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TOAN HOC VA TUOI TRE
MATHEMATICS AND YOUTH

MUC LLUIC

Trang
Tim hié'u siu thém todn hoc phd thing
To help young friends gain better understanding
in school Maths Téng bién tap :
My Duy Tho = Tim thém nhung hé thude vécto NGUYEN CANH TOAN
trong tam giac 1 Phi t6'ng hién tip :
Gidi bai ki tricdc TRLS Al
Solutions of problems in previous issue HERAND RIS
Céc bai cua s6 223 2
Két qua ki thi chon hoc sinh giéi quée gialop9 8 HOI DONG BIEN TAP :
Bé ru ki nay B : )
Problems in this issue Ng‘l‘Jyén 'Caimh Toatn. .l—luazfg
" , 1y Ching, Ngd Dat Tu, Lé Khac
T1/227,.... T10/227, L1/227, 1L.2/23F 10 Bio. .Nguyén Huiy* - Dhos,
Dé thi tuvén sinh 1995 Dai hoc Quéc gia Ha Noi. 12 Nguyén Viét Hai, Dinh Quang
_ Hao, Nguyén Xuan Huy, Phan
Dé thi tuyén sinh lop 10 Dgi hoc Sit pham 15 Huy Khﬂl Vi Thanh Khiét, Lé
Ban co hiét Hai Khaéi, Nguyén Van Mau,
Do you know ? Hoang Lé Minh, Nguyén Khac
Nguyén Cao Thang — 86 A Rap. Bia 3 Minh._ Trén Van” NBung;
Nguyén Dang Phédt, Phan
Gidi tri todn hoc. Thanh Quang, Ta Hoéng
Fun with Mathematics. Quang, Dang Hung Thang, Vi
Ong kinh cdi cach day va hoc todn. Bia 4 Duong Thuy, Tran Thanh
Kaleidoscope : veform of Maths teaching and learning Trai, Lé Ba Khanh Trinh, I\{ g0
Pang Ky Phong — Mot dé toan sai Viet Trung, Dang Quan Vién.
Binh Phuong - Giai dap bai
Tro choi doan cau.

Ngé Han - Difén sd vio hinh vuong.

Tru sd toa soan :
45B Hang Chuoi, Ha Nai ) DT: 8213786
231 Nguyén Van Cir, TP Hé Chi Minh  DT: 8356111

Bién tap va fri su : VO KIM THUY
Trinh bay : TRONG THIEP
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Tmng sach gido khoa va trong mét 86 dé ra trén bao THTT da
cung cip cho chiing ta mét s6 hé thic vécto trong tam gidc sau day :
Cho AABC goi G, H, O, I lan lugt la trong tAm, truc tdm, tAm
vong tron ngoai tiép, noi tiép cia AABC
(I)FA +GB +GC 0
(2) tgA HA+ tgB HB +tgC HC =0 _
(3) sinA . IA + sinB . }B +sinC . J'C =Dy B
(4) 3111251 OA +i-1nZB ()B + 8in2C . 0C =10
(5) OH = OA + OB + OC
Va cdc bai todn trén da duge gidi mdi bai 1 kiéu khac nhau.
Trude hét ta dua ra mot cach cniing minh chung cho tit ca cac
hé thic 1, 2, 3, 4
Bai todn : Cho tﬁzﬁglac ABC. Trén cac dudng thing AB va AC
AF‘

)

MY DUY THO
Thanh Hoa

ldy 2diém E, F Dat _EIE = o g. Hai dutng thang BF va CE
cat nhau d M. Chiing minh
AM =p MB +gq MC B
Giai : Ké Al J/ BF cat duing thang CE o 1
Ké AK /! CE cat dutng thang BF o K £
=1 = o
Ta co AM = Al + AK.
CERTEL P S SR ROy Ry
MB EB

BB LR ) A\JF ¢

MU U

Tit d6 co diéu phai ching minh.

Chuy:Khip+g+1 = 0thi BF //CE ta khong cd diém M.

Cac hé thic vécto da biét 1a hé qua truc tiép cda bai fodn nay.
That vay !

-~ Khi M = G la trong tam AABC thi E, Fla 2 trung diém =
p=g=1nén_ 45

AM = MB + MC = MA + MB + MC = 0.
- Khi M = H la truc tam AABC thi CE, BF la 2 duding cao :

)

A T G Wﬁ“@ W@WV WGDNW Gilk¢

oY e B

e < - AE _EB _tgB _

= BT QL R

ey AE
b= AF E

o= MY LT

= FC~tga 9

g Chu y : dung c‘é khi A cd goc ti. - anhyl

= R Vay AM = EM:H Ly A F ‘
= LgAMA + tgBMB + tgCMC =

=} - Khi M = I'la tam vong tron ndi tlf!pt]'ﬂ BF va CE la 2 phan giac
- trong. Do dé 8

£ AE_AE _CA b _sinB

= EE EB CB a sinA T

G AF ‘ginG

tg FC ~ sina ¢

il vay aar 28 h
:(5 ¥ sind 3 '4 . r
i sinC _— F

+ e

e sind MC i

= = = sinA MA + sinB MB + sinC MC =

- - Kh =0

f— iM = O la tAm vong tron ngoai tiép e Tl
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Bai T1/223. Gidi phuang trinh nghiém nguyén

-yt + A+ 2022l + 3+ 422+ 1 = 0.

Lai gidi : (Tran Tdt Dat, 8A,, Chu Van An,
Ha Nai)

Viét lai phuong trinh dudi dang :

yl=axd 2t + 2l + 3l + 420 + 1

syt = (2 422+ 1) +x2 + 222 (1)

eyt = (2422 +2)2 - (x2+38) (2)

Nhungtacox?+22° 2 Ovax’+3 > 0Vr, z € Z.

T (1) va(2)tacd: (xf+22+1)* =y <
< (X2 +22+2)2,

Tit d6 suy ra (x? +2%+1)* = y*

Kéthopvoi (1) tacéx®+22° = Ohayx =2=0

Tdoco:y—= £1

Vay nghiém nguyén (x, y, 2/ cia phuong
trinh la :

1:0), (0;-T1:0).

Nhan xét : Cac i giai gdi dén déu ding,
Céc ban sau day cd loi giai tot : Hoang Phuong
bong, 9A, THCS Coe Léu, Lao Cai ; Vii Tudn
Ank, 9CT, NK Thai Nguyén, Bac Thdi. Nguyén
Thi Hoan, 8a ; Pham Hdi Trung, 9CT, NK Tién
San, Nguyén Viét Ding, 9, NK Lang Giang ;
Pham Trung Ding, Duong Quang Kién,
Phitng Due Ding, 9T, NK Bac Giang, Ha Bac.
Trar. Trung Ding, 9A, chuyén Phong Chau,
Vinh Phu. Nguyén Van Hién, 9, chuyén Van -
Toan, Thuong Tin, Ha Tay. Tran Ky An, Ngé
Anh Qudan, 8A, Bé Van Dan ; Nguyén Lé Vin,
9A, Trung Nhi ; Pham Thé Hung, 7CT, Tu
Liém, Ha Noéi. Bii Thanh Giang, 9A, Trong
diém Udng Bi, Quang Ninh. Cao Xuan Hoéa,
9A,, Hoéng Bang, Hai Phong. Phan Tiéu
Huong, 9T, NK Kién Xuong ; Trdan Cuong, 8T,

- Pham Huy Quang, Dong Hung ; Dang Ngoc

Tudn, 8T, Chuyén Thi x4, Thai Binh. Poan
Phiong, 8T ; Mai Ngoc Kha, Nguyén Hong
Dung, 9T, Tran Dang Ninh, Nam Dinh, Nam
Ha. Hoang Thé Hung ; Mai Héng Chuong, 8T,
NK thi xa, Ninh Binh. Cao Xudn Sinh, 9T, Nga
Lién, Nga Son ; Nguyén Thanh Hadi, Nguyen
Chu Chmh 8T, Qu:fm Hanh, Nghi Loc ; Lé Thi
Tam, 9A, Hung Ding, Vinh, Nghé An. V5 Si
Nam, 9CT, NK Diie Tho, Ha Tinh. Phitng Ngoc
Chuong, 9C, V6 Ninh, Quang Ninh, Quang
Binh. Tmong Thanhk Cong, 9TL, Chuyén
Quang Tri. Tran Nhu Quang, 9', Nguyén Tri
Phuong, Hug&, Thita Thién - Hué. Thanh Dung,
9T, Lé Hong Phong, Quang Nam - Da Nang.
Nguyén. Nhat Anh, 8T, Chuyén Nguyén
Nghiém, Dic Phé ; Mai Han Giang, 8T ; Vo
Chi Thanh, 9T, Chuyén Lé Khiét, Quang Ngﬁi.
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Mai Xuan Hiéu, 9A, Déng Da, Quy Nhon, Binh
Dinh. Tran Thanh Phi, TA ; Tran Thi My An,
Pham Vi Viét Hoang, 9A, Luong Van Chanh,
TX Tuy Hoa, Phi Yén. Pham Minh Hing, 9T,
Nguyén Du, Go Vip, Tp Hé Chi Minh. Luong
Thé Nhan, 7CT, Chuyén, Bac Liéu.
TONGUYFN

Bai T2/223. Ching minh rang néu cho
trude sé nguyén té p vl p > 5 thi cé mot sd tu
nhién r khong déi véi 2 < r < p - 2 sao cho trong
tap hopcacsodang 11 ... 1 +rin=1,2,..)khong

H

c6 s nao chia hét cho p.

Loi giai. Taco 1 ... 14r=
i,

L el [i¥eet-9r — 1
i * 9

Thanh thit chi cdn ching minh
10"+9r - 14 p ¥n.

Ta hay chitng minh raingténtairvéi2 s r =
< p-2saocho9r-1: pthay9r =1 (modp).
P _ - Déthdy rang khi
chia cho p chiing cho nhitng s6 du khsc nhau vi
(9, p) = 1. Thanh thid 3r (1 < r < p) sao cho
9r = 1 (modp). Rorangr # 1,p - 1. Vay
2=r<sp-2 Vaisdrdo 10"+ 9r - 1 khong
chia hét chop vi 10" £ p.

Nhan xét. Hai ban cho loi gidi diungla : Lé
Thi Tam 9A Hung Ding., Vinh, Nghé An va
Poan Phuang 8T Trian Dang Ninh, Nam Ha.

DANG TIUNG T1 TANG

Bai T3/223. Chiing minh bdt dang thiic :

T oy B
i L i T + 3
Lai giai. Trude hét véin = 4 thi biéu thie

do bang 41 : 24, bé hon 1,71, nén ddu bit dang
thite thit nhét chi cd thé xﬁy ra khin = 5. Vdi

That vay xétp s6 { 9e}”

1
ey +— =1,72

"n = 5 thi biéu thic dé bang 202 : 120, 1én han

1,71. Vay cdn néu thém gia thiét n = 5, va bat
dang thite thit nhat da duge ching minh. Bay
git ta ching minh bat ding thiic con lai. Hién
nhién ta ¢d :

1 1 1 6 7 n—1
A T O |
bRk s, TR e
n 1: 1 1 1 1 1,_ -
nl.onl -8 T 7T g8 :
Lap 1 - Read
(7 —1%- nl B! al =8
1 1
IS WS B T W
S Sortat ol st e
202 2 204
T T Ik

Va bai toan da dude chdng minh.
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Nhan xét. Cd 55 bai giai, tdt ca déu co ba
xung diéu kién n = 5 va déu giai ding. Loi giai
tot gém co : Trin Thanh Phi (7TA Luong Van
Chanh, Tx Tuy Hoa - Phua Yén), Nguyén Lan
Anh (9A Trung Nhi - Ha Noi), Nguyén Van
Quang (9 CT PTTH Lam Son - Tx Thanh
Hda), Cao Xudn Sinh (9 Toan, Nga Lién, Nga
Sdn — Thanh Hda), Vi Ank Tudn (9 Todn,
THCS Nang Khiéu Thai Nguyén - Bac Thai),
Nguyén Anh Tai (9A PTTH Tu Nghia I -
Quang Ngii), Trin Thi My An (9A Luong Van
Chénh, Tx Tuy Hoa - Phu Yén), Pham Cao Hué
Linh (9A PT Chuyén Ngit, DHSPNN - Ha Nai),
Pang Thé Himg (8 Toan NK - Tx Ninh Binh),
Nguvén Van Trung (8 Toan THCS Tran Dang
Ninh — Nam Dinh), Nguvén Viét Hoang (DA
THCS Bée Ha -~ Ha Tinh).

