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TOAN HOC VA TUOI TRE
MATHEMATICS AND YOUTH

MUC LUC

Trang
e Dainh cho cic ban Trung hoc Co sé
For Lower Secondary School Level Friends.
Nguyén Dite Tdn Tong bién tdp :
— Mot chiit sang tao tit mét bai toan. 1 NGUYEN CANH TOAN
e Gidi bai ki trude. Phé téng bién tap :
Solution of Problems in Previous Issue NGO DAT TU
céc bai cla s6 224 2 HOANG CHUNG
e D¢ ra ki nay
Problems for this issue HOI DONG BIEN TAP :
T1/228, ..., T10/228, L1/228, L2/228 8
o Két qud ki thi hoc sinh gici THPT 1995 - 1996 10 Nguyén Canh Toan, Hoang
Ching, Ngo Dat Ty, Lé Khac
e Danh cho cdc ban chudn bi thi vio Dai hoc. Bao, Nguyén Huy Doan,
For College and University Entrance Exam Preparers. Nguyén Viat Hai, Dinh Quang
Tran Phuong — Ho dudng cong ti€p xuc Hao, Nguyén Xuan Huy, Phan
véi mot duong cd dinh. 12 Huy Khai, Vil Thanh Khiét, Lé

Hai Khéi, Nguyén Van Mau,
Hoang Lé Minh, Nguyén Khac
Minh, Trdn Van Nhung,
Nguyén Dang Phat, Phan

e Tim hi€u siu thém todn hoc phd thing.
Helping Young Friends Gain Better Understanding
in Secondary School Maths

Nguye’n Viét Hdi - Vé mot phuo‘ng phﬁp Thanh Quang, r[\a Hﬁng
ching minh ding thic véctd. 15 Quang, Dang Hung Thang, Vi
e Dé thi tuyén sinh vao chc lop chuyén Dai hoe téng hop Duong Thyy, Trdn Thanh
Trai, Lé Ba Khanh Trinh, Ngo
® Gidi tri toan hoc : Viét Trung, Dang Quan Vién.
Fun with Mathematics.
Binh phuong — Diém cia moi ngudi Bia 4

Ngan Ho - Viét s6 trong ban cd.

Tru sd toa soan : ; #
45B Hang Chudi, Ha Néi DT- 8213786  Bién tap va tri sy : VU KIM THUY
231 Nguyén Van Cit, TP Ho Chi Minh DT: 8356111 Trinh bay : QUOC HONG
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= 1 Chiing ta bat ddu ti bai todn rit quen thude sau day :
g | Bai toan. Chitng minh rdng véi moi 86 nguyén n thi n®+n + 1 khong
Pl L __m | chia hét cho 9
| . P Chéc rAng nhiéu ban da biét cac lui gidi sau :
B : Cach 1:
'{% zl o Xétn=3k(k€Z)thin?+n+1=3kk+1)+1# 3nénn’+n+179.
= @ Xétn=3k+1(k€Z)thin?+n+1=9k+1)+37 9.
| —m .—g Xétn=38k+2(k €Z)thinZ+n+1=3(3k*+5k+2)+1# 3nénn’+n+17/ 9
1 e 52 Vayn?+n+17 9véimoin € Z
R RS Céch 2 :
. = &3 Cénl+n+l=n+2)n-1+3
| oA 5 L (m+2) -(n-1)=3nénn+2;n-1déng thyi hoac khong déng thoi
| C LT chia hétcho 3
! e e n+2i: 3;n-1: 3suyra(n+2)n-1): 9suyra(n+2)(n-1)+37 9
i | n+273;n-173suyra(n+2}n-1)7 3suyra(n +2)(n -1)+37 3
! iR | =>@+2n-1)+379Vaynl+n+17 9viimgin €Z
| e % Cach 3 : (Phan ching)
| s } Giastn’+n+1: 9. Datnl+n+l=9m(me€Bn+n+1-9Im =0(*)
| o A=36m-3=3(12m -1); 3nhung3(12m-1)7 9 ’
[ e P A la 56 khéng chinh phuong nén (*) khéng cé nghiém nguyén. Vo li !
| sl | Vayn +n+17 9vdimoin € Z
| _"'1‘-:%;.: ! Cach 4 :
i | e | 4n?+n+1)=(2n+1)*+3
- | e 2n+1i 3=(2n+1)%: 9dodd (22 +1)*+37 9
By B e 2m+173=2n+1)27 9dods(2n+1)>+37 3=(2n+1)2+3/ 9
; e Vayd(n?+n+1 7 9=>n?+n+17 9viimoin € Z
: &= B V&i niém dam mé hoe todn chédc cdc ban cd thé tim thay nhiéu bai toan
| - vy "ho hang" vdi bai todan trén.
__ i Chdng han :
| 2 % t Bai 1 Ching minh rang véi moin € Z
S~ i a)ni+1In+397 49
— e b)nt+38n+57% 121
e e c)n2+5n+167 169.

Bai 2 Chiing minh ring cac phiutong trinh sau khong cé nghiém nguyén
a)x?+3x+4 = 49y
b)x2+25y2-2x+6 =0

|

1
57 i Bai 3 Tim x € Z dé 25x + 46 la tich ciia hai 56 nguyén lién tiép (Bai
|

|

|

|

0F CU SO —4Friwirn i
)
i_

" B T1/201 Dé ra ki nay Tap chi THVTT 3(201) 1994)
e 'Ca bén cach giai trén déu cd thé gidp ta gidi dugc céc bai toan nay va
| néu ta "mod mam" sé tim thém théat nhiéu bai todn hay nifa.
v el | Nhung... vdi bai toan sau :
‘f: % Bai 4 Ching minh ring 9n> + 9n? + 3n - 16 khéng chia hét cho 343
2 2 e voi moi n € Z
o i ¥ 1 v #
= & @i’ | Vdi cde cach giai 1 ; 2 ; 3 ed 16 ta phai bd tay, khai théc cdch giai 4 (chu
S | v riing 343 = 73) ta dén véi 15i giai that "dé thuong" sau : 3(9n> +9n? + 3n -
B Faw | -16)=@n+1)3-49
B s e Néu3n+1: Tthi(Bn+1)3: Pmad9? Pneén(3n+13-497 7
= 7 | =9%3+0n24+3n-16/ 343 eNéu3n+17 Tthi(3n+1)*-497 7
T EE | = @e+1)P-497 P09 +92+30 - 167 343 \
- Vay 93 +9n2 +8n - 16 # 343 véi moin € Z
=) o - Suy nfhl sAu hon mot chit vé cach giai 4 sé gitap ta dén voi bai todn -
L | tong qua
5:'; (= B O Eéql toan téng quat. Chitng minh rdng A(n) khéng chia hét cho p* vdi
£) __ i moi n ngu:)rifn,‘ p‘ngu_)'én to; k nguyénrduang.
= e -t | Cach giai la tim cho duge ding thiic
= e g a.An) = [Bnj]k+p™
[ &‘&L _ Vdi B(n) la da tht'rc.h'ién n, @ € Z ; m nguyén duong ; k > m Dén day
= : %‘3 il bai todn xem nhu d4 giai quyét xong. e }
- a0 Técgidbaibdonay, muénnhindéncacbanringnhiéudiéucdvéthatbinh
] %—Wﬁé | thuting, thiat quen thudc, nhung & d6 cd thé con nhiéu diéu hdp dan dangdon
o - chaban va...sin sang dua cdc ban dén ndi ma cacban dangedn phai dén.
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Bai T1/224. Tim cdc chit s6 khac khéng a,
b, ¢, thoa man abbe = ab x ac x 7.
Lo gidi : Cach 1:Tacdabbe = ab .ac . 7(1)
(1) «<==100ab +bc = T(ab)(ac)
«=ab(T.ac — 100) = be
be

=Tac —100=—.
a

V‘il]cg{ 10 =0 < Tac — 100 < 10

=>14c:@<ﬁ<—1—1£-:: 16
7 7
Vay ac = 15. Thay vao (1) ta dugc :
1665 = Tb x 15 x T<>1005+110b = 1050 +
+105.b
e=bb = 45 b = 9.
Thit lai 1995 = 19.15.7
Vaya=1,b=9,¢c=5.
Cdch 2 (ena Vii Huong Giang, 6A, Phan Chu
Trinh, Ha Ngi).
(1) =>abbc: ab
=abbc:ab=T0k (0<k <9)

=T0k=ac.T
=T0k: 7=3E: T=k=5
=ac= 16

Thay vao (1) va suy ra b = 9 theo cach 1.

Nhan xét : Co rat nhiéu ban giii 10i giai ding
khdc nhau. Chi ¢é ban Tran Thi My An, 9A,
Luong Van Chanh, TX Tuy Hoa, Phu Yén c6
nhén xét rang bai T1/224 chinh la bai T1/213
da ra trén s6 bao 213 (3-1995) va da dang 1oi
giai trén s6 bdo 217 (7-1995) (céch 1). Chéc 1a
' nhiéu ban khéng biét diéu nay hodc biét ma
khong ndi ra.

TO NGUYEN

Bai T2/224. Choa, b, c,d € Zvam,n € N*
ma m va n khong phdi la s6 chinh phuong.
Chitng minh rang diéu kién cin va di dé
a+bym =c +din laa =cvablim =din

Lasi gidi : Trude hét ta chning minh: Néun € N”
thi V7 chi co thé 1a =6 nguyén hoac s6 vo ti (1).

That vay gid sit Vn = =, (,8) = 1,5 > 1.

Goi p 12 mét udc nguyén té cia s. Ta cd
s2n =r2—r2i p?—sri p.Tréigidthiét (r,s) = 1.

Tit gia thiét a +bVm = ¢ +dVn (2) suy ra
(@ — ¢)% = d?n + b*m — 2bdVmn (3). Ta phén
biét hai trugng hdp :

a) N&u bd = 0 chang han b = 0. T (2) néu
d=0—Vn = 5‘;—Ceqmau thuén véi (1). Vay

b=d=0—a=c¢.

b) Né&u bd = 0. Tu (3) —Vmn € Q.
T (2) — ayn +bVmn =dn+cln  —
a —c)ﬁ =dn —b6¥mn € Q. Néua #c—
55 € Q trai gia thiét, Vay a =
bWm = din.

Piéu kién di la hién nhién.

Nhan xét : 1) Diém mau chét cda bai toan
1a khing dinh (1). Hau hét cac ban da khong
chiing minh (1) ma coi nhu mot sy kién hién

1
nhién (xem thém bai Vx —3 = 5 tréen THTT

[ —

4/226 & d6 cac tac gia c6 néu mot y kién xung
gquanh khang dinh (1))

9) C6 mét s6 ban da sai lam khi cho rang
hiéu ciia hai s6 vo ti khong thé 1a s6 nguyén.

3) C6 thé ching minh dé dang rang Nn chi
o6 thé 1a s vo ti hodc s6 nguyén va tong quat
hon, nghiém ctia phuong trinh

x*+a_xkl+. +ax-n=0(,EZ)

chi ¢6 thé 1a s6 v6 ti hoac s6 nguyén.

