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MANDENBROT
U= TUDIIC DALE

va

I
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Nha toan hoc Bonoa Mandenbrot (Benoit Mandelbrot) sinh ndm 1924 ¢ Ba Lan va tr ndm
1936, dng sang hoc & Phdp, sau d6 lam vige & Trung tdm nghién ciru Khoa hoc Ty nhién cia
Phép. Ong nghién ciru cac hinh ty dng dang va md ra mdt nganh todn hoc mdi : hinh hoc fractal
(xem bai vi€t & trang 9).

Hinh hoc Fractal ¢6 nhidu ting dyng trong cong nghé, trong d6 hoa vi tinh, ¢6 thé mo 1d dugc
nhidu hi¢n tugng ty nhién va xa hi. '

Danh cho ban doc : Y- P
1. Hai Fractal & dudi didy md td hinh nh gi trong ty nhién ? El_lf
2. Quan sdt E, E,, ban c6 thé v& duge E, khong ? S - B

Nam phén thudng cho 5 ban ¢6 ¥ tudng ddc ddo, quan sét tinh
tudng va khéo tay nhdt.
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Lovi giai : TAM GIAC SO PATXCAN

1) Hinh vé& goi ¥ mét tinh chat clia tam gidc Patxcan, dé y thay cdc con sb trong cée vong tron lap
thanh day s& Phibdnaxi. D& chimg minh nhan xét nay chi can sir dung tinh chat :

cl el =Ck,vei1sksn

n

-

2) Ta thay day (C¥) tang khi k tang va k < ; véi n chan va k < ”; - v6i n 1&. Mit khdc Cf = C "
a £ . s = . ™ - 1 " -
nén C* dat gia tri 16n nhat khi k = ; v6i nchén va khi k=" : ! hotc k=1 ; véi n1é.

Xin trao tang phdm cho § ban nhanh tay, nhanh mét nhat : V& Thi Ngoc Anh, 97/3, Tran Phu, Tp
Hué: Bui Dang Tai, 9A, THCS Ly Nhat Quang, Do Luong, Nghé An; V& Xudn Minh, 9', THCS Cam
Nghia, Cam Ranh, Khanh Héa; Vi Huy Ming, 11A,, THCS Lé Hoan, The Xuan, Thanh Héa; floan
Van Quang, 10A1, THPT Ha Hoa, Phu Tho.
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Toa soan : 57 Giang Vo, Ha Noi

BT : 04.5142648-04.5142650
FAX: (64).4.5142648

Téng bién tdp :
NGUYEN CANH TOAN

Pho téng bién tdp :
NGO DAT TU
HOANG CHUNG

Hpi dbng bién tap :

NGUYEN CANH TOAN,
HOANG CHUNG, NGO DAT
TU, LE KHAC BAO,
NGUYEN HUY  DOAN,
NGUYEN VIET HAI, DINH
QUANG HAO, NGUYEN
XUAN HUY, PHAN HuUY
KHAI, VO THANH KHIET, LE
HAI KHOI, NGUYEN VAN

TRONG SO NAY

o Danh cho Trung hoc co s¢ — For Lower Secondary

Schools

Va Pize Son — Téng quat héa mét bat ding thite va
nhitng 1ing dung

€D Nguyén Viét Hai - Cube thi Olympic toan APMO 2000
@€ Nhin ra thé gidi - Around the World

Ping Hung Théng - T4 chite thi hoc sinh gidi toan
& My

Tiéng Anh qua cdc bai todn - English through Math
Problems — Ngd Viét Trung

€) Tim hiéu sdu thém todn hoc so cdp — Advanced

Elementary Mathematics
Truong Céng Thanh — Vé cach biéu dign cosnx theo

£.IH

MAU, HOANG LE MINH, cosx

N?UVEN KHAC MINH, TRAN € Gigi thieu vé todn hoc cao cip - Introduction to
VAN NHUNG, NGUYEN Higher Mathematics

DANG PHAT, PHAN THANH Hoang Ching — Hinh hoc Fractal 1a gi ?

QUANG, TA HONG QUANG,
PANG HUNG THANG, m Dién dan day hoc Todn — Math Teaching Forum
Twing Minh Minh — Truc quan trong giai toan

v0 DUONG THUY, ‘TH.&N
THAREC M, Tk RA €9 Dé raki nay — Problems in this Issue
T1/277, ..., T10/277, L1,L2/277

KHANH TRINH, NGO VIET
TRUNG, PANG QUAN VIEN

@' Gidi bai ki trwdge — Solutions to Previous Problems
Giai cac bai cua sb 273

@ Tra I¢i ban doc — Correspondence - N.T.L. 5
Nguyén Pizc Tén - Y kién ban doc - Doc § kién ... ban !

) Cau lac by — Math Club

Trudng Ban bién tdp :
NGUYEN VIET HAI

Thu ky Toa soan :
LE THONG NHAT

Thuec hién : ; i CLB - G#p nhau qua ngay sinh

VO KIM THUY 5 NGOC MAI - Két qua : Tiéu chudn nao day ?
Trisw: Sai l1dm & diu — Where’s the Mistakes ?

VO ANH THU KIHIVI - Don vuon nha
Trinh bay : Nguyén Xuén Uy - Tai sao lai thé ?

NGUYEN THI OANH

Bia 1 : Di tuyén toan Viét Nam dir thi Olympic Toan quéc té
TRAN CHi HIEU 2000. Nha toan hoc Mandenbrét.

231 Nguyén Véan Cu, Bia 2 : To&n hoc mudn mau - Mandenbrét va Hinh tu
TP Hé6 Chi Minh dong dang
BT : 08.8323044 Bia 3 : Gidi tri todn hoc - Math Recreation

Pai dién phia Nam :

https://tieulun.hopto.org



https:'www. faceboolt. com/letrungldenmath

https:/sites. google. com/siteletrunglienmath

Tom; QUAT 10A
MOT BAT PANG THUC

Sau mbi ldn chimg minh xong cdc bt ding thic
(BDT), cdc ban ¢é hay t8ng quit hoa cic BT vira
chimg minh dugc khong ? Vigc nay néu duge s@
khong chilam dep va phong phid thém cic BDT ma
doi khi con dem lai nhitng ing dung khong nhd. Vi
duy cu thé dudi day s& minh hoa diéu do.

Chung ta hiy bit ddu véi mot BDT quen thudc :

3 7
w—z(%fuwa. beR
Ding thirc x4y ra khi va chi khia = b.
BT (1) cé thé téng quét héa nhu sau :
a®* 4+ b=
2
Ding thic xdyra<> a=b.
Ban doc tyching minh (2) bing quy nap theok.
Véi 56 ma 1& thi ¢6 x4y ra BDT wong wr
khong ? Ta s& ching minh :

(‘”b) (2)VYa,be R keN".

A0 53
3
g tb z(ﬂ (3) voia+b=0

2 2
Tact:
A+ atb3
T
E;—bI a*—ab+b® - iéifﬁ] =

= —g-(aw){a—ml z20(doa+b=0).

Ding thire xdyra< a*=b".
BDT (3) co su (8ng quét :

2k+1 2k+1
a +h ath  2k+1

= -
3 Rl o)

voia+h = 0,k e N

Ding thire xiy ra < a® = b2 That viy, khong
milt téng quat, gid sira = b.

Ap dung BDT (2) va do a+bh = 0 ta ¢6 :
atb 2kl cathy a+b 3k ath i 3
SR n e e
(3)
2

VA NHING UNG DUNG

VU PUC SON
(SV BHKHTN-BHQG Ha Noi)
Xéthiéu ;
o R kel 2k O

= (a-b) (@* -b* 2 0
(doa?zbvaaz—b =azh>a
= (a+b)(a® + b™) < 2(a**! + ¥ (6).
Ttr (5) va (6) 1a s& c6 (4). Ding thic xdy ra
o (I = b'

Luu § thém ring néu g+b < 0 thi :
2k+1 + b2k+1

a a+b ~ 2k+1
paEs
BDT (7) 1a dang khac cia BDT (4) vi néu ta dit
a=-u, b=-vthig+v =0 va (7) trd thinh BDT
dang (4).
Bay gid, phdi hop cdc BDT (2) va (4} ta duge
BBT:

2k > bik}

(M keN

a’+b"
5

ath \8 o i os *
2( 5 )(S}Vmamzﬂ,neN

a=>b néu n chin
Ding thic xiyra <42 = p? néu n 12
g, b bit ki nfun=1

Céic BDT (2), (4) va (8) ¢6 nhidu tng dung, dic
bigt trong vi¢c gidi phuong trinh va chimg minh
cic BDT. Sau diy la cdcvidu :

Vidu 1. Gca: phiton mnh
(x+1)% + (x+5)% = 18 - 835
Giai, Ap dung BDT(2) ta c6
(+1)° + (x+V'§}6 1P o et Vs )°

2 2 o
(Ez_l)ﬁ=9—4€
= D8+ (x + V5)6 218 - 845,

Ping thic xiyra e —x— 1 =x+\5
ox=— (1451

Viy, phuong trinh ¢6 nghi¢m duy nhit
x:—(1+\{5]:r2.
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Vi du 2. Tim 1dt cd cdc cdp 58 thuc (x, y) thoa
man ;

19 1 13—“
.x2+_r2—x + ‘3}-2—x2+x = yz

19 19
Gigi : Dat :a = Nx24+y*—x, b= Vy*—r>+x thi
19
a+b=2 2 >0
Ap dung BDT (4), ta duge :
3 IR Gl Rl L)
Y o= L 5 < ) =¥
= Phuong trinh da cho tuong duong véi
X il 2 ¥ e 8 EEh T
(X~ =x) = (y"—x"+x)", tird6 gidi ra ta duge cic
cip (x, v) cln tim :
xty ¥ |x=0 holic x=1
y=0 y ty ¥y

Vi du 3. Cho cdc s6 duong a, b, ¢ va sd nguyén
k> 1. Chitng minh rdng :

k bk sl
il et

Gigi. Nhan v€ tri ciia (*) v6i 2% téi 4p dung
BDT(8)taco:
o aR 2 k k 2 \k E
— — VP = (="
[\b+¢;'a+(c+a)b (|5!+f;=)'C
>t : 2.!:“ 2.
3 B* 4+ & c"+a a kLB

Thanh thit, d& chitng minh bét ddng thic da cho,
ta chi ¢dn ching minh :
1] z 3 ' -
e S voix=d, y=b b =¢,
y+z zHx xty 2

Piy 1a BPT quen thude. Vige ching minh xin

danh cho ban doc !
Vidu 4. Cho sd nguyénlek >1vax, y, g, tld cde
s thiee thoa man :
X2z, y2t
N’_ + E\r- = \r i
Chitng minh rding : &ix—z + Sy > 1.

Gidi. Ap dung BDT (4), ta duge :

Siaeh

%'E(doklévﬁxzz

ool
= Nx-z = T( EJ— - m)(dfmg thirc xdyra <

o =k
X =7}
k
a0 it 3
Tuong tur : *ﬁu; = -—;{—: ( - %‘_) (ddng thic

:Iué.y ra <::>_‘v2 = IE}

Tirdo suyra
&«x—z +k\f_ i(ﬁr+ﬂ_—$\r \Jr}
'ZE. @W:l:dpcm.

(Ban doc tu xét cc trudmg hop xdy ra diu ding
thiic)

Vidu 5. Cho cdc 56 duong a, b, ¢. Chiing minh
rdng :

(a+b—c)" + (b+c—a)* + (c+a-b)"
YneN

Gigi. V6i n=1, BDT tré nén tdm thudmg. Xét
n=2:

Pit b+c—a = x, c+a-b = y, a+b—c= g thi ; X+y

=2c20,y+z=2a=20, z+x=2b 2 (, vd BDT
phii chimg minh trd thinh :

>+ +

Pryal 2 (-’f—;ﬁ)u(}’;—z)";z—;"j‘

VneN

Viéc chimg minh BDT nay khong khé khin
2i néu ta d4p dung BT (8).

BAITAP AP DUNG

Bai 1. Gidi cic phuong trinh :

b) N33 + W53 =2

Bai 2. Chimg minh ring :

xz.i.’ i (I+l]2k + l:*-x+3)2k S (I+4:|2A. =24 22k+|
viixeRvaike N.

bing thiic x4y ra khi nao ?

Bai 3. Cho so nguyén I& k > 1 va céc s thuc
X1, X2, ..., Xn thOa man :

'.':'.k_l = Xn = An—1 S
Chimng minh rfing :

0 e oo
- sS';vc”—Zk" =1

&y egiel

Pat mua bao Toan hoc va Tudi tré thudng xuyén tai cac Buu dién trong ca nudec.
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“CUOC THI OLYMPIC TOAN APMO 2000

Cudc thi Olympic tosn chau A - Thai Binh Dirong
(APMO) ldn thiy 12 (3/2000) c6 sy tham gia cia 19
ddi véi 187 thi sinh. So v6&i ndm 1999 ¢6 thém doi
Philippin nhumg vdng 3 doi : Malaisia, Mehicod va
Niu Dilan. O Vigt Nam, ki thi duge 13 chire ngay
8-3-2000 v6i 69 thi sinh & 30 tinh, thanh phd va 5
khdi chuyén todn tryc thudc cdc truomg Dai hoe. P2
thi gbm 5 bai todn, 1am trong 240 phit. Diém tdi da la
5 x 7 diém = 35 diém. Ban 13 chitc APMO ciia mdi
nude (hodc linh thd) chdm bai ciia hoc sinh minh rdi
giti k&t qué cida n (n < 10) bai 1am t6t nhit cho Ban t§
chirc APMO gudc t (kém theo bin photocopy mot s&
bai). Ban t8 chitc APMO qudc t& da cong bd két qua
chung nhu sau : diém trung binh m&i thi sinh cia t4t
ca céc ddi 1a M = 15,65 (diém trung binh m&i thi sinh
cilia mdt ddi ki hi¢u 1a m). Piém dat huy chuong vang
(HCV) 1a 23,25, diém dat huy chuong bac (HCB) 1a
18,18, diém dat huy chuong ddng (HCD) 1a 13,12,
Thi sinh dwge biing khen (BK) phai dat diém HCP
hodc 1am tron ven 1 bai. Theo thé 1& cude thi, m&i ddi
chi dugc khong qué 1 HCV, khong qua 3 HC Vang va
Bac, khong qua 7 HC Vang, Bac va Ddng.