DANG VIEN

Bai T4/223. Cho tant giac ABC nhon. Goi I,
O theo thit tu la tam cac duong tron noi tiép,
ngoai tiép tam gidc ABC. Tia CI cat duong tron
(0} tai diém thi hai K sao cho IK = OK. Ha cac
duong cao AD, BE va goi F la trung diém cla
AB. Chiing minh tam giae DEF déu.

Lai glal Do CK la
phan gidc gic ACB nén /"”_ T
K la diém chinh gitta
cung AKB, suyra KA = -
KB. Do I'la tam dudng A
tron noi tidp tam_gide ;
ABC va KCB = KAB
(ndi ti€p cung chan
cung KE}, nén tanL
giac IAC, ta o6 = AIK
= JAC+ ICA = LAB
+ KCB = IAB+ KAB
= JAK. Suy ra tam
giac KAI can dinh K, hay AK = IK = OK, va ta
ed tam gidc déu OAK (vi OA = OK = AK), va

—_— — 1 —
AOK = 60" Vay ACB = 5sdAB=
= sd AK = AOK = 60°. Mat khac, do F la

trung diém cta AB nén ti cdc tam giac vudng
ADB , AEBtacd :FD = FA = FB = FE suy ra
cdc tam gige FDB, FEA candinh Fva: DEE =

— 180° - DEB=_EFA = 180" - (180° - 2ABC) -
— (180° - 2 BAC) = 2( ABC + BAC) - 180° =
= 2(180° - 60°) — 180° = 60°. Hon nita, FD = FE,

nén tam giac DEF déu, dpem.

Nhan xét. Cac ban sau day co loi giai tot :
Hoang Anh Thu (9A THCS Déng Da, Quy
Nhon - Binh Dinh), Pham Thu Huong (9A
THCS Héng Bang - Hai Phong), Pham Minh
Hiing (9 Toan Nguyén Du, Go Vap - Tp Hé Chi
Minh), Pham Hai Trung (9 Chuyén Toéan,
Nang Khigu Tién Son - Ha Béac), Nguyén Minh
Hodai (8A Chu Van An — Ha Noi), Nguyén Phude
Hoan (9A THCS Déng Da - Tp Qui Nhon),
Hoang Thé Hiung (8 Toan Nang Khigu Thi xa

Ninh Binh), Pham Cao Hué LinhA (9A PT
Chuyén Ngit DHSPNN Ha Noi), Ngé Kién
Cuong (9T Lé Khiét - Quang Ngai), Nguyén
Van Quang (9T PTTH Lam Son - Thanh Héa),
Nguyén Hoang Chuong (8 Toan THCS Nang
Khiéu Thai Nguyén — Bac Thai).

DANG VIEN

Bai T5/223 : Cho duong tron (0}, day BC.
Diém A c.’wyé'n dong trén duong tron. Goi M la
trung diém ctia AC, H la chén duong uudnggoc
ha tit M xuéng duimg thang AB. Tim quy tich
diem H.

Lisi giai (tom tat).
Do OM 1 AC, O va
C c6 dinh nén quy
tich ctia M l1a dudng
tron, dudng kinh
OC. Goillatam caa
duong tron nay, D 1a
giao diém khac C
cua dudng tron (1)
vai BC, DK 1a duting
kinh etia duong tron
(I). Da (I} ¢6 dinh va D ¢6 dinh nén K c6 dinh.
Vi DMK = DMH = 1v (Ban doc tu CM) nén
H M Kthanghimz,

Do B va K ¢6 dinh, BHK = 1v nén quy tich
ctia H 14 dudng tron cd dudng kinh la BK.

Nhin xét. Cac ban giai tét bai nay.

Pham Minh Hing, 9T Nguyén Du, Go Vip,
TPHCM, Ha Minh Ngoe, 9/15 Tran Hung Dao,
Bién Hoa, Déng Nai. Mai Xudn Hiéu, 9A Dong
Da, Quy Nhon, Binh Dinh, V6 Chi Thanh, Ngo
Kién Cuimg, Nguyén Trung Kiét, 9T, Lé Khiét,
Quang Ngai, Thanh Dung, 9T Lé Hong Phong,
Quang Nam - Da Nang, Nguyén Nhat Quang,
9A NK Héng Linh, Ha Tinh, Pham Trung
Thanh, 9T NK Vinh, Nguyén Thdi Bdo 8A,
Dién Xuan, Dién Chau, Nghé An, Hoang Minh
Ding. 9A THCS Xi mang Bim Son, Lé Dire
Ninh, 9F Lam San, Héng Phuong Déng, 9C, Lé
Thdo 9D THCS Nang khidu Thanh Hoa,
Nguyén Thé Vinh, 8T NK Y Yén, Nguyén Van
Trung, Ha Thanh Tudan, Trin Minh Toan,
Tran Dinh Hing, Poan Phuong, 8T, Trin
Ngoc Anh, Nguyén Hong Dung, Mai Ngoc Kha,
9T Trédn Dang Ninh, Nam Dinh, Vii Dic Lutong,
9 Hoa Chuyén Xuan Thuy, Nam Ha, Vii Ngoe
Hdi, 8T Chuyén Thi xa Thai Binh, Trﬁn Thi
Viét Anh, 8A|, Dao Tran Minh, Hﬁng
Bang, Hai Phnng, Nguyén Dinh Son éA
Anh, Kim Mon, Hai Hung, Nguyén Van Hzéu
9T Chuyén Déng Anh, Nguyén Anh Tu, 9T, Tiz
Liém, Nguyén Hoang Ding, 7C, Ha Nai -
Amsterdam, Nguyén Minh Hoai, 8A, Chu Van
An, Nguyén Dite Thang, 9A Cat Lmh Nguyén
Lan Anh, Nguyén Lé Van, 9A Trung Nhi, Tréan
Thanh Vinh, 8A, Nguyén Hoang Minh, 9A Bé

3

https://tieulun.hopto.org



https:rwww. facebook com/detrungldenmath

https:/sites. google. com/site/letrungldenmath

Van Dan, Ha Noi, Nguyén Ngoc Thanh, Thanh
Son, Nguyén Xuan Trung 9A,, Gia Cdm, Viét
Tri, Vinh Phu, Nguyvén Nhu -Chudn, 8NK
Thuan Thanh, Nguyén Hdi Yén, Pham Trung
Ding, 9T Nang khiéu, Bac Giang, Pham Hdi
Trung, 9T Tién Son, Ha Bac.

VU KIM THUY

Bai6/223. Chobdn séa, b, ¢, dvasd tu nhién

n thoa mdn cac ddng thite sau

g =al st el
b=b"+c"+d™
c=d"+a"+c"
d=d"+a"+c"

Ching torainga = cva b =d.

Loi giai : Tu gia thiét suy ra
Zeic = h0 —n (1)
o S A 12

Giastta = c. Tt (1) suy ra " = d" Néun
chanthia, b,¢c,d 2 0dodd b = d suyra
cN"zalacza Viya =rc

Néunlétit (I suyrab =2d —c" 2z a"—c = a.
Vaya =c.

Tuwong tu néu e < acingsuy raa = ¢. Tu dd
b=d.

Nhiin xét : Bai toan nay thudc loai dé. Toa
soan nhin duge nhidu loi gidi dung trong dé co
cac ban : Trin Nam Ding 10CT Nghé An, Cao
Quéc Hiép 10N DHTH Ha Noi, Tran Nhu
Quang 9' Thita Thién - Hué, Nguyén Huy Binh
104 CT Chuyén Lang Son, Nguyén Tudn
Duong 10 Phan Boi Chau, Nghé An, Lé Minh
Truong 11A; Quéc hoe Hué, Trin Hitu Luc
10CT Dao Duy T, Quang Binh, Nguyén Hodi
Bite 10A Hong Quang, Hai Hung, Vi Linh
Huyén Trang 9 Nang khiéu Thi xa Ninh Binh,
Tran Quoe Cudng 9 Todn, Tran Dang Ninh, D4
Ngoc Anh, Lé Hong Phong, Nam Dinh, Pham
Ngoce Tan, 11CT Pha Yén.

DANG HUNG THANG

Bai T7/223 : Cho cdc 56 thuc x, v, z > 0.
Chiing minh bdt dang thuc :

l6xyzix +y+z) = 3 v(t + 1y + 2%z +x)*
Lai gidi (coa Vit Bue Luong, lop 9 Trudng
Chuyén Xuin Thay - Nam Ha) : Tacd :
fx+yily +ziz+x) = (x+y+zxy +yzix+y+z)+
+xz? +zx? (1) Vix, y, z > 0 nén 4p dung bit
dang thde Cosi cho 8 s6 duong : 3 s8, mbi s6

4 1

bang ,:,::r;y(.r +y+z) ; 3 s8, mdi sd bing
1

Eyz{x +y +z);xz? va zx?, it (1) 6

Bl (xy2)°(x +y +2)°
36 7.

(x+yly+z)fz+x) = 8

o 'g V (@y2)x +y +2)
2 27

=3 Va 0y +2'c 0 >
= 16xyzix +y + 2z (Dpem)

1
Dau "=" xay raﬁgxy{x +y +z)=

|
=g)2(x +y +2) =xz? = 2xlesx =y = 2.

Nhéan xét : 1. Toa soan nhan duge loi giai
ctia 100 ban gii tdi. Trong s6 do co 6 ban cho
1651 gidi sai, vi dd mac phai nhitng sai lim vé kién
thiic co ban, chdng han nhu :

e TiA=CvaB=C=A=2B(?)

e TtA=2BvaC=D=AC=BD(?!)

Tham chi ¢ ban ebn khang dinh dé bai da
ra lasai! ?

2, Da =6 cdc ban cd 16 giai ding da giai bai
toan bing phudng phap ludng gide hoa.

NGUYEN KHAC MINH

Bai T8/223. Chox, y, 2 € [1 %] . Chiing minh :
sinx—sin siny—sinz Sinz—sinx
| il + , ‘ <
siny

sinz sinx

1
= {1

Léri giai (cua da sd cac ban). Dat sinx = a,

o)
s

(1)

: 1 3
siny = b, sinz =cthia, b, c € [5’ 1] . St dung
dang thiec
=0 b e=0, o ==t a)
el ey L L e =
£ a b abe
ta viét (1) dudi dang :
(a —b)(b —c)(c —a)
l abe

¥

| < (1-'—“%)2 2)

1 b
Coi - <sa<b=sex<l v:'ad:_itizu;—:v
2 c c
1
thiEE u<sv=<1va(2) coddang:
v —u)(1 —u)(1 -v) o il
= m"‘m__u_._.—u = (1 ﬁ) . f3)
Tacd :
- 1 1
(v-u)(1-u)(1-v) _ (v-2) (1 _E)(_l_”) 4
uv ] e
: EU
) G kot 205
= o A

< 1+%~2]‘ u.-zlu = (1—?15)2.

