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TOAN HOC VA TUOI TRE
MATHEMATICS AND YOUTH

MUC LUC

Trang

e Tim hiéu siu thém todn hoc phd thing Téng bién tdp :

NGUYEN CANH TOAN
Phd 1é'ng bién tip :
NGO DAT TU

To help young friends gain better understanding
in school Maths
Pam Van Nhi -Dinh li Rolle va nhitng ap dung 1

® Gidi bdi ki tririie HOANG CHUNG
Solutions of problems in previous issue
Cdc bai cua s6 220. 3

o D thi hoc sinh gidi todn 9 Hii Phong. 9 HOI DONG BIEN TAP :

e D¢ ra ki nay Nguyén Canh Toan, Hoang
Probiems in this issue Ching, Ngo Dat Ty, Lé Khac
T1/224, ..., T10/224, L1/224, L2/224 10 Biao, Nguyén Huy Doan,

M o e Fa & & H = ang

o NKM - Nguyén li cdi 4m dun nudc 11 f\;,u;ve-n \ﬂlt__}_t “:hi Dinh Quln g

Hao, Nguyén Xuan Huy, Phan

e Nguyén Van Mau - Huy Khai, Vi Thanh Khiét, Lé

Lisi giai cdc bai thi olympic todn Quéc t& lan thd 36 12 Hai Khéi, Nguyén Van Mau,

Hoang Lé Minh, Nguyén Khac
Minh, Tran Van Nhung,
Nguyén Dang Phat, Phan
Thanh Quang, Ta Hong

e Danh cho cdc ban chudn bi thi vio Pai hoc
For college and university entrance exaim preparers
Pham Tédn Phuée — M& rong cde bt dang thie 15

® Hoc sinh tim idi Quang, Dang Hung Thang, Va
Young friends’ search in Maths Duong Thuy, Tran Thanh
Nguyén Tién Thang - Tiép tue khai thac Trai, L& Ba Khanh Trinh, Ngé ‘
nhitng tinh chét dep cia da gidc déu Bia 3 Viet Trung, Dang Quan Vién.

o Gidi tri todn hoc
Fun with Mathematics,
Vii Hoang Thai — Gidl dap béi of nhitng da gide nao Bia 4
Pham Hiing — Cat hinh chit nhat. Bia 4

Tru sd toa sogn :

45B Hang Chudi, Ha Noi DT: 213786 Bién tap va tri sy : VU KIM TH 1;”'{
231 Nguyén Van Cit, TP Ho Chi Minh DT: 356111 Trinh bay : TRONG THIEP
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Trung sach "Giai tich 12" ching ta da duoe hoc dinh i
Lagrang :

Che ham =8 y = ﬂx)—xac-dmhv&héntuctrén [a, b] cd
f(x) < +eo trong (a, b). Khidd coc € (a, b) d&
ftb) —fla) =f(e) (b —a), (L)

Trong bo dé thi vao DH va CD ciing da ¢ mot s& bai tap ma
khi g‘[fil no ta chi cdn van dung dinh li trén cing véi viéc ddanh gia
f'tc). O day t6i muén ciing cdc ban khai théc thém dinh Ii dd.

Né&u trong (1) cdc ban cho f(a) = f(b) thi £(c) = 0. Day chinh la
ndi dung dinh li Rolle, duge phat bidu nhu sau :

Néu y = flx) - xdc dinh va lién tuc trén [a, b], cé Fix) < +w
trong (a, b), fla) = f(b) thi c6 ¢ € (a, b déf(c) = 0

Nhu viy dinh li Rolle la truing hop dae biét cia dinh li Lagrange.

Dinh li Rolle duge van dung rdt nhiéu trong céc bai toan cd lién
quan dén nghiém cia phuong trinh. Sau day ching ta ciing xét mot s6
thi du.

ol W i
Thidu 1.Choc, , ¢, , ...,c, E Rvac +§+§+ t—7 =
02.2 c..
=¢, ¢ ¥ +.. +——— = c. Ching minh ring phuong trinh
¢, +2ex+.. . +ne,x" 7! = 0 ¢d it nhét mot nghiem thude (0, 2).

Chitng minh : Xét P(x) =cx + . clx + —c2r3+ + :x"“
co P(0) = P(1) = P(2) = 0, nén theo dinh li Rolle,
P(x)=c,+ec,x+c,x2 +.. +¢, x" c6 it nhdt hai nghiém
X, 5vii0<x <1<x, <2 TiP(x)=Plx,) =0suyra
Phx) =4+ 2, x +...+ne 2" =0 nghiém
X=a€(x;,x,) C (0,2)
Thi du 2. Cho P(x) la da thitc bic n c6 n nghiém thc phan biat
B i),
X ,%;, ..., %, . Chiing minh ringE P’

oo

-
Chitng minh : P(x) = a(x —x)) (x —x)..(x —x,)cd
1 1
Szl (x =% ;vxz SF +x-—x )

Ti P(x|) = P(x;) = .. = P(x,) = 0, nén theo dinh li Rolle,
P(x) =0 c6 n - I nghiém phan biét Py, o
TR YRS ¥y S e Rl Y, L R

: 1 1
ey R A T B
x_-}'l o g ST
1
T 0=F P +.. va P =0,
0 = POW (5 —xl et =) PO
1 1
nén + 4 o =0, Vk. Dodd:
TR T Y Xy
1k
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M P”(‘Ifc} " i .l 1 :
i +...4 ek

= P'(x,) &

=k

Thi du 3. Cho b s 0 va dat

8—2%3; E"r;’

| =i<j=n
Ea 2 X% Xy gy 8y = XKy Xy X~ CAC ham co
|=i<j<k=mn

bin cia x;,%; » « . Chitng minh rang

Al 83 34 5 nf 8,
i; B 2 — .= =
=}
S Ch S Ch

Chiing minh :

Ta ching minh bang phuong phap quy nap

theo n.
n = 1 - bdt ding.

(ia sd bdt ding cho n — 1.
0<x, <x,< .

I'a gid thiét
<t Y
L2

Ta xét P(x) = (x —x ) (X —X;)..[c =Xx,) =

= =g 2 TR Rl £ e A (L e SRR

nghiém x,x,,..,x, . Theo dinh li

E

Rolle,
Pay=n"V—(m=1)s 2 "2 +(n72)x

X aaB ity S o o dot (ST L
e n - I nghiémy,,y,, ..., ¥, voi
II ‘:-'.Jfl {Iz'ﬂ:_}'zt: __":J:”__l“:yn_l {I”

n-1 n—2 Sy
e R R ia cde ham
n

Khi da

cobanciay,,y,,...,¥, —; - Theo gia thiét quy

nap, co :
(n - 1]5 TR
e et =1
rr =] nc J'IL” -1
Bl & n =l
hay = '\‘ “ -
c! ez A=
i
2

—m ==

: l fu"{x1 - ”)n T

T R
R — . = dpem.
,.u =1 (.rt

Thi du 4. Cho f(x) = (r,—x)(r,—2){(r; ).

Ching minh ring véi moi 0 < a < b c6 ¢ € /a, bJ

roaa
dé |p 20 | = fle) —cf(e). Ching minh : Xét
[ R :
rptx atx atx F; By a-r,
D(x)=|b+x Tyt @t | = \p4x ry=b a-b
btx b+ M b+x g T3P

1
— ham bic nhit cha x, nén D(x)
Khix = —a,x = —b thi
(D(0) — aA=D(-a)=(r,—a)(r,—a)(ry—a) = f(a)
iD(O} —bA =D(~b)=(r, -b)r,—b)(r,~b) = f(b).

= D(0)+xA.

bfla) — afib
=:»D(L}';=-’(a} afib)

b—a
fb) _fla)
b Pl i,
! oy DO 1 - ().
Lz
Khidé F(a) = F(b) =0

Theo dinh i Rolle, ¢6 ¢ & fa, b) d& Filei =0

ef (e) —fley  afib) —bfi 1,
my,iﬂjﬁan of) =4 1y G

bfla) —

——— = f{e) —¢f (c) = dpcm.

Sau day la mét bai tap d€ cdc ban tu luyén :

Cho Prx) 1a da thic bae n ed n nghiém thifc
phin biét. ¢ |4 s6 duong va tdp tdt ca cic s6 x
P( )
" Pl
khong giao nhau, Ching minh rang tong do dai

4 hgp ctia mot s6 hitu han khodng

n
[ cic khodng dy bang =t
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Bai T1/220
Cde s6 nguyén duong a. b, ¢, d thoa man hé

thrte
alied .

ab = ecd. Chiung minh 80
P B19H 41994 4 7199 1y hop s6,

Loi giai. Gia s g = 1a, ¢/. Tacd :

a =ga;,c = qgc, vii (a,,e) = ik

rang

Viab = cd —=qa; b = gc,d—a b =¢,d

Vi (0,,c)=1-=b; c, tic la b=c¢ k

(ke N, dodod = a; k. Tacd
A = a."-’? + b'” .!, CH! + er‘-”.l _
(Jf” GHF _+_ C'{l 'j‘)FH + lI‘H CJ‘JH

I u.f—l A.m 8 taiiu e Crli!‘j {;?H.' + q.rﬁ}

Via 1, ,¢), %k, 9 € N? nén'dé thiy A 1a hop s6

viii moi m € N” . Dac biét coi m = 1994,

Nhan xét : a) Bai nay duge rdt dong cac ban
tham gia giai. Trong s6 cac loi gidi tot co : Bui
Duy Hitng 8T Bim Sun Thanh Hoa, Nguvén Thu
Trang 9T Bae Giang Ha Bac, ‘\ugme'n Ba Vuong
9A Tam Dao Vinh Pha, Ha Manh Hing 9T Y Yén
Nam Ha, Tran Tudn Crong 9T Tran Dang Ninh
Nam Dinh, Vit Phong Hdi 8T Bim Son Thanh
Hda, Pham Trung Kién, 9CT Tam Diép Ninh
Binh, Lé Phi Thanh, chuyén Lé Khiét Quang
Ngar Nguyén Twdin Anh 9T Phu Xuyén Ha Tay,
Ha Xuén Giap 6T, Bim Son Thanh Hoa, Dao
Phuong Bac 8A Bé Van Dan, Ha Noi.

b} Péng tiéc cd mot s0 ban méc phai nhitng
saj lam co he‘in {Jhaﬂ;7 ban: Tan/ e« ni a,
ni esuyran! ac

=5

a
Hoace c¢d ban dat —
c

o R € @ va vidt

A i alu[}l + bll;-:);_‘ +(|nu4+ Ill,c_u

e L 1) (Mg 1 g6 ket
ludn =6 A 1a hap s6 !
DANGHUNG THANG
Bai 12/220.
Co ton tai hay hhong 3 s6 khdc nhau a, b, ¢
thoa man a’rmg thire

