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Hi;-r: toan nhu th€ nao, dd la van dé kha réng. Trong bai nay, xin
ban vé mot khia canh. D&i vai loi gidi ciia mot bai toan cd ba yéu céu
cd tinh ch&t bat bubc 1a :

— Lasi giai khong cd sai lam.

— Lap luén phai co can e,

- Loi giai phai ddy da, khong thigu, khéng thia.

Bén yéu ciu sau day cling rdt quan trong déi vdi viéc réen tu duy
l6gic, phuong phap hoc toan théng minh, sang tao :

— Lai giai cAn ngan gon, don gian, hay nhat.

- La&i gidi phai r6 rang, sang sta va hop li ca vé ndi dung lin hinh
thate trinh bay.

~ Cén biét giai thich con duting din dén 1¥i giai, lam cho 1oi giai dé
higu, nhat la khi trinh bay miéng loi giai.

- Biét nhan xét, khai quat hoa loi giai, md rong bai todn, phat hién
thém céc bai toan mdi.

Trong bai todn nay ching t6i muén trao d6i cung cac ban vé yéu ciu
phai biét nhan xét, khai quat hoa 11 giai, mé rong bai todn va phat hién
thém cdc bai toAn méi.

Chiing ta bat ddu tit bai todn 1.

Biii todn 1 : Cho hinh vudng ABCD. I la mét diém bdt ki d trén
canh AB (I khdc A va B). Tia DI cat fia CB tai E. Duong thang CI cdt
duimg thing AE tai M.

Chitng minh ring duong thang DE vudng goe vol duong thang BM.

(Dé thi chon hoc sinh gidi Tp H6 Chi Minh, vong 2 - 1993 - 1994)

AN VINH
(BHSP TP H6 Chi Minh)

NGUYEN V

Lai gidi M E
Trén tiaddicha tia AB ; ldy di€m A

J sao cho AJ = BE. : ”T"/) ] i
Tacé: AEBA = AJAD (c.ge)  F— "

= AE'1 D.J. 4
Ta co : AJBC = AECD (c.g.c)
=.JC 1 DE

Goi H 14 giao diém cua hai dudng

tha’-mg AE va JC thi H 1a truce tam K

cua tam gidgc DE.J, Dé thay I 1a truc

=2 tam cua tam giae CE-J, do d6 dudng
thiang CM vubng goc vdi dudng
thang JE. 0 i
O ]
Q Dﬂ i j?[ = CM song song vai DH.
Tam giac EDH co IM |/ DH, suy r;Eﬁfr IE% (1)
5 Tam giac ECD co Iifi?ED(,,gra BC = ID (2).
f
T (1) va(2isuyra: M BCz@BMf CH.
BMICH] | prr | bk dpemd

Sau khi giai xong bai todn 1, ta ¢d nhiin xét ; vi I 1a digm bat ki lay
trén canh AB (I khac A va B), ta luén ludn nhan duge két qua 1a BM
vuong goc vdi DE tai F. Ndi cach khde, néu hinh vudng ABCD et dinh,
diém I luu ddng trén canh AB (I khdac A va B) thi BFD = 90", hay la,
diém F chay trén dudng tron duding kinh BD (chua gigi han vdi cach
nhin nhan nhu vay, ching ta di tai :

Bai toan 2 : Cho hinh vuéng ABCD cé dinh. I la mét diém thay déi
trén canh AB (I khac A va B). Tia DI cit tia CB tqi E. Duong thang CI cat
duong thang AE tai M. Duing thang BM cat duong thang DE tai F.

Tim quy tich diém F.

(Quy tich etia di€m F la mot phan tu duting tron, dudng kinh BD,
loai trit cdc diém A va B).

H@@ T@}W U e NAY

Danh cho cac ban Trung hoc Co s
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Sau khi giai xong Bai todan 2, chac cic ban
sé tu hoi :

Néu di€m [ ldy trén canh AB thi BFD = 90°.
Vay thi

Né&u I 1a mot diém bat ki trén tia AB (I khac
A) thi két qua con ding hay khong ?

Cau tra loi la : két qua vin con ding. Va
ching ta di tdi :

Bai toan 3 : Cho hinh vuéng ABCD cé
dinh. I lie mét diém thay déi trén tia AB (I khdc
A). Tia DI cat tia CB tai E. Duong thang CI cat
duong thang AE tai M. Puong thang BM cat
duong thing DE tai F.

Tim quy tich diém F.

Trong truéng hop diém B nam gitta 2 diém A
va I, eac ban chi viée chon diém J trén canh AB
sao cho AJ = BE. Sau do, ching 1111Mdng tu
nhu bai todan 1 s nhan duc_ic két qua BFD = 90",

Quy tich l1a nita dudng tron duéing kinh BD
(bd diém A). Viéc chuyén tif : bai todn I sang
cac bai todn 2 va bai toan 3 sé dude dinh hinh
ngay, néu nhu cac ban st dung phitong phap
toa do d€ giai bai todn 1.

That vay, v
chon hé truc toa
do nhu hinh vé,
va dé€ cho gon ta
chon don vi : .
1 =DC=DA Y X
bDat CDE = m". 1 i

Ta co, trong '
hé toa da da
chon, cic di€m
A1 :;B(11);
C(1,00;D(0,0) ;

E (1, tgm") ;
I (ctgm®, 1), L

Khi i e
phuong  trinh

] _.1:—0
tem 1 g

duting thang AE la

hayla:  y=(tgn" -1l +1
Phuong trinh duting thing CI 1a :
L Gt et x — cotgm"
0=1 1 —cotgm"
x—1
hayla: y= —————
i 7 cotgm" — 1

T do suy ra giao di€m M ciia cac dudmg
thang AE va C7 cd toa dé :
o __cotgm® i
' cotgm“ +tgmt -1~

1 —tgm"

f Er:-otgrn“ — 1)(cotgm® +tgm” — 1)
viét phuong trinh duong thang BM, ta suy ra
duge duting thing BM e6 hé s8 gie K = —cotgm"".

2

Dudng thang DE co hé sd goc la tgm"

T do suy ra : dudng thang DE vudng gdc
véti dugng thang BM. St dung phuung phéap toa
d6 giai bai tagn 1, ban c6 thé nhan xét ngay
dugc, géc CDE = MmO e6 the dude xdc dinh mat
cach tuy ¥ chi can m" khac 907 va 0" (d€ tgm"
va cotgm" xac dinh) ta van cd hai dudng thang
DE va BM vubng gdc vdi nhau,

Chung ta di tdi :

Bai toan 4 : Cho hinh vudng ABCD cé dinh.
Ila mot diém chicyén dong trén diong thang AB
(I khac A). Duong thang DI cat duong thang CB
tai K. Duimg thang CI cat duong thing AE tal
M. Duémg thang BM cat duong thang DE tai F,

Tim quy tich cia diém. F.

Bay gid chiing ta xét bai todn dudi mot goc
dd khac,

Xét mat vi tri cha diém [ trén tia dm cua tia
AB. Néu thay déi cach xem xét ciu tric cla
hinh vé, xem BD la phan gidc eua géc vudng
IBE cua tam gidc IBE, con BF la duding cao
thude canh huyén, ching ta di tdi :

Bai toan 5 : Cho tam giac ABC (C = 90”).
Ve duong phan giac CD va duong cae CH, Tit
D dung DE va DF lin (gt vuéng géc vdi canh
CB vir ecanh CA. (E trén CB va F trén CA).

Chiing minh ring cac duong thang CH, AE
vit BF cat nhau tgi mot diém.

Cac bai toan 2, 3, 4, 5 tuong tu vdi bai toan
1. Viée giai bai toan 1 cd thé gitp ching ta giai
cac bai todn khdc tudng tu vdi no.

Nha su pham va la nha toan hoe néi tiéng
nguti Mi (gbc Hungari) Polya ¢d nhan xét :
"Trong toan hoc so cap cung nhu trong toan hoc
cao cdp, phep tuong tu cd 16 la co mat trong moi
phat minh. Trong mot s6 phat minh phép tuong
ti chiém vai tra quan trong hon ca."

Con ddi vdi nha thién van tai ba Kep Ler
{nguui Dic), nguoi da phat minh ra ba dinh luat
ndi tiéng trong thién van hoc mang tén Kep Ler
thi : "Toi vo cing biét on cacphép tuong tie, nhimg
ngudi thiy dang tin ciy nhit ctia toi. Cac pheép
tuong fir da giap toi kham pha ra cdc bi mat cia
tu nhién, da giup toi vugt qua dude moi trd ngai’

Qua trinh khai qudt hoa dya trén sy van
dung phep tuong tu gan lién vai phnng thi
nghiém" cia tu duy sdang tao. Ca thé ndi, dad la
mat trong nhitng phudng tién quan lmng nhat
clia vide tu giao duce, tie la viee md rong va dao
sau kién thic da cd.

Phuang phap hoc tap khoa hoc nay, doi hai
su nod lyc cua ban than cdc ban, trén cd sd da
ndm vitng cdc phuong phap, dutng 16i giai
nhitng bai todn da cd.
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gk ¥
(1) = ( x“+-;2-—2) + (12 hcy) —2=xy
2

Tit (2) ta thdy tich xy dat gia tri nho nhat la
-2 khi va chi khi

ﬁ(x-—%)2+(x+z)2—2=xy (2)

nhat ¢co chit 6 cuoi khdace khéng sao cho sau ki

xoa bo hai chit s6 cudi thi thu duoe mét sé chinh

phiong.
Lari giai (cua da s6 cac ban)
Goi s6 chinh phuong phai tim 1a n?.
Ta cd
n? = 100a + be

theo bai ra 100a 1a s6 chinh phuong, do dé a = &?

Tacon? > 100k:—n = 10k +1 —

be = nt — 100k2 = (10k + 1) — 1002 =
=20k +1

vibe < 100 =20k +1 < 100 =k < 4

Do dé n? = 100k% +be < 1600 + 99 = 1699

Nhan thay 422 = 1764
41¢ = 1681.

1681 théa man diéu kién dau bai. Vay do la
s cdn tim.

Nhan xét : Rat déng cdc ban tham gia giai
bai nay. TAt cA déu gidi dang. Khéng c6 gi kho
khan trong viéc tim #df cd cac s6 chinh phuong
thoa man diéu kién bai todn. Do la cacsé {121,
144, 169, 196, 441, 484, 961, 1681}. Dang tiéc,
khéng cd ban nao "dao sau" bai toan nhu vay.

