https:www. facebook. com/letrungkienmath https://sites. eoogle. com/site/letrungkienmath

O GIAO DUC VA DAO TAO % HOI TOAN HOC VIET NAM

TAP CHI RA NGAY 15 HANG THANG
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TOAN HOC VA TUOI TRE
MATHEMATICS AND YOUTH

MUC LUC

Trang

e Ddanh cho cdc ban Trung hoc Co 50
For lower secondary school level friends
Tran Ba Si - C4i hay ciia m6t bai toan nho. 1
® Gidi bai ki trivdgc
Solutions of problems in previous issue NGUYEN CANH TOAN
Cdc bai cia sé 217 4 Phd tdng bién tap :
e Nguyén Khic Minh — Cac bai toan thi NGO DAT TU
hoc sinh gidgi. Toan THPT toan qudc 1995. 8 HOANG CHUNG

Tang bién tip :

® D¢ ra ki nay
Problems in This Issue
rm |l 'y Iy & a A
T1/221,..., T10/221, 1.1/221, 1.2/221 10 HOI DONG BIEN TAP :

e Trinh Bang Giang — Tap md rong mot bai toan 12

e Ong kinh cdi cdch day va hoc todn | Nguyén Canh Toan, Hoang
Kaleidoscope: Reform of maths teaching and learning | Chung, Ngo Dat Tu, Lé Khac
Dang Ky Phong - Hoa ra 6 ngoai duong | Bao, Nguyén Huy Doan,
ciing nhit d trong nha 11 | Nguyén Viét Hai, Dinh Quang

@ Nguyc’n Van Loc - St dung phuong phap vécto Hao, Nguyén Xuin Huy, Phan
dé phat hién mot s6 bat dang thie ludng giac Huy Khai, Vi Thanh Khiét, La
L piRy 13 | Hai Knai, Nguyén Vin Mau,

e Két qud cude thi gidi fodn trén THVTT 1994 14 Hoang Lé Minh, Nguyén Khic

e Tim hi¢u siu thém todn hoc phé' thing Minh, Tran Van Nhung, |
To help young friends gain better Nguyén Dang Phat, Phan |
understanding in secondary school maths Thanh Qu-m_r rj.,L' Hine
Nguyén Phi Phiic — Dung phuong phap toa do ' - g : g

dé giai cdc bai toan hinh. 16 Quang, Dang Hung Thang, Vi
e Gidi tri todn hoc Duidng Thuy, Ten Thinh
R itk ot Berdnting Trai, Lé Ba Khdanh Trinh, Ngo
Binh Phuong — Tro chaoi thay sd Bia 4 Viét Trung, Dang Quan Vién.
Ngoé Han - Co gido phat ai Bia 4 !

Tru sd toa soan :

45B Hang Chuéi, Ha Noi DT: 213786 Bién tap va tri su : VU KIM THUY
231 Nguyén Van Cit, TP H6 Chi Minh DT: 356111 Trinh bay : THANH LONG
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Danh cho cac ban Trung hoc Co sé

CAI HAY CUA MOT BAI TOAN NHO

Trong tap sach Todn (cia Lign X&) c6 bii lodn sau

"Trung tam giac ABC (AB = AC) co gic A =e. Trén canh
AB 1y digm D sao cho 8D=AC. Liy diém £ 14 trung didm
AD, F trung diém BC. Tinh goc BEF 7", Nghién cdu KT bai
todn nay ban sé thiy cd hai diéu ding chu y sau :

Thil nhdt bai toan rit phong phi vé 16i gidi.

Sau ddy xin trinh bay cde i gidi do.

Cich 1

Goi A 1a diém ddi xiing x
cia A qua 1am F. Thé thi
ACA'E la hinh binh hanh = i o
A(’.'EBA':b;‘-I(' = DI = BA", J_,f’

= ADBA’ cin. 3
Tu do _chu y ringB%
EFDA" v Abi poc ABA' | /

= BEF= DA =%

i
£p7

Ciéch 2

Goi ¢ I diém ddi xing
cia C qua tdm E. Thé thi
ACE hinh binh hanh =
ACHTDCVvADB=DC"=AC

= ADBC cin
va_B +C, = ("DA nhung

EDA = A(C'D | AC)

e penlegil ol
=>B:=E C f}/T=E..' ——Ea.

Chii ¥ trong ACBC thi EF dudng trung binh
= EF jj BC= BEF = = Er

Cich 3

Goi ' ddi sing vdi D
qua tAm F.

Td giac DBD'C hinh
binh hinh

= DRY=AC = .CD'

= AACT) cin.

