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HAI HANG DANG THUC
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SUY NGl

Danh cho cac ban Trun

L

HOANG NGOQC CANH

Ha Tinh

C-::i hai hdng tién&::hﬁc rit quen thugce vdi cac ban hoc sinh giéi toan, chiing

duge dua vao trong chuong trinh phd théng nhu la mét bai tap, dé la :
a® +63 +c* —3abe = (a +b +c)(a? + b2 +c2 —ab —ac —be) (1)
(@+b+c)P —a®—b3-c2 = 3(a +b)(b +c)(c +a) (2)

Viéc chﬁngmjnhchﬁngcéchancdthé xem trong cac sach bdi dudng toan.
Hai hang dang thiie nay hau nhu bi nhiéu ngudi bé roi. Thét la bat cong khi ma
no lai dem dén cho ta nhiéu diéu thi vi. Trude hét ta chd ¥ rng ti (1) suy ra

+b+c=0
a® +63+c3 = dabe & |0 7 T8 (a)
Tt (2) suy ra :
a=—b _
(fa+b+e)P=atthP+ed = [b=—¢ (b}

c=—a

Viée van dung hai hing ding thic nay that-la hiéu qua va bit ngds. Sau
diy ching ta ciing xét mot s6 bai toAn minh hoa.

Bai 1. Cho a, b, ¢ 1a cac s6 thuc khae 0 sao cho :

a’h? +b3c3 + a3 = 3a?2c? (3)

Hay tinh gi4 tri cia bi€u thic M = (1 +a/b) (1 +b/e) (1 +c/a)

Loigidi : Datx =be, y=ac,z=ab=>xyz = 0

Tit gia thiét (3) suy ra x> +y* + 23 = 3xyz,

M = (1 +yjx) (1 +x/z) (1 +2/y). Tt cha ¥ (a) ta xét hai trudéng hgp : 1)
x+y+z=0 Tu(l), (2) va (a) ta dé dang suy ra :

Hx+y)y+z)(x+z)=-3xyz, suyraM = -1.

2YNéux =y =zlhaya =b =¢)suyraM = 8.

Bai 2. (Cau 3, dé 125, Bo dé tuyén sinh)

ax +bhx =c¢
Giastthé:bx+cy=a cd nghiém
cx+ay=b

Chiing minh rang : a® + 63 + ¢ = 3abe

Lai gidi : Do (a) nén ta céin chiing minh : LE ii :'-_CC_ .

That vay, gia sl cap (x ; y) 1a nghiém cia hé, cong ca ba phuong trinh
ciia hé theo vé sau dd bign ddi thanh :

fatb+tcl(x+y-1)=0+

Tit (*) th€y = 1 — x vao hé ta dé dang ¢
dd suy ra diéu phai ching minh.

Bai 3. Trong mat phang toa do vudng géc Oxy, hay tim tap hop nhiing
diém M(x, y) sao cho : 23 —y3 = 3xy + 1 (4)

Loi giai : + Néu khéng cd cach nhin nhan sdng sudt, khong chi y dén hang
ding thite (1) ban c6 th€ nhdm tudng tap hop M i‘i mdot dudng cong phiie tap.

+Kithue @)= voixd -y} -1 = 3xy =

Ay —~l=i0

T |x=y=-1

Véy tap hop M la duding thang :x -y -1 = 0 va diém M (-1, -1).

Bai 4. Gidi phuong trinh : 5443 — 9x +V2 = 0 (5) :

Loigidi: Tacd (5) = 2 —x/6 +V2/54 = 0.

Bay gio ta tim cdch viét v& trdi cia phuong trinh dudi dang :

x3 +a3 +b3 - 3abx,
a® +b3 = V2/54 .
ahd = 1/18% . i
Suy ra o, b 1a nghiém cta phuong trinh : £2 — V2454 +1/18° = 0
Giai phuong trinh nay ta cd t,=t, =1/ 54V2, suy ra
a=0b6=1/32.
Khi d6 (5) <=>(x +a +b)(x2 +a2 +b2 —ax — bx —ab) = 0.
Vay phuong trinh (5) cd hai nghiém la : x, = =2/ 3V2, x, = 1/3V2
(Xem tiffp rang 9)

xty—1=0 (+)

.[a +bh+e=10
ing minh dugea = b = ¢ Ti

nhu viy g, b thoa mén hé ;
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PE THI CHON HOC SINH GIOI TINH
THUA THIEN - HUE NAM HOC 1995 - 1996
MON THI : TOAN 12

VONG 1
(180 phiit, khong ké thdi gian giao dé)
Bai 1: (4 diém)
Giai phuong trinh : log, 495(tgx) = cosZx.
Bai 2 : (4 di€m)
Tim tét ca gia tri m d€ hé bat phuong trinh :
x+y +W =1
x+y=l
cd duy nhdt nghiém déi vdi (x, y).
Bai 3 : (6 di€m)
Gia st hé phuong trinh :
x = ay’+by +e
y =y+dal+ex +f
€6 4 nghiém : (x, ¥,), (X5, ¥3), (X3, ¥3), (X4, ¥4)-

a) Chitng minh rang, trén mat phang Oxy, 4
diém M, (x,,y,),i = 1,2,3,4 nam trén mét dudng
trom.

b) Goi p, g, r1a cic lugng khong 4m xac dinh bdi :

P2 = [(I]_xz)z x (}'j‘j’z]z'[(xz,_xq)z + (.}"3".3"4)2]
q? = [(Iz_'x3]2 + @2‘3’3)2]-[(951_9‘4)2 " 0’1"3'4)2]
72 = [[xl-j:3)2 i D’["’J"g)zl-[(xz_xq)z o7 0'2_3'4]21
Ching minh rang, trong 3 lugng : p, g, r, c6
mét lvgng bang téng cia hai lugng con lai.
Bai 4 : (6 didm)
Xét ham fed tap xdc dinh [AR \{0; 1}, théa
1

(ad = 0)

mén phudng trinh : f(l1—x) +f( I) = voi
moix khde 0va 1.
a) Tinh gia tri cta f{1996).
. ; 1999 |
b) Hoi phuong trinh : fix) = 1995 bao

nhiéu nghiém ? Gidi thich.
¢) Ching minh rang, t6n tai ham s6 g ¢d tap
xdc dinh 1a R vasaocho : flgi)) =x viimoix € R

VONG 2
(180 phit, khong k€ thai gian giao dé)
Bai 5 : (6 di€ém)
Goi A, B, Clasd do cac gde ctia tam gid ABC.
Ching minh rang :
P 1 ¥ 1 » 2
1 +sin’A 1 +sin?B 1 +sinA sinB

1 1 1

b) .t AR
14sin®AsinB 1+sin3B.sinC 1+sin’C.sinA

1 1 1
® 1 +smA T 1+sin'B | 1 +sin'C

Bai 6 : (6 diém) :

Cho tui dién ABCD cd trong tim G. :

a) Tim diém M trong khoéng gian sao cho
téng : MA? + MB? + MC? + MD? nhé nhit.

b) Xét di€ém P ndm trong i dién ABCD va
khong nam trén cac dudng thang : AG, BG, CG,
DG. Tit P ké cic dudng thang 14n lugt song song
véi AG, BG, CG, DG, cét cdc mat phang :
(BCD), (CDA), (DAB), (ABC) theo thi tu taicac
diém:A,B,,C,,D,.

Hoi di€ém P cd thé la trong tAm cla t dién
AB|C\D, khéng ? Tai sao ?

Bai 7 : (4 diém)

Tim tdt cd cdc bd (a, b, ¢, d) gém céc s6
nguyén a, b, ¢, d théa man cac diéu kién sau :
ab - cd = 1 va ad + 1995b¢ = 2.

Bai 8 : (4 di€m)

Nhitng chiéc thung hinh lap phuong cd kich
thuée giéng nhau, déu khéng cd nap, va ting
d6i mot co thé chéng khit vao nhau.

Ngudi ta chon mét s6 mau trongsé cdc mau :
da, xanh, vang, lue, triang, d€ son cac mat
con lai ciia nhirng chiée thung dd, sao cho théa
mén céde didu kién sau :

1) Méi mét déu duge son diing mot mau.

2) Hai mat ké nhau (cé chung canh) co
méau khac nhau.

3) Khi hai thung dat chéng khit vao
nhau, ddy chéng lén day, thi bao gi&s ciing
6 it nhét mét ciap mat, dang chong khit
vao nhau, e6 mau khic nhau.

Hai cd thé son duge ti da 1a bao nhiéu chide
thung ndi trén.

NGUYEN DU BA
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Bai T1/222.
Chiing minh réang 9n>+9n%+3n —16
khong chia hét cho 343 véi moin € Z

Lasi giai : (etiaban D6 Thi Hoa 7T Bim son,
Thanh Hda)

GidstA=9n+9n2+3n ~16: 343="T°

<34 =2Tn%+27n2-48 = (3n + 1)*> —49
chiahét 72— (3n +1)°: 73 T (1) suy ra

47: T.Vali.

VayA X T

Nhién xét : Bai nay dude nhiéu ban gt 16i
giai d&n va héu hét 6 15i gidi t6t, trong dé cd
cdc ban Dink Cao Cubng 9 - Quang Trach,
Quéang Binh, Nguyén Minh Qudn 8T chuyén
Quang Ngai, Pham Ngoe Hung 8 — Tran Dang
Ninh, Nam Dinh, Tréan Thanh Son 8T thi xa
Ninh Binh, Pham Hoang Anh 9 Thuong Tin,
Ha Tay, Cao Thi Ly 9T Vi Thu, Thai Binh.

¥ DANG HUNG THANG.
Bai T2/222. Cho a, b, ¢ 1 3 86 hitu ti théa man ;

abe = 1
.. 6 B2 e g?
b2 2 a2 a b ¢

Chitng minh rdng mot trong 3 sé a, b, ¢ la
binh phuong ciia mét s hitu ti.

Loi gidi Cach 1. (eta Lé Lam, 9T, chuyén
Pha Tho, Vinh Phu)

Da _a b 0
at X—EE,JJ:;Z',E:;tddIﬂ‘JE‘I
oyr=1 (1)
Ryl ol
xty = o— (2)
s
xyz =1 (3)

ﬁif ty+tz=xytyztaz (4)

Xéttich: x-D(y-1(z-1) =xyz-xy-

—yz-xz+tx+y+z-1 =0 (theo (3) va (4)).
Tu d6 suy ra mot trong 3 s6x, y. z phai bang 1.

Chinghanx = 1 hay%= 1= 0 = b dpem.

Cach 2. (cia Nguyén Hoang Chuong, 8T,
NK Théi Nguyén, Bac Thai)

s B IAE, [ b2 ¢ al

E)E lc_z az a b [
= a’c? +b%% -2 =b3k +e% +a¥h (v
a?b%e? = abe = 1)
=(a?’c? —a’c?) — (b%? —a%) -
—(c?2 —c3a) + (b3c —abe) = 0

<a2ci(b? —a) —ba*(b’ —a) -
—e3(b? —a) +be(b? —a) =0

(b2 - a)[(a%c? —ba?) — (> =be)] = 0

B2 —a)(2-b)a2-¢c)=0

Tit d6 suy ra mot trong 3 =8 a, b, ¢ phai la
binh phuong cia mot s6 hiru ti.

