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Daénh cho cde ban Tvng hoc co 46

HHI mﬁc BI]@IT HOA Al TOAN

Ching ta bat d4u ti bai toan sau :

Bai toan 1. Tinh canh huyén ciia mét tam
giac vuodng biét duong cao ng vdi canh huyén
bang h va ban kinh dudng tron néi tiép bang r.

Giai. Xét
AABC vudng A
d A (h. 1). Goi
BC =x Ta
dat AC = b, 4
AB = ¢. Cin
tinh x theo h
var.

Ta cd hé
phuong e
trinh :

»

Hinh 1

b2 +e2=x2 (1)
be=hx (2)
Dibc—1x = Fr iy
T (3):6+c=x+2r
Binh phuong hai v&: b2 +c + Zbc = x2 +4r2
+4xr.

Do (1) va (2) nén : x2 + 2hx = x2 +4r2 + 4xr
hx = 2r + 2rx
2rl
e R

Dac biét hdabaitoan 1 vaih = 5, r = 2, ta
co : :

Bai toan 2. Tinh canh huyén ciia maét tam
gide vudng biét duong cao ting vdi canh huyén
bang 5cm va ban kinh duong tron néi tiép bdng
2em.

2
5—-22"
8. Canh huyén cla tam giac vuéng bang 8cm.

Gidi nhu bai toan 1, ta duge : x =

Chd voi bang long vdi sy dac biét hda trén.
Ta thit phat bidu bai todn 2 dudi mot dang khae,
ti mi hon :

Néu cé6 mot tam gide vuodng cé duimg cao
ting véi cgnh huyén bdng 5cm va ban kinh
dudng tron noi tiép bang 2cm thi tam gidc do
co canh huyén béang Sem.

Khi dién dat bai toAn nhu trén, nidy ra mot
cAu hoi : Lidu ed ton tai mot tam gide vudng nhu
vay khong ?

Dé tra 1oi cdu héi trén, ta hay tinh tiép cdc
canh goc vudng clia tam giac vuéng do :

% o i el

v HUU BINH

{Ha Nii)
Tit (1) : b2 +c2 = 82 = 64,
TailZabe —=586= 40
Su;)rra.:l[.*.:---::}2 =b2+e2-2bc =64-80 =

-16 ()

Nhu véay khong ton tai tam gide vudng thoa
mén gia thist eda bai todn 2, tic 14 khéng tén
tal tam gidac vudng nao cd dudng cao Wng vdi
canh huyén h = 5em va ban kinh dudng tron
nji tiép r = Zem.

Bay git ching ta disau thém vé quan hé gitta
h va r trong tam gidc vudng. Ta ed :

Bai todn 3. Chitng minh ring trong tam
gide vudng o6 duong cao ung vdi canh huyén
bang h va ban kinh
dudong tron not tiép A
bdng r, ta c¢6 bdt
dang thic

2{%g#§+1(4}.
Giai (h. 2) Xét

AABC vuéng 6 A cd 5 P =
BC =a, AC =5, AB Hink 2
=¢.Tacdah =(a+
+b& +c)r (cing bang 25)
h a+b+e a+a
= — = > = 2.
[ a a

Vﬁy i = 2.
Ta lal cd AH < AT+ID(I la tAm dudngtron

ndi tigp)

s V2 +1.

Bat déng thitc (4) duf(_m ching minh.

Ta trd lai bai todn 2 :

Trong dé bai cla bai toan nay, ta cd
-& = g =25>Vy2 +1, vi pham quan hé dudc
néu trong bit dang thuc (4).

Nhu vay, khi thay cdc chit bing cde 56 d€ dac
biét hda bai todn, cdn Iuu ¥ kiém tra xem céc
s0 thay vao co thoa man cac quan hé rang buge
giita cdc chit trong bai todan hay khéng, hinh
dugc néu trong bai todn cd tén tai hay khong.

Dac biét hda mét bai todn ding 1a don gian
hon nhiéu so vgi téng quat hda bai todn dd.
Nhung... hiy than trong khi dac biét hda bai

==»hsr\f_+r==-

-~

" todn !
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Ddanh cho cdc ban chucrn bj thi vao dgi hoc

HAY NHIN BANG "conmat lugng giéc'

Ta da biét cdc ham s6 ludng gidc cd nhiing
tinh chdt riéng va cdc phép bién ddi riéng.
Chédng han ham sd sinx, cosx cd tap gia tri
|sinx| < 1, |cosx| < 1 vdi moi x ; ham s6 tgx
¢ tap gia tri la tap cac 88 thuec. Cac ham s6
do théa man cdc hé thie va cdc phép bién déi
nhu :

sin?x +cos?x = 1

sin(x +y) = sinxcosy + sinycosx *

' 1
1 +tg2:r =S
COS°X

2

Vi thé& khi gap mot s6 bai tean dai s6 néu
biét nhin bing "con mat lugng gide" cd thé ta
86 tim duge nhitng cach giai ngan gon va co
hiéu qua hon. Céc v{ du sau dﬁy sé thé hién
cdach nhin dé.

1
COSYCOSY = o [ cos(x +y) +cos(x ~y)} L ighia

[

Vi du 1 : Chiing minh réng phuong trinh]
M -6x2+1=0 (1)

i ; e oy 3 5m T
co_cacngh;émEatgg,tg?,tg—s—,zgvg-.

Giai : Dat x = tge thi (1) trd thanh

tgta — 6tgla+ 1 = 0= (tg?a + 1)? - 8tg2a = 0
1 in? i
s = ; = 0= 1 - 8sin?acos?a = 0
cos'a cos

(vi cose = 0) hay 1 - 2sin?2a = cosda = 0

k

laiyvk =0;1;2; 3 ta co cdc nghiém da cho.
Vi du 2 : Gidi hé phuong trinh :

2x+x’y =y
2y tylz =2z (2)
2z+4z2°x =x

Gidi : T cdc phudng trinh cha hé (2)
rangx, ¥, 2 # +1. Do dd ta cd

PHAM BAO
(Ha Ngi)
% 1-x2
2y

=

1 _},2
A=

1-22

dat x = tge thi tif cdc phu&ng trinh cta he
trén ta cdy = tg2a, z = tgda, x = tg8a va cuﬁl
cuing ta cd phuong trinh
< HJT
tgBa = tga=a = -

viin =0;1;2;3;4;5;6vadédang thdy cdc
nghiém nay théa mén cacdiéu kiénx, y, z # £ 1.

Vi du 3. Phuong trinh sau déy cé bao nhiéu
nghiém nam trong khodng (0, 1) :
8x(1 — 28 -8+ 1)=1 (3)
Giai: Datx = sinavdi 0 < a < %phﬂdng

trinh (3) s& la :
8sine.cos2a(8sinta - 8sinZa + 1) = 1

hay Ssinacosza[asinza(sinza -+1]1=1
Bsinacos2a(1 - 2sin?2a) = 1

8sinacos2a(l - 2sin*2a) = Bsinacos2acosda
= 1.(3")
vi 0 < a < Z nén nhan 2 vé cia (3") vi cosa va

2
bién dédi theo cong thie cung nhan doi ta dudge

5 : EALE LT
gin8a = cosc = sinda = sin (E - a)

2kt

i 7

[8a——2~- +2k.:l‘£=-'r(x—ﬁ+"*9'— ke Z
T T 2nm
A === ==

9 a+2mr==-cr. 14 7 neZz

nhﬂngvi()qa«:%nénk=ﬂ-1mn=0+-1

vay phuong trinh (3) ed 4 nghiém nim trong
khodng (0, 1).
Vi du 4 : Ching minh rdng véi moi x, y
i S 2
lop iy D
17 (ArPpa vy 4
(xem tié p trang 16)
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Bai T1/228 Tim m,n € N dé

A=3Im Hon—6l 4 415 55 nguyén té.
~ Loi giai (Dua trén bai giai ctia ban D& Mai
Linh 8 T Liém Ha Noi)
ViAEN"nén 3m2+6n-61=0.
8m? +6n - 61 chia 3 du 2. Vay 3m2 + 6n -
6l =3k+2(keN)

TiddA=3%"2+4=297% 9+4

Vi 27 = 1 (mod 13) =27 .9 = 9 (mod 13)
—+A: 13. ViA nguyén tésuy ra A = 13 «
3%t = 9 —» 3m2+6n-61=2 -»
3m? +6n = 63 —-m? +2n —21 »m? < 21

mlé —=m?=1hoidc9 :

Neum?=1—-m=1-n=10

Néeum?=9—-m=8—-n =86,

Nhan xét : T4t ca cde ban gii 16 giai déu
giai dung, trong 88 d6 cd : Tran Vinh Hung 6T,
Ha Noi, Nguyén Xuan Nguyén 8A,, Ha Nai,
Dang Duy Dién Hdi, 9A Ha Tinh, Mai Héu

' Giang 8T Quang Ngai, Nguyén Chu Chinh 8T
Nghé An, Dang Ngoc Tudn 9T Thai Binh,
Téng Thanh Vi 8B Thanh Héa, Nguyén Tat
Thang, TNK Thanh Héa, Lé Thi Bich Hanh
7CT Tut Liém, Hoang Phuong Déng 9A Lao
Cai, Lé Chi Thanh 9T Hai Phong, Truong
Thanh Cudng Minh Hai, Lé Thi Thu Hu yén 9
Ha Tay, Nguyén Van Khiéem TP HCM,
Nguyén Huy Khoi Lam Déng, Vo Dite Thanh,
Gia Lam, Ha Néi, Trin Tudn Anh 8 Khanh
Hoa. :

DANG HUNG THANG

Bai T2/228 : Tim nghiém duong cia hé
phuong trink

= 1006
% +x;=xf
T, tx, =x 700

..........

