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¢ Danh cho cde ban Trung hoc co sd
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e (iai tri todn hoc Thanh Quang, Ta Hong
Fun with Mathematics Quang, Dang Hung Thang, Vi
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Danh cho cdc ban Trung hoc co s¢

Trong céc ki thi hoc sinh giéi THCS, hoc
sinh thudng gap cdc bai todn giai phuong trinh
va hé phuong trinh ma cdach giai khong binh
thudng. D€ gitp cdc ban tim hi€u vén dé dg, bai
viét nay xin ban déi diéu vé cach gidi loai
phuong trinh trén.

Cho ham s8 y = fix) vi y = g(x) ¢ tép xdc
dinh 12 Df, Gf. Xét phudng trinh flx) = g(x) (1)

2 ; ¢! flx) =m
véi tap xdc dinh D = Df N Dg. Néu lg(x) <m
YeeD

thi phucng trinh (1) tuong duong véi hé
flx) =
() = (2)
Néu t6n tai x| € D théa mén (2) thi x_ la
nghiém eta (1)
Vay dé giai mét phuong trinh cho trude, vén
dé m&u chét 12 phai dua dugc phuong trinh dd
vé dang (1).ma viéc tim max (min) f{x) v min
(max) g(x) khéng gap khd khén 14m. Sau day 1a
mét s6 bai toan.
Bai todn 1 : Gidi phuong trinh
6x—x?—2=|x—1| +|x-2| +
+|2x + 3] +|4x — 13| (A)
Gidi : * Ta c6 thé giai (A) bAng cich lap bang
xét ddu v& phai ctia (A), tir dé suy ra nghiém. Song
cdch nay tuong déi dai, mat nhiéu thei gian.
* Ta giai nhu sau :
lx=1] +|x—2] +|2x—-3| +|4x-3| =
Zlx—1+x-2+2x—-3+13—4x| =7

xr—1=0
r—2=0 13
dﬁ'u-xﬁyra#zt 350 =2£xsT
13-4x=0
Xét v& trai cha (A) Gy x5

=T7-22+6c-9=T-(x-32<1T

= max (6x —x% — 2) = 7 dat dugec khix = 3

1

Dox=3€ [2,1-3*] nén phuong trinh cd
nghiém duy nhédtx = 3

Bai todn 2 : Gidi phuong trinh
(8 —dx? — 1) (x? +2x +1) = 4(x2 +x + 1) (B)

Gidi * Né&u khai trién vé& trdi cta (B) thi ta
duge phuong trinh béc 4 di, nén khd tim
nghiém bang kién thite & THCS.

iG TRINH ' B

AC TRUNG HOC CO' SO

TRINH VINH NGOC
(Ha Tinh)

* Ta gidi nhu sau ;
a) x = -1 khong phai 1a nghiém cia (B)

Bx—4dx? -1 x2+x+1
B e

4 2 +2r+1
24+x+1
2+2c+1

3

dang tim duge miny = Zdat dugc khix = 1
8 —4x2 -1
4

b)x = 1 (B)

Xét ham s6 y = (Vx # -1). D&

Lai cd : =—x2+2x—1+§:

3 3 Ar=dyt={
=z~ @1 <7 =max (—-~—

4 ) 5

dat duge véix = 1

Tit dé phuong trinh c6 nghiém duy nhat
=1

Bai todn 3 : Tim x théa mdn phuong trinh
— 162+ 72 x3- 81 22+ 28 — 16(x —Vx+2) = 0

(C)

Gidi: Nsu dat Vx -2 =t20,x =2 +2
vaio (C) thi ta duge mot phuong trinh bac 8. Dé
giai phuong trinh nay phai cd ki ndng phan tich
da thidc thanh nhéan td hay tim nghiém da thic.

Cing vay dat Vx —2 =¢ = 0. Khi dg

x—Vx—-2=x-2-Vx-2+2

Xét f)=2—-t+2 ;¢ € [0, +») thi

=
2

7 :
minf(t)=— dat duge khi t=-;— hay -
min (x —Vx =2 }=—1¢.h1:\:——§i

4
xe tm
o 3 - B1x2
e 16x? + 72x3 — 8lx +28=
g =16
7 9.2 W :
—4—(x—z)xzszd§ub&ngxé.yrakh1
=8
r
x=0

9
Ti dd ta cd x = ey la nghiém cha phuong

trinh.
Bai todn 4 : Tim nghiém nguyén cia
phuong trinh ;

(xem tiép rang 11)

1
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Bai T1/234. Tim tdt cd cde 56 tu nhién ¢6 3
chit sd abe trong hé dém thdp phdn sao cho
abe = n? -1
chba = (n — 2)?
vdi n la 86 nguyén lon hon 2,
Léi giai : (Dua trén 15i giai cia ban Nguyén
Thi Thanh Nha 9T Lé Quy Dén, Khanh Hoa va

ban Trén Quéc Hang 9T, Phan B6i Chau Nghé
An)
Tacdabe = 100a +10b +c=n2—-1 (1)
cba=100c +106 +a=n?—-4n +4 (2)
Lay (1) tri (2) ta duge
9%a-¢c)=4n -5

suyradn-5: 9.

Tacd 100 < n?-1 < 999101 < n? < 1000
—11=n=<31—-39<4n-5<119.
_Vi4n-5: 99nén4n-5=99—->n=26—
abec = 675 . '

Thit lai thay ding.

Nhan xét : Day la mot bai todn dé nén cd
réit nhiéu ban giai dugc bai todn nay va gii oi
gidi clia minh t4i tda soan. TAt ca cdc lui giai
déu ding. Xin ké ra day mét s6 ban nhu : Trin
Vinh Trung, 9T Ly Té Trong, Tra Vinh,
Nguyén Phi Hiung 8T Hai Hung, Dao Thi Bich
Giang 9T, Nga Son, Thanh Héa, Ngé Qudc

"~ Anh 8T Nguyén Du, Buén Mé Thudt, Ta Véan
Nghiém, 9T Bim Son, Thanh Héa, Pham
Ngoe Hung, 9A Phong Chau, Vinh Phu, Lé
Hdi Bang, TA Hoang Hda, Thanh Héa, Tran
Dinh Khiém 8T Nguyén Tri Phuong, Thira
Thién - Hué, Cao Xuén Qué 9A Quynh Luu,
Nghé An , Nguyén Hdi Bang 8A, Phong Chau,
Phi The, Vi Viét Tai 9T Hai Hau, Nam Dinh,
Trén Tdn Nam, 9T Tam Déo Vinh Phuc, Lé
Trung Hi&u, 9T Déng Héi, Quing Binh, Phan
Thi Hong Nhung, 8T Nguyén Du, Buén Mé
Thudt Bii Phi Hung, 9A Ubng Bi, Quang
Ninh...

DANG HUNG THANG

Bai T2/234. Cho 66 a, b, ¢, x, 5, z théa :

a +b +o=1
x2+y2+zz=1{u>ﬂ, b>0,c>0)
hiing minh rdng a(x +b) +b(y +¢) +elz +
a) < 1.
L gidi : Cdch 1. (cha Nguyén Thanh Nhd,
9T, Nguyén Du, Buén Mé Thutt, Dak Lak).

https:/sites. google. com/site/ letrungldenmath

Via>0,b>0,c>0vaa+b+c=1nén
suy ra a2 +b2+2<a+b+e=1(1)

Tacé A = a(x +b) +b(y +c) +¢(z +a)
=ax +by tecz+ab +be +ea
- (@2+x2) + B2+ y2) + (c2+2%)

2

(@ +b+c)e? +x2 +y2 +22
< 3 =

Diu"="xadyrakhi vachi khiea=x, b=y,¢
= z khi do sé x4y ra

e’ +b2t+? =x+yi+22=1=a+b+e

trdi véi (1). Vay sé khong xay ra ddu "="va
ta dugc diéu cdn ching minh.

Céch 2. (ciia Ha Xuén Gidp, TTN2, NK Bim
Son, Thanh Hoa)

Ap dung B4t ding thidc Bunhiacopski cho 6
gda, b, ¢ x ¥, 2 ta duge

ax.+by +cz s Ya? +b% +ef Yxf +yf +27 =

=VaZ+07+cZ (vix? +y2 +22=1).
Tt d6 ta c6 :
a(x +b) +b(y +c) te(z +a) =ax +by +
+cz +ab +bc +ac

< Ya?+b%+c% +ab +be +ac = VaZ+ b2+ % +
1 - (a? +b% +c?)
2

< 5 — 5 [(@2+2+c?) — NGTTHTH +1) - 1]

<1-5(V@FFTI - 12 <1

(viaZ +b% +¢2 < 1) dpem.

Nhan xét. 1. Cac ban sau day cing cd 1oi
giai tot : Thdai Nguyén : Dgng Hong Dang,
9A,, Nha Trang, Tp. Thai Nguyén. Phii Tho :

Tran Thi Thu Ha, 9A, chuyén Phong chau.
Pham Thi Thu Hién 9A,, chuyén Viét Tri. °
Vinh Phiic : Ngugéh Ngoc Quang, 8B, Kidu
Viét Cuong, 9B, chuyén Yén Lac ; Vi Manh
Cuong, Pham Hodng Phong, 9T, chuyén Tam
Déao. Ha N¢i : Lé Cuing, 9M, Marie Curie.
Nam Binh : Ngé Qudc Hoan, 10A, Luong Thé
Vinh, Vu Ban. Thanh Héa : Nguyén Tdi
Théng, 8TN, Ha Thi Phuong Thdo, 9TN, NK
Bim Son ; Hoang Trung Ki¢n, 9T, NK Nga Son,
Tran Thé Anh ; 9B, NK Tinh Gia ; Mai Thi
Thu, 8T, NK Hau Léc ; L¢é Kim Phugng, 8CT,
NK Thanh phé. Nghe An : Trinh Qudc Trung,
9A, NK Quynh Luu ; Nguyén Xudn Sing, 9A,,
NK Yén Thanh, Phan Viét Bdc, Phan Thanh
Trung, Nguyén Huy Vi, Nguyén Dinh Quén,
9TA, Phan B6i Chau. Ha Tinh : Nguyén Dinh
Diing, 8T, NK thi xa, Nguyén Viét Cuimg,
Nguyén Céng Khanh, 9T, Nang khigu tinh.
Quang Binh : Nguyén Van Binh, 9T, NK Lé
Thiy, Hoang H® Quang, 9T, NK Hai Dinh.

+ab +be +ca

1

(vifa+b+e)2=1)
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Thita Thién - Hué ; Nguyén Quang Vii, 9/1,
Nguyén Tri Phlmnili)h Néng : Nguyén Phan
Xuan Nguyén, 9/1, Nguyén Khuyén ; Dé Trong
Tudn, 9/1, Ngu_l,rén Hué. Quan Ngﬁi : Trin
Lé Qudc San, 8T, Chuyén Lé Khiét ; Nguyén
Hdi Au, 9, wyén Vdn Khdz, 9T chuyén
Nghia H&nh am Déng : Pham Nguyén
Thang , 9T, chuyén Thang Long, Da Lat . Dak
Liak : Ph-:_].m Thiy Hing, Ta Quée Hung, Pham
Lan Huong, Luong Thi Thanh Minh, 8T,
chuyén Nguyén Du, Luu Minh Ngoc, 9T,
chuyén Phan Chu Trmh Buén Mé Thuét, TP.
H6 Chi Minh : Khiic ngc Vinh, 8/1, Hﬁng
Bang, Quén 5.

