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@ Trong cée ki thi hoc sinh gidi, thudng cd cdc bai toan vé x ¢ dinh mot
= da thie.

DE xdce dinh cdc he s6 clia mot da thife, ta thugng dung phép chia da thie
hoac dung phuong phap hé s6 bat dinh, phuong phép gia tri riéng két hop
viéc gidi mot hé phudng trinh. Bai viét nay xin gidi thiéu vdi cac ban mot
phuong phdp néi suy clia Niuton (Newton) cho phép tim nhanh cdc hé s8
cua mot da thie.

- Kién thie cdn thigt gdm :

1. Pinh li Bézout (Bédu) : Phin du clia phép chia da thiic P(x) cho nhi
thic bac nhét x - @ bing gia tri cla da thde tai diém a, tic la Pla).

2, Phuong phap noi suy Newton

Dé tim da thie P(x) biac khong qua » khi biét gid tri eta da thite tai (n
+1) diém : C|, C,, .., C_,, ta cd thé bigu dién Plx) dudi dang

Fix) =5, -F-EJ% C)+b{x Coa-Ch+ . +b (x - e )

Bang cach théf x lan luo‘tzbang cac gid tri C,, Cz, Rt C l vao bléu thiic
P(x) ta ldn lugt tinh dugc cac hésd b , by, b,, ..., b,

Duéi day 1a mot s6 bai toan van dung

Bai 1 : Tim mdét da thitc bdc hai cho biét :

PO} =19, Pl =5 P2)= 1995,

Giai : Dat Plx) = ¢ +blx - 0y +alx - 0)ix - 1)

=c¢+bx+ax(x-1). :

Chox =0, P(0) =ceuyrac = 19.

Chox=1,P(l1)=19+bsuyra19+b =556 =-14

Plx)=19 - ldx+axix — 1).

Chox = 2, P(2) = 19 - 28 + 2a, suy raa = 1002

vay Plx) = 19 - 14x + 1002x(x — 1)

Rit gon P(x) = 1002x% - 1016x + 19,

Bai 2 : Tim mét da thite bac 3, Pix) cho biét :

PiO)=10:Pll=12:P(2l=4:-P3) =1

(D& thi hoc sinh giéi C.H.D.C Diic 1979).

Giai : Dat Plx) = d + Cx + bx(x = 1) + ax(x — 1){x - 2).

Chox =0, P(0) = d, suyrad = 10.

Pfx) = 10+ Cx + bxl(x — 1) +axi(x — 1){(x - 2).
Chox =1,P(l) = 10+c,suyrac = 2.

Plix) =104+ 2x + bxix — 1) +ax(x - 1){x — 2)
Chox =2, P(2) = 10+4+2b, suyra b = -5.

Plx) = 10+2x - bxlx - 1) +ax(x - 1)(x - 2)
Chox =3, P(3) =104+6-30+6a

. _ b
uyrag = 5.

%
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vay P = 10+ 2x - bax - 1) + 2 x(x ~ L)(x - 2).

b
Riit gon Plx) = 'Ex:” - —%;xz + 12x + 10.

Bai 3 : Tim moét da thitc bic 3, Pfx) cho biét khi chia P(x) cho (x - 1), (x—
2), (x — 3) déu duge du la 6 v P(—1) = -18.
(Dé thi hoc sinh gioi Quén I ldp 8 - 1994 - 1995)
Giai : Theo dinh li Bézout ta g :
= P(1) =P(2) = P(8) =6
Dodddat Plx) =d +elx - 1) +b(x - 1)(x - 2) +alx - 1){x - 2)(x = 3) Cho
x=1P(l)=d,suyrad = 6.
Chox =2 P(2)=6+¢,suyrac = 0.
Chox =3,P(3)=6+2b,suyrabd =0,
P(x) = 6 +alx - 1)(x - 2){x - 3)
Chox=-1,P(-1)=6-24asuyraa = 1.
vay P(x) = 6+ (x - 1)(x - 2)(x - 3)
Rit gon Plx) = x° — 6x? + 11x.
Bai 4 : Cho da thitc P(x) bac 4 théa mén :
P-1)=0vaPix)-Plx-1)=x(x+1}{2x+ 1)
1. Xdc dinh P(x).

= a8

N

rduor
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2. Suy ra gid tri ciia tong sau day (n la s6
nguyén duong)

§=1238+235+.. +nn+1)2n+1)

(Dé thi hocsinh gidi Tp H6 Chi Minh 16p 9: 1992).

Giai : Chox = 0, suy raP(D) =By =)

ma P(-1) = 0, vay P(0) =

Cho x 18n lugt cac gia tnx =qJeox=1:x—
2, tanhan duge P(-2) = 0, P(1) = 6; P(2) = 36.
Dat Plx) = e +d(x+2) + elx +2)(x + 1) +bix +
Dx + D +alx + 2)(x + Dxix - 1).

Chox =-2, P(-2)=¢

suyrae = 0.

Chox=-ltasuyrad =0

Chox=0tasuyrac = 0.

vay Plx) = b(g:+2}{x+1}x+a(:c+2}(x+ Doe(x —1).

Chox = 1, Pil% =1.
Chox = 2, P(2 24+ 4a = 36

g 1
viya=g.
vay P(x) = %x(x + 1)%(x + 2)

2 Pixj— P(:l: -1) =x(x+1)(2x + 1).

Cho 2:-3:ntaco:
Pm-P(&i—lﬁ
P2)-P(1)=2356

Pnj-Pn-1) =nn+12n+1)
suyra:P(n)-P0) =123+235+.. +n(n
+1)(2r +1)

1 :
Dodd: S = P(n) = zn(n + 1)2(n +2).

Baib:

Cho biét da thite bac hai P(x) c6 3 nghiém s6
phan biét o, B, y. Chitng minh ring Plx) = Ovdi
moi x.

(Gidi !

Ta cé P(a) = P(B) = P(y) = 0.

Dat Plx) = ¢+ blx — ) +alx —a)x - f).

Chox = a, Pla) = ¢, viyc = 0.

Chox =3, P(§) = -a)=0

vif#asuyrab=10

Chox =y, P(y) =aly —a)y—-f) =

viy 2 a,y # fsuyra

a = 0. Vay P(x} = 0 v6i moi x.

D€ luyén tap, cdc ban hay giai cdc bai todn
sau day :

1. Tinh céc téng sau day

= (x—a)(x—b)+(x—b)(x—c) (x—c)(x—)
" (e—a)(c—b) (a-b)(@—<) (b—c)b —a)
o (x—a)(x—b)(x—c) (x—b)x —c)x —d)
" (d—a)(d-b)(d—) (a—b)(a@—c)a—d)

@ —d)x —a)x ~b)

=) —a)ec =b)
PDépss:A=1;B=1.
2. Tim mét da thide béc 3 cho biét
P(0) = 2, P(1) = 9, P(2) = 19, P(3) = 90.

PE THI TUYEN SINH PHO THONG NANG KHIEU TOAN LOP 10 VONG 2
NAM HOC 1995 - 1996 TINH HAI HUNG
Thoi gian ; 180 phiit (khong ké giao d&)

Céu 1 : Cho phuong trinh x2 - (a — 1)x — a2
+a-2=0(1)

a) Ching minh phuong trinh ludn cd 2
nghiém trai dau.

b) Ki hiéu m, n 1a ng]ném clia phv.rung trinh
(1). Tim gia tri cia a dé m? +n? dat gi4 tri nhd

nhét.

Cén 2 : Tim nghiém nguyén duong cua
phuong trinh

gla L do g onl o e

12 a3 T+ VA-x +5

Cau 3 : P 1a tap hop nhitng s8 ty nhién cd
tinh chét : néu 2 &8 thudc tap P thi téng cia
ching eling thude P. Gia st @ — b 14 s6 nhd nhét
trong cde s6 dangx - y vGix.y 1a nhitng s6 thude
Pvax>y. Datd =a-b.

a) Chiing minh b chia hét cho d.

2
b) Ki hiéu K = ~Z—2 Ching minh véi s6 tu

nhién & bét ki ma & = K thi s6 kd thudc tap P.

2

Cau 4 : Cho a, b, ¢ 13 86 do 3 canh cia mét
tam gidc. Chiing minh
1 1 i
i b+e o4 a.)
3abe

*EIOB FoRFa)

Céau 5 : Cho tam giac ABC.

a) Liy 2 difm X, Y trén AB, AC. Ching
minh :

dtAXY AXAY

dtABC ~ ABAC

b) Goi M, N, P la chan céc dudng phan gidc
trong ciia tam gide. Ching minh n&u dtABC =
4 dtMNP thi tam gidc ABC déu va ngudc lai.

Cdu 6 : ABC 1a tam gide déu canh bang 3.
Ldy 2 diém E, F trén AB, AC. Ching minh EF
qua tam tam gidce néu co hé thic

b
T e Gt

(a+b +c¢) (a+b

PHAN TUAN CONG
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Bai T1/225. Gidi phuong trinh :

x' + (85 — T2 + 52 — 285 =

= (34 — 12V6 — 8«2p? + 4V5

Lisi giai.

Data = x2 + 4{5,tacéa>0vaa’-Ta-
28 = (34 — 3aa :

=(a? - Ta - 28)2 = (84 - 3a)?a

«=>(a’ - 232>+ 197a? - T64a + 784 = 0

=(a’-12a +18){a* - 11a +49) = 0

a®? — 12a + 16 = 0 (1)
& — e 49— 0. (3

Doa > 0 nén (2) vo nghiém vi v& trdi bing
(@ - 5,5)% + 18,75, va ludn ludn duong. Vay
phuong trinh da cho tuong duong véi (1) va ed
nghitmi:x, = ¥6 —1;2, = 1 — 5.

Nhéan xét.

Loi giai tét gém cd : Tran Tdt Dat, S8A Chu
vin An - Tay Hé - Ha Noi ; Nguyén Vinh
Thudn, 8T NK Tx Ha Tinh ; Tran Tudn Anh,
8T L& Qui Don - Nha Trang - Khdnh Hba ;
Chung Nhan Phii, 8T| Nguyén An Khuong Hée
Mon - Tp Hé Chi Minh ; Nguyén Anh Tudn, 9T
Phan Chu Trinh - BMT - Daklak ; Hoang Phutong
Déng, 9APTCS Céeléu - Lao cai ; Cao Xudn Sinh,
9T Nga Lién — Nga Son — Thanh Hoa.

DANG VIEN

Bai T2/225

Gidi phuong trinh nghiém nguyén duong

2+ 2 = 201119%5°+1(10 — 2)

L&i giai. (ctia ban Lé Thi Taém 9A Vinh)

Trudce hét ta chiing minh b dé : Néu p 1a s
nguyén t6 dang 4k +3vaxZ+y2i pthix: p,
yi p.

That vay néux # pthiy# p

Theo dinh i Fecmax? ~1 = x¥+2 = 1

(modp), y**2 = 1 (modp). Mat khac vi
22 = 5% (modp) — x2@+D) = 2% +1)
(modp) =1 = -1 (modp) Vo Ii.

Trd lai bai todn vi 2011 1a sé nguyén t6 dang
4k + 3 do do theo bd dé&

x = 2011x,,
¥ =2011y,. Dat 2n = 1995F + 1
et Hoyd o ST T =
Tiép tuc nhu vay n ldn ta cé

a2 +y2 =10 -2 (1)

viix = 2011"%, , y = 20117,.

