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Tré lai van dé

"dong quy” vi "k

oy quy"

=
T‘
- NGUYEN CANH TOAN

Tap chi TH&TT s6 2 (212), 1995 (trang
15-16) da dé cap dén su théng nhat giita "déng
quy" va ‘"khong
dong quy” : cho mot
tam gidac ABC vaba
diem D, E, F theo
thi tu trén ba
canh BC, CA, AB
va xac dinh béi cdc

A

T

t1i sé —_;'=kl,

EC FA

—_ = kZI’:F = k.; .
EA FB :
Ta goi L, M, N la
cicdieém BE xCF, AD x CF, AD x BE (h.1).

Trong bai toan trén, ta da tinh ra ;

Hinh 1

MA
== (1 k) &, (1)
}\a kl =1
e = (2)
ND k&,

va thdy rdng néu ti s6 k giita hai ti s6 trén -

MA NA
k=-=-:—-=—k k,kymabing1thi M va

N trung nhau, nghia la AD, BE, CF déng quy
connéuk = 1 thi M = N va ba dudng do khéng
déng quy.

Hodn vi vong quanh trong cdc bé ba (ABC),
(DEF), (LMY), (12 3), di nhién, ta cing cg :

NB LB LG M
B R e e e —klk2k3=k
NE LE LF MF

va tit do, ta da di dén dinh nghia

Dinh nghia 1. Ba dudng thing AD, BE, CF
sé goi la & - cat nhau néu ba ti s6 kép (ti s6 giita
hai ti s6) ndi trén bang k. Va nhu véy thi "déng
quy’ 1a "1 - cit nhau".

Trongbai nay, ta sé xét ti s6m giita dién tich
hai tam gisac MNL va ABC bang m va dua ra
dinh nghia sau :

Dinh nghia 2. Ba duting thing AD, BE, CF
s& goi la "cét nhau ~ m" né&u tl 56 dién tich caa
hai tam gidec MNL va ABC bang m va nhu vay
thi "déng quy" 1a "cit nhau -0,

Dé lam sang t6 hon dinh nghia méi nay, ta
hay tinh m. D& viét cho gon, ta ludn luén cg thé
coi dién tich cia tam giac ABC bang 1 (bdng
cach chon don vj dién tich thich hop). Nhu vay
thi m bang dién tich céa tam gisc MNL. Sau

day, ta sé xét cdc tam gidc cd dinh hudng, nghia
la ¢d tinh dén thii tu cac dinh cda ching. Néu
ta di trén chu vi ctia mét tam gidc (theo thi tu
da cho clia cde dinh) nguge chiéu kim déng hé
thi dién tich tam giae (c6 dinh huéng) di cho la
duong ; néu thuan chiéu kim déng hé thi dién
tich 1a am.

DEé cho tién, ta s& ki hiéu dién tich dai s6 ciia
mét tam gidc bang cdc chit chi cdc dinh sép thy
tu ctia nd. Nhu vay, d4p dung dinh li vé t l& dién
tich clia hai tam gidc cd chidu cao bang nhau (ti
lé do bang ti 1& hai ddy) hoac cd mét gdc
chung (ti 1& nay bang ti ¢ tich cdc canh ctia géc

" chung), ta viét ngay dugce cdc ding thic sau day

(ABC =1):_,

— —
BD AFM AF
ABD=T 7 mzﬁ-g;
BE BD AR AD
m ML MN

FMA ™ 3fF MA
Nhén v& vdi vé ba ding thic trén, ta cg :
= —r — - —

BD AF AM ML MN
ns-—=.=.—%. .= .= (3)
BC AB AD MF MA
Ta lag lugt tink 5 ti s6 & v& sau cua (3) :

BD BD 1 1
19) — == = - — e = =
BC BD+DC s e sl
k, DB ky
=j_‘—i e P (4)
AF AF 1 1
VN as=ss5——=—=-= =
AB AF+FB FB _'1__
1 ol 1 _k
ky FA 3
= e (5)
AM M 1
30} e Tt S _,AM_Q. = = Vﬁ}’, thEO
AD +MD MD
1 -—
L MA
(H, ta cd
AM 1 (1 =k &y 6
Y G e R AT
< (1 —,EL).?%
ML ML CL CLL
4 —- = (1;-?) .= . Oday, tachia
—MF MF CF/ _CF
A A . CL
cho — r6i lai nhan 1én véi — nhim muc dich
CL N 00 ) g
ML CL

tan dung ti sd kép — : vi ti 86 kép nay cd
S o
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— —
s E - LC MC 2
lién quan voi ti sd kép = : =5 = k ; qua vay
s = LF MF
ML CL
MF €E.
CF ME

— — — —

CL +LF MF +FL

= e i — I — =

CL MF
—

FL

i
o
_—
+
a
2fil)
L
——
f—
+

Mf MF CL
MF +FL +LC _

=Ty e

MF

e e

CL MF

k-1

al
e e

CLATF

: CL. CL
Con phai tinh = ; ==
CF CF

; 1
= ___EI’:: - thye hién hai l4n hodn vi vong

l—-——=
Lc
quanh trong cac bo ba (ABC), (DEF), (LMN), (1

C
2 3), tit (l)suyrai—_-rF= (1 —ky) k,;dodd:

6‘1 = 1 2 (1 =k3) &y
o g e R
(1 —ky) ky
MF k-1 (1-k)k
Vay MLk (=R)k (7)
5°) Tuong ty nhu & phén 4°) ta tinh duge
Iv?f\’ E—1 (—k k)
e e
Cudi cung, ta dude :
k, ks (1 = k) ks
M= —1 k=1 (I-kp)ky—1
2 (1 —k3) Ry (— &y ky) (k — 1)

(I-kpk,—1 k(1-k)—1"
— (ky ky ky) (R Ry R3)
= TRy A=k k) -1
x (1—ky) (1 —ky) (R —1)?
[(1 — k) By — 1) TRy (1 —k3) — 1] &2
hay :

k2

(1 +k, kyky)?
m= Tk Gy DI Ty (= D1

1
bs
[1+k;(k; — 1))
Ta thiy ngay :m = 0k =1
Xét mu s6, ta thiy ring néu mot trong ba
thita s6 triét tituthim = o« ; tady doan, khi do
hai trong ba duong AD, BE, CF song song vdi

= - 1 -
nhau. Qua vay, gia su k, +(_kz___i_} =0 tie
k= 1 jk ; & AD song song voi BE thi cén
2
va di la (h.2) £33
DB AE AE 1 :
B T i tic
DC AC AE+EC i r_EE
EA
1
Tuong tu nhu vay, néu BE // CF thi
1

Néu (9) va (10) déu thoéa méan thi AD // BE
/| CFtdclatit (9) va (10) ritrak, = -1—_]-};—(11),
1

diéu ma ta cd thé thdy ngay khi rit k, tif (10)
réi thay k, theo (9). Khi do k kyk;=

1 1

0
SRl limee =7 0 Ty

tidc 1a dién tich tam gidc MNL v6 dinh (M,N,L
déu xa vo tan).

GEERS
VRN - .
Yt ché sai

Trong Bo dé én tap thi vao l6p 10 Truding
PHHT H - A ¢4 bai todn nho sau : Cho phuong
trinh bac hai x> — (2k +1)x +k* +2=0(k €
B la tham s6). Hay x6c dinh k dé xi +x3 nhé
nhdt. ( x,, x, la nghi¢gm cia phuong trinh).

Pdp dn : Theo dinh 1 Viet

xf +xi = (x +x,)% —2xpx,

= (2k +1)2 —2(k* +2)

=+ +4k -3 =A

Xem A = 2(k +1)2 -~ 5 = -5 = A nho nhat
= -5 khik = -1.
Cac ban thit tim xem dép dn dd sai ¢ dau?

Visao? ,
PHAM HUNG

S o,
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Bai T1/233 : Cho day s6 nguyén (a,)’_,
théa man
G+ te, =20, ta) (1

Chiing té rang tén tai s6 nguyén M khong
phu thuge vao n sao cho M +4a, , a, la s6
chinh phuong ¥n = 0
Lai giai: Dat Up =@, 4,—a, +17 @y
Tit diéu kién (1) suyran, = u +2a,

el L 2
U, = (”'n -1 +2‘m'] = Uy +1+4un 2 | a, +4a’n

=1

e
_un—l

e L
=uy g 2 40#! +1 a, 4aft |

et adh et
-'HH‘—]. 4‘1;1“;1—1

Vay uZ —4a, .  a, la hing s (khéng phu
thude n). Goi hdng s6 dé 1a M. Khi dé
M+4a, . a, =u2V¥n =0 (dpecm)

Nhan xét : Cac ban sau day cd loi giai tot :
Nguyén Hoang Quan 9T, Vinh Long, Tran
Khoa Van 9A Nghé An, Nguyén Trong Kién
9T Nam Dinh, Nguyén Dinh Quan 9 Nghé
An, Nguyén Huy Vii 9A Ngé An Hoang Ting
9T Béc Ninh, Ngé Anh Vién 9A Béc Giang,
Tran Tat Dat 9A, Ha Néi, Nguyén Kim Thang
9 Trdn Phu Hai Phong. S8 ban giai bai nay
khong nhiéu.

e = 2
+4(a” T 1) a, + 4a”

Aapt
H’rl 4'031 +-] U‘n

DANG HUNG THANG

Bai T2/233. Chiing minh rang néu (a +c)(a

+b+c) < 0thi
(b—c)>4a(@+b+c)

L& giai : (cha Nguyén Thi Xuan Nuong, 9
Anh van, chuyén Nguyén Nghiém, Ddc Phé,
Quang Ngai).

~Néua =0thititeb+c)<Osuyrab = ¢
va cd diéu phai ching minh.

=~ Néua = 0, xét phuong trinh

fix) = ax?+(b—c)x+a+b+c=0
Tacdfl0)=a +b +¢
fl-1) =2 (a +¢)

vaf(0)fi-1) =2 (a +¢) (a +b +¢) < 0 (theo
gia thiét)

Nén phuong trinh fix) = 0 phai cd hai
nghiém phan biét

Do dd A = (b—¢)*~4a (a+b+c) > 0 dpem. -

Nhan xét. 1. Da sd cdc ban bién luin truc

tiép tir didu kién
(@te)(a+b+c)<0

suy ra (b —c¢)? > 4a (a +b +c) hoi dai dong.

2. Céc ban sau day ciing c6 10i giai t6t : Ha
Néi : Pham Hdi Trung 10A, Chuyén To4n,
DHKHTN. Ninh Binh : Pham Tudn Ngoc 9T,
NK Truong Hén Siéu, thi xa. Thanh Héa :
Tran Hoang Thang, 9T, Lam Son. Nghé An :
Pham Tudn Quang, 8T, NK Vinh. Ha Tinh :
Déao Xudn Hoang, 9T, NK Ha Tinh. Quang
Binh : Dang Thi Té Nhu, 9T, NK Hai Dinh.
Quang Ngai : Lé Quang Loi, Huynh Minh
Son, 9T, Chuyén Nguyén Nghiém, Dic Phé.
Quy Nhon : Nguyén Quéc Hung, 9B, Déng Da,
Minh Hai : Tran Thé Minh, 8A, Chuyén Bac
Liéu,

TO NGUYEN

Bai T38/233 : Cdc 56 nguyén khong m a, b,
¢, d théa mdn diéu kién :
a® +2b% + 3¢2 + 4d2 = 36 (1)
202 +b2-2d%2 =6 (2)
Tim gié tri nhé nhdt ciia p = a2+b2+c2+d?
Lai giai : (cia nhiéu ban) :
Cong titng v& cia (1) va (2) taco ;
3a? +b2 +c2 +d?) = 42 +d?2
=3p242=p =14. Tathlyp = 14 =d =
0. Véi d = 0 thi hé da cho trd thanh :

a? + 262 +3c2 = 36 (1)

22 +b2 =6 "
'Iﬁtt(z’):{: §h§”¢b LG e e 3 (el

khéng am) ;

Néu b = 0 thi a? = 3 khéng cho gid tri cliaa

N&ub = 2 thie? = 1 «=a = 1 (a khong am).