Nhan xét. Co rdt nhidu ban giai dang bai
nay. Cédc ban sau day co 1oi giai tét : Nguyén
Van Manh, 9T, NK Bac Thi, Pang Thu Huong.
8T, Chuyén Phia Tho ; Dink Quée Vinh, 9, NK
Chuyén Van - Toan, Vinh Yén, Vinh Phi. Trén
Thiry Duyén, 8b, Chuyén Van - Toan, Ung Hoa,
Pham Hoang Anh, 9, Chuyén Van - Todn,
Thuong Tin, Ha Tay. Nguyén Nhu Chudn, 8,
NK Thuan Thanh, Phaem Hdéi Trung, 9T, NK
Tién Son, Ha Bic. Nguyén Hoang Lam, Tran
Tén Dat, BA,, ChuVan An, Tay Hé; Ha Thanh
Trung, 9A, BE Van Dan ; Dinh Qude Vinh, 9A,
Déng Do, Tt Liém ; Nguyén Tudn Anh, 8C,
Ngoc Lam, Gia Lam, Ha Néi. Phom T.P.Thiy,
SAl ; Nguyén Thanh Van, 9A , Héng Bang ; Ta
Thanh Dinh, 9T, NK Tran Phd, Hai Phong.
Trén Dai Nghia, 9, NK Phu Tién, Hai Hung.
Pham Thu Giang, Pham Ngoc Hung, 8T, Mai
Ngoe Kha, 9T, Tridn Dang Ninh, Nam Ha.
Trinh Huy Minh, 9T, NK Dong Son ; Lé Ngoc
Tinh, 9C, NK Hoang Hda ; Lé Hoang Duong,
9T, NK Bim Son, Thanh Héa. Phan Thanh
Trung, 8T, PTCS Quan Hanh, Vé Minh Gidp,
9T, NK Nghi Léc, Nghé An. Tran Hang An, 9A,
NK Nghi Xuan ; Nguyén Thi Nhung, 9A, NK
Hudng Son, Tran Nguyén Tho, 8T, NK Thi x4,
Nguyén Hong Trung, 9T, PTTH Nang Khiéu,
Ha Tinh. Lé Trung Kién, 8,. Tran Nhu Quang,
9CT. Nguyén Tri Phuong, Thita Thién - Hué
Nguyén Hoang Thanh, 9, Nguyén Hug, Da
Nang, Quang Nam - Da I&ﬁng. Nguyén Minh
Qudn, 8T, Chuyén Nghia Hanh, Tiéu Minh
Diing, 1T,, Tran Thi Bich Lién, 8T ; Phan Lan
Anh, 9A,, Chuyén Lé Khiét, Quang Ngai. Tran
Tudn Anh, 8T, L& Quy Dén, Nha Trang, Khanh
Hbda ; Nguyén Long Khénh, Huynh Tudn
Ding, Nguyén Ngoc Minh, 9A, Lugng Van
Chéanh, Tuy Hoa, Pha Yén. |
TO NGUYEN.

Bai T3/222. Tim mot hé thic gitta ava b la
digu kién can va du dé hé bit phuong trinh sau
déy cé nghiém :

A —dxy +y2 a2 (1)
2-xy+dy 20 (2)

Lai gidi. Pieu kién cin. Nhan hai v€ cia (2)

vai -2 réi cong vdi (1) vé vai vé, duge :
x2-6ry+9%2<a?-2b
hay0 < (x-3y)2<a?-2b. Vay:a? = 2b.(3)

Didu ki¢n di. Ta sé chi ra hé cd nghiém khi
(3) da duge thda man. That vay, d& dang ki€m tra
voia? = bthicapsx = 3a:4;y=a:4langhiem.

Viy, diéu kién cén tim la (3).
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Nhén xét. Cac ban déu giai ding. Cdc ban sau
day co 16i giai t6t : Vi Tru (9 Nang khigu, Phu Tién
Hai Hung) ; Tran Thi Bich Lién (8T Chuyén Lé
Khiét, Quang Ngai) ; Nguyén Nhu Chudn (8 Nang
khigu, Thuin Thanh, Ha Bac) ; Phan Puec Phong
(11A, PTTH Cam 13, Quang Tri) ; Pham Hoang
Anh (9 Chuyén V- T - TT - Ha Tay).

DANG VIEN

Bai T4/222 : Cho tam gide ABC véi diém M
d bén trong. Goi I, J, K theo thit tit la giao diém
ciia cdc tia AM, BM, CM vdi cac canh AB, BC,
CA. Duong thing qua M va song song véi BC
cat IK, IJ tqi cac diém tuong ung E, F. Chitng
minh rang ME = MF.

Lo gidi : Theo dinh li Ta 1ét ta cd :

MP IB ME CI M@ BC

Suy ra:
MP ME MQ 1B CI BC
MQ MP MF IC CB' BI

D d'ﬁ"—lh ME = MF (4,
0dd o = 1 hay - pem).

Nhan xét : Giai tdt bai nay co céde ban :

Biui Triéu Giang, PTTH Li Ty Trong, Cén
Tho ; Pham Minh Hing, 9T Nguyén Du, Gb
Vdp, Chung Nhdan Phi 8T1 Nguyén An
Khuong, Hoc Mén, Trinh Lé Tudn, 9T Nguyén
Du, Quan 1, Thanh phé H6 Chi Minh, Tran Anh
Ting, 8CT Nguyén An Ninh, Ba Ria - Viing
Tau, Luong Trung Tudn, 9T Bdi dudng gido
duc, Bién Hoa, Dong Nai, Hb Viét Duc, 8A, cdp
Il Lé Lgi, Di Linh, Nguyén Tudn Anh, 9T
Chuyén Phan Chu Trinh, Buén Mé Thudt, Dac
Lac ; Tran Tudn Anh, 8T, Lé Quy Dén, Nha
Trang, Khanh Hoa ; Nguyén Ngoc Minh, 9A
Luong Van Chanh, Phi Yén, Lé Bich Thdo, 8
Vé Xan, Tay Son, Binh Dinh Lé Quang Loi, 8T
Nguyén Nghiém, Dic Phé, Dang Tran Viét
Son, H6 Tit Vi, V6 Tran Nguyén Loc, 9T Lé
Khiét, Quang Ngai, V6 Trung Thanh, 8T
Nguyén Khuyén, Da Ning, Lé Trung Kién, 8!
Nguyén Tri Phuong, Lé Chi Thanh, Tran Nhu
Quang 9 Nguyén Tri Phuong, Thia Thién -
Hué, Lé Phuong Ha, 91 Dong Mi, Déng Héi,
Quang Binh, Phgm Thi Ngoc Hoa, 27 té 5,
Déng Vinh, Phuong Tan Giang, Nguyén Mai
Huong, 9T, Nguyén Thi Thuy Hanh, Dinh Thi
Phuong, Trian Nguyén Tho, 8T Nang khigu Ha

4

Tinh ; Nguyén Huy Cudng CT DHSP Vinh, Lé
Thi Tam 9A PTTH Hung Dang, Phan Thanh
Trung, 8T Quan Hanh, Nghi Loc, Nghé An, Lé
Hoang Duong, Nguyén Thi Nhung, 9T NK Bim
San, Dé Thi An, 9A NK Déng Son, Thanh Hoa,
Pham Dinh Qude Hung, Tran Pue Thinh, 1T,
Trin Minh Toan, Nguyén Trong Kién, Vii Trin
Cuong, Pham Thu Giang, Tran Pinh Hiing 8T,
Tran Ngoc Anh, Mai Ngoc Kha, Vi Thity Nhu,
9T Trdn Dang Ninh, Nam BDinh, Pham Anh
Tudn 9B, Truong Céng Luong, 9A Thanh Latu,
Thanh Liém, Biti Thi Van Anh, Pham Thi Mai
Thdo, Biii Thi Khénh Thudn, 9 NK Y Yeén,
Nam Ha, Tran Van Ha, 7T NK Kién Xuang,
Trian Cuong 8T Pham Huy Quang, Cao Thi Ly
T9 NK Vi Thu, Thai Binh, Ddng Tran Ding
8A! Nguyén Trai, Nguyén Thu Ha, 9K Lé Loi,
Ha Déng, Pham Hoang Anh, 9 Chuyén Thutng
Tin, Nguyén Ha Duy, 9T Chuyén Pha Xuyén,
Ha Tay, Vii Thi Thugn 9T PTNK Thi xa Hai
Duong, Hai Hung Deoan Huong Giang, 9A
THCS Nui Déi, Kign Thuy, Nguyén Minh Khoi,
Trin Huy Hoang, 8T Chu Van An, Nguyén
Thanh Van, 9A1, Tran Quang 8A,, Hong Bang,
Ta Thanh Dink, 9T Trian Phu, Hai Phong,
Nguyén Minh Hiéu, T8 NK Bae Ninh, Phung
Dite Diing, 9T NK Bac Giang, Ddng Dinh
Hanh, 9CT NK Thugn Thanh, Ha Bac, Nguyén
Hoang Lam, 8A1 Chu Van An, Pham Quang
Vinh, 9A, Trin Thanh Vinh 8A B& Van Dan,
Pham Tuén Anh, 8A Luong Thé& Vinh, Khudt
Minh Diie, TH Trung Vuong, Nguyén Hong
Quang, TD Nguyén Du II, Nguyén Viét Hung,
9CT Chuyén Tiu Liém, Nguyén Tudn Anh, 8C
Ngoc Lam, Gia Lam, Ha Noi, Nguyvén Xudn
Kién, TB Chuyén céip IT Phd Tho, Nguvén Xudn
Trung, 9A1 Gia Cdm, Viét Tri, Vinh Phy,
Nguyén Van Manh, 9T cdp II NK Bac Thai.
VU KIM THUY.

Bai T5/222. Cho nia duong tron tém O
duong kinh AB va diém M di déng trén nita
duong tron doé. Goi N la giao diém cta tia BM
vdi tiép tuyén Ax ciia nita duong tron ; P la giao
diém thi hai ciia nita dudng tron véi duong
vuébng géc ha tiu M xuéng Ax, Q la chan duing
vudng goc ha tit M xuéng AB. Xdc dinh vi tri
ciia M sao cho N, P, @ thiang hang.

Lai giai. Goi R, S ldn lugt 1a chan dugng
vudng goe ha tit P xudng Ax, AB, tacd M, P, R
thang hang. Mat khac, MR // AB (do cung vubng
goc vii Ax), nén goi I'1a trung di€m cia MP ta ¢
hinh thang cin APME nhin IO lam truc déi
xiing. Hon nita, do cing vudng gdc vii AB nén
MQ // IO || PS, va do dd M@, PS cling doi xiing vai
nhauquafO. Daty =QB var = OB, tacd 0 < y
< r. Do tinh déi xing da néu, tacd MP = QS = 209
=2(r-y);AQ=2r-y; PR=SA=@RB =y Gia
st N, P, @ thang hang, dp dung dinh li Ta-lét véi
MR /{AB, ta cé :

PM PR 3 NP %
QB-0A (1) vi cing bang NQ' Thay vao

(1) bAng cdc bi€u thdc da biét réi tinh, duge :
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¥2=3r £ 5. z
Dol <y<rnén N
y = dr— 5.

