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TOAN HOC VA TUOI TRE
NHAN HUAN CHUONG
LAO PONG HANG NHI

Sdang 27.12.1995 tai Hoi truong chinh
Nha xuit ban Gido duc da dién ra L&
don Huin chuong Lao dong hang Nhi
cua Nha nudc trao tang cho tap chi
Todn hoc va tuoi tre. Hon mot tram
dai biéu clia B Gido duc va Pao tao,
Vien Todn hoc Viét Nam, cdac truong
dai hoc va Vién nghién cuu, cic Gy
vién Hoi déng bién tip, cdng tdc vién,
dai biu clia Nha xudt ban Gido duc
cung dai dién cdc bdo. dai di vé du.
Cach day 11 nam tap chi cling di duoc
nhian huan chuong Lao dong hang Nhi

cua Nhd nudc ghi nhin nhing thanh

tich trong 20 nam dau tién ton tai va

- - A k] ’ ~ A" ?
phdt trién cua Todn hoc va tuci tre.

Lan nay vinh du lai dén véi can bo,
bién tip vién va cong tic vién cua tap
chi. Piy ciing la mét dau an dang nhd
trén bude duong déi mdi cua tap chi,
dac biét 1a nam nam khoi sdc gin diy.
Toan hoc va tuéi tré cling tu biét minh
con phai phin dau nhiéu nira mdi dip
ing dugc nhing doi hoi cua doc gia
va theo kip tién trinh phidt trién di lén

Py ,
manh giau cua dat nudc.

Sau 1& dén Huin chuong di dién
ra I& phdt thudéng cudce thi thudng nién
Giai todn trén tap chi. Cdc ban dugc
giai ¢ thu d6 Ha Néi thay mat cdc
ban duoc giai trong ca nudc nhan Bang
danh ‘dir v& phin thudng cudc thi 1994
trong du dm niém vui cta budi 1& trong
the.

VKT

https://tieulun.hopto.org



hitps AW, facebool.. com/letrunglienmath

hitps:iisites. google. com/siteletrunglienmath

TRICH BAO CAO ClA TONG BIEN TAP TC THVTT
TRONG LE DON NHAN HUAN CHUONG LAO PONG
HANG NHi LAN THG HaAl (NGAY 27/12/1995)

" Lan gié d61 méi di dua lai mdt sinh khi
méi cho dit nude va bio THvTT, trong ludng
sinh khi élmng dé, di vuon lén manh mé. S
luong phat hanh moi sé, trong giai doan kho
khan, co khi di tut xuéng con cé miy nghin
so voi muai nghin thuo ban dau thi nay da vuot
[én trén 16.000. Tir 1993 tra di, bde lai tra lai
phat hanh méi thiang mét s8. Tur dau 1994, bao
d6i thanh tap chi va ning sé trang tir 16 lén
20, véi 4 trang bia mau, cé anh, gidy in va ky
thudt in cling tt hon trudc.

Vé ndi dung, tap chi THVTT ciing di cé
nhiéu cai tién dé thu hit déng dao doc gia hon
va phuc vu tét hon cho day va hoc todn o thai
ky déi mdi clia dat nude. Tur ché lay d6i tuong
phuc vu chu yéu la hoc sinh cdc ldp chuyén
todan phd théng trung hoc (Nay 1a trung hoc
chuyén ban), nay doi tuong di mo rong dén
hoc sinh yéu todn (trong dé cé hoc sinh cic
16p chuyén va I6p chon) o cip hoc dé vaca ¢
cip phd thong co s6 (nay la trung hoc co s).
Ky ndo tap chi ciing ra 10 dé todn trong dé cd
5 dé theo chuong trinh phd théng trung hoc va
S dé theo chum'lg trinh pho théng co sa, ¢é
nhing dé rit khé danh cho cac hoc sinh co
nang khiéu, d8i tuong cd thé s& tham gia doi
tuyén quéc gia va qudc t&€, va nhing dé kho
vira cho cdc déi tuong hoc sinh yéu toan, kha
todn tuong doi rong. Ngoai ra con cd 2 bai todn
Vit 1y dé luén nhiac nhd ban doc dén cdc ing
dung cua todn hoc. Tap chi cling di ndm bdt
cic yéu ciu cua thai dai nhu di ¢ cac bai vé
tin hoc, di mo muc "dng kinh cai cach day va
hoc todn”, muc "ban doc tim toi". Tuy nhién
Tap chi trdnh hét siic chay theo nhiing thi hiéu
khong dung dén cia mét s ban doc nhu qua
thién vé luyén thi, di 1a thi qudc gia hay qudc
t€, qud thién vé tin hoc di cho tin hoc dang la
mét clia thoi dai. Ching t6i nghi ring cic gidi
thudng quéc gia hay qudc t€ 13 nhiing béng hoa
dep hdi duoc doc duong, rit cd tic dung khich
I& nhung chua phai la cdi dich cudi cling, con
tin hoe, du rit quan trong, cling phai dua trén
mét nén toan hoc co ban, viing chdc thi mdi

5

phat trién dwoc, mdi lam cho tin tré thanh mot
trong nhiing miii nhon dua nudc ta tién lén co
siic canh tranh vdi thé gidi...

_.Trén diy 1a néi d&n nhimng d6i mdi trong
noi dung cua tap chi nhing nam gin day.
Nhimg ndi dung di c6 tur trude ma van ti€p tuc
phdt huy tic dung t5t thi cining téi vin tiép tuc
duy tri, ¢& chon loc duoc cdc bai tot dé dang.

Riéng muc "N6i chuyén vdi cdc ban tre yéu
toan", ching t6i thay rang cdc nha toan hoc,
cic thiy day todn, néu cé diéu gi muén gui
gdm dén cic ban tré yéu todn thi cd thé 16ng
vio cdc muc khdc. Ching téi cling muén cho
tap chi c¢é nhimg tranh vui, nhiing mau chuyén
gay cudi ¢b tic dung thu gidin... Ching tdi cting
¢ cho tap chi ra diing vao ngay 15 hang thing
@ Ha Noi va mdt vai ngay sau thi dén cic dia
phuong nhu long mong muén cua doc gia,
nhung d6i khi con vi pham vi chua chu déng
duoc cong viée ché ban, in-in va phat hanh.

. Nhin dip nhin Huin chuong Lao déng
hang Nhi ldn thi hai, tap chi THvTT xin to
long biét on d6i véi Nha nude, déi vai Bo Giao
duc va Pao tao di ghi nhan su déng gdp cua
tap chi trén 30 nam qua va dac biét trén 10
nam gin diy dé mot lan nia lai tang tap chi
HUAN CHUONG cao quy. Xin dugc bay to
long biét on déi véi cde co quan, doan thé va
cdc cd nhan di hd tro, giip d&, céng tic vdi
tap chi 1am nén thanh tich nay.

Biac biét xin duge bay to long biét on ddi vdi
Nha xudat ban Gido duc di tao moi diéu kién vé
tinh thin va vat chat dé cho tap chi THVTT
khéng nhing khoi phuc lai dirge stie sdng thuo
ban dau, ma can phit trién manh hon trudc.

Hy vong ring rdi didy Nha nudc s& cé chinh
sich ¢ tim vi mo trong viée su dung cdc nha
todn hoc, cdc thiy day todn, bdi dudng cdc hoc
sinh nang khi€u todn vi khung chi dimg @ bic
hoc phd théng. Pugc nhu viy thi’ tap chi
THvTT sé ton tai mai mdi, luén ludn theo kip
thoi dai dé gép phan khiém tén cia minh cho
su nghiép xay dyng dat nudc”.
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ﬂé % E EE Chung ta da biét trong chuong trinh todn cdp 2 (cii) c6 mot déu hiéu
S at s nhan biét tu gidc ngoai tiép la : "Td giac ABCD ngoai tiép duting tron khi
: va chi khi AB+CD = AD + BC".
= Viéc chiing minh va van dung déu hiéu nay vao bai tap déi vdi ching

ta ridt quen thude. Tuy nhién co mot 83 bai todn ma viée st dung ddu hiéu
trén khong dua lai két qua, chang han nhu bai toan sau :

* BAI TOAN 1 : Cho D la difm trong clia tam giac ABC. N&i AD, BD,
CD cat cdc eanh d6i dién tudng Wng tai X, Y, Z. Ching minh rang néu hai
trong ba ti giac DYAZ, DZBX, DXCY ngoai tiép dudng tron thi t1 gidc thi
ba cliing thé. (Dé du tuyén thi Toan Qudc t& nam 1986).

— Bai toan nay da dude dua lén bao
THTT (bai 10/15) va két qua 1a khéng hoe
sinh nao giai duge ! !

Dé giai duge bai toan trén ching ta
phai biét ddu hiéu sau :

L. Dinh 1y 1 : Cho td gidc ABCD. Kéo
dai cac cap canh dai AB va CD cit nhau
tai K, BC va AD cit nhau tai L, hai doan *
DK va BL cat nhau. Khi dd tii gisc ABCD ngoai tiép néu va chl néu théa
man mot trong 2 didu kién sau : a) BK + BL = DK + DL (1)

] b) CK+AL = AK+CD (2)

- Ching minh : O day ta chi ching minh truding Yk
hgp a) con truting hop b) hoan toan tuong tu.

o Gia sit ti gidc ABCD ngoai ti€p (h. 1), néu
ky hiéu nhu hinh vé ta cd :

BK+BL = (EK- BE)++(BF +FL) =
=(KG-BE)+(BF+HL)=KG+HD +DL =
=KG+GD+DL = DK+ DL. ]

Ngudc lai, gid st cd (1), ta sé chiing minh tit giac  ~ ., ©
ABCD ngoai tiép. Gia st ti giac ABCD khong ngoai tiep Va dmmg tron (0)
tiép xic voi cde canh cia AKAD = (0) Khong tiép xuc vai BC (h.2)

o Gia s dutmg tron (0) cat BC (truong hap (0) khéng cat BC Iy ludn
tudng tu).

—Tir L vé ti€p tuyén voi (0) cat AK tai B’ (B’ nam gitta Bva K) Tacd :
|BK' + BL = DK + DL
1B'K+ B'L = DK + DL

= BK+BL =BK+B'L'==BK-BK=BL-BL

= BB'=B’'L-BL (vol!)

Viy (O) phai tiép xuc vai BC. Dinh ly duge chitng minh xong.

Bay gio ta sé ap dung dinh ly 1 d€ giai bai todn 1. (xem h.3)

* Gia sl hai ti giac DZBX va DXCY ngoai tiép. 3
AB + CD = BC + AD
BC + AD = AC + BD
=AB+C(CD = AC+BD = td gidac DYAZ ngoai tiép.