Tidéddéed:c = 3.

Vay p nho nhét bang 14 khi (g, b, ¢, d) = (1,
2,3, 0).

Nhén xét. 1) Co 295 ban gti loi gidi vé,
trong do cd 16 ban giai sai vi sau khi dugcp =
14 lai két luan ngay p nhé nhat 1a 14 <d = 0
(ma khong chi ra cac gia trj e, b, ¢). (6)

2) C6 8 ban : Mai Thi Thu Sanh, 8A, Nga
Hai, Nga Son, Thanh Héa ; Nguyén Thi Xudn
Nuong, 9 Anh, Chuyén Nguyén Nghiém, Diic
Phé, Quang Ngai : Hoang Tién, 9 Ly, Nang
khigu Hai Hau, Nam Dinh ; V5 Bd Thi, 9A,
PTTH Bén Tre ; Pham Tudn Quang, 8 Toén,
Néng khi€u Vinh, Nghé An ; Vo Thi Bach Yén,
9T, Lé Quy Don, Nha Trang, Khanh Hoa ;
l\‘;guyén Minh Kién, 8A,, Chuyén Mé Linh,

inh Phiic (va mot ban khéng ghi tén) da
ching minh : "chi ¢d duy nhat mét bo s6: a =
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1:6=2;c=3;d=0thoa man gia thiét nén
p chi nhan mét gia tri duy nhat la 14"

Ban Mai Thi Thu Sanh con binh luan kha
hém hinh : "Véi diéu kién cta ddu bai, p chi
nhan mot gia tri duy nhit bang 14. Do do ¥
nghia cta viée "tim gid tri nho nhit cta p trd
nén khong con "manh liét" ! Xin hoan nghénh !
Ban doc nhé tuéi nhit tham gia giai va giai
ding la Trinh Tudn Anh, 16p 4G, Ti€u hoc Lam
son II, Thanh I16a. That dang khen !

LE THONG NUHAT

Bai T4/233 : Cho A ABC nhon. Goi (0,1} It
dicong tron tam ), ban kinh bang 1 ngoai tiép
AABC.

Chiing minh rang a +b +c = abe.

Ddu "="xdy ra khi nao ?

Lai giai :

abce ;

Cachl1:TuS = iR va gia thiét suy ra abe

= 45(1) Mat khéc theo cong thiic Hérongtaco :

$2= p(p—a) (p=b) (p—) = p V(p—0) () X

xVp -0 p -0 Vp-a)(p -¢)

- p—aip—b p=bitp—c p-uatp-c
<=p. 5 : 5 : 5

abe
=h (2)

8
Tir (1) va (2) suy ra :
S
5 =p. E
=4S =a +b tc
=abc=a+bh+c
Ddu "="xay ra<sa = b = c tifc AABC déu.
Cdach 2 :
Goi R, r lan lugt 14 ban kinh dutng tron

ngoati tiép, noi ti€p AABC va d la khodng cdch
giita 2 taAm. Theo hé thiic Ole :

R? —d? = 2Rr
1
=:-R2,‘-‘-..2Rr==-r=s-§(viR= 1)

(@ +b+c)r abc

at kha = e
Mat khac S 2 iR
e rabc abe b
a c—mraz i [=¢ ¢ (dpem)
. .E
Diu "="xay ra — AABC déu
Cach 3 :
S dung eong thic R = 2rma R=1 =
1
r £§.
S abe abe
Ar=— = p. = = —
Mar p=2S p.Do S iR 7 Sw

tifpraabc<a+b+ec¢

Nhan xét. 1) Mot sd ban da giai ding bai
toén tong quét hon.

2) Giai t6t bai nay cd cdc ban :

Quang Ninh : Nguyén Thi Thu Ha , 9A
Trong diém Cd&m Pha, Tuyén Quang :
Nguyén Cdinh toan, 9A NK Lé Quy Don, Béac
Giang : Ngé Anh Vién, 9A NL Lang Giang,
Diao Ngoc Minh, 9T NK Yén Diing ; Phua Tho :
D6 Thi Tuyét Minh, TA, Dang Thu Huong, 9T
Chuyén cdp II, Vinh Phuc : Ci Quéce Thang,
9T chuyén Tam Dao ; Hoa Binh : D3 Thu Ha,
9a, Hitu Nghi ; Bac Ninh : Nguyén Khaic Hoa,
Truong Thi Thao, 9, KH Tién Son ;Ha Tay :
Nguyén Manh Thuong, 8A chuyén Thach
That ; Hung Yén : Vi Try, PTTH Tién L ;
Ha Noi : Vii Dinh Hoang, 9A3, Giang V6, Tran
Tdt Dat, 9A, Chu Van An, Lé Hong Quang 9A,
Nguyén Trudng Toé ; Nam Dinh : Nguyén
Cong Tudn, Tran Dic Thinh 8T, Nguyén Van
Trung, Ha Thanh Tudn, Bui Trong Kiéu, 9T
Tran Dang Ninh, Vi Xuan Ding, 9 Héa NK
Xuan Thuy, Trin Quang vinh 8CT, Nguyén
Thé& Vinh 9CT Y Yén, Thu Thé Son, Ly 9 NK
Hai Hau ; Thanh Héa : Tran Hoang Thang,
9T Lam Son, Dao Thi Bich Giang, 9T Nga San,
Ta Van Nghiém, 9T NK Bun Son ; Nghé An :
LéViét Hoa, 9A CII Dong Van, Thanh Chuang,
Nguyén Dinh Xuan, 9 toan A, Phan Boi Chau,
Tran Khoa Van, 9A NK Quynh Luu ; Ha Tinh :
Ddng Duy Dién hdi; Da Néng : Nguyén Luong
Huy, 9/1 Nguyén Khuyén, Nguyén Duy Ldp, Lé
Quy Dén ; Quang Ngai : Huynh Minh son, 97T,
Nguyén Thi Xuan Nuong, 9 Anh Van, Chuyén
Nguyén Nghiém, Diic Phd ; Khanh Hoa : D6
Thi Di Thién, 9T Lé Quy Don , Nha Trang ;
Déc Lac : Nguyén Thanh Nhd, 9T, Hoang Hdi
Thity, Tang Thi Ha Yén, Duong Thanh An, 8T
Nguyén Du, Buom Ma Thuot Ba Ria - Vang
Tau : Tran Giang, TA/2 Nguyén An Ninh,
HCM : Nguyén Thi Thién Thanh, Chung
Nhan Phit, 9T1 Nguyén anh Ninh, Héc Mén ;
Cén Tho : An V6 Diic Anh, 9CT Ly Tu Trong ;
An Giang : Hoang Thanh Lam, 9T Thoai
Ngoc Héu, Long Xuyén ; Vinh Long : Nguyén
Hoang Quan, 9T2 Nguyén Binh Khiém.

v KIM THUY

__Bai T5/233. Cho tam gidc vuéng ABC
(A = 90°), dudng cao AH, trung tuyén BM va
phan gidc CD dong quy tai mét diém. Ching
minh ring :

~ V5 -1
sinB = 3
tam gidc co tinh chdt néu trén.
Lai giai. Goi O la giao diém AH, BM, CD,

] i AD BH CM
ap dung dinh li Céva ta co : DB HC MA = 1

. Tit dé suy ra cach dung mét
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: ol AR E L

(1). Do MAmMCV&ﬁ—E—E(UI =Gy
n JAC-BR .

nén thé&vao (1), ta cnﬁ He = 1,hay AC.BH

= CB.HC (2). Mat khéc, CB.HC = AC?

(i A =90°, 7 = 90°) nén AC? = AC.BH,
suy ra AC = BH. !

Thé vao (2) réi
bién ddi don gian
duge phuang trinh
bac hai déi véi HC ;
HC? + BH x HC —
=BH?=0 (3). Tinh
ra HC =05 %

x(V6 —1)BH.
Hon nita, B =4
(vi cung phuAC}
nén sin B=sind =
=HC:CA=HC:BH=05(015 -1).

Dao lai, xét AA’B’C’ voi A" = 90° déng thoi
sin B' = 0,5 (V5 ~ 1) thi AA’B’C’ déng dang véi
AABC. Do d6, khi ké duong cao A’H’, trung
tuyén B'M’, phan gidc C’D’, ta cd céc ti s6
tuong ing bang nhau : A’'D' : D’B’=AD :DB;
B'H': H'C’=BH : HC;CM' :M'A’=CM : MA .

£ ; AID! B’HT CI!M'

Dem thé vao (1), ta eg : DB HCWNC =
Ap dung dinh li Céva dao, ta cd ba dudng thing
A'H', B'M’, C’D’déng quy. Do do, bang phuong
phép dais6, ta dé dang dung tam gisc ABC thoa
man yéu cau cia bai todn nhu sau : dung doan
CD = aV5 (canh huyén ciia A vudng cd cdc canh
goc vudng a, 2a v6i a 1a mot doan tiy ¥) ; diem
E ndm giita B, D sao cho DE = q ; trung diém
Acia CE ; dudng thing Ax vuéng gic véi CD ;
diém B mot trong céc giao di€m Ax voi dudng
tron (C'; a).

Nhan xét. Co 51 bai giai, tat ca déu giai
ding phin ching minh (thuan), nhung phan
dung thi da s§ cd thidu sdt khong néu ching
minh. Loi giai t6t gém c6 : Ha Néi : Dé Quan
Anh 9D PTCS Quang Trung ; Trn T4t Dat 9
Chu Van An. Hung Yén : Vi Tru PTTH Tiéen
Lit. Hoa Binh : Dé Thu Ha 92 Hipu Nghi. Bac
Giang : Ngo Anh Vien 97 Nang Khiéu Lang
Giang. Tp Hé Chi Minh : Chung Nhéan Phi
9! Nguyén An Khuong, Hoc Mon. An
Giang : Hoang Thanh Lam 9' PTTH Chuyén
Thoai Ngoc Hau. :

DANG VIEN

B2i T6/233 Cho m la s6 thue duong. Vi mdi
n nguyén duong, ddy sé thue { a, ;}7_, duoe
xic dinh nhiu sau »
1

% _a’n_f)

%Go=1,8, 4 =a,; (1 =

vdi i=0,1,..,n-1.

1) Ching minh réng néu m<1 thi
a, , >VNn +ivdi moin € Z*.