TT Tén dbi n m_ |HCV |HCB HCB| BK
1 |Achentina 10(1940| 1 2 4 3
2 |Oxtralia q e Bk o B B O B i SR
3 |Canada 10|20,70( 1 2 4 3
4 |Chilé 7| 457 1
5 |Céldmbia 10]12,80 1 5 4
6 |Cdsta Rica 10| 7,20 1 3
7 |Equado 10| 1,30

8 |Héng Kéng WAgEn Y 2 | Al a
9 |Indonésia 10112,20| 1 5 4
10 |Han Quéc 10|2520] 1 | 2| 4 | 3
11 |Péru 10(12,90| 3 5]
12 | Philippin 10(10,80 3 7
13 |Singapo 10|17.60] 1 2 3 4
14 |Nam Phi 10112,00] 1 3 3
15 |BPai Loan 10|28,40| 1 2 i 3
18 |Thai Lan 10 (13,80 6 3
17 |Trinidat Tébags| 10| 6,30 1 3
18 |Hoa Ki 1012500 1 2 4 3
19 |Viét Nam 10]26,30| 1 2 4 3

Doi Vigt Nam chi€m s& gifi 181 da danh cho méi
nuge

1 HCV : Nguyén Trung Lip (Vinh Phic) ; 30 diém

2 HCB : Vg Vigr Tai (Nam Dinh) : 29 diém; Bai
Viér Loe (DHKHTN-DHQG Ha Noi); 28 didm

4 HCD : Tg Anh Son (Phu Tho) : 28 diém; P&
Truomg Giang (Ha Noi) : 28 diém; Nguyén Quang
Bdng (Hai Duong) : 26 diém; Neuyén Anh Qudn (Hai
Phong) : 25 didm.

4

NGUYEN VIET HAI

3 BK : Trdn Dirc Son (DHSP Vinh) : 24 diém ;
Trdn Tudn Anh (Khanh Hoa) : 23 diém; Trdn Quang
Vinh (DHQG Tp H6 Chi Minh) : 22,5 diém

Trong céc bii gidi cia Vigt Nam c6 24 bai dat tir 19
diém trd 18n va c6 32 bai dat tir 14 d&n 18 didm.

Xin gi6i thi¢u d& thi Olympic todn chau A - Théi
Binh Duong lin thit 12 (3/2000) :

PE THI APMO 2000

101 3

: i
Bai1. Tinhtdng §=% ————
i=0 L= 3‘:(!' o+ 3':'ful'-

i
ddx=—01:
trong do x; 101

Bai 2. Cho trudc 9
hinh tron duge xEp thanh
mdt tam gidc nhiwrhinh ve
duti day.

Méisd 1,2, ..., 9 phix
dugc dién vho mt trong
cic hinh tron d6 sao cho
mdi hinh tron chia diing
mot trong cc s8 d6 va thda man ddng thoi hai yéu
cdu sau ;

(i) cdc tdng ctia b&n s& trén mdi canh bing nhau,

(ii) céic tdng binh phuong ciia bon s trén m&i canh
bing nhau,

Tim tdt ¢ cic cach didn nhur thé,

Bai 3. Cho tam gidc ABC. Goi M va N 14 céc diém
trén canh BC sao cho AM 13 trung tuyén va AN 13
phan gidc trong cia tam gific ABC. Pudmg thidng
vuong goc voi AN tai N cit duomg thing MA 1ai 0 va
cét dudng thing BA tai P. Puomng thing vudng géc
v6i BA tai P cit dwmg thing AN tai 0. Chimg minh
ring dwdng thing QO vudng goc véi duomg thing
B,

Bai 4. Gia sit n va k 1a cic s6 nguyén duong sao cho
n>k. Chimg minh ring :

e n" bl A

ntl F:k[n -.fc}H klin=k)! p* (n —k:l”_k

Bai 5. Cho trude mdt hoén vij (a,, a,, ..., a,) cla day
0, 1, ..., n. MOt phép hodn vj clia (a,, ay, ..., @) digc
£0i 12 hop 12 n€a phép hofin vi 46 chi ddi chd phin tir
a,; v&i phin i:i’mj mi trong d6 ¢;=0(i> 0) va
ai=a; +1.

Tim tdt ¢ cdc s0 nguyén duong n sao cho tir hodn
vi(l,n,n-1,..,3,2,0)tathu dwyc hosn vi (1,2, ...,
n, 0) bing céch thyc hign m§t s hiru han phép hodn
vihgp le./.
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Nhan dip ki thi Olympic Toén qudc té 1an thur 42
(théng 7/2001) s& dugc t6 chuc tai My, xin gidi
thiéu viéc t6 chuc thi chon hoc sinh gidi (HSG)
& My

I. Vai nét vé thanh tich chia d6i tuyén My

Nudc My 1an dau thiim gia Olympic Todn quéc té
vao nam 1974. Dén nam 1999, sau 251an du thi véi
165 luot thi sinh, ddi tuyén My da gianh dugc téng
cong 152 huy chuong (HC) trong d6 co 48 HV
Vang, 76 HC Bac va 28 HC Béng. S6 huy chuong
doat ducrq trong mét 1an thi trung binh 1a 162/25 =
6,08 vAsoHC Vang trung binh 1a 48/25 = 1,92.

Doi My da 4 1an xép thur nhét vao cdc nam 1977,
1981, 1986, 1994 va 21 lan dimg trong top 5 doi
manh nht. Thanh tich ki lyc ma doi My gtanh duac
tai ki thi IMO Ian thir 35 tai Hong Kong la ca 6 thanh
vién clia dai déu dat diém tuyét doi 42/42. My lan
dau tién da dang cai IMO vao nam 1981 va sé lai 16
chitc vao nam 2001,

Nhéan day hay so sénh vdi Viet Nam. Nudc ta
tham du IMO |an dau vao nam 1974. Cho dén nam
1999 da tham du 23 1an vdi 139 luot thi sinh, gianh
duoc téng cdng 124 HC, trong d6 c6 22 HC Vang,
58 HC Bac va 44 HC Béng. S6 HC doat dugc trong
mét 1an thi trung binh 14 124/23 ~ 5,39 va s6 HC
Vang trung binh 1a 22/23 = 0,856. Thanh tich cao
nhét cua Viét Nam cho dénnay la xep thir3 (1999)
va da 4 Ian trong tép 5 ddi manh nhét.

Il. Té chife thi hoc sinh gidl & My

Ky thi HSG Toén bac Trung hoc clia My 1an dau
tién dugc 16 chic cach day 50 nam. Ki thi HSG
Toén & My dugc t6 chuc hang nam gdm nhiéu gial
doan. Chiju trdch nhiém to chure Ki thi 1a Uy ban
Olympic Toan (AMC), dudi sifbao trgclia H3i Todn
hoc M va duge tai tro bdi 15 t8 churc khéc.

Gial doan 1: Cudc thi Todn toan nudec My
vong 1 (AMC 12 va AMC 10), Cudc thi m& rong
cho tat ca céc thisinh trung hoc &My, ai co nguyén
vong déu c6 thé dy thi. Hoc sinh I6p 10, 11 hay 12
c6 quyén dang ki duy thi AMC 12 con AMC 10 chi
danh cho hoc sinh I6p 10. L& phi thi 14 30 USD.
Théi gian la 75 phat. Pé thi & dang tréc nghiém,
gbm 25 bai to4n (médi bai todn ¢ 5 cau tra 161 trong
dé chi cé 1 cu tra 151 dung). M&i cau ding dugc 6
didm, cau bd tréng duge 2 diém con cau tra 10i sai

2-TH

ode
HOC SINH GIOI TOAN 0 MY

PANG HUNG THANG
(Trutmg DPHKHTN-DHQG Ha Nji)

thi khéng duorc diém nao. Diém 16i da 1a 25x6 diém
=150 diém.

AMC 10 va AMC 12 dugic t6 chic trong cung mot
ngay vao gilra thang 2. Trong nam 1999 vira qua
c6 kho@ng gan 400000 hoc sinh ctia hon 5000
truemg khap nude My tham du. Cé 18 day 1a cuge thi
toan danh cho hoc sinh trung hoclon nhatthé gici.
V1 hinh thie thi theo kiu trac nghiém nén c6 thé
thue hién cham thi bang may tinh, vira tiét kiém
kinh phf vira cho két qua nhanh va chinh xac.
Trong vong chua day hai tuan thi sinh da duogc
théng bao két qua.

Gial doan 2: Cuéc thi Todn toan nude My
vong 2 (AIME). Nhimg ngudi dat trén 100 diém
cia AMC 12 hodc trong s6 10% thf sinh c6 diém
cao nhat cua AMC 10 dugc méi dy thi tiép veng 2
(AIME), t6 chuc vao cudi thang 3. C6 khoang
6000-7000 hoc sinh du ky thi nay. Théi gian thila 3
gidr. Dé thi gém 15 bai todan, néi chung kho hon cac
bai toancla glaldoan 1. Méi bai toan dugc thiét ké
sao cho dép s0 1a mot sb nguyén tr 0 dén 999, Thi
sinh chi can viét dap sb, khdng can gidi thich
chimg minh. Véi cach thi nay kha nang doan mo
duoc han ché & muc rét thap dong thoi van cho
phép thuc hién cham thi bang may tinh. Mbi cau
duing dugc 10 diém, cau sai khong dugc diém nao.

Glal doan 3: Cuéc thi HSG quéc gia vong
chung két (USAMO) 170 thi sinh dat diém cao
nhét clia ki thi AIME duge tham gia cudc thi HSG
Toén quéc gia (USAMO} 16 churc vao dau thang B
Pay la cuge thi viét gom hai buéi thi, méi budi 3
tiéng. Trong méi budi thi sinh phai giai 3 bai toan
kh¢ ddi hoi khéd na&ng sang tao, nang khidu va sy
hiéu biét sau s&c vé todn hoc clia thi sinh. Mbi bai
duoc 161 da 7 diém, nhu vay diém téi da cla
USAMO |2 42 diém. Sau day |a mét bai todn clia ki
thi USAMO n&m 1987 :

Chuing minh rdng vdi mdi s8 nguyén n thi ton tai
va duy nhat mét da thie Q vdi hé sé rmng tép hop
{0,1,2, .., 9 saocho Q(-2} = G{ &)=

12 thi smh dat diém cao nhat cla USAMO dugc
mdi vé thd dé Washington vao déu thang 6 daé
tham du budi 1& trao gidi thudng. Budi |é trao giai do
Hoi Toén hoc My, Bo Glao duc quoc gia, Vién Han
l1Am khoa hgc, Qu¥ Khoa hoc quéc gia phéi hop t6
chirc véi cdc nha tai tro 1 Cong ty Microsoft va
Matilda Wilson Foundation. Sau & trao giai trong

5
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thé 1a budi néi chuyén cla cac nha khoa hoc va
toan hoc ndi tiéng va mot bira tidc tai nha khach
cda chinh phi. Céc hoc sinh doat giai ¢é co hdi
gap g&' tiép xtic v6i cdc nha khoa hoc va toan hoc
hang du ctia My.

Gial doan chot: Tru'dng hé Olympic Todn hoc
(MOSP): 12 hoc sinh chién thang trong ki thi
USAMO (nhdém 1) va 12 em hoc sinh (tirlép 11 tr&
xudng) c6 téng sé diém cao nhat trong 3 ki thi
USAMO, AMC 12 va AIME (nhdm 2) dugc mdi
tham du Trutmg he Olympic Todn hoc (MOSP) kéo
dai trong 1 thang trude khi thi Toan qudc té. Ngay
khi bét dau trudng hé 12 em nhém 1 s& tham dy ki
thi chon ddi tuyen IMO dé tranh 6 vi tri chinh thire
trong déi tuyén My. Giéng nhu ki | thi U8AMO ki thi
chon ddi tuyén gém hai budi, méi budi 3 givr véi 3
bai toan. Trudng h& cé muc dich trudc mat 12 bdi
dudng cho cac em thém céc kién thic va ki ndng
giai Todn, chudn bj that t6t cho cdc em buédic vao ki
thi IMO sép t6i, ddng théi cling ¢6 muc tidu xa hon
nham khuyén khich céc em chon Toan hoc lam
nghé nghiép sau nay. Viéc sbng chung véi nhau &
lrubng he da tao mét bau khong khi hop tac, phat
trién tmh thdn déng dbi clla c4c em. Trudng hée
dugc 6 chure tai Truong BH Téng hop Nebreka nof

¢6 phong hog, thu vién rat 18t, yén tinh va khu ndi
tnl &n Gthuan tién, cdc phuong tién gidi tri day du.
Trong thoi gian 4 tudn hoc sinh sé nghe cac bai
gidng va tham gia céc budi luyén Toan dudi suf
hudng dan cla cdc thay gido gidi va sutro gilp dac
lue cua cdc cyu hoc sinh da tham gla cdc IMO
truSe. Nhidu van dé quan trong clia toan hoc
thudhg gap trong noi dung thi IMO nhu s6 hoc, da
thite, phuong trinh ham 18 hop, bét dang thire, sé
phure, hinh hoc, graph.. ducrc cht trong. Budi séng
hoc Ii thuyét, budi chidu luyén toan, thao luan
nhém, thuyét trinh & xémina, lam bal kiém tra va
cac hoat dong todn hoc khéc. Budi téi va mot sé
buéi chiéu nghi ngoi . Céc hoc sinh c6 thé choi thé
thao, xem phim, chai tro cho'l dién ... Tat ca mol
chi phi bao gdbm an &, dilai, ti&n hoc phi... déu dugc
céc 16 chire tai trg.

Céc hoc sinh tham gia dgi tuyén sau dé déu dugc
hoe bﬁng hoc tai cde trugmg dai hoc danh tleng cla
My nhu Harvard, Stanford, Columbia, MIT,.
Nhigu ngudi trong sé ho sau nay da c6 hoc vi Ten
sT va trd thanh gido su dai hoc. Mét sb khdc lam
viéc trong céc cdng ty tin hoc I6n hoac trong cac
cﬁngtychungkhoanbéohlem ,&dé nhimg bé éc
todn hoc gidi o ra rét ¢6 fch./.

TIENG ANH QUA CAC BAI TOAN

BAI SO 31

Problem. Suppose that each of n people
knows exactly one piece of information, and all n
pieces are different. Every time a person A
phones person B, Atells B everything he knows,
while B tells A nothing. What is the minimum
number of phone calls between pairs of people
needed for everyone to know everything ?

Solution. Denote the n people by A, ..., A,
andacall from Aito A;by A;— A. Let f(n) denote

the minimum number of calls which can leave

everybody fully informed. The particular
sequence

A1-“}An,A2—}A,..- 1'1—1_}'4'

A= AL A o A LA = ALy

contains 2n-2 calls and leave everybody
informed, showing that f(n) <2n-2

Suppose that we have a sequence of calls
which leaves everybody informed. Consider the
crucial call at the end of which the receiver (call
him A) is the first person to be fully informed.
Clearly, each of the n-1 people other than A
must have placed at least one call no later than
the crucial call. Also each of these n-1 people
(being not fully informed) must receive at least

one call after the crucial one. Hence the given
sequence contains at least 2(n-1) calls. Thus

fin) =2n-2.