{a=by +(b—cP+(c~a)=0
Lo giai. cha Doan Minh Khoa, 8T, NK Vi
Thu, Thai Binh

Dfnx =aby=br,z=cu=x+ty=—
{a —b; +(b=~c) +(c —a)
e ol
= —Bay (2% + 2%y + 2uy? +,7)
5y (x +y) (F +xy +y7)
= Bxyz (xf +xy +y?)
2 &2
+
T oo
Vai gia thiét a, b, ¢ la ba s6 khac nhau thi

= Dxyz [ (x +%)

x#0,y# 0,2 0neéntir (1) tathiy P = 0

Vay khing ton taiba sd a, &, ¢ khac nhau d2 cho
(@=b) +(b—cy +(c=a)y =0

Nhén xét. Rat nhiéu ban giai duge bai nay.
Cac ban =an day cd lui giai t6t : Neuyén Thu
Hang, 9T. NK Béc Ninh ; Phing Puc Ding.
9T, NK Bac Giang, Ha Béc. Bii Dang Quang,
Chuyén Tam Déo ; Pink Phuong Loan, 9A.,
Chuyén Viet Tri, Vinh Phu. Nguyén Tudn Anh™;
9T, Chuyén V-T Phua Xu_\rén :Dd Ank Tuan, 9,
Chuyén V-T Thutng Tin ; Lé Thanh Nam ; 98,
Chuyén Quée Oai. Ha Ta_y Dao Thé Vi, bA
Giang V6, Ngoé Duy Quang. 8A|, Giang Vo ]]
Lé Hoang Ank, 9A | Gidng VG Pham Quang
Vinh ; 9A, B& Van ﬂém Pham Thé Himng, 7CT,
Tu Lieém ; D6 Minh Chau, ST, Chuyén Déng
Anh, Ha N{n Ta Thanh Dink, 9T, NK Trin
Phu, Hai Phong. Doan Minh Khoa, 8T, NK Vi
Thl.i Ngiuvén Thi Khanh Hoa ; Phan Tiéu
Humag 9T, NK Kién Xuong, Thai Binh.
Nguyén Vian Trung, 8T, Tran Dang Ninh, Nam
Dinh, Ha Manh Hing. 9T, NK Y Yén, Nam Ha.
Nguwn Tudan Anh, T1 ; Pham Thi Thu(;m 8T,
NK Bim Son ; Lé Ngoc Hung, 9D, NK Thanh
phé Thanh Hoa. Nguyén Thai Bdo, 8A, Dién
Xu#n, Dién Chau ; H6 Sy Ngoc, 9T, NK Vinh,
Ngh@ An. Phan Tm Thu Ha, 9A, NK H uong
Son ; Duong Chi Vinh, 8T, NK Ha Tinh. Doan
Thi Xudn Virh, 9L, 'I'rl.rng: Vuong, Da Nang,
Truong Van Vt'én, 9T, Lé Quy Dén, Long
Khanh, Dong Nai.

TO NGUYEN

Bai T3/220. Tim b6 ba m‘i’ nguyén khéngz dm
X, Yy, zsa0 dm Jr+54’ 2y’ + 427 fL
5y + 74 = 3y’ + 727 (2jva tng x +y +z bé nhat.

Lisi giai Nhan hai vé cia (1) vai 3 cua (2)
vl 3 rdi tri chung vé voi vé, duae : 48 = y2 - 27 =

=y +3) y=3)(3). Duhieu(}+z)—k} 2} = 2o
lﬁ s0 chan theo (3) tich cda chung chan nén ca hai
déu chan. Do dd, ti (3), ta co Lf’;ip 8lyt+tz;y-2)
chi co thé a {24 r’) (12 : 4) ; 6) Suy ra cAc
gia tri tudng ing cta x la ]6 14 va k& ba =6
thoa man diéu kién cta bai toan la 4;7; 1.

Nhan xét. Cd 157 bai giai trong sﬁ do co
146 bai giai dung. Lui giai t6t gém co : B
Dang Quang (9° chuyén Tam Dao - Vinh Phu:
Horm.g’ Thi Hé (8 toan NK Bim Son - Thanh
hoéa) ; Pham Trung Kién (9CT Déng Giao -
Tam Diép - Ninh Binh) ; Dinh Coo Cuong (8
chuyén Quang Trach - Quﬁng Binh) ; Luong
Tién Thanh (9 PTNK Marie Curie Ha Nm) Dé
Thi Hoa Nhdé (PTNK Thai Nguyén - Bac
Thai) ; Nguyén Khanh Ha (khéng néu tén
truUngJ Tran Tat Dat (8A Chu Van An - Ba
Dinh - Ha Noi) ; Nguyén Thi Thanh (9T PTCS
chuyén - thixa Thai Binh) ; Dé Minh Chau (9T
Chuyén Déng Anh - Ha Noi) -

DANG VITN

Bai T4/220. Cho duiong tron (0) véi hai
dudong kinh AB, CD vuoéng ghcydi nhau. P la mdt
diém bat ki trén cung nhé AD, N6i CP, BP cat
OA, OD tuong ung tqi cac diém M, N. Ching

N
minh ring tich - La. mét hbng so.

MA -
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Lasi giai : Goi r la ban kinh dudng tron (0).
Tit cdce cap tam giac dong dang (g.g.) :
ACAM —~ ACPA va
ACOM « ACPD, ta co :

_OALRA gl PDVOO
G Sl 5 ks
OM PD.CD r.PD

dodd 2 i =CA PA_ CA.PA

vaishd e D oN _ rPa
CAuag ML WC S e ) - Bl D

iyt SNOON, o 7 B Adodifog,
AMND ~ CA_PA BD.PD
r 2
=BD.CA BD?
r.':'

1
BT Suy ra dpem.

Nhién xét. Co 108 bai giai, tit ca déu giai
diing. CAc ban sau day cd loi gidi tét : Ngé Hong
Hadi (9D Nang Khiéu TP Thanh Hoa) ; Nguyén
Khdanh Hoa (9 Toan NK Kién Xuong Thai
Binh) ; V6 Trin Nguyén Loc (9 Toan Chuyén
Lé Kiét - Quang Ngai) ; Vo6 Tran Cuong (8 Todan
- Trdn Dang Ninh - Nam Dinh - Nam Ha) ;
Mai Tiung Son (9 TNK Ha Tinh) ; Ha Thanh
Ting (9 Toan chuyén CII Pha Tho) ; Lé Huy
Bink (9T - Lam Son - Thanh Hda). Nguyén
Long Khanh (9A - Luong Van Chanh - thi xa
Tuy Hoa - PhuYén) ; Tran Minh Hung (9 toan
chuyén Lé Khiét — Quang Ngai)

DANG VIEN

Bai T5/220 :
Cho tam gidc
ABC , ba duong
phan gide trong
ciacdc goc A, B,
C cdt ede canh
BC, CA, AB ciia
tam gidc lan luot
dD, E, F. Chiing
munh ring diéu
kién can va du
dé tam giae ABC

e 1
déu la EJDEF = ZSAB("
Lai giai :
Ta o6 SakF \i E ; Srn
S,y AB " Sype AC

SUrmEE T AR AL b.c
Mat khac BE la phan gidc nénﬁ = Eéhay
AE AB
AE +EC ~ AB+BC
AE ARB [
= a6 - AB+AC ~AEToEe
: Sakr  AE. AF
Do do S4H{': e
bie? be
T {c +a)a +b)pc  (a +o)a +b)
Tuong tu cd :
Spec ab Spne ac

Sope (®+oc+a)’ S (@0 +0)

S+ Sapr ¥ Spec
Do dd - =

Sapc
_ab(a +b) +bc(b +¢) +acla t¢)
i (@ +b)(b +c)(c +a)

Nhu vay S, = i- S, pc khi va chi khi

ab(a +b) +be(b +¢) +ac(a+ec) 3
(a +b)(b +c)(c +a) - 4

edab (@ +b)+be (b+e¢)+acla+ce) =
=3la+b)la+c)b+ec)

esbla-c)+alb-c)l+cla-b=0e
a =b=c(dpcm)

Nhan xét - Giai tot bai nay cd cac ban :

Biii Van Hudn, 9T Chuyén Lac San, Hoa
Binh, Pé Thi Hoa Nhd, PTNK Thai Nguyén,
Béac Thai, Pao Manh Thang 9B Chuyén Viét
Tri, Biii Pang Quang 9A Chuyén Tam Dao,
Vinh Phu, Nguyén Lé Dung 9, NK Béc Ninh,
Ha Bac, Khte Tudn Viét 8A,, Pham Thu
Huong 9A, Hong Bang, Doan Thai Son, 9CT
Chu Van An, Hai Phong. Tran Dai Nghia, 9NK
Phi Tién, Hoang Xudan Quy, 9NK Thanh Ha,
Tran Pinh Ngoc, 9T, NK Hai Duong, Hai
Hung, Dé Hoang Diép, 9 Bé tong Xudn Mai,
Chuong Mi, Ha Tay, Nguyén Kim Cuong 9T
NK Kién Xuong, Thai Binh, Nguyén Minh
Hoai, 8A Chu Van An, Tran Ky An, Ha Thanh
Trung, Bii Viét Loc, D6 Dite Nhit Quang, Dao
Phuong Bac, Dao Phuong Nam, 8A BE Van
Dan, Bé Minh Chau, 9T Chuyén Dong Anh, Ha
Noi, Vii Trin Cuong, Ha Thanh Tudn, Doan
Phuong, Trin Minh Toan, Nguyén Van Trung,
8T, Tran Tudn Cuong, Bii Anh Tudn, 9T Tran
Dang Ninh, Nam Ha, Dam Manh Tuan, 8 ANK
Ha Trung, Pham Thi Théu, 6T NK Nga San,
Thanh Hda, Lé Pinh Tho, DHSP Vinh, Nguyén
Thai Bdo TH cdp II Dién Xuan, Dién Chau,
Nghé An, Pham Thi Thu Ha, 9A, NK Huong
Son, Lé Thanh Nhan, 9A NK Dic Tho, Ha
Tinh, H6 Van Thdn, TH Dao Duy Ti, Quang
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Binh, Nguyén Hita Khanh Minh ; 9/1 Nguyén
Tri Phuong, Thita Thién, Hué&, Vé Tran Nguyén
Ldc, 9T Lé Khiét, Quang Ngai, Tran Tudn Anh,
8T Lé Quy Dén, Nha Trang, Khanh Hoa, Lé Hai
Lang, 6A Bién H6 Pleiku, Gia Lai, Nguyén
Hoang Léc, THPT Lé Hong Phong, Neuyén Qudéc
Minh, THPT Hung Vuong, TP Hd Chi Minh.
vU KIM THOY

Bai T6/220 : Cho trude s6 nguyén {6 p va s6

p-l
nguyén duongavdia <p- 1. Gidsi A =2 a*
k=0

Chiing minh rdng v&i moi udc nguyén té g
claAtadéucdg-1: p.