Cac ban sau day cd 1oi gial tot : Dé Minh
Chawu 9T Dong Anh Ha Noi, Pham Dinh Qudc
Hung 7 Tran Pang Ninh, Nam Ha, Nguyén
Xuan Nguyén 9T Lé Khiét, Quang Ngai, Lé
Xuan Hoang INK Hiép Hoa, Ha Bac, Nguyén
Héng Dung 9T Tran Dang Ninh Nam Dinh,
Nguyén bite Thanh 9T quan 3 TP Hé Chi Minh,
Mai Diic Phitong TT Bim Son, Thanh Hoa, Vi
Tudn Anh, THCS Thai Nguyén, Bac Thai,
Phan Thi Thu Hang 9 Toan, Bién Hoa, Dong
Nai, Nguyén Quée Thang 9C Dong Anh Ha Mai,
Nguyén Quang Hdi 8A Quang Trung, Ha Noi,
Ngé Quoc Anh, 7T Ban Mé Thudt, Dac Lac, Tran
Anh Kién, 8T NK Bim Son, Thanh Hda.

DANG HUNG THANG
Bai T2/218. Cho hai s6x, y thoa mdn ddng thiie

— 1. Ly
et — =4
x4
Xae dinh x, y dé tich xy dat gid tri nho nhdt.
g o b ) 1 ..yz
Loi giai : Taco 2v-+ - +—=4 1)
¥ 4

Tit ché x, y théa méan (1) suy rax = 0 va

Ot N
x—t—{]vax"rz—ﬂ,

Tir do ta cd (x, y) = (1, —2) hoac (x, y) = (-1, 2)
thi tich xy dat gia tri nhé nhat bang -2.

Nhan xét. Cd rat nhiéu ban lap 7, 16p 8, lap
9 giai bai nay theo cich trén. Hau hét cdc ban
déu gidi t6t bai nay. Cac dia phuong ed ngudi
gt 15i gidi nhu sau : Yén Bdi, Bac Thai, Ha Béc,
Vinh Phu, Ha Tay, Ha Noi, Hai Phong, Hai
Hung, Thai Binh, Nam Ha, Ninh Binh, Thanh
Hda, Nghé An, Ha Tinh, Quang Binh, Quang
Tri, Thita Thién — Hué&, Quang Nam — Da Nang,
Quéang Ngai, Pha Yén, Dak Lak, Tay Ninh,
Khanh Hoa, Déng Nai, TP. H6 Chi Minh, Vinh
Long, Tra Vinh, Minh Hai.

bai giai sai (k&t ludn :

TONGUYEN
Bai T3/218. Gidi phiong trinh :

2 el oo ok <

Loi giai Diéu kién :x = -1,
Phuong trinh dang xét

7 T 2 22

S e g el

x5 22
g(r+1) A St
m(r+1+l)"_—.z

x2 —

x+1+l=ﬁ (1)
= 2

s

jE+1+1=—\f2 (2)

(Giai ra (2) vo nghiém vi cg biét thiie am. Vay

phuong trinh ¢d hai nghiém la nghiém cia (1),
do la :

Pk A
= : ;
V2 -1+ W2
3 2

Xy

Xy

Nhan xét. Cdé 178 bai giai trong 56 dd cd 2
phuong trinh vo

nghiém !), con lai déu giai ding. Loi giai tot
gom co : Vé Quoe Hiung (chuyén Lé Khiét,
Quang Ngai). é Thanh Hadi (94, To Hiéu, Hai
Phong) ; Nguyén Kiéu Lién (9T, THCS Trung
Vuogng, Ha Noi), Dgng Thanh Trung (9A, Ngo

3
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Gia Ty, Hai Hung), Tong Ngoc T (9A, BE Van
Dan, Ha Noi), Nguyén Manh Hing (9T, Nang
khidu Nghi - Loc, Nghé An) Tritn Die Son (8
Chuyén Ba Dén, Quang Ninh, Quang Binh),
Ngo Van Giéng (9A THCS Nii Déi, Kién Thuy,
Hai Phong), Dé Minh Chau (chuyén Déng Anh,
Ha Noi)
DANG VIEN

Bai T4/218. Cho tam gide ABC vai AC > AB,
Goi M la trung diém ciia BC, Trén canh BC ldy
diém D sao cho BAD = CAM. Trén tia AM ldy
dién N sao cho ABN = ACB. Goi O la giao
diém cita AD vai BN, tit N ké NK |{ OM cdt BC
tai diém K. So sanh BD vdi CK.

Lai gidi. Tt cdc gia thiét vé gdc bang nhau
suy ra cdc cap tam gidc dong dang (g.g) sau day :

A

3 13 M K C
AOAB «~ AMAC ; AABN « AACD tir dd ta
cd cdce ti 1é thie :
BO _ARB BN
MC - AC ™ CD " Ma

BO BN
BM ~ BK®
BN BN

BM = MC nén ta ¢6 —— D ~ BEK "

CD = BK. Tit d6 ta cd BD = CK.

Nhan xét. 1) Co 223 bai giai, tat ca déu giai
ding. Loi giai tot gébm c6 : Nguyén Hong Dung
(9T, Tran Dang Ninh, Nam Dinh) Nguyén
Thinh (9T - Phan Boi Chau, Nghé An), Vi
Phong Hdi (8 Toan Bim Son, Thanh Hda),
Pham Van Tién (Trung tidm gido due thuang
xuyén, DAm Doi, Minh Hai), Pham Manh Hing
(9 Todn, Nguyén Du, Go Vap, TP Hé6 Chi Minh),
Phan Trang Xudn (8, Phan Chu Trinh, Dién
Khanh, Khanh Hoéa), Phem Thi Thu Hang
(Trutmg Boi Dudng Gido Due, Bién Hoa), Pao
Duy Nam (8 Toan Lé Quy Dén, Long Khanh,
Déng Nai), Trian Manh Quan (9 Toan, Nguyén
Tri Phuong, Hu&), Lé Thanh Binh (10A, Dai
hoe Su Pham Vinh), Ngé Van Giong (9A, THCS
Nui Déi, Kién Thuy, Hai Phong).

DANG VIEN

Bai T5/218 : Cho nita duong tron duong

kinh AB trén dé ¢é diém C. Ha duong cao CH

OM /| NK nén . Hon nita

Suy ra

4
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ciia tam gige ABC. Goi O,, O, lin lugt li tam cdc
dudmg tron néi tiép cac tam giae ACH, BCH. Tim
vi tri ctia C dé 0,0, dat d¢ dai lon nhat.

Lui giai :

Cach 1:

Goi r 1a tAm duting tron noi tiép cia AABC.

C

H M

A o

Dé dang chiing minh duge
AABC «~ AACH <« ACBH

" _CH T2 CH

P A s

rZ+ri

1 2 1 1
S e )
C'H'Z(AC'2+CBE) CH.AB 2_1

CB2 . AC? (CB AC) o

Suy ra r2=r%+r% (1)

Mat khdc AO,0,H vuéng tai H (ban doc tu
CM)= 0,0} =02 +0,H2 =22 (2)
Tit (1) va (2) suy ra 0,0, 16n nhit khi va chi
khi r 16n nhét.
Xét AOAB taco :
AOB = 180° - (4, +B,) = 135" .
Vay O thude cung chda géc 135° dung trén
doan AB thude nita mat phiang ba AB cung phia
vii nita duong tron da cho. Dé thiy khi O la diém
chinh giita cung dé thi r 16n nhat. Lic dd Cla diém
chinh giita ctia nita dudng tron duting kinh AB.
Cdach 2 : (Hufng dan)
Ching minh AC = AN, suy ra O 14 tryc tdm
ACO0,=CO L 0,0,. T dd suy ra
ACOK = A0,0,K = CO = 0,0,.
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Mat khac SO = SA = SB. Tii dé suy ra CO lén
nhdt khi va chi khi CS lén nhat. Tit d6 suy ra C' la
di€m & chinh giita nita duémg tron dutmg kinh AB.

Nhéan xét : Giai t6t bai nay cd cdc ban :
Pham Thu Huong 9A, Hong Bang, Dang Anh
Tudn, 9T Tran Pha, Hai Phong, Ngé Thanh
Trung, 8T Chuyén cdp II Phu Tho, Ta Xudn
Die 9A1 edp 11 Dét Viet Tri, Vinh Phu, Bii
Manh Hing, 9H Trung Vuong, Nguyén Cong Minh,
9A Dao Phuong Nam, 8A B& Van Dan, Pé Minh
Chau, 9T Chuyén Déng Anh, Bin Viét Ha, 9C
Ngoc Lam, Gia Lam, Ha N¢i, Trin Ngoc Anh,
Nguyén Tién Trung, 9T Trian Dang Ninh, Nam
Dinh, Nam Ha, Nguyén Tién Hoa, 8T Bim Son,
Lé Huy Binh, 9T Lam Son, Thanh Héa, Tran
Nam Ding, 9T, Phan Bo6i Chau, Nghé An, Pao
Xudan Hung 72 t6 5 Déng Vinh, phuong Tan
Giang, Ha Tinh, Tran Diic_Son, 8 Chuyén Ba
Dén, Quang Binh, Nguyén Hitu Nghi, 9TL Chuyén
PTTH Quang Tri, Nguyén Pie Thanh, 9, PTCS
cdp 2 Colette quan 3 TP Ho Chi Minh, Cao Anh
Dite, 9A,| chuyén Mac Dinh Chi, Tay Ninh.

VU KIM THUY

Bai T6/218 Gid: phiong trinh

2cos(x — 45Y) — cos(x — 45%sin2x -

- 35in2x +4 =0 (1)

Lai giai (cta da sé cdc ban)

(1) ==cos(x — 45")(2 - sin2x) +

+3(2-s5in2x) -2 =0

(2 - sin2x)[3 +cos(x — 45" =2 (2)

Ma Z2-mindx =3 — | =]

3tcos{x-45M=23-1=2

Vay (2 - sin2x)[3 + cos(x - 456")] = 2, Vx.

Suy ra :
sin2x = 1

Ieo&(x~45”) ==1
HICOS[QO” =20 =1 o cos2(x — 45"y =1
cos(x —45”") = —1 |ecos(x—45”) = —1
o F2cos3(x~45’*) =1=1
\cos[.r — 45" =—1
+—x = 45" = 180" + K360

—x = 225+ K360, K € Z.

Nhéan xét. 1) Mét s6 ban cho loi giai truc
ti€p bang cach phan tich ra thiia sd :

Dat x — 45° = ¢, thi

(1) «=(1 + cost)(2cos’t + 4cost - T) = 0

NGUYEN VAN MALU

Bai T7/218. Cho da thiic

P() = (x* — 2)(x? — 3)(% - 6)

Chitng minh ring voi moi s6 nguyén té p déu
tim duoc 36 nguyén duong n dé P(n) chia hét
cho p.