T mdi:
exactly = chinh xac ding
piece = mAu, phan
information = tin tifc, thdng tin
person = nguoi, nhan vat
phone = goi dién (ddng tir)
while trong lde, trong khi

minimum = cuc tiéu

call cl dién thoai (danh tir),
goi (dong tu)

need = can, phai (déng tir)

leave = dé cho, dé lai (dong ti)

fully = hoan toan

inform = théng bdo (déng tl)

particular = dic biét, riéng (iinh i)

sequence = day

crucial = quan trong, quyét dinh (tinh tir)

receiver = ngudi nhan

receive = nhan 5

contain = chia, bao gom.

NGO VIET TRUNG
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Titl HIEU SAU THEM TOAN HOC SO CAP

VE CACH BIEU DIEN
cosnx THEO eosx

TRUONG CONG THANH
(Nha xudt ban Gido duc)

Trén tap chi THTT s& 249 (3/1998) ¢6 bai "Nii
thitc Niuton voi cde ham sd sin va cosin” cda tic
gid Nguyén Cong Su, trong dé trinh bay cdch tim

cong thirc tdng quat biéu dién cosnx v sinnax theo

cosx, sinx nhd tam gidc sO trong bing Pascal,

Bai bdo nay gép théem mdt § v& cach xéc dinh
cAc he s& cia sy biéu difn cosnx theo cosx.

Mot vai cong thic biéu difn diu tién cla cosnx

theo cosx la ;
coslx= 1
cosnx="1 cosx
cos2x= 2cos’x— 1
cos3x= 4cos’x- 3cosx
cosdx= 8§ cos: 80{)52,‘-\: + 1

X - 2000ij+ Scm}x
cosbx=32cos x - 48cos*x + ISws x-1
cosTx=64cos x— 112cos°x + S6cos’x — Tcosx

Ne&u chi xét cic he sd ciia cic bidu thic trén ta
dugc bang h¢ s6 dang tam gidc dudi day (bd céc
cot ing v6i he s8 0), trong d6 n 12 s8 hang, & 1a s8
cOt, giao gitra hang n va cdt k 1a h¢ 56 a,, , voi
m=n-2k.

Dang tdng quét : cosnx = 9. @, ycos” x =

coshx = 16 cos

e =

n
0sks=
2

a4, c08"x +a, | cos™ x+a,, cos™tx ...

k

n 0 1 2 3
0 1
1 1
2 2 ~1
3 L -3
4 3 -8 1
5 16 -20 3
6 32 -48 18 =1
7 64 =112 56 =4

Tir bAng h¢ s& mot cach ty nhién xuft hi¢n cau
héi : CHu tric cia bang s3 trén nhu thé nao 7

Céc he s8 a,,;, trong bang c6 mdi lien h¢ gi ?

C6 thé vi€t ndi ti€p bang trén mdt cich nhanh
chong khong 7

C6 thé viét ngay cong thirc cosnx theo cosx vdi
mdisdn?

1) Céng thitc xudt phdt

Tir 2cosnx = 2cos((n—1)x + x) =
= 2cos(n—1)xcosx — 2sin(n—1)xsiny
va —2sin(n—1)xsinx = cosnx — cos(n—-2)x voi moi
n=2taco

cosnx = 2cos(n—1)xcosy — cos(n—-2)x (1)

2) M&i lién he giga cdc hi 56 a,

Vicos" 2 x=cos™ V"% x, cosx =

= cos™ 221 ¢ pap tir (1) €6
Apr = 2“:1-1,#:_“;1—2, k-1 (2}

w&ils'ksg'.nzz

VA Gg= 24, VSik=0,122 @)
Chﬁnghan HSO"ZH‘;U 2.8=16;
ﬁﬁ 3= {*—1) =

a72—2a62 ﬂ51=2]3—(20)“56
Hg thirc (2°) va (2°7) c6 thé coi 1A trudmg hop
rieng cia (2) néu diita, , =0 véik <O hoiic n < 2k

Nhér cong thire (2) ban ¢6 thé viét ti€p bang hg
S0 a,, 1.

3) Chit y : Téng cac h¢ s6 cia mdt hang tay ¥
bing 1, nghia la:
g sl (3)
0<k<t
2

Thyc vay, (3) dung véi n = 1, 2, 3. Gid sir (3)
diing v&i moi s¢ khong 1én hon n thi

D oy S L

3 k-1
n fnd § 2
0sksy 0gks— 0313~
=21 -1=1
Vay (3) ding véi n.
4) Cong thirc 10ng qudi cia d,, .
C6 thd vidt :
5]
cos6x =—Z— 2702, cog’r i 2 L cos'x +
fr B o AT
+1.2 ,Cﬁ.cus x—g.?. cé ;
shd gl T T N e T
cosTx= 2 .2°.Chc08 x - z! 2.Cgco8x +
+% : 22.62 cos® x— C“'s COSX

Ta s¢ chitmg minh bing quy nap r?mg ;
k_ .n-1-2%
app= (-1~ o o R
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DE& thay (4) dung vai n = 1, 2, 3. Gid sk (4)
diing vi moi s8 khong 16n hon n thi

By g = 2 =1k ~ A2, k=1 =

g _n-1 2k
=(-1)". :'I?l_—_i 2 : Cﬁﬁl_k -

- 1 =2 1%k &t

n—1-k
=-1)C- _ + (=2,
(

1=-1-k

n=1=2k

— 1k
e n-1-k

2[_l)kilzn-l-2kck
n—k

n-k*
Viy (4) ding vai n.
Nhe cong thie tdng quat cilia a,; ta c6 thé viét

dugce ngay cong thirc bidu dién cosnx theo cosx vdi
mdi n, ching han cos6x, cos7x nhu & trén.

5) Méi lién hé gina 56 a,,, voi hé s trong khai
trién nhi thikc Niuton.
Ta cang c6 thé vigt

cos6x = cos’x (1.C2 + 1.C2 + 1.CE + 1.C5)
- cos’x (l.C‘é + 2.Cg + 3.62)
+cos’x (1 .Cg + S.Cg)
- cos"x (I.Cg)
sosfr =cos T (LEo+ 1,65+ 1.c8+1.05)
- cos’x {I.C% + 2.(2‘% + S.C?)
+Cos x (I.CZ} o+ S.Cf})
— COSX (1.(:3)

Lip bang cdc h¢ s clia cic cong thic trén (bo
cic ddu cong) rdi quay bang d6 ta duge bang sau,
trong d6 thira s6 bén trai cia mdi tich 1ap thanh tam
gidc 58 Paxcan.

ic
i
2 1.C,

H

1.0 % 5 1

Né&u cdc ban biét phép tinh ma tran thi c6 thé
Vi€t :

loo001][-1
0011/|cos’x
it I el el g 2
i [ Bl S d 0121/ |-cos*x
1331 beossx |
(00017 [—cosr |
0011/ ]|cos’x
i o O el o e
g [ B sl "'] 0121 |-cos’x

Ll 33 l_ _cosTx ]
So sanh bang sd trén v cong thire (4), mit ra
cong thitc sau véi 0 < k sr—;’ d

1 k+2 k4
GG P+ G O =

n —1-2k &
g

by X GGt 0,0
ps:s'—;—k

Ban doc ¢6 thé chimg minh duge cong thic (5)
hay khéng ?

Tuomg ty nhw trén, cdc ban hay 1ap bang he sd
va tim dang 8ng quét cia h¢ s§ trong cong thic
biéu dién sinnx theo sinx./.

TRUC QUAN TRONG GIAI TOAN

(Tiép trang 11)

Taco MN? = @by + (a+b+ -+ )
=(a+b)2[1+(1+a—1)2}
I +_2__) s

14 43 1
a2b2+ab)_4(2ab+ab+2)2
> 422 +2) = 8(1 +\2)

= MN = 2 V¥2(1 ++2).

8

= (a+b)3( 24

z4ab(2+

Ding thtc xdyra = a=b= {12 ~0.84
Vay vl : M = ( ifﬁ; %ITE+ %E);
N=-N2;-{iz- 2)ym

MN = 2V2(1 +~2) 1a gi4 trj nho nhat.

Liu §ring 2V2(1 + 2) 4,39 < 2V5 ~4,47.

Pudng thing MN chinh 12 tryc ddi xing ciia
hypebol (H).

LTS. Trong dé thi tuyén sinh vao dai hpc
cia mgt 56 truomng mdy ndm gdn ddy cé xudt
hién loai todn nay va nhiéu hoc sinh da mdc
sai ldm nhie tdc gid phdt hign. Néu quay do
thi quanh tdm O mét goc 27°30° (nguoc chidu
kim ddng hd) thi triec quan sé gitip cho cde ban
du dodn... chinh xdc.
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HINH HOC FRACTAL LA GI 2

Hinh hoc Oclit (Euclid) duge gidi thigu &
truomg trung hoc vdi viée khio sat céc hinh da
gidc, hinh tron, hinh da di¢n, hinh ciu, hinh
nén, v.v.. Hon hai nghin ndm qua, hinh hoc
Euclid d3 c6 tdc dyng to 16n d6i v&i nén vin
minh nhan loai, tir chd do dac rudng ddt dén vé
dd 4n x4y dung nha cira, ché tao vit dung va mdy
moc, tir chd mo td quy dao cha cdc hanh tinh
trong hg Mt Troi dén mo ti cfiu tric clia nguyén
tir. Tuy nhién, qua hinh hoc Euclid ta nhin moi
vat dudi dang "déu din", "tron tru". VGi nhimg
hinh dang trong hinh hoc Euclid, ta khong thé
hinh dung va md tA duge nhiéu vit thé rit quen
thudc chung quanh ta nhu qué nui, bd bién, dim
méy, nhidu bo phan trong co thé nguvi (phdi,
mach mdu, ...) v.v... 1a nhing vat thé cuc ki
khéng déu ddn, rdr gé ghé. Mot vi du don gidn :
bér bién dido Phi Qudc dai bao nhieu ? Ta khong
thé c6 duge chu trd 1o, néu ding cich do hinh
hoc quen thude, di thude d6 ¢ nhdé mdy di nira,
ta cing da bd qua nhimg 181 1om gitra hai ddu cda
thudc do &y, nhit 12 chd b d4 nhidp nhd ; va véi
thude do cang nhd, ta 6 két qué cang 1dén.

Hinh hoc Phracton (Fractal) ra doi da gop
phdn gidi quyét bt lyc n6i trén cia hinh hoc
Euclid. Trinde hét, ta tim hidu vé Fractal qua vai
vi du :

B

; SO

Hinh I

HOANG CHUNG
(Tp Hé Chi Minh)

Dudng cong von Kock

Liy mot doan thing AB bt ki (Ko, hinh 1) ;
chia AB ra ba phén béing nhau (AC = CD = DB),
dyng tam gidc ddu CED trén doan thing & gitra,
r&i x6a canh CD di, ta dugc hinh K1. Quy tic
bign ddi tir hinh ban diu Ko thanh hinh K7 goi 14
quy tde sinh. Ap dung quy tic sinh ndy vé cling
mdt phia theo chiéu tir A dén B v6i bdn doan
thiing clia K1 ta duge K2, v6i 16 doan thing clia
K2 ta duge K3..., Ap dung quy tic sinh vo han
14n, ta dugc dudmg cong von Koch K ma Ky la
mdt hinh dnh gin ding. Pudng cong ndy mang
tén nha todn hoc Thuy Pién Von Coc (1870 -
1924).

Néu 14y hinh ban ddu 13 mdt tam gidc déu va
4p dyng quy tic sinh trén ddy d6i v6i mbi canh
clia tam gidc, thi ta duye mt hinh goi la bdng
tuyét von Koch (hinh 2).

CAl i hea DR fit oy
N Y b .
AL 3 3

/ \ S LYy
. T
Hink 2

Tham Sierpinski

Hinh d4u tién 13 mdt tam gidc déu So (hinh 3).
Quy tdc sinh : chia So ra bdn hinh tam gidc déu
bing nhau, rdi x6a di tam gidc déu & gima, ta
duge S1. Ap dung quy tdc sinh dGi v6i ba tam
gific déu cda §) ta duge S2, dGi vdi 9 tam gidc
diu ciia Sz ta dugc 53, v.v... Ap dung quy tdc ndy
v0 han 14n, ta dugce tham Sierpinski (18n nhi todn
hoc Ba Lan Xiepinxki 1882-1969).

A AAA Fy Vv

S Sz

Sp
5 o
Aé‘ AR .*‘A‘}}.
A - A Ah AN A
S3

Sq

Hinh 3
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Puong cong von Koch va tham Sierpinski c6
tinh déng dang ndi tai hay te déng dang, theo
nghia 14 mdt bd phin cia né ddng dang vdi
chinh n6. Trén hinh 1, K1 gdm 4 phin, m&i phin
ddng dang vdi Ko theo ti sd déng dang 1/3; K2
gdm 4 phin, mbi phin déng dang v6i Ki theo t
s6 1/3; v.v... Ap dung quy tic sinh vd han l4n, ta
duge dudng cong K gdm 4 phén, mbi phin déng
dang v&i K theo ti s8 1/3. Tuong ty, trén hinh 3,
Sn gdm 3 phin, mbi phdn déng dang v&i Sn-1
theo ti s0 ddng dang 1/2 v dp dung quy tic sinh
v0 han ldn ta dugc thim Sierpinski § gdm 3
phén, m&i phin déng dang v6i S theo ti s0 ddng
dang 1/2.

Nhimg hinh ty dong dang thugc mot lép
cdc Fractal

Vi Fractal, c6 th€ mé rong khéi nig¢m v& rha
nguyén (s0 chidu), € mo td nhing ddi tuong
khong déu dgn, g6 ghé.

Trong hinh hoc Euclid, ta néi dudmg thing c6
thir nguyén 1 (s& chiéu 1a 1), theo nghia méi
diém trén dudmg thing duge xdc dinh bdi 1 s6
(toa dj cta diém dy); mat phing 6 thit nguyén 2
(s6 chidu 12 2), vi mdi diém trong mit phing
dugc xdc dinh bdi cip sO (x, y); chuing ta dang
sOng trong khong gian 3 chidu (thd nguyén 1a 3)
vi b) ba s0 (x, y, z) di dé x4c dinh mdt diém
trong khong gian,

Thir nguyén ciia mdt ddi twong hinh hoc ¢6
thé dinh nghia mot cich khic.