Lisi giai : Hiu hét cdc ban déu nhan thay
néua = 1thi A = p do dd két luan trén khéng
ding. Vay can gia thiéta > 1.

Cdch 1 (cta ban Cao Thé Anh 11CT Quée
hoe Hué)

af —1
TacdA =——.
(il
Gia st q la wée nguyén t6 ctia A, Khi do
af = ] (moedg) (1)

a? =7 = 1 (modg) (dinh ly Fecma) (2)
Goi b 1a 86 nguyén duong bé nhat dé
a" = 1 (modgq)

Néum € N°maa™ =1 (modg) thim: h.
That vay néu m = ht +3, 0 < 5 < h thi
a’ = a" = 1 (mod g). Trai v6i cdch chon h. Tit
i
—d i ohi

Bai toan duge ching minh néu ta chi rap = .
Thatvayvipi hnénp = hinénp = hhoach = 1.

Néu/h = lsuyraa =1 (modg) - A =p
(modg). Ma A = 0 (modg) nénp: g—=a-1i p
Diéu nay khéng xay ravia -1 < p.

Cdch 2 (cha ban Doan Xuan Vinh 11CT
Quée hoe Hué)

Trué~ hét ta ching minh rang véi e > 1 thi

(a” —1,a" — 1) =alm" — ]

Ap dung diéu nay ta co

@—1,a9"T-)y=alp:¢~7 -1
Tu (1) va (2) suy ra
aP9 1) = 1 (modgq)

Néu(g-1,p) = 1thia = 1 (mnodg). Ly lun
nhu & cich 1 ta thiy diéu nay khong xay ra.

Vay(g-1,p)=phayq-1: p.

Nhén xét : Cac ban sau day ed 1oi giai tot
Lé Huy Tué 10H Vinh Phia, Phan Dite Linh
11T, Phan Bai Chau Nghé An, Ha Duy Hung
11 Trin Pha Hai Phong (giai hai cach nhu trén)
Vién Ngoec Quang 10T Lam Son Thanh Hoa, Vo
Thi Ly 11T Phu Yén, Phan Linh 10T
Amstecdam, Pham Van Quéc 10T Lé Hong
Phong, Nam Ha, Nguyén Chi Dung 10A
DHTH, Vit Duy Tudn, 10A Ha Bac

DANG HUNG THANG

diéu nay va (1), (2) ta suy ra |”

Bai T7/220: Cho{ a,, a, a, a, a;} =
1,3,5,7,9) va {0, 0,0, a0 =

= {~2, 4, =6,'-8, —10}, Chiing minh ring

phuong trinh a x° +a, +ax’ -hu__pc'ﬂJ +ax +
+ag! +axt +ax’ +ag +a, = 0 khong thé c6 9
nghiém thiyc thudce doan [—1, 1].

Lai giai (cha Luu Die Cdnh, 9A THCSNK
Ha Trung - Thanh Hoa ; Pham Minh Ditc, 10T
Lam Son — Thanh Hda ; Kiéu Van Ty, 12A CT
DHSP Vinh va Nguyén Anh Hoa, 10A THPT
Lé Hong Phong — Nam Ha) : Gia st phuong

9

trinh Pfx) = E afxg'""' = 0 cd 9 nghiém thuex,,
X X3 01 ) ;,: ;?, Kgs %y Kh; dd P(x) co thé ducc
viét dudi dang : P(x) = a,, n (xr —x;) (1)

Via_ > 0 (suyra ti g;;i!én : néu gia si
x, € [, 1] ¥i = 1,9 thi i (1) ta sé co

P(l)=q,[[1-2)=02)
i=1
9
Mat khéc, lsics P(1) = >
i =0
+ 7+ -2 44 + 6+ 84+ 100= =6 < 0. (3),

Méu thuin gidia (2) va (3) cho ta Dpem.

Nhin xét : 1. C6 rat nhidu ban gui lai giai
cho bai todn. Khong it ban cho loi gii sai do da
méac phai mét trong cac sai ldm sau :

e Hifu khong ding khai niém "hai tap hop
biang nhau”. Nhiéu ban cho rang ti gia thiét cia
bai ra ta phdicda,, = 2i+1vaa,, , = -2 +1)
Vi=0,4(2) °

& Néu ra va gidl quy8t mot bai toan khai quat
ma bai da ra khong phai la mét truiing hgp riéng !

& Quan niém khéng ding vé cdch tiub si
nghiém cua mot da thide. Khong it ban cho ring
néu ndi da thie Pix) ed n nghiém thi n nghiém
dd phai doi mot khdc nhau !

e Ném khéng vitng cdc tinh chit co ban cia
bt dang thiic. Ching han, ¢é ban cho rdng : Vai
a>b>0thiac =bde=c>d(!?)

2. Da phin trong st cde ban cho 161 gidi dung
déa gidi bai todn theo mot trong hai cach sau :

e Su dung bat dang thiic Cauchy va dinh I
Viet cho phuang trinh bac n.

e 5u dung dinh li co ban vé s6 nghiém cia
da thie va dinh li Roll.

3. Ngoai cdc ban da néu tén trong phan Lai
giai, cac ban sau day ciing co 1oi giai tot : Ngo
Die Duy (12CT Tran Phu - Hai Phong) ; Ngé
Quang Thudt (12A PTTH Td Ky - Hai Hung) ;
Phan Linh (10T Amsterdam - Ha Noi) ;
Nguyén Vi Hung (12D Chuyén ngit - DHQG
Ha Noi) ; Lé Tudn Anh (11B CT DHTH Ha
Néi) ; Pham Van Qudéc (10CT Lé Héng Phong
—Nam Ha) ; Phiing Thanh Ting (10CT Thi xa
Thai Binh) ; Liu Truong Huy (12A PTTH Ba
Dinh, Nga Son, Thanh Hda) ; Lé Hoai Nam,
Truong Cao Diing, Truong Cong Bang (10C,

=(1+3+6+

5
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PTTH Bim Son - Thanh Hda) ; Pham Anh
Tudn, Dé Hong Son, Nguvén Ngoc Hung (10T,
11T Lam Son — Thanh Hoa) ; Trdn Nam Diing,
Nguyén Hdi Duong, Lé Van An, Nguyén Xudn
Son (10CT, 11CT Phan Boi Chau - Nghe An) ;
Nguyén Xuan Twong (11A CT DHSP Vinh) ;
Tran Hiw Lue, Tran Thanh Tu, Phan Duy
Hing (10CT, 11CT, 12CT Dao Duy Tt Quang
Binh) ; Nguyén Pite Thanh, Kiéu Phuong Chi
(12A Héng Linh - Ha Tinh) ; Nguyén Hoang
Giang (12T Trumg Chuyén Lé Khiét — Quiang
Ngii) ; Cao Thé Anh (11CT Qudc hoc Hué) ; Lé
Triéu Phong, Phan Phii Dong, Phan Anh Huy,
Lé Anh Khoi (10A, 11A, Lé Quy Dén - Da
Nang) ; Dam Khanh Hoa, Trinh Ai Quéc (11T,
12T Luong Van Chanh — Pha Yén) ; Lé Quang
Ném (10CT DHTH TP H6 Chi Minh) ; Nguyén
Nhat Nam (12A, Vang Tau) va Thai Minh
Hoang (12T, Nguyén Binh Khiém - Vinh Long).

4. Bang phudng phap cua Loi giai da trinh
bay & trén dé dang ching minh duge khang
dinh khai quat sau : a4

"Cho N€ N*van+1s6thuca,i=0n,

i

théa man didu kién a,y a,<0. Khi dé

fF=u
H

phutong trinh 2 ax"™ = 0 khong thé co n
i=na
nghiém thitc € (—o, 171",

(Ban Phung Thanh Tung da dat ra Bai todn
trén va giai no bang phuong phap si dung dinh
li Roll va dinh li eo ban vé sé nghiém cia da thuc).

5. Co mot ban da dat ra va giai quyét sai Bai
toan khai quat sau : "Cho n € N* va 2n so thuca,,
i = T, Zn, thoa man dong thai cac diéu kién sau :

2

DY a %050, >0vaa,<0Vi=1n

=1

e, =z1,a,, , s2nvaa, < =k

n
Ching minh rang p.t. 2 X
=1
thé cd 2n - 1 nghiém thuye".

Dé thay, Bai toan dat ra la sai ; chang han
viin=1l,a, =1a,=05.

Tuy nhién, theo toi, Bai foan vita néu trén
sé trd thanh Bal toan dung néu ta thay cac didu
kién "'n € N*", "a,, | < 2n" tuong ung bdi cac
digu kien"'n e N[ 1}", "a, _, < 2n- 1" Mot
s0 ban da giai quyét ding m:ji s0 trudng hdp
riéng cua Bai todn ding vila néu.

NGLUYEN KHAC MINII

Bai T8/220. Cho sé nguyén duong n. Xét cac
s ditong x, y, z théa man diéu kién : x+yl +
z- = 1. Tim gia tri nho nhdt cda bidu thiic

x y z ]

- — (1)
BT ot B T

Lai E‘iﬁi (ctia da s6 cac ban)

Xét ham 5 fit) = t(1 - 2" ;£ € (0, 1).1Khi do
Fit)==2n+ D)2 +1 ;ft) =02t = —5——

Non+1

= 0 khéng

n—i

6

f'(t) ddi ddu tit (+) sang (-) qua nghiém nay
vay, vdi0 < x, vy, z < 1, thi:

1 _@+tH2T
ATty 510 ol
1 }[zn+1)3’ﬁ5 L
_v(—l;_ﬁ“) nE X 2n
1 _(@2e+D) *2n +1
2(1-2"% 2n
X ¥ z
Do dd : ek — =
— i _J,,Jr 1 — 22
o2 P R

= +- + 2
x(l —x2y  z(1 —y¥)  z(1 -2
(x> +y2 +27) . (2n + 1) Zrmml__

2n 3
(2n +1) A2n +1

2n
Dﬁu":"xéyrﬂkhivachi khin=1x=y=
1

zZ= ﬁ i

Nhan xét : Nhu vay, tit ca cac loi giai gui
vé toa soan déu mdi chi giai quyét dude mot
phan ctia bai ra : Tim gia tri nho nhat cda biéu
thic (1) dng véi n = 1. Toa soan mong nhin
dudc c4c loi giai hoan chinh cia cac ban cho cdc
trueng hgpn > 1. D6 la mét van dé khd, doi hoi
biét van dung thanh thao cdc ki thuat so sdanh
ddi vai ham 16i va ham 16m trong mot khoang
cho trude. Trinh tu giai dé cd thé mo ta ngan
gon theo cac bude sau day :

1. Tuyén tinh hda : Phat biéu lai bai toan :
Cho s6 nguyén n > 1. Xét cac s6 duong x, y, 2
théa man didu kién : x +y +z = 1. Tim gia tri
nhé nhit ctia bidu thiic

' ANx vy vz

AL e R LAV REIT )

L - I_JZJ 1 -
f

2. Xét ham s6 fit) = l_e“_' ,tE(0,1). Khidd :

t
3

BT . 1 1

e o =R 2 e S e L

Fre) =1 -3 {t”+l}“.n.- Tt
3. Tinh déi xting : khong mat tinh tc‘:’quus‘u_.