Bang cdch thi truc tigp ta thidy nghiém
nguyén duongeia (1) lax, , v,, 2) = (1, 1, 8),
(1,2,5),(2,1,5) va (2, 2, 2) Vay nghiém nguyén
duong clia phuong trinh da cho la

20117, 20117, 8), (2011", 2.2011%, B),

(2.20117%, 20117, 5), (2.2011", 2 . 20117, 2)
1995 + 1

2

Nhan xét : Nhiéu ban tham gia giai bai nay
va cd 18 giai tot nhu : Tran Tudn Anh (8, Nha
Trang) Biii Manh Hing (9H Trung Vuong)
Phan Chi (9A chuyén ngit Ha ndi) Ngé Kién
Cuong (9, Quang Ngiai), Nguyén Minh Nguyét
(9, Hai hung), Nguyén Trung Kién (7 Ha ngi),
Nguyén Van Quang (9, Thanh hda). Mot s6 ban
thita nhén b8 d& ma khéng ching minh. C6 mét
vai lgi giai sai.

gdén =

DANG HUNG THANG
BaiT3/225: Choa, b, x, y la cdc 56 thiic thoa

man :
D o 1
luer sl rme L
22 +yl =1 (2)
x1994 41994 2

Chitng minh rang : 997 & 5957 _(a+b]99.’r

Loi gidi. cha Nguyén Nhu Chudn, 8, NK
Thuian Thanh, Ha Bae.

Thay 1 = (x2 +y2)2 vao (1) ta cd

e s

ET e T

=(bxt +ayt)a +b) = ablxt +y* + 2x2y2)

=sa?y? + b2t - 2abx?y? = ()

=(ay? -bx?)? = 0

esbx? = Gyz
Thdgtaes: Tt Lo
Tu (3) tacd : a:::; = :’:::: = (@ +lb]99?

Nhén xét 1. Co rat nhiéu céc ban gii loi
giai. T4t cad déu dung. Céc ban sau day cd loi
giai tét : Nguyén Danh Nam, 8T, NK Bic
Giang, Ha Bac ; Nguyén Ha Duy, 9T, Chuyén
V-T Pht Xuyén, Ha Tay ; Bui Viét Loc, 8A ;
Pham Quang Vinh, 9A, B€ Van Dan ; Dinh
Qude Vinh, 9A, PTDL Dong D6, Nguyén Tung,
8CT, Tit Liém, Nguyén Thi Minh Thoa, 8C,
Ngoc Lam, Gia Lam, Ha noi ; Nguyén Lé Thily,
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Lé Phuong Thdo, Tran Thi Viét Anh 8A |, Hong
Bang, Hai Phong ; Nguyén Quang Bing, 8T ;
Nguyén Quynh Di¢p, Hoang Minh Son, Tran
Dinh Ngoc, 9T, NK Hai Hung ; Lé Thanh
Céng, 7T, Pham Huy Quang, Dong Hung ;
Nguyén Ngoe Minh, 9T, NK Thai Thuy, Thai
Binh ; Trian Minh Toan, Vii Tran Cuong, 8T,
Hoiang Anh 9T, Trdn Dang Ninh, Nam Dinh,
Nam Ha. Lé Héng Linh, 8T, Lé Van Cuéng, 9T,
NK Truong Han Siéu, TX Ninh Binh ; Hoang
Minh Diing, 9A, Ximang Bim Son, Nguyén Van
Quang, 9T, Lam Son ; Nguyén Binh Phé, 1B,
Hong Phuong Doéng, 9C ; Nguyén Thitu Anh,
9D, NK Thanh phé, Thanh Hda ; Phitng Quang
Huy, 9T, NK Nghi Loc ; Dang Thanh Cuong,
9T, Phan Bai Chau, Vinh, Nghé An. Mai Xudn
Dite, Nguyén Vinh Thudn, Nguyén Hitu Tinh,
8T, Nguyén Mai Phuong, Mai Ting Son,
Nguyén My Hanh, 9T, NK Ha Tinh ; Nguyén
Van Binh, 9A, NK Lé Thuy, Quang Binh ; Hé
Tit Vii, Tiéu Minh Hing, Ngo Kién Cuing, 97T,
Lé Khist, Quang Ngai. Pham Ngoc Huy, 8CT,
Ly Tu Trong, TP Bién Hoa ; Doan Ngoc Tinh
Nghiém, 9T, Lé Quy Don, Long Khénh, Déng
Nai. Pham Qudéc Hung, 81, Héng Bang, TP. H8
Chi Minh. Vi Huy Binh, 9/2, Nguyén Van Ci,

Quéang Nam - Da Néng. V6 Thy Dung Hoa 8T,

Lé Quy Dén, Nha Trang, Khanh Hoa. Luong
Thé Nhan TCT, Chuyén Bac Lieu.

2. Mot s6 ban da chiing minh bat dang thic
tong quat sau :

n 2n 3
x_ }’_ — —2_ he Nt
" b {o. by

Véin = 997 ta cd bt ding thic cdn ching

minh.
T NGUYEN

Bai T4/225. Chung minh rdng moi tam

giac ABC déu cé :
p? = ki +hE+ b2

Lai giai. Qua A ké
Ax [/ BC, goi D la diém D
ddéi xiing voi B qua Ax,
tacd BD = 2h, AD =
AB = ¢ va tam gidc
BCD vutng tai B. Do
dé BD? + BC? = DC?
< (AD + ACJ* hay
B C
4ha? +a? < (c +b)?, ;

1 .
suy ra hl < 7 (c+b+a)e+b —a) tic 1

plp —a) > hg (1), ddu '=" x4y ra khi va chi
khi A ndm gita C, D hay b = ¢.
Mat each tudng tu, ta cling ¢d :

- _LasigidiDo

pip — b) > h2(2) (d&u’ =’ xAy ra khi va chi
khic = a) : :

plp — ¢) > hZ(3)(ddu’="xdy rakhi va chi
khia =b)

Cong (1), (2),
pz,‘-‘:h§+h§+h3.

D4u =’ x4y ra khi va chi khi cdcddu’="cua
(1), (2), (3) ciing x4y ra hay tam gidc ABC déu.

Nhan xét

C6 152 bai giai, tdt ca déu giai dang. Mot so
bai ding cong thdc chua dugc ching minh
trong gido trinh THCS, nhu : edéng thic
Hé-réng, cong thic do dai duong phan giac
trong... Cic ban sau day cd loi giai tét : Hoang
Minh Hoang, 8 Chuyén Van — Todn Ung - Hda
— Ha-Tay ; Nguyén Lan Anh, 9A Trung Nhi -
Ha Néi ; Doan Tinh Nghiéng 9 Toan - Lé Quy
Doéng - Long Khanh - Déng Nai ; Nguyén Ngoc
Diép, 9NK - Thanh Liém - Nam Ha ; Dang
Thu Huong 8T Chuyén cdp II Phi Tho - Vinh
Pht ; Huynh Nguyén Khdi 8A Quéc Hoe Quy
Nhon - Binh Dinh ; Nguyén Tudn Anh 9 Toan
Phan Chu Trinh -~ Buén Ma Thudt - Dak lak ;
Biti Hoang Phuong 9T NK Bim Son - Thanh
Hda ; Pham Thu Huong 9}\.1 THCS Héng Bang
- Hai Phong : Pink Quée Vinh 9A PTDL Dong
D6 - Tt Liem - Ha Néi ; Nguyén Thi Ngoe Anh,
OT Lé Héng Phong - Tx Yén Bai - Yén Bai ;
Tran Tudn Anh, 8 Toin Lé Quy Don - Nha
Trang - Khanh Hoa ; Nguyén Van Quang, 9T
PTTH Lam Son - Tp Thanh Hda ; Ngé Thanh
Hdi, 9A, THCS Hung Vuong - Tx Tuy Hoa -
Phi Yén ; Lé Quang Loi 9 Chuyén THCS
Nguyén Nghiém - Ditc Phé - Quang Ngii ;
Phan Chi, 9A PT Chuyén gnit DHSPNN
Ha Noi.

(3) wv& voi vé ta cd

DANG VIEN

Bai T5/225 : Cho ti giac ABCD néi tiép
duing tron tam O. Goi M, N, P, Q lan luot la
cgc diém chinh giita cde cung BA, BC, CD,
DA. Ki hiéu :

{0,} =MCNAN,{0,} =BPNDN,{0;}
= QC N AP, { 0,} = BQ N DM. Chitng minh
rang 0,0,0;0, la hinh chit nhat.

NMP + MNQ
= 90° nén MP
1LN@(1).Taco
AMBN = A
MON (geg)
nén NB=NO,.

Mat khac A
NBO, can (tai
N) nén NB =
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NO,. Do d6 NO, = NO,, tic l1a A NO,0, can
(tai N) 2) .

Lai co AQ QD nén O N NQ = OQNQ (3)

Ti (2) va (3) suy ra O O 1 N@. Cung vai
(1) suy ra 0,0, /| MP. Tm:lngtuta co: 0,0, /f
NQ@; 0,0, a‘fMP 0,0, /INQ.Dodd 0,0, O O
la hmh bmh hanh Ma MP 1L N@ nén O 02
0,0,. Vay 0,0,0,0, la hinh chii nhat.

Nhan Xét @

Giai tdt bai nay cd cac ban :

Pham Minh Hung, 9T, Nguyén Du, Go Vip,
Chung Nhan Phu, 8T, Nguyén An Khuong,
Hde Mon, TPHCM, Ho Ti Vi, Ngé Kién
Cuong, 9T, Chuyén Lé Khiét, Quang Ngai, Lé
Chi Thanh, 91, Nguyén Tri Phuong, Hu& Thia
Thién — Hué&, Phan Thanh Ding, 9CT Dao Duy
Ti, Quang Binh, Nguyén Bing, 9T Phan Boi
Chau, Nghé An, Hoang Minh Diing, 9A edp 11
Xi mang, Bim Son, Mai Thi Thu Sanh, 9A Nga
Hal, Nga Son, Cao Xudn Sinh, 9T, Nga Lién,
Nga San, Héng Phuong Dong, 9C THCS Nang
khigu, TP Thanh Hoa, Ngé Thi Hang, 8 TNC
Y Yén, Hoang Anh, 9T, D Qué Huong, Dao
Hoang Anh, Pham Ngoc Hung, Trin Minh
Toan, Vu Trin Cuong, 8T, Trian Dang Ninh,
Nam Binh, Nam Ha, Nguyén Ha Duy, 9T
Chuyén Phu Xuyén, Ha Tay, Nguyén Quinh
Diép, 9T NK Hai Hung, Lé Phuong Thdo, 8A,,
Pham Thu Huong 9A, Hong Bang, Hai Phong,
Nguyén Lan Anh, 9A Trung Nhi, Bii Manh
Hiing, 9H, Nguyén Quang Diing, 8H Trung
Vuang, Nguyén Anh Tu, 9T Tu Liém, Phan

Chi, 9A PT Chuyén ngit, Lé Hong Quang, Bii

Viét Léc, 8A B& Van Dan, Ha Néoi, Lé Xudan
Hoang, 9A NK Hiép Hoa, Ha Bac, Ddng Thu
Huong, 8T Chuyén Pha Tho, Vinh Pha,
VO KIM THUY

Bai T6/225 Ching minh rdng voi mdi s
nguyén dicong n cho trude phitong .frmh
=x + 1

c6 ding mot nghiém so thue. Goi nghiém sé
dy lax,. Hiy tim limx,

Lai giai. Ta thdy x < 1 khong la nghiém ctia
phuong trinh. That vay

st s R e T

Néux < -1 thix® = 1. V& trdi am.