(2) <! <

—coslx - 45") = -1

Luigiai: Vdip =2tachonn =2, vdip =3
chon n = 3. Xét p # 2, 3. Ta hay chitng minh
nhéan xét sau :

Néu (a, p) = 1 van’#a (modp) v6i ¥n thi

gl

a ¢ = -1 (modp) (1)

That vay vaiméik € {1,2...,p — 1} dé ching
minh rang tén taiduy nhat £’ € {1, 2, ..,p -1}
sao cho kk’ = a (modp). Vi n?Za (modp) véi moi n
néuk =2k Tidd (p-1)! =(1.1"(2.2")... (kk")...

Fie=]
=a ¢ (modp)

ma (p - 1) ! = -1 (modp) theo dinh li Winson.

Do dé ta co (1). Nhan xét dude ching minh.

Tra lai bai todn gia sd Pin) /p ¥V n.

Khi dé ¥n, n?# 2 (modp), n°# 3 (modp) va
n¢# 6 (modp). Theo nhan xét trén suy ra

p=1 ¢ Lt |
2! =-1(modp),3 ¢ =-1(modp)

y = |

-ﬂ-ﬁf 2 = -1 (modp) mau thudn vdisy kién

-1
BPT = -1 (modp).

Nhéan xét : i) Mau chét cia bai toan la
chitng minh nhan xét (1), Nhiéu ban da phat
hién duge diéu do nhung ching minh con dai
hoac khong chirng minh. =

ii) Tt cdch giai trén dé dang ching minh bai
todn téng quat vai da thic

P(x) = (x* —a)(x* = b)(x? —ab) a #b.

Cé ban cho rang khang dinh cua bai todn
vin ding néu thay bang da thic
P(x) = (x* = 2)(x* - 3)

Nhung diéu nay khong ding chang han
vaip =5 Tacd ¥Yn, n° = 0, 1, 4 (mod5) do
dd n? - 2#0, n - 32 0 (mod5) véi moi n.

56 ban tham gia giai bai todn nay khéng nhiéu.

Cac ban c6 18i giai ding la :

Lé Van An 11CT Phan Boi Chéau, Nghé An,
Lé Anh Vi 12 Quéc hoe Hué, Nguyén Lé Luc
10CT TP H6 Chi Minh, Trian Nguyén Ngoc
11CT DHTHHN, Lé Tudn Anh 11CTDHTH
HN, Phan Dung Hiing Quang Binh, Nguyén
Xudn Théng, Quang Tri.

DANG HUNG THANG

Bai T8/218 : Cho sé nguyén n = 3. Chiing
minh rdng, toén tai hai hoan vi khac nhau
(81834 8)va (), 8,...,¢8)
cua (1,2,...,n)saocho
§ +28,+...+ns, = 820, .ot

Lai giai (Theo Trink Hitu Trung, 11T Lam
Son, Thanh Héa) : Xét Bai todn sau : "Cho sd
nguyén n = 3 va cho n s6 thuc déi mét khac

5
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nhau @y, ay, ..., a.. Ching minh rang, ton tai

hai hodn vi (B, Bay 42y s B o VR
(€1:¢5,...4¢,) ciia (@, ,a,,...,a,) théa
mdn ding thoi cdc diéu kién sau :

(i) b;#c,Vi=1n

H i
(i1) z ab;, = 2 agc; "
i=1 f=]
Chiing mink : o Vi n = 3 ta cd

(a;,a5,a,) va (ay,a;,a,)lahai hodn vi thoa

man (i) va (ii).
® Vi

(@;,04,...,a

s ey s

n = 4, dé
a,) va (a,,a,,a,5,...

thay
" s 2y l)
la hai hoan vi thoa man (i) va (ii).

Chon a, = i, Vi = 1,n va thay diéu kién (i)

b diéu kién "nhe" hon d
.0y, 5 0,) va (e L paREes TR hai
hodn vi khde nhau", tit Bai todn trén ta cd Bai
da ra.

Nhan xét : 1. Dai da s6 cdc ban gui 16i giai
tdi toa soan da giai bai ra theo phuong phap cda
1o gidi trén.

2. Danh sdch cdc ban cd 1oi gidi ngén gon :
Nguyén Thi Khanh Truyén (11CT1 Trudng
Luong Thé Vinh, Bién Hoa, Déng Nai) ;
Nguyén Lé Lue, Tran Thién Anh, Khuu Minh
Cdanh (10CT, 11CT DHTH T.P Hé Chi Minh) ;
Phan Phi Péng, Phan Anh Huy, Ho Vin Hitu,
Dao Duy An (10A, 11A,, 11A,, 11A, PTTH Leé
Quy Dan Da Nang) ; Cao Thé Anh, Vé Thanh
Ting, Lé Anh Vi (11CT, 12CT Qude hoe Hué) ;
Nguyén Hoang Cong (12T Quang Ngii) ;
Pham Van Hing (10T NK Ha Tinh) ; Trian Chi
Hbéa, Truong Vinh Lan, Dé Diuc Ding, Phan
Duy Hitng, Mai Thé Hung (10CT, 11CT, 12CT
Trutng Dao Duy Tit, Quang Binh) ; Nguyén
Khanh Quynh (11A PTTH Phan Dang Lutu,
Yén Thanh, Nghé An) ; Lé Van An, Nguyén
Hong Chung, Duong Van Yén, (11CT PTTH
Phan Boi Chiau, Nghé An) ; Hoang Xudn Bdch
(12A PTCT DHSP Vinh) ; Mai Thinh Hiép
(10A, PTTH Ba Dinh, Nga Son, Thanh Hoa) ;
Doan Tién Ding, Nguyén Thanh Hodai, Trink
Hity Trung (9T, 11T Lam Son, Thanh Hda) ;
Bang Viét Cuong, Nguyén Anh Hoa (10T
PTTH Lé Héng Phong, Nam Ha) ; Trin Van
Ha (7T Truong NK Kién Xuvong, Thai Binh) ;
Lé Vian Mgnh (12CT PTNK Hoeang Van Thu,
Hboa Binh) ; Tran Nguyén Ngoc (11B PTCT
DHTH Ha Nm) Nguyén Minh Phiong (9A
PTCS Minh Phu’dng, Viét Tri, Vinh Phi) ; Tran

6

GM,N,P, Q. Ta
cd : BP = BQ ;
IP = I@ = P nén
AIBP = AIBQ. :
Suyra:
IBD = IRE.
Chiing minh
tuong tu, ta

Anh Tudn, Nguyén Phuong, Nguyén Quang
Hdi, Pham Quang Hung (10CT, 12CT PTTH
Hung Vuong, Vinh Phi) va Lé Quang Minh
(12K PTNK Bac Thai)
NGUYEN KHAC MINH
Bai T9218 Caccanh AC, AD, BCvé BD cua
tu dién ABCD tiép xuc vdi mat cau (S, ) ban
kinh p, tam I nam trén canh AB. Con cic canh
CA, CB, DA va DB thi tiép xtic vdi mat ctu (S g,
ban kinh r, tam J nam trén canh CD. Ching
minh hé thite sau day :
AB* (CD? - 4r%) = CD* (AB? -
Lai giai (cha nhiéu ban)
Gia s mat h)
cau SU(I, P tigp
xuc vai AD, AC,
BD, BC lan luot

4p2)

duge : IAD = IA(“ Dodd: AABD = AABC =
AD AC ; BD = BC. Dai vdi mat ciu
8°, G, r), chung minh tuong tu, ta dugc :

DA = DB va CA = CB. Nhu vay :

AC = AD = BC = BD (= a).

Tit d6 dé dang thdy rang I 1a trung diém cta
AB va J la trung diém cia CD.

Dat AB = 2m, CD = 2n, ta co hé thic :

S(DABJ = Z2s5(DIA) = ap = mDlI =
= mVa® — m?. Suyra :
p=" Ve =m?
Tudugtu:r:% as — n-
Tit d6 ta duge :
CD% s s dins =) =
z o e
o Lo et e T e e
a a 4a?
A 4)@'2 e 4(_,._.12 -JOZ) A5
M 4 ABci
= 4m? (1 e m) iy O it
e a2 A2

Do do ta duge hé thiic edn tim :
ABY(CD? — 4r?) = CD*(AB? — 4p%) =
AB‘CD?

S~
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Nhéan xét : Nhiéu ban tham gia giai bai
todn nay, tat ca déu giai ding, trit mot ban két
luan sai (ABCD la tud dién déu !). Tuy nhién, loi
giai elia mot s6 ban con rudm ra, chua gon.

NGUYEN DANG PHAT

Bai T10/218. Ldy cdc cqnh BC, CA va AB
ciia mot tam gide ABC lam day, dung ra phia
ngoai tam gige ABC ba tam gidc déu A’BC va
C’AB. Goi A, A, ; B, Byva C,, C, lan lugt la
trung diém cac eanh BC, B'C’; CA, C’A’va AB,
A’B’ cia hai tam giac ABC, A’B'C’. Ching
minh rang cac doan thing A A, B.B,va C C,
dong quy va bang rnhau.

Sau day la mot s6 edach gidi khae nhau cia
bai toan nay. :

Lai giai
cach 1. (Dua
theo Trdn Lue,
10CT, Dao Duy
Tt Quang
Binh va nhiéu
ban khace).

— Truéde hét,

dé dang ching
minh rang ba
doan thing AA’,
BB va - CE’
bing nhau va
déng quy (Day
chinh la ndi
dung ctua mot
bai  todn ed
dién, guen
thudc doi vdi s6 dong cdce ban),

- Sau dd, ching minh rang bon tam gidc
ABC, A B C , A'B'C'vi A B,C, cd cung trong
tam G. That vay, néu tam giac ABC cd hudng
duong (xem hinh vé) thi f(AC + BA’ +CB’) =
= [(AC") j;f[BAil + f(CB’) =
=AB + BC + CA = O, trongdd [ = @
la phép quay véctd, gde ¢ = + 60°. Do dd :

AC + BA' +CB =0

Suv ra : Hai tam gidac ABC va C’A’B’ cd cung
trong tam ; Lit d6 ta dude ngay d.p.c.m.

- Dé y raing A B C_ va A B |C, la tam gidc
trung binh cda cac tam giac ABC va A’B’C’ ; do

1

1
dd, phép vi ty V57 tam G, he sk = =5 hién
ABC thanh A B C_, A'B'C’ thanh A|BC,. Su

i
ra phép vi tu V; 7 bién cdc doan thang AA’, BB’
va CC’ lan lugt thanh cdc doan thang A A,,
B B, vaC_C,. Bdi vay, ba doan thing nay cing
déng quy va bing nhau.

Cach 2 (dua theo Trian Qué Lam, 12CT,
truong PTTH Dao Duy Ti, Quang Binh).
— Trude hét, ching minh ring cdc tam gidc
ABC ,BCA vaCARB, la déu va dung ra
ngoai tam gidc A B C .