2)Gid st n > 1. Chitng minh réng
2yt moin € Z*

a) a’n,n =

N =1
. n
b’] llm a.l'i ] = m _1
M—e 30
L&i giai (clia da s6 cde ban). Nhan xét rang
l-za’!i‘{l{ﬂn.iq"“:ﬂn,ﬂ (1)
3 1 1 1
va = o
a’n,i-f—l u‘n,!' an,l"Fm.ft
Suy ra
H=1 ' bt H—1
1 1 1
i= ua” i+l —j§ﬂaﬂ ATl ,'gg}an.:'+m i/ ;
hay
{; lad
1
_l_ =1- s (2)

D n ,-=Da.u,a'+m.u

1)V6i0 <m < 1, tit (1) va (2) suy ra

n a!! M i

au.n +n

Hon

n+1'’

haya, , >

Hn.n
2)Vaim > 1, ti (1) va (2), thi
n
—_———— } ——
l1+m.n n

—_—
n.n
T R (3

LIS e
Mac khée, ciing tit (1) va (2), thi :

Ty +n.m
Chuyén qua gidi han (n — ) va sir dung
n 1

nm )
+n.m
m -1

cong thie lim

n—=+w

1 1
tadugelim= — =1 =—
Hon n

n—o
= nt
hay lim a, .= ey dpem
H— o

Nhén xét. Céc ban sau day c6 15i gidi tét

Nguyén Trung Kién (L& Thiy, Quing
Binh), Tran Chi Hba, Truong Vinh Lam,
Pham Hong Thai (NK, Quang Binh), Nguyén
Khde Hoa (Béie Ninh), Hoang Xuén Tuyén,
Nguyén Huong, Nguyén Van Quang, Lé Van
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Lung, Trinh Hitu Trung (Thanh Héa), Ho Lé
Viét Trung, Nguyén Duy Lap, Phan Anh Huy
(LQD, Da Né&ng), Ngé Xudn Ha (Quang
Ngai), Pdang Ditc Hanh, Ho Sy Ngoc (Nghe
Anb), Nguyén Ditc Manh, Pham Quang Vinh
(Ha Noi), Lé Anh Minh (TP HCM), Hoang S¥
Hing (Béac Thai), Dinh Trung Hoang (Hué),
Ha Duy Hung (Hai Phong)
NGUYEN VAN MAU
Bai T7/233 Cho da thie :
flx) =24 +4x3 - 22 —12c +1.

|
HaytinhtbngS= ) —5 5
= j§| (I;z T 1)2

nghiém va x, la nghiém ciia da thite flx).
Lisi giai Cach 1 (cta ban Nguyén Dinh
Trung 12a, Bim Son Thanh Hoéa).
Ta co f(x) = 0«
o @? +20)2 -6 +2x) +9 =8«
(a2 +2x -3)2 =8«
2Z+2%-3+Y8=0 (1)
—>
2+2x-3-VY8=0 (2
Got x|, x, ]a nghiém cta (1) va x5, X, la

ddonlasé

nghiém cua (2). Khi dd x;, x;, %3, %y la
nghiém ca flx).

: aZ+1 3 +1
Ta tinhSl= 3 =
?-1?2 (-1
2 w1 Zy2
+

T@-V8)(x -1 (4-V8)(r,— 1)’

(vi(x, +1) = (x, +1)2 =4 -V8)
L (@341 (k- 1)+ (245+]) £ i
~4-V8 [(x,—1) (x, = D)2 ]

Ditng dinh li Viet d& tim duge gia tri ctabidu

thiic trong mde vudng.
S e — 22V8)
154 -8 8

1 80 + 22V8)
Tu‘cmgtu82=4+ Sg——g—l.

S - 9
Cach 2. (Ciaban Nguyén Minh Phuong 11A
Hung Vuong Pha Tho)
Dé thidy
(~4)(-8) < 0, f(-B)f(~1) < 0
f(=Df(1) < va f(1) ft2) <0 . Vay flx) co 4
nghiém x; , x5, X3, Xy

¢ a2+r A g+

e -2 12x; —4x]

i=1

Khiddé S =

L & 1 1 1
2_2 [_E’i (x!-—q.? +:c£--.l-33) +T2_J:‘)

D& dang chiing minh dugc

L T
Ya # X; :izf;-t:-_'—-{; = —-HJ‘-E-
Do do : =,

e w7 Py +if’(-{3) _,_I_f_”,(ﬂrﬁ
=~%4 fv3) 24 f(-V3) 12 f(0) g
Nhan xét : Bai nay dudc nhiéu ban tham

gia giai, cd ca cac ban & PTCS.

Da s6 cac ban giai theo cach 2 (sit dung dinh

li Viét). Cd 8 ban cho dép 56 sai. Cdc ban sau

day cd loi giai tot : Ho S¥ Ngoc 10T Vinh, Tran

Hujnh Thé Khanh 12A Tra Vinh, Lé Trong

Vinh 11 Buon Mé Thudt, Nguyén Phan

Thanh 12T, Tién Giang, Nguyén Thu Thiy 11

Nam Dinh. Lé Diic Thinh 12A, Thanh Hda,

Vit Duy Tudn 11A Béc Giang, Phan Anh Huy

12A, Lé Quy Don Da Néng, Vi Tudn Anh 10T

Thdi Nguyén, Truong Vinh Lan 11CT Quang

Binh Dang Ditc Hanh 11T Nghe An.

DANG HUNG THANG

Bai T8/233 : Choba séthuca, b, ¢ thoa mdn
didu kién :a® +b? + ¢ = 2. Chitng minh rang :

1)fa+b +ec—abe] 2

2) [ o +b% +¢ —3abe[ <272

Lisi giai : 1) Tacd : 2 = al+b2+cf =
> a2 + 2be = 2be=be < 1. Vithé:

(a +b +c —abc)? =[a(l =be) + (b +o))° <
< [a? + (b + )21 + (1 —be)T] =

2(1+bo)1+(1—bey]=2(1+be) +
+2(1 —be)(1 —b2c?) = 4 — 2b%c*(1 —be) < 4.
Suyra:[a +b +c —abef < 2(dpcm). Dau"="
xiy ra khi va chi khi trong 3 s6 a, b, ¢ c6 mot s6
bang 0, hai s6 con lai bing nhau va bang 1 hay

-1.

9) Ta c6 : (a +b +c)? < 3(a” +b? +cd)=6
1 ;
=3 (a+b+c)2 < 3. Vi thé: (a3+bj+c'3—3abc)3=
= [(a +b +c)(a? +b2 +c2 —ab —ac —bo))?
(a+b+c)? — (a7 +b7+e?)12 S
: 2 ol

= (@ +b +¢)? [3—%(11 +b +.:]2]2 =

= (a+b+f)3[2 -~

=(a+b+c)’ [3 —é(a +b +c)-’] X
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1 6,3
i 2 v T 00 "
x[-‘% 2(a+b+c)]s_=(3) 8. Suy ra :
[a® +b% +c* —3abe] < 2V2 (dpem). Diu "="
a khi va chi khi : (EER T = O
xay ra khivac Lo ray Aue

Nhan xét. Cd rat nhiéu ban gii 18i gidi cho
bai todn va tét ci cdc ban déu cho 18i giai ding.
Tuy nhién khéng it ban cho 15 giai qua rudm ra.

NGUYEN KHAC MINH

Bai T9/233. Goi a, b, ¢ la d¢ dai cdc canh
ciia mét tam gidc o dién tich S; cdc duimg cao
va trung tuyén tiong ung la h,, hy, h v
m,, my, m. Ching minh rang :

Na+b+ez2 ‘;127 VS.

2) hymj + h,m? + hcmj =29 {3s 5.

Loi giai. (cta nhidu ban) 1) Dat
2p = a +b +c Ap dung bit d.ﬁng thite Cési cho
ba s6 duong, ta dude :

P’
(P-a)p -0)p-c) <55
Suyra:

4

§?=p(p ~a)(p ~b)(p —c) < 5
p= W‘U'—.S?, hay la ;

a+b+c=>2 {27VS
D&u ding thic x4y ra khi va chi khi p—a=
=p —b=p—c+a =b =c (Tam gisc la déu)
2) Taco:dm2 +2b° +2¢° —a = (b +¢)? -
4p(p —a)=m; = p(p —a)
Tuong ty : mg = p(p —b) vam2 = p(p —c)

Sl 10

Suy ra :
el ko UG T ey e sy
Mz =p7(p —a)(p —b)(p —c) = p8? (1)
Lai co :
282828 88% 2788
hahbhc '-'——5- T Gbc = ";T (2}

8
(viabe < Ep?—, theo B.D.T. Cosﬂ

T dd ta duge :
hnf +hym! +hm? > 3 - hhph mimim? =
=9 {ps7 (3)
Laivip = V27 VS theo 1), thay vao (2) ta
duge hymj +hym? +hom?! > 9 {35 {5
Diu ding thic x4y ra khi va chi khi dau
déng thife déng thoi xay ra d (1), (2), (3) va (4),

va do d6 xAy ra khi va chi khia = b = ¢, tam
~ gidc la déu.

Nhan xét. 19) Kha déng cdc ban tham gia
giai bai todn nay, trong ddé nhiéu ban 16p 9, c6
ca mot s6 ban lop 8 PTCS.

2°) Van con mot s6 ban khong chi ra khi nao
ddu ding thiic dat dudc.

3°) Ban Biti Manh Hiing, 16p 10A DHKHTN
- DHQG Ha Néi da phat bi€u va giai dung bai
todn tdng quat hon nhu sau :

Ching minh rang :

1 1l

1“:I a® + Bt +C"! = @ {?1 = N+)

P =4

29 h, m“'” + ftbm“'" +h m‘f” =

=S AS3*1 {3 (neN
Bai todn da cho ving véin = 1
NGUYEN DANG PHAT

Bai T10/233. Cho tit dién ABCD va mét
diém P sao cho :

PA? +BC? +CD? +DB? = PB2 + CD” +
+DA? + AC? = PC?2 + DA? + AB?2 + BD? =
= PD? + AB? + BC? + CAZ; !

Chiing minh rdng ton tai trong khong gian
mot diém M théa mdn :

AG} = BG:_. = CGj. - DG4 i
trong do G, , G,, G,va G, lan lugt li trong tam
ctia cde tif dien MBCD, MCDA, MDAB va MABC,

Lai giai 1. (Dya D
theo Ngo Anh Tudn,
10A, chuyén Toan
DHSP Vinh). Vi G,
la trong tam ti dlén
MBCD nén ta cd hé
thli’c

4AG,_AM+AB+

+AC +AD
Binh phuong vé B

A c

i —
- huéng hai v&, réi thay 2ABAC bdi AB?+ AC2—

— BC? va nhitng hé thic tuong ty, ta duge :
16AG] = (AM? + AB? + AC? + AD?) +
+HAM? + AB? — BM?) + (AM? + AC? — CM?%)+
+HAM? + AD? — DM?) + (AB? + AC? — BC)+
+(AB? + AD? - BD?) + (AC? + AD? - CD?).
Rit gon, ta duge
16AG] = 5(AM? + AB? + AC? + AD?) —
— (MA? + MB? + MC? + MD? +¢6), trong dé o

la tdng binh phuwong cic canh cta td dién
ABCD :

0 = AB°+ AC°+ AD’+ BC2+ CD>+ DRB2.
Twong tu nhu trén :

(1)
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16BG3 = 5(BM? + BC? + BD? + BA?) -
—~(MA? + MB? + MC? +MD? +0) (2)

Déi chigu (1) va (2), suy ra (dé y dén cdc hé
thate (*) nita) :

AG, = BG,<=MA? - MB? = BC? + BD* -

~(AC? +AD?) = — (PA2-PB?%); ()

Tuong tu, ta dude :

BG, = CGy+=MB? — MC*> = CA’ +CD? -

— (AB? + BD?) = —(PB* -PC%); (i)

CG; = DG, +=>MC? - MD? = AD* + BD’ -

— (BC? + CA?) = — (PC? —PD?);  (iii)

Dé ¥ rang méi ding thic (i), hoac (ii), hoac
(iii) bigu thi mét quy tich cia M la mot mat
phang, lan lugt vudng géc véi AB, BC va CD (0
moét diém xac dinh). Cu thé nhu sau :

{M | ()} 1a mat phdng x (AB) L (AB) d M,
xac dinh

{M | (i)} 1a mat phang x (BC) L (BC) 6 M,
xac dinh

(M| (i)} 1a mat phangz (CD) L (CD) 3 M,
xacdinh :

Tit dd suy ra :

(**) &M = 7(AB) N z(BC) N 7(CD)

Diém M phai tim la xdc dinh va duy nhat vi
AB, BC va CD khéng déng phing.