Néu 0 < x < 1 thi v& trai am.

Néu-1<x<0thix'! < 0 < x + 1.

XéthamsGflx) = 2"l —x — 1tacd

Xy =2n+ 1)x2* —1 > 0véix>1

ma f(1) = -1 < Onén 3 vaduy nhit 1 < x_
dé f(x,) = 0.

Ta cd (theo dang thie Cosy)

xul+i

2n +x, +1
2n +1
—x, = me
2n +1
WAyl =it e on

2n+1
Vilim———— = 1 néntacd
2n ;

limx = 1.

Nhin xét : — Cdc ban sau day c6 161 giai tot
Pham Hbng Thai (Quang Binh), Pham Linh
(Ha Noi ~ Amstecdam), Huynh Ki Anh (Lé Quy
Don - QNDN), Nguyén Quang Nguyeén
(Nguyén Hué, Ha Tay), Dinh Trung Hoang (10
DHTH Hus#), Phan Duy Hing (12T Quang
Binh), Nguyén Ngoc Hung (11 KT Thanh Hoa),
Dinh Trung Hang (12M MAri Quyri Ha Noi),
Nguyén Quang Hdai (12, Vinh Pha), Lé Duy
Liém (10 Thai Binh), Hd Hitu Tho (11A, Nghé
An), Luong Xudan Thiy (11A, Bén Tre), Dang
Hoang Viét Ha (10A, Ha Bac),

C6 ban mée sai 1dm khi cho rang day (x)
giam va bi chan dudi bdi 1 nén cd gidi han la =

DANG HUNG THANG

Bhi T7/225. Cho ham s6 p :R —R. Ddt

—{xER plx) =x} ; A, ={x ER, plplx)

} Gid st A;\A,; la mét tap hop hitu han va

:Em tei ham 86 f : R — R théa mdn :
fliflx))=px)Vx ER,

Chitng minh rang sé phian ti cia A, \A,| la
mat s6 nguyén chia hét cho 4.

Lai gidi (cia da s8 cdc ban). Ki hiéu :

fo®) = x, fi(x) = flx) ;5 [+, (@) = ff,(x)]
viix € A thip(x) =x=>p(p(x)) = x=>xEA,
VayA, C A,
L Gl RS B ST N
fx) = x £y = fifly) = fld) = fly). Mat

khic,x EA | =z=flx) €A =x=f(z). Vayfla
ham 1-1 tren tap hop A,. Tuong tu, ta cling
co fla ham 1 - 1 trén tép Az- Suy ra, fla ham
1-1tréntapA = A\ A, Tu dd, néux € A thi
x, fix), fifix)), fififix))) 1a 4 s8 thuc phan biét
thude A. That vay,
XEA=f,x)=x Néu30s<ij<3;i=
J d& fi(x)= _f}(x) = _fz(x) =y e e AI,
méau thuan

D&tM{x) ™ {x: fx), fg(x) s f}{x) ;x} €A

M@y) = {y, [*(), L. KO sy} € A
. Néufi(y) € Mix) véii € {0, 1, 2, 3} nao dg,
thi ta viét

MU’}={ f;(.j’.]r f}+](y)a f;+20’)r f,+3(y}} =MI:I)
Nhu vy, A 1a hop etla mot 36 hitu han M(x)
rdi nhau, dovay A i 4.

https://tieulun.fiopto.org
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Nhén xét : Cic ban sau diy cd 1di giai tot :
Nguyén Tién Ding, Huynh Ki Anh (Lé Quy
bon, QNDN), Nguyén Anh Hoa (L& Héng
Phong, N.Ha), Nguyén Lé Luc (PHQG Tp
HCM), Phan Duy Hing (CT, Quang Binh),
Nguyén Viét Ding, Ddang Ditc Hanh, Lé Van
An, Trén Nam Ding (PBC, Nghé An), Dinh
Trung Hang (Mary-Quyri, HN), Nguyén Tru
Diing (CT, DHSP Vinh), Luong Xudn Thily
(Bé&n Tre), Tran Nguyén Ngoc (11, DHKHTN,
HN), Vit Tdt Thdng (Amstecdam, HN), Nguyén
Si Phong (DHSP, HN), Nguyén Ngoc Hung
(LS, Thanh Hoa).

NGUYEN VAN MAU

Bai T8/225: Choddaysé {b,} *_ , duoc xde

dinh bdi : b, = 0, b, =14, b, =-18vab_,, =
7o, - Gpﬁf‘] Sbn 2 Vn = 3.

Chiing minh rdng, vdi moi a6 nguyén té p ta
ludn ¢é b chia hét cho p.

Loi giai : Tu he thic xac dinh day {b_} ta
¢6 phuong trinh : x* - Tx +6 = 0 (1) 1a phﬂdng
trinh dac trung ciia day s8 dd.

Dé thdy (1) cd 3nghitmla:x =1, x =2 va
x=-3.Tiddsuyra:b_=a. 1"+b.2"+c.(-3)"
(2) Vn = 1. Lan lugt chon = 1,2,3, t' (2) va gid
thiét cia bai ra ta dudgc :

oE2h —3c¢ =0 .
g tdb+9c =14 <=g=bh=c=1.
a+8b—27c=—18

ayb =1+2"+(-3)"Vn = 1(3)

Véi p la s6 nguyén t6, theo dinh i nho
Phecma, ta ¢d : 2P = 2(modp) va (-3)P =
(=3)(modp). Vi vay, ti (3) taduge : b_=(1+2
- 3)(modp) Vp nguyén té, hay bp ! pVpnguyén
td.

Nhéan xét : 1. Toasoan da nhan duge i giai
ctia 59 ban. Trong s6 nay, chi cd 2 ban cho li
giai sai do da giai sai phuong trinh (1). T4t ca
cdc ban c6 1oi giai ding déu gidi bai todn dua
trén y tudng cta loi gidi néu trén. Khong it ban
trinh bay 18i gidi qua rudm ra.

2. Xuét phat tit (3), ban Nguyén Phudéc Khoa
(10CT - PTTH Dao Duy Tit, Quang Binh) da
phét hién va ching minh dung khang dinh : "b
{ nVnthda (n, 6) = 1"

3. Dua trén y tudng giai quyé&t bai da ra, cde
ban Lé Van An (11CT, PTTH Phan Béi Chanu,
Nghé An), Trin Nam Dang (10CT, PTTH
Phan B¢i Chau, Nghé An) va Luu Truong Huy
(12A PTTH Ba Dinh, Nga Son, Thanh Hda) da
dé xuit cac hudng khai quat khdc nhau cho Bai
todn.

NGUYEN KHAC MINH

Bai T9/225. Cho hai dudong thang x, y chéo
nhau ¢ dinh. Hai diém M, N thay déi trén x

6

vi hai diém P, @ thay déi trén y sao cho MN =
ava PQ = b, irong do a, b la cac do dai cho
trude,

Hay xde dinh vi tri ciia M, N, P, @ sao cho
ban kinh hinh cdu néi tiép tit dién MNPQ la
lon nhdt.

Lo giai.

Goi V, S va r 14n luot 1a thé tich, dién tich
toan phén vA bdn kinh hinh cdu n6i tiép tu dién
MNP@Q ; XY la doan vudng gdc chung cta hai
dudng thdngx vay Xtrénxva Ytrény XYV =

d, (%y) =

1
V= EMN.PQ.XYsin(x,y}

1
hayla: V= g abdsing khong ddi. Ti do suy

ra:
r = max<>S = min
HaMM, 1 y=M,NN, Ly=N,vaPP, 1
%, QQ, Lx=@q,tacé: 25 = MN(PP, +QQ,)
+PQMM, +NN,) =28, +285,, trongdd : 25, =
afPP, +QQ,) va 25, = b(MM, +NN1)

Ta chtmg minh ring : S| = min va S, = min
«=+S = min. That vay, hay chiéu toan %6 hinh
vé 1én mét mat hang (5} nao dé vudng gde vai

g diém 0. G Py la hinh chiéu clialy trén &,
trong dé O, H, P va @’ lan ]m::t 1a hinh ch1eu

trénocua X, Y, Pva Q. Dé tha ring: OH ='xv
= d, P'Q’ -"PQsmtp nghla{a Q’—b’

bsinp (khﬁng ddl) cliing vay : PP, = OP’ va

QY = OQ’
"fu dd ra duge : 2S ‘—a{'OP’-f-OQJ Suy ra :
= min <=0P’ +O = min,
"AOHJ_P’Q’ H=dvaPQ =b'=

bsing nén tam gidc OP'Q’ cd dién tich khong
déi, Tr dd dé thdy rang tam gidc OP'Q’ ¢6 chu
vi nhd nhét, cling tde la OP’'+ 0@’ = min, khi

* va chi khi nd 1a tam gidc can & O, ciing tic la

khi va chi khi P’ va @’ d6i xing véi nhau qua
H, va do dd P va @ d6i xidng nhau qua Y.

https://tieulun.hopto.org
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Ching minh tuong tu, S, = min <M va N
d6i xiing nhau qua X. Tém lai, ban kinh hinh
cdu ndi ti€p ti dien MNPQ 16n nh4t khi va chi
khi duting vudéng goc chung XY ciia hai duding
thang chéo nhau x va y la truc d6i xdng cla td
dién MNPQ (cé canh MN = a trén x va canh

PQ=btrény),nghialé:XM=XN=%va

YP=YQ=%.

Nhan xét. 1°) Cde ban sau day cd 1oi giai
tot : Nguyén Sy Phong, 10a, PTCT Dai hoc su
pham Ha Néi ; Nguyén Thi Minh Huong, 11A
PTCT Dai hoe Su pham Vinh ; Nguyén Quang
Nguyén, 11CT, Nguyén Hué, Ha Tay ; Nguyén
Khanh Quynh, 11A_, PTTH Phan Dang Luu,
Yén Thanh, Nghé An ; Phem Hoai Ldng,
11CT,, trudng Luong Thé Vinh, Bién Hoa tinh
Dong Nai ; Nguyén Hiau Chit, 10T, Lam Son,
Thanh Hoa ; Trén Nam Diing, 10CT, Phan Boi
Chéau, Nghé An.

929) ¥ tudng co ban ciia 1&i gidi bai todn trén
la chuy&n viéc xét ban kinh hinh cdu noi tiép ti
dién sang dién tich toan phédn ctia né (nhd hé
thiic rs = 3V = const) va tdch S = S, +8,, rbi
tim gia tri nhé nhét cla ting téng S, cing nhu
S, bang cach sit dung phép chiéu vudng gde,
chuyén bai toan hinh hoe khoéng gian vé bai
todn cta hinh hoc phang dé giai hon ; cu théla:

A A
S, = s$(MNP) +s(MN@) = min <> chu vi
tam gidec OP’'Q’ = min.
3°) Déng tifec, c6 ban di ngd nhan :

fiy A A
s(MP@Q) + s(NP{) = 2s(RPQ) , trong dd R la
trung diém cta MN ; cing thé
A

A A
S(PMN) +s(QMN) = s(SMN) , trong dé S 1a
trung diém caa IQ ! ! !

Hodc cd ban d& ngd nhén rang tam gidc PQT
la vubng o T'! !