- Bay gio ta =6 van dung dinh ly 1 d€ giai cac bai
todn sau :

* BAI TOAN 2 : Cho ti gisc ABCD. Kéodai ABva 1+ (
DC cat nhau tai K, kéo dai BC va AD cat nhau tai L, cde daan BL va DK
cat nhau. Qua K va L vé hai dudng thang chia td gidac ABCD thanh 4 ti
giac nhd. Chiing minh rang néu hai i gidc nhé (khéng eo canh chung) ma
ngoai tiép thi td giac ABCD eiing ngoai tiép.

- Chifng minh : * Ky hiéu nhu hinh 4. Ta

g
(

i

)

(1) (theo chiing minh trén)

A

Theodinh ly 1 taco :

A
9

N4

i oA il Vi Wﬁ i N@W it

xét hai trudng hop :
a) Hai ti giac AMOQ va ONCP ngoai tiép :

Khi d6 theo dinh 1y 1, ta co : \
2 ® AK + OL = AL + OK ;
RV HOE = OF 5 CK

Danh cho cac ban Trung hoe Co so

{Xem ti€'p trang bia 4)
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Bai T1/219. Ching minh rang néu n la so

ti nhién thoa man la tich cia hai 86 tu
nhién lién tiép thi n la téng binh phuong cia
hai so nguyén lién tiép

kel

B |
.;—=a(rr.+1) =

e

Lai giai :

Gia su

=3a’+3a+1 — dn* = 12a° + 122 +4 —
an’—-1=32a+17 — Ga-1)2rn+1)=
=3(2a +1)>. Vi2n —1 va 2n +1 12 hai s 1é
lién tiép nén ching nguyén td ciing nhau

Vay ta ¢d hai kha nang

2 <1 = Bm2

gl @)

|2n +P=p2 |2n +1 = 3p2

Néu xay ra (1) thi p? = 3m? + 2 diéu nay vo
li vi moét 86 chinh phuong chia 3 du 0 hoac 1. Do
dd chi ed thé xay ra (2). Tit (2) ta cd m la s6 1é.
Gia st m=2k+1. — 2n =4k +4k +2 —
n=2k"+2k +1=k+(k+1)>~.

Nhan xét : a) Cac ban sau day co 1oi giai
tot : Vi Trung Bdng (Quynh Hoa, Quynh Phu
Thai Binh) Nguyén Thu Ha (TP Hé Chi Minh)
Ngé Anh Quan 8A Bé Van Dan, Vi Thanh
Hing 9T Dong Anh Ha Noi, Bii Dang Quang
9A Tam Dao, Diwong Ngoc Son 8 Todan Ninh
Binh, Lé Ngoc Anh 8T Nang khidu Thanh Haa,
Nguyén Anh Tu 9T Nghia Tan Ha Néi, Dinh
Thé Truong 9T Kién Xudng, Thai Binh, Trin
Anh Kién 8T Bim Son, Thanh Hoa.

b) Cd ba ban cd loi giai sai khi chiing minh
rang n chi co thé 1a 13,

¢) Cac ban 6 thé ching minh duge rang

(1) hoae _|2n L=<

=
oL el |
Cd vé s0 s6 nguyén dugng n ma — 3 la
tich etia hai s6 lién tiép. Cu thé dd 1a cdc s6
hang eta day (a,) cho bdi quy luat sau

a,=1 sy = 13,(1”+1= 14(}”+ T

Chang han a, = 181 = 92 + 10¢

o =l 10920= 104, 105 '

2
DANG HUNG THANG
Bai T2/219. Co tén tai hay khong cac sd
nguyén x, y sao cho 2x* +y* = 1999? Tqi sao ?
Loi giai : Ta cd 2¢” 1a chan con 1999 1é nén
néu 2x? +y* = 1999 thiy?lé. Suyray = 2k + 1.
(k € Z). Do dd 2x° + 4k + 4k = 1998. Vi 1998

4

chia cho 4 du 2 nén 2x? khong chia hé&t cho 4.
Suyraxléd Datx =27+ 1. T dd:

2(21 + 1)% + 4k + 4k = 1998

«<>81° + 8] + 4k* + 4k = 1996

=8l +1) +4k(k + 1) = 1996

Dé thidy v€ trdi chia hét cho 8 ma 1996
khong chia hét cho 8. Vo li. Vay khong ton tai
x. ¥ nguyén sao cho 2v® + y* = 1999

Nhan xét :

Giai tot bai nay co cde ban :

Nguyén Viét Cuong, 9CT, THCS Nang
khidu Thai Nguyén, Bac Thai, Nguyén Thu
Hang, 9NK Bac Ninh, Ha Bae, Nguyén Manh
Thang, 9CT, Chuyén cip 11 Phu Tho, Vinh
Phi, Nguyén Ha Duy, 9T Chuyén VT Pha
Xuyén, Dé Anh Tudn, 9 Chuyén VT Thuing
Tin, Ha Tay, Pham Anh Ting, 8T PTNK Ihl
Duong, Hai Hung, Nguyén Ha Minh, BA,
Héng Bang, Hai Phong, Pham Tudn Anh, 8A
Luong Thé Vinh, Nguyén Viét Hai, 8CT Ngo
Si Lign, Nguyén Anh Tu, 9CT Nghia Tan,
Nguyén Quoc Tudn, 9A, THCS Giang Vo, Ngo
Anh Quan, Dao Ph:mng Bac, Dao Phiong
Nam 8A Bé Van Dan. Vi Thanh Hing, 9T
Chuyén Dong Anh, Ha Noi, Mai Ngoc Khicong,
6T, Pham Dinh Qudc Hi(ng TT, Ha Thanh
!‘uan Vi Triin Cuong, Tran Minh Toan,
Phqyn Ngoe Hung BT, Tran Ngoc Anh, Do
Qudec Bdo, 9T, Tran Dang Ninh, Nam Dinh,
Nam Ha, hguvén Thai Son, 9T, NK Nga Son,
Tran Hau Céng, 8T NK Bim Son, Trinh Anh
Minh 9C, THCS Nang khiéu Thanh Hoa,
Nguyén Thai Bdo, BAPTTH cap 2 Dién Xudn,
Dién Chau, Nghé An, Tran Thi Thiy, Nguvén
My Hanh, Nguyén Diic Xuan Binhk, 9T NK Ha
Tinh, Nguyén Quoc Tudn, Trutng Dao Duy
T, Quang Binh, Mai Xudan Hicu, 9A, Dong Da,
Quy Nhan, Binh Dinh, Nguyén Minh Quan. 8T
Chuyén Nghia Hanh, Quang Ngii, Trin Tudn
Anh, 8T Lé Quy D&n Nha Trang, Khanh Hoa,
Phan Thi Thu Hing, 9T truong Boi duong GD
Bién Hoa, Dong Nai, Nguyén Tudn Anh, 9T
Chuyén Phan Chu Trinh, Buon Mé Thuot, Dac
Lac, Doan Ngoc Minh, 8CT, Hiép Thanh, Thu
Dau Mat, Song Bé, Vo Quang Tan Tho, 9A
Truong Cong I)mh Pham Minh Hing, 9T
Neguyén Du, Go Vap, TP Ha Chi Minh.

VI KIM THUY

Bai T3/219. Gidi hé phuong trinh

I 4 4oud = _[.;_?,Ei 1
e +y 51 (1)
|,:r3 +yl+ay -3 -4y +4 =10 (2)

Laon giai : Theo Trin Die Son, 8, Chuyén
Ba Dén, Quang Trach, Quang Binh, Trin
TPudn Anh, 8T, Lé& Quy Dén, Nha Trang,
Khédnh Hoa.

Gia st he phuong trinh o nghiém. Ta thay
(2) tuong dudng vdi

2+ -3+ (y—2¥=0

https://tieulun.hopto.org



o

hitps:iwww. facebook. comdetrungldenmath

hitps:/isites. google. com/siteletrunglienmath

Dé phudng trinh nay cd nghiém déi vdix ta
phai co

A=(y=8)2-4y-22=20
hay -DBy-T <0
ti dé suy ra Isyﬁg (3)

Mat khac phuong trinh (2) ciing tuong
dudng vdi
Prax—4)y+x2-8x+4=0
D& phuong trinh nay cd nghiém déi vdiy ta
phai cd :

A=@x—42 -4(x?-3x+4)=0.
hay x(3x —4) <0
4
tit do suy raO£I£§ (4)

Tit (3) va (4) tacd :
visy2 o 206 49697 698
PRSee. g OBl © 8]

khong théa mén (1). Vay hé phuong trinh
da cho vd nghiém.

Nhan xét : Tat ca cac ban gii 10i gidi déu
gidi ding. Cac ban sau day cd loi giai tét
Nguyén Thu Thity, Nguyén Thu Héng, 9T, NK
Bac Ninh ; Vii Xuén Vinh, 9, NK Yén Phong,
Ha Bac ; Pham Hoang Anh, 9, Chuyén V-T
Thutng Tin, Ha Tay. Bii Pang Quang, 9A,
Chuyén Tam Dao ; Ha Thanh Hing, 9T,
Chuyén Pha Tho, Vinh Pha. Lé Hoang Anh,
9A,, Giang Vg, Ba Dinh, Nguyén Lan Anh, QA
Trung Nhi, Vi Thanh Hi ing, 9T, Chuyén D(’mg
Anh ; Dang Minh Thang, 9CL, Ai M6, Gia
Lﬁm, Nguyén Anh Tu, Ho Xuan Hing, QCT,
Ti Litém ; Pham Quang Vinh, 9A ; Dao
Phuong Bae, Dao Phuong Nam, 8A, B& Van
Dan, Ha Néi. Poan Manh Ha, 9A, Tién Lang ;
Doan Anh Tudn, Kién Thuy ; Cao Xuan Hoa,
Dao Tran Minh, Lé Ha Phuong, 9A,, Hong
Bang, Hai Phong. Vi Trung Bang, Quynh
Hoa, Quynh Phu ; Nguyén Kim Cuong, Trinh
Thé Thuong, Phan Thanh Nhan, 9T, Trin
Vién Ha 7T, NK Kién Xuong, Thai Binh.
Nguyén Huy Vi, 8CT, NK Nho Quan ; Nguyén
Son Ha, 9B, NK Yén Ma, Dinh Phic Céng,
Nguyén Van Thanh, 9T, NK Gia Vién, Pham
Tudn Khanh, Nguyén Thanh Son, D6 Thi
Thanh Huong, 9, NK Kim Son, Ninh Binh.
Nguyén Nguyén N goc 8, Chuyén Dong Son,
Nguyén Van Quang, 9T, Lam San ; Cao Thi

Loan, 9T, NK Nga Son, Thanh Héa : Vé Si

Nam 9CT, NK Dic Tho, Nguyén Mai Phuong,
Tran Thi Thiiy, Nguyén My Hanh, Nguyén
Quang Trung, 9CT, NK Ha Tinh.
TO NGUYEN

Bai T4/219. Cho tam gidccan ABC (AB = AC),
Goi M, N lan lugt la trung diém ctia AB, AC.
Ldy diém I trén MN sao cho IM : IN = 1 ; 2,
Goi O la tam dudng tron ngoal tiép tam gide.
Chiing minh I0 vuéng gée vdi BN

Lai giai @ (dua theo
Cao Xuan Sinh - 9 Tean
- Nga Lién ~ Nga Son -
Thanh Hoa).