4) Cac ban cd i giai tét : Nguyén Minh
Hang (9, Hai Duong, Hai Hung), Nguyén Thé
Vinh (9, Déng Nai), Lé Anh Tho (9, Thanh Hdal,
Pham Quang Vinh (9, Ha Noéi), Nguyén Tudn
Anh (9, Dac Lac), Nguyén Nguyét Minh (9, Dac
Léc), Nguyén Tran Manh Quan (9, Thita Thién
Hué), Tran Nguyén The (8, Ha Tinh), Nguyén
Ngoc Minh (9, Thai Binh), Nguyén Hdi Dang
{9, Quang Tri), Cao Thi Ly (9, Thai Binh),
Nguyén Trong Kién (8, Nam Ha).

DANG HUNG THANG

Bai T3/224. Gidi phuong trinh nghiém
nguyén :

X0 +8c3 +11x2 +28x +12+3y* = 0 (%)

Loi giai. Vaix = 0 thi v& trai etia (*) ludn
luén duong nén khong c6 nghiém.

Vay x < 0. Tacé (¥) es(x> +4)* + 11(x + 92—
— 16(x +3) +3y2 = 0. (**). Nhu vay, véix < -3
thi v& trai cta (**) luén luén duong, nénx < -3.
Suy rax la s6 nguyén thudc khoang (=3 ; 0), nén
chi ¢ thé nhéin hai gia trila -1 va -2, va phuong
trinh cd cac nghiém nguyén (x; y) sau day :
(=1 ;<2), (-1 ;25 =25 0).

Nhan xét. Cé 132 bai giai, trit mot vai bai
néu ot nghiém, con tat ca déu giai dung. Cac
ban sau day cd loi giai tét : Pham Thi Vian
Giang (8A Chuyén Bac Liéu - Minh Hai), Mai
Xuan Truong (9T Chuyén Dong Anh - Ha Nai),
Trinh Hoai an (PTCS Lé Loi Tx Ha Dong — Ha
Tay), Pinh Cao Cuong (8 Chuyén Ba Bin
Quang Trach - Quang Binh), Nguyén Ngoc
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Minh (9A Ludgng Van Chanh - Phad Yén), Dao
Thé Va (8A, PTCS Giang Vo II - Ha Noi),
Nguyén Die Xu&n Binh (9T PTNK Ha Tinh),
Muai Han Giang (8T Chuyén Lé Khiét - Quang
Ngii), Nguyén Thai Son (9T NK Nga Son -
Thanh Héa), Tran Van Nghia (9A Luong Van
Chanh - Pha Yén), Nguyén Tudn Anh (9 Toan
Phan Chu Trinh, Buén Mé Thudt - Dak Lak),
Nguyén Thé Vinh (911 THCS Trung Vuong -
Déng Nai), Tran Khoa Van (8 A NK Quynh Luu
- Nghé An), Nguyén Chi Thanh (8T, Nguyén
Binh Khiém - Vinh Long), V& Chi Thanh (9
Toan Chuyén Lé Khiét - Quang Ngai), Hoang
Phuong Déng (9A PTCS Céc Léu — Lao Cai),
Hoang Quéc Hoa (9A Chuyén Luong Van
Chanh - Phu Yén), Truong Quang Trung (8A
Trung Hoe Chuyén Kontum), Pham Thu
Huong (9A; THCS Hong Bang - Hai Phong),
Lé Tam (9 Toan THCS Chuyén Phia Tho, Vinh
Phi), Hoang Trung Tuyén (11A PTTH Ha
Trung — Thanh Hda).
DANG VIEN

Bai T4/224 :

Cho tam giac ABC
can tgi A (AB = AC). &
Tic B ké BM 1L AC. 5
Chung minh rdng .
AM AB, 2 | \ 4
mc =2 (BC) : | \}

Lai giai 4

Bai todn chi ding
trong truting hop géc A 7 1
nhon. Liy E déi xing 5
voi C qua A. Dé thay
ABCE vuéng tai B.

BC‘ BC?
CE ~ 2AC
Mat khac AM = AC - MC =
BQ% 2ACE—~BCE
=AC SAC = SAC (2)
T (1) va(2)tacd:
AM - 2AC? —BC? _
MC "~

Nhan xét :

Giai tot bai nay co cac ban : Pham Thi Van
Giang, 8A Chuyén Bac Liéu, Minh Hai, Ddng
Minh Thanh, 9 An Lac Tay, K& Sach, Soc
Trang, Lue Van Hao, Nguyén Manh Cudng, 8/1
Héng Bang, Q5, TP HCM, Trién Anh Hiing, 8
Chuyén Nguyén An Ninh, Viing Tau, Ba Ria -
Ving Tau, Nguyén Thé Bdo, 8A, Hiép Thanh,
Thu Dau Mot, Song Bé, Tran Duc Sink, 8B
Luong Van Chanh, Tuy Hoa, Phd Yén, Truong
Quang Trung, 8A Chuyén Kon Tum, Phan Thu
Ha, 8A; Tran Van On, Krong Pac, Luong Hitu

Suy ra MC = (1)

G

Thugn, 8T Chuyén Nghia Hanh, Vo Trin
Nguyén Loc, 9T Chuyén Lé Khiét, Lé Hoang
Diic Khanh, 9T Chuyén Nguydn Nghiém, Dic
Pha, Quang Ngai, Tridn Viét Nhat, 8/1 Chuyén
Nguyén Khuyén, Da Nang, Quang Nam - Da
Nang, Lé Chi Thanh, 9' Nguyén Tri Phuong,
Huég, Thita Thién - Hué&, Nguyén Thi Sen, 9A
Truting Thi, Trin Khoa Van, 8A NK Quynh
Luu, Nguyén Tién Trung, 9T, NK Vinh, Nghé

- An, Duﬁ Thanh Trung 8T Nguyén Hién, Nam

Ninh, Vii Thi Thicy Duong, 8T NKY Yén, Doan
Nam Thai, 7T, Nguyén Trong Kién, Pham Thu
Giang, Nguyén Tudn Anh, 8T Tran Dang
Ninh, Nam Dinh, Nam Ha, Mai Xudan Truong,
9T Chuyén Déng Anh, Nguyén Ting, Vi Manh
Tudn 8CT Tit Liém, Pham Quang Vinh 9A, B&
Van Dan, Ha Noi, Bii Hdi Nam, 9A Lé Hong
Phong, Ngo Quyén, Hai Phong, Biti Thu Nga,
9A Chuyén Phong Chéau, Vinh Phi, Nguyén Thi
Hdi Yén, 9 Nang khiéu Bac Giang, Ha Bac,
Nguyén Ngoc Ti, 8B Trong diém, Ha Long,
Quang Ninh, Nguyén Hoang Tiung, 8T cdp 11
Nang khigu Thdi Nguyén, Lam Manh Tuong,
9A THCS Hgp Giang, Cao Bang.

VI KIM THUY

Bai T5/224. Cho hai hinh chit nhdt ¢ chu
vi bdng nhau. Mot hinh c6 cdc canh duoe to
mau dé ; hinh kia cé cdc canh duge t6 mau
xanh. Nguovi ta chong hai hinh chit nhat-lén
nhau sao cho phiin giao ciia chiing la mét hinh
bt gidge. Chitng minh rdng : hinh bdt gidc cé
téng d¢ dai 4 canh méu dé bang téng dé dai 4
canh miu xanh.

Loi giai. Trong
hinh vé& bén, hinh g
chtt nhat canh dé e
ABCD vahinhchit 4 [ / it

Fad

N A
nhit canh xanh \K\Tx
AB,C\D, cung Cﬁﬂ j'x f’?’:;
chu vi 18 p,cclel ¥ W o I
nhau tao thanh | el TR
hinh  bat  gisge 7 & R“‘}j« ¢
MNEFPQIK. Dt ¥/

m=MN+ EF+PQ

+IK vin = NE + FP + QI + KM. Ta cd cdc tam
gidc sau day déi mot déng dang vi 1a tam gidc
vubng va ¢ mot géc nhon bang nhau : AAJM,
AB NM, ABNE, AC,FE, ACFP, AD\QP, ADQI,

AA KI. Do dd, dat
KA +AM

k=W,ta[:0
JA+AJH_NB+BE—FC+CP_

=5 B NE FP
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QD + DI

. QI
_ JAYAM+NB+BE+FC+CP+QD+DI
JM + NE + FP + QI 4

a2l ;m (1). Chitng minh tuong tuy, ta ciing cd
E —m -n

k _P—' (2). T (1) va (2), ta cop——- =2 ‘?-HT,

-m-=n g :

suyra- p = A m,, hon nita, hién

n m
nhién p>m+n nén p-m—n = 0, viy :
m = n, dpcm.

Nhan xét. Cac ban sau day co 1oi giai tot :
Nguyén Thi Thanh (9TL tx Thai Binh), Tran
Ngoc Anh (9 toan Trdan Dang Ninh, Nam Ha),
Nguyén Manh Ha (9K PTCS Lé Loi tx Ha Déng
- Ha Tay), Nguyén Tudn Anh (9 Toan Phan
Chu Trinh - Buén Ma Thudt - Dak lak),
Nguyén Dite Thudgn (7T Nang khiéu Bim Son
Thanh Hoa), Pham Minh Hung (9 Todn
Nguyén Du - Go Vdp - Tp Hé6 Chi Minh), Pham
Thu Huong (9A THCS Héng Bang - Hai
Phong), Hoang Van Tudn (9 Toan Nang khiéu
Hoa Lu — Ninh Binh).

DANG VIEN

Bai T6/224. Cho ddy x, théa mdn

7T
X = Cos-

9

o =3x” —]

n+]
Tim lim x,.

Loi gidi. Ta cdx, | —5 = 3(x, = 5)

o T I
( 400525 —3cos§) = cosg

Thanh thi limx, = +o
1 —o0

Nhin xét : 1) Cdc ban sau day cd 15i giai
tot : Nguyén Xudn Son (11 Nghé An), Lé Tudn
Anh (11 Ha Noi), Nguyén Quang Hdi (12, Vinh
Phu), Nguyén Thanh Chinh (11 Hai Hung),
Nguyén Quang Nguyén (Ha Tay), Nguyén
Nhat Nam (12 Ba Ria — Ving Tau), Lé Van
Cuong (11 Thanh Hda), Nguyén Viét Ding (10,
Phan Béi Chau, Nghé An), Trin Phuong (10,
Ha Noi), Nguyén Thanh Tung (10 Ha Noi)

.ﬂ"*—a.m

5—4(:0329) =0

3 : 3 1
2) Mét 6 ban con luu ¥ ring lim X, =3

n—— o

DANG HUNG THANG

Bai T7/224 : Tim tdt cd cac da thite P(x) véi
cdie hé s6 thue va théo man
PO =0,Px*+1)=Px)+I1¥xrER

Lai giai (cia nhiéu ban) : TU cac gia thiét
cia bai toin suy ra : P(I)=P(* +1)=
= P3(0) +1 = 1. Tit day, bang phuong phap
quy nap theo n, dé dang ching minh dudge :
P(x,) =x, Vn € N (1) & day x, 1a cdc sé hang
x,  dugc dinh bdi
x,=0x .y =+l EN Vix, >
Vn € N (dé thay) nén tit (1) suy ra da thm,

cia day XAC

Q(x) = P(x) —x e vd 86 nghiédm thue. Do viy
phai co
Qx)=0¥x e R hay Plx) =xVx € R.