; — 1996
Xy995 T X199 = %7

_ 1996
X9 TX; = x5

=

Loi giai : cia Nguyén Nhat Anh, 8T,
Chuyén Nguyén Nghiém, Dic Phs, Quang
Ngai.

Goi X la gid tri 16n nhdt cia cde nghiém

x,i=1,..,1996 va Y 1a gia tri bé nhit cia
chiing. Thé thi tit phuong trinh ddu ta ed
: 2X > iy i, = 20290
Tit do, d6i véi cdc phudng trinh cia hé ta c6
2X x5V E=1,2 .., 199
2X > X199
22 X% (viX > 0),

Hay la ta cd
Suy ra

(1)

L

hittps:/sites. google. com/site/letrunglienmath

Lap luan mét cdch tuong ty ta ciing di dén

'2 5 Y1995 (2)
Tit (1) va (2) suy ra X795 = y1995 — o
Nghia la ta c6 : x, =Xy g = 19935

Bai nay cling ¢6 thé téng quat héa bang cach
thay 1996 bdi s6 n nguyén duong.

Nhén xét : Cac ban sau day ciing cd 15i giai
t6t : Hoang Titng 8T, NK Tién Son ; Lé Xudn
Hoang, 9A, NK Hiép Hoa ; Ngé Van Tiic, 9, NK
Lang Giang, Ha Béc ; Pham Tudn Anh, 8A
Luong Th&Vinh, Ha Néi ; Hong Phuong Dong,
9C, NK thanh phé Thanh Héa ; Nguyén Biéng,

9T, Phan Boi Chau, Vinh, Nghé An : Duong
Chi Vinh 9T, NK Ha Tinh ; Dink Thai Mink
Tam, 9,, Cam Loc, Cam Ranh, Khdnh Hoa ;
Pham Ngoc Huy, 9T, Tr. B6i dugng GD, Bién
Hoa, Dong Nai, Nguyén Chi Thanh, 8T B
Nguyén Binh Khiém, Vinh Long.
TO NGUYEN

Bai T3/228. Tim cdc nghiém nguyeén (x : n)
cia phuong trinh : '

+ oWt
x x+tgtats =n

1
Loi giai. Dat y=x+2 =2 0, ta cd :

S 1
Y=x +‘-2.-hay:t: =92 *E.Phua‘ngtﬁnbdﬁcho

trd thanh :

+'1" (_y+%)2 =y2+_yi+

Ti do ta co

= (_}r-l“—z-

W |

1 1
nzo (viy 2 0). Vei nzg thl ta cd

A0, f 1 1 _
y=ﬁ—z hay x+- =\r5—§, suy ra

1 1
X=7 +4——-ﬁ-—2=n—ﬁ.}3€xnguyﬁnvdi

gia tri nguyén cta n thi n phai la s6 chinh
phuong, nghialan = # véit € Z. Hon nita ¢t =
0'(vin # 0don > 0,25). Vay nghiém nguyén
ctia phuong trinh déla :x = £#2-¢; n = £ trong
dd ¢ 1a s6 nguyén khac 0.
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Nhan xét. Cac ban sau day cd 1oi gidi t6t :
Nguyén Thanh Tudn (9T Chuyén Lac Son Hoa
Binh) ; Nguyén Thé Vinh (9 Chuyén Toan,
huyén Chuong My - Ha Tay) ; Nguyén Diic
Minh (8% Chuyén C2 Tam Dao - Vinh Phu) ;
Trén Tudn Anh (8 Toan Lé Qui Dén Nha Trang

' — Khdnh Héa) ; Lam Thanh Dat (9A THCS
V6 Thi Sau, Bac Liéu — Minh Hai) ; Hoang
Thanh Lam (9T Thoai Ngoc Hén, Long Xuyén
- An Giang) ; V6 Quang Mdn (9A, PTTH s6 2
Phua Cét - Binh Dinh) ; Lé Phuong Thdo (84!
THCS Héng Bang - Hai Phong) ; Lé Hong
Linh (8CT Nang Khiéu Tx Ninh Binh - Ninh
Binh) ; Nguyén Van Khiém (9B THCS Pham
Vian Hai, Binh Chéanh — TP HCM).

: DANG VIEN

Bai T4/228 : Cho tam gige ABC (AB < ACJ
va ede tam gide can BAD, CAE (BA = BD, CA
= CE) sao cho D ndm khdc phia véi C déi vdi
AB, E nam_khac phia véi B déi voi AC va
ABD = ACE. Goi M la trung diém cua BC,
Hay so sanh MD vei ME. 27 o

Loi giai tém tat :

LN -
Y -

- Goi F' 1a di€m d6i xing cia A qua’M. Suy ra
ABFC 1a hinh binh hanh. T dd suy ra ADBF
= AFCE (cge) = FD = FE. Mat khac do AABD
AACE ma AB < AC nén AD < AE. Xét 2 tam
gidc ADFva AEF ¢6 DF = EF, AF chung va AD
< AE nén AFD < AFE

Xét hai tam gidc MDE vaA MEF co DF = EF,
MF chung va AFM < EFM suy ra MD < ME.

Nhan xét : :

(Giai tot bai nay cd cédc ban :

Ha Béc : Nguyén Thi Hdo, 9T Tién Son ;
Bac Thai : Nguyén Hoang Chuong, 9T NK
Thai Nguyén ; Vinh Pha : Nguyén Dic Hdi,
9B Chuyén Yén Lac ; Hai Phong : Nguyén
Minh Khéi, - 9T Chu Van An, Nguyén Thi
Thanh Hang, 10 Tin, Trén Phid, Hai Hung :
Tran Dai Nghia, 10T, PT Nang khigu ; Ha
Néi : Bii Manh Hung, 9H, Trung Vuong ; Biii

"Viét Loc, 8A, B& Van Dan, Nguyén Ting, 8CT
Tit Liém, Luong Tén Dat, 8A; Chu Van An ; Ha
Tay : Nguyén Magnh Ha, 8K Lé Lgi, Thdi
Binh : Pé Trong Giang, Chuyén Quynh Phu ;
Nam Ha : Vi Tran Cuong, 9T, Nguyén Trong

4

Kién, 8T, Nguyén Khanh An, TT Trdn Dang
Ninh, Nam Dinh, Lé Thi Thu Huong, Van 7,
NK Hai Hau, Thanh Hoa : Mai Thi Thu Sanh,
8A Nga Hai, Nga Son, Lé Hong Minh, 8T Nang
khigu Bim Son ; Nghé An : Lé Thi Tam, 9A
PTTH Hung Ding, Vinh ; Ha Tinh : V6 Si
Nam, 9CT, NK Diic Tho ; Quang Binh : Dgng

" Thi Té Nhu, 9T NK Hai Dinh, Trdan Dite Son,

8T, Nguyén Hitu Quyen 9T Chuyén Quéang
TRach ; Quang Ngai : Nguyén Tén Tich, 8T
Chuyén Mo Due, Lwong Hitu Thugn, BT
Chuyén Nghia Hanh ; Binh Dinh : Tran Minh
Mian, 9A, PTTH 2 Phu Cét, Lam Péng : H6
Viét Dite, 9A, Lé Loi, Di Linh ; Khdnh Hoa :
Dinh Thai Mink Tam, 92 THCS Cam Léc, Cam
Ranh, V6 Trung Hoa, 8T Lé Quy Dén, Nha
Trang, Vinh Long : Nguyén Chi Thanh 8T,
Nguyén Hoang Quan, 8T, Nguyén Binh
Khiém. :

2. Mot ban & truong Lé Quy Don, Tuyén
Quang di sai khi choring tit DB < EC, DM <
DB + BM, ME < EC + MC, BM = MC suy ra

DM < ME

VU KIM THUY
Bai T5/228. Trén mat phdng cho tam gidce
ABC c6 AB = 3, AC = 4, BAC = 150°. Trén
duong trung true cite dogn BC, ta ldy diém D
d ciing phia véi A déi véi BC, sao cho AD = 5.
Hay tinh edc géc cua tam gide DBC. _,

Loi gidi. Goi M la trung‘cgié’m ctia BC_Kgé
tia AE ndm giita hai tia AB, AC sao cho BAE
= 90" va AE = 4. Suy ra EAC = 150" - 90° =
60°, va AAEC déu, do dé CA = CE (1). Trén
nita mat phang b BC c6 chita diém A, ldy di€ém
D’ sao cho tam giac DBC déu, ta ¢ D’ nam trén
tia MD (*), va'CD’ = CB, D'CA = 60 -
ACB = BCE (2). K&t hgp (2) vdi (1), ta ¢d
AD'CA B ABCE; do  d6
{AD’ = BE = VBAT+EA? = V37+4% = 5(+¥).
Két hap (**) véi (*), ta cd D’ trung véi D, hay
ca ba gdc clin tim ciing bang 60°,

Nhéan xét.