Goi G la trong tam
AABC, trongM{NC taco:

IM )
N~ {gt
GM 1
TC-32 (tinh chdt trong
tAm trong tam giac) B C
L R s
Ay — IN Yook, va do . Hdn nia
OA = OC ; NA = NC nén AOAC cén va trung

tuyén ON cﬁngla duding cao, hay ON 1 AC, do
do ON L IG (1). Mat khac AABC cin dlnh A
nén O, G nam trén duding cao qua A, nén 0G 1 BC,
ma MN // BC (vi MN 1a duding trung binh trong
AABC) nén OG L IN (2). Két hgp (2) vai (1),
ta cd O la true tAm AIGN, suy ra IO 1L BN.

Nhan xét. Cd 136 bai giai, déu giai dang.
Cd baidung dién tich, co bai dung vecto d€ giai,
thuting chua ngan gon. Loi giai tot gém co :
Cao Xuan Sinh (9 — Toan — Nga Lién - Nga
Son - Thanh Hga), Tiéu Céng Thang (Nang
Khi&u - Bim San — Thanh Héa), Pean Manh
Ha (9A - Tiéen Lang — Hai Phong), Biii Dang
Quang (Chuyén Tam Dao - Vinh Phu), D6
Minh Chau (9T, chuyén Déng Anh, Ha Noi),
Dé Huy Diing (9B - Thiéu Van - Ilﬁng Son -
Thanh Héa), Tran Thanh Tam (8! Dong My -
Quang Binh), Pé Quée Bdo (9T Trian Dang
Ninh - Nam Dinh - Nam Ha), Nguyén Ngoc
Manh (9B — Chuyén Van — Todn - U{ag Hoa -
Ha Tay), Nguyén Son Ha (9B Nang khigu -
Yén M6 - Ninh Binh), Nguyén Thanh Nhé (8 Todn
—Phan Chu Trinh - Budn Mé Thudt - Dak - Lak),
Dao Phuong Bac (8A — Bé Van Dan - Ha Noi),
Pham Tudn Khanh (9 Nﬁng khi#u — Bim Son -
Thanh Hoa), Nguyén Thi Mi Hoang (9 toan - Lé
Khiét - Quang Ngai), Pham Hoang Anh (9
chuyén Van - Toan — Thuong Tin — Ha Tay),
Phan Thi Thu Hiéng (9 Toan — BDGD Bién Hoa
- Doéng Nai), Triin Hong Quang (9 Toan -
Chuyén Bac Giang — Ha Bac).

DANG VIEN

Bai T5/219. Cho tam gide nhon ABC, truc

tam H, Chitng minh riang

HA +HB +HC¢:E(AB+BC+CA]
Lai giai : Do A
tam gidac ABC nhon
nén H ndm & bén M
trong tam gide dd. :
T H ké HM /| AC; N
HN//AB(MEAB
N e AC), Ta'ed
trong AAMH : H
HA < AM + MH.
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Hon nita, AMHN 14 hinhbinh hanh nén MH = AN, Do dd, vii mbin = 4 ta déu co :
dodd HA < AM+AN (1). DoHlatrictam va HN /AB;; 4 g1
HM /| AC nén cac tam gisc BHM, CHN vuéng tai B Dy #2Y 2,
H,vatacd: : i %}:{14-3(?1 1]+3k§=:2 Uﬂk—1+
HB < BM ; HC < CN (2). :
Két hop (2) véi (1), ta e6 : z ~1- ] (2)
HA +HB +HC < AB+AC. Mot cich 27 s \l g Slk_za;‘:_,
};t‘ganB +t1l'—1f(j \ Btg-i-BAcung cd 1 Dua vao (1) va dua vao bdt ding thdc
va HA +HB + HC < CA +CB .
Vay 3(HA+HB+HC) < 2(AB+BC+CA) hay : S o 1
2 b 3 =1+ — @
HA+HB+HC=:§(AB+BC+CA)* k=2 \Faﬁ_i k=3 Vap_,
Nhan xét : Co 83 ban giai bai nay, tit ca 8«
déu gidi ding. Céc ban sau day c6 1o giai tot: < 1+4Z e 2 < ¥+ (n—2}z
Tritn Tudn Anh (8 Toan - Lé Quy Don - Nha 3 (R— 2}

Trang), Ngé Anh Quadan (8A B& Van Dan - Ha
No6i), Pham Minh (9 Toan - Nguyén Du - Go = 14k V Ao 1+2

Vap - TP H6 Chi Minh), Doan Ngoc Minh (8D G 2 (k 3)(k rEE
- Hiép Thanh - Tha Dau M6t - Séng Bé),
Nguyén Trung Hiéu (9 Todn - PTCS Nang 3

khiéu ~ Kién Xuong - Thai Binh), Lé Lam (9 =1+"\I (n-2) 2-72) <1+1‘J?(n—2) (3)
Toan ~ Chuyén CII Pha Tho - Vinh Phi), Lé

Ngoc Anh (8 Toan — Nang khiéu Bim Sonic %

Thanh Hda), Mai Ting Son (9T - Trung hoe . 1+ 2 7g o
Nang khiéu Ha Tinh), Nguyén Hong Anh K=2 'Jai‘_] k=3(Vaf_)?
(10A - DHSP Ha Noi I). 9 1 9 17
DANG VIEN <1+—2 L1 FI LWy
Bai T6/219. Day s6 {a,} duge xae dinh 16, < (r —232 B rre8
nhis sau ;
=1 St giig) 2 T4 i ,;—4—1
= R ‘Ta; n= . farm gﬂk_l k=23l ak__l]a'
H
Tim tdt cd cde 56 thic a sao cho day { u, 27i 27 Eai
ag _ 61 (k—2)3 64, <.k ~ 2)?
xde dinh bdi u, = & (n = 1) hoi tu va gidi han 27 59
Lai gidi. T cach xdc dinh dﬁy{ani dé thay Tit (2), (3} (4) (BT tm v
3
an:-(),Vn;lvﬁaﬁ}(%ﬁ_l+-§), y—x{ n+_m+5_4 %g_g
Vn = 2. Suyra W} ay_+5,Yn22= Vn > 4 (6)

g 3 Tit (1) va (6) suy ra
Val>3@-1,vm=2 (D 4 el 4, 5+
Mat khac, tit cong thie xdc dinh day { a, } 3 ( A _E) n eI AR

ico: 36. .1 5691
ta lai co : g +%+§ 33 —,Vn=4 (7)
a= (Vo + 5 - ;
9L e 1
) v \’iltm—(l—-r;-)—
( 4 + ),Vk =2 e
S\Vel _. 270a 1591} 4
G o =lim +——m+m i b
= {af < ( a +_1__)4 = e &
Tk =1 " Bap sy, o3 - .
=§I’E“—+4+ 12 + ;4 i 1 nénti‘f{?)suyra]im%:g.Nhuw.raya———g
ik Vai_, 27Va_, 8laj | A5 LRI
Yk > 2 la mot gi4a tri cdn tim.

6
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Do lima" = + o suy ra tit (1)) nén :

=0

4
4 +0 néu a > —

el
lima, 3= 43
g 0 néu a<g
o P .-l
Kéthqpvdl?=—-n—-.an 3 suyra:
4
: a® +oo né’ua::»-é"
lim—= 4
n—so 0 néu a<g

4 i

Vay a = 3 la gia tri duy nhat d€ day {u,}
hoi tu va gidi han cta nd khac khéng.

Nhan xét : 1. C6 8 ban gii 1i giai cho bai
toan. Trong s6 do chi cd cac ban : Ngé Puc Duy
(12CT THPT Trén Pha - Hai Phong), Nguyén
Vit Hung (12D Chuyén Ngit DHQG Ha Nai) va
Lé Anh Vi (12CT Qudc hoc Hué) co loi giai
diing. Ban Vi cho 15i giai kh4a phic tap ; ban
Hung phai dung tdi cac ki€n thic viugt ra ngoai
chuong trinh THPT dé giai bai toan.

2. Ban Ngb Dire Duy da dé xuit va giai tot
Bai todn khdi qudt sau : "Cho s6 thuc duong a
vé sd thue amb. Choddysé { a,} dugexdcdinh
boia,=a,a,,,=a,+alVn = 0. Tim tdt cd
cde 56 thyc a sao cho ddy { u,} dugc xde dinh

a(:(
béi u, = ?" Vn = 1 hoi tu va gidi han ciia né
khac khong". Dapsd:a =1-b),
NGUYEN KHAC MINH

Bai T7/219. Cho n, p la sd tu nhién va

3p = n? +n. Tim gid tri ciia

H M H
TR +5p +1) Y k* +p > k2
S k=1 k=1 k=1

r n n no
TR -5p-1) > k' =p Y &
k=1 k=1 k=1

Lai giai : (cta ban Trin Nguyén Ngoc 11B -
DHTH Ha Ngi va Tran Nam Ding 10CT Phan
Boi Chéau, Nghé An)

n

KihiguS; =1V +2' + .. +ni= &

k=1

Tacd(x+1)f+5 —.‘.I'E+1 =
2Ol P20, Al O a1,

Lén lugt thay x = 1, 2, 3, ..., n r6i cong lai
ta thu duge

n+i*tl-1=
=Cl 1S+ Chy S+ 0y S+

Ap dung cong thic nay ldn lugt cho i = 1,
2, 3,4, b, 6 ta thu duge
nn+1)(2n +1)
S, =n(n +1)(2n +1)(3n% +8n - 1)
Sg=n(n +1)(2n +1)[3n? (n +1)? -
—(3n2 4+ 3n - 1)]

+1
Matlcchéu:p=E(—ri-3——}l

7S, =S, (2Tp% —9p + 1)
5(p +1)S, =S, (p +1)(% — 1)
5(p —1)S, =S, (p = 1)(% - 1)
Vay
S,[272 -9p +1+9p2 +8p —1 +p]

TS, 2 -9 +1 92 +10p —1-p]
36p?