_lh@.t viy, ta ca i i e
2AB, = CA + B'C = f(C'B) + fiB’A) =

— ==3 — —
=f(C’B +B’A) = (2A,C,) = 2f(A,C,), hay :
— —

AB, = f(A/C,), trong dd f = Q4 la
phép quay vécto, gde +60°. Dodd A B C lamot
tam gidc déu va cd hudng am.

Chiing minh tuong tu, céc tam gidgc B,C A
va C,A B, cing la nhitng tam gidc déu va co
huéng am, dung ra ngoai tam gidac A B C .

- Déi voi tam gidgc A B C,, ta trd vé bai todn
¢d dién quen thude, va duge két qua nhu da chi
ra trong dé toan.

Cach 3 (dua theo Lé Thanh Tang, 16p 8T,
truong PTNK Bim Son, Thanh Héa va nhiéu
ban khéc lap 9 PTCS).

- Goi D 1a dinh thi tu cta hinh binh hanh
C’AB’D’ (x. hinh vé), ta ching minh rang DBC
1A mot tam gisc déu, ti ddsuyraA,C B ladéu
That vay, dat AB'D = AC'D = 6 = 180° -
B’AC’ ; ta dugc § = 180° — B'AC’ = 180° -
(860° - 120° - BAC) = - 60°+ BAC. Suy ra :
DB'C = BC'D = BACvadodé: ADB'C
=ABC’D = ABAC (cge). Tt dé : DC = BD = BC.

Ching minh tuong ty, B,C A va C /A B,
cting la nhiing tam giac déu nhu tam giac
A B C_ vadyng ra ngodi tam gidc ABC,.

Nhin xét. 1?) Loi giai 2 (st dung phép quay
véetg) 13 19 gidi ngan gon hon ca.

29) Phén déng cdc ban da biét sit dung tinh
chit cia phép quay dé ching minh AA’, BB’ va
CC’ bang nhau va déng quy (hoac A A, B B,
va C_C, bang nhau va déng quy). Tuy nhién, Joi
giai cia nhiéu ban con rt rutm ra.

3°) Cd rdt dong, 117 ban tham gia giai bai
toAn trén va cho 1oi giai dung. Tuy nhién cing
con mot vai ban chua dat diém t8i da vi ching
minh thiéu chat ché.

49) Tac gia dé toan nay giai bang phudng
phép toa do. Mot s6 ban st dung hé thic lugng
trong tam gide, td gidc d&€ ching minh cac tam
gidenhu A B Cladéu. Cdc loi gidi ndy déu dai
dong, khéng dep.

NGUYEN DANG PHAT

Bai L.1/218. Mot vién bi khoi luong m cd
khoan mét I8 xuyén tam va dige Iong trén mét
thanh ciing thang sao cho bi cé thé chuyén dong
doc trén thanh véi ma sat khong dang ké. Hai
1o xo L, va L, c6 mét diu gan chagt vdéi vién bi
vir diiu con lai géan c6 dinh vao cde diém A va

4]
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B trén thanh cing (xem hinh vé), Lic dau ddt
thanh AB ndm ngang va vién bi diing yén o vi

tri M, khi do 1o xo L, bi nén mot doan a,, lo xo
L, bi nén mot dogn a,. Tai thoi diém t = o quay
thanh AB xung quanh M tdi vi tri thanh thing
diing.

1. Hay chitng minh la vién bi sé dao déng
diéu hoa,

2. Cho biét bién dé dao déng ciia vién bi la
9,8cm va gia téc trong truing la 9,8 m/s%. Hay
tinh chu ki dao dong cia vién bi,

3. Chobidtm = Iwg,a =15cmvaa, = 10cm.
Hay tinh dé ciing ciia cai I xo L, va L >

Hm:mg dén giai. 1. Khithanh AB nam ngang
va vién bi ding yén & M ta cd kia, = kya, (1)
Khi thanh AB thang diing, chon v1 t1*1 can bang
lam gée toa do va trén Ox hudng xuéng dudi.
Xét vién bi & vi tri co toa dé x, hap luc tic dung
lén vién bi ed hinh chiéu lén true Ox :

F=1Ra —x+x) =
= fr_:{r;l it e e S e

chi ydén (1) ;
F o= —(k +ky)x + (k,

Tai O, F =
e oI
Bt k;
= (k; + kyx (3). Ap dungdinh luat
k) +k,

+ ky)x, + mg.
x = 0
(2)

0 wva suy ra

vaiF =

Niuton suy ra x” +

xr=0 —
nt

= Asin{wt + ) w? = (%
vién bi dao dong diéu hoa.
2)Luct =0,x = x,vau =0, rut ra

mg

vdi + &y)im .

5.~=-g.uaa_k (4). Tt do
i g
suy ra w X chu ki dao dong
T =2 — = 0,628s.

3) T (1) va (4) mit ra

i mg

Hp % a, +a, G L Abiimi;
& mg

kz = a] +02 . ";1— = 6N/m

Nhin xét. Cac em cd 18i gidi t6t : Nguyén
Qudc Nguyén 11 Ly PTTH Phan Boi Chau,
Vinh, Nghé An ; Nguyén Quéc Khanh 11F CLi,
PTTH Hung Vuong, Viét Tri, Vinh Pha ; T6
Huy Cuing 12A,, PTTH chuyén, Thédi Binh ;
Bii Thé Ding, 11A, PTTH Van Giang, Chau
Giang, Hai Hung.

M.T
Bai L2/218 C6 3 dién trd R, : 30Q - 15A ;
R,: 10Q - 5A;

R,:20Q- 204;
Trong dé gid tri sau la dong cao nhdt ma
cde dién trd co thé chiu duoe.

1. Xac dinh cum lién két, c6 thé cé giita ba
dién trd nay, chiu duge ngudén U = 180V.

2. Gid si chon lién két R /| (R, + R;) mdc
noi tiép vdi cym bong dén locu SOV 40W. Tim
cach mac dé cdc bong den sang binh thuong khi
mdc toan cum vio ngudn dién khong déi V = 220V,
saochocum R = R, // (R, + R,) khong bi chay.
Bé qua gid tri dién trd cita day néi.

=

Hudng dan giai.

1} Trong do 8 lién két giira 3 dién trd cd 4
lién két sau day chiu dude . <180V

DR +R, +R, (U . = 300V,

2)R, /I (R, + R,) (Unm = 200V)

3 H] (R, IRy (U = 275V)

4 Ry + (R, //R,) (U, . = 1833V)

max
2) Lién két B = R, // (R, + R;) cd L Bt

150V vi vay khi mac nf.‘u tlé'p R vm cum bong
dén dé dua vao nguén U = 220V, ma muén cho
lién két R khong bi chay thi hiéu dién thé trén
cuim bong den phai ¢d gia tri nhé nhit 1a 70V,
Taco R = 15Q va U, + U}, = 220V va, ngoai
ra, d& den sang binh thuong thi U 1 phai la boi
cual;=30V->Up, = nU, véin nguyén duong.
Tit do suy ra chi w_’n = 4 —=U, = 120V—
Uy, = 100V. Va cong suit tiéu thu ciia mot khéi
hdng den la

Ug
R
mac song song. Nhu viy : cin méc néi tiép 4
nhom béng dén, méi nhdm cd 5 bong méc Song
song.

Nhan xét. C6 2 em cd 15i giai ding :
Nguyén Thanh Ting 12A, THPT Chi Linh,

Hai Hung ; Dgng Minh Tué¢, 10 chuyén li,
THPT Dao Duy Tw, Déng Héi, Quang Binh.

Py=I1.U;=— U, = 200W—=c65hbong
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"RA KI NAY
CAC LOP THCS
Bai Ti1/222 Chiing minh rang
9n' +9n? +3n — 16 khong chia hét cho 343 vai
moin € Z
NGUYEN DUC TAN
(TP Hé Chi Minhi
Bai T2/222 : Choa, b, ¢ 14 3 8 hitu ti théa man

abe =1
a+b c b3+c3+a3
B2l gthi mdnh e

Ching minh rang mét trong 3s6 a, b, ¢ 1a
binh phuong cia mét sé hitu ti.
NGUYEN KHANH NGUYEN
(Hdi Phong)
Bai T3/222 : Tim mot hé thic gittaa vab la
diéu kién can va di dé hé bat phuong trinh sau
day cd nghiém.
|87 —4xv +y? < a?
|x-’ +xy—4yv- = b
TRINH BANG GIANG
TP Ho Chi Minh)
Bai T4/222 : Cho tam giac ABC véi diém M
d bén trong. Goil, J, K theo thit tu la giao diém
cua cac tia AM, BM, CM vdi cdc canh BC, CA,
AB. Dudng thang qua M va song song véi BC
cat IK, IJ tai cac diém tuong ing E, F. Ching
minh rang ME = MF.
NGUYEN MINH HA
(Hdi Phong)
Bai T5/222 : Cho nita dudng tron tam O
dudng kinh AB va diém M di déng trén nita
dudng tron dd. Goi N la giao diém cta tia BM
vOi ti€p tuyén Ax cia nira dudng tron, P la giao
diém thi hai cia nda dudng tron véi dusng
vudng goc ha tit M xudng Ax, @ la chan duang
vuong goc ha tit M xudng AB. Xdc dinh vi tri
cua M sao cho N, P, @ thing hang.
DANG VIEN
{Ha Ngi)

CAC LOP THCB
Bai T6/222 : Cho ham s8
flx) = cos2x + acosx + bsinx. Tim a, b
sao cho fix) = -1 véi moi x.
TRAN DUY HINH
(Binh Dinh)

https://sites. google. com/site/letrungkienmath

Bai T7/222 : Giai hé phuong trinh :
x—3z7x—-3z2+2 =0
y-3xy —3x+x° =0
z2=3y2-3y+y' =0
NGUYEN QUANG HAI
Vinh Phii)
Bai T8/222 : Bon s a, b, ¢, d cd tich bing 1
va théa man ding thic :
it hg ety tak g L
i & N T
Ching minh rang bén sé a, b, ¢, d phan lam
hai cap gia sif 1a cdp (a, b) va (¢, d) sao cho :
a.'b=c.d=1.
NGUYEN LE DONG
TP Hé Cht Minh)
Bai T9/222 : Dudng tron (I) noi ti€p tam
giac ABC tiép xic v6i canh BC  diém D. Goi J
va K ldn lugt 1a trung diém cta BC va AD.
Ching minh rang dubng thiang JK di qua I.
HO QUANG VINH
(Nghé An)
Bai T10/222 : O la mjt diémg nam tyongtiidién
ABCDsaochoOA, + OB,+ OC,+OD,= 0, 3dé
A;, B,, C;, D;lahinh chifu cla O trén cic mat
(BCD), (CDA), (DAB), (ABC). Chitng minh rang :
OA, + OB, +0C, + 0D, < 4r
trong do r 1a ban kinh mat cau néi tiép ti dién.
| PAO TRUGNG GIANG |
’ Y Py
CAC DE VAT LI
Bai 1.1/222 : Cho doan mach xoay chiéu nhu
hinh vé, trongdé R = 60<2, 2 cuén day cung do tu cim
I

L (dién trd thuian
khong dang ké) va O, —— g

2tucungdién dung e | B o ”
C.2daudoanmach / p—cts
M, N mic vao TRy
ngudn xoay chiéu

A C
on dinh. Khi khoa F— oo —| |——
K lan lugt & vi tri @

1' va [ 2, thi bigu thic dong dién qua R 14n lugt la

i) = V2 sin (100t - 35) ()

; 5 it
i,=V2 sin ( 100 it +§) (A)

Viét bi€u thic dong dién qua R khi K & vi tri

'3 . Biét rang dién trd cia day néi va khda K

khong dang ké. 2]
TRAN TRONG HUNG

(Qudng Ngdi)
Bai L2/222 : Mot con lic don duge kéo ra
tdi vi tri A ma day hop véi phuong thing ding
mot goc ¢ < %rﬁi budng ra (v, = 0). Hay xdc
dinh cdc vi tri ctia con l4c ma tai dd gia tdc cia

vat nang co gid tri nhé nhat, ldn nhat.
LUONG TAT DAT
(Hia Noi)
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PROBLEMS IN THIS ISSUE
For lower secondary schools.