Trong dé T la dinh thi tu cta hinh binh
hanh P, QT , v6i P, = PP, Lxva @; = QQ; L
nhu da ki hiéu trong loi gidi trén

NGUYEN DANG PHAT
Bai T10/225. Trong mdt phdng cho ngi
gide déu A ALAA A ¢6 canh bing a va mot
duimg thing A. Goi M, , M,, My, Msub4 , M
la hinh chiéu vuong goéc ciia cdc dinh A,
A_?, Ay Ayva As trén A. Ching minh hé thic :

MMM MEAMMAM MMM = -
Loi giai (Dya theo Nguyén Sy Phong, 104,
CTDHSPHNI1 ; Tran Nguyén Ngoc 11B, A
DHEKHTN, va Phan Huy Hing, 12CT Dao Duy

T4, Quang Binh), Tran Nam Ding, 10CT,
Phan Boi Chau, Nghé An).

Ta xét bai todn tdng quat véi n— gide déu
A AZ"‘AE("' = 5). Lay m6t di€m O nao dé trén
alo3s (hing A (da ddce dinh huong) r6i lan
]ﬁqt_fu._mg vectd
OB, =AA; ,,(i=1,2, .. ,n,voiquy ude
A ., =A,)). Goi B’ 13 hinh chiéu clia B, trén A ;
théthi: B, B, , .., B, Ia cdc dinh ciia mot n—
gidc déu ndi tidp dvong tron tam O, ban kinh R
= g, va ta dugce :
o e Do
(OB;, 0B, , ) =ﬁ=-;
Goi x 1a gde tao bai A va A A,, cling tiic 1a
x = (A, OB,), tadudc : (A, AA;, ) = (4, OB, =
x+(E-1)f(lsi=<n)va:
MM, ., = OB’; = acos[x + (i — 1)p]

n n n—I
S MM,,,=> OB?=a? Y cos?(x+kf)=a’s,
=1 i=1 k=0
trong do :
B R
— 2 -+ _—— xS
8 ngcos (x +kfB) 2.+ zkzacos{zx + 3kB)
Ta ching minh ring

i

2
kggos(zx +2kf) =0 ( = T:l,_) .

Béng cdch su d'-.lnfﬁﬁnﬁ thitc bién ddi lugng

giac, cd; thé é ang thdy rang
i

2sinf ( Y cos(2x + 2k ) = 0 . Tuy nhién, ¢d
% =0

thé ching minh nhu sau bang cich su _dung

vectd : Trén dut_mé tron don vi (w, 1), dé thdy

cdc didm 2kE = & —}f— (B=0,1,..,n-1)1acic

dinh P, iﬁa mot n- gidc déu sao P\P,... P_

=i _—
nén ta ed » Py = 0 . Chi€u t4t ca cdc vecto
——r k=1 >
wp,, lén truc cosin, ta duge :
n—1 -

zcos(,?.x +2kf)=08uyra:s=-.Tiuds
k=0 s

o 2

n

2
na
ta dugc 2 MMf+ =g Bai todn da cho ting

i=1
vi truting hdpn = 5.

o
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Nhan xét : Nhidu ban tham gia giai bai
toan trén va cho 18i giai ding ; tuy nhién phin
dong cdc ban cho ldi giai khéng duge gon ldm.
Ngoai bon ban néu trén, cic ban sau day cd 1di
giai ding.

Ha Néi : Bui Manh Hung, 9H, Vi Tdt
Thang, Nguyén Vinh Chi.

Ha Béac : Dang Hoang Viét hir ; Vinh Pha :
Dao Manh Thing.

Ha Tay : Nguyén Quang Nguyén, Hoang
Ngoc Loc ; :

Hai Hung : Dang Thanh Trung, Phiing Dite
Tuén, Tran Hoang Viél, Hoang Thanh Hdi

Hba Binh : Trén Quang Huy, Phing Minh
Dite ; Ha Khianh Toan

Nam Ha : Nguyén Anh Hoa,

Thanh Hoa : Vién Ngoc Quang, Nguyén Van
Thudn, Luu Truong Huy,Nguyén Ngoc Hung,
Lé Thi Mui, Nguyén Anh Duong

Nghé An : Lé Van An, Nguyén Héng Thung,
Nguyéen Khinh Quynh, Nguyén Thinh, Ho
Huu Tho, Nguyén Tri Diing, Dang Pitc Hanh,
Nguyén Thi Minh Huong Ha Tinh : Phan Thi
Nhat .

Quang Binh : Hoang Manh Cuong, Nguyén
Minh Tudn, Nguyen Huu Chu

Quang Tri : Nguyén Ngoc Tudi.,

Quang Nam Da Nang : Huinh Ki Anh,
Nguyén Tién Diing, Nguyén Phuong Trinh
Khanh Heéa : Trian Tudn Anh, Nguyén Minh
Hoang

Buén Ma Thuét : Lé Hoang Sit

Déng Nai : Pham Hoai Lang,

Lam Déng : Phan Thanh Hdi

Thanh phé H6 Chi Minh : Nguyén Viét Citong

Bén Tre : Luong Xuén Thiy

NGUYEN DANG PHAT

Bai L1/225. Cho mach dién nhu so do trén
cho biét R = 3Q ; C = 3000uF. Hai diu M, N
clia dogn
mach duoc
ddt mat hidu
dién thé xoay
chiéu. Coi
dién trd hoat R 2
déng cua T
cudn cdm va
ciia ddy day Mo N
lon néi rdt
nho khéng dang ké. Hay xdc dinh hé s6 ty edm
L etia cudn edm biét rdng cac hidu dién the’uMB
(gida M va B va ugy (gita B va N) lénh pha
nhau mot goc o = 90°,

Huéng déan giai. V& gian dé vecto (hoac
dva vao cong thife tinh do léch pha) sé thay Biyied
nhanh pha hon i mét gde 1, CON Uy cham pha
hon i mét gde ¥4, 6 do 16n xdc dinh bai

8

. (Nam Ha),

hitps:/isites. google.com/siteletrunglienmath

Lo | 1 Bl
gp; = R va igp, = m.ThEﬂ dé baltpl

1
= 6o e £y 2
+p, = 90° suy ra igp, = cotgp, = —tggo2 , Tt ra

L = CR*= 2TmH.
Nhin xét. Cdc em cd 15i giai ding va gon :

" Doan Dinh Trung 11L, PTtH Hanoi -

Amsterdam ; Pham Anh Ding, 11 Li Hda,
PTNK Hai Hung ; T6 Quang Chinh, 11A
PTTH chuyén Thai Binh ; Nguyén Quéc
Nguyén, 11 Li, PTTH Phan Boi Chau, Vinh
(Nghé An) ; Nguyén Trong Nguyén, llAz, Le
Quy Don, Da Nidng (Quang Nam - Da Néng) ; -
Tran Quang Vinh, 11 Toén, chuyén cdp II-111
Lé Khiét Quang Ngai ; Vii Quée Khdi, 11B,,
PTTH Bim Son, Thanh Hda ; Nguyén Ngoc
Titng, 11 Li, PTTH Dao Duy T#, Quéang Binh ;
Lé Quang Thanh, 11CL, chuyén 1é Quy Don,
Quang Tri ; Dao Manh Théng, 10A, chuyén
Hung Vuong, Vinh Phi ; Nguyén Van Phuong,
11 Toan 2, PTTH Lé Héng Phong, Nam Dinh

MA

Bai 1.2/225. M6t qud céu nhé cé thé truot
khéng ma sat theo mét mang truc ban kinh R
ma truc nghiéng mot géc o so véi phuong nam
ngang ; do dai ciia mang la l. Quy dao ciia qud
cdu cat bao nhiéu lan dudmg sinh AB ciia mang
néu ban déu tit A qud céu chuyén déng vdi van
toc bi theo phitong vudng goéc vdi AB.
_, Hudpg dén giai Phan tich trong luc
P = mgtacdunglén qui cdulam 2 thanh phén:

= Thanh phan doc : theo truc mang mgsine,
lam cho qua cdu chuyén déng doc theo méng
voi gia téc a = gsing ;

~ Thanh phén vudng gdc véi mang, nam
trén mat phang vuéng gde véi mang, mgeose,
vi ban ddu qua cdu chuyén déng véi van tée nho
theo phuong vudng gée v6i AB nén thanh phéan
nay lam cho Gué cdu thue hién dao dong véi chu

B2 g Vi g = geosa:
Théi gian qua cfiu chuyén déng trén doan
\{ 21 q 2l
B i gsz'n.a'
56 lan quy dao qua cdu cat dudng sinh AB.
N=2.;f=i %cotg:z
Nhan xét. Cac em cd 16i gidi t6t : nguyén
Thanh Chinh, 11 Toan Li, PTNK Hai Hung ;
Nguyén Quang Tuong 11CL, PTTH chuyén
Phan Boi Chdu, Vinh (Nghé An) ; Phan Anh
Ding, 11 Li, PTNK Hai Hung ;

MAT ANH

PR —
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PE RA KI NAY

CAC LOP THCS

Bai T1/229. :

Cho3s6duongx >0,y>0,2>0:

Chiitng minh :

: Ll Tilps iy

yz+ )| —A—+—|+-++-zx+y+2+6
A e ST

Ddng thitc xdy r& khi nao ?

NGO THE PHIET
(Qudng Nam — Pa Ndng).
Bai T2/229 :
Tim nghiém nguyén cia phitong trinh -
x? +x° +af + 2% = 271440.
BUI QUANG TRUGNG

(Ha Ni).
Bai T3/229 :

Gidi phitong trinh :
(x? —3x +2)(x? + 15x +56) +8 = 0
PHAM HUNG
(2 NGi),
Bai T4/229 :
Cho tam gide ABC vdi cac canha =5, b =
6, ¢ = 7. Tinh khodng cdch gida tam duong
tron noi tiép va trong tam cia tam gide do.
DANG KY PHONG
(Ha Noi).
Bai T5/229 : e
Trén mat phing cho goc xOy c6 dinh. ( xOy
= 60"). M6t tam gide can MAB (MA = MB = a
khong déi. AMB = 120°) thay déi vi tri sao cho
hai dinh A, B chay trén céc tia tiong ing Ox,
Oy. Tim quy tich cia diém M.
TRINH BANG GIANG
(TP H& Chi Minh).

CAC LOP THCB
Bai T6/229 :
Cho day s6 x, théa mdn 1 < x, < 2va

1 2
Xy =1+x, —Ex;h‘n =1

Chiing minh rang déay x, hot tu va tim gici
han cita no )
TRAN XUAN DANG
e {Narm Ha).
Bai T7/229 :

Cho ham s6 fix) lién tuc trén [0, 1], 6 dao
Jam trong (0, 1) va f0) = fll) = 0. Chiing minh
Fang ton tai mét sé ¢ € (0, 1) sao cho el =
1996f'(c).

Hoi két lugn ciia bai toan c6 thay déi khong
néu flo) = fill) = m, vi m la 86 thie khée 0 cho
trudge ?

LE HOANI PHO
(£ Néng).

Bai T8/229 :
Tim. tdt cd cac 56 thuc duong a > 2 sao cho -
[Q-ta

al *af )1 8
HO QUANG VINH
(Nghé An)

Bai T9/229 :

Goi AA;, BB, la cdc dudng cao trong AABC
nhon va trung tuyén CM ciia né giao véi duong
tron ngoai tiép AA;B,C tai T, con trung tuyén
CM, cia tam gide A,B;C, giao vdi duong tron
ngoai tiép AABC tai T,;. Chung minh ring T,
doi xing vdi T qua duong thing AB.