Nguge lai, dé thdy da thie P(x) = x théa
méan tat ca cdc diéu kién cia bai ra.

Vay cd duy nhit da thite edn tim, do la :
P(x) = x.

Nhén xét : 1. Co nhiéu ban gii 16i giai cho
bai toan. Trong s6 dd c¢d 8 ban cho i giai sai.
Ngoai ra, rdt nhiéu ban khac khong thue hién
bude thir lai d6i voi da thic P(x) da tim duge.

2. C6 ba ban, thay vi giai bai da ra, da dé
xuft va giai bai todn khai quat. Tuy nhién céc
bai todn kh&di quat ma cdc ban dua ra hoac
khéng ding, hoac ding nhung lai khong nhin
bai da ra lam trugng hop riéng.

3. Cac ban cd loi giai dung : Nguyén Hoang
Giang (11T PTTHNK Bac Thai) ; Lé Huy Tién
(DHQG Ha Noi), Dinh Trung Héng (12M
PTDL Mari Curie - Ha Néi) ; &6 Hong Son,
Trinh Hitu Trang (Lam Son, Thanh Hda),
Pham Tudn Anh (11A PTCT DHSP Vinh,
Nghé An), Nguyén Xudan Son (11T Truong
Phan Boi Chau ~ Nghé An) ; Pham Hoéng Thai
(11A, Trudng Dao Duy T, Quang Binh) ; Dinh
Trung Hoang (10CT - PHTH Hué) ; Tran
Minh Déng, Pham Ngoe Téan (11CT Truong
Lutong Van Chanh — Phii Yén) ; Nguyén Lé Luc
(10CT DHTH TP Hé Chi Minh) ; Nguyén Nhat
Nam (124, Truong Ving Tau, Ba Ria - Ving
Tau) ; Pham Hoai Lang (11CT2 Trubng Ludng
Thé&Vinh, Bién Hoa, Déng Nai) va Phan Thanh
Hai (11T Trudng Thang Long, Da Lat, Lam
Déng).

NGUYEN KHAC MINH

Bai T8/224 : Tam giac ABC cé AB =¢;
BC = a ; CA = b, Chitng minh réng :

a? (1 —V3 cotgA) + b (1 —\V3cotgB) +
+¢%(1 —=V3cotgC) = 0 (1)

Lai giai. (da 86 cdac ban). St dung Dinh Ii
ham 6 sin trong tam gidc, ta co :
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(1) «<=>4R?[sin?A + sin’B +sin2C —
— V3 (sinAcosA + sinBcosB +sinCcosC] = 0
_e=sin?A +sinB +sin?C =
= g (sin2A +sin2B + sin2C)
essin2A +sin?B +sinfC =
= 2V3sinAsinBsinC (2)
33

St dung bét dang thic : sinAsinBsinC < 5

ta cé : sin2A +sin?B +sin?C =
= 3 W (sinAsinBsinC)* =
3(=;mAsmBsmC) BSmf'tsmBamC
"JsmAsmBsmC

T

= 2V 3sinAsinBsinC, dpcm.

Déu ding thiic xay ra khi va chi khi AABC déu,

Nhan xét : 1) Con ridt nhiéu cach giai khac
nita, theo ki€u cac phép bién déi trén.

2) Cac ban sau cg o1 giai tot :

Béc Thai : Phan Hién, Nguyén Hoang
Giang, Nguyén Ngoc Son, Ngé Van Qudn

Bén Tre : Nguyén Anh Tudn

Lam Déng : Phan Thanh Hdi

Vinh Long : Tong Kim Anh

Quang Nam - Da Ning : Trinh Huy
Long, Lé Tu Thién, Lé Triéu Phong

Ha Noi : Nguyén Duy Ting, Phan Linh,
Nguyén Vi Hung, Lé Tudn Anh, Dinh Diic
Huy, Dinh Trung Haing, Tran Phuong

Hai Phong : P Huy Binh

Hai Duong : Dang Thanh Trung, Nguyén
Thanh Chuong, Biri Viét Quang,

Nam Ha : Vii Manh Toan, Nguyén Duy Ha,
D6 Trung Kién, Vi Trin Cuong, Nguyén Trong
Kién, Nguyén Thu Thity,

Vinh Pha : Vit Manh Hiing, Ha Xuén Thanh,
Nguyén Quang Hdi, Nguyén Thanh Ting,

Ha Tay : Hoang Thanh Ting, Pham Huy
Bde, Nguyén Quang Nguyén, Ta Huy Khoi,
Nguyén Tuan Dinh,

Thanh Héa : Nguyén V&n Trung, Nguyén
Anh Duong, D6 Hong Son, Pham Trung Ha,
Hoang Trung Tuyén, Trinh Trong Duong,
Doan Thanh Hdi

Nghé An : Phan Thanh Son, Nguyén

Quang Minh, Truong Xudan Thuy, Duong Van

Yén, Nguyén Thinh, Nguyén Khanh Quinh,
Phagm Tudn Anh, Duong Dinh Diép, Nguyén
Van Tin, Nguyén Viét Diing, Nguyén Bd Déng,
Truong Vinh Lién, Nguyén Xuan Son, Nguyén
Dite Van

Ba Ria - Vang Tau : Pham Minh Biic

Quang Binh : Nguyén Trung Kién,
Nguyén Ngoc Tudn, Dinh Trung Hoang,
Nguyén Trung Kién, Nguyén Hitu Cdu, Tran
Hitu Luc

Ha Béc : Nguyén Ngoe Son, Pham Viét
Ngoc, Dang Hoang Viét Ha

Pha Yén : Pham Ngoc Tan, Trin Dinh
Lam, Tran Minh Déng

Déng Nai : Pham Hoai Lang, Lé Khac Huynh

Thai Binh : Phing Thanh Ting

DP#c Lac : V6 Chi Hoa

NGUYEN VAN MAU
Bai T9/224. Goi a, b, ¢ la dé dai cde canh

BC, CA, AB ctia mdét tam giae ABC ; Rva r la

ban kinh cac duong tron ngoai tiép va noi tiép
ciia tam gide. Chitng minh bt ddng thic :

r, —b) + (b —c)* +(c —a)?

i 16R?

Lani giai 1. (cha Nguyén Quang Hdi, 12 CT,
Trutng PTTH chuyén Hung Vuong, Vinh
Phi). Goi H, O va I lan lugt 1a truc tdm, tam
cdc dudng tron ngoai va ndi tiép tam giae, ta cd
c&c hi—’; thuc vectd  sau dﬁy
OF = OA +OB +OC aIA+bIB +elC = 0 ti
dé  suy ra £ ZpOI = (2p — a]OA i
(2p —b)OB + (2p — C}OC', (1) Binh phudng hai
vé cta (1), sau khi thay 20BOC = 2R? —a?,
20C0A = 2R? - b2, 20A0B = 2R? —a? va sit
dung hiang dang thic : a® +b3 +¢* — 3abe =
S D TeaTo tes—ab-Uc tul T 10
rit gon, ta dudc :

IH? = 4R? - 8Rr — (a*+b*+c*—ab—bc—ca)

s%(*}

1

= 4R*-8Rr—;{(a—b)*+(b—c)*+(c —a)?] =0

Tit do suy ra :

8R2 = 16Rr + (a —b)2 + (b —¢)? + (¢ —a)?

va thu dugc bt dang thic (*) cdn tim

Déu ding thic dat duge khi va chi khi
I = H<+a = b = ¢ nghia la tam giac ABC déu.

Nhén xét : 1) Mot s6 ban da dua ra lii gidi sau.

Lai giai 2. Chigu O va I 1én mot trong cdc
duting thing BC, CA hoac AB ; chang han chiéu

len CA, dudge F va I Ta o
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b a+b—c ‘
cor =§, (12545 =p—c=-—*§—. Thé thi

O’ < OI, r6i st dung cong thdc Ole
L
OI’ = R? — 2Rr ta duge :% < R?2 — 2Rr

Khong méit tdng quat, giasia<sb <c,
thé thi

(c—a)l=[@—b)+®—-a)—(c—b)P+

+ (b —a)’ +2(c —b)b —a)

(e —a)? = (c —b)? + (b —a)?

T dd ta duge (*) cdn tim.

2) Mot s6 ban s dung dinh 1i ham sin va hé thic
i = 4sin—sin§sin£ = cosA +cosB +cosC — 1
r 2o 125 012
réi chuyén vé& trai cha (*) vé dang lugng gidce ;
bién ddi va sit dung cac hé thic va bat ding thic
lugng gide trong tam gidc, cing di dén két qua
cin tim.

Cdc ban sau day co loi giai tot.

Quang Nam - Da Nang : Lé Triéu Phong

Quang Binh : Trin Hiu Luc,

Ha Nai : Lé Tudn Anh, Nguyén Vi Hung,
Vii Dite Nghia, Phan Linh, Trin Phuong,
Nguyén Anh T,

Vinh Pha : Trian Manh Ting, Dao Manh
Thing

Thanh Hoa :
Anh Duong,

Nghé An : Pham Tudn Anh, Nguyén Thinh,
Truong Xudn Thung, Nguyén Xudan Son,
Duong Van Yén.

Trinh Hitu Trung, Nguyén

NGUYEN DANG PHAT
Bai T10/224, Ti dién déu ABCD cé tdam la
S va dé dai cac canh bang 2. Mot duong thang
A quay quanh S. Goi A, B', C'va D' lan lugt la
hinh chiéu ciia cac dinh A, B, C va D trén A.
Tim tGt ed ede vi tri clha A sao cho tdng

SA™ + SB™ + SC + SD’* dat gid tri lon nhdt.

Lasi gidi. (cia Lé Van Cuong, 11T, PTTH
Lam Son, Thanh Hda va Nguyén Quang
Nguyén, 11CT Nguyén Hué, Ha Tay)

Dung hinh lap phuong AB,CD ,C,DAB
ngoai tiép td dién déu ABCD, hinh lap phuong
nay cd do dai canh bang V2. Chon D| lam gdc
O ctia hé truc toa do Dé ecac vudng gde Oxyz sao
cho A € Ox, B € Oy va C € Oz. Thé thi, trong
hé toa d6 nay, ta cd : A(VZ,0,0),
B(0,V2, 0), C(0, 0,Y2), D(V2,V2,V2) va

VZ VZ V2

$(3, 272

T T B s e AT oD
— 2 2 2 e 2 V2 2
SA ("2}' 2\,’__;2")* SB(‘?‘%’:'?)
— 2 2 N2 = 2 2 {2
SC(-3—32)P( 5 2 2)

Goi ;(}x, y, ) 1a vecto don vi ciia dudng thang
A, thé thi :
— —— —
SA’ = |eSA|, SB’ = |eSB|, SC’ = | eSC]| va
———
SD’ = |eSD| Tit do ta duge (voi chu ¥ rang
+y?+z22=1);

s = SA™ 4+ SB* + SC™* + SD™ =
1 4 4
ZE[{_I+J"+Z) +(x—y+2)" +

+x+y -z +(x+y+2)"
= 1 +4(x%y? +y%2 +2%%) <

4 7
St dr e gabd
31+3(:: g e L

Vay : s

1
i g P i b b
ma =, g = xi=y _z_3 —_

1 A
lxl = |yl =1zl =WSuyrac64\dtrlcuaA

thda mén diéu kién téng s dat gia tri 16n nhit,
tuong @ng cd vectd don vi chi phuong la :

1 il il 1 1 il
(v~ v3) ("3 Ve )

1 1 Jor 1 i 1
(~v& -3 (33 )

D6 1a 4 dudng thing SA, SB, SC va SD di
qua céc dinh ctia ti dién déu.