Vay (3) duge chitng minh. Ddu ding thite xay
T

" 1 1 7 i
mkluu—g,v—ﬁhayx—g,y—z,z_g_

Nhién xét. 1) Con nhiéu cach giai khac (st
dung dao ham, déng nhit thic, bién ddi lugng
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giae, dung bat dang thuc Trébusev, ...) déu c6
thé van dung dé€ ching minh bat ding thic (1).

2) Céc ban sau day cd loi giai tét.

TPHCM : Lé Quang Ndam, Pham Hitu
Duyén, Pham Trung Kién, Diao Duy Chung,
Thdai Minh Hoang, Nguyén Quang Nguyén

Hoa Binh : Lé Van Manh

Quang Binh : Tran Hitu Luc

Hai Hung : Pham Anh Dite

Hai Phong : Hoang Lé Quang, Ding Anh
Tudn, Ngo Dize Duy, Pham Dinh Truong Phu
Yén : Tran Minh Dong, Pham Ngoc Tan

Ha Noi : Lé Anh Ti (Dong Anh), Nguyén Vi
Hung, Nguyén Si Phong, Cao Quéc Hiép, Lé
Tudn Anh

Thia Thién-Hué : Cao Thé Anh, Poan
Xudan Vinh,

Nam Ha : Pham Vin Quoc, Phan Tudn Giang

Nghé An : Lé Van An, Nguyén Hong Chung,
Duong Van Yén, Nguyén Viét Ding, Nguyén
Thinh, Tran Nam Diing, Nguyén Thdi Bdo,
Ddng Dite Hanh

Thanh Hda : Lé Hoai Nam, Nguyén Ngoe
Hung, D6 Quang Tho, Pham Anh Tudn,
Nguyén Khanh Tiung.

NGUYEN VAN MAU

Bai T9/223. Mat p:‘uing (PJ quay xung quanh
duiong cao SO ciia moét hinh chép r'zig.d gidc déu
SA1A2A3A¢AS, cat cac mat phang SAlAz,
SA,A;, SA A, SA A va SAA, lan lugt theo cac
glao tuyén SM; (i =1,2 3 4 5). Goi a, la goc tao
bdi SM; vdi mat phang dtiyA]AzAa.fiqu =12
3, 4, 5). Chiing minh rang dai luong :

5

T= E tgzcx,
i=1
nhdn moét gia tri khong déi.

Téng quat héa bai todn trén.

Lai giai. Ta giai bai toan tong quat véi chop
n-gidcdéubdt kiSAA, . . A vasiddunggde
co hudng gilia hai dudng thang trong mat
phang. Goi A la giao tuyén ctia (P) va mit phang
ddy hinh chép, thé thi :

M, =AN(AA,) V6ii=1,2 .,n;quy
wdcA, . =A)

Gia si da gidc A A, ... A, cd hudng duong,

fis 3 — — h A ; =
thé thi (AA,,, A, 445 = T (la gde ngoai
clia da gidc ddy, 6 dinh A; ) va néu dat :

x; = (A, AA; ) (mod ) thi ta cd hé thie (xét
tam giac A, MM, ) :

2;
Xy =x+ ?'r {(mod 7)

hay la :

Xty TH = (= o) (mod x)

Tir dd suy ra :

2r
x;=x + (i_l)T =x +(i-1)x
(= LT e sy

Goi H, la trung diém canh AA,,, thi
H; = OH; 1L (AA,;|) v& OH,=r (ban kinh
dudng tron ndi tiép da gide day).

Tit d6 ta duge : OM,; = ;:.n:_ va tga; = %
(h = SO) : ;
n n h
Suy ra : Ztgza:- - Z (F) zsinlxr. —
=] i=1
M
= (%) l( zginzx )

H
Bai toan quy vé ching minh Esin"-x,—

=]

khong déi

o
Thaysin “x; = -

2
= PO T n
lgzl'sinzjc,- =5 5( zcnsz:ri) =3

i=1

1—c0s 2x,
i =F
NI TR ‘2*131:212[-,*.3 dugc:

n

Dé ching minh M= 200521[- = 0
i=1 -
-G
(vix; =, + (i - 1)7;-)
’ 5 2n
ta chiing minh 25:1n§ M=0(a= ==
That vay :
% n=1 -
2sin—-. M = l;}ﬂsinicos(h] +ia) =
2n —
= sin (2x, + "’2 l—a) ~' simfEens) ) e
= 2cos (2“'1 +—n—;—£a) sin% =0
5
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. H
i 3 __n_fi._; g %

Két quala : ZL:g i ey khong doi

1=

Nhan xét : 1) T4t ca cac ban tham gia giai
bai toin nay déu cho két qua ding ; tuy nhién
cdac ban chua biét st dung goe co hudng gita hai
dutrng thang trong mat phang (vdi chu y rang
do 16n cua goe nay sai khac mot boi cua o),

2) Chung ta cing da gap bai todn tinh téng

5 . by ;
tuong tu Z(.‘OS“ (J;’ + k) trong so 221 ithang
b= LY
11/1995) cua tap chi T.H. va T.T. (trang 12).
NGUYEN DANG PTAL
- Bai T10/223 Cho tit dién trite tam ABCD co
trure tam la H.

C'ac duing cao AA,. BB,, CC_ va DD, kéo
dai cat mat cau ngoai tiép ti dién d cac diém
tirong ttng A', B, C" va D'. Ching minh rang
néy AA =B B =CE =00 th ABCD la
mot fit dién déu.

Lai giai 1
(dua theo
Nguyén Ngoc
Hiung, 11°F,
Lam Son,
Thanh Haa)

Hai dudng
CHo AA va
BB nam

[T}

o

trong mat cao
fABH) di qua
canh AB cua
tg - digm T
(ABH) 1 CD=K
goi 14 chan mat
ran trén canh
C'D. Mat phang chita mat cao ABK cat mat cau
ngoai tiép ti diéen ABCD theo dudng tron ngoai
tiép ti gidc ABA'B’ (xem h.vé), do dd ta co :
HA HA'= HB. HB'; (1)
Lai vi ABA B, cing la mot td gide noi tiép,
nén ta cd :

HA HA = HB. HB; (2)
Trit vé déi v& (1) va (2), ta duage :
HA.AA =HB.BJB {3)

Suy ra :
A A =B B «<HA=HB

Ching minh tuong tu, ta di dén két luan :

AA=BB =CC(C=DD<HA=HB=
= HC = HD

=H = O (tam mat cau ABCD)

Tit do suy ra : A la tam dudng tron ngoai
tiép ABCI)

Nhu viy, A via 14 truc tam, viia la tim
dudng tron ngoai tiép tam giac BCD, nén BCD

6

la mot tam gide déu. Chirng minh tung tu. tat
ch cde mat cna ti dien ABCD 1a nhiing tam giac
déu, do dé ABCD la mot ti dién déu,

Nhan xét : 1) Cac ban sau day co lai giai
tét, ciing ngan gon nhu 131 giai néu trén : Dang
Anh Tuwan, 16p 10T PTTHNK Tran Phu, Hai
Phong ; Pham Anh Tuan, lop 10T Lam Son,
Thanh Héa ; Nguyén Viét Ding, 10T, Phan Boi
Chau, Nghé An ; Pham Anrh Duc, 11 Toan
PTTHNK Hai Hung. Dwong Van Yén, 11T
Phan Béi Chau, Nghé An.

2) Trén day la loi giai dua vao hé thic luong
trong dudng tron. Sau day la hai loi giai khae,

Laigidi 2. )_E{;tiu gidc noi tiép Aﬂﬂ “ta dudc
AA'B= AB'Bva A’AB = A'BB’,cing tic
i AAB=BBA v HAEL = HBA’. Vay
A A
néu A A’ = B B thisuy ra: A A'B =B BA
(geg) va do dd : BA' = AB’. Tir do ta dudc
A A

HARB' = HBA® . va do do : HA = HB. Ching
minh tuong ty : HA = HB = HC = HD, nghia
la H trang vai tam O mat cdu ABCD, va do do
ABCD la mot tai digén déu.

Loi gidi 3. St dung két qua cua bai todin
T9/145 néu lén mot tinh chdt cla tit dién truc
tam : Néu H la true tam cua td dién truc tam
ABCD thita co :

gh BT R
HA: T 408 S HE,

Vi vay AA = B, B’
HA, =HB,=HC =HD,

=M = [ (Tam mat cau noi tiép tai dién truc
tam ABCD)

Tit do suy ra duge ABCD 1a mot tai dién déu

3) Rat dang tiée, o6 hai ban dia ngé nhan
rangA H=A A",B H =B B !do mac sai lam
mat cao ABK cat mat cAu ABCD theo dudng
tron ngoai tiép tam giac ABK ! !!

NGUYEN DANG PHA

Bai L1/223. Cho n dién trd R, R, .. K,
mdc song song. Tinh :

1) Dién tré tuong duong theo R, Biét

R, 2R, 3R, (R =118, 2k,
2R, SR, =R, "0 SARoM ARIR

2] 88 dién trd can mdc song song dé o
dién trd tuang diong nho thua dién trg thii n
la 3 lan.

S
HD. 8
CCEDPp s

R
| L
Hudng din giai. 1) Dat 55 = k, dé dang rut

ra (ap dung tinh chit ctati lé thic) k = 1. Apdung
cong thiie tinh dién trd tudng duong suy ra
2R,
RS G+ :
2) Giasi R, , nho thua r, laklan, tim dudc
R,

R,= E:ZI vati (L va92)ritran = 2k - 1.
Vaik = 3suy ran = 5 :cin mde song song cac
dién tra R, R, Ry R, Rq.

Gl
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Nhan xét Cac em cd 13i giai tét : Bivi Manh
Hiing, 9A Quée hoe Quy Nhon ; Dinh Phuong
Loan, 9A,, chuyén Viét Tri, Vinh Pha ; Hoang
Trung Hiéu, 9L. PTNK Hai Hung ; Trin Thi
Tiw. 10A, PTNK Ngo 81 Lién Ha Bac : Nguyén
Van Trong, 9L, Nang khiéu Y Yén Nam Ha ; Ve
Chi Thanh, 9T, chuyén Lé Khiét, Quang Ngai ;
Vo Si Nam, 9A truong Nang Khiéu, Dice Tho
Ha Tinh ; Trin Ngoe Anh, 9T, Tran Dang
Ninh, Nam Dinh, Nam Ha | Hoang Tung 9CT,
cap Il NK Vinh Yén, Vinh Pha ; Lé Long Trung,
9T. PTCS chuyén Phu Tho, Vinh Pha ; Lé Anh
Tudn, 9T, NK Thanh Ha, Ha Tinh ; Lé Hoang Anh
9T NK Déng Son, Thanh Hoa ; Hoang Phuong
Dang 9A THCS Cée Léu, Lao Cai ; Nguyén Dang
Khoa, 9L, NK Kim Son, Ninh Binh.

MAL AN

Bai
L.2/223. Mot | |
mol khi H i = B
titdng  thue
hicn cfiue 'y 1.
TV o iie = Pl i P T B
nileet hinh ve, P g
bidt T,= 300k, | i
Ty SHERSRE LA B WL i '
el ) A :
Cdc diémy 1 = %
ra 3 cieng a ] '3
trén parabol qua gée toa do. Tinn cong sinh ra
trong ca chu trinh.