18p2

Nhéan xét : Ngoai hai ban Ngoe va Ding ra
cac ban sau cing cd ldi giai tét : Phan Anh Huy
11A Lé Quy Dén, Thdi Minh Hoang 12T Vinh
Long, Lé Van Magnh 12CT Hoa Binh, Nguyén
Xudn Tuong 11A Vinh, Nguyén Anh Hoa 10A
Nam Ha, Nguyén Anh Kiét 11T, Phi Yén.

Nhiéu ban cho dap s6 sai.

DANG HUNG THANG

Bai T8/219. Chox,y,z = 0,x +y +z = 1,

n € N. Hay tim gia tri lén nhét cia biéu thitc
Pr=tat yoEy Tz sy

Loi giai : (cta Nguyén Héng Minh,
Nguyén Quang Hai, Pham Quang Hung,
12CT, Hung Vuong, Vinh Pha)

DVéin=0thiP=x+y+z=1 Vay
max P =1

2)Voin=1thiP=xy+tyz+2x =1

do dd

1 1
e 2HEY
53(x+y+z) Y7

1
VﬁymaxP=%khix=y=z=§.
3) Xét n > 1. Khong giam t8ng quat, cd thé
coi x = max {x, ¥, z}. j
(HDoy<xnény*z=<x" lyz

Doz<sxinénzlx<zd*vazlx 222" 1,
() Mat khéc, vi n > Inénn;l

n-1 ai
zz5.

ViyP=x'y+ylz+2"x <
sx'y+2" " lyz +lz"x +%a"’x <

i
‘a—éhay

2
2 i1 —1
&:”y+a"_1yz+iﬂij——+zx; =
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="l (x +2) (y+m;-) =
ni—1

€2 (x + + =
(x+2z) (y 5 z)
Nt - A o T n-—1
= pit i S F ESY <
s [n non AN (y z)]
n thia s0
lx+x+z+ +n-1 s
- (n )n n Y i n
o n+1 =
+1
" (I +y +Z)H K i nﬂ'
I:H T 1)?1 +1 (ﬂ- + ]_).tr +1
nH
Vay max P=-———— khi
m+1y !
+y+z=1
Z_‘B . T=nn +1
& esiy=ldn +1
x x+z n-=1 :
—=———=y* 2 iz:D
n n n

Nhan xét : Cdc ban sau day cd 1oi giai tot :

Nguyén Lé Luc 10CT, DHTH thanh pho
HCM, Tran Nguyén Ngoc 11CT, DHQGHN,
Nguyén Vi Hung 12D, chuyén ngi,
DHQGHN, Lé Anh Vi, IZCT Qude hoc Hué,
Lé Van An, 11CT Phan Babi ("h:-iu, Nghé An, Lé
Thé Son, Trinh Hiu Trung, Nguyén Ngoc
Hung, 11T Lam Son, Thanh Hda

NGUYEN VAN MAU

Bai T9/219. Tim trong tam gidgc ABC mét
BC & CA AB s
ma t up t mo 28l
tri nho nhdt, trong do MA', MB' va MC’ lan
lwot la khoang cach tit M dén cac canh BC, CA
va AB ctia fam gidc.

L gidi. (cia nhiéu ban), Dat :
BC=g CA=bAB=c va:MA =x, MB’ =y,
MC’ = z. Thé thi dai ludng q cd dang :

L e

f= g ity

Néu goi S 1a dién tich tam gidec ABC, ta cd :

28 = ax + by +e¢z
Do do ta duogc :

E5d 3
2S8q = fﬂx+by+ch(£+— +£) Al T

diém M sao chog =

+f)c(z+;:|+r'a:|\:c z) +ab( y)

§ . 2
= g’ +b“+c~+2fbc‘+ca+ab; fa+b+¢), hayla:

28q = 4p?, trong d6 : 2p =a +b +c

Vay :

g g 2p% - 2p

—t+ === —_— ]

xyzq;S J",l:rt:-ngdf:-rl.&
ban kinh dudng tron ndi tiép tam giac.

Dau dang thitc xAy ra khi va chi khix = y = 2,

tic 1a khi va chi khi M trung vdi tam I dudng
tron ndi tiép tam gidce :

q=min=%4=sMEI.

Nhan xét : 1°) Rit dong, cd tai 274 ban
tham gia giai bai toan trén va hau hét cho lui
giai ding.

29 Dang tiéc ciing con mot s6 ban gidi chua
tron ven, khong chi ra duge gia tri nho nhit
cla g, tham chi co gAn mudi ban giai sai hoan
toan do 4p dung BDT khong ding (két luan
tam giac phai déu!!)

3) Cd kha déng cdc ban ¢ ede truong PTCS
cing tham gia giai bai toan trén. 4) Mot so
ban da biét dé xuit va giai bai toan tong quat
hon (thay tam giac bang da gidc ngoai tiép
duge mat dudng tron) hoac bai toan tugng tu
trong khéng gian (thay tam gidc bang tu dién
hoac hinh chdp. hinh da dién ngoai tiép duge

mot hinh cdu). Cac ban sau day ed 15i giai tot : fl
Nguyén Quang Hai 12CT chuyén Hung Vuong i
Vinh Phu ; Vi Qude Hing 12T Lé Khiét, Qufmg ‘

Ngii, D6 Xudn Trong, Pé Ngoc Anh 10A
Hoéng Phong, Nam Ha, Phan Quang Hung EzA
PTTH chuyén Hung Vudng, Vinh Pha.
NGUYEN DANG PHAT
Bai T10/219. Goi S la dién tich toan phan cita
mdat ti dién gan déuw ABCD ¢6 do dai cac cqnh :
BC=DA =g, CA= DB =B vh AB =DC=¢.
Chiing minh bat dang thite sau day :
1 1 1 9
S o8 <
bect
Dau bang xay ra khi nao ¢
Lai giai. Vi ti dién ABCD la gan déu, nén
cac mait la nhing tam giac bang nhau :
A A A A
BCD = ADC = DAB = CBA. Goi s 1a dién tich
etia mbi mat, R 14 ban kinh dutng tron ngoai I'-'

abc J
?,th & thi X

BBT (*) can chiing minh tuong duong vdi BDT
sau day :

>
cig

tiép mbi mat vadodd, 4s = S =

@’ +bi+et < ORY (1)

Goi O la tam duing tron ngoai tiép tam giac
ABC, ta cd :

a*’- +b° +c3 = BCQ +CA2 +AB2 =

{OC’ 03]2 - (OA OC)2+ (OB OA)? =
= 6R? — 2(OB OC‘ + OC OA + OA, OB]
= 9R? - (OA + OB + OC‘]‘- < 9R?
_,Ddu_dang thic dat dugc khi va chi khi
0OA + OB + 0C = 0, nghia la O tring véi trong
tam (& cua tam giac ABC, vadodo, ABC 1a mot
tam gidc déu va ABCD la mot #if dién déu.

Nhan xét : 1°) Co 114 ban tham gia giai
bai toan trén, hiu hét déu cho loi giai dung.
Dang tiée, cd mot ban giai sai (cho rang khong
ton tai mot td dién nao théa man BDT (%) ! 1),

va ciing con mot vai ban khong chi ra dm:h:: khi
nao thi xay ra ding thic.

2) 86 cho lui giai bai toan trén day bang cach
st dung véctd khong nhiéu, da 6 cac ban déu s
dungdinh Iy ham sin va chuyén BDT (1) vé dang
BDT lugng gidc sau diy trong tam gidc :
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9
(1) «==sinfA + sinB + sin®C < 1 (2)

39 Cing c¢d mét s6 ban, tuy khong sit dung
véctd, nhung biét van dung cong thitc Lépnit :
MA? + MB? + MC? = GA? + GB? + GC* +

+3MG?, (VM) = % (a® + b2 +¢%) +3MG?; (3)

Cho M = O, thi dugc hé thic :
9R? = a? + b2 + ¢ + 90G? = a® + b2 + ¢
49) Cac ban sau day-cd 1oi giai tét : Pham
Van Khanh 11T, PTNK Hai Hung ; Trin
Ma.ah Ting, 11, Nguyén Quang Hai, 12CT
PTTH chuyén Hung Vuong, Vinh Phu, Nguyén
Hong Chung 11, Ho St Hién 12T Phan Bai
Chau, Nghé An ; Nguyén Ngoc Link 10T Dao
Duy Tit, Quiang Binh, Lé Duy Dién 10T Lam
Son, Thanh Hea, Lé Anh Vii 12T, Quic hoc
Hué, Nguvén Anh Kiét, 11T Luong Van Chanh,
Phu Yén ; Lé Thai Nhan va Thdai Minh Hoang,
12T, chuyén Nguyén Binh Khiém, Vinh Long.
NGUYEN DANG PHAT

Bai L.1/219. Mét con lac don chiéu dai [ =
0.4m duoe treo vao trin 6t6 dang chuyén dong
lén doc (goe nghiéng « = 30°). Hay xdc dinh
gia tdc o cia ot6 va chu ki dao déng bé T ciia
con lac, biét rang vi tri can bang cia con lac
léch voi phuong thang diing (vé phia trude xe)
mot géc s = 10°.

Ldy g = 9.8 m/s*.

Hudng dén giai. Con lic chiu tac dung ctia 2
luc. Trong lye Pva luc cang T Ap dung dinh luat
11 Niuton ma = P + T véia cé phuong song song
véi mat phang nghiéng. Ap dung dinh li ham s6

L ma
3 = Al v = . — i
sin o = %ing vaiy = 90°+ (a - 8) = 110°.
Thay s6 rit ra
a =_181 m/s? (chi ¥ ‘S’\
la : @ huéng vé phia H

dudi). Tuong tu rat ra

o P o) Pl Bl B S
siny

Nhéan xét. Cac em co l5i giai dung va gon :
Nguyén Hong Minh, 12A, PTTH chuyén Hung
Vuong Vinh Pha ; Nguyén Vi Hung, 12D
chuyén ngoai ngu. DHSPNN Ha Néi ; Tw
Minh Hai, 12CT, PTTH Buén Ma Thuét, Dak
Lak ; Lé Thanh Tam, 12CL, THCB Lé Quy
Dén, Ha Déng, Ha Tay ; Truong Minh Dic,
10F Lam Son, Thanh Hoa ; Nguyvén Quang
Truong, 11CL PTTH chuyén Phan Boi Chéu,
Nghé An ; Pham Thanh Thé 11CL, Dao Duy
Tu, Dong Hoi, Quang Binh ; Luong Van Hati,
12A, chuyén Bac Liéu, Minh Hai.

M.A.

Bai L2/219. Cho mét mach dién nhu hinh
vé. Ngudn dién co sudt dién dong E, dién trd
trongr = 8/3Q, cacdién trd R| = 6Q, R, = 12Q;
ampe k€, day noi va cac khoa K, K, co dién trd
khong dang ké; dién trd cac von kérdt lon. Khi
khoa K| ngat, K, déng va con chay C d dau N
thi ampe ké chi 0,5A.

