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Danh cho cic ban Trung hoc co s

Vi mét bai todn, viée dinh hudng d€ tim ra
loi giai la mot cong viéc rat quan trong, dac biét
la v&i cdc ban hoc sinh 1dp '?, mdi dudc tiép xie
vdi hinh hoc. Khi ciae ban diing trude mot bai
tap hinh, dé ¢d mot dinh huang cho viée tim ra
loi gidi qua that khéng phai la mot cong viéc
don gian chit nao. Do dé téi mudn trao d&i ciing
cac ban vai suy nghi vé dinh huéng giai cac bai
toan "Tinh s6 do goc”.

Trudc hét ta d€ ¥ dén nhitng tam gide chia
nhitng gdc ed 56 do xde dinh :

1. Téng cdc gdc trong mét tam gidc bing
180”. Do do tam gidc cAn ¢d 1 goce cd s6 do xdc
dinh thi cdc gdc con lai cd s6 do x4c dinh.

2. Tam giac déu : 3 goc bang nhau bang 60",

3. Tam gidc vudng can : 2 géc bang nhau
bang 45° va 1 gde 909,

4. Tam gide vudng cd 1 canh gdc vudng bang
nia canh huyén thi gde déi dién vai canh gde
vuong dé bang 30". (Nita tam gidc déu).

Vay nén chang khi gap bai todn "tinh sé do
goc" ban hay nghi dén viéc tinh s do cta gdc
dd thong qua moi lién hé véi cde gde ctia mot
trong cac hinh chiia gdc cd s6 do hoan toan xac
dinh néu trén.

(Thuéing la ching ta xét mdi lién hé bang
nhau cia 2 tam gidc réi rit ra gdc tuong dng
ciia ching bang nhau).

Nhung trong bai cho lai khéng eé mot hinh
nao la tam giac déu, tam gidc can, tam gisc
vudng cd canh gde vuéng bang nita eanh huyén
thi sao ? Ban hay tao ra mét trong cac hinh do
dugc khong ? Toi cho rang vai suy nghi nhu vay
8é gitp ban vé duge nhitng dudng phu thich hop
dé& ban cd thé tim ra 1&i giai cua bai toan.

Sau day xin néu ra mét s6 vi du minh hoa :

1. Tinh s6 do gdc théng qua viéc phat hién
ra tam gidc vudng cd canh goc vuc‘:ng%ﬁng nia
canh huyén :

Vi du 1 : o
Tinh cdc gdc i ;\
cia AABC bigt ' /TN "N
rang dudng cao / - \\ & _
AH, trung . | \ }’\H
tuyén AM chia L S \“\\_
BAC thanh 3 2
goc bang nhau, i o

*Ve MK 1 AC.

AABM can d A (duong cao AH dong thoi la
phan gidc) — H la trung diém BM.

HM = %BM = %BC.
A vuﬁngj&HM =A vubngz}KM =HM = MK
Vay MK = 2 BC, hay MK = 5 MC :

S

L
H

DO GOCVOIHOCSINHILOP T

HA DUC VUONG
(Ha Nam)
Ta c6 AMKC 1a tam gide vuéng cd canh gde

i ~
vubng bing 3 canh huyén —C = 30°. T dd ta

tinh duge 4 = 90" ; B = 60". AABC da chocd 3
gc:A = 90"; B = 60°; C = 30,

Vi du 2 : Cho AABC, & mién ngoai ciia tam
gidce ta vé cac tam gidc déu ABE va ACF. H la
true tim AABE, I [a trung diém BC. Tinh céc
goc cua AFITH,

*TréntiaddicuatialH talay H 'saocholH =
IH’. AIBH = AICH (c.g.c)—=CH’ = BH = HA.

o~

C,=_HBI = B + 30"

= FCH’ = 860° - (C; +C, +C))
= 360" —(90° +B +() _
= 90" + 4, (AABC, A +B + C = 180°)
Do d6 AAHF = ACH'F (c.g) o
_AF =CF;CH’ = AH: HAF = 900 + 4 =
H'CF=FH = FH’. AFHH can 3 F.

-~

~ Mat khiac de 2 tam gidc_bang nhau nén
F =F;, ma AFC = 60" = HFH = 60° vay
Alb"HF déu. = AHIF bing nita tam gidc déu va
cdl=90°H=60°; F=30°.

2. Tinh s8 do gée théng qua viéc phat hién
ra tam giac vudngcan: e

Vidu1:Cho AABC ¢6 B =45".C = 120°,
Trén tia ddi cia tia
CB 1&5 diém D sao
che-CD = 2CB. Tinh
ADR

*C,va ¢, 12 2 gée
ké bu nén C, = 120°
= C,=60"ve DH 1L .
AC ta cd A wvubng. < |
HCD c.?' D = 3o° v{lyl I:'«I =
C'H:ECD : BC=§CD
¥y ACBHcana C. =
B, = 30°. Vay AHBD can 6 H.

TacdB, = 16°va 4, = 15" = AHBA can &
H. Vay-AHAD vubng cin 8 H. Tit d6 ta tinh
duge ADB = 45°+ 30° = 752,

Vi du 2 : Cho A ABC cd dudng cao AH ;
dudng phan giac BD, AHD = 45°. Tinh ADB.
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*VEBK L AC. Xét
AABH ecd BD la
dutng phan gidac
trong ; HD la duong
phén gidc gdc ngoai
dinh H = AD la
duting phan giac gdc
pgodi,. dinh A = B H c
A 1= Al—'\ —

Ma A, = KBH (gdc c¢d canh tudng Ung
vugng géek__ . e
= A, = KDB +B, (1). A, = KAB (d6i dinh)
— -~ .

KAB = D, + B, (gdc ngoai clia AABD tai A)
-—‘.‘rA? =AD1 +A,82 E‘?_,] =

_Vi A, =A4,;B =B, nén tit (1) va 2 =
KBD = D, = AKBD vubngcan tai K, vy KDK
= ADB = 45°.

3. Tinh s6 do gdc tRéng qua viéc phat hién
ra tam gide déu : H

Vi du L : Cho AABC !
vuong 8 A, B = 75°. Trén tia
d6i cua tia AB 14y H-sao cho
BH = 2AC. Tinh BHC.

* Trén cing nua maéat
phéing b¥ BC chia dinh A vé
tam giac EBC déu = E €
mién trong AHBC goi K la

di€m ciua BH. Ta cd
KBE = 75u - 60" = 150 =

AABC = AKEB (KB =AC; B
EB = BC; KBE= ACB = 159

= EKB = BAC = 90°. Ma K la trung diém
BH = AEHB can tai E. = EBH = EHB = 15°
vay BEH = 150°. Dodé CEH =150°=AEHC
= AEHB (c.g.c) (EH chung ; BEH = CEH =
150°: EB = EC = BHE = CHE = 15° Hay
BHC = 30°.

B Vi du 2. Cho AABC

vubng can 8 A ; Diém

E nam trong tam gidc

sao cho EAC = ECA
= 15° Tinh AEB.

* Trong AABC ldy

o cho KBA =

£ KAB = 15° = AKAB
= AEAC (g.c.g) =

A C = AE. :

——

KAE = 90° - 2.15° = 60°.

Vay AAKE déu.

ABAK = ABEK (cg0)  __

= BEK = BAK = 15° = BEA = 75°

4. Tinh 86 do gdc thong qua viéc phat hién
ra tam gidc cAn co 1 gde ¢a biét sg do.

Vi du 1. Cho AABC ¢6 A = 50°, B = 20°.Trén
dutng phan giac BE cla tam gidc ta 1y F sao
cho FAB = 20° Goi.Jla trung di€m cia AF, EI
cét AB tai K. Tinh KCB.

* CK cat BE tai M.

F, =4, +B, = 30° (gdc ngodi cia AFAB)

{ 1]

4,=300=F, =4, = AEAF can 6 E.
= AEF = 120°.
_ Trung tuyén AJ déng thdi 1a phan gide =
E, =E, = 60° va tit d6 = E, = 60°,
. ABEK = ABEQ (gc.g) (EB chung,
E3=E2=60",El=31=10“) =

= ABCK can tai B goc d dinh B = 20° vay
— 1
CKB = ] (180° — 20°) = 80“.

Vi du 2 : Cho AABC can dinh A. 4 = 80°. 1
12 diém-thuoec mién-trong clia tam_gidc thoa
mén IBC = 10°, ICB = 20°, Tinh AIB.

* Dudng cao AH A
ctia AABC cét BI tai
O ;vé6AK | BL-AK cat
Cl-tai J OBH =
HAK = 10° (gdc cd
canh tuong dng vudng
gdc)l
_~HAC = 40° =
KAC = 30°= ICA =
(1

= AJAC cén tai J = JA = JC (1)

AOBC canfai O (QH viialaduongeao, trung
tuyén) = OBC = OCB = 10°= OCA = OAC
= 40° Vay AOAC can 6 0= 0OA = OC (2)

Tit (1) va (2) — OJ la dudng trung truc cla

— —_— 1
AC va ciing 1a phéan gidc AOC = AOJ = 3

—
1002.= 50°. IOC la goe pgoai cia AOBC tai O
= JOC =-20°. Vay OIJ = 30°. Do dd AQL=_
80‘;&:?& BIO la gdc ngoai ctia AIBC tai I= BIO
= ATOJ can taiJ. Ma JK la dubng cao = JK
1a trung tryc ctia OI. Hay AK la trung truc cta
Ol tacd: i Ak S Rt

AAOI cén taiA. AIB = AOI = 80°.

D& két thic bai viét, toi xin néu ra mot s6
bai todn dé cdc ban tu gii :

1. Cho AABC nhon, & mién ngoai cta tam
gidc ta vé cdc tam gidc déu ABC’ va ACB'. K va
L thi tu la trung diém cia C'A va B'C. M €
canh BC sao cho BM = 3 MC.

Tinh cdc goc ctia AKLM.

2. Cho AABD va ACBD (A va C thudc hai
nita mat phing d6i nhau bt BD). Biét BAC =
50°, ABD = 60°_CBD = 20° CDB = 30°
Tinh DACva ADB

3.Cho AABC can dinh A, 4 = 20°. Cdc diém
M, N thi ty trén cdc canh AB, AC saocho BCM
= 50° CBN = 60°.

Tinh MNA.
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Nﬁpc Phan 91& Lé Lgi, TX Ha Dong. Hai
Phong : guﬁn Viét Phuong 10C,, Tran
Ng;lf::rén Han. Nam Dinh : Hoan, Dinh Tudn,
Tre uang Vinh, 8T, NK Y Yén. Thanh
Hoéa. Nguvén Van Hoang, 7 Tu nhién 2, NK
Bim Son ; Hoang Ngoc Diong, 9A, NK Hoang
Héa Vi Ditc Nghia, SA, Dong Cuang ; Trin
? RN s o i Yings o 48

: i ] : i dn On, Dién Chau
Bai T1/232. Choa, b la hai s6tu nhien thoa  ia Tiak : Nebvér Vict Cumne Pham Cog
iRk b" = 1. Ching minh réng 8ch  pyo Phan Than Don, Df{mg%m Vinh, 9CT,

it . NK Ha Tinh. Thira Thién - Hué& : Pham

Loi gidi, (Dua theo Lé Anh Vinh - Ha Ngi, Nguyén Quy, 9A, Nguyén Tri Phuong, Hué.
8A, Gidng Vo, Q. Ba dinh) Néu b : 5 thi hién Quang Ngal Ha Quang Dat, Ngé Minh Tri
nhfﬁn abi b5 connéub 7 5thit?-1: 5vi Chuyén Lé Khiét. DakisicLus Mink Ngoc,
b 4(15 - 13 ?{dmhli Fermt‘at)%qhu viy, tacd q Chuyén Phan Chu Trinh, Buén Ma Thudt.
a*=1996 6% -1 = 1995 +5° -~ 1 ='1995 6% Lam’ Déng : Doan Nguyén Huy Khéi, Lé
+(b* +1) (64 - 1), chia hét cho 5 vi 1995 va b* Trong The, Doan Xuan Thiy, Nguyén Thi
- 1 déu chia hét cho 5. Suyraa ! 5, do dd ab Than%z Thuy, 9A2, Lé Loi, Di Lini. Khéanh
i -5 Hoa : Bii Thanh Mai, 9T, Lé Quy Dén, Nha
Chit y. Ta c6 thé chiing minh khong tén tai TTRH%TP Hé Chi Minh : Chung N.’zdn‘l;'jui,
hai 26 tu nhién a, & nhu da cho. oT., gLugEn An Khudng, Hdc Mén. Vinh

