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BO GIAO DUC VA DAO TAO % HOI TOAN HOC VIET NAM

TAP CHI RA HANG THANG

“* VE MOT UNG DUNG CUA PINH LI VIET

% TINH CHAT DAY cAC Ti S6 BANG NHAU

% DIEM TORICELLI CUA TU DIEN,

» VE SO NEUVEN TO LON NHAT

o2 L1 GIAT DE THI QUOC GIA CHON HOC SIVH GIOI TOAN THPT NAM HOC 1993 - 1996 (BANG B)
% sUY NGHI Vé MOT BAI TOAN HAM $O

% PIEN 80O 'VAO HINH LUC CIAC

s
*

TRO CFOT CIHIA DIEM

- n

Thay tré déi tuyén thi quéc gia Idp 9 (1995 - 1996)
tinh Thanh Hoa.
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TOAN HQC VA TUOI TRE
MATHEMATICS AND YOUTH

MUC LUC

Trang

e Ddanh cho cdc ban Trung hoc co s&
For Lower Secondary School Level Friends
Nguyén Dite Tdn — V& mot ving dung cla
dinh ly Viet 1

g bién tdp :
e Gidi bai ki trurdc Tdng bién tdp
: : ; NGUYEN CANH TOAN
Solution of Problems in Previous Issue Phé tng bién tp :
Céc bai eta s6 230 2 g s
o D¥ ra ki nay NGO PAT TU
OANG CHUNG
Problems in this Issue HOAN
T1/234, ..., T10/234, L1/234, L.2/234 10

® 5ﬂg kinh cdi cdch day vd hoc todn

Kaleidoscope : Reform of Maths Teaching and HOI DONG BIEN TAP :

Learning .
Huynh Van Trong - Nguyén Canh Toan, Hoang
Tinh chit day cac ti s6 bing nhau 11 Ching, Ngo Dat Ti, Lé Khac

e Tim hi¢u sdu thém todn hoc phd thing Bao, Nguyén Huy Doan,

Helping Young Friends Gain Better
Understanding in Secondary School Maths
Nguyén Minh Ha

Nguyén Viét Hai, Dinh Quang
Hao, Nguyén Xuan Huy, Phan
Huy Khai, Vi Thanh Khiét, Lé

- Diém Toricelli cua tid dién 12
e Nguyén Khic Minh - Loi giai dé thi qudc gia

Hai Khoi, Nguyén Van Miu,
Hoang Lé Minh, Nguyén Khéc

chon hoe sinh gidi todn THPT Minh, Tran Van Nhung,
nam hoc 1995 - 1996 (Bang B) 14 Nguyén Dang Phét, Phan
® Hoc sinh tim toi Thanh Quang, Ta Hoéng

Quang, Dang Hung Thang, Vi
Duong Thuy, Trin Thanh
Trai, L& B4 Khdnh Trinh, Ngo
Viét Trung, Dang Quan Vién.

Young Friend’s search in Maths

Lé Quang Ndm - Suy nghi vé

mot bai todn ham sé 16
® Ban co biét

Do you know ?

Neguyén Tuong — Vé s6 nguyén t6 16n nhit Bia 3
e Gidi tri todn hoc
Fun with Mathematics
Binh Phuong - Giai dap bai :
Dién s8 vao hinh lue gide Bia 4
Ngé Han - Trd choi chia diém Bia 4
Tru sd toa soan :
45B Hang Chudi, Ha Noi DT: 8213786 Bién tap va tri sy : VU KIM TI;IfTY
231 Nguyén Van Cir, TP H6 Chi Minh  DT: 8356111 Trinh bay : QUOC HONG
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Danh cho cdc ban trung hoc co s¢&

VE MOT UNG DUNG CUA BINH LiVIET

Dinh l Viét (hé thic Viét) : Néu phuong
trinh bac hai ax® +bx +c = 0¢6 hai nghiém x; ; x,
thi téng va tich hai nghiém dé la

S=x+x,= —%;P =X,X, = —
Van dung dinh I d&€ giai todn la vin dé rat
hédp din.

Trén Tap chi T.HvT.T s8 6 (204)/1994 thdy
gifo Nguyén D& da vist v& "Sit dung dinh I Viét
dé giai mot bai todn vé bt ding thic". Trong
bai vi&t nay, téi xin duge trao dbi cing ban doc
vé& ing dung ctia dinh i Viét trong viée gidi mot
s8 bai todn vé& ham s8.

Xét cdc bai todn rét quen thudc sau :

Bai todn 1 : Cho parabol (P) y = x2. Goi A
va B la hai diém thuoe (P) ¢6 hoanh d¢ lan lugt
la —1; 2. Viét phuong trinh dudng thdng AB.

Day la bai todn dé, hdu hét hoc sinh va nhiéu
tai lidu todn déu cho 13i gidi sau :

lA € (P)

P g N 1)2=1.VayA(-1;1)

Be (P)
xp=2 =y, =22=4.VayB(2;4)

Phuong trinh -dudng thing AB cén tim cd

dangy = ax+b (AB) -
A € (AB) [1:-a+b=l—3a.=—3
BE@MB) |4=2a+b" |1l=-a+b
a=1
b=2

VayphuongtrinhdudngthdngABlay=x+2.

Né&u suy nghil dén viéc xit dung dinh I Viét
ta cd loi giai "dep” sau :

Phuong trinh dudng thing AB cén tim cd
dang:y =ax+b (AB)

Phuong trinh x4c dinh hoanh d¢ giao diém
cla (AB) va (P)

=ax+besxl-ax-b=0(%

x, = ~1, x5 = 212 hai nghiém cta (*)

Mat khéc theo hé thic Viét ta cd

xA.IB= ""b

NGUYEN DUC TAN
(T.P H5 Chi Minh)

dodda=1,b=2.
Phuong trinh dudng thAing ABlay = x +2.

: x2
Bai todn 2 : Cho parabol ¥ ="‘1-(P),Ah

diém trén (P) cé6 hoanh d¢ la 2. Tim phuong
trinh tiép tuyén tai A véi (P).

Cing nhu bai todn 1, hfu hét hoc sinh va
nhiéu tai li¢u todn déu cho 18i giai sau :

2
v oG =ya= = 1VayA@; D)

Phuong trinh dudng thing cén tim cd dang
y=ax+b (D)

AE(D)e=1=2a+besb=1-2a.

Vayy =ax+1-2a (D)

Phuong trinh x4c dinh hoanh do giao diém
ctia (D) va (P) 1a

%xz=ax+l—2c:=rx2—4ax—4+8a=0

A= 4a2+4 - 8a = 4(a - 1)?

(D) tiép xiic (P) e=A’ = 0 =>4(a ~ 1)2 = 0=
a=1l,a=1=b=1-21=-1

Phuong trinh dudng thing cfin tim 1a
y=x-1

Sau day 1a 151 gidi n&u xit dung hé thic Viét.

Phuong trinh dudng thdng cAm tim cd dang
y=ax+b (D)

Phuong trinh x4c dinh hoanh d¢ giao diém
clia (D) va (P)

2

%=ax+b«=x2—4m—4b =0 (**)

x = 2 ]a nghiém kép ctia (**)

Mat khac theo hé thic Viét ta cd
x +:I:2 = 4a
xpxy = —4b

X =x,=2

dodda=1,b6=-1

Phuong trinh dudng thingcdntimlay = x
-1

Céc ban hay tim thém nhitng bai todn tuong
tu, bai todn v& ham s6 ma dng dung dinh i Viét

cho 10i gi4i ngén gon.
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Bai T1/230. Tim nghiém nguyén duong cia
phutong trinh :
5425 +65=4500vdix <y <z

Lai giai. (Dua theo Lé Hong Linh, 9T, NK
Tx Ninh Binh). Tt phuong trinh da cho, ta cd :

5. < 4500 < 5%, ma 5 > 1 nénz < 5. Hon
niia, x <y < znén:

5+ 2.5 + 5 < 53+ 254 +5 = 4500. Suy
ra, nghiém cta phuong trinhla :x =3,y = 4,
z = 5 vi khi va chl khi d6 thi ddu bing méi x8y ra.

Nhan xét. 1) Co 305 bai giai, t&t cA déu giai
dung, phén lon déu giai dua vao tinh duy nhit
cta dang phén tich ra thita s8 nguyén t6 clia s8
nguyén, tuy nhién thudngla chua that chat chég,
ching Han khéng néu rd tai sao bigu thie chit
dang xét 14 s nguyén.

2) Cédc ban sau day co i gidi t6t : Pham
Dinh Phi (Tién Giang, 9% Long Dinh - Chau
Thanh), Tran Diéc Son (Quéng Binh, 9,
Chuyén thi trdn Ba D6n - Quang Trach), Pham
Ngoc Huy (Déng Nai, 9T, Nguyén Binh Khiém,
Bién Hoa), Duong Thién Dic (Thita Thién
Husé, 9!, Nguyén Tri Phuong), Pham Thi Véan
Giang (Minh Hai, 94, Chuyén Bac Liéu), DS
Thi Di Thién (Khdnh Hoa, 9 Toan Lé Qui
Don, Nha Trang), Ngé Quéc Anh (Dak Lik, 8
Chuyén Todan PTTH Nguyén Du, Buén Ma
Thubt), Bizi Tién Det (Lam Péng, 9A, THCS
Lé Lgi, Di Linh), Lé Hdng Linh (Ninh Binh,
9T Nang Khiu, Tx Ninh Binh), Lé Quang
Tudn (Thanh Héa, B, PTTH Ham Rﬂng, Tp
Thanh Hda), Dgng Td’ Nhu (Quang Binh, 9
To4an THCS NK Hai Dinh, Déng Hoi), Biu
Minh Khoa (Tra Vinh, 9, Ly Tu Trong, TX Tra
Vinh), Pham Qudc Trdn (Dﬁng Nai, 9° Ly Tu
Trong, Tan Bién), Nguyén Xudn Nguyén (Ha
Noi, 9A! THCS Chu Van An, Tay Hé), Nguyén
Hoach Triic Sink (Binh Dinh, 9 Quéc Hoc
Quy Nhon), Lé Trusng Giang (Thanh Héa,
104, PTTH Luong Déic Bang, Hoang Hda),
Nguyén Thanh Tan (Hai Hung, 8 NK Phic
Thanh, Kinh Mén), P6 Manh Hiing (Thaéi
Binh, 222 - T4 4 - Chu Minh Tién, Thi trdn Vi
Thu), L& Trung Kién (Thita Thién - Hué, 94
Nguyén Tri Phuong), L¢ Tran Trung (Quang
Nam - Da Néng, Té 61/6 Phuong VT, Tp Da

2

Néng), Pham Bdo Ch4u (Ba Rja - Vang Téu,
8 Chuyén Todn, Chuyén L& Qui Dén), Lé Dic
Tri (Vinh Long, 7T Nguyén Binh Khiém),
Nguyén Ngoc Ha (Minh Hai, 9A, THCS Thi
trn Ddm Doi), Phan Thanh Bmh (Quang
Ng4i, 9 Toan Chuyén Lé Khiét), Nguyén Thai
Phi (Ha Tinh, 9 Toén Nang Khigu Ditc Tho),
Nguyén Van Hgp (Nghé An, 9T Phan BQi
Chau), Nguyén Hoang Giap (Vinh Pha, 9T
Chuyén THCS Tam Dao), Doan Céng Anh
(Thanh Héa, 8A THCS Nang Khiéu Ha
Trung), Luong Thanh Hoai (Ha Tay, 9 Toan
Chuyén Hoai Dic).
DANG VIEN

Bai T2/230 : Cho biét méi phuong trinh x*
-mx+p = Ovax?-nx+q = 0d2u cé hainghiém
duong. Chiing minh rdng cdc bt ddng thitlc m
< n, mn < p +qva mq < np khéng dong thoi
xdy ra.