. LUUXUAN TiNH
{Thanh Hda).

Bai T10/229 :

Cho tit dién ABCD, trong tam G, noi tiép
mat cau (0). AG, BG, CG, DG theo thit tu cét
(0) tai A}, B), C,, D,. Chitng minh réng :

GA|+GB +GC,+GD, = GA+GB+GC+GD

_NGUYEN MINH HA
{Hdi Phing).
CAC PE VAT LI

Bai 1.1/229 :

Mot con lac 1o xo c6 khéi lugng m = 200g va
dao dong vot chu ki T = 2s. Tqi thoi diém t =
Is con ldc ¢b van téev = =25 V2x . 10 3m/s va
cé thé nang w, # 125 x°. 107°J, Hay viét
phuong trinh dao déng ciia con léc va tinh
nang luong ciia no,

DO VAN TOAN

(Nghé An ).

Bai L.2/229 : .

Cho mach - E=8ov
dién vé bén, __‘:!‘-lk—
g o i 0
189, dien ke | "E“’R &7
G chi 0,84,
vén ké chi Ro= 400 Ay
24V. £

1) Tinh
dién frd g cia
dién kéva R, Rp=l508

cua von ké

2) Tinh di¢n tr x trong 2 trusng hap chuyén
x sang {/ AB thi :

a) Dién trd toan mach ngoai dat cong sudt
citcdai P, .
b) Dién trd x dat cong sudt cue dai P s

TRAN VAN MINH
(Ha Noi)
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PROBLEMS FOR THIS ISSUE.
For lower secondary schools.

T1/229. Let be given three positive numbers

x>0 y>0,z2=0.

Prove that

S et e
(xyz )(:c Y z_) i Ui

When does equality occur ?

T2/229. Find integer—solutions of the
equation

o+ +x! +2° = 271440,

T3/229. Solve the equation :

(x? —3x +2)(x° + 15x +56) +8 = 0.

T4/229. Let be given a triangle ABC, the
sides of which area = 5,5 = 6, ¢ = 7. Calculate
the distance between the incenter and the
center of gravity of ABC.

T5/229. In a plane, let be given a fixed angle
x0Qy, xOy = 60°, Find the locus of the vertex M
of variable isosceles triangle MAB, where A is
a moving point on the ray Ox, B is a moving
point on theray Oy so that MA = MB = a is
fixed and AMB = 120°.

=zx+y+z+6.

For upper secondary schools.
~ T6/229. Let be given a sequence of numbers
{x,} satisfying :
1l <x, <2,

1
gl =k —Exﬁ,‘dn > 1.

Prove that the sequence {x,} has a finite
limit and find this limit.

T7/229. Let be given a function f(x),
continuous on [0, 1], having derivative on (0, 1)
and such that f(0) = f(1) = 0. Prove that there
exists a number ¢ € (0, 1) so that fle) =
1996f(c). Is the conclusion still true if in the
hypothesis, f(0) = f(1) = m, m is a given
number, m = 07

T8/229. Find all real number a > 2 such that

1

J'_._{.l;tz.}.'_dr_z

ot +a? +1 8

T9/229. AA, BB, are the altitudes of the

acuteangled triangle ABC ; the median CM of
the triangle ABC cuts the circumcircle of
triangle A B,C at T ; the median CM, of the

triangle A B C cuts the circumeircle of triangle
ABCatT, .

Prove that T'| and 7' are symmetric through
the line AB.

T10/229. Let be given a tetrahedron ABCD,
inscribed in a sphere (0), the center of gravity

of ABCD in G. AG, BG, CG, DG cut the sphere
(O) respectively at A, B|, C|, D, . Prove that

GA,+GB,+GC,+GD, > GA +GB + GC + GD.

DAY FIBONACCI VA MACH DIEN

Ddu théng thit nhdt c6 mot doi tho con. DAu thang thi 2 1a
co doi tho 1dn, Déiu thén}g thil 3 tha dé, ta cd mat doi tho 1on va
mot déi tha con. Déu thang thilz ta co bao nhitu doi tho ?

‘Gidi ; Goi 50 thd ddu thang thil s 14 un, ddu thang thin +
1 56 thé dy vin s, nhﬂnﬁ};ﬁ thém nhing con mdi dé. S6 ddi
thd mdi ra doi déu thang thits + 1 bing s6 doi thd o mit trude
dd hai thang, tdc 14 bing tn — 1. Ta co cf&n(gllhilc co ban
by +1 = Uy +.uri =

Dufa viio cong thile niy ta lin lugt viét ra dude s8 dai tho
diu cic thing lién tidp :

=1l uz=lwa=2, 1 =3 us=5us=8ur= 13 us
= 21, u9 = 34, uyp = 55, ... DO 1a day sﬁ‘Fihonacci.

Nha toan hoe kiet xudt thai trung co 14 Fibonacci (1170 -
1250) da diit ra bai todn tho néi trén va gidi bai todn do. Khao
4l ki hon, ta thiy

IC_‘_’n _ﬁn

tn = —5— @

wi o= [ - (3)

Cling ¢6 thé viét kél qua nay dudi mit dang khac :
. n
n = | Tz | 13m tron thinh s6 nguyén gin nht

Vdin = 39 ta o up = 63245986,

1 Day Fibonacei of ding dung trong Ki thuat hién dai. Trong
bai nay chi néu mot dng dung nho. Xét mach dign vE trong
hinh. Cic dién trd déu t%ng R, ta hay tinh cAc cudng do dong
dién f1, f2,.... 110 di qua chc dign tré dé.

10

Rra Ra Re Ry Rz

Gidi - Hieu dién thé cna dién trd) R3 biing tdng higu dién
thé clia R1 va R, tdc 1a

IR = IR +hR

h=h+h4)

Miit khac 74 ré thanh Iz va [3 nén

Iy =+ I3(5)

So sanh (4), (5) vi (1) va nhén xét rér;g I = Iz ciing nhu
uy = uy, ta thiy N, I, ..., fio ti 1€ vdi cic s6 hang cda 54 liét
Fibonacei.

Ta c6 U=IR+NoR=(fo+110)R=89NR vi notu10=8%1.

V

Way b= 20R .

h=201s=3h,.. . Jio= 55N

Dién trd tuong dudng cla toan mach la

U 89

T 55
NGUYEN DUNG
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10 i i thi ot e ol thing

Khi giai toan hinh hoc khong gian, dé tinh
thé tich ctia mot tii dién hodac cacdai lugng hinh
hoc ta hay diung cdc cong thic quen biét sau ;

V= 3 Bh (Bladién tich ddy, h 1a chiéu cao)

V= %AB.CDMNsina (AB, CDlacapcanh

doi, MN 14 do dai dudng vubng gée chungeda AB
va CD, « 1a gdc giita hai canh AB va CD),
Jv= -é- SIP.HSIP 14 dién tich toan phdn cta tii
dién, r 13 ban kinh hinh cfiu néi tiép t1i dién) v.v...
Tuy vay, cd nhitng bai todn néu ding céac
cong thic trén dé€ tinh thé€ tich hoac tinh cdc
dai lugng lién quan nhu gdc nhj dién, khoan
cach tir dinh t6i thigt dién v.v... thi tuong déi
phde tap, cd khi gap phai kho khan. Bai viét nay
mudn gidi thiéu moét edng thiie tinh thé tich tii
dién va dng dung ciia no.
Ménh dé : Cho ti dién ABCD, goi AB = a ;
S,, S, la dién tich cdc mat chung canh a, @ la
dc nhi dién gitia hai mat'dd, khi dd thé tich ta
ien ABCD

el (1)

AB.DJ(Clsine)
2S48p 28 4pc .

i 28, sific
6% .Tsina-—“T{dpmn]
Sau day 12 mot s6 bai todn 4p dung.
Baitoan 1:Cho ti dién ABCD, ede mat ABC
va ABD lan luot codién tich lapvaq, vagocgiita
chinglac. Haytinhdiéntichciiathiétdién qua
canh AB va tam hinh cau néi tiép tit dién.
Bai todn cho biét A

dién tich ciia hai mat ;
chung canh a va gdc
gilta2matddgoichota
sudung(1)

iai : Goj = '
S 18 dign E‘féi"lﬂ thict
dién cdn tim. Theo &

1) taed :

0 LANA WG et i o

TRINH VINH NGOQC
(Ha Tinh)

28 4pc - SyppSina _ 2 pgsina

Vagcp = 3 T
Do thiét dién di qua tdm hinh cdu noi tiép nén :
e S
ZSABC'S'SIHE ZSABD.S.SIHE 5
VaBcp = i + % i
Tir (*) v (**) taed : 2
ERaE :
2 pgsine gpSs:m*. 5 +E gSsin 5
T R 3 @
ancos%
=8 =

+

Bai tD:_ilJ'? 2 :q Cho hinh chép tam gidc déu
SABC. Goi « la gée gitta magt bén va madt ddy
B la géc giza hai mat bén ké nhau, Xac dinh
quan héfn?a ava f.
(Cau Z-Dé 104 - Bodé thi tuyén sinh dai hoe)

Cau n%y'dﬁ dugc giai trong hudng dan fg1'€1i
dé thi E.g n sinh bang phuong phap : chiéu tam
giac SAB lén mat 8

han (s
Sgap-COS 5 réi

bang t?ll:é tinh

toan ¢ o
a i
mudn t%n}i; bay 4
cich giai ding
cing thic g voi

e ke Giki. Ta od
l.rngu?rén rong hudng dan giai. Ta cd :
2§ABS‘ 5.4cS100 _ 285p¢ - S4pcsina .
3SA g 3BC i

bing thé tich cia ti dién S, ;).
Sgap-sinf S, pcsina

5. e
BASAsing _ AIBCsina

A

SA i BC
hay B.Jsinf = Aﬁiéna (i). Dat BC = x ta cd
x
BJ =——p Al =~ ThayBJ Al'vao()taduce:
2sin 9 2

xsi 3
a8 xV3 bt S L V3sine (ii)
i i Fagas 2
in § 1

Vay (ii) chinh la méi quan hé giita « va §.
Két qui nay gon hon két qua trong hudng din
gial nhiéu. i

Bai toan 3 : Cho #if dién SABC ¢ SA 1
(ABC), nfg._;_gi_f_én canh S% nhi dién vudng, J‘-EB
= aV2, BSC = 45°, ASB =a (0<x<3).
Xde dinh a dé nhi dién canh SC bing 60°

(Cau 3 — D& 55 — B¢ dé thi tuyén sinh)
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Balnaidadumgm
bang cdch dyung mat
phang di qua A va
vudéng goc voi SC, ti
do xac dinh gdc nhl
dién canh SC, roi tih

GoiS|, S, la dién tich cdc mit chung canha

8,8 la dlen tich cdc mat chung canh b

a’m, h 1a do dai cac canh ctia mat ¢ dién tich
5, ;a,y, #1acac gdc nhi dién tudng ting cac canh
a, m, n. Goi H 1a chan dutng cao td dién ha xudng

5
""%}\é’a
| \1
| kY

b

tga mac dii d cau 2 éu e e € mat cd dién tich S,, va h, 1a d¢ dai ctia nd.
i buté?ﬂlgﬁ& qha ca \ /e Talcd P SaHE + Sm ic TScua = S
i)d;m ;ﬁﬁ ;hgﬁlérll} th; g <= [ah cotga + mh cotgy + nhcoigh] = S
iai: Taed : VZadsin2 B <=2ah cotga +mh cotgy +nh cotgh = 28, (%)
vel Loianpe- VZasin2a Do a7, 8 bién thién £ 0° dén 180° nén (%)
R : 6 vin dunﬂ cho trutimg hop H nam ngoai AABC.