That vay, do 1996 6% - 1 1é nén a* 1¢, suy ra L‘“ilg : Lam Xudn Nhad, bT,, N%u}:é‘n Binh
a 1é, do dé a* = 1 (modd4) (1). Tron Jehi d thi Khiém. An Giang : Hoang Thanh Lam, 9T,
1996 6° chia hét cho 4 nén 199655 - 1 = 3 Thoai Ngoc Hau, Long Xuyén. Minh Hai :
éumdltl) (2). Tt (1) va (2) suy ra a* # 1996 Phaem Vi¢t Lan, TA,, Chuyén T§ Bac Liéu.
s b : NGO DAT TU

Nhian xét. Cd 324 bai giai, phan lan déu giai e 1 ; L
R S lmf Ehans & p’n%n cht ¥. N Eﬂéi Bai T3/232 : Chox, y la hai s6 thuc théamdn
l':r

bﬁl}"["éf}m?‘w%' -}Einhcd ﬁbf_l}!;l pfﬁfﬁ R{éu p 811511 +y =V =y + Wi —x7

chu y. Do la : Dinh Hoang Yén (Ha Noi), p - ; ; 2

THCS Trung Vuong, Q. Hoan Kién), Triiong Pl R :
Thi Thao (Ha Bae, 9 Nang Khigu Tién Son), o1 giai aa Ap dung biat dang thue

Dao Ngoc Minh (HA Bac 9T Nang Khiéu Yen  Bunhiacopxki
Dang), D6 Thi Tuyét Minh (Phu 'I‘_ﬁq 7A Todn ®+y)° =V -7 + W1 — 2% <
Chuyén cdp IT), Nguyén Hoach Triic Sinh (Qui < (22 +y3)(@2 - (x2 ‘1‘.}’2))

Nhon, 9A Qudc Hoe), Pham Qude Hing. Hoan
ng}lénh edc ban cd tac phon géo sdu su%rr ky bai =x? +y’ <1
todn sau khi da giai xong va thanh that xin 16i Laico (3x +4y)° < (32 + ) (x? +y9) = 25
ban doc vé diéu sd suit néu trén trong dé ra. ° & 3x+4dy<5
DANG VIEN Py
-+ —-
Bai T2/232 : Tim nghiém nguyén cia e i
phuong .&nn:‘z,sau. e Déu bﬁng X4y ra = 3' y suy ra
¥y = =2(zx" -2y - 32) e E
Lasi gidi. cia Lizong Thé Nhan, 8A, chuyén 5 5 yo e
Bae Liéu, Minh Hai r==,y=—
" i E *
222(; f;f_;i';"é:g;y 25 2 h?hin xgt : Rdt déng cdc ban tham gia giﬁi
e W bai todn nay. T4t ca déu lam dung. Mot =6 ban
=)+ -y =64=8 o 1o g tst nhu Duong Thé Nhan 8 Bac
T d6 suy ra ta co jICrié“'g }J:M-:JHA% Thé E‘émong HQ.DB&G, iig'ogn
gl g guyén huy Khoi m Dong, Duong Tudn
A el ,_ (1) hoge =8 o Anh8Ha ’n‘l}, Mai Nhi Ngoc § Thanh Hoéa,
e e
L orionghdp (1) :x" =0=x=0=y"=8"  Dac Lic, Nguyén Viét Hoa 7 Hai Phong,
y =18 Doan Thanh Ting 8 Ha Naéi,...
*E{Jﬂng hop(2): ()2 =82=x3 =+ 8= DANG HUNG THANG
I = i
=y=2x>=18 Bai T4/232. Cho tam gide ABC ngi af?
Vay phuong trinh ¢6 4 nghiém nguyén 1 : duéng tron ( Ojrf goi M Ia trung diém cua BC,

= A e e Trén duimg thang BC ¢6 hai diém I, J di dén.

(x, ) ‘(0'8} Tl (?‘_ S? "( ?f £ ludn ludn '563' x:.?.ﬁ vdi nhau qua M. Goi E?, E
_ Nhan xét. Hau hét cac loi gléu gii d€n déu  [an luot la gico dfé’m thit hat ciia AI, AJ vai

dung. Cac ban sau day cc 10i giai t6t : Ha Béc :  dwong tron (0)va H la trung diém cia EF. Tim

Dao Ngoc Minh, 9T, KY%;;; ing; Pham Viét  quy tich diém H.

Khoa, 9T, NK 'Tlé,n son. Vinh Pha : Lé Van Lai giai. Goi N 1a giao diém thi hai cua tia

Hunghﬁgu én Xuan Hiéu, 9A, Mé Linh ; Trin AM vi (D)f'). Véi AB = AC, dé dang thiy quy

i a, 9A, Chuyén Phong Chau ; T c o e 5
Thanh XH-I‘j—-’I-, gAz, Chuyén Vié‘t ri g}?’hﬁ BI::: tich can tim la cac d]ﬁm tt‘ﬂng cua dﬂj&n th ng

Ngﬂc, QT, Chu}’én TX 1 Thlnh l‘ié Tﬁy, Té AN. Vai AB = AC, chflng han AB < &C, ta co

3
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AF Knong soet : = (MA2+MC2)2=16R". Do d6 MA'+MC =
tai mot_diém - = 2MA® . MC? = 16R" (1)
goi 1a K*). Qua AAMC vudng nén
F ké duing néuha ME L ACtacd
thang song MAMC = MEAC =
song vai BC cat ME.2R (cung bar?lg
AE, AN tuong 2S5 1y ) MA’MC? =
dng tai cac s 5
diém P, Q. Ta —alc ME

ok J'Thay vao (1) ta

co
%% =_% = E% ma IM =IJ (gt) nén PQ = MA? +MC! =
QF, va Q la trung diém cua PF. Hon niia theo = 16R*- 8R? . ME?
g tige I A fﬁ%‘ﬂfgﬁj‘dﬂﬂ & Tusngtu, haMF LBDcd:
QHF = %{ﬁﬁng—ﬂ). Ma PEF}#NFg(-nai MB' + MD' = 16R? —8R> . MF*.
= QNF,

tiép (?'I) et Chﬁrbﬁcﬂ' Suyra QH Cong theo vé& hai dng thic sau cung ta dugc::

noi~tidp wa~do do ta co ; p
NHE=_NQF ¥alai, NQF = NMC (d-ﬁn}gvi : MAY + MB* + MC! + MD' =
= 32R’ — B8R’ (ME? + MF?) (2)

)
?%n {I;?—I.IF\'IIi k}}rmMC’ Su r?{tll.’tﬁgiéc .E‘W—ﬂ'h‘f':t gi}l
i . Ma de—do cae-trung diém ¥ s
cﬁEBC EFnén OMK = 90° = OHK vati gidc Do NEOF la hinh chit nhat nén

%Mgffhn@}{ tiép (2). Tﬁdu';, (2) ta cg 5 diélﬁa oﬂ ME? + MF? = MO? = R2.

M, /. 'K nam trén dudng tron dudn in : 5

AN H 8 dinh nen duong trondges LAY V20 kAo :

dinh, va giao diém thi hai cua nd voi dudng MA? + MB* + MC? + MD* = 24R* = const.
thang BC1a K cing ¢ dinh, Goi S 1a trung diém Nh .t. Giai tot bai ndy 6 céc ban !
ctia OK (*), ta cé 8 c6 dinh, OS khong déi, va B x6k. Glad Lot bad ndy co o4c Wn ¢

H thube duélné tron (S ; 0S). Goi D 1a giao di€ém Tuyén Quang : Ngu_vé’n Qudc Tudn, 9B Lé
thi hai cua (S) véi (0)(*), do H 1a trung dié 3:;% Dén ; Yen Bai : Nguyén Hor':-né}ﬂid‘p, ;
i

9A

cuaday EF nén pam bén tron (0), vadodo ch uang Trung, Thai Nguyén : Vit Thai Hoa,
nam tréncung DON. Dao lai, 14y diém H, trén ICS Nang Khiéu, Hoa Binh : D6 Thi Thu
cung DON, goi E,;, IF; 1a cac giao diém cua IT{E:,. ﬂA,gIéﬁu Nghi BTEI}CE '][_‘Jhc_p {;Nguﬁrrin. gr;éc
- % ‘= oar, trudn S Dat Viét Tri, Ton

‘t{i-ff, vill, {01 (y ot gt "H“ K), ta cd Truong Hnlri, 9T Chuyén cép IT Phi Tho ; V?n
OH,K = 90° (ndi tiép (S), chan dudong kinh Phic : Nguyén Trung Lap, 9B Chuyén Yén
OK) nén H, 1a trung diém cia E,F;. Goi I, 1a  Fa¢: NEW Thu Trang, 6A Chuyen Vinh
£ o s 4 K uong ; Bac Ninh : Hoang Ting, 9 Chuyén
giao diém cua ‘d}E; Vol B% J’1a dlf‘-}n.dﬁl.xﬁ Tién Son_: Ha Tay : Hoang minh Hoang, 9B
voil, qua M ; F’lagiao di€m thi hai cia tia Chuyen Ung Hoa, Té Ngoc Phan, 9K Lé Lai,
véi (0). Theo phan thuan ¢ trén, ta c6 F’thing  Ha Dong ; Hai Duong : Dao Van Huy 8T Nang
hang véi E, nen la giao diém thu hai cta K | khiéa tinh ; Quang Rinh : Nguyén Thi Thu
véi {0) va'do dd trung véi F,, hay H Jamot Ha, 9A THCS Trong diém, Cim phd, Hai
didm ctia quy tich dangxét. Vay quy tichlacung  Pheng : Hoang Giang Son, 9T Chu Van An ;

DON cua duong tron (S ; OS) trong d6 K, N, Ha Ngi : Vi Phuong Nhi, 8H, Lé The Than
S, D dugc xéc dinh tai cic dau (%) Ol Triung Vuong, Vi Nhar Linh, 80
 Nhan xét. 1) Co 20 ban giai bai nay va déu  Amsterdam Dyffirn% goc Lan, 9CT Chuyen Tu
giai ding voi phan 16n 13 giai tuong ty trén, Liém, Do Thé Vi, DA, Giang Vo ; Nam Dinh :

5 ]
trong dd nhidu ban trinh bay dai phan dao do Tran Dinh Hing, Nguyén Van Trung, Pham
khong biet tan dung phin thudn. Thu Giang, Phom Neoo Hiang He, Thor)
N 1ot el n, : ,
x 2) Ngoaira, cat:han_sau day L 1o 5 docddo Hoang Dinh Tudn, Ning khié’u%‘r’gn Ngo
va hay : Tran Khoa Van va Trinh Quée Chung  Minh Diic, D6 Xudn Toan, gT Chuyén Kuin
(Nghé An, 9ANK Quinh Luu),da giditheonhy  Thiy ; Thanh Hoa : Han Minh rug TE
sau : Goi S 1a giao diém cia tiép tuyén tai A cia Nang khiéu TP, l}fggﬁ Thanh Tung, 9 Lam
[0) véi duong thing BC; K 1 diém déi xingvéi 500 ;}fJLghe ﬁ}n - n&h_ éﬁ'!ﬁf Lhang gAuNK
SquaM,suyraS, M déuctdinh,saudédingdinh %ﬁi‘mwnﬁt}lhfﬁnf‘ X I}’f‘zcr:ln Tffng':- Do i gn
i PR i 7 . % IEI'IR 1 ng : q
li Ménélaus dé ching minh E, F, K thdnghang, pTTH NK Ha Tinh : Quang Binh : Hoang Ho
tit d6 tiép tuc chiing minh nhu trén. %ua.ng, 9TNK Hai %inh,gDcﬁng Hai. ua
DANG VIEN hién - Hué : Pham Ngu n Quif‘ gl Ngu});en
L ! ~ TriPhudng, Lé Thi Hanh, sCPhu huong, Phi
~ Bai T5/232 : Cho hinh vuéng ABCD ndi Vang ; Da Néang : Vo Trung Thanh

 tiép duomg tron tam O ban kinh R. Chiing minh Nguygn Khuyén ; uﬁni}ﬂg i :Niuyén Thi

r(‘ing véi moi diém M thuée (0, R) ta cé téng  Xudn Nuong, 9A ﬁﬁuyén ’fguién Nghiém, Dic
MA? + MB? + MC? + MD? la mét héng sé. Phé ; Mai Hgu G:,ang, 9T, Lé Khiét ; Binh
L giai N6 M voi A, M voi C ta es Dinh: Duang Hos Chau, § Trong diém Phu
A =50 Tho dinh i Phago e My N T S B R