2. Cacban Duong thanh An, Ngé Qudc Anh,
Hoang Hdi Thiy, Tang Thi Ha Yén, 8 Todn,
Nguyén Du, Buén Mé Thudt, Dak Lak da
phat biéu va chitng minh bai todn cho 2n 86 nhu
sau : Cho n 86 duong a,,a,,..,a, via n 86
., X, théa mdn

a +a,+..+a, =1

e R

Chitng minh rdng
a; (x; +a,) +a, (x, +a;) +.+a,(x, +ta)) < 1

TO NGUYEN

Bai T3/234. Gidi bét phuong trinh :
x 2%
x+1 +(x+1)(2x+1)
+ 1996
(= T 1y £ 1) 0
Lo gidi : Taco :
kax
@+D) @ +1) .. (kx+1)
(hx +1) —1
TEFD) @ +1) . (kx 1)
1
TEr) (@& +1)..
1

xl,xz,n

She g

(1996 +1) > |

[k-1x+1]

~EIE T T = 11996
Ap dyng két qua trén, ude Iuge céc s6 hang
thi b4t phuong trinh di cho tudng duong véi :
i
TEAD @+ . 996+
es(x +1) (2 +1)...(1996x + 1) < 0
Goi v& trdi 1a f(x) thi f{x) 14 mot da thic cd

_1 et D, o
1996 nghiém la x = G o voil = 1,1996

X6t dffu ctia flx) khi cho x 14n lugt di qua cde

nghiém nay ta cd :

] =1
f(x)-':tﬁﬁ sy <x<ﬂvﬂn—1998

1

Nghiém cia bit phuong trinh gém 998
khoédng cho bdi két qua trén.

Nhian xét : 1) Tat ca cé 166 ban gii 1oi giai
vé, nhung cd 27 ban giai sai. Nhiéu ban da t8ng
quét hda bai toan va cho & giai ding.

2) Cé ban con viét sai ki hiéu, chang han viét

x thudc khoadng ( -%; —1) (?). Cén luu y khi

viét khoang (a; &) thia < b.

3) Céc ban cd 18i gidi t6t hon la : Tang Thi
Hé Yén, Te Quéc Hung, Ngbé Qudc Anh ciung
16p 8 Toén, chuyén Nguyén Du (Dédc Lic);
Tran Vinh Trung, 98 Li Ty Trong (Tra Vinh) ;
Biii Bé Hung, 9A, trong diém Ubng Bi (Quéang
Ninh) ; Nguyén Xuén Hiéu, 9A, chuyén Mé
Linh (Vinh Phuc) ; Ha Thi Phuong Thdo,
9TN, nang khigu Bim Son (Thanh Héa) ;
Nguy Lé Giang, 8B nang khigu Nghia Dan ;
Tran Hung Thai, 8A Nang khigu Quynh Luu
(Nghé An) ; Hoang Nguyét Anh, 8T ning
khi&u Hai Duong (Hai Duong) ; Dodn Phuong
Thdo, 9 Toan, chuyén Son Tay ; Nguyén Manh
Théng, 8A, chuyén Thach That (Ha Tay):
Nguyén Phong Thién, 9A,, Héng Bang (Hai
Phong) ; Trin Thang Long, Biii Lé Na cing
lop 8C, Ha Noi — Amsterdam (Ha Ni) ; Ddng
Thi T6 Nhu, 9 Toan, Nang khigu Hai Dinh,
Déng Héi (Quang Binh) ; Vi Viét Tai, 9 Toan
va Hoang Tién,9 i cing & Nang khigu Hai Hau
(Nam Dinh) ; Duong Hdi Chdu, 9, trong diém
Phu Mi (Binh Dinh).

LE THONG NHAT

Bai T4/234. Cho nita duong tron duong
kinh BC trén dé c6 mot diém A di déng. Goi D
la chan dudng cao AD ciia fam gide ABC va M,
N lan lugt la tém duong tron noi tiép cde tam
gide ABD, ACD. Chiing minh rdng duong
vudng géc udi MN ké tit A ludn ludn di qua mot
diém cd dinh,

Loi giai : Kéo dai MN cét AB, AC 14n luot
tai K va L.
Tit gia thigt AN, DN, MD, MB la cic dudng
phén gidc cia AACD va ABD ta suy ra
ADNA ~ AADMB (ggg)
DN _AD = ND _MD
=="MB"BD( a-'"AD‘BD)
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Suy ra ADMN -~ ADBA
————_ p———

Tudé DMN = DBA_ Vay ti gidc MDBK noi
tiép. Suyra AKL = MDB = 45° Suy ra AAKL
vuing cAn. Ma AH la dudng cao nén KAH =
LAH hay AH la phan gidc gde BAC.

Vay AH di qua di€m I chinh giita cung BC
(khéng chia A), titc AH di qua mot diém cb
dinh.

Nhéan xét. Giai tot bai nay ed cde ban :

Quang Ninh : Nguyén Thi Thu Ha, 9A
Trong di€ém Cdm Pha, Bui Ba Hung, 9A Trong
diém Uéng Bi, Thai Nguyén : Mai Nguyén
Ding, 8 Chuyén THCS Nang khigu, Hoa
Binh : Lam Viét Hoan, PTTH Hoang Van
Thu ; Pha Tho : Pham Ha Trung, 9A supe
Lam Thao, Biti Nguyén The, 9A, chuyén Phong
Chéu, Nguyén Viét Phuong, 9B chuyén Tam
Thanh, Pham Thi Thu Hién, 9A, chuyén Viét

Teli ; Vinh Phitc : Tran Van Nam, 9T

chuyénTam Dao, Kidu Viét Cuong, Nguyén
Anh Tu, 9B chuyén Yén Lac, Nguyén Xudn
Hiéu, 9A, chuyén Mé Linh, Triin Lé Huy, 9A
chuyén Vinh Tudng ; Bac Giang : Dao Ngoc
Mink, 9T, NK Yén Diing ; Bie Ninh : Truong
Thi Thao, 9, NK, Tién Son, Nguyén Nhu
Chudn, 9NK, Thuan Thanh ; Hai Duong:
Pham Van Kién, 9TL, NK Hai Duong ; Ha
Tay : Dodn Phuong Thao, 9T chuyén Son Tay,
Nguyén Manh Thing, BA chuyén Thach Thét,
Ddang Thi Mai, 9 chuyén Chuong Mi, D6 Thanh
Hién, TA tosn Thudng Tin, Nguyén Héi Ha,

9B chuyén Ung Hbda ; Hai Phong : Nguyén
Van Tién, THCS Vinh Quang, Vinh Bao ; Ha
Noi : Lé Cuong, 9M Marie Curie, Nguyén Diic
Tién, 9A, Chu Van An, Nguyén Hoang Minh,
8C Ha Noi — Amsterdam, Lé Viét Cuong, 8Al
Nguyén Truong T ; Nam Binh : Neuyén Van
Trung, Nguyén Trong Kién, Biti Trong Kidu
9T, Nguyén Cong Tudn, D6 Minh Tién, Pham
Dinh Qudc Hung, Nguyén Khanh An, 8T Trén
Dang Ninh, Trin Ditc Hiéu, 8T Han Thuyén,
Nguyén Tién Dat, 9CT Nguyén Hién, Nam
Ninh, Ha Trung Héu, TA, Yén Tén, Nguyén
Tudn Anh, 8T chuyén Y Yén, Vi Viét Tai, 9
Toén, Hoan Tién 9 Li Hai Hau, Bui Hoang
Hiép, 9 Héa, chuyén Xuan Thiy ; Nghé An :
Trinh Quéc Chung, 9A NK Quynh Luu ; Ha
Tinh : Nguyén Van San, 9 Li Nang Khiéu ;
Quang Binh : Ddng Thi T6 Nhu, 9T, Hai
Dinh, Déng Héi ; Thita Thién - Hué : Nguyén
Quang Vi, 9/1 Nguyén Tri Phuong ; Da
Néng: Nguyén Phan Xudan Nguyén, 9/1
Nguyén Khuyén ; DS Trong Tudn, 9/2 Nguyén
Hué ; Binh Dinh : Phan Thanh Gidn, 8A Hoa
Théang, Tuy Phudc ; Quing Ngai : V6 Thi
Thanh Huong, 9T Lé Khigt, Nguyén Nhat Anh,

9T chuyén Nguyén Nghiém ; Didc Phéd ; Pha
Yén : Phan Long Yén Anh, 9A Luong Van
Chénh, Tuy Hoa ; Khdanh Hda : Trin Tudn
Anh, 9T L& Quy Don ; Péc Lic : Mai Anh
Tudn, 9 Chuyén Nguyén Du, Dgng Trung
Thanh, 8T chuyén Nguyén Du ; Dong Nai :
Nguyén Tran Nam, 9T Nguyén Binh Khiém,
Bién Hoa ; HCM : Chung Nhan Phi, 9T1
Nguyén An Khuong ; An Giang : Hoang
Thanh Lam, 9T, chuyén Thoai Ngoc Hdu, Long
Xuyén ; Vinh Long : L& Nguyén Thity Tién,
9T1 chuyén Nguyén Binh Khiém ; Tra Vinh:
Trén Vinh Trung, 98 Li Ty Trong ; Bac Liéu:
Luong Thé Nhan, 8A chuyén Bac Liéu ; Ca
Mau : Nguyén Ngoc Hi, 9A1, Dém Dai.

VU KIM THUY

Bai T5/234. Cho tam gidc ABC vdi diém M
d bén trong. Chiing minh rdng :

MA.BC+MB.CA+MC.AB <

< 2Max{ AB .AC,BC.BA,CA .CB}.

Loi giai : Goi A;, B, C; 1 cdc giao diém
tudng ing cha cdc tia AM, BM, CM v8icdccanh
BC, CA, AB. Vi M & bén trong AABC nén tia
AM nam gida hai tia AB, AC, suy ra A, nam
gitta hai diém B, C. Ha dudng cao AH, khéng
lam m&t tinh t6ng quat, gia sit AB = AC, tacd
BH = CH nén goi B’ la diém d6i xdng v6i B qua
H, ta ¢ doan BB’ chda doan BC. Ma A| ndm
giita B, Cnén A, ndm gitta B, B', suyra A H <
BH hay AA| < AB = max {AB, AC}. Suyra
AA,.BC < max {AB, AC}.BC = max {AB.BC,
AC.BC} < max{AB, AC, BC.BA, CA.CB}

B ATH & B'

Dat M = max{AB.AC, BC.BA, CA.CB},tacd:

MA MA
l’lJA.BC=—! QIAAI‘BC{_I “M.Tudng
MB MC |
W,MB.CA‘:B—'B;M,MC.AB*:C—C!‘M

Mat khéc, do M & bén trong AABC nén tong
dién tich cdc tam gidc MAB, MBC, MCA bing
dién tich AABC, suy ra

,MA, MB,

A4, BB

MC,
=1
te
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VA
MA MB MC MA, MB,;
S + =] = +1= ar
AL, EE OO AA, BE,
Mc,
+1 —C—Ci=3_2=- IPVE‘}’I

MABC + MB.CA + MABC < 2 max
{AB.AC, BC.BA, CA.CBE}

Nhin xét. Co 50 ban giai bai nay va déu giai
ding. Loi giai tdt gém cd :

Nam Dinh : Hoang Tién, Li 9 NK Hai
Héu ; Vi Viét Tai, 9Toan NK Hai Hau ; Nguyén
Khanh An, 8 Todn, Trian Dang Ninh, Tp Nam
Dinh. Vinh Long : Nguyén Hoang Quan, 9T,,
PTTH Chuyén Nguyén Binh Khiém. Tha
Héa ; Trin Hoang Thing, 9T PTTH Lam Son
Tp Thanh Hda. Tp Hé Chi Minh : Khiic Ngoc
Vinh, 8L,, PTCS Héng Bang. Nghé An : Phan
Thanh Trung, 9T, PTCS Phan Bgi Chau ;
Phan Huy Hoang, 9 Toan, PTCS Phan Boi
Chau ; Ha Vian Pagt 9 Toan PTCS Phan Boi
Chau. Khanh Hoa : S Thi Di Thién, 9 Todn,
L& Quy Dén, Tp Nha Trang. Haa Binh : Lam
Viét Hoan, 10CT Hoang Van Thu. Déng Nai :
Pham Ngoe Huy, 9T Nguyén Binh Khiém, Bién
Hoa. Vinh Long : Tang My Thdo, 9T,
Nguyén Binh Khiém. Ha Noi : Lé Viét Cuong,
8A,, Nguyén Trutng To, Q. Ddng Da ; Bisi Duy
Hién, 8C, PTTH Ha Noi - Amsterdam.