Xet tuong (U nhu cich 1 4

ta cing co BEF = %
Cich 4
Nai D goi f trung diém DC

; :
DE thily EI /i = AC

I
FlI ;’=, 2 DB

maAC = DR=El = FI
Do dé AETF cin

TRAN BA Si
(Thiéu Yén — Thanh Hoa)

— JEF = iFE

D& thy Abivai E1F
S el e
= EFfl = S
Chay IF j{ AB= BEF = %
Cich 5

DaLAC =h  AB = ¢
Ké FK jf AC =

= K = KF=+ AFKE cin

e X
BEF=—
= 2

Cich 6
Ké phin gidc AK,
PDatBC =a, AB=C AC =}
ot hev . LIAE
I'a o K-
Kt e
= e
EB+KC c+b
KB o

) : BF ;
T'u (L) va (2)#;&— BE™ AEBA ~o AABK

P r
BEF=Z
R 2

Thil hai, bai todn ta vila gidi & trén 14 trudng hop dic bigt
cla bai toan sau diy, ma cd 1€ ban hoc sinh nao cing da mét
Ién gap :

"Td gife ABCD e6 AD = BC goi E, F lin ludt la trung
diém ciia D va AB, E.LE;" AD, BC kéo dai tai K va I. Chiing
minh riing AKF = BIF'. Bai todn ta vila gidi 14 trudng hdp
cha bai toan nay khi 4, ) C Ihi}mg hiang. Céch gidi coa b
todn ta vita néu oo phong phii nhu bai odn suy bién clia no
khong ? Didu nay xin danh cho cic ban suy nghi.
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Bai T1/217. Cho p la madt 86 nguvén to lé.

Tim x, y nguyén thia mdn
Py =pp =1

L giai : (cua cac ban D6 Minh Chdau 9T,
Dong Anh, Ha Néi, Nguyén Tién Hoa TT, Bim
Son, Thanh Hoa, Trian Tdn Pat 8A Chu Van
An, Ha Nai

Gia sir ton tai x, y thoa man bai toan. Theo
dinh li nho Féema

x+y =+ (modp)

Suy rax +y = 0 (modp! = x = —y (modp)
Vip lé do dg
WP =@ +y) @ = "2yt |~y 2P ]

= (xty) ¥ LT L4
= 0 (modp?)

Suy ra pl(p —1}1J:
khong xay ra vi (p = 1) ! / D

. Song didu nay

Vay khong tim duge x, ¥ nguyén théa man
hé thie.

Nhian xét : Cac ban tham gia giai bai nay
déulam ding. Dé chitng minha” +3 ¢ p” mét
s6 ban dung khai trién nhi thde Niutan. Cie
ban ed lai giai tot : Vo Tran Nguyén Lic 9T,
Lé Khiét, Quang Ngai, Trin Nam Diing 9CT
Phan Béi Chau, Nghé An, Nguyén Van Quang
8D Thanh Hdéa, Nguyén Anh Tudn 6NK, Bim
Son, Thanh Hda, DBgng Diic Hanh 9T, Nghé
An, Biii Pang Quang 8CT Tam Dao, Vinh Phu,
Cao Quoc Hiép 9T Thanh Hda, Bii Manh
Hiing 8H, PTCS Trung Vuogng, Ha Noi.

DANG FIUNG THANG

Bai T2/217. Tim
phuong trinh :

3al+xy+y)=x+8y

Lai gidi. (dua theo Lé Hoang Duong - 9T.
NK Bim Son, Thanh Hda). Nhan hai v& cua
phudng trinh da cho véi 2 réi chuyén vé, dude
6x” + Gay + _{jyz - 2x — 16y = 0
ol 4yl + 20y - 26 — 2y + 1+ 2(x2 +

+2(y2 =Ty +é§)

nghiém nguvén ciia

2+ _yz]

i A
+82 4yl —— =0

2
3 1,2
(uty —1¥+ 3 +y¢+2 (y E) + 3 xd + 92
8k
o gl

+ 37 ~ i (x+y)py !

Do cdc s6 hang d vé trai déu khong am nén :
al

Nayx e [-2; 2]
6

Thay cdc gia tri cd thé duge vao phuoung
trinh da cho, ta co cac nghiém (x, y¥) la (0, 0)
vadl: 1l

Nhan xét. Loi gidi tot gom co : Lé Hoang
Dutong (9T NK Bim Son, Thanh Héa) ; Nguyén
Thi Nhung (97 NK Bim Son, Thanh Hda) ;
Nguyén Quée Thang (9CT Dong Anh, Ha Nai) ;
Nguvén Thanh Tam (9 toan, Lé Khiét, Quang
Ngai) ; Nguyén Pham Phuong Thdo (91
Nguyén Tri Phuong, Thita Thién — Hué) ; Vi
Duy Thuan (Huong Son, Lang Giang, Ha Bac)