MA? + MC? = AC? = (2R) = 4R? Tafong Van Chanh, Tuy Hoa ; Khanh Hoa :
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Biti Thanh Mai, 9T Lé (3_1{1 f Don, Nha Trang ;
Dae Lac : Tang Thi g_Yén, Pham Lan
Huong, 8T Chuyén Nguyén Du, Budén Ma
Thuét. Lam Dong : Phan Thi Thanh Ha, 8A1,

guang Trun%1 Da Lat. Té Thu Hién 9A1 Quang
T}‘U'I'lg,s Bao Loc. TP HCM : Nguyén Do Duy
uic,

Héng Bz‘m§ Phan Duy Anh, 8' Hong

Bang, Q5, Nguyén it Tudn, 9T THCS Van

Ban, N%u_}&én hi Thién Thanh, Chung Nhan
Eu

Phu, 9 yén An Khu-:mg Hdc mén ; An
Gian%{: oang Thanh Lam, TChuyén Thoai
Ngoc Ha

iu ; Vinh Long : nguﬁn D6 Thai

%’ﬁu én, Lam Xudan Nha, 9T, ven Binh

iem ; Bac Liéu : Truon n Nhi, Luong

Thé Nhan, 8A Chuyén Bac Liéu, Sée Trﬁng :
Vuong Trong Nghia : Chuyén Soc Trang.
VI KIM THUY

Bai T6/232 : Tim tdtcd cac gid tri ciia m déhé
B-mx-y=0
- mx —y 1
|y>—my+x=0
co b nghiém (m, x, v 14 cdc sd thuc)
Lai giai : (cta ban Han Van Théng 12A
bao Duy Tit Thanh Héa)
Hé ludn ed nghiém (0, 0). Néux = Othiy #
0 (va nguogc lai),
Tihésuyrax+y'=m@2+y)=m >0
néux =0,y = 0.

_ Vay bai todan tuong duong véi : Tim m > 0
d_? hé e6 4 nghiém (x, y) khac khong. Théy =
x? = mx vao phudng trinh thi hai cia hé ddn
dén x%(x? —m)3 — m(x2 -m)+1=0(2)

Dat ¢ = x% - m. (2) tuong duong vdi

t4mP—-mt+1=0 (3)
E > —m
1
Dat u =£—-t-. (3) trd thanh
u4+m.u+2=0 (4)
Taphdicd A= 0=m = 2y2. Khiddé (4) cd
hai nghiém
-m +Y{m? -8 _ -m —VmZ =8
: 3
Xét phuong trinh ¢ - i L e o

fit)y=22 ~(VmZ =8 —m)t —=2 = 0 (5)
vda  phuong  trinh .

gt) =224+ (Vm? -8 +m)t -2 = 0(6)
' Ta e6 fi—-m)f(0)=—2(m*+ mym?=8 —2)<0

g(-m)g(0) = =2(m? —mym? -8 -2) < 0

Viy phuong trinh (5) cd hai nghiém phan
biét -m < ¢, < 0 < ¢, phuong trinh (6) cd hai
nghiﬁ»m phan biét -m < <0<t

Un 6i méi £ sé& cd hai gia tri cua
x o=k %z +m . Thanh thit d& hé (1) c6 4 nghiém
ta phai cd ¢ =t,, ty=t
m = 2Y2. Thit lai th&y ding.

Nhan xét : Loi E‘iéi ctia ban Thang la ty
nhién ngin gon va hiéu qua. Mot s6 ban giai
ding nhiung kha phuc tap. Mot a8 ban cho glép
s6 dung nhung l4p luan chua ddy du. Cing c6
kha nhiéu ban gidi sai. Lisi giai tot thudce vé cac

ban : Tran Huynh Thé Khanh 12 Tra Vinh
Pham Tuén Anh 12 Vinh, Ha Duy Hung 12

t—-t-~=h:2 =

4 ﬂul:uz -_—

Trian Pha Hai Phong, Ngz;,iyén Dang Hién 12

D&J;g Thap, Dao Xuan Vink 12 Thira thién -

Hué, Ddng Dute Hanh 11 Nghé An.
DANG HUNG THANG

Bai T7/232 : Chitng minh rdng véi moi
XERIaco: !
rn 1995, 5
| 5in19%% + cosx| <3
Laigiaifcdanhiéuban):Vi|sinx] < 1¥xER
nén |sin!**x| < sin2xVx € R. Titdd,suyra:
| sin!?%x + cosx| < |sin19%%| + |cosx| <
< sin’x + [ cosx| =1 —cos’x + | cosx| =

= B3 ( | cosx| _1)2 égﬂ)

4 b
Déu "=" & (1) x4y ra chi khi :
sinx =0

1

|sin1?%x| = sinZx | cosx| =3
1 ’ f
|cosx| = = i | sinx| =1 i

- 1

| cosx| = 3

Dé thdy khong co x théa Ul) va vi the day"="

g (1) khéng thé xay ra. Tit do ta cd dpem.

Nhan xét : 1. Nhiéu ban chitng minh khéng
chat ché viéc d (1) khong thé co dau "=". Khong
it ban da méc phai sai lam vé kién thic co ban,
nhu:"Tita <bsuyra|a|l < |b]", .. -

2. Cacbansauday co16i giai ding vangén gon :

Thég : Nguyén Dang Triéu (12T
i xd Cao Lanh).

Da Néng : Nguyén Hoang Thanh, Nguyén
Ngoc Hai, Trin Quang Son PhanAnhHuﬂ A,
1 X‘; 11A,, 12A, PTTH Chuyén L& Quy Don).

ué: Iiflgu én Tran Manh Qudan (10CT
8;16% hoc é')ué'T; Dinh Trung Hoang (11CT

" DPén
PTTH

H Hue).

_Quang Ngai : Vo Thi Minh Thu, Phing

Minh Tudn (i TH Chuyén Lé Khiét).
udng Binh : Phan Thi Minh Nguyét (12T
PTﬁK.Quéng Binh). e

N%hiﬁm : Trdn Khoa Vian (9A PTNK
uyn uu), Dgng Pite Hanh (11T PTTH

an Boi Chau), Nguyén Trung Thanh (11A

PTCT DHSP Vinh).

Thanh Héa : Lé Duc Thinh (12A PTTH
uang Xuong IT1), Lé Cat Vugng (11A; PTTH
a0 Duy Ti). :

Nam Dlilnh : Nguyén Truong Giang (11T-L
TTH L& Héng Phong).

Hoa Binh : Dé Thi Thu Ha (9A Trudong

Hitu Nghij B)
Ha Nai : N, ng Heng (12A PTTH
Cas B Wtist Tl Ty o o0

Hai Duong : Phing Dite Tudn (11CT tinh
PTNK Hai Duang) .

Ha Béc : Nguyén Xuan Thu (11T PTTH
Han Thuyén), Nguyén Ngoc Son (12A PTTH
Yén Ding sd i).

Pha Tho : I\ﬁu_yén Van Bdn (12A PTTH

on

Long Chéu Sa - E Chau) ; Nguyén Thanh
Tiing, Dao M%nh Thang (12F, 11A PTTH
Chuyén Hung Vuong).

Vinh Phiic : Cao Thé Thu (10B PTTH
Vinh Tuting)
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3. Bang phuong phép cia loi giai trén, mét
s6 ban da ching minh duge ring : "Véim, n €
N*,m = 2, va Ud%' moi x € ta luén cd ;
| sin™x + cos’x| < I

NGUYEN KHAC MINH

‘Bai T8/232 : Cho song dnh f: N—N. Chiing
minh rdng ton tai vo 88 bé (a, b, ¢) véi a, beeE
N théa didu kién :a < b < ¢ va 2f(b) = fla) +flc)

Lai giai (theo Dinh Trung Hoi:g:g, 11CT
DHTH Hué) : Do fla song dnh tit N dén N nén,
‘dé thay, phai tdn tai n € N* sao cho max (f(0),
A, .., fin)} = fla) v6i0 <a <n,a € N". Tu
dd suy ra 3 @ € N” sao cho fla) > flm) Ym =
B — 1010

Tiép theo, ta sé ching minh, rang véia €
N°* va théa (1) s 3h € N* sao choa < b vaf(b)
> fim) ¥m = 0,b — 1 (2). That vay, véia € N*
s63b, € N* sao chof(b,)> f(a) (*) va doa théa
(1) nén tit (*) suy raa < b, (**). Xét tap T gém
tdt ca cdc s6 b, € N* va thoa (*), (**). Dofla
song anh tt' N dén N nén sé ton tai
b=minb, Hién nhién ta co a < b va

b ET
fﬁat)t 3 f(m) ¥m = 0,b —1. Tém lai, (2) duge
chitng minh. "

Tit (1) va (2) suy ra tén tai diy tang ngat
{a,} Z_ , thoa déng thoi cdc diéu kién sau :

(i)a_ eN*Vn e N"

(i) fla,) > fim) ¥m =0, a, — 1.

Xét k bat ki thude N*. Tt a, < a; ., va (ii)

suy ra flag 4 ) > flay) = flag + ) =flag) +m
(3), vim € N*. Viflasong anh tit N dén N nén
Jc sao cho f(¢) = f(ay 4,) +m (4), hon nita do
(i) nén ap ., <c. Tu (3) va4) suy ra :
9f(a,) = fla, 4 ) +flc) véig, <a, . <c. Diéu
vita nhan cho thdy, tén tai vo s6 bd (a, b, ¢) vdia,
b,ceNvaa<b <c,2f(b) = fla) +f(c) (dpcm).

Nhan xét : 1. Chi cé ba ban : D.T. Ho&.nﬁ .
Lé Quang Nam (11CT PTNK DHQG TP, 6
Chi Minh) va Ngf_z{yc‘n Phuée Hiép (12
PTTH Nguyén Duy Hiép - Dién Ban - Quan
Nam) cho loi giai diung.

2. Mot s6 ban cho 13i giai sai . Chang han, cé
ban khang dinh rang "do f1a song anh tit N dén
N nén f don diéu trén N" (? 1),...

NGUYEN KHAC MINH

Bai T9/232. Cho bén diém A(i=1,2,3, 4)
ciing ndm trén mot dudng tron (0). Goi (T)) la
tam gidc xdc dinh bdi ba trong bén diém trén,
trit diém A;. Chiing minh rang btn dugng tron
Ole cta bén tam giac (T;), b6n dudng thang
Simson ctia cic diém A; d6i véi bon tam gide
(T;) cung di qua mét diém.