Nhén xét : 1) Ngoai hai ban trén, con cd hai
ban cting cho 1 gidi ding : Duong Van Yeén,
11T Phan Béi Chau va Hoang Trung Tuyén,
11A PTTH Ha Trung, Thanh Hgéa.
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2) Ngoai phuang phép toa dé da néu ¢ trén,
cac ban co thé gidi bai toan trén bang phuong
phap vecto.

NGUYEN DANG PHAT

Bai L1/224.
Thanh AB truot
lén hai canh clia
goée vuong (hinh
) Thanh co chiéu
dai I. Pau B N
chuyén dong vdi
vin téc khong vk

e

s
déi v, Hay xde i::
dinh  phuong, A
chitu va dé lén 7
ciia vecto vin tic |
. e P e s i el ¥ 4 x
v vecto gia téc o

cia trung diém
C tai thoi diém thanh lam voi canh thang diing
mot goc c.

Hudng din giai

1) Di€m C chuyén dong trén dudng tron tAm
D ban kinh bang I/2. Do do vecto u_:ﬂ.lfmg gdc

véi ban kinh OC (H. 1) Chiéu v, lén truc O ta

v v v
B o o
dudev, , =vy, = g Suyrav, = s
2 V. UI’J £ 4 F.
yWVip, = i constnéntacoa_ = 0va

a,., = a, ; do do aT. hudng thing ding xudng
dudi. Thanh phéan a, cla vectd cr,_: theo phuong
CO la gia t6c hudng tAm nén ta cd

32 2
a, v, us

2cos3a

Nhan xét. Cac em cd 10i gidi ding : Nguyén
Quang Truong, 11CL, chuyén Phan Boi Chéau,
Vinh (Nghé An), Doan Huu Thanh 12C,
PTTH Son Tinh Quang Ngai ; Nguyén Van
Tién, 11A2, PTTH Lé Quy Dén, Ha Noi,
Nguyén Dire Minh Hoang 11CL, Quée hoc Hué,
Nguyén Qudéc Nguyén 11L, PTTH Phan Boi
Chau Nghé An ;'Lé Thanh Hdi, 10CL, Lé Héng
Phong, Nam Ha

o, = = =
¢ cosc If2 . cosa

MA] ANH

Bai L2/224. Mot khung day siéu dén hinh
vuéng canh a, khoi luong m, ddat ndm ngang
trong tit truong khong déu theo quy ludt : B, =
-ax;B,=0;b,=B, +az Khung cé dé tu cam
L, khéng bién dang. Ban diu tam ctia khung
triing véi goc toa dg, ede canh ciia khung song
song vdi cdc truc Ox, Oy. Khung duoc thd ti do
va trong khung khong c¢é dong dién. Xeét chuyé'n -

dong ciia khung sau khi thd.
Hudng dan giai. Vi day siéu dﬁnR 0 nén
I#0nhungE=RI=0—|E| =——=0—®

.ﬂ.t
= const. Khung day roi tinh tiénnén ®, = 0va
®=d +® =aiB, +a)+L.Bandiut =0,

z — 0, i = 0 — =
a’az |
L
Lue dién tif tac dung lén cdc canh cia day : lue
do B, gay ra thi triét tiéu ; lucdo B gayradhai

canh hai bén truc z cing phudng, cung hudng
theo O, va c6 do lon o

a’B, — a’B, = a*(B, +az) +Li =i = -

a‘a’z
Phuong trinh chuyén dong ctia khung doe
theo Oz : -

F=2a[ ;}1"‘&2&; -

mz' = —-mg+F—:z"+5+ a'a’z =0
it g € L

gL i : adal
D&ta4a2 +z=X—2X" + mLX 0
—X = Asin(wt + ). Tai vitricdn bangz''=
mgL

7= —-

0 —
atel

— Bién dd dao doing
mgL T

mgL
T it

—2z = Acoswt — R
- -

w_irm[ o ..-t.'-
Khung dong diéu

Z= nzgg [cus(%ﬁ) = 1}

a’a
Nhan xét. Khong cd em nao od i giai |
ding.

dao h-'bei

MAI ANH
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DE RA K1 NAY

- CAC LOP THCS

3ai T1/228 : Tim m, n € N dé
A= 33"’2""‘" 51 + 4 la s6 nguyén to.

NGUYEN DUC TAN
(TP Hb Chi Minh).

Bai T2/228 : Tim nghiém duong ciia hé

phuong trinh :
— x1996
X tx, = a3

— 41995
x5 +:r3 =X,

1996
[ *1995 1 X 1996 = X}

= +~199
+:;cl = X3

*1996
PHAM NGOQC BOI
{Nghé An).
Bai T3/228 : Tim cdc nghiém nguyén (x, u)
etia phuong trinh.,

- By 1 =
25 X ) i e
4
BUT QUANG TRUONG
{Ha Néi).

i T4/228 : Cho tam gide ABC (AB < AC) v

" edc tam giac can BAD, CAE (BA = BD, CA = CE)

sao cho D nam khac phfa voi C ddiyéi AB, E

ndm khacphia vdi Bdéivdi ACva ABD = ACE.

Goi M la trung diém cia BC. Héay so sanh MD
vdi ME

NGUYEN KHANH NGUYEN

{Hdi Phong).

Bai T5/228 : Tro phdng cho tam gidc
ABCc6AB=3 AC =4, BAC = 150°, trén duong
trung true cua dogn BC, ta ldy diém D d ciung
phia vdi A so véi BC sao cho AD = 5. Hdy tinh

" ede gée clia tam gide DBC.

TRINH BANG GIANG
(TP H& Chi Minh).

" CAC LOP THCB
Bai T6/228 : Cho p la mét s6 nguyén té.
Chiing minh rdng véi s6 m nguyén khéng am
bét ki, ton tai mot da thite @ ¢6 hé s nguyén
sao cho p™ la wde sd chung lon nhat cia tat cd
cacsda,=(p+1Y' +Q(n) (n=1,2,3..)
TRAN DUY HINH.

fBbzh Pyinh)
Bai T7/228 : Gidi phuong tr.r.nh

729 + 81 —2Z =

TRAN VAN HANH.
{Qudng Ngdi). -

n
Bai T8/228 : Gid sz : S, = > C¥

.Trong

m(m—1)...(m—s+1)

SR R T
Tim lim EUSR
n—+e=
HDQHAEEV]NH
Bai T9/228 : (g

Chitng td rdng vdi n véc to don vi cia mat
phang c6 thé chon ra diuge cdc chi s6

i}y iq v iy 8@0 cho
—_ — — nk
|a‘-] - @ + ... +“fk| >z
DAM VAN NHi
{ Thdi Binh).
Bai T10/228 :

Hinh chép SABC c6 téng cdc mat (gée 6
dinh) ciia tam dién dinh S bdng 180° va cdc
canh bén SA =SB = SC = 1.

Chitng minh rtinfjﬁén tich toan phén chop
nay khéng lon hon ¥3

NGUYEN LE DONG
(TP HB Chi Minh).

CAC PE VAT LI
Bai L1/228 : Thudc gé AB, dau A duoc
xuyén qua moét truc guay, true nay d phia trén
mét nude. Thd thude xuéng nude, khi thuoc
ditng yén thi phan thudc ngdp trong nudc
CB = gAB Tim lycddy Acsimét tac dung vao thudc,
Tim luc ép ctia thudc lén truc quay (trong luong
thude la P. Masat ¢ true quay duoe bo qua).
PHAM HUNG QUYET.
(Ha Noi)
Bai L2/228 : Cho mach dién nhu hinh vé
R,=R,Ry=3R, . U khéng déi. Bo qua gia
tri dién trd ctia day noéi, khéa K va Ampe ké.

Khz K md dén D dat cong sudt tiéu thu cuc
dai, (A) chi 1A.
1. - Xac dinh s6 chi (A) khi K dong
2. = Vai U = 150V, hdy xdic dinh P, U, liic
K md, K déng.
LAl THE HIEN
{Thai Binh)
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PROBLEMS FOR THIS ISSUE.
For Lower Secondary Schools.
T1/228. Find m, n € N such that
A= 33mz+!:w -6l 4 4
is a prime number.

T2/228. Find positive solutions of the
system of equations :

— 1996
X +x, =23

— 21996
X +x3 =xy

— 199G
Xi995 T X199 =X

— 41996
Xigge X =257

-+ T3/228. Find integer solutions (x, ©) of the
equation

+ +1+_1’ 1
X x E I+Z =U.

T4/228. Let be given a triangle ABC, AB < AC,
and the isoscles triangles BAD, CAE (BA = BD,
CA = CE) so that D and C are on distinct
half-planes bounded by AB, E and B are on
disﬂ_r}g&_ half-planes bounded by AC and ABD =
= ACE. Let M be the midpoint of BC. Compare
MD with ME.

T5/228. In the plane let b?ﬁi_ten a triangle
ABC with AB = 3, AC = 4, BAC = 150°. On
the perpendicular bisector of segment BC, take

the point D such that AD = 5 and D and A are
on the same half-plane bounded by BC.
Calculate the angles of triangle DBC,

For Upper Secondary Schools.

T6/228, Let p be a prime number. Prove
that for every positive integer m, there exists a
polynomial € with integer coefficients such

that p™ is the greatest common divisor of all
numbersa, = (p +1)" +Q(n)(n = 1,2, 3, ...).
T7/228. Solve the equation

7294 +8V1 —x% = 36
n

T8/228. Let S, = > C¥ |, where

k=0
mm-=-1)..(m-s5+1)
» T48t INTe
Find lim *{S, .
H— to

_:[‘9.#228. Prove that for n given unit vectors
{a;}, i = 1,2 .., n), in the plane, one can

choose indexes i, i,, ..., i such that

e — — nk
Ia:.l +a!.: = i +a!-RJ = m :
T10/228. Consider a pyramid SABC, the
sum of the plane angles at vertex S of which is
180°and SA =SB = SC = 1.
Prove that the total area of the pyramid is
not greater than V3.