Do tinh chét

duy nhdt cida

diém @ dng vdi

diém M nén

phin dao cing

duge suy - ra. R I
Két luan : M
nam trén giao
tuyén cua cung
AB vdi dudng
vudng gdc vdi
AB tai diém @
thudc doan AB sao cho @B = OB(3 —V5) hay
AQ = OA(V5 - 1).

Nhan xét. Nhiéu ban tinh sai. Cac ban sau
day cd i giai tot : Mai Ngoc Kha (9T Tran
Dang Ninh, TP Nam Dinh) ; Trinh Huy Minh
(9T Nang khiéu, Dang Son, Thanh Héa) ; Trinh
Bdo Trung (9A THCS BE& Van Dan Ha Noi).

DANG VIEN
Bai T6/222. Cho ham 56 fix) = cos2x +acosx +

+ bsinx. Tim a, b sao cho fix) = —1 vdi moi x.
Lai giai (cha hau hét cac ban) ;
Véia = 0,6 = 0 thifix) = cos2x va fix) = -1 Ve.
Xét trudmg hop a +b% > 0.

—Nammumi,r(%} =-1+4b< -1

A S 0 4 g

—Néub}l}thif(—%‘_} e 4 Bl

- Néub =0thia = D|v:31f(x} = cos2x+acosx .
a

{Jhcmm;m:.e!mm:-z-,—n'1 < 1.Khido ton taix
a

d€ cosx, = —— va
il

flx,)= cos2x + acosc,= —1+2cos°x + acosx,,

a2 i a2 '
==-1+2—-——=-— - -1.
1L o2 T e 1 ?{2 m) < —1

Viy (a,b) = (0,0).

Nhén xét. 1. Da s6 cac ban gidi theo cach
trén. Mot s6 ban con cd mot s6 edch khac dua
trén tinh lién tue ctia ham fix).

2. Cac ban sau co 1oi giai tét :

Nam Héa : Pham Thanh Hdi(11A), Pham
Minh Séang (12B), Tran Trong Nghia, Trin Ditc
Quyén, Pham Hong Nam, Pham Van Qude.

Vinh Long : Nguyén Hong Phuong (10T),
Lé Thai Nhan {12%]

Ha Noi : Ngo Thanh Tung (Chu Vin An),
Nguyén Hitu Cuong, Pham Minh Hoang (Kim
Lién), Lé Phuong Anh, Triin Nguyén Ngoe, Lé
Viét Anh, Lé Ngoc Ti, Nguyén Sy Phong, Dan,
Thanh Ha, Nguyén Duy Ting, Nguygr, Quoc
Thang, Hoeang Si Hung, Nguyén Hoang
Duong, Nguyén Cong Ming, Nguyen Vii Hung,
Duong Viét Hing, Nguyén Chit Diing, Dinh

Trung Héng, D6 Thanh Hdi, Nguyén Viét
Diing, Dang Tiing Son.

Qudng Ngdi : V6 Quée Hung, Pham Céng
Thién, Nguyén Hoang Cong.

. Qudng Ninh : Vi Truémg Giang, Pham
Dinh Duong, Nguyén Manh Hing.

béng Thap : Nguyén Dang Trién, Hé Toc
Thudn, Dau Hong Quan.

Ha Tinh : Mai Titng Long, Pham Van Hiing

Binh Dinh : Dang Hitu Tho, H6 Quang Trung

Hoa Binh : Lé Van Manh, Vit Dinh Chu.

Thdai Binh : Nguyén Manh Ha, Doan Nhat
Diutong, Nguyén Thanh Phuong.

TP HCM : Hé Van Hung, Vé Tam Van, Tran
Thién Anh, Nguyén Lé Luc, Nguyén Viét Cuing.

Vinh Phi : D6 Ngoc Minh, Nguyén Kim
Tuyét, Nguyén Xuan Kién, Nguyén Ngoc Ha.

Qudng Binh : Daoc Nhat Tan, Tran Cong
Chinh, Dinh Hoang Gia, Nguyén Hiu Cin,
Nguyén Thonh Tii, Tran Qué Lam, Phan Duy
Hiing, Cao Ngoc Tudn, Dé Die Diang.

Phii Yén : Truong Phi Thién, Vo Hoang
Phit, Trinh Ai Quéc, Vo Thi Ly, Truong Trung
Tuyén, Dam Khanh Hoa.

Hdi Hung : Dé Hing Manh, Dinh Phi
Minh, Nguyén Trung Kién, Nguyén Phic
Khanh, Trink Thi Thu Thiy, Trian Quéc Hoai.

Ha Bdc : Nguyén Quang Minh, Pham Viét
Ngoe, Dang Hoang Viét Ha, Vi Duy Tudn.

Hué : Lé Anh Vi, Dao Xuan Vinh, Nguyén
Thi Phicong Chi.

Ha Tay : Luu Tién Ding, Nguyén Vinh
Quang, Nguyén Xuan Viét,

Hdi Phong : Doan Minh Ha, Nguyén Hitu
Tudn, Ha Duy Hung, Hoang Lé Quang, Ta
Thién Toan.

Da Nang : Lé Triéu Phong, Lé Anh Khot,
Nguyén Duy Hiéu, Lé Ty Nhién, Dinh Bdo Khoa.

Thanh Hoéa : Nguyén Thanh Trung,
Nguyén Hitu Hau, Ngu yé;; Khanh Tiing, Doan
Thanh Hdi, Nguyén Hitu Chit, Nguyén Van
Bién, Ta Hitu Hung, Nguyén Van Thang, Lé
Hoang Duong, Hao Vian Thang, Pham Anh
Tudn, Tran Hitu Chi, Nguyén Bién Thiyy, Lé
Trung Hiéu. .

Nghé An : Dgng Duc Hanh, Nguyén Huy
Cuong, Tran Nam Diing, Nguyén Khanh
Quynh, Truong Xudn Thung, Nguyén Thai
Tho, Nguyén Canh Duong, Nguyén Ngoc Tuén,
Hoang Xudn Bdach, Nguyén Viét Diing, Lé
Héng Ha, Phan Quée Khanh, Nguyvén Hong
Chung, Nguyén Thdi Bdo. ., . :

NGUYEN VAN MAU

Bai T7/222 : Gidi hé phuong trinh :

' - Bl et 2d =)
y—dZy -8 +x3=0

2=8y%2 -3y +y3 =0

Lai gidi : Viét lai hé da cho dudi dang :
x(1 —32%) = 8z — 2°
y(1 ~8x%y="8x =3 (I
2(1-3?) = 3y - 53
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Tt do, dé thdy, néu (x, ¥, 2) la nghiém ctia hé
da cho thi phai co x,y,z = + 3 Bai thé :

W5 o

AT TR
I o (ID)
= —
D=y =—7= (9

3y -y
= 3
z 18,2 (3)
0 T Rt

DPatx = tga, viia € (_E’E) (4) va sao

1
cho tga, tgda, tgha = + 3 (5). Khi do, tu (2),

(3), (1) sécd y = tga, z = tg9a vax = tg27. Tit
day dé dang suy ra (x,y,2) 1a nghiém cia (II) khi
va chi khi x = tga, v = tg3a, z = tgha, vdia
duge xde dinh bai (4), (5) va tga = tg27a (6).

k
C6: (6) es26 = o b € Zdmr " = 2—g} hEZ.

Vi thé « théa déng thai (4) va (6) khi va chi khi

ke
R
dang kiém tra duge rang, tdt ca cdc gid tri o
duoc xdc dinh nhu vita néu déu thoa (5).

Vay, tom lai, hé phudng trinh da cho cd t4t
cd 25 nghiém, dé la :

ko 3k 9kn .

(x=t8gg:y=t8 35 2= 55 ) k=
0 RS 5 s 2 )

Nhan xét : 1. T4t ca cac ban gidi dingbai todn
déu giai theo phudng phap cla Lai gidi néu trén.

2. Co 54 ban (trong tdng s6 107 ban gt 1di
giai) cho loi giai sai, do da hi€u sai cac kién thic
co ban. Chang han, rdt nhiéu ban da khang
dinh, rang "néu ham s6 fit) khong xac dinh tai
t = a, va dong bién trén mdi khoang (-, a), (a, +o)
thiVt, ¢, € R\a} mat, <t,talubnedfit)) <fit,)" ;
hay mét s6 ban cho rang "vi méi phuong trinh
cia hé cd bac cao nhét 1a 3 nén hé chi ed t6i da
3 nghiém", ...

3. Khong it ban, do khong dé y tdi cac diéu
kién ciia & (khi dat x = tge) nén da khong loai
trit duge cdc aghiém ngoai lai.

NGUYEN KHAC MINH

Bai T8/222 Cho bén sé a, b, ¢, d co tich bing
1 va thoa mdn ddng thiic 9§ wids,

a+b+c+d-a+b+c+d.

Chiing minh rang bén séa, b, ¢, d duge phan
lam hai cdp giad su la cap (a,b) va (e, d) sao cho
ab =cd =1

Léi giai : Cach 1 (cta cdc ban Nguyén
Hoang Lam 8A, Chu Van An, Ha Noi)

Taco :

a+b+c+d = bed +eda +dab +abce

«>afl - be) +d(l1-be) = blad - 1) +cfad - 1)

(] —be)fa+d) =(ad - 1)ib +c)—

vdi k nguyén thoa : -12 < & < 12. Dé

a+d 1
(1 —be) (———ad ) = (1~a)(b +¢) =
= (1 = be)(b +¢) (vi abed = 1).
e Néube = 1 —ad = 1 (dpcm).

A T e BN e i i
b e R PR s
1 BEn 1

i AR B (e iy
Gaal i |

T T e L )

Néubd = 1 —=ac = 1 (dpem).
Néubd # 1 —=ab =1—cd =1 (dpem).
Cdch 2 (etia ban DPdng Thanh Ha 12A DHSP,
Ha Né6i va Vit Piic Son 12T Luong Van Tuy,
Ninh Binh)
Dat S, =a+b+c+d
ab +ac+ad +be +bd +cd
S, = abc +bed +cda +dab
S, = abed = 1
Theo dinh li Viét a, &, ¢, d 1a 4 nghiém cua
phuong trinh
xt @St ~ S+ 1 =10 S(1)
Vi gbed = 1 va a + & .0+ d =
=

e | 3
st +Enénsétha}'81 = 8,

(0
[

1

Tir dd néu x, 1a nghiém cia (1) thi - cung
1a nghién cta (1). Vay tdp nghiém cia (1) dude
phan thanh hai cép tich hai s6 trong méi cap
bang 1.

Nhan xét : Bai todn nay thu hat kha dong
cdc ban tham gia giai. Da sé cdc ban giai theo
cach 1, d6 1a cach chan phuong, sd cdp nhait.
Cach thii hai cho thdy ban chit cta bai toan va
tit dd cd thé md rong cho nhiéu s6. Chang han
ta co bai toan sau diy vdi cach giai tuong tu :

Cho 6 s6 x,,x,,%;,%,,%:,%; sao cho
o

i 1
i= x:- i<i<js6
Ching minh rang khi dd cée s6 (x,)?_ | dude chia
thanh 3 cap, tich haisd trong méi cap bang 1.