DANG VIEN

Bai T6/234. Xét cde 6 a, b, x, y théa mdn

didu kién :
O<b=sas=x4
a+bh<T
2=x=s3=<y

Tim gid tri nhé nhdt cia

1 2
2x+—+y+-—
P=—" 2
a’ +b2
_ Loi giai : (cta ban Nguyén Thanh Son, 9b
Ung Hoa, Ha Tay).
Tacéafa—-b)<4(a-b)
bia+b)<Th
=a’+b’ < 4a+3b=a+3(a+th) <4+3.7=25
Diubingkhi:a =4,b =3

: ol =iy _"1 x
Jhe b :
+T:1+§=§.Dﬁulb§ngkh1x=2

9, 11
SR R
VorP == =75

D4u bang dat dugc khix =2,y = 3,a = 4,
b=3.

o s
RN

Nhan xét : Cdc ban giai tot bai nay la : Lé
Xudan Lam 12A Hoidng Hda — Thanh Héa,
Nguyén Dang Trién 12T Cao Lanh, Ddng
Thap, Nguyén Mai Ti Trung, 10A Qudc Hoe.
Quy Nhon, Ngé Tudn Anh 11 DHTH Ha Néi,
Nguyén Tuang Lam, 11A PTTH Lé Quy Don,
Da Néng, Nguyén Kién, 10A, Yén Béi, Truong
Vinh Lan 11CT Trung hoc NK Quang Binh,
Dé Quang Duong, 10T Hoang Van Thy, Hoa
Binh, Nguyén Kim Thing, 9L Trdn Phu, Hai
Phong, Trin Pai Nghia, 10 PTNK Hai
Duong, Biti Mgnh Hing, 10A DHTH Ha Noi,
Vii Manh Hiing 11T Hung Vuong, Pha Tho ;
V6 Sy Nam, 10A, Minh Khai ; Ha Tinh,
Nguyén Thé Duy, 10A, Lé Quy Don, Da Néng.

DANG HUNG THANG

Bai T7/234. Cho cdc sd thue a, b, c va s6
nguyén n > 0 théa mdan hé thic
—6(a +b)
°= 5m +2)
Chitng minh rdng phuong trinh
- asin®x +bcos"x +esink +e=0 (2)
co nghiém trong khodng ( 0, :2_::)
Lasi giai : (cha da s6 cac ban).
T gia thiét (1), suy ra

(1)

2a+2b be
e @
Xét ham s6
fix) = 2o 3in"+2x—iw§'+%+
n+2 n+2
2e
+ — sin’x — ccosx

3
Nhan xét réng f(x) 1a ham s6 xdc dinh, lien
tue va c6 dao ham trén (-, +o).
F(x) = 2asin® * 1xcosx + 2bcos™ * lxsinx +
+ 2esin®xcosx + 2ecosxsinx
= gin2x(asinx + beos"x +csinx +c¢)  (4)
Theo Dinh lf Lagrange, t6n tai x, €

(ﬂ,%) sao cho
f(3) = (3-9) F&,)
Suy ra
2 2 2b
s da
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Z2a+2b bec [
= +3—=0(theo(3)).

Mat khac sin2x, # 0(do 0 < x, < ) nén tit
(4) ta nhan dugdc
f'(x,) = 0 «=asin”x, +bcos"x, +csinx, +c =0

(dpcm).

Nhéan xét. Hau hét cdc ban gii 101 giai déu
¢6 cach giai tuong tu nhu trén. M6t s6 it cdcban
con si dung céc tinh chét cue tri eda ham sd
lugng gidc d€ giai bai toan nay.

Cédc ban sau day cd loi giai tot.

Da Néng : Bui Vit Phiing, Nguyén Duy, Lé
Triéu Phong, Ng6 Quéc Tudn, Phan Anh Huy,
Ngé Ngoc Phie, H6 Lé Vit Trung, Nguyén
Hoang Minh Tuén, H8 Vi Quéc Vuong,

Thanh Héa : Truong Ngoc Tuyén, Héan
Van Thang, Lé Xuan Lam, Truong Cao Diing,
Nguyén Vian Quang, Lé Diic Thach.

Déng Thap : Nguyén Dang Trién, H6 Loc
Thuian. Nghé An : Nguyén Trdn Phuong,
Dang Dic Hanh, Nguyén Van Tang, Hoang
Minh Hai, Nguyén Duy Trung, Lé Héng Ha,
Nguyén Thinh. Dk Lak : Truong Xuan Nguu,
L& Thé Tan, Nguyén Tu&n Anh. Phua Yén:
Dang Thé& My. Tra Vinh : Huymh Thé& Khanh.
Ha Néi : Ngo Tudn Anh, Nguyén Ddc Manh,
L& Hoai Phuong, Nguyén Dodn T4n, Dinh Cao
Thiang. Quang Binh : Trudng Vinh Lan,
Pham Héng Thai, Trdn Didc Thuan. Thira
Thién - Hué& : Pham Tién Dat, Nguyén Ngoc
Phic, Dinh Trung Hoang. Phi The : Nguyén
Kim S6. Bac Giang : Dang Hoang Viét Ha, Vi
Duy Tuén. Hai Duong : Trdn Dai Nghia. TP
HCM : Nguyén Lé Luc, L& Quang NAm.
Quang Ngai : Nguyén Xuan Ha. Ha Tay:
Nguyén Trung Thanh. Hai Phéng : Doan
Manh Ha

NGUYEN VAN MAU

Bai T8/234. Xdc dinh m dé gid tri nhé nhdt

ciia ham sd :

[y, 2) = (@ -y +mz +1)°+[x +(m + I)y—
: —-2z+2P +[2x+2y +(m — Dz + 1P
& lén nhdt,

L&i gidi (cta nhiéu ban) : D& thdy
flx,y,2) =2 0Vx, y, z € R va ddu "=" dat dude
khi va chi khi (x, y, z) 1a nghiém ctia hé phuong
trinh : ;

x—y+tmzti=10
x+(m+lly—-22+2=0 (I
2x+2y+(m-4z+1=0

Xéthe (D, tacs:

x=ytmz+1=20
Deixt+t(m+y—22+2=0 (1)
2 +2y+(m—4z+1=0 (2)
Suy ra : Hé (I) 6 nghiém <=Heé (1) - (2) co
nghiégm <m (m +2) = 0 =m & {0, -2}.
Nhu viy, néu m & {0, -2} thi min fix, ¥, 2)
=1 )
e Xétm = -2 . Khido:
flx,y,2)=(x —y—22+1)2+
+(x —y =2z +2)2 + (2x + 2y — 62 + 1)2

= 3{12 +(-1)2 + 0 (x -y —2z+1)° +

+(x—y—22+2)2+(2x +2y — 62 +1)3]
1

1
St >
32.(1} 7

1 1
Hon nita, c¢d f ( e e ﬂ) = 5 Suy ra, néu

m = =2 thi min fix, ¥, 2) = é; (2)

e Xétm = 0. Khido :
iy 2 =@-y+12+x+y-2z+2°2+(2x+2y

—4z+1)2 = ;[02+12+( -—é)z][(x-y+1)2+

+(x+y— 22 +2)2 +(2x + 2y — 4z + 1)7]
4 .82 &
3 =%
TEoe
M0

m = 0 thi min fix, v, 2) = g (3)

Tt (1), (2), (3) suy ra : gid tri nh¢ ahdt cda
f(x, ¥, z) 1a 16n nhat khi va chi khi m = 0.

Nhan xét : C6 nhiéu ban tham gia giai bai.
Trong s8 cdc 187 giAi ma tda soan nhan duge chi
co 3 16i giai sai. Cdc ban sau day cd 1o giai tot :

bak Lak : Truong Xudn Nghiéu (10 CT -
PTTH Nguyén Du) Tra Vinh : Tran Hujnh
Thé Khanh (12A, - PTTH Pham Théi Budgng).
Quéng Nam : Nguyén Phudc Hiép (12A, -
THCB Nguyén Duy Higéu - Dién Ban). Da
Néng : Nguyén Ngoc Hdi, Phan Anh Huy
(PTTH Lé Qui Dén). Hué : Tran Nhiz Quang
(10CT Qudc hoe Hu&). Quang Ngai : Nguyén
Xudn Ha, Nguvén Ngoc Phie (12H, 121 PTTH
sé 1 Dic Phé). Quang Binh : Nguyén Hoa,
Tran Dite Thudn (10T, 11CT PTNK Quing
Binh). Nghé An : Nguyén Van Luong, Nguyén
Thinh, Dgng Ditc Hanh (10TL, 11T PTTH
Phan B6i Chau). Thanh Héa : Hoang Trung
Tuyén (PTTH Ha Trung), Lé Duc Thinh (12A
PTTH Quang Xuong III), Truong Ngoc Tuyén
(11A, PTTH CB Ba Dinh - Nga Son), Lé Xudn
Lam (12A PTTH Luong Diic Bang, Hodng Hda),

g9
Hon nfra,c.df( I) = EPSuyra, néu
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Phan Xuan Thanh (10T PTTH Lam Son).
Nam Binh : Nguyén Trong Kién (9T - THCS
Tran Dang Ninh). Ha N6i : Nguyén Die Manh
(11A PTTH C8 Loa, Déng Anh). Hoa Binh :
Dé Quang Duong, Ha Khanh Toan (10T, 11CT
PTNK Hoang Van Thu). Vinh Pha : Nguyén
Kim 86 (11A PTTH Thanh Ba) ; Nguyén Minh
Phutong, Pé Quée Gia (11A, 10APTTH Chuyén
Hang Vuong). Yén Bai : D6 Nang Tung (114,
PTTH Chuyén Yén Bai). Hai Duong : Pham
Van Hai (11T PTNK tinh). Hai Phong : Dang
Anh Tuédn, Ha Duy Hung (11T, 12 Chuyén Tin
PTTH Trén Phii). DPHSP Vinh : Hoang Minh
Hai, Nguyén Duy Trung, Ho Sy Ngoc, Nguyén
Tran Phuong, Nguyén Van Tang (Khéi PTCT).
DHQG TP Hé6 Chi Minh : Nguyén Lé Luc, Lé
Quang Nadm (Truong PTNK). DHQG Ha Néi :

' Nguyén Manh Ha, Biii Manh Hiing, Pham Hdi

Trung (Khsi PTCT - Tin IT{HKHTN)
NGUYEN KHAC MINH

Bai T9/234. Chiing minh ring néu do dai
cde canh a, b, ¢ va cde ban kinh r, R cita ¢de
duong tron ndi, ngoai tiép mot tam gidc thia
mdn hé thite*sau day

a’ e b’ i@ e _2(a+b +c)~
br+cR  cr+aR  artbR 9R
thi tam gidc dé la déu.