Lai giai. Goi G la trong tAm cta tu diém
{A;, Ay Ay Ay} va H la tryc tam cia tam giac
(T}) o6 cdc dinh 1a A, A, A, 5 véii = 1,2, 3,4
va {i, j, k, 1} = {1,2, 3, 4). Th& thi ta cd :

OH,; = OA; + 04, +0A;;

do do :

(1)

(fqi. + (3?I£_=__ (f&] Léjiz +5§3 +-:fa4 (Vi)
= 40G = 2000 (2)
trong dé 0" = D;(0), d6i xing cia O qua G. Hé
thic vectd (2) ching to ring doan thang AH;

nhén diém O’ (d6i xung v6i O qua, G') lam trung
di&m ; ndi khéc di 12 bén doan thang A H,

- dong
quy tai trung diém chung O’ va ta cd :

BI
(A==
T L
=T !
! i e S '; = \
‘f e A ~ /
[ i ta % \EI\: e Fi
[ | o~ 1 NN B /
| VO _' -~ 3 gt i e
! | R e o
\ \  Ap fj AT -ﬂ“
I'. F f‘i F B :
o \ - o N
. (¥ ~1 4 \
A |
Ill\ :I
/
\\ | )".l
5, g
- - B

— 1 —
HO = EHR-A;- (3)
Ta lai biét ring tam w, ctia dudng tron Ole
ctia tam giac T} (A A A) latrung diem cua doan
thing OH,, ndi tam O dudng tron ngoai tiép vai
truc tam H, cha tam gidce T}, nghia la :
1 —

—
Huw,; = —H.O

= SH, (4)

1
Tit (3) va (4) suy ra : phép vi tu ‘Fxﬁf 3 tAm

H;,tys6vity k= %bié’n duting tron (0) thanh
dudng tron (w;) ; ma (0) di qua { A)) nén (w)
di qua O’, Vay :
on duong tron Ole (w;) ciia cdc tam gidc

(T,) citng di qua O’ = D0

Bay giv, goi B, B; va B; la diém ddi xing
ctia di€m A; lAn lugt qua cdc duong thing
A;lk, AA; v AA, chita cdc canh ecia tam giac
(T)), thé thi cac diém nay thang hang trén
dugug thing Stayne (Steiner) 6, vi tu cia du’f:mg
thang Simson A, cta A, d6i vai thm giac (T)). D
chﬁng rinh A, di qua O', ta ching minh 6, di
qua H.. That Yay, tryc tam H; cuia (7)), difm
B, doi xing cia A; qua (AjAk) va cac difm
A, A, cing nam trén dudng tron doi xing voi
ditdng tron (0) qua duding thang AA;. Hoan
toan tuong tu, H; va diém B, ddi xing cla A;
qua (A A) cing nim trén duong tron dbi xdng
véi duding tron () qua dudng thang A A,

Tit dd, sit dung géc cd hudng giita hai duong
thing, ta duoge :

(HB, HA) = (ABAAY = (AA, AA),
(mod 7x)(5)
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va i (HBj, HA))=(AB}, AA)=(AA,, AA).
(mod ) (6)
Lai vi A, Aj, A, va A, cing nam trén dudng
tron (0) nén co :
(AA, Af*ij) = (AAL AA). (mod )  (T)
Bai viy ta duge : .
(H;B;, HA,) = (H;B}, HA,) (mod 7)) (8)
Tu d6 suy ra hai duong thang (H,B)) va
(H.B;) phai tring nhau ; ndi khéc di 13, H; nAm
trén dudng thing Stayne 6, chia cdc diém
B, B; va B;. Dudng thang Simson A, cta diém
A,; d6i v6i (T;) la anh Cl.'lal duting thang Stayne
1
o, trong phép vi tu Vf‘f Jtam A, tis6k = 95

ma 6, di qua H, nén A, di qua diém

1
0’ = V3 (H,;), anh cta H, trong phép vi tu do.

Vay bon duting thﬁniSimson A ciingdiqua O’
Nhian xét : 1°) Loi giai trén day st dung
kién thie lop 10, la su két h.t_:l;’_)\giua huong
phap vecto vaphuong phap bién hinh. aira,
dé chung minh ba diém thang hang, Ioi giai
ciing da si dt_m% go¢ co huong giita hai duong
thang trong mat phang (hé thiic (8)) thong qua
nhitng hé thuc (5), (6) va {7) dién ta diéu 1én
bon diem cun%thu(}u mét dudng tron. Chinh vi
vy, loi giai khéng nhitng sdng stia, ngan gon
ma con hén% hit thuoe vio hinh veé,
- 29) Vé co gn, co thé giai bai toan trén chi
cin kién thic hinh hoc thude chuong trinh phd
thong co 8. Hau hét cdc ban di cho 15i gidi theo
hudng nay, nén loi giai thudng dai dong, khong
gon, tham chi con qua phiie tap, ruom ra. Cin
cd mét 56 it ban biét sut dung hé thie vectd (kl :
dac triung cho truc tAm eda tam gide, di d&n két
luan cic doan AH; dong quy tai trung diém
chung mot cach nhanh chong, Tuy nhién, viéc
su dung khong duge triét dé, con nita voi, chan
han nhu khéng nhin ra he thic (4)) ; thanh tha
khéng cd su nhdt qudn trong phuong phap
chiing minh. _

3") Lai giai cua cac ban thmf:mﬁ; dai dong &
phin cudi cta bai todan. Cac ban hay rit kinh
nghiém, nén cf ging sit dung thanh thao gdccd
hudng gilta hai duong thang vao nhitng bai toan
lién quan dén bén diém déng vién (cung thude
mot duong tron), cac dudng trom déng quy.

NGUYEN DANG PHAT.

Bai T10/232. Tron, khéngdgiqn cho ba tia
Ox, Oy, Ozvaba diém A, B, Ceo dinh (# 0) lan
litgt ndam trén ba tia dé.

Gid sit + a, la mot cap sd cong c6 a, > 0,

cong sai d > (0. Vai méi sé nguyén duong n, trén

Ox, Oy, Oz lan lugt ldy ede diém A,, B,, C, sao
- cho OA =a,0A,0B=aq,, 0B, ; OC=
=a, 4 ,0C,

C.fuifgg minh ;"d:nfr .
1°) Cac duing thing A,B,, B,C, va C,A,
lan luot di qua cde diém I, J va K ¢6 dinh.

2°)Badidm I, J, K rhdnﬁ hang.

Loi_gidi. (Dua theo Phiing Dite Tudn,
11CT, PTNK Hai Duong) :

19) Trude hét, xin nhac lai rané: Néu X va
Y la hai diém phan biét thi cin va di d€ duong
thang (XY) di qua diém S la co hai s6 thuc x va
¥y thoa man cde didu kién sau :

(XY) € Se3x, y R E;Jf‘g::f 0¥ voy)

Theo gia thiét, tacd:a, ,, =, +dhayla:

ey 9
L
vay néu I la diém dugc xde dinh bdéi hé thie
vectd :

—= Byt) — @ = ’ :
oI = 5 GBH _F OAH thi {AHB”) S I(2)
Nhung, —thecs gid thist lai cd
OA=a,0A,,0B =g, , OB nén ta duge :

—= OB-0A AB

= 9r= T ®

Vay la : vdi moin n n duong, duin
thing A B luon & qua ondt didm Tos dnle

duge xdc dinh béi he thiic (3). :
Chitng minh ttmng tu, ta thay rang : voi moi
n nguyén duong cac dudng thang B,C, vaC A,
ciing lan lugt di qua cde di€m co dinh -J va K duge
xac dinh bdi cac hé thite sau day :
—= = e e
0.f = EBCV& OK = EAC
29) Tit két qua trén ta cd :

O = - (AB + BOY = L (37 + 07
borlete U
hayla: 20K = OI + OJ

Déng thie . nay ching to khone nhiing ba
diém I, 5’, i thangyh:‘mg nva K con &gtrung cﬁét:n
cua doan IJ. i >

Cing tit ching minh trén, ta ¢ nhan xét
thém rang néu ba tia Ok, O'H viy Oz khong déng
pl ngi (pung tic 1a ba canh cua mét goc tam
dig¢n) thi mat phang (A B, C, ) luén di qua mot
duén thﬁmchc‘i dinh A (chia ba di€ém thang
hmﬁ ,J va K).

han xét : 1Y) 'Iérén day la lai
phudngﬁ)hap vectd. Ciing co moétsdban sudung
vectd nhung khong triet dé&, nén i giai dal
d%ng,u ong gon tham chi con s dung mot cach
nita vai

2°) Ngoai cach giai trén, bai todn nay con ¢
i AT TS, B o=y du%g dinh
li Ménélais : Xét trutng hq!% A"B, Il AB,, gol

iai si dung

{1

I=(A,B,) () (A,B)), ching minh duge ring

IA, o +d

1
3 mot 80 ban sit dung dinh li Talet (ching minh
?gng'dubng' th ng‘E”gB: r;:é.ht duong th}r}mggdi qua
O va snnghsong vii AB & diém I ed dé'nh)hhuac
stt dun (P QQn%phap toa do (trén mat phang)
nhung Ioi giai thuong rudm ra, khong gon,
NGUYEN DANG PHAT

Bai L.1/232. Trén dinh C ciia mét mat ban
ciiu bap kinh R = 1, ¢é dat mot vidn bi nho B
co khoi luang m, = 2kg. Mot con [de don co
chieu dai I = I, khot uft_mi gua cau A o
m, = lkg, Kéo A dé day treo hop vdi phuong
thang ding mot géc e = 60” (xem hinh ) réi
buéng khéng po van toc din, Sau va chan B
trigt dén vi tri M (p = 307) thi ron khéi ban cdu.
Tim luc cang day treo khi vat A dép vi tri cao
nhdi say va cham. Ldy g = 10m/s® via bé qua
lyc cdn Rhong khi va ma saf,

_Huéng dan giai. Ap dung dinh luat bao
toan cd na g n a A trude va
cham v, = {(1 = cosa) = V{10 m/s. Ap dung
dinh luat bao toan dong luong va bdo toan nang
higng (tai C va tai M), vai chuy rang tai M phan

nén [ c6 dinh. Cing

7
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luc ctia mat ban cdu bing khong, suy ra hé thic
gitta van toc cua ?4 sau va chg% W) e

sau va cham (v,), va khi rtu khéi mat cﬂu () :
u

vy, = U, uz (1) ; gR +——choqﬁ+m——(2),
vaul =
T d 92 \IBchuoﬁ 2gR =6mfs va
= -2.8mfs : ;
cﬁuA iat lui lai. Gm :ﬁm
y 1a gde léch lon nhat ]
clia A sau va cham, ’ |
ap dung dinh luit bao P ;
toAn cd nang tim
duge : . B
: muf, /-:T e
mgl(t ~com)y=—— ./~ |
(dﬁt m A = m} Tit do .f'f l__-,f.f \
c can tal v; tri | 74 |
an X t du roi 0

kho:. mat é.n cﬁu) bang

T = mgcosy = m(gl —-~—) = 12N

Nhén =xét. Cac em cd loi %én tudng d61
dung Hﬁ Th}j;{ho 11C truang PTTH chu
Thanh Minh L Quﬁc oc
(i et Ve K13 g U
am BDin én v Due,
Ning k}]lié'u Haﬂﬂl’m"Y MAT ANH

Bai L.2/232. Cho mach dién mot chiéu nhu
hinh vé

Trong dé E = 12V, dién trd trong cia ngudn
khéng dang ké.
R,=R;=1Q;

R,=R,=R,=
R_4sz R,=Ry=Ry=R;,=2Q

= GuF., Cac ampe ké ¢ dién
tro kﬂang cmn. 7 Hay tnh: T

a) S6 chi cua cdc ampe k&

b) Dién tich cia cdc ty dién

Huéng dén giai. Vé lai mach dién, fg’é thdy

ABCE la mach cdu cin bang vi =

B bR,
R, +R;
=—-§b— , suy ra I, = 0 BT o
(R, +R, +R)(R, + R, +R)
s — = - - = 20,
CE~ R, +R,+R, + R, +R; + R

Dién trd mach ngoai la

R=R;+Ry+R,+Rpp= 8Q. Vir = 0, nén
= 1,64;

dong dién mach chinh I = %

D
Hf/!
P e
A i

I R +R,
1 2 21
a]m'"; ——-fi;l-—-ﬂnénf T
I R
chi ampe ké A va Iz—g=05A(sé chi ampe

k& A,) b) Vi _!(R +R,) +I,R, =55V, do

dé dién tich cuatuC qz-—C VH = 33uC;
Vi = 1 R +I(RB+R9J =7V, do d6 dién

tichciatuC, : q; = C,Vpy = 28uC.

Nh xét Cac em cd lai éldun va gon :
haril"hé‘ Khanh 12A, P %‘I‘ g %('}h

inh ;

Iﬁ'xan Boi Ch&u (Ngh

11 KPTCT Dai hoc ghe An);

uyén Hon, Phong 11A P’I'TH Pg Su ang,

ixa Hai Duong ; ‘Ig u én
PTTH Hung Vudng, TP Vlet , P

Tr;nh Ngoc Thank, 11CL, Uhuyén La Khlé’t
%_ %ﬁ.l amHIZuTu 11L cqg,:ﬁn
Ll.tdn an Chanh, Tu Phii Yén
Dﬂ,’c mh 12 Thﬁng}_}gong, Hai Ba ’f‘ri.mg,
DalLat, Lam oan. J"‘I.EG.’!Fg Son, 1
chuyén Léﬁuﬁﬂﬁn Da Nang ; Lz Minh Hiéi,
EE ac K;én Xuo % 4i Binh ;
ai, Son Ha, 11C H N ﬁn khiéu,
%minsg Bmh Tnﬂ.h M mh Tucfn 1 qu, PTTH
I_Fuym Trin Thu
llT I’T‘TH nang khleu an Thuyén

1A (s6

Hu
E] ch Cén
A%Eiy fé Hong Hfzg

Ni ham Van Tap, 10C PTTH nh B.Eu:n
Hai Phﬁn%‘ Tﬁmg oang Yen, 1 HLS
ong An ; Tran H:m Luc 1T

Déon
g'}ll"x"HN K Quang Binh ; Ngu&en Thanh Vi
11A, chuyén Phan Ngoc Hi a Mau.