Co 64 bai giai, tAt ca déu giai dung. Mot s6
ban giai bing phép quay mot cdch chinh xac.
Cse ban sau day cd 1oi giai tét : Nguyén Bich

https://tieulun.hopto.org



https:'www.facebook. com/letrunglienmath

https:/isites. google. com/site/letrungldenmath

Khiém (872 Nguyén Hoang Quan, Vinh Long),
Tran Tudn Anh (8 Toan Lé Quy Doén Nha
Trang Khanh Héa), Hoang Thanh Lam (9T
PTTH chuyén Thoai Ngoc Hau Long Xuyén An
Giang), Lé Héng Linh (8CT NK thi xa Ninh
Binh), Vo Thanh Viét (9A Quéc Hoe Quy
thn) Luong Viét Tuémg (8A; THCS Héng
Bang, Hai Phong), Vii Van Phong (92 Chuyén
Van Todin Vinh Tudng Vinh Phu), Phan
Thanh Gidn (8" Hoa Thang Tuy Phudc Binh
Dinh), Trin Tdt Dot (8A, Chu Van An Tay Hé
Ha Noi), Lé Trung Kien (9° Nguyén Tri
Phuong, Thita Thién - Hué), Nguyén Viét
Cuong (9T Nang Khiéu Nga Son Thanh Hoéa),
Nguyén Chi Thanh (8T Chuyén Nguyén Binh
Khiém Vinh Long), Ha Thi Phuong Thdo (8
Todan NK thi xa Bim Son, Thanh Héa), Mai
Han Giang (8T Lé Khiét Quang Ngai), Bii
Manh Hing (9H THCS Trung Vuong, Ha
Noi), Nguyén Ngoc Hoa (8 PTCS My Hoa Tx
Bén Tre, Tinh Bén Tre).
DANG VIEN

"‘Bai T6/228 Cho p la 56 nguyén t6, Chiing
minh rang véi nmoi s6 m nguyén khéng am bdt
k¥, ton tai mot da thite § co hé 36 nguyén sao

cho p™ la Ude chung lén nhdt ciia tdt cd cde s6

a, = (p +I+@m)n=12,3,..

Lai giai : Trude hét ta chiing minh

B6dé:Vk EN,k <mténtaib, € Zsaocho
bp™ +p~i k!

Ching minh : Gia sit k! = p™M,

voi (M., p) = 1. Xét cac s6 {ep” "k} e =
(0,1,...M, - 1)Dé thdy ching lap thanh mot he
thang du ddy da (mod M ). Thanh thi ton tai
b, € Z sao cho bp™ ~* = —1 (mod M)

" Tk +1: M, —

b +p* i p*. M, Mat khdc
g - k
wedlplsZa=n
Vay b;Pm +pk : pr:kMk = 3l
Bé dé dudge chiing minh
o _x(x—J]—(x-—:+1}
Ki hiéu fi(x) = i
Ta co :
néun =i
} = n
fitr ’G néu n<i i
Pat

=i

R(x) = = 3 fi{(x)bp™ +pi]
; c=0

Theo b8 dé trén R(x) la da thiic ¢d hé sd
nguyén.

Tacdu,=(p +1)' +R(n) =

H m—1 m—1

>, Cip; = 3 fim)p! +p™ 2 fi(n)b;
] 4 i

m =i

f(an' Zf(n}p

i ;

(mod p™)

Dacbiétu; = (p + 1) + R(1) = ip™
Ta ching minh da thuic
Q(x) = R(x) +p™(1 —e) la da thic cin tim

Quavaya,=(p +1)'+Q(n)=( +1)' +
+R(n) +p™(1 =€) =u, +p"(1 —e)i p"V¥n
=P+ +QU) =p+1+R(I)+

pF!(I _,_e} _— ep-’ﬂ +P"!(I _e) _pr‘

Do ddp"1a UCLN ctaa, , a,,...

Nhan xét : Day 1a mét bai todan khd. Chi cd
rét it bai giai giri dén. Hai ban Pham Anh Huy
(11 Lé Quy Dién Quang Nam - Da Ning) va
Nguyén Sy Phong 11 CT DHSP Ha Néi) co loi
gidi tuong déi tot. Céce 18i giai khde hoae sai,
hodc chi méi cd y ding.

DANG HUNG THANG.

Bai T7/228. Gidi phuong trinh

729¢* + 81 =’ =36 (1)

Lai giai (ctia da s6 cde ban).

Diéukién cd nghia: -1 sx < 1.

Dat VI —2% =y (0 <y < 1) va viét (1) dudi
dang 729(1 — y%)2 + 8y = 36

=[27% (1 =yH)2 — 36(1 —y2) +4/9] —

—[36f-8y+§] = 0

#{27(1 —_}'2}—-%]2—

ma ﬂ.}.

()

<=[27(1—y%)—6y] [27(1 —y3) + 6y —%] =0
Giai :

D271 —y%) —6y = 0«

Y= -:5.(—1 um) < 0, loai

1 - .
¥, =g (-1 +V82) thoa mdn

Vay : V1 —x? =é-(—i +V82)
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-y = I g —2 + 2@
ii) Giai: 27(1 —y%) +6y —4/3=0
1
¥ =§(1 —-\V78) < 0, logi

f=—-1

1
¥4 =g (1 +VT8) > 1, logi.
Két luan : Phudng trinh ed nghiém
| :
x=%-y-2+2/82

9 i
Nhan xét : - C6 rdt nhiéu ban & bac phd

théng cd sd cling tham gia giai va giai dung bai

nay. Dai da s6 giai theo phuong phédp da trinh
bay & trén.

- Mot s6 ban giai (1) bang phuong phap

chuyén vé hé dai s6 hai &n. Tuy nhién cdch giai
dai dong hon déi chit.
NGUYEN VAN MAU

L4

Bai T8/228. Gid sit'S, = (g:] trong

k=0
doé ; _ ;
my mm-=—=1)..(m—-s+1)
Y e s :
Tim lim ‘W.Sn, '
_n-—i-+cl;l

Loi gidi (cia Phgm Minh Hoang, 12A;
PTTH Kim Lién - Ha Nai) : Ta c6 :

an 3n—1 3n —1 an —2
[3&]“[ 3k ]*(3&—1]=[ o i
In -2 an —2 In —2
3k —1 k-1 3k ~2
3n -2 1 3n -2 3n -2
3k 3% —1 3k —2|°
S ({82 —-2\ (3n -2\ (3n—2
oo (255
=23‘n_2 []]
: an 3?1.
mtkhaic,laicd:anz[k]=23” (2).
k=0

i (1) va (2) suy ra

Tix
3‘"2§§_2 < 3‘QSM < 2(3). Ma -
lim *Y2% 2 = lim 2 = 2 nén tit (3) ta duge :

. n-—>twm n—=+oo
lim S = 2.
n—+w

Nhén xét : 1. S8 ban giti loi gidi cho Bai
todn khong nhiéu. Cd 3 ban cho 16 giai sai, vi
cdcban da méc phai nhitng sai ldm. (Chang han
cd ban da 14p luén nhusau: T4 S, 2n suyra

6

S,=n+n,,véin, =const=0(?!)). Hiu hét
cac ban giai ding bai todn déu dua ra nhiing lai
giai qud cong kénh va nang né. Ngoai ban
P.M.Hoéang, chi cd cac ban sau day cd loi giai
tuong déi tot : Viz Duy Tudn (11APTTHNK Ha
Bac) ; Dang Dite Hanh (10T Trudng Phan Béi
Chau - Nghé An) ; Truong Vinh Lan, Tran
Hitu Luc (10CT, 11CT PTNK Quang Binh) va
Nguyén Tién Ding (11A, PTTH Lé Qui Don -
Quang Nam -Da Néng).

2. Xuit phét ti y tudng va phudng phép cla
Lui giai da trinh bay d trén, ban P.M.Hoang da
dé xudt va giai quyét tot Bai todan khai quat -
sau : "Cho 86 nguyén duong a va cho s8 thue b

n .
#0.Véiméin e NdatS, = > €% . Haytim
k=10

1
lim (S,)pn -

== 4o

NGUYEN KHAC MINH

Bai T9/228. Chiing té rdng vdi n vécto don
vi ciia mgt phang ca thé chon ra duge cdc chi
86 i, 15 ..y iy 800 chO :

— - —i1 S 7
J“H to; +.. +“:'J = N5

Lasi gidi. C6 mot s8 ban chi ra ring bai todan
la sai va sau dé khong giai ti€p hodac dé nghi slia
nhu trén mdi ding. Toa soan xin hoan nghénh
nhéan xét trén clia cdc ban. Tuy nhién, o su =ai
86t trén la do 16i ddnh may hoac in &n (chu
khong phai 1a 161 ctua tac gia dé toan).