DANG HUNG THANG

1

EIF;':E i T

(i}
i=1 Isi<js6 P

Bai T9/222. Duing tron (I noi tiép tam gidc
ABC tiép xtic vdi canh BC é diém D. Goi J va K
{an luot la trung diém cia BC va AD. Chiing
minh rang duong thang JK di qua I.

Lui giai 1. (Dua theo lii giai cta Nguyén
Trong Kién, 8T Trdn Dang Ninh, Nam Ha,
Nguyén Kim Tuyén, 11A, PTTH chuyén Hung
Vuong, Viét Tri, Nguyén Nguyén Ngoc, 11B,
DHKHTN, Ha Néi, Nguyén Viét Cuong, 10 CT
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chuyén Lé Héng Phong, thanh ph8 Hé Chi
Minh va mot s6 ban khac).

Pat: BC =a, CA=b, AB = c thé thi :

BD =p-b,trongdé 2p =a+b+ec.

Goi E 1a di€ém d6i xiing cta D qua trung diém

JciaBC ; CE = p—- b (cling vay, BE = p — ¢) thé

thi £ la tiép diém trén canh BC cia dudng tron
(1,,r,) bang tiép goc A cla tam gidc ABC.

Ké ti€p tuyén B'C’ // BC cia dudng tron (I),
ti€p xuc vai (I) d E’1a di€m xuyén tdm - déi caa
D trén (I). Thé thi dudng tron (I) noi ti€p tam
gidc ABC trd thanh duding tron bang tiép gdc
B’AC’ cua tam gidc AB'C’, Phép vi tu tAm A,

3 AB AC BC
that A0y L S )
t}'_‘f:‘l_tl‘ (I) thanh dudng trdon (1) bang tiép goc
BAC ciia tam gidc ABC, do dd bién E’ thanh
E;ticla A, E va E' thang hang.

Tit dd suy ra : DPuong trung binh JK ctia tam
giac ADE (songsong voi AE) di qua trung diém
I cia doan DE’ néi dinh D véi mot di€m E’ trén
canh AE.

Lai giai 2. (St dung véctd, dua theo Luu
Trung Kién, Nguyén Viét Diang 10D, Chu Van
An, Ha Néi ; Dang Thanh Trung {0 chuyén
Todn PTNK, Hai Hung ; Doan Manh Ha,
PTTH nang khiéu, Trdn Phd, Hai Phong ;
Ddng Hitu Tho, 10A PTTH Phu Cat 1, Binh
Dinh ; Dang Thanh Hadi, 12A chuyén Toan
DHSP, Ha Néi ; Nguyén Vii Hung 12D chuyén
ngit DHNN, Ha Néi va mét s ban khac).

Dé thay rang . BD =p- b, QC =p-c; tit dé
tadugg(p —c)DB +(p —b)DC =0 .Suyra:

alD=(p—-e)IB+(p —b)IC; (1)

Vi K la trung di€ém AD, J 1a trung diém BC,
nén ta cg :

20IK=gaJA+@p-c)[B+(p -

2p—a)ld=(p—a)IB +(p —

Tu (2) va (3), ta dudc :

2aIK +2(p —a)ﬂ —qlA +bIB +|:IC (4)

Mat khac, viI la tAm dudngtron noi tiép tam

giac ABC nén ta cé hé thite (Hay chiing minh !)

bién dutng

bM—C’ ; (2)
a)IC; (3)

alA+b6IB+cIC=0; (5)
Tu (4) va (§)ysuyra: _
alK+(p —-a)lJ=0 (6)

Hé thic (6) ching td I.J cong tuyén véi IK ;
ndi khac di ba diém I, J, K thang hang, ciing
ticla (JK) 2 I

Nhan xét. 1°) R4t dong cac ban tham gia
giai bai toan trén, trong dd cd nhiéu ban 16p 8
v 16p 9 PTCS (vi chi st dung dinh li Talét, tam
gide déng dang va dinh li vé dudng trung binh).

27) S8 ban si dung phuong phdp véctd
khong nhiéu, thuong chua gon, con dai dong.

39) T4t ca déu giai dang, tri hai ban, tuy
nhién cdc ban cin tim cdach trinh bay loi giai
that ranh mach, khic chiét, chat ché va ngan

gon hon nua. -
NGUYEN DANG PHAT

Bai T10/222. O la mot diém bdt ki d bén
trong clia mdét tu dién ABCD. Goi
A ,B,,C, va D la hinh chiéu ciza O lan luat

trén cde mdt phang (BCD), (CDAJ, (DAB) va
(ABC) sao cko :
UA +OB +OC’ +OD —-G (*)

Chung mmh rcing .

OA, +OB, +0C, + 0D, < 4r, (**)
trong do r la ban kinh mat cau noi tiép tu dién.

Loi giai 1. (cua
Nguyén Sy Phong,
10A, chuyén todn,
DHSP, Ha Ngi).

Gia st mat cdu
(I, r) noi tiép td dién
ABCD tiép xuc vai
cic mat (BCD),
(CDA), (DAB) va
fABC) lan lugt &

A, BO,C vaD . (H.). =

Vi D niam trong tif dién nén OA tt IA va do

doOA IA —OA r::-l.'] taduqc
OAL’OI—OA (OAI +AA +Ann_
—0A2+0A A, I_OAL:-OA

Cong cac kEt qua tuong tu va chl.'l ydén (*),
ta thu duge :

OA?} + OB} +0C? + OD$ —-

—(0A, +0B, +0C, +0D)r=_

= (0A, + OB, +0C,+0D,) .0l =0
0A?} + 0B} +OC? + 0D}

hay:r =

T 5/ A THE O 117 P

Mat khée, lai cd (bdt dang thic
Bunhiactpski) :

4(0A} + OB% + 0C3 + OD?) =

> (0A; + OB, +0C, + 0D )*; (2)

T (1) va (2) ta duge BDT (**) edin tim.
D&u dang thic xay ra khi va chi khi

(_}{L] =_0,.'Bl =_-OC]_=.ODL_’|:1.TB la 0 =1 =
IA, +IB,+IC,+ID, =0 (3)
7
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Nhung, néu goi S, , S, , S;va S, ladién tich
cdc mat cla ti dién, 1an lugt déi dién vdi cée
dinh A, B, C va D, theo dinh li "con nhim", ta co
(vi@ﬂ=fBo=_'ICn=IQp=r)_. ng
S, IA,+8,.IB,+8;.IC,+S,ID,=0; (4)

Suyra:(3)eS5,=5,=85,;=5,<ABCDIa
mot tit dién gan déuw.

Lai giai 2. (gia da s cac ban).

Goi n, , n,,n, va ny lan lugt la vécto don vi
phap tuyén ngoai (phap vécto don vi ngoai) cia cac
mat ec dién tich tuong ing S, , S, , S, va S, déi
dién vdi cac dinh A, B, C va D cta tid dién ABCD.
Thé thi diéu kién (*) dugce viét lai nhu sau ;|

OA, e, +0B, e, +0C 25+ 0D, ;= 0; (i)

Mat khéc, theo dinh li "con nhim", ta cd hé thdc :

S|Ff+323:’+33?:?+84a=m (ii)
Tir dé suy ra :
OA, OB, OCi 0D,

S, S, Sy S,
OA, + 0B, +0C, + 0D,
= ; (iii)
P
(t déd S, +8,+8,+8,=8 B
rong dd S, +5, +5; 4_‘1”(_:-)
la dién tich toan phén cua tii dién).
Ta lai cd (tu (iii) va BDT Bunhiacopski) :
OA, +0B, +0C, +0D, §,.04,

S, 8
_S5,.0B, S,.0C, S,.0D,
S3 S3 53

N 3V :
SZ + 82 + 83 + 8%
4 x 3V 4Srp 5

= = ; (iv)
(S; +S, +8;+8,)* S};

Tit (iv) ta duge BDT (**) cén tim ; dong thai
ddu ding thic (OA, + OB, + OC, + 0D, = 4r)
dat duge khi va chi khi S, = S, = S, = S, tiic
la ABCD 1a mét td dién gédn déu.

Nhan xét. 1°) Vé thuc chit, 15i giai 1 khéng
cén dén dinh li "con nhim" vi ta co thé ching
minh truc tiép (bing phuong phdp thoéng
thuong) néu cac tAm cdc mat cdu ndi va ngoai
tiép mot ti dién ma trung nhau thi ti dién la
gdn déu. Con 13i gidi 2 st dung dinh i "con
nhim" va phuong phéap thé tich.

29) Mot s6 ban khéng biét dén va do dé
khéng st dung dinh i "con nhim" ; tuy nhién,
bing nhitng phuong phédp chiing minh khéc
nhau cling da di dén két luan : (*) «=(iii)

Dac biét, ban Nguyén Nhat Nam, 16p 12A,,
truong Ving Tau da chitng minh duge (iii) mot
cach tuong déi nhanh chong va cing chit ché

8

bang cach sit dung phép chiéu vubng goc :
Chiéu cdc vécto théa méan (*) lén mot trong cac
canh cia td dién ABCD, chang han, chiéu lén
duding thang CD.

3°) Ban Nguyén Khanh Quynh, 16p 11A
truong PTTH Phan Dang Luu, Yén Thanh,
Nghé An c6 nhan xét ding, rang két qua cua
bai toan cd thé téng quat héa cho mot khéi
n-dién 16i ngoai tiép dugc mét mit cu (cung
vay, trong mat phang cho mot n—gidc 16i ngoai
tiép duge mot dudsng tron). Khi dé, trong BDT
(**) s6 4 dugc thay bdi sé n.

4°) Dang tiéc, cd ban két ludn véi vang : Dau
dang thic xay ra khi td dién ABCD ladéu (! D
do chua ndm viing cac tinh chit dac trung cua
mét tii dién 1a gdn déu. Tham chi cd ban ching
minh sai ma khong biét, nén da két luan rang
bai todn 12 sai (vi da chitng minh duge ddu BDT
ngude lai :

OA, + 0B, +0C, +0D, > 4r (!'1)

NGUYEN DANG PHAT

Bai L.1/222. Cho doan mach xoay chiéu nhu
hinh vé, trong dé R = 60Q, hai cuén day ciing
do tu cdm L (dién trd thuan khong dang ké) va

. @ »
—
M - / Qz_”; _:-"

@‘c‘”—

hai tru cung dién dung C. Hai ddu dogn mach
M, N mdc viao ngudn xoay chidu on dinh. Khi
khéa K lan luot 6 vi tri (1) va (2) thi biéu thitc
dong dién qua K lan luot la :

i, = V2 sin(1007t — /12) (A)
- 1
iy =VZsin 100zt +55) (A,

Viét bidu thite dong dién i, qua R Ekhi K dui

tri (3). Biét rang dién tré cila day ndi va khéa
K khong dang ké.
Huéng din giai. Khi K & (1) :

U
T = = 1A (]
i ! ".IRE+.ZIr &
1 3 Z,

KhiK d(2):

u
s ————=1A (2
i,I, T2ET ) (2) .
¢

Sém pha hon U,y gdc a ma tga, = 7-
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DolisbhmZ, = /-f.a
=Zc—a = a,.