HQ DUONG CONG ..
(ti€p theo rang 14)

7.0D6671] Choy = (3m+1)x—m2+m
x+m
CMR : D6 thi ham s6 lubn ti€p xdc véi hai
dutng thing 6 dinh
8. [Dé 141Val : CMR Ho duong thing
C(a): (x — 1)cosa + (y —1)sina —4 =0 ludn
tiép xde véi mot duding cong co dinh

(m = 0),

9. CMR : Ho dutng thing D(m): y = max+ —El-
(m # 0) ludn tiép xic vdi mét parabol c6 dinh.

NGUOI GUI BAI GIAT CAN CHU Y

- Lai giai etia mét bai todn vist riéng trén
mot to gidy. Néu bai dai nhiéu trang thi dinh
ching vao nhau.

~ Trén méi bai giai déu ghi ho tén, 14p,
trudng, huyén, tinh (thanh phd) va ghi s
cua dé ra (khong cén chép lai dé).

= Ngoai phong bi cén dé r6 bai gidi ciia
80 bao nao (khéng gii bai cia nhidu s6 béo
vao cung mit phong bi).

.. Chi gtii bai giai vé dia chi :

458, Hang Chudi, Ha Nai.

TOAN HOC VA TUST TRE

)
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KET QUA Ki THI HQC SINH GIOI
THPT MON TOAN NAM HOC 1995 - 1996

Cube thi chon hoc sinh giéi Toan THPT nam
nay da dugc tién hanh trong hai ngay 15 va 16
thang 3. Thi sinh phai lam 3 bai toan trong 180
phut méi ngay. 397 thi sinh cua 55 doi da du
thi, trong d¢ ¢é 51 déi ctia cac tinh, thanh phd
va 4 doi cia cac 16p chuyén Todn thudc cic
truimg Dai hoe. Cac déi duge chia thanh hai
bang, mic dé dé thi ctia bang A khd hon bang
B. Bang A gom 31 do6i véi 253 thi sinh, bang B
gom 24 d6i vai 144 thi sinh. M&i doi cit téida 8
thi sinh, trit mét s6 déi manh duge et nhiéu thi
sinh hon. Di€m téi da eta mbi ngay thi 1a 20,
cua ca hai ngay thi la 40. Két qua thi nhu sau :
O bang A c6 2 giai nhét, 11 giai nhi, 21 gidi ba
va 33 giai khuyén khich. Téng s6 giai clia bang
Ala 67, chiém ti 18 26,5% tdng sé thi sinh, trong
d6 s0 giai ba trd 1én 1a 34, chiém tilée 50,7% tong
s6 giai. O bang B khong cd giai nhit, cd 1 giai
nhi, 4 giai ba va 6 giai khuyén khich. Téng sd
giai cua bang B 1a 11, chiém ti 16 7,6% tong s
thi sinh, trong do sé giai ba trd 1én 1a 5, chiém
ti 16 45,56% tong s6 giai. Tinh chung c4 hai bang
A va B cd 2 gini nhat, 12 gii nhi, 25 gidi ba va
39 giai khuyén khich. Téng s6 giai 1a 78, chiém
tilé 19,6% téng sa thi sinh.

Danh sich ede hoce sinh gioi mén Toan
THPT nam 1996 :

Bing A Gidi nhat (tit 35 dén 40 di€m) : Pham
Lé Hung, Ngb6 Dac Tuan (DHKHTN - DHQG
Ha Noi)

Gidi nhi (tit 28 dén 34 diém) : Nguyén Thai
Ha, Nguyén Anh T, Dinh Thanh Trung,
Nguyén Minh T4, D6 Qudc Anh, Nguyén Bd
Hung, Trin Dang Hoa (DH KHTN - DHQG
Ha Nai), Lé Long Triéu (DHTH tp Hé Chi
Minh), Lé Quang Minh (Béc Thai), Trinh Thé
Huynh (Nam Ha), Pham Lé& Son (Thanh Hda)

Gidi ba (ti 23 dén 27 diém) : Diang Lan
Huong (nit), Nguyén Thai Hoc, Vi Hai Sam
(Nam Ha), Nguyén Manh Cuéng, Vi Quang
Doéng (DH KHTN - DHQG Ha Néi) Ngbd Dic
Duy (Hai Phong) Lé Thanh Ngén (Quang Nam
= Da Nang) Lé Anh Vi, Nguyén Thi Hai Yén
(nit) (Thita Thién - Hué&), Nguyén Tién Chinh
(Thai Binh) Lé Minh Higu, Hoang Anh Tung
{(Thanh Hoa), L.é Diic Linh, L.é Van An, Phan
Anh Ding (Nghé An), Pham Tudn -Anh,

10

NGUYEN VIET HAI
Nguyén Trong Hau (Ha Tay), Dang Thanh Ha,
Pang Viét Diing (DHSP - DHQG Ha Noi),
Nguyén Tri Phuong (Ha Tinh), Nguyén Xuan
Thang (Quang Tri).

Gidi khuyén khich (tit 20 dén 22 di€m) Ngo
Pic Thanh (DH KHTN - DHQG Ha Néi) -
Trinh Quang Khai, Nguyén Trung Kién (Ha Tay)

- Hoang Lé Quang, Nguyén Thi Thanh
Thuy (nit), Pham Dinh Truting, Dang Qudc
Ding, Pham Ddc Tung (Hai Phong)

— Nguyén Minh Hién, Pham Thuy Lién (ni)
(Nam Ha)

— Biii Thi Ngoc Tuéin (nir), Pham Thai Ha,
Nguyén Quang Trung (Thai Binh) — Trédn Tién
Diing, Vi T4t Thang, Tran Minh Anh (Ha Ni)

= Ngo Thi Hai (nit), Bui Thi Thu (nir), Pham
Ngoc Tudn (Hai Hung)

- Nguyén Ngoc Vinh (Ninh Binh)

- Tran Truong Thiy, Tran Quang Nhat, Lé
Thai Phong (Ha Tinh),

~ Nguyén Minh Hoang (Khanh Hoa)

- Trinh Hitru Trung, Trinh Hoang Nam,
Nguyén Ngoe Hung (Thanh Hda)

~ Nguyén Phung Minh (Thiia Thién - Hué)

— Nguyén Dang Trie (Vinh Pha)

- Nguyén Héng Chung (Nghé An)

- Ho Van Théo (Quang Tri)

- bam Khanh Hoa (Phu Yén)

- Nguyén Hiu Quynh (DHSP - DHQG Ha
Noi)

Bing B Gidi nhi ; (tir 32 dén 40 didm) Lé Van
Manh (Hoa Binh)

Gidi ba : (tir 23 dén 31 diém) Ngbd Quang
Bidu, Lu Anh Haa (Bén Tre)

Mai Thé Hung (Quing Binh)

Lé Chi Trung (Déng Thép)

Gidi khuyén khich : (tit 20 dén 22 diém’

- Nguyén Ngoc Phung, Thai Minh Hoang
(Vinh Long)

- Phan Thi Minh Nguyét (nit), Lé Chi Tho,
Phan Duy Hiing (Quang Binh)

- Dao Duy Chung (Gia Lai).

Sau day la cac dé thi Toan chon hoc sinh giéi
THPT nam 1996
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NGAY THI 15 - 3 - 1996
(180 phiit, khong ké thoi gian giao dé)

BANG A
Bai 1. Gidi hé phuong trinh :

@(1 +—-{—) =2

x+y
1
, SO e (gl

Bai 2. Cho géc tam dién Sxyz. Mét mdt
phang (P) khong di qua S va cét cac tia Sx, Sy,
Sz lan luot tai A, B, C. Trong mat phiang (P)
dung ba tam gide DAB, EBC, FCA sao cho mdi
tam gide dé khéng co diém trong chung vdi tam
gige ABC, va ADAB = ASAB, AEBC = ASBC,
AFCA = ASCA. Xét mat ctu (T) théa mdn dong
thoi hai didu kién sau :

(1) (T) tiép xiic vdi cic mat phang (SAB),
(SBC), (SCAJ, (ABC.

(2) (T) nam trong goc tam dién Sxyz va ndm
ngoai hinh tit dién SABC.

Chiing minh rang tam dudng tron ngoai
tiép tam giac DEF la diém tiep xtic ciia mat céu
(T) vdi mat phang (P).

Bai 3. Cho cdc so nguyén duong k vix n vdi
k < n. Hoi co tit ed bao nhiéu chink hop chép
k (al, asy e ak} cita n 6 nguyén duong dau tién,

ma méi chinh hop (a,, a,, ... @) théa man it
nhdt maét trong hai diéu kién sau :

(1) Tontais, t€{1,2, ..k} saochos <t
via, > a,.

(2) Ton tais € { 1, 2, ..., k} sao cho (as - s
khong chia hét cho 2.

BANG B
Bai 1. Hay bién ludn s6 nghiém thic cita hé
Ty A gt

phuong trinh véi én x, y : i 2

theo ede tham so thuc a, b.

Bai 2. Cho hinh tii dién ABCD ni tiép trong
mdat caw tam O va AB = AC = AD. Goi G la
trong tam tam giae ACD, goi E la trung diém
ctia BG va F la trung diém cia AE.

Chiing minh rang OF vudng goc vdi BG khi
vix chi khi OD vuéng géc vai AC.

Bai 3. Cho n s6 (n > 4) déi mot khae nhau
a,, a,, ...a, . Héico tat cd bao nhiéu hodn vi ctia
n 86 dé, ma trong méi hoan vi khong co ba so
nao trong bon sé a,, a,, as, a, ndm d ba vi tri
lién tiép ?

NGAY THI 16 - 3 - 1996
(180 phiit, khong ké thoi gian giao dé)

BANG A
Bai 4. Hay xdc dinh 6t cd cdae ham s6
f: N*—=N* théa mdn ddng thiic :
fin)+fin+1) = fin+2)fin +3) - 1996 vai
moin € N*.

(N* la tap hop cde s6 nguyén duong).

Bai 5. Xét cdc tam gide ABC ¢6 d¢ dai canh
BC bing 1 va sé do géc BAC bling « cho truoc
{’ a > % ) . Héi tam gide nao ¢é khodng edch fit

tam dwong tron noi tiép dén trong tam bé nhdt ?
Hay tinh khodng cach bé nhdt do theo a.

Ki hiéu fle) la khodng cdch bé nhdt néi trén.
Hoi khi o thay déi trong khodng (%, .T[) thi
ham 36 fle) dat gia tri Ion nhat tai gid tri nao
cia a ?

Bai 6. Cho bon 56 thie khoéng éam a, b, ¢, d
théa mdn diéu kién :

2(ab +ac +ad +be +bd +ed) + abe + abd +
+acd +bed = 16.

Ching minh ring : ;

a+b+e+d = %(ab +ac +ad +bc+bd +ecd).
Héi diu bang xdy ra khi nao ?