Hai truc toa dé clia hé toa do Oxy chia mat
phing ra lam 4 géc phdn tu va b n véetd cd thé
sap dat sao cho chung di€m géc O, con cac véctd
nay nam trong tiing goc phan tu (co thé ké ca
bién). Ta tinh tdng dé dai ciia cac vécto ay. Ki
hiéu lai, néu cén, ta cd thé gia thigt trong gdc
phin. tu_thi nhdt cd chia k& vécto dau
@y, Qg ooy Oy VOI tong do dai cua ching khéng
nhé hon cdc tdng dé dai cua cdc vécto & ting
gdc phén tu khde. Vay :

n
4

Xét duting phan gidc thit nhat { : ed phuang
trinh y = x, va ki hiéu b,, ¢; 14n luot 1a d6 dai
hinh chigu ctia @, trén , va goc giita @, va [ ; the

thi : b, =|a, cosp, Vi 0° <gp, <45° nén

e — =
k=lal tla,| +.. +lal =

: 1
cosp; = 1z

lal * fasl 55 * el =

cosp;  COSp,

-+
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by
g i

<VZ (b, +b,+..+b) =
k

—_— — —
=2 h e o, b Ta ]
(h,/L (@) 13 ki hiéu d0 dai hinh chigu ciaa trén 1).
— — —
Dodo:k = ﬁhc,’l{al+a2 +.. +a) =
—= — e
€2 (e to, + . +a,f
2 s —_— —3 L L
Tudésuyra:|a, +a,+..+ql = e
Nhan xét : (v&€ phai cia B.D.T. can chl’rng

nk

hoac T :
cd 18 cd so xuit nay la do ch{ sﬁ k cta day
Eys By ooy B 4 dong trén !). Cac ban sau day co
liri giai tot :

Lé Van An 12T, Phan Bo6i Chau, Nghé An
v% Truong Vinh Lan, 10T Dao Duy Tit, Quang
Binh

n
i ai 15
m]nh la ﬂ-z_ chad khong ph 1

NGUYEN DANG PHAT

Bai T10/228. Hinh chop SABC c¢6 tong cdc
mdt (goc & dinh) ciia tam dién dinh S bing
180° va cdc canh bén SA=S5B=5SC=1.
Chutng minh rang dién tich toan phan ciia chép
nay khong lon hon V3.

Lai giai 1. Ki hiéu do 16n cdc mat cia géc
tap dién _ dinh__ S ' nhu sau
BSC = a, CSA = B, ASB=y. Via+,8+y =
180 nén c6 thé xem a, f vay la ba gdc clia mot
tam gidc nao dd. Téng dién tich ba mat bén cia

hinh chdép bang :
1 1 V3. N3
E(Sim +sinf +siny) < E,T‘r= G
DatBC=aq, CA=b,AB=c¢,atb+tec=2p;
sit dung dinh li ham s& cosin, ta tinh duge :

a Bo pef )
a:-Zsmz,b~—25m2,C—2$m2

Ta tinh duge dién tich ddy ABC cla chdp

theo cong thic Hérong :
A .
S= s(ABC) = \pp —a)p ~B)(p — ) <
. \{ SRR TR \[ !
[ J 27
hay la :

Sy 3 R
2 (sm—+smé+sm-&)

P L & 2 2
<33 "~ W3 o

i e

i TRV e e

Tit do suy ra dién tich toan phén cia chdp
sr \f_ —AF

D4du dang thic dat duge khi va chi khia =
B =y = 60°, tiic 1a khi chdp SABC 1a mét tu
dién déu.

Livi giai 2 (ctia Ddng Dite Hanh, 10T, Phan
Béi Chau, Nghé An va Triéu Vian Son, 12F,
Hung Vuong, Viét Tri, Vinh Phi).

St dung biat ding thic quen thudc :
a® +b% +¢? = 4SV3, trong dé S 1a dién tich cta
mot tam gidc cd do dai ba canh laa, b vace, ta
duge bit ding thic sau day :

45, V3 <2(SAZ+SB*+SC? +BC2+CAZ+AB?);(1)

trong dd S, 1a dién tich toan phén ctia hinh

chép SABC,
Laicd :
BC? =2 — 2cosa , CA2 =2 —2co88,
AB? =2 —2cosy ; (2)
3
va: cosa +cogd +cosy 2 5 (3)

2

(vi @, B va y 1a cdc gde cia mot tam gidc

Tit (2) va thay SA = SB = SC = 1 vao (1),
va st dung (3), ta duge :

zﬁsq? < 9 — 2(cosa + cogff +cosy) < 6

hayla: S, < V3 (d.p.c.m)

Dé4u ding thic xay ra khi va chi khi chdp
SABC la tu dién déu.

Nhan xét : 19) Ca hai loi g]é,l trén déu da
sit dung nhiing bat ding thiic quen thude vé cdc
goc trong mot tam gidac ABC :

el
s gin — % 8in — +

sind +sinB +sinC < e D) 5

Ao =
+sm§ <35 cosA + cosB + cosC = 2
29) Ngoai hai ban cd 1 giai 2 & trén, cdc ban
sau day cd loi giai tot :
Ha Noi : Dao Ngoc Luan, 12A,,, PTTH DL
Lugng Thé& Vinh. Pham Mink Hoang, 12A],
Kim Lién.

Vinh Pha : Nguyén Minh Phuong (11A
Hiung Vuong), Ha Xudn Thanh, THCN Viét Tri

Ha Béc : Vi Duy Tudn 11A PTTH nang
khiégu.

Hai Hung : Nguyén Phi Khdnh ; Hai
Phong : Ha Duy Hung

Nam Ha : Nguyén Anh Hoa (L& Héng
Phong), Nguyén Xudn Quang (Trudng Trin
Hung Dao)

Thanh Hda : Lé Van Cuong

Nghé An : Nguyén Thi Thity Van (Trugng

‘Hujmg Thic Khang)

Ha Tinh : Duong Thu Phuong
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Quang Binh : Tran Chi Hoa, Trian Hitu
Lye, Nguyén Hiu Tan
Quang Tri : Trian Thé Anh

Thira Thién - Hué€ : Dinh Trung Hoang.

(10CT, DHTH Hué&) ;

Quang Ngai : Dinh Hitu Khanh

Pha Yén : Pham Ngoc Tén (Luong Van
Chéanh), Vé Hoang Phi (Trudng Nguyén Hué)
Minh Hai : Lé Chi Nguyén (TH chuyén Phan
Ngoc Hién)

39 Dac biét, ban Biii Manh Hing, 16p 9H,
PTCS Trung Vuong, Ha No6i da dé xudt va giai
diing bai toan tGng quat hon sau day :

Hinh chdp SABC cd téng cdc mat (gdc &
dinh) ctia tam dién dinh S bang n” va cdc canh
bén bang nhau va bing a. Chitng minh rang

Sfp s a? ( gsin% +V3sin? (%))

NGUYEN DANG PHAT

Bai L1/228. Thude gé AB, déu A duge
xuyén qua mét true quay, truc nay dé phia trén
mat nioc.
Thd thudc
xudng
nitde, khi
thudc diung
yén thi
phan thide
ngap trong
nitde
CB - AB

= £ AB.
Tim  lue -
ddy Acsimét tac dung vao thude. Tim lic ép clia
thudc lén truc quay. Trong luong thude la P. Ma
sdt d truc quay duoe bo gua.

Hudng dén giai Goi chiéu dai thudc la AB
= ! = 5a. Diéu kién can bang cia thude :

F‘+F FP = OvaFl=F, l(F'=Flalye
ép cta thudc lén truc). Suy raF" +F, =Pva
F . 2.5acosa = F, Rut Ta

. ACOScx.

5 2
Fy=wP;F=F=%P.

Nhan xét. Cdc em cd 18 gidi t6t : Lé Thanh
Hidi, 10CL, PTTH Lé Héng Phong, Nam Ha ;
Tran Duc Minh, 12 Li, Thang Long, Da Lat
Lam Déng ; Nguyén Diic Minh Hoang, 12CL,
Quée Hoe Hué, Dam Hitu Thu, 10 Li, truong
chuyén Luong Van Chdnh, Tuy Hoa, Pha
Yén ; Nguyén Cdnh Linh, 10CL, trudng
chuyén Phan Boi Chau, Nghé An ; Nguyén
Van Linh, 10A;, Quéc Hoc Quy Nhon, Binh
Dinh ; Hoang Ki Son, I8 At B

-

Nansi-Amsterdam, Luu Hoang Minh 10CL,
PTTH Dao Duy Tit, Déng Héi, Quang Binh ;
Nguyén Thinh Vieong, 9 Li, chuyén Xuan Thiy,
Nam Ha.

Bai L2/228.
Cho mach dién
nhu hinh vé.
R,=R,;R,= 3R2
. U khong ddi.
Bé qua gid tri
dién trd ciia day
ndoi, khoa K va
Iampe ké.

Khi K md,
den D dat cong
sudt tiéu thy cute
dai, (A) chi 1A.

1) Xdc dinh s6 chi (A) khi K.déng ;

2)Voi U = 150V, hay xdc dinh Py, Uy lic K
md, K dong.

Hudng déin giai. 1) Khi K mé, ‘mach dién
méc theo s¢ dé

(R, + R,)/IRp] ntR, va

U U(4R, +Ri.:,}
< e R, ARIYGRR,

MAT ANH

(A) chi

L 417
1602 . R,
(4R, +5Rp)*

TH = IZR.EJ =

4
Py dat cyc dai khi Ry = ERI
U T
I .= E = 1A (theo dé bai)
U- 5 : ; Ce G
e =a (2). Khi K ddng mach dién cd so
do : [(R,//R3) ntRp] /f R, (A) chi dong qua I, —

U 20U

1) —

23

I=I,—-— =

2 f Rz
- 2) Véi U = 150V —R, = 90Q, B,, = 72Q
- Khi K mé P,,'= 50W, Uy, = 60V

Khi K déng P, = 84W, U}, = 77,8V.

Nhéan xét. Cac em cd 10i giai t6t : Nguyén
Die Hai, 11 Li, PTTH Lé Hoéng Phong, Nam
Dinh, Nam Ha ; Triin Puc Minh, 12L, PTTH
Thang Long Da Lat, Lam Déng
MAI ANH

3—?- A (86 chi (A)
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PE RA KI NAY

CAC LOP THCS.