Hudng dan giai. Qua trinh bién dai 3-1 1a
qud trinh nén khi T = «V? (1) vai « 12 hang s6.

RT,

Tai trang thai 3 : P, = - V% —-P,=1122
10°N/m, -
v o :
;‘F; = ﬁ"‘ = 3 “"VI = 3,33 lit va
i, :
R 10°N/m=*. TupV = RT rit

|
ra P = RV vidi R = bang 56. Suy ra trong hé
toa do PV, qua trinh dd co dang cong sinh ra :
1
A= Q(V‘ kg Ba By
A 310
Nhan xét Cacem co loi giai dung: Trin An
Hai, 102 Lé khiét, Qudang Ngai ; Hoang Minh

Dgo, 10L, PTTH Dao Duy Tu, Déng Hadi,
Quang Binh : Pham thanh Giang, 11L, PTNK
Hai Hung . Pham Anh Ding, 10T, PTNK. Hai
Hung ; Nguvén P

Quaoe Van, 10L, edp 5| - P 5
I-1I1 Luong Van f""k | "“/
Chanh ; Tuy Hba, | ' i
Pha Yén : Nguyén | i
Quang Huy 10A, | I
PTTH chuyén Thai h———- 77

Binh ; Nguyén Dinh o

Thinh 11CL, PTTH :
Phan Boéi Chau, | : v
Vinh, Nghé An. q : E}F'__" B t;j_‘

MA,

DE THI TUYEN SINH . ..

{ F1ép b rang 16 )

,2) Dién tich tam giac MNP nho nhat khi va
chi khi cdc canh cua no ed do dai nho nhat. Dé
thay diéu do xay ra khi MP /| AB. Lic nay N la
trung diém eda doan CD, nfm\{M va P la cac
dié¢m thoa man CM = DP = i

)
3 Dé thay P

217l

# D nén ti he -5?___'_4-/’,_ g W A
thie [ N7 R —i
ON> —AP2 = | y: RO
=2DP . BM ' / / oY
la suy ra : [y o g
(N = AP = ‘ / |
BM = 0= / '
M=M,=B 4|j N,

Luc nay gia 7 &F—__ —%1 7
st N =] "?J va i/ “_:”:*‘?Z:._:—_ﬁ_ ‘}{I,-:-;’
P =P, sao cho J'f"—_——'-'" "“'_-t:-l_ifj’

tam _giac
BN P déu va
co canh bang 6. Tudng ty : DN = BM <=AP = 0
=P =P = A. Cac vi tn tuong dng ciia M, N,
PlucnaylaM, N, vaP = A Do tinh déi xing,
tam giac AM| N | cing co canh bang . Hon nua
ti gidc AP, M| B la hinh chi nhat.

Béyf{ii! i s ton tai mot tam gide déu MNP
ca dién tich lén hon dién tich cua hai tam giac

Hinh 2

BN, P, vaAM | N, nghialacanh ctiand lon hon b,
Khido taco: MN >b = BN, vaCM < CB
= CN?=MN>—-CM" > BN> -CB?=CN: =
CN > CN nghiala N nam gitta N va C, suy ra
DN <DN , it dé -
PP~ BN = Dige o R REET= R e
= DP > DP, nghiala P nam gitaAva P,
Ching minh tuong tu, ta co M nam gitia B va
M,. Nhung khi d5, trong hinh chit nhat
AP, M, B, hién nhién la PM < BP, = b, trai vai
da thiet ban dau. Viay tam giac MNP cd dién tich
an nhat khi P tring voi A hoac khi M trung véi B.
Cau 10. Chia hinh vuong thanh 10 dai hinh
chit nhat cd cung chiéu rong bang 1/10 bai 9
duting thang :x)n% song vdi mot canh cha hinh
vudng. 1 N 1.*?111 : xet rang
R e —_—
W11 V99 ~ V100 10
cia méi dai bé hon dudng kinh cda cic dudng
tron da cho. Do do moi dudng tron déu bi cat
bdi it nhat mat tmngg duding thang ndi trén.
Néu moi duong thang dy chi cat khong qua 11
duong tron thico khongqua 9 x 11 = 99 duing
tron bi cat, con lai 1 dutng tron khong bi cit,
trai vai nhian xét néu trén. Vay phai co mot
dudng thang cat it nhdt 12 dugng tron (dpem).
NGUYEN TTUY DOAN

nghia la chiéu ring
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KET QUA Ki THI CHON HOC SINH GIOI QUOC GIA
MON TOAN LOP9 - NAM HOQC 1995 - 1996

Ki thi chon hoc sinh gi—:')i quéc gia nam hoc - V6 Tran Manh, Ngo Anh Tudn (Nghé An)
1995 - 1996 Mén toan Idp 9 duge t8 chic vao - yén Canh Tung, Nguyén Phan Linh,
ngay 16/3/1996. Thi sinh dy thi dude chia thanh Trinh Minh Ngoe (Ha Tinh). .
hai bang : bang A bang B. Nam hoc nay, du thi + Gidi khuyén khich (ti 11 dén 12,5 diém)
& ban i ed 2? tinh tgémh hd, voi s6 thi sinh  cd 51 em. s
dy 1a 257 em, du thi & bang B cd 26 tinh, vdi s6 - Trinh Lé Tuén, Dé H(‘n%g Son, Nguyén
thisinh du thi 1a 204 em. Cacem duge phéplam  Hitu N Tgu én, Lé Minh Tudn, Trén Yén Ly, Ly
bai trong 180 phit, khong ké thdi gian giaodé.  Minh Tudn (thanh phd Ho Chi Minh).

Hai déng chdm thi chon hoc sinh gioi qube - D6 Hoang Diép, Nguyén Manh Ha, D6 Viét
giila cap trung hoc phé thong da t4 chic chdm  Van (Ha Tay) -
thi tii ngay 29/3/1996. — Cao Xuin Hoa, Doan Thai Son (Hai Phong).
Can cd vao két qua chdm thi d titng bang, - Vi Minh Hai (Nam Ha) -
Héi déng cham thi 3& quyét dinh nhu sau : - Nguyén Hitu Tudn (Thanh Héa) v{
Két quad : Bang A : co 110 giai, trong do co - Tran Nh Qlya_ngT(Thiia Thién - Hué) :
2 gidi nhat, 20 gidi nhi, 37 gidi ba va bl giai - Lé Kiém Ai, Trén 'Thai Anh Au, Nguyén Thé fu
khuyén khich. " Duy(QuangNam-Da Nang) - Nguyén Ngoc Doanh, -
dng B : c6 33 gidi, trong dd cd 1 gidi nhat, g6 Hoang Long, D6 Minh Quan (Vinh Phi)
2 gidi nhi, 8 gidi ba va 22 giai khuyén khich. - Trén Thi Lé (Bac Thai) i
Danh sach cac em tring gidi : —Nguni'lén I-iﬁn%‘ﬂéi, Dang Dinh Hanh, Ng.lyén
Bdng A : Gidi nhdt (tii 19 dén 20 di€ém) ¢ Thi Thanh Héng, Tran Hong ua.n%tﬂs?t Bac).
2 em : ; - Nguyén Van Anh, Dao Thi Phuong Lan,
1) Nguyén Khuyén Lam ( )tinh Thanh Hoa.  Pham Thi Phuong Thao (Hai Hung).
2) Pham Minh Thu (nu) tinh Hai Hung. - Pham Cuting, Va Tién Dat, Nguyén Thi
= Gidi nhi (tit 16 d&n 18,5 di€m) c6 20 em.  Khanh Hoa, Nguyén Manh Phu (Thai Binh).
1) Luu Hoang Duc (Ha ’f‘éy} = %én ﬂSUnﬁﬁ, D& Truong Tho, Vi Hong
2) Nguyén Minh Tuin (Ha Tay) Viét (Ninh Binh) 10 :
3) Ngo Nguyén Ding (Hai Phong) — Thai Thi Chi Mai, Phan Thé Thang (Nghé An)
4) Ha Manh Hung (Nam Ha) - yén Minh Due, Doan Khanh Hoang,
5) Pham Van Quyén (Nam Ha) V6 Si Nam, Mai Ting Son, Nguyén Danh Tin
6) Lé Xuan Trung (Thanh Hoa) (Ha Tinh).
7) D6 %Janﬁ\‘fén. {Thanh Hoa) - Nguyén Diic Linh (Quang Tri)
8) Bui Van Binh (Thanh Hda) - Nguyén Trung Kiét (Quang N%Qii
9) Lé Xuian Ly (Thanh Hoa) —Pham Van Si, N, Mi]]thmgl_lL inh Dinh)
10} Pham_N%nc Mai (Thanh Hda) - Duong Nguyén Y Linh (Khanh Hoa)
11) Nguyén Van Minh (Vinh Phu) = Phan%-[ﬁu rong Hién (Binh Thuén)
12) Lé Anh Tudn (Vinh Phi) - Poan Ngoc Tinh Nghiém, Nﬁ.lyén Van
13) Nguyén Quynh Diép (Hai Hung) Thanh Sang, Dao Duy Nam (Déng Nai).
14) Nguyén Huy Khuong (Hai Hung) + Bdng B : "
15) Nguyén Minh Nguyét (Hai Hung) 1) Gidi nhdt tit 18 dén 20 diém (cd 1 em).
16) Hoang Minh Son (Hai Hung) 1) Trdn Quang Vinh (tinh Minh Hai).
17) La Thé Vinh (Hai Hung) 2) Gidi nhi ti 15 dén 17,5 diém (c6 2 em).
18) Dang Thi Huong Thom (Thdi Binh) “1) Nguyén Thi Ngoc Anh (Tinh Yéu B4i)
19) Dang Héng Toan (Thai Binh) 2) Nguyén Viét Linh (Tinh ?u&n Binh)
20) Phan Viét Hung (Ha Tinh). 3) Gidi ba tir 12,5 dén 14,5 diém (6 8 em).
- Gidi ba (ti 13 dén 15,5 diém) cd 37 em : 1) Nguyén Truong Thai (Yén Bai).
~ Mai Thanh Binh, N’gulx_rlén Quanﬁ Huy, 2) Nguyén Thi Thanh Huyén (Hoa Binh)
Pham Tran Quan, Biai Manh Hung, Nguyén 3) Le d;e h Hoa (Hoa Binh) .
T‘Tun%’l‘& (Ha Noi). 4) ].“hs_rm._%l yén Thach (Quang Binh) {
= g%yén Ha Duy, Lé Thi Thu Huyén, 5) Nguyén Tudn Anh (Dac Lic
Nguyén Van Thang (Ha Tay) 6) NguNyén Hiru Huy (Dac Lac) ’
- Trinh Viét Anh goc Anh (Song Bé) i

. Pham Thu Huong, Lé T L ;
Manh Toan Dm}ﬁﬁ'l nh Tu#n (Hai Phon % 8) Doan Héng Anh ( ay Ninh).

- Doan Dai An, Pham Van Ding, Hoang 4) Gidi khuyén khich tit 10 dén 12 diém (cd
Manh Quang, Nguyén Thi Thuan (Nam Ha). 22 em).