Khi K, va K, déu déng, con chay C d trong
doan MN sao cho hai von kécé sd chi nhu nhau
va ampe ké chi 0,414 (Idy 0,41 = 9/22).

Tim sudt dién déng E ctia nguon va dién
trd R, clia vt dan MN.

R| RJ-
| e I '_
| S M L |\f
&
GF
B k= G—
Ry K,
s = -~

Hudng dén giai. Khi K, ngat, K, déng va
C & N, céc dién trd mae : (R, nt R) [/ R, ; v6i
22R, + 180
3R, 7 18) |
Khi K, va K, ddng, mach dién cd dang mach
ciu: R, =FR,; dat'RMC =R,Ry= R},.Wh:ai
von k& o cung s6 chi nén Uy, = 0 —mach cin
cAn bang, rit raR = 2R (chuy: RX+R), =R,).
Tudol, = 21, BietI +1 =1=0,41=9/22,
3 : : -
ritral = 11 (A). Ap dung dinh luat Om :
U = rl vA G = L (R 4+ R rutra
BLR4 +30 BC bt x
E= ey (2). T (1) va (2) suy ra R, = 36Q

I=0bAmMitraE = 1).

10
(loai nghiém R, = — 5 Q)va E = 6V.

Nhén xét. Cdc em cd 18i giai ding va gon :
Nguyén Trong Nguyén 10A, Lé Quy Dén, Da
Nang ; Nguyén Thanh Long, 10L, PTTH Dao
Duy Ti, Déng Héi ; Ly Minh Hiéu, 10A,, Bac
Kién Xuong, Thai Binh ; Nguyén Mau Phi
Liém, 11T, chuyén L& Khiét, Quang Ngai ;
Thai Minh Tri, 11T,, TH chuyén Nguyén Binh
Khiém, Vinh Long ; Nguyén Dinh Thinh,
11CL, PTTH Phan Béi Chau, Vinh, Nghé An ;
Vi Duy Hdi, 11CL. L& Héng Phong, Nam
Dinh ; Nguyén Tuan, 11A, PTTH Dong Thuy
Anh, Thai Binh, Bii Thanh Tan, 12A,, PTTH
Chau Thanh, Ba Ria, Ving T4u, L¢ Xudn
Quyén, 11A, PTTH Hoang Hda 1, Thanh Hoa ;
Dinh Ngoe Nhdn, 11CL, PTTH Dao Duy Ti,
Quang Binh, Pham Quang Hung, 12A, PTTH
chuyén Hung Vwong, Vinh Pha ; Nguyén
Trong Trin Hoa, 10 Li C, Quang Binh.

M.A:
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PE RA KI NAY
CAC LOP THCS
Bai T1/223: Giai phuong trinh nghiém nguyén
=yt 2 4 2222 + 2l +422 +1 =0
NGUYEN DBUC TAN
(TP Hb Chf Minh)
Bai T2/223: Chiing minh ring néu cho
trudc s6 nguyén tdp véip > 5 thi cd mét s6 tu

nhién r khong d8i v6i 2 < r < p - 2 sao cho
trongtp hopedcsédangll.. 1+ r(n=1,2, ...)

n
khoéng cd s6 nao chia hét chop.
NGUYEN HUU BANG
{Nghé An)
Bai T3/223: Ching minh bét ding thic

1 1 1
1,71 < 1+E+ﬁ+'”+ﬁ{ 1,72

TO XUAN HAI
(Hdi Hung)

Bai T4/223: Cho tam gidc nhon ABC. Goi
I, O theo thi ty la tAm cdc dudng tron noi tiép,
ngoai ti€p tam gidac ABC. Tia CI céit dudng tron
(0) tai di€m thi hai K sao cho IK = OK, Ha
cdc dudng cao AD, BE va goi F la trung diém
cua AB. Ching minh tam gidc DEF la déu.

PHAM NGOC QUANG
(Thank Héa)

Bai T5/223: Cho dudng tron (0), day BC.
Di€m A chuy&n déng trén dudng tron. Goi M
la trung di€m ctia AC, H 1a chan dudng vubng
gdc ha tit M xudng dudng thing AB. Tim quy
tich diém H.

VU HOU BINH
(Ha Noi)

CAC LOP THCB

Bai T6/223: Cho bén s6 a, b, ¢, d va s6 tu
nhién n théa man :

a=a +b" +c"
b=b"+c"+d"
¢c+d"+at +c
d=d" +a* +H"
Ching td rdinga = e va b = d.

NGUYEN LE DUNG
(TP H3 Chf Minh)

Bai T7/223: Chox, y, z > 0. Ching minh réng:
l6xyz(x +y +2) < 3V(x +y)(y +2)%z +2)°

NGUYEN VAN HOC
(Nam Ha)

10

Bai T8/223 : x, y, z 1a ba géc thude [% %] ;
Ching minh rang :
sinx — siny i siny —sinz .1 sinz — sinx
| sinz sinx siny I

1,2
P peAl T
NGUYEN BA DANG
{Hdi Hung)

Bai T9/223: Cho hinh chdp ngi gidc déu
SAAAA A, Mot mat phang (O quay quanh
dudng cao SO cia hinh chdp, cit cac mat phang
(SAA,), (SAAy), (SAA,), (SAAS), (SAA,)
theo céc giao tuyén SM, (i = 1, 2, 8, 4, 5). Goi ¢
12 cdc gée tao bdi SM,; véi mat phing ddy
(A/AAAAL), (i = 1,2,3/4,5). Chiing minh ring:

3

> tg%a; nhan mot gia tri khong déi.
i=1
LE QUOC HAN
(Ngh¢ An)

Bai T10/223 : Cho ti dién truc tam ABCD
cd tryc tAm la H. Cac dudng cao AA , BB,
CC,, DD, kéo dai cat mat cu ngoai tiép tai cdc
di€ém tuong ing A, B', C’, D’. Chiing minh
ring néu A A’=B B =CC' =DD thi td
dién ABCD la déu.

TRAN DUY HINH
(Binh Dinh)

CAC PE VAT Li
Bai L1/223: Cho n dién trd R, R,, . .., R,
méc song song. Tinh :
1) Dién tré tuong duong theo R |- Biét :
W, 2R, B8R, (n=L)R,_, nR,
2) S8 dién trd cAn micsong song d€ duoc dién
trd tuong duong nhé hon dién trd thin 1a 314n ?

NGUYEN CKONG MY
(Ha Tinh)

Bai L.2/223: M6t mol khi lf tudng thyc hién
chu trinh 1 = 2 - 3 - 1 nhu hinh vé. Biét
T, = 300K, T, = 675K, V; = 5 lit. Céc diém 1
va 3 ciing d trén parabol qua g6c toa d6. Tinh
cong sinh ra trong ca chu trinh.

v

o T ™
NGUYEN pUC PHI
{Qudng Ngai)

.
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PROBLEMS IN THIS ISSUE

For lower secondary schools

T1/223. Find integral solutions of the equation

-yt + A+ 222 + 3 +422 +1 =0,

T2/228. Prove that for a given prime
number p > 5, there exists a natural number r,

2 < r < p - 2, such that there is no number
written in the form 11..1+r(n=1,2, ...)

bl A
n limes

which is divisible by p.
T3/223. Prove the inequality

| i G | +% +%+,,_ +;1f S e

T4/223. Let be given an acute triangle
ABC ; let I and O be respectively its incenter
and circumcenter, AD, BE be its altitudes and
F be the midpoint of AB. Suppose that the
semi-line CI cuts the circle (0) at a second
point K such that IK = OK. Prove that the
triangle DEF is equilateral,

T5/223. Let be given a circle and its chord BC.
A point A moves on the circle. Let M be the
midpoint of AC and H be the orthogonal projection
of M on the line AB. Find the locus of H.

For upper secondary schools.

T6/223 n is a given natural number. Prove
that if four numbers a, b, ¢, d satisfy

a=a +0" +"

b=+t gt
c=c"+d" +a"’
d=d"+a" +b"
thena =¢, b =d.
T7/223. Prove that

16ayz(x +y +2) < 3@ + )y +2)%z +x)°

forx,y, z > 0.
: T X
T8/223. x, v, z are three angles in [_-é’ E] ;
Prove that

sinx —siny _ siny —s8inz _ sinz — sinx

I sinz sinx siny l
.2
= ( it ﬁ) i

T9/223. Let be given a regular pentagonal
pyramid SA A,A.A A;. A plane rotating about

the altitude SO of the pyramid cuts the planes
(SAA)), (SAA), (SAA,), (SAAS), (SAA))
respectively along the lines SM; (i = 1, 2, 3, 4,
5). Let a, be the angle formed by SM; with the
base (A,A,A A Aq) (i = 1,2, 3,4, 5). Prove that
5
the value of 2 tg%a; is constant.
i=1
T10/223. Let H be the oirthocenter of an

orthocentral tetrahedron ABCD. The altitudes
AA, BB, CC, DD, cut the circumscribed

sphere again at A’, B’, C’, D’. Prove that if
AA = BB = C.C = DD then ABCDisa
regular tetrahedron. ]

_ i o g AN
: NGUYEN VAN NGQC
| f ' (Ha Noi)
() -

1. MO DAU

Tap hop V cédc di€m va tap hop E cac dutmg
lién nét ndi cic cap di€ém nao dd thude V tao
nén mot graph. Méi di€ém thudc V duge goi 1a
mot dinh, con méi duding lién nét thudc E duoc
goi 14 mét canh cia graph 4y.

Hai dinh ctia graph dudge goi la ké nhau néu
ching dudge néi vdi nhau bdi mét canh.

Day cac dinh d6i mot khac nhau v, v,, .., v,
(n = 2), ma v,,v; , ké nhau Vi = Tn —1,
cing cdc canh néi cdc cip dinh v v,
(i =T, n —T) dugc goi la mot xich don. v, va
v, dudc goi la hai ddu miit cia xich don &y.

Day cac dinh doi mot khéc nhau v, v,, ...u,
(n=3),miv,v; ., ké nhauVi = T'n (quy ude

U, +,lav,), cing cac canh néi céc cap dinh
Uy ;4 (i = TR) duge goi 1a mét chu trinh
don. S8 canh cia moét chu trinh don ducge goi
14 d6 dai cta chu trinh don dy.

Mot graph, ma hai dinh bt ki cia nd 14 hai
ddu mut cda it nhdt mot xich don, duge goi la
graph lién thong. _

Mot graph lién théng, ma khong co chu
trinh don, dude goi 14 mét ciy.