Bai T1/232 : Choa, b1a 2 sb tu nhién théa
méan
at=1996568 — 1
Chitng minh ring tich ab la béi cta 5.
TRAN BA 8Y
{Thanh Héa. )
Bai T2/232 : Tim nghiém nguyén cta
phuong trinh sau : .
yr= -2 (x* —xdy - 32)
NGUYEN DUC TAN
(TP H6 Chi Minh).
Bai T3/232 : Cho x, y 1a hai s6 thuc thoéa
man :

x2+yé=xV1 =y +yy1 —x°
Ching minh rang : 3x +4y < 6
TRINH BANG GIANG
(TP H6 Chif Mivth ).

Bai T4/232 : Cho tam giac ABC ndi tié
dudng tron (0), goi M 1a trung diém cia BC.
Trén duong thang BC cd hai diém I, J di dong
ludn luén d%i xing vai nhau qua M. Goi E, F14n
luot 1a giao diém thid hai ciua Al, AJ véi duong
tron (0) va H 1a trung diém ciua EF. Tim quy
tich diém H. ]
s . VI QUOC DUNG

(Bide Thdi).

Bai T5/232 : Cho hinh vudng ABCD noi tié
dutng tron tdAm O ban kinh E Chitng min
rang : Vai moi diém M € (O, R) ta co tong :
MA* + MB* + MC* + MD* 1a mot hang s6.
VI QUOC LUONG
{Ha Nai)

CAC LOP THCB
Bai T6/232 : Tim tit ca gia tri m d€ hé
P-mx—y=0
yY-my+x=0
Cdé 5 nghiém (m, x, y la cdc 86 thuce).
LI VAN QUANG
(Thira Thicn — Hué)
Bai T'7/232 : Ching minh ring vai moi x €
R, taco

5
1995 x + cosx| < :

| sin
NGUYEN DUC THIEU
(TP 15 Chf Mink) A
Bai T8/232 : Chosong énhg: N —N. Chiing
minh rang ton tai vosd bo (a, b, c) viia, b, c €

N  thoa diéu
2f (b) = f(a) +f(c) : :
: "PHAN DUC CHIiNII

(Hd Noi)

Ikign g e bBw sl

Bai T9/232 : Chobén di€m A; (i = 1,4) cing
nam trén mot duding tron. Goi 7' 14 tam gide xdc
dinh bdi ba trong bon di€m trén trit diém A,
Ching minh bdn duting tron Euler cia T}, bén
duding thang Simson ctia diém A, déi vdi T; cung
qua mot diém.

{Dutng thdng Simson cta diém A; déi vai
tam gidc 7, la dutng thiang di qua chan dugng
vudng gdoc ké tit A, dén cac canh cia T))

TRAN VILT HUNG
(Séc Trang).

Bai T10/232 : Trong khéng gian cho ba tia
ox, oy, 0z va A, B, C 1a ba di€m c0 dinh lan lugt
néam trén ba tia do

Gia st + @, la mét cdp s6 cong co a; > 0,

congsaid > 0. Vi mébi sé ngt_lyén dudng n, trén
ox, oy, oz ldn lugt 1dy cac diem A, B C"” sao

cho :
OA=a, 0A

n?

S by

OB,, OC=a ocC

n? n+2 H

OB=a, 1

Ching minh ring : :
1/ Cac duong thang A B, ,B,C,. CA, lan
lugt di qua ede diém [, J, K c6 dinh.
2/1, J, K thing hang.
i HOANG HOA TRAI
{Qudng Negdi)

CAC DE VAT LI
_ Bai L1{232 : Trén mot mat ban ciu, ban
kinh E = 1 mét, c6 dat bi nho B ed khoi lugng
my = 2 kg. M6t con ldc

don cd chiéu dai [ =
Im, khéi luong ckwi
ciu Alam, =1 kg
Kéo A dé day treo hap
vai phuang than
dﬂ!ni mét gocax = 6
(hinh v&) rdi budng
khéng vin téc dau,
Sau va cham, B trudt
dén vi tri M (8 = 307)
thi roi khai vom cau.
Tim luc cang dﬁ¥ treo -

khi vat A dén vi tri cao nhéit sau va cham.

. Ldy g = 10m/s? va b6 qua luc can khong khi
va ma sat, /.

NGUYEN DUC PHI.
: {Oudng Ngdi).
Bai L2/232 : Chomach dién 1 chiéu nhu hinh
vé. Trong dé : £ = 12 (v), dién trd trong cic nguén
khéng ding ké. R =R, =R;=R,=R;=1

@), Ry=t @ Rg=R,=R,=2 @,
A £ Cy=4uF ; €,=6uF,
cdc am pe k€ cd dién trd

khong dang ké.

1% Tinh:

a) 56 chi clia ampe
ké (A,) va (A,)
b) Dién tich cia 2 tu

G C, va C‘z
£h jﬁm NGUYEN VAN HANII
£ (Nghe An).
" 9
2
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PROBLEMS IN THIS ISSUE

For lower secondary schools

T1/232 : Let a, b be two natural numbers
satisfying

at = 19965% - 1.

Prove that the product ab is a multiple of 5.

T2/232: Find integer—solutions of the
equation :

yr=—2 (% —xy — 32).

T3/232: Let x, y be two real numbers

satisfying :
xt 4yl =x V1 —yZ +y V1 —x2 .

Prove that dx +4y < 5.

'T4/232 : Let ABC be a triangle incribed in
a circle (0) and M be the midpoint of BC. Two
points I, J, symmetric through M, move on the
line BC. Let E and F be respectively the second
points of intersection of Al and A.J with the
circle (0). Find the locus of the midpoint H of
EF.

T5/232 : Let be given a square ABCD
inscribed in the circle with center O and
radius R. Prove that the quantity
MA* + MB* + MC* does not depend on M €
0, R).

For upper secondary schools

T6/232 : Find all values of m such that the

system of equations
[x3 -mx—y=0
ly3 -—my+x=0

has five solutions (m,x,y e R).

T7/232 : Prove that for everyx € R,

5
| sin!9%5 x + cosx| < 7

T8/232 : Let be given a bijection [ : N —=N.
Prove that there exists an infinite number of
triples (a, b, ¢) with a, b, ¢ € N satisfying :
a < b.<c, 2f(b) = fla) + flc). R
T9/232 : Let be given four points A; (i = 1,4)
on a circle and let T; be the triangle with these
points, except A, as vertices. Prove that the
four Euler circles of T}, the four Simson lines of
A; with respect to T; pass through a common

point. :

(The Simson line of A; with respect to
triangle T, the line passing through the
orthogonal projections of A; on the sides of T}).

T10/232 : Let be given three semi-lines Ox,
Oy, Oz in space and theree points A, B, C
respctively on these semi-lines.

Let + e, be an arithmetic progression with
a, > 0 and common differenced > 0. For every
positive integer n, let A, B,, C, be the points
respectively on Ox, Oy, Oz such that
OA=a, 0A,,0B=g¢,,,0B,0C=a,,,OC,.

Prove that :

1) the lines AB,, B,C, CA,
respectively through fixed points I, J, K ;

2) I, J, K are collinear

pass

SAI SOT NHO NHUNG
HAU QUA..

NGUYEN THI PHUONG THAO
(PTCS Lé Li Ha Péng — Ha Tay)

M6t 14n xem vd ghi cua hoc sinh chuyén ban
lép 10 toi thiy cd mot vai ché sai. Céc chau bao
©0 gido chép tif trong sdch gido khoa ra. T6i xem
trong cuén sich DAI SO 10 in l4n thd 8 nam
1995 ding la cd mdt sd sai sot nhé. Sai nay cd

thé do khau in 4n nhung tai hai la miy nam nay

¢d gidgo va hoc sinh ¢ diay déu khong biét. Tham
chi con dp dung dé€ giai cac bai todn khdc. Sau
day la mot vai thi du : -

Trong phdn cdc tinh chéit cda ham
¥ = |x| (trang 89) da dua ra mot s6 tinh chit

10

nhungkhéngchingminh, trongdd ed mottinh
chit :

a—bz|a|l —|b| (sai,thidub = 0;a =-3).
Hoc sinh di sit dung tinh chdt nay d& giai
toan.

Trang 74 c6 mét bit ddng thdc tuong tu :

la —b] < |a +b| (saivdia=1,b = -1).

Ciing trang nay ciing cd mot bat ding thic
sai :

a*/(a + 1) < 1/2 (sai, thi du a = 2).
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DIEN TICH A-FIN TRONG MAT PIIANG

Trong hinh hoe phé thong, khai niém khodng
cdach gitta hai diém (hay d¢ dai cia mot doan
thdng), ciing nhu khéi niém sd do gée, cho phép
ta ndi dén hinh bdng nhaw va phép doi hinh.
Phép doi hinh (con goila phép dang cu) 1a phép
bién hinh bao toan khoang cach gitta hai diém
{(cling nhu s6 do mot gdc). Néu trong hinh hoc
phé théng, ta loai trit moi tinh ch4t lién quan
dén khoang cach, s6 do géc, phép di hinh (hinh
bing nhau), thi phan con lai 1a hink hoc a-fin.
Hinh hoe a-fin céng nhéan ecédc khai niém ban
ddu vé diém, duong thang, tinh song song cia
dutng thing (dinh dé O—clit) va £ s6 don cia
3 di€m thang hang A, B, C x4c dinh nhu sau.
Do A, B, C thang hang nén tén tai mot s6 thuc
P sao cho

— —
CA=p.CB

vapgoilati s6 don ciia 3diém A, B, C (theo

thi tu) ki higu
~ P=(AB0)
Céc phép bién afin bao toan cac tinh chét va
khdi niém thude hinh hoc afin, trong dd ed tiso
don.