Laui giai : Gia sit déng thoi xay ra

m<n (1)
mn<p+q (2)
mgq < np (3)

Tit dinh i Viét d& thdy m, n, p, ¢ dudng.

Tit (1) =mp < np. Tt (2) m*n < mp +mgq
<mp+np <2np—m?<2p.Vi plltil:lng trinh
x2 - mx +p = 0.cé nghiém nén m? = 4p. Vay 2p
> 4p —p < 0. Vo Ii.

Nhan xét : T4t ca cdc ban tham gia gidi bai
nay déu lam ding véi nhiéu cdch gidi khéc
nhau. Céc ban cd 13i giai tét : Nguyén Hitu
Tinh, 9, Ha Tinh ; Huynh Minh Son, 9,
Quang Ngai ; Nguyén Minh Hoai, 9, Ha N§i ;
Nguyén Van Long, 9, Ha Béc ; Nguyén Hdi
Ha, 9, Ha Tay, Pd Ngoc Diuc, 6, Ha Noi;
Hoang Minh Phiic, 9, Nghé An ; Ngé Thi Hdo,
9, Ha Béc ; Biui Phuong Thdo, 9, Théi Binh ;
Luc Van H&o, 9, Tp. Hé Chi Minh ; Vi Ngoc
Hdi, 9, Thdi Binh ; Vii Vin Phong, a9, nh
Pha ; Nguyén Viét Tu 9, Ha Tinh ; Duong
Thién Dite, 9, Hué ; Biti Dite Gttmg, 9, Ha
Tay ; Nguyén Van .Bmh 9, Quang Binh ;
Nguyén Hoéng Quang, 9, Lho Cai.

DANG HUNG THANG

Bai T3/230 : Gidi phuong trink (nghiém
thue)
-3 x-5=0
Lui gidi. 2t -4{8x -5=10
et +22+1-202-4y3x-6=0
=@+ 12 -2(x+VY3)2 =0
=2+ V2x +1 +V) (2= V2x + 1 - ¥6)=0
x2+~r’x+1+r 0 (1)
Sl -VIz+1-VG =0 (2)
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Ta thédy (1) vé nghiém vicd A = —(2 +4V6)
<0

-+ Giai (2) ta dude :
V2 + V476 - 2 V2 — 476 -2
x, = 3 1%y = )

Viay phuong trinh da cho ¢d hai nghiém trén.
Nhin xét. Co rit nhiéu ban gii 1oi giai dén,
trong dd da s6 cd 1oi giai tot.
TO NGUYEN

Bai T4/230 : Cho mot hinh chit nhat cé chu
vi khéng nhoé hon 22 va mét tt gibe cé cde
dinh naém trén cdc canh khdc nhau ciia hinh
chit nhat dé. Ching minh rdng chu vi ciia i
gide khéng nho hon 2.

Lasi giai. (VAn tat)

N
T
a (3
Y/ p [

Trong AMDN c6 : MN? = DM? + DN?
= 2MN? = (1 + 1)(DM2 + DN?) = (DM + DN)?
Hay 2MN? = (DM + DN)?
= V2ZMN = DM + DN
Tuong tu VZNP=NC+CP,V2PQ=BQ+BP,
VZMQ = AM + AQ.
Do dd : V2(MN + NP + PQ + QM) =
=2AB+BC +CD +AD = 22
Vay chu vi tif gisc MNPQ khong nhé hon 2.
Cach 2 :

A a Y
# Nz
2 r - <

Lay E, F, G ldn lugt 14 trung diém MQ, MP,
1

PN. Suy ra EF = % QP, FG = 5 MN

Laic6 A = C = 90°= AE = %MQ

1
cG = 5 NE.

Do dd chu vi MNPQ = 2(AE + EF + FG +
GC) > 2.AC = 2VAB? + BC?

Mat khéc (AB - BC)2 = 0 = 2(AB? + BC?)

+
= (AB + BC)? = VAB? + BCZ ;A—%-Q-IE.DO

vay chu vi MNPQ = 2. V2

(D&u = xay ra khi MNPQ 1a hinh chit nhat va
ABCD la hinh vuéng). _

Nhan xét : Nhiéu ban gidi rdt dai ddong. Sau
day la danh sich edc ban gidi ding va ngén
gon : ;

Vinh Phu : Nguyén Dic Minh, Nguyén
Hoang Gidp, Vi Manh Cudng, 9T Chuyén Tam
Dao. Ha Béc : Nguyén Nhu Chudn, ONK,
Ddang Dinh Hanh, 9A, NK Thuén Thanh,
Hoang Tang, 8 Chuyén, Nguyén Thi Hdo 9B,
NK Tién Son. Hai Hung : Vii Tudn Long, Phu
Tién, Vit Thai Son 8T NK tinh. Ha Noi :
Nguyén Thi Minh thoa, 9T Ngoc Lam, Gia
Lam, Triin Tdt Dat, Nguyén Xuan Nguyén, 9Al
Chu Van An, Pao Thé Vii, 9A1, Giang V6,
Nguyén Quang Ding, Lé Th& Théng, 9H
Trung Vuong. Hai Phong : Tran Trung Hiéu
9D,, Lac Vién, Ngd Quyén. Nam Dinh :
Nguyén Trong Kién, Tran Dinh Hinng, Dao
Hoang Anh, Vii Triin Cuong, Pham Ngoc
Hung, Pham Thu Giang, D8 Qué Huong, Lé
Nam Binh 9T, Doan Nam Thai, Pham Dinh
Qude Hung, 8T, Trin Dang Ninh, Hoang Tién,
Li 9 NK Hai Hau, Nguyén Diéu Quynh 9T NK
Y Yén. Ha Tay : Nguyén Hzu Dinh 9B Chuyén
Ung Hoa, Nguyén Ha Duy, 9T Chuyén Pha
Xuyén. Théi Binh : Luong Van Huynh, 9T Lé
Quy Dén, Hung Ha. Thanh Héa : Nguyén Tdt
Théng, D8 Thi Hoa, 8TNK Bim Som, Ddng
Dite Trung, 9A Ba Dinh, Bim Son. Nghé An :
Hoang Minh Phic, 9B Nghi Lién, Nghi Léc,
Nguyén Hong Die, 9A1 NK Yén Thanh,
Nguyén Cdnh Thanh, 9TB, Phan Bdi Chéu,
Vinh. Ha Tinh : Nguyén Hiu Tinh, 9T1 NK
thi xa. Quang Binh : Dgng T6 Nhu, 9T NK
Hai Dinh, Déng Héi, Trin Dite Son, 9 Chuyén
Ba D6n, Quang Trach. Thirta Thién - Hué :
Pham Nguyén Quy 91, Nguyén Tri Phuong,
Binh Trung Hiéu, 8A cdp 2-3 Phi Bai, Huong'
Thiy. Binh Dinh : Nguyén Hoach Tric Sinh,
9A Qudc hoc Quy Nhon. Quang Ngai : Mai
Hian Giang, 9C Lé Khiét, H6 Ngoc Nam, 9T
Chuyén Mo Dide. Khanh Hoa : Dinh Thai
Minh Tém 92, THCS Cam Ljc, Cam Ranh.
Déc Lak : Nguyén Thanh Nhd, 9T Chuyén
Nguyén Du, Ban Mé Thutt. Lam Déng : Phan
Thi Thanh Ha, 8A1 Quang Trung, Da Lat. Ba
Rja - Ving Tau : Tran Giang, TA/2 Nguyén
An Ninh. Déng Nai : Pham Ngoe Huy, 9T
Nguyén Binh Khiém, Bién Hoa. TP HCM :
Chung Nhan Phi, 9T1 Nguyén An Khuong,

3
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Hoc Mon, Lu Boun Vinh, 9A1 Chanh Hung Q8.
Vinh Long : Nguyén Chi Trung Kién, 8T,
Nguyén Dé Thai Nguyén, 9T2 Chuyén Nguyén
" Binh Khiém, Vinh Long. Bén Tre : Nguyén
Ngoc Héa, 81, My Hda. Minh Hai : Nguyén
Chi Linh, 9A! thi trdn Dam Doi.

VO KIM THUY

Bai T5/230. Cho triede dudng tron (0; R)va
diém A c6 dinh trén dé. Mot diém M chuyén

déng trén (0), tiép tuyén voi dudng tron tai M

cdt tiép tuyén tai A d diém P. M6t duong tron

(0, ; R;) bién thién di qua M va tiép xiic voi AP
tai P. Chitng mih rang (0,) ludn luén tiép xiic
vdi mét dudng tron cd dinh.

Lo giai. (Dya theo Vii van Phong, 92 THCS
Chuyén Vinh Tuding, Vinh Pha). Ké dusng kinh

B

a

AA’eta (0 ; R) roi 14y trén dd diém 03 sao cho
A’0, = 3R : 4. Ta sé ching minh dudng tron cé
dinh (0, ; 3R : 4) chinh la dudng tron cdn tim.
Thét vay, ké dudng kinh PQ cua dudng tron
(0)) tacé O, M, @ thang hang vi MO, M@ clng
vuéng goc véi MP. Mat khae, do (0), (O;) cung
tiép xtc vdi AP nén A'A, QP cing vudng gde vai
AP vi do do song song vii nhau, suy ra AQP =
QPO (so le trong). Hon nita, AOP = QOP vi
PA, PM la cac ti€p tuyén cia (O) cing qua P.
Suy ra QPO = QOP, hay tam gide @OP cén
dinh @. Goi B 1a diém déi xing v6i O qua A, ta
cd B, 0, A thinghang va tam gidc PBA can dinh
P. Nhu trén, QOFP = POB, nén hai tam gide
cin QOP, POB dong dang, va ta cd QP : PO =
PO : OB hay OP’ = 4RR,

Tit tam gidc vuéng AOP, ta cé OA2 + AP? =
9 3
4RR, hay R} + —-R? + SRR, = AP +

25 5 R
o oo g 532
MR ERRIM(R}+4R) AP+

+ (R;%R)g = AP?+ (0,P — 0,A)*= 0,03

Viay R, + 3R : 4 = 0;0,, hay (0,) tiép xdc
v (0_1), va ta co d.p.cam.

LR+

4 -
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Nhan xét. Bai nay tuong déi khd, chi cd 16
ban gii bai vé toa soan, tit ca déu giai ding.
D6 la cac ban : Vii Van Phong (Vinh pha), 9a
PTCS chuyén Vinh Tudng), Luong Thanh
Hoai, Ha Tay, 9 toan PTCS chuyén Hoai Dhic),
Hoang Tién (Nam Ha, 16p Li 9 PTCS Nang
khigu Hai Hau), Nguyén Thai Phi, (Ha Tinh),
9 Toan, PTCS Nang khigu Duc The), Vii Trian
Cuong (Nam Ha, 9 todn Trdn Dang Ninh), Déo
Manh Cudng (Nghé An), 9T , PTCS Phan Boi
Chau), Ngé6 Minh Puc (Nam Ha T9 PTCS
Xuan Thuy), Nguyén Huy Vii (Ninh Binh, 8
chuyén toan NK Nho Quan), Nguyén Hoang
Quan (Vinh Long, 9T 2 PTCS Nguyén Binh
Khiém), H6 Ngoc Nam (Quang Ngai, 9T
PTCS chuyén Mo Die), Trin Tudn Anh
(Khdnh Hoa, 9 toan PTCS Lé Quy Dén, Nha
Trang), Biii Dizc Giang (Ha Tay, 9 PTCS
chuyén Chuong My), Phan Huong Thu (Thai
Binh, 9T PTCS chuyén thi xa Thai Binh),
Nguyén Tung (Ha Noi, 9CT PTCS Ti Liém),
Nguyén Thity Giang (Ha Tinh, 9A PTCS nang
khigu Diic Tho), Pham Dinh Quéc Hung (Nam
Ha, 8 toan PTCS Tréan Dang Ninh).

~ DANG VIEN

Bai T6/230 Xets6a = 1 — {2 + {2

a) Tim da thiic bdc ba c6 hé s6 nguyén nhén
56 « la nghiém.

b) Chitng minh rdng khoéng ton tai da thic
bac nhdt hodc bdc hai c6 hé sé nguyén nhan a
la nghiém.

Loigidi:a)Tacs (V2 +1)=2+1=3
»>{Za=83-a—223=3-0)3=27-27a+
902 - a3 —a? - 3a2+9a -9 = 0. Vay ala nghiém
cia P(x) =x" =32 +9x -9 =0

b) Trude hét ta nhéin thdy P(x) khong co
nghiém hitu ty. That vay néu § 14 nghiém hitu
ti cia P(x) thi g € Z va B 1a W6c chia 9 tiic la g
€ {+ 1, £3, £9}. D& ki€m tra thidy P (+ 1),
P(+ 3), P(% 9) déu khac khong.

Nhu viy a € @ do dd « khéng la nghiém cta
da thic bic nhatax +b (e € Z, b € Z). Gia su
ton tai da thiic bic 2 @ (x) hé 36 nguyén nhéan «
14 nghiém. Chia P(x) cho @ix) ta dude

Pix) = Q(x) H(x) + R(x)
Ta cd : Pla) = Q(a) = 0 = R(a) = 0 vi bac

" ctia R < 2 va R khong 1a da thic bac nhit nén

chi cd thé R(x) 1a da thitc khong tiic 1a Plx) chia
hét cho @¢x). Nhung khi dé Hix) s 1a da thic
bac nhit cé nghiém hitu ti 5. Suy ra P(x) ciing
¢6 nghiém hitu ti. Mau thuin dd ching minh
bai toan. C

Nhan xét : a) Mic dit eo nhiéu ban tham
gia giai bai toan nay nhung kha nhiéu 1oi giai
khéng chinh xdc d phan b). Cdc ban thutng méc
sai ldm & hai diém :
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— Thita nhén « la s vd ty coi nhu la moi diéu
hién nhién.

-Tuditukitna{Z +6VZ +c=0(a, b, ¢,
€Z)suyraa =b = ¢ = 0 ma khéng ching minh.
Trong khi dé m&u chét cia bai todn la ching
minh chinh diéu dy.

b) Céc ban sau day <6 14i giai ding (tuy cd
hoi dai) : Tran Tudn Anh, 9, Khénh Hoa : ; Lé
Héng Linh, 9, Ninh Binh ; ; Nguyén ngc
Khédnh 12 Thil Binh, Nguyén Thi Hdo, 9, Ha
Béc ; Tran Phuong, 11, Ha N6i ; Triin Nam
Dﬁng, 11, Nghé An ; Trim Nguyént Tho, 9, Ha
Tinh ; Hoang Lé Qudng, 12, Hai Phong ; Vii
Tudn Anh, 10, Béc Thai ; Lé Manh Ha, 12,
Quing Binh, Tr&n Tdat Bm.‘ 9, Ha Ni.

DANG HUNG THANG

Bai T7/230 : Cho a, b, ¢ la ba 56 duong ; n
€N, n = 2. Chiing minh rdng :

Vot e Yo ooty v

Lai gidi (ciia nhidu ban) : Ap dyng bat ding
: (@ +b)(n —1)
BT

n-1

thdc Cosi cho n s6 duong :

(n-1)s61tacd:
M (a+d)n—1) s;[’11'.'.—J‘_“,n(a+-!>+q::)na.
ne
h o n c
oo ;nhj' n—1,— —— (1)

a+b+e
Tuong ty, ta ciing cd :

n
2 i An-1.

b
c+a3n—1 a+bh+e
Tt oo n

-"_ L REEE rrey i 1]

va b+c;n—1'un I‘a+b+c (3).
Cong céac bAt ddng thic (1), (2) va (3), v&

theo v&, ta duge :

(2)

\]b«c -Jcﬁz -dcﬁb njrr_l(dt}'

Déu "=" x4y ra <=>dfu "=" xiy ra déng thoi ¢
(1), 2)vaB)e=(n-1)(@a+bl=c,(n-1) (c+
al=bvaln-1)b+e)=a=2(n-1)a+b+

]
=§(ﬁa,b,c>0].DugéN

nén diéu vita nhén duge cho thiy ddu "=" & (4)
khong x4y ra va bdi thé ta cd Dpem.

Nhén xét : 1. Cd nhiéu cach van dung khac
nhau bét ding thic (BDT) Cosi d€ ching minh

(1). Duéi day 1a danh séch céc ban cd 13i giai
tdt :

Bén Tre : Nguyén Ngoc Hoa (8! PTCS Mi
Hda) va Nguyén Hitu Phiic (11A PTTH Bén
Tre). Vinh Long : Trdn Nhu Nam (12T, TH
Chuyén Nguyén Binh Khiém). Lam Déng :

c)=a+b+c=$n

Phan Thanh Hdi. (12T PTTH Thang Long -
Da Lat). Déng Nai : Pham Ngoec Huy (9T
Trudng Nguyén Binh Khiém - Bién Hba).
Quéng Nam - Da Niéng : Lé Ngoc Phong
(12A, THCB Nguyén Duy Hiéu - Dién Ban) ;
Hb Lé Viét Trung, Phan Phi Déng, Lé Triéu
Phong, Nguyén Duy Lap, H Vii Qudc Vuong,
Biii Vi¢t Phuong, Nguyén Hoang Minh Tudn

-vi Nguyén Hujmh Hdi (PTTH Lé Qui Don - Da

Néng), Thita Thién Hué&: Cao Thé Anh (11
CT Qudc hoc Hué) va Dinh Trung Hoang (11
CT DHTH Hué). Quang Binh : Nguyén Hoa
vd Trian Dic Thugn (THNK Quang Binh).
Nghé An : Nguyén Nam Ding, Ddng Dilc
Heanh, Truong Xudn Thung, Nguyén Thai Tho,
Nguyén Thinh (11T, 12T PHTH Phan Boi
Chéu) ; Lé Van Biéu, Pham Tudn Anh, Ngé
Anh Tudn, Hoang Minh Hadi, Nguyén Xuén
Tuong (Khéi PTCT DHSP Vink). Thanh
Héa : Nguyén Van Quang, Truong Minh
Tudn, Lé Van Cuong (9T, 12T PTTH Lam Son)
Truong Cao Diing, Lé Hoai Nam, Nguyén Dinh
Trung (11]3 12A, PTTH Bim Son) va Han
Van Thing (12A, 'THCB Dao Duy Ti). Nam
Ha : Hoang Tién (9 Li Trudsng NK Hai Hau) ;
Pham Ngoc Hung, Pham Thu Giang, Vii Trin
Cuong (9 todin THCS Trén Dang Ninh) D§
Qudc Bdo, Nguyén Huy2n Trang, Biii Quang
Hdi, Tran Dic Quyén (PTTH Lé Héng Phong).
Théi Binh : Tran Van Ha, Hoing Xuan
Huong (8T, 9T Trudng chuyén Kién Xuong) ;
Luong Thu Huong (9 todn) ; Nguyén Ngoec
Khénh (12 A PTTH chuyén Th&i Binh). Hai
Phong : Pham Thu Huong, Doan Manh Ha,
Hoang Lé Quang (10T, 12T PTTH Trén Pha).
Hai Hung : Phem Anh Dite, Mac Déng Nghi,
Phiing Diue Tudn, Nguyén Vian Lugt, Nguyén
Thi Nham (PTNK Hai Hung). Ha Noi : Trin
Tdt Dgt (9A; THCS Chu Van An), Pham Anh
Thdi (11A, PTDL Luong Thé Vinh), Nguyén
Xuén Long (12A, PTTH Kim Lién) ; Trin
Phuong, Tran Hdi Son (11T, 12T, PTTH Kim
Lién) ; Tran Phuong, Tran Hdi Scm (11T, 12T,
PTTH Amxterdam). Ha Béc : Dao Ngoc Minh
(9T THCS Yén Diing) ; Nguyén Tién Manh, Vi
Duy Tudn (11A PTTH Ngé Si Lién). Vinh
Phu : Phan Tién Ding (9A, THCS chuyén va
dan tdc ndi trd huyén Sﬂng Thao) ; Viz Manh
Cubng, Nguyén Diic Minh, Trén Tdn Nam,
Nguyén Hoang Gidp (9 T THCS chuyén Tam
Déo) ; Vi Manh Hiing, Nguyén Minh Phuong.
(PTTH Hing Vuong - Viét Trl). Yén Bdi : Vi
Ngit Binh (11A, PTTH chuyén Yén Bai).
DHQG Ha N¢i : Nguyén Lan Anh, Ddng Hiiu
Minh, Cung Thdai Son, Lé Hoai Phuong, Pham
Quang Vinh, Cung Mai Loan, Lé Tudn Anh,
(Kh6i PTCT DHKHTN). DPHQG TP Hé Chi

5
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Minh : Nguyén Lé Luc, Lé Quang Ndm (kh6i
PTCT).

2. Xuét phat tit bai da ra, mot s6 ban da dé
xuft va gidi ding mot s6 bai todn khai quat.
Trong s6 dd, bai todn do ban Tran Nam Ding
(Nghé An) dé xuft mang tinh khdi quét cao
nhét. Bai todgn dé nhusau: Chom E N, m 2
2:a €R,0 < a < 1. Chom s6 thuc duong a,,

L
ay ..a, DatS =Y a;. Ching minhrang:
* =1 &
m a-
i a 1 I = a

P e

v ddu "=" xdy ra khi va chi khi c6 ddng
thoi:a; =a;=... =amuam(1—a)=1“.

3. Ddu ">" & BDT ciia bai ra da "kich ddng"
moét s6 ban di tim cdc danh gid chat hon cho vé
trai ctia BDT d6. Theo huéng nay, cdc ban Lé
Quang N&m. va Nguyén Anh Hoa (11A PTTH
Lé Héng Phong - Nam Dinh) da ching minh

duge rang :
h a n n c
Ry {b+c 4 4c+a s {a+b

Véia, b, ¢, n 1a cdc 88 thoa mén gia thi&t cha
baira. '
Tuy nhién, ciing voi gia thiét nhu vay doi vai
a, b, ¢, n, ban Nguyén Hoa (Quang Binh) con
chiing minh duge BDT manh hon :
Bron =1
"S, = 3—-;— vadiu"="xayraesa =b

L]

>2

="

Ciing véi Nguy&n Hoa, c6 hai ban khéc ciing
- phat hién ra BDT trén, tuy nhién céc ban lai
chiing minh sai BDT dd.

4. C6 11 ban (trén téng s6 106 ban gii 1oi
giai ti toa soan) cho 18 giai sai, do céc ban da
méc phai mét trong céc sai ldm sau :

. Hiéu sai BDT Cési, BDT Trébusep.

. Dat sai bai toan khdi quat

. Tinh dao ham sai

. Khong ndm vitng céc tinh chét co ban cia
BDT, v.v...

NGUYEN KHAC MINH

Bai T8/230. Tim tét cd cdc ham s6f: R —
R théa man didu kién | fix) - flg)] <8 (x-q)?
Yxeg

Lasi gidi : (Cla da s6 cdc ban). Véi moi, x, %,
€ R (x # x), chon s6 hifu ty ¢ ndm & gilta x va
x, thi:

| fx) - fixg)| = [ fo0) - flg) +flg) - fixg)| <
| 1) - f@)] +|f@)-fxg] <5(x-gP+5(
— xR €5 (- %7 +5 (x-xp? = 10 (x - 1)

6

Vay nén hay

lim | fix) = fxp)| =0

I""Xo

lim f(x) = f(x,)

x—"l’u
Suy ra f{x) 12 ham s6 lién tuc tai moix,; € R
Mat khéc, tit (*) ta nhén dugc

fx) = flxg)
————| =10 |x-x
X=X
| @) —fx)
Suy ra lim |————| =0 hay f(x,) = 0
=
X=X, a

Vx,ER

Do flx) lién tuc vacd f(x) =0Vx € R, tasuy
ra flx) = ¢, ¥x € R. Thi lai, ta thiy ham nay
théa man diéu kién bai ra.

Nhén xét. Cac ban sau day co 18i giai tot.

Ha Néi : Tran Phuong, Cung thi Mai Loan,
L& Tuén Anh,

Nam Ha : Bui Quang Hao, Trdn Dic
Quynh, Nguyén Anh Hoa,

Hai Hung : Pham Anh Dic, Nguyén Thi
Nhéan, Phung Diic Tuéin, Nguyén Van Luat,
Lam DPéng : Phan Thanh Hai,

Nghé An : Trdn Nam Diing, L& Van Bién,
Ngb Anh Tuéin, Pham Tu# Anh, Lé Héng Ha,

Quang Binh : Trdn Dic Thuén, Pham
Héng Théi, Nguyén Minh Tu#n, Trén Dic
Thuén, Trung Vinh Lam.

Da Néng : Phan Anh Huy, H6 L& Viét
Trung, Nguyén Ngoc Hai, L& Ngoc Phong,
Phan Phid Dong, Lé Triéu Phong, H8 Vii Quéc
Vuong, Nguyén Duy Lap, Bui Viét Phuong.

TP Hé Chi Minh : L& Quang Mén, Nguyén
Lé Luc,

Vinh Phit : Nguyén Minh Phuong,

Béc Thai : Nguyén Duy Phugng,

Thanh Héa : Truong Cao Ding, Nguyén
Van Quang, Han Van Théng, Luu Tudng Huy,

Quang Ngai : Nguyén Ngoc Phiic

Ha Béc : Nguyén Tién Manh, Vi Duy Tuén,
Pham Viét Ngoc,

Hai Phong : Ha Duy Hung,

Hué : Doan Xuéan Vinh

Tra Vinh : Trin Huynh Th& Khanh.

NGUYEN VAN MAU

Bai T9/230. Goi R, r [an luot la bén kinh
cde dudng tron ngogi tiép va néi tiép cia mot
tam gide ABC. Chitng minh rdng néu c6 h¢ thic

6r = R (cos2A +cos2B +c0s2C +2sinA sinB +

+ 2sinB sinC + 2sinC sinA),(*)
thi tam gide ABC la déu.
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Lai giai. Trude hét, ta bién déi hé thie (*)
¢ trén nhu sau :

6r = R(1 —2sinA +1 — 2sin’B + 1 —
—2sin?C+2sinAsinB+2sinBsinC+2sinCsinA)
=3R — R[(sinA — sinB)? + (sinB —sinC)? +
+ (sinC — sind)?] hay la

ermorresr=[(43) (370) 4 ()]
=3(RI-2Rr)={(a—b) +(b—0) He-a)T; (*)

Néu goi d = OI 1a d dai doan ndi tAm cdc
duding tron ngoai va nodi ti€p tam gidc thi, theo
cdng thic Ole ta cd : d2 = R? - 2Rr. Nhu viy,
(*’) trd thanh :

a_ sa8—b2 bi=e C- Oy 2o

e v Boul b w0 R B w5

Mat khae, goi O’ va I’ 14n lugt 14 hinh chi&u

(vudng gdc) cia O va I trén canh BC, ta dugc :

1
OB = O’C=%v&BA’=p —b=5(+a-b),

b
dodé : 0'I'=0’'B—I'B = T—chuac 0T=IB -

S s
- 0’B =E—2—, nghia la : O’ = E—éi’,- Suy
ra:d=0I> 0’1'=E-2:ff—.
: | c—al a—b

T dé ta duge :

2 +
3d;=( 2)+( 2)+( 2) ’("*).

Tit (**) va (***) suy ra :

(**)e=d = 3 = 3 = 3

<sa = b = ¢ va ABC la tam gidc déu.
Nhén xét : 1) Bai toan nay cd nhidu cach
giai. Chang han, cd thé sit dung cdc hé thicsau :
)
cosA + cosB + cosC < 3.

cosA + cosb +cosC = 1 +%

Cd th& hoan toan sit dung bign dbi lugng gide
dé didén d.p.c.m.

2) Cé nhiéu ban sit dung két qua néu trong
bai todn T9/224

r, fa GRS e e e &
R 16R? "3
Dé thdy B.D.T nay tuong duong véi B.D.T.sau:
(a=b)?+(b—c)’+H(c—d)?< 8(R?-2Rr)=8d?; (i)
Mat khée,
(*) e=(a —b)? + (b —c)? + (c —a)? = 12d?; (ii)
Tit (i) va (ii) suy ra : 12d? < 8d?=d = 0 tic
14 O = I va tam giac ABC 1a déu.

3*) CAc ban sau day cd 18i giai t6t hon c4,
gén vai loi gidi dua ra & trén : :

Ha N6i : D5 Quéc Viet, 8CT Tit Liém

Vinh Pha : Nguyén Minh Phuong, 11A
chuyén Hing Vuong

Hai Hung : Nguy&n Van Luat, 11T, Phiing
Dite Tudn, 11T, Mac Dang Nghi 12T PTNK.

Thanh Héa : Lé Van Cudng, Luu Trudng
Huy, Truong Cao Diing, Han Van Théing Nghé
An : Pham Tudn Anh, Lé Hong Ha, Nguyén

Xuan Tuong, CT DHSP Vinh

Quang Nam - Da Néing : Phan Anh Huy,
chuyén Lé Quy Dén
Tién Giang : Chau Cong Dién, 11T, PTTH
chuyén.
NGUYEN DANG PHAT

Bai T10/230. Gid ait M la mot diém ndm
trén duong thiang chita duong chée AB’ cia mat
bén ABB’A’ cia mot hinh h¢p ABCD.A’B’C’D’
va MA = RMB’ (0 # k < «). Goi N va P la cdc
diém lan lugt ndmp trén_cac dyong thing BC’
vad CD’ sao cho NB = xNC' , PC = yPD’.

a) Hay xde dinh x va y theo k dé ba diém M,
N va P thdng hang.

b) Tit dé suy ra ¢ vé 88 duong thang cit cd
bén duing thiang AB’, BC’, CD’ via DA’, ddng
thoi 4 giao diém nay lép thanh mét hang diém
didu hoa.

Lai giai (Dua theo Nguyén Tién Manh,
11A, PTTH nang khi&u Ngé Si Lién, Ha Béc).

a) Gia sit M, N va P thang hang trén dudng
thdng A. Dat : AD=a,AB =5 va AA' =c.
Thegﬁii thiﬂ’ ta_CEI' Sl — -

MA = kMB' , NB = xNC" va PC = yPD".

Tt ddé suy ra :

— T e e £ — X —» —»
=——(b+e);AN=b+——(c + a)
k=1 x—1
5 &

— - = Y -
AP=a+b+;—1(c— 13
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Laile N va P € A nén 3! 1 sao cho :
J.NPhaylﬁ
AM AN A(AP AN); (2)

ThayAM ANV&APh&lcacblﬁuthﬁc(l]va :

- (2) r6i mit gon, ta dugce :
b e 1 —
T a+k 1b+(
Jﬂ' -_—

J.l__yb-r-i(

I—x k- )

+yy1)?

1]

=

Via, _'vac khong d6ng phdng nén ta duge :

5 x

Pt
|

=

P

=
1

Ta didén két luén : Qua diém M [ trén dudng
thing AB’ xéc dinh bdi (AB’M)=MA : MB'=
= k(0 # k < o, k # 1] cd duy nhit mét dudng
thang A cét ca ba dudng thdng AB’, BC’va CD’
lan lugt & cdc diém M, N vA P sao cho

—_— +
x = (BC' ,N)=NB:NC' = %;y = (CD’,P)=
— +
—PCPD’-"— déng thoi ta c6 : NM= LENP
1+k

ticla (MP,N)=NM : NP o 5 (BC',N) ==x.

Dé thdy rdng dudng thing A 1a giao tuyén
ctia hai mat phdng (BC'M) va (CD’'M).

b) Ching minh tuong tu, qua di€ém P trén
duding thdng CD’ [xde dinh béi (CD’, P) =y =
— 1/k] ¢6 duy nhét mét dudng thing A’ cAt ca
ba dudng thdng CD’, DA’ v& AB’ 18n lugt & cédc
diém P, @ va M’ sao cho néu (CD’, P) =y thi

O&,Q =T = 12 v (4B, M) -

it - it 1
=MA:MB = —;,dﬁngthbitacd:(PM’,Q}

= (DA’, Q). Thayy = —1 ta dugc : (AB", M”) =

k, (DA’, Q) =i+; ( —1) vidods M’ =

M, tic 1a A’ trung voi A. Ta di dén két luan :
Né&u mot dudmg thing A nao dé cét ba trong bén
duding thing AB’, BC’, CD’ va DA’ thi ciing cét
dudng thdng cdn lai, d6ng thoi véi mébi didm M
trén (AB') (M # A, M # B’) c6 duy nhdt mot
duding thing cét cA bén duding thidng ndi trén.

8

Cho M thay ddi trén (AB’), tdc la cho k thay ddi
(k # 0, # 1, # ) ta duge vo s8 dudng thing cit
ci bén duting thdng AB’, BC’, CD’ va DA’. Lai

W (PM, Q) = (DA', Q) = — nén (MP, Q) =

1
-—-m— x va do dd (MPNQJ' =
N) : (MP, @) = -1, tic 1a bén giao diém M, N,
P, @ clia mot dudng thing cét ci bén dudng
thidng AB’, CD’, BC’ va DA’ lap thanh mét hang
diém diéu hoa.

Nhan xét : 1°) Nhiéu ban lap luan loi gidi
cfu b) khong chit ché, khéng ré rang suy ludn
bing tuong tu hoac lai tinh todn dai dong,
khéng cén thiét. Ban Manh ciing roi vao nhén
xét nay. R4t ti&c, c6 mét ban & Vinh Long da
giai sai bai nay.

20) Cac ban sau day cd 10i gii tuong d6i t6t :
Vit Manh Hiing, 11 chuyén Hiung Vuong, Vinh
Phi, Nguyén Anh Hoa, 11A Lé H6ng Phong,
Nguyén Xuéan Quang, THCB Trdn Hung Dao,
Nam Ha ; Phem Viét Ngoc, 11A Ha Béc ; L¢
Van Cuémg, 11, Hén Van Théng, 12, Lé Hoai
Nam, Thanh Héa ; Nguyén Thai Tho, Ddng
Dite Hanh, Nguyén Thinh, Trin Nam Diing,
Nguyén Xudn Tuong, Nguyén Dinh Ditc, Nghé
An ; Nguyén Hoa, Tran Dic Thugn, Lé Manh
Ha, Ngu‘)»én Trung Kién, Truong Vinh Ldn,
Quang Binh ; Doan Xudn Vinh, Cao Thé Anh,
Hué ; Nguyén Hoang Minh Tudn, Phan Phi
ang, Nguyén Phudc Hi¢p QN-DN ; Nguyén
Xudn Ha, Quang Ngai ; Lé Quang Ném ; TP
HCM ; Phan Thanh Hdi, LAm Déng.

NGUYEN DANG PHAT.

Bai L.1/230. Ba qud cdu khdi lugngm_, m ,
m, bdng nhau cé thé trugt khéng ma sdt trén
sgi ddy xuyén tdm va cdng ngang. m, va m,

; Ay mé Mg

duge néi véi hai ld xo c6 df cing tuong tng k|,
k, nhu hinh vé. O vj tri can bdng, m, cdch m,
m;;t khodng I, kh&i luong ciia cdc o xo nhéd
khong ddang ké, qud cu m cé thé ghép hoge
tach véi m,. Ban ddu, ghép m_vdi m roi nén
lgi mot dogn a thd tay ra, khi m_va m; téi vi
tri can béng thi m_ tch ra chuyén dong theo
day téi va cham vae m.,. Coi va cham, ghép, tach
ciia m déi vdi m, va m, la hoan toan din hoi.

1. Tim mé6i quan hé giita k , k,, lva a désau
khi va cham véi m,, m_ quay trd vé va cham
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diing tgi diém can bang khi m; dao djng duge 1
chu ki. 2. Suy ludn tiép cho qua trinh tiép theo.
Bé qua kich thuéc cita cdc quad ciu.
Hudng dén giai. Ap dung cdcdinh luat bao
toan dong lugng va nang lugng. 1) Khi téi vi tri
cin bang hé m, +m _ cd van t6c v cyc dai.

l &k
g (chiym; =m,=m =m);

sau dd m, bit ddu dao dong con m  trugt vé
phia m, v6i van t6c v. Sau khi va cham véi m,,
m ding yén (v, = 0) cdnv, = v ; ti€p theom,
bat ddu chuyén dong mét nita chu ki 7', d€ quay
lai va cham vdi m_. Sau ldn va cham thd hai
nay m, ding yén con m_ cd van téc v trugt vé
dé va cham véi m,. Theo dé bai :
1 2l

e R

S0 __Zara—2ﬁl
qkz 3 na

2) Sau khi va cham véim,;, m_vam, déubat
nguge trd lai véi van téc v —m_1a trugt vé phia
m, theo quy luat cd, con m, bit ddu dao dong;
sau khi m, thyc hién duge 1 chu ki thi m | vita
vén trd vé sau hai ldn va cham véi m,, khi dé
m va m; ghép v6i nhau, bat ddu chuyén dong
v0i van t6c v va nén 10 xo &, mot doan a réi diing
lai... .
Chu ki T do ¢A hé thuc hién s& bing

1l

. 2

Nh#n xét : Chi cd em Tritn Mai Son Ha (11

chuyén li, PTTH nang khi&u, Quang Binh) ¢
1i giai ddng va ddy da. '

v=a

m
Tyo+2T, = (4 +V2)xn e

MAI ANH

Bai L2/230. Cho mach dién nhu hinh vé,
trong dé ngudn cé sudt dién dong E, dién tré

trong r = 2Q ; ede dién trd R; = 80Q; R, =
80
409, R, = 26,67Q (dy 26,67= =), R, = 8Q.

Bé qua dién trd cac ampe k&, cdc ddy néi va cde
khéa K|, K,. Khi K, déng, K, ngat vén k& chi

30V. Khi K, ngét, K, déng von k€ chi 182V
200 i
(Ldy 182 = -2—2—). Tim 56 chi ciia cdc ampe ké
trong hai truong hop trén.
Hudng dfin gidi. V& lai mach dién trong
mdi truting hgp.
- Khi K| déng K, ngét, so d6 mic mach
ngoai la :
{R/IR,/[R;N} n&i
1 426 i : :

vd Lyp=

tisp R, Suy ra
Ump 9 30
— i e =
Ryp ¢ R,
105 300

E= UAB+IABI:R4+P)_=—2—+—'RV— (1)

Rap =730+ 3R,

Uyp Uen
'—é"l"-=ﬂ,375ﬂ - 12=R—2=0,75A

- Khi K, ngit, K, ddng, so d6 mic mach
ngoai la :

40
(R /IR,//R,) ndi tigp (R V). Suy ra : R’AB=E Q

Mat khdc I|=

o _ R U 25E*R)
o S B R
1750 | 9200
E=Ugy+PR g +7) = +2aps 3
BF (AB_ 155 Tan
1000(8 +R,)
S S Skena T o
UAB

Tir (1) va (3) suy ra R, = 40Q va, do dd

I = 2734 ; I, = 0454 ; I',=09A Tu dé
Pyp=T+I;,=1,364

2 3A va

L' i

Ly=1,p—1 =2862A

Nhén xét. Cdc em co 16 gidi ding : Nguyén
Trung Diing, 9 1, Trdn Dang Ninh, Nam
Dinh ; Lé Xudn Dang, 10A, Luong Déac Bang,
Hoang Hoa, Thanh Héa ; Chu Thé Son, 11 9,
Nang khigu Hai Hau, Nam Ha ; Nguyén
Thanh Ting, 9 Li 9, Nang khigu Vi Thu, Théi
Binh ; Pham Lan Chi, 9/2, Trdn Hung Dao, Da
Néng ; Hoang Tudn Vinh ; 10F, PTTH Lam
Son, Thanh Héa ; Pham Qudc Hiung, 9A,
PTTH ; Nguyén Hién, Dién Ban, Quéang Nam
- Da Néng.

MAI ANH
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PE RA Ki NAY

CAC LOP THCS

Bai T'1/234 : Tim t4t cA cdc s6 ty nhién cd
ba. chit 86 abe trong hé dé€m thap phan sao cho:
abc =n?—1
cba = (n — 2)?
vdi n la mot s6 nguyén lén hon 2
LANG LAM HUY HOANG
(Minh Hdi)

Bai T2.234 : Cho 6s6a, b, ¢, x, y, z théa ;
a+b+c=1
2yl +z2=1

Chitng minh réng afx+b)+b(y+c)+efz+a) < 1

DO THANH HAN
(Minh Hdi)

Bai T3/234 : Gidi bdt phuong trinh :
X
x+1

(@a>0,b>0,¢>0

+ 2 +
(x+1)(2x +1)

. 1996x
(x+D@Ex+1)..

@996z +1) > !

MINH TRAN
(Thira Thién — Hué)

Bai T4/234 : Cho nita duong tron duong
kinh BC trén décé motdiém Adidong. Goi D la
chan duong cao AD ciia tam gidc ABCva M, N
lan luot la tam duong tron néi tiép cde tam gide
ABD, ACD. Chiing minh rdng duong vuong gée
vdi MN kétit Aludn luéndigquamdtdiémeddinh

TRAN DUY HINH
(Binh Dinh)

Bai T5/234 : Cho tam gide ABC véidiém M ¢
bén trong. Chiing minh rdng : MA.BC +MB.CA
+MC.BA < 2max{ AB.AC, BC.BA, CA.CB}

NGUYEN MINH HA
(Hdi Phémg)

CAC LOP THCB

Bai T6/234 : Xét cdc 86 a, b, x, y théa mdn
Cicdidu kién:0<b<a < 4
at+b=7
22x=d=y
Tim gid tri nhé nhdt ciia bidu thie
2x + 4 +y +E
5 b Y
a? + b2
HUYNH VAN TRONG
(Binh Dinh)

10

Bai T7/234 : Cho cdc 86 thuc a, b, ¢, vt 86
—6(a+b
nguyén n > Othézmdnhéthﬂcc=r5—(;;-2—5)-.

Chitng minh rdng phuong trinh :
asin"x + beos"x +ecsinx +c =0 ¢é nghiém

trong Rhodng ( ; 2)

DOAN THE PHIET
(Nam Ha)

Bai T8/234 : Xdcdinh m dégia tri nho nhdt

ciita ham 84 ;
Z)=(x-y+mz+12+x+m+1y-
2z+2)%’+(21 +2y+(m-4z+1)7

la Ién nhdt.

HOANG HOA TRAI
(Qudng Ngdi)

Bai T9/234 : Chuing minh rdng néu d¢ dai
cdc canh a, b, c va cae bén kinh r, R cila céce
dudng tron ndi, ngoqgi tiép mot tam gide thoa
madn hé thite sau day :

a® b3 S T ek

br+cR+cr+aR .+ar+bR" 9R
thi tam gide dé la déu.
NGUYEN BA DANG
(Hdi Hung)

Bai T10/234 : Cho mot géc tam dién véi cde
goc phdng d dinh khong phdi la géc vuéng. Qua
dinh tadung ba duimg thdng méi duong vuéng
goc vdi mét canh va ndm trong mat phang chita
madt déi dién vdi canh dé. Chitng minh réng cae
dudng théng dung duge cing ndm trong mot
mdt phdng.

VU NHAT KIfU
(Thdi Binh)

CAC PR VATLI.

Bai L1/234 : Mot thanh ddng chdt chidu dai
2! dgt nghiéng so vdi phuong ném ngang maot
gée ¢ roi khéng
quay tic d¢ cao nao 4
d6 so véi mgt ban ; | ay |

| ’

ndm ngang va va | B
chgm vdi mat ban. | /
Vachemdugeeoily —==3 %

dan hdi. Tim van A
tée ciia khdi tém v van téc géc quay ngay sau
khi va cham vdi ban

TRUONG VINH DIEN
(Qudng Binh)

(xem tiép rang 13)
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[ ]
mb[‘eml. i Hu'g i !
FOR LOWER SECONDARY SCHOOLS.

T1/234. Find all 3—-digit whole numbers (in
decimal system) abc such that :

abe =n? -1

cha = (n — 2)2
where n is an integer greater than 2.
T2/234. Six numbers a, b, ¢, x, v, z satisfy :

at+b+e=1

L:2+y2+z2=1(""”-0’b”°’”°)
rove that

ax+b)+bly+eltefz+a) < 1

T3/234. Solve the inequation
F; 2x
£k

.+.
x+1 x4+ 1}2x +1
( X 19)98x

ke £

tEFDEx D). (1996 D)
T4/234. A peint A moves on a semi—circle
with diameter BC. Let D be the orthogonal
projection of A on BC and M, N be respectively
the centers of the incircles of the triangles ABD,
ACD. Prove that the line drawn from A,
orthogonal to MN, passes through a fixed poini.
T5/234. M is a point inside the triangle
ABC. Prove that
MA.BC+MB.CA+MC.BA <2max{ AB.AC,
BC.BA, CA.CB}

FOR UPPER SECONDARY SCHOOLS.

T6/234. The numbers a, b, x, y satisfy the
conditions ;

O<b=a<4d
a+b=T
2<x=3sy

Find the least value of the expression

2x + 1 +y+ ]
1ie ca Y
a? + b2
T7/234. The real numbers a, b, ¢ and the
integer n > 0 satisfy the relation '

_ —6(a +b)
C=Bn+2)
Prove that the equation

asinx + bcogx +csinx +e =0
hat a root in the interval ( 0, %)

T8/234. Determine m such that the least
value of the function
flxy,2=@x-y+mz+12+(x+m+1y-
-2:+2P +(2x+2y+(m -z +1F
is greafest.

T9/234. Prove that if the sides a, b, c and the
radii r, R of the incircle and the circumcircle of
a triang'le satisfy the relation

a3 b3 c3 2(a +b +¢)? .
br+cR+cr+aR+ar+bR 9R

then the triangle is equilateral.

T10/234. Let be given a trihedral, the angles
of the faces at the vertex are not right. Through
the vertex, in each face, draw the line
orthogonal to the opposite edge. Prove that the
three drawn lines are coplanar.

Tith et dipas ik
Trong sach 16p 7 trang 57, 58 ta cd :
______ grche
- Théy : Qua tinh chét trén, cdc em hdy chi
ra mot s6 vi du cu th€ vé diy céc ti s6 bang
nhau ?

1.2 4 1—2+4
Bl Lt iy
1 Tl G [ b e
B gTs 66

| VAHOCTOAN | .

'ONG KINH CAI CACH DAY |

= Trd C : Thua théy, trong trudng hgp ket
qui cia ban B da néu, em thdy ki cuc vi gap

0

- Thay: ...

Lai ban : Thiy ling ting 1a phai, vi trong
tinh chdt cta diy céc ti sd bing nhau, chi ngdm
hi€u lam cédc phép tinh cOng, trit tuong ing &
t v mAu thé nao dé cho phén s6 ¢ nghia (miu
s # 0) nhung SGK lai khoéng ghi chi cho
truong hop nay. Xin cdc tac gia SGK Dai s6 7
cd ¥ kién.

HUYNH VAN TRONG
Binh Dinh

11
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Tim biéu séu ffém fodn hoc phd fﬁény

D20 TORICELL] ClA T4 DIZD

Tronghinh hoephing cd motbai todn kinh dién.

Bai todn 1 : Cho tam giac ABC, hdy tim
trén mat phdng (ABC) diém M sao cho téng (MA
+MB + MC) nho nhdt.

Bai todn 1 da dugc gidi bdi Toricelli, nha
todn hoc ngudi Y.

Cd 1& cling tif thoi Toricelli ngudi ta da quan
tAm t6i hai bai todn sau.

Bai todn 2 : Cho tam giac ABC va ba s6
duongx,y, z, hdy tim trén mdatphdng (ABC)diém
M sao cho téng (xMA+yMB+2zMC) nhénhét,

Bai todn 3 : Cho t dién ABCD, hdy tim
trong khong gian diém M sao cho téng (MA +
MB+MC+MD) nhé nhdt.

Trong béao "Toén hoc va tudi tré" s6 9/1994
t6i da dua ra 1oi giai hoan chinh cho bai todn 2.

Ki thuét co ban trong 18i giai nay, xét cho
cung chinh 12 su phit tri€n tron ven ki thuat
ma Toricelli da dung dé€ giai bai todn 1. That
dédng ti€c, ki thuat nay khong con hiéu lyc dé
giai bai todn 3. Vi vy, mudn giai bai todn 3,
trude hét ta cidn gidi bai todn 1 theo mat cach
mdi vdi mot ki thust hoan toan mai.

A~ LOTGIAI MOT CUA BAITOAN 1 :
1) Néu AABC cé mot gée khéngnhd hon 120°
Chéng han 4 > 120° (h.1)

A

L_._b; 2
8
Hinh I
—

AB AC

a8 tac | <!

= vi moi M ta cd :

= AR _AC

MA + MA (A_B+E);0

Tt d6, v6i moi M ta cd danh gi4 sau :

MBAB+MCAC,
AC

Khi dd |

MA+MB+MC = MA +
;m+MB.AB MC.ACE
+(MA+AB)AB+(MA+AC)AC
AB AC
— AB AC
=MA+M4(E+E)+AB+AC;AB+AC
12

NGUYEN MINH HA
Hdi Phéng

Déng thic xay ra <M trung A.

Vay téng (MA + MB + MC) nhé nhat khi M
trung A,

2) Néu AABC
khéng cd gde nao
l6n hon hedc
béng 120° (h.2)

Khi dd, trong
tamgidcABCtdn
tai (duy nhA4t)
diém T'sao cho;

BTC = CTA = ATB =120

TA TB TC —

Déthﬁy:ﬁ+ﬁ+?;5= 0

Ti dd, véi moi M ta cd ddnh gid sau :

MA.TA MB.TB
MA + MB + MC = =+ =0 +
MC.TC MA.TA MB.TB MC.TC

b TR BT e
(MT+TA)TA (MT+TB)TB (MT+TC)TC
i haaw e
— TA TB TC
=MT (77 +75 +7¢)
=TA+TB+TC
Dang thitc xay ra <M trung T

Vay : Téng (MA + MB + MC) nhé nhét khi
M trung T

Diém T duge goi 1a di€m Toricelli cia tam
gidac ABC.

Bai todn 1 da dugc gidi quyét. K&t ludn cu
i an TR bie B o gt

Léi giai trén khéd ngdn gon. Nhung diéu
quan trong hon 14 ch4t dai s6 rit cao cia nd.
Nh no, t6i da tim duge 1o gidi cta bai todn 3.
Do khudn kh8 cd han ciia bai viét, toi chi gisi
thiéu mot cdch sa luge 1oi giai nay.

B-Lmi;m_‘mugcujﬁmlm,le

AB AC AD

bravabvih
BC BD BA .
|3c* B0 *Ba | <
CD CA CB
DA DB DT, _,
2 A _ DB D |
AB 'AC : AD
actactap | <1

Hinh 2

+

-+TA+TB +TC

1) Néu , Chéng

han I
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Tii d6, v&i moi M ta cd danh gid sau :

MA+MB+MC+MC =MA +
+MC.AC +MD LAD
AC

= MA +

—_— e

MB AB +MC AC
A5 A
(MA +A_E)A.B
— = - AB
(MA+AD]AD —
+T :M+MA(
+AB +AC +AD = AB+AC+AD
Dang thic xay ra <M tring A,
Vay : Téng (MA + MB + MC + MD) nhé nhit
khi M trt‘mgA
AB AC A.D
| 2B *ac *aDp Fag
BC BD BA
‘ BC BD BA
ch CA CB
! CD CA CB |
DA DB DC
|52 *D8 *DC | > 1
Dé giai bai toan trong trudng hgp nay, ta
cdn cd ba bd dé. To6i chi phat bifu ma khéng
ching minh ching.
Bdde1:Chotitdién ABCD noitiép matciu(0)
bén kinh béing 1 va O ndm trong (cd thé nAm trén
mat nhungkhﬂg_gn&m trén canh) cla ti dién;;

—OB+0C.'+OD
az—OC+OD +OA

ol OD+OA+OB
= OA +0B +0C

Khi d6 trong bén s6 |ajl, |25, |5, |l

néu ?16 mot 86 16n hon 1 thi ciing phai cé méot s6
on 1.

B

D .
AD
)

El .
o

A
= MA +

&l &t
S
51%1

!
2) Né&u - | ®

B6 de 2 : Cho tit dién ABCD, M 1a mot diém
thay d8i trong td dién (M khac A, B, C, D). Thé&
thl téng (MA + MB + MC +MD) khong thé nhan
gi4 tri nho nhat khi M thudc canh tud dién.

Bd dé 3 : Cho tid dién ABCD va di€ém O ndm
trong ti dién. Khi dd, hai diéu kién sau la tuong
qudRE s

Sl OA OB OC N OD P

b) AOB= COD; AOC DOB; AOD= BOC

Nhd cdc b8 dé 1 va 2 ta ching minh duge
ring ; trong td dién ABCD t6n tgi (dyy nhat)

TA TB TC' TD
di€m T cd tinh chﬁt'TA TR TC TD =0

Tit dd, v6i moi M ta cd ddnh gid sau :

MA + MB + MC + MD = ﬂ%ﬁt
MB.TB MC.TC MD.TD
+ + +
MA.TA MB.TB MC.TC MD.TD
AR g R T0 TD
_(MT+TA)TA _(MT +TB) TB
;R 7B,
4 (MT +TC) TC % (MT +TD) TD
(g
= M7 E%% ;ﬁ) +TA+TB+TC+TD
=TA+TB+TC+TD _
Déng thic xay ra <M trung T'

Vay téng (MA + MB + MC + MD) nho nhit
khi M trung T

Nh bd dé 3, di€m T duge dac trung bdi dac
ché‘m hinh h hoc :

ATB C'TD ATC DTB ATD BTC

Gidng nhu trong trutng hgp tam gidc, ta goi
T 1a diém Toricelli cita tit dién ABCD,

Bai todn 3 da duge gidi quyé&t. K&t luan cu
thé xin danh cho ban doc. N&u d€ y, ban sé théy
mot diéu rdt tha vi : K&t qua nhan duge trong
truding hop t1d dién hoan toan tuong tu két qua
nhén duge trong trudng hop tam gide.

(ti€ p theo trang 10)
Bai L2/234 : Cho mach dién nhu hinh vé

E =5V, r=1[05Q—2Q]

E, = 8V,r = 20Q
Rl =R,=R,=4Q
.= (0,6Q —=1Q)

1] Khéa K; md, K,, K déng hdy chon r va
didu chinh R, dé’cﬁng sudt trén R, min.

2) K,, K; mg, tim cuong do dong dién qua
R, R, Udigui tr.'. r, R, d cdu 1.

NGUYEN PHU VINH
_{Long An)
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LO1 GIAI BE THI QUOC GIA

CHON HOC SINH GIOI TOAN PTTH

NAM HOC 1995 - 1996 (Biang B)

1-DETHI:
Bai 1 : Hdy bién ludn 86 nghiém thuc ciia
hé phuong trinh véi dn x, y :
By -yt = a?
x2y +2xy? +y3 = b2
theo cdc tham s6 thuc a, b.
Bai 2 : Cho hinh td dién ABCD noéi tiép
-trong mdt clu tam O va AB = AC = AD. Goi G
la trong tam tam gide ACD, goi E la trung diém
ctia BG va F la trung diém ctia AE.
Chitng minh rdng OF vudng goc vdi BG khi
va chi khi OD vuéng géc véi AC.
Bai 3: Chon sd (n > 4) déi mét khdc nhau

a,,a,, ..., a . Héi cé tdt cd bao nhiéu hodn vj ciia

n 86 dé, ma trong mdi hodn vi khéng cé ba s6
nao trong bén s6 a,, a,, a4, a, ndm d ba vj tri
lién tiép 2

Bai 4 : Hay xdc dinh tdt cd cac ham s6
f: Z—=Z thoa mdn ddng thoi hai diéu kién sau :

(1) ff1995) = 1996.

(2) Véimoin € Z, néufiln) =mthifim)=n
v fim+3) =n - 3.

(Z lat tGp hop cde s6 nguyén).

Bai b : Xét cac tam gidc ABC cé d dai canh
BC bang 1 va 86 do gée BAC bang « cho trudc

( a> % ) . Héi tam gide nao c6 khodng cach tit

tam dudng tron ndi tiép dén trong tam bé nhai ?
Hay tinh khodng cdch bé nhét dé theo a.
Bai 6 : Cho ba 36 thuc khong dm x, y, z théa
mdn diéu kién : xy +yz +zx +xyz = 4.
Chiing minh réng :
x=y=z=z2xyty:tax
Héi ddu bdng xdy ra khi ndo 2
11 LOT GIAIL:
Bai 1 : Diéu kiéncd nghiacliahé:x, y € R.
Viét lai hé da cho dudi dang :
y@2 -y =a? (1)
yx+y?2i=062 (2)

Xét cdc trudng hgp sau :
® Truong hgp 1:b = 0. Khi dd;
g =4
(2) %{y IS
va do véy :
14

NGUYEN KHAC MINH

Hédﬁﬂhﬁﬁ{

; Y

Cd: (II) = i

Tit d6 : + Néu @ # 0 thl (I) va (II) cing v6
nghiém, din t4i hé da cho v6 nghiém,

+ Né&u a = 0 thi (I) cd vé 8 nghiém dang
(x € R,y = 0), con (II) c6 duy nhdt nghiém
(x = 0,y = 0). Vi th& hé da cho s& cd v a8 nghiém.

® Truomg hop 2 : b = 0. Khi d6, tit (1) va (2)
dé thdy, néu (x, y) 1a nghiém ctia hé da cho thi

phaicdx,y, > 0.Wth§:(2)m=%—y(3}-
Thé (3) vao (1) ta duge :
b
e w

DatVy =t > 0. Tit (4) ta cd phuong trinh
sau (An £) : '

6] (18] =233
tz[(T_tz)S—tﬁ] a—Tﬁ—fS=ﬂ2

est? = (|b] =P +a% =0 o7 B
XéthamsGfit) =12 ~(] b| - 2P +a’tx4c dinh
trén [0, +w) cd : (&) = 98 +9(|b] — )22 +
+a? = 0Vt € [0, +). Suy ra, hAm f(t) d6ng bién
trén [0, +), va vi th& phuong trinh (5) cd tdi
da mét nghiém trong [0, +w). Ma f{0) = -|b|?
< 0 va f(V{[e[)=18|3+|bla2>0 , nén
phuong trinh (5) c6 duy nhét nghiém, ki hiéu
1a ¢, trong (0, +e). Suy ra, hé da cho cd duy
b
nh&t nghiém (:c = :—1 -2,y= tf,) ¥

Vay, tdm lai : + Néu a = b = 0 thi hé da cho
cd v6 86 nghiém. ]

+Né&uatiyy, b # 0thi hé da cho cd duy nhat
nghiém

+Né&ua = 0,b = 0 thl hé da cho v6 nghiém.

Bai 2. (Ban doc ty vé hinh) ; Goi R 1a ban
kiph mat cfu ngoai §i€p ty¥ digg ABCD. Dat
OA=a,O0OB=0b,0C=cvaOD=d.Taco
al =T =1 = df = R ©

TuAB =AC = AD (gt) dé dangsuy ra AAOB
ijﬁoc = AAOD. Kéo theo AOB = AOC =
AOD. Két_hop_diéu nay véi (6) ta duge :

Wb =a.c =a.d(T)

=]
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_TucacgiathigtvévitriciaG, E, F dé thdy cd:

fl0) —3knéun=3kkEZ

3BG= BA+ BC+BD= OA- 05+oc OB+ f(n)={f(1)—Bknéun=3k+1,k€Z (I

+OD OB“a+c+d 3b = _’(3)
4OF Z(OA +OE) 2OA +0B +0G =

= 20A + OB +§{UA +0C + 0D)

— — — — —
= lggFj TQ’A i;ﬂOB +0C +0D =
=7a+3b+c+d (9).

Nhén v6 hudng vé& theo vé& clia (8) va (9), vcfi
chi v t.mg] ta duoc
BBBG OF=(a+c+d —3b) (Ta +3b +c +d)

—Ta? -9 +e2+d% -2 . d+%.d=
—_—
=7R?-9R?+R2+R? +2d (¢ — a)
—
= 20D . AC.
— = — =
Dodd : BG.OF = 0«<=0D . AC = 0, hay BG
1 OF L OD 1 AC (Dpem)H®
Bai 3 : Goi H 1a tap gém tét ca cdc hodn vi
cia (a,,a,,..,a,) ; H 1a tap gém t4t ci cac
hodn vi thoa yéu cfu dé bai. Ki hiéu :

H, = {h € H| trong h cd ding 3 trong 4 s6.

a,,a,,a;,a,ndm & 3 vi tri lién tiép }.

H, = {h € H| trong h c6 4 6
a,,a,,a;,a, ndm & 4 vi tri lién tiép }.

Hién nhién, cé H' = H\(H, U H,), (H, U
H)CHvaH NH,=0.

Suyra:|H'| = |H| —|H|| -|H,| 10).

e Tim |H,|. Ldy ¢, j, k d6i m6t khéac nhau
maa L EE {1 2,3,4}. thléua;lésﬁkhécvﬂl
a; akvaafe{al,az,aj,a‘t} Khi dé, sé
cd (n 2) ' hoén vichaa,;, q;,as, ...,a,, vh, dé
thdy, c6 2(n = 3)  hodn vician - 2 sﬁ'ndl trén,
ma trong mbi hodn vi déu thdy o, va e, ndm ¢ 2
vi tri lién ti&p. Suyra.,co(n— ]'—2(n -3)!
hoénviciaa,,q,,as, ..., a, ma trongméi hodn
vi déu thdy a, va a; khang nim & 2 vi tri lién
tiép. Méi hodn vj loai nay s& cho ta 3 ! hodn vi
cia a,, a,,..,a, , ma trong mdi hodn vi cd
ding 3 s6 a;, @, @ trong 486 :a,,a,,a,,a,
nim & 3 vij tri lién tiép. Tt day, va do cdch chon
i, j, k & trén, ta dugc : |H,| = 3![(n —2)! —

—2(n = 3)1]. €3 = 4lf(n —2)! —2(n —3)}]. (11)

e Tim |H,|. D& dang ching minh dugc
]Hzl =4!l(n- 3)-'(12) Thay (11), (12) vao (10),
viviilwuy |H| =n!,taséduge: |H’| =n!
-4l n-2)!1-(n-3) ']—(n 4)(n?+n - 18)
xn-3)'m

Bai 4 : Viét lai diéu kién (2) ctia dé bai dudi
dang :

;Trﬁrg)_nvaﬁﬁn)w)—n 3vnez

d:fin -3 n) +3 n)+3
Vn € Z, hay : f(n)} ﬁm }3Vr::,)EZﬂ uy ra:

fl2)y—3knéun=3k+2,kEZ
Vi1995: 3nén tif(1995) = 1996 = f(0) -
1995 = 1996 = (0) = 3991 (13) = 0 = f(3991).
Ma 3991 =3 x 1330+ 1nén 0 = f(1) - 3990 =
f(1) = 3990 (14).
Nhén thidy, néu f(2) = 3¢, t € Z, thl 2 = f(31)
= f{0) - 3t = 2991 - 3t = 3989 3t, hay 3989
i 3. Diéu v6li d6 cho théy f(2) = 3¢ V¢ € Z. Néu
fl2)=38t+1,t€2Z,thi2 =f3t+1) =f(l) -3t
= 3990 - 3¢ = 3988 = 3¢, hay 3988 : 3. Mau
thudn vita nhan duge cho thdy f12) = 3t +1 V¢
€ Z. Nhu vay, chi c6 thé f12) = 3t + 2, t € Z
(15). Thay (13), (14), (15) vaoc (III) ta dudc :

_ |8991-n, néun=3k+2€kE€Z
REL® o ey wn nunedk T ez
vdi ¢ 1a s6 nguyén tuy ¥.

Béng céach thi truc ti€p, sé thédy tét ca cac
ham vita nhén dude & trén thoa tit ca cdc diéu
kién ctia dé bai. Vay, d6 chinh la tdt ca cdc ham
sd cdn tim. H

Bai 5 (Ban doc tu vé hinh) : Coi B va C c6
dinh. Vi cic AABC thoda dé bai déi xing tirng
cap qua dudng thing BC nén chi cdn xét cac
AABC théa dé bai va ndm trong cing mot nita
mat hAng cd bd 1 dudng thing BC.

Vi BAC = a nén A chay trén cung tron €
chia gdc a vé trén doan BC. Khi dd, trong tAm
(G clia AABC sé& vach nén cung trt:n € - anh

1
cla cung tron € qua phép vi ty tAm M ti s6 3

(M la trung di€m cta BC), con tAm I dudng tron
noi tiép AABC s& vach nén cung tron €, chita goe

+
& 2 Z vatrén doan BC. Vi G, I ndm trong AABC

nén suy ra cung €, va cung €, ndm trong hinh
vién phén gidi han bdi cung tron € va doan BC.,

Goi A,, G,, I, 14n lugt 1a di€m chinh giita
ciaciaccung €, €,, €, Tacd A,,G,, I, M
thdng hang (do ciing nAm trén dudng trung
truc clia doan BC). Hon nifa, dé thdy, ABA C
cdn tai A va nhén G , I tudng dng lam tmng
tam, tam dutng trbn n(n tiép. Tt dd suy ra ;
MI, MB
I,A, BA

(4]

e
= 8ln +

) 2(do

<a¢:Jt)==»2MI
1
>IA =Ml > EA{AO , hay MI, > MG, . Két

hop diéu nay véi quan hé giita € va €, (da néu
d trén) suy ra cung €, nim trong hinh vién
phan gidi han bdi cung trbn €, vadoan BC. T
dd, dé dang chiing minh duge rﬁng vai P bit ki
€ E] va@Qbitki €€, talubncd PQ = G,1,,

{xemn tiép Bia 4)

15
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Hoc sinh tim toi

SUY NGHI VE Mﬂ’l‘ BAI TOAN HAM S0

Trong quy&n "Tuyén cdc bai todn tif cdc
1t g duyén “TuyCn tap cacbaljodn th cac
Noi) cd mot bai todn sau :

Bai toan (bai s6 15)

Choa, 0 < a < 1lamdtsé thuc va Iﬁmgt
ham s6 lién tuc trén [0, 1] théa man
fll) = 1va

F(552) = A e +ofv)
1

vdi moi x, y € [0, 1]vax < y. Hay xde dinh f (?) .

Quyé’ n sdch trén datrinh bay loi gidinhusau:

i Trude hét ching ta dé ¥ rﬁn%uchi

m du n At mot ham s8 théa mén cdc diéu kién
1 11 r% That vay, gid trj ctia f c6 dinh tai 0,
L3107
han tuc nén no hai la duy hﬁt trén ca doan

¥y Oﬂx}y vai m

.v.v... nghia la tai mei diém o .Do

ﬂ’x -fty vﬁu:a:ythitasécdﬁz)

z € [x, y] vacubicung lamoiz € [
1. x 1
Aais L
Datgx) = ( g 18) E 8) =Af(Bx+C)+D
7(2)7(3)
Ta thiy rang g(0) = 0; g(1) = 1 va
4 (x+y 2:', ) +D =
= (Bx2+0 +By2+ C) +D
(1 a)

Bx+e)+(1=-a)D+ By +
i et el il
1

Diéu nay chotag =ﬁVith6f(?) =g (ﬁ)=

A
FEEE f” Gl
Tachuyréngf(z) a,f(4)_a,f(8) =

=d’. Vayf (?) S Lui giai nay rét

hay. Tuy nhién, viéc tim ra ham s8 g khéng phé.l
tat cA moi ngudi déu lam duge. Phai chang, cd

cdch gidi khac don gidn hon ? Trongbai vist nay,
toi sé trinh bay céc 10i giai khdc cla bai todn cling
mot s6 suy nghi vébai todn nay. Trong ding thic

f(x y} = (1 —a)f(x) +af(y) (*)

Chox =0,tacdf(-2-) =af(y); Vy €0, 1] (1)
Trong (*) choy = 1,taco :

16
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f(x;-l) = (1 - a)flx) +a, Vx € [0, 1] (2)
lﬂigiﬁiﬂTacdf(%g = af(%) = a¥f(y)
theo (1)) theo (1))
vy € [0, 1] (3)
Tmng{*),xétﬂﬁxﬂ%-vﬁchoy: Trtaed:
fldx) = (1 — a)flx) + af(Tx) (4).
Tﬁ(3)v&(4)tncd
af(7x) = fl4x) - (1 - a}fcx) = @ = (1 —a)f(x)
1
hay fx) = <y f('?x), Vx € [0, ?).
' 1 a3
Vglyf(-—) a’ - a2+1ﬂ 5 a’-a?+1
18 gidi 8 To of f‘(?) =a2f(%) -
e ;
of |—5—| = a? [ (@ —a)f (3) +o
=@ a-or(z)
1 a?
i e

Hai 15i %su trén ciing cho mot két qua, hon
thé& nita tinh lién tuc cta f khéng duge st dl.mg
Vay diéu kién f lién tuc la thita chang, ha

gia bai toan cd dungy gl ? Sau khi suy ngﬂym ki
hai 1&i giai trén, t6i thu dude m{)t. két qua hét

stic bdt ngt, dd 1a a phai ba':’mg 3 !

That vay : .

Trong (*),xét 0 < x ﬁgvﬂchoy= 3xtacd:

f2x) = (1 - u)fl',rz), + af(3x), do af(2x) = flx)
nén ta cd af(3x) = il lf(x) hay

a? 1
flx) = S f(3x), Vx € [0, 5] (5)

Trong (*), xét 0 ﬁxﬁ%v&choy=5xtacd

Adx) = (1 —a)fix) +fbx) (6)
Tit (5) va (6) ta c6 flx) = — - (&), Vi
1
= [ﬂ ,g] 1 :
a
ki v s 2%

Bay gid, ta sit dung (2) d€ tinh f ( %) :
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Ta c6 f(%):a;’f(%) ma f(§)=
3
= b
=f 52 ={1—~a)f(%)+a
3 é“ 1
f(3) =f|~2 | =-af(5) *e
32 -
Tit (7) va (8) ta cé
a? ¥ a*2 -a) +%)
a3-a+1 1-a¥%1-qa)?

Do 0 <a < 1nén (**) ﬁl(—az(l —a)l=(2-
a)a®-a+1)=2a>-3a+1esa = E(? <a<l)

Nhu vay la ching ta phdicd a = 5

Thich thi véi két qua vita tim ra, téi thi the

1L
a =3 vao cdc két qua via tim va théy

1 1 1 1 1 1 - f
f(3) =37 (5) =57 (7) =7 Ve phai
chang flx) = x véimoix € [0, 1] ?

Chi y la ching ta thu duge cdce két qua trén
khong sit dung dén tinh lién tuc cta f. Vay
chang lic nay "thoi co" da dén ?

Chiing ta hay cung nhau giai bai todn :

_ Baitodn 1:Choa, 0 <a < 1lamdtséthue.
Tim tdt cd cdc ham s6 f lién tuc trén [0, 1] théa
mdn diéu kién

x+y
f(—57) = (1 —a)fw) +af(y)
f0)=0Af1)=1
vdi moix, y € [0, IJvax < y.
1
Loi giai Néua = 3 thi ti nhitng diéu vita
ching minhjtrén, ta thidy khong tén tai ham f.

Xeta=~2-.

x+y

1 1
) =3 @) +3510),
= 5 Wy € 10,1)

Trong (*) ta cd f( 3
Vx, y € [0, 1] vadof(%
nén ta co :
flx+y) =fix)+fy)¥x,y € [0, 1lvax+y < 1.

Xétp 1a mot sS nguyén duonglén hon 1. Taed :

1 1 2

) iig) =Tig)s
Hairig=r(g
2 bing quy nap, ta
f(;) =Kf1(5)lVK:ll aEIKaEp.
Dodﬁf(;):;f(;):-;‘n’p:2$pEN.
Suy ra V1 = g < p, ¢ € N, ta cé

N el o
f(p) qf(p) p
Vay f(x) = x v6i moi x hitu ti thuge doan [0,

thu duge

1]. Bay git xét mét 86 thyc x_ € (0, 1). Tén tai
day hitu tl {xp =_saocholimx, =x,. Do

H—* o0

tinh lién tuc ctia ham f trén [0, 1] nén ta cd :
fix,) = flimx,) = lim fix,) = limx, = x,
Fl == 20 H—= oo H—= o2

Vay flx) =x, vx € [0, 1].

Két qua ctia bai todn khéng thay ddi néu ta
thay diéu kién : f lién tuc bdi f don diéu. Dé 1a
ndi dung cia bai todn.

_Baitodn 2 Choa, 0 < a < I lid mét s6 thue.

Tim tdt cd ede ham s6 don diéu f xac dinh trén
.{’;Q, 1]sao cho fi0) = 0, f(1) = 1 va théa man diéu
ién:

+
f(%) = (1- a)ffx) +afly) véi moi x, y €
[0, 1Jvax <y
Chiing ta con thay diéu kién gl nita dé€ két
qué khéng thay d6i.

R4t mong nhan dude su trao dfi clia cac ban.

Ban cé bzt ?

———

et —

AT NGUYENTUONG = T,

VE SO NGUYEN TO LON NHAT © =

~ Hoéi rang hon 200 nam nay, ki lue tim duge
céc sd nguyén t8 16n nhat da dat duge nhu the
nao ? Tai xin luge k€ ra dé cac ban tré cd thé
theo déi cudc hanh trinh ddy thi vi nay !
Nam 1772, Ole {Eul(al? 4 chiing minh ring
s6 231 - 1 1a s6 nguyén t6,
Tiép theo Lucas da chi ra cde s6 261 - | (cg
19 chit 26) va 2127 — 1 (ed 39 chit s8) 1a cac s6
nguyén to ki luc vé dé ldn trong thoi gian dai.
am 1951, Miller da tim ra day cdc sé
nguyén t6 co dang K (2127 - 1) + 1 - s5 nguyén
to lon nhat tunn%ﬁngi vdi K = 978, réi ﬁfs&
nguyén t5 180 (2127 —1)2 + 1 ¢6 79 chit s8.
a0 nhitng nam 1960 nho mdy tinh dién ti
khdng 16, ngudi ta da tim duge nhiing s6 nguyén
t6 cd khong 16 :
2521 -1 .2607 -1 .91279_ 1. 92203 _ ) ;22281 -1,

Nam 1963 Dgna]d B. Gillies da tinh ra duoe
s6 nguyeén t6 211213 — 1 ¢6 3376 chi s6.

Nam 1971 ';‘uckermann da tinh ra duge s8
nguyén t6 219937 - 1 &6 6002 chit s6 1a s5 nguyén
cy

¢ 1dn vao lic nay.

Bay nam sau dd, nam 1978, hai hoc sinh
trung hoc trudng California duéisu giup ddcla
D.H. Lehnier va Tuckermann da vugt ki luccia
Tuckermann vao ndm 1971, da tim ra sd
nguyén t6 223209 — 1 ¢6 6533 chit s6.

Vao mua xuél} %‘%‘183 D. Slovinski da cong ba
2 86 nguyén t6 24497 — { va 286243 _ ] ; 1984 ong
tié'g tuc cong bd s nguyén tg 2132049 - 1 va nam
1985 s6 nguyén td 2216091 — 1 o6 65050 chif sa.

Cac ban cg thé tiép tue thi sde lue va tai nang
cia minh dé€ ha ki luc todn hoc nay khéng ?
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Gidi ddp bai
PIEN SO VAO HINH LUC GIAC

Trudc hét ta thiy téng cdc s6 tit 1 dén 19 1a
. 19(19+1)
bang e R 190.

Cac
dudng
tron  lai
nam trén
5 dudng
thang
song song
vdi cac
canh cua
hinh luc
giac. Véay
téng S0
cdc 6 cla
cac duting
tron nam
trén mot
dudng thangla 190 : 5 = 38. Ta cd cach dién s6
nhu lﬁnh bén. Hinh lue giac ed 6 truc déi xing.
Né&u ta trao ddi cac s6 trong cde dudng tron doi
xiing nhau qua céc truc d&i xing dd ta lai duge
mot cach dién s6 madi.

(Dua theo ddp 4n cta cdc ban Nguyén Tu
Duy, 4a, Phi Ninh, Phong Chau, Vinh Pha,
Nguyén Hdi Minh, 8A, CT, Trong diém Ubng
Bi, Quang Ninh ; Pham Manh Ha, 9T, Chuyén
Thai Binh ; Hoang Trong Hing, 11A,, Nguyén
Hitu Huan, Thi Die TP. H6 Chi Minh).

BINH PHUONG

Tro choi

CHIA DIEM

Hai ngudi chdi trd choi CHIA DTEM nhu sau :
Trén ban c6 mot déng diém 30 que. Hai ngudi lan
ligt thay nhau di. Dé&n lugt ngudi nao thi ngudi
dy sé chon mot trong cdc déng diém di cd d trén
ban dé& chia thanh 2 déng nhd. Méi déng cd mot
s0 que diém tiy y. Dén lugt ngudi nao ma khong
con dong nao dé chia, tite 1a déng nao cing chi co
mot que diém thai thi ngudi do sé thua.

Né&u ban la ngudi di trude thi nén chia diém
nhu th& nao d&€ bao giif cling thang.

NGO HAN

LOT GIAI DE THI ...
{riép theo trang 15)

ddu "="xdy ra =P =G, va Q=1 . Vi thé
trong edc A ABC thoa dé bai chi e6 A can BA C
1a A c6 khoang cdch tit tAm dudng tron ndi tiép
dén trong tdm bé nhat. (Dpt).

Goi fla) 1a khoang cach bé nhit vira noi
trén, ta cd ; fla)=G,,=MI,— MG, =
= écntg (% +%) - %cotg%.l

Bai 6 : Tu gia thiét cta dé bai :

xy +yztazx txyz =4 (16)
ta co thé viét lai bat dang thic cdn ching
minh dudi dang tuogng duong ;
x+y+tzz4-xyz (1h

Hon thé, (16) con cho thay trong 3 s6 khong
am x, ¥, z chi cd thé cd t6i da mot s6 bang 0.

Khong méit téng quat, gia s x = min {x,

vzt Khi dd xy > 0 va vi thé : (16) =
4—-x
z= Y Dodd:
s o 23 e
(17 g R by By
) e=x + v =4 —xy. ————
f il xtyt+xy L y+xy

—
x+y)l+xyx+y)+da-—xyzd@x+y)t
+ dxy — 4xy + x°y°

sx+y—2)2zx(l —x)(1 -y (18)

e Néu (1 — x) (1 —y) < 0 thi, hi€n nhién,
(18) 1a bit dang thic dung. Ddu "=" & (18) xay
raesx+y-22=xy(l —x)(1 —y) =0ex =
y = 1. K&t hgp véi (16) suy ra, ddu "=" g (17)
xdyraex=y=z= 1

e Xét truong hop (1 —x)(1 - y) > 0. Khi do,
do(x+y—22=4(1-x)(1—-y >0(19va4
= xy > 0 (20) (suy ra ti (16)) nén
(x+y—-22=zxy(l—x)(1 -y . Bat ding
thite (18) duge ching minh, va diu "=" xay ra
«ddu "=" déng thoi xay ra & (19) va (20) <=x
— y = 2. Két hgp vdi (16) ta cd, ddu "="& (17)
xayrasesx =y =2,2=0.

Vay, tdm lai bit dang thic cta bai ra duge
ching minh va ddu "=" & bdt dang thiiec do xay
ra khi va chi khi hoacx = y = z = 1 hoac trong
3s6x, ¥, zcd modtso bang 0, con 2 s6 con lai
méi s6 bang 2.

Chu ¥ : Bing cach van dung bit ding thic
Cosi cho hai 86, ciing nhu cde dinh li co ban vé
dfu ctia tam thiie bac hai cdc ban con cd the giai
bai todn trén theo cde cach khac kha don gian
va ngin gon.
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