Theo gian d6 vécto Ar -
va theo dé bai thi do %2 Yuw
léch pha giita i) vai, la \

Atpﬂafl,‘”:'%;-t‘—ra]:%. 4

(2) — Z, =Rtga, =60V3Q. (1) —
Uyn =1, m:f+—z!2‘ = 120v

Do Uy,y s6m pha han U, géc «; = /3 nén

Uy = 120V2 sin(100et + /4) (V). Khi K
Upw
R
iy voiUy, ycungpha
(hién tuong cong hudng). Vay

iy=2V2 sin ( 100zt +%) (A).

§(8):viZ =Z.—

Nhén xét. Cac em cd 15i giai t6t : Phing Duy
Hung B 11B CL, PHTH ; Nguyén Duy Kiét,
12C,, P Li Tu Trong, Nha Trang, Khanh
Hoba ; Nguyén Vi Hung 12D chuyén NN,
DHSPNN, DHQGHN ; Lé Tri, 12B, PTTH 1 Mé
biie, Quang Ngai ; Thoi Thanh Tudn 12T,
chuyén Li Khiét, Quang Ngai ; Can Ngoc Tuén,
12T, PTTH Dao Duy Tu, Quang Binh ; Lé Dinh
Bdo Khoa, 11A,, PTTH chuyén Lé Quy Dén, Da
Nang ; Phan Anh Chuyén, 12A, PTTH Phé Yén,
Bac Thai ; Vit Céng Phuong, 12T2, TH chuyén
Nguyén Binh Khiém, Vinh Long, Vii Phuong
Minh, 12A,, Viing Tau, Ba Ria - Ving Tau,
Nguyén Van Thudn, 11B, PTTH Nang khiéu Ngo
Si Lién, Ha Bae ; Pham Minh Hoang 12A,,
PTTH Kim Lién, Ha Noi ; Truong Phu Thién,
12C3, PTTH Nguyén Hué, Phu Yén.

MAI ANH

Bai 1.2/222.
Mot con ldac don duoc kéo ra toi vi tri A ma

day hop véi phitong thang diing mét géc ¢ < %

roi buong ra (v, = 0). Hay xac dinh cdc vi tri
cia con liac ma tqi dé gia téc cia vit ngng cé
gia tri nho nhat, lon nhat.

Huéng dén giai. Goi « 1a gdc giita day va
phuong thang ditng. Chon hé truc toa do cd goc
tai vat nang, Oy huéng doc theo day treo va Ox
huéng theo ti€p tuyén tai O vé phia phugng
thang dingqua diém treo. Ap dung phuong trinh

2

Ly
dinh luat Niuton, rit ra e, = gsina ;a, = 5 (I1a

chiéu dai day treo). Ap dung dinh luat bao toan
€O nang, suyra a, = 2glcosa — casp) va
a = g \3cos*a — Beospcosa + dcos?p + 1
Pé xét cuc tri clia a ta xét
u = fleosar) = 3cos’a — Bcospeosa va tim duge :

— Né&u con lac duge tha tit vi trl ¢ = arcos —

4
(= 0,723 wad) thi gia t6c nhd nhét nhu gdc léch
cua ddy la a; = arcos(4/3cosp) ; con néu con lac

duge tha tir vi tri p < areos thi gia téc nho

nhat tai vi tri can bang.

— Néu con lde duge tha tit vi tri ¢ > arcos (0,6)
thi gia téc 1én nhét khi con ldc di qua vi tri can
bang ; néu con lae dudc tha tit ¢ < arcos(0,6)
thi gia tSc 16n nhét khi cosa = cosp tic 14 khi
con lac téi cdc vi tri bay ; vai cosp = 0,6 thi d vi
tri b va vi tri can bing cd cung gia tri bang
nhau va ldn nhét.

Nhéan xét. Em Pham Minh Hoang 12A,,
PTTH Kim Lién, Ha Nai cd loi giai kha tét.

MAl ANH

SUY NGHI VE HAI HANG PANG THUC

Bai 5. True can thiie & méiu s6 ctia bigu thie :

(tiép theo trang 1)

1
A=
4V4 +2V2 — 16

Lai gidi : Ap dung (1) coi méu s6 ctia A cd dang a +b +c. Khi dé nhan ca tlt s§ va miu s6 clia

A véi (a? +b? —ab —ac —be) ta cd :
16 V16 +4 V4 +256 + 16 —64 V4 — 32 V2

272-60V4 _ 15V4 — 68

@V +2¥2)3-162-3.4V5.2V3 .16
Sau day la mét s6 bai tap dé nghi :
Bai 6 : Giai cac phuong trinh sau:a) 62 +3x —5=0
Bai 7 : Tryuc can thie d miu s6 cia cic bi€u thie :

1
Qi =i SN kesann
1+342 -214’
Bai 8 : Giai cdc phuong trinh lugng gidc :
a) (sinx + sin2x +sin3x)? = sin’x + sin*2x + sin33x.
b) sindx = 6sinx — 1.

—30566

1

764

b)a? +bx+c=0(a = 0)

" Yo+t e
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PE RA KI NAY
CAC LOP THCS

Bai T1/226. Tim sd abed trong hé dém thap
phén théa man :

1) S6 b¢ x 4 tan cung bang cd

2) abed — bc x 4 1a s6 chinh phuong.

pO THANH HAN
(Minh Hdi)
Bai T2/226 : Giai phuong trinh nghiém nguyén :
4y = 2 +V199 —xZ —2x
BUI QUANG TRUONG
{Ha Npi)

Bai T3/226 : Tim tdt cd a € N d€ phuong

trinh x2 - a’x + a + 1 = 0 cd nghiém nguyén.
DANG HUNG THANG
(Ha Noi)

Bai T4/226 : Trong cde hinh thang can cd
chu vi 2p, goc ké day lon bang a (a < 907), dung
hinh thang cd dién tich 16n nhét.

v HUU BINH
(Ha Néi)

Bai T5/226 : Cho hinh vuéng ABCD. M, N
12 hai di€m l4n lugt nam trén BC va CD sao cho
MAN = 45° Hay tim vi tri cia M, N d€ dién
tich tam giac CMN dat gi4 tri 1on nhat.

NGUYEN XUAN HONG
{Thanhy Haa)

CAC LOP THCB

Bai T6/226 : Ching minh rang voi moi s
tu nhiénn = 2tacd:
B |
S €3 . €l chia hét cho 4™ !
k=10
HO QUANG VINH
' (Nghé An)
Bai T7/226 : Cho phuong trinh :
x3-x0+3x - 32 +1=0
a) Ching minh rang phuong trinh dé co
diing mot nghiém s6 thuc.
b) Datx, = Tvax,,, = (6, =+ 1)1
V6i moi s8 nguyén duong n. Chiing minh¥
rang day s6 {x_} cd giéi han va khi dat
x, = —limx,

(4]
H— 00

thi x 12 nghiém 86 thuc ndi trén.
¢) Nho may tinh bé tdi, hdy tinh gin dung
nghiém s6 thuc d6 dén hai chit s6 thap phan.

TRAN VAN VUONG
(Ha Noi)

10

Bai T8/226:Choa, b, ¢, d, e, flasau so thue
théa méan didu kién : @b +be +ed +detef = |
Chiing minh rang :

al+b2+ci+di+et+f =

i
£08 =
7

LE VAN QUANG

{Thira Thién — Hué)

Bai T9/226 : Goi G la trong tAm mat ABC
cta td dién ABCD va M 1a mot diém bét ki
thudc mién tam giac ABC. Dudng thang qua M
song song vai DG cat cac mat phang DBC, DCA
va DAB 6 A’, B’ va C’. Ching minh rang :

DA’ + DB’ +DC’ = 3GM

DAM VAN NHi
(Thdi Bink)

Bai T10/226 : Goi h, hy, h va L, L, 4
tuong ing la do dai cdc dudng cao va cac duong
phén gidc duge ké tdi cac canh a, b, ¢ clia tam
gidc. r, R 1aban kinh vong tron ndi tiép va ngoai
tiép tam gidc dd.

Ching minh rang :

hy By R ¥ 2r
+ + =3
TInakal AR R

d -

PHAM HIEN BANG
(Rdc Thdi)
CAC PE VAT LI

Bai L1/226 :

M6t qua cdu khdilugng m dang chuyén di}n%
trén 1 dudng thAng nAm ngang vdi van tc v th
va cham vao moét qua cdu khéi lugng M dang
chuyén déng cung chiéu trén dutng thing dé
véi van tée v/3. Sau va cham qua cdu m chuyén
dong vdi van téc v/2. Coi va cham la xuyén tam.
Bo qua ma sat gilta hai qua ciu vdi duong nam
ngang. Ching t6 rang sau va cham hai qua ciu
tiép tuc chuyén dong theo hudng ci. Tim diéu
kién dé va cham xay ra.

NGUYEN DUY TRUY
{Thai Binh)

Bai 1.2/226 : S, M, N, P la cac dinh ctia mét
ti dién déu cd tAm hinh cdu ngoai tiép 1a 0. Dong
dién cuding do I chay theo dugng MSPM (hinh 1)
gay ra tai O cAm dng tit B . Xédc dinh cam ing t

B do mét dong dién cudng do I chay theo dudng
gfip khic MSPNM géy ra tai O (hinh 2).

LUONG TAT DAT
(I1a Néi)
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PROBLEMS IN THIS ISSUE
For Lower Secondary Schools.

T1/226. Find the number abed (written in
decimal system) satisfying the conditions :

1) the number b¢ x 4 ends up by the 2-digit
number cd, 2) abed - B¢ x 4 is a perfect square.

T2/2286. Find integral solution of the equation :

4y* = 2 +Y199 —xZ — 2x.
T3/226. Find all @ € N such that the equation
xt-afx+a+1=0
has an integral root.
T4/226. Construct the isosceles trapezoid with

given perimeter 2p, the angle adjacent to the great
base is @ (& < 90°), which has greatest area.
T5/226. Let be given a square ABCD ; Mand N
are two points respectively on BC and CD so that
MAN = 45" Determine the position of M and N
sothat the area of triangle CMN has greatest value.
For Upper Secondary Schools.
T6/226. Prove that for every integern = 2,
the number
3l
Z C‘:_-}:‘___I*} .C}_, is divisible by 4™ L.
k=0
T7.226. Consider the equation
xBP—x0+ 3% - 3241 = 0.

a) Prove that this equation has a unique real root.
BrPat i = 1and’s}. = @ 7F 1y Y13 for

every positive integer n. Prove that the
sequence {xn} has a limit and Xi= lim.r” is
fl—> o

the above mentioned real root.

¢) Use calculator to find approximate value
for this root to two decimal places.

T8/226. Lest a, b, ¢, d, e, f be six real
numbers satisfying ab + be +cd +de +ef = 1.

1

Prove thata? + b2 +c2+d? +e? +f2 =2 —— .

