thanh céng luén én tién
sT khoa hoc, mét sé tién st khoa hoc khac duoc bs
sung vé Vién. Trong Vién d& hinh thanh nhing
nhém nghién ciu manh, cé uy tin trén thé gidi nhu
cdc nhém nghién ciu vé T8i vy, Dai 56 giao hodn,
Phuong trinh, Li thuy&t ki di... Cac xémina lién
nganh, lién co quan duoc hinh thanh, gép phédn
déy manh sy hop téc nghién ctu giFa cdc can bé
trong Vién, cing nhu cdc can bé cia nhidu co
quan khéc nhau. Vién Toan hoc da thyc su la hat
nhén cba céng téc nghién ciu todn hoc trong ca
nuge. Nhigu can bé coa Vién duoc mai 16i gidng
day va lam viéc fai cdc Vién nghign cou, Truéng
Dai hoc ndl tigng thé gici, mot s6 gido su cia Vién
da duoc méi tham gia ban bién tap cdc tap chi
quéc 18 €6 uy tin, nhiéu Héi nghi quéc 1€ v& Toan
hoc duoc 16 chic tai Vién Toén. Didu dé da dem
lai su binh déng trong hop tac quéc 1€ cia Vién
Todn hoc. Bén canh vigc nghién ciu, ngay nr
nhding ndm 80, Vién Toan da duoc coi lé co s&
dao tao nghién ciu sinh chuyén nganh Toén manh
nhat clia cd nudc. T nam 1996, Vién béat déau
tham gio ddo too cao hoc, Hién nay hé théng céc
bai gidng Todn hoc hign dai do cac gido su gidi
cva Vién trinh bay, nhdm gidp céc ban tré tigp can
nhanh cdc van dé thai su cia Todn hoe, da thu hot
hang tram sinh vién t& cac truéng Dai hoc dén du.

Su phén déu kign tri va bén bi eba Vign Todn
hoc che nhitng nghién ciu khoa hoc & trinh dé cao
dd dem lai cho Vign sy thira nhén trong céng déng
toén hoc quéc t&. Vign da duoc Vién Han lam
Khoa hoc céc nudce trén thé gisi thi ba xép la mét
frong mudi Vién nghién cdu xudt sdc. Hudn chuong
Lae déng hang nhét va Huén chuong Déc lap hang
ba ma Nha nude trao tang Vién Tedn hoc cing véi
hai Gidi thudng H& Chi Minh vé Khoa hoc Ki thuat
trao cho GiGo su L& Véan Thigm va Gido su Hodng
Tuy la su ghi nhén nhing déng goép to lén cio
Vign véi sy nghiép Khoa hoc Ki thuét cia dét nuéc.

Ngay 3/11/2000, vién Teén hoc da 16 choc ki
nigm 30 ndm ngay théanh lap vé nhan dip nay Vién
Todn hoce dd vinh dy dugc nhén Huén chuong Déc
lap hang ba cia Nha nuéc Céng hoa xa héi chu
nghiia Viét Nam,
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