[t | e

L e

i
fi

1
frit) = {1 —,e"'rl,-L: 24 (n- )

d | -

[RRR

edth8ceoil >xzy22>0 Vayx = 5 =%

4. Vdai f L%) < 0 thi gia tri nhd nhat ctia T
chi ¢d thé dat @ vi tri euc bién (cd it nhat 1 gia
tri bang 0 (z = 0)). Khi dd, bai toan da cho s&
khéng ca gia tri nho nhat.

Hi vong cdc ban sé cho duge 10i giai chinh
xdc cia bai todn trén ing vai n > 1. Chic cac
ban thanh cong.

NGUYEN VAN MAU

Bai T9/220. Ki hiéu L, 1, [ .;m m, m_ vi
h,, h,, h_tuong ing la do Jﬁi cic dufmg phan
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giae trong, cdac du-::lng trung i‘uyo'n vir cae duong
cao duoc ké ti cae canh a, b, c cila moét tam gidc.
Ching minh rang

i Ilth . 3

i A

i

.’?J. +f

:i- E{J 3 .-2_

Lési giai (cia da
s0 cac ban). Trudce

hét, ta ching
minh nhin xét
sau day Tmng
moi  tam glﬂ:..

duong phan gidc
cia mdi gde nam
frong goc tao bdi
duting cao va dudng
trung tuyén phat
xudt tif cung mot
dinh. Diéu dg cing cd nghia 1a™ Chan duting
phan gidc (trong) cia mot goc nam trong doan
néi chan du’nng cao va chan duong trung tuyén
phat xudt tit cuing mot dinh.

Cd nhiéu cach ching minh ménh dé nay.
Sau day la mot cach chung minh. Dung duting
tron ngoai tiép tam giac ABC, kéo duting phén
giac AP gap duting tron & N, thé thi N la trung
diém cia cung BC va do dé MN L BC & trung
di€m M ciia canh BC, hay 1a : AH // MN. Suy ra P
nam trong doan HM vado dd : AH < AP < AM,
nghia la : h,sl, sm,

Tit d6 ta dI.IUc h,+1, <2m,

Ching minh tunng tu :"1[ +.I

.+l <2m,

Dé y ring : h, +!] = zm, mh =l =m e

Tam gidc A|A,A; can & dinh A,
m m,

hy, +1, 2m}
niia tuong tuy, {‘Qng vé d6i vé cde BDT do, ta duoe

m, m.,_, m.

< 2m,

Suy ra : va hai bat dang thiic

hb t+ ‘J}J i’ ;]_: 53

G ALy m '.-?1“_2_
(Ap dung BDT Cesi cho e ducng)

Déu dang thitc xay ra khi va chi khi tam gidc
la déu.

(Suy tir cac ding thich, +1, = 2m, (i = 1,2, 3)

) n, mn, ny m + mz +m3
\rra bty i g g S | ———— il
mz LR m +m. +m
Nhén xét : 1) Cing cd nhleu ban sit dung

cong thie tinh dutng trung tuyén va duding
phéan g1ac theo céc canh cia tam giac

m, = é'dr—“@? +c?) —a® =

> \p(p —a) (a+b+c=2p)

1, = = +-¢fp(p —a)pe < Yp(p —a)

2) Cach giai nao cing déu phai st dung bat
dang thic Cosi cho ba s6 duong, tuy nhién cich
giai néu trén chi st dung tinh chat (dinh tinh)
clia cac dudng cao, phan gide va trung tuyén ma
théi (h; = . <= m)

3) Cac ban sau day cd 1i giai t6t : Dao Manh
Thang, 9B chuyén Viét Tri, Vinh Phu, Bii Thi
Vian Anh, 9 chuyén toan, Y Yén, Nam Ha, Vi
Manh Hung, 10 chuyén toan, Nguyén Quang
Hdi 12 chuyén toan PTTH Hung Vuang Vinh
Phu, Nguvén Thu Thiy, 10 chuyén todn, Lé
Héng Phong Nam Ha, Lé Quang Tudn 10A
PTTH Ham Réng, Nguven Anh Tudn 7T, Bim
San, Thanh Hda, Dé Hong Son 10T Lam Son, Lé
Huy Binh 9T Lam Son, Nguyén Hoai Nam 10A
Nghi Loc 1, Doan Xudn Vinh 11 toan Quée hoc
Hué, Ta Huy Cuong, 12M Mari Quyri Ha Noi, Lé
Tudn Anh, Tran Hdi Son, 11 chuyén todn DHTH
Ha Noi, Dam Khanh Hoa, 11T, PTTH Luong
Van Chinh, Phu Yén, Nguyén Ngoc Ting 11
Chuyén li Dao Duy T, Quang Binh

NGUYEN DANG PHAT

Bai T10/220. Tim diéu kién ma fif dién true
tam ABCD phdi thoa man dé A’'B'C’D’ la mdét
tit dién déu, trong do A', B', C'va D’ [an luot
la cac diém doi xung clia A, B, C va D qua cdc
mat BCD, CDA, DAB va ABC.

Lui giai

Diéu kién can. Goi H 1a truc tAm cta ti dién
ABCD —DC 1 (HAB)—DC 1L A’B’ (do A'B’C
C (HAB), ma A'B’ L C'D’'nén néu DC N C’Y’
#¢pthiA'B’ 1L (DC, C'D})—A'B’ L (HDC} ma
AB L (HDC)—=A'B’ |/ AB.

Vaytacd DC {D'C" hoac AB fA'B’ (1)

tuong tu : DA // D'A" hoac BC /{ B'C" (2)

DB i D'B" hoac CA /f C'A° (3)

Két hap (1), (2) va (3) ta duge : DC // D'C” ;
DA [/ D’A’; DB /{ D'B’ (*) hoac AB /{ A’B’ ; BC
HEBC CA fiG AL(*)

(6 kha nang niia thyc chit cing tuong tu vai
(*) hoac (*)") (*) —=( ADB, BDC, CDA) € {60",
60°, 60) ; (60, 120°, 120) ; (1207, 60°, 120") ;
(120", 120“ ", 607))

—

_—
THI.( A_DB_ BDC, CDA) = (609, 60°, 60v)
(xem h.1)
Goi K 14 hinh chiéu (vubng gdc) ciia C xudng
mp DAB.__

—

—Yi ADC = BDC nén DK la phan gidc gdc
ADB. (diéu nay ching minh rdt dop gian) ma
DK 1L AB — A DAB can tai D ma ADBE = 60V
—+ADAB déu, tuong tu nhu vay voi cdc ADBC,
ADCA ta c6 kétluan DABC la ti dién déu TH2.
ADEB = 60° BDC = CDA = 120°. (xem h.2),
tudng tu nhu THI1 ta ciing suy dude ADAR déu
—trungtuyén BM ctia ADBA cling la dudng cao
cia tam giac dy —=BM 1 DA ma DA 1L BC —
AD 1 BCM =M 1 DA diéu nay mau thuin
vii su kign CDA = 120° > 90,
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2 truding hop con lai ciing diin dén mau thuin.
(*)’ = AABC déu, ma hinh chiu etia D xudng
mp ABC chinh la truc tAm cia AABC (va cing la
tAm vdng ngoai tiép) nén D.ABC la hinh chép tam
gidcdéu—AABC vaAA'B'C'ed cling trucla DD’
{xem h.3). Goi O la tam cia AABC, dunghé truc
toa dd Oxy nhu hinh vé. Goi N la trung diém cda
BC.Dat ON = 1,0A =2,0D =x > 0—A (-2, 0)
D0, x): B (O -x) ; N(1,0) =
fx
1 i }
Vi D’A'B'C’ 1A td
dién déu cd truc la Oy
nén ta co :
2% O’ =V24'0° (tmng
A do la tim cua
aABC) ma DO =
'c(.::~ +.1)
1+x2

AY
wra.r?

01 ‘\
I

11-\:3

ﬂ!r{?. -I)

2
e=2(xt + 1422 + 49) = 2(16xc* —
Datt =x*> 0. Tacd
£—-182 +81t-8=0 _
Gidirat, =8,¢,=56+Vb4 t;=5-V24
==-J|:l-2\f_x2 V5 + V24, X, = V5 — V24
Vay ti dién DABC phai la mot trong 3 loai

ti dién sau diy :

— Tt dién déu
~ Chdp tam gidc déu ma ti 56 gitta dudng cao h
va ban kinh R cta dubing tron ngoai tiép ddy bang :
h 1 =

S Ey‘ 5+ 2V6
2) Didu kién dii : Thi tryc tiép dé thiy diéu

kign vifa ndi trén diy (diéu kién cdn) ciing la

16x2 +4).

8

diéu kién du (cing cd thé dé dang nhan thay
trong qua trinh dién ta diéu kién cén).

Nhan xét : 1) Chua cd ban nao giai duge tron
ven. Héu hét chi tim duge mot diéu kién du
ABCD la t4 dién déu !

2) Bai toan trén diy la bai todn tudng tu trong
hinh hoe khéng gian cia mot trong 6 bai toan
trong ki thi chon hoc sinh gi6i toan 16p 12 toan
quée, thang 3/1994. (Tam gidc duge thay bang td
dién tre tam (td dién co cde dubing cao déng quy).
Néu khong gici han ABCD 1a tii dién true tam thi
bai todn trd nén phic tap hon rit nhiéu.

Bai L1/220
He vit
dicge bé tri
nhit hinh vé.
Cae vat A, B,
C lan luot cd

khai  lugng
lam,=04dkg ; 8
m, {—— ikg ; l .
my = lkg. | |
Hé 36 ma sat PR (o
gitta Bva C:

= 0,3. Mo

sat gitta C vi san, ma sdt d cac rong roc duoe
bé qua. Day noi khong gidn. Thad tay khoi A cho
hé vat chuyén dong. Tim gia téc mdi vat.