- Lé Huy Binh, Ddu Khic Cung, Nguyén - Hoang Phugng Dang (Lao Cai), Ta Xuan
Van %u_aﬁg (Thanh Hoa) Hung, Nguyén Kién (Yén Bai), Nguyén Ngoc
- 6 Hiu Khoa (Thita Thién — Hué) Xuan, Dang Anh Tuéin, Tran Thu Trang,

— Pham Khanh Son (Quang Nam - Da Nang), ~ Danh Tuin, D& Hoang Ha, D8 Quang Duong,
- Trin Ngoc Ha, Bui Minh Médn, Nguyén Vi Thi Van Anh, Nguyén Hong Thinh (Hoa

Xuan Son (Vinh Phi) Binh), Nguyén Viét Thanh (Quang Binh).
- Pham Hai Trun% (Ha Bic) - Truong Nguyén Vii (Gia Lai), Nguyén Thanh
- Tran Quéc Chinh (Hai Hun Khiém, Truong {u&n Nghiéu, Tran Thi Hoang

)
= én Trudng Thanh, V‘gThanh Tin, uyén, Nguyén Higu Théo, Nguyén Thanh Tung
(Thai ﬁl{) . %g:: Lée), Vo Dang Khoa {LamyDﬁng) Le Nﬁ@c
— Pham Trung Kién, Ngugén Thanh Son, Thay, Hoang Néhja 1&l_u?m Hung (éﬁng &)
Nguyén Van Thanh, Vi Linh Huyén Trung Nguyén Thanh Son (Minh Hai).
( in% Binh). au day la dé thi.

8
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BANG A
Bai 1. a. Tim tAt ca cac s6 cd hai chit s6 ab

e il
sao cho T-;lﬁ:b_f_ la s6 nguyén td.

b. Vai 100 s6 tu nhién bat ki, hoi ed thé chon
ra duge khong 10 s6 dé sao cho hidu hai 88 tuy
¥ trong 10 =6 nay chia hét cho 11 ?

Bai 2. a. Cho a, b la cdc 6 duong thoa man
diéu kién a* = b + 3992 va x, ¥ z la nghiém
duong cia hé phuong trinh :

[x+y+z=a
‘ix-l +;;—1 o=k

Chiing minh rang gia tri ctia biéu thuc P sau
day khéng phu thudc vaox, y, z:

(1996 + y7)(1996 + z%) .

B =
1996 + x°
‘] (1996 +22)(1996 +x2)
+y = +
1996 +y2
N \f (1996 +x2)(1996 + y2)
< S
1996 + 22
b. Chon s6 thucduongx; ,x;,....x; (n > 1).

Ching minh rang :

I}T .t': xfr \,I_f +\’1’__; +...+\IJTH
3 _—_—

—_— T+ —
Ead x; Vn
1 g -

Bai 3. Cho tam giac nhon ABC va AD, BE,
CF la cac phan gidc trong ctia nd. Gei S_ va S
lan lugt la dién tich cta ecdic tam giac DEF va
ABC.

a. Ching minh rang 4S_ < S.

b. Vi méi diém M nam trong tam giac ABC

(M khéng thude cde canh cta tam gisc ABC),
goia’, b, ¢’ lan lugt la d6 dai cua cac khoang
céch tit M dén cdc canh BC, AC va AB ; tim tap
hop nhiing diém M théa man hé thicae’ < b’ < ¢,
__Bai 4 a. Cho dudng tron (C) ndm trong gdc
xoy (dudng tron (C) khéng c6 di€m chung véi
cac canh clia gée xoy). Hay tim trén duding tron
(C) mot diém M sao cho tdng cdc khoing cach
tt{ M dén hai dudng thang chia cdc canh cia
gdc xoy la nho nhat,

b. Trong mat phing toa d6 xoy (o la goc toa
dé), nguoi ta vé mot duong tron cd tam la didm
C(3 ; 4), ban kinh bang 2 dan vi.

Hay tinh gia tri nho nhét cia téng cac
khodng cach tit di€m M trén dudng tron tdm C
ndi trén dén hai truc toa do ox va oy.

BANG B

Bai 1. a. Tim tét ca cdc s6 c6 hai chit s6 ab
a. b
sao cho e la 80 nguyén to.

b. Vai 100 s6 tu nhién bat ki, hoi co thé chon
ra dudge khéng 10 a8 dé€ =sao cho hiéu hai s6 tuy
¥ trong 10 s6 nay chia hét cho 11 7

Bai 2. a. Cho 9s6 duonga, a,, as,..., a, nho
hon 1. Ching minh rang trong 9 tich s6 :

a,(1-a,),a,(1=a;),a,(l-a,),...,agl-ay,
ayll —a,):

e i
tén tai it nhat mét tich =6 khong 16n han 7

b. Cho n s6 thuc duong x,, x,, ..., X, va khi
thay déi thd tu vi tri cia n s6 dd, ta duge

"r": ,xjﬂ,...,:n:,-n; in>1).

Ching minh rang :
\I B o Bt Vo B
=+ =+ +—
T x; Vn

i i e

1 2

Bai 3. Cho diém A ed dinh va hai di€ém B, C
di dong sao cho AB = a, AC = b (a, b la hai sé
duong cho trude). Ngudi ta vé tam gidc déu
BCD sao cho A va D thugc hai nita mat phang
déi nhau ma b 1a dudig thang BC.

L

Hiy xdc dinh d6 16n cua gée BAC khi AD co
d6 dai 1dn nhat.

Bai 4. a. Cho duting tron (C) nAm trong goc
;;j}fh?duﬂng tron (C) khong c6 diém chung vai
cdceanh eta gdc .;;;i Hay tim trén duting tron
(C) mot di€m M sao cho tdng cdc khoang cdach
tur M‘fiff hai duéing thang chiia cac canh cta
goe xoy la nho nhét,

b. Trong mat phing toa d¢ xoy (o la goc toa
do), ngudi ta vé mot duding tron ed tdm la digm
C (3 ; 4), ban kinh bang 2 don vj.

Hay tinh gia tri nho nhdt cia tdng cdc
khoing cdch tif di€m M trén dutng tron tim C
noi trén dén hai truc toa d¢ ox va oy.

NGUYEN HUU THAO
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< 3”: 5,”

DE RA KI NAY
CAC LOP THCS
Bai T1/227 : Gidi phuong trinh nghiém
nguyén ;
ey +3x -2y —5=0
NGUYTN DUTC FAN
(1P La R Mindg
Bai T2/227 : Gidi phuang trinh ;
4 +2x' -8B + 3 +9=0 (1
NGHYEN VAN MINH
O Nadi)
Bai T3/227 : Cho 2 tgp hop bang nhau ;
{x,v.z.t} = {1930, 1945, 1975, 1995}

Hdy tim eac gia tri ciia x, v, z, t dé bicu thie

A=dx —yF iy =2)° Tz Sy
dat gia tri nho nhdat.

PIANG DUC TRING
id e Pl

Bai T4/227 : Goi I, G lan hiot la tam duong
tron noi tiép va trong tant cia mot tam gidae co
dé dai cac canh lan heot la 2, 3, 4. Hay tinh dé
dai doan IG.

TRINIE BANG GIANG
(TP Gl Mink)

Bai T5/227 : Cho hai duimg tron (O, Riva
10, R'vai R™ > R eat nhau tai hai didm A, B.
Tia OA cat duang tron (0" tal diém thit hai C,
tia O'A eat duong tron (O tai diem thu hai D,
Tia BD edt dudng tron ngoai tiép tam giac ADC
tar diém thit hai E. Hay so sanh BC vdi BE.

DANG KI PHONG
P W)

CAC LOP THCB
Bai T6:/227 : Giai phuong trinh.
g
1,— g 1k
e =
= TRAN NAM DUINCG
(P G Mindn)
Bai T7/227 : Choday { a,} xdc dinh nhit sau :
_2-\3

e, 2 ,.ﬂ'” + T Ay 'Hai-: 5 IU{IH +5}_1

Vn =0
Tim s6 hang téng quat a
TATONG NGOOC VL

offa fevi

10

Bai T8/227 : Tim cac 36 duong a fa > 2)
thoa nan

T OUANG VINT
iNghe An)

Bai T9/227 : Cho tit dicn OABC vuang o 0,
co chicu cao OH = h va dé dai cac eanh cria tam
dien vuong - OA = a, OB = b, OC = ¢, Cluing
niinh rang : acotgA + beotgB + ceotgC = 3h
(Trong dé A, B, C la eac goc cua AABC)

NGO VAN TP
(i Ny

Bai T10/227 : Sir dung vecto hay chung
minh ring dwing tron Ole ciia maét tam giace
iduwong tron 9 diém) thi tiep xiic trong vdl
dwong tron noi ticp tam gide do.

DAO TRUONG GEANG
i Tmdr Pt

CAC PE VAT LI
Bai L1/227 : Cho mach dién mac theo sodo
vé trén hinh 1 vai U, = UNZsinmt

IHinfy !

1. Dé cho hé s6 eong sudt cua toan mach
bang 1 thi R\, R, L.C vaw phdt théa man he
thite nhar thé nao ¢

T e
2. Cho Ry = 1009, C =~ uF va tan sé

[ = 50 Hz. Hay tinh cdc gia tri cia Ry va L dé
hé 86 cong sudt cia toan mach bang 1 dong tha
hieu dién thé U gy va Uy 06 cung mot gra tr
hicu dung. ¥
PEHAN THAN KIHANII
11 N i

Bai L2/227 : Ngwai phu trach thang may
ctia mot toa wha coo tang la maol ngiuai lam vide
diing gio. Ong ta da treo trén tuong thang may
mét dong ho qud lac chay diing dé biét khi nao
thi hét gia lam viée trong ngay. Ho ong ta co
két thiic cong viée dung gio hay khéng ?

Cho biét thon gian chuyén déng (theo dong
hé ditng yén, vdi vecto gia toc huong lén trén va
hieong xuéng la nhu nhaw, médun cia cdc gia
toe eng nhiv nhau. {

TOGIANG
(fHa Nod)
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|  PROBLEMSINTHISISSUE

For Lower Secondary Schools

T1/227 Find integer solutions of equation

ey + 3 -2y -5=0.

T2/227 Solve the pquati()n

4t + 208 - Bei+ 30 +9 =0

T3/227 Let be given two equal sets :

{1930, 1945, 1975, 1995} .
Determine x, v, z, f so that
A=lx-yr+y-zP +z-t+t-x/
attains its least value.

T4/227 Let I, G be respectively the incenter
and the center of gravity of a triangle, the

lengths of the sides of which are 2, 3, 4. Find
the length of the segment IG.

T5/227 Let be given two circles (0, R) and
0, R), R > R, which cut each other at two
points A, B. The semi-line OA cuts the circle
0’1 againat C, the semi-line O'A cuts the circle
Q) again at D. The semi-line BD cuts the

ot gz Bl =

circumeircle of triangle ADC again at K.
Compare BC with BE.

For Upper secondary schools
T6/227 Solve the equation

4+
sitans. SR
¥ =2
T/ 2‘3’1 The sequence {nn} is defined by :
2—y3 ._ -
a, = FI T a,, = a,(4a-— 10a, + 5)-.¥Yn 2 0.

Find the general terma .
T8/227 Find the numbers a > 2 satisfying

T9/227 Let be given a tetrahedron OABC,
right at O the altitude of which OH = /i and the
lengths of the edges OA = a, OB = b, OC = ¢
Prove that, acotgA + beotgB + ceotgC = 3h,
where A, B, Care the angles of the triangle ABC.

T10/227. Use vector calculus to prove that
the Euler cirele of a triangle (the 9-points
circle) is tangent to the incirele of the triangle.