Xét cdc hinh quen thudc: doan thing, hinh
vudng, hinh l4p phuong. C6 thé chia m&i hinh
nay ra N phin, mdi phin déng dang v6i hinh ban
ddu theo ti s§ 1/k; vdi doan thing thi N = k, v6i
hinh vuong thi N = k%, v6i hinh 1ap phuong thi
N = k. Hinh 4 minh hga didu nay véi k= 3. Ta
n6i doan thing c6 thir nguyén 1, twong tmg v6i
sO mi d = 1 trong cong thic N = k% hinh vudng
¢6 thit nguyén 2, tuong tmg vdi d = 2 va hinh 14p
phuong c6 thit nguyén 3, tuong dng véid = 3.

Mot cdch (dng quit, néu ¢6 thé chia mdt hinh
H cho trwge ra N phdn, mbi phin ddng dang véi

113

A
3 phiin
b ]
33 = 27 phin
32 =9 phiin
Hinh 4
10

-
chegusﬁ;mﬁf\f:k"mi ta n6i H ¢6 thi

nguyén d. Ly logarit hai v& clia ding thirc trén
(theo cung mdt co s8), ta co

loghN

logN = dlogk hay d = —=—

gN gx hay gk

Puomg cong von Koch K ¢6 thé chiara N=4

phin, m&i phdn déng dang vdi K theo d sﬁi = %,

do dé dutmg cong von Koch c6 thirnguyén la 4 =

e 1,2619

log3

Tham Sierpinski S c6 thir nguyén d :i—gﬁ% =
1,585, vi § ¢6 thé chia ra N = 3 phin, m6i phin
ddng dang v&i S theo ti s¢ %

Ban doc dé dang tinh dwgc thir nguyén cla
cdc fractal trong bui (byi bim) Cantor (hinh 5)
va hinh 6.

Cu
C,
C'Z_ [ P pgetictl,
Hinh 5
.0 Oon
L.++J
o oo
oo ot
Hinh 6

Céc fractal 1w ddng dang 12 mot 16p con cila
cic fracral twe—aphin (hinh duge thu nhd theo
nhimg phuong khic nhau vdi nhimg ti 1¢ khic
nhau). D6 14 cic fractal 1dt dinh (duge xiy dymg
bing céich dp dung m@t quy tdc sinh mot cich
xdc dinh vd han 14n), khic voi fracial ngdu
nhién.

Céc fractal gitip mo tA rdt nhidu sy val va
hién tugng xung quanh ta. Puing cong von Koch
12 hinh 4nh cia nhiu b bién g6 ghé; bui Cantor
mo td sy phin bd theo thdi gian cla cdc 161 trong
cic dudmg diy truyén tin; mép minh v cla cii
dia ¢6 hinh dang fractal, v.v... Chd ¥ riing bong
tuyét von Koch ¢6 chu vi dai vo han (ban doc ¢6
thd chimg minh d& dang), nhimg bao mot di¢n
tich hiru han (khong vugt qué dign tich hinh trom
ngoai tép tam giic ban diu); twong ty nhu viy,
¢6 nhimg fractal trong khong pian cd dign tich bé
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mit 12 vo han nhumg bao mot thé tich hitu han.
Nhimg fractal d6 gitip md t nhi¢u sy vit trong
thién nhién, nhr h¢ thong mach méau, cic phé
nang trong co thé nguvi (c6 cdu tric fractal dé
chi€m dién tich t&i da trong mot thé tich nhat
dinh). '

Hinh hoc fractal moi ra ddi cdch day chua
diy 30 nam. Tuy ring duimg cong von Koch,
tham Sierpinski, bui Cantor cung nhu ¥ tudng
quan trong vé& thiz nguyén phdn s¢ (Hausdorff,
Besicovitch, ...) d4 c6 tir cudi the ki 19, ddu thé
ki 20 (chd ¢ ring duong cong von Koch 1a mjt
duomg cong lién tyc khong c6 ti€p tuyén tai bit
cir diém nio), nhung ¢6 thé coi nha todn hoc Ba
Lan Bonoa Mandenbrot (Benoit Mandelbrot) 1a
ngudi khai sinh ra hinh hoc fractal. Thudt ngtr
fractal do B.Mandelbrot dua ra (dya vio Ui latin
"fractus", c¢6 nghia 13 "phan doan", va cling ¢
nghia 12 "khong déu", "gd ghd") va sém dugc
pi¢i khoa hoc thira nhin. Hinh hoc fractal da
phat trién rit nhanh ch6ng, gin lién vdi dé hpa vi
tinh, c6 thé n6i ring nu khong c6 db hoa vi tinh
thi hinh hoc fractal khong thé ¢6 dién mao nhu
hién nay.

Benoit Mandelbrot 1a mot nha khoa hoc rét
doc ddo. Nam 20 tudi, thi d6 vio Ecole Normale
Supérieure (trudng Pai hoe Su pham), truong dai
hoc danh tiéng bic nhdt ciia Phép, ong chi hoc &
d6 ¢6 mot ngdy, vi thiy xu hudng nghién ctru
ctia cdc nhi todn hoc & diy qua thién vé 1i thuyét
triru tugng khong phit hop v6i minh. Ong lai thi
a5 vao trudmg dai hoc ndi ti€ng khdc 1a Ecole
Polytechnique (Truomg Pai hoc Béch Khoa), sau
dé hoc tidp mot trudmg dai hoc Cong nghg¢ & My.
Vi thign tai vé& tu duy hinh dnh va tryc gidc hinh
hoc, duge sy trg giup cia mdy tinh, ong di di
vao rit nhidu linh vye khoa hoc khéic nhau (todn
hoc, kinh t&€ hoc, ki thuft, sinh i hoc...) va phit
hi¢n nhidu ‘mg dyung 1i thi ciia hinh hoc fractal.

Chi ¢ réing trong thang 10-1999, & Ha Noi ¢6
mot trién ldm mang ten "Trong thé gidi cdc
fractal”, gidi thigu nhidu fractal rit dep va vai trd
chia hinh hoc fractal. S4ch gido khoa tofn hoc
phd thong gin ddy & nhidu nuwdc cing da giGi
thi¢u mot vai fractal. ~

Ban doc quan tim dén nhang mg dung rét
phong phd cta hinh hoc fractal ¢6 thé tim doc
cudn sich "Nhang @iéu ki thu vé cdc hinh thdi
hén logn CHAOS" cia Nguyén Ngoc Giao (NXB
Gido duc, 1998). Mutn hiéu thém v& Benoit
Mandelbrot, c¢é thé tim trén Internet theo dia chi :

http:/fwww-history.mes.st-and. ac.uk/history/
mat.../mandelbrot.html

B Dien dan

DAY VA HOC TOAN

TRUC QUAN

trong gidi tfodn ?

TUONG MINH MINH
(Lé Thiy — Qudng Binh)

Trong viéc gidi todn, nhi¢u khi triyc quan
giip ching ta tim ra loi gidi. Tuy nhién, tryc
quan khong phéi lic ndo cling din dén dy dodn
chinh xdc; khong it trudng hop, t tryc quan da
tao ra nhtng ngd nhan déng ti€c.

Bai toén sau day 1a mdt vi du minh hoa :

Bai todn : Cho hypebol (H) : y = x + 'i-

Tim hai diém M, N trén hai nhanh phan bigt
cuia (H) sae cho dp dai MN nho nhdt.

'S

o

Nhidu hoc sinh sau khi vé (H) da vii vang
khing dinh 13 gid ti nhd nhfl clia MN la
khodng cich gitra hai diém cyc trj AB = 25
véi A (1, 2); B(~1,-2),saudd ¢ ging chimg
minh bing phuong phédp hinh hoc rang 4, B 14
hai diém cin tim.

Ta gidi biing phuong phép dai s6 :

Vi M, N 1a hai diém thudc hai nhinh phin
biét ciia (H) nén chiing cé toa do

1 1 8
M(a,a+a), (—b, -b b)vma, b>0

{Xem riép trang 8)

11
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DEé AN Ki NAY

CACLOPTHCS

Bai T1/277. Tim tdt ci cdc bd sC nguyén
(a, b, ¢, d) thda man ddng thai cac didu kién :

{a3 +3b=¢

|62 +3a=
NGUYEN DUY LIEN
(GV truomg THPT chuyén Vinh Tuong,
Vinh Phiic)

Bai T2/277. Tim gid tri 1én nhdt cla
biéu thirc
20xy + 1lxz + 2000yz
trong d6 cdc sO ty nhién x, v, z théa man
X+ v+ z=2000
NGUYEN NGOC KHOA

(GViruomg THPT Huynh Thiic Khdng,
Som Tinh, Qudng Ngai)

Bai T3/277. Giii phuong trinh :

V27 29— 548+ Vgsa =0
NGUYEN HAO LIEU
(GViruemg THPT Npuyén Hug,
Thita Thién—Hué)

Bai T4/277. Goi G 12 trong tam va 7 1a tAm
dudmg tron ndi ti€p AABC. Chimg minh

B C
ring néu [gé' i tgg = ; thi /G song song
vidi BC.
VI QUOC DOUNG

(GV khoa Todn, DHSP Thdi Nguyén)

Bai T5/277. Cho tam gidc ABC. Pudmg
tron tdm O noi i€p AABC tiép xic véi cdc
canh AB, AC, BC lan lugt tai D, E, F. Puong
tron tdm @ bang ti€p AABC (idp xiic v6éi canh
BC, tia AB, tia AC theo thit ty tai K, H, I.
Duong thing DE cit cdc tia BO va CO l4n luot
tai M vi N. Pudmng thing HI cit cdc tia BO va
CQ 1in lugt tai R va S. Chitng minh ring :

a) AFMN = AKRS

pydS SR _RH

AB BC €A

NGUYEN HOI
{GV trudmg THPT Kimn Som A, Ninh Binh)

CAC LOP THPT
2000
Bai T6/277. Chimg minh ring s§ 2000°
12 tOng ciia hai 56 chinh phuong,
PHAM DINH TRUONG
(SV K41 khoa Todan Tin, DHKHIN-DHQG Ha Nei)

Bai T7/277. Timtdtchcac sG hautip, r, s
thda man :
OS‘TE+ rqun co i 1
C e — kb opp—c 1
2y 7 7
NGUYEN PUC HUY
(GViruemg THPT Lé Quy Pén, Long An)
Bai T8/277. Cho s§ thye v sao cho 0 <x<n
X : i :
va : khong 12 s0 httu ti. Bt §; = sinx, 5, =

sinx+sin2x, ..., 8, = sinx + sin2x + ... + sinnx.
Goi 17, 12 s0 cdc s§ hang am trong day S,

Ly i
82, ooy 8y Chitng minh rdng ; lim —=—

n—sw’l In

DINH THANH TRUNG
(SV K41 khoa Toan Tin, DHKH ITN-DHQG Ha Noi)

Bai T9/277. Cho tr gidc ABCD ndi tiép
dudmg tron tim / va ngoai ti€p dudng tron 1am
0. Pudng thing qua / song song vdi mot canh
nao doé cda tir gide, cat hai canh d&i nhau & hai
diém M, N. Chiing minh ring do dai MN khong
phu thudc vao viéc chon canh cia ti gidc dé ké
duong thing song song véi nd

NGUYEN XUAN HUNG
(GV tnmg THPT Lam Scm, Thanh Hoa)

Bai T10/277. Cho i dién ABCD ndi tiép
mot mit cdu. Goi G 1 trong tdm cGa ABCD.
Cédc duong thing AG, BG, CG, DG lin luot cit
miit cdu tai diém thit hai A, By, C. D;. Ching
minh rﬁng VAB(_-‘U‘ = VA]BIC]Dl' Dﬁ.ﬂg thire Xi’l}’
ra khi nao ?

NGUYEN MINH PHUONG
(SV BK24, K43, DH Bich Khoa Ha Noi)

CACDPE VATLI

Bai L1/277. Cho mach dién ¢6 so d6 nhu
hinh v&. Bidt ZL = 1006 ZC = 20002 :
Ze-=200€2 Ry ~ 0. Hai ddu AB cia mach
dmrg ndi véi higu dign thé xoay chitu u =
Ux2sinof(V). Bi€t ring khi ndi K vio diu 4
thi ampe k& chi 0,5(A) va qua tu C ¢6 dong
dien i = IN2 sin(wf + f)(;\), Héi khi chuyén K

sang ndi vao ddu B thi s8 chi cua ampe k& ¢o
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C
A I B

con 1a 0,5(A) nora khong ? Ve gin dd vecto
chinh xdc khi K ndi vai A.
TRAN VAN MINH
(GV Ha Noi)

Bai L2/277. Trén mit nudc, chift sudt
n=4/3, ¢c6 mdt thude gb mdng, dugc khic vach

dén mm. M@t ling kinh thiy tinh hinh lang tru
ding ma tidt %ien thing 12 mot tam gidc ABC
vuong tai A, C = 30° mit chira AC duge boi
den. Pt ldng kinh 1én thude sac cho canh qua
B trung vach sG 0, canh qua C tring vach s& 40
va mit ddy chira BC cia lang kinh cham vao
mit nude, Piat mit trong khong khi nhin vao
mit chita AB thi chi ¢ thé nhin dugc d&én vach
sd 31 cia thudc.

Hay gidi thich hi¢n tugng va tinh chiét sudt
cda thdy tinh.

TRAN MANH HUNG
{GV khéi chuyén Todn Tin, BHSP Vinh, Nghé An)

PROBLEMS IN THIS ISSUE

FOR LOWER SECONDARY SCHOOLS

T1/277, Find all 4-uples of integers (a, b, c,
d) satisfying simultaneously the following
conditions :

a3+3b=c3

b +3a=d

T2/277. Find the greatest value of the
expression
20xy + 11xz + 2000yz

where x, y, z are natural numbers satisfying
x +y+ z=2000

T3/277. Solve the equation :
V27 x10- 58+ Y64 = 0

T4/277. Let G be the centroid and [ be the
incenter of triangle ABC. Prove that if

3=l ] i
th : t_h_,2 T then IG is parallel to BC.

T5/277. Let be given a triangle ABC. Its
incircle has center O and touches the sides AB,
AC, BC respectively at D, E, F. Its escribed
circle in the angle A has center @ and touches
the side BC and the rays AB, AC respectively
at K, H, 1. The line DE cuts the rays BO and
CO respectively at M -and N. The line HT cuts
the rays BQ and CQ respectively at R and S.
Prove that :

i) AFMN = AKRS

i 1S SR _KH
AB BC CA

FOR UPPER SECONDARY SCHOOLS

42000
T&/277. Prove that the number 2000~ i8

the sum of two perfect squares,
T7/277. Find all rational numbers p, r, s
satisfying
/] COS‘E‘ + rcosgﬂ-+ 8 cmg}jE =1,
7 7 1

T8/277. Let be given a real number x such
i 2 ;
that 0 < x < m and ;c is not a rational number.