Lai gidi : (Dua theo Biti Minh Th;én, 12B,
PTTH chuyén Tra Vinh)

Dat:x =br+c¢R,y =cr+aRvaz = ar+bR,
thé thi vé trai cia (*) duge viét lai dudi dang :

g (1)

Ta duge :
ax+by+cz = (bc+ca+ab) (R+r); (2)
va:

(ax+by+e2)T = a'+ b¥+ '+ ab(a?% +52§-) »

S o i b
+ be (b y+c z) +eca (c z+|f1 x) 3 (3)
2+ 2
Ap dung bt ding thic Cosi — > ap

(@ > 0, > 0) vao cac v& phai cda (2) va (3), ta
duge :

= (a2 +b2 +¢2)? a2 +b2 +¢?
{bc+ca+ab](R+r) R+r
(@ +b +¢)? @
3(R +r)

R
Mat khae, talaic6: R = 2rhay:r € 3 1 (B)
Do dg, tit (4) va (5), ta dugce :

2(a+b +c)?

T= oF

(6)

D4u ding thic d (6) dat duge, va do dd hé
thie (*) duge théa man khi va chi khi cdc dang
thiic & cdc hé thiic (4), (5) va (6) dong thoi xay
ra, nghia la :

% L )
x ¥
bEE_CEE
¥ z
(*) e=1
b MR
z X
ab +be +ca =a? +b2 +¢?
R=2r
ab +bc +ca=a? +b2 +cfea=b=c¢c
R E
5 P O
R=2r (8)

«+a = b = c va do d¢, tam gidc 1a déu.
That vay, tit (7) ta duge :

br+cR cr +aR ar +bR S
a b o
hay la :
a(R+r) — (br+cR) = (a—b)r + (a—c)R=0

crtaR-b[R+r) = (c—b)r +(@a—b)R=0 (7)
artbR—c(R+r) = (a—c)r +(b—)R=0

Doa, b vac cd vai trdo binh ding, nén dé duge
dinhy, gidstta = b = c. Cong v& d8i v& cic dang
thie (7'), ta dude :

Ba-blr+2fa—-clH =10 T

Nhunga-& = 0vaa-c = 0nén (7) xay
rakhivachikhie-b=0=a-c¢,nghialaa =
b=c

Con hé thide (5) duge suy ra tir hé thiie {le :
OI* = R?-2Rr.Dodd : (8) =R (R- 2r) =
OI = O <=0 = ] =Tam giac la déu.

Nhan xét : 19 R4t dong cdc ban tham gia
giai bai todn trén, tda soan nhin dudc tdt cd
trén 300 bai. Rat dang tife cd mot ban da giai
sai va ké&t luan rang tam gidc thoa man (%) 14
tam gide khong déu (1!1)

29 Trong lic dai da a6 cde ban phéu s. dung
bét ddng thic Bunhiacdpski, hoac huy dong ca
bt ddng thitc Svacxd nita dé€ thu duge (4) :

4 4 2 o 2

T_a,_+b_+_ @246t +h |

by ¢z ax+by+tez
(@ +82 +c%)?
" (be +ca+ab)(R +r) -
thl 15i giai trén cia ban Thién chi s dung
B.D.T. Cési cho hai s8 duong ciing da dé thu
duge B.D.T (7) mot cach gon gang va nhanh
chdng.

3°) Héu hét cdc ban da giai do vdi vang, chi

dé y dén ddu dang thic & cdc hé thic (5), (6) va
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hé thica?+b?+c? = bc+ca+ab, Cdc ban quén
rang ddu ding thic dat duge & hé thic (4) (khi
st dung B.D.T. Bunhiacpski hay B.D.T.
Svédcxd) khi va chi khi cd cac dang thie (7). Chi
6 duy nhét ban Ong Qude Vi (1dp 10A,, trudng
Lé Quy Don, Ba Néang) da dua ra ching minh
chat ché (7) <=a = & = ¢ nhu da chi ra & trén.
Trong 13i giai clia ban Thién cling cd néu ra cdc
diéu kién (7) va (8) 1a cdn va di d& (*) théa man
nhung khéng dua ra duge ching minh nhu ban
V§#. Cdc ban sau day ciing chi ra cic diéu
kién do :

Tran Tan Nam, 9T, Tam Ddo, Vinh Phiic,
Pham Hoang Vinh, 11A Tra Vinh ; Nguyén
Bdo Dién, 11 Anh My Tho, Tlen Giang,
Nguyén ngc Todn, 12A, thi xa Ca Mau,
Phgm Van Hdi 11T PTNK Héi Hung, Nguyén
Vinh Tra, 11A, TH chuyén Tra Vinh, Nguyén
Ngoc Kién 10A; PTTH Phu Ninh, Pha Tho,
Lé Quang Ton, 10A, Yén Hoa, Ha Noi, Tran
Tudn Anh, 9T, Lé Quy Dén Nha Trang Khdnh
Hoa, Lé H?ing Phuong, 11A, Chau Phong, Mé
Linh, Vinh Pha ; Nguyén Mgu Ti, 10A PTTH
Van Nél Ha Nﬁl Téng Thanh Vu, 9B PTNK
Tinh Gia, Thanh Héa.

4°) Ngoai ra, ban Biti Manh Hing, 10A,
DHEKHTN - DHQG Ha Ngi da dé xudt va giai
bai todn tdng quat hon : Ching minh B.D.T.

a* FobE &
+ + >
b'r+¢"R M'r+a”R d'r +0'R
2(a +b +c)f e

T g
(vdikvan N :k=n)

Tuy nhién, ching minh cia ban Hing chua
chat ché phén cuéi.

NGUYEN DANG PHAT

Bai T10f234 Cho m¢t goc tam dién véi cdc
goc phdng ¢ dinh (mat) khong phdi la géc
vuéng. Qua dinh ta dqmg ba duong thang, méi
dudng vuéng goc véi mot canh va ndm trong
m@t phang chita mat doi dién véi canh dé.
Chitng minh rang cdc duéng thang dung duoc
citng nam trong mot mdt phdng.

Lai giai 1. (Dua theo Nguyén Trung Kién,

11A,, PTTH Lé Thiy, Quang Binh). Gia st

gdc tam dién O(abe) cd cde mat bO0c = a, cOa
= ,3 va aOb = y khong phai 1a géc vuéng. Goi
@, b'va ¢ la cdc vécto don vi trén cdc canh Oq;,
Ob va Oc vadat : 1 = b¢ (= cosa), u = ca (=
cosB), v = ab (= cosy). (Theo gia thi&t thi 4, u
vay déu = 0).

Trén cdc mit phéng (6 0c), (cOa) va (aOb) tu
dinh O ta du_!g cﬂc vécto : @ =ub—ve,
b =vc—Aa'va ¢’ = da'—ubl4n hugt ndm trén

cac duding thing ma ta ki hidu la Oa’, 0b’ va
Oc’. The thi ta dugc : 2
a@+b5+27=0 (i
aa =bb = =0 (ii)

Hé thic (i) ching t6 cdc duting thing Oa’,
Ob’ va Oc’ déng thang ; con cédc hé thie (ii)
chiing té Oa’, Ob’ va Oc’ theo thif tu vuéng gdc
vii cdc canh Oa, Ob va Oc cia gdc tam dién.
Nhu vay, cic dubng thang Oa’, Ob’ va Oc’ (cd
cdc véetd chi phuonga’, b_gvé. ¢’ (theo cach dung
da chi ra & trén) dyng duge théa méan bai todn
1a ba dudng thang déng phang.

Sau day la loi gidi khéc, cling st dung
phudng phap véctd nhung ¢d phén tu nhién
hon.

L&i giai 2. (Nguyén Minh Phuong, 11A,
PTTH chuyén Hung Vuong Phii Tho va mot
s0 ban khac). Goi Oa’, Ob’ va Oc’ 1a ba dudng
thing l4n lugt ndm trén cdc mat phing b0c,
¢Oa va aOb sao cho vuéng goe véi Oa, Ob va Oc.
Trén cdc dui‘mg thadng Oa’, Ob’, Oc e’ 1dn lugt 1&y
cé.c véctd chi phuong : E’— +zc 20T =c +zxa,
" =a+yb. Titcacdidukiénaz =58 =t ta
duge :
cosy +zcosfi = cosa +x cosy = cosp +y cosa = 0

Tit d6 ta thu duge hé thti'c

a’cosfs +ﬁosy = Teosa = 0

No chftngtﬂcac duongthing Oa’, Ob’va O¢’
déng phang.

Ngoai phudng phap vécto, co thé giai bai
todn trén béng phuong phdp théng thudng
(phwaong phap t8ng hap).

Loi gidi 3. (Nguyén Phudc Hiép, 12A,,
THCB Dién Ban, Quang Nam vi mét 6 ban
khéc). Ta cédn ching minh Oae’, Ob’ va Oc¢’
(dung duge thoa mén didu kién cda bai todn)
déng phing. Néu ching cing nim trong mét
mét phing (6) nao dd, ta hay cit gdc tam dién
Ofabe) bang mét mat phang () // (6) ; gia sit ()
cat Oa, Ob va Oc lan luot 8 A, B va C va ta duge :
BC [/ Oa’, CA [/ Ob’, AB |/ Oc’

Tt dd suy ra :

Oa’ Oa

0b’ Ob

Oc¢” Oc

Oa’, Ob’va Oc’ ddng phing
BC’ 0A
CA OB
AB OC
7(ABC) [/ 6

Bai todn quy vé dung mot td dién true tdm
OABC c6 cac dinh A € Oa, B € 0b va C € Oc.
Chéng han, 14y mét di€m A trén Oa (A # 0). Cé
th& dé dang chiing minh ring tim dugc duy
nhit mét di€m B trén Ob va mot didm C trén

+=0ABC 14 mot tid dién trde tAm.
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Oc¢ saocho : AB L OC va AC L OB (héy ching
minh diéu dd). Thé thi OABC la mot td dién
tryc tdm (cdc duding cao déng quy) va do dd BC
1 OA. (d pcm).

Nhéan xét. 1°) Cé nhiéu ban tham gia giai
bai toan trén va da s6 si dung phuong phap
vécto. Diéu dd ching td cdc ban da si dung
tudng d6i thanh thao phuong phép vécto (cdc
phép todn tuyén tinh ciing nhu phép nhéan v
huéng) vao viéc ching minh quan hé déng
phéng ctia cdc dutng thang. Tuy nhién, l&i giai
ctia nhiéu ban chua duge gon, thudng dai dong
va thigu sdng sua.

29) S6 ban giai bai todn trén bang phudng
phép téng hop khéng nhiéu, tuy nhién chua chi
ra duge thuc chédt cda bai todn nay 13 moét bai
todn dung hinh.