Hudng din giai. Khi hé vat chuyén dong, vat
A vita bi tut xudng, vita bi C kéo theo phucng nam
ngang, vi thé day treo vat A bi léch vé phia sau
mét gdc «. Vidt phuong trinh cha dinh luat
Niuton II cho titng vat, va chiéu lén phuong nam
ngang va phudng thing diing, tacc :

Vi vat A : Tsina = ma,, (1)

-mg=-muay (2)
(T la luc cang cla day)
Véi vat B: T —kmg = m,a, (3

Teosa

Vai vat C : km g = maaqy—>aq = 3m/s 2,

Ngoai ra @, = a, +a, (4). Chiéu (4) lén hai
phuong, cha ¥ dén (1), (2} va (3) va thay s5, rit
ra tga = 0,3 —=a = 16°32". Tt dé suy ra

= 'Ja]_r +ahr = 2,8Tm/s? = .,

Nhian xét. Bai giai cda cac em gui dén déu
khong c6 ddy du dap s6 ding, nguyén nhéin la
khong phan tich di lye tdc dung lén mdi vit va
ndé nham lin trong phép tinh sd

MAL ANH

Bai L2/220. Ampe ké chi 2A. Tinh £, va s8

chi von ké.
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Ra=0 i
Trong hop kin eo :

R s iR =
er =75¥ Ry oo 1 dlén‘tro -R }Q
(y ~ 1 ngudn dién cd

sdd E,va dién trd
N trong r, = 3Q

Hudmg din giai

Vi da khang dinh trong hop kin ¢é ngudn
E, vadién trd R, nén (cha y ring E, khong thé
6 sdd qud 16n) cé thé cd cac truong hgp : E,
mac néi ti€p v6i R va E, mic song song véi R.
Ap dung dinh luat Om sé thay c6 3 trudng hop
sau day

z‘:
I
\4)
v ) 23¥ ﬁ'

E =3

Tf,

2A .r
: % =22V
L-’ ?P’ r

MAI ANH

DERTHIGHONDD %@W@W

MON TOAN LOP 9 HAI PHONG

NAM HOC 1995 - 1996
Thevi gian lam bai : 150 phiit (khong ké chép dé)-

Ngay thi : 26/10/1995 (Sang)
Bai 1 Ton tai bao nhiéu bo ba cdc s tu nhién
sao cho tich hai 86 bdt ki trong chiing cong vai
1 1a 86 chinh phuong.

Bai 2 Giai phuong trinh
|,1:|f:|:-+1 —-x2-3+2/2

i Ko
x| VaZ ¥1 +x2+3 - 202

Bai3Choa <b sevaa +b +c¢ =0.Ching
minh rang bdt phuong trinh ax +by +cz < 0
khong cd nghiémx <y < z,

Bai 4 Cho ngii gidce 161 ABCDE cd canh AB
vudng gde vai canh CD, con canh BC vuéng gdc
v3i canh DE. Chiing minh ring néu AB = AE
=ED=1,thiBC+CD < 1

B 5Phuong trinh x? +eax +h = 0 ¢6 hai nghiém
thuc khacnhau. Chingminh ring phuong trinh
o +ax’ + (b — 2002 —ax + 1 = 0cdbén nghiem
thuc khde nhau. 3

Ngay thi : 26/106/1995 (Chié¢u)
Bai 1 Khong diing bang s6 va mdy tinh, hay
so sanh hai s sau :

3+v5

R s L
NZ +y3 +V5

zﬁn-ia_‘rgrvﬁ

_______________ 4 —-y7
WE VA VT 32 VAT

Bai 2 Hay viét phuong trinh béc hai dang
x* +px +q = 0. Biét ring phuong trinh cd
nghiém nguyén, cdc hé sd p, ¢ déu nguyén va
p+q+1=1993

Bai 3 Da thic Px) cd cic hé s8 déu nguyén
va s6 hang ty do laa,|

Tim a, biét rang |a_| < 1000 va P(19) =

[
= P(94) = 1994
Bai 4 Ta gisc ABCD cd hai duting chéo
vudng goc vdi nhau va cit nhau tai P. Goi M 1a
trung di€m cta doan thang AD, do dai doan

o hinih
thang CM bang T Khoang cdch tit didm P dén

1
doan thang BC hang-— va AP = 1. Biét rang tit
giac ABCD néi ti€p trong duding tron, Tinh sd
tri cua bidu thite
cosar it 1 i 5

T 4 o4 F"E,‘“‘
4sin’e (QSincz 2) , dday « = ACB.

NGUYEN DE
{Hdi Phong)
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PE RA KI NAY
CAC LOP THCS
Bai T1/224 : Tim cac chit s6 khac khong a,
b, ¢ thoa mén :
abbe = ab x ac x 1T
DAO VIET KIANH
i Thdi Bindr)

Bai T2/224 : Choa, b,e,d e Zvam, n € N'
ma m, n khong phaila s6 chinh phudng. Chiing
minh rang diéu kién can va du dé

a+bfm =c¢ +dinla
(88 =
|evm = dVn
DINIL VAN THUY
{Hdi Phiwig)
Bai T:3/224 : Giai phuong trinh nghiém nguyén
x0 +8x3+11x% + 28x + 12 +3y° = 0
NGUYPEN DUC TAN
(TP o Chi Minh)
Bai T4/224 : Cho tam gidac ABC can tai A
(AB = AC). Tt B ké BM L AC. Chiing minh réang :
AM AB, 2
i el 5l
HO OUANG VINH
{Nghé An)

Bai T5/224 : Cho hai hinh chit nhit cd chu
vi bang nhau. Mét hinh ¢d cac canh duge to mau
do, hinh kia ed cdc canh duge t6 mau xanh.
Ngudi ta chdng hai hinh 1én nhau sao cho phén
giao cta chung la mot hinh bat giac. Ching
minh rang hinh bit giac 6 tong do dai 4 canh
mau dé bang tdng d6 dai 4 canh mau xanh.

NGUYEN MINH HA
(Hdi Phimg)

CAC LOP THCB

Bai T6/224 : Cho day s5 | x,}”_ thoaman:
i = i
T
X2 = 2pas—
A 9 Mo =2
IJ-J + 1 T an g

Tim lim x,,.
== +m
NGUYEN THANH HAL
{Ha Nii)
" Bai T'7/224 : Tim tit ca cdc da thie P(x) vai
céc hé 86 thue, thdéa man :
P+ =P (x)+1 VxeRvaPO =0
TRAN XUAN DANCG
(Nam Ha)

10
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Bai T8/224 : Tam giac ABC cd AB = ¢,
BC = a, CA = b Ching minh réng :
a%(1 — Y3cotgA) + b1 — V3cotgB) +
+e2(1 — V3ceotgC) = 0

TRAN DUY HINH
{findr fhinfr)

Bai T9/224 : Cho A ABC, a, b, ¢ theo thi tu
la d6 dai cac canh BC, CA, AB. R, r theo thu tu
13 ban kinh cdc dudng tron ngoai tiép va noi
tiép. Ching minh rang :

o g T B il O TN

=

R 16R2 2
: DAO TRUONG GIANG
(T Tah Phei)

Bai T10/224 : Cho ti dién déu ABCD cd
canh 1a 2 va tam la O. Dudng thang d quay
quanh 0. GoiA’, B, C', D’ lan hugt la hinh chiéu
cia A, B, C, D xudng d. Tim tét ca cdc vi tri cia
d sao cho tdng OA™ + OB + 0C™* + 0D dat
gia tri 1dn nhat.

TRINH BANG GIANG
(TP H Chi Minh)

CAC PE VAT LI

Bai 1.1/224 : Thanh AB trudgt trén hai canh
ctia goe vuéng (Hinh vé). Thanh cd chiéu dai
Déu B chuyén déng vdi van téc khong doi v,
Hay xdc dinh phuong, chiéu va d6 1dn cua véc
to van tde va véc to gia t6c cua trung diém C
tai thisi difém thanh lam véi canh thang ding
mot goe a.

TO GLANG
{fa Ny

Bai 1.2/224 : Mot khung day siéu dan hinh
Yuéng, canh a, khéi lugng m, dat nam ngang
trong ti trugng khong déu theo quy luat

B_r = — X
B,=0
B'z = B, +az

Khung co do ty cam L, khéngbién dang. Ban
ddu, tam cia khung trung vdi gée toa do, cac
canh cta khung song song vdi cdce true Ox, Oy.
Khung dude tha tu do va trong khung khong co
dong dién. Xét chuyén dong cia khung sau khi
tha.

TRAN VAN DUNG
{Thica Thién = Hud)
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PROBLEMS IN THIS ISSUE

For Lower Secondary Schools.,
T1/224. Find three digits a, b, ¢, distinet
from 0, such that
abbe = ab x ac x 1.
T2/224. leta,b,ec,d e Zandm, n € N* and

suppose that m and n are not perfect squares.
Prove that

a+bim =¢ + din

. oY e e

if and only if T

T3/224. Find integral solutions of
equation :

x4+ 803+ 11x2 +28x + 12+ 3y% = 0.
T4/224. Let BM be the altitude issued from
B of an isosceles triangle ABC, AB = AC. Prove

that
AM AB, 2
Ny e
T5/224. Two rectangles with same

perimeter, the sides of one are colored red, the
sides of the other are colored blue, are placed
one upon the other so that the intersection is
an octagon. Prove that the sum of the lengths
of four red sides of the octagon is equal to that
of four its blue sides.

For Upper Secondary Schools.

==

T6/224. The sequence |x JL
L =0

defined by :
T
X = Drta—
- 9) Unl=1 2431,
T L 3']:}4 Tl
Determine lim - 2%
H—=

T7/224. Find all polynomials P(x) with real
coefficients satisfying

[P + 1) = Pd) + 1

]Pm; =0

T8/224. The sides of triangle ABC are AB = ¢,
BC ='a, CA = b. Prove that :
a*(1 — V3cotgA) + b3(1 — V3colgB) +
+ cz(l - ﬁcoth} =0,

T9/224. a, b, ¢ are the sides of triangle ABC,
R and r are respectively the radii of its
circumecircle and incircle. Prove that

S it o e P e e

R 16R?2 2

T10/224. Let be given a regular tetrahedron
with side @ and center O and @ moving line d
passing through O. Let A", B’, C', D’ bhe
respectively the orthogonal projections of A, B,
C, Dond. Find all positions of d so that the sum

0A’ + 0B + 0C™* + OD™
altains its greatest value.

YxeR,

Giai thoai tedu lpe

0 e

Chuyén ké rang, vao mét ngay chua xda, chua
xua c6 mot nha todn hoc va mét nha vat 1i.
= Thua ngai — Nha todn hoc héi - Ngai sé

lam gi d€ dun s6i duge mot Am nude, néu trude |

mat ngai la mdt chiée &m réng khong va mat
chi&e bép ga nguoi lanh ?

~That don gian | - Nha vat i tra lai - Trudc
hét, cin do nudce vao didy &m, sau dd phai cham
lita cho bép ga, réi dat 4m nudc 1én trén bép ga
dang chay.