Denote by : §] = sinx, 5, = sinx+sin2yx, ...,
S, = sinx + sin2x + ... + sinnx.

Let ¢, be the number of negative terms of

the sequence S8, S ... 3, Prove that
It IO
lim—=—_.
o,

T9/277. A given quadrilateral ABCD is
inscribed in a circle with center [ and i3
circumscribed about a circle with center 0. A
line passing through [/, parallel to a side of
ABCD, cuts its two opposite sides at M and V.
Prove that the length of MN does not depend
on the choosen side to which the -line is
parallel.

T10/277. Let G be the centroid of a
tetrahedron ABCD which is inscribed in a
sphere. The lines AG, BG, CG, DG cut again
the sphere respectively at Ay, By, C;, D.
Prove that Vagcp = V""]Elclﬂl' When does

equality occur ?

13
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Bai T1/273. Tim 1dt cd cdc cdp s& nguyén
2

a
, b l
dieomg a, b sao cho I

L&i gidi. (theo Nguyén Tién Dang, 8%, THCS My
Héa, Bén Tre).

Dé& thdy khong co cdp sd nguyén duong
(a, b) nao ma a = 1 thoéa min d& bai. Do do
phdicéa= 2.

Tir gid thi€t suy ra

(@-2) (ab+2)= b(a-2): (ab+2)
= a(ab+2) - 2(a+b) : (ab+2)

= 2(a+b) : (ab +2)

= 2(a+b) = k(ab+2) (k e N')

s Néuk=1,tact:

2(a+b) = ab+2 < (a-2)(b-2) =2

Do a-220va b-220 nénchi xdyra

a=3 Ja=4
{b i 4tloau{b:3

Thit lai thdy chi ¢cé a =4 va b = 3 1a théa
man dé bai.

o Néu k 2 2 tacéd : 2a+h) = klab + 2) =
2(ab + 2)

= ag+b =2 ab+2 = (a-1)}p-1)+1<0
diéu nay khong xdy ra.

Viy chi ¢6 ¢ip s8 (a, b) = (4, 3) thda man
a8 bai.

Nhin xét, Rit nhidu ban cd 1 gidi ding,

TONGUYEN

la 56 nguvén,

Bai T2/273. Gidi phwong trinh
5x° + Sax® + a*x + 5bh = 0.
trong dé a, b 1a cdc s6 cho trwéc va a = 0.
L gidi, Dt x = w+v thi x° = (utv)’
Sr =+ + 5uv(u3+v3) + 10u2v2(u+v)
S = +V + 5uv{{u+v)3 = 3uv(u+v)] +
l{]uzvz{uw)
= x° =1+ + Suvx® - 1502 + 10ubvx
= X = Suvx’ + Sutvix - (u5 - vj) =it
= {—Sw =il
Thit tim u, v thoa man ok
—(w+v)=b

14

5
g R
W=y

= 5,

uv=-
—

Ln |8

W’ =-b i +v' =—b
Do d6 &, v’ 1a hai nghiém clia phwong
a5
trinh : s == 1=
i + bt ( : ) 0

Tacd: &,:b2+4(§)520 via 2 0 nén
rl,z=%(—bi’\)ib2+4(§)5j
=2 aNBp 4 By

Suyra:x=x,=u+v=

AN G+ AT

12 nghiém cta phuong trinh da cho.

Ta chitng minh x = x_ 12 nghi¢m duy nhit.

That vy, néu x > x,

:>x5:>xi;x3 T

= 5x +5ax’ +a’x+5b>
>5x§+5a).f,+a2xa+5b:l}

NEu x < x, thi cdc bit ding thic trén cing
ddi chiéu nén cing khong théa man.

Tém lai phueong trinh ludn ¢ nghiém duy
nhdt x = x,,.

Nhin xét. 1) Nhidu ban dua ngay ra bidu thuc x,
va chimg minh x = x, 14 nghi¢m duy nhit. Loi gidi wén
da trinh bay c4ch timra x.

2) Mot s ban bién ludn qué nhidu rwdmg hop va
din dén k&t lujn sai. Ching han ; "Xét a0 va b=0,
viét phuong trinh vé dang:

xa+5Ca+55 +5p=0

Phuong trinh d&i v6i dn a ndu ¢ nghigm ay, a, thi
a4y = 527 < 0 (x = 0).

Ditu nay vo i vi a;, a8, > 0. Tir 46 két lugn a0,
b=0 thi phuong trinh vo nghig¢m".

Céc ban 44 sai 14m khi cho ring a; > 0, @, > 0.
Thya ra a chi 12 nghiém duong ciia phuong trinh dn a,
phuong trinh dn a chi cdn co & nhdi mot nghigm
dueomg.

C% ban con tinh x qua a4, & va... x (7).

3) Cac ban ¢6 loi gidi (0t 12 : Pha Tho: Hodng
Ngoc Minh, 9C, THCS Vigt Tri; Hai Duong: Nguyén
Thanh Nam, Phgm Thanh Trung, 9A, THPT Nguyén
Trai, Tp Hai Durong.

LE THONG NHAT
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GIAI BAI Ki TRUGC

Bai T3/273. Tim gid tri nho nhdt cia biéu

thitc X* + 3x + V> + 3y +
. 4 Z4y5+1
trong do x, y la cdc s duong théa man xy = 1.

L gidi. (cta ban Nguyén Vin Thanh, 8A, THCS
L& Quy Don v nhidu ban khac).

DatA=x"+3x+3y+y + .
ik x2+y?'+1
dung bt ding thitc Cosi ta ¢6 :

= (FP4+y ) + s ey o e

9
P4yl

g
> 4 NPHr+1).
V 7 x2+ |
=4 By -1=12-1=11.
Ding thiic dat dugce khi va chi khi

xl+}‘2+¥=

“3x3y -1

=lx=3y o x=y=1
x2+y1+1 4

Viy gid tri nhd nhit cia A 12 11, wong tng
viigidtrix=y= 1.

Nhén xét. Phin 16n cac ban gidi déu ding va ngin
gon nhur trén, cé mt vai ban quén khong phit hidu gia
tri nhd nhit ciia bidu thire.

VU BINH HOA

Bai T4/273. Cho tam gidc ABC va hai diém
phdn bigt M, N ndm bén trong né. Cdc tia AM
va AN cdt BC tai A; va A, tuong iing. Cdc tia
BM va BN cdt CA tai B, va B, tuong vmg. Cdc
tia CM va CN cdt AB tai C, va C, tuong tmg.
Goi D, E, F ldn luet 1a giao diém cua AA, va
B,C,, BB, va C\A,, CC, va A,B,. Goi P, O, R
ldn lugt 1a giao diém cia AA, va BB, BB, va
CC,, CC, va AA,. Ching minh rdng :

AM BM CM
a) S == 12
MD ME MF
AP + BQ % CR
OB, RC,

Loi gu’u. a) Pudng thing qua A song song
vGi B,C, cdt tia BB, tai H, cit tia CC, tai K.
Ap dung dinh li Talet ta c6 :

AM MK _KH

MD  MC, B,C,

Tk CTA A A

RN R o

>6.

b)

), AB A )
B i b
CB, BC
BM BA, BC,
=2+ + 2
Tuonglutac()ME M (2)
CM C4y B,

hsesioiinsl Y +
MF BA, " AB,

LI e e 8
MD ME MF (C‘B] )
AC, BC, BA, CA,

e s =1 = 17 da i
BC!+AC1)+(CA1+BA) A
dungBDT§+§22.

Ping thic xa 4 o

ng Xay ra CBI‘AJB.'

AC " THE SR SR
BC AL CAL Y

<-‘_->.-".lﬂl = CB], AC] BC]_, BAI CA]_ =M

12 trong tAm AABC.

b) Duong thing qua A song song vdi BC cit

tia BB, tai S. Ap dung dinh li Talet ta ¢6 :

AR _AS_#S.BO ARy Bhpt Chy

Pl TBA BCBAL S OB BA,
_AB, AB] CA,
(4)
S B8, CB, " BA,
Tuong tyta cd :
BC, BC, AB
BQ A Tt )
CR CA, CA} BG
= - ; (6)
RC,““BA, ‘B AC,
Cong theo tirng vE (4) (5) (6) duge
AP = BQ " CR _
0B, RC,
15
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GIAI BAI Ki TRUGC

AR, BC O
- (Gt
(G et 22 A 2y,
CH, B M EB, "BA, AC,
3JIAB, BC, CA
s »\/ i i R
C8 A B,
IJAR.BC,.CA, AB,.BC,.CA
= ,\j 1-BC.CA, AB, BG,.CA,

CB,.AC|.BA, " CB,AC,.BA, @
do dp dung BPT Cosi.
Ta thdy
A8y BCy CAy Tuow Somm: Soamiy! o,
CBy AC, BA; Scpy Scam Sanm
Tuong ty e b (9)
OBy AC. BA, -
Thay thé (8), (9) vao (7) dugc
AP B CR
P_A;-L-Q{?;+RC226
AB" BC,- CA,

Ding thire x4y ra khi

B O e ot o (59 nen
Cﬂz_ACg-BAg ng thoi ¢ ) (9) nén lic
dé M, N dtu tring vdi trong tim clia AABC.

Chic At A

Nhén xét. 1) Mot s0 ban da chinmg minh
AM BM CM
MA, MB. " Mc, = B tir d6 suy ra BDT & (a).

2) Céu (b) chinh 13 tredmg hop tdng quat cia bai
wan 4 do Jack Garfunkel néu ra, da dang & trang 8
THTT s 266 (8/1999). Nhiéu ban trude day da gdi 1o
gidi bai todn nay.

3) Céc ban sau ddy ¢0 1o gidi (ot

Yén Bdi: Trdn Binh Minh, 9K, THCS Lé Hong
Phong, thi xa Yén Bai; Phua Tho: Pham Minh Hodng,
%A1, THCS Phong Chau, Phit Ninh, Hoang Ngoc
Minh, Bui Quang Nha, Trdn Thanh Hdi, 9C, THCS
Vigt Tri, Vinh Phie: Trdn Qudc Hgi, Trin Thu
Phuong, 8A, THCS Ty Lip, Mé Linh; Bic Ninh:
Ddng Thanh Long, 9A, THCS Yén Phong; Ha Noi: T6
Thiy Linh, Va Qudc My, 9H, THCS Trimg Vwong;
Nam BDinh: £J Thi Hai Yén, 9B, THCS Hai Hau,
Nguvén Dang Hop, 8A2, THCS Lé Quy Don, Y Yén;
Nghé An: Pdu Thi Nepe Anh, 9C, THCS thi trin Nam
Dan, Quan Minh Viong, 9B, THCS Song Hicu, Thdi
Hoa, Nghia Ban, Vo Van Thanh, 9B, THCS Ding Thai
Mai, Vinh; Thia Thién - Hué: Bgdng Binh Chinh, 9A,
THCS Phd Bai, Heong Thiy, Quing Ngai: Nguvén

16

Duy Thank, Pham Lé Thinh, 9A, THCS Huynh Thic
Khang, Nghia Hanh; Khanh Hoa: Newyén Tién Viet,
8B, Trdn Minh Binh, 9/15, THCS Thai Nguyén, Nha
Trang; DPdng Thip: Nguvén Céng Thdng, 9A,, THCB
thi x4 Cao Linh.

VIET HAI

Bai T5/273. Trén mdt phdng cho hai diém
cd dinh M, N va tam gidgc ABC ¢d BC < MN va
£BAC < 90°. Cho tam gidc ABC chuyén dgng
tregt trén mdt phdng sac cho do dai ba canh
AB, BC, CA khéng ddi, duong thdng AB di qua
M va duomg thang AC di qua N. Chumg minh
rdng duong thing BC ludn ludn 1iép xic véi
mot dwong tron cd dinh.

Lo gidi. Tor gid thi€t ta ¢6 4 truong hop
xdyra:

Me Ax, N € Ay (1)

Me Ax’, N € Ay’ (2)
Me Ax',N € Ay (3)
Me Ax, N € Ay’ (4)

Trong 2 truong hop (1) va (2) do ZBAC=a
khong ddi va M, N cd dinh nén dinh A chay
trén cung chita géc o ve trén doan MN.

Trong 2 truorng hop (3) va (4) dinh A chay
trén cung chia poc 180" - o ve trén doan MN
va khdc phia vdi cung chira géc ndi trén.

Vay A chay trén dudng tron (0) ¢ dinh

s

Ta chi cidn xét 1 trudmng hop diu, cic trudong
hop con lai 18p ludin twong tr. Tir A ké dudng
thiing song song v6i BC cdt dudng tron (0) tai
I. K& duimng cao AH cia AABC. Tir | k&
IK 1 BC. Vi ZIAN biing hodc bu véi £ACB
khong ddi va N ¢ dinh nén / ¢d dinh va IK =
AH = h khodng déi. Vay BC ti€p xiic vdi dudmg
tron ¢d dinh tam 7 bédn kinh 7.
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GIAI BAI Ki TRUGC

Nhan xét. 1. Tt ban gidi duge bai nay.
2. Didu kien BC < MN va £BAC < 90° 1a khong
chn thift (xem hinh v&)

3. C4c ban c6 1o gidi tot

Biac Ninh: Nguyén Thi Ngpc Thu, 9A, THCS
Thuin Thanh;, Ha Noi: Bdng Quang Khai, 9A1, PTDL
Luong Thé Vinh, 76 Thay Linh, 9H, THCS Tnmg
Viomg; Binh Thuén: Pham Thé Nghia, 9, THCS Trin
Himg Dao; Déng Nai: Pham Van Thdng, 9°, THCS
Nguyén Binh Khiém, Bign Hoa,

VU KIM THUY

Bai T6/273. Chumg minh rdng véi méi s6 tw
nhién n>0 déu tén tai 56 e nhién k sao cho s6
k5" =a,a, ,..a, viét trong hé thdp phén thoa
man diéu ki¢n : a; va i c6 cang tinh chdt chdn
levoimoii=1 2, ... m

L&i gidi. (cda ban Ve Ngpe Minh, 10A1, DIHSP
Ha Noi).

Xét tap hop céc s c6 n chir s8 a,,...q, trong
d6 a; =i (mod 2) (i = 1, 2, ..., n) (@, c6 thé
bing 0).