NGUYEN DANG PHAT

Bai L.1/234. M¢t thanh dong chdt chidu dai
21 dat nghiéng so vdi phuong ndm ngang mot
géc y roi khéng quay tit dé cao nao dé so vdi
mdt ban ndm
ngang va va
cham vdi mdat
ban. Va cham
ducge coi Ila
dan hoi. Tim
vgn toc cia
khéi tam va
vdn téc goc
quay ngay sau
khi va cham
vdi ban. : %

Huéng dén giai.

Van t6c khéi tdm cta thanh khi bat ddu va
cham v6i mat ban v, = V2gh. Goi v 1 van téc

khdi tAm va w la vin tde gde quay ngay sau khi
va cam, vi va cham 1a dan héi, 4p dung dinh luat
béo toan ning lugng va bao toan mémen xung

lugng d6i véi diém A’ (di€m cham cia tha.nh
voi mat ban) ta cd

I r
2 = p? +Hw2, trong do I = mT (4p dung

dinh li Staine)

2
va miv ,wsp = mlucosp +—;—-m
Tir dd suy ra
Sws?p — 2v
R MJ_I‘,&“_OJ_ﬂ_
“ 3cos’p + 1 Swsp + 1

Nhan xét. Ban cd 1o giai ding : Nguyén
Van Thutin, 12B PTTH Nang khigu Ngo Si
Lién, Bac Giang.

MAIT ANH

Bai L.2/234. Cho mach dién nhu hinh vé.
E,=%V;r=[0,58 —20Q]

" E;=8V;r =20
R =R,=R,;=4Q
R, = [0,5Q —1Q].

1. Khoa K; md, K, K; déng.
Hay chon r va didu chinh R, d€ cong sudt
trén R, min.
2. K,, K, md. Tim cudng d¢ dong dién qua
R;, R, véi cde gid tri r, R, 6 cdu 1.
Hudng dan giai
a) V& lai mach dién, khi d6 mach dién cd'so
d6 sau :
E //E [[Ry//R,.Tacd
B
e s
r 'p"'j-
i i R R Al

P ROE

va cong sudt tiéu thu trén R, la
Uiz

(2).
i

T (1) va (3) rit ra : voi cling mot gid tricia
Rt pt nho nhét khi UAB nhé nhét, ma UAB nho
nhﬁt khi r = 2Q (14y dao ham UAB theo r va
676R,

(5R, +4)*
sat sy bién thién cia P, cho thay P dat cyc tiéu
khi Rt = 0,682, b) V& lai mach dién, khi dd mach
co sd dé :

[(E; /| R)ntR; IR)I/ R; //E,. Ap dung
dinh luat Om cho doan mach sé rut ra

13

Nhan xét. CAc em cd 181 gidi ding : Nguyén
Trung Diing, 9 Li, Truong Trdn Dang Ninh,
Nam Dinh ; Nguyén Van Thudn, 12B, PTTH
Nang khigu Ngb Si Lién, Bac Giang ; Trin
Huynh Thé Khanh, 12A1 PTTH Pham Thai
Budng, Tra Vinh.

cho bang 0). Véir = 2Q, P, =

MAI ANH
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hé thde a?+b%+c? = be+ea+ab, Cdc ban quén
ring ddu dang thic dat duge & hé thic (4) (khi
st dung B.D.T. BunhiacSpski hay B.D.T.
Svdcexd) khi va chi khi 6 cdc dang thie (7). Chi
cd duy nhat ban Ong Qude Vy (16p 10A,, trudng
Lé Quy Don, Da Néng) da dua ra ching minh
chat ché (7) =a = 6 = ¢ nhu da chi ra d trén.
Trong 10i gidi ciia ban Thién cling ¢d néu ra cée
diéu kién (7) va (8) 14 cdn va di dé (*) théa man
nhung khéng dua ra duge chitng minh nhu ban
V§. Cac ban sau diy ciing chi ra cdc diéu
kién do :

Tran Tan Nam, 9T, Tam Déo, Vinh Phie,
Pham Hoang Vinh, 11A  Tra Vinh ; Nguyén
Bdo Dién, 11 Anh, My Tho, Tién Giang,
Nguyén Ngoc Todn, 12A thi xa Ca Mau,
Pham Van Hdi 11T PTNK Hai Hung, Nguyén
Vinh Tra, 11A, TH chuyén Tra Vinh, Nguyén
Ngoc Kién 10A; PTTH Phu Ninh, Pha The,
Lé Quang Tén, IOAI, Yén Hoa, Ha Noi, Tran
Tudn Anh, 9T, Lé Quy Don Nha Trang Khdanh
Hoa, Lé Hong Phuong, 11A, Chau Phong, Mé
Linh, Vinh Phi ; Nguyén Mau Ti, 10A PTTH
Van Noi, Ha Néi ; Téng Thanh Vi, 9B PTNK
Tinh Gia, Thanh Héa.

4°) Ngoai ra, ban Biti Manh Hiing, 10A,
DHEKHTN - DHQG Ha Noi da dé xuit va giai
bai todn téng quat hon : Ching minh B.D.T.

a* bk ck
+ + >
Mr+c"R  d'r+a’R  ar +H'R
2(a +b + c)" _"-;_
3k “np
(véikvaneN*;k =n)

Tuy nhién, ching minh ctia ban Hang chua
chét ché phén cudi.

NGUYEN DANG PHAT

Bai Tlﬂa‘234 Cho mot goe tam dién vdi cdc
goc phdng d dinh (mat) khong phdi la géc
vuéng. Qua dinh ta dung ba duong théng, méi
duong vuéng géc vdi mét canh va ndm trong
mat phdang chita mdt déi dién vdi canh dé.
Chiing minh rdng cdc dudng thing dung duoc
cung nam trong mot mat phang.

Lai giai 1. (Dua theo Nguyén Trung Kién,

11A,, PTTH Lé Thiy, Quang Binh). Gia sit

gde tamg_'g_t} Ofabc) cd cdc mat b0¢ = a, cOa
= ﬁ va aOb = y khéng phai la gdc vubng. Goi
@, b'va ¢ la cde véeto don vi trén cdc canh Da.,
Ob va Oc vadat : 4 = bé (= cosa), u = ca (=
cosB), v = ab’(= cosy). (Theo gia thiét thi A, u
va v déu = 0). :

Trén cdc mat phdng (b 0c), {’cOa} va (a0b) ti
dinh O ta du_ﬁ cdc vécto : @ =ub —ve,
B =ve—Aavac =la a — ubl4n lugt ndm trén

cac dudng thing ma ta ki hiéu 1a Oc’, Ob’ va
Oc’. Thé thi ta duoe : 93
a+5+’=0 (i)
aa =bb"=cd’=0; (ii)

Hé thuc (i) ching t6 cdc dubng thidng Oa’,
Ob’ va Oc’ déng thing ; cdn cdc hé thde (ii)
ching té Oa’, 06’ va Oc’ theo thi ty vudng gdc
vai cdc canh Oa, Ob va Oc cia gdc tam dién.
Nhu vay, cac dudng thang Oa’, Ob’ va Oc’ (cd
céc vécta chi phuonga’, b vac’ (theo cach dung
da chi ra & trén) dung duge théa man bai todn
12 ba dudng thang déng phing.

Sau day la loi gidi khde, cing s dung
phuong phdp véctd nhung cd phin tu nhién
hon.

L&si giai 2. (Nguyén Minh Phuong, 114,
PTTH chuyén Hung Vuong Pha Tho va mét
80 ban khac). Goi Oa’, Ob’ va Oc’ la ba dudong
thdng 14n lugt ndm trén cdc mat phiang 60k,
¢Oa va a0b sao cho vubng gde véi Oa, Ob va Oc.
Trén cdc duﬂng thang Oa’, Ob’, Oc’ldn lugt ldy
cﬁc véctd chi phuong : E?— +zc b7 =c +xa,
c=a+yb. Tiecacdidukitnaa = b6 =cc’ ta
duge :
cosy +zcosfl = cosa +x cosy = cosf +y cosa = 0

Tt dd ta thu dugce hé thuc

@cosp +Beosy = eosar = O

Ng¢ chﬁ'ngt»d cacduong thing Oa’, Ob’va Oc’
déng phéng.

Ngoai phudng phap vécto, co thé giai bai
todn trén béng phuong phdp théng thudng
(phuong phap téng hap).

Loi giai 3. (Nguyén Phudc Hiép, 12A,,
THCB Dién Ban, Quéang Nam va mdt s ban
khdc). Ta céin ching minh Oe¢’, Ob’ va Oc¢’
(dyng dudc thoa mén diéu kién cda bai todan)
déng phang. Néu ching cing ndm trong mot
miét phing (6) ndo dd, ta hay cit géc tam dién
O(abc) bang mot mat phdng () /f (0) ; gia sit (1)
cat Oa, Ob va Oc lan lugt d A, B va C va ta duge :
BC /f Oa’, CA | Ob’, AB /{ Oc’

Tit dé suy ra :

Oa’ Oa

Ob’ 0b

Oc¢’ Oc s

Oa’, Ob’va Oc’ ddng phing
BC’ OA
CA OB
AB OC
w(ABC) f/ 6

Bai todn quy vé dung mot td dién true tAm
OABC cdecacdinh A € Oa, B€ Ob vaC € Oc.
Chéng han, 14y mot di€m A trén Oa (A # 0). Cd
thé dé dang ching minh rang tim duge duy
nhét mét di€m B trén Ob va mot di€m C trén

<=0ABC 13 mot td dién truc tAm.
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FOR LOWER SECONDARY SCHOOLS

T1/238. Let A and B be two 7-digit
numbers, the digits of each number are distinct,
from 1 to 7. Suppose that A > B, Can A be
divisible by B 2 Why is it ¢

T2/238. Let a, b, ¢, d be positive integers
satisfying b2 + 1 = ac and ¢* + 1 = be. Prove
thata+c = 3band b +d = 3e.

T3/238. Solve the equation

o+ 272+ 7x+V7 -1 =0.

T4/238. Let be given a gquadrilateral ABCD,
AB > CD, the diagonals of which are
perpendicular. Prove that ABCD is not a
circumscribable quadrilateral.

T5/238. Take three points A, B, C'
respectively on the sides BC, CA, AB of a
triangle ABC, and let A", B”, C"' be respectively
the midpoints of AA’, BB', CC". Prove that the
ratio of the areas of the triangles A'B'C’ and
AVB"C” does not depend on the position of A’
B, C.

FOR UPPER SECONDARY SCHOOLS

T6/238. The sequence of real numbers
{x,} satisfies:

w +1

x;=aandx, = —-—an foreveryn = 1.

1
Prouethatg <x,<2foralln = 1

T7/238. Determine all triples of real
numbers (a, b, ¢) such that the function fix) =
ax3 +bx? + cx + 1 satisfies the condition [ f(x)]
< ] for everyx € [-1, 1].

T8/238. Determine the angles of a triangle
ABC such that

:‘; +E“ = 120° andﬂ =2cosa =,
b+a

T9/238. Prove that for every triangle ABC,

V3cosA + 2cosB +2V3cosC < 4.

When does equality occur ?