BANG B

Bai 4 : Hay xdc dinh tdt cd cdc ham so
f: Z—Z théa man dbng thoi hai diéu kién sau :
(1) f{1995) = 1996
(2) véi moi n € Z, néu fin) = m thi fim) = n
v fim+3=n-3.
(Z la tap hop cdc 86 nguyeén).
Bai 5. Xét cde tam gide ABC co dé dai canh
BC bing 1 vit s6 do gée BAC bing « cho iride
(a> g ) - Hoi tam gide nao co khodng each ti
tam dudng tron néi tiép dén trong taém bé nhdt ?
Hay tinh khodng cdch bé nhdt do theo a.
Bai 6. Cho ba 56 thuc kRhéng ém x, y, x thoa
mdn diéu kién :
xytyzt+txztaxyz =4
Chiitng minh rdng :
x+ty+zz= xy-i-yxl—;rz.
Héi déu bang xdy ra khi nao ?

11
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Danh cho céc ban chudn bi thi véo daihoc
HORENGIENGHE

Trongeac ki thi tuyén sinh vao Dai hoc va trong
Bo dé Toan ta thudng gap dang todn sau day :

"Chiing minh ho duding cong (C,,,) cd phudng
trinh y = f{x, m) luén tiép xtec véi mot duong
(D) ed dinh"

C6 4 phuong phap d€ giai dang todn nay

1. Phuong phap nghiém keép

Gia st ho dudng cong (C,,) tiép xuc voi

dutng (D) cé phugng trinh y = g(x). Khi dd .

trong pham vi chudng trinh phd thong bai toan
duge thoa mén <=f(x, m) = g(x) c¢é nghiém kép
Vm. Tii didu kién nay ta sé tim dude gix) .

2. Phuong phap tim diém c6 dinh

Buoe 1 : Tim diém c6 dinh (néu cd)
M, (x,%,) € (Cm) 1y = flx,m)

Bude 2 : Ching minh f'(x,, m) = k —const

Budce 3 : Két luan (C,) luén tiép xic vdi
duting thingy = k(x —x,) +¥,

3. Phuong phap tach bé phan nghiém kép

Bude 1 : Bién déi flx, m) =
_ la(myx +pm)l*
R T
va ylx) khong chia m

Buoc 2 : Xét phuong trinh tuong giao
fa,m)y=y@) — lamp+fmE=0 cd

m)

nghiém kép x, =

+y(x) trongdéda < k € N

a(m)

Budc 3 : Két luan (C,) luén ti€p xic vdi
duong cd dinh (D) ¢ phuong trinh y = y(x) tai
tiép difm M, (x,, y(x,))

4, Phuong phdp tim tap hop diém ma ho
duong cong khéng di qua

Budc 1 : Tim tap hop diém ma ho duding
cong khéng di qua chéng han toa dé cta cdc
diém nay théoa man bat phuong trinh
a(x, y) < B, y)

- Bude 2 : Du dodn dudng cong cf dinh la

a(x,y) = px,y)

Bude 3 : Chiing minh (C,) : y = f(x, m) luon
tigp xic voi (D) : a(x, y) = B(x,

%Enh Em;’ugl .*) S

1. Phuong phap 1 (thudng sit dung trong Bo
dé Toan) la pﬁuﬁng phap tu duy theo 16i kinh
dién tdc la : "N6i dén sy tiép xtc 12 phai nghi
ngay dén y&u t& nghiém keép". Day la phuong
phap giai eg ban bao quat voi dang bai todn :
"Cho biét trude dang cua dutng cd dinh (D)"

Tuy nhién cach giai nay dai, tinh toan phie
tap, dé nham lan va dac biét nd khong thich hap

12

J

A A
i ' i A NI

TRAN PHUONG

vdi cdc bai todan chua cho biét dang clia dudng
co dinh (D)

2. Phuong phap 2 chi st dung dugc khi ho
(C,,) chia dyng y&u t& ludn tiép xde voi 1 dudng
thing cé dinh tai 1 di€ém 6 dinh. Néu sl dung
duoc thi viée tinh todn sé don gian hon so véi
phuong phap 1

3. Phuong phap 3 cho cdch giai rat ngan gon
va doe dao. Diém khéc biét co ban so vai 2
phuong phap trén la phuong phdp 3 giai quyét
duge 16p céc bai todn chua cho biét dang caa
dutmg c6 dinh (D)

Muén st dung tét phuong phdp nay ta cn
chi ¥ cdc dac diém sau :

Khéo léo bién ddi f(x, m) =
_ la(myx +pm)
3 A(x, m)
khong chita m

Ta cdn phai du doan duge y(x) theo 1 trong
2 céich :

3.1 Du doan y(x) bang truc quan todn hoc

+y(x)vdi2 < k € Nvaylx)

+
3.2 Dat g(x, m) = @W}f . Khi d6
df _ dg®agmpe +pemyt "t _
dm — dm plx, m) &
x, = % . Xét 2 kha nang
—pm)

(a) Néux = i 14 bigu thiic cd chiia m.

Khi dé ta sé xdc dinh y(x) bang cach

d
Bude 1 : Gidi phuong trinh Ii:ni: =0—m =pl

d
Bude 2 : Vi nghigm cia E-}-E =0 cung la

nghiém cta g(x, m) = 0 nén thé m = p(x) vao
ham s6 y = f(x, m) ta nhan duge ngay y = y(x)

e N s L0, Thé

e - alm

x,=a vao ham s6 y=f(x,m) nhan dude
y =b —const.

Nhu véy ta khong xac dinh dude ngay y = y(x)
ma chi biét 1 diém (a, b) € y = y(x) cdn tim

Viéc khoi phuc y(x) phai si dung céc bién
phép gian ti€p khdc nhau tiy theo tinh hudng
cu th& cia cac bai todan.

4, V& mat hinh hoc ta cé nhan xét sau :

4.1Néux, = ;ﬁf,:t}

thi (C,,) lubn tiép xtic vi (D) tai 1 di€m cd dinh

= a — const.

khéng phu thudc vao m

https://tieulun.hopto.org



https:www.facebook. com/letrungldenmath

https:/isites. google. com/site/letrungldenmath

—P(m .
4.2 Néu L= m_) phu thuée vao m thi (Cm)

luén tiép xtic véi (D) tai cdc diém di dong trén (D)

4.3 Phudng phap 4 thutng duge st dung khi
(C,,) 1a ho duong thiang con (D) 1a mot dudng
cong cd "tinh chdt ctia hinh 16i" VD : (D) la
dudng tron, Elip, Parabol, ... Ndi chinh xac hon
dudng cong (D) chia mat phang toa d6 thanh 2
mién trai ddu theo phuong trinh cia (D)

—

4 L
\ 7 Lf"" b . Mt It ,{;7? J
_ Sau day la mdt s6 vi du minh hoa cho ede
binh ludn nay
< Bai I : CMR db thi
2+ (1 -m)x+1+m
s x—m
luén tiép xiic vai 1 duong thing cé dinh tai 1
diém cé dinh.
Phitong phap 1 : Ho dé thi ham s6 da cho
ludm tigp xue vai dudng thangy = ax + b
22 +(1—m)x+1+m
x—m
nghiém kép Vm <>(a — 2 + [(1 —a)ym +
+ (b—=1)]x — (b+1)m — 1 = 0cd nghidm kép Vm
«sa #2va A= (1-a)’m? +[2(1-a)(b-1) +
+4(a-2)(b+1)lm + (b—1)* +4(a—2) = 0 ¥m
(1-a)y>=0
—12(1 —a)b —1) +4(a—2)(b +1) =0
=12 +4@-2)=0
a =
e Vay dé thi ham s6 ludn tiép xuc véi
duting thing y = x — 1 tai di€m cd hoanh do

ham 86

«>phuong trinh =ax +bed

—

Ic=_ﬁ= _l_byo e 1= _éﬂTQadé

tiep digm la (-1, -2)

Phutong phdp 2 : Diém e dinh M (x,v,) €
202 4 (1 -l 1

d6 thi <>y, = — Vm

xu—m

Yo =, T L

1, +1)2=0

ng - 4mx +m?—2m—1
Mat khdc y’(x )= 3 =
. (xﬂ — )

_ (mt1)?

—(1 —m)?
iy do 1):hi ham sd luén ,tiép xic viil dettr_],g
thang cd dinh 1a ti€p tuyén vai d6 thi tai tiép
dienn * (<I,"" =2J" ‘ed phuon§ trinh 1la
Y=y E e —x ) ty, ey =2~
Phuong phap 3 :
(2 +2+1) +a —(m + 1a'+m

T
(x+1)2
xX—m

+x—1)

-+ 1)2
|:i—}+;n:*‘1=;r—l~—»

Vi phuong trinh o

+ 132
{’;—_?Z— — 0 o6 nghiém kép r'= ~1 nén d6 thi
ludn tiép xic vdi dudng thing y =x —1 tai
diém c6 dinh (-1, -2)

Bai 2 (D¢ 921.3] : CMR : Tiém can xién clia ham
s (m + N = 2mx = (m° —m? —2)

) x—m
tiép xiic vai 1 parabol ¢d dinh 5

Gidi : Bién déi y=(m+1x+m(m-1) + ——

x—m
— Tiém can xién y=(m + 1x +m(m — 1)
Phuong phdp 1 : Gia sit tiém can'xién luon tiép
xtc véi parabol y = ax? +bx + ¢ khi d6 phuong
trinh ax? +bx +e = (m + 1)x + m(m — 1) hay
ax?+(b—-1-mix+c—m(m—1)=0 co
nghiém kép Ym

«>a # 0 v A = (1+4a)ym2+2(1-b--2a)m+
+{1 =28 =0 —dae)=0%m T 5

1+4a=0 a=-1/4
w=il—-0-20=10 b =32

1-26+b%2—-4ac=0 |c=-1/4
— Parabol phai tim 1a y=(—1/4)x2+(3/2
Phitong phdp 3 : Buoc 1 ED)l.JIE do(é.n

) 8, i i+ et
(Lamnhap}.dm—2m +x—-1)=0

{uon

— 1/4
arabol

1—x
- —
Wi
|
Thém = e vao phudng trinh tiém cin xién
1—x =] —
= e +— — - =
gl t it (g
_—x2+63:—1
= 4

13
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Bude 2 : Chiing minh diéu dyu doan

Xét phuong trinh

=2 +6x—1
4

=0

(m+Lx+mm —1) =

@1
4

em? +(x—1)m +
~1
3 5 ]?- = 0 c¢6 nghiém kép. Vay
tiem can xién ludn
y = (—1/4p? +(3/2)x
Phuong phap 4 : Bude 1 : (Dy doén) : Diém
M (x, vy & Tiém can xién nao <«
y=(m+1x +m(m —1)
hay m? +(x — 1)m + (x —y) = 0 v nghiém m
0>A=(x—1)2%—4(x-y)

i—-'[m+

tiép xuc parabol

&S | -
ﬁ.i‘i— > y — Dt dodn duding 8 dinh
. —x +6x —1
lay= T

Bude 2 : Ching minh diéu dy doan
Xét phuong trinh (m+1)x + m(m-1) =

—x?+6—1 (x— L)%
= g = Fle =m0
: x—142 . : ’
s [m + 3 ] =0 co nghiém kép. Vay

parabol cdn tim la y = (—1/4)? + (3/2)x — 1/4
Bai 3 [Dé 19Va]. CMR : Ho duong thang
Dfa) : xcosa + ysina + 2cosa + 1 = 0 lubn tiép
xtic vdi 1 duong cong ¢ dinh
Phuong phap 3 : Bude 1 : (Du doan) : Gii

f{x,y.,cx)=0 ixcosc'{ +j‘3inr_’x + 2cosa+]l = 0

d
hd d£ = ]-:rsincx + yeosa — 2sina = 0
x + 2)cosa + ysing = —1
cosa — (x + 2)sine = 0
xi P
e e
0 (x + 2y +y
a A
sina = prons
(x +2)2 452

2 2 2
i [ (x +2)? +y2] Y [(x +2)2 +}-2} I8
+=(x +2)2 +y2 = 1 — Dy doan dudng co dinh
la dudng tron (x +2)2 +y2 =1 .
Buede 2 : Chitng minh diéu du doan
_ Goi I (-2, 00 la tam dudng tron
(x +2)2 +_y2t= 1 ta [ cd
—2cosa + 0.sinz+2cosa + 1
Al e Tk
Vay ho D{(z) ludon ti€p xic vdi dudng tron
fx + 2)F -y ey
Phutong phap 4 : Bude 1 (Du doan) : Diém
B oy e o BASHB SRR,

14

g
dudng congy = x° —dxt + 3% — 4" +

xcosa + ysina +2cosac +1 =10 hay
(x +2)cosa +ysina = =1 v6 nghiém a <«
(x +2)? +3* < (-1)? = 1 = Du dodn la dudng
tron (x +2)2 +y* =1

Butde 2 : Ching minh gidng bude 2 & trén

Bai 4 CMR Ho dutng cong
3 —m?