Vi ring v6i m6i i chin thi a; € {0, 2, 4, 6,
8) va véi mbiilé thig e {1, 3,5 7,9} nén
tap hop niy c6 5" s6. Ta ching minh réng 5"
s nhu vay tao thanh h¢ thing du diy du
(mod 5") (*) P

That vay gia st a,...a, = b,...b, (mod5") hay

10" a, + 10720, | + ...+ 10a,+a, =

107b, + ... + 10b, + b, (mod 5")
= Z 107" (@, - b)) = 0 (mod 5")
i=1

= a;—b; = 0 (mod5) ma a;—b; = 0 (mod2)
nén a; = by (mod10)
:?‘ al = bl' Gia st = bl’ Gy ak:bk l::!\' =
n—1). Ta ching minh a3 = by

Thit viy ta cé

10" (an = by) + ... + 10¥(@r+1 — bie1) =0 (mod5™)

= 10%(ay,; — biyy) = 0(mod 5*)

= Ay~ by =0(mod5) maay | — by =0
(mod2) nén ay,, =b,,, (mod10) = a,, = by,,.
Khéng dinh (*) dugc chitng minh.

Thanh thir t6n tai mot s6 dang a,..a, véi
a;= i (mod2) (g, c6 thé bing 0) sao cho
a,..a;.5" hay a,..a; = k5" (néu n chin va
a, = 0 thi ta thay bang s0 a,,_,...a;).

Nhén xét: Cic ban sau day c6 1od gidl tot :

Té Minh Hodang, 11T, PTNK Hai Duong; Nguvén
Trung Kién, 10, Han The Anh, 11A1, BPHSP Ha Ngi,
Nguyén Hoang Thach, 10, Ha Noi -Amsterdam, 76
Thay Linh, 9H, THCS Trimg Vuong, Ha Noi, Nguyén
Phiomg L2, 10A, DHSP Vinh, Nghé An; Nguyén D
Thai, 11CT, PHKH Hué, Thira Thién - Hu&; Pham
ThZ Nghia, 9, Binh Thuan; Lé Manh Toan, 10 Todn,
Ha Long, Quing Ninh; Hoang Thanh Lim, PTNK,
DHQG Tp Hd Chi Minh, Pgng Quang Huy, 10A1,
THPT L& Quy Ddn, Ba Ning, Newvén Ngoc Hing,
PTNK Han Thuyén, Bde Ninh; Cao Vigr Dang, 10A
chuyén Vinh Phuc;

Nhidu ban gi3i bai toén trén bing phuong phip quy
nap theo n

PANG HUNG THANG

Bai T7/273. Xdc dinh ham s& fix) lién tuc
RY = R™ théa man :

I fi2x) = 2f(x) Vx € R*

2) fif(x)] = xf(x) ¥x € R*

3Jf(x)eN**a’fo\fk.

Lai gidi. (cua da s3 cdc ban).

Ta chiing minh f{x) la ham ddng bién
trén R*,

Tir fix) = fixy) > 0, suy ra fif(x)] =
)] = xfix) = Hfxy). Do vy x, = x,.
Suy ra fix) la don dnh va lién tyc nén no 1a
ham don di¢u thuc s, Mit khdc, theo gid thiét
thi f{2) =2/ 1) > f(1) nén fix) 1a ham ddng bitn
trén R*.

_Voix=1thi fif(1D] = A1) nén (1) =1 va
fily= 1. T d6 theo quy nap ta co

D=2 2+ 1) <l < APy =a,
VnelN.

Do fin) € N'VneN,suyrafin)=nVne
N*. Vdi moi m, n € N, biing quy nap ta cé

m=fim) = 2"](;”;).
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P4

m

Suy ra f( 2;): o
duong. Vi ring voi mbi x > 0 thy ¥ cho trudc
déu ton tai day sO {g.}. g, co dang g hoi ty

voi moi m, n nguyén

dén x va do fix) lidn tuc, nén

x=lim g, =lim f{g,) = f{lim g;) = fx).
k—poe k—ye0 k—rc
Thik lai, ta thdy ham s& flx) = x thda man
moi didu kién cia bai ra.

Nhén xét. Da s0 cac ban d2u xéc dinh ding dap
8, nhumg chimg minh khong chit che,

Céc ban sau dfy ¢6 101 gidi tot.

Lé Tdr Thdng, 11A chuyén Todn, DHSP Vinh,
Dinh Thanh Thiwmg, 11A, THPT Hermann Gmeiner,
Nghé An; Ngd Xudn Bdch, 10T, Chu Ngoc Humg,
chuyén 10T, THPT Nguy®n Trai, Hai Duong; Phan
Lac Linh, 11T, chuyén Nguyén Hu¢, Ha Tay; Han Thé
Anh, Va Ngoc Minh, 10A, DHSP Ha Noi, Nguyén
Hoang Thanh, 10T, Amsterdam, Nguyén Tudn Diwong,
10T, Hoang Tang, 12T, chuyén Todn,
DHKHTN-DHQG Ha Noi, Trdn Vigt Anh, 11T,
chuyén L& Quy Pon, Lé Anh Tudn, 11T, chuyén tinh
Quang Tri ; Ddng Tudn Higp, 11C3, THPT Hing
Vuong, Pleiku; Neuyén Vit Hai, 10T, Dinh Hau Tigp,
11T chuyén Luong Vin Tyy, Ninh Binh ; D4 Thu Ha,
12T, Hoang Vin Thy, Hoéa Binh ; Thidu Quang Tung,
11AC, THPT Trin Humg Dgo, Phan Thiét, Hoang
Thanh Ldm, 12T, Luong Thé Nhan, 11T, chuyén Todn
PHQG Tp Hé Chi Minh. Nguyén Xudn Tridmg,
Nguyén Van Gidp, 10A THPT chuyén Vinh Phuc ;
Nguyén Hru Hiéu, 11F, THPT Dic Hop, Humg Yén ;
Ta Pirc Phuong, 11B, chuyén Tuyén Quang ; Va Dic
Nghia, 11T, THPT chuyén Lam Son, Thanh Héa ;
Liw Quang Tudn, 11T, chuyén tinh Quéng Binh ;
Nguyén Du Thdi, 11CT, DPHKH Hu& ; Nguyén Vin
Thdng, 11T, chuyén Thai Nguyén.

NGUYEN VAN MAU
Bai T8/273. Gidi phuong trinh
T
Jarcigx — arcig3x = >

Lo gidi. Phumig trinh da cho tuwong duong
v¢i phuong trinh

arctg3x = 3 arctgx — g (1)
Pit t=arctgx. Phuong trinh twrong dwong vdi
e LI
2 2002

3z ="tg (31— 2)

18

cosdt
sin3r
3cost —4cost  3costsin’t - cos’t

Chi y : tg 31— ) = -cotg31 = -

T 3sinr—4sin®  3sint.cos’ - sin’t
3?1 -1
Agr— g x-x

T T
va-2<31-2<2
@ﬂ{[-:g'c::»{)::x‘:@.
Do d6 (2) twong duong vdi
0 < {:\E

x%xz Pl U«:xr:\E
= 3610
; Ix—-x

A }3 +2\3 NO + 6@3
i ik 7 ot

Nhan xét. 1. Toa soan nhén dwge 101 gidi cia 165
ban. Nhumg do khong chd ¥ didu kién O<x<¥3 nén
: , - Vo163
khodng mit nita cAc ban tinh ci nghi¢m .t=—“*3—

2. Céc ban sau ¢ 1o gidi tot

Yén Bai: Nguyén Viét Hang, 11A1, THPT chuyeén,
Phii Tho: Hoang Nepc Minh, 9C, THCS Viét Tri;

- Vinh Pluic: Va Nhdr Huy, 9A, THCS Vinh Twomg;

Nghé¢ An: Lé Hong Nhdt, 11Q, THPT Le Viét Thudt,
Pinh Thanh Thigmg, 11a, THPT Hermann Gmeiner;
Ha Tinh: Lé Tdt Thdng, 11A, DHSP Vinh; Quing
Triz Trdn Vigt Anh, 11T, tredmg chuyén Le Quy Pon;
Pa Ning: Nguvén Ping Sang, 11B1, THPT chuyén ;
Tp Hé Chi Minh: Nguyén Phu S, 11A2 - THPT Le
Héng Phong; Quiang Nam: Phan Nguyén Nhi, 11/7,
THPT Trin Cao Van; Lam Déng: Phan Thi Thanh
Van, 11, THPT chuyén; Tién Giang: Cao Trdn Giang,
10, THPT chuyén,
NGUYEN MINH BUC

Bai T9/273. Cho dudmg tron (O, R) va m{t
diém P ndm trong duwomg tron. Hai canh Px va
Py cua géc vudng xPy cdt duong tron & A va
B, cdc 1iép tuyén ciia duimg tron tai A va B cdt
nhau ¢ diém M. Tim quf tich cia diém M khi
goc vudng xPy quay quanh P.

Loi gidgi. Goi N 1a giao diém cia OM va
AB, th€ thi N 12 trung diém clia AB vd OM
vudng géc v6i AB ¢ N. Trong tam gidc AOM
vudng & A, ta c6 h¢ thic :

OM.ON = OA* = R? (khong ddi) (1)

Tir (1) suy ra : M la 4nh clia N trong phép
nghich déo cyc O ddi vdi dudng tron (O, R) da
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[ (2

cho vai phuong tich nghich ddo p = R. B&i
viy, trrdc hét ta tim quy tich trung diém N cia
AB.

Trong AAPB vudng ta c6 PN=AN=BN =;1£AB.

Goi 7 1a trung diém cta OP, theo cong thiic
duong trung tuyén :

ON* + PN? = 2IN? +% oF*; 2)

Mit khic, vi PN=AN vA ONLAN nén ta
duoe :

ON* + PN* = ON* + AN*= 0A*=R* (3)

Tir (2) va (3) suy ra : 4IN* + OP? = 2R?

:IN = p = L\ -2,

Tir dg, ta duge = E
trongddd=0P<R; (4)
Vay : N nim trén dudng tron tdm 7, ban

kinh p = é 2R 2,

Dio lai, 1dy mot diém N bit ki trén duong
tron (I, p), thé thi IN = p = é\fsml—dz va do
a6 4IN* = 2R* - OP*, hay 12 :

R*= 2!N2+%OP2=ON2+ PN?

Tur d6 ON < R, nghia 12 N ndm bén trong
duong trdon (O, R). Biy git qua N dyng diy
cung AB cia duong tron da cho (0, R) vudng
g6c véi ON & diém N, Thé thi N 1a trung diém
ciia AB va ta duoc :

1
2
= 2AR*-ONH)+ %ABZ = 2(0A-ON?) + —% AR

PA® + PB* = 2PN* + — AB?

=2AN2+%A132=]5A32 +%A82=ABE

Suyra PA L PB.

bén day ta k&t ludn : Quy tich céc
trung di€m N cia day cung AB 13 dudng tron
tam 7 (trung diém ciia OP), ban kinh

p=*:1€ V2R - 2.

Cudi cang, tir (1) ddn dén két ludn :

Quy tich cic diém M 12 mot dudng trodn, 12
anh cda dudng tron tam [ bdn kinh p xdc dinh
nhu trén.

C6 thé chi ra cach dung cu thé dudng trdn
quy tich clia M nhu sau :

Goi C va D 1A cic giao diém cda dudng
thing OP vdi duomg tron (7, p) rdi dung cic
diém E va F thoa man céc hg thic :

OC.OE = OD.OF = R*.

Thé thi duong tron duong kinh EF (tam la
trung diém J cta EF) 1a quy tich clda M cin
tim.

That vay, phép nghich dio cyc O, phuong
tich p = R” d6i voi duong tron (O, R) bién C
thanh E, D thanh F, N thanh M, va do d6 bién
duwong tron ([, p) dudng kinh CD thinh dudmg
tron dudng kinh EF.

Nhﬁnxét:viﬂf:%::.’?wp:
Rﬂé 2R* — d* nén duong tron (J, p) ndm bén

trong dutdng tron (O, R) da cho, va do do (theo
(1)), duong tron (O, R) ndm bén trong duong
tron quy tich cta M.

Nhién xét. 1) Pa s cic ban gidi bdi todn nay déu
biét sir dyng tinh chét cfia phép nghich ddo (phép
nghich dio bién mdt ddmg tron khdng qua cye nghich
d#o thanh mdt dvdmg trdn cing khong qua cye nghich
dao), va do d6 1o gidi ngdn gon. Ddng ti€c con mt ¢
ban gidi sai.

2) Tuy nhién, nhién ban khong ching minh phén
d4o khi tim qu§ tich trung diém [ cia doan AB; thyc
chit vigc chimg minh phin ddo cia bai todn quy tich
nay la gidi mdt bai todn dyng hinh.

3) Nhiéu ban da chimg minh khong chat che phin
dao ciia bai toan im quy tich clia N : mic nhién thira
nhin dudmg thing vudng goc véi ON & N dédu cdlt
duomg tron (0, R) & hai diém A, B ma khong gidi thich
li do. Ngoai ra, khong ¢6 ban nio nhin xét vé vi tri
twong ddi cia hai dwomg trdn quy tich coa N va M dai
vai dudmg tron (O, R).
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4) CAc ban sau day c6 1o gidi trong @0 tot : Ha
Noi: Neuyén Tudn Thign, 12A, PTCT-DHSP Ha Noi;
Vinh Phic: Neuvén Trung Lap, 12A, THPT chuyén
Vinh Phic; Phi Tho: Bii Thanh Ha, 10Al, THPT
chuyén Hiing Viong; Nghé An: Lé Bd Dang, 10CT,
DHSP Vinh; Tp Hé Chi Minh: Luong Thé Nhdn, 11T,
PTNK BPHQG Tp Hd Chi Minh

NGUYEN DANG PHAT

Bai T10/273. Cho hinh tru T, Ta goi hinh
tru T, la néi tiép ngang T) néu méi ddy cia T,
chita dung mgt duong sinh cia T, va mdt xung
quanh cia Ty chita bén diém cua dwong tron
day cuia T,. Hinh tru T, phdi théa man didu
kién gi d€ c6 v6 han hinh tru T, T, ..., Ty, ...
ma mdi hinh tru ding sau ngi tiép ngang hinh
tru dimg trudc.