M.l‘\I ANH

Vila qua, "Todn hge va wii tré” da nhan dude bai clia cie
ban : Nguyén Tudn Nam (Ving Téu); Vi Trin Kim Phung,
Trén Nguyén Chau (B4 Ndng) ; V6 Thanh Xuan (Gia Lai) ;
Trudng Ngoe Diic (Binh Dfnh) ; Pham Hing, Ding Ky Phong,
Hé Xudn Ting, Trin Vin Minh, Nguyén Vi Hung, Ngu;rén
Quang Hoe, Nguyén Hai Thanh, Nguyén Thanh Hai, Nguyén
Quang Hau, Ngo Vin Hiép, L& Hai Khoi, Npuyén Van Ngoc,
Nguyén Hiu Viét Hung, Trin Van Nhung, Ngo Thanh Long
{Ha Ngi) ; Doan Thé Phiét, Quéch Thij Tinh, Nguyén Trong
Kién (Nam Dinh) ; Nguyén Hiu Dy, H6 Quang Vinh, L& Qudc

8

Han, Pham Ngoc Boi (Nghe An) ; H Cﬁng Ding (Birh
Thudn) ; Hoang Minh Dang, Hoang Van Phudng, Ngd Diic
Minh, Trﬁn Ba Si (Thanh Héa), Pham Hitu Hoai (TP HS Chi
Minh) ; Trdn Cucng (Thédi Bink) ; Bui Trong Kién (Nink
Binh) ; Ngb Cluang Hoa, Phing Diic Tu#n, Nguyén Ba Dang
{Hdi Duong) ; .

Chiing toi dang nghién citu dé st dung dfin cic bai cho céc
s tap chi tdi, Ching i s€1i€p tyc théng bAo cac tic gia cd bai
da pui vé Toa soan.

"Toén hoe va tudi tré" dang chudn bj md thém cic chuyén
muc mdii v ting trang khi c6 diéu ki¢n. Mong nhan dugc them
sang kién cila céc ban. Xin chan thanh cim on vi momng cic ban
tiép tuc chng tic.

TOAN HOC VA T'Utf:'l TRE
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DE RA KI NAY
CAC LOP THCS
BaiT1/236 : Tim wdc s6 chung lon nhét ciia
21964 _ 1 pg 219% — 1,

TRAN XUAN DANG
(Nam Binh)

Bai T2/236 : Gidi hé phuong trinh
Xyt ot e B 1k 2)
xyz=8
NGUYEN DUC TAN
(TP HD Chi Minh)
Bai T3/236 : Cho 2n 86 a, a, .. a,,
b;, b, ... b, théa mdn :
I,ia] €a, < .. <a,
2)b; 2 0,¥i =1,n
DOAN QUANG MANH
(Hdi Phong)

Bai T4/236 : Cho tam gidc ABC vdi diém D
d_bén trong sao cho : AB = AC,
BAC = 80° , DBC = 20° , DCB = 40°
Goi Fla giao diém ciia duong vudng goc voi AC
ké qua D va E la diém d6i xiung voi F cgua BD.
Tam gidgc ADE la tam gidc gi, tai sao
PHAM HUNG
(Ha Noi)

Bai T5/236 : Cho tam gidc ABC., Ké AD va
AE [ hai phéan gide trong va ngodi tai dinh A.
Dmmg n ngoai tu.fp tam iéic C co ban
kinh bdng 1. Biét rdn, Tinh AD, khi
tam gidc ABC cd dién t;ch lon nhdt.

DOAN VAN TRUC
(Qudng Ngdi)

CAC LOP THPT
Bai T6/236 : Cho ddy { a} théa man :
=1,a,,,=(2a} —202 - 2)/(3a3 —4a, - 1)
Ud: moin € Z+

Chitng minh réng, néu [a| = 2 thi ddy
10'. hoi tu. Tinh gidi han ciia ddy trong
rilding hop dé.

HOANG HOA TRAI
: {Qudng Ngdi)
Bai '11‘7.:’236 : o) Gidi phuang trinh
cos gx = 3
béAp dung két qud cau trén dé tinh cde téng
sau
T 13z
S, —nosg+cus 9 +cos—9,—
& it '?J:+ T 13.7c+ 13r =«
AR e el B B B R 1
S i £ T 13?!.'
CUSB mﬂ"é'“ 003'9—
ANH VU
[(Thira Thién — Hué)

ndm_ trongt

Bai T8/236 : Cho a > 0 va fla ham s6 lién
tuc trén[a +oa)gmsu rdng :

fﬁ’-{x}dx < fxzd:t vdi moi t=za
a a

b b
Chiing té rdng fﬂx}dxﬁfxdx vdi moi bza .

LE VAN QUANG
(Thira Thién - Hué ).

Bai T9/236 : Cho tam gidgc ABC néi tiép
vong tron (0). Gei (0,,R)), (0,, Ry),
(04, R;)lan lugtla tam va ban kinh cac dudng
tron tiép xiic ngodi vdi (0), dong thai tiép xiic
vdi cde cdp tia AB, AC; BC, BAva CA, CB. R
la ban kinh duong tron néi tiép tam gidc.
Chitng minh rdng : R, + R, + Ry = 12r .

PHAM HIEN BANG
(Thdi Nguyén)

Bai 10/236 : Cho &if dién ABCD va diém O
u di¢n thég-man didu kign
AOB = COD, AOC= DOB, AOD = BOC
vdi moi diém M trong khoéng gian, chitng minh
rdng: MA+MB+MC+MD = OA+0OB+0C+0D.
NGUYEN MINH HA
(Ha Noi)

CAC DE VAT LI.

Bai L.1/236 : Mot m;tA co khéi lugng m

1,00 kg va mot vat B c6 khéi lugng m, = 4110
kg duge ndi voi nhau bdng
16 xo ¢6 khdi luong khong
dang ké Vit A thuc hién
dao dong diéu hda theo

phitong théng ding véi g
bién do a = I,6cm va vdi

thn 8d goc w = 25 radjs. g
Hay tim gid tri lon nhdt va _
nho nhdt cia dp lue clia hé Bt |

nﬁ:y lén mat Mng (g = '——"'“""
9,8m/s).
TO GIANG
(Ha Ngi)

Bai L.2/236 : Cho
mach dién nhu hinh
vé, trong doé dién 4
dung C va dién trd ey e
Ry,, ¢6 thé thay déi, * f C_ M A=
dawctimL-luﬂn L/—, [Ginicel

k& nhiét co dsén trd
rd¢ lén. Ddt vao AB
hiéu dién thé xoay
chidu U = 220Y2 sin 1007 £ (v) .

1) Véi R = 100.Y3 ﬂ chon C bdng bao
nhidu dé vén ké c6 s6 cfu Iﬁn nhdt, tim s6 chi
néy.

2) Vdi gid tri nao cta C thi s6 chi ciia von ké
khong doi khi R bién ddi.

DO VAN TOAN
(Ngh¢ An)
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FOR LOWER SECONDARY SCHOOLS

T1/236 Find the greates common divisor of
2 Lapd SE - |

T2/236 Solve the system of equations
{x“ +yt+ A =8(x +y +2)

lxyz = 8
T3/236 Let be given 2n numbers
Qs By vy ”,bl,bz, ,b satisfying :
e, <a,<...50,
b) b >0,Vi=1,n.
Put m = min(a; —a;, a)), M = max { b;}

lsi-:'ssn l=i=n

Prove that : M(ab; +ab, +.. +a,b,) =
- .
=5 (b +b, +.. +b,)%

T4%36 I}et E;f&gwen a triangle Aﬂg ang Cq
poindt itstrterior such—that
BAC =80, DB 20°, DCB = 4{}4 Let F be
the point of mtersec:zon of the line passing
through D, orthogonal to and BC. Let & be
the point symmetric to D with respect | t.o
What kind’of triangle is ADE and w:‘cy isit ?
T5/236 Let be gtven a triangie ABC, AD and
be respectively its inner and outer
angled-bisectors issued from A. Suppose that
= AFE and the radius of the circumcirele o

ABC is A%mf to 1. Caleulate AD when the
triangle ABC has greates area.

FOR UPPER SECONDARY SCHOOLS

T6/236 The sequence { a, | satisfies :

8, =8, 8, + = (203 — 202 — 2)/(3aZ — 4o, — 1)
foreveryn € Z%.

Prove _ that if [al 5 then the
sequence | a,| is conuergent and in this case,
find its limit, {

T7/236 a) Solve the equation cos3x = 3

b) Usmg the ,r?‘,e.sult of ﬂércalcu late the sums

S -cos— *enE— toas——,

9 9 9"
S 7T TJE+ T 137r+ iafmg’i
)= cosaccsmg— cos-é—cnsT cos— 5°
s [T 187
3 = COSGCOS—5COS—g—
T8/2386 fis a continuous function on [a, +w),

faisa gwen number a>0 such that

_rfe (x)dx < f:u:zdx for every ¢t = a.
a

a
b

Prove that f fix)dx = f xdx for every b = a.

T9 he trz le ABC is inseribed m a
circle O) Rg R, be the radii of the

circles which are mngen: extemai ' to (O) and
tangenr, respectwely to the pmrs 1esA and
R + B an Prouc that

R ; 12}' wiwrerts ﬂu radius of the
mr:wfe

T10/ ﬁ Lef b tven a tetrahedron ABCD

d oint intepiolr, satig
Sitongr , A0h = 0D, 2062 A0
rove atk jfor ever OLrn in
space, MA+MB+MC+MD % SRR

MOT HOC SINH AN BO BUgC TANG GIAI THUONG LON CUA Mi
DANH CHO NGHIEN CUU TOAN HOC TRONG SINH VIEN

Gidi toan hoe Mi vita dat ra mot gidi thmmg
lén danh cho nghién ctu toan hoc trong sin
vien dai hoe. giai thudng nay dude dat:
gial thudng Brennie Morgan. Bat nga lcm a
xay ra khi em Kannan Sound, mét hoe sinh An
B¢ viua sang Mi hoc da duge trftosﬁjle’u thudng
trm%g ldn trao giai ddu tién nam 1
u nhlén nhing ngudi da ting biét Sound

déu k lam ngac nhién khi bigt dude j;m
nay. m am gia nghién cuu s0 hoc 1&131 t1c
Efly Lt Iuc con dang hoc pho thong,
cT ¥ buund cunﬁ voi gido su R, Balaaubmmlan

A g ,% quyét dudgc mot gid thuyét co ti ﬁ
tron 0 hoc. Dae biét la'em daco n Lrng
qua nn'hlen clfiu 8iau sdec vé cac tinh chd cua
ham zpta Nhiing ﬁ(écf qué nay da duge cong bo
trong 4 cong trin ang trong nhiing tap chi
toan hoc cd u tin nhat iéu chuyen a
cho ran%cﬁc k t qua ciia Sound da la 0 lﬁ
toan bo linh vite nghién citu ham zeta, nhv

nhing két qua n nf-n cuu ngy Hm hoi dong xét
duyét viée trao 1 thudn c on em la nglwl
nhan gidi th udn Biennie n dau tien,
Sound sinh ra v di hpe hf:n ¢ thanh
pho Madras d mlen gzn L[crng lam
uen vai toan hoc cua ound’ cun g‘l ong nhu
nhirng hoc sinh chux&en toan cug ing ta. Cac
ﬂ:m vién khi phat hién_tha ou cd nang
iéu toan hoc da khuyén khich em hoc toan

10

sau hgn, Sau dd o da khuyén em dén th'im
Vién Toan hoc Madras, mot frong nl'um tru
tam nghién eitu toan hoe hang datu o An
day em da lam que vdi gido su ahsubrahmlan
nguoi da gigp em lam quen v0] 56 hoc giaj tich
va hudng dan em ng n ctiu. Do nhign thanh
tichn hlen ciu caa 1;11 Sound da de %
duge hoe bong sang hoc tal truang dai hoc an
hop Michigan a Mi. Em cting tham gia 1 vao cuoc
thi toan hoe Putnam danh c c- sinh’ vien Mi va
da doai duige gial tu khong cap J%:m 11 vao do
em da lam nhun uyén gia 54 inh n
vé cac két qua ngl 1én cifu cua nunh Nhungh
quﬁ nghlen cu‘u nay da lam cho em troi
hing sné vié n cung hita mot cai dau,’ Duac
ou

bidt rang khong nhitng chi quan tam dén
t(})lan ma em mn thich doc sach, nghe nhac va
choi cd.