TIM THEM NHUNG .
(S thee rang 1)
Nha dinh li ham s6 sin trong cac tam giac
AOE. BOE ta ¢o -

AFE R EB R
sin0, ~ SinE,’ sin0, ~ sin(r —E,)
AE iha8in0,

~ EB ~ sin0,

NhungsinO, = sin AOC = sin2B lgde dtam)
va sin0Q, = sin( BOC) = sin24

e A_E_ _ sinZ2B : ; AF  sin2C
FB ~ sin2a ' MOngtd FC  sin2A
Chu y : ding ca khi AABC e6 gde tu tite O
nam ngoai tam giac.
3?28 — sin2C —
Vi ’10 e = 5 E
e :-m?.A :: 2A B

= s5in2A. OA+31nzB OB+ sin2C. O( = (}

Tiép tue cach lam trén cédc ban co thé tu tim
dén cac dang thic sau.

(6) Chitng minh ring d AABC cic dudng ndi
mébi dinh vai tiép diém caa vong tron noi tiép
trén canh doi dién déng quy tai 1 diem K'va

Al B —
tngm+tg2KB+tg
Gai O atam vonggron b
minh' sinB.0 B+sinC.0,C—=sinA 0,A=0 (8§)

Ching minh ring d MBC cAc du’dng ndi mai
dinh vdi tiép diém cla vong tron bang tidp gdce

—

2K£ 0. (7

tigpgoeAcia AABC Chiing

A trén canh ddi dién hoac phan kéo dai. dong
quy tai 1 diém L va

B — ( = A — T
r.gEI_B+t.g§LC +thLA=U.

: Thém nita xin moi cac ban hay chung minh cac
dang thic sau (O, H, G, T ki hiéu nhu trudce) ;

cosA — cosB —=
o e e i
) oAt aimagne 128
o cosC Cﬁ“ o O—:
‘*II.'IA:-]ILB %

(10) OH = ctgB.ctgC.OA+ctgC ctgA.OB +
+ctgA . ctgB . OC .

—  cos(B-C) — cos(C—-A) —
(1113GH = — -
5 sinBSin(.-"DA EinAsfnC"OB h
cos(A —B) —
sinAsinB L
A
= sin 5 3is
1IZ}ZOI=—;-—B © 0A +
cos Se0s g
sin i
- sin —
5 — 2 -
SR e
cos 5 C0s 5 cos 5 Cos g

O day toi chi mai xoay quanh mot huong dé
tim dén cac hé thite. Co rat nhiéu hudng khac
nita. Mong cdc ban tim thém nhiéu nita cdc he
thiic vécto trong tam gide.

11
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PE THI TUYEN SINH 1995 MON TOAN
PAI HOC QUOC GIA HA NOI

(Thoi gian lam bai 180 phiit)

PHAN BAT BUOC
fx: i1
Tgogtye

1) Khao sat sy bién thién va vé d6 thi cia
ham s6 da cho.

2) Hay xdc dinh ham s6 y = f(x) sao cho d6
thi ctia nd d6i xing voi do thi cia ham s6 (1)
qua diém M (1, 1).

Cau I1 : 1) Giai phuong trinh

3 2x 3 ip 1
FETT u 2 %
2) Giai hé phuong trinh

12¥ - = (y —x)(xy +2),
1.1:2 +iyi=ti '
Cau II1 : 1) Giai phuong trinh
4sin2x — 3cos2x = 3(4sinx — 1).
2) Cho A, B, C la cac gde ciia mot tam gidce,
Ching minh rang
A-B C=4

ms(-z—) +cos(E—;—C) +ms( 3 ) £

< cus%(A - ;) +ms%(3-%) ﬂm%( c —%) :
PHAN TU CHON

(Thi sinh chon mét trong hai ciu IVa hoac IVb)
Céau IVa : 1) Trén mat phang toa dé truc

chuén cho hai duong parabol

Caul:Chohamsdy =

=2

T = ]_—-h_]f:ﬂ.

y=8 = Qe
y=2+9 — 22
a) Hay xac dinh cac gia tri a va b sao cho
duding thang y = ax +b déng thai la tiép tuyén
ctia hai parabol va xéc dinh toa d¢ cta cdc tiép
diém.
b) Tinh dién tich hinh phang gidi han bdi hai
dudg parabol da cho va ti&p tuyén da duge xdc
dinh & trén.

2) Trén mat phang toa do truc chudn cho céc
diém P (2, 3), @ (4, -1) va R (-3, 5) la cdc trung
diém ctia cac canh cia mot tam gidc. Hay lap
phuong trinh cta cdc dudng thang chia cic
canh cta tam gidc dd.

Cau I'Vb : 1) Tinh gidi han

. sin®2x — sinvsindr
lim ————— .
x—0

2) Cho hinh tif dién ABCD co canh AB = x.
Hai mat ACD va BCD la nhitng tam gidc déu
canh a. Goi M 14 trung diém cia canh AB.

a) Xac dinh x khi DM la duéing cao ela hinh
ti dién ABCD.,

b) Gia sit DM vudng gdc v6i mit phang
{ABC). Tinh ban kinh mat cAu noéi ti€p hinh ti
dién ABCD.

x4

DAP AN
; Fi
Cau I (2,5) Do thi i | |
xt—2x+2 1 Viix=4—y=5 __h_S\:r_;_l
= e 3 0 i 2 Efnax-Hr g
1. ¥ L x+x_2.HamsoxaE 5 5 4 £ )/_;
dinh vdi moi x = 2. r=a Y% if :
. - o 5 1 .//|| : I
Chiéu bién thién : vy’ =1 — 22:0: x_/ o
5 iy g 33 7. ]2::54 o
x=-2y=1;x=8—>y=4 / .

Tiém can ding :x = 2. Tiém cin xién :y = x.
Bdng bién thién

X |—w L 2 -3 +e0
y +. 0 - | - 0 +
-x’/ 0 \\‘“ it +Cﬂ‘-.\ 4 "__._J'PW

12

2. Gia sit A(x, y,) 1a diém tiy ¥ cia d6 thi
ey R ey
= x_z ='-'-J']= xl_z ,,Il#g.

B(x, y) d6i xing vdi A qua diém M(1, 1) =
xtx = 2 x = 2—x

&=
YRy =2 =20y,

https://tieulun.hopto.org
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(e, —1)2 a2 =2 +1
Swy By R 2o e
e
= _)J'v— T
Cau Il (2)

1. Giai phudng trinh 'l" —*_i_—l '“ e

Biéu kién : :c;tO x= -1

Pat (= 2x-t li
a I+,ac0 ‘21:

= 3 — ==~ Thu dude phudng trinh ;

=R L DB = Das b =

i
t
3 2x 2x
\+ ot :l'i'"'ﬁzl'l'

2 Gigihs |2, 2 T U 0@y +2) (1)
+yi=2 (2)
T (1), (2) suyra: 2 -2 =
= (y —x)(xy +x% +y2) hay 2% — 2 =
Néux > y vétrai > v& phai < 0: mau thuin.
Néux < y vétrii < 0; vé phai > 0; mau thuin.
Vay x = y. Hé da cho tuong dmjng vai he

1 hay

+

- x3,

|'x = x=y
lx? +y2 =2 |
' x=1 x= -1

g =1 |

Cau III 2,5

1. Phuong trinh tuong dudng vdi
8sinxcosx — 3(1 — 2sin’x) = 12sinx — 3«

= 4sinxcosx + 3sin®x = 6sinx =
sinx(dcosx + 3sinx — —6) =0+

=5 (sinx(4cosx + 3sinx — 6) =0 =

sinx = 0" (a)
4cosx + Bsinx = 6 (b)
Gidi(a)tacd:x = k1, kE N
Giai (b) : vi 4cosx + 8sinx < 5. Vay phuong
trinh (b) vo nghiém.
Dipsx=kr ke N
2.1) Ta chitng minh bat dang thic b trg sau
day :
3(ab +be +ca) < (a +b +¢)2(1)
(1) ==(a? + b2 +¢?) = chb +be +ca e

= (@=b+@b-c)+c—-a)P=0; ding
thie xay ra khia = b = ¢.

2 s : . Xt o

ii) Ta co sinx + siny = 2sin Zyms 2y=>
sinx + siny e

b Sl o

(v6i 0 < x, y < ). Dau bang xay ra khix = y.

Ta chitng minh b4t ding thic sau -

3
< = = 3sin 5(2)

"i.}.' B+' _C...
EFII].2 5"1_5 511'12 3

CheaMiesi i i s < 4sinZ
)= smz sm2 m2 sms smﬁ,
A B C x
PI) 2%%

o

2
Taco M < 2sin 2 + 2sin

A
O TR 4sin 6 (dpem)
iii) Ta ching minh bit ding thie

: B C V3 L
cae,§+cos§ +eos§ < 3? = Bmsﬁ (3)
chi y riing cosx + cosy =

- e A Tty

R e g e

= 2cos

(v6i 0 < x, y < %). Déu bang xay ra khix = y.

i otdie il D G et e

a ¢ CUSE CDS-Q" [1082' DOS"G‘ =
B C

ST et

= 2(:05—2-— +2ms—2~m

o

Ay . (’+ gl
=] 5 |= gt (4] (el
WPPE MR ooy

T L R e
%CDSE DSE COSE = mbﬁ e

Daubang xay rakhiA = B = ¢
Ap dung cac bat ding thic (1), (2), (3) ta cg

3";E (dpem).

A8 B o
* 3 ( singsing a5 S‘“?‘i“g + jsinisini;-} <

. A_+ . B+ el )
(blné 5]1'12 Slng) =

3 .A+_B+_
téi(smg sing +sin

s

= B—l— £ C-l— S ﬁ
: 51n281n2 51n§sm2 singsing <
s Foadl ol Do o Bl es e T
N ey it i
smﬁemz smﬁsm2 +s1né_-sm2 (4)
¢ B pipd e & a sons b B it
(ms;é cosyy +coscos cos—zﬂco&g)
A B G
< (cns§+msi+cosi) < (2)
33 A B &
T (cor ooy + o)
13
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A B+ B C+ A
= cosycosy +cosy gC0s5 +cosgeos, =
cos%ms% F cos%ms% L cos%cus% (5)
Coéng (4) vai () tacd :
AR B C-A
ms( ) +cos—5— tens—g <
Lea A L g2 1 ppoa
c'Db;;l(A 3)+ms‘}(B 3)+m52({3 3} (6)
s 1 o <
Ta od —gqi(ﬂr%) <; suy
1 iy ® 1 b 1 T
“ﬁzﬁ“ﬁ<§“m“ﬂﬁ—'3ﬂﬁﬁﬂ
auymcos% lA——t Ef_,ﬂ‘i ]A—',;-
-::cus% (A—g) ECO:: {A-——}
Tuong ty coss { B—2 B2
yong tu co. 2( 3) H‘C{]ag(\ 3) )

1 . 1 .
g €1 et (G 75)

Tit (6), (7) suy ra (dpem). Ddu bang xdy ra
khiA =B =C.