— Ngoai ra, ta cd nhan xét thém sau day vé
méi quan hé giita cdc diém P va M phai tim.
Ciing tir hé thie (i), ta thdy rdng :

{P| ()} la mat phang x’ (AB), d6i xiing vdi
7 (AB) qua mat phang trung truc ¢t [AB] cila
canh AR, va do do, déi vdi & (AB) qua tAm O
mat cdu ngoai tiép ti dién ABCD : P € n’ (AB)
= D,(n(AB)). Cing vay P € =’ (BC) =
D, (x(BC)) va P € n’ (CD) = Dy,(n(CD)). Tit dd
suyra: P = D,(M), cingticlaM = D,(P); M
ddi xing voi diém P qua tam O mit cdu €
(ABCD).

Nhan xét, 1°) 88 cac ban tham gia giai bai
toan nay khong nhiéu. Tuy nhién, rit dang tiée
6 3 ban giai sai va hai ban khac da micsai ldam
gigng, nhau ; chiang han : tit ding thic
AB(OP +OM)=0 suy ra : OP+0OM =0
(1t Cén luu ¥ cédc ban ring tit
2 —bl = @+B@ - =0vsiazovab=o
chi c thé két ludn duge a’+5 @ — b5 ma théi.
2°) S6 con lai da cho 13i giai hdu nhu giéng nhau
biing cdch ching minh rAng di€ém M cén tim d6i
xting v&i P (thda man cdc diéu kién (*)) qua tdm
O mat ciu ngoai ti&p ti dién da cho. Chang han,
ban Ngé Anh Tuéin va nhiéu ban khéc dd ching
minh diéu dd nhu sau :

AG, = BG, => AM? — BM? = BP? - AP’ =
AM? + AP? = BM? + BP?

«>2(AM2+AP?) — MP? = 2(BM? + BP?) - MP*
<40A? = 40B°

«s0A = OB (trong d6 O la trung diém cua doan
thang MP).

Ching minh tudng ty, ta dude :

AG, = BG, = CG; = DG,;=0A=0B=0C
— OD «Trung diém cua MP trung vdi tam O
mat cdu € (ABCD) =M = D(P).

39) Cdc ban hay doc k¥ dé todn mot ldn nia
sé thdy lap luan nhu trén chua 6n. That vay,
chiing minh trén mdi chi ndi lén mot diéu la :
Su ton tai cia di€m M phu thubc vao su ton tai
cia di¢m P. Chinh vi vay, trong 1oi giai 1 dua
ra & trén, da chi ré cdach dung truc tiép diém M
(hodce diém P) mot cach cu thé.

4°) C6 thé thiét lap hé thuc (1) nhanh ching
hon bang cdch sit dung cdc cong thic Lagrange
va Jacobi (Tt dé ta duge ngay (1)) :

MA2 + MB2 + MC? + MD? = GA® + GB’ +
+GC2 + GD? +4GM? ; YM

1
:35+4MGZ

59 Ban Biii Manh Hing, 10A Toin
DHKHTN - DHQG Ha Noi da phat bidu va
giai dungbai todn téng quét hon bang cach thay
cic dinh ctia mét ti dién bdi mot hé n diém A,
nAm trén ciing mét mat cdu (n = 4).

6°) Sau day la mot 18i giai khac (loi giai
vécto) cna bai toan.

Lai giai 2. Goi O, G va Z lan lugt la tam mat
cidu € (ABCD), trong tAm cua ti dién ABCD va
trong tam ctia hé 5diém { A, B, C, D, M} . Thé
thi ta e6 cac hé thic sau :

— = s — ot —

OA +40G, = OB +40G, = OC +40G, =

- —
= 0D +40G,
— — - e — —
=0A+0B+0C +0D +0OM = 50Z.
T dé suy ra 5 doan thang

AG,, BG,, CG;, DG, v MG déng quy d Z va
dong thai ta cd (AG,, Z) = (BG,, 2) =
=(CG3,Z)=(DG'4,Z)=(MG,Z)=—-4

Az Bz CzZ _DzZ _MZ_4
AG; BG, €&, DG, MG 2
T dosuyra:
AG, = BG, = CG; = DG, «>AZ = BZ = CZ
E 4 i —»
=DZﬁZzO#—=ME=EﬁGM=5GO

<0 1a trong tam cta hé 5diém { A, B, C, D, M}
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= M la tim ty cu cha hé diém
A(-1),B(-1),C(=1),D(=1),0(5).

Dang thie GM = 5GO khoéng nhiing ndi lén
su ton tai va duy nhit cia di€ém M thdoa man
cde diéu kién (**) cla bai todn, ma con chi ra
cach dung rit cu thé va don gian vi tri hinh hoc
ciadiém M cdn tim : M = V(0) ,anh ctia

G, k=5
O trong phép vi tu tam G, tis6 k = 5.

7°) Cuéi cling, ciing phai ndi thém ring :
Thuc chat bai todn nay la mot bai todn dung
hink tuy hinh thic phat bigu dusi dang ching
minh su tén tai. Chinh vi vay, viéc cho diém P
thoa man cdc diéu kién (*) tham gia vao trong
dé todn la thita. Tuy nhién, cac diéu kién (*) vé
di€m P cho ta bi&t thém mét tinh chét ctia diém
M ndi trong bai toan ctda ta : M = D,(P).

- Khéng thay ban nao ban khoan khi sit dung
dén di€m P ndi trong dé todn, duy chi ed ban
Nguyén Minh Phutong, 11A truong chuyén Hung
Vuong, Phia Tho ¢ nhan xét ring : Cg thé
ching minh su tén tai va duy nhit cia diém P
thda man cdc diéu kién (*) ndi trong dé toan.
Nhung tiéc thay, ban Phuong da cho 13i giai
khong diing phdn nhan xét nay. Tuy nhién, ban
Phuong dd manh dan dé nghi sita lai dé (Trong
dé todn khéng céin thiét phai cho diém P tham
gia vio ma van giai duge). R4t hoan nghénh
nhitng nhén xét nhu trén cia ban Phuong va
mong cdc ban khac ciing dao sau, khai thdc mot
bai todn nhu ban Phuong. Nhu thé, viéc hoc todn
clia cdc ban sé tién bé nhiéu trong viée rén luyén
tu duy logic, va dat tdi : "hoc mot, bigt muai®.

NGUYEN DANG PHAT

Bai L1/233. Tt hai diém A va B cach nhau
100m, xe 1 va xe 2 citng xudt phat véi ciing van
tocv; = v, = 10m/s. Xe I di theo huéng hop vai
AB goc 60°, Biét riing 2 xe sé gap nhau ¢ C. Hay
xac dinh

— Hudng chuyén dong ciia xe 2 ;

= Thoi diém 2 xe gap nhau ;

= Toa dé diém C.

Hudng dén giai. Chon hé truc toa do Oxy,
co gbc O trung A, truc Ox trung véi AB ; ldy gée
thoi gian ¢ = 0 1a luc hai xe xust phat, Viét
phuong trinh chuyén déng ctia hinh chigu hai
xe trén cde truc toa do 1x; = 10. (cos 60°) ¢ g
= 10. (sin 60°) ¢ :

X, = 100 - 10 . (cosa) ¢ 3¥, = 10 . (sina)t

(Véi « 1a goc giita hudng chuyén dong cua
xe 2 vd AB) ]

Hai xe gdp nhautai C = X =505 ¥ 0 = Voo
Suy ra a = 60°, ¢t = 10s va x, = 50 (m)
y. = 5003 (m) '
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Nhin xét : Cac em cd 10i gidi ding va gon :
Lé Tuén Thé Duy, 11 Li, chuyén Lé Khiét,
Quang Ngai ; Hoang Tudn Vinh, 10F, PTTH
Lam Son, Thanh Héa ; Nguyén Thi Phuong
Uyén, 7 chuyén Nghia Hanh Quang Ngai ;
Nguyén Trung Ding, 9 Li, Tran Dang Ninh
Nam Dinh ; Vo B4 Thi, 9A PTTH Bén Tre :
Trén Thanh Tho, 9b, chuyén Yén Lae, Vinh
Yén ; Nguyén Trong Tran Hoa, 11 LI, PTNK
Quang Binh ; Trinh Quéc Chung, 9A Nang
Khigu, Quynh Luu, Nghé An ; Duong Minh
Ngoc 11A,, PTTH Nguyén Tran, Hoai Nhon,
Binh Dinh ; Ninh Van Tuén, Nang khigu thi
x4 Tam Diép Ninh Binh.

: MAI ANH

Bai L2/233. Mot dién tich diém g =
+2.107%¢C ditng cach mét tdm kim loai phding
néi ddt mot khodng a = 3em. Hay xdc dinh lize
tuong tac giita dién tich g va tdm kim loai dé
khi ddt chiing trong chan khong .

Hudng déin giai. Do cAm uing tinh dién, hai
bé mat tdm kim loai xudt hién cdc dién tich
bang nhau va trai ;
ddu : B& mat 1 dai
dién v6i g =xudt Ore
hién dién tich am, « 2 -
con bé mat kia .
mang dién tich
dugng. Nhung do T i Al 8 e}
tAm kim loai ndi +q ; -q
dit nén bé mat 2 ; .
trd thanh trung
hoa dién. Két qua
1a gitta tdm kim L
loai (bé mat 1) va dién tich cd e hit. Ta&m kim
loai néi dat trd thanh mat déng thé, cd dién the
bang khong ; diéu nay gidng nhu dién tich +y
da lam xuét hién mét dién tich —q déi dién véi
nd qua tdm kim loai. Va tuong téc giita dién tich
g vdi tdm kim loai ed th& duoe coi nhu tudng
tac gilta hai dién tich g va —g & cach nhau mot
khodng r = 2a. Vay lue tuong tic giita g va tam
kim loai 1a luc hit, co d6 16n

q2
F=9.10" —=103N
: da?

Nhan xét. Cac em cd 19i giai gon va ding :
Tran Mai Sen , 11CL, PTTH nang khi&u
Quéng Binh. Phan Vén Dite, 11 Ly, PTTH
Phan Boi Chau, Vinh (Nghé An) ; Lé Dodn
Cuomg, 11A,, PTTH chuyén L& Quy Dén, Da
Néng ; Hoang Duy Khang, 12F, PTTH chuyén
Hung Vuong, Viét Tri, Phi tho ; Nguyén Xuan
Ha, 12H, PTTH chuyén ban s6 1, Dic Pha,
Quang Ngai ; Dam Hau Thu, 11L, chuyén

‘Luong Van Chdnh, Tuy Hoa, Pha Yén,

MAI ANH
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j\ =53
PE RA KI NAY
CAC LOP THCS

Bai T1/237 : Cho 56 A ¢6 1997 chit sé trong
d6é ¢é 19986 chit s6 5 v mot chit s6 khac 5. Hoi
A6 thé la s6 chinh phitong hay khong, tai sao ?