Ta ndi "graph G t6 dugc bang & mau" néu
diing & mau co thé to dugc tit ca cac dinh cia
G sao cho hai dinh ké nhau ¢é mau khédc nhau.
Néu graph G t6 duge bang # mau nhung khong
td duge bang & — 1 mau thi s8 k& duge goi la séc
86 cia G va ki hidu béi y(G).

Graph cd sac =6 bang 2 con duge goi la graph
chiin. D& thdy, mot cAy bdt ki 12 moét graph

11
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chan. Hon thé, ngudi ta con ching minh duoe:

"Grapha G 1a graph chan khi va chi khi G
khong ¢d chu trinh don dé dai 1é". Hay ndi mét
cich khdc : "Tinh chén va tinh khéng cé chu
trinh don dé dai lé cia mét graph la tuong
duong nhau". D6 1a néi dung cta Dinh li
Kéning. '

Nhu vay, dé cd sdc s6 16n hon 2 thi graph
phai chia chu trinh don dé dai 18. Chu trinh
don d6 dai 1é cd s6 dinh it nhét (3 dinh) thuong
duge goi 1a tam gidc. Co thé cd graph cd sac sd
l6n ma khong co tam gidc khéng ? Cau héi dd
da dudc nha todn hoc Nga Zukov tra 1&i vao
nam 1949. Ong da ching minh duge Dinh Ii
sau : "Ton tai graph khéng chita tam gide cé
adc s Idn tiy y".

(Cée ban hoc sinh hay thit ty tim cach ching
minh cdce dinh i néu trén ).

Di€m qua ddi nét vé qua trinh nghién citu
vin dé t6 mau graph dé ching ta c6 thé cung
nhau di dén nhan dinh : "Vai tro cia chi trinh
don d¢ dai lé la rdt quan trong déi véi sdc s6
cia graph". Viée tim tdi cdc két qua nham
minh chiing cho nhan dinh nay 14 mét trong
cdc hudng nghién cdu vdn dé t6 mau graph.
Dudi day téi xin néu ra cing cdc ban mét trong
nhitng vén dé rit co sé trong viée xay dung nén
mdng cho hudng nghién edu nay.

Xin ndi thém rang, cdc két qua da thu duagc
theo hudng nghién citu ndi trén hién con rat it
0i ; tuy vy, chiing ciing da gdp phan giai quyét
mot s6 vin dé dude dat ra theo mot huéng nghién
ciiu khac, cia nha toan hoc ndi tiéng Hungari
P.Erdos, xung quanh vén dé t6 mau graph.

II. BAI TOAN

Vi suy nghi rang cac chu trinh don d¢ dai
1é 4nh hudng tdi sdc s6 cia graph béi hai yéu
t6 — do dai va cach sdp x&p cla cdc chu trinh
dd trong graph - ching ta cd thé dat vén dé
¢6 dinh y€u t6 d¢ dai dé nghién extu cach sép
x€p tbi vu cla ching trong cdc graph cd cung
sac s6. Cd nhiéu tiéu chugn dé xét tinh t6i wu,
bai todan sau day dé cap tdi mét tiéu chudn don
gian nhat,

Bai todn : Hay tim graph cd it dinh nhat
trong tdt cA cdc graph c¢d sdc s6 bing k va
khéng cé chu trinh don véi do dai 1é bé han
2L +1.

Véil = 1 va k bat ki, graph cdn tim la graph
c6 k dinh va bat ki hai dinh nao ctia nd ciing ké
nhau.

12

Vil bat ki va k = 3, graph cén tim 1a graph.
cd 2! + 1 dinh va cd ding mot chu trinh don -
chu trinh don do dai 21 + 1.

Xét I bat ki va k = 4. Trong truing hgp nay,
theo toi, graph cén tim la graph dude xay dung
nht sau :

Ldy cac dinh v, ,,u; 5. -. Uy, @ +1) NOi
méi dinh v, ,,i = T,2ZIF1, vai dinh Yy G +1)
(quy udc Vi @+2) lav, ).

Tiép theo, 1y dinh
Uy p . 2o V@l plo Y o+ 1)
. Néi méi dinh Vi = 2, 1i = T, Z[+1, voi hai dinh
UG - 1), va UG = 1)ip dday:1<i,,<2l+lva
i, = (i—1)(mod(2U+1)), iy=(i+1)(mod(21+1)).

Cudi ciing, ldy dinh v va néi v véi tiing dinh
YooY b greay _

Ta duge mot graph co (21 + 1)/ + 1 dinh va
kihieula G, ,

cdc

Dé chiing minh G, , théa mén céc yéu ciu
dat ra, trude hét hay ching minh y(G, ) = 4.
Ti€p theo, cAn ching minh G, ; khong chia
cdc chu trinh don voi d6 dai lé bé hon 27 + 1.
Va cuéi cung, phai chiing minh G, , cd it dinh
nhdt trong s cac graph cd séc s6 biang 4 va
khéng cd chu trinh don vdi do dai 1é bé hon
2041,

Cd thé& ching minh nhiing diéu viia néu nhu
th& nao ? Con hay khong nhitng 181 gidi khac
cho trudng hgp dang xét ({ bt ki va z = 4) ?
Cée trudng hgp chua duge xét dén ¢ diy cia
bai todn sé dugc giai quyét ra sao ? Cd thé tiép
tuc dat ra nhiing vin dé gi xung quanh bai todn
dd néu ? D6 1a nhitng cAu hdi ma tdc gia bai
viét nay trong dgi su gidi dip ctia ban doe. R4t
mong duge cde ban hudng dng. Xin cAm on céc
ban.
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CAC BAI TOAN THI HOC SINH GIOI

THPT TOAN QUOC NAM 1995

(BANG A)

I. DE THI :
Ngay thi thii nhat (02-3-1995)
Bai 1 : Giai phuong trinh
a — 3% — 8 +40 - 8Wax +4 =0
Bai 2:Daysd{ a,} ,n € N,duge xacdinh nhu
sau:a =1,a,=3vaviimgin =0, 1,2 3. thi
!,a.r.' + 1

w2 T 0y
|

+ 9a, néu n chan
® . 4 T 5a, néu n lé

Ching minh rang :

2000
1) Z af, chia hét cho 20,
ko= 1995

2) a,.,, khong la s6 chinh phuong véi moi
ne N,

Bai 3 : Xét tam gidc khong déu ABC vdi cac
dtiUngc&pAD BE, CP_L.{I\,- cAc cgpm.ﬁg_,B C’ sgo
cho AA° MI) BE’ RBE. -CC" = RCE,
trong dd k& 1:‘1 50 thuc kh:ic khong.

2
1) Vdi 2 = - ching minh rang tam giac

A'B’'C'dong dang vdi tam giac ABC va hiy tinh
ti =6 dong dang theo cac goe cia tam giac ABC.

2) Tim tat cA cdc gia tri & # 0 sao cho vdi moi
tam gl ic khong déu ABC ta ludn co tam giac
A'B’C" déng dang vdi tam gide ABC.

Negay thi thu hai (03-3-1995)

Bai 4 : Cho hinh td dién ABCD. Goi A’, B,
C’, D’ theo thi ty 1a tam dudng tron ngoai tiép
tam gidc BCD, CDA, DAB, ABC.

Ching minh rang : mat phing.di qua A
vuéng goc véi C'D’, mat phang di qua B vuéng
goe vii D'A’, mat phdngdiqua C'v uong goc vl
A’B’, mat phang di qua D vuodng gdc vdi B'C’
la bc‘in mat phang cung di qua mot diém.

Néu giao diéfm cia bon mat phing trén la
tdm clia mat edu ngoati tiép hinh ti dién ABCD
thi hinh td dién ABCD cd bat bute phai déu
khong ? Visao 7

Bai 6 : Hay xac dinh tat ca Cd(, da thuc Pix)
thoa man diéu kién sau : Vai moisd a > 1995
thi s8 nghiém thuc ecta phuong trinh
P(x) = a(mdinghiém duge tinh vdi s6 boi cua
no) bang bac cia da thie Prx), va mai nghiém
thuc cua phuong trinh trén déu lén han 1995,

Bai 6 : Cho 86 nguyén n = 2 va cho mét da
gidc déu 2n dinh. Ngu#i ta to tit ca cac dinh

cua da gide déu do bdi n mau sao cho cdc diéu
kién sau dude dong thai thoa man :

1) Méi dinh duge to bai mot mau.

2) Mé6i mau dude ding dé t6 cho ding hai
dinh khong ké nhau.

Hai each té mau, thoa man cde diéu kién trén,
dude goi la tudng duclng néu cach t6 mau nay co
thé nhan duoce tif cach t6 mau kia nhis mot phép
quay quanh tam cta da giac déu da cho.

Hai cd tiat ca bao nhiéu cach to mau doi mot
khong tuong dudng ?

I1. HUONG DAN GIAI - LOI GIAI
Bai 1 : Diéu kién co nghia :x = —1.

Pat t="4x+4 (*), + = 0. Khi do :
1 1
o At | RN e [T R 2 2

i (tt—4), x 16 (H* — 8¢ 16), x

{li (#12 — 12t + 48¢* — 64). Tit phudng trinh

di cho ta ed phuong trinh ;

t'2 — 242 + 166 —512¢ + 2816 = 0 ;
=(t-2)*(t" + 467 + 121 + 32¢7 + 56¢° + 9617+
* 'iI"O( + 256¢ + 40042 + 576t + 704y = 0
e=f =2 (vit =0l

Tit do ta duge : Wdx +4 = 2 esx = 3. Két
hop véi diéu kién cd nghia suy ra phuong trinh
da cho c¢o duy nhit nghiemx = 3. ®

Bai 2: 1) Véi mdéin € N goi b, , ¢, tuong
ting la s6 du trong phép chia a, cho 4 va cho 5.
Khids:0 <6, < 3,0 = C, < 4,VneNva
b,=1,b,=3,6,,,=(b +b,)(modd) Vn € N

c=1.—-3r‘

T n+2

i((‘“ £ —¢,)(mod5) néu n chan

i+l

e (modd), néu n Ié.

Lﬂéng tinh toan trye tiép ta duge :

b =1,b,=3,6,=0,6,=30,=3,6,=2,6=1,
b,=8.¢c =1,¢,=3, 02=2, 0;1:3= c,=1,c.=4
|”=2. € |=3,

T dd suy ra bk = b}‘_ B Vit € N va
€ =€y VR = 2, W2 € N. Vi thé, tir 1995 =

Al =i
¢, =3, e,=2,c4=4,¢,=1,c

3+6x332 =3+8x249va 1995 =4+6
X332 = 448 x 219 ta dude byygs = b3 = 3,
blogy = 0y = 3 iCgys = €3 = 3, -

Clgge = € = 1L, vadodd b gy =2,b,995=1,
b1gpo = 3162009 = 03 Cg97 = 4 Clg98 = 3,

o9 = 2, Cap0 = 4

13
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2000 2000
Suyra:y af = > b = 0 (modd) (1)
k= 1995 k= 1955
2000 2000
a} = E ef =0 (modd)  (2)
k= 1955 k= 1995
Vi (4, 5) = 1 nén tit (1) va (2) ta cd
2000
Z -:1;:? = 0 (mod20) W
f= 1995

2) ViVn € N thi 21 + | hoac cd dang 6k + 1
hoaec cd dang 6k + 3 hoac cd dang 6% + 5 nén,
thee phin ching minh trén, ta ed : hoac
@y, 4+, = 3(mod 4) hoaca,, ., = 2 (mod 4).