- Rét ding ! Va bay gid, ngai hay giai tiép
bai todn sau : "Co mot chiée &m dung diy nude
nam canh mét chiée bép ga dang chay. Hoi phai
lam gi d€ dun s6i duge &m nude ?"

dibilies

- 0, diéu nay con don gian hon ! Ta chi viéc
dat Am nude lén trén chiée bép ga, thua ngai !

- Khéng phai thé ! Khong phai the ! - Nha
todan hoc thot lén - Trude hét, ngai ean tit chide
bép ga dang chay, tiép theo phai dd hét nude ra
khoi Am doi cho bép ga ngudi lanh va khi dd ngai
sé di dén tinh hudng ban ddu ma ching ta da
biét cach giai quyét. ..

Nghe noi, chinh tii cau chuyén trén ma, ngay
nay, khi dua mét bai toian mdi vé cdc bai todn
da duge giai trude do nhitng ngudi lam toan
thudng dia ma bao rang, ho dang ap dung
"nguyén li cdi &m dun nude”,

N.K.M. (suw tam).

11

https://tieulun.hopto.org



hitps:iwww. facebook. com/letrungldenmath

hitps:iisites. google. com/siteletrunglienmath

A

Cau 1. (Bulgari) Cho A, B, Cva D la bén
diém phan biét trén mot duong thang va duoc
sap theo thit iy d6. Cac duang tron duing kinh
AC va BD cat nhau tai cde diém Xva Y. Duong
théng XY cét BC tai Z. Cho P la mét diém trén
dubng thang XY khdc Z. Duimg thang CP cdt
duiong tron duong kinh AC tai Cva M, duong
théng BP cat duéng tron duong kinh BD tai B
va N. Chiing minh réng cdc duimg thing AM,
DN va XY déng quy.

Giai (Nguyén Thé Phuong).

a) Xét truonghop P2 X, P # Y.

Do XY la truc dang phuong cla hai duong
tron _ dugng  kinh AC va BD nén
PM . PC = PN .PB(1)

Déng thai XY L AD kéo theo £ PZD = 90°.
Gidst AM N XY = {K}. Vi M nam trén dudng
tron dudng kinh AC nén £ AMC = 90” va
£ KMC = 90° Vay £ KMC = £ KZC = 90°.
Suy ra bon diém K, M, C, Z cung thuéc mot
duong tron (goi duting tron dd la (v)).

Ta cd : g 1 A i

5’{ P."’[Ll;l} =Pz BC. Sal Pf(u)} = PK . PZ

SO% Py % o AR,

EM .PC = PK _PZ (2)

Tuong tu, néu DN N XY = {K’} thi

PN.PB = PR.PZ- . '18).

Tit (1), (2) va (3) tacd PK . PZ = PK' . PZ.
Do P # Znén K’ = K. Vay AM, DN, XY d6ng quy.

b} Trutnghop P = X. Khidé M = XvaN = X
Do vay AM, DN va XY dong quy.

¢) Truong hop P = Y duge xét tucng tu b).

Nhan xét. Ca 6 ban trong déi tuyén déu cd
10i giai ding va déu dat diém t6i da (7 diém).

Cau 2. (Nga) Gid sit a, bvi ¢ la edc 6 thie duong
thoéa man diéu kién abe = 1, Chuing manh rang

1 1 1 3

Ph+o) Bt @+ 2

eHa +b_j o B
Giai (Pham Quang Tuén).
1 1 1
Dat'& =il poT B FT z, thizx >0,y >0,
z > 0, xyz = 1. Theo bat dang thic gita trung
binh cong va trung binh nhan thi

e s
x+ytz= uay_Fz_ TR ey
Khi dé bt dang thiic cdn ching minh ed dang

2 pa 2 3
b g zok i S ahy 2
Khong mét tinh tdng quat co thé coix 2y 2

ey y z
zz>0 Khidd: +z;z+xax+y>0'

Do vay, theo bat ding thic Trébusép thi

12

L1 G CC Bl T0AN THI LYMPC 704N GU0 18
LAN THU 36 TAI TORONTO (CANADA)

-

2 x+y+
e e VT e ( A -:" _Z) %
R R S e i 3
D S £ 3 3 3
x(y+z z+x x+y,} E

Dau dang thic xay ra khi va chi khix =y =
=z=1lhaya =b =c =1 Nhan xét. Da st cic
ban trong dai tuyén déu dp dung bit dang thuc
Co-si dé giai bai nay va déu dat di€m 15i da.
Mot diéu dang ngac nhién la cd rit nhiéu hoe
sinh ctia mét s6 doi tuyén manh da khong giai
duge bai nay.

Cau 3. (Czesh). Xac dinh 1l ed cdc s6 nguyen
n > 3saochoton tgin diém A, A,.., A trong
mdt phdng va cde sé thue ry, Ty T, thoa man

hai diéu kién sau
(i) khéng cé6 3 diém
Ay Ag,eny A, thang hang

nao irong s

(i) Vai méiboi, j, k(1 <i<j<k<n)caclom
gide AAA, cé dien tichbangr; + 1, + 1.

Gidi (Dao Hai Long).

Ta thdy n = 4 théa man cac tinh chat (1) va
(i) cua bai ra. That vay, chi ean chon 4 diém
A, Ay Ay Aglad dinh ctia hinh vuéng canh

1 va bo 4 sb Fil —é,j = 1,2, 3, 4. Ta ching

minh n = 5 khong théa mén cac diéu kién cua
bai toan. Ta thiy ngay, chi cdn xét trudng hop
n = 5 la du. Ta cd cdc nhan xét sau day.

Nx 1. Néu 4 dim A, A, A, Alad dinh
cla td gide 16 AAALA, thir, + r, =1, +r1,

That vay, theo gia thiét, 1t hé thic (xem
hinh vé)

Ax

AJ

A{'. Ae
s(AfijAk} +s(AAA) = s{AﬁjAl.) +5(AAA)
tacor +r}. Hp HrorkirpRr, =
=l - A S TR
Hayr,+r=r tr,

https://tieulun.hopto.org
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Nx2. Néu A, nam bén trong tam gidc AAA,
thi 3r, +r; +r}- +r, =0

Ta co
SAAA) +S(AAA) +S(AAA) = SAAA)
Hayr,+r +r+ r+ rj+ rtnt rj+ rp=r+ ":|'+ T
T day ta ed ngay hé thiic edn ching minh.

Trd lai bai toan

Xét bao 16i cia 5 diém A, ..., A;. CG cic
trudng hop sau day :

1) Bao l6i la tam gide AJ'AAF_LAQ con A;;, A
nam trong tam giac dé. Theo Nx2, thi

3r, +r, + ) +r‘-q =0 (1)

1 i 1
ar. +r. +r. +r. =0 (2)
2z El 4 §
(1) va (2) kéo theo
Brjl + 3er +'2i-;-_‘| + 2'.!':-d &+ 215-.i =0
va ddn dén diéu vo li sau
S(AilArAAr',) + s(ArlA,-ﬁ!-4} L S(AE,A:',A:}) i+
+5(A, A A ) =0,
k3 | 5
2) Bao 16i la tif gidc A, A, A; A, va A, nam
PR IR !
trong tif gidc dd. Khéng mét tinh téng quat, coi
A, thuéc A A A; A, . Khi do theo NxI1,
1 iy = i
r{l\ X rj_ = ri', + L

Pl e —Apethp

1 8 3
3) Bao 16i la ngu gidc A\ A A A A Do cdc ti
gidc A|AA Al va A,AA A Ta tit gice 161, nén

rotro=ry +r5

Nap =r
r'l—f"

SiE = F
et I >
r2+r4—r3+r5 =

Tuong ty, sé ed
0 et i S

Vay 5(AAA;) = s(AAa,) = s(AALA )
va A;, A, A, thang hang (v6 li). Két luan : n
= 5,

Nhén xét. Cac ban khdc trong déi tuyén
déu gidi theo phuong phap tuong tu. Ban Cao
Van Hanh dat 5/7 (vi xét thieu trudng hop), cde
ban khae déu dat didm tdi da.

Cau 4. (Ba Lan) Tim gia tri lon nhdt ciia

x, dé ton tai day cac s6 thuc duong
Xy Xpsooy Xyggs théa mdn 2 diéu kien ;
X, = X495
i) T G ij + — udi moi
X.

e | e
i=12, .. 1995. :
Giai (Cao Van Hanh).

Xét day { x;} /7% thda man ca hai diéu kién

(i) va (ii). T gia thiét

1
it o 80d 2 +—Vi=1,2 ., 1995
- x;
1
I, = E .I!-__I
suy ra 1 Yi=1'25"71995
x

L=l
Ta sé ching minh cong thic
x; = 2l
WEA At Lo b0 L oed = 1] 6%)
me{-1,1}, ¥i=1,2..199
1

Liv)= gk
5 1
gy = x_!
= 20 L = 2%
=
x; 1= 2na~u—ml =M gt
Tir gia thiét quy nap
nr' e -l ,_i+1,_..,i‘_1
m, e —1,1
L
suy ra

REL R e e B TR 2
m i, €{=L1}

Vay khang dinh ding vaii + 1.

Datj = maxi| i=1,..,1995;x; = 4 S
Dé& y rang chi s6 j luén luén tén tai. Ta xét hai
kha nang

1)j=1995: Khiddx, o9, = 2w ! = x
Vay x2 = 20199 < 219 hay x & 2997 Déu
dang thic xay ra khix; = 27, Vi = 1, 2, .,
1994 va x g, = X0k,

2)j < 1995 : Khid6 m pes = 1vas6lan d6i
o My oy Mgye |4 mot s8 chan
(tdc la tén tai mot s6 chan cac cap sé x; _ ),

ddu cia day m

i =1,..,1995'sa0 cha 'z, ='x71 ).
: A

Néux, = Xio

: 1

&, connéux; = 5 x; - thin; _ van;khéctinh

chanlé. Doddn  va 1 995 khdc tinh chén 1é, diéu

thin, _, van; cungtinh chan

dd méu thuan véi gia thist Hohond 2”"’{”36”
(n995 = n, = 0). Vay kha nang 2) khéng xay ra.

Két luan : Gid tri 16n nhét cia x, bang 2997,
Nhan xét. Cdc ban khac déu giai theo phuogng
phdp tuong tu va déu dat diém tdi da.

Cau 5. (New Zealand) Cho ABCDEF la mot
luc gide 18i ¢ AB = BC = CD, DE = EF = FA
va BCD = EFA = 60°. Cho Gua H la 2 diém

13
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ném bén trong luc giae sao cho AGB =
= 120", Ching minh rang
AG +GB+GH+DH +HE = CF
3iai (Nguyén Thé Trungh.