F

ooy

T9/226. Let G be the center of gravity of the
face ABC of a tetrahedron ABCD and M be an
arbitrary point inside the triangle ABC. The
line passing through M, parallel to DG, cuts the
planes DBC, DCA and DAB respectively at A,
B’, C'. Prove that DA’ + DB’ + DC’' = 3GM

T10/226. Let h, by, h_ and [, [, ! be the
lengths of the altitudes and the angled—hisectors
corresponding to the sidesa, b, ¢ of a triangle, and
let r, R are respectively the radius of its incircle
and circumcircle. Prove that :

ha+hb +h,[_ 3 3| 2r
Er B R

a ©

OnyéZném?cdcédqzquéépa'?m

K s 3

Théay : Em lén bang giai bai toan s6 11 trang

x +
36 Dai sa 9. ChoA:}—t_ -

x —3
Tim moi gid tri nguyén ctia x d€ A nhan gia
tri nguyén.
Tro : Thua thay, bai nay em thdy ki cuc...

Thay : Em viétVx +1 =yx -3 +4
Trbfvié’t)'A—E+1 V-3 +4
: R s b L i

Thay : 1 14 s6 nguyén, vay mudn cho A 1a s6
nguyén thi e phai la s6 nguyén.

4
Khi nao thi lasdn n?
vz —3 ks

Tro : Thua théy, khi 4 chia cho Vx - 3 1a s6
nguyén a (!)

4
Thity : —
13 \Ec—;i
cia 4.

4 ¢d nhitng udc s6 nao ?

1a s6 nguyén khi Vx — 3 1a udc

Trd : Thua thay, cac ubcsSciadla +1, +2, +4
Thay : Vay Vx - 3 co thé bang bao nhiéu ?
Tro (viét): Vx —3 = £1, £2, 4.

1 4 4

T = -3 == i =

hua thay néu Vx —3 5 thi G318
= 20 ciing la s6 nguyén a.
Thay (ling ting) : Khéng thé dugc. ..
: ?’ht%ng tro kfdc i N%’u x —3 bang
:3:,?*5..,1;]11 o8
Thay (1dm be‘im)lr Néu x la s6 nguyén thi
% 1
Vx — 3 cd thé bang 35 khong ? Cac em vé
nghién ciu bai n%f, hom sau thay giai tiép...

Loi ban cia Mao Ton Quang: Thay Irjng
tung la chi phdi, vi chua cé dinh li : Néux € Z’
thi Yx chi co thé la s6 nguyén hodc l& 36 vo #,
khong thé la mét phan sé thue su duoc”,

Chitng minh dinh li nay ciing dé, nhung néu
khong chiing minh (hay it nhdt la néu lén), mé ci
xem nhu cé san mot cach hién nhién dé ap dung,
thicd duoe khong ? Xin edcnha su pham cho y kién.

PHAN THANH QUANG
NGUYEN DUC TAN

cing la s0 nguyén a.

11
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PE THI TUYEN SINH PATHQC NAM HQC
1995 - 1996 TRUONG DATHQC XAY DUNG HA NOI
| Mén thi : TOAN
(Thai gian 1am bai : 180 phat)

mx® +x +m

Caul:Cho hamséy = - ,mla
Tt
tham so.
LyEhim=1:
a) Khao sat su bién thién va vé dé thi cha
ham s6 y.

b) Viét phuong trinh cac dudng thang di qua
diém (-1 ; 0) va tiép xtc vai d6 thi ctia ham so y.

2) Tim gia tri ciia m d€ ham s6 da cho khong
co cuc tri.

Cau I1 :

1) Giai hé phuong trinh

gsinE(x +v) — ]

2(x% %) =1
2) Cho bt phuong trinh :
aV2x® +7 < x +a, alatham sé.

{ 1
a) Giai bat phuong trinh khia = 5 .

2
b) Tim a d& bat phuong trinh nghiém ding
vdi moi x.
Cau Il :

1) Giai phuong trinh :

cosdx — sin’x

Vsinx + Veosx
2) Cac gde B, C cia tam giac ABC théa man
diéu kién :

1 1
( Py ﬁ) < cotgB + cotgC.

Chung minh ABC la tam giac déu.

Cau IV : Thi sinh chi phai lam phén A hoac
B sau day :

Phan A :

1) Tinh dién tich etia hinh phang dudc gidi
han bdi cdc dutng :

y2-2y+x=0vax+y=0.

2) Chomat cdu (C): (x - 1) +(y+1)2+27 =
= 11 va hai dulf:lng théing

b e T &= A 2

)ity Tt 3= CUnEd A os — ¥

a) Viét phuong trinh cdc mit phang tiép xic
vai (C) déng thai song song véi (d)) va (d,).

b) Viét phuong trinh chinh tic cia dudng
thang qua tdm cta (C) dong thai cat (d ) va(d,).

Phiin B : Trong mat phing (P) cho hinh
vudng ABCD véi AB = 2a. Trén mit phéng
chita BC va vubng gdc véi (P) ldy diém E sao
cho AEBC la tam giac déu ; di€m I nim trén
doan BC, dat BI = x. K 1a hinh chiéu vudng géc
cta di€ém E trén duting thing Al ; O la trung
diém ctia AE.

= Z2eo0alx.

+1-Z

12

1) Tim quy tich cia di€m K khi I chay trén
doan BC.

2) Tinh dé dai OF theo a va x.

3) Tim x dé d6 dai OF 16n nhét, bé nhat.

DAP AN
Caul (2,0)
1), (1,5d).Kh;§1+=I]_L'_I i
5 UMJ’: 6% o e

(0,25 d) Mién xac dinh x # -1 ; tiém can
dingx = -1 ;tiémcén xiény = x

2 £y
A e = i (p
(z+1)
Lap bang bién thién,
—oo -2 -1 (1] +oo
y = 0+ = ke | S g
_j,' -3 | 4o o0
—— \"“'—-m:; e |

(0,25 d). V& dé thi.
b) (0,5 d)

\J
thang qua (-1 ; 0) 7 -/

(0,25d). Dudng
v6i hé s6 gdc k la

y=k(x+1). D& tiép -lz' 2l o
|
I
|
I

xuc vii dudng cong
thi phudng trinh
2 A}

x+i
— kx+1).. (1)
phai c6 nghiém kép. /-‘-\—’-—- Fed
025d) (1)
R-Dxl+(2k-1x+k-1=0
c6 nghiém kép khac -1 <

k-1=0
A=4k-3=0
b 2k —1 i
'—E = —m #z -1 <=k = 3/4. Tlép
tuyén duy nhaty = 3/4 (x + 1)

Néu thi sinh gii ra va ldy gia tri k = 1,
k = 3/4 thi khong cho diém.

2) (0,5 d) -
Skt
i %:nixéc dinh vix = -m (0,25d)

’ mx® + 2mx

e
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m = 0thiy’ = 0 véiVx # 0=y = hing s6
= ham khéng dat cuc tri.

(0,25d) m # 0,y’ = 0 ¢d 2 nghiém phan biét
x =0,x = -2m va d6i ddu nén ham cd cyc tri.

Két luan : Ham khéng c6 cue tri chi khim = 0.

Caull: (3 d)

D(1d)
ovina(x +y) — 1 s S
(0,25 d) : < 2k — 1
2(x2+y~)=1 Xy = Fe
voi k € Z.

(0,25 d) Hézcci nghiém khi
A=kl 3:1—.&230#-15.&51
dokEZnénk=0vak = +1

+ v =
(0,25 d) v&i k = 0 ta dugc hé {I %39
roighls

duge 2 nghiém (1/2 ; -1/2) va (-1/2"; 1/2).
(0,25d) véi k = +1tadugche)” 7 = F1
xy =1/4
ta dude nghiém tuong ing (£1/2 ; £1/2).
* Néu thi sinh xem & € R thi ca ciucho 0,25 d
* Thi sinh ¢6 th€ ding bat ding thuc Cosy
Bunhia copxky ra ngay & = 0, £ = +1

2)(2d) aY2x+7 <x+a (1)
a)(l1d) Khia =1/2: (112)V2x7+7 <
<x+1/2 .
(0,5) bdt phuong trinh tudng dugng véi
2x+1>0
2x° +4x—6>0
e x> —1/2
(0,5 d) Giai ra {:r S Hdle & g > 1
b) (1 d)
x
Cach 1: (0,25 d) dua (1) vé —— > @
V2?47 - 1
=247
(0,25d}y’=—f£—j=0i:hjx= +¥21;

EW—:-_
Yy >0khi —¥21 < x <y21
025d) limy =+ IN2

r— t

(0,25 d) Lap bang bién thién két luan :

a<—y2I/6
X o V21 V21 +co
¥y i 0 + 0 ~
y | -1A2 V21/6
™~ V216 ST
Cach 2 :

(0,26d) *a = 0doV2x? + 7 = V7 nén vé& trai
khéng 4m, con vé phai &m khix < -a. dodd (1)
khoéng nghiém vdi moi x = loaia = 0

*a<(:

(0,25d) véix = —a v& trdi 4m, v& phai khong
am nén ludn nghiém ding.

(0,5d) Chi céin tim @ < 0 sao cho (1) ding véi
x<-a Viix < -athi:

(De=f(x) = (2a° — 1)@’ —2ax + 622 >0 (2)
(2) ding vdi moi x < —a khi :
hoas 2a°—1>0 3

A=a’(7-12a%) <0

. |la<=-1N2
Wae:OnenJaﬁ_ 712
=a< -V7/12" = —21/6

hodc 2a2 -1 > 0
A=z0
fi—a) = (2a’° - 1)a? +2a% +6a’ = 0
/2 =a/2a° -1 2 -a
ia < 0 nén hé vd nghiém.
Caulll: (2d)
cos’x — sin’x

1) (1 d) —————— = Zeps2x
Vsinx + Ycosx
(0,25) Dat dugc didu kién

sinx = 0, cosx = 0 va dua vé phuang trinh
cos’x—sin’x = 2(cos’x—sin’x)(Vsinx +Vcosx)
(0,25) Giai : cosx —sinx = 0 cho nghiém
thoa mén diéu kién : x = 7/4 + 2nx
n € Z. Néu khong loai nghiém thi phan nay
khéng cho diégm.

(0,5) Giai
1 + sinxcosx = 2(sinx + cosx)(Vsinx + Vcosx)
0<sinx <] sinx = sin’x
do =
O<cosx<1 = |cosx > cos’x
. |Vsinx = sin’x

va = vé& phai = 2..
Veosx = cos’x P

con lsine cosx = 1-4H1/2) sin2r < 3/2 Vay vé nghiém

2) (1d)

(0,75 d) VisinB > 0, sinC > 0 nén :

1 1

2 (sinB b —ﬁ) < cotgB + cotgC «=

2(sinB ﬂinC-ﬁsinBsinC‘) =
< sinCcosB+cosCsinB <

sinB[2 — (V3 sinC + cosC)] +

+sinC/2 — (V3sinB + cosB)] < 0 <

2sinB[1-sin(C+n/6)] +2sinC/1—sin(B+n/6)] <0
(0,25d) =1 —sin(C +a/6) = 0

1 —sin(B +7/6) = 0 do B, C la goc clia tam
gidcnen B =C =%

Vay tam gidc ABC 1a tam giac déu.