Mat khdc, dé thdy, a 1a 86 chinh phuong chi
khi hoac ¢ = 0 (mod 4) hoac a = 1 (mod 4).

Vaya,, , | khongla sdchinh phuongvn € Nl

Chu y : Két qua cua phdn 2) con cd thé
chimg minh déc lap vdi phan 1)'bang cdch xét
a, thea mod3 va mod9. Theo cich may, ban sé
ching minh dude rang o, khong la s6 chinh
phudng Vn € N*.

Bai 3 (Ban doc tu vé hinh): 1) Goi G va H
14n lugt 14 trong tAm va true tim cia AABC.
Do AABC khong déu nén G 2 H.

Tit tinh chif cia (7 va {it cach xdc dinh A’
B, C'suyra A’'G, B'G, ("G, theo thi ty, cung
phudng véi BC, CA, AB. Dodd A", B, €’ ciing
nhin doan GH dudi mot goc vuong, va vi thé
A, B', " cung nam trén duong tron duding
kinh GH. Suy ra :

(A'B’,A'C") = (GB’, GC") = (AC, AB)

(B’A’, B'C") = (GA', GC") = BC, BA) | =

(C'A’, C’B’) = (GA’, GB’) = (CB, CA)

= AA'B'C" «~ AABC. ®m

(0 day, (d,d") ki hiéu gde dinh huéng giita
dutng thang d va duting thang d’).

Goigla !:I s0 dong dang ctia hai tam giac trén.

Cig = B vdi R, R’ theo thd tu la ban kinh
duding tron ngoai tiép AA'B'C’, AABC. Dé thay :
R? = (=GH)? = +eir =1 GH - 6k

= 3 BE i

vai O 1a tam dudng tron ngoai tiép AABC.
Ma: OF = OA + OB + OC va
oG = 3 (OA + 0B +0C)
o 1 4 — — o
Nén : ~=E.—§(OA + OB + 0C)?
Eel — =h N
= R7(1+1+1+2cos(0A,0B)+2c0s(0A,0C)
9 —l —_—
+ 2eos(OB, 0OCY)
R
- 5 [3 + 2(cos2C + cos2B + cos2A)].

1
Tiadd: g = E'.I'3+2(cos2A +cos2B+cos2C) W

14

2) Xét AABC vudng can tai A. Khidd, vaik = 1
thi AA’B’C” suy bién thanh doan thang DA va
do dd no khéng thé déng dang voi AABC. Voi
k = 1 thi AA'B'C’ céan tai A” Vi thé :

e Vdik < Qhoack > 1thi AA'B’C’la
A nhon (do c6 4" nhon) = AA’B’C” —~ AABC.

@ V6i0 <k < 1thi: AA’B'C”  AABC =

BAC =900 |AB = .T.J.; b
o5 ﬁ’gz BC = A,‘.E.'t 2
AB  BC ac kR
aB=5aB
g5 <y —k#k =3
AB

Nhu vay, voi moi A khong dég ABC ta ludn
cd AA'BC”" - AABC chi khik = 3 Ké&t hop vai

ket (ylﬁ cua phéin 1) suy ra cd duy nhdt gia tri

k= 3 théa mian yéu ciu cua bai ra. ®

. Bai 4 (Loi giai tom tat. Ban doc ti vé
hint) : 1) Goi (£) (Py), (P3), (Py)lanlugtla
mat phang di qua A vuéng gde véi C’D’ ; mat
phangdiqua B vuéng goe voi D’A’ ; mat phang
di qua C vubng goc vdi A’B’; mat phang di qua
D vuong gdée vai B'C'. :

Goi S,., Sy, S+, Sy lan lugt la mat céu
tim A’ di qua B, C, D ; mat cdu tam B' di qua
C, D, A ; mat cau tam C' diqua D, A, B ; mat
cau tam D' di qua A, B, C.

Dé dang ching minh dude
(P)), (P5), (P3), (Py ldn lugt la mit ding
phuong cia cde cap mat cau : S~ va Sy, S,
vasS,. ; S, vaS, ; S vaS,.

ViA’, B, C’, D’ la hinh chi&u vudng goe cla
tam O mat cau ngoai tiép tii dién ABCD xuong
cdc mat cia tf dien nén 4 diém dd khong thiang
hang. Xét hai trudng hop sau :

e Truong hop 1: Trong 4 diém A", B, (",
D’ khong co 3 diém nao thang hang. Trong
truong hop nay, dé thiy cd diém E cd cling

huong tich d&i wvai 4 mat cdu
S 45 Sps Sew Spy va diéu nay ching to6 4 mat
phang (P)), (P,), (P3), (P,)codiémchungE.m

e Truéng hop 2 : Trong 4 diem A’, B’, (",
D’ cé 3 di€m thang hang. (Xay ra, ching han,
khi ABCD la td dién vuéng tai A va mat BCD
la A déu). Trong trutng hop niy 4 mat phang
(P)), (Py), (Py), (P,) sé déng quy tai "diém =~ m

2) Dé dang ching minh dude rang, néu
ABCD latd dién gan déu thi tam mat edu ngoai
ti€p td dién dy la diém duy nhat cd cung
ghu’cmg tich dfi wv6i 4 mat cfn

49 Sga S¢ Spy. T dd suy ra, khi di€m chung
cia 4 mat phang (P)), (P,), (Py), (P,) trung
voi tAm cta mat cau ngoai tiép td dién ABCD
thi tu dién 4y khong bat buée phai déu. B

Bai 5 : e Xét cac da thie Plx) ¢6 bée = 1
v la ham don diéu trén (-, +e). Do d6 thi
ham Pix) chi ¢ hitu han di€ém uén nén trong
trudng hop nay 3 a > 1995 sao cho phuong
trinh Pix) = a chi ed mot nghiém (méi nghiém
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dude tinh vai s6 boi cha ng). Suy ra P(x) thoa
man yéu cAu cua dé bai chi khi degPix) = 1,
nghia la Ptx) cd dang P(x) = px +q, p = 0. Khi
do, Ya > 1995 phuong trinh Pfx) = a (3) luén

a—-i, va vi thé moi
19956
> 1995 Va > 1995 «

c¢d duy nhét nghiém x =
nghiém cua (3) déu llt'm hon 1995 Va =
khi va chi khi “-;—
[p >0

lq 19{]0(1 =

e Xéf cacda thu‘c Pix) la ham co cue tri trén
{=oa, 4oo) E

Khl dc deg P(x) = 2. Gia suP(xJ dat cuc dai
tai m diém (m € N) 1, Usy.ooy 12, VA dat cue
ti€u tai & diem (¢ € N) v UJ,.,., v,. Dat
b = max{ P(u,),P(u,),...P(u,,),P(v)),..P} .

Do dé thi ham PrxJ chi cd hitu han diém uén
nén 3 a > max {b, 1995} sao cho phUﬂng trinh
P(x) = a chi cd t61 da hai nghiém (méi nghiém
dude tinh vdi s6 bdi cia no). Suy ra Pfx) thoa
man yéu cau dé bai chi khi deg P(x) = 2. Tuy
nhxen dé thdy, vdi Prx) 1a tam thie bac hai thi
3 a > 1995 sao cho phuong trinh P(x) = a chi
cd téi da mot nghiém lon hon 1995.

e Xét cdc da thite P(x) = const. Dé théy, chi
cd cac da thuc Pix) = e, viic < 1995, la cac da
thiic thoa man yéu ciu dé bai.

Tom lai, tit ca cdc da thic cdn tim la :

Pix) =px+gq,vdip > 0 vag = 1995(1 —p)

P(x) = ¢, vdic = 1995.

Bai 6 (Lii gidi tom tﬁf; Xudt phat tit mot

dinh nao dd 14n lugt theo chiéu kim déng hd,
ki hiéu cac dinh ctia da gide bai AyAs oy AdF

Ki hiéu cdc mau ding dé télam,, My yuny M,
va goi M la tap gom tat cd n mau dy. .

Goi fin) 1a s6 cdch té mau thoa méan cac diéu
kién 1), 2) cia bai toan. Cé f(n) = |A|, vdi

{ {m.-, S )co'tfué’ tu | méim,; zw'lu_ comat

dungZ.’Einzmngbﬁ m; :tm V",r*I_Z}

(quy ude m, - la m, )
:‘!n 1

(O day, | X| ki hiéu ¢6 phdn bt i tap X).

Xét tap B(n) = { (m;, ) e M )co thy
|

ty| méim, i = I,n, co mat dung 2 14n trong
ho ; n; :m V_;—[?Jz-]}

Dat gn) = |B{n%l Dé thdy, cd fin) =
=gin)-ngn-1) 14

e Tinh g(n). Xét cdc tap :

T = [(m My M )
cd thi tu | méim,, i = '_[F"" cd mat diing 2 lan
trcmg bo }
= {f e Tk trong f co n, chiém hai vi tri

lién é]ép} i =

T, n.

"
T\U T;

=1

Hién nhién cé B(n) = , Suy ra

n
|B(r)l =|T| —|uT] =

i=]

gn) =

= |9 _2|T1+2|T ﬂTl— + .+
i=1 Is: -=:r sn
H
i A Em“l 44 (-1 |0 T
r'ssrt«:_,_«:fk-:.::rl—] i=1
Ly 3 (2r)! 3
Cad T = e (1,2, ....n}

., i) bt ki théa man
< i, < n. Dat tuong ing

va xét bo (i, i,
1 = il < "'1 i
k
mbib € N T, v6ibd nhan dude til b bang ciach

TR z
bé dong thai khoéi b mét phan ti m, , mét phan
i m,;, Dé d]ang chiing

& c d b
minh dudc rang tudng Wng néi trén xdc lap cho
K

wy MOt phdn ta m;

ta mot song anh tif tﬁp N T; dén tap V gom
=1 ]
tit cA cac bd cd thai t:.f (m

trong mai bo thi

o mr } ma

: mdi mf,,: = I_?E o mat

ding mét lin, con méi m; € M\ FH e m,k}
b 1
cd mat diang 2 lan
e : (2n —~k)‘
Tudésuyra|n Ty = |V] = gy
T o
Do do :

{2n .Fej" T
k

2" Z (ol o)
Suy ra : g{n—l} =

_ (2n-2)! i (2n—2-R)!
i 2”“ R.Zl( 1) 2u—l— CT

gn) =

_2( 1) {An-—-l—k}" Ci:ll

P —k
k=1
e Tinh fin). 'I‘hay (5} (6) vao (4) ta duge :

p (2n-— l—k]f
ﬁ:n} = ZHZ ( 1) gn — B
k=0
e Nhan thay : mdi cich td mau,ma3 k € {1,
2, .., n} sao cho A, va A, , khic mau, déu cd
ding 2n edch t6 mau tuong duong vdi nd ; con
moi cach té6 mau, ma A, va A, ,, cling mau

Yk = T, n, déu cd ding n cdch t6 mau tuong
duong véi nd. Hon nita; dé tha [‘; co tdt can !
cdach t6 mau ma trong moi cach déu c6 A, va

Ay, cung mau Yk =T n.