Ta chiing minh B8 dé sau : Cho tam gidc déu
ABC noi tiép trong dudng tron tam O va M la
mét diém trén cung nhé BC thi MA = MB +
MC. That vay, ldy N trén AM sao cho MN = MB
thi BN = BM va £ ABN = '£ MBC. Suy ra
AABN = A CBN.Vay AN = CM vadodd AM =
= AN +NM = CM + BM. Trd lai bai toan :

TuBC = CD £ BCD = 60"suyraBD = BC =
= AB. Tugng tu, tit EF = FA, £ EFA = 60"suy
ra AE = EF = DE. Vay BE la true d6i xdng cla
i gidge ABDE. Lay K d6i xing vai C, L doi xiing
vdi F qua BE thi hai luc giac ABCDEF va
DBKAEL la anh eda nhau qua phép dai xing
trén va vi vay KL = CF. Vi AKB, DEL la cav
tam giac déu va £ AGB = /£ DHE = 120" nén
theo BG dé trén thi

KG = AG+GB, HL = DH + HE.

Do do AG+GB +GH +DH + EH =

= KG+GH+ HL = KL

hay AG+GB+GH +DH+HE =z CF

DAu ding thie xay ra khi K, G, H, L thing hang.

Nhan xét. Tat ca cac ban trong dai tuyén
déu giai dung va bang phudng phap tuong tu.

Ciu 6 (Ba Lan) Cho p la mét 86 nguyeén td [é.
Tim sd cac tap con A ciia tdp hop fL ey iy 2p} :
biét rdng :

(i) A chita diing p phén ti

(ii) Tong tdt cd cac phén tu cia A chia hét
chop.

Giail (Ngo Dac Tudn).

Voimbi =1, .., p, dat A, = {(a) ", a,)
khong cd thi ty vii a, € {l, 20T,
a + ..+ ay chia hét cho p va trong bd
(A, al‘} co ding mot 86 xuét hién i 14n, cac
56 con lai xudt hién dang mat lan}.

Khi dd A, chinh la tip con A eda {1, ., 2p}
thoa mién (i) A chda p phan td

(i) tong cac phan tif cha A chia hét cho p.

Ki hig¢u

A, la tap nhan ti A, bang cach trong méi bo
fEg, ﬂﬁ}} loai [ 56 giéng nhaw,i =1, ..., p.

A la tap nhan tu A, bang cich trong moi bo
(B ey ap) loaii — 186 giong nhau,i =2, ., p.

Khi do

L
LA} + 1A .l =2(p )i=2

==L

DHE =

p il
2p (1)
p[ﬁﬂ + |A2| = Z(P "'i) i=1
That vAy, xét cdc bd (khong thd tu)
(b -5 b, 2B T ey % Dat
TR R bp_l.K'ni d6 ton tai duy nhit
0 < r < psaochos +ir = 0 (modp). Do vay, néu
thém vio bo (b, .., bp )i st rhodcisép +r

thi ta sé duge mot bo gom p 6 ma

14

(i) mdi s déu thude {1, 2 ., 2o

(ii) tdng cia p s chia hét chop _

(it} 6 ding mét =0 xuat hién i lan hoaci + ]
lin, phu thudc vao viée ton tai hay khong tom
taij {1, .., p~1}dé hj = 'r hay b_l < i
cac €6 khae chi xudt hien ding mot lan. Sau
phép toan f nhu vay thi cac bo déu sé thuoe
A U A, Baygiotatinhsolapcia cac bo sau

: h

phép toan f : ’ _

1) Vaii = 1 thi méi bo thude A, duge lap p
Iin, cdc bo thudc A, chi lap 1 1an.

2) vai i € {2, ... p - 1} thi cac by déu lap
ding mat 1an. J

Vi vay s6 bo sinh ra nhd f khong vugt qua
téng sé phan ti cla né nhan véi s0 lap

2 ;
2 p.j s plAl FlAl 1 = 1
| r] ;'?" 1/ - ' L*‘I

2 (p EJ = A+ AL E!?i:'_z. 1
Han nita, cac phén tir ctia A, va A 7| déu

gom p - { s8 doi mot khae nhau nén maoi bd so
xudt hién trong A, va trong A, | khong qua 2

lan. Vay
Al + 1A “5*’3(]:,_1)

L — 1p1‘.\[| i =.1
Pk g fera’ u
i s 3 exeediicy

2‘:;}—‘1) E |‘l"‘i| +'r’\-.+;l“:'2.-- 3B ord
nén .. (*#)

2p Y :
2 l:.pfi-] =plA [+ [Al T =1

(*3 va (**) cho ta (1). Vay

Al + 1A =dA] + 1Ay +..

£ 2p

¢ o ) o +1 :

i b nr by ||+mpl)--_},1( W2, )
=

Pl iy

o - il e LN P

Do p 1é nén p| A | lAF]I.—-ZI{ 1)i j[p—iJ

Do |Apl = 2pnén s6 tap con cén tinh bang

1 prl 2p
|A,l EF(ZP fg,l(—l)' 2 bihos)i)
Dé y rang
Pl
L 2p 2p
Ly A= s
Eigl{ b {]3 -1/ ( p)
Do dd s6 tap con cén tinh bang
2p,
1 L 2p, ( P ,J e
|A,I=5(2p*( & ~2) =

Nhin xét. Chi oo hai ban Ngo Dae Toéin va
Dao Hai Long giai dude bai 6.
NGUYLEN VAN MAL
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Ta da gap cac bit tdng quat nhu bat ding
thite Cauchy, Bunhiacopsii, Becnuili, Jensen,
Trébusép, hém nay ching toixin gidi thiéu cdch
md rong mot 56 bat dang thic tu cac bai toan
thi vio dai hoc cac tinh mién Nam.

Baiso 1 : Choux, y, z € [0, 1]. Chiing minh
bat dang thie

(2 + 2 + 292 + 277 + 290 8?1

(Dé thi vio DHBK 1990)

Lani giai

Data = 2% b = 2¥ ¢ = 23 bat ding thiic phai
chiing minh tuong dugng vdi :

(@ +6 +e)lla + 1b + lje) = =

8
Frad s = [ R
Xét tam thiic flx) = x° - 3x + 2 o nghiém =6
1,2.Via, b, e = [1,2] nénfla) < 0:fb)'<0;
fie) € 0. Suy ra

vidi

a’t -3 +2<0=a %% < 3
b2 — 3 +2 < 0= b+ 2 < 3=
r.-‘l—ﬁc+2£ﬂ==-c+2-'c$3
i 2 2.
+ + (= +< 42
(a b c) (” b + c\r =9
Theo bt dang thic Cauchy ta cd
2 2 2
9 a%a +b% o) ¥ (=2 8y o
(a B SN 5
A 2 2
= 2 b et =
}j(a C}{a+b+c}
V:fa_i,; ta ca
. 1 81
-} Foey— 4+ = - -
(a !J-i-c_ufa+h {'{.}5 g

Ta cd thé md rong bai todn trén nhu sau :
Bai s6 1': Cho n s6 duong
minh bit ding thic téng quat sau :
(€ +er .+ ™ +e™ +. 0y =
il Sl
At i
Lai gidi

Datt, = e'ithi t, € [e*, ") Mx Ela,blvac>1,
bat dang thiic phai ching minh viét lai thanh

(ty + ¢ +._.+tn)(—i—+-i— + .
2 Rk
|'J+ h 2
" [n(c® +c™)]

"1C”+b

i
t“

Xeét tam thite flx) = x2 ~ (e* + P + 670 o6 2

nghiém s6 1a ¢, ¢, ma ¢, € [c", "] nén fit) < 0
Vay ta cd bt dang thie £7 — (¢? +e")t,+¢4% < 0

i ; nam trong
doan [a, b] ¢ la mot 58 duong 1om hon 1. Chiing

Dinh cho cac ban chuan bi thi vio Dai hoe

MO RONG CAC BAT

DANG THUC

PHAM TAN PHLIGC
fPhu Khanh)

|
s +h 5
Vit, = 0 nén ta suy ra tHc? J)g < (e9+c?)

i
khi i thay d&i tit 1 dén n ta cd dudc n bdt diang
thie edng titng vé n biat dang thie ciing chiéu
do ta sé cd
l:(.'rl +otat +(.rn)+c;1 fﬁ:(cﬁrl +l’.‘_'r_'+..['!_'rn}5£n(_,'“ -i—h{ 1)
Theo bat ding thic Cauchy cho 2 s6 duong
ezt k¢t DE ¢t (e TN FE 2 e lta
co2V(ctitet it ) P (e +e L+t Ya) <
(et +etn) + AP e e T+ e ) (2)
Tt (1) va (2) ta sé cd
dlctu+ 2% + ..+ gh)H
X (™ + e L o) € [r(edt™))?
Vay ta dudge bit ding thiic phai chitng minh la
i a2
(e et e, el s Ln(;%fgi
Bai s6 2 : Cho 4 duun§ a2, 6, ¢ théa

_..‘.E__ + ._1_ _1_ + T 3
1 +ea 1+b6 l +¢ l +a =

Chiing minh bat dang thic abed < 81

Lai gidi

Fad ] il
Tii gia thigt ta Seln e

1 ol 1
5 AT SEG T 5T Jong
i 1] i d

=='1+.-::,':a" 1 +C+T+_.'1f

=1

1 +b
Theo bat dang thitc Cauchy cho ba s6 ditgng
b c d

S el

1+6> T+c? Tt
Sy R, S & VL_-E‘_ d
V 16 1+e Ld.
3 bed

fthe ekt
T

I+e
cad

(L +a)(l +d)

Nén

Tuong tu e > 3

L+b (l.+e
2ld.0. ,]3 - abd
L+c¢ = Y (A +a)(1 +6)(1 +d)
ot e = gl abe
1+d = ¥ (1+a)(1l +b)1 +¢)

Nhan ting ve 4 bit dang thic ciing chiéu va
cung dugng trén ta cg
1

Ity +b)y(1 +od +d) =
. abed
2 (1 +a)(T+6)(1 +c)(1 +d)
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Suy ra bit dang thic phai ching minh la
abed < T

Mo rong dé toan va phitong phap ching minh
Bai 56 2" : Cho n s6 duong x, théa bét dang thic:

!
=n -1

5, 1 +x;
Ching minh bit dang thl.’rcl

% PEa Bl S =1y
Lot gidi -
Tit gia thiét ta o
1 * 3 % Ty
1 +x, Yok . o ek 2
Theo bat dang thic Cauchy cho n-1 s duong
s Xy x

(] .
taco:

—F _-—-! O Y
1 +x; 1 +x,

12 I3 xn
T

[— e m——r——— =
1+ x, 1+ Xy 1P s x,

n 1 1\12 x3 x,
i s ) A T MR T E

DatA=(1+xMl+x,) .. (1+x)B=x .x,..x,
; ] t-tl +I]_
Vay ta co 14z, z (n—1) \i Txl
1 n4l +12
Tuong tu 1+, = (n—1) \’ T_x"-——

nl +I1) 1
Ax

ntl +I"
Ax,
Nhan titng vé n bat dang thic cing chidu va
cung duong trén ta sé co :

z (n—1) i
1 +x, 3 "

z2(n - 1)

1 T+ )(]-hrz) (T+x,)B”

;{n""l}” e
A okl B L

1 B 1

Va =(n—-1"—-—=08B=<

.YA ( ) A (n _1}},
Bai s6 3 : Cho 3 s q, b, ¢ thude doan [0, 1].