CaulV:(3d)

Phin A :

1) (1d) Tinh dién tich giéi han bai
¥ -2y+x=0vax+y=20

(0,25 d) Giao cha hai dtfgb‘ng 14 (0; 0) va (=3; 3).

(0,5 d) Lap duge S = [ (3y —y?)dy

0
(0,25 d) Tinh ding S = 9/2
Né&u tinh theo x thi méi phén (0,5 d)
(Xem 1ié p rang bia 3)

13

https://tieulun.hopto.org



https:'www. facebool. com/letrungldenmath

https:/sites. google. com/siteletrunglienmath

D{lhl'\ Chﬂ cac an CL\HGH l)l Hﬂl Vao Bﬂl I'\OC

Trong bd "Dé thi tuyén sinh vao cdc trudng
Pai hoc, Cao didng va Trung hoc chuyén
nghiép", co bai toan kha hay sau :

Bai toan 1. (Dé 27.11.2).

Gid st ABC |4 tam gide thda mén diéu kién sau

2(acosA +bcosB +ccosC) =a +b +¢ (1)

Chitng minh rang tam gidc do déu.

Ngoai 1oi giai thong thuting trong ddp 4an,
bai toan 1 con cd mot 15i giai kha dac sdc. Xin
gidi thiéu d day d€ ban doc tham khao.

Tii (1), theo dinh I¥ ham s6 sin ta cd :

2(sinAcosA + sinBcosB + sinCeosC) =
= sinA +sinB +sinC
= gin2A +sin2B +sin2C =
sinA + sinB + sinC. =

Il

1
=3 (sin2A + sinZ2B) + % (sin2B +sin2C) +

1
s 3 (sin2C + sin2A) = sinA +sinB + sinC.

=
sin(B+C) . cos(B—C) +sin(C+A). cos(C-A) +
+ sin(A+B) . cos(A—B) = sinA + sinB + sinC.
= sinA . cos(B—C) + sinB . cos(C—A) +
+ sinC . cos(A—B) = sinA +sinB +sinC
=
sinA[1 —cos(B—C)] + sinB[1—cos(C—A)] +
+sinC[1 — cos(A-B)] = 0
Ta chd ¥ rdng :
sinAfl —cos(B—-C)] =0
sinB[1 — cos(C —A)] = 0V AABC.
sinC{1 —cos(A —B)] = 0
i dé dé dang suy ra tam gidac ABC déu.
Thuec ra bai todn 1 con cd thé duge phat bigu
dudi dang khac, gon gang han va ban chét hon.
Bai toan 1°.
Ching minh rang tam giac ABC déu khi va
chi khi :
sinA +sinB + sinC = sin2A + sin2B +sin2C
chinh bai todn 1’ cho phép ta nghi d&én bai toan
sau :

14

DOAN QUANG MANH
(Hdi Phéong)

Bai toan 2.
Ching minh riang tam gidc ABC déu khi va
chi khi :
cosA+cosB+cosC+cos2A+cos2B+cos2C = 0 (2)
Gidi.
Ta chi cdn ching minh diéu kién da. Bién
ddi (2) tuong tu nhu khi giai bai todn 1 ta cd :
cosA[1 — cos(B—C)] + cosB[1 — cos(C—-A)] +
+cosC[1 —cos(A —B)] = 0°
Ngoai ra, véi moi AABC ta lubn cd :
C

7 i i 1L
cosA + cosB +eosC = 1 + 4sm§ sm—g- sm2

c0s2A + cos2B + c0s2C = —1 — 4cosAcosBeosC

K&t hop v6i (2) ta cd :

gk e H
cosA . cosB , cosC = sing . sing . singy
= cosd . cosB . cosC > 0 = AABC nhon.

Suy ra :
cosAf1 —cos(B - C)] =0
cosBf1 —cos(C — A)] = 0 (*%)
cosCf1 —cos(A—B)] =0
Tit (¥) va (**) ta suy ngay duoc AABC déu.
Ciing nén cha ¥ rdng i gidi thong thuong
trong ddp 4n ctia bo dé cla bai toan 1 khéng
gidp ta giai bai toan 2.
Nhiing két qua trén nhéic ta doan nhan mot
két qua sau ;
Bai toan 3.
Chiing minh rang AABC déu khi va chi khi :
tgA +tgB +tgC +tg24 +tg2B +tg2C = 0(3)
Gidi.
Ta ciing chi cdn chiing minh diéu kién du.
Khong mét tinh tong quat gidsit C < B < A.
Xét cdc trutng hgp sau :

3
1}c;s<§<§sa.mﬁaddémy:

tgA.tgB.lgC<0
tg2A.tg2B . tg2C < 0
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=tgA . tgB . tgC +tg2A . tg2B . tg2C < 0
= tgA +tgB +tgC +tg2A + tg2B +tg2C < 0
Mau thudn véi (3) vay truong hop nay khéng
XAy ra.
x
2} = :i-'_ <B<= 2

tgA.tgB.tgC <0
ig2A. 1g2B . tg2C < 0
Tuong tu trudng hop 1, trudng hgp nay

-=:A<: Khldo

khéng xay ra.
B)CEEB{E«:—‘:A{ Khldo
OCM_R,EB,ZC{E
Suy ra :

tg2A +tg2B +tg2C = tg(2A - 1) + tg2B + tg2C
5 2A-—;7r+23+: 2B +2C
R o ad o T g 52
2C0+2A —x

s i
—tg(——C)+rg(B+C)+.fg(2 B)}
> - tgC - tgA - tgB

= tgA +tgB +tgC + tg2A + tg2B + tg2C > 0
mau thuén véi (3). Trudng hop nay khéng
Xay ra.

4)C<§<BsA<%.chtd:

!tgA, tgB . tgC > 0
|tg2A . tg2B . tg2C > 0
Tuong tu nhu 1) ta thdy trudng hop nay

khéong xay ra
51§{C£BsA=:E.Khidd:
O<m-24 7-2B, x- ZCCH
Suy ra
~tg2A - tg2B - tg2C = tg(m - 24) +tg(n - 2B)
+tgl(x - 2C) =
x1—2A)Hr—-2B T—2B)+(n—
< UEAHEIB) | (-2B)+a-20)
2 2
=20 + (7—
+tg(x C)g(n 2A) A
= tgA +tgB + tgC

=tgA +tgB +tgC+tg2A +tg2B +tg2C < 0 (***)

Két hop vdi (3) chiing té dang thiic xay ra ¢
(***)

Suyra:n-2A=n5-2B=x1-2C=
B=8=¢

Vay AABC déu,

Mot cach tu nhién ta di d&n bai todn sau :

Bai tosn 4 _

Ching minh rdng tam gidc ABC déu khi va
chi khi :

cotgA + cotgB + cotgC + cotg2A + cotg2B +
cotg2C = 0 (4)

Gidi

Ta ciing chi chiing minh diéu kién dd. Ti (4)
ta suy ra :

Lty ST :gZA
tgA igB gC S
it 2
L tg’B ¢ b=l 3
2tgB 2tgC

1 7 1
=3 (%—A+E§:§ +tg_C) = tgA +tgB + tg(
3(tgA tgB +itgB . tgC +tgC. tgA)
tgA . tgB. tgC
= tgA +tgB +tgC
3{tgA tgB +1igB . tgC +tgC. atgA}
tgA +1tgB +tgC

= tgA +tgB + tgC

= 3 (tgA tgB + tgB.tgC + tgC.tgA) =
= (tgA + tgB + tgC)?

= (tgA —tgB)* +(tgB — tgC)? +(tgC - tgA)?> = 0

=tgA=tgB=tgC=>A=B=C

Vay AABC déu.

Cac bai todn 1°, 2, 3, 4 cho phép ta phit bigu
bai todn 1 dudi dang "manh" sau day :

Bai todan 5
. Cho tam giac ABC. Ching minh rang cic
diéu kién sau la tuong duong :

a) AABC déu.

b) sinA + sinB + sinC = sin2A + sin2B +
sin2C

c) cosA + cosB + cosC + cos24 + cos2B +
cos2C = ()

d) tgA +tgB +tgC +tg2A + tg2B +tg2C = 0

e) cotgA + cotgB + cotgC + cotg2A + cotg2B
+ cotg2C = 0

Tit bai toan 1 di dén bai toan 5, ngudi viét
bai nay muén nhéc cic ban dang on thi vao dai
hoce :

Hay hoc tap chu dong va sdng tao, ditng
¥ lai vao loi gidi ciia dép dn, Ludn c6 ging
tim mét loi gidi riéng cho minh. Véi céch
hoc dd, ban sé dat két qua cao trong ki thi
vao dai hoe.
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Tl it iy thé toin By ol thing

SUY BGHI E MG BONG MOT bAI TOAN

Cach day ba muoi nam, bdo "Todn hoc va
Tudi tré" cé dang dé todn sau.

Bai todn 1 : Cho tam gidc déu ABC canh
bang a va mét diém M bét ki trén duong tron
ngoai tiép tam gide dé. Dgt MA = x, MB = y,
MC = z. Ching minh x? +y? + 22 = 2a2.

Lasi gidi bai todn khéng khd. D€ xdc dinh, ta
gia sit M nam trén cung nhé BC. Ap dung dinhli
Ptolémé cho taf gide ndi ti€p ABMC, tacdx = y +2z.
Sau dd, ap dung dinh li ham s§ cosin cho céc tam
giac ABM va ACM, ta cd diéu phai chiing minh.

Md réng bai toan 1, téi da dé xudt hai bai
toan sau :

Bai todn 2 : Cho da gide déu A, A, ... A
va mét diém M chuyén diong trén, d'l.-:.fang tron
ngoai tiép da gidgc dé. Chiing minh rdng biéu

nMA?

thue : z nhan mot gid tri khong déi.
=1

Bai todn 3 : Cho ti dién déu ABCD canh
bing a va mot diém M chuyén dong trén mdt
ctiu ngoai tief? tit dién dé. Ching minh x*+y* +
+2° +# = 3a?, trongdéx = MA, y+MB, z = MC
vat=MD.

Cé hai bai toan dd, trong mot thoi gian dai toi
khong sao giai duge, vi 10 giai trén cla bai todan
1 rdt khd ap dung & day. Chang han, d6i vdi bai
toan 3, khong thé sit dung dinh li Plotémé vi trong
khéng gian bt dang thiic Plotémé (ap dung cho
tud dién) khong thé trd thanh ding thie.

Mudti lam nam sau (trong bai "Trd vé qua
khé co gi lgi" (Bao TH va TT, s6 4, nam 1981),
t6i da trd lai vAn dé nay va dua thém mot bai
todn bé ngd niita :

Bai toan 4 : Néu M la mot diém tiy ¥ trén
duong tron ngoai tiép da gide déu 2m canh
AA, A thiMA? +MAZ+.. . +MAY | =
= MA3 + MAZ + +.. + MA3

'

Nhan ngay ki niém 30 nam tap chi Todn hoc
va Tudi tré ra s6 ddu tién, cdc bai todn dé lai
trd vé vay goi toi. T6i bén doc ki lai bai todn 1
nhiéu ldn suy nghi trén ting tu, tiing y cia nd.
Thé rdi, "y chdi lgi" (ndi theo ngdn ngii cla
Pélia) xuédt hién : O bai todn 1, tAm dutng tron
ngoai tiép tam gidc (déu) chinh la trong tdm
ctia tam gidc d6. Diéu nay goi cho t6i nhd dén
Cong thic Lagrang (xem, chdng han "Khodng
cach giita cae trong tim ciia hai hé diém", TH
va TT, s6 3 +4, 1991).