SC = 2a, SA = a V2cosa

AC' el 1f2(1 + sinza] . Thay A, = S_l vao (*) ta dude acotga + mcotgy
= alcosa Y1 +sin’a 2
nén &ggg {1) ta dn'rb};c ¥ 251 (+%)
ﬂﬂsmﬂa Zaz(a cosa: V1 + sin“a )sin60” neotgh = BT

Viét cac dang thde tuong tu (**) cho cdc mat
3 cd dién tich S,, S,, S,, sau dé cong cac dang
_E thuc cia mét & dién t ch %j_ voi dang thiic cla

6 6a
«==2{2 sina = V3(1 +sinz) =ssinla

3 mat cd dién tich S, roi tri di ding thie cda cdac
S .1’_ (OO o . ) e W matmménmq:h.‘i" S, ta nhan dugc
5 2 acotge - bcﬂtgﬁ = (52 55 55 —S {3V

= a’cotgia + bicotg’p - Zabcotgr:zcotgﬁ i
(8% + 82 - 8% -8HHOV2

arcsin
Bai toian 4 : Ching

: : i e 1
m,.uzh‘rango !.‘ro’ng mot i Thay mtgza = — -1;cotg’f = —— -
tiién tich clia cdc cap canh sin“e sin<
déi chia cho tich cic sin 1 van ding thdc trén ta cd
ciia cdc nhi dién cita titng a2 b2

— (a? + b% + 2abcotgacotgf)=

cap do la bang nhau (dinh

e L]
_ Ii hiam 86 sin cho tit dién). g az SI? A a2
; Giai : Xét td dién (ST +55-55-8) >
| ABCD. Giast AB=a,CD =b,a vaﬁ lan lugt = : Nhung theo cong thiic
1a gdc nhi dién canh a, b. 9V
301 S L =3 ABC: ‘52 = SamD 1 28,8 sina 14 45352
'I‘Een( ])'_‘\:(ﬁ cd s L0 . LERE R e e = SinE; gy2
¢ 28,8,sina : 28,8 sinf 52 45252
Vapen = 3 s VaBCD = b Tuong tu e &
28,8 sin 25334511;,5 s’ OVE
o = Thay vao didng thiic d trén ta thu duge :
S,8,sina S S3Sdsin,r3 a?.  + b2 +  2abcotgacotgl =
e ; i} 4sis} ]+ S3-3-p?
458,58, — .
=ab =sinasinfl = ———— (V= "V, up) W W * 9wV
3 hay a* + b° + 2abcotgacotgl =

Ap dung tudng tu cho cdc cap canh déi con
lai ta ed didu phai ching minh.

Baitoan 5:Gidsita,
b la dé dai cap canh doi
cia 1t dién ; a, f lan
lwot la goc nhi dién ciia
cde canh nay. Chiing

452S% + 45357 — (81 + 8% — 8% - 89)*
9v?
dai lugng khéng déi.
Vay M = a?+b% + 2abcotgacotg khong phu
thudc vao cich chon cde cdp canh d6i nhau.

la mét

minh rang dai luong
sau khongphu thudcvao
cach chon cde cdp canh
ddiecta ti dién :

M = a? +b? + 2abcotge cotg
Giai : Xétti dien ABCD. GiastAB =a, CD =0

12

(dpcm).

Nhu vay, tif nhitng cong thie da hoc, bang
cac phép suy ludn don gian, ching ta co thé
thiét 1ap duge nhitng cong thic mdi ma viéc van
dung nd viao gidi todn cd nhiéu thuan lgi. Cu
tiép tuc theo cach nay chdc cédc ban sé tim ra
nhiéu diéu méi mé va li tha.
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Hoc sinh tim toi

RlﬂT PHCONGPRAP NG NIVE CCBAT D% THEC Al i

LE HOANG ANH, BUI pUC HOANG, T RAN VINH LINH,
DANG HUU MINH, NGUYEN QUGC TUAN
Lap 941, Trudmg PTCS Gidng Vi, Ba Pink, Ha Noi

Céc ban than mén, chac cac ban da quen
st dungbat dﬁng thire Co—sicho 2 56 hoac nhiéu
86 d %zu mot 6 bai todn vé bat ding thic
(BDT).0 day ching téi xin trao déi cung cac
ban mot phﬂdn hap don fg‘lén dée churn minh
mot 80 bat dang thic dais g ],z ap su
gzng hang déng thic va cac bat dang hife eo

n sau :

a’ = 0 ddng thic xdy ra khi va chl khig =0
ab >0 khl vachikhia, b cunég
Gia thtet riang ba s6 a, b, ¢ khéng ﬁm via =

maxia, b
BHT (Bat ddng thée 1)
a*’-+b’-+c3_3ab+bc+m ]

, Chitng minh. Khong mdt tinh tdng quat, gia
su a =z b = c. Xat iéu
A= (a® +b62 +¢2) — (ab +bec +ca) =
ala —=b) +0(b —c) —cla —b +b —¢)
= (a —b)(a —c) + (b —c}fb —c)=0

Tit dg suy ra diéu phai ching minh.
BD.T.2a®+53+¢3 = ab? + b2 + ca?
Chitng minh. a) Néua =2 b =2 ¢ = 0 va
a’ = b? = ¢? = 0. Xét hidu
A, = (a® +b3 +¢3) — (ab? +be? +ca?)
.La[az b2) + b(b* —LZ% =c(a?~b*+H?—c?)
(a® —b%)(a —c) T2 —c)b—c) =0
béweua:‘-c =bz=0vaa‘zbizelz20.
idd
A, = (b —a)b?* —c?) +(c —a)(c? —a?) = 0
Tt do suy ra diéu phéi chiing minh.
B.D.T.3a* +b* +¢* = ab® + be? +ca?
Chm.ag minh. a) NSua 2 b 2¢ 2 0 va
a® = b3 = 3 = 0. Xét hieu
Ay = (@' +b* + ) — (@b +bc3 +cad)
—a(a"’—bg +b(b3—c F‘)-—c(a:" - b3 + 33
(@* =)@ —c) + (b3 = ¢ );(b —0=0
_b}Neua}r,b:*Ova =c32b3=20.
Khl do
= @b —-a)b? - +(c—a)3 -
Tu do suy ra diéu phai ching minh.
B.D.T4a* +b* +c* = o202 + 522 + ¢2a?
Chitng minh. Gidstia? = b2 = ¢2 = 0.Xéthiéu
= (a* +b* +c%) — (a%? + b2 + c2a?)
=n‘.2{a2—62) .H,z(bz_cz] _C2(32_52+152_c2)
= (a? —b%)(a? —cH) + (B A2 —eD) = 0
Tt dd suy ra diéu phai ching minh.
Mot cdch téng quat, ta cd thé ching minh
bét dang thife sau

B.D.T.5 " +b" +c" 2akb" bkt ckgn
Chiing mmh a) Néu a*=bk=cf va
a ™k 3 gk 5 gtk Xét hiéu
A=(a" +b" +c") — (@b F + b & +cka" k),
£ ( et bu—k) +bfr (brz—k cl:—k) %
_,c.k (au bn—k + ph — cr!—k:l

|

a®) =0

Ag=(b*

=(a —bk){a” —k _pn —k) +(bk—li‘k} (b" —k _(Jr—k};.a
b) Néu cEaeabal va

a" % = "k = ptk = 0. Khi do

—a¥) (B ¢ Ry (K —ah) (¢ E—a

Tt dd suy ra diéu phai chiing minh.
BD.T6
n

L
k
a3 afan,
i=] i=1
trong do a;=a,, 20 (i =
wt1=@pm,EEN,0<k <m.
Ch:m minh. Theo gia thiét ta co
afzaz .. zaf

afln—k = am—k o a::i—k
Xét hiéu
= (a7 + ﬂm S
_fﬂ, th—k +ak m —A_|_ ‘Hl" lam—k_f_ai'a.rlri —k}
i [(I'!‘ {'am i J?i'—.n:) +Ct,2 (a_#z}ti—.-'f = tl‘f{l _k)+._.

+ a,” | (a”’_" —rx’”_"f)

- [(a

n —A'} =0

| B
[0

B a)ﬂ jEL

J{:um o o aln —k} e

(am —f am—k s am e i arn—k s a!?:—k)]
){'am—k —(I';:I -k}] =0

Tit dd suy ra diéu phai ching minh.

Béang phuong phép hoan toan tuong tu nhu
trén, ching ta co thé ching minh duge cic bt
dﬁng thidc sau cho cde 88 khéng am :

- }(a!]ri —k __aHr -."c) _,.(a

+ (ﬂn

BD.T.7T a?+b2+¢e2=vVa% +Vb% +Vca
BDTS8 &34+l =aab +bWbe +cea
BD.T.9 a4+b4+c4 = aWab +b6Nbe +cNea
BD.T.10 :

Ea aza New

d day aﬂﬂ = a,.

Chung t6i duge biét tat ca cac bat dang thuc
trén cung ding cho trutng hop s6 mu ciia a, b,
¢ (hodc cua a;) 1a cdc s6 thuc bét ki. Do khai

niém "liy thifa vdi 6 mia bat ki' chua duge dé
ciap dén trong chuong trinh phd théng co s4,
nén chiing toi danh ditng sy tim toi ciia minh &
day. Qua muc Hec sinh &im toi cia tap chi
THvTT ching téi rdt mong cd nhiéu dip trao
déi voi tdt cd cdc ban yéu thich toan hoc trong
ca nudc.
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DQH}\ Cl\i} cac bﬂﬂ ﬂhMG.l"l F}l {'kl Voo aﬂl l’lOC

e

Cht di€m bat dang thic ludnﬁfa,gla{: trong
tam gide vita hay, vuaﬁ& y nhiéu lo lang cho cdc
ban chudn bi thi vao Dai hoe. Mua thl vao Dai
hoc nam 1995, nhiéu ban du thi da phai bd tay
vé bai toan nay trong dé thi vao trudng Dai hoc
Ngoai thuong va Dai hoe Quéc gia. Trong bai
toan nﬁy toi xin cling cac ban tim hi€u mét lop
t ding thic quan trong trong tam gide

mﬁ nh1éu h;—m chua quen.
Bai toan xuit phat 1 : (Dé 120.II) Néu x,

¥, x € [0 ;7] thi :

sinx + sin x+

la, —rz-‘;r—-‘zésm =
: sinx + giny + sinz x4y +z
va 16, ‘y GsmL.

(Cac ban dé dan chtr g minh hogc xem trong
bét cif cubn sdch bat d tlg thue nao |

Tit 1a, cdc ban sé co : Néu A, B C 1a géc
trong tam gide thi

Cc

1 A+B z

—(=i +si [ — 7 9

2(51nA sinB) < sin 3 cos5 va dang
thie chi xdy ra «<cos =]«A=R.