Cau IVa (3d)

1. Goi cac tiép diém la A(x,y,) €
(P) : y=8-3x -2

B(xy Yy} E(Py) :y=2+% - 22

a. Cdach 1 : Theo ¥ nghm hinh hoe cia dao

ham ta thu dude hai phuong trinh cia cung mot
duéing thang :
= (—4x, = 8)(x —x)) +8 — 3y, — 2]
¥ = (9 -4 —x, +2 +9x, — 20}
Tit dd thu duge he :
-3 —4x, =9 —4x,
S i =122 +2
Titddx, = -1, x, = 2 vatacd A(-1,9), Bi2, 12).
Thay x = —1 vao phudng trinh tiép tuyén ta co :
y=x+10=u.x+b==n. e e
Cach 2 : Dutng thangy = ax + b tiép xte vai
duing cong y = 8 —3x — 2¢® khi va chi khi
ax +b=8—3x —2¢x* cd nghiém kép <=
A=(a+3)7F—8+64=0«

a*+ 6a + 73 a’ +6a + 73
¢=¢b——-~ 3 =y=axt-
Dudng thang trén tiép xuc voi
a’ +6a + 73
Y3 ¥ S ETean s e
=249 —-2x! e¢d nghiém kép <=

16x2 + 8(a — 9)x +a? + 6a + 57 = 0 co nghiem

14

kép e=A’=16(a — 9)?— 16a*— 96a -
=g =1=b=10

Vay dudng thang phai tim cd phuong trinh
lay=x+10

16.57=10

Goi hai tiepdiém la A(x,, y¥,), B(x, ¥,) tacd
a+3d
x= *—4-*—1#3/] =9
89 —n)
Xy = 32--,_2 , =12,
b. Goi giao di€ém cua hai parabol la
C(xy ¥,). +Khi dé x; la nghiém cla

8-3r—212=2+% -~ = 12xr=6 <«

Taco S =Sf1..rﬁwrj;_sjlﬂlh'”k c(urg_S.‘J thrangcong il
AT A

CBR

i
ARRA G e

]
+9
S —)S-ﬂa—ax—zxz}dx—
: 63 99 117 9
_J'{2+91' Z.t’ }dl'_ E.-*F— 8 :E

P =

2. Phuong trinh dudng thidng di qua

= S AR
(x,, v,)vall p(m,n)codang T _.;1_
L Y1 B Il PQ va
PQ = (2, —4) nén
dutng thing chia BC
g chinh la dudng thang di
AN qua R(-3, 5) ya song
o \\4; song vdl ‘PQ. Vay
2 LY phuong trinh duing
g BV O PN shang “chda BL ta
A r+3 s
i kel o
x+y+1=0
Tucmg tu phucng trinh dutng thing di qua AB :
a0 Pl NS T, T TR
= 6
phuong trinh duong thang qua AC:
"-_f:“";—lmzx+5y~3=u '
Cau 4b (3) 1, Ta sé 4p dung gidi han déc biét
sinx sinf2x — smxsmtl:c
m —=1;lim—

1

e (Xem uép bia J)
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PE THITUY EN SINH LOP 10 CHUY EN TOAN - TIN
DAIHOQC SU PHAM (DPATHQC QUOC GIA HA NOI)

Nam hoc 1995 - 1996

NGAY THI THU NHAT : 17-7-1995
Thai gian lam bai : 180 phat

Cau 1. Cho biét : _
a=xy +{(1 +2%)(1 +y")
va b=xy1+y? +yy1 +2°. g
Gia thiét ring tich xy dugng. Hay tinh b theo a.
Cau 2. Cho phun?g t.rigﬁ:

2* = (4a + 30 +4a(a +2)x —4(a® —1) = 0,

trong dod, a la tham sé.

1) Giai phuong trinh véia = -1/2.

2) Giai phuong trinh theoa.

Cau 3. 1) Ching minh rang tich cia 8 sé
nguzyén lién tiép ludn chia hét cho 128,

. 2) Vdis6 tu nhién n tiy y cho trude, chitng minh
rang so6 m =n(n + lin Ty Sl e T
khong thé biéu dién dude dudi dang tdng cia
hai s6 chinh phuong. (vai k nguyén duong, ki
hiéu k ! chi tich 1.2.%...:‘&].

Céu 4. Cho tam giac can ABC (AB = AC),
ic BAC = a. Goi D va E theo thi tu 1a trung
i€m cia cac canh AB va AC. Trén tia déi cua

tia DE lay mot diém M tay y k,hﬁng trung vdi
D ; Trén tia ddi cia tia ED lay mot di€m N sao

cho MAN = 90" + ‘2—’ . Hai duong thing MB va

NC cat nhau tai P. Tinh géc BPC y

Cau 5. Ban An muén dién vao triéc méi s6
trong day 1, 2, 3, ... n mot ddu "+" hoac moét ddu
i clge dudge mdt day tinh co két qua la sé tu
nhién nho nhit cd thé duge. Sau khi dién ddu
xong va thuc hién chinh xae cdc phép tinh, ban
An dude két qua la 3. Theo em két qua dé da
théa man yéu cdu dat ra hay chua ? Néu chua,
em hay néu ré lap luan va chi ra each lam cho
An dat duge muce dich etia minh.

NGAY THI THU HAI : 18-7-1995
Thai gian lam bai : 180 phut

Cau 6. Cho 4 s6 nguyén duong a, b, ¢ va d
théa man dang thice a* +b6° = ¢2 +d2. Ching
minh rﬁlj}g séa +b +c +d1amot hap so.

Cau 7. Gia sit cho hai thung dung nudac vii
dpn[g tich ldn tuy ¥ va hai eai gdo eo dung tich
lan [uot 1a V2 litva 2 — {2 Htﬁ-[éi co thé dung

hai cdi gdo do dé chuy&n 1 lit nude ti thimg nay
::ané thung kia duge hay khong ? Tai sao 7
au 8. 1) Ching milnh bat déng thuic :
200n +1 —Vn) < = <2(Wn —Vn = 1),
trong dg, n la s6 nguyén duong tiy y.
2] ‘lﬁ'ﬂ ninﬁi s6 nguyén dudng n, ta dat
S = o
" ﬁ Vi
gia tri clia n sao cho [S,]1=2. ([x] l1a phan
nguyén cua s6 thue x va duge dinh nghia 1a s6
nguyén thoa man [x] < x < [x] + 1).

au 9. Cho hinh vuong ABCD. Goi M, N va
P la ba di€m lan lugt 1y trén eac canh BC, CD

+-—— . Hay tim tdt ca cac
Vn 3 v

va DA sao cho MNP |la mot tam giac déu.
1) Chitng minh hé thic :
CN: - AP = 2DP . BM.
2) Hay xac dinh vi tri ctia cde digm M, N va
P sao cho tam giac MNP ¢6 dién tich nhé nhat,
3) Chitng minh rang tam gidic MNP co dién tich
!dn nhit khi M trung vai B hoac khi P trung vai A.
Céu 10. Cho 100 dusng tron e cung dudng

kinh ban
83Vl

canh 1. Chiing minh rang ta luén c6 thé vé duge
mot dudng tﬁang cat it nhdt 12 duang tron
trong s6 cac dudng tron da cho.

(Trong bai nay, ta hiéu mot phan duong
thang vi mot dudng fron }gor,' la cat nhau néu
chung cé hai diém chung phan biét : Mot duong
tron goi la nam trong mot hinh da gidc l6i (hay
da giac chita duong tron) néu moi diém cia
dudong tron déu thuéc mién trong hodc nam
trén canh ctia da gige do).

va nam trong mét hinh vuong

DAP AN

Céu 1. Ta co ; 3
a‘=1 erl-ij-“+2ﬁy3+2x_\,- (1+x)(1 Jr_}.j_
b° =" +y% +2x%y* + 2xy V(1 +29)(1 +7)
So sdnh hai két qua, ta suy ra b2 = a2 — 1.
Do xy > 0, chi cd hai truong hop sau :
Néu x>0 va y>0 thi 6>0, ta o
b=va% -1 ;
Néu x<0 va y<0 thi 6<0, ta cd
b=—aZ-T.
Cau 2. 1) Khia = -1/2, ]ﬂ;_ﬂtmg trinh cd cac
nghiém lax, =1 Xy 3= V3.
2) Phuong trinh da cho
phudng trinh tich :
(x —2a — 2)[x? = (2a + 1)x +2a - 2] = 0.

tuong duong vdi

Suy ra phuong trinh cd ba nghiém la
x, =2a +2’IZ,3= (2a +1 + V4a® —4q +9)/2

Cau 3. 1) Nhan xét rang trong 4 s6 nguyén
lién ti€p luén ed mot s chia hét cha 4 va mot
s6 khac chia hét cho 2, suy ra tich ctia ching luén
chia hét cho 8. Trong 8 s nguyén lién tiép, luén
6 4 50 chén lién tiép. Ta xét riéng tich cua 4 s6
chan nay : @ = 2k(2k + 2)(2k +4)(2k +6) =
= 16k(k+1)(k+2)(k+3). Theo nhan xét trén,
riéng tich k(% +1)gk +2§(k+§é da chia hét cho 8.
Do do @ chinhét cho 16 x 8 = 128 Tirddsuy ra dpem.

2) Theo phan 1), s6 da cho ¢d thé viét dang
m = 128k + 7! vai & € N. Ta chiing minh bang
phan chiing : Néu m ed thé biéu dién duge thanh
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t6ng ctia hai s6 chinh phuong thi ¢d cde s6 tu nhién
a va b sao cho 128k + 7! = a? + b2 (8%

V& trai cia (1) chia hét cho 4 chonénavab
phai 1a hai s6 chan. Dat @ = 2¢ va b = 2d réi
chia ca hai vé cho 4 ta co :

32k + 180 x T=c? +d?(c,d EN). (2)

Lap lai li luan trén déi vai (2), date = 2p va
d = 2q r6i chia hai v& cho 4 :

8k +45 x 7 =p? +¢* (p, g € N).(3)

V& trai trong (3) la s6 [é nén trong hai s6 p
va g, 4t c6 mot 6 16, mot s6 chén, ng ia la xay
ra plt+qgl=1 (mod 4), trong khi
8k +45 x T = 3 (mod 4), v6 li.

Cau 4. Tit gia thiét suy ra :

Ay +4; = (90° +§) —a=90" -

Mat khéc trong tam giac AMD co :

A1+ My =Dy = (180" —a)2 = 90" =5 ()

Tit (1) va (2) suy ra M, = 4,(3)
Vi tam gidc ABCean va DE la dutng trun
binh nén MDA = AEN. Diéu dé cung vdi (3%

cho ta :
A MDA - A AEN,

MD AE MD EC
~~ = AMDB -

SUyra py “ENT DB~ EN
A CEN (cd hai gde
D va E bang nhau
xen gilla hai cap
canh tuong dng ti
16). T dé_—_
N,= MBD =
My ¥ Ng=
= BMD+MBD =
= 180" - D,
Trong tam gidce
MNP co
M, +Ny=
= 180° — MPN
Hai két qua
trén kéo * theo

—

o
i

9 (1

MPN =D, =90° -5

Cau 5. Ki hiéu s 1a téng cha edAc s6 trong day.
Sau khi dién du, ta goi s(+) la tong cha cac sb
trong day duge dién diu "+', va s(-) la tong cla
cdc s6 trong day duge dién ddu "-". R6 rang ta

luén cd s = s(+) + s(—) va két qua cia day tinh
bang s(+) —s(=). Theo cach dién ddu cia An thi
s(+) - s(-) = 3. Diéu nay ching 10 ¢ 14 1é va vai
moi cach dién déu, hiéu s(+) — s(-) cin la lé.
Do do ta hi w_:-ngbcd cach dién diu sao cho két

ua cta day tinh bang 1 ; Néu dugc th do la cach
Jam théa man yéu cau cta dau bai. Mudn vy ta
chiyrings=1+2+..+n=n(n +1)/2 alé
nén n chi ed thé cd mot trong hai dang :
n =4k +1hoacn = 4k + 2.