Sau day, ching téi néu thém mét khai niém

duge bdo toan qua phép bién afin, dé la khai

niém dién tich afin. Trude hét xin ndi dén

I. Phép bién tuyén tinh cua vecto

Ta quy udc vdi nhau vé ki hiéu nhu sau
1) Danh chit Hi lap (a, 3, ...) chi cac s6 thuc

2) Danh chit La tinh khéng viét hoa (a, b,
¢,...) chi vecto

3) Danh chit La r;nh kiéu chit in hoa (A, B,
...) chi cac diém.

Vi du. 86 «, vecto x, didm A

Bay gitr gia st cd mot phép bién vecto x
thanh vecto x’°.

x—x’ = flx)

NGUYEN THUC HAO
(Ha Noi)

Phép bién ftx) goi 1a tuyén tinh khi théa man
hai diéu kién.

flax) = af(x) Va, x

fix +y) = fix) +fy), V%, ¥
Quy vé toa dd theo mot cdsd { e}, e, } , ta viét
x =&e tie, x’=Ee +ye, : (1)

thi ta cd

x =_f(.§el +1e,) =

Pe, +e, = Efle,) +nfiey) . 2)
Mat khac ta c6 the dat

fle)) = aje; +Be, (3)

fley) = ae) +fse;

Thay vao (2) sé duge
Eey +7'e; = (a Tame, + BE +Bme,=
{E’ = b +ayy
n=pE B

Hé phuong trinh (4) biéu dién bang toa dé
phép bién fx). D6 1a mot hé phuong trinh tuyén
tinh

Dinh thic

(4)

ety

,f_il By =aB, —af

goi la Dinh thitc cia phép tuyén tinh f.

Muén théy ¥ nghia hinh hoc ctia dinh thic
det £, ta hay tinh #ch ngoai (ban doc xem lai
bai viét vé tich ngoai cha tac gia trong TH va
TT s6 2, 6/1985)

detf =

[fle), flex)] = larje; +B1e;, agey +5,0,]
= (o), —aPple, el =
[f(el)rf(ez)]
g bnd B it 5
e det f (5)

11

https://tieulun.hopto.org



https:'www. facebool. com/letrungldenmath

hittps:/sites. gobg[e. com/site/letrunglienmath

Cho mét cap vectd bat ki (khéng déng
phudng) i, v.

Datu =Adie, +A.e, v=ue +ue,
ta co

[u, vl = [Ae; +A,e,, 1 e, +use,]=
[tc; = (.;{.,Iu2
va

[ ) f0)) =14 fle)) +Af(e;) e fle,) Huf(ey)] =

—th,ul)[ei,ez} (6)

[J'_P(“'): flv)l = (4 Tt S ’1;3” [)Lf(eﬂr ﬁeg}} (7)

So sanh (6) va (T) ta dudc

{ﬂ:cﬁ f(!’])l

[E]'r Ez_]

(), f)) _

[u, v]

=detf (8)

Thé la vai moi cap vectd u, v thi ta co

[fu), fiv)]

- = ¢onst =
[u, v]

detf

Dd chinh la ¥ nghia hinh hoe (bét bién) cua
det f: qua phép bién tuyén tinh f, tich ngoai cla
moi cap vectg déu bj nhan véi mét hé sé nhu
nhau va hé s6 do la det f. Nhu vay, tich ngoai
cla hai vectd 1a mot bdt bién twong déi Cl‘la-phép
bién tuyén tinh.

[1. Phép bién afin trong mat phing

Cho diém c6 dinh O, mot didm tlf_t;t ki M duge
bi#¢u dién bang vects — didm x = OM

Néu moét phép bign nao do blE‘l’] diém M
thanh di€m M’ bi&u dién bdi x’ = ()M sao cho

x = f{.n} (9)
ma f la mot phép bién luyén tinh, thi ta néi
rang phép bién dy 1a mét phép bién afirtam. Ro
rang la trong phép nay, diém O khéng d8i va
dugc goi la fam cia phép afin tAm.
Coén néu phép bién afin tAm duge kém theo
mot phép tinh tién u, tic la ta ed phép
x'=flx)+u (10)
thi phép bién nay dudc goi la phép bién afin.
Giasu A, B, C, D bién thanh A’, B’, C", D' tijc
la cdc_vectd AB €D 14n lugt bién thanh
A B, CD Ta hay tinh ti 56

[AB CD]
[AB CD]

12

Gol a,_ b, ¢, d lan lugt la cac vecto

OA OB OC 0D

a’, b’ c’, d’ lan
OA’ OB’ OC’ 0D

Ta e6 a’=f(a) +u, b’ =f(b) +u, ¢’=f(c) +u,

lugt. la cde vecto

=fldy+u=
AR’ = f(b) = fla) = (b —a) = f(AB)

CD’ = fid) - fle) = fid —¢) = f(CD)
. 4B, CDl  [fAB), ACD)] _
Vey B CDl = [@B.ch el

Thé 14 trong phép bién afin, tich ngoai ciia
méi cap vecto déu duge nhan bdi mot hé sé
chung la det f. Det [ eing dude goi la dinh thiic
cia phép bién afin. Ta gia thiét det £ 2 0. Khi
det f =1, tich ngoai la mdt bét bién afin. N6i
chung, nd chi 1a mét bt bién tuong ddi.

Phuong trinh cia phép bién afin (10) néu
viét theo toa dé sé cho ta hé phuong trinh bac
nhét

Eo=ab+By+y, (11)
‘=ad tp ty,

trong dd &, n 1 toa dé clia x ; & 5’ 14 toa do
cuax’;:con ¥ 7 12 toa d6 ctia u. Phép bién afin
cd cac tinh chét sau day :

1) Bién duding thang thanh duting thang,

2) Bao toan tinh song song ciia duting thang,

3) Bao toan ti s6 don cua 3 diém thing hang.

4) Nhan vai mét hé sé chung (det f) tich
ngoai ctia moi cap vecta.

Ban doc cd thé dé dang ching minh ede tinh
chat trén.

I11. Dién tich afin

Theo trye gide, ta hifu dién tich 1a s6 do mot
phéan nao dd ctia mat phéng gidi han trong mot
chu vi khép kin, s6 do d6 ndi lén su rong l6n
muc dj nao cia phdn mat phang dy. NG ¢ tinh
chat dudgng nhién la eéng tinh, nghia la néumot
hinh H gém c6 2 phan ké nhau H, va I, thi dién
tich cia H bang téng dién tich cua H vaH, Ta
86 viét

H=H, +H,

https://tieulun.hopto.org
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Dé dang thdy rang viéc chon huéngla thua
tu cia cdc vecto canh la tuy ¥, bdi vi viée dy
chi anh hydng dén ddu cua tich pgoéi ma
thai. " :

L §

He qua Dién tich cia mot tam giac hﬁng 1/2
tich ngoai clia hai vectd canh b4t ki.

Qua vay, tam gidac ABC va tam gide CDA c6
cung dién tich vi déi xing tAm vdi nhau. Vay
dién tich cia méi tam gidc dy bang 1!2 d1én tich

L : e - - cta hinh binh hanh, tic
Ta dung gach ngang ¢ trén’ dé chi dién
i —— e —— 1 3
hies, ABC = CDA = 5 | [u, v1| |
. ; Trong mat phang afin, ta bay cong nhan hal ) 1 -
tinh chit sau day. " "f'a hay dit CA = w. Ta thdy ~
1) Dién tlch khong ddi qua mot phép tinh utv+w=10
tién.

Lay tich ngoai lan lugt vdi u, v thi

! . — e
Chang han, néu AA’ = BB' = CC’, thi
g 5 ; fp,ul +lw,u]l =0, [u,v] +[w,v] = 0=

ABC = A'B'C’
' : [, v] = [v, w] = [w,u]
2) Dién tich khéng ddi qua phép déi xing

tam The 1a
Chang han, néu OA’ = —5?3., OB’ = —{ﬁ, — 1 e R
60" = — O, thi ABC =5 | [u, v]l = 5], w}i = 5l lw, 21| (13)
ABC = A'BC Chii y. Mudn tinh dién tich cud mot hinh da
Bily pidta il stk gidc, ta chia nd'thanh tam gidc vabinh hanh réi

- S y : tinh tiing phan ma cong lai.
Dién tich cia hinh binh hanh la gia tri tuyét

oS i . Né.u muc‘.i\n tinh dién tich cia mot hinh‘cc’
kol sanh.cia. 1 chu vi la dudng cong, ta ding phép tinh tick
phan

Dé ké&t ludan bai nay, ta cd thé ndi rang
trong hinh hoc afin cia mat phang, ta da cc
dugc mot bat bién dé& thay thé vai tro ci:
khodng cdch trong hinh hoe phd thang. Bat
] bién do la dién tich cia mot hinh binh hanh

(hoac clia mot tam gidc) ma bigu dién bang
s6 la tich ngoai cia hai vecta (lay gia tri

Gia sif cho hinh binh hanh ) tuyét doi). Moi phép bién afin déu chi nhan -
ABCD vai : , T7.vi cung mot hé =6 la det £. Nhu vay, ti
Ab ChoL sbretia hai dién tich, sy bang nhau cia hai
EET A_,... 3 dién tich, tdec moi didng thic giita hai dién -
i =AD =v tich, déu cd ¥ nghia bat bién trong hinh hocy, -
thi dién tich ciia nd la afin. > '
e LR s T

https://tieulun.hopto.org



kﬁps.'ffmvw.fat:ebaak. com/letrungldenmath -

-

- - ap
e e

hittps:/sites. goosgle. comsite/le trunglienmath

juw Rifwsaw tl)uzm tedn Puu:

3

Pﬂwtﬂmn

Td MQT BAI TOAN THI owrwic Quoc TE
DEI'I KHAI NIEM “DOI PHUONG TiCH"

Cdc ban da biét khai niém phuong tich cta
" mot di€ém P déi véi mot duding tron C(O ; R) 1a

50 thuc :
PP, C) = OP? — R?