Tuong ty ta cé 2 bt ding thic nita va cong
ting vé cua 3 bat dang ,t{huc 88 ¢d :

sinA+sinB + sinC=cos -2-+caa 3 -I-cosg A1)
Déng thitc xdyraesA = B =C.
Phéi hop vdibit ding thie Bunhiacopskithi:
VsinA +VsinB < V2(sinA +sinB) <

o . =2
cos 5 = cos

'I‘Lto‘ng tu cd 2 bat ding thic nita va cong

tﬂn\flr%icﬁ+ ?ng%_dji_ ta suy ra :

smC <
V : j ﬁ
cos & + cos =
Dang thic chi xay ra«=ﬂ G, day chinh

la dé& Dai hoe Ngoai thudng nam 1995.

Tudng tu phép ching minh la, cdc ban c6
thé théy :

sin2A + sinZB = 2sin(A + Blcos)(A - B) <
2sin(A +B) = 2sinC va ti dd suy ra :

sin2A+sin2B+sin2C < sinA+sinB+sinC(3)

Tit d6 dé dang suy ra :

* Tam giac ABC 1a tam gidc dbéu <=sinAcosA

+b +

+ sinB.cosB + sinC.cosC = i : . (Dé Dai
hoc T8ng hop Ha Noi Khéi D nam 1994).

* Tam giac ABC la tam gidc déu <=2(acosA
+beosB + ccosC) = a +b +c¢ (Dé Dai hoe Ngoai
ngit Ha Noi nam 1994).

14

LE THONG NHAT
(Ha Néi)
Bay git tit 1b, cde ban suy ra ngay : trong
moi tam giac ta co
. . ke IS
sinA +sinB +sinC < e (4)

A
gin — +sin— +sin— = —(5)
Phoi hop vii bat ddng thitc Co—si thi ed thém
cac bat dang thic :
3
sinA . sinB . sinC = vg-g—_ (6)

e S
sir Esin —sin— = 1/8 {1
(T4t nhién cac b4t dang thic nay cd thé
ching minh bang nhiing con dutng khée !)
h.litmin xudt phat 2: Néux, v,z € [-n/2 ;

7/2] th
sk
2a, 3 (cosx + cosy) = cos
cosx + cosy + cosz x+y+z
25, 3_)' < co8 -—g—

(Céc ban cting tu ching minh bai todan nay !)

O day cdc ban cén lvu ¥ diéu kién cliax, y, z
d€ van dung cho ding vao tam gidc. Tuong tu
con duding da di tit bai todn xudt phat 1, cacban
sé dude : Trong moi tam gide ABC thi :

cosé+c03—+cos—e££ (8)
2 3 2
A8 € NG e ©)
caszcoszct)sg g

Trong moi tam gide nhon ABC thi :

: A B "5
cosA+cosB+eosC=sin —+sin — + sin 7 (10)

= 2
VeosA +VeosB +VeosC <.

LA B ol
ﬁ'\jsmg +'Jsm§ +'¢sm‘2 (11)

(Bat dang thite (10) con ding vdi moi tam
giac!)

Bai todn xudt ph4at 3 : Néux y, x € [0;7/2]
thi:

e tgx ;tgy e +y
tgx +itgy +igz xtytz
3b, 3
Ching minh :
tgx+tgy sin(xty) sin(x+y)

2  2cosxcosy cos(x+y)+cos(x—y)
sin(x +y) ) F Ay
1 +cos(x+y) 2
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Tt 3a, chuyén sang 3b, tuong tu nhu tir 1a,
sang 1b. Tit d6 ta cd : trong moi tam gidc nhon
ABC thi :
tgA +1gB +1gC = 3V3 (12)

A B C
tgA +th-|-th.>:-cotg§ +cotg +cotgy (13)

VitgA +\igB +VtgC =
téi-' rE+"jt£(14)
cog2 cog2 cog2

(Ggi y ching minh (14) : ching minh
C
tgA . tgB = coig? s =igA+gB> 2NigAtgB

el C
> 2¢otg 5 Suy ra (VigA +VigB)? = deotg o

’ 3
=VigA +gB=2 cotg—g- ).

Tt 3b, ta cd : trong moi tam gidc thi :
A B C
g5 +tg§+fg§;ﬁ(15)

Bay git cdc ban hdy d€ y : trong moi tam gide
thi cosA +cosB > 0 nén sinCfcosA + cosB) <
cosA + cosB, s& cd 2 bit dang thdc tuong tu va
cong titng v& clia 3 bat dang thic ta cd :

sinfA+B) +sin(B+C)+sin(C+A) < 2(cosA
+cosB + cosC)

Ba bit ddng thic khong thé déng thdi trd
thanh dédng thuic nén : A

sinA +sinB +sinC < 2fcosA + cosB + cosC)
_sinA+sinB+sinC
: m'{z (bé 116.1T) (16)
toan tuong tu

. A iy . A & :
3 (s.m:?—-i-sm—g-) < sin 5 +sin 5 va cd
2 bdt ding thic nhu thé, cong ting v& cia
ching, ta cd : trong moi tam giac ABC thi

A C

suy ra
Hoan

cos

cos 2 + cos Fl +cos —
S . j C-::.‘? (Dai hoc Téng
sm-§ +sm§— +gin —
hap I:I_'é. Nai 1993) (17) x
Vdi cach suy nghi nhu & trén thi cdc ban cd
thé ching minh : '
*NéuA, B, Clacac gﬁc cla tam Eéc thi

A-B B - C -

Ccos + cos + e
F] 3 08 5 =

%cosi(A—'E) =casi(3-£) msi(c—g ) (18)

J 3 3 3 3

(Dé Dai hoc Quéce gia nam 1995)
Céc ban cd thé thﬁgy 1i giai trinh bay trong

tap chi s6 227 (5 - 1996) If qu4 phic tap, xin
glgi gon hon nhu sauq: pNéu '33 ¥
It = JE
Z; 4 ‘3’3
X I 7T
gl By Stegles -
0 < cos y, s];

ms%IB-—-g— [;msng—%l > 0 do dd ta
.-I-(cosA_B

2
A=
= cos

iealla by
2 cos 2 =

A+ —ZRB
cos =

S

=N —

JaT
= Cco8 |

4
s;cosdj‘B— =cos§(3—§l

Tugng ty ciing cd 2 bat dang thdc nita va
edng titng vé€ cua 3bat ding thdcsé ed diéu %];él
ching minh. Dang thiic chi xay ra khi va chi A
= B = C. Co thé thdy két qua tong quat hon :
Néu A, B, C la cac gdc cia moét tam gide va k la
S5 thude [0 ;3/4] thi

G|y

cos ; + cos ; +cas¢;A£
5;‘:03}2(1&-%)ﬂosk(B—g—)ﬂask(C—;i)(lg}

* N&u bang con dudng nhu trén, céc
ban ¢d th€ sang tao ra nhiéu bit ding
thie nia. han han =xét

B spe i -
cos 5 +t232 = Zeos —

x
3 c:zthl e

| T ..
3 | <k.[A-B| <3 v6i k thuse

[1/4 ;1/2] do dG cos il [ = cosk| A —-BJ .
Té nhitng nhan =xét trén suy ra
cos 5 +cos 5 > VZcosk(A — B). Vi 2 bat ding

thic tuong tu nita va cong titng v& cia 3 bAt
dangﬁhﬁc co :

cos va dé ¥

A
0 <

B
> % , ddng thoi

oas|

8u A, B, Clacéc gdc clia mot tam gide va
E la s thuse [1/4 :1/2] thi
A B (]
\I'E(cosz; +cas§ +coa-2—) >

> cosk(A—B) +cosk(B — C) + cosk(C—A) (20)

Diéu khéc cta (20) véi cdc bit ding thic &
trén la ddu ding thidc khong thé xay ra |

Mong cac ban c6 thé sang tao thém nhiéu bat
ding thiic nita trong tam gidc, nhung trude mat
chic cde ban khong ling ting trong I thi .

Cudi cuing giti cac ban 2 bai tap "nhe nhang"
thi sde.

Bai tap 1 : Chiing minh rdng : néu A, B,C la
céic gde khong tu cua mét tam giac thi

sinA +sinB +sinC > cosA +cosB +cosC (21)

Bai tap 2 : Ching minh rdng néu tam gidc
ABC nhon thi

(cosA+cosB+eosC)? < sinA+sin’B+sin’C (22)

Trong moi tam gide ABC thi béit ding thie
saucddt%ng%(hnn %1 o
i s e O3
(sm2 sin smz) <

B
270 ot — 2} it
< cos 5 teo 2+cos 3
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R wiem 5 wiim ngay mat GS Lé Vin Thiem.

GIAO SU LE VAN THIEM, NHA TOAN HOC €O CONG DAU TRONG VIEC
XAY DUNG VA PHAT TRIEN NEN TOAN HOC NUGC TA.

Gigo su Le Van Thiém sinh ngay 29 thang 3
nim 1918 tai xd Dde Trung, huyén Biie Tho,
tinh Ha Tinh. Nam 1929, khi éng chua trén 11
tudi thi cha, me lan lugt qua doi 6ng phai theo
ngudi anh ¢d vao Quy Nhon an hoc. Tai day ong
da sdm bi€u hién 14 mot hoe sinh théng minh,
xudit ching. Sau khi d6 bing Cao dang ti€u hoc
{tuong duong véi tot nghiép Trung hoe Cd sd
bay git) ba thang éng da thi ddu Tua tai phén
thi nhat (ngudi binh thudng phai hoc trong hai
nam) va mot nam sau (1937) éng lai dé Tu tai
(todn hoe) toan phin. Nam dd Dai hoe téng hap
¢ Ha Néi chua cd nganh todn, dng phai vao hoc
16p Todan - Héa - Sinh dé chudn bi vao hoc
nganh Y. Nam 1939 6ng d6 thi nhi cta 14p nay
va dugc cdp hoc bdng du hoc tai Phép, theo hoc
nganh Todan. O Phap éng duge chon vao hoc
Trudng Su pham cao cip, mot trong vai trudng
dao tao nhén tai ndi tiéng nhét ctia nude Phap.
Do thanh tich hoe tap xuit sde thiang 3 nam
1943 6ng lai duge nhan hoe béng sang nghién
cifu toan hoe tai Dite. o) diy dng da bao vé bang

" Tién si A, dang chuén bi cho bing Tién si B thi
gido su hudng dén qua doi, 6ng phai quay vé
Phap (1945) va nam 1948 6ng da bdo vé thanh
cong luan an Tién si Quéc gia Phap, va réi ong
dude mdi lam Gido su Toan cha trugng Dai hoc
Zurich, Thuy Si trong cdc nam 1948-1949,

Cudi nam 1949, trong lhie tai nang toan hoc
dang nd rd 6ng da tu nguyén roi bé con dusng
cong danh day trién vong & phuong Tay, trd vé
nude tham gia cuge khang chién gianh doc lap
cho T8 qudc va xay dung nudc nha. Khi trd vé
Viét Nam ong cong tac tai 8¢ Gido due Nam Bo.
Théang 5 nam 1950 6ng 1&n dudng ra Viét Béc
dé thanh lip Trudng Khoa hoc ed ban va la
Hiéu trudng cia hai truong Khoa hoc e ban va
Su pham cao cép.