Néun = 4k+1 thi ta cd cach dién ddu nhu sau:

1= +1 +(2-3-4+5) + (6-7-8+9) +..+
+[(n —8) —(n -§) —(n=1)+nl

(& day, mdi nhém trong ddu ngoac déu co tong
daisb bang 0)

Néun = 4k+2 thi ta cd cich dién ddunhusau :

= =243 —4 +1+ [2k—~11)-2k— 2k+1) +

+(2k+2)—.. —(4k +1) +(4k +2)

(& day, tdng dai s6 cia 2k s6 dau tién hﬁngl-k
con t§ng dai 26 ciia cdc 88 con lai bang & +1).

16

Cau 6. Vi mbéi s6 nguyén n, sO
n2—n=n(n—1) luén chdn. Do dé sb
a?+b2+cl+d?—(a +b+c+d) la chan. Tiu
gia thist aZ+bl=c2+d>? suy ra
a2 +b2 +c2 +d? =2(a’ +b% la chan. Vay
a +b +¢ +dchin. Matkhae, via, b, ¢, d lacacso
nguyén duongnéna +b+c+d > 2. Do vy no
luon la hgp s6 (dpem).

Cau 7. Tra 1di : khong thé.

Chitng minh : (phan ching) GiAsi cd thé dung

o 1 (dung tich V2) va gio Tiﬁdun tich 2 — ¥2)
& chuyén duge 1 lit nudc ti binh A sang binh B
bang cich dong m gao I van gio 1L, trong dé m, n
e Zg(‘I‘ﬂ quy utcm > 0 néu dong ti Asang B vam
< 0 néu dong tit Bsang A, tuong tu di vai n). Khi dd

xay ra ding thiic : -
vgz +n(2-Y2)=1
(m —n) +2n—-1=0 (1

Néu m # n thi ti (1) suy ra
V2 = (2n— 1)(n —m) € Q, volivi
ti. Vay phdi co :m = n = 1/2 (v6 1i).

Cau 8. 1) V&i mdi n nguyén d:.mgg ta cd 1

2 1a =0 vd

S Tt O e T
20VF VT = T > Ve

Tit dd suy ra bat dé.niz thl'lcl kép can n::;u.
ie B S M o N R TR

2) Ki hieu S, L4z + 4o+ S0
dung bét dang thic kép vita chiing minh véi n
lin Iuot bang 2, 3, ..., n 16i cong cac bit dang
thu duge lai, ta co : -

2(n +1 -V2) < S, -1 <2(n -1

oVn +1 -V2)+1<8,<2V¥n -1 (D)

Néu [S,] = 2 thi theo (1) :

2=[S,] = S, <2Vn-1=Vn >3/2=n =3

oWr+1 -V2)+1<S,<[S,]1+1=3 =
Vi+l<V2+1l=n=<4.-

Céc két quatrénchota3sn<4=n=3
hoacn = 4. iy

Nguge lai, néu n = 3 hoacn = 4 thi cing van
ap dl_ln& ), ta tinh duge 2(¥4 —V2) +1<
<S,<2V3 ~1=2< 8,< 3=[S,] = 2(ding)
2({51—~\r4)+1 <8,<2 4-1 = 2<8§5,<3 =

[8,] = 2 (dang)

&

= DA = a. Ap dung
dinhli Pita-gotacs: 2
MNZ=MC2+CNZ=
= (a — BM)? + CN?
+CN2 -2 .BM 7 T
MP? = a2 + BM? + =
+ AP — 2AP . BM
Vi MN = MP nén ti hai ddng thdc trén suy ra :

Vay cic gia tricin timcianlan = 3van = 4.
MP? = AB- +
+ (AP — BM)?
CN? —AP? = 2a . BM — 2AP .BM =
= 2(a —AP) . BM,

Cau 9. 1) Dat
A
hay la :
CN? — AP? = 2DP . BM (dpem)

AR = BC = CD =
MN? = o? + BM? + ol
(Aem HEp irang 7}
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DE THI TUYEN SINH 1995...
{Tiép theo anyg 14)
4sindrcosiy — 4sin’xcosrcose

= lim S — =
X—=1 X
sinfxcosx - cosx — cos2x
= 4lim —— [—* 2 ] =
=g X x=
q . . x - .
2sin—sin— sin— sinz
) 1 y 2 23
= 4lim - —— = 2.4lim B & o
=1 x- ey Bt 2
2 2

2.a.ViDM L (ABC)vaDA=DB=DC=a
nén hinh chi€u cta ching trén mat phang
(ABC) bang nhau. Do déd MA = MB = MC,

Vi A ABC can nén nd la tam vuéng cén.

1
(trung tuyén CM = 5 AB)
Vayx = AB = ay2
b TuADABco AD = BD =a

iz

Vi = aV2 nén DM = ——
° oz
Vay MA = MB = MC = MD = ”’T
Tiép theo ta cd
2
a
Span = Scap = PR
ay3
Spca = Sppe = gl
12
2
a?(2+V3)
Ed SJ'_IrJ: SpastSeantSpeatSpac= 9
o
Ap dung céng thic V = ”d (r = ban kinh
3V a(2-V3)
mat cdu ndi tiép), taco: r = 8. 5 !

E'll'J

5

Hé thong s6 va chit s§ théng dung dude goi
la hé théng s6 A Rap. Ngudi ta phan biét hai
loai hé thong s8. Su phan loai nay can ci vao
cAch tinh gid tri cta s6. Loai thi nhit ed cdich
tinh gia tri theo dang chit s6 va vi tri ctia chit
s6 do trong dang biéu dién, duge goi 1a hé thing
s6 theo vi tri. Dién hinh cia loai nay 1a hé théng
s6 A Rap ma ta d: ing dung. Loai thi hai cd each
tinh gia tri bang cich eong dén cac chii s cd
mat trong dang bifu dién. Quen thudc vdi
chung ta la hé thong s6 La Ma ma ta thuong
dung dé danh s6 thi tu. Trong hé théng s6 La
Ma, quy tae cong don dung la quy tac chinh. Chi
co mot ngoai 1& 14 néu chir s6 bén trai cd gia tri
nho han chit s6 bén phai thi gia tri cia nhom
hai cht 56 dd bang gia tri cta chit s6 bén phaj
tru di gid tri cta chit 56 bén trai. XIV 6 chit s6
ditng gitta 1a I ¢d gia tri 1, chir s6 cudi V cd gia
trila 5, nén giatriciaca hai IV1a5-1 = 4.
Vay XIV o gia tri la 14.

Hé thdngsé A Rap rit quen thudc véi ching
ta. Nd con duge goi 1a hé ca s6 10. Cach tinh gia
tri cia bi€u dién 56 theo cong thic sau :

AT 1o '+a A2 4 o Hitd 107

I = (J'

Vi du bidu dién so
252 = 2,102 +5.10! +2.10v,

80 0 efe

Sﬁ A Rap cd nguén gée tii dau ? Thuong mai
ctia An Dé phat trién manh va nén van minh
ctia An Do cing phat trién rat sdm. Khodng the
ki VII va VIII & An D6 cd nhiéu cach viét 6.
trong do co hé thong s6 Hindu. Do tinh dan gian
va khoa hoc clia hé théng s6 nay, nd da truyén
ba sang edc viing lan can. Thé ki [X nd lan sang
A Rap. Tai day nha toin hoc Mohammed
ibn—-Musa al- Khowarizmi da viét thanh sich
vé hé théng s6 Hindu bang ngon ngit A Rap.
Céc chit s6 duge viét theo ki€u chif cdi A Rap
(qua thti gian hang thé ki, chii s6 duge viet nhu
ngay nay). Trong thii gian nay, ngon ngit A Rap
14 mét ngén ngit dang thinh hanh & chau Au
eung vdi ngén ngir Latin, Vi vay hé théng niy
du nhép sang Tay Au vao thé ki XII. Theé ki X111
nd sang [talia. Mai cho dén thé ki XVI méi duoe
st dung & cdc nude khac cia Tay Au. Nguii
chau Au mugn s6 Hindu qua ngudi A Rap nén
ho goi 14 s6 A Rap. Cach goi nay sai vdi lich si
nhung da trd thanh tén chinh thite. Trong cach
viét 88 etia nguoi Hindu, s6 khong dugc ki hiéu
la mot ddu chdm hoae mot khuyén nho. Trai
qua thoi gian, s6 khong duge vigt thanh khuyén
tron to bang cac chit s6 khdc,

NGUYTN CAO THANC

T TR
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Giai dap bai ’
TRO CHOI DOAN CAU

Dua vao diéu kién "sé quad ctu xanh va s6 qud ciu dé dung trong mdi hom déu khong dung
vdi cdc chit da ghi d phia ngoai méi hom" Nam suy luan va lam nhu sau : Hom thid ba, & ngoai
¢6 ghi XD, s& chida hode 2 qua cdu xanh, hoac hai qua cdu dé. Nam bbc mét qua cdu tir trong
hom dd.

~ Néu qua cdu béc ra la xanh thi trong hai hdm con lai sé con 1 qua cdu xanh va 3 qua cdu do.
V6i didu kién cua trd choi ta suy ra ngay trong hom ghi XX la hai qua cdu dé ; trong hom ghi DD
la 1 qua xanh va 1 qua d6. — N&u qua cdu bée ra 1 dé thi trong hai hom con lai sé cd 1 qua ciu dé
v 3 qua cdu xanh. Véi didu kién cla trd choi ta suy ra ngay trong hom ghi DD 14 hai qua céu
xanh, trong hom ghi XX la 1 qua cdu xanh va 1 qua cdu dé. ;

Nhan xét : Giai dap dua theo Nguyén Thanh Trung, TM, Marie Curie, Ha Nbi. Cdc ban Mai
Thanh Tiép, 6T, NK Bim Son, Thanh Hda va Phan Vii Toan, 6, Chuyén Ti Liém, Ha Noi cing
co giai dap tot. '

BINH PHUONG

DIEN SO VAO HINH VUONG

Hay dién cac s6 tu nhién tit 1 dén 16 vao cdc 6 cia hinh vuéng bén sao
cho t8ng cdc s6 & mbi hang ngang, hang doc va méi dudng chéo déu bang
nhau.

NGO HAN |

] o # [ ¥
()Hi!; /H.ﬁ/f (il K‘ i/(_f f}' Lk /I{J( !U{I'H
MOT DE TOAN SAlI

Trong séch "Tuy&n tap 70 bai toan giai tich t8 hgp" (tdc gia : V6 Dai Mau. NXB Tré), dé 61
dugc trinh bay nhu sau :

"Chiing minh ring cic s6 Cf‘l ; Gﬁ* I, Ck*2v6ik+3 = n,n vakla2s6 ty nhién, khong the
1a 3 s6 hang lién tigp clia mét cdp s6 cong."

Chi cén xét truding hop sau day la diu d€ thiy dé toan trén la sai. That vy, voin = Tvak = 4,

: e . 3 i ! 7!
tacdk+3=4+3="T=n, d&ngthd:tacungcu:C§=m=35;02=3~@=21;C§;=W=7.

Nhu vay, cac sé dang xét 1a 3 s6 hang lién tiép cia cdp s8 cong véi s6 hang dau la 35 va edng sai
la-14 (1.

PANG KY PHONG

%N : 8066 - 8035 Sap chit tai TTVT Nha xuit ban Gido duc
Chi s5 : 12884 In tai Nha m4y in Dién Héng - 57 Giang Vo Gia = 20009
Ma sd : 8BT29M6 In xong va ndp luu chi€u thang 5/1996 Hai nghin ding
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