T10/238. Two teirahedra ABCD and
A’B’C’D’ are placed in space so that : BC 1
D'ACALDB,AB1LDC,DALB'C’,DB 1
C’A’. Prove that there exists a point unique O
such that OA, OB, OC, OD are perpendicular
respectively to the planes (B'C'D’), (C’D°A’),
(D’A’B’), (A'B'C").

pOI DIEU VE ...
Gidi : * Néu trong 3 86 x, y, 2 co ding 1 sd
Am lmgu:ca3s.asfféuam1-,1111"—2"i+zi +§I-< 0=

khéng théa man phuong trinh

* Ca 3 86 déu duong hoac 2 trong 3 s6 la &m
ta co:
Az o lxllyl | iz

e LR | 2] [ x]
=38 VTl Tyl Tl =8 VTaye] = 3

(ti€p theo trang 1)

|2 | x|

+
Iyl

+

= min A = 8 dat dugc khi |x| =|y|=|z| =1 -

Vay nghiém nguyén ciia phudng trinh 14 :
(I,_}‘,Z} Ry {(I ] 1: 1) : (1: -1!—1); (_1:_1! 1):-
(=1, L, —=1)}

Bai todn 5 : Tim m dé hé cé nghiém x > 0,
y>0,2>0 :

x+y+z=1 (1)
xy +yz +zx=9m (2)
xyz=m (3)

Gidi : St dung bt ding thdc Cosi cho 3 s6
duongx, ¥, z ta cd :

1=x+y+z;=3%.‘xy =31m (do 3) =
=k 0
m < 5= (%)

I9m =xy +yz+xz=3 %xz;'ﬂ;? =3 {m?

=m = — (**)

27
i!
(%) (** Lot
Tu (*), ( ]==»m,—217
Ngudc lai vﬁim:aﬁ,tathﬁyngayhédﬁ

1 1
chocdnglﬁémx:y:z::ErVaym=12-,flé
gia tri duy nhat cén tim.

Nhu vay : vin dung phuong phdp nay ta
khéng chl gidi duge phudng trinh mot cdch
nhanh gon ma con xét duge mot sé hé phuong
trinh. Phudng phap nay cdc ban hoc sinh THCS
con duge gap lai khi giai cdc loai phuong trinh,
hé phuong trinh phong phi va da dang hon &
céc lgp THPT.
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Ufng clumg tich vé [f\tA‘UHQ Je glai

v P

MGT S0 DANG TOAN VE BAT DﬂNG THC TRONG TAM GIAC

Trong pham vi bai nay chdng t6i chi cd thé
don cit mot vai vi du tiéu biéu, hy vong théng
qua dd ngudi hoc hinh thanh mot phuong
huéng tu duy khi tiép can véi cdc loai bai todn
mdi. Chiing ta hiy bit ddu bang mot vi du don
gian quen thudc

Bai todn 1. Chiing minh rdng vdi moi tam
gide ABC luén co :

3
cosA + cosB +c:casCﬁ;§ (1)

Giai. Dé thdy bat dang thic (BDT) (1)
tuong dudng vdi

G g kn g %

v tén tai nhidu edch ching minh khéc nhau
nhu dp dung dinh Iy ham cos ; dua vé dang téng
binh phuong hodc dya trén BDT ham 16i.

Léi giai sau dya vao tich vo hudng cua céc
véctd

Goi do dai BC = o, AC = b, AB = ¢

Ti diém I tuy y trong mét phang (ABC)
dung 3 vecta U] , U5 , U5 ed do dai don vj ldn lugt
vudng gdc vdi cac canh BC, AC, AB.

Theo tinh chét cia tich vo hudng

0 @+, +05)2 =v3 +12 +vl+

+2 6355 +5,7 +70)
D& ¥, theo gia thiét v? = vf = vf =
.53 = cos (77, 7 = cosC
573 = —cout ;77 73 = ~cosB
nén: 0 < 3 — 2 (cosA + cosB + cosC)

sin — sin

t¥ d6 cosA + cosB -i-msCé%

“Bai todn 2, Chitng minh rdng vdi moi tam
gidc ABC luén c6 :

sin-A-+sin-'—B*+sin££§* (2)
2 2 i)
Giai. BDT (2) r0 rang tuong duong voi
wsB+C+msA+C+mELA+B :EE
2 2 2 2
o B-2|-C=a’A+C=ﬁ‘A B

a, B, ylaila 3 gdc cia mot tam gide, vay bai toan
(2) duge dua vé bai todn (1),

12

TRAN TUAN DIEP - DO MANH MON
fHd_Nﬁ!}

Bai toan 3. Chuing minh vdi moi tam gide
ABC va ba s6 thuc x, y, z bt ki, ludn cd :
x2 +y? +2% = 2xycosC + 2xzcosB + ZyzcosA
(3)
Gidi. Lai chon cde vectd ﬁ E'; : E; nhu bai
todn 1, ap d dung tich v6 huéng cho cac vecto
xul ,yuz ,zus ta dudc :

0= (xul +yv2 +ra:'.1_3)2 =xi+y2 422 -
— 2 (xycosC +xzcosB +yzcosA)
Tit dd cd ngay d.p.c.m.

Bai todn 4. Chung minh rang véi moi tam
gide ABC va ba s6 duong m, n, p tity ¥, luon cé :

S e B e £

MSIHE nsm-z— psin 3 =

m.n.p ;1 1 1

B 4

I P e R
Giai. Trudc mat céac ban, bai todan 4 co vé

"thdch thic" hon. Thé nhung sau khi rit gon v&

phai cta (4).

mnp

1 Tt 1 ,np L mp  mn
T(mszp_) 2wt %t )
g (nzpz +mZp? +mznz)

ta dua BDT (4) v& BDT tuong duong :

m?n? + m2p? +n%p? =
! . B i 2 !
= 2mnp (msm 3 *tnsing +psing ) (4")

Datmn =x;mp =y ;np =z BDT (4} trd
thanh :

_i_

B+C A
xz-i'ry2+zza=2(xycos 5 txzeos—

A+B
+ yzcos 5 )=2(r_}rcosa+xzcosﬁ+yzcoay}
B+C A+C’ A+B
‘woi o= i B = 2 e tao

thanh 3 goc mf}t tam gmc.
Bai toan 4 da duge dua vé bai todn 3 (1)
Bai toan duge xét dudi day c6 dang khéc.
Bai todan 5. (Dé& s6 2 sdach Dé thi tuy&n sinh
~B6 GD va DT)
Ching minh ring véi moi tam gidc ABC va
mot sd thic x, luén co :

1 +%-x"1 > cosA +x (cosB +cosC)  (5)
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Giai. Dé nhan thdy sau viée chuyén v& phéi
ciia BDT (5) sang vé& trdi ta dua viéc chiing
minh (5) vé phép ching minh tam thic bac hai

flx) = % — (cosB I+cosC)x +1 —cosA
khéng am Vx € R.

Tuy nhién dé khong phai la phuong phédp
duy nhﬁt hitu higéu. That vay, lai chon céc vécto
Ul ; Uj y u nhu & bai toin {1) roi dung binh
phliclngvo huéng ctia vecta i = ::.1',11 + u2 + u3 ta
dude :

= (x0; +05 +U,)2 =22 +
+2x (070 + 0, 03) + 20,0 + 04 +03
hay : 0 < 22 — 2x (cosC + cosB) — 2cosA +2

Tit dd suy ra:

x? + 2 = 2cosA + 2x (cosB + cosC)

Cing thé :

o
X
1+ 5 > cosA +x (cosB + cosC), (dpem).

Sau cing chuing ta ti€p tuc van dung ¥ tudng
trén vao mot bai toan hinh hoc khéng gian dac
sdc ma viée ching minh bing mét dudng 161
khdc hén sé vé ciing gay cédn.

Bai todn 6. Ching minh rdng téng cdc
cosin cia 6 nhi dién tao bdi 4 mdt ctia moét tu
dién bat ky luén nho hon hodgc bang 2,

Giai. Goi a, Qyy Uy Qg Uy A la cac gdc
phang cta 6 nhi dién tao than Ti diém [ tuy y
trong hinh ti dién, ta dung 4 vecto don vi ldn
lugt vudng gc‘u: véu 4 mat clia tid dién, goi cde
vecto dé [a v Uy, Uz: 03 : 94

Binh phuong v huéng clia vector = ”1 +
+U2+U3+U4 ta dugc
—_— o =
; P
0 < (] +0, +Uy +0,)2 = 4 — 2 (cosa, +
+ cosa, + cosa, +cosa, +cosac + cosa,)

6
Tﬁddcﬁngayz cose; < 2
i=1
Cing dé dang nghiém lai khi tii dién déu cd

(6)

Vay la bing mot phuong phap théng nhat,
nhiéu bai todn phie tap duge gidi quyét khd don
gian, vdi khdi lugng tinh toan va bién ddi duge
rit gon dén muic t6i thi€u dong thoi bao ddm
dude tinh chinh xde va sdng té. Hy vong qua bai
bdo ban doc cAm nhan duge ¥ tudng dé xudt
ciing nhu céc tac gia chin thanh mong dgi cac
dong gdp mdi thu vi tit phia ngudi doc.

Cfcvin dé néu ra ciia Toa soan cudi bai viét "Doi khi tudng
la :tujng (s0 236, 2/1997) da dudc sif hidng dng trao dbi si
ndi ciia nhifu ban hoc sinh v ciia cic thdy gido.

¥ ki#n cila ban Ha Tién Dimg, 12C,, THPT Hoang Qudc
Viét, Mao Khé, Dong Triéu, Quéng Ninh Ia xac dang nhil :
"Xét phudng trinh

A+B+3 VAB.C=C3(v)
o G ¥F-on e+ +

+(¥7 - ¥BR =0
+ =|:'(an|-j
“ng 13’%=—C{v-=).
Tu'do ta co :

1) Néu (++2) v nghi¢m thi (=) e (++)

2) Néu (»=) o6 nghiémx = « thi xdy ra hai kha ning :

» Khdning 1 :x = o théa man (#%) < = @ langhigmecia
hed =B=C =0,

+ Khd nding 21 x = a khong thda man (s#), thi (=) va (++)
khdng tudng dudng vix = a la nghig¢m cia (+) nhung khong 14
nghigm clia (s+)."

Nhu viy luge dd xét phudng trinh (=+) nhu thé nio 7

Buede 1: Viél (=) vé dang tuong duong vai tuyén gbm (==)
Vﬁ{asa)_

Burde 2: Gili het (vos)

+ Néu (=) v0 nghidm thi (s) e (#)

+ Néu (#++) 6 nghiém x = a théaméinA = B=C=0"
thix = a 13 nghiém cla (++)

+ Né&u (#22) co nghiémx = e khong thda manA =B =C
= () thix = « khong la nghiém cta (*).

Biede 3 : Ké lugin nghiém ciia (=) gbm :

+ Nghigm ciia (=) khong thoa mén (s#s)

+ Nghiém cila (s*) théa mand = B = C = 0

® Mot s8 ban cho rfing néu nghiém (=) thoa mén (*=2)
thi khong phai nghiém ciia (==) | Day la mot ¥ kién sai 14m.

Trd lai 2 thi du trong bai viét cia tic gia Nguyén Doanh
Hoa :

Thf dy I : (=s#) vi nghiém nén ()« (##).

Thi dy 2 : (+=%) co nghiémx = 0 khong théa manA = B
= C = 0 nénx = 0 khong 1a nghiém ciia (++).

e Co6 ban dd dua ra giai phip thi t4t ¢ cic nghiém cilia

: : 1
(*) véo (=), ké cd nghiémx = + Tﬁ:m 33 cla thidy L

Day 14 viéc 1am qua philc tap vi ban chua tim ra gidi phap tdi uw.

® Chic ban Pham Vin Thanh, 11T PTTH Lam Son,
Thanh Héa, Lé Cuong, 12D PTTH Hing Vudng, Phi Tho
cd ¥ kién t6t. Xin cAm on cic thiy gifo va cic ban.