NGUYEN DUC TAN
(TP Hi Chi Minth)

Bai T2/237 : Gidi phuong trinh :

19 + 10x* — 1422 = (502 — 38) VaZ —2
NGUYEN HOTU DU
(Nghé An)

Bai T3/237 : Cho n s6 duong x|, x,.
€ N, n = 3). Chitng minh : o

x (n

b b

X, Xq Xy
e o + T i =
x, tx, X +J:3 X, X,
xn =] xn n
+ = — X

+x, 2

.In—2+xﬂ Ty —1
3 [2 e Tyl TRy L, TE) v 1]
(xp: +I2}(Il +13) (‘xn‘l +I|]
NGO VAN THAL
(Thdi Binh)

Bai T4/237 : Gid sit AA’, BB, CC’ la edc
duong phan giac trong ciia tam gide ABC, Goi
L la giao diém ciia AA’va B’C’, K la giao diém
clia CC’va A'B’. Chitng minh rdng BB’ laphan
gidc ciia goc KBL.

LUL XUAN TINH
{Thanh [{da)

Bai T5/237 : Cho tam gidc ABC ¢6 goc B
bang 30°. Dung vé phia ngoai clia tam gidae mét
tam gide déu ABC. Chitng minh rang :

BD? = AB? + BC?
NGUYEN DE
(Hdi Phing)

CAC LOP THPT.

Bai T6/237 : Cho ddy s6 a;, a, a;.. théa
man:a; =1,a,=3 a,.,=(n +2a,-(Mmt
+1)a, ; vdin = 2. Tim tdt cd edc gid tri ciia
ndéa, fa 56 chinh phuong.

NGUYEN KHANH NGUYEN
(Hedi Phong)

Bai T7/237 : Ching minh rdng ¥Va,, a,, ..,

a, >0vax,x,..x, €Rtacébdt dfingﬂ'i’ﬂc sau ;

Z
= (kg +x, +.. +x )" <
m+1 m+1 2 i

al a’u le! xﬁ xrl
( +.+ )x(-—+—-——+_..+—! )
§ —ay 5§ —a, alln a.-f: ﬂ’:ij

10

VYm,n €N, m,n = 2vas=q ta, +..+a,

B TRONG KIEN
{Nind Birih)

Bai T8/237 : Tim phiin nguyén cia s6 S xadc
dinh bdi :
an 2 3 2
R el il e S
S =tg ?+tg"',?+2<tg = +18 .7)
TRAN TUAN DIEP
(Ha Noi)

Bai T9/237 : Ki hiéu m_, my, m_la do dai
cde trung tuyén dutge ké tdi cac canh titong ung
a, b, ¢ ciia tam gide ABC. Chiing minh rang :

1) ARt i + o = 23

m, my m,
m, My ny W3
= a ' b o c e
~ TRAN XUAN DANG
{Nam Dinh)

Bai T10/237 : Goi G, la trong tam mat d 61
dién voi dinh A; cia 1t dién A;ASAA Ml
mot diém bdt ky trong khong gian va goi M; la
diém déi xung cita M qua G,. Chitng minh rang
cic duong thang A; M, dong quy (i = 1,4

- TRAN DUY HINH
(Binh Dinh)

CAC DE VAT LY

Bai L.1/237 : : B
Cho hé co nhu
hinh vé. Ban
dinm,duge giit
cd dinh d dd cao
h so vdi mat dat.
Sau dé tha cho o l h

my

hé théng chuyén
dong khong van téc ban dau, m, trugt trén mat
phdang nghiéng voi hé s6 ma sdt K.

a) Tinh van tée Vciia m, khi né sAp cham dét.

b) Tinh sic cang T ctla soi day.

Khéi luong ciia day néi va rong roc khong
dang ké, i

NGUYEN VAN MINH

{Oudng Ngai)

Bai L2/237: Er R,
Cho mach dién 1h p—
nhu hinh vé R, R, R,
= 14r, R, = 4r, " P ——8
R, =18, R, =
9 R, = r. BS [;lﬂ“- o
qua dién trd ciia @ L
déay néi khéa K. %

Khi K dong R ¢6 cong sudt tiéu thu cuc dai va
(A) chi 2. Xdc dinh s6 chi (A) khi K md.

LAI THE HIEN
(Thdi Binh)
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FOR LOWER SECONDARY SCHOOLS

T1/237. Let A be a 1997 - digit number,
1996 digits of which are 5 and a digit is distinct
from 5. Can A be a perfect square ? and why is
it 7 :

T2/237. Solve the equation

19 + 10x* — 14x% = (5x° — 38) Vx% = 2

T3/237. Le be given n positive numbers
Xy, %5, .., X, (n € N,n = 3). Prove that :

II xz I."F

+.. 4

- + +
Xy * Ly 43 iy oy 5 Xy

-1 Xy .

+ =
+xl

")) .. (%, ;)

(0, +25) (xp Fx3) oo (- Hp) I]

T4/237. Let AA’, BB’, CC’be the inbisectors
of the triangle ABC, L be the point of
intersection of A’A and B’C’, K be the point of
intersection of C'C and A’B’, Prove that BB’ is
the bisector of the angle KBL.

T5/237. Let be given a triangle ABC the
angle B of which is equal to 30°, Construct in
the outside of ABC the equilateral triangle
ACD. Prove that BD? = AB? + BC2,

FOR UPPER SECONDARY SCHOOLS

T6/237. The sequence of numbers a;, a, ,‘
as, ... satisfies a,=1, a,=3, a, ., = (nt2)a, -
—(n+1l)a,  forn =2

Find all values of n such that a, is a perfect
square.

T7/237. Prove that for all positive numbers
@;,Q,..,a, for all real numbers
X;,%5, ..., %, (n € N,n = 2) and for everym €

N, we have the inequality :

+
1 y ‘I:rn 1 CI:::’ +17
n—] (x.!ﬂ:ﬂ-’- n)-£ ( s )
; fi Azt
2 2 2
xj 2 1
Gt i)
am ﬂgt a

where s = a; +a, +.. +a,.

T8/237. Find the whole number part of the
number S defined by :
3T

3 2n > 37
=tg"‘m7-—‘+tg4*?—+2( 7+tg 7).
T9/237. Dencte by m,,m,,m,  the

measures of the medians corresponding to the
sides a, b, c of a triangle ABC. Prove that :

a b ¢
AT e B et

1) ??la ?ﬂb ?'nf 5 zﬁ
m Ht nt

2) a 5 bb ) g 3f

T10i237. Let G;‘ be the centre of gravity of
the face opposite to the vertex A; of a
tetrahedron A A,A:A ;. M is an arbitrary point
in space, let M; be the symmetric point of M
about G;. Prove that thelines AM (i = 1,4)are

concurent.

VE CACH GIAI MOT DAl TOAN
THI HOC SINH GIOE 1999

Trong ki thi chen hoc sinh giéi toan quéc
1995 mon todn 1ép 9 cd bai todn : Tim sd tu
nhién k lén nhdt théa man diéu kién
(1994 1)\9% chia hét cho 1995%,

Co thé sit dung kién thitc vé phan nguyén
cuua mot sé d€ giai rdt ngén gon : Nhan thiy :
1995 = (3.5.7.19f = 3% . 5%, 7% . 19% do dg

_ chicdn tim 6 mii 16n nhé&t cha thita s6 nguyén

t6 19 trong s5 (1994 1)1995
56 md 16n nh4t cta 19 trong 1994 ! bing :

1994 R 1994
19 192
Suy ra s6 mi ldn nhat cda thita s6 nguyén

t6 19 trong (1994 11795 bang 109. 1995 théa
mén : (1994 )19 chia h&t cho 1995,

=104 +5 = 109

NGUYEN VAN VINH
(TP H& Chi Minh)
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Danh cho cdac ban chudn bi thi vao Dai hoc

TONG QUAT TU BAI TOAN QUEN THUOC

B4t ddng thic lugng gidc trong tam gidc la
mot chit dé hdp dan va ly thi. Nhung day cling
] néi lo cho rat nhiéu ban hiang nam khi budc
vao céc ky thi dai hoe. Trong bai viét ngan nay,
chiing ta cing tim hi€u thém vé mot sé bit dang
thifc ham tang va ham cotang. -

Bai toan 1 (I-a) Cho AABC nhon thi
tgA +1tgB +1gC = 33

(B6 dé thi DH 56 88 I1,)

A B &
(1-b) cho AABC thi tgj?- +.!‘g§ tigy > \E]

giai quyét (1-a) thi khong cd gi ddng ban.

nhung tit (1-a) cho ta
tgA . tgB .1gC) = 3V3 (2-a)

va tit d6 ta duge Min(tgAtgBtgC) = 3V3 <
A déu (D& thi s6 10 II, - B dé thi)

Tit (2-a) va b&t dang thic Cosi cho ta

tg?A +tg’B +tg?C = 33W(3W3)? =9 (3-a)

Tdng quat hda bai toan : Cho AABC nhon, n
€ N* thi ta cd :

tg"A +1g"B +tg"C = 3 X (3V3)" (4-a)

Nho (2-a) va bat dang thic Cosi ta duge
(4-a).

Dac biét vdin = 6 ta cd

tg®A +tgB +ig°C = 81

(D& DH Thuong mai 1996)

Néu ta dat —p=tgA+tgB+tgC =p < —3V3.

q = tgAlgB +1gAigC + tgBigC =

> SN {zAIZBECY. > 9

thi ta nhan duge bai todn :

Gia st A nhon tgA, tgB, tgC 1a 3 nghiém cta
phuong trinh

B+pxl+gx+p=0,q=1

thip < —8V3, ¢ > 1

(Dé thi HSG PTTH toan quéc 1988)

Tit bai todan (1-b) ta thédy cd rét nhiéu cich
chiing minh

Binh phuong 2 v& cta (1-b) thi duge bét

ding thic dang rgZ% + rgE% o 35.2% =
L L
E5l8q TI8GEG TEGEY
va nhu vy ta nhén dudc
C
Sg% +1ig % +f.g2§ 21 (2-b)

_ Lé duong nhién ching ta con nhan dugc tl
dang thic .

12

TRINH TUAN
(Tharnh Hda)

LS R LR
‘Egley g8y “Hpilg =

A B C 1

i P> 3-b
‘638383 < 33 e
Nhé bt ding thic (2-b) va bat déng thic

Cosi suy rong ta sé cd bai todn tong quat :
Cho AABC, n € N* thi :
A B C 1

2., e T T e -b

g% +ig¥'5 33’233:;41 (4-b)

Dédu = A déu.
That vay :
B

(655)" + (15%5)" + (1575 )" >
1

LA B ,C
g% +ig¥s +ighs
e B & Vi
i ( 3 ) = oan
ghﬁ y rang khi n = 3 thi ta duge :
tghs +g°5 +tg%5 = 5 Dilu = khi AABC déu

(Dé thi DHGico thong Van tdai 1996)

Néu biét két hop cdc bit dang thic nay lai
ta sé duge cac bai kha dep, chidng han nhds (2-b),
(3-b) : ;

, e LA

(.'_‘fh‘c:'!l A:;BC(; néu 2(;;,7 5 Higss g’y )

- (15185185 ) ‘= 57 thi A d6 déu.