4

y=a —4x* + 3% - 5a? +mx + ludn

tigp xic voi 1 dudng cong cd dinh

Phuong phap 3 : Budc 1 (Dy doan) :
dy mn
E_I i—UHHI—ZI.

Thé m =

N
y=x —dxt + 37 — 4t + 1a dubng cong co

dinh du doan
Bude 2 : Ching minh diéu dy doan.
Xét phudng trinh

9y vao biéu thic ham s6 —

3 -m?
=yt i Gt e

S aud
=x° —4x* +3.‘C3—4I"+E_

i
m m i =
e x2 — mx +—4 = (x——2)2=0 cé nghiém

kép. Vay ho dudmg cong da cho ludn tiép xic voi

4
Mot 56 bai tap dp dung
1. [Dé 401.2] CMR ¥m = 0 d& thi ham s6
(m+1x+m
Y= tm
thang ed dinh
2. [Dé 1021.2] CMR D& thi ham sb
y=x+(2m + 1)x + m? — 1 ludn tiép xtic vdi 1
duding thdng co dinh
3. [Dé 41IVa] CMR: Ho dudng thing
D(p):y = (2p + 1)x —p? ludn tiép xic vdi 1
parabol c6 dinh
4. [Dé 1431.2]1 CMRE: D6 thi ham sb
“mix+1y+xt2
Y= Tmr+1) -1
1 duting thing ed dinh
D. [De 641]
x% coscr + 1 +sin? o cosa + sina
Kg? X +cosa
€ 7) CMR : Tiém can xién lubn tiép xde vai
parabol ¢6 dinh. Tim quy tich tiép diém
6. [bé 5711
LA x(f*m Im*Y MR D6 thi
ham s6 ludn tiép xic voi hai duting thang ¢6 dinh.
{Xemn uép trang ¥)

luén tiép xic vdi 1 dudng

{m = 0) ludn tigp xic voi

Cho

(@ = km, k

Cho
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Dé chung minh mdét ding thic véctd ta
thudng diing cdc bién déi vécta va sit dung cdce
dang thiic vectd cd ban. O day dua ra 1 phuong
phap ching minh dang thic vecto kha thuan
lgi trong nhiéu trudng hgp ; phuong phap si

* dung hinh chiéu vectd trén 1 truc,

1. Hinh chiéu ciia mét véeto trén mot truc :

Trén mat phang cho a = AB va mot truc x.

GoiA’, B’14n lugt 12 hinh chigu vudng gdc cia
AvaRBtrénx (Hir1_b 1). Ta goi d6 dai dai s6 A'B’
la hinh chiéu ciaa = AB trén trucx : ki hiéu :

A'B’ = ch(a) = ch (AB)

Is)
A _r,f"’ﬂﬂi
|
| 1
: !
l i
R I 5
g A v o
Hinh 1
Vi dinh nghia trén ta dua ra 4 tinh chit sau :

L1 chy(a) = | al .cosp , trong dé p la goc
tao bdi a va ¢ chiéu duong cia truc x.
1.2 ch, {a +b) =ch {a] +ch, (b}
1 ’Eer = R chr(ka} keh (a)
— — oy
14 a=bs wchr(u) =ch (b) va ch (a)=ch (b)
trongdéx vayla 2 truc khong song song. Ching
minh cdc tinh chédt 1.1, 1.2, 1.3 khong cd gl khd
khan. Ta chi néu phép ching minh 1.4
Diéu kién cdn : hién nhién do ap dung 1.1
— ok = =3 a
Didu kiéndia:Data =AB:b=CD ,gidsi:
ch‘AB A B, ;ch CD C,D, D;,
chAB AR B‘2 s ch, CD = CZD theo gia thiét
AB, = CDI,AJB__-, =C,D,.

Goi E la giao cia AA, va BB, F la giao cla
CC,, DD, (Hinh 2), bang cach xet 2 tam glac
vudng bang nhau ta suy ra EA [/ EC, EA =
viiy EACF la hinh binh hanh = AC EF
_,Tuong tu EBDF 1a hinh binh hanh =
BD = EF

— e
Déng thic AC = BD ching té
AB=CD , haya=5.

NGUYEN VIET HAI
(Hdi Phong)

Hinh 2

2. Ap dung :

Csc bai todn sau day déu co thé giai dudc :
khéng cén diing chidu vectd. Ban doc cd thé so
sanh CEI.Ch giai 6 day va cdc cch giai da bist, dac
biét 2 vi du 3 va 4 néu khong dung chiéu vectd
céch giai sé khd khan.

Vidu 1.

Cho H va O
la truc tim va
tdm dudng tron
ngoai tiép
AABC. Ching
minh _rang 3
OH - 04+
+ 0B +0C (1)

Gidi.

® Chondudng
thang BC 14 true,
chiéu cia truc BC 14 chiéy cia BC (hinh 3)

o chy. (OA +0B +OC) -

= chy (OA) +ch B(-(OB +OC) chp (OA}+
+chﬂf(2OM} chyAOA)H0= chB{(OH]

e Tuong tu voi AB la true thi

Theo 1.4 ta cd dang thic (1)

Vi du 2 (xem bai tap §4ﬁntﬁpcuﬁlmm, HH10).

Cén va du di;dleml la tagn dug % tron ndi
tiép AABC l1a aIA +bIB +cIC = 0 (2

Gidi :

Diéu kian cén :

Gia st [ 1a tAm dudng tron ndi tidp AABC
(Hinhﬁi) la dud h i) 6

] truc x udng thang vuon c vai
IA tai Ayco chiéu nhu hinh vé, Ha ﬁﬁo
vudng goe vii x.

Hmh
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|
; . |
e |
ASH IR
=N !/‘n._\}

Hinh 4
— e —_— —r o .
chy(alA+ bIB+cIC)=0 + ch (bIB+cIC) =
= bAB, +cAC, Goi A, 1 giao ctia A va BC, ta
¢6 nhan xét : AB; va AC; ngudc hudng va
AB;:AC; =AB:AC=c:b (theo tinh chat
ctia dutmg phan gide AA ), bdi vay :
bAEI +ciCI =0 BUY
ch(alA +bIB +cIC) =0 = ch (0) .
- Tuong tu,goi y 1a truc vubng de vii IB
tai B thi ch, (aIA +bIB +cIC) = chx(%') :

Theo 1.4 ta cd dang thiic (2).

Diéu kién du :

Gia st cd diém I thoa mén (2). Goi I, la tam
duding tron noi tiép AABC. Theo diéu klég_ca‘in,
I, phai théa man : al;A +bI;B +c[;C - 012
s (2) va (2%) co
0=a(Al — AT,)) +b(B1 —B)) +¢(C1 - 1))
(atb+e)l;= 0 =Il;= 0, tie la I trung voi I,.

Vi du 3 : Goi (O,R) va (I, r) 1a cde duting tron
ngoai tiép va ndi tiép AABC. D, E, F lan lugt la
tiép diém cua (I,r) va BC, CA, AB. Goi K 1a
trong tam ADEF Chding minh ring

— 3R —
oI = —r—ﬂ'. 4]

ra

-

3}

Gidi : he ¥ rAng (3) =
= odH L e e R— —= —
I = s g{ID +IE + IF) =E(ID +I1E +1IF)

o Léy BC 1a truc x6i chiéu Ly chiéu ciia BC
OM 1 BC, goi p = ABC ;7 = ACB (Hinh 5)

g fﬁ#!:‘-i,_:_: i B
e ch,(O) = chy (Bl — BC) = BD — BM
DU Y
Dotitn Dt 1 Ly —
chyy (IDHB+IFY = 0+chy(IE)+chp (IF)=
= r.cos(90° =y) L rcos(90” + )

{(dé1aviIE, IF1a 2 vectd co do dai r, tao vai
chiéu dudng cia true BC cdc goe 90° —y ; 90° +5).
Sau dd ap dung dinh 1i sin vao AABC ta cd :

e i o = r
chg(IE)+chg(IF)=r(siny —sinfl) = ﬁ{c—b)
Nhu vay :

16

chy(OD)= % = chyge (5 (D +1B +10))

e Ciing tuong tu nhu vay khi chon AC la
truc va ta suy ra (3).

Vidud:ab, %lé3wnhﬂABC,%ffo%E&
trong tAm va tAm dudng tron ngoai ti€p %
c?mg:S o 7, la cac vecto don
vi lan lugt vudng goc vai BC, CA, AB, cung
chiéu voi cde vect;j% ; Ié _IF trong vi du 3.

Ching minh gang :_, i

a’n, +b’n, +eng = 128.MO

aape - GOIn,, 1y, Ry

(4)

Hinh &
Gidi: @ Tuong tu vidu 3: ha AK L BC, vi

— 1 — el —
OM = 5 (OA +0B +0C)

e 1 —= e =
chye(MO) = 5 [ehcAD — chpc(OB +0C))

3 — 1 e —
= Gehyc AD = g chyc (BO —BA)

3
PR o e Y 1 — 1b62-¢°
= §(BN"BK}=E(KC—BK')—E—'—

a
(theo dinh i Pitago). | L
® chm-(ajn ; +b'n, + c-*n‘;] =
= chm-{b%?z +c3n,) = bisiny —csing =
b3e — 5
= —6-2# (xem vi du 3).
abe x
Do Smm‘zﬁ nén ta co
ple—clh oftiRrcd (WLB0 At
2R R ‘2a, R IS
Nhu viy chmr{a‘?n gt bn 5+ .:-’nj ) =
25(b2 —c?)