LE THONG NHAT
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BE THI TUYEN SINH MON TOAN KHOI A NAM 1995

TRUONG PAI HOC QUOC GIA HA NOI

(Thdi gian lam bai 180 phit)

Phién I : (Cho #dt ed cdce thi sinh)
Cau I : 1) Khdo sdat sy bién thién va vé dd
thi ctia ham sd
@+ 1)?

x—1)2°
2) Bién lugn theo .f,h(am sc; k s6 nghiém ciia
‘phuong trinh sau :
@E+1P=-k.(x—-12¢=0.
Caull: 1) Qidi véa bién Iudn theo tham sé
m bdt phuong trinh sau :

ViZ—4 2mix-2)

2) Gidi heé phuong trinh
Vx +V2 -y = V2
V2 —x +\r§ = y2.

Céau Il : 1) Cho tam gide ABC cé

sinA +sin?B +sin?C < 2. Chitng minh rdng
igA.lgB < 1.
2) Gidi phuong trinh
g% ~ tgx . tg3x = 2.

Cau I‘lf : Trong mdt phdng toa d¢ hay lap
phuong trinh duong tron ngogi tiép tam gidc
¢6 ba canh nam trén ba duong thing sau :

T
Y=g~ gi¥=xt+t2;y=8-ux.

Cau V: Tim tdt cd cdc cdp s6 (x, y) théa man

phuong trinh
gsinx 4 goos’x = 10 + cosy.
Phéin II : -
Cau VI, (Danh cho thi sinh khong chuyen ban)

1
1) Chiing minh réng | ;l-% < % :
x+x

2) Ching minh rdng tdn tai ede s6 thuce a, b,
¢, d sao cho dang thiic sau ding vdi moi x :
2 +2 = (22 +ax +b)(x? +cx +d).
Cau VI (Danh cho thi sinh chuyén ban)

- 1) Tim nguyén ham ctia ham 86 ;
; x ,
flx) = sin (x _:i-) (2 +sin2x).

2) Cho s6 p théa mdn -2 < p < 2. Ching
minh rang ton tai cac s6 thue a, b, ¢, d sao cho
déng thitc sau ding véi moi x :

x* +px? +1 = (2 +ax +b)(a? +cx +d).

DAP AN VA THANG DIEM

Caul. (2di€m:1) 1,5;2) 0,5
3
1. Hamegy = &1

(x—i)z’vx;ﬁl

14

X—= oo

,(+1)? @=5)
T
Bang bién thién

—o0 -1 1

¥ =0sx =-1hodcx =5

27
Ya=306) =

~ Tiém can ditngx = 1 vi lim

x—1

(x+1)3 &
@=1)2

- Tiém cn xién :
e : 12x — 4
@~ 17 - 1)2
D6 thi ¢6 tiém can xién lay = x + 5 vl
. rlx+1)y
lim | ———(x+5)| =0
[ (x = 1)? ks ]

D6 thi tiep xic ¥
truc hoanh tai
diém (-1, 0), dé
thi cit trye tung
tai diém (0, 1).

2. Vi nghiém
ctia phuong trinh
dang xét 1a hoanh :
dd giao difm cia s

‘I
1

5+

27/z2 H

I
l
|
|
it
d

d6 thj ham s6 da
cho véi dudng
thdng y = k nén
tit d6 thi ta cd :

+) & > 27/2 : Phuong trinh ¢6 3 nghiém.

+) k < 27/2 : Phuong trinh cd 1 nghiém.

+) k = 27/2 : Phudng trinh cd 2 nghiém (1
nghiém la nghiém kép)

Caull. (2diém: 1) 1,5;2) 0,5)

1. Gidi bdt phuong trinh

I
l
I
l
|
!
5

Vil —4 = m(x - 2) (1)
; x=2
Diéu kién s
a) m = 0. Dé théy bét phuong trinh o6
3 x=2

nghi¢m x=< -2
bym>0:
=i
(l}ﬁ-[ x? —4 = m? (x —2)2
x=z2
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x= -2
ﬁ.[ x+2=2mi(x—2)
L:BZ
xs —2
ﬁ[[(ml—l)xsz(mz-n)
x=2

xz=2

< -2
+Néu0<m < 1thi (Uﬁf
e

x
2(m2 +1)

+Né&um > 1 thi{l)W[
(m?-1)

2=sx=

< 0:
c)m g

(1) = [ x< -2
xt—4z=m? (x—2)*
x=2 x=2
[ x< =2 = [[I = -2

x+2<m? (x—2) (m2 —1)x = 2(m? +1)
x=2

+Né&ul <m < 0thi(1) x¢2(m2+1)

S omeLl
+NEum < -1thi(l)ex =2
Tém lai :
*m<-lx e [2 4»)
2+
*-1<m<0x € (em,ggn-%—-}l} U [2, +o)
m*—1
*0sm< Ix € (—oo, =2] U [2, +x)
24
"‘rr:.::-l:m:El[—m,—Z]L.r|:2,——-2(m2 1)].
T e
St x +y2 -y =
2G1€llhé{m+ﬁ=ﬁ
Ditukitn:0sx=<2;0<y=<?2
Néu x > y thi r6 rang Vx +V2 -y >y +
+V2 —x nén (x, y) khong phai la nghiém.

Néux < y thi Vx +¥2 -y <Vy +V2 —x
nén (x, y) cling khong phai 1a nghiém.

Khi x = y thi ta duge Vx +V2 -y = V2 &=
2VZ(@ —7) = 0=[$ 7 g
Vay hé o6 nghiém la (x, y) = (0, 0) hoac
(x, y) = (2, 2). ;
CauIll. (2,56diém:1) 1,5; 2) 1).
1. Ta cd sin?A +sin?B +gin?C =
l1—cos24 1 —cos2B 1 —cos2C
ORE AR TG e
1
(cos2A + cos2B + cos2C)

BO bO B3| GO bo| cobo] o

+ +

[2cos(A+B) cos(A—B) + 2cos? C — 1]

Il

2
1
2
1
3 [—2cosC cos(A — B) + 2c0s? C — 1]

8C [cos (A — B) +cos (A + B)]
8 cozA cosB.

2co
2co

https:/sites. google. com/siteletrunglienmath

Vay sin?A +sin?B +sin’C < 2
cosA cosB cosC < 0

a) Né&u cosd <0 thi
tgA < 0,1gB > 0=igAtgB <1

b) Né&u cosB <0 thi
tgB < 0,igA>0=>1tgAtgB <1

¢) Né&u cosC<0 thi %{C{n =

s b ey o LA ARSI
cosA > 0, cosB > 0) :
2. Giai phuong trinh : tg%x —tgxtgdx =2
Dibu kién | oee fo (*)
Cédch 1 : Phuong trinh da cho tuong duong voi
(1 —tg2x) + (1 +tgxtgdx) = 0

i
—<A<n =

£<B<n =

cos2x cos2r
cosly cosxcos3x
cos2x 1 1

s sx'(cosr+cc:33x)_0
cos2x =0

e cos3x = —cosx = cos(®w —x)
=Z +nx :

= 2 (m,ne Z)
x=+(r —x) +2mn
SLA T

e TR

x = (2m +1) /4
x = (2m — 1) /2 (loai do diéu kién (¥))
Vay nghiém cta phuong trinh la

I L3
x-4+n2(nEZ)

Céch 2 : Véi diéu kién trén phuong trinh da
cho tuong dudng v8i phuong trinh :

sinx , sinx sin3x sink  sin2x 9
COSX (cosx : cos&r) o cosx cosx cos3x
sinx

es————— =1 & 1 — cos?x = cosx cos3x
cosx cosdx ;
«<>1 — cos?x = cosx (3cosx — 4cos’x)

=4 (cos“x — cosZx +12 =0

Cau IV (1 diém) : D€ ¥ rdng hai dudng
thdngy =x+2 vay = 8 —x vudng gde v8i nhau.
Ta cd :

- Giao diém ctia dudng thangy =x+2vay
= 8-x1aA (3,5). Tic diém A (3, 5) 1a dinh ctia
tam gidc vubng.

~ Giao diém ctia hai dutng thdngy = x +2

wy=%-21p3,-1

- Giao dize’m ctia hai dudng thdngy = 8 —x
vay=§—31a0{7, 1)

Tam O clia dudng tron ngoai tiép la trung
di€m BC nén O c6 toa dg (2, 0) va ban kinh cta
duting trom ngoai ti€p 1a.

; {xem tiép bia 3)

15
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Danh cho cdc ban chudn b;i thi vdo'Dai hoc _ ‘
Luong giac hda cac phuong trinh,
| hat phuong trinh vé ti

Tap chi Toan hoc va tudi tré s6 232
(10/1996) da gidi thidu phuong phép lugng gide
dé€ giai cdc bai todn vé nghiém cia da thic, hé
hitu ti va ching minh bt dang thiic (cha tdc
gia Pham Bao). O bai bdo nay, ching t6i mudn
nhén manh dén phudng phap lugng gidc dé giai
quyét cac phuong trinh, Eﬁt phuong trinh v6 ti.
Nh# sit dung cdc cong thic lugng gidc ma viée
khit cac ddu can thic di trd nén rat thuén lgi.

Bai todn 1. Gidi va bién lugn phuong trinh
theo tham sé a

Vo¥x=a—Va —x (1)

Bai gidi. (1)e=Va +x +Va —x =a (2)
e lnExEn

==~dieuk1t_an[ ) (3)

DEhia=0:(2)e=Vx +V=x =0e=x=0
2)Khia > 0: (3) =-1 sgg 1, chox =

acosp vii ¢ € [0, x] (4). Khi dd (2) =
Va(l +cosp) +Va(l —cosp) = a P
cas(g—m%) =?‘I 5). Vi p € [0, n] =
—:§~$cos (*‘23 —%) = 1;nén (5) cd nghiém khi
V2

= ﬁ?aﬁ 1+>2 < a < 4. Khi d6, nghiém ctia
(1) duge xéc dinh tir (4) va (5) nhu sau :
X = acosp = asin (% -:p) =

= — 2asin (E—E) cos (f--ﬁ)

2 4 2
=i2acos<§—%) lwmsz(%—%) =
= + 5 Va(d - a)

Két lugn : 1) Néua=0: (1) cd nghiémx = 0
2) N&u 2 < a < 4 : (1) ¢ nghiém

x== g—ﬂa(ti —a)

3) Néua < 0 : (1) v nghiém :

Bai todn 2. Gidi va bién ludn phuong trinh
theo tham sd m
2Vm +x —Vm —x = \m —x +Vx(m+x) (1)
m+xz0
m-xz0
x(m +x) =0

=

Bai giai. Diéu kién

T =r=s
T iheosian

1) Khi m = 0 : (1) = 2x -V=x =
e .—x+\‘;z-=m:=0

16

MAI THANG
(Khdnh Hoa)

2)Khin: > 0:(2) =0 sﬁ%ﬁl chox = mcosa,

T
a € [o, 2] (3)
Khi dd :
(1) <=>2ym(1 +cosa) —Vm(l —cosa) =
= \m(l = cosa) + VmZcosa(l + cosa)
«=2V1 + cosa — VY1 —cosa =
= \ 1 —cosa + Ycosa(1 + cosa)
+=4(1 + cosa) — 4Y(1 + cosa)(1 —cosa) =
= Veosa(l + cosa)
«=4(Y1 +cosa — V1 —cosa) = Veose
=32 - cosa = 32V1 — cosla