Lai gidgi. Goi d,, h, twong tng 1a dudng
kinh ddy va duong sinh clia hinh try 7,
DE thay :
dyyy = s hfaﬂ 5

7 dﬁ = dﬁﬂ
(h. 1). Suyra:
B2, =d2 - K.
Vay véimbin ~
t6n tai hinh tru ,
T,y n0i G€p
ngang hinh try s e e Lty
T, ©d-h>0
2
&)
n

>
Xét day (a,) trong d6 a, = h—;

s K e = i

Ta thy : = e et
IHﬂ+1 d_,zﬁ_l k: A
1 ki
=a,=1+ vidi moi
n+l

Vihamsdfix)=1+ i trén (0, +oo)

la ham gidm nén :

a,> 1< fla,<fil) = a, 1 <1i(1)

<= fa, 1) >AA1)) < a, 5>ff1))-..(*)
bt b, =1, b, = 1), by =1, ...
Tir (*)suyra:
Néunléthi:a,>1<a,>b,
Néunchinthi:a,>1<a,<b,

20

Viy :a,> 1 (Vn) < by, < a) < by, (Ym,

ne N).
h 1

Xét ham s6 : 2(x) = fifix)) = 2 - ;H trén
(0, +oc). DE thiy g(x) la ham ting. Vib, =1 <
3
5 = ba = b5 = g(b:;) > 8(b1) = b3.,+ nén bl! b},
bs... 1a ddy ting.

Tuong ty nhu vay by, by, bg... 12 day gidm.

Ta thdy khi n tdng vo han thi day (b,) hoi tu

vd b= ”‘f- That vay, vi b= fb) va b, > |
(Yn) néntaco:
EE
Ib=b,l = &)~ bl = | 5 -7 |
lb—b,y| b=b, | b= bl
- bbn—] < h b"_l

ma day s8 nay ddn t6i 0 khi n — oo
Vay : by, <ay < by, (WY1, n € N)

1+\E_
Sa (3)

Tir (1); (2); (3) ta ¢6 k&t ludn : T, thda man

d
At b O e e WA
hy 2

Nhan xét. 1) Bai niy cd 42 ban tham gia gidi, 6
ban gidi sai, N6i chung cdc ban trinh bay khong thit
sang sia.

2) Céac ban san diy c6 1o gidi twong ddi ot : Hai
Duong: Ngé Xudn Bdch, 10T, THPT Nguyén Trai,
Ha Noi: Npuyén Hoai Anh, 10T, THPT Ha Ngi -
Amsterdam; Neuyén Tudn Thign, 12A, Nguyén Tudn
Duong, 10A, PTCT-Tin, PHKHTN-BHQG, Ha Tinh:
Newyén Thira Theng, 11T, THPT NK Ha Tinh;

NGUYEN MINII HA

Sa =

Bai L1/273. Cho mach dién nhw hinh vé ;
E=6QV,'!'=]Q;R1=ZQ;R2=6Q Ca &
béng den : Dy: 10V-10W; Dy 10V-10W; Dy:
10V=-11W; By 10V-12W; B 8V-5W; Dy
SV-10W; B,: 7V-7W; Dg: 7V-8W,

Hay mdc cdc béng dén trén ddy cung voi
cde dign tré phy thanh mgt bg dién tré va mdc
bo dién trér do vae hai diém A, B cia mach sao
cho thoa man hai didu kign sau :

1) Cdc dén sdng binh thieong,
2) Tiét ki¢m nhdt.
Tinh gid tri cde dign tré phy dé.
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A R B

Hwdng din gidi. Tong cong sudt cdc dén
khi ching sdng binh thudong 1a Py = 73W =
const. COng suft va hi¢u sudt cda mach1a :
P=EI . H= i

TP FY
vy [ 14 cudmng dd dong dién mach chinh,
= IR; +1, (I, 1a cudmg dO dong dién qua bd
di¢n trd). Mudn cho I, nhd nhdt ta mdc cdc
béng dén va dign trd phu nhu sau :

Nhu vay Hmax = Irnln!

(D\/ID,) nt (D,//Dy/IRs) nt (/D gJIR,) nt
(D/IDglIRs) nt Ry

Nhl! Va}' Ib = !dl A7 .Ird4 = 2,2A = UAB =
2,2R,, vGi R, 12 dién tré twong duong cla bd
dién trd;

E=UAB+!(?'+R1}=

2,2R
=g,ng+( 6b+2,2)3=60
0.6 3
Re=7"-=—"1L R = 100Q2;
VRET gl e Iy=1g, -1 s
U
R, 32,
by~ lg~dy A3
R b 122,50
5 T 3 -
I—Ip 1y
P, 73
He—to——— 2 15%.
EI 6(35;6 122)

Nhién xét. Cic emcd 161 gidd gon va ddng :

Yén Bdi: Hoang Trong Huy, 11A2, THPT chuyén
Yen Béi; Nghe¢ An: Bui Quang Son, 11A3, THPT
Phan Bdi Chiu, Vinh; Ha Tinh: Trieme Hou Cdt, 12
Li, THPT NK Hi Tinh; Tién Giang: Trdn Tdn Mc 11
Li, THPT chuy#n Tién Giang

MAI ANH

Bai L.2/273, Hinh ve bén biéu thi sy quan
sat var AB qua kinh hién vi voi vat kinh MN va
thi kinh PQ. Man chdn D ¢6 14 tron mn la noi
dat mdt. Cho biét : Mdt binh thuong, diém cuc
cdn cdch mdt d = 20cm. Vat AB cdch vt kinh
dy=1,8cm. Khodng cdch 2 thdu kinh | = 18 cm.
Khi ddt mdt cdch thi kinh a = 2cm thi thdy anh
rd nét ma khong cdn didu tiét, dong thoi 16
tron mn = 2mm s& hing gon toan by dnh sdng
tix vat qua kinh hién vi t6i mdt.

AN Q I
| |
S M sl Trucchinhcllakinh L T
"
B W L ]
vat M / E

1) Tinh cde tidu cwe cia vt kinh va thi kinh,
duwcmg kinh tiét dign kinh hién vi, d0 boi gidc
khi dnh & v cue.

2) B6 kinh hién vi thi mdt cé nhin ro vt AB
khdng, tai sao ?

Hudng dén gidi.
1) Vdi thi kinh PQ thi vt that 13 vat kinh
gl Pl
MN c¢6 anh that mn, td 46 f, = I g

8oy v et el s i S 0 = 1 S,
mMA da

Mit quan sit & trang thdi khong cén diéu
tiét nén 4nh A,B, clia AB & vd cyc, dnh trung
gian ndm tai titu di¢n cta thj kinh PQ :

dy=f,=18(cm); &’y =1 =18 — f, =
16,2(cm) = f; = 1,62(cm). Tact :

aue G tfx 416320

Ko AR fg 1.8 1.8
=100

2)Vik=9 x é:l:Aﬁ':mn:Z(mm).
Vit AB cach mit h = d, + I + a = 21,8(cm).

Géctrﬁngvata=% - 2%8 0,009rad < e.
Vi h > d nén bd kinh hién vi di mét vin nhin r0

nét vit AB,

Nhan xét. Chi ¢6 em Trdn Trong, 16p 11B, THPT
Bim Son, Thanh Héa 12 ¢6 &4 gidi gan hoan chinh,

MATI ANH
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Sea lod ban doe

Hbi: Trong SGK Hinh hoc 8 ¢6 viér : "Hinh
vuéng la hinh ch@ nhit ¢6 hai canh ké bing
nhau. Tuv dinh nghia, suy ra : Hinh vuéng co
bén canh bing nhau va bén goc vuéng. Diéu suy
ra do, co phai la dinh nghia khéng?

BANH THI THANH

{¥Xdm 2, Gia An Béng, Hoai Nhon, Binh Binh)

Dap: Diéu suy ra chi la tinh chit clia hinh
vudng. Ban luu @ khi dinh nghia khéng néu ra
"thira" diéu kién, co nghia 12 chi cin hai canh
lién tiép bing nhau /a dd.

Hbi: Trong dip hé, néu i bai cho tap chi
thi em ghi dia chi ndo 7 Sang nim em Ién lop 10
thi co duoc giai cic bai dinh cho THCS nita
khéong ?

TRAN KIM CHUNG

{9A, THCS Thuang Tin, Ha Tay)

DPap: Du trong dip nao, cac em ciing nén
ghi thém dia chi gia dinh. Cudc thi gidi toan
hing nim trén tap chi la tinh theo nim hoc, néu
em gt loi gidi thi cin ghi ca dia chi lop, truomg
ci ctia em. Khi em lcn lép 10 thi em vin o
quyén gidi cic bai danh cho THCS nhung...
khong nén giti vé Toa soan.

Co v 56 sb
nguyén b co dang ax + b voi a, b nguyén t6
cing nhau”, em ching minh duoc "Tip hop cic
s6 nguyén b dang x2+1 la v6 han" nhu sau :

T dinh i Dirichlé ta chon a=x, b=I thi a va
b nguyén t6 cung nhay, khi do tip hop sé
nguyén to dang ax+b =x Pl Ia vd han.

Em chitng minh nhu viy c6 duge khéng ?

PANG DUY ANH DAN

(11A1, THPT Bdng Quan, Phi Xuyén, Ha Tay)

Hoi: Dya vio dink [i Dirichlé - "

Dap: Em nén hiéu dinh li Dirichlé 6 hon :
Vi a, b la hai sé nguyén t cung nhau cho trude
thi chon duoc vo s6 gia tri cla x dé axth la sé
nguyén o, ching han cac sd nguyén th co dang
4x+3; 2x+1 la vo han. Vi viy, khi em chon a=x;
- b= thi 52 b v sb cac sd nguyén o dang xy+l
vi bidn y nhng khi y = x chic gi x2+1 dala sb
nguyén to ? Phép chung minh cia em [a sai.
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Hbi: Khi chiu lam 2 bai toan :
ay > Ova aj+a;+ay = 1. Ching minh :

(1+ij(1+i)(1+i}264

dy

(2+ L j.\2+ . )(2+ij2125

chau u‘nh ccr phat hzén va chitng minh duoc

"Viou dy, 4,

‘Wéua € N', a5, 2z ..y 2, >0
s Ltht

vi a;ta,+

1 1 ¢ 1 ]
a+—)(a+—)‘..ka+—)2(u.+ njn
: 4 ) 4y

Viy bir ding thire nay di co o diu chua va
néu c6 thi tén cia bit ding thirc nay la gi ?

DUONG VAN GIAP
(I6p 10A, THPT Krdng Buk, DakLak)

Dap: Tir cac bai roan cu thé chau da biét
khai quat phep ching minh dé di wi bt ding
thire tong quat. Dé la mét cach rén luyén phona
cach hoc tip it tdt. Bit ding thirc ma chau phat
hién va chung minh la hoan toan ding. Chau ctr
coi la bit ding thirc nay la do chau nghi ra va
chau cr ty dit tén. Chi co diéu chau nén biét .
6 biét bao bir ding thic & wén doi nay ma
c.hing c6 tén ! Nhitng bat dang thirc ma chau
biét t&n phai la nh&ng bit ding thitc co Ung
dung manh trong toin hoc. Chic chiau thanh
chng va xin gidi thidu cing ban doe,

Hoi: Chiing em lim mii ma khéng duor bii
toin sau :"Chting minh ring voi moi gi trj ciia
x thi 2V 4 gleosxl 5 3w penk mong THTT
clru gitip.

NGUYENTHQNG TRUONG

(12C, THPT Hiép Hoa 2, Bac Giang)

Dap: Cac ban c6 thé dit u = |cosx| thi
ue [0;1] va tr d6 xét ham sé Lu) = 2v + V1=

vii u e [0;1]. Cac ban dung dao ham s nhin

2
duoc f'(u)=0©u=7;
flu)>0véiue (0; %i)v‘a () <0 véi

V2
ue ( ) ; 1).
T do st co flu) = F(0)=f(1)= 3.

N.T.L
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Y KIEN BAN POC -
POC Y KIEN ... BAN !

NGUYEN DIUIC TAN
(Tp Ha Chi Minh)

Trong bai "Hinh hoc héa néi dung va cac}}
giai mot s6 bai toan Dai s6" (tap chi THTT sé
202 (4/1994) o bai toan. "Ti i tri nhd nhit
clia ham sé y= Vd—x+1 + V2—3x+1 ". Tac gia
cho dap s6 y = 2 va dén bai "Y kién ban doc”
(Tap chi THTT s& 225 (3/1995)), nhom hoc
sinh 10A truomg PTTH Nguyén Trai, quin Ba
Dinh, Ha Noi (_ﬁ. giai hoan chinh bai toan va

ch két q i nhé nhit cia ham sé y la

3+41) (V2 = +3). Thue ra két qui nay ducc
thu gon la V2. Nhe vy gitta 2 va 2 chi la su
nhim lin trong in in hodc ghi chép. Hon nita
l&i giai bai toan cac ban dua ra hoi dai va phirc
tap. Toi xin d& xudt 1o gidi ngin gon hon nhu
saul :

Trén mit phing toa d6 xét cac digm M (x; O);
A7) (3 03)

T RS

Dé thiy A, B ¢b dinh nim khac phia nhau
déi véi truc hoanh, M chay trén truc hoanh.

Taco: MA+ MB= AB

o V- Lp v 0- By
N- L1041y

2
o V-] + V2Bt 22

Ding thirc xay ra <> M la giao diém ctia doan
thing AB va truc hoanh.

Viy gia tri nhé nhit ctia ham s y la \z.

Tir loi gidi trén cho ta léi gidi bai toan tong
quat :

Tim gia tri nhd nhit clia ham sé
y = V(x-2)2+5 + (x=)+d? trong d6 a, b, ¢, d
la hing s6. Xet cac diém M (x; 0), A(a; | b]),
 Tad it W

D& thiy A, B ¢d dinh nim khac phia déi voi
truc hoanh, M chay trén truc hoanh.

Taco MA+ MB> AB

& V(x=a)? + (0= b])2 + V(=02 + (0 +|d|)?
> N(a=a® + (| b] + |d|)?
o Vxal + B + V(x-0? + d

2 V(2= + (| bl +]dI)?

Ding thitc xay ra <> M la giao diém cia doan
thing AB va truc hoanh.

Viy gia trj nhd nhit cla ham sé y la
‘J(a—c)3+(| bl +1 d] )2.

Cac ban doc ¢ déng § vai ¥ kién cla toi
khéng ?

LTS: Chic cic ban déu dong ¥ voi y kién
ctia tic gia. Khi giai bai toan loai nay, tic gia di
"khén" hon cac ban hoc sinh 104, truéng THPT
Nguyén Trii khi chon A va B khic phia ouc
hoanh dé kchoi thuc hién phép déi ximg truc vi
nep tuc mng quat hoa bii toin. Chung ta sé
cing di tiép nika d& tim Ioi gidi cho bai todn
sau diy :

. "Tim pgid tri Iém nhar va nho nhir cida ham sé
y=N(x-2)l+ B + ol +d
voi x € fou; BlL"

Trude hét cic ban thit 6m gid tri Ion nhit vi
nhd nhit ctia ham sé

y = Vcosix — 2cosx+10 + Veosix + 6osx+l0
Mong nhiin duoc nhiéu j kién trao doi.