Qua tdm guong nghién citu cia em Sound
cd the tha rang muon trd thanh mat nha toan
hoe thi phai bat diu nghlén ciu toan hoe som

trude khl h1 nhiing phudng phap giang day theo
kigu may mde, dap ludn lam thui chot mat kha
nang sang tao toan hoc. Thuc té cung dachiing
to ra % hu thong gioi va doat giai tal
cdc ]i:tll hi toan éng dong nghia vai viec sau
nay sé co kha ning nghién cdu toan toét.

NGO VIET TRUNCG
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Danh cho céc ban chuin bj thi vao Pai hoc

ngcmg pgafz 9Larz rf:.sp Az w,st
PHUONG TRINH BUONG THANG QUA 2 BIEM

Thong thuong dé viét phuong trinh dudng
thingqua 2diém A, B, taditimtoadocna A, B:

A= ('rj L y[}
B = (x5, ¥;)
va dp dung cdéng thiic :

x —x; Y=Y

byt Sy

Nhung trong nhiéu trudng hop ed di theo
suy nghidé ma tién hanh thi céng viéc kha phite
tap, tham chi & nhiéu bai todn vdi tham s6 thi
cd thé khong thuc hién néi dén két qua.

Xin gioi thiéu véi cdc ban mét con duding
khac khong can tim toa d6 2 di€m A, B ma vén
tim duge phuong trinh dudng thang qua A, B.

Ta hay xem 16i gidi & mot vai vi du dudi day :

CVidul:

gl
Cho E lip —+—==1,a,b >0 va diém
g’ bt ;

M(2a, 2b). Biét rang qua M cd 2 tiép tuyén dén
E lip. Hay viét phuong trinh dudng thing qua
2 tiép didm.

Gidi ;

Goi 2 tiép di€m 1a A(x,,y,) va B(x,,y,)

Ta cd phuong trinh tiép tuyén tai A 1a :

nx yy
-{;;+§=1 (d,)
Tiép tuyén tai B cd phuong trinh 1a :
XX ya¥
Ak )
Do 2 tiép tuyén nay déu di qua M nén ta co :
- e
a? b b2 o
x,. 20 ¥y .20
2 + 52 —
2, 2y
e
=
21.‘2 23'2
b

MY DUY THO
{Thanh Hdéa)

Xét duting thing % + Eb_y =1(d)
He thic (1) chiing t6 duong thang (d) qua A.
Heé thite (2) chitng td duding thang (d) di qua B.
Vay phuong trinh dudng thang can tim la :

2x 2y
= +-5*- 1
Vi du 2 : Gia sit ham s6 ¢
2
< axc+bdx+o
H= ) = ax +b
cd cue dai cue ti€u. Vigt phuong trinh duting
thang qua diém cuc dai cue tigu.
Gidi : GiA s A(x;,y,) va B(x,,y,) la 2
di€m cuc tri clia ham sé.

a,a =0

Suyraf(x) =

vay, = flx))

Nhung ta dé ching minh rang : néu f( x) =
) il
=50 ma f(x)=0 thi f(x )— ) . Do dé y;=
2ax, +b 2ax, +b

= -_a_ (1). Tl!dngt.l_l‘tacdy2='"""—

2a b
Xét duong thingy = Zrxt—(d

Céc hé thic (1), (2) ching té6 dudng thang
(d) di qua ca A, ca B. Vay phuong trinh dudng
thang qua diém cuc dai, cuc tidu la :

_2a b
¥y= E,— £ ) E‘,—

O ca 2 thi du trén ban thit tudng tugng ta
dat vin dé tim toa d¢ 2 di€m thi cong viée sé
nhut thé nao va ed dén két qua duge khong.

Phuong phép gidn tiép nay cd thé khai quél;
nhu sau :

Toa d¢ 2 di€m A(x;,y,) va B(x,,y,) cdn

viét phuong trinh duding thang di qua duge xic
dinh béi mot hé diéu kién nao ddé ma ta xéc lap
dudgc tir dé bai. Ta hdy goi dd 1a hé dac trung
cua A va B. Néu ta giai hé dac trung dé tim toa
do A, B thi sé viét duge phuong trinh duting
thang AB mot cach truc tiép. Con & day phuong
phdp gidn tiép la : Néu tit hé dac trung ta nhén

il
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ra dugde phuong trinh mét dudng thang ma toa
do cia 2 diém A, B déu thoa man thi dudng
thdng dd 12 dudng thang cin tim.

Nhung khong phai khi nao trong hé dac
trung eling cd ngay cho ta phudng duding thing
nhu & hai vi du trén, khi dd ta cdn phai bién

_ ddi hé dac trung dé lam xudt hién cdec dudng

thang da. :
Vi du 3 : Cho ham s6
_ X+m
S x2+1

Ching minh rdng n&u dé thi ham s6 co 3
diém udn thi 3 diém uén thing hang. Viét
phuong trinh duting thing qua 3 di€ém udn,

Gidi ;

—x2 —2mx +1

(x2 + 1)?

_ 2(x* +3mx? —3x —m)
5 (x2 +1)3

Do dé thi ham s8 cd 3 di€m uén nén phuong
trinh x® +3mx? -3x—-m =0 o6 3 nghiém
phan biét va 3 di€m udn A, B, C cd toa dd la
nghiém cua hé

B+8ma? -8 -m=0 (1)
(*) x+m

Ym-oo &)

x2+1

)

:,'=

Né&u ta bién ddi tuong duong dé hé trén xudt
hién mét phudng trinh duding thang thi bai todn
giai xong.

Ta e6 (1) e +x+3mx?+3m —4x—4m = 0
«=x(x? + 1) + 3m@xi+1)—4(x+m)=0

+

ex+3m -4 =0
xt+1
x+3m—4y=0

. x+m

x2+1

x—4y +3m = 0 la 1 phuong trinh dudng
thing ma A, B, C théa mén hé (*) nén A, B, C
thoéa man phuong trinh dudng thang= A, B, C
cing nadm trén duding thingx —4y +3m = 0.

Tuong tu voi duding thang ta con cd thé viét
phuong trinh parabol moét cdch gian tiép.

Vi du 4 : Cho ham s6 :

y=x*—x3 -56x2 +1

Vay hé (*) «»

Ching minh ham s8 cd 3 cuc tri. Viét

phuong trinh parabol y = ax? + bx + ¢ di qua 3
diém ecue tri do.

12

Gidi :
y =4dx3 =3 - 10x
= x(4x? = 3x — 10)
y’ = 0 cd 3 nghiém phéan biét va ddi ddu lién
ti&p qua 3 nghiém nén ham sé ¢d 3 diém cue tri.
Gia st 3 di€fm euc trila A, B, C. Toa do A,
B, C la nghiém ctia hé

{y’=ﬂ ﬁ413~—3x2—1£b:=0(1)

y=flx) ly=xt-x>-52+1 (2)
(2) =4y = 4x* — 4x> — 2022 +4
= 4y = x(4x3 —3x? — 10x) — 2 — 1022 + 4
Do(l)=dy=—x3— 102 +4

= 16y=(— 4x3+3x2+10x) +(— 48x2—10x + 16)
Do (1)= 16y = —43«% - 10x + 16

403 —3x2 - 10x =0

Vay hé = 43 , 5
; =——x——x+
¥ 6% ~g* 1
Do dd parabol di qua cdc diém cue trj la
43 5
y=——ﬁx2-§x+1

Sau day la mot s6bai tap d€ cac ban rén lyén.

1) Cho ham s y=ax®+bx? +ex+d .
Ching minh rang néu ham sé cdé cuc dai cuc
tiéu thi phuong trinh dudng thiang qua diém
cuc dai, cyc tidu la :

1
y=fx) — g F®).['@)

2) Cho wparabol y=ax?+bx+c va
M(x,,y,) 1a diém cd thé ké dén parabol 2 tiép
tuyén. Viét phuong trinh dudng thang di qua 2
tigép diém.

Dap sd :

(2ax, +b)x —y +2¢ +bx, —y, =0

3) Cho 2 ham s y=—-x*+2m? va
y=x22+b.

Bi&t dé thi 2 ham s6 cat nhau tai 4 diém
phan biét. Ching minh 4 diém dé nam trén 1
dudng tron. Viét phuong trinh dudng tron do.

Dép sd :

2+@y—a-bl=a2-b

Bat mua dai han bdo Toan hoc va
tudi tré tai cdc Buu dién tinh, thanh phd,
huyén, thi xa, thi trdn trong cd nudc.

' THVTT
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DE THI TUYEN SINH MON TOAN 1996

TRUONG PAI HQC BACH KHOA HA NOI

I. DE BAI

Caul.Chohamséy =x+

x+1

a) Khdo saf su bién thién va vé do thi (C) cia
ham sé. :

b) Chitng minh ring qua diém A(l, —1) bao
gio ciing ké duoc hai tiép tuyén vdi do thi (C)
va hai tiép tuyén dy vuodng goc vdi nhau.

¢) Tim s6 k lén nhdt dé bdt phuong trinh sau
duge nghiém diing véi moi x : k([ sinx| +
[cosx| +1) < [ sin2x| + [ sinx| + [ cosx| +2

Cau II. @) Tim nghiém ciia phuong trinh ;
sinx + cos*x = cos2x (1)
théa mdn bdt phuong trinh : :
I1+logl2+x—-x%)=0 (2)
2 .

b) Goi A, B, C la ba géc cia AABC. Chitng
minh ring diéu kién cin va di dé AABC déu
la ta co hé thic :

A B [
cos 5 i cos 5 " cos 5 .
I +cosA 1+cosB 1+cosC~

Cau IIl. Trong khoéng gian vdi hé toa do
Décde tric chudn Oxyz cho tit dién ABCD vdéi
Al8, 2, 6), B(3, -1, 0), C(0, =7, 3), D(-2, 1, -1).

a) Chitng minh rang ti dién ABCD ¢6 cde
cdp eanh doi vuéng gic vdi nhau.

b) Tinh gée giita duong thdng (d) di qua hai
diém A, D va mat phing (o) di qua ba diém A,
Bl .

¢) Thiét lap phuong trinh mat cdu ngoqi tiép
tit diégn ABCD.

Cau IV. Cho tich phan

I(x) = [ (e + e Mydt
0

a) Tinh gid tri ciia tich phan Ifx) khix = In2

b) Gidi vi bién ludn phuong trinh Ifx) = m
{m lix tham sd)

Cau V. Tim gid tri lén nhét ciia ham s6 -

¥y = cosPxsin‘x (0 sx< -g*,' p, q la ecde 36

tie nhién lon hon I)

IL. DAP AN
Cau 1. o) Khdo sdt vir vé do thi :

y=x+x+1

1) Tap xdc dinh : Vx = -1

2) Tiém can
*}limy=oo=PTCD:x="1
o
limly -x]=0=TCX:y=x
X—>w@
1 3'1=_2
Ny =l-——=0=
5 (1 +x)? =00
- -2 =1 0 +o0
¥ + D= i
¥ (833)] +oo +o0
-0 -3 - 1

4) D6 thi : ban doc tu vé.

b) Tiép tuyén qua A(l, —-1)

Phuong trinh dudng thang (d) di qua
A(l, -1) khéng song song véi truc Oy ed dang :
¥ = (-1) = k(x - 1). (d) tiép xtdc voi (c) =x +

= kx - (k + 1) cd nghiém keép =iz} = (k

e
- 1)x% - 2x - (k +2) = 0 c6 nghiém kép x = -1
k=1
=iA'=k2+k —1 = 0. Theodinhli Viét =
=l = =1

kiky=-1(k, k,#1). Vayqua A(1, -1) luén ké
dudc hai tiép tuyén voi do thi (C) va hai tiép
tuyén dy vuong goc vdi nhau.
c) Dat t = [sinx] + [cosx] = ¢ =
|sin2x| =1 s ¥ <2=2>1<t<V2
Vay bdt phuong trinh xudt phat <

=

2t
B+ st2+t+1 NS
l=<t=V2 il ety
lstsV2
3 3
2 VW k=5
Caull.a)

1
(1)e==1 - 5 8in2r = cos2x e=cos?2r - Zeosy
+1=0+=cos2x = 1=x=kx (k € 2)
—x24+x+2>0
(2) = Jlog! 2 +x -2 = —1=logl2 =
2 2

—x2+x+2>0 [-1<x<0
{— 2 >
“12+x£0 lsx=2
Nghiém cuia (1) théa man (2) ta phai ed :
—l<krl k=0
l1skn<2=3%
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Vay x = 012 nghiém cén tim.
b) AABC déu =
- cos = cosg
2 2 2
1+cosA+l+cosB+1+cosC=ﬁ 3
1)Can: Adéu=A=B=C=60°=VT =
cos30°

"1 + cosb0?