Chéac rang dén day cdc ban sé nghi dén vige
téng quat bai toan nay. Hoan toan tuang tu cho
bai todn md rong cliia ham cotang :

Bai toan 2 : Cho AABC

(2-c) cotgA +cotgB +cotgC = V3

A B c
(2-d) cotgi +cotg~§ +cofg§ =33

Céc ban sé nhan duge cdc bt dang thic dep
nhu ham tang. Xin chic cdc ban thanh cong
trong ky thi vao dai hoc sap téi.

Céc ban hay luyén qua ba bai todn sau :

Bai 1: Cho A nhon ABC Chiing minh :

(tgAYs* x (tgBYs® x (tgC)C = (V3)*3 -

Bai 2 : Cho A ABC nhon Chiing minh :

tg°A +tg°B +1g°C
tgA +itgB +1gC 2
Bai 3 : Cho AABC nhon. Chiing minh :
tg®A +tg°B +ig°C
tgA +1gB +1gC > 0(3
(Dé thi HSG 16p 11 TP Ha Noi vong 2 1991 - 1992)
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GIO7 i bl SO

THAN DONG

Theo tir dién tiéng Viét "Than déng la dia
tré thong minh khac thuong cé nang khiéu dac
biét" vé mot linh vue nao dé. Trong lich sit toan
hoc da cd rdt nhiéu than déng, nhung trong
khuon khé han hep ctia mot bai bdo, ching t6i
chi ¢d thé gigi thiéu mot s6 trong cdc chan dung
cia cdc than déng toan hoc.

Cé6 1é chiing ta nén bat ddu tit C.F. Gauss
(1777 - 1855), nha toan hoe thién tai ngudi Dic
= f}ng Hoang ctia toan hoc, Ngay tit khi mai 3
tudi, tic la d cdi tudi "miu gido bé", Gauss da
boe 16 nang khi€u tinh todn chinh xdc. Tuong
truyén rang vao mot ngay thu 7, bé ctia Gauss
phai thuc hién mét bang thanh todn, lic lam
xong, éngdoc lai cdc két qua tinh todn etia minh
cho mét ngudi ban thi béng 6ng nghe thay tir
phia giuting tré c6 tiéng goi ciia Gauss, dia con
ba tudi clia 6ng :

Cha di, cha tinh nham réi, phai the nay mdi
ding co.,

Cha cia Gauss kiém tra lai cdc phép tinh va
thdy Gauss da tinh ding. Lén bay tudi, dén
trudng hoc, mét 14n Gauss da lam thiy gido
siing sd vi cau da tinh nhdm qua nhanh tdng
cdc s tu nhién tir 1 dén 100. Khi vao dai hocténg
hgp, ngay sau nam thi nhat Gauss da giai duge
phuong trinh X!7 - 1 = 0 va dua ra cdch dung da
gidcdéu 17 canh bang thude va com - pa. Sau nay
khi Gauss mét, theodi chue, nguditadakhiactrén
bia mé 6ng mot da giac déu 17 canh.

A.N.Kolmogorov (1903 - 1987), nha todn
hoc 1én cha Lién X6 (trude day), ngay tit khi 7
tudi, ong da phat hién rarang: 1+3 = 22, 1 +
3+5=3;1+3+5+7 =42 Nam 32 tudi
Kolmogorov la tién si toan - li, 36 tudi la vién
si chinh thitc Vién han lam khoa hoc Lién X
(trude day). Ongla nha khoa hoce tiéu bigu trong
diéu khién hoc hién dai. Trong linh viic ndy 6ng
cd nhitng tu tudng quan trong, gia thuyét doc
ddo va nhiéu tién dosn tdo bao.

Kolmogorov dac biét quan tam téi viée phat
hién va béi duéng nhiing nang khiéu toan hoc
tré. Ong cd rdt nhiédu budi ndi chuyén va giang
bai cho hoc sinh trung hoc. Ong 1a mét trong
nhitng ngudi sdng lap ra truong phd thong
chuyén todn li gianh cho cdc hocsinh trung hoc
c6 nédng khidu vé todn va vat Ii. Trudng nay
duge dat tai Dai hoc Téng hop quée gia mang
tén Lomonosov. Kolmogorov con la sang lap
vién cta tap chi Co hoc luong tir (KBAHT), tap

TOAWN HOC

TRAN VAN NHUNG

PHAM VAN HUNG
chi danh cho hoe sinh yéu thich todn va vat li.
Ong da lam pho tong bién tap td bao nay tit khi
sdang lap cho dén khi ti gid cude séing va todn hoe.

Khi ndi vé cac thian déng toan hoc, sé khigm
khuyét néu khong nhac dén cde than déng todn
hoe etia Hung - ga - ri, mét trong nhirng dat
nudc cd nhiéu thian déng todn hoc trén thé gidi.
Mot nha todn hoc ldn da phan tich nguyén nhan
"giau" than déng cta Hung - ga - ri nhu sau :
day la ddt nudc cd truyén théng toan hoc lau
dai, todan hoc duge giang day trong trugng phd
thong gin tram nam nay, cac ki thi hoc sinh
gidi todn da cd thaim nién hon 75 nam, nhu ki
thi mang tén E-6-v6t Ku-ro-sac. Gin day cac
ki thi hoc sinh gidi do dai truyén hinh t& chite
déa thu hit duge nhidu ngudi xem, cde thi sinh
tham du ki thi phai tra 13i cdc cAu héi rat 14t léo
trong vong 2 - 3 phit, tham gia ban giam khao
c6 cac nha todn 16n clia Hung-ga-ri. Chinh su
quan tadm clda quéc gia va dan toc tdi nhitng hoe
sinh ¢d nang khiu vé toan hoe da lam cho dit
nude Hung-ga-ri cd nhiéu nha todn hoe.

Paul Erdos la mét trong nhitng nha tosn hoe
vacingla than déng ndi tiéng Hung-ga-ri, ng
sinh nam 1913. Ngay tir khi 3 tusi, éng da co
thé tinh toan chinh xdc véi nhitng con s6 kha
ldn. Theo Erdos, hai trong s6 nhitng phat minh
16n nhét clia doi 6ng la : khi lén 4 tudi Erdos da
nei vdi me 6ng rang néu ldy 150 trit di 250 thi
sé duge 100 dudi khong, va lén 5 tudi ong da
tinh dugc thoi gian ma t4u hda cén cd dé chay
ti qua dat lén dén mat trai. Nam 18 tudi Erdos
da dua ra cdach ching minh dinh li Tré-bu-sép:
luén cd mét s6 nguyén t6 giita n va 2n.

Erdos la mét nha "truyén gido" khéng mét
moi cho todn hoc. Ong la tdc gia hoac dén g tac
gia cua 1500 bai bdo, va cdng tdc véi cde nha
todan hoc nhiéu hon bat e ai trong lich stt khoa
hoc. Ong rat quan tam diu dit cdc than déng
toan hoc va khoi goi nhiing y tudng todan hoc
cho ho. Duéi day la nhitng than déng toan hoc
cd quan hé it nhiéu véi Erdos.

Posa mét than déng da trd thanh gido vién
cua nhitng hoc sinh yéu toan. Khi Posa chua day
12 tudi, trong mét bita an, Erdos da ra cho cau
bé bai todn sau : "chiing minh ring néu cd (n +
1) 86 nguyén duong nhé hon hoac bang 2n thi
trong dd ludn cd 2 s6 nguyén t8 cing nhau". Dé
dang ching minh duge rang dinh li khong con
ding cho trudng hgp n s6, vi néu ban Iy boi ciia
2 thi khong 6 2 s6 nao trong ds la nguyén to
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cing nhau. Thuc ra mdy nam truée do Erdos
da ching minh duge bai todn nay, nhung ong
ciing phai mét 10 phit dé tim ra 15i gidi ngén
gon. Posa an sip va sau dd ndi : "Néu ta co (n+
1) s6 nguyén duong nhd hon hoac bang 2n thi 2
trong s6 do sé la s6 nguyén lién tiép va do do
chiing nguyén t6 cung nhau". Erdos da rat xic
déng va ong danh gid sy kién nay ngang vdi viec
Gauss tim ra tong ctia cicsé nguyén tif 1 dén 100.
Sau dé Erdos da ra cho Posa cdc bai todn sau :

1. N&u ta 6 mot d6 thi 2n dinh va (n? +1)
canh thi ng ludn chita mot tam gide (dayla truong
hop déc biét ctia dinh i Turan noi tiéng).

2. Cho moét chudi vo han ma s6 hang thi n
ctia nd dude xac dinh nhu sau :

Tit s6 1a 1, mAu s6 12 boi s6 chung nhé nhat
clia céc s6 nguyén tif 1 dén n. Ching minh rang
téng ciia chudi d6 1a mot s6 vo ti.

Erdos nhan xét ring viéc chiing minh hai
khang dinh trén la khong khé nhung mot ciu
bé 12 tudi ma lam duge thi thit ddng ngac
nhién. Khi Posa 13 tudi, Erdos da giai thich cho
cau dinh lf Ramsay véi truting hop k = 2. Dinh
li dugc phat biéu nhu sau :

Gia st ta cd mot dé thi vo han, khi do nd sé
chia hodc 1a mot dé thi vo han ddy dd hoac la
mot tap hop doc lap vo han, ndi mot cdach khac
14 tén tai mot tap hop vé han sao cho bat ki 2
trong s6 cac dinh nao cia nd cing két hop duge
hodc khong cd bat ki 2 dinh nao ctia nd két hop
duge. Phai méat 15 phiat d€ Posa hiéu dugce bai
toan, cau di vé nha, suy nghi vé bai toan subt ca
chiéu t&i va da tim ra 13i giai trude khi di ngu.

Bai bdo ndi ti€ng nhit va duge trich din nhiéu
nhét cia Posa viét vé cdc duong Hamilton, Posa
viét bai bdo nay khi cau vita 15 tudi.

O Hung-ga-ri, tré em hoc 8 nam tiéu hoc va
4 nam trung hoc, cd cdc trudng trung hoc
chuyén todn gianh cho hoe sinh c¢é nang khiéu
vé todan. Posa da vao hoe trudong nay va ciu rat
thich. Posa cho Erdos biét rang trong 1dp cd cac
ban nam giéi todn sd cAp hon cdu, mot trong sé
nhitng ngudi dd 1a L. Lovasz. Hién nay Lovasz
la ngusi thanh dat nhat trong s8 cdce thin dong
todn hoe ctia Hung-ga-ri, sy nghiép ciia Lovasz
khéng bi gian doan nhu ctia Posa. Lovasz bat
ddu su nghiép khoa hoc hgi muén & tudi 17 (so
vdi Posa), nhung da rdt xudt sic trong linh vie
toan t6 hop. Anh 12 ngudi ddu tién dua ra phép
dung d6 thi d&i véi s6 sac sai lon tiy ¥ va chu vi
l¢n tuy ¥. Lovasz da tim cach giai bai todn nay
tit khi hoe truding trung hoc va dé ra phép dung
rit khéo va kho. Lovasz da trd thanh mét trong
s8 cdc nha toan hochang ddu, cong trinh nghién
ctiu ciia anh vé hop s6 va vé khoa hoc mdy tinh
sé tén tai hang thé ki, cong trinh nghién ciu vé
xdc suft cing rdt quan trong. Vg anh, Kati
Lovasz ciing la nha toan hoc nhung thién vé
Hinh hoe, chi cé mot s bai bao viét chung véi
Erdos. Cé mot giai thoai vé déi vg chéng nay :
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Khi Lovasz vao trugng trung hoc chuyén toan,
cau va anh ban hoc ciing theo dudi ¢d con gai
ba chii nha (ciing hoc todn), hai cdu dé nghi co
bé lua chon, cd bé ndi rang "Toi sé chon nguoi
néo chiing minh duge thuyét Riemann® va co
chon Lovasz, ¢o da trd thanh Kati Lovasz.