Ti dd ed cdc khai niém truc ding phuong
cia hai dubng tron, tAm dang phudng ctia 3
dudng tron. Nhung néu xét s6 thuc
f[Pg, C) = OP? + R? thi cdc khdi niém do sé
phai thay ddi ra sao ? va ban chét hinh hoc ctia
nolag?

Cac ban chi y bai toan dy tuyén eta ki thi
Olympic Todn quéc t& 14n thi XXXIV t6 chiic
tai Thé Nhi Ki nam 1993 sau day :

Mot dutng tron (C) duge bdo 1a cat duong
tron (S) theo dutng kinh néu day cung chung
ctia chiing la dudng kinh cia (S)

» Cho 3 dudng tron cd tam A, B, C khong
tring nhau. Ching minh riang A, B, C ciung &
trén mot duding thang néu va chi néu khéng tén
tai duy nhdt mét dutng tron cat S, S, S~ theo
duding kinh. Khi d6 tdt ca cde dudng tron cat
S ,, 8g, S, theo dudng kinh déu di qua hai diém
¢ dinh. Tim vi tri cta hai diédm dd doi vai
9, S - |

~ Trong qud trinh giai quyét bai todn nay
ching ta xay dung li thuyé’t “dlﬁ phuong tich"
sau dﬁy

1) Dinh nghia : Cho duong tron (S,) ¢6 ttim

O bén kinh R. Ta dinh nghia "DOI PHUONG
TICH" ciia mot diém P déi vdi (S) la
AP;S,) = 0P +R?
Nhan xét :

NGO THE PHIET
(Qudng Nam ~ Da Ndng)

+ D6i phuang tich ctia P ddi véi (S,) ludn
ludn 1a mét s6 dugng.

+ Duding tron tam P ban kinh Vf(P, S,) cit
(S,) theo dudng kinh. (Hinh 1) :

2) Truc déi phuong - tich :

Dinh li : Cho hai duong tron S, Sy cé tam
khdc nhau A va B ban kinh lan luot la a va b.
Tap hop cdc diém P cé déi phuong tich doi vai
S, va Sy bing nhau la m¢t dudng thing (A)
vuong goc voi AB tai mét diém N théa mdn :

NA __AB>+b? -a?
NB: A ialib

Ching minh : Cho P bat ki trong mat.
phidng. Ha PN 1 AB

Tacé: fiP, S,) = f(P, SB)

P

.-'V

AP? +q? = PB? +.52
SPAZ = PRE = hE— gt
«>PN? + NAZ — PN? —
«=AN? — BN? = p2 — g2

£l

NBZ = b —-:12

«(NA + NB)(NA — NB) = b —a*
] 62__&2 e
A5~z *B4)

#1_ 1 Bl e
HB =g —q B4
—:{ AB? +b? —a?

SEA

e apieg2og
NB = - S

2BA
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NA AB2 +p2 — g2 : Dinh 1i 3 : Cho S, S, S ¢6 3 tam thing
NB —An il hang. Néu tén tai thi ton tai nhidu hon mot

diém P c6 cing déi phuong tich ddi véi
Dinh nghia : Duong thing (A) vuéng géc Sy, Sp Se
véi AB tgi N theo ti 56 Chimg minh : Vi A}, A,, A, vudng gdc véi
NA AB2 + 52 - g2 AB, BC, CAvay A, A,, A, hodc song song hoac
= trung nhau.
+N&u A, 1 A, [l Ay thi khong ton tai diém
duoc goi la "TRUC DOI PHUONG TICH" mao cd cing d6i phuong tich déi véi 3 duding
cia hai duémg tron tam A bdn kinh a va dudng  tron. :

ﬁ_ AB2 + g2 —p2

tron tam B ban kinh b. +Néu 51 = A, = A, cd vb s6 diém ed cling

3) Tam d6i phuong tich ctia 3 duong d6i phuong tinh d6i v6i 3 dudng tron tic l1a cd

tron c6 3 tam khong thang hang : v0 s6 céc dudng tron cat S, Sg, S(- theo duting
' kinh.

Dinh i 2 : Cho 3 duong tron S, Sp, S ¢6
! o o HLOREY 43 53 in tSe O +Goi A la dudng thing chungclia A}, A, Aq

tam A, B, C ban kinh a, b, c. DEA, B, Cthang ¢y N 1a giao diém cia A va dudng thang chda
hang diéu kién cin va da la ton tai duy nhdt di

mét diém P ¢6 cing do6i phuong tich déi vsi AB thi NAZ +a? = NB2 4 b2 = NC2 +¢2 = r2,
S 85 Se v Chobidt ki P € Ataco:

Ching minh : Goi A, A,, A, theo thi tu Ia f(P,S,) = f(P, Sp) = f(P, S;) = PA® +a’ =
truc d6i phuong tich cia S, va Sy ;S; va. — PR2 +52

=PC2 +¢? = PN? + NA? +a = R?

thi dudng tron tdm P ban kinh R cit
S.4» Sp, S theo dudng kinh va it AB tai E, F
sao cho
NE =NF =VYR?-NP? =|NA? +a’ =r

Ta thdy ngay E, F c6 dinh trén AB. Tit day
ta co :

Hé qua : Cho 3 dudng tron S, Sy, S, co
tdm A, B, C ciing trén mot dudng thang d va cd
ban kinh a, b, ¢. N&u tén tai, thi t6n tai vo 6
dudng tron cidt S, Sy, S,. theo duting kinh va

ching tao thanh mot chim dudng tron co tam

fP,84) = f(P, Sg) = f(P, S¢) trén duding thdng A L d tai N théa man d
PEA, ' NA%+a? = NB2 +b? = NC? +¢2

={PEA A A, A, dbng quy tai P va ¢ 2 diém dé E, F d6i xdng qua N va &
PeA, : trén d sao cho NE = NF = Y{NAZ + oZ.

Nhu cac ban d4 biét, khdi niém phuong tich,

s 5 - truc dang phuong, tim ding phuong da cd mot

<*4, B, C khong thing hang. 86 ting dung vao viéc gil todn Hinh Hee. Céc
. . ban co thé suy ngay ti cdc bai todn dd, cdc bai
4 Tetmg hap 8y S Sc e S UM &0 St i voh I i D phuong

hang : tich".
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HAY NHIN BANG ....
v (ri€p theo trang 2}

tgh

HarsoBat T = gty =

(—'E{_cr B< )thlbuﬁuthu

B e U e
LD +yHE
_ (tga — tg'B)(I — tg’atg’h)

(1 +tga)’(1 +tgp)’
= (sinacos?f - sin?fcosia)(cos?acos?f -
sin‘asin?f) =
sin(e + flsin(a - Beosia + Blcos(a - ) =

%sinE(a + B).sin2(a — f)

A dat duge gia tri 16n nhat khi
[sin2(a +f) = 1 [sin2(a +B) = -
|sin2(a.~p) = 1 Hoac |sin2(c —p) = -1
Giai ra ta duge o« =

y = 0. A dat gi4 tri nhé nhat khi
sin2(a +8) =1 h sin2(a +) = -1
sin2(a —f) = =1 " (sin2(a =f) = 1
Mea=0:8= i%:ﬁx =0 p= 4],

Bdt dang thic (4) da dude chiing minh.

Vi du 5: Cho ham sy = 4x> +mx. Xdc dinh

madé |yl <1khilx] <1.

Giai: Vi |x| < 1 nén dat x = cosa viia €
[0, 7] thi y = 4cos®a + mcosa. Do |y| < 1 véi
moi a trong doan [0, x] ta cd thé tim m bang

‘cachchoa =0tacé |yl = |[4+m| < 1=
-5=sm=< -3
I X! 1+m
fx_jtacloly[—l 5 I&'l

-3 =pm=1

tudém = -3. Ddo lai nfum = -3 thi ti
y =4} -3rtadatx = cosa = |x| < 1va
y = 4cos’a - 3cosa = cosda nén |y| < 1.
Vi du 6 Gid - Plx, " y)
fx—y/
SRR R

hay chiing minh rang véi mei sé thuc a, b, ¢
ta co:

thir

Pla, cl < Pla, b)+pb, c) - (6)

Giai: Ta cling dat x = tga, y = tgf thi
| tger — tgf| :
Plx, v) = Vi +tg'1-:x V1 +tg2;3 = !Sin(ﬂ’_ﬁﬂ

16

i%;ﬁ:ﬁtfl’cx: o [

dé ching minh (6) data = tga,, b = tga,, ¢
= tga; Vi, € ( =5, 7). Khidotaphaiching
minh : : .