'I\Hfl- .l-

Pon doc THETT ¢ 278

Tap chi thdng 8/2000 s& dua téi cac ban :

% Giéi thidu cée cude thi béng gui thy
cua cdc nude

% Gidi dép cdc bai toan khé tron
dé thi tuyén sinh Bai hoc nam 2 0

% K&t qua ki thi IMO 41 clo Dai tuyén
hoc sinh Viét Nam

& 7 béi todn véi gidi ihuéng 1 trigu USD
chomdibai.

2% Nhiing chuyén muc thuén xuyen véi
nhiéu théng tin bs ich. g\l 56 uqc
nhén qua sinh nhét cia Céu lac bd

gdp nhau qua ngay sinh ¢ 2
Cﬁc ban hﬁy nhé dat mua tap chi fal cée
dai Fhoqc cdc co s& Buy dién gén nhﬁt
~THTT

23
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GAP NWHALU QUA BEAY SINH

May mén |én nhat vira qua trén san ¢ 12 may
min danh cho doi Phap : duong kim vo dinh thé
gidi lai gianh ludn vo dich chiu Au, con mén
qua may min cla Cau lac bo 1an ndy xin gl téi
cdc ban sinh ngay 10 thang 8 :

1) Nguyén Thi Thdy Hing, x6m Kho, Nguyén
X4, Minh Khai, Tir Liém, Ha Noi.

2) Lé Khdc Phd, xébm Nam, C8 Hié&n, Hién
Ninh, Quang Ninh, Quéng Binh.

3) Nguyén Tién Son, sinh ndm 1983, I6p
10A1, THPT Chu Sé, Chur Sg, Gia Lai.

4) Hoang Trung Nghia, sinh ndm 1982, lép 11
Toén 1, THPT chuyén Luong Thé Vinh, Bdng Nai.

5} Pham Vin Hung, sinh nim 1983, t& 33,
phuong Nguyén Thai Hoc, thi x3 Yén Bdi,
Yén Bai.

(Hai ban Hing, Phd bdo gip ndm sinh
cho CLB).

Céc ban thich ngay sinh 10 thang 8 cling nhan
dugc qua cia Céu lac bd la:

1) Lé Thj Hdi Chau, 8A, PTTH KBang, Gia Lai.

2) V& Quang Phic (hay Tric 7 Chir ban viét
bay bugm khong nhin rd 13 P thay T), hém 240,
Truong Quang Trang, thi xa Quang Ngai, Quang
Ngai.

3) Pham Tudn, Hda Lac, Thach Thit, Ha Tay.

4) Nguyén Thj Thu Hién, 10A1, THPT chuyén
Hang Vuong, Phud Tho.

Hién nay C.L.B van ti€p tuc nhin thé hdi vién
(c6 in trén tap chi s8 271 va 272).

Mot thdng nifa ... ai & lai may mdn ? Cac ban
hay chd nhé |

C.LB

Két qud :
TIEU CHUANNAO DAY ?

V6i suy nghi rat nghiém tic, nhigu ban da tim

hiéu Iinh vyc nghién cdu cla 6 nha todn hoc
nhung dua ra tiéu chudn chua thuyét phuc. C6

24

ban "phat hién" trong 6 nha todn hoc ¢6 2 nha
toan hoc Dic (2), 2 nha toan hoc Viét Nam, 2
nha toén hoc Phap va dua ra tiéu chudn trong
mot nhém khong ¢6 2 nha todn hoc & cing mét
nudc. Tuy nhién phat hién trén 13 sai vi chi c6
Kaclo Gauxo ngudi Dic va c6 dén 3 nha toin
hoc ngudi Phip nén tidu chudn néu ra khong
thyc hién dugc.

Tiéu chudn don gidn va thuyét phuc nhét la
chia 6 nha todn hoc thanh 2 nhém theo s& chir
cdi 6 tén mdi nha todn hoc. Nhém tén gom 10
chir cai : L& Van Thiém, Kaclo Gauxo, o
Modcging. Nhom tén gdm 12 chir céi : Luong
Thé Vinh, Bledo Patxcan, Gidng Daldmbe.

S6 ban giai t&t thi nhiéu ma chi c6 10 ting
pham nén danh béc tham ting cho cic ban may
man hon : Bién Ngoc Danh, 126 Ly Théi T6, Tp
Pleiku, Gia Lai; Lé Puc Tho, x6m Hong Tién,
Nghia Hdng, Nghia Dan, Nghé An; Phan Quéc
Hung, 108, THPT Hai Ling, Quang Tri; Nguyén
Duy Ngoc, Toan 2A, DHSP Tp H& Chi Minh;
Duong Minh Son, 8B, THCS Nguyén Thugng
Hién, Ung Hoa, Ha Tay; Nguyén Bic Hanh,
8A, THCS Kim Ngoc, Yén Lac, Vinh Phic; V@
Truong Giang, 10D2, THCS Chu Vin An, Ha
Noi; Nguyén Quang Tan, 9A, THCS thi trdn Phd
Lu, Bdo Thing, Lao Cai; Nguyén Hoa Hudng,
10AS5, THPT chuyén Phan B&i Chau, Vinh, Nghé
An; Nguyén Trung Thanh, 11A1, THPT Qué V&
s6 1, Qué Vo, Bac Ninh.

NGOC MAI

DON VUON NHA

Hau hét cac ban déu
chi ra dugc "mét xich" |
long |éo & "mii tén" lLf\#‘

dudi day : o
a>4 J{W (A

= a=4N10™? + 1. Lap ludn trén chi
ding khi n 14 sG ty nhién chan.

Ban Ha Minh Cuong, (I6p 10A1, kh&i PT
chuyén Toén, DHSP Ha Noi) da b sung cho lai
gidi nhéy xét thém trudng hop n 12 58 ty nhién 1€,
bing cach ching minh khi d6 a* chia cho 11 du
10. Tuy nhién khong c6 s6 chinh phuong a® nao
c6 tinh chat nay, tir d6 két luan bai toan.

Ngoai ban Cudng, xin "da ta" cic ban : Hb
Hiu Phing, 9A, THCS Quynh Hdng, Quynh
Luu, Nghé& An; Nguyén Dinh Didng, 8A, THCS
Nhir B& Si, Thanh Hoa; V& Xuin Minh, 9',
THPT Cam Nghia, Cam Ranh, Khinh Hoa;
Phing Van Doanh, 9D, THCS Ngo Dong, Giao
Thay, Nam Pinh ; Vi Tién Ding, 11A1, THPT

-
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TRO CHOI THANG 7

Lich thang 7 nam 2000 dugc biéu di&n trong hinh

chirnhat 7 x 6 nhu hinh vé.

LAk

3/4|5 6

7|8/|9
10|11 |12

1314|1518

17|18 19 20 211_22 | 23

24|25 26

1 —

27 | 28 | 29| 30
31 '

Ban hay chia hinh dé thanh 2 mlen bang mot
duding gap khic sao cho c6 thé dat mién nay tring
khit véi mién kia va t6ng cac sé trong mi mién
bang nhau.

NGUYEN VAN THIEM
(Steu 1ddm)

@ Dong Quan, Pha Xuyén, Ha Tay; Lé Thanh
Tung, 98, THCS Chu Van An, Thanh Ha, Hai
Duong; Phan Thanh Trung, 9A, THCS Nguyén
Trai, Hai Duong; Nguyén Minh Thu, 11 Toén,
NK Han Thuyén, Bic Ninh; Trdn Binh Minh,
9K, THCS Lé Hdng Phong, Yén B&i; Trdn Anh
Hung, 12A10, Trdn Cao Van, Quang Nam.
Cam on cac ban va xin mdi cac ban tiép tyc.

KIHIVI
Tdi 3A0 Ldi ThE ? :

Trong mdt cudn sich va trong mdt ki thi hoc
sinh gidi 6 bai todn :

'Tim x dé A = dat gid tri lan
P I
nhat".
Ddp &nnhusau: A= .
(x+1)? -4

D& A dat gia tri 16n nhat thi (x+1)? - 4 dat gia
tri nho nhdt. Hiéu nay dat gia tri nhd nht khi
(x+1)% = 0 hay x = -1. Khi d6, gid tri I6n nhét

z 1
Clg A s
4

C6 thé thay khi x = 2 thi A = 1/5, do d6 _TZ

khong phai la gia tri I6n nhét cla A. Sai 1am
clia I6i gidi 6dau?
TRAN XUAN UY

(GV trutng THCS Trén Ddng Ninh, Nam Binh)

Gidi dap bai
XOA NHUNG C HU SO NAO

S6 chinh phuong chicé thé tancung 14 0,1, 4, 9,
6, 5. Theo bai ra sau khi x6a thi s cén lai phai cé 6
chit s (véi thit tu gir nguy@n) nén sb con lai phai
¢ tan cing phai la 6 hodc 9. S6 ¢6 6 chir 6 con lai
chi c6 duy nhét la 123456 khéng phai chinh
phuong. Vay chi con kha ndng chir sé tan cuing clia
sé con lai 1a 9. Suy ra chirsé hang chuc phéi chan.

D& thay chir s6 hang chuc chi ¢ thé 14 6 hoic 8.

« Néu chir sé hang chuc 12 6 thi ta cdn phdi x6a 1
trong 5 chirsd 1,2, 3,4, 5.

Vi s6 chinh phuong phai ¢6 dang 3n ho#c 3n+1
(n e N) nén sd con lai c6 thé 12 134569, 124569,
123469. Ca 3 sb nay déu khéng chinh phuong.

« Néu chir s& hang chyc 1a 8. S6 phai tim la
abcd8g = X°. Tac6 351 < x< 675 §d6 xphaicé tan
cungla 3 hoac 7.

* Néu x = ef3, ta c6 ef3 cling phai c6 dang 3k
hodc 3k+1. Do X° ¢c6 chit s hang chuc 12 8 nén f
la 3 hodc 8. Tir dé dugc cac trudng hop :

e=3,=3
e=4,f=3,8
e=5,f=8
e=6,f=3

Céc trudng hop trén déu khéng thda man.

* Néu x = ef7. Xét tuong tu nhutrén dugc x = 367,
Sé chinh phuong la 134689 = 3672,

Vay céc chirsé phaixéala 2,5, 7.

Nhén xét, Céc ban c6 bai gidi tt hon ca 14 : Phu
Tho: Trdn H&i Minh, 11A2, chuyén Hung Vuong;
Vinh Phiic: Nguyén Van Phde, 11A2, chuyén
Vinh Phtic; Nam Binh: 83 Minh Thanh, 8A, THCS
Dao Su Tich, Truc Ninh; Thanh Héa: Doan Trong
Hoan, 8B, THCS Nguyén Chinh, Béng Son; Thira
Thién - Hué: V& Thi Quynh Dan, 10 chuyén Ly,
Quéc hoc; Khanh Hoéa: V6 Xuan Minh, 9!, THCS
Cam Nghia, Cam Ranh ; Dac Lac: Nguyén Thi
Héng Hanh, 11CT, chuyén Nguyé&n Du, Buén Mé
Thudt; Tp H6 Chi Minh: Huynh Minh Hiéu,
205/19Z, 1Y Au Co, Q.11. Ban Tran Minh Quang,
11A chuyén Tin DHSP Vinh, Nghé An c6 i gidi
viét bang ngén nglr PASCAL.

NAM HA
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Pl

THI V!

Pé thi Vui he vira cong b8 ngay 14.6.2000
thi ngdy 16.6.2000 tda soan di nhin dugce 2 lii
gidi cia ban Pham Trong Tién, Thao N§i, Son
Ha, Phi Xuyén vd Nguyén Xuidn Cuong, trudng
Tidu hoc Tan Déin, Phd Xuyén déu thude tinh
Ha Tdy. Ngay hom sau 17.6 bai ca ban Nguyén
bac Tho, 17/57, Lé Loi, Hii Phong v& dén

R

e
&
=2

e 2000

tda soan. Con sau do thi ... khong thé ké en céc
ban dugc nita. Thdi han nhin bai dgt 1 1& dén
30.7.2000.

S6 bdo nay diing tidp 3 bai cta dgt 11 va han
nhin bai gidi dén 30.8.2000 theo diu buu dign.
Nao moi céc ban cang gidi va sédm gii bai vé tda
S04

DE DOT Il

Céu 4. B tri tuyén xe

Hinh v& dudi day biéu thi mang dudng 6 16
ché khéch ncn cdc thi trdn. Cac duéng di déu cén
t6 mau, mdi mau biéu
thi mét tuyén xe 6 1o di
tir mét thi tran nay den
mét thi trdn khac roi
quay lai. Budng di noi
hai thi tran ké nhau
dugc td bdi chi 1 mau.

Hanh khéch trén mdi [ >/
tuyén xe cé thé "
chuyén sang it nhat 2

tuyén xe khac. Ban hay t6 mau mang dudng trén
sao cho sd tuyén xe la it nhat.

Cau 5. Cét thé nao ?

Tinh dé 1 soi day trén ban. Em Tinh 1& Todn
dung dao cét s¢i day va ndi :

- Anh Tinh of em chi cét 1 nhat da duoc 4
doan, rdi cit tidp nhat nira da d ugc 7 doan roi.

Ban c6 biét soi day dé luc dau ndm nhu thé
nao khong ?

o® x

Cau 6. Dich méat ma

Xin gl t6i cdc ban mdt bang chir dudi day,
trong d6 cé mot 13 mudn néi véi cdc ban. Ban
hdy dich nghia cua théng diép nay nhé ! Chia
khéa md& ma la : "UOratoxten”.

c|lu|N|U|G|lc|lu|Y
Elc|N|A|Cc|A|N]|C|H
B|T|o|]A|]A|N|N|G|OD
P|N|aA|M|T|T|U|H|O
U|A|N|Gc|lAa|c|H]|H]|U
N|lE|g|N|G|Uu|Y|B|E
N|v|T|E|O|T|i]|H]|A
I|lL]|E|c|T|H|O|B|N
|Lla|n|u]|A|T|[Y|[V]O
[k|T|1|M|T|H|U|H]|Y
[v|o|a|N|H|T|UO|H|U
[Nn]v]c|ululy|E[1]N
|v|iT|H|I1|E|O|A|N|H

0 <X 0 =66

ISN : 0866-0853 Ché ban tai Tda soan
Chi s6 : 12884 In tai Nha may in Dién Hong, 57 Giang Vo Gi4 : 3.000d
Ma s6 : SBT79MO In xong va ndp hru chiéu thang 7 nam 2000 Ba nghin dong
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