Hoa binh lap lai, 1954, 6ng tham gia tiép
quan cac truding dai hoc ¢ Ha Noi, duge bd
nhiém lam Giam d6c trudong Dai hoe Su pham
Khoa hoc Ha Ngi. Nam 1957 6ng gitt chiie vu
Hiéu phd truting Dai hoe Téng hop Ha Noi kiém
chti nhiém Khoa Todn - Li. Nam 1970 éng 1a
Phd Vién trudng va tif nam 1976 1a Vién trudng

~ Vién Toan hoe thuge Vién Khoa hoc Viét Nam.

Ngoai ra éng con gii cdc chic vu quan trong

khdc nhu : Uy vién Uy ban Khoa hoc Nha nude,

Chu tich Ban chdp hanh Trung uwong Héi Toan

hoc Viét Nam, Dai dién toan quyén cia Viét

Nam tai Vién Lién hop nghién ettu nguyén ti

16

Dupna, Chi nhiém va Tong bién tap ddu tién
cdc tap chi Todn hoe, Acta Mathematica
Vietnamica v.v...

Gido su L& Van Thiém da cc nhiéu dong gdp
trong viéc iing dung toan hoc phue vu dit nude.
Ong da eling cée hoe trd ciia minh & trutng Dai
hoe Téng hop Ha N6i va Vién Toan hoc nghién
ciu bai todn né min nham phuc vu giao thong
thoi chién, pha ndi, lam kho xang déu, 18y da
xay dung khu Gang thép Thai Nguyén va tham
gia bién soan tai liéu nd min lam dudng phuc
vu quan doi. Ong da cuing cdc cong su clia minh
nghién citu x4y dung mé hinh todn hoe va cdc
bo chuong trinh giai cdc bai todan dong chay
nudc méat, nude ngdm phue vu cho viée thiét ké
vA xAy dung cong trinh thay dién Hoa Binh va
quy hoach déng bang song Citu Long v.v...

Cong lao lon nhat cua Gido su Lé Van Thiém
la trang viéc xay dung va phat tri€n nén todn
hoe etia nude ta. T ché nam 1948 dng la ngusi
Viét Nam diu tién ed hoc vi tién si toan hoc.
Nam 1950 méi bat tay vao md I6p dung truong
day toan hoc caocédp. Vay ma chodén nay chiing
ta di cd cA mét doi ngl cdc nha toan hoc tré, tai
nang cho dat nude. La nguoi thay 6ng da co anh
hudng to 1dn vé nhiéu mat déi voi sinh vién, 161
cubn cA mét 16p thanh nién tri thdc di vae con
dudng khoa hoe. Nhiéu hoc tro ela 6ng nay da
trudng thanh, trd thanh nhitng can bo nghién
ciu, giang day chu chét cia cdc vién nghién
ciy, cde trudng dai hoc.

Ong rdt chu ¥ dén viée phat hién, dao tao va
béi duding nhiing nang khiéu todn hoc tré. Ngay
tit nam 1964 6ng da tham gia vao viéc ra dé thi
chon hoc ginh gidi cdp ba (tuong duong cac lép
Trung hoc pho thong bay git). Nam 1965, thuc
hién quyét dinh cta Thi tudéng Pham Van
Doéng, ma 1dp "toan dac biét" (sau nay gei la lap
pho théng chuyén todn) & trudng Dai hoe Téng
hop va oOng ciling thudng dén tham va noi
chuyén todn hoe vdi cdac 1op nay. Ong cﬁng la
mit trong nhitng ngudi sanglﬁp ratd bdao "Toéan
hoc va Tudi tré". Déi vdi cac nang khiéu toan
hoc tré dng cé mot tinh cdm wu &i dac biét.

Gido su Lé Van Thiém mit ngay 3 thang 7
nam 1991 dén nay tinh di 5 nam. Jiy viy ma
trong long nhitng ngudi yéu toan chiing ta vin
cim thdy hut hing, tréng ving va vin vuong
niém thugng tigc khon ngudi. T sau ngay vinh
biét ong ngudi ta cang thay ré hon céng lao to
l6n clia éng ddi vai nén toan hoc Viét Nam.

NGO DAT TU
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THI CHON DPOI TUYEN HQC SINH VIET NAM
DU THI TOAN QUOC TE 1996

Trong hai ngay 17 va 18-5-1996 Bé Gido
ducva Pao tao da té chite cudc thi chon hoc sinh
vao déi Toan quée gia dé tham du ki thi Toan
qude té lan thit 37 t6 chitc tai Bom bay— An Do
tic 5-7 dén 17-7-1996.

35 hoc sinh dat gidi frong ki thi chon hoc
sinh giol Todn quéc gia (3-1996) tic 23 diém trd
lén ¢ bang A va tit 28 diém trd lén d bdang B dd
vé du thi tuyén. Méi ngay thi, thi sinh phdi lam
3 bai toan trong 240 phut. (S6 diém t6i da la
40)

Két qud la 6 hoc sinh dat s6 diém cao nhdt
dudi day duwge vao doi tuyén Toan quée gia
1996 :

1 - Ngo Déac Tudn, HS lop 12 Truong PH
Khoa hoc ti nhién (DHQG Ha Noi} duoc 27
didém

2 - Pham Lé Hiing, HS lop 11 Truomg DH
KHTN (DHQG Ha Noi) duoce 21 diém

3 = Ngé Dite Duy, HS ldp 12 Truong PTTH
Tran Phu — Hai Phong, duoc 19,5 diém
4 = Trinh Thé Huynh, HS lop 12 Truing

PTTH Lé Hong Phong — Nam Dinh, Nam Ha,
duoc 18 diém

5= Nguyén Thai Ha, HS lép 12 Truong DH
KHTN (DHQG Ha Néi), duoe 17,5 diém

6 - D6 Quée Anh, HS ldp 11 Trusng DH
KHTN (DHQG Ha Ngi), duoe 16,5 diém

Dudi déy li dé thi chon doi tuyén Todan qudc
gia 1996 :

Bai 1: Trong mat phang cho 3n diém (n >
1) ma khong c¢6 3 diém nao thing hang va
khodng cdach gitta hai diém bdt ki khong vuot
qua 1.

Chitng minh rdng co thé dung duge n tam

gidc déi mét roi nhau va théa méan déng thoi
cdc diéu kién sau :

1) Méi diém trong 3n diém da cho la dinh
ciia diing mot tam gidc.

2) Téng dién tich cia n tam gide nhé

1 :

han 5"

(Hai tam gidc duge goi la roi nhau néu
chiing khong cé diém nao chung nam bén trong
ciing nhu ndm trén canh tam gidc).

Bai 2 : Vai mdi 36 nguyén duong n goi fin
P |
L3 ]
la 56 nguyén lon nhat déss S C,7 " .8 chia
i=0

hét cho 27

Tim tét cd cde 56 nguyén duong n ma fin) =
1996.

Bai 3 : Xét cdc sd thuc a, b, c. Tim gia tri
nho nhit cla biéu thitc

fla,b,¢c) = (a+ b_fl + (b + {')4 +={gF a}4 =

-—;(a“’ +b* +¢

Bai 4 : Cho ba diém A, B, C khong thing
hang. Vai méi diém M cia mat phang (ABC)
goi My la diém déi xiing cia M qua dudng
thang AB, goi M2 la diém doi xiing ciia M| qua
duong thang BC va goi M’ la diém doi xiing
ciia M2 qua duong thang CA. Hdy xac dinh tdt
ca cae diém M ctia mdt phing (ABC) ma
khodng cach MM’ bé nhdt. Goi khodng cach bé
nhét do la d.

Chitng minh rang : vdi méi diém M ciia mdt
phang (ABC) khi ta thue hién lién tiép ba phép
ddéi xitng qua ba dudng thiang chita ba canh ctia
tam gidc ABC theo thit tiu khdc (so vdi thit iy
trén) dé duge diém M thi khodng cach bé nhat
clia MM" cang bang d.

).

Bai 5 : Ngudi ta mudn mai mot s6 em hoc
sinh 6 diy mot budi gdp mat, ma trong s6 dé :
méi em chua quen vdi it nhdt 56 em khdc, va
vai méi cp hai em chua quen nhau thi déu cé
it nhdt mét em quen vdi cd hai em dé.

Hoi sd hoe sinh duoe moi tham du budi gdp
mdt noi trén co thé la 65 em hay khéng ?

Bai 6 : Hay tim tét cd cae 86 thuc a sao cho
day s6 {xn},n=0,1,2 .., xdc dinh bdi :

xo = V1996,

An+l = vdgin=0 1,2, ..

1+Ir2;

co gidi han hitu han khi n — o,
NGUYEN VIET HAL
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Giai ddp bai

PIEN SO VAO HINH VUONG

C6 rat nhidu cach dién eae 56 ti 1 dén 16 vao
hinh vuéng cé 16 é, théa man yéu ciu ctia bai
ra. C6 13 ban giti loi gidi dén thi ¢6 12 ban moi
ban giti mot loi gidi, {4t ed déu ding va khae
nhau. Riéng ban Hoang Nam, 10, chuyén Li,
Dao Duy Tit, Dong Hoi, Qudng Binh cd giti dén
16 cach khace nhau, trong dé ¢é 15 cach dung.
Chiing toi khong dang hét duoc cac loi gidi cua
cde ban, ma chi néu ra day 4 loi gidi dé cac ban
tham khdo,

KET QUA TRAN DAU ?

Két thic giai doan 1 gidi béng da EURO’96
(nghia la sau khi méi déi déu da da véi moi doi
khae citng bang dung 1 tran), ngudi ta co nhan
xét vé két qua d bang X (cé 4 doi tham gia) nhi
sait

1) Téng s6 diém cia cd 4 dji trong bang X

1 14|15 | 4 3 116|110 5 la 16 (Sau méi tran, doi thang ditge 3 diém, déi
hoa diuoc 1 diém, doi thua khong duoe diém
8§ |11 |10 5 6 9 |15 | 4 nao)
2) Doi nhdt bdng la déi duy nhdt duoc 6
127|609 s | e
13121 3|16 12l 711114 Hoi két qud tran ddu giita doi nhi bdng va
dfi cudi bang ?

Biét rang ngoi thit cia hai déi cé 56 diém
bang nhau duge quyét dinh theo hiéu so ban
thiang tric 36 ban thua. Néu hiéu s6 nay cung

411161 6 | 9 1514 11|14 béng nhau thi theo s6 ban thdng va néu vdn

e sl &l g 105 8|11 khong xong thi béc tham et - ' .
NGUYEN HUY DOAN

11| 8 (18] 2% 6 |9 [12] 7

4 1| 3] & g l1g|18| 2

O 4 hinh vuong trén téng céc s6  mbi hang
ngang, hang doc vt méi duong chéo déu béng 34.
BINH PHUONG

d .

~ COTHE TIMMUA TC
TOAN HQC VA TUOITRE OPAU ?

Tap chi Toan hoc va tudi tré dén tay ban doc theo 2 con duding : Buu dién va cdc Céng ty phéat
hanh séch va thiét bj truding hoc sau ngay 15 hang thdng.
Ban doc Ha Néi ¢6 thé tim mua THVTT & 81 Trdn Hung Dao, 57 Giang V6, 25 Han Thuyén...

Ban doc & cdc dja phuong khéace c¢d th€ dén cdc hiéu sdch trung tdm huyén lj, thj trédn, thi x4,
thanh phd.

Ban ciing cd thé dat mua trudc cho ca nam hodc tiing quy, & cac Buu dién dia phuong. Gia
bdn lé thdng nhét trén toan quéc.

THVTT )
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