[sin(a, - a3)| < |sin(a, -a,)| +|sin(a, - a3)|
Qua vay tit | sin(a +f)| = | sinacosf +sinfcosa|
ta suy ra |sin(a +8)| < |sina| + |sing|

{vi cosB, cosa < 1). Do vay

|sinfa, - a,)| = |sin(a; ~a, +a, ~ajy)| =
|sin(a1 - azj| +| sin(a, — a3)| }

Minh hoa hinh hoe : Trén vong tron dutong
kinh OH = 1 tai H dung tiép tuyén Ht valdy H
lam gbe, chiéu duong la chiéu ti dudi 1én (xem -
hinh 1). Trén Ht ldy cédc di€ém A, B, C sao cho
HA=a -tgat,HB—~ b = tga, HC = ¢ = tga,.
OA, OB, OC cét vong tron 14n lugt tai M, N, P.
Theo dinh i ham s8 sin ta co

MP = |sin(a, -~ a))|, MN = |s;i11(:::s1 el
NP = |sin(a, - a;)|.

Hinh I

R6 rang tacd MP < MN +NP. Bit dang thic
thanh dang thie khi N trung véi M, hoac N
trung véi P. Tidc b = a hoac b = ¢ d (6)

Vi du 7 : Chitng minh réng véi moi sé a, b
ol T U 1 B
ax +by +ez +V(aZ+ +c)(x* i +2h) =

2

2
= E(G +b+o)x +y +2)

Giai : Quan sat cdc bi€u thiic trén ta nghi
ngay dén_tich vo hudng, Xét cdc vecto

u(a, b, e) ; v(x, y, 2), w(l, 1, 1) thi
Iﬂ Va2 62+ ¢2; [of = VaZ +y2 + 22

|w| = V3. Do dd chia 2 v& cta bit ding thic
trén cho J_T IJ ta dudc

G
Uy

—_—  —=

U

'|‘Ttwr o] |l
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Goi, « Ja gdc lam bdi u va v B = (ww) |

v = (v, w) ta phai chiing minh cosa +1 =

= 2 cogff cosy . Tt mot di€m O bat ki ké cdc véc
tou, v, wlam thanh mét gde tam dién cd cae
gdc a, 3, y (xem hinh 2).

Tacda < f+y
do d6 cosa = cos(f +y)

= cos(ff +y) +cos(f - y)
= 2cosﬁcos:ul "H',T{f@_f; 7)

va cose + 1

cosc + 1

Hinh 2

B4t dang thic thanh ding thide khi va chi
khi 8 = y vd « = 2y. Hai dudng thing mang
wvav doi xing nhau qua dudng thing cd

phddn&tnnhx = y = z tic duding thang mang | ‘

vectd w.

Qua cdc vi du trén ré rang ta thay "su hiéu
qua" cua phuong phap lugng gide. Sau day la
nhiing bai tap d€ thi nghiém.

1. Ching minh rang tir bén s6 cho trude ludn
e6 thé chon ra hai s6 x, y sao cho
* )
1 +xy

(Dé s6 12 cau II; Bd dé thi Tuyén sinh vao
dai hoc)

0= =1

2. Giai hé phuong trinh
“rat =y +b? = -0 +(y-a)

(Désa 111 cau Iz, Bo dé thi tuyén sinh vao
dai hoc)

3. Tim gi4 tri 16n nhit va nhd nhit cida
_ +yd -xy)
(1 +x5(1 +y%
4. Gial bat phudng trinh

TR S
x 1 -2 12
xz+y2—4

5. Chohé{,2 +,2_9
X +yz =6

Tim x, y, z, v d€ x z co gid tri 16n nhét.

DE THI CHON HOC SINH GIOI
KHOI PTCT - TRUONG DHSP HA NOI
Nam hoc 1995 - 1996

Ngay thi thit nhét : 24/11/1995

Théi gian lam bai : 180 phit

Cau 1. Tim tit ca cAc s6 tu nhidn n > 6 sao
choday séai, az, ..., ak 1a mot cdp s6 cing, trong
d6 a; < a2 < ... < ai 1a tdt cA cac sO ty nhién
nhd hdn n va nguyén t6 vdi n.

Cau 2. Cho tdi dién
AB CD, AG)BD va ADLBC.

1) Chitng minh réng 4 duting cao (ha tit cic
dinh A, B, C, D xuéng mat déi dién) cua tif dién
déng quy tai mot di€m ma ta ki hi¢u la H.

2) Goi O la diém cach déu 4 dinh A, B, C, D,
va G la trong tAm ctia td dién. Chiing minh rdng
3 diém O, G, H thing hang.

3) Ching minh ring trong 4 mat cta tid dién,
cd it nhat mot mat 1a tam gidac ed 3 goe nhon.

Cau 3. Gia st M) 14 tap hop cdc s thuc d
vii 0 < d < 1 co tinh chat : néu ffx) 1a mot ham
lign tuc trén doan [0 ; 1] théa man f0) = f(1)
thiton taia € [0; 1 = d] sao choffa) = fla +d).

ABCD cd

i
Goi M2 la tap h.;:p{gfk eN*Jl

Chiing minh rang M = M>.

Ngay thi thit hai : 25/11/1995
Théi gian lam bai : 180 phuit
Cau 4. Cho cac s6 thuc khong dm a, b, c va
d théa man hé thic ;-
ab +be +ed +da=1.
Ching minh rang :

(I3_ g b:! . C3 . d3 l
btctd ' atctd | atb+d | atbtc o 3
Cau 5. Goi H, I va O theo thi tu 14 true tim,

tam dudng tron ndi tidp va tam duding tron ngoai
tiép mot tam gide nao dd. Ching minh rang :
OH = IH 2.

Cau 6. Hai ngudsi A va B ldn lugt dién s6 vao
cac 0 trong mot bing ké 6 vuong 5 x 5 theo céich
sau : moi ngu&n khi dén luot chi dién 1 s6vao 16
nao do néu & do con tréng ; A di trude va chi dién
s6 1 ; B chi dién 86 0, Sau khi hét 6 tréng, ngudi
ta tinh tong clia cdc s6 trong mé6i hinh vuong 3 x
3 va goi S 1a 56 16n nh4t trong cdc tdng dy.

1) Hay néu mdot chién thuat eia B dé€ véi moi
cidch diéncia A déucs S < 6.
2) Hay néu mot chidn thuit cia A d& vai moi
cdch dién cua B déucs S = 6.
NGUYEN HUY DOAN
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s iz

Giai ddp bai

TiM CUA VAO VA DUONG DI

Ta dianh s6
cie phong ciia
khu trién lam
nhit sau ;

Ta thay
khu trién lim
co toi da 10
ciia uito, d cdc
phong  duoc
danh s6 : 1, 3,
456,78 9
10, 14.

That vay ta cd thé dua ra duong di théa mdn
yéu ciu la qua tdt cd cae phong méi phong mét
lin qua cde cita vio néu trén nhi sau :

l)—=1—22—-3—>4 35 36—7—=8—9—
10—=11—-12—=13—14—=15—

2)l—=3—-4d—=5—-6—212>57>]] -8—9
—=10—=14—-]13—=2—=]—=]5—>

3 —=d—=5—26—]12—-7—=]1]=8—-9-=10
—]4—=13—=3-22—]—>]5—

4)—=5—=4—6—=12—]1] 7 >8—=9—10
—=]4d—13—-3—=2—>]—=]5—

5)—=6—25—24—-2]2>7—11—-8—=9-—]0
—14d—=13—3—>2—-=]—=]5—

6) =7 —=6—=5—=4—=]2=]] =8—29—]10
—]4—=13—=3—=2—=]1—=]5—>

71—=8—=9—=10—=]4—1] -7—6—=5—
4—=]12—=3—=13—2—>]1->15—>

Bl —=9—=8—=7—=26—=5—-4—]12—11—-10
—=]4 —=]183—=3—=2—]—=]5—

9)—=10—=9—=8—=7—1]l—14—-13—>12
—=hH—=5—=4d =322 5] 5]5—

10} =i4—=10 =9 =8 =7 =6—>5—>4—
12 =11 =-]13—3—=2—=]—]5—

(Theo Lé Thi Bich Hanh, 8CT, chuyén Tit
Liém, Ha Néi). Rat nhiéu ban cé gidi dap diing.

DIEN SO VAO HINH
LUC GIAC

Hay dién cdc s6 tic 1 dén 19 vao cdc duong
tron cia hinh luc gidctrén sao cho téng cdc s6
ciia cac diong tron ndam irén mot canh hodc
nam trén maot dicong thang song song vdi cdc
canh déu bing nhau.

TUAN DANG
Cung ban doc

e Ban doc mdi gui bai Idn ddu cho TC |

| Todn hoc va tudi tré xin fuu y :

- Bai chi gui 1 1an

— Ghi day du ho tén, dia chi (co guan, nha
riéng) s dién thoai (néu cd) vao cudi bai. Bai
viét trégnh dgp xoa.

e NEu la bai giai :

— Ghi hg tén, dja chi theo 16p, truong,
huyén, tinh vdo goc trén bén phai. S8 cia bai
ghi bén trai.

- Gdp bai don gidn. Khéng dédn nhiéu ho.

— Ngodi phong bi ghi ré : Loi giai ctia 86
bao nao.

e Cac ban hoc sinh cé thé tham gia cac
muc :

- Hoc sinh tim toi

- Giai bai ki trude.

— Gidl tri todn hoc.

- Nu cudi todn hoc.

Toa soan chua nhén déng dé ra cta cdc
ban hoc sinh. Xin cam on cédc ban.
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