2) Di :
1 k

% % =23 @
5 cos E cos "2—
Trong AABC ta cd cdc bt ding thic sau :

cos

—V3 - VP

COSs

3
cosA + cosB + cosC < 3 (5)

A B C. e
COSE+COS~2—+CDSEEE—2—
ddu = xdy ra <A l1a déu. Thue vay :
B-C_ A 1

A
* T il e in — 4 — .
} (B) ==2sin 9 2cos~2—-sm2+230,

_.C—lso

(6)

A’ = cos?

= (5) ludn ludn ding va ddu = xdy ra <A déu.
*) Ap dung bat ding thic Bunhiacdpski ta
duge :

R
C052 c082 'COS2'$

c
2

A B
= \.‘E '\] cos® E + cos® E + cos?

3 A
= ﬁ'\] s (cosA + cosB + cosC)

g 3. :3
<V3. §+2=-‘i—'(du{5)).Dﬁu=x§y
ra =A la déu. Theo Cauchy
9 A+c B+c C e e
RS 1 Ll Lrud e
o cosy Cos5 Ccosy
33 1 1 1
g lal o p
cos— coso oS
1 1 1 18
=5 A+ B+ 23m=2\r§.
COS§ CDE-E (',052
Didu = xdy ra <A la déu.
Cau II1. a)
CoF:
BA =1{0,3,6) =
Tacd {52 1% =BA.CD=0+

CD = { -2, 8, —4}
24-24=0=AB 1 CD

14
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BD={-52-1} = = .__

{AC:{—,& _9, _3} =BD.AC=15-18+
3=0=AC L BD

AD={-5-1,-T} = = i

[BC={“3,—6,3} = AD . BC=15+6

21=0=AD | BC
— = —F = e

 C.2:TacéBD.BC=BD.BA=BA BC
= 0 = 3 vécta BA, BC, BD vubng gdc vdi nhau
ting d6i mot = gdc tam dién dinh B cd 3 mat
vuéng = BD L mf (ABC) = BD 1L AC. Tudng
tuCD L ABvaBC L AD &

b) C. 1: Vi BD L mf (ABC) = BD la vécto
phép ctia mf (ABC) vay n = BD = {-5, 2, -1}.
Vécto c}i phuong cha AD la :

il=AD = {=5, -1, -7} wvay sinp =
|257;2;07| =@ (p 1a goc giita AD va
mf (ABC))

C. 2:DoBD 1L mf (ABC) nén hinh chiéu ciia
AD lén mat phing (ABC) la doan thing AB =
il ind e T i Sy

¢) C. 1:Vl ABCD vubng tai B va AB 1
mf (BCD) nén tam mat ciu ngoai tiép tu dién
ABCD la giao diém cia truc dudng tron ngoai
tiép ABCD va duding trung truccia doan thang
AB nam trong mf (ABH) (H la truAt]ng diém cua

. |[I 1A trung diém caa e
CD). Goi {O 18 tam it of = tif gidc

— ] —
OIBH la hinh chit nh&t==-HO=§BA. Ta co -
o Col i T | A B L S AR
= x +1=
HO ={x +1¥ +8:2,~1] "
1 3

531:{0,5,3}

=
0

o (—1,—%,4). ViR DAD = e e
phuong trinh mat cfu cd dang :
129
(x+1)2+ (y+-g-)2+(z—4]2:%=-
2 +y2+z2+2x+3y-82-13=0
C. 2 ; Ta tim phuong trinh mat céu (S) dudi
dang
24yt +22-2ax -2y - 2c2+d =0
1)A(3,2,6) €(S)=49-6a —4b - 12¢ +d
=0(1) .
2)B(3,-1,0) € (S)+=10-6a+2b+d = 0(2)
8) C(0,-7,3) € (8)+=58+14b -6c+d = 0(3)
4)D(<2,1,-1) €(S)e=b+4a-2b+2c+d =0(4)
Ly (1) trit (2) = 2b +4c = 13 (5)
(3) trir (4)=>a -4b +2c = 13 (6)
(1) trit (4) = 10a + 26 + 14¢ = 43 (T)
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Nhan (6) v6i 10 vatrit (7) = -14b+2c = 29(8) cos’x cos’x, ,sin’x sin’x
Ket hop (5) va 8 ta dwge =P () () <
Bohdemiday 5ol 3 e SR
~14b +2 =29~ ‘;E’;*;’“"]’ it e Py
=-13=>(S)cddang:x*+y°+2°+2x + 3y - i inZ
82-13=0 s 4 ”“;Zx+...+°°§21 +s“:“+...+513 -2
1
CaulV.a) I) = 5 (¥ —e M) = [(n2) = <P/ o
L (- gtnry o & (4 ..l) Sub i
2 2 4 8 (p +qp*d
b) Phuong trinh I(x) = m m%(ezf-e-zf) =m (Ap dung bdt Cauchy chop +¢ 50 t;;ng do :
S1n

2x
t2=2mt-1=0 0 psﬁcddangg-‘:——vaqsﬁcddang 3

Theo Viét : tit,=-1 <

t=e¥ >0
vay (¥m) phuong trinh luén luén cd 1 nghiém i -d it ¢ 9 \q
dm:lrig Ly =im 'sz+1=e§' = VoY i = {p+q) '(p+q) dat
. X 2 i
x =5 In(m +VmZ + 1) v6i moi m. dutcio BhE A foh_Ehi = - o - tgx =
Cau V. q 2
Viy=Onény, <=7y Tacd: \/; (dOﬁﬁIéE]
¥* = (coszx)(sinZx)? = TRAN XUAN HIFN

{tiép theo bia 3)

Ap dung dinh 1i 3 va dinh li 4 ta cd thé giai 1 d 1+d
dugc bai todn sau : fd)=5 [f(‘z“) +f( B ]
Bai todn 4 : Tim tét ca cdc ham lién tuc T Y En
- £:[0,11 =R *ilgpsni(agr) -M
3 !k X 1 +x, St it :

sao cho f(x) i) [f[?’ +f(T) ] VxE (Vlf(z) inaf(T) < M)
[0, 1] (Dé thi chon d8i'tuy&n cia Viet Nam thi 1

Va 0 <

todn quoc t& nam 1989
ef'aé!i giai : Gia st fix)) la ham sé thoa man 1 +d
i

de e o
e 1 o
Khi dd f0) = £{ 52 =f(1) Mat khac 1=% > 4. Dieu nay tréi vi dinh
Ta ching minh ffz) = (0] ¥x € (0, 1). nghia clia d. Néu d = 1 ta o M = /(1) = f(0) :
That vay gia si ton tai x| € (0, 1) sao cho li. Truomg hop fix,) < f(0) ciing dan dén diéu
fix,) # f(0). v li.
Xét trudng hop f(x,) > £(0). ' Vayflx) =f(0)Vx € (0, 1)

= flx) = f(0) Vx € [0, 1]
Vay f(x) = ¢ (¢ 1a hing s6)
Thitt lai ta thiy rang ham =6 fix) = ¢ (e la

Va fix) 14 ham sé lién tuc trén [0, 1] nén
3 x, (0, 1) sao cho f(x,) = f(x) Vx € [0, 1]

(f(x;) = max f(x)) hang s6) thoa man dé bai
xE [0, 1] Cudi cung la hai bai tap danh cho ban doc :
bat M = fix,), ta{ch = f(ﬂ')l Bai 1 : Ching minh rang néu ham s
Xéttaphop P = {x € (0, 1) | flx) = M} . f:00,1]1 —=[0, 1]
3‘3}? JchEeopdlilf}lll 111) B#tg boﬁgﬁ I}__‘Igul;) ?} chén. lién tuc trén doan [0, 1] va théa man
Hién nhiénd < 1 vad > 0 ff(x)) = x2¥x € [0, 1]
Gia st d < 1. Khi dd ton tai day 6 {x,} sao thi cling théa man x* < f(x) < x, ¥x € (0, 1).

chox, EPVn €N va,lli,m:" o Hay chiraméthamsscd cdctinh chét néu trén.

Va ham s6 f{x) lién tyc trén doan [0, 1] nén Bai 2: T‘im tﬁt.cé cac ham lién tucf: R —
limflx,) = f(d). Vax_ € PVn € 4‘\?" R théa mén diéu kién sau : Véibdt kix, x, €

S R ma x, < x, déu tén tai ¢ € (x,,x,) sao cho
nénf(x,) = M¥n € N*. Suy rafld) = M Mat c; ; vgﬂc : xta ¢ & (x),%;)
khac vid € (0, 1) nén fle) = fx,) vafic) = flx,)

15

https://tieulun.hopto.org



https:/ivwww, facebook. com/letrunglienmath

hittps:/isites. google.com/siteletrungldenmath

!

T

C6 thé ching minh kha dé dang rang :
Moi 36 nguyén n déu la tong cia nam Igp
phuong.
Chi edn viét sd nguyén n dudi dang
n=n3+k+ 17+ k=13 + (k1P + (k)P
trong dé k = (n — n?)/6 1a s6 nguyén.
Nha toan hoc ndéi tiéng Euler (Ole, 1707 -
1783) da quan tAm dén bai todn sau day :
Chiing minh rang moi s6 tu nhién déu la
téng ciia bén binh phuong.
Euler chi méi chitng minh duge hai bd dé,
iip cho nha todin hoc Phap Lagrange
agorang, 1736 — 1813) giai tron ven bai toan
dd nam 1%’?0. Ta goi day [a dinh li vé téng ciia
bon binh phuong,
Sau day la cac bd dé va ching minh dinh li
ctia Euler va Lagrange.

_ B8 dé 1- Néu hai s6 Pva Q la tdng cia bdn
binh phuong thi tich PQ ciing la tong cua bon
binh phuong. :
- That vay, gid sit P = a? +b% +c* +d?

Q =+ +g2+h

Ta ldy :

p=ae+bf+cg+dh

g =af - bc+ch+dg

r=ag-bh-ce+df

s =ah+bg-cf-de :

Thé thi PQ = p? + ¢ + r2 + 52, dpem.

. Tibddé 1, suyra r%ng dé chiing minh dinh
li da cho, chi can ching minh rang moi s6
nguyén to déu la tong ctia bon binh phuong.

Ba dé 2 - Vdi mot s6 nguyén (6 lé p, co mét

86 ty nhién M sao cho 0 < if <p u&.fvﬁ: la tdng

ciia bon bmhﬁhupn%. Hon nita, s6 nhonhdt (m)
nay la

trong cdc 86 mot sé leé.
Chitng minh :
Xét day
2 12 o2 p—l:
0,1,2,...,( 2) (1)

Chia céc s6 cua diy cho p, ta ed cdce s:é du daj
mot khae nhau. Théat vay, gid st ed H- va K
l'.vi‘jiH < K-) trong day E{i} maH? = hp+rva
K* = kp + r. Thé thi p 1a udc cia H? - K? =
(H - K) (H + K), tdc p la udc cia H - K hoae
cia H+K. Nhung0 < H-K, H+K < p, vo li.

Tuong tu, cdc s0 trong day

3 =k 2o

B ()

cho s6 du do6i mot khac nhau khi chia cho p.

Méi day (1) va (2) chda (p + 1)/2 &6, ca hai
day chia p + 1 86, céc 88 nay cho p 88 du khic
nhau khi chia cho p ; vi vy, phai cé mot s6 (x<)
trong day (1) va mot s6 (=1 = y?) trong day (2)
cho cung $6 du khi chia cho p. Hiéu cua hai s6
nay, tie x* +y2 + 1, chia hét cho p, nghia la cd
si tu nhién ﬂf sao cho

Mp =x2+y*+ 12402

Ma0<sx,y<s(p-1)/2,nén0<M<p.

16
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TRAN XUAN DAI
{Tp H& Chi Minh)
Goim 14 36 nhé nhdt trong cdc s6 M ndi trén,
ta co
mp = al+b2+c?+d-
Néu m chan thi trong bon sé a, b, ¢, d ¢6 0
g6, 2 6 (gia sl 1a @ va b) hoae ca 4 s6 la chan.