(6)

Tit d6 suy ra, néu ki hiéu ¢(n) 1a 56 cich to
mau déi mot khong tuong dudng thi :

3 f{ )-—-n' n! =
pn) = TR £ i
“ (2n—1-k)!
= 2:{_1)::,72’1_;( Cy + §(n—1)‘

k=0
NGUYEN KHAC MINH
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Tim hié'u sdu thém Toan hoc phd théng

/*\W nAD
fﬂﬂuﬂi"’t/'\m Rl

Ngoin cic phudng phip thang thudng di dude griang day
trong trdong phn thong. dudi Jday 1a mét phuong phip khai
hiu hicu dé tim gidi han cia mot day s, giip thém phidng

tien cho cic hoc sinh I:Ip chuyer. d!un cip
I} Trung binh Césaro ciia mot diy sa

GIBINHIEESARO

DUNGETRONGRVIECERIM

JAVYAS(

ff“i:' Bitiv, =m —u _nz=h
Faohary dom o tan =
= (b = ) (s o

|F QUANCG ANII
TP H6 Chi Minh)

i p e e i g
Divdar o e + i i +_r“ ol
L Binh nghta, Cho day sa {u L el : i H
ty +1, » T Pheo gma thict diy 56 (v ) hoi ta dénfviv
v, o= : . I
: e . b1z n ; : — — O chanen : lim— = /.
Dy 6 (v, ) goi B diy 56 iung binh Césano cliadiiy s0 (0 ) H e
2 BPinh i, Néu day so (s ) hidiiu n1u1f the day sa (17 ) cing
hai ty dén [ I
T TN g Bar 4 1) (u) B mdt diy 56 duong. Gia sd i —{ =0
Vix:3n, EN:0 20 = |u ~lj<k khi n—+ e ; hay ching minh : lim " f /
Hicu v —hn thé vidt : ) n—s+x
BTN gt (“p 1 T tu) =l 2) Apdung : Tinh lim V& (n = 1)
i = i “ n— +a
: =N+ s ot
il R SR L ety et i Gidr, 101, ="Inee, 4~ e, = In | —n—u
= —— — T —— P e !n
" 1 g i i ot o e LM
1 A eaE e — e
Wi e e . G T R 3 H
n o T —towe ) + (s =ty + o+ i —lne
R s e RN = ks 4 2 1) v
I R R "
. H " LTI |7
Hién nhicn la - 5 o
; (n — n)e B 28 .
limi, = Ovajb| € —— < g =limb, =0 Do g thict (7,) —= Ifnen (s)) —Ial. Suy m
R H o e - dmu - ] it
Vay:lim (v, —J) = Oe2limv =/ lim —= = M/s=lim Infyu,. =
p— to n—r +oa

2) Ap dung d@ gidi mt 56 hai tap.
Bai | Cho day s0 (u_ ) dinh b :

1 1 I |
i el = O AR S
n n n "
X¢t tinh héi tu cia fu,).
Criddi
I 1
—_ 4 — + . 5 e
1 2 #
.= R WG

H
Nhu viy day 50 (1) la trung binh Césaro clia diy so

. |
(;;:]. i lim e

O nénlim w, = 0.

A

et 00
Rdi 2 X¢ttinh hl"il t cda day s0 (u )dmh b

Giidi. Ta o - hm =3

2
DAy s6 (Init,) 1a trung binh Césaro cia ddy s6 ( In(1 + ")

= a0 + 2 i
M:‘L'Ilm{|+—) =f"=:-|im1n(|+—) =
. n—=* -+ L n=—s 4o H
Tuddsuyra: lim I, = 2= limu, = e’
n—+ 4o

: - : n—s +ae
Bar 3. (u ) 1a mot day s6 sao cho
lim (un""l iz J“n) =1
n== 4o

I
Chilng minh : lim — = [,

H
n= 4 oo

16

Inf =lim "u_ A =
= "':l‘_F

n++ +00

a3
2y Apdung :
® u, = Wil (n=1)
{31:)‘
12 - li’n i e
=0 {."1)
(2n + 2
ok i Wi [m+DIfF (n+2)@n+1)
P T el St = -
W, (2! (n+ 1)
()’
W :
Tathiy lim —— = 4. choneénlim VW =
Eken. St n—too
Tom b -lim & = lim W3 = 4
n—et+= 3

n— _"Cﬂ = A
I'rén day a mt st thi du dé ban dec thay cich dp dung

dinh i hivi tu eda diy s6 theo cich Césaro. M) dyng rit don

gl,m vit défn két qua kha nhanh. Cdc ban thd dp dung trong
caC lrunnl, hap khic sau diy xem sao.

Bii tap dé n;,hl.
1. Néu diy s0 (1) sav cho

fim. g =) =
n—= -+
u,
thi hay chung minh : lim — = 1

i
2. Néu diy s6 duong () sao cho lim w

= { thi hay
ching minh :

lim "™
n—= -+
3. Khao sat su hi tu eha day s6 (u
to = Wal 0l |
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dan chuong trinh
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Phé tong bién tap Trao Bdng danh dir va gidi thuéng cho
NGO PAT TU cac em doat giai cyce thi ndm 1994
cong bo

danh el -

sach : Hu gﬂ%‘ HT“!I w

cde em H&T"p CHI Tﬂﬂﬁnm Wﬂim IRE

doat W :

gidi

https://tieulun.hopto.org



https:'www.facebook. com/letrungldenmath https:/sites. google.com/siteletrungldenmath

Giai ddp bai
CcO GIAO PHAT AI ?

mheo dé bai ta lap bang danh gid cdc céu tra loi M
"déi", "that" cda 3 ban Déng, Bae va Nam nhu sau : e i

T bang danh gia nay ta suy ra 2 trutng hop thoa [ Vé bay | Dong | Nam Bac
min dé bai la : F et

Cau tra loi

— Bic vé bay va Nam ndi d6i | Dong | déi | that | doi

- Nam vé bay va Bac ndi déi Bac | that | déi that

Vi dé bai chi yéu cdu tim hai ban bi c6 gido phat vé | | ST | SO T |
t6i vé bay hoac ndi d&i nén ta cd hai ban bi ¢6 gido phat | Nam | that | that | ddi
1&2 Bae va Nam. ' T

(Lé Khanh Toan, 16p 4E, trudng cdp I Vo Xan, Tay Son, Binh Dinh)

Vui R@m di
ﬁhﬁn dip ddu nam mdi, cdc ban hay vui gidi tri vai s6 1996 bang cdach phan tich s6 1996

thanh téng eha 4 s8 sao cho : Khi cong s6 thid nhadt véi 1, tri 56 thd hai cho 2, nhén =8 thii ba véi 3,
chia s6 thit tu cho 4 thi duge cde két qua bing nhau.

BiNH PHUONG

NGO HAN

=~ =
MOT DAU HIFU . ..
(Tiép theo rang 3)
Céng vé vdi vé hai ddng thilc trén ta dugc :
AK + CL = AL + CK, do do theo dinh Iy 1 ta co til gidc ABCD ngoai tiép,
b) Hai til gisiic MBNG va OPDQ ngoai 1iép :
= o . |BK +BL = OK + OL
Khi d6 theo dinh Iy 1 ta ob TA[DK + OL = OK + DL’

6 lai theo dinh Iy 1 ta oo til gidc ABCD ngoai tiép. (H.5)

=0BK+ 8L = DK + DL, do

« BAI 'I'O:iN 3 : Cho td gidgc ABCD ngoai tiép. Qua C vé dudng thiing song song vai A Gt dudng thing AB 1ai B, qua
A vé dudng thiing song song vdi BC ciit dudng thiing €I tai D1, Chiing minh ding Wl gisic AR CD) ngoai tép.

- Chirng minh :

= Néu ABCD 14 hinh thang thi hién nhién,

= Gia su 1 giac ABCD khong cd hai canh nio song song, Ta xét hai trudng hop : B

a) (h. 5). - Kéo dai cic canh d6i cia hai tl gigc ABCD va ABICD1 et nhau ai E, F, K q/
(h. 5). ViABCD ngoai tiép nén theo dinh Iy 1 ta co - .
CF+ CK = AF + AK=+ AE + CK = CE + AK (vi 1l gidjc AECF la hinh binh hanh). Do
do theo dinh I¥ 1 ta o6 0 gide A8100) ngoai tiép.

- Kéo dai cic canh d6i cla hai 1l gide ABCD va AB\CDy cit nhau tai E, F, K (h.ao).
Vi ABCPD ngoai tiép nén theo dinh Iy 1 1a 6 -

AKX+ CF = AF+ CR= AK + AE = CE + CK.

Theo dinh Iy 1 ta ¢6 tll gide AB1CD ngoai Lép.

- Tren dy chiing ta dé vin dung dinh 1Y 1 dé chiing minh cic 1l gidc ngoai tidp vi cich
chiing minh it dep (nhu vdi b todn 1. DE khiing dinh higu qué ciia dinh Iy 1, ¢Ac ban hay thi
s dung ddu higu trong chucng trinh todn cip 2 dé gidi cac bai tadn 2 va 3xem.! Chilc chin cic

ban s& gip kho khin (H.6)
Tru sd toa soan Tdng bién tdp : NGUYEN CANH TOAN
45B Hang Chudi, Ha Noi. DT : 213786 Pho téng bién tp : NGO BDAT TU

HOANG CHUNG
231 Nguyén Van Cit, TP Hé Chi Minh. DT : 356111  Bién t4p va tri su : VU KIM THUY

TNSS : 8066 - 8035 Sép chii tai TTVT Nha xudt ban Gido duc Gid : 2000d
Chi so: 12884 In tai Xudng Ché ban in NXB Giao duc Hai nghin dbng
Ma sé6 : SBT25M5 In xong va ndp luu chi€u thang 1.1996
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