«1025c08’c ~ B4cosa = 0

cosa = 0 g :
= [mscr = 64/1025° Lic do (3) cho nghiém
x=0hodicx = 1095

Két lugn ;: 1) Néum > 0thi (1) cé nghiém x
da

= Ghoacx=m

2) N&um < 0 thi (1) vé nghiém.
Bai todn 3. Gidi bdt phuong t;'inh

FET R gz—g 1)

Bai gidi. Diéu kien -1 < x < 1 chox = cosq,
a € [0, x]. Khi dd :

(1) «=V1 +cosa +V1 —cosa < Z—mzzaa
2o (§-35) <2 s (£ -3) o (5
~od (577) R (50) -

—2000 (5 —7) +220

=[o (55 - [ (5-5)

+ 2c0s (E—%) +2] >0 (2)

v 5 xt(§5) +2r(§5) +2> 0,

. Va € [0, ]

[‘;}’ay]bﬁt phuang trinh (2) ludn dung véi Va
€[0,n

Két lugn : Nghiém cia b4t phuong trinh (1)
la-l1sx<1

Bai todn 4 : Xac dinh tham s6 a dé bdt
phuong trinh sau ¢6 nghiém

e +Vx +\a—Vx <2 (1)
Bai gidi : Ta thay (1) chi cdn xét khia = 0.
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DKhia=0:yVx +V=yxr s 2e<x=0

2} Khi a > 0, didu ki¢ iy = Ral

e B S e 0 < Y¥/a < 1 T©
VX = acosp

2

v g

Khi d6 (1) e Ya(l Fcosp) + +a(l —cosp) = 2 =
c:m[ﬂ——) “,_(2)

1
v{nosgns£==»—sma{3;--%]a1.\fay(2)u;

z2 ¥Z
1

nghicmﬁ% = —,71:{} <a=?2
K&t ludin : Bat phudng trinh (1) o6 nghiéme=0 s a = 2
Bai todn 5 : Gidi va bi¢n lugn phicong trinh theo a hé
Vx+fy=a
x+y—vw=a
Bai gidi ; Didu kignx, y = 0(2). Tu phudng trinh thit nhét
ta thiy vdi @ < 0 thi hé vé nghiém. Khiag = 01a ¢ :

(1)

1)Khig =0:(1 i
—] L = =
e (L r+ty -y =0
s :_l,' = {}
yxja + Yvia =1

) Khi a = 0 : (1) =

i‘ﬁ = dsinlfs. Yy = 3&15'21,0, nE [ll,g

x+y—yxy =a it

zg'ﬂu:nhlgp) =g

Vr = u.t:ngn. ¥y = bl;_'L\.‘izP
= ’ a1 (3
i{\:su.p= (8 = 5a)3a, ¢ € [U'E] )

=
a=(si n"-p o {:nﬁ"gﬂ —&in

Sl T :
Visigp £ [ch,::| =-1 = cosdy = 1. Viiy (3) oo nghiém+=
-l=(8-5a)3a =< le=1<a=4;Khidd;

? N 8 —5a
cosdy = Zoos"lp = 1 = 2{1 - Zsin“p)“ - 1 = 1 -
4—-a
L 1=
sin“yp = 3 =
MNén
l=a=4
(3) e yx = us;inz'p 3a + 3a(d —a) ]/
v =a=+x = BaFVIa{@—a) |0
Kétluin: 1 Khio = a < 1 hodca = 4 thi (1) vo nghiém
2) Khia = 01hi (1) o nghig¢m duy nhiftxy = v = ()
r=1 =1
3)Khia = 1thi (1) cd nhhp,m =ik h:mc -{ i
a) Khia = 4 thi (1) cd nghiém Ll". nhilx = i =4

3)Khi I < a < 4thi (1) c6 nghiém
[x = [3a + V3a(4 - a)|<130
= [3a—VR@—a) |2f’~b
V3a(d = aj]“fo
l - [3a + V3[4 —a)]7/36
au diy 1a cac bai todn dé cic ban o luyén :
1) Gidi ede bt phurong winh
a7 +x T ¥ =y
Ix
e e f
P

hode

t—[u

h)

el

Io=ks

2) i € cde phurong wrink, bdt phuong irindy o6 nghiém :

A NI +tr +46 —x —V{TFOO—x) =m

h) Ix + d') i .’t’\“) - =3m
VX FT —yF—=x>m

divm —x +ym ¥x >m

F)Gidi va bién lugn theo tham sa b
a) T +Bx =T =hx =x

PE THI TUYEN SINI ... {tép theo rang 15)
1 1
=§ IB_&E :—2“\‘102 +27 = V26
Vay phuong trinh duang tron cén tim la :
(x—2)2 +2 = 26
Cau V. (1 diém) 850~ + ::-;mﬁ‘?ﬁr = 10 + cos2y
> 8SIMY 4 gl ~sinY _ g = | + cos2y
et +g — 9 = 2cos?y, trong d6 ¢ = gsin’ s
lsts< 31 4
=1t —
SERAETR 2cos?y.

DE y rang vé trai < 0 (do 1 < ¢ < 8) con vé
phai = 0 nén phuong trinh tuong duong vai :

t=1 geinx = 1
t=8 = Bﬁiﬂzx=8
cos?y = 0 costy = 0
_k:'t
[sin2x =0 [*=72
oo =0 = b
|cosy y=%+in (hi€Z)
Cﬁu Vla. (1, 5di€m : 1) 0,75 ; 2) 0,75)
< T
] Tk
f2+.:c + x? 3
VleE(G 1) ta cé
1 1 1 i
.Dodg
2 +x + 22 2+x2+x2 2(1 +:|:"-)
jl" dx f dx .
o L +x2 2(1 +x2]
=larct riime
2 g |n' 8

2. Ta o6 x*+2=@x?+V2)2-2V2x?=
= (2 +V2)2 — (V8x)?
= (a2 + YBx +V2) 2 - V8x +V2)
V:ayazﬁ,b=ﬁ;ci—ﬁ;d'—"ﬁ

thoa man bai ra.
Cau Vlb. (1,6 diém : 1) 0,75 ; 2) 0,75)

1. flx) = sin (x —--) (2 + sinZx)
= 2sin (.r —%) + sin (I_I) sin2x.

D a1 i
—25111(1 4)+2005(I+&_) 2(:03(3.1: 4)
Vay nguyén ham Fix) cia fix) cd dang

F(x) = —2cos (x — n/4) +%sin (.r+1—[) -

-—ésin (3x —/4) + C, trong do C la hang s6
tay y.
2. Taco:
M Hprt+1l= (a2 +1)2 - (2-pp?=
= (x? ﬁ)z-(ff(—'ﬁxﬁj -
= (x2+V2 —px + 1)(x? - f__;;x+1)
Vaya=¥2-p, b=l c=A2-p,d=1

thoa man dé bai.
TRAN HUY 1[0
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NGO PAC Tuﬂﬂ Guong mat tré Viét Nam
tleu biéu nhat trong nam 1996

Ngd Dac Tuén
sinh ngay 29.8.1979,
tai Tuong Giang,
Tudng Son, Ha Bdae.
Lén 6 tudi da md coi
me. Ldn lén trong su
cham sde caa ba noi
va ngudi cha 1a PTS
Ngbo Dac Tan, can bd
nghién ciu d Vién
Toan hoe, Tudn da
“say mé Toan tit nha.
Tuian hoc cap 1 tai
trudng Cat Linh va
| trudng Kim Dong
| (Ha Noi). Sust 4
nam cip 2 tai trudng
[{a Nai), dudge sy diu dat vé

IPTCS Gidng Vo o
moén Tean cuan thay Khanh, Thi vao khdi
chuyén Todn truong DHTH Ha Noi, Tuin dé
thi khoa véi diédm t6i da (25/25), Can phong

nho 24 m- @ nha A, khu TT Giang Vo (Ha Noi)

14 noi Tudn da cam cui bao dém vai nhing bai
toan kho. Nguai cha da chiju kho dich nhiéu bai
todn tit tiéng Nga dé Tuan co lae phai "dau daun”
( !). Hién lanh, it ndi nhung Tudn rdt cd ban
linh cia mot ngudi lam Toan. Thanh tich cua
Tuan 1a ydc md cta bao ban tré : Huy chuong
vang Toan Qude t&€ hal nam lién (1995, 1996)
va Huy chudng Vang thi toan Chau A - Tha
Binh DLfUngi 1996}, Tudn cd nguyén vong dude
hoe d€ trd thanh nha nghién ciru Todn, chuyén
ngﬂnh Toan roi rac, mot chuyén ng.mh mi

ngudi cha da danh ca cudc disi cta minh dé
nghién ciu.

Nhian dip Ngo Dae Tudn duge Trung wong
Doan TNCS Hé6 Chi Minh trao gidi Ehlrﬂnff
"Guong mat tré Viet Nam tiéu biéu trong nam
1996". Tap chi THVTT xin chuc mimg ban.

Chuangta hi vong va cd quyén tin tudng rang
Ngd Déc Tudn sé thue hién dude nhung ude mo
tot dep clia minh !

TH&TT

ANH DAY TO VA ONG CHU

Mot 6ng chu nhan duge tit nude ngoai giri vé
32 chai rugu quy. Dng ta bio anh day td x&p vao
mot chiée thung géed 9 6
vdi 86 lugng chai  méi 6 ! 1 - { |
nhu hinh bén. Ong ta néi B :
voi anh day t¢ : "Hay | 7 i
trong coi cho cén than. Ta |
sé ki€m tra. Moi lan ki€m | 1 7 1
tra ta chi cin dém s chai ————— =
d mdi mép thung luc nao
cing da 9 chai, va mdéi 6 & mép thung lie nao
cung phai cd it nhdt 1a mot chai la duge "

Anh day t6 vang da nhan loi. Ngay dau tién
anh ta gidu di 4 chai. Ong chi kiém tra thay
dam bao véu cau. Ngay hom sau anh ta khodi
chi gidu di 4 chai nita ma éng chi van khong
phat hién ra. Duge thé, anh ta lai gidu di tiép 4
chai nira.

Cudi ngay do, ong chi dén kidm tra va tuai
cudi ndi vdi anh day té mot cau. Ban cd thé cho
biét 3 ldn anh day ta da ldy va x&p lai cac chai
rugu nhu thé nao khong ? Dac biét, ban hay
dodn cau ndi cia ong chu voi nguoi day té.

LE NGOC
{1 0ra theo todn din gian Nga )

Giai dap bai s
CAT GHEP '

Cat manh g da
cho theo hai nhat
cit AB (Ava B la
hai trung diém caa
ciac canh) va CD
dude 4 manh va :
ghép cdac mAnh nay ot
lai nhu hinh bén ta
s6 duge mot manh hinh vuéng. (Dua theo dap
an cia cde ban : Nguyvén Thi Linh Giang, 6T,
chuyén Lac Son, Hoa Binh. Dé Thi Tuvét
Minh, TA Toan, ('h:.m' n Thi xa Phu The.
Nguyén Tién Ding, 7T, Tran Dang Ninh, Nam
Dinh. Pham Thi Thmm Thdo, & Li, Lam Ngoc
Diong, 8T, NK Vinh, Nghe An. Pham Ha:
Thanh, 8H, Trung Vuong. Ha Noi. Nguyin
Quang Thi, 92, Nguyén Thi Minh Khai, Da
Ning. Pham Trung Kién, Déi 5, xa Hai Hoa,
h. Tinh Gia, rhanh Hoa.
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