Pelikan ciing la m6t trong céc hoc sinh duge
Posa danh gia la gidi toan so cdp hon minh.
Pelikan nghién citu chii y&u vé li thuyét dé thi.
Nhitngai da cd mat tai cuc hdi thao vé li thuyét
d6 thi & Tihany nam 1966 chéc con nhd anh,
khi dé Pelikan vita t6t nghiép trung hoc, anh
da trinh bay céc két qua nghién citu ciia minh
bang tiéng Anh, cic két qua duge trinh bay rat
tinh thong va mach lae, khd ai ¢ thé tin rang
dd 1a cdc bai gidng ddu tién cta anh.

Con rdt nhiéu, rit nhiéu thian déng nita ma
chiing toi khong thé va ciing khong di kha nang
dé tim hi€u hét va gidi thiéu voi cac ban. Dé la
mét cong viée tha vi cia cdc nha bién soan £
dién Danh nhan. Diéu ddng ndi d day la tit ca
cac than déng déu say mé todn hoc dén muc khd
ta, ho cd thé nghi vé toan, tim 1&i giai cho bai
toan ngay ca trong bia an, khi di choi lang
thang va cd thé ngay ca trong gidc ngl (ai ma
biét duge). Mudn trd thanh ngudi tai trong bat
i linh vuce nao, diéu kién cdn la ban phai say
mé linh vuc dd, va phai ddu tu nhiéu thoi gian
cho nd.

Khong phai tit ca cde nha todn hoc déu da
tiing la thin déng, va khong phai bét cu than
déng todn hoc ndo ciing trd thanh nha toan hoc.
Vi vay chiing t6i xin chiic cdc ban tré yéu toan
(da ting hoac chua ting la thdn déng todn) trd
thanh cdc nha todn hoc ndi tiéng co nhiéu cong
hién va mang lai niém tu hao cho Dit nude.

PINH 1Li4DIEM... (Tiép theo bla 4)

4. Trén canh BC cia hinh vaong ABCD ta 13y doan BE =
BC/3, trén doan DC kéo dai ta 14y doan CF = BC/2. Chilng
minh giao diém cta AE va BF nim tréndudng tron ngoai Uép
hinh vudng ABCD.

(Thi vo dich Hungari 195])

5. Cho gt gidc ABCDE c6: A= B=90" ; AE = BC.

Chiing minh 3 dudng théng di gua 3 dinh A4, B, [ ldn lugt
wibng goe vdi cic canth CD, DE va AR diing quy.

KET LUAN

Mong mudin cla tdc gia sau bai viét nay 1 dude cac ban
yéu toan Ung dung dinh li 4 diém nhu 1d mot phudng phap dé
gidi quy& mdt 1dp cic bai todn chilng minh "hai duding thing
vudng goc”.

Chiic céc ban phat hién nhiéu bai todn hay khi st dyng
phudng phéap nay. ;

3. Cho hinh vudng ABCD, /14 diém bd ki trén canh AB (/
khac A va B). Tia DI cit tia C8 tai £. Dudng thing C/ ciit dudng
thing AE tai M. Ching minh rfing dudng thiing DE vudng goc
vdi duding thing BM.

(Thi chon hoc sinh gioi tp H8 Chi Minh 93 - 94)
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BE THI TUYEN SINH MON TOAN 1996

TRUONG PAI HOC XAY DUNG
(Thai gian lam bai 180 phiit)

Cau I : Cho ham 56 y=x3+mx2—9x—9m vdi
m la tham sé,

1) Tim nhitng diém c6 dinh ma dd thi ham
86 luon di qua véi moi gid tri ciia m.

2) Xac dinh m dé do thi ciia ham s6 tiép xiic
vdi truc hoanh.

Cau Il : 1) Cho phuong trinh

lx +1| +m|x—1] = (m +1WaZ =1 véi m
la tham sé.

a) Gidi phuong trinh khi m = 2.

b) Gidi va bién luan phuong trinh dd cho.

2) Gidi bdt phuong trinh

log: | . V2x-—2¢ =1

: 2
Cau II1 : 1) Gidi phuong trinh

: 1
cos’x + sin’x +§(cos3x + sindx)sin2¢ =
" = cosr +sinx

2) Cac goc A, B, C cua tam giac ABC théoa
mdn diéu kién :

' A C

cosA + cosB + cosC = siné- +sin§- + sing

ChitngminhrangtamgiacABClatamgidedau.

Cau IV : Ching minh cac bdt déng thite sau
1)e* > 1 +xvdi moix =0

1 1
E— 4 +
2)fe|+-f2dx> 4::

0

Cau V : Trong mat phdng véi hé truc toa dé
Deé cac vuong goe xOy, cho elip

2 2
Z +L —1vsta>b>0
a? b2

1) Goi E la diém tuy y thuge elip, ching té
rangb < OE < a.

2) A, B la hai diém thuéc elip sao cho OA
vuong goc voi OB, Hay xdc dinh vi tri A, B trén
elip détam giac OAB c6 dién tich lén nhét, nho
nhdt. Tim gid tri lon nhdt, nhé nhdt dé.

DAP AN

Caul (1,5 d). 1) (0,5d). Goi (x, y,) la di€m
¢6 dinh cdn tim. = m(x, - 8)(x, +3) = g
—9x, =y, = 0 v6i V m = Hai diém c6 dinh do
a(-3,00va(3,0

2) (1d). D8  thi cia ham &8
¥ =x3 +mx? - 9x — 9m tiép xtc véi Ox khi chi
khi phudng trinh 3 +mx? =9 —9m = 0 c6
nghiém kép <= (x +3)(x —3)(x +m) =0 cd
nghiém kép <sm = -3 hoacm = 3

e *

Cau IL Ia) (0,5d) (*) |x +1] +2|x -1| =
=3Vx’-1 dk x| =1 :

*Néux < -1 ()e=-3c+1=3x"-1<«
(—8x+1)?=9(x?~1) e=26x = 10e=x = 5/3 vo Ii

“Neux 21 ("e=k-1=3Vi2—-1 <
(8x — 1) = 9(x2 — 1) =61 = 10e=>x = 5/3. Vay
x = 5/3 la nghiém.

1b) (1d) Cdeh 1. (*) |x +1| +m|x— 1| =

=(m +1)Wx? =1 dk |x| = 1. Dox = 1 khéng
la nghiém nén

() =

1

t—(m+)+m=0vsit=

i

=m =
41 s
= \_‘I—I = 1 vd nghiém
= | S O P
= PR e nghiém néum =

( = ¢, theo *) hoac m < 0.
Xéet0sm#l=x+1=m2x-1 =

1 +m?
x= L tids man dk |x| = 1
m?2 -1

Két lugn : m < 0 hoac m = 1 pt vo nghiém,
1 +m?

m? -1

Céich 2. Dodk |x| 2 1= |x+1] |[x-1| =
x? - 1 nén binh phuong 2 vé clia (*) va rit gon
ta dudc phuong trinh hé qua (m?-1ux =
=m?+1.

*Néum = +1 hodcm = -1 thi pt v6 nghiém.

+ m2
1 ml hi€n nhién théa

ty
E ]
£

0<m=1nghitmx =

“Véim=#1,-1x =
7
mén dk |x| = 1 thay vao pt (*) :
24 2m(m +
VT = 2m2 _2m= iim + 1)
IIm - 1] |m? -1
+ 13| 2n
oy Dlan) e VT(*) = VP(*) khim = 0
|m2—1]
Két luan : m < 0 hoacm = 1 pt vb nghiém,
1 +m2

y YP(') =

0<m=1nghiémx = B
m — '
2) (1d) Diéu kién dé can thic cé nghia (**)

+ p—
4 2{5 hoac x < L 215. Khi dd co s8

PZ-x+1>1=

T

15
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(*resxl-x-2<0e=-1<x <2 K?_hclp
(**), nghitm cia (Y la -1 < x < —5—Vva

2
1+y3
2

&g

Cau III (2d). 1)x1d) ms—x-i-sln7x+—1-(caa x+

+sin x)xainZ:c cosx+siny cos‘x(cosxﬂmx}
+ sin®x(cosx + sinx) = cosx +sinx =
(cosx + sinx)(cos’x +sinc —1) =0

* cosr +sinx = 0 <=x = 3n/4 +Ax

** cos'x +sin® = 1 Do cos'x < cos’ vaf
sin”x < sin’x nén phudng trinh «=x = kn/2

2) (1d) Gia thiét

oA ] et
cosA + cosB + cosC = siny +sing +sing
2 2 2
A+B
Do cosA +cosB = ‘.?.cosT 231[1 {ddu
=" xay ra khi va chi khi A = B)
8
Tuong tu cosB + cosC < zsinri
B
cosC +cosd = 25in§ =
RS L
cosA + cosB +cosC smg + smi + sm§.
Dang thic xay ra khi va chi khiA = B = C
dpem.
Cau IV : (1, 5d). 1) (1d) Xét ham

flx) =e* =1 —x,f(x) = ¢ — 1ddiddutit-sang
+quax = 0= flx) dat min taix = 0= flx) =
e' —1—x>f(0)=0véiVx =0, dpem
1
Tt 1
2) (0,5) Stt dung 1) ta dugec el + > 1+—l-—

+x?
1.01‘0’.\:6[0 1]-—:-
1
ad 1 +—— :
J'el+s. x>f( T 4dpcm

Cau V :(2,56d). 1) (1d) Céch 1. Goi Efx, y)
tuy ¥ thube e]ip, khi dd (do b < a),

b bv _|L qbZ ﬂas‘:_ iyt =
OE < \‘x2+a 5&\‘—+— =a
h2

Cach 2. Diém E(x, y) tity y thudc elip, khiddé toa
dé (x, y) cua E cd th€ viét dudi dangx = a cosp,
x = bsinp = b < OF = Va’cos“p +b%sin’p <a

2)(1,5d) Cach 1. Goiy = kx 14 phuong trinh
dudng Lhang OA, khi do cd thé tinh OA (theo

2b2(1 +k2)

z Proh e S e
k) : OA- = 3 ot

Phuong trinh dudng thing OB : y = —x/k (k

a’b?(1 + k%
#0=>0B'= ——————
a? + kb2

)t:a!x=1+E

16

1 1 a?(l +kH? + (a2 —b%)%k*
0AlOB? atbi(1 + k%2
. 1 (az = bz]z k2 -
a’h? a%t (1 +kYH?
1 - Tulei 1
a2b?  OA20B>  4S%,,p
¢ (@2 —b2) k2 i
(1454 {1 AL kz)z a.j_bz .a-ibi 4
* Bat ddng thic thi nhit diu "=" xay ra <
ab
k=0, nhungdok # 0 nén S5 < EX Mat
khéc khi A, B 1a cdc diém tring véi dinh elip thi
b 4
%. Vay S,y dat max tai cac diém

ab
2

** Bat dang thic thi hai ddu "= x&y ra =
k*=1=5,,,pdat min tu’::rng tng vdi cac diém

Xét

Saoan =

trén elip (+a, 0) hoac (0, xb) va S . =

trén  elip

+r e * W) a
alh?