—

e Hoan toan tudng tu khi ldy AB lam truc
vi1 ta suy ra diéu phai chiing minh.

D# ap dung dide phudng phap trén ban doc
hay tu_,ching minh dang thafe =sgu
($in2A)0A + (sinZB)OB + (sin2C)0C = 0 (5)
trong d6 O 1a tam dudng tron ngoai tiép AABC.

Dén day ban doc cling t théy : tit mot dang
thic vecto da biét, bang phép chiéu trén truc
thich hop ta sé dugc cac d%ng thic tudng dng.
N6i cdch khée ta cd the sang tao ra nhiing bai
toan mdi. Chang han khi ta ching minh duge
(5) bang cac phuong phap khac, ta sé cd cac
déng thic sau :

(b2 — ¢?)sin2A = a’(sin2C —sin2B) (5.1)

(c2 —a?)sin2B = b(sin2A —sin2C) (5.2)

(a® —b?)sin2C = c*(sin2B — sin2A) (5.3)
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PE THI TUY’EN SINH VAO CAC LOP CHUYEN

PAIHOQC TONG HQP (PAIHQC QUOC GIA HA NOI)
NAM HOC 1995 - 1996

: VONG I
(Thaoi gian lam bai : 180 phiit)

Céu I: Giai he phudng trinh
Sl
20—y =1
xy +x=2
Cau If : Gidi phudng trinh
Yi—x +yd+x =3
Cau fIf : Gia sit @ b la cic s6 nguyén duong sao cho
gd+1 b1 ; e 2
b +Tlﬁnﬁlmng.umnﬁqidlhmtsf‘-cuaav&b.{‘.hung

minh thing d = va + 5.

Céu IV : Cho hai hinh chi nhat ¢é cung dign tich. Hinh
chil nhat thil nhét co cdc kich thude a va b (a = b). Hinh chd
nhat thil hai ¢6 cac kich thude ¢ vad (¢ > d). Chiing minh ring
néua > ¢ thi chu vi cia hinh chil nhat thit nhit [dn hdn chu vi
clia hinh chil nhat thil hai. g

Céu V': Cho badiém cGdinh A, B, C, thiing hang, theo Lthi
tuf ﬁy Goi (£2) 14 mit vong tron qua B va C. Ké A cic liép
tuyén AE va AF dén vong tron (8). (£ va F |3 cic L||‘§p dl&m}
Goi 0 14 tam cla vong tron (§2). /'1a trung diém cia BC, N 1a
trung diém cia EF.

L. Chilng minh rfing E vi F nim trén mét vong trén ef dinh
th\mnglmn{p‘] thay dnl

2. Dudng thing FI ¢it vang tron (2) tai E'. Chilng minh
ring £'E song song vii AB.

3. Chilng minh riing 1Am vang Lron ngoai tiép tam gidc ONJ
ném trén mét dudng thing 6 dinh khivong tron () thay di.

DAP AN
e F =
Cau I (2di€m): Tuhe i suyra:
7h':l'_tj\'-'i—_'r‘ =3
Wi =4l -l gy - =0(1)

1
W

- Néuy = 0 thu dudc 4 2 Hé vo nghiém
2

- Néuy # 0 taco:

X : x)
(1)#3[;] _[-‘_’,‘ —2 =0

WVay hé da cho tudng dudng vdi :
X = y
w-yi=1

= =
no

I
|
—

=T (revongrism) ':_ :
aw—yi=1 '
Cdu IT (2 di€m) :
Céchl:Diéukien—M:xn;l
5+ NT—H i
ik =2
e4-3c—xt=4

x=10)
&x=—3
Céach 2 : Datu =1 —x, v = V4 +x ta thu dugc he
H+r=3 5 T
2 gy ‘saryrav 3-wut +( —u}—
e 2t —6u+4 u«-L@
i Yi—x=1 =

yi—x=2 x==3

g2+b2+a+b

Cau 111 (1, 5 di€m) : Vi 1a mot sd nguyen

ab
myma3+b2+a+bi ab
Vid la udc st chung ciaa va b
suyraa® +b* +a+bi d*(1)
Mit khica® +b% i d* (2)
Tu(l)va(2)tasuyra
a+b: dayraa+bzdeVath =4d
Cdu [V (1,5 diém) : Ki hiéu dién tich cla hai hinh chd
nhét la 5.
Taco S = a b =c d Taphai chilng minh
5 5 by
a+b>ctdesat—>ct+— =(a—c}(1——)>{|_
ac
_la=5b §
Ti |, gsuyraS <achay (1-—) >0,
Tadda— ¢ > 0 (theo gia thift). Vay

5
(a —c][l _E} = 0 (dpem)
Cau V (3 diém) : 1. (1 diém) AE = AF,

AE® = AB AC suy ra
AE = {AB AC khéng ddi == £, F thudc vong tron tim A

ban kinh VAB AT
2. (1 diém) Nam diém 4, E, [

O, F rém tré dudng iron dudng

kinh AQ { AEOD = A0 = AFQ_

= 90%. Suy ra AOF = AIF

(cung chan cung AF) (1) goc

ta co

—— 1 ———, —
AOF = 3 EOF = EE'l (2)

TU (1), (2) suy ra AJF =
= EE'[=»E'E j| BC.

3. (1 diém) Goi K 1a giao diém cia BC vai EF. Ta co i
gidc ONKJ 1 1l gide ndi tidp. Suy ra vong tron ngoai tiép tam
gidc ONT | vong trom ngoai tigp il gidc ONKI. Ta cb

AANK o AATO suy ra AK. AT = AN, AQ

Taco AN, AQ = AB. AC = AE*® khong ddi. A7 khﬁngdt‘rl
Suy ra AK khong déi, vy diém K o6 dinh. Vay tam cla vong
tron ngoai Liép tam gidc AONT niim trén dudng trung truc cia
doan KT

VONG Il
(Thai gian 1am bai : 180 phut)

Caul: Cho (x + Y FI)(y + (*F3) =3
Hé}r tinh gid tri cla biéu thicE =x +y

x+txyty=1
Céu If : Gidi he phudng trinh (X +yz +z =3
rtm+x=7
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Giai dap bai
DIEM CUA MOINGUOI

: Ta ghi s6 diém vé ting ngudi trong céc ciu tra 1di vao bang
nhu sa -

Xuan | Ha | Thu | Dong |
Mudn tra Ioi . B 9 7
Ha 1r:§_ I 9 21 10
Thu mil_h_"l.i 7 m T
| Dongira i | B 8 8

- Can el vao didu kién : Khéng co ban nao dude 2 ban nai
cling dung voi so diém ¢la minh ta sy
Eﬁ la khong dugc diém 8
Thu khong duge diém 8
Dﬁnj: khing dudc diém 7.
- Cin cd vao diéu kign :
diém cla mat nhma 1a suy ra
Muan dude 8 v Thu dude 9
Tu da suy ra Ha dudce 7 va I'.I'-ﬁn duac 10,
IOm lai taco : ?'T Xuan 8, Thu 9 va Dong 10.
}\' theoD an Phii An, 6 A, ( “huyén Gia Lai),
h I ca cAc ban gui gial dap déu cb gai dap tét.

BINH PHUONG

Madi cau trd 16i chi noi ding s6

VIET SO TRONG BAN CO
Ban cd vua cd 64 6, trong d6  s6 cdc 6 trang
bang sé cdc 6 den va xen ké nhau.
Céc ban hay viét vao mbi 6 cua ban cd moét
s6 tit 1 d&n 16 sao cho théa mén cac tinh chat :
1) 86 cac o duge viét tit 1 dén 16 labangnhau.
2) T8ng cdc s viét trong cdc 6 trang clia mai
hang ngang hoac mdi hang doc déu bang nhau
va cling bang tdng cdc s6 viét trong cac 6 den
ctia mbi hang ngang hoae méi hang doc.
3) Téng cdc s6 viét trong cde 6 nam trén moi
duting chéo cia ban cd cliing bang nhau.
NGAN HO

Céu Il : Cho x, v = 0va ¥* +y* = L. Chilng minh riing
L
W = .IJ +y3' =1

Cau IV : Tim s6 nguyén o6__chin chil s
A = aaytbbba fa, tonp déa, # 0vabbb, =2 a4,
ddng thai 4 cd thé viét dude dudi dang A = p3 . p3 . p;_p}véi
Py Py Py Py 18 bON 86 nguyen 16 khic nhau.

Céu V: Cho vang tron (£2), vé hai day cung AB va CD cit
nhau &7 ([ ndm trong vong tron). Goi M la trung diém cda BD,
M kéo dai cit AC 3N Chilng minh ring :

AN Ar

DAP AN

Cau [ (3 diém) : Nhan ci hai vé cia ding thile di cho vai
(x =% T 3) ta dudc :

=30+ +3) =3 —=V¥ T3) (1)

Nhin cid hai v& cla ding thic di cho vdi

— Yy F ) Ttaduge:

S+ FD =3 - F3) (D)

Coing (1) via (2) v theo vé 1a nhan duge : 6(x +y) = 0=x
+y=0

Céu [ (3 diém) : He di cho tudng dudng voi

S D=x=]
Céu HT (3 di¢'m) : 1) Tu gia thi€t suy ra{

0=sy=l
P td
=f+fsf+f=l
¥ syt
hét 1a

(x +y)?C=: 20 +yz) =2=sx+y= ﬂ'_
=
}:(xvi-;)-(l?-i—y \fﬁo ﬁi F

= n = +_j|.?
Cau IV (3di€m): A = a a.,::sblbz 42,850,
=aaa,. l_l]f"+bb U+aaza3
=a,a.a,.10°+ 2.a,a.a,. 103+aa,a1-aa,a1[iﬂ°
3
2.1
=a, 2‘_33(I(!(.‘rﬂ)“.'ll}
=ama, 7. 1% i3
Viyaa.a, phai biing binh phudng cla mdt s8 nguyén wap

khie vai I-_‘, 11,13, SN
Dobbp, < 1000=aaga, < 500=10<p < 23

Nhu vay p chi ¢6 thé 1a 17 hodc 19

=aga.d, = 289
= 2R957828Y
A 3%{?223{;’1 !

=

1
hoficaaa, = 30l

Nhu vay bai 1oan co hai dap s :
AN

E+DHp+1)=2 = AIN T10M
Cdu V (3didm) : Taco: — =t A
p+1)z+1)=4(x NC - Sen S Smm
(z+Dx+1)=38 . San _ H4.IN Spm D w AN
Nhan ba  phuong tinh lai  ta  duge Sy 1B.IM tuong 1l =— B w "
[(x+ 1y + Dz +1)]" = 64 ;
DE+Dy+hie+t)=8 Mo 14 1D
x=1 T e S e
IB IC IC _jB
K&t hop vdi (*) suy ra nghiém {1y = 0 srmra é a I
=1 e O I
) (x+ D+ Dx+1) = -8 L AN AP
‘ x=-—3 T da F‘:’ (_T..
K&t hdp vdi (=) suy ra nghi¢m ¥ = =2
T NGUYEN VAN MAU
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