T1/222. Prove that 9n* + 9n? + 3n - 16 is
not divisible by 343 for every n € Z.
T2/222. et a, b, ¢ be three national
numbers satisfying
abe =1
. ¥ )
T8 e SN
bu (\-- a-" a b [
Prove that one of these three numbers a, b,
¢ is a square of a rational number.
T3/222. Find a relation between a and b
which is a necessary and sufficient condition
for the system of inequatiom

3x" —4xy +y° < a°

X xy—4y = b
to have a solution.

T4/222. M is a point inside the triangle
ABC. Let I, J, K be respectively the points of
intersection of the semi-lines AM, BM, CM
with the sides BC, CA, AB. The line passing
through M parallel to BC cuts IK, IJ
respectively at E, F. Prove that ME = MF.

Th/222. A point M moves on a semi—circle
with center O and diameter AB. Let N be the
point of intersection of the semi-line BM and the
tangent Ax to the semi-circle, P be the second
point of intersection of the semi—circle, with the
perpendicular issued from M to Ax, ¢ be the
orthogonal E{rnjectmn of M on AB. Determine the
position of M so that N, P, § are collinear.

2

For upper secondary schools

T6/222. Consider the function

flx) = cos2x + acosx + bsinx.
Determine @, b so that fix} = ~1 for every x.
T7/222. Solve the system of equations :

x—32x ~3z2+2 =0
y—3x%y -3x+x° =0
2-3y2~3y+y' =0.

T8/222. ‘Let a, b, ¢, d be four numbers

satisfying
abed = 1
iPruene +I +l
ﬂ+b+c+d=a+b— g

Prove that the set {a, b, ¢, d} can be divided

into two pairs (a, ) and (¢, d) such that
ab =cd = 1.

T9/222. The incircle of triangle ABC touches
the side BC at D. Let J and K be respectively the
midpoints of BC and AD. Prove that the line JiX
passes through the center of the incircle.

T10/222. O is a point igside the tetrahedrog
ABCD such that OA, + OB, + OC, + OD; =0

where A;, B, C;,D, are respectively the
orthogonal projections of O on the faces (BCD),

(CDA), (DAB), (ABC). Prove that
OA, +0B; +0C; + 0D, < 4r

where r is the radius of the inscribed sphere of
the tetrahedron ABCD.

TEA LT TGP FI P TFTRF P M

SURISAINTHAN HPPRCHUAIDUNG,

_Trong bai "Lam thé nao dé dy dodn hinh dang ctia 14p hap
mem" diing trén Tap chi TH va TT, 56 210, 12 - 1994, tic gid
i phé phan mot 6 tai lieu 1én hién hinh vé viin dé huong
diin hoe sinh dd dodn Gp hdp didm. Sau do Lic gid dua ra cich
kh.:g phua v ba didm khéc nhau ciia mp hayp duun niu ba
diém nay thiing hang thi tp h(ip didm oo dang lh‘m;_.,
.. Chch dn.Ln nh.m nay cing chua chinh xdic. 16 xin néu
hai thi dy
Thidu 1 : Chodudng tron tam 2, dudng kinh AB c0 dinh
v mil Jitm C chuyén dong trén dudng tron. Goi £ 13 chan
klu{‘-ng \-uﬁr_\; goc ha (i O xudng AB. Tim tip hdp 1, tim dudng
1;'011. noi liép tam t_l ac CHO),
Fap h(‘-p 1 bon cung chua goc 135° vé qua ¢ic doan A0
hodic OB, vit ta cd the tim duge dé dang bé ba diém thuéc tap
hap méa cé ba diém do thing

hang {xem hunh 1) e e
Thidu2: $ ’f\ N
Cho duding tron (0). day ", N

AB cd diph. Tim tip hgp f" \ \

nhiing dicm M (trong mit b i

piil |r| a chifs dudng tron [0]1 s '_j-(/‘k~',-f‘_ _"_-:jl
thia mdn M. H’B = A= i Tj!:tg‘ s [

(MT 14 uidp wyén cla du{mg
tron ()

Loi giai bai wdn nay
duge ddng trénbdo THva TT \
(thing 11 — 1966) nhu sau : TR e

10

MNéu Ax la tia d6i cla tia (AB) va By 14 tia doi cba tia BA
thi hai tia Ar va By thue 14p hdp phai im.
Giid su M khéing nim trén dudng thiing AB (1 hCn nhién, M
mim n[_,udujudnhtlnn {02) dé R
tén tai tiép wyén MT i ] \\
dugdng tron). Goi C la giao N
duém{kh‘)cH) clia (MB). Vi 1
dllﬂr‘lg tron (), thi ME. MC ,-——}{/ |

= MI*= MA MB=>MA =

M = A MAC cin_tai C =

AME = (180° - ACM)Y2Z = \
{180” — a)/2 trong do }

o = 1/2 AOB (khéng doi)=

M thube cung (@) chila goc

90° - ef2 vé qua doan AB i
(phin ngoai dudng trén ().

{(Xem hinh 2)

Nhu viy, tap hdp M gém hai i A, Ay va cung (O). Treén
tap hop nay, 16n tai bon diém thing hang, citng 16n tai hdn
diém trong do 6 ba diém khéng thing hing...

Thue ra, viec dy dodn tap hap khang chi diing lai 0 cich
lim thi cong ma cic sdeh méa bai bao da neu, méi phai ke hlﬂp
wihi su nd e ciia cdéic thao Lac d duy : nghlén ciiu tinh ddi xiing
clia tap hop, tim cac diém "vo 14" cla tap hgp, "dya vao cic
phép bidn (chinh xic) hinh... hy vong tim duge tidng doi vé
hinh déing" cla tAp hdp cin tim.

LE NGQC THANH VINH
(Nidng khicu Ki Anh, Ha Tinh)
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Tim hiéu siu thém vé toan hoc phd thong

PHEP CHIEU VUONG GOC VT VIEC XAC, DINH
KHOANG CACH GIUA HAI DUONG THANG

Bai viét nay gioi thiéu ciung cdc ban dng
dung cta phép chidu vudng gde trong viée xdc
dinh khoang cdch giita hai dudng thang chéo
nhau. Qua dd lam phong phu thém céch gidiloai
todn nay, déng thoi cho thiy mot cdch nhin va
sif van dung sang tao phén i thuyét da duge hoc
trong chuong trinh hinh hoe

Ta biét rang phép chidu vudng gde bio tén
ti,s6 cdc_doan thing ciing phudng va néu
MA = EMBthiM’A’ = k¢ M'B'v6iM' A, B’
tudng ing la anh cia M, A, B qua phép chiéu
vudng goc.

Xét hai duong thang chéo nhau AB va CD.
Ta dung 1 mat phang (P) vudng gdc vdi AB tai
O (0 € AB). (Xem hinh 1)

o Mely o

T

114

L T8 S 4

Hr.*m’: -F

Gia st doan MN la doan vudng gée chung-

clia AB, CD ; hinh chiéu ctia A, B, N trén (P)la
A’, B', N'. Ré rang MN = ON’ (h. v&). Nhu vay
dfAB, CD) = d (0, A'B’) (Ta ki hieu d(AB, CD) la
khodag cich giita 2 duding thang AB va CD, (hinh 1)
d(0, A'B’) 1a khoang cach giita diém O va A’B’,
Trong titng bai todn, cd thé chon mat phing
(P) qua C, hoac D hay 1 di€m dac biét nao dd trén
duting thang CD. Cu thé ta %ét cdc bai toan sau :
Bai todn 1. Hinh tit dién ABCD cd canh CD
vuong gde vai mat phang ABC, M 1a trung diém
cia DB, N la trung |,
diém cia AB, K1a >
di€ém trén CD sao

cho CK = %CD.
Chiing minh rang

khodng cich gilta hai
duting thang BK va

CN bang khodng
cach gitta hai duong
thing AM va CN
(hinh 2a).

Gidi. Ta chitu ti
dién ABCD lén mat
phing (P) vuéng gée
vdi CN tai N.

Hinft 2a A
B}

R

Hirth 2h

THAI VIET THAO
(Truong Phan Bgi Chdu, Nghé Ar)

Ki hiéu A}, B, D,, M,, K, 1a hinh chigu cia
A, B, D, M, K trén (P), chu y rdng hinh chi&u
ciia CN va N chinh 1a N.

Theo gia thiét CD L (ABC) = CD L CB,
CD L CA-DodSND, / CD vaND, L A B, taiN.
(xem hinh 2b). Ta cd : d(BK, CN} = d(N, B K ) ;
d(AM, CN) = d(N, A,M,). Suy ra cén ching
minh d(N, B,K,) = d(N, A,M,). Suyracanching
minh dN, B.K, = dN, A,M,).

Tit gia thidt M 13 trung diém BD = M, I
trung diém B,D, ; cing nhu thé N la tring

1
khie CK = ZCD =

diem AB,, mat 5
1
NK, = §ND1 (K € ND,). Tit cac dang thic trén

dé dang suy ra K| la trong tdim A A\B,D,. Mat
khic AA KB, can tai K, nén suy ra
d(N, B K)) = d(N, AlMl) (dpem).

Bai toan 2. Cho td
dién déu ABCD canh a. A
Goi M la trung diém
canh AB, N la trung
di€mcanh CD. Hay tim
khoang cach gita hai
dutngthang BN va CM.

Gidi : VIABCD latd
dién déu, nén tit gial
thiét tasuyra BN L CD.
Ta chiéu td dién ABCD
lén mat phang P vuong
goc voi BN tai N. Ré
rang CD C (P).