(a® +0%)’

Céch 2. * Gia sit A(x, ), B(x;,¥,) khi do

*2Xi

ab

2 min
I'l v'\'

Saoas = le,yz x| = abl ="

B X3
< ab —+J — +—
a= b..

hay S

= ab

ab . r -
= Spo48 <% 2 i khi va chi khi

x| = 3y, vAx, = —cy, mat khic do OA 1 OB

: 2
a
hay xx, +yy,=0 = yl_}rz( --b—2) =0 =

yy,=0=ABla cde dinh cha elip.
** S{t dung cac ki hiéu nhu cédch 1, xét

1 fEcz 1 1 a?+b?
———=2—-———€ + = ST
SE.OAB OA OB 0A2 0B? ah?

2p2
=8 f khi va chi khi OA = OB
a + b2
a%h(l +&? 221 + &2
=>0Az=_(_ﬂ R e
b2 + kla? al + kb2

hay o’ +k%2=02+k%? = kP=1
S 04 42t min tugng ing vdi cac diém trén elip
ab ab a’h?

£ , T - vas . = ————
S P s e )
DANG DINH BICH
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Pinh i 4 diém va cach chiing minh

TR N TR

DNC

NANRT L R

(hay md rong dinh li Pitago)

A MO RONG DINH LI PITAGO VA UNG DUNG

Chung Ll gui guen thude vardink i Pitago cho tim gise
wudng : Binde phyeorny canh i biling wng hinh pheeong hai
canit wic vtidng

Néu xem dinh i tage |G

Dinh Ii cho 3 digm :

Cho 3 didm ABC AR widng gic v AC e
AR + A0t = ped

vad ai eeny g coa dindt 13 didém
Chung minh goc BAC I goe vadng khi
AB% 4402 = pe?
thi b ca thé mid ring dinh 13 didm thimh
Dinh 1i 4 digm nhir san ;
Cho 4 didm A '.r: AC
AT+ D7 = 402 + el
O RUTH T n‘rnn;dm-l’r 1 didun

wihng goc vl 3 =

Churg nunh hai duong thing AC viy B VUONE o0 vl
nh:ws kg

AR+ = 4D 4 ped

K CHUNG MINI :

Vide imion chdng minh
dindy 0§ 3 oliden cang ¢ b ap
in, vi su da d; Ing Cua chc
Irthing hop can phiai xédén,
il Ling
buvic ching minh nhu s

i@ Cho tim gidic AR

A T duong

AR +HCE= g0 4
vit dac bidt hoa miot 1in

o the Ji

iy &=

1 FH B H [
[» Chodesin Ih."'mg AR K j

Hva K uen AR,
I = Kes 1A” + KB = K42 + i
U khi XCttradng hop tdng quir,
Sau diy B ciach ching
minh dindt I 4 didm ing ¥
phuing phip toa di &lb
Chon AC [ true hoanh,
Lo s Afa, 0 ;e (.
Chon dLMnb thiing vuong
oA diqua B lam gy

lung ta co o B0, b)), Goi

]

o, u_l., - A ol, m o
Chung minh - a =
Ta ca /!H': = rJ: + ,")ll \/

nj-=

=

che=(c —.-.ra): +nd = D

hl

3 3

=c=2cm +m= +p*
a . l ¥ 2
AR = (a —m)* + 0= = a* — 2am +m? + 12

BO? = b2 4 2

VO KIM LT
(e Firer )

AR + 0D = AD® 4 Bl e 2o = Jient
viAKC O néna 2 cdodam =10 hiwy 1) nAm ren ruc
tung

Miy 1 vunng goc v 1)

Mot si hé qui

Ches W gide ARCH T o

I Néu thng binh phuong hai canh déi dien cia g IKing
nhate thi had duing chéo vidng gac voi nhau vi nguide L

AC vuing goc BI) es AR+ = ADZ + 102

2 Nu:lnnl_ birh phong har canh doi didneds bl gide Wing
1ing hinh phucing he Ildl.itml.Lhu- thi it canhy ddi dicn con i
cu W grie vudng goe voi nhau vi nl_,mk laan,

AN vudng goe RC es A0S+ B2 = e w402

Nlhiin xét ring :

A RhiA = D i co dinh e pisigo cho tam gidie ARC vuang
Latl .

e Khe Y = 0 Laotege 13m iam g AR

H ol tnge am tam gide ARC o AT + 302 = 1ipl +
+ACT = e+ gl

o Mudin chidng minh b duong thing A0 vi B0 vadng poc
vidi nhe 4 chiing minh ABT 0D = 4D + Bt
C. MOT SO BAITOAN GIAI BANG DINH Li 4 DIEM :

Bavi todin 1 :

Cha tam gide ABC. Dieng cde sam gide ABCY, BCA CAB®
sder ol

AR =AC BA = BC v A = OR,

Clurng enidy cde diedrmg thilng qua cde didima B ¢ vadng
§O0 Vit cde canh BC, CA vd AR dinyg quy.,

Nhin xét :

B adn rdan ddv néw v dly dii cde .rnn‘rri;, hazp vy vu ol ¢
cAttng mand thee cdel tréng thiedmg ohi /i vde vd v dE ici
AL thte néw e sa g hrp

dl A" ching phfa hoge
whide phia ver A qua dieing
theng i,

by Clrdan diedny can 1
ctiad dhedrng can AH ciig
whde AR ¢a of el bén i,
g v B, bén rong hay bén
Pl doan B

Chiimg minh :

Goi 1 1 giao didm ciia
hai duding vuding goc Ax v
#y, Theo dinh i 4 didm 1a
oo

1B+ A = 102 4 g2 ()

HOP 4 AR + 1142 4+ o2 (2)
()+ Q) 1B + A2 = 1142 + BA2 3y (vi €A = (B
mi AR = AC v A = B nén

(3): B2 + A% = 1142 + g2
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do g6 theo dinh 1 4 diém ta c6 CH vaong goc voi AB hay
3 duding thing qua cic didm A B C vubng goe vai cic canh
BC, A va AR doing quy.

Biitodn 2 :

Cho hinht chix nhé ABCD. Puimg vudng gdc vai duimg
chén AC di qua D edt BC tai |,

Goi v F 1an hegt 18 trung diém ctia DCva 1

Chitng minh AE vudng goc véi DF.

Chirng minh ¢ =
& A el B

DADE=EC=xCF= r‘_ e e
FI=y,AD=BC=a Taco: al
AR =2¢ Bl =a— 2y BF = . p
{.\l n jl_ a-¢ .}.

ap dung dinh 1i 4 didm : .Y .

NI svubng goc AC = p B
AD2 +CP = DC? + AP

S L

7 P4 b ¥
= 4 + a4+ (@ - 2)* o et 4
et = day. P R
) N oo B

ol S |
Ta b A+ EF- =
e ] 2 el nl > el e ] )
= DEZ 4+ AF e a? 402 432 = 2 + 4 + (@ —y)*

et = 2av (2)

Tir (1) va (2) va ap dung dinh 1i 4 diémtaco:

AE vuiing goc vai DF.

Bii todn 3 :

Chor gt gide ABCDE cd :

AB = r1f:_:|__£fll ne, goc
ABC = AED = 90",

Goi I 14 rung didm cia
BC. Chitng minh AC vuing
wide vart DML

Ching minh : Ta c6 - :

= ;)
ICs + AD= =

= IB% + AEZ + ED?

= I8% + AB® + DC?

= A2+ DC?

Theo dinh 1i 4 diém ta €6 AC vusng goe vdi DI Chii § rding
wa khong quan 1ém dén ngi gide ABCDE [i, lam, den hodc
khang don.

. Qua ba bai todn trén day, ta thiy viée si dung dinh li 4
didm oo tu the ro rét doi vai cie bai loAn mi vide X1 1t ca cic
kha néing iy ra li phic tap v d& thidu sot (bai todn 1 va bai
tedn 3), ngoii ra phuong phap nay giap ta dinh hudng rd rang
cich gidi bai todn (bai 2 va cic bai luyén tap). D nhitn ta o6
thé st dung dinh 1i 4 diém vio vige ching minh kha Idn cic bai
todin chitng minh hai dudng thing vuting goc, ké cé cic bai 1odn
khong vubng goc.

MOT SO BAI TOAN LUYEN TAP :

1. Cho tam giac can ABC dinh A. Goi H 1a trung diém cia
BC. D 14 hinh chidu ciia H 1én AC. M 13 trung diém cha D,

Chilng minh AM vudng goc vdi BD

{Thi chon hoe sinh gidi Cén Thd)

2. Tam gidc ABC 06 diém O Ia tam dudng tron ngogi tiép
tam gidc, AB = AC, D la trung diém ciaAB va E la trong tAm
tam gidc ACD, Chiing minh ring OF vuding gac véi CD

(Thi vo dich Anh 1983)

{xem wép wang 14)
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Giai
CAT GHED HINH VUONG

Nhiéuban da tham gia giai va cd nhiéu "sang

kién" khéac nhau

(Ngé Qudc
Anh, 8 Toan. trudng
chuyén Nguyén Du,
Buén Ma Thuot, Dac |
Lic ; D& Quang N %
Khanh, 6A,, truong % . \
trong diém Usdng Bi,
Quang Ninh) Lai giai | e
dé hi€u tit hinh 1. e

Céc ban Trinh Dinh Hing, 9 Toan, Tran
Dang Ninh, Nam Dinh ; Lé Minh Tudn, 8A,
Quang Trung, Yén Bai ; Pham Thanh vinh, 6
Toan, Nang khiéu Yén Khanh, Ninh Binh;
Mai Lé Thuy, 159/1C, Binh Gia, Vang Tau ;
Pham Viét Khoa, 9 Toan, Tién Sdn, Bac Ninh ;
L& Thi Hai Van, 6E, Nang Khiéu Thanh Hoa ;
... ciing cd "tu tudng” giai nhu thé, nhung trinh
bay phuc tap hon.

Nhan xét : Khong cd ban nao dé y dén yéu
t6 thuc t€ : cdn phai nghi ra cach cat va ghép
ma s6 miéng gb bi cat ra la it nhat.

LE THONG NHAT

ddp bai

CHIA HANG

Ba khéach hang mudn chia nhau mét 16 hang
ma ho vita mua chung duge. Du céc loai trong
16 rit da dang nhung m&i ngudi déu tin rang
minh cd thé chia duge 16 hang dd thanh ba phan
déu nhau. Chi c6 diéu hai nguoi kia thi lai
khéng tin anh ta.

1) Vay ban hay cho biét ho phai hanh dong
th& nao dé phan chia dugce 16 hang dd sao cho
cA ba ngudi déu tin rdng minh da 18y dugc
khéng it han mét phan ba gia tri 16 hang.

2) Hay giai bai todn trén trong trudng hop
co n khach hang (n = 4)

NGUYEN CONG st

SAp chil tai TTVT Nha xufi ban gido duc
In tai nhi mdy in Dién Héng. 57 Gidng V6
In xong va ndp luu chitu thang 3/1997
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Hai nghin dong
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