Do do : = b =
n a c 2 c 2
Sl H e e ) ()

tic la mp/2 1 téng cia bén binh phuong. Ma
m/2 < m, mau thuan vdi gia thiét m la s6 nhé
nhéit trong cdc s6 M, - ;

Vay m [a s6 1é. Bé dé 2 da duge chiing minh.

Chiing minh dinh Ii vé téng ctia bon binh

phuon 23 it e i
= 12+12+ 0% + 0%, nén theo b& dé 1, chi

a+b

Vi
ean ching minh rang moi s6 nguyén to le 1a
tdng cia bon binh phuong. A

éqi p 1a s6 nguyén t6 lé bat ki va m 1a so tu
nhién nho nhat giita 0 va p sap cho mp la tdneg
ctia bén binh phitiong. Theo bé dé 2, m 1a s6 1€.

Ta chitng minh m = 1 bang phan chiing.

Giasim = 3vamp = a2 +b2+c2 +d?.

Goi ¢ la s8 nguyén gﬁn a/m nhdt, tie 1a
|a/m -u] < 1/2 Et m 1é nén khong co a/m =
k + 1/2 v&i k nguyén).

Tuong tu, v, x, y 12 cde s6 nguyén gin nhit
vdi b/m, c/m va d/m tuwang dng. Nhu vay cdc s
=aoamu
v'=b-muv
X’=ec-mx
y=d-my
déu a gitta -m/2 va m/2.
Ta co
mp =a+b*+c2+d? =

= m2(u? +v* +x2;l-y2] + 2minu’ +ov' +ax’
+yy) + (w2 +u? +xt+y?)

=m?Z+2mT+Z’

Vi Z = ut +v2+xl+y2

Z=u?+u2+xl+y"

T=uu"+vv'+xx’+yy

Chiuyrang Z’ < 4(m/2)> =m?vaZ # 0

(VE néuZ =0 tlgi ne Ja LrSJc cuaa, b, ¢, d;do
dd m= 1a udec clia a* + b= +e“ +d- = mp, vo i vi
1 < m < p map la sd nguyén td).

Dat M = Z'im = p - mZ - 2T (M nguyén).

VIZ'#0nénM = 0vaviZ’ <m’nénM < m.

Ta co

Mp = (M/m)mp

= (Mim)m+-Z +2mT +Z")

= ZMm +2MT+MZ [m = ZZ'+2MT +M*=

=ZZ'- T2+ (T+M)-. _

Do b8 dé 1, ZZ’ = T? +q2 +r? +s° vdi cac so
tu nhién g, r, 8 nao do. Vi vay, Mp la tong cta
bén binh phuong : : :

Mp = g2 +r’+s° +(T+m)-.

Ma M < m, tréi voi gia thiét m 1a 36 nho nhét
gitta 0 va p sao cho mp la tong cia bén binh
phuong. Méu thudn nay chung minh d inf li.
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Sem L2176 scit thrém todan fioc 1125 thon G

JA

Trude hét ta néu thém cde tinh chit eta ham
s0 lién tue :

Dinh li 1: Cho ham 86 f{x) lién tue trén doan
[a, b]. Néu fix) = 0 Vx [a, b] thi

hoac fix) > 0 Vx [a, b]

hoac flx) < 0 ¥x € [a, b]

(Ban doc tu chimg minh).

Bai todn 1. Cho ffx) va g(x) 1a cic ham sé
lién tue trén R sao cho figix)) = gifix)) ¥x € R.
Ching minh rang, néu phuong trinh fix) = g(x)
vé nghiém thi phuong trinh fifix) = grgix))
cung vo nghiém.

Loi gidi : Vi phuong trinh fix) = gix) vo
nghiém nén fix) - gfx) # 0 Vx € R,

Mat khac fix) - g(x) 1a ham s8 lién tuc trén
R. Viy theo dinh 1i 1 :

hoac fix) - glx}) > 0Vx € R

hodc fix) - g(x) < 0Vx E R

Truong hop 1: fix) - g(x) > 0¥x € R

Khidd fix) > gix) Vx E R

Véix € R ta cd fix) > gix)

= flfix)) > gtfix)) = figix)) > glglx))
= fifix)) > giglx))¥Vx € R

Vay phuong trinh fifix)) = gig(x)) vé nghiém

Trudng hop 2 : fix) - gfx) < 0¥x € R

Bang cich tuong ty ta cing ching minh
duge

fiffx)) < glg(x)) ¥x € R
Vay phuong trinh fifix)) = g(g(x)) v6 nghiém
_ Trong ca hai trugng hgp ta déu cd phuong
trinh
fifix)) = glg(x)) vé nghiém

Dinh i 2 : Cho ham s0 f{x) lién tue trén doan
[a, b]. Néu fix) don anh thi hoac flx) dong bién
trén doan [a, b]

hoac fix) nghich bién trén doan [a, 5]

(Ban doc tu chitng minh)

Ap dung dinh I 2 ta cd thé giai duge cée bai
toan sau :

Bai todn 2 : C6 tén tai hay khéng ham sé
fix) lién tuc trén R sao cho fifix)) = ~xVx ER ?

Lai giai : Gid sit ton tai ham s f{x) théa man
dé bai

Truée hét ta chitng minh rang f{x) don anh.

That vay, gia sttx, x, € R va flx;) = fix,).

Khi d6 fif(x)) = f(fx,)) = —x, = =, =
X, =z,

Vay fix) don anh.

S0 LIZW Ty¢ Y4 i g

TRAN XUAN DANG
(Nam: Dink)

Theo dinh 1i 2 thi hoac fix) déng bién trén R
hoac flx) nghich bién trén R. Néu fix) dong bién
trén R thi : vdi x,%x, € R va x; <x, thi

f(-ﬁ) < .ﬂ:xzz'

‘_“’f(ffxlj) = f{f{xg)} i T
=X > X, Diéu nay trdi vai gia thist.

Truong hop fix) nghich bién trén R cling din
dén diéu vé If.

Vay diéu gia sit réing ton tai ham sé ffx) thoa
mén dé bai la sai. Diéu dd ¢6 nghia la khong tén
tai ham s6 f(x) théa man dé bai.

Bai todn 3 : Tim t4t cA cac gia tri cta k dé
tén tai mot ham lién tyc f: R — R thoa man

f(f(x)) = k', Vx € R

Loi gidi : Véik = 0, ham s6 fix) = 0 (Vx €
R) thoa mén dé bai

Véik > 0, ham s6 f(x) = Wka? thoa mén dé
baivdik < 0, bangcach ching minh nhu loi giai
cua bai toan 2 ta thay rang khong ton tai ham
s6 fix) thoa mén dé bai. :

Ta bé sung thém khai niém va hai dinh i
duai day :

Dinh nghia : a) Gia st M 1a mot tap con ciia
tag s thiye R (M # ¢). 88 ¢ € Rdude goi 1a can
tren ding cia ta néu hai diéu kién sau duge
théa méan déng thai

DDx<seVxeM

2)¥d > 0,3x € Msaochoe -4 < x.

b) Gia sit M la mot tap con cua tap so thue
R (M = ¢). 56 d € R duoce goi la can dudi ding
cia M néu hai dié¢u kién sau duge théa man
dong thoi :

llxzdvVxeM

2)Vd >03x € Msaochox <d+4

Dinh li 3 : 1) Gia sit M 1a mét tap con khéc
rong cha tap s6 thue R. Néu M bj chan trén thi
tén tai can trén dung cia M

2) Gia sit M 1a mét tap con khac rong cia
tap 86 thuc R. N&u M bj chan dudi thi t6n tai
can dudi ding ctia M. Ngudi ta ki hidu ean trén
ding cta tap M la sup M va can dudi ding cia
tAp M la inf M.

Dinh 1i 4 : 1) Néu c 1a can trén ding ctia tap
M (M # ¢) thi tén tai day =o {r,} saochox €
MVYn € N* valimx, =¢,

M=o
2) Néu d la can dudi dung cua tap M (M =
@) thi tén tai diay s6 {x_} sao cho 1. EMVn e
N*'valimx, = d Viéc cﬂt’rng minh dmh 11 3 vugt
M=o
ra ngoai chugng trinh phd théng.
Viéc ching minh dinh li 4 xin danh cho ban

d(‘}c' fxem did prrang 15)
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C6 mot dang phudng trinh vo ti ma nhiéu
nguoi méc sai lam khi giai, d6 la phuong trinh
dang ﬁ +i{B=C.

Tht e 10

Dé s6 48 trong bo dé thi tuyén sinh vao cac
truiimg dai hoe, cao dang va trung hoc chuyén
nghiép - Mén Todn 6 bai :

Giai phudng trinh X

Vor -1 =216 - V2 +1

Trong hudng dan giai dé thi tuyén sinh da
gial nhu sau :

Phuong trinh da cho tuong dudng vdi

(VZx =1 + V2 +1)% = 1623

=dr+8 Yol (Ve -1 + V2 +1) =

=16x

=3 V16 V&7 -1 = 4(4x? - 1

=2 Yar =12 V{@&Z -1)* -3 Y21 =0

a)x =

hixl-—=x=
Ty

-1'-1"‘

1
+ —
2
o o A 2 V2 +3V3
c) Vi(dx l}_-. 5 ==»x-i—-g—‘,‘—£—
Ta hiy xét thidu 2 :
Giai phuong trinh
V-1 + fx—-1= Y& +1
Néu giai theo phuong phdp trén ta cd :
Phudng trinh da cho tudgng dudng vdi
(V2 =1 + i.l‘x—1)’=3x+1 s
=3 -2+ 3V - -D(V2x -1 +
+x—1)=3x+1 :
=V -Da-HE+1D) =1

e=fxS = Txt = 0e=x = 0 hoacx =

=r s

Nhing cd thé thdy ngay rang x = 0 khing
la nghiém cia phuong trinh da cho. Phuong
phap giai trén sai lAm ¢ ché da xem rang
phuong trinh VA + VB — C va phuong trinh
A+B+3VABC = (3 tuong duong nhau.

NGUYEN DOANITHOA
{Ciiidn vién tredmmig PTTET
Chede Vil Lici — Cdn Thee)

Lifi Toa soan : Quan hé gita hai tap nghiém
etin hai phuong trinh VA+VB=CcvaA+B
+3 VAB . C = €3 nhu thé niao ? Thi du 1 véi loi
giai trén cd thita hoac thiéu nghiém khang ? Tai
sao 6 giai d thi du 2 lai cho thita gintrix =07

(‘hung toi mong nhan dude cau tra ldi ctiacacban !

Giai dap bai

Tro choi chia diém

Gia stt ngudi choi di trudc 12 A va ngudi choi
di sau la B. Ta biét ring mot s6 chan bao gio
ciing tach duge thanh téng cia hai s6 1é. Mot 30
]& (khong nhé han 3) thi bao gits eling tach duge
thanh téng ciia mot s6 1é via mot sd chan. Vi vay
ngudi choi A mudn thang thilan chdi trude tien
phai chia déngdiém (30 que) thanh 2 dongeung
cd 36 que 1é (17 va 13 chang hany. Tiép dd ngudi
chdi B sé phai chia mét trong hai déng co so gue
16 thanh hai déng nhé hon : mét déng co =0 que
|é, mot déng cd s6 que chan. Dén lugt nguoi chai
A lai chon déng cd 6 que chin va chia thanh 2
déing co s6 que 1é va dén lugt ngudi B lai phii
chon mot déng cd sé que 1é nao dd dé chia thanh
hai déng nhé hon mot déng ¢6 s6 que 1é va mot
déing c6 s que chdn. Cii tudn ty nhu thé cho tdi
khi nguini A chia déng cd 86 chan que cudi cung
14 2 thanh hai déng méi déng ¢d mot que thi
ngudi chai B khong chia duge nita va chiu thua.

(Dua theo giai dap etia cac ban : Hoang Thi
Nguyet Anh, BT, NK Hai Hung ; Nguyén Vin
Luong, 90, NK TP, Thanh Hda ; Hoang Hai
Yén ; B|, F, dutng Vu Ban, Nam Dinh)

BINHTILFONG

(4t va ghép

|

Hiy cat bang 2
nh:it migng g nhu
hinh bén sao cho
khi ghep cde manh
thu duge lai ta cd
mot manh  hinh
vudng.
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