Goi H 1a chan du’bnﬁ cao ké tit A tdi mat BCD.

P £ I P
Khi d6 A—-A,B—+N,C—-CD—D H—N
P

(Ki higu A=A, tic A, 1a 4nh clia A qua phép
chiéu vudéng jdc lén P). Tit gia thiét suy ra :
AC=AD, AN 1CD

2
TacdNA|=HA=a 3 va d(MC, NB) =

d(N, CM,). Chua y rang MA = MB =
MA, = M{N(M, € A N) (xem hinh 3b),

Va d(N, CM,) = NH, trong tam gidc vuéng
C}}WMI ta (1:6 ]

]_ 1
-3 + o
NH? NC? NM? 1
e 4
2 J;"g e g
NH=a1{1]O. J
ay10
Vay d(MC, NB) =—p—. T\ n
11
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Bai toan 3.(Dé 128. Bo dé thi Tuyénsinh DHCD).

Trong mat phiang P cho hinh vuéng ABCD
canh a. Goi O 1a giao diém cua hai duong chéo.
Trén duong thing Ox vudng gdc vdi mat phang
ABC tai O 13y 1 g
diém S.Goiala -
goc do mat bén
hinh chdp
SABCD tao vai
day. Hay =xdc
dinh dudng
vudng gie chung
cua SAvaSD va
tinh d& dai
duding vudng gée /!
chung do. IT) Y

Gidi : Goi M, N 1a trung di€m cua AB va CD
(xem hinh 4), khi dé O 1a trung diém MN va
mat phang SMN vuéng gdc véi CD tai N. Hinh
chiéu ciia SA trén mat phang nay la SM (vi
AB 1 (SMN).Dodo dfCD, S) = d(N, SM) = NK
fNK L SM). Do dd NK = NM. sina = a. sina.

Dé vé duting vudng goc chungctia CD va SA,
tit K ké KE /| AB, E € SA. Trong mat phang
DNKE tu E ké EF |/ NK, cat DC tai F. Thi EF
la duting vudng goc chung cua CD va SA.

Bai toan 4. Cho hinh lap phuong _
ABCD.A B ,C\D, canha, M, N la trung di€m cia
AB va B|C,. Tim khoadng cach giita hai dutng
thing AN va DM va vé doan vubng gde chung clia
ching.

Gidi : (xem hinh 5). Goi K 1a trung diém cia
BC. AK cat DM tai I. Vi ABCD la hinh vuéng,
nén DM 1| AK tail.

Mat khac
AA, L [ABCD] =

AA,| L DM. Do do //::\/;'c‘ g
DM 1 [AKNA|l '"F——>- g
Hinh chiéu cia AN :
lén mat phing nay ; I
la chinh né. Vi vay LA |
d(DM, AN) = i
=dfI, AN) = IL l /'
AL o ANy L .
chinh 1a doan !
vufing goe chung ol
cia DM vaAN. Tatinh IL : IL = Al sin LAI =
avs 2 2aVb6
=0 e e g e s s
AN 5 3a 15

2a
Vay khoding céch giiia MD va AN bing _1?‘
Bai todn 5, Lang tru tam gisc déu ABC A B,C,
¢d 9 canh déu bang a. Tinh khodng cdch giita
hai dutng thang A B va B|C, va chi ra doan

vudng géc chung cua chung.

12

Gidi : (xem hinh 6). Goi giao cia AB va
ABIAO.VIABB A, i
13 hinh vuéng nén
AB, L AB Ta xic A 2 (
dinh mat phing P [ >
chtadB va1AB. [ i
Khi d6 hinh chigu | ~ ;7 @ ©

cia B, lén (P) la A k
B,. Dé xdc dinh i NN

hinh chifu cia C | ¢ Iy

trén (PJ, tit O trong | T I AR
mat CBA, ta ké |/ .-~ B "5l 77

Ox LAB, roitu C |-
ke tia Cy // A B A L4
ching cat nhau tai C’ thi C’ Ia hinh chiéu cta
C trén (P).

Ta 6 d(A,B, B|\C) = d(0,B,C’) tic la bang
dudng cao cia AOB,C” ké tit O. Tam gidc nay cé

2
OB, =f‘l2r--,oc" = dudng cao ké ti Caln ACBA |

cd A,B=A,C=aV2, BC=q, tit dG tinh dugc

06-2@

BIC. = m = 'J?Bf = [CGZ —-0c

. l4a? 1522 ay30
o A 1) - BET i
—V?.a a= + 16 —v g i T

a\h
dé tinh dune drO, B,\C’) = T\r

Dé chi ra dugng vudng gdc chung ciia A|B
va CB,, tit O ké OH 1 B,C"H € B,C". Trong
mat phang B, C’C, ké HK // CC’, cat B C tai K.
Trong mat phing OHK, ké KE /! HO, cat A|B

tai B ; EK la doan vudng goc chung,

Chu y : Trong bai nay co thé vé EK theo cach
trinh bay trén réi tinh d6 dai cia EK, d6 la
khoing cich giita hai duong thang A\B va
B |C. Tuy nhién, thoat ddu dé nghi ra cach vé
nay ciung khong phai la dé dang !

Bang phuong phap trén, ban doe cd thé giai
dugce cac bai tap cung loai sau :

Bai 1. Cho hinh chdp SABC, day ABC la 1
tam gidc vudng ¢an tai C (C = 90°, CA = CB =
4). Canh bén SC vudng gdce vai day, SC = 3, M
vi N la trung di€ém cua AB va BC. Hay tim
khodng cich giita hai duong thang CM va SN.

Bai 2. Cho hinh vuéng ABCD canh a. Tu
trung diém I ciia AD dung dudng thang vudng

¢ v6i mat phiang ABCD va trén dé lay diém
dé SAD la tam gidc déu.

a) Dyng va tinh d6 dai doan vudng goc chung
ciia hai dudng thing SD va AB.

b) Goi M 1a trung diém cta AB, tinh khoang
cach giita hai dudng thang SA va CM.

Bai 3. Cho lang tru tam gidc déu
ABCABC,. Cd 9 canh bang a. Goi M va N la
trung di€m ctia AB va BB . Hay xac dinh khoang
cach gitta hai dutmg thang CM va ON véi O la
tam cua AA B C,.

, con canh
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RE chuyen cicnbii todn bisc

ACSIMETRI(ARCHIMEDE)

(lhodng 287 - 212 tricée CF)

Archiméde ngudi Hy lap, 1a con trai nha
thién van hoe Pheidias. Ong sinh tai Syracuse,
mét thuong cdng va trung tAm van hda quan
trong duong thoi, d b bién mé déng dao Sicile
cia nude Y hién nay. Ong thude dong déi quy
toc, o ho hang véi vua Hiéron I xit Syracuse.
Thud nién thiéu 6ng du hoc mot thoi o
Alexandrie (Ai Cap), r6i trd vé sinh séng & qué
huong.

Mién tay Dia Trung Hai vao nhitng nam 264
= 146 trudc CN tiing xay ra nhiing cuéc chién
tranh Puniques'!) dai ding va tan khéc dé
gianh quyén ba chu giita hai xit Roma (La Ma)
va Carthage (d bi bién Bac Phi, tai ban dao phia
dong thu d6 Tunis nuéc Tunisie hién nay). Dao
Sicile, x1it Syracuse nim xen gita hai ké kinh
dich hitng manh nay, trong nhiéu nam da trd
thanh chién dia va phai chién ddu quyét liet
ching quan xam luge La Ma. Vua Hiéron 1T biét
tai Archimede, da giao cho 6ng dem tai nang
béo vé xii s, va éng da khong phu long nha vua.

Archimeéde & dau ciing tim dude cach dé ve
va tinh todn : ngéi xdm, ding que vach vao
mang dit nén, hoac coi tro bép lo sudi ra san
nha, xoa min r6i vach vao dd ; ed khi con bai
dau 6-liu 1én da minh rdi vé lén dé. Nhiing khi
mai miét, ong b ea bita an, c¢d khi dng con quén
hét nhung gi xung quanh. Mot 1an, khiong dang
tam, thiy than minh béng bénh trong bén nudc,
ongbong phat hién ra rang nuéc nang minh lén,
ong muing quynh, nhay ra khoi bén tAm va, theo
truyén thuyét, e thé trdn nhu nhéng chay ra
phd kéu lén "Eureka ! Eureka !" (T6i tim ra réi!
toi tim ra r6i !). Cau chuyén 1a : Mot nguoi tho
vang ndi tieng thanh Syracuse duge vua sai lam
mot chiéc vuong mién. Han lam dep qua, song
vua nghi ngd han cho thém bac vao trong vuong
mién. Vua nhd Archiméde xem xét ho, ma
khéng duge pha chiée vuong mién ra.
Archimede suy nghi, va khi di tdm 6ng béng tim
ra bi quyét, ma sau nay goi la nguyén li
Archiméde vé thuy tinh hoe. "Moi vat nhing
trong mot chdt long déu nhan dugc tic chdt long
dy mot lyc ddy thing ding, tit dudi lén trén,
bang véi trong luong cia luong nude bi dai
¢hd". Thé thi chi can can chige vuong mién nhu
thuong, r6i ding sgi chi nho treo chiée viuong
mién lén rdi tha chim nd lo limg vao nude ma
can lai, bing cach mdc ddu kia soi chi vao mde

can. Néu vuong mién toan bang vang thi trong
Iuong cta nd phai bang hiéu sé hai trong lugng
vita can, dem nhan vdi ti trong cta vang(Z).
Theo truyén thuyét thi tay thg vang bi ching
minh la gian va bi tritng phat.

Archiméde la nha cong trinh su, nha thién
vin hoe, nha co hoe, nha todn hoe. Ngudi ta cho
rang 6ng da sang ché& ra banh xe rang, vit vo
tan, rong roc di dong, palang (nhiéu rong roc
ghép thanh cum dé tang lye kéo vat nang lén
nhiéu lan). Dac biét, 6ng triét d€ tan dung
nguyén tac don bay dé tang luc. Vé di€m nay
ong cing dé lai mot cau ddy hao khi va bao
nghi : "Hay cho t6i mét diém tua, toi sé bdy duoc
cd Trai Ddt I". Ong da sang ché ra nhung may
dan nude tit thdp 1én cao dé tudi ruéng, nhiing
mAy ning va cdu cac vat nang, nhitng may ban
da dé€ chéng giac. Tuong truyén éng con dinh
lam nhitng kinh tap trung 4nh nang, dai theo
thuyén dich d& dét chay,

Vé thién van hoc thanh tuu ldn nhit cia
Archiméde la sang tao ra mét cung thién van
(co thé tia tua nhu d cung van hda thiéu nhi
Ha Nbi chiang ?), ma bau troi 1A hinh mot qua
cdu réng va quay duge, Khi ta ding trong long
qué cdu nhin 1én, ta cd thé thy theo ngay, thing
cia nam ma thay trén bau tréi nhiing chbm sao
dich chuyé&n trong dém hom dd, cung vdi su dich
chuyén ciia mat troi (licban ngay hom dd), mat
trang, mét s6 hanh tinh chinh nhu Sao Héa, Sao
Thd, Sao Moe, Sao Kim. Lai con cd thé quan sat
cac mo6 hinh hién tugng Nhat thue, Nguyét
thue, va hién tugng mat Trang khuyét lai tron,
trém réi lai khuyét trong mét thang quay quanh
Trai Dat.

Vé Co hoc, Archimede 1a thiy t8 cia mon
thiy tinh hoc bai da phdt hién va dng dung
nguyén li thi nhdt vé thuy tinh hoc nhu cau
chuyén Eureka d trén. Ong ciing 1a thuy t8 cta
mon tinh hoe cdc vat thé, cia li thuyét két cau
cac gian,

Vé toan hoc Archiméde da tim duge cach
dung bang thudc va compa hinh nam canh déu
néi tiép trong dudng tron, cdch tinh dién tich
cdc manh parabol, cach tinh dién tich va thé
tich hinh edu, edc manh cdu va cdc manh vat
tron xoay sinh ra bdi cdc cung duéng cong bae
hai quay quanh true cia ching. Ong ciing tinh
gin dingsd Pibang cdch xem chu vi dudng tron

13
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la gidi han chung cla cde chu vi cac da gide déu
n canh noi tiép, ngoai tiép vdi duong tron khin
ddn téi vo cung. Theo cach xem xét 4y dong da
tinh dén n = 96, tit dé thu duge

3% <L '3%
va trong Ung dung ong da lay gan ding 7 =
= 2—72 = 3,14 la mét s6 ¢d do chinh xdc da diung
cho cde cong trinh thii ddé. Archimeéde eling dua
ra dudng xoan 6c Archiméde r = ap trong hé
toa dé cuc (r, p). Ong con tinh ra bi€u dién cta
dutng tiép tuyén cho duting xodn éc nay tai mot
diém cia no. Archiméde cing dua ra tién dé
Archiméde : cho hai sd dugng e, b véia < b ; 56
ton tai s6 nguyén duong n sao cho na > &. Tién
dé nay ding lam co sd cho phép chia hai s6. Vé
sau, tién dé dude md rong cho mét trudng
khong nhat thiét la trudng =6 : Mot truong T
goila Archiméde néu A, B € T'va A < B thiton
tai s nguyén duong n dé nA > B.

Archimede duage cdc nha toan hoc Hy lap, La
ma, Ai cap, Trung A, An do duong thai va doi
sau xem nhu dang phuc va dang kinh trong vao
bac nhdt. Cac nha nghién ciiu thi nay vé lich
sif todan hoe xem Archiméde 1a ding ddu d thoi
¢d dai. Ong suy nghi tu do, tdo bao va hién dai.
Diéu sang gid 1a trong todn hoc Archimede da
van dung nhiung phuong phap tuong tu nhu
phép tinh vi phan va phép tinh tich phan, ma
hon 2000 nam sau Newton la Leibnit mdi phat
trién lén.

Trong giai doan thit hai cua chién tranh
Puniques tuéng La ma Marcellus dem phdo
thuyén va quan bg tdn cong chdp nhoang thanh
Syracuse. Khi phao thuyén dap sat thanh,
Archimeéde chi huy quan Syracuse doi nhitng
chim da moi tang niang hon 2 ta rudi, pha va
thuyén dich, roi tha nhitng edn edu vdi ngoam
sit 1dn nhdc béng thuyén lén ma lang ra xa.
Quan bd leo 1én thanh ciing bi cdc may ban da
vit may lia quét nén toi boi. Ching khiép via,
kinh hdn. Marcellus bude phai chuyén tit tdn

thasi danh chi®ém thanh Mégare & bén canh.
Quan Syracuse cam cu dude ba nam bi vay ham.
Vao mot ki 16 thanh quan dan Syracuse mai lé
bai, cung thdn linh va ca mua. Marcellus vio
mot dém cho quin ngam tam, tit Mégare sang,
lang & leo vao thanh Syracuse tu phia dat lién,
dudge lénh phai bat séng Archiméde, khong dugc
giét. Quan, dan Syracuse dang ngu say sua,

_khong kip trd tay, bi tan sat vo ké. Archimede

dang mai ngdi trén dat vé nhitng vong tron,
nhic thidy bong mét tén linh La ma chay dén.
Tén linh sdn lai hdi : "Archimede dau 7 "
Archiméde bdo : "Khong duge dung dén cac
vong tron etia ta !, Tén linh s6t rudt, khong biét
ddy la Archiméde, vung gudm chém chét cu gia
75 tudi. Thanh Syracuse bi chi@m va tré thanh
thuoe dia La ma !

1. Mot pha trong Chién tranh Puniques duge
Gustave Flaubert (1821 = 1880), nha van hién
thuc bac thay cta Phap, tai hién rdt sinh déng
trong tiéu thuyét lich su Salammbé (1862).
Flaubert ciing la tdc gia cda ti€u thuyét
Madame Bovary (1857) rat ndi tiéng.

2. Goi ¢ = trong luogng vugng mién bang
vang can lan dau,

b = trong lugng viudng mién bang vang can
lan sau,

v = thé tich viuong mién, d = ti trong vang,
d’ = ti trong nuéc, (d’ = 1). _

Ta co a = vd, b = a — vd’' (theo nguyén li
Archimede)

T dd suy ra

a

n—b:ud’mu:;{

o= (oc—bld

Céach tinh nay mién dudc cho ta phép do thé
tich v.

Ban doe ¢o thé dé dang lam quan sdt hai
phép cin mét cue sat khong nhung nude va cd
nhing nude. Sé thdy ngay su khac nhau giua
hai trong luang thu duge. Ci thit ma xem !

cong sang bao vay o dai thanh Syracuse, déng LT LIEN
— e ke r ~
TIN BUON
Toa soan tap chi TOAN HOC VA TUOI TRE vé cling thuong tiéc bao tin :
Nha giao DAO TRUONG GIANG
Sinh ngay 19.10.1954
Qué quéan : Xa Thugng Néng, huyan Tam Thanh, Vinh Pht
Giao vién trusng THPT Chuyén Hung Vudng, Vinh Phi, cong tac vién than thiét cla
TC Toan hoc va tudi tré, do mac bénh hiém nghéo da til trdn héi 14 gio 10 phdt ngay
1.11,1995 tai Bénn vién Bach Mai, Ha Noi.
Toa soan xin chia budn cung gia dinh va nha trudng.
. » 7 10ANHyE VA TOSTTRE :
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Mot 5o ting dung TiCH VO HUGNG CUA HAIVECTO

Trong chuang trinh hinh hoc 1dp 10, khidi niém vé vecto
chidm mat phéin quan trong. Tromg bai il niy. téi xin trinh
héy méin 86 dng dung nho eda TICH VO HUONG,

_, T hu xin nhic lai dinh nghia. Cho hai vectd
a={xy)b= (¥, y5) . Tich v hudng cia chiing, ki hiéu o .

dude xic dinh boi @5 ——-(|u e Y (@] — |B]%) hodc
a. b= lal. 18] . m-:(c.- ivdl {a. b} i gde gida hai veclta, b
Bicu thile toa do s a”, lI'k-. ¥y,
LY 5 XX Ty

TU o 1a el L'fJ:-‘(F:h]

a5 eSS
Sau diy la mit s6 Ung

dung ciia tich vo hudng. P
i { :"H\l," dung d¢ el / N,

mirdy ddinng thiee / G
Vidu 1: Cho DARC i N

AB=c BC=a CA = trén

AR 1y didm M. Chiing minh

fing ¢ OM? = PAME +
+HAME & @ o+ B4 e
b e AMBM B :
o MA . CAHCE
Gial : Gidsld— ME =k Taco CM= “J-T(*}
IBM| . CA + 1AM | . CB
— M =
: |AM| + | BM|
g, CM = |1;M| ,x+|s.M ‘ah
— I CM | = h? |BM | +at|AM|? +

+21AM| . \BM (A . f?i]

I)n‘f A.Ch=at+p2— 2 nén
oL (M| =8 | BM)E +u—;,1.w|-‘+
+(2® + b7 =Yy |AM) L BM)

Viidu 2 : 02 1 tam duding tron noi tiép A4 BC i cic canh

Ot OBt ock
BC =a, A = b Al = ¢. Ching minh — +— + =
T he o ab

Gidi 1 SO dyng tinh chit
clia cie dudng phin gide O,
OFF O cling vl nhiin x¢L (#)
dvidy L adédang ching mink
dude d.OA+hOR+c.00 =T
Tu do
<o (@O0 N e 0 = 0
o O OB+ GO+
+ 2abOA . OB 4+ 2bc(B, OF + 20a(R . ON =

Vi A — Ol = B v (1 — Ofy = 2

=204 .08 = 042 + OR? = ¢*

'lll.liinblu L oo

Y E o OBt +o 107 . ub{'l’M' + R = ot }+I:-|:'{UB +
+ O = a) + ca(OC + 042 - b )= ll«—-{a+h +f.}|(au()‘l-

42 ORt oct
DB + cOC }-u.‘:(_{g+h+¢jq—;—+— =t
be cu ab

Vidu 3 = Tren mit phiing cho hai hinh vading cling huding
ABCID Vi A 8,01 Chltng minh Fing

AA|+E(|—HH"E+DD—| j
Gidi : D ah = E'ATJ = FIERNAY 3 o S
(1_1'.1' =u, /I_.-"J —.-'7 [_':1 =i i if |
IhnwAzI =g +.’J+f T

TO XUAN HAI
(Truong PTNK Hdi Hung)
EH]=‘5T+!? ?!Tb —u+b +cnén
A7|L+F?'{=EQ+F+_5;"3+F?+2:-~+
+2a . c+2b.c+2a,.c+2h .0,
BB} + DD} = @2+ + 4} + b1 + 27 +

"‘...ILT:‘F f+2{l.C+ e B
Diing thilc ciin chunb minhes a5} E‘_'#;
Gk (uu |}—){]"+(a u])
S Bray=(@.ay)+27°
2. g dung trong gidi phuang finh va hé phueong wrinh
Vi dw 1 : Giai phiong trinh
XACFT +3=E =

—

2]

L, Gidi:pata = (x 1), B = (FFTVI =), Khi do
2 h=x{x T 1 +y3=x;|a]l.|E] =
VeF TV WEF LR + (43 =)
=2’ F1
Doddoa” b= |a] . |b] —a, beong wyén
¥ A FT EoE ]
—p - = -
[~ VF=x 3-x
-+ e+ =0

=1 - - = Oerx, =1, =12 V2
Vidy2: G:.u heé phuong trinh
FHY = —yx+2)
(M ixt+x+y==22
W HE 8yt =2c+ 4z +2
Gidi 1
Xx+y)+yy+2)=10
(e Jx(x + 1) +p2z + 1) =0
| a2 = 0ok 1)+ (2241
Xé1a = (ry), b= (ety,p42), 0= (x+1, 2+1)
—a b=0a.c=0,4b" =7

1
tNéuﬂ“UIhl.\(Av_ﬂi""_
+ Néua'# Dthi hvaccon uﬂ.} c=+2h
s - . e, —}
Xet hai trudng hope = 2bviie = — Zhta co
1 1
x=ﬂ.y=*2-.r.=—5

1 1
Wiy hé ed hai nghiém 14 (0, 0, - ,’J (0, =

% z)

3. (tng dung wrang chubng mink bd't ddng thire

Vidul : Cho8so thucx,, vy, x5, ¥, 5, X, X5, Chiing minh
ring it nhit mot trong 656

XL+ Xy X KL H ST
+ x,.xy Khidng am.

Gidd 2 Xér 4 vects

A —3 - i s .
L MmO vy = () vy = (g X, vy = (05 xg) Ta oo
VeV T+ X0 V)LV = 0+ X, L, 1y W, S X + X

it nhdt mét trong cic goc gida 4 veetd khoing vudi gqusi 90°
nén it nhit mot trong 6 tich vo hudng 13 khéng Am,

Vidu 2 : Chilng minh AMBC ¢ cac mmg;uyén ung vii

§H X7+ Xakg s Xyle + Xatp 4 X0+ ks

cic canh AL va BC vudng goe thi ta oo cosB = 7

—— ]—r —_—
Giai : Dt 7 Bt =2 BA-llaw ’";.:E‘T— i
el 1_, i s ¥
dovn, J_F;:nq‘}n {—a —E} {—r‘ —q =0
i 2 2_._’ Sy
MR a.c PR T
=ro.c=_(a"+c)eosh = =7
A g o R Py (R s
4 |a|-+ |c]" 4 i Al
= — e = — (08 \
T B r ) /N
Iéng thile xAy ra khi v chi khi 7 A
@] = |c] hay AABC can. A TR
A 15
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MAT MA KHONA CONG KHAI
MOT UNG DUNG BAT NGO CUA SO HOC

Thé gidi ciia nhitng con s6 that huyén ao ky la
va hdp din. Da cd nhiéu vé dep bi &n duge phat
hién va con biét bao diéu bi 4n chia dung trong
day sd 1, 2, 3, ... 88 hoe, vi nit hoang ctia toan hoc
mie di da 3000 tudi ma sac dep long lay elia né
véin con quyén rii biét bao nhiéu tai nang. Vé dep
cta s hoc lam say long nhiéu ngudi, tit nhiing
nha toan hoc 16i lac nhdt dén dong dao cde ban
yéu todn. Phai ching sy hdp din clia s6 hoc la &
chd nhidu ménh dé cua nd duge phit biéu rit don
gian ai cing higu duge ma dé chitng minh thi phai
sti dung nhirng cong cu toan hoe hién dai nhit,
nhiing ki thuat "cao cudng” nhdt ? Mat khac,
nhiéu ban tré chie da cam nhan su thich thi kho
ta khi tim ra duge mot edch giai don gian bat ngd
cia mét bai todn sé hoc khd, tudng chitng phai
ding dén cac kign thiic cao siéu.

Trong bai bao nay to6i mudn gidi thiéu vdi cde
ban moi vé dep khac eda s6 hoc thue hon, trian
tue hon ma cd 1é it ban duge biét tai. Dd 1a viéc
tiing dung cua s6 hoc vao mét linh vue rdt quan
trong cia doi séng : linh vuc bao mét thong tin.

Hién nay nhiéu to chitc quan sy, kinh té&, tai
chinh hay cdc co quan chinh phu khi truyén di
cdc tin tdc tol mét cia minh thudng sit dung
mét loai mat ma goi 1a mat ma cong khai viét
tat la RSA, do ba nha khoa hoc Rivest, Shamir
v Adleman dé xudt. Un diém ndi bat cia mat
ma RSA la & chd khong can thiét phdi giit bi
mdt phiong phap ma héa va gidi ma ciing nhut
chia khoa md hoéa. Chi can giit bi mdtchia khéa
gidi md la di. Chinh vi vy ma mat ma RSA ¢d
tén goi la mat ma khda cong khai (public key
cryptography).

Thoat nghe chéc ede ban khd hinh dung ra
moét thi mat ma nhu viy, Mat ma RSA duge
xay dung dUa trén mot két qué s0 cap cla so
hoc va mot su kién 14 rat khd phan tich mot s6
16n ra thita s6 nguyén td.

Gia st ta cAn chuyén di mot bite dién nao
dd. Trude hét cac chil cai va cac ddu ngit cau
duge chuyén déi thanh edc chit s6 theo mot "t
dién" tiéu chuin nao do. Ching han theo tit
dien ASCII (American Standard Code for
Information Interchange) dang dude s dung
rOng rii trong cde mang thong tin thi e — 097,
g—=07l,u—=1171—033 v.v..

Nhu vay viée truyén di mot bic dién tudng
dudgng vdi viée truyén di mot day cdc chir 6.
Day nay dude cit thanh mot 86 cde khéi méi khéi

16

DANG HUNG THANG
(Pai hoc Qudc gia — Ha N§i)

cho ta mét con s6. Tom lai viée chuyén mot bie
dién cd nghia la chuyén mét day sé a, a,, ..., @

Dé giit bi mat thong tin ta bién déi (ma hda)
mébi sd a thanh s6 & theo cich sau.

L&y hai s6 nguyén td kha lén Py va p, (cd
khoang 100 chit s6) nhén ching voi nhau dé
duge sém = p p,. Chon mét s6 & nguyén to vcu

plm) ddép l&lham Ole plm) = (p, - Dip, -

S8 a duge ma hda thanh s6 b = af (modn}
Cdp 56 (m, k) goi la chia khéa ma hoa.

Viée ma hoa s6 a (tic 1a tim du cha a* khi
chia cho m) duge thue hién nhanh chdng va dé
dang nhd st dung thuat todn Oclit chay trén
mdt chuwong trinh méu,

Khi nhan duge sd b d€ tim lai s6 o (giai ma)
ta dua trén nhin xét sau day :

Nhan xét - Giasi k' lasdthoaman kk’'= 1
(mod p(m)). Khi dé 6% = a (mod m)

That vay ta cd b* = a* (mod m)

XépA = g*¥ - g ggtnl o'l
Néup.| athiA: p.Néup;: athi
gkl 11 gt =11 gfict=13 p,

(theo dinh li Fecma nho). Vay ta ludn co
A: p, (i =1,2). Vay akX = @ (mod m) hay
b¥ = a (mod m]

Nhu vy dé khai phuc lai s6 a ta chi cdn tim
du ctia b% khi chia cho m s6 k’ goi la chia khoa
gidi ma.

Gia st d6i phuong cia ta bat duge s6 b va
muén tim lai 86 a. Déi phuong eing biét duge
chia khoa ma hoa (m, k) va phudng phdp ma
hda va giai ma (vi ta da cong khai hda cde théng
tin nay). Mudn c¢6 e ddi phuong phél x4c dinh
dude s6 &’ tie 1a phai biét p(m) = (p, - D(p, -
hay ciing vdy, phai biét phan t‘iCh m ra thita 56
nguyén t8. Tuy nhién rat khd phan tich tidu
chudn mét s6 16n. Hién tai st dung thuit todn
t6t nhat va chay trén may tinh nhanh nhit phdi
can toi hang thé ki dé phan tich mot &6 ¢6 100
chit 56 ra thita 36 nguyén t6 ! Thanh thit trén
thue t& d6i phuong hoan toan bo tay !

Do sy ra doi cia mat ma khda cong khai
RSA, nhiéu nghién ettu dé€ tim tdi edc phuong
phap phan tich tiéu chu&n dang duge tién hanh
khén trudng va dude giit bi mat.

Cac ban tré thin mén,

Qua vidu trén cdc ban d4 thdy ring toan hoe
ndi chung va sé hoc ndi riéng khong nhitng dep
ma cdn rit cd ich nita.
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TUAN THANH
Theo bao "Khoa hoc va dai séng” (Nga)
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Giai ddp bai

Al BAN TRUNG VONG 10 ?

Vi c6 9 phat ban va ca 9 vong bia déu duge ban tring nén méi vong bia tit 2 dén 10 chi c6 mét

phat tring. Nhu vay téng s6 diém cla ca 3 ngudi 1a
2+3+4+5+6+T7T+8+9+10 = b4,

va 86 diém eda moi ngudi dat duge 1a 54 : 3 = 18.

Vi Hing ban tring vong 4 nén cd thé Hung ban trung
cac vong b, 4, 9 hoac 4, 6, 8. (Téng s6 3 vong bang 18).

Vi Diing ban tring vong 7 nén ¢d thé Diing ban tring
cic vong 3, 8, 7T hoac 7, 2, 9 (tdng s6 3 vong bang 18).

Vay Manh ban tring vong 10 va két qua cdc kha nang ¢6
thé duge cho trong bang bén. (Theo Biti Phit An, TT,| trudng
chuyén Lé Khiét, Quang Ngai).

CO NHUNG DA CIAC NAD ?

Manh | Hung | Ding
Ding 3 8 7
Manh 10 6 2
Hung 5 4 9 |
BINH PHUONG

Ban hay tim nhiing da giac (phang) sao cho ta cd th€ chia nd bang cac dudng thang dé dude

nhitng da gidc con (nhd hon) déng dang vai da giac da cho.
Cd bao nhiéu da gidac nhu vay ?

VU HOANG THAI

hang nam.

phong bi dé ro giai bai cta so tap chi ndo.

THONG BAO VE CUOC THI THUONG NIEN
GIAI TOAN TREN TAP CHI THVTT

Dé danh gia chinh xac ndng Iuc cua cac ban du thi theo tlng I6p va cap
hoe, bat dau tu nay, cac cudc thi trén THVTT tinh theo nam hoc.

Bai du thi la bai gJa| cac s6 tap chi tu thaﬂg 9 dén hét thang 5 nam sau.
Céc bai giai d6 duoc tinh diém va céng bé két qua du thi vao dip cudi nam

Ngoai ra bai giai céc s6 khac van néu tén ngudi giai tét trén tap chi. Cac
ban tham gia giai bai can ghi ro I6p va tén truong, tén dia phuong. Ngoai

THVIT
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