DDANC VIEN

Bai T3/217. Chitng minh rang

1 i
I+——+—+.. > 147
VZ© Vs o9

Loi gidi. cia Nguyén Sy Phong, 9A, Chuyén
ngit, DHSPNN Ha Nai
Vdi n € N* ta co bat dang thie Cosi :

Sn+2=ntn+)+n+1)>3 Vnn + 12
2>3( Vn (n+1)? — Vn*) hay
'ﬁr(n+1}~— %!rz ]

Tu' do ld oo

\.ru
Lan lugt thay n = 1, 2, 3, ..., 999 vaop bit
dang thuc (1) réi cong vé vai vé ciua 999 bat
dang thic nay ta duge
Gy 1

% R BN VSO S
2-1r>‘3{ﬂ’23rﬁ.1+§.{:]—-- V27 +
n =

=1

+ V10007 — {9997
U'f'in luge v& phai ta di dén
999

= q

{{quw V12 ;+—.99=

=1

148..

Nhan xét : Cac ban sau day cung co 101 gidi
tat : Lé Lam, 9T, Chuyén Phi Tho, Vinh Phu ;
Vo Lé Nam, 8A, PTCS Trung Ty, Ha Néi ; Ddng
Anh Tudn, 9T, NK Tran Phi, Hai Phong ; Lé
Héng Linh, 8T, NK Thi x4 Ninh Binh. Cac ban
Nguyén Van Quang, 8D, NK Thanh phé, Lé
Hoang Duong, 9T, NK Bim Son, Thanh Hea ;
Tran Nam Ding, Nguyén Viét Diing, 9CT, Phan
Boi Chau, Nghé An da phat bidu va chiing minh
ding bai toan téng quait sau :

1 1 B e
_ﬁ_+ A rE >3 (Vim + 1 =1).

Ban Pé Quinh Khanh, 9A, Chu Van An,
Ha Noi dd ching minh duge bdt dang thuc
tong quat sau :

> 147 (dpem).

1
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1 1 1 k
1+ -t > ——( Y+ T-1
TO NGUYEN

Bai T4/217 : Cho tam giac dénw ABC va mot
duong thang d. Goi A', B', C' la chéan duing
vuéng goc lin lwot ha tic A, B, C xudng d.
Ching minh réng gia tri cua bidu thic

A'B? +B'C? + ("A’? khong phu thude vao vi -

tri ciia duong thang d.
Lai giai :
e Xét hinh vé co
duting thiang d khéng
cAt canh cia AABC.
Goi giao cua AA’ vai
BClaE. Ké BI 1 AA’,
CJ L AA' Kéodai CJ
cat BB tai K. Ké AH
L BC. Goi a la canh

cia tam giac déu ~ F
ABC. Ta co ABIE +~ AAHE. Suy ra
ol - e o
T ot CK B ATl o CE.AH
ugng tu =~y altl=—gw
nen AVBR 4 B2 LA L= BE LR

-

AH* > s
=— (BE? +BC? + CE%) (1)
AE

=

Ma BE> 4+ BC? +CE? =
=(BH + HE)* + BC? + (BH — HE)*
= 2 (BH? + HE?) + B(C?
= 2 (BH? + AE* —AH?%) + BC?
ﬂz 3 i 44 -v-‘;} : 5l 7 5

== 5 <4 % ol e + a2 = ¢ AR

2 Z 2 AE 2{ 5 a’ = 2AE? (2)
Tiu (2) va (1) ta co ;

: aV3,2 3a?

1 s_g + 3 !2_ + 71 32 = e =
AB?I+BC2+CA 2'(2) o
suy ra dpem.

e Trudng hop d cat canh AABC xét tuong tu.

Nhan xét

1) Nhiéu ban giai bai nay phai ding dén
lugng giac. Ban Dao Phiong Bac da giai bai
nay khong can dung can thic va ludng gide.

2. Giai tot bai nay cd céc ban :

Bui Dang Quang, C2 chuyén Tam Dao,
Vinh Phi ; Tran Qude Tudn, 10T PTNEK Hai
Hung ; Doan Manh Ha, 9A THCS Tién Léng,
Bgng Anh Tudn, 9CT PTTH Tran Phua, Hai

Phong ; Biri Manh Hing, 8H THCS Trung
Vuong, Dao Phuong Bac, Dao Phuong Nam,
TA THCS Bé Van Dan, Nguyén Sy Phong 9A
Chuyén ngit DHSPNN, Nguyén Quoc Thang
aC, Dé Minh Chan, 9T Dong Anh, Ha Noi, Ma:
Ngoc Kha, 8T Tran Dang Ninh, Nam Dinh,
Nam Ha, Cao Qudc Hiép, 9T NK Hoang Hoa,
Mai Thinh Hiép 9B, Nga Hai, Nga Son, Thanh
Hoa ; Trin Nom Ding, Nguyén Viét Ding,
Nguveén Thinf, 9T Phan Boi Chