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TOAN HOC VA TUOI TRE
MATHEMATICS AND YOUTH

MUC LUC

Trang
e Danh cho cdc ban Trung hoe co so.
For Lower Secondary School Level Friends
Lé Quée Han — V& mot tinh chét thi vi Tdng bién tap :
ctia hinh vudng. 1 NGUYEN CANH TOAN
® Gidi bai ki trudc Phd t6ng bién tdp :
Solution of Problems in Provious Issue NGO DAT TU
Céc bai ctua s6 229 2 HOANG CHUNG
@ Dé ra ki nay
Problems in This Issue
T1/233, ..., T10/233, L1/233, L2/233 8 HOI DONG BIEN TAP :
e Dé Nhu Ngoc - Xay dung cong thie tinh
d6 dai trung tuyén tam gidc 9 Nguyén Canh Toan, Hoang
Chiing, Ngo Dat T4, Lé Khéc
e Dinh cho cic ban chudn bi thi vao dai hoc Rty i
i : Bao, Nguyén Huy Doan,
P};'{:; ?olleg; and Enwers;l;y Nguyén Viet Hai, Dinh Quang
e A -repapesz r ) Hao, Nguyén Xuan Huy, Phan
e Nguyén Thanh Giang — Ung dung tich phéan Huy Khai, Vi Thanh Khist, Lé
tinh giéi han 10 Hai Khsi, Nguyén Van Mau,
e Nguyén Thiic Hao — Dinh nghia 3 dudng conic Hoang Lé Minh, Nguyén Khac
: - 7
trong méat phing afin 12 Minh, Trdn Van Nhung,
Nguyén Dang Phat, Phan
e Nguyén Hitu Thdo — Dé thi quée gia chon Thanh Quang, Ta Hing
hoc sinh gidi todn 16p 9 nam hoc 1995 - 1996 14 Quang, Dang Hung Thang, Vi
e Gidi tri todn hoc 2‘“’_“% i gh}‘é’h T;I‘"ﬁi‘“‘_ ThfI“}}
Fun with Mathemauatics .rai, i B, ot ..ggo
. Viét Trung, Dang Quan Vien.
Binh phuong — Giai d4p bai : Dodn ngay sinh Bia 4
V6 Kim Hué - Xace dinh tdm dudng tron
Thanh Tudn - Nhitng day sd ki la.

Tru s8d toa soan :

45B Hang Chudi, Ha Noi DT: 8213786  Bien tap va tri sy : VO KIM THUY
931 Nguyén Van Cit, TP Hé Chi Minh  DT: 8356111 Trinh bay : QUOC HONG
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Danh cho cde bon THCS

VE MOT TiNH CHAT THU V] cUn HiNH VUONG

K

: |

HHIM} = 2

Giai : Dudng
thang ké tit M
vubng gdc vdi
AN cat AN tao H
va cat dudng
thang AD tai I,

(Xem hinh 2). Vi
DAN NAM

T
M

N

nén

Trong sach gido khoa hinh hoc 14p 8 da néu

lén cac tinh chét co ban cia hinh vuéng. Trong

bai bdo nay, ching t6i xin néu thém mét tinh
chét khéc ctia hinh vuébng va cdc dng dung
phong phii ctia ng.

Bai todn 1 : Cho hinh vuéng ABCD v cde
diém M, N, P, @ tuong iung trén cde duong
thdng AB, BC,

CD, DA. Chiing b il
minh ring : MP I\ —‘
= NQ khi vés chi W
khi MP L N@.

' Giai: Dé
ching minh ta ]
ké MH |/ AD,
NK [/ AB réi |
chiing minh hai
tam gide vudng
MHP va NKQ
bing nhau (xem hinh 1).

Bay gid, ta hay dp dung két qua clia bai todn
1 d& giai cdc bai todn sau :

Bai todn 2 : Cho hinh vuéng ABCD canh
bang a va mét diém M chuyén dong trén canh
BC. Phan gide ciia géc DAM cdt CD tai N.

Chiing minh AN < 2. MN. Ddng thite xdy
ra khi nao ? :

A 8
.HX}/
O i\ 4 1
= NH = HI = -E-AN
Hinh 2 . Theo bai toan
1, tW AN L MI, tacd AN = MI = 2MH > 2. MN.

Déng thite xay ra khi va chi khi H = N =
CM = g(=-1;w = a/2). Ban doc hay ching minh
két qua nay (Dya vao su déng dang ctia céc tam
gisc ADN, NCM va ANM).

Bai todn 3 : Dung hinh vuéng ABCD biét
vi tri tém O cila hinh vuodng v vi tri hai diém
M, N theo thit ti ndm trén hai canh AB va BC,

LE QUOC HAN
(Ngh¢ An)
Gidi: Goi P 4 M
la diém dai
xiing ciia M qua
O thi P thude
canh BC, Tu N
ké NH L MP va
ldy trén dudng
thdng NH mot
diém @ sao cho
NQ = MP thi @
thuéc canh AOQ
(xem hinh 3).
Goi E la diém
déi xing clia @ qua O va I 1a chan dudng vudng
gdc ha tit O xuéng EN. Ldy B va C trén dudng
thing EN saocho: IB = IC = JO. LAy Ava D
déi xing vai C vaA B qua O thi ABCD la hinh
vudng phai dung.
Két qua sau day la su téng quat héa ciia bai
todn 1.
Bai todn 1’ : Cho hinh chit nhat ABCD c6
AB = a, BC = b va cdc diém M, N, P, Q ném
trén cac duong thing AB, BC, CD, DA. Chitng

: : R
minh MP 1 NQ khi va chi khi 0

Chiing minh bai todn 1’ tuong tu nhu céch
ching minh bai toan 1, xin danh cho ban doec.

Bai todn 4 : Cho 1t giac ABCD. Dung hinh
chit nhat MNP@Q ngoai tiép tit giac ABCD dé,
biét ty s6 ciia hai canh k& nhau bing k (k la s6
duong cho trude)

&

=K

£
I

4 PHTJI-'I&'

Giai : Gia
” 3]:[ A, B, C, D
theo thd tu
nadm trén edc
canh  MN,
NP, PQ, QM
(xem hinh 4)
va MN/NP =
k. Ké AH 1L
p DB, AH kéo
dai cit PQ tei
Hinh 4 E thitheo két
quabai todn 1°, taoﬁ% = %_}}:r = -;— nén F hoan
toan xde dinh, tit d6 x4c dinh duge cdc dinh caa
hinh chit nhat MNPQ.

v

A

M

g

5

T

il

a

(xem tiép irang 7)
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Bai T1/229 Chox >0,y >0,z > 0
Chiing minh
(xyz +1}(£+£-1—1—) Eoptgd
e R R
Déng thite xdy ra khi nao ?
Losi giai : (ctia ban Nguyén Hoach Tric
Sinh, 8A, Quéc hoc Quy Nhon). Ta cd vé tréi la
z x 1
A= (yz+§)+ (xy-%)+ (xz-l;)+§+i—+;,

Ap dung bat ding thiec cong ta cd y +§ >

=x+y+z +6

Y x
2z, (xy +x) =2y, (xz+z) = 2x.
Vay A = 2x + 2y + 2 +£+-1-+£— +y+
ay e y g e

z+ (;.'c +%)+ (y +§)+ (z +§) =x+y+z+6.

Défu bing xay ra khi va chi khixy =, xz = ,
z 1 1 AN :
AmbTE E=T Y=g o Diéu nay tuong

duongvéix =y =2z = 1.

Nhan xét : Bai todn nay duge hang trdm
ban giti 16i gidi dén. Tuyét dai da s gidi dang,
ngén gon, cd ban nhu trén. Chi cé mét s6 it ban
giai hoi dai. Trong s nhiéu 1&i giai tét ¢ :Dinh
Nam Duong 9A Nghé An, Lé Anh Tho, 9A
Thanh Héa, Tran Nguyén The 9 Ha Tinh,
Nguyén Viét Ha 9 Ha Bac, DS Thiy Chi 8A
Hai Phong, Tran Luu Van 8C Ngoc Lam, Biti
Thanh Hiing 9H Ha Néi, V6 Anh Tudn, 9T,
Quang Binh, Nguyén Tudn Trung 8T Ha
Bée, Nguyén Thai Son 9T Thanh Hoa,
Nguyén Huy Vi, 8T Ninh Binh, Lé Anh Vinh
8A1, Ha Noi, Nguyén Ditc Hdi 9B Vinh Phy,
Nguyén Thi Thu Ha 8A Quéang Ninh, Lé Thé
Théng 8H Ha Noi, Lé Trung Kién 9T Hué,
Dinh Trong Quang 7C Ha Ni, Tran Ta Dat
8A, Ha Noi, Ha Thu Hién Yén BAi...

Ban D8 Ngoc Diic (6H Trung vuong Ha N6i)
da phét bi€u va ching minh bai todn téng quat
sau: Chon 2 3a, a, > 0. Ching minh rang

1 1 a;
(a_,...an+1}(—-+...+—) 4 4

aI a" a’j’ wea a!n

3 Gy a;
i T =zat
Fqr In®g e T e ey
+a, +2n.
DANG HUNG THANG

2

Bai T2/229. Tim nghiém nguyén cia

phutong trinh
%2+ +xf +2° = 271440

Lui gidi : cla Nguyén Hai Ha, 9b, Chuyén
Van - Todn Ung Hoa, Ha Tay.

22+ +af +o° = 271440

e+ e+ 1) =21.3°.5.13.29 (1)

Tit (1) ta suy ra ngay nghiém x phai l6n hon
1 va x2 1a wéc chinh phuong ctia 271440. Cdc
uéc chinh phuong cta 271440 cé thé 1a 22, 24,
9232 9432 Xét udc chinh phuong 16n nhét
2432 = (22.3)2 = 122, '

Thay x2 = 122 vao phuodng trinh ta thiy
phuong trinh dude nghiém ding
K22 +1)(x+1) = 122 (122+1) (12+1) = 271440

V6ix? = (2.8)2 = 62 ta thdy
62(62+1) (6+1) < 122(122+1) (12+1) = 271440

Vay x = 12 la nghiém duy nhat.

Nhan xét : Hau hét cdc 1oi giai gii dén déu
diung. Song lap ludn dai dong. Céc ban sau day
cd i gidi tét : Ha Béc : Nguyén Danh Nam,
Nguyén Hing Cuong, Tran Thi Ha Phuong,
9T, NK Béc Giang. Lao Cai : Nguyén Hong
Quang. Vinh Phu : Nguyén Ditc Minh, 8A,
Chuyén Tam Dao ; Ha Van Son, 9T, Chuyén
Phi Tho. Ha Tay : Dé Anhk Tudn, 9T, Thudng
Tin ; Nguyén Manh Ha, 9K, Lé Loi, Ha Dong.
Ha Noi : Duong Ngoc Son, 8CT, Tit Liém.
Quang Ninh : Bisi Anh Ditc 8A, TD Ubng Bi.
Hai Phong : D6 Thity Chi, 8A,, Héng Bang.
Thanh Héa : Ha Xudn Gidp, 6T, ; Hoang Thi
Ha, Ha Thi Phuong Thdo, 8T, NK Bim Son.
Khanh Hoa : Biii Thanh Mai 9T, Lé Quy Dén,
Nha Trang. TP Hé Chi Minh : Nguyén Cdm
Thach, 8,, Hong Bang, Quan 5.

TG NGUYEN

Bai T3/229. Gidi phuong trinh :

(x? = 3x +2)(x? + 15x +56) +8 =0

Lo giai. Taco:

(2 —3x +2)(x? + 16x +56) +8 =
=xf + 1205 + 1322 — 138 + 120 =
= (x* + 627 — 152%) + (627 + 365" — 90) —

— (8x? +48x — 120) = x*(x® + 6x — 15) +

+ 6x(x? + 6x — 15) —8(x* + 6x — 15) =
= (2 +6x — 15)(x% + 62 —8) = (x +3 —2V6)
(x +3 +2V6)(x +3 +V17) = 0. Vay phuong
trinh 6 4 nghiem la : x,=-3+2V6;
x,= ~8-2V6 ;x5 = -8 +VI7,;x,= -8 —VI7.

Nhan xét. Cd 241 bai giai trong dd co 8 bai
giai sai. Cdc ban sau day cd 10i giai t6t : Pham
Nguyén Théng (Da Lat, 9 Toan PTCS Chuyén
Thang Long, Lam Déng), Tran Tudn Anh
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(Khdanh Hoa, 8 Todan Lé Quy D6n, Nha Trang),

Nguyén D6 Thai Nguyén (V'nh Long, 9T,

Chuyén Nguyén Binh Khiém, Tx Vinh Long)

Nguyén Hong Quang (Tx Lao Cai), Nguyén
Khanh Linh (Ha Néi, 9 THCS Ngoc Lam, Gia
Lam), Hdin Minh Trung (Thanh Héa, 6E
THCS Nang Khiéu, T}w Thanh Haa), Vi Manh
Cudng (Vinh Phi, 8 Chuyén CII Tam Dao),
Dinh Trong Hiung (Viang Téu, 9T Lé Quy Dén,
Tp Ving T4u), Nguyén Cdnh Toan (Tuyén
Quang, 9 Todn Nang Khiéu Lé Quy Doén), Ta
Xuyén Hung (Yén Bai, 9T Lé Héng Phong),
Nguyén Ngoc Quang (Ha No6i, 9H THCS
Trung Vuong), Lam Manh Truing (Cao Bing
9A THCS Hop Giang, Tx Cao Bang)./.

DANG VIEN

Bai T4/229. Cho tam gide ABC vdi cde canh
a=5;b=6;c=7 Tinh khodng cach giita
tam dudng tron néi tiép va trong tam cia tam
gide dé.

Lai giai. Goi M
la trung difm cia
AC va G 1a trong
tAm tam gidac ABC,
ta cd G nam trén
doan BM sao cho
GM:GB=1:1(1).
Goi O 1a tam dudong
tron nodi ti€p tam
gide ABC va I la
giao diém cua AC
vOi tia BO, AO la cdc phéan gide cia cdc gdc
tuong iing ABC, BAC. Ap dung dinh li vé tinh
chét dutng phan gide (hinh hoc 8), ta cd :

A BA IS8 L o T

IC™ BC B A0 IAC oy 12
Vay IA = TAC : 12 = 3,5. Véi phan gidc AO,

OT.. Ar - BE
= =%(2).Ké’thqp(l)

ta lai ed ; OB = P J
vdi (1), ta ed GO // IM (dinh li Talét ddo). Vay :
0G BG 2

2 2
M-BM -3’ hay OG =§IM=§ (IA-AM) =

2 1
=i (2,6 —3) = 37 va khodng cach ecdn tim

Tl
la 3

Nhan xét. Co 96 bai giai trong dd ¢d 5 bai
gidi sai. Nhiéu bai trinh bdy dai dong, cd bai
dude trinh bay hét bén trang gisly ( !). Dac biét
cd ban Héan Minh Trung hoc lép 6E THCS Nang
Khigu Thanh ph8 Thanh Héa cd 1oi giai t6t
cung cdc ban sau diy : Tran T4t Dat (Ha Noi,
8A, PTCS Chu Van An), Tran Thi Ha (Thanh
: Hﬂa 8 Todn Nang khi€u Bim Son), Pham Thanh
Ngit (Vinh Pha, 9A NK thi xa Vinh Yén),

Nguyén Hitu Quyén (Vinh Phia, 9T Chuyén
Phu The), Ha Van Son (Vinh Pha, 9T Chuyén
Pha Tho), Ngoc Bich Phudng (Tién Giang, 9
Todn NK huyén Cai Lay), Lé Chi Thanh (Hué&,
91 Nguyén Tri Phuong), Nguyén Hoach Triic
Sinh (Binh Dinh, 8A Qudc Hoc Qui Nhon),
Nguyén Minh Quan (Quang Ngai, 9T Chuyén
Nghia Hanh), Nguyén Hoang Chuong (Béc
Th4i, 9 Toan THCS Nang Khiéu Tp Thai
Nguyén), Tran Ngoe Cuéing (Tp Hé Chi Minh,
8T, Nguyén An Khucmg, Hode Mén), Vii Thanh
Hﬁ (Tp H6 Chi Minh, 8T, Nguyén Du), Vi
Anh Tufin (Ha Néi, gAl THCS Thanh Céng).
DANG VIEN

Bai T5/229 : Trén mdat phdng cho géc xOy
eé dinh (xOy = 60°). M6t tam. gide can MAB
(MA = MB= a khéng déi ; AMB = 120°) thay

déi vi tri sao cho hai dinh A, B chay trén cdc

tia tuong ung Ox, Oy. Tim quy tich cua diém
M.
tét : Goi M, Ia tam ; ;i
vong tron ngoai tiép
AOAB, M, la trung A
di€ém cia cung nhd ¢
AB ctia dudng tron
dd. DE tim tép M ta
cén tim tap
{M,} U {M,}. £y

a) Tap {M,} :

Ta.c6 OM, = MA = BM, = a

M,0A < 90° M,0B < 90°

= M, thudc cung nhé M’M"’ cla dudng tron
(0, a) (6 day OM’ L Oy, OM” | Ox

OM’ khée phia véi
Oy so vii Ox

OM" khac phia
Ox so vdi Oy).
doan M| M, trong dé
M,, M, thudc pban
giae Oz cia gdoc x0y,
OM, = a, OM, = 2a.

Vay tap cic diém
M chinh 1a M’'M”.U
MM,

Loi giai véAn
#;

#;

Nhén xét :
® Mot s6 ban chi tim dugc 1 trong 2 tap M,
hodc M,

® Cac ban d& giai t6t bai nay :

Vinh Phi : Mai Thu Thdo, Ha Van Son 9T
Chuyén Phi Tho, Nguyén Trung Lap, 8B
Chuyén Vinh Lae.

Ha Tay : Nguyén Manh Ha, 9K, THCS Lé
Lgi, Ha Dong.
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Ha Noi : Biii Maonh Hing, 9H Trung
Vuong, Nguyén Minh Cong, 9A CapIIYén Hoa,
T Liém.

Thanh Héa : Han Ngoc Son, 8E Nang
khi€u Thi xa, Cao Xudn Sinh, 9T Nga Lién,
Nga Son.

Quang Binh : Tran Chi Hoa PTNK Déng
Hai.

Quang Tri : Nguyén Hau Nghi, 9TL
Chuyén Lé Quy Dén.

Quang Ngai : Nguyén Minh Quan, 9T,
Chuyén Nghia Hanh, Quang Ngal.

Khanh Héa : Bii Thanh Mai, 9T, Vo Thy
Dung Hoa, Tran Tudn Anh, 8T, L& Quy Don,
Nha Trang.

TP Hé Chi Minh : Chung Nhan Phii, 8T,
Nguyén An Khuong, Héc Mén.

: VU KIM THUY
Bai T6/229 Cho ddy s6 { x_} théaman 1 <
2
X
w1 =1+%,=5Vn = 1. Ching minh
réing day { x} héi tu va tim gidi han cila né.

L giai : Cdch 1 (cta ban Nguyén Minh
Phuong 10A Hung Vuong Phi Tho).

8 —(x, — 1)
Tacd:x,,. ;= e e

Tir dd bang quy nap dé thdy 1 <x_ < 2Vn

= 1. Khi dd

ey = V21 =%I 3B - @,~1H- (B3 - (2-DY

x, <2vax

= % %, —V2IIN2 -2 -x)] (D)

Vio < 2-x, < V2doddt(1)suyra|x,,,
1 1
-V2| <§|In—ﬁ1ﬁﬂﬁlxn"{§|

Suy ra

fii=s
!xn—ﬁl = (ﬁ)n llxl—\‘j’ﬂ
1.,n-
Vi lim (ﬁ) i:Onénsuyraiimn=1r2_

Cach 2 (cha ban Nguyén Ngoc Hung 12T
Thanh Héa). Bang quy nap déthdy 1 < x_ < 2.

A
Xét ham s6 flx) = 1+x—%cu’f’(x) = l—x<i
Vx € (1, 2) vay fix) nghich bién trong (1, 2}. Do d6
a) Néux, = x, thiflx)) < flxy) —x, <x, tiép tuc
nhuviytacox, 2x; 22,2 .. vax, <x, < ..

Thanh thit hai day {x,.} v& {x,, ;} hoi tu va
gia st @ = limx,,

b = limayy, .
. b
quagidihantacda =1+b -
2
a
b= 1+£I—-§-

—(g—b)a+b-4)=0.

3 6
Chﬁ}"réngxnﬁa‘#n dodéa—+b <3 =

Suy ra rdng e = b. Vay limx_ tén tai.
b) Tuong ty néu x; < x,taclinged limx, tén
2

A
tai. Goi gi6i han 1A A. Tacd A=1+A -5 —

2
A=vZ. -

Nhén xét : Cdc ban sau cd loi giai t&t :
Nguyén Tién Ding 11 Da Nang, Nguyén Phuc
Khanh 11 Hai Hung, Tran Nam Ding 11CT
Nghé An, Lé Héng Ha Vinh, Dang Hitu Tho,
Binh Binh, Nguyén Anh Hoa 11A Nam Ha,
Phan Anh Huy 12 Da N&ng, Pham Van Du 11
Thanh Héa, Dao Ngoc Luan Ha Noi, Trin
Hitu Luc 11 Quéang Binh. Cé6 khad nhiéu 13i giai
sai, khdng dinh day {x_} latang va bi chan hoac
ching minh gidi han la 7

DANG HUNG THANG.

Bai T7/229 : Cho ham s6 flx) lién tuc trén
[0, 1], ¢ dao ham trong (0, 1) va fl0) = f(1) =
0. Chiing minh rdng tdn tai mot s6 ¢ € (0, 1)
sao cho flc) = 1596f'(x).

Héi két ludn cia bai toén cé thay doi Rhong
néu f10) = f(1) = m, véi m la 56 thuc khéc 0 cho
trude 2

Lai gidi : (cia Lé Quang Ndm, 11CT -
DHKHTN - DHQG TP Hé Chi Minh) ; Cao
Thé Anh, 11CT Quéc hoc Hué ; Truong Vinh
Lén, 10CT PTNK Quang Binh ; Nguyén Ngoc
Phiic, 121 PTTH s6 1 Didc Phd - Quang Ngai ;
Tran Tién Ding, 11T PTTH Amsterdam, Ha
Néi ; Trinh Hitw Trung, 11T — Lam Son -
Thanh Héa ; Nguyén Tién Ding, Phan Anh
Huy,11A,,12A, PTTH L& Quy Dén -Da Néng) :

A

Xét ham s8 g(x) = e1996./(x) xac dinh trén [0,
1]. Tit cAc gia thiét d&i vai ham f{x) suy ra ham
g(x) lién tuc trén [0, 1], cd dao ham trong (0, 1)
va g(0) = g(1) = 0. Bdi thé, theo dinh I
Lagrang, ta cd : 3c € (0, 1) sao cho g’fc) = 0(1).

—x 1
Ma: g'(x) = €790 [!‘(1) 'T&Ef(x)] Vx € (0, 1), va
.
€995 # 0 Vx € (0, 1) nén tit (1) ta cd f'lc) -

595 - 1(©) = 0 hay fle) = 19967'(c). (Dpom).

Khi thay diéu kién £(0) = f{1) = 0 bai diéu
kién f10) = f{1) = m (m = O cho trude) thi két
luan ctia bai todn s& khong con ding vdi flx) 1a
ham bat ki thda mén diéu kién f{x) lién tuc trén
[0, 1] v& cd dao ham trong (0, 1). Chéng han,
xét ham f(x) = m ¥x € [0, 1]. Lic nay, dé thdy
ta 86 ¢6 fle) # 1996.f(c) Ve € (0, 1).

Nhéan xét. 1. Nhiéu ban td ra khéng ndm
viing céc tinh chit ctia dao ham va hi€u chua
ding vé dinh If Lagrang. T dd dén t6i : co
nhiéu ban hoéc giai sai bai toan hoac chi giai
ding phédn ddu cia bai todn.
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2. Ngué.i cdc ban da néu tén trong phan Loi
gidi, cac ban sau diy cling cd 1vi gidi t6t : Lam
Pong : Phan Tha.nh Hidi (12T PT’I‘H Thang
Long) ; Quang Binh : Tran Ddc Thuan (10T
PTTH Dao Duy Ti) ; Thanh Héa : Lé Vin
Cuimg (11T PTTH Lam Son) ; Nam Ha :
Nguyén Anh Hoa (11A PTTH Lo Héng
Phong) ; Ha Néi : Lé Tudn Anh (12B PTCT -
DHKHTN, PHQG HN)

NGUYEN KHAC MINH

Bai T8/229. Tim cdt cd cac 36 thuca > 2
sao cho

(1-thdt =«
It4+ar2+1 8 o

Gidi (cia da s8 cac ban),

L
Datxg 2t =2(i—t.}f_f£va
1+22 (1 +12)2
f (1-Adt 1} G
A+at +1 27 1+ﬂ;2xz
kS Va -2
o ey arctg T
Suy ra (1) <arctgu = % u, (2)
vﬂiu:—aé:-%:b{).
Xéthénasﬁﬁu,i:arctgu—%u;u::-0.
el LA
Tacnf(u)—-mf E,f(u)——ﬂﬂ-ru._
4

e

[/

I o

rwl
flu)

Viy phuong trinh (2) ¢6 nghiém duy nhét u
= 1, hay

2 = lﬁa = ﬁ

Nhan xét. + Ta thdy bai nay thue chat 1a
bai T8/227.

+ Céc ban giti bai gidi dén déu cho dap s6
ding. Cd nhiéu ban cdn cd céc céch giai khac
ngén gon hon, song phai sit dung dén tich phén
trén khoang vd han.

NGUYEN VAN MAU

Bai T9/229. Goi AA,, BB, la hai duing cao
cia tam gide nhon ABC, M va M lan luot la
trung diém cia céc dogn thing AB va A,B;.
Duong thang CM cat lai duimg tron (A,B C)
T va duidng thing CM, cét lgi duﬂng tron.
(ABC)d T,. Ching mmh rang T, d6i xiing véi
T qua du:rmg thing AB.

Loi giai 1.
(Dya theo ldi
giai cha Tran
Tdn Dat, 8A,
Chu Van An ;
Ha Noi). ViA, .
va B, nﬁm
trén dudng
tron duting
kinh AB, tam
M, nén__ta
duge : CAB, =

B X R
A;B,C - ABC; (2)

——
ABM ; (1) va do d6 :

(Ki hiéu ~ chi réing hai tam gidc nay déng
dang nghich (déng dang nhung nguge hudng)).
Lai vi T'n&m trén dudng tronv, (A, B,C), nén g :

CAB, = CTB,, (3)
Tit (1) va (3) suy ra :
- MAB, = CTB,vadodé A, M, T, B, cing
thudc mot duding trt:n tir do :

MAT = MB,T, hayla: BAT = MB,T; (4)
- Dudng théng MB, 1a tiép tuy&n tai B cua
dudng trdn v,(A B C')v&clg_rcj‘g__
MB\T = B, C’T hﬂ.y la: MB I= ACM (5)
.r.‘;
T (2) suy ra C'Ali"-tl'2 v CAM vado d6 :

— —_—— —
ACM = M,CA = T\CB (6)
Cubi ciing, vi T, ndm trén dudng tron
v(ABC), nén ta dugc:

—
T] CE = T\AB (7N
Tir (4), (5), (6) va (T) suyra:
BAT = T AB )
Chiing minh tuong ty, ta duge :
TBA = ABT ©)
R w g

Tu (8) va (9) suyra: ABT = ABT vadods
T, va T d6i xting v6i nhau qua dudng thing AB
(dp.cm.). (Ki hiéu = chi ring hai tam gide

ABT, va ABT ban nhau nhung ngude hudng).
Lbi giai 2. (ﬁua theo T %am Dungg,

11CT, Phan Bai Chau, Nghé An va mot s6 ban
khdc). Goi T, 14 giao di€m thd hai eta duang
thdng CM véi dudng tron v(ABC). Cling ching
minh nhu trén, vi CM va CM 13 hai trung tuyén
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tudng ding cia hai tam gidc ddng dang (nghich)
ABC va A,B,C, nén ta duge (6), cling tic1a :

va ta duge : AT, = BT,, BT, = AT, (10)

Mat khéac, ching minh tuong tu nhu (1) va
(3) & trén, ta di dén két luan : MA| 1a tiép tuyén
¢ A, cla dudng tronv, (A, B,C) va do do ta dude
céc hé thic :

MCMT = MA? = MAMB = MCMT, (=
PMjv,(AB,C)). Tt d6 suy ra : MT = MT,, do
~ dd TAT,B la moét hinh binh hanh va vi vay : BT,
= AT va AT, = BT ; (11),

Tit (10) va (11) suy ra :;"LTl = AT, BTI =

8 . A
BT,dod6’ABT = ABTva T, = D ,(T).

Nhén xét : 1°) Nhiéu ban nhén xét rang,
bai toan nay chinh 1a bai toan T5/211 cho
PTCS, da dang trén tap chi THvTT =6 211 ra
thang 01/1995 (chi cd thay d8i cach phat bigu
doi chat).

2°) Ta vAn cd k&t qua nhu trén khi tam gide
ABC c6 gde C th. That vay, si dung gde cd
huéng gilta hai duding thing, cdc hé thic (1) —
(9) van ding khi viét ching dudi dang gdc cd
huéng ; chang han, cdc hé thide (8) va (9) duge
vi&t lai nhu sau :

(AB, AT) = (AT}, AB), (87
(BT, BA) = (BA, BT)) ; (9")
. Nhu vay, gia thist tam gidc ABC phai nhon
la khong cédn thi€t, chi cdn gia thiét tam gidc
ABC khéng vuéng & C ma théi (dé€ A, #B)).
NGUYEN DANG PHAT

Bai T10/229. Goi G la trong tam ciia ti dién -

ABCD, néi tiép mdat cdu (0). Céc dudng thing
AG, BG, CG v DF cét lgi (O) theo thit ti 6.
A, B,, C, v& D,. Chiing minh réng :
GA,+GB,, GC,+GD;= GA+GB +GC +GD
(*)
L&i gidi. (cha nhidu ban). Goi R 12 ban kinh
mat cdu (0), thi ta cd : GA.GA; = GB.GB, =
= GC.GC, = GD .GD, = 7G/(0) = R* - 0G?
Do do ta duge : :
GA, +GB, +GC, +GD, = (R? —0G?%) x
1 F e 1
(ca*ce*octen)’
L.’;li co : e - - i
4(R2—-0G?) = DA%+ OBZ+ 0C2+ OD?~- 40G?
= (0G +GA) +(OG +GBY +(0G + GO +
+(0G +GD)? —40F = GAZ + GB? +GC? +
+GD? +20 G (GA +GB + GC + GD) = GA*+

X (1)

+GB%+ GC?+ GD?> -‘II(GA +GB + GC + GD)?

hay la :
He—ye- > 15 (GA +GB +GC +GD)2; (2)

Mat khéc, ta lai cd (theo bdt ding thic
Cosi) :

(GA + GB + GC +GD) x

! 1 1 1
(Gatentecton) > @

Tt (1), (2) va (3) ta duge (¥), d.p.c.m.

D&u ding thitc xay ra khi va chl khi: GA =
GB = GC = GD (= R), nghla 13 G = 0, va ti
dién ABCD 1a géin déu (C6 thé ching minh diéu
nay bing phuong phap vécta).

Nhéan xét : 19) Kha déng cde ban tham gia
giai bai todn trén va déu cho 18 gidi ding ; tuy
nhién mét s8 ban trinh bay loi giai con rudym ra.

2°) Ban Phiing Duc Tuén, 16p 10 CT PTNK
Hai Hung va ban Trdan C Ha, 16p 11 CT, PTNK
Déng Héi, Quang Binh da dé xuét va cho 1oi
giai ding bai todn téng quat hon : "Néu G 1a
trong tdm cia hé n diém {A; i = 1,2, .., n)}
ndm trén mat cdu (0) va cdc dudng thing
AG cét lai (0) 3 A (i=1,2,..,n), thi taco
B.D.T.sau:

x

i

n
S GA, =Y GA; }. Diu déng thic dat

=1 f o ]
dugc khivachikhiG = 0 :
NGUYEN DANG PHAT

Bai L1/229. M6t con ldc Id xo c6 khéi luong
m = 200g vit dao déng bdi chu ki T = 2s. Tai
thoi diém ¢t = 1s con ldc c6 vén idc
v=-25V2x.102 mfs va cé6 thé nang
W, = 12512 . 1079 J. Hay viét phuong trinh dao
dong ctia con léc va tinh nang luong ciia né.

Hudng dén giai. Phuong trinh dao dong
diéu hoa cd dang »

x = Asin(wt +¢) (1), voi w =-—_f,"=3‘1‘ va
k=mw?, Ti diézu kién da cho x=-25Y2 x.1073

m/sva W, = %— = 12672 . 1076 J, thay vao (1),

x = Bsin (art —%) (em).
Nang Iugng cia con  léc
kAz mszz
W W+ W, = Wy = 2 = P2

= 250.72.107¢J.

Nhén xét. Cdc em cd 131 gidi ding : Tréin
Quang Vinh, 12 Toén, trudng chuyén L& Khiét,
Gudng N%‘f‘j ; Hian Van Thang, 11A6, THCB
Pao Duy Tit, Thanh Héa ; Vii Manh Hing,
11B2, PTTH Bim Son, Thanh Héa ; Truong
Cao Cudng, 12 Toén, trudng chuyén Lé Khiét,
Quéng Ngéi.

: MAT ANH
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Bai  L2/229,
Cho magceh dién vé
dudi, vdi
x+r=48Q, dién
k€ G chi 0,8A ; vén
ké chi 24V,

1) Tinh dién tré
gcia dién kéva g,
ciia von ké.

2) Tinh dién
ird x irong 2
truong hop chuyén x sang || AB thi :

a) Dign trd toan mach dat cong sudt cuc dai O

b) Di¢n trd x dat céng sudit cue dai B

Hudng dén gidi.
U E = I(r+x) + Ry (I - I)+U, —>80=48I+
+40(I - 0,28) +24 »] = 1A

Upp=R,(I-I)+U :32V—-g:@—
4 v IS
- R, =10Q;
UV U'I’
Ry=y= o = 6002,
St
Ugp

a) Khi x chuyén sang // AB thi mach ngoai

: 32 | g
cd dién trd R = 39 + 5 V& cd cong sudt P thoa

min EI=rI? +P. Tt d6 A=E2 - 4rP> 0 —

2
P = s khi A = 0. Sosanh v6i bi€u thic téng

RE?
Gt P=— e i oo R
quéa = % tathdy khicd P thiR =

32x .
r,suyraﬁm_l-_?:dis—x—-x = 32Q ;

b) Goi I’ la déng qua x, I’ ,, 12 déng qua doan
mach AB ¢d chia R,R,, g,R,,R. Ta cd
E-U "
P=I-I= —RU S E vai
r H r
: B o onany
E -80.32+rvar o T
Tit do P, dat cuc dai khi x = r’ —

32
48 —;=§§+L_“—~r= 320, va do ddx = 16

Whén xét. Cdc em cd loi gidi ding : Trin
Mai Sen Ha, 11 CL, PTTH nang khiéu, Quang
Binh ; Phan Van Dic 11L, PTTH Phan Boi
Chau, Vinh, Nghé An,

MAI ANH

VE MOT TINH CHAT
(ti€p theo trang 1)

Bay gid, céc ban hay ding cée k&t qua trén
dé gié?cg.z;c bai tap sau'? & e

Bai tap 1: Cho hinh vudng ABCD canh
bang a. Goi M, N, P, @ 1a trung diém cta cac
-::s_m.E AB %c, €D, DA. Cac duting thing AN,
BP, CQ, DM cét nhau tac thanh td gidc EVGH,
Ching minh ring

1) EFGH 1 hinh vuong

2) Sgpgy = o?ls

Bai todn 2 : Dung hinh vuéng ABCD biét
vi tridinh A va vi tri trung di€ém N ciia canh BC.

Bai todn 3 : Dung h%nh vudng ABCD biét
vi tritAm O va hai diémM’,Nnémg
ddi dién cta hinh vuéng,

Bai toan 4 : Dung hinh vudng ngoai tiép
mot td gidc cho trude (Dé thi vao chuyén toan
DHTH va DHSP, 1972)

Bai todn 5 : Cho hinh chir nhat ABCD va
mét didm M chuy&n dong trén canh BC. Phan
gide DAM cit canh BC tai N. Xdc dinh vi tri M

d& ty s8 Nt dat gid tri nho nhét.

rén haiecanh

{tiép theo rang 9)
1
+2.5(/ AB +AC|? - | AB - AT|?)

= AB? + AC? +% (4AI? - CB?)

AB? +AC? BC?
Do dé A7 = 5 ——4,hay1a:
b2 +c¢2 a?
AT

b) Cach 2 : Goi Ilg trung di€m canh BC.

Ta ¢6 : BC? = BC? = (AC - AB)? = AC? +
— — 1 —
+AB’-2 ACAB = AC? +A33—2.3 (/| AC +

+AB|2 - |AC - AB|?)
= AC? + AB? ——%{4:!.1’2 - BC?

AC’+AB? BC?.
2 4

Suy ra AI?=
2_E12+c:-2 o2

my = 5 ! -Z—

O day cdch trinh bAy 1 ti nhién va cho théy
10 y€u t8 cln tim, cdn cdch trinh biy 2 lai st
dung ding ki thuat chitng minh ma cac téc gia
da dung trude do d&i véi dinh if ham s6 cosin.
Hon niia cd 2 cdch néu trén déu cd téc dung
cing cf dinh nghia tich vo6 hudng cia 2 vecto
ma céc tdc gid dd dua ra.

_ Cudi cimgxin cd mét dé nghi voi cdc téc gia :
Nén ching viéc dua dinh i ham sd sin 16n trudce,
gan viée xAy dung dinh i ham s6 cosin vai vise
xdy dungcong thite tinh do dai trung tuyén tam
gidc nhu thd ty da trinh bdy trong nhitmg nam
trude day./. :

: hay la

Frd
4
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DY RA KI NAY

CAC LOP THCS

Bai T1/233 : Cho
{a,} 7 = 0théaman:
Q42 +au-'l i 2 (au +1 +au) Vn =1

Ching t6 réng tén tai s6 nguyén M khong
phu thude n sao cho :

M+ 4111" +_1 2 a?l
la 56 chinh phuong Vn = 0
DOAN QUANG MANH
(Hdi Phong)

Bai T2/233 : Chiung minh ring néu

(a+c)(a+b+c) < 0, thi (6 —c)* > 4a (@ +b +c)
NGUYEN DE
(Hdi Phong)

Bai T'3/283 : Cac s6 nguyén khéngam, a, b,
¢, d thoa méin diéu kién :

a? + 202 + 3¢ +4d? = 36 (1)

2 +b2 —2d> =6 @)
Tim gi4 tri nhé nhat cﬁap=a3+52+,cz+d?.
PHAM HUNG
{Ha Ngi)

Bai T4/233 : Cho tam gisc ABC nhon. Goi
(0, 1) 1a duang tron tdm O, ban kinh bang 1
ngoai tiép tam gidc ABC.

Chiing minh rdng: e +b +¢ = abe.

D4u "=" x4y ra khi nao ?

DOAN VAN TRUC
{Qudng Ngai).
. Bai T5/233 : Cho tam gide vuéng ABC (
A = 980 ) dudng cao AH, trung tuyén BM va
phan giac CD dén%?c}uy 1i;gli mbt diém. Ching

minh réing sinB =

Tit d6 suy ra cach dung mét tam gide ed tin
chéit néu trén.
VI QUAC DONG
{Bdc Thdi).

CAC LOP THCB

Bai T6/233 : Cho m la s6 thuc dudng.
Vai méi n nguyén duong diy sé thuc
{ @, i} I'= o duge xéc dinh nhu sau : !

1 %
aﬂ,ﬁ = 1 a}‘l_,.l"i'l =aﬂ,f‘ (‘. +m"ﬂn+!) vl
i=01,.n=1
1) Ching minh ring néu m < 1 thi
@, , > Vn +1 véimoin ezt
2) Gia st m > 1. Chiing minh :

véimoin € Z*

) m
B ﬂn,n{m._l

day s80 nguyén

. m
b) lima, , = ——7
n—= 4oz :
NGUYEN MINH DUC
: (Ha Noi)
Bai T7/233 Cho da thie

flx) = x* +4x3 — 242 — 12x + 1, Hay tinh tdng
no9x2 41

S =£§la:-—1}-§ v6i n 1a s8 nghiém va x; 1a

nghiém ciia da thide flx).
: DOAN THE PHIET
(Nam Ha)

Bai T8/233: Chobasd thuca, b, c théa mén
diéu kién a2 + b2 +¢2 = 2. Ching minh réing :

1) ja+b+c—abe|l <2

2) |a® + b3 +¢3 —3abe| < 2vV2
TRAN XUAN DANG
{(Nam Ha)

Bai T9/233 : Cho tam gidc ABC cd cdc canh
a, b, ¢ cac dudng cao va trung tuyén tuong ung
1a A, hy, ke, mg, my, m, dién tich S. Ching
minh ring :

a)a +b+e=2 Y27 NS

b) h,m} +hymd +h.m} =9 {3.52/5

LUONG NGOC VT
{Ha Tay).

Bai T10/233 : Cho ti dién ABCD va mét
diém P sao cho PA? +BC?+CD? +DB’ =
P B2+ CD2+ DA2+ AC?= P (2 + DAZ + AB?+
+BD2 = PD?+AB? +BC? + CA%

Chiing minh ring tén tai trong khong gia
mdt diém M thoa man

AG, =BG, = CG, = DG,

Trongdd G, G,, G4, G, 18n lugt 1 trong tam

clia cac tit diskn MBCD, MCDA, MDAB, MARBC.

TRAN DUY HINH
{Binh Dinh).

CAC PR VAT LI

Bai L1/233 : Tir 2 di€m A va B cach nhau
100m, xe 1 va xe 2 cung xuft phat véi cung van
téev; = v, = 10 m/s. Xe 1 di theo hudng hop voi
AB gdc 60°, Bigt ring 2 xe s& gap nhau d C. Hay
xac dinh :

~ Huéng chuyén déng ciaxe 27

- Thosi diém 2 xe gap nhau ?

-~ Toa do difm C 7.

PHAM HUNG QUYET.
(Ha Noij

Bai L2/233 : Mot diéen tich di€m
q = +2.107% ¢ ding cach tfm kim loai phéng
ndi d&t mot khoang a = 3cm. Hay xac dinh luc
tuong tc giita dién tich ¢ va t&m kim loai do
khi dat ching trong chan khéng ?

NGUYEN DUY TRUY
(Thdi Binh).
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FOR LOWER SECONDARY SCHOOLS

1/233. Let the sequence of integers
{a,} 7_ ,satisly g e
an+z+ﬂ"_1=2(an+f +a’,¢),"fn31.
Prove that there exists an integer M, not
depending on n, such that

M+
13 a perfect square for"éﬁ; ril =0.
/233 Prove that if (a-l-ce:j}(a-l-b-l-cj{() then

(P 2> da(a +b +c) .
T3/233. The non posl ive integers a, b, ¢, d
satisfy the conditions :
a2 +2b2 + 8¢ + 4d? = 36 (1)
22+ w84 =6 2
Find the least value of P=a*+b°+c¢*+d? .
T4/233. The radius of the circumcircle of an
acuteangled tnangle ABC equals 1. Prove that
+b +¢c = abe.
When does equahty occur ?
T5f233 The altitade AH, the median BM
and the angled-bisector CD of a right triangle

ABC (A= 90°) are concurrent. Prove that
sinB V5 -1
i1 ==

_Deduce from it the construction of such a
triangle.

FOR UPPER SECONDARY SCHOOLS

T6/233. Let m be a positive real umber
For every positive integer n, let { a, ;} °_,
be the sequenca of real numbers defi ned by :

a’n 0

1 .
@y =an,t'+1'(1 +ma.‘1,i) =

0,1,..,n-1).

1) Prove that if m = 1 then @y oy > Y +1
for every n € Z*.

2) Suppose that m > 1. Prove that :

a) @y p < sy for everyn € Z*
. mn
b} lim an,ﬂ ;;“:j‘
n—=+om

T7/233. Consider the polynomial

= xictde -2 ~10x 41,
N 2xf 1
[Ealculate the sum S :EEIW

Where n is the number of roots and
x;(i=1,2,..,n)are the roots of fix).

TSJ’?33. The real numbers a, b, ¢ satisfy
a’® +b? + ¢ = 2. Prove that :

1) /a+b+ec—abef <2,

2) [ a® +b3 +c% —3abe[ <2V2 .

T9/233. Let h,, hy, h, and m,
respectively the altitudes and the medians of a
triangle with sides @, b, ¢ and let S be its area.
Prove that :

aa+b+e=22 {37VS,

b) hmi + hym? +homt = 943 S2VS.

T10/233. Let be given a tetrahedron ABCD
and a point P such that

PA?+BC?’+CD’+DB?’=PB’+CD*+DA?+AC?=
=PC?+DA’+AB’+BD?=PD?+AB*+BC*+CA’ .

Prove that there exiatz ¢ point M in space
such that AG, = BG, = CG; = DG,, where
G,, G,, G;, G, are respectively the centers of
gravity of the tetrahedra MBCD, MCDA,
MDAB, MARC,

, i, m be

Fody digseg eang tlure

TiNH DO DAl TRUNG TAYEN @ TAM GldC

Trong phén "Hé thiic lvon Iﬁltrong Tam
ctia sach gido khoa ¢ 10 Ban Khoahoe Tu n 1én
cdc tdc gia di x4
dutng trung tuyén tam
vectd (nhu da lam déi
Day la cdch lam gfhn va dé hi€u. Tuy nhién, cdbn
¢d cdch trinh bdy khédc hop li hon.

Trudc tién, ching ta xem céc téc gia viét :

"Goi I 1 trung di€mgcanh BC.

Tacd : CA—IA IC A
BA=1A-iB

Dodd:_,

CA2 + BAZ =

(IA — ICY2+ (TA -Eé}éﬁ 5 :

u‘.ng cﬁng thie ]:{nh do lﬂim
an uon
i dinh lﬁgm 0] %t%mf

pd NHU NGOC
(Hdi f{ung)

= (A +IC)2 +(IA +R}’)2 = 2IA? + 2IC?

Hay b2 +¢? = 2m2 + 2 ( ) . Suy ra cong

thli'c déi véi m "
3 day, theo toi viée viét CA1 BA,la Lhua tu

nhién v{ hoc sinh thudng viét AC, AB hede
CA AB (kiu hoan vi vong quanh). Mat khac,
mucdich la tim m  con bj "khuét”. Theo t6i nghi,
cd thé trinh bdy theo 1 trong 2 cdch sau diy :

a) Céch 1:

Goillatrung di€m canh BC. Theo cﬁng thic
trung diém ctia doan thﬁng 2 AT = AR +AC

Suy

4A17 = ABZ+ACZ+2AB AC = ABz+ACz+

& {xem tiép rang 7)
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@anﬁ cho cdc ban cﬁud‘n bi thi fvao dai ﬁoc

(NG DUNG TICH PHAN TINH GI6T HAN

@ Nhdc lai : Dinh nghia tich phén (GT12)

Cho fix) xac dinh trén [a, b]

1. Chia doan [a, b] thanh n phén bing nhau
bdi (n + 1) difm chiax; (i = 0, n) nhu sau:

X, =a<Xx <X <..<x <. <x,=0bvéi
. Jime o 200
x,=ajx=at—— %= 5
b —u
X, =a+tn. = b.

2 Lﬁy{-‘ =% E[xhi, :}‘ 1
=?E-=a+tt—>—"— Tinhf@:f( +;—)
BLaptﬁ’ng

8, Zf{é‘t)(x xlul]——zf(ahib—)

p=1 (=1

e G
+f(a +%i?§fl) +... +f (@ +n.b;u) 1
ke S, : Téng tich phan (tdng Rieman) cia

ham f uing v6i phin hoach déu [a, b] dng vdi
cdch chon §; & budc 2)

4, Né’g flx) lien tuc trén [o,b] thi
Lim S, = j‘ flx)dx.

""e¢ D& tim _gi6i han ting
S,=u; tu, +.. +u, (L;m,S}phuthuﬂcvao

n € N trong nhiéu tru'.ong hnp ta co thé ddn dén
dang téng tich phan E f(§) A; r6i tinh tich

4n tuong in Bﬁn pé.ch tinh tich phan ta
?Elh dudc gglm hga;.n cangtlm P
Bai toan : Cho S, = u; +u, +.. +u, . Tinh

Lim S, ?
i ﬁgoal céich nnh tryc ti€p téng S, nhi cong

thifc bién ddi (dic biét 1a cﬁnﬁ thie s::ag s0 cong
(cdlp s6 nhén) ta rdt gon S, theon tit dé suy ra
Lim S, ta cd thé tinh g'u}i han nh@ tich phén
?;:;e:; cdc bude sau

Bude 1 : Bzén d51 S, thanh dang

n g
- *f{ﬁan_aH"ganr(an:-v 4y

Budoe 2

Fhl ra ham f va ciming minh flién
tuc trén a

10

H—=+oo

NGUYEN THANH GIANG
(Hdi Hung)
b
Buéc 3 : Két luan Lim S, = j‘ flx)dx

fi—=o0
Tr thuc hanh ta thuon trudng ho
don [}Q];Lgn:—[)b 1. Kh Clggfip i
udc l B1é’n dsi S, thé.nh dang

sl r(3) e (3
ear ()

Budc 2 : Chi ra ham f va ching minh £ lién

tuc trén '[U 1] .

Buée 3 : Két luan Lim S, = [ fix)dx.
i ] L}
® Sau day 12 mot s8 thidy :

mn n
VD1 : Cho S"=n2+12+n2+22+mIn2+n2‘
Tinh Lim S,
e o0
1 1 1
Taed: S, = — Xét f(x)=——
acs:s, fR)=—

n o 2T i 5
tré 0 1] = lie tur:trén
R [ de : ?S lgféngt ch phin cua f(:c) trén [0,
1] véi phép chia [0, 1] thanh n phén bang nhau

i =it
bdi cde di€m chiax; = 5 G=on) vai cach chon
& [x:—px-] (i =1n)ticla:

ot
g 1
S = E: é. = B R

=£2—-—-—-—£—-— (ﬂ‘-=xi--—-xi-_l=%)-

n. TR
SHal
DoddLimsn=ji

-+ 0

VD2 : Tinh ; :
Lim s 7 ot T |
Vdn-1 #4?1"‘;2 Vin*—n

Ta cc:'ag' . 1

e v 7 A 7

fi = arct L
+ 2 &x I 4
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1
e

<

Xét flx) = ?—4—3?- trén [0, 1] = flx) lién tuc

trén [0, 1].
Chia [0, 1] thanh n phédn bang nhau bdi cac

i —
di€m chia %=— (i=on). Trén mdi dogn

i
[x,-_l,xf]lﬁyé',-=g(i in); Ai=x—x;_ =

Ta cd téng tich phén
n h 1 1
2 ME) 8= — a=
i=1 i=1 4__(1)2
n
_gi 1 i
NEra) o riye X
(7)
Do dé ; 1
dx 1 dx
LS, =] prma= oy =1
n—+ewo 0 0 l_(%)E
Dat%——“cost(fe[g'g])
=='dx="Zcosfntdt,x—l}:-t':%;x=1==-
.
=3
Do dd
T ™
13 —2sintd > e BT R
et o s e e
2 3

Vay Lim S, = %.
== +oo

VD3 : (D& thi DHQG Ha Noi khéi D - nam 1995)

By 2
Lim—(1+ms—+cos—+ +msn%-r1-n:)
n—r!-aon i n
Dat
1 i
S, == (1 + cos— +cns—22+...+msﬁ—1:r):
n n
1 1 2 00—
——-(coa———x o +cos~— +cas~ +cos——-)
n n n n
Xét f(x) = cos mx trén {0 1]

Chia [0, 1] th&nh n phén bing nhau bdi cde
diém chia x, =l —fi= on) chon &=~ (1 0; n—1)

thude [x; |, x]v6ii = 1n va A= l

n—1

= YAEA =

=0

B

n‘*l

M |
:Eﬂcu E k ;;

0.7
cog —— +
n

p—

T n—1
+eos= +.., -!-coa-—-———:r) =8
n n f

i

ﬁLimSn:fcosmrdwalm[
n—s+om 0 0
VD4:Tinli 3 :
7 = b =
Coadata B el
Dat . ;
P=[(145) (142) - (143) ]1 w
S,=InP, _u[ (2 ) +tin (14 )]

Xét ham 88 y = f(x) =In (I +x) lién tuc

trén [0 ; ‘]3
id6S_laténg tich phan ciia ham flx) trén
[0, 1] coi pﬂép chia [0, 1] thanh n phén béang

nhau bdi cdc di€m chia x'-=% va chon

i e 1
& =—-~'=“ Ix; ., %l = 1n) vdu&,-=g.
1
Do d6 limS,=[In(1 +x)dx = xln(l +.:)J

n—stom O

: xdx &
i fdx+ 7= 2n2-1
o o
lim§
= lim P, = lim S=e oo e
n—++o A— 4+

Ta xét vi du ma ham l4y tich phén x4c dinh
tén [a, b] khéngla [0 ; 1]

VD5

P o S
sin— 2sin —
Tinh lmlI—2 L5 M By
n—s+dt® | 1 +cos?Z 1 +cos?-g-x?-
L n
. NI
nsm?
et ——
T
1 + cossp2—-
ST & 2
2 sin— Zmn?
bat S, = ”— +
} +cc|32—- 1 + cog2e—
] 27 2xn
nsin— Esing =l
v n x|l n n n n o
i nr| n 27T 2n
RX - Wi
“"—"35?1? n EJI.'
/4
+ ...+ - == —_
3 n 2 f( n )
1 +coc— i=1
=0 =1

xsinx
Xlét flx) = m Lién tuc trén [0, ]

{xem nép rrang 13)
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vy i T
U e TRONGMATRRAA:

NGUYEN THUC HAO

(Ha Noi)
Trong hinh hoc phd thong, ngudi ta dinh Ta suy ra
nghia dung elip va hypebol, véi 2 tiéu diém F, [x,a] = —yla, b] |
F’, va biing diéu kién la téng hoac hiéu cua (x, b] = &la, b) (4)
khoang cdch tit diém M dén F va F’ khong déi. Thay vao (2), ta dugc
Né&u 1a téng, quy tich ctia M la dudng elip ; néu 5 5)
12 hiéu thi quy tich ciia M 12 duting hypebol. Con Eago=ld (

parabol thi 1a quy tich diém M cach déu mot Chu y. - Clﬂ Ehé’ t}hun'g minh dé déng!réng,
di€m c6 dinh F?.rayduang thing c6dinh A, Cang O/ OB 12 hal bén kinh lién hop, tuc AA', BB
¢bn c6 dinh nghia chung cho 3 dudng, voi mot lie hai duong kink lién hop ciia duong elip.
tidu didm F va dudng chuéin tuong ing A. Diéu
kién dat ra 1a ti sd u cia khoAng céch ti M dén
F va A phai 1a hang s6. Quy tich ctia M 14 elip,
hypebol hay parabol 1a tuy theop < 1, 4 > il
haylag = 1.

Nhung trong hinh hoc afin, ching ta khéng
thé lam nhu vay, vi khodng cdch la mét khai
niém khong cé y nghia gi trong hinh hoc afin.

I1. Dinh nghia duding hypebol

Cho ba diém O, A, B khong thang hang. Ta
sé goi la hypebol quy tich diém M sao cho hi¢u
36 ciia hai binh phuong dién tich ctia hai tam
giGe MOB, MOA (theo thd tu) bang binh
phuong dién tich cia tam gidc AOB. Tuc la

Thé cho nén sau day, ta sé dung dién tich afin (hinh 2}
(ctia binh hanh hay tam gidc), 12 mot bét bién OBM? - QAMz = OAB? (6)
afin, dé dinh nghia 3 conic. : Ta cd phugng trinh yectd bng cach dat
I. Dinh nghia duding elip DM =5 OA =g O5 =8
i S riin ) A M thing e Ta s RronB or i (6 5 wIct Ruoe 12
s goi la elip quy tich diém M sao cho Ix, 0% — I, al? = [a, b)? (7)
OAM? + OBM? = OAB2 (1) Phuong trinh theo toa dg, voi cd st {a, b},
ticlas sé cd dude, cdn ed vao (4) :
Téng cha binh 8 E-n=1 (8)

4 Ta thdy ring O la tdm cia dudng hypebol,
diém A thude hypebol con diém B thi khéng.
Hai duding thing chiia OA va OB la hai duong

phuong dién tich hai
tam giagc MOA, MOB
bdng binh phuong

dien tich tam giGe kinh lién hop.
OAB (xemhinh1) [ . A Chii §. N&u thay diéu ki¢n (6) bing

Ro rang 1 4, B\ / 0AM? — OBM? = OAB? (6"
thude duting elip. Con e thi quy tich cia M sé cé phuong trinh
O la tam (d6i xding) , E2 —p2=—1 (8")
ctia elip. Ta hay tim e Dé 1a duing ?1

phuong trinh caa duéing elip.

(Ttc tam gidc OABlamot tam gidelién hap).
Ta hay dat x = OM, a = OA, b = OB Ldy

dién tich binh hanh (gip d6i) thay dién tich tam :
giac, phuong trinh {f;)dgié’t duq?;a fﬁiﬁ:ﬁﬁf};ﬁ:
[x, al? + [x, b)? = [a, b]? (2) dutmg H 1a dudng
Dd 1a phuong trinh vectd cla dudng elip. ¢é phuong trinh
Muén cd phuong trinh theo toa do, duéi (6) con H’ la
dang thu gon, ta hay ding g, b lam vectd cdsd.  duong  hypebol
Ta dat lisn hgp cd
x =Ea +nd (3) phuong trinh (6').

hypebol lién hop
cta duding (8). NG
chda diém B ma

Hinh 2

12
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HI. Pinh nghia dudng parabol
Cho 38 diém khéng :
g hang 0, A, B. B M
Quy tich diem M ¢
cung mot phia véi A
ddi véi duimg thing
Oh% sao cho binh
P dién tich tam
gmcmgm blng tich ¢
86 cua dién tich OMB
vdi dién tich OAB,
duge goi la mot duong
parabol. Tacg digy kien
OMA? = OBM . OAB (9
A va M cing phia dudng thing OB (hinh 3).
DitOM =x, OA=q, OB=0 -
Phuong trinh viét duge 13
[x, a]? = [x, b][a, b] (10)
Chuyé&n sang toa d6 theo (3) va (4) ta sé duge

132 = I (11)

Duting thang OB 14 tiép tuyé&n tai 0. Phuong
OA la vién phuong cia parabol.

IV. Binh nghia chung 3 cénic

Trén day, A .
chiing ta d& dinh
nghia riéng méi M
dutmg conic va
lap phuong trinh
cua ching dudi
dang chinh téc. '
Bay gits ta ha
xét quﬁgfi’lsau vg g oy A
dinh nghia nd.

Cho 3 diém khoéng thdng hang O, A, B. Ta sé
£9i la codnic quy tich diém M sao cho (hinh 4) :

MOA2+ MOR2= ‘%MABE (12) (« 12 hing s6)

Hinh 3

‘\+

Ciing vdi ki hiéu nhu trén, ta cd phuong
trinh sau :

[x, a]? +[x, b]2=% [x—a,x~b)2 u = const,
hay l1a
2([x, al*+Hx, b12)—u(~ [x, b] +lx, a]l+[ab])?=0 =
(2 —p)([x, a]? + [x, b1?) + Zulx, allx, 5] —
—2ufa, bjx, a —b] — ufa, b)° = 0 (13)

TSRS RS e

trong do Q(xx) 14 dang toan phuong
Q(xx)=(2-p)([x, a]*+x, b1%)+2ulx, allx, b] (15)

on A lad tuyén tinh :
i e

va o la hdng s6
a = — ula, b]? (17)
Cung vdi ede ki hiéu nhu trong cdc phin
trén, ta sé ¢d phuong trinh sau ciia conic, theo
toado &, 5 cia M.
(21)(E*%) — Zudn +2u(E+y) —p = 0 (18)
Trong phuong trinh (18), ta ¢d dinh thic cta
dang toan phuong la ;
2_# & z'u_# | =@2-u —p=4(1-p)
Ta suy ra
D)néup < 1thiw > o, ta cd giéng elip
2)néup > 1thiw < 0, ta cd gidng hypebol
S)né€upu = 1thiw = 0, ta cd giéng parabol.
Chi y 1°) Can cit vao phuong trinh (18), doc
gia cd thé tim tam cda cénic hode tim gié tri
cta # 1am cho cénic suy bién.
2°) Dac biét, doc gia c6 thé thay duge 3 di€m
O, A, B 1a lien hop véi nhau titng dsi mot, d6i
vii duding cénic (tite tam gidc OAB la mot tam
gide lién hop).

(14)

oy =

NG DUNG TICH PHAN ...
{ti€p theo rang 11)
Chia [0, ] thanh » phén bing nhau béi cde
di€m chia x; = % (i =0n)

Trén méi doan [x;_;, x;] chon g{.:% (i=Tn)

vﬁ&j=%
< X iJi.' T ;lz"j i.n'
T e e )5
. = = £=.1 i=]1
xsinx
Hmis = fo- Tt =
N Y

Bﬁ?g phuong phap déi bign ban tinh duge
J=%{Dat:r =7 -t).

Cubi ot A i ;
o sa% 1 cung mai ban l1am mot s6 bai tap tuong

1 i 1 i 155
e SUE T R n+n)

1. Tinh Hm (
—* oo
(D& 56 cau'TVa)

12 92
+ o
not+d-22+n3 43473
3 2
feE s o R S ] (D& 134. 1Va)
(2k)3 +n (2n)2 +n3

15 +254+ . +nS
3 T b * =

2. Tinh lim

..l_

(Dé 24. IVa)

oy % i
4. Tinh lim -.( ginZ + sin-—+...+sini1;—n)
iy n n n

n—tos
(Dé 59.1Va)

5. Tinh lim%( 1H+ 12n+
n—=+4o ‘1 +Smﬁ 1 +Sin§n,
1
+...+ e 3 )
1+sin—+.., +

2n % 4

1 +smﬂ-

(DHQG Ha N6i 1995 khai A).
13
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PE THI QUOC GIA
CHON HOQC SINH GIOI TOAN LOP 9

Bang A (180 phut, khong ké thoi gian
giao dé)

Bai 1. a. Tim t&t cA cdc sd cd hai chit s6 ab
gao cho MLEH. la 86 nguyén to.

b. Vi 100 s6 tu nhién bat ki, héi cd thé chon
ra duge khong 10 s6 dé€ sao cho hiéu hai sd tuy
¥ trong 10 86 nay chia hét cho 11 7

Bai 2. a. Cho a, b la cac sd duong théa man
diéu kién a? = b + 3992 va x, y, z 1a nghiém
duong cta hé phuong trinh

xty+tz=a
x2 +y2 +22=10 :

Ching minh rang gia tri ciia bi€u thic P sau
day khong phu thube vaox, v, 2 :

L] (1996 +y2)(1996 + 22) "

P=x
1996 + x2
(1996 + 22)(1996 + x?) 4
1996 + y?
e (1996 +x2)(1996 +y?)
1996 +2°

b. Cho n s6 thyc duongx,, x,, ..., x, va khi

thay d6i thd ty vi tri cha n s6 dd, ta duge
iy Xiy o X (n>1).

Ching minh ring :
s x= =

1 2 X +1Jx o O \ix
Sl i e Tl i
T i x \n

F ] 'n
Bai 3. Cho tam gidc nhon ABC va AD, BE,
CF la céac phan gidc trong cia né. Goi S, va S
18n luot 1a dién tich cia cdc tam gidc DEF va
ABC. a. Chiing minh rang 4S, < S.

b. Vi mbi di€m M nam trong tam gidc ABC
(M khong thudc cdc canh etia tam gidac ABC), goi
a’, b’, ¢’ ldn lugt 12 d6 dai cha cdac khoang cach
tit M dén cdc canh BC, AC va AB ; tim tap hap
nhitng di€m M théa mian hé thica’ < b’ < ¢’
__Bai 4. a. Cho dudng tron (C) nam trong gde
xoy (dudng tron (C) khong cd diém chung véi
cdccanh clia gde xoy). Hay tim trén dudng tron
(C) mot di€ém M sao cho tdng cdc khodng cdch
tit M dén hai dudng thdng chia cdc canh cta
goe xoy la nhoé nhit.

14

NAM HOC 1995 - 1996

NGUYEN HUU THAO
(Ha Noi)

b. Trong mét phang toa d¢ xoy (o 1a géc toa
ds), ngudi ta vé mot dudyng tron c6 tam la diém
C (3 ; 4), ban kinh bing 2 don vi.

Hay tinh gid tri nhd nhit cia téng cdc
khoang cdch tit diém M trén dudng tron tAm C

. ndi trén dén hai truc toa dé ox va oy.

Béng B (180 phuit, khong ké thai gian giao de)
Bai 1. a. Tim tdt ca cdc s& ¢d hai chit s8 b

b
sao cho TGE:EI- la s0 nguyén té.

b. V&i 100 s6 tit nhién bét ki, héi cd thé chon
ra dugdc khong 10 s6 dé€ sao cho hiéu hai s6 tuy
¥ trong 10 s6 nay chia hét cho 11 ?

Bai 2. a. Cho 9 s6 dudng a;, a,, a,
nhé hon 1.

Chiing minh rang trong 9 tich s6 :
a,(1 —a,), ay(1 —ay), ay(1 —ay),...ag(l —ay),
ay(1 —a,;);

it

1
tén tai it nhadt mot tich s6 khong 16n hon 7

b. Cho n s6 thuc dudng x,, x,, ..., X, va khi
thay déi thi ty vi tri cia n s6 dd, ta duge

- e s
1 2z n
Ching minh rang
X 5 TV +Vx, 4oV
— .+ 2 4
X, X X: n

H f '

Bai 3. Cho diém A ¢6 dinh va hai difm B, C
di déng sao cho AB = a, AC = b (g, b 1a hai s6
dudng cho trudc). Nguoi ta vé tam giac déu
BCD sao cho A va D thudc hai nita mat phing
d&i nhau ma by la dudng thang BC.

Hay xdc dinh d6 1én ctia gée BAC khi AD c6

do dai 16n nhét.
__Bai 4. a. Cho duding trdn (C) nam trong géc
xoy (dudg tron (C) khong cd di€m chung vai
cdccanh clia géc xoy). Hay tim trén duding tron
(C) mot didm M sao cho tdng cde khodng cach
tit M_dén hai dudng thing chita cde canh cla
gdée xoy la nhé nhat. ;

b. Trong méat phiang toa do xoy (o 1a goc toa
dd), ngudi ta v mot duding tron cd tdm la diém
C (3 ; 4), ban kinh bang 2 don vi.

Hay tinh gid tri nhé nhét cia téng cic
khoang céch tit di€ém M trén dudng trom tam C
ndi trén dén hai truc toa do ox va oy.
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DAP AN

Bang A
Bai 1 Cdu a) Néu s6 ab théa man diéu kién
bai todn thi ba ciing thoa man diéu kién bai

todn, vi |a —b| = |b —a]
Do dd, ta chi xét trudng hopa > b :
a.b a.b

Tl oot (1), v6i p nguyén t&6 va
O<b<as<s?9

(1) «=p(a —b) = ab <=pa—pb—ab +p? = p?

hay p(a +p) —b(a +p) = p? =
(@ +p)(p —b) = p2 (*)

Vi p nguyén t6 nén cdc udc cia p? la +1 ;
=n 4.

T dang thie (*) vadoa+p > O nénp -
b=0

= loai bé c¢éc trudng hop -1, -p va —p2.

Mat khde, vi a + p > p — b nén tit ding
thie (*)

: a+p =p?

suy ra: WlE
AR

Tit d6 : T

b=p—1

Doa blacicchiis6vaa >bnénl <b <a
< 9, vi th& p chi cd thé 1a 2 hodc 3 (vindup =
Sthia=p2—p >9).Vaip =2 thiea=2,b=
1;tacosd21

Véip =3,thia =6,b = 2 ; ta cd sd 62

Hodn vi vai trd elia cdc chit s6 a va b ta duge
4 s6 thoa méan dé bai 14 : 21, 62, 12 va 26.

Cdu b) Ta biét rang hiéu hai s6 chia hé&t cho
11 khi s8 du trong phép chia hai s6 dé cho 11
bang nhau. M6t s6 khi chia cho 11 chicé 1 trong
11 s6 du tit 0 dén 10.

Gia sit khong thé chon ra duge 10 s6 tir 100
6 da cho khi chia cho 11 ed s8 du 1a 0, nghia la
cd khéng ldn hon 9 s8 khi chia cho 11 ¢d s6 du
déula 0. va

Gia s co khéng 16n hon 9 s6 khi chia cho 11
cosodylal, i

V. Voo
va cd khong 16n hon 9 88 khi chia cho 11 ed
s6dulal0.
nhu vay thi tit ca co khong qua 9986 (9.11)
Diéu nay trai voi gia thiét cho trudela 100 s6.

Vay, it nhét cing phai ed 10 s6 nao do khi
chia cho 11 ed eting s6 du ; hiéu hai s6 bat ki
trmi:ﬁm 56 nay chia hét cho 11 (dpem).

i 2 C4u a) Theo gia thit tacd:x+y+z=a

= (xty+2)? = a2 +y2 + 22 + 2(xy+yz+zx) = al.
Thay x2 + y2 +zz=b\é&az=b+3992
Suyraxy +yz +zx = T 1996
taco :
1996 +y% = (xy +yz +2x) +y% =

=2y +2) 3 12) 25 £+
1996 +22 = (xy +yz +2x) +22 =

=x(y +2) +2(y +2) = (x +2)(y +2)

1996 +x2% = (xy +yz +2x) +x2 =
=x(y +x) +z2(y +x) = (y +x)(x +2)

Tuds: -
(1996 +y7)(1996 +22) _ (y+x)(x+z)(y+2)* _
1996 +x? (rtx)(x+2)

== {:y +Z}2
e
(1996 +22)(1996 +a2) _ 6o
1996 +y2
(1996 +x*)(1996 +y%) o2
1996 +22 i

=P =xV(y +2)° +y¥(x +2)* +2V(x +¥y)°

Vixb{l,yb:iﬂ,gb-(]nén(yﬁz),0'+gj,fx ¥)
déu la edc 56 duong

ghai can ta duge Loy *

=x(y +2) +yx +z Z(x

= 2 i:'j”~4~yz)vi-z3::: =219 6=Jé)992
gay 3 khong phu thude vao x, v, z (dpem)
s 417

72 ¥ 2

xl x?. xu
DatA= —+ "+ . +__ =
L e

i (ﬁ?iﬁjﬁ.. +\Ix_:)2
L

L

nsz:

B

C=x +m+.. +x,= Y x

k=]
Ta sé& chiing minh cho A = Cva C = B.
* V6i hai s6 duonga, b ta cd :
2 2

a? +b2 > Za.b%%— +b a?_aﬁ%:za B

Ap dung bat dang thic (1) khi cho a, b l4n
lugt 1dy cac gid tri tuong ing x, va x; , rbi X, va
1

Xy oy 100 x, vax; , ta duge :
P2 n

n x% i n n
s 32(2.&—4‘,-‘():22%—2:1:&
;C=1 'rk k=1" = PR
1 n
k=1 k=1
Tidésuyra: A = C(2)
*Ta cd

aB = O +02 +. e R=lm vt
+x,)+2Vxx, + 2V XX, +..+2(x x, +21fx.21:3 Sy
v PR TG W S PO o

Vi hai s dudng e, b ta cé 2Vab < a+b. (3)
Ap dung cdc diéu nay vdo cdc s6 duong
Xp, Xy . . . X, ClA déang thitc (*) ta duge :

nB < (x +tx+... +x) +(x +x,) +
@y Fag)to L (xp tx) +(x, bag) +
e £ ot o T R 16 VR B L MR
nB<n(x '+x,+...x)=nC=>C=z=B.(4)

Ti (2) va (4) suy ra A > B (dpem).

15
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Bai 3

Céu a

Ki hiéu BC =
a, AC = b, AB =
¢, AD, BE va CF
la cdedudng phan
giag clg céc gdc
A,BvacC.

Ta cd

et U
BF BC g

AF BF AF+BF AB ¢
b a b+ta bte b+ta

b.c
a+b(1]

Tinh dugc AF =

5 be
Chiing minh tuong tu AE = e (2)

Do dé
1 : I i be. .
SAEF = EA.EAFSII]A = E‘W‘W‘ﬂ
be 2 be.S
(@a+b)a+e) (a+b)a+e
(trong dd S 1a dién ticlg(c:ﬁa t*;m gguic A%(C ) )
Tuong tu nhu trén ta cd :
g > ac.S g = ab.S
BDF — (@ +b)(b +c¢)’ “CED" (a+e)(b+c)
Mat khac
S—8,=8,pr+Sppr+ScpE =
e be 3 ac : ab
= |(atd)(ate)  (atb)(b+e) (ate)(bte) |
bZe +be? +ale +ac? +a?b +ab?

= (@+b)( +o)(c +a) A

1552
= Ebcmm

S

ab? +ac? = a(b? +c?) = 2abe
Vi: {ba? +be? = b(a? +c?) = 2abe
ca? +cb? = ¢(a? +b?) = 2abe

nén : b% +be? +ae + ac? +a’b +ab? = 6abe
6abe i
(@ +b)(b +c)(c +a) i T
Z2abe
(a +b)(b +e)(c +a)

vi (a +b)(® +c)(c +a)
2abe + ab? + a?® + ac? +a%e +be? +b%e

= 2abe +ab(a +b) +ac(a +c) +be(b +c)
nén 2abc = (a +b)(b +c)(c +a) —[ab(a+d)+
+ac(a +¢) +be(b +¢)]

==-S——Soa=

= 35

2abe

= @+b0)( to)c +a)
ab(a +b) +ac(a +c) +be(b +¢)
T (a +8)(b +c)(c +a)
i ab t ac T
T | GFe)(eta) T (atb)(bte) (atb)(cta)
16

b6abec . S
o B TG 1}
be X ac 3 ab
(atd)(eta)  (ath)(b+o) )]

= 3(S =S 4gr —Sppr —~Scpr) = 35,
hay S —S, =35, = 8 = 45 (dpcm)

Caub:

Truéc hét ta chitng minh bé dé :

Cho mét gdc nhon xOy va M 1a mét difm ndm
trong géexOy. Goix’vay'lan lugt la khodngcach
it M dén cdc canh Ox, Oy ; goi Oz la E]hfn gidc
ctia géc xoy. Ching minh rang x’_<-y khi va chi
khi M thude mién trong cia gée x0z.

Ching minh :

- Gida si M
thuge mién_trong
cia gde x0z.

MY 1 OY; MY
g’héi cit Oz, viM va
ndm trong hai
niia mat phang déi
nhau bo la
dugng thang Oz. :
Goi giao diém dd la 3
I. Tulhald L Ox, ) Y
ta cd

MX=xMY=y'vall=1Y.

Tt dd
r=MX<MJ<IJ+IM=IY+IM = MY =y’

hayx' < y'.

- Ngude lai, néu cd diém N nao dé nam
trong géc xOy ma NX, < NY, (trongdd NX, va
NY, 1a khoang cach tit N dén céc canh Ox va
QOy) ta phai chiing minh N thudc mién trongclia
goc x0z.

That vay :

- Né&u N thuée Oz thi NX, = NY,. Diéu nay
tréi gia thiét.

— Néu N thudc mién trong cla gdc 2Oy, ﬁ;i
dung cach ching minh phén thuén & trén, th
NX, > NY,. Di€u nay cing trai voi gia thiét.
Vay N thudc mién trong cua gdc xOz.

Ap dung b8 dé nay dé ching minh cau b :

Goi O la giao di€m cua ba dutng phan giac
AD, BE va CF.

Theo gia thi€t M nam trong tam gidc ABC.

Via’ < b’ nén M phainam trong tam giac BCF

Vib’ <e¢’'nénM phainam trongtam gidc CAD

Vay M thoa man diéu kiéna’ < b’ < ¢'<=M
ndm trong ACOD khéng ké cédc canh cla nd.

Bai 4 -

Céau a

- Phan tich :
Tit diém M’ bat ki
trén dudng {ron
(C), ha M’H 1 Ox,
M’K 1 Oy. Dung
tiép tuyén vdi
duong tron (C) tai
M sao cho tié]
tuyén nay cat Ox

(b +c)(c +ta) =

38 [1
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A, cat Oy a B, OA = OB, vacac didm O va C
néam vé hai phia cta tiép tuy&n nay.
Ta thdy ring :
MK.OB+MH.OA =28

: : MAOB
2SM'AGB

hay

suyra MK + M"H =

Vi gde cho trude va dudng tron (CJ ¢6 dinh
nén tidp tuyén AB xdc dinh va OA = OB khong
ddi. Do dé M’K + M H nho nhit khi Syr40p 0O

nhat, mudn vy dién tich AM 'AB phai nho nhéat
(vi tam gidc OAB c6 dinh). Muén vay M’ = M
{lic nay duong cao ha tit M’ xuén Ag bang 0).

Vi M la tiép diém nén CM L (1)

_ Mat khéac A OAB can (OA = OB), nén phan

gidc Oz ctia goc O phai vuﬁqggdc vii AB.

T (1) va(2) suy ra CM [/ Uz.

Cdch dunhg :

- Dung phan gidc Oz cia goc xOy

-Tu Ckeé dtr?.mg thang song song vdi Oz cit
(C) & hai di€ém. Diém M, ma t1€p tuyén tai dd
chia mat phang lam hai phén, sao cho O va C
nam & hai nita mat phang d6i nhau ed b 1a tiép
tuyén tai M, la di€m phai tim.

Chiing minh Qua M dung tiép tuyén AB.

ViCM 1L ABva CM // Oz nén Oz L AB. Oz
via la dudng cao, vira la phan gidc ciia géc AOB
nén A AOB can (OA = (FB}.

Lay M’ bat ki trén (C), ta cé (MK + M'H)OA

28,05 = (ME + MF) . OA

Suy ra M'K + M'H = ME + MF. Vay ME +
MF nhé nhat,

Biéntdugn : Du
géc xOy nhon,
vubng hay tu thi
giao diém M da
ndi & trén luén
luém xdec dinh, Bai
todn luén ludn co
nghiém hinh. Khi

nam trén Oz thi
méit trong hai
giao di€m cia Oz
vﬁidgﬁng&;rbn (c)
la diém phaj tim.

. Céau b : Ap dung k&t qua cau a, diém M cd
tong khoé_n%céch nhé nhét dén hai true toa do
Ox, Oy chinh 14 giao di€m cta dudn thaniCt
vOi duding tron gtlmng do Ct [/ Oz, Oz la phan
gidc ctia gdc x0y),

uanﬁ thﬁnf_{z Oz cd phuong trinh y = x.

Goi phuong trinh ctia dudng thang CM la y
=ax t+0.

Vi CM [/ Oz nén suy ra @ = 1. Thay toa do
cua C vao phuong trinh ta tim duge b = 1. Vay
phuong trinh duong thAing CM lax + 1.

 Bay }ng ta éph.!il tim phudng trinh clia duting
thang EF (tiép tuyén qua (E la giao di€m
cua t1ép tuyén va dutmg CB, F la giao diém ctia
dutmg CA véi tié;g tuyén).

Tam gidc CEF can (CE = CF) vi CM.xita la
dudng cao vita la phan gide ctia géc ECF. Ta
cd :

- CM? = ME . MF = ME? = MF?. Vi CM =
2nén ME = MF = 2, suyra EF = 4,

EF

==‘CE=CF=T‘;'§= = 42 = 272,

Ti dé BE = BC- CE = 3- 2V2 ; AF = AC
- CF=4-2y2.

= 25,408 =

Phuong trinh duding thang qua E(3 - 2V2 ;
4yvaF(3,4-242)1a:

=-x+7-2y2
. Toaddcia dzl%m Mlanghiém ciaa hé phuong
trinh :
M=+ x=3-V2

= ~x+7—2‘f2—=}y=4r-\r2d

0i S la tdng khoang cdach tit M dén Ox va

Oy, ta cd :
S=17-2V2.

Bang B
Bai 1 {a, b) : xem 1oi giai & bang A.
Bai 2 )
Céu a : Theo gia thiét, cdcsé 1 -a; > 0
Ap dung két qua cia bét ding thitc Co-si, ta cd :

2
a; +(1—a)) 1
Gii=EeE e |
1
Tuong ty : a,(1 —a,) < i
ag(l —ay) < 1

= Eal(l —al)] g [az(l —az)] x[ag{l —cr.ﬂ)]

9
% [ag(l —ay)] < L}—j (*)
Tit bt dang thid (*) suy ra : Trong 9 tich s6
da cho it nhat phai ¢ mot tich khong lén hon

1 - ¢ ) -
rERL néu khang cd tich ndo nhu vay thi v& trai

9
1
cta bAt ddng thie (*) s& 16n hon [Z] . Diéu dd

trai voi két qua trén. \
Céu b : xem lii giai d bang A.
Bii 3 (xem hinh vé&..) I,
Dung tam gidc
déu ABE sao cho
dinh E va dinh C 5
cung thude nita mat
phang bo 14 dudng
thang AB. Ta cd : 4
ABC = EBD (v
cung bang 60° cong
(hoge trlt) gde
EBC, va vi BA = 7 ¢
BE, BC=BDnén 4
——
ABAC = EBD (c.g.c) i
Tiddsuyra ED =AC =bva BDE= BCA(1)
Voi3diEmA, E, Dtaludned AN < EA+ED
=a+b
D4u dang thic xdy ra khi E € AD. Vay AD
lén nhat khi bang a +b (maxAD = a +5b). Khi
dd- ABCD nji tifp duge trong dudng trdn nén
BAC + BDC = BAC +60° = 180°= BAC(C =
1200
Két luan : Khi AD 16n nhét cd 49 dai banga
+b thi BAC = 120°.
Bai 4 : Xem 131 giai bang A.
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», 5 .o XAC DINH TAM DUONG TRON

Lam thé& nao dé xde dinh tAm cta mot dudng
tron cho trudc ma chi ding compa mét lan va
diing thuéc khéng qua 6 1an ?

VO KIM HUE
Gidi ddap bai
DOAN NCAY SINH NEUNG DAY 8O Fi LA

Goi ngay sinh ctia ngudi ma Thang doén alf =
ab, tﬁang s:)irnh la ed, nﬁg:[n sinh la Tg?rgfﬁ {vi cac 128456780 x 8+ = 87604521
ban ctia Thang déu sinh vao thé ki 20). 12345678 x 8 +8 = 98765432

Theo cic phép tinh ma Thangdadatratacd: 1234567 x 8 +7 = 9876543
[ [(@Bx2+11) 5+22]10+cd} 100+T9mnr +33 =
_ 10000 x @6 + 77000+100 x cd+1933+mn = 1284566 x 816 < FHTU0T
= gb0000 + cd00 + mn + 78933 = 12345 x 8+ 5 = 98765
= @iggem £ 1P 1234 x 8 +4 = 9876

Vi két qua bao gid ciing 1a abedmn + 78933

nén ban Théng chi cdn 1dy két qua cia cac ban 123 x 8+3 = 987
trit di 78933. Trong hiéu s6 con lai thi 2 chir s6 12 x 8+2 = 98
hang trdm nghin va hang chuc nghin chi ngay
sinh, hai chil 6, hang nghin va hang tram chi 1x8+1=9
thang sinh, hai chit s6 hang chuc va hang don
Théng doan.
Tt két qua dé ta tinh duge ngiy sinh cia Hong: 12345678 x 9+9 = 111111111
110115 - 78933 = 031182 1234567 x 9+8 = 11111111

tic la Ngay 3 thang 11 nam 1982

123456 x 9+7 = 1111111
Ngay sinh ciia Ngoc : 220813 - 78933 = 150880 *

tite 1a Ngay 15 thang 8 nam 1980. 12345 X 0+ 6 = 111111

(Theo Poan Héi Giang, TA, NK Quinh Luu, 1234 x 9+ 5= 11111
Nghé An)

Nhan xét : Ban Pham Luong Anh Minh 16p Lo B e AL
52, Nguyén Dinh Chiéu, QL, TP. Hé Chi Minh 12%x9+3=111

ciing d4 dua ra cach dodn ngay sinh cia Thing i sy g 5
nhu trén. Ba Nguyén Thi Tuyét (139 Dudng

30 - 4, P.5, TX Ca Mau, Minh Hai) va rat ; O0x9+1=1
nhiéu ban da cd giai dap tot

' THANH TUAN
BINH PHUONG (Sten 1)

CUNG BAN DOC

Toa soan xin trd Ioi chung cho edc ban eb thu hoi vé ede vdn dé sau ;

— Thai han ra bdo : Todn hoc va tudi tré ra mot thang mét ki vao cudi thdng.

- Thoi han nhan bai gidi : Hai thang tinh tit ngay cudi ciia thang ma bao phdt hanh.

— Tim mua béo todn hoc tui tré d dau : Ban c6 thé dgt mua dai hgn fqi Buu dién hogc
mua tgi cae Cong ty sach va thiét bi trudng hoc trong cd nude. Toa soan khong co didu kién
nhdn mua gitp céc bgn dugc. Céc bagn ¢ Ha N¢i c6 thé mua tgi 81 Tritn Hung Dao, 25 Han
Thuyén, 57 Gidng Ve...

Cdm on cdc ban. THTT
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