16

LE QUOC HAN
(Nghe An)

Cho O la trong tam clia hé diém A}, A,,..., A,
va M la moét diém ticy ¥ trong khong gian. Khi do
m
MO? = (1im)> MA} — (1;‘mf;_§: AA?
f=1 i,j=1
1<)

Va nhu vay, cdc bai todn trén chi la hé qua
cia cong thiic Lagrang ma thoi (moi cdc ban
kiém tra lai !)

Qua trinh giai cde bai toan trén da trao cho
tdi mot bai hoe qui bau : Nhiéu bai toan, thoat
nhin cd vé rat phiic tap, nhung néu chiu khd
suy nghi, tim toi ban chit cia ching, thiloi giai
lai rdt don gian. Va khi da tim ra chia khda cho
mot bai toan nao roi, thi cd thé gidi quyét cung
mot lac edc bai toan thube cuing nhom vadi na.

Sau giay phiit bang hoang trude phat hién qua
b4t ngtt va don gian &y, toi binh tAm doc lai bai
toan 1 nhiéu l4n va phét hién ra ring : minh vin
chua khai théde hét tifm nang md rong bai todn
dy. Gia thist M chuyén dong trén duding tron tim
O, ban kinh bing ¢/V'3 con goi cho ta nghi vé cac
bai todn tim t4p hop di€m quen thude. Mot trong
cac bai toan do da dén kip thdi :

Bai todn 5 : Cho hé diém A, A,, ..., A co
dinh va cée 86 thuc Ay, A,,.., A_ sao cho

M
E A; # 0. Tim tap hop cac diém M théa man

i=1

S, a7 =

k2, trong dé k la dé dai cho trude.

Lisi giai bai tdon nay khéng khd, néu ban
nghién ciu ki cdch ching minh céng thic
Lagrang (bangcong cu tich v6 huéng). Dac biét,
vdin = 2, ta ed bai todn sau :

Bai toan 6 : Cho hai diém A, B c6 dinh va
hai s6 thuc « va  théa man diéu kién a +5 #
0. Khi dé tap hop cac diém M théa man didu
kién aMA? + fMB* = k* (v6i k la d¢ dai cho
trude) la dudng tron (hay mat ciu, ticy ta xét bai
toan trong mat phang hay khong gian.).

O day, ta giai bai jodn tyong mét phing. Lay
IsaochoalA + BIB = Othilcddinh va
k% = aMA? 4+ SMB? =

— — — —
=a(MA + AD? + B(MB + BI)? =
= (@ + HIMPE + alA® + BIB°.
Via+p # 0nén
MI? = [k2 - (aIA?+BIB?)] [ (a + )
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suy ra diéu phai chitng minh (chu y : duting tron
nay cd thé thu vé mot diém hay 1a "duémg tron 4o”).
Trén co sd bai toan 5°, tai da dé xuat.
Bai toan 7 : Cho tam gidge ABC va mét diém
M chuyén déng trén duomg tron ngoaqi tiép tam
gidc doé. Xac dinhx, y, zdé gia tri bidu thie xMA?
+yMB? +zMC? khong phu thudc vao vi tri M.
Sau day la mot trong cdc l&i giai ciia bai todn.
Taldy x = sin24, y = sin2B va z = sin2c. Khi d6
*MA? +yMB? +zMC? = 45, ;..
b - Dé bai bdo khai
N " phde tap va qua
L% e dai, téi xin néu
cach giai khi AABC
cd ba gdc déu nhon.
Khéong mit téng
quat, gid st M nam
il trén cung nhd BC.
T —— \f GoiA'lagiaocia AO
—— va BC. K8 OH 1 BC.
Vi OB = OC = R (ban kinh duimg tron ngoai tiép
AABC)vasin OA'B=sin OA’C nén ban kinh céc
dutng tron ngoai ti€p cdc tam gisc BOA' va

% BA’ A'C
B e ey o
oM .. sin2C 2
“AC _enCOA. 5328 ~ 5y
=y . AB +z. AC = 0,

Theo bai toan 5’, ta ed :
YMB?+2MC? = (y +2)MA™? +y A’B* +2.A°C2 (1)
Ta lai 6 OH = 0A’. cos HOA' =
=0A" cos(B- ()
= 0A'"=0H /cos(B-C) =
= R.cosA/cos (B-C) =0A.cosA | cos(B - C).
Mat khéc :
sin2A [ (sin2B +5in2C) =
= 2sinAcosA | 2sin(B + Cjcos(B - C) =
= cosA /cos(B - C)
Tuddé: OA' ) OA = cosA [ cosfB-C) =
= sinA [ (sin2B +sin2C), i e
c)fy+tz)=(y + 2)0A + x.0A = 0
Lai 4p dung k&t qua khi giai bai toan &’
taco (y+zIMA®+xMA? = .
=(x+y+zMO?+(y +2JOA" + x.0A® (2)
Cong ting vé (1) va (2), ta cd :
x.MA*+y MBZ+z MC? =
=(x+y+z)MO*+y A'B’+z. A'C?+
+(y+2JOA™” +x . OAZ.
Do déx . MA® +y . MB +z . MC? nhan mét
gia tri khong ddi, khong phu thuée vao vi tri M.
Cho M = A, ching han, ta dugc gia tri dd la
8R%sinAsinBsinC = 48, ipc
D& két thiic, toi xin dé nghi cdc ban gitp toi
ba viéc :
1. Tim cach gidi dep hon cho l&i giai bai toan
6 0 trén cia toi,
2. Tim céc gid trj x, y, z cua bai toan 6, téng
quat cang tot.
3. Md rong bai toan 6 cho hinh hoc khéng gian.
Chiic cac ban thanh cong

DE THI TUYEN SINH ...
(Ti€p theo rang 13)

(24

ap(ldy

(0,5 ) » 1d|_] qua M, (0 ;=1 1), ¢o vectd chi phuiing S_T
={1;1;2}

(dyjguaM,(-1;0:0), co vectd chi phuung?; ={1;2;1}

Miit phing song song véi (d,) va (d,) phai co vectd phap
H=8 A5, = {-3 ;.1 1} va mit phing co6 dang :
Xty +i+D=0(P")

(LS d) + D& mal phing (P) Liép xic vdi mat ciu

(x = 1)* +(y + 1)* + 2> = ] thikhoang csich 1it tAm /(1 : — 1 : 0)
: o -3-1+D al
dén (P) phai bang V1T ————=YIT =D = 15 hodc

i

n=-7

Duide 2 mat phang tidp xuc vii mat cu va song song vdi
(d).(dy): —Fx+y+z+15=0va —3x tytz =7 =0

b) (1 d)

(0.25 d) Mat phiing (Q) chua (d,) va I 1a méit phang qua
I(1,~1.0) v vudng poc vl vecton, = 5, A M7 = {-1;3; -1} =
Phudng trinh mét phing (0): —x+3v -z +4 =0

(0.25 d) Giao clla mit phing (Q) va (d,) la M, (-9/4 ;
- 10/4 ; - 5/4)

(0.5 d) Phucng trinh dudng thing di qua f va M la dudng
cat (d, ) vé (d,) :

E=d T

I3 o 5

Phéin B

y(1dy

(025 d) Tamgac EBC déu néntrung luyén £F L B, mea goenhi
dién gita (#) va (E8C) lavuong nén £F L (7).

(0.25 d) FK Ia hinh chitu vadng poc cha £K trén (7). Theo
dinh Iy 3 dudng vuding goc thi FK L Af

(0.25 oy Gic AKF ludmn wating, AF ed dinh nén qui tich K
khi / dich chuyén 14 phin cung tron dudng kinh A F.

(0,25 d) Do/ chay trén BC va goc BAC = 7/4 nétn qui tich
la 174 dudng tron di (i B qua # dén giao diém vai AC. Phin
4o hién nhién,

21(1dy
ZAPH 2EP - AE?

(0,25 d) Trung tuyén OF = 7
(0.25 d) AF = 5a° EF*= 3a°

(0.25 dy AE" = AF + EF = 82", AF = Ja* + ¥

(0,25 d) - £
Of = YV —ax + 2d° Pl |
Haa ol (1

| — -y e
. Of=Y{(x—af2y +7a i .-
voi ) = ¥ = 2a -
(0.5 d) O bé nhit hing q%h_
a7 a Ty
A,

5 AT

(0,5 d) OF dat gia urj Idn e
nhét biing 2 tai ¥ = 2a.

DANG DINH BiCcH
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Giai ddp bai

CAT HINH CHU NHAT

Ta théy dién tich ctia hinh chit nhat 1a 9 % 16 = 144. T d6 thiy canh ctia hinh vudng mdi tao

thanhla 12 (12 x 12 = 144).

e I
J
L 72

Vi vay ta dua ra cach cit nhu hinh vé

-

e

(Theo Pham Thanh Vinh, 5T, NK Yén Khanh, Ninh Binh).
Nhan xét : Mot s6 ban gii giai ddp dén déu dung.

DIEM CUA MOI NGUOI

Bén ban Xuan, Ha, Thu, Déng nhan dugc
diém ctia bai kiém tra toan cudi hoc ki. Ban Lan ‘
ciing l6p muén biét diém cda méi ngudi . Khi
hoi thi dudce cac ban dé tra 1oi Gp md nhu sau :

Xuén noi : Ban Dong duge 7, ban Ha duge 8,
ban Thu dugc 9. ‘

Ha néi : Ban Thu dude 8, ban Xuan duoge 9,
ban Doéng duge 10. E

Thu néi - Ca ba ban Xuan, Ha, Déng déu |
duge 7.

Péng noéi : Ca ba ban Xuan, Ha, Thu déu
dugc 8.

Biét rang khong ed ban nao dude hai ban noi
ciing ding vai s6 diém ctia minh va méi cau tra ‘
18i & trén chi ndi ding 6 diém cia mot nguoi |
ma thoi. I

Ciac ban hay giap ban Lan, tim xem s6 diém !
ciia moi ngudi 1a bao nhiéu ‘

NGAN HO

BiNH PHUONG

NGUOI GUI BAI GIAI CAN CHU Y
- Ldi giai cia mot bai toan viét

' riéng trén mét to gidy. Néu bai dai
| nphiéu trang thi dinh ching vao nhau.

— Trén méi bai giai déu ghiho tén, Iop,

trudng, huyén, tinh (thanh pha) va ghi

| s6 clia dé ra (khdng cén chép lai dé).

~ Ngoai phong bi can dé ré bai

| giai cta s6 bao nao (khdng gui bai

cua nhiéu s& bao vao cung moét |

phong bi). |

_ Chi guii vé dia chi : 45B, Hang |
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