Ching minh :
a b e .

1JIb+.|::+1 c+ag+1 atb+1

(L =il 8L — 0 & 1
Lasi giai

1) Khéong mét tinh chit téng quat ta cd thé
ia s a la s6 16n nhit trong 3 sb a, b, ¢. Theo
gltdéngthttc Cési cho 3 s6
1-b,1-¢ b+c+ltaco
]—b 1—cb+c+1 <
}( ){ + b +)|:' =

= 5

)=l

= (1-a)(1-86)1 —¢) = b+c+l‘v’ﬁy
a R b C %
b_' +1 c+a+l a+b+1
+(1 —a}l —b)1 —c) =
16

% ] b [ TS l-a

bte+l “eta+l " ath+l bHctl
Trong cac miusdc +a+1,a+b+ 1 l4n lugt thay
ahﬁngb ctasecucacméusonhohdnsuyra

a 2 b Fd ¢ l—a

Fhcir | ool g Rew1d b +o41 T

LHE b L E—ﬂ_ i
Brea] ” bl e hhet

Mé rong dé toan
Bai 3’: Chonsda,,a,..a_ € [0, 1] Ching minh:
= P

- +. +
a, +a3+,,,+ a, + 1 a, daidamn +a| +1
a!!
+ +(1 l4a,). . (1—a,)=1
apha,+..4a, _ +1 (E=EN 2)-(17a,) _
Lai giai

Khéng mat tinh chit tdng quat ta cd thé gia
st a, la sd ldn nhdt trong n s6 a.. Tuong tu
nth cdu 1, theo bat dang thic Cdsi cho n s6

B l—a a,+o,+.. +a_+1taco
(1- a)(l a) " (a +a.3 wta +1r=1
= (1%- a}i’] o) a1 ay <
1-a,
(az+a3+...+aﬂ+l}
Vay tg cd bit ding thiic
1

ay
L
a, +a, +..ha +l . gytidhm ey +1

ﬂ!’!

a +ta,+...+a,_ +1
a a
1 4 2
a,ta,+.+a,+1 a,+..+a, +a, +1
a l—a]
ALK " g
“1+a++a:1+1 a, +..+a, +1
Trongcac mausda, +a,+. +un+a1+]
a,tas+..+a +a +a,-F)'1 n +ﬂ-'\+ ta ]+1
14n Iu‘ﬁt thaya bil‘lgn2 a, ta’sé co cac mAu
s nhd han vacungbanga +ﬂ -l[’ +a tlsuyra
£
a, +.+a,+1

E”

a|+...+an_|+l

" 1 it

g+ Ya, B, L
a, a5
+ it

+ kg o+ ] ay +...+an+az+1
a, 5 1 —a

B Patel P gy A+
Cac dé tmin dé nghi

Bai 4: Chonsda, € [a, £ vai Z: =R
=1
<sk(a+p)—na §

A= T "
va b cE[a,flviia =0va
dng minh .

e 2a

= ot

=

+..+
a,+ T a, +a, +1

+(1 —a)(l +a) . (l —a) <
{l1—e,) <

+.+

o6
= 1

Ching minh Za?

Baisd 6 :
a+tb+c=k
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Poc inh tim 05

T T KO THECNRENGTEK CHATBE 4 4 14C i

Trong bai bao "MOL tinh chit dep clia da gide déu” trén tap
chi "Todn hoe vinudi tré” s6 214, lhAy Wi Qudic Ludng da dua
ra mat tinh chat ril nhay cta da gide déu. Tuy nhién, cich
chiing minh d& din dén két qua con hai dai. Sau day, 16i xin
duta ra mdt chch gidi ngan gon va don giin hon,

Xét da gide déu A4z Aq noi tidp (0 : K). M 1a didm di
déng trén () ; R7),

n
Taco: E a"H'.fI;l

N = — 4
= > (MO + O0AF = .,
i e

+4

IIM:

MO . OA)
1
+ 3 s o ey
=R+ R +0 +4Y (MO.0AY
=

n
= n(R* + RV + 4R°R* Y (—cos MOAY
1=1

n
= (R + B + arR? E cos” MOA;

2] - — — Sy
=P (MO’ + 04% + M0 _0) I i=1
= A . e
4 - Lorg g & DatAa = E cow” MOA,
= a((R* + R + 23 MO . 04; | ] = Ag-1
e )" = MOA
¥ — — A A - -
= n(R* +RY) + 2M0 304 . " ol (a+ 25 ) -, \
i= e 3 - H R S T . e |
] Lt —_ —; . ——— 4 {4' [ \\\“-\‘;;
ViAo, An la da gide déu = E Ay =10, MiAy = (u L T] R v 5 7
i=1 LT 4
n LY r = A i
. Fizo E i — it Ny el
Do dé Z,] MA? = n(R® + RY (%) sy [,r,,{,: x ”"T]' - R
“Tinh chét trén chi e dda gidc déu hay con nhiingda gidckhing S I
déu mé vén ca tinh chit nay ? =4 = E cos” {r.': T, '—).
Xétda gidc B182.. Bo ndi tidp (O ; R), M 1a | didm di dong = i
n : R S # i A= 2
wen (O R). Taco: > MBl = D (MO + OB’ A==+ cos2(m +i . —
o H
1=1 =1 = F=1
4 — L n—1
=+ Y+ 2m0 N 0B, B B S gy S
.gl e DaLk = E c\n.ﬁlt.u Es }

i ]
> MB] khng déi khi v chi khi
I=—il' j: -
MO OB, kiving i
i=1
n

=Y 08 = 0.

n
Khi d6 > MB! = n(#" + R). Ré rang da gic B182... Bn

1=1
n
chi cin thda mén didu kign nii tidp (2 ; Ryva E of; = thi
1=1

cling ca tinh chil (*) & rén

Chic cie ban ciing da ing gip bai 1an sau ;

Cho tam gide déu ABC noi uép (0 ; Ry M i 1 didm tay ¥
thude (O ; r). Chiing minh riing i

MA s MB'+ MC' = 37+ R) 1+ 6RH2

K&t qua bai todn trén 1am 10i tin ding da gide déu 443...
An con ed | tinh chit nida tuong ( tinh chit (+).

Xt da gise déu A Az, An ndi GEp (CF; B). M 14 1 didm di
déng trén (€2 ; R

n
Tach: E MA]
Ti==:

n
>R+ R+ 0. 04y
i=1

n
= > Mo + ) =

1=1

3 2.7 v P, =
= nR* RV HRP+RIMO Y 0A; +

=1k
2n I
=i — . B = 250 — oos [ 20 + 1.
i E‘ n l:

i=n

4,

=

2 ks
sin[Brx t—@+nl +sin[2r: e M

4

_'in['zn; +T. (2{::— (e 1)] —sin(?u —2:—:} -
Hiﬂ(Zx: = “%) _'“'m(zn _%J
=)
=R =1
_H
=3-A—E

n v
Vay D, MAY = n(R® + R + 2R
=7
Ta ¢ dinh 1i sau diy :
= H
- Dinh li: cho da wide dfu ALAZ AN oaie p (0 - M B
il

Udid ey thuede (0 RO) Ta ed 2 MAL o héing sd k khirg
ddi, khdng pha thede vi i cia M. :
k=n(R+ R+ mR°R?,
Tinh chiit trén ed phéi chi ding cho da gide déu hay khong
hay con nhifng da gide khing déu méi viln oo tinh chit do ?
Rt mong cie ban cing i xem Liép bii todn nay.
Nguvén Tién Thang, lép [iAl,
trrecery PTTH Chu Vi An. Ha Né
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Giai ddp bai

-

CO NHUNG DA GIAC NAO

Ta ¢6 thé thdy nhiing da gidc nhu vay chi 1a tam gidc va ti gide.
Tam gidc : Chi cd thé 1a cac tam gidc vuong can. Khi do cdc
x duting chia tam giac ra thanh hai tam giac vuéng can nho hon
N chinh 1a cde dudng cao di qua
dinh ctia gée vudng ciia moi tam
gidc vudng can to (Hinh 1).
S& dung chia nay la vo han. T i | =
Tir gidc. Chi cd thé la cic ‘
hinh chit nhat ma chidu dai ‘
bang chidu rong nhan véi N2
(Day la hinh chit nhat vang). e sl
Khi d6 cac dudng chia doi hinh chit nhét to (theo chiéu rong)
sé cho ta cdc hinh chit nhat con déng dai véi hinh chit nhat to
(Hinh 2). H 2
S8 dutmg chia nay cting 1a vo han

VI HOANG THAI
CAT HINH CHU NHAT
Hay cat hinh chit nhat kich thude 9 x 16 thanh hai manh déu nhau sao cho khi ghép hai manh

nay lai theo cach khée ta duge mét hinh vudng
PHAM HUNG

4 w

NHONG DIEU CAN CHU Y KHI GUT BAI CHO TOAN HOC VA TUGI TRE

o Bai viét trén mét mit gidy, sach sé, khdng qué 2000 chd. Hinh vé di kém
véi bai viét. Bai chi gui1 1an.

e Né&u gUi dé ra xin gui kém I0i giai. M&i dé (va 10i giai) viét riéng trén 1 to
giay. ;

o Mbi bai gidi viét riéng trén mét to gidy. Néu bai dai nhiéu trang thi dinh
chling vao nhau. Trén méi bai déu ghi ho tén dia chi ddy du va s6 clia bai. .
Ngoai phong bi dé ré bai gidi ciia s6 bao nao. Khdng gui bai cla nhieu |

s8 bao chung 1 phong bi. Chi guli vé 1 dia chi : 45B Hang Chudi, Ha Noi.
e Anh gliinbao 1&d &nh mau co 9 x 121rd lén.
TOAN HOC VA TUQI TRE
L .

[SSN : 0866 - 8035  Sap chit tai TTVT Nha xuit ban Gido due

Chi s6 : 12884 In tai Xuéng in Nha xudt ban Gido duc Gid : 20004
Ma s6 : BBT26M6 In xong va nop luu chiu thang 2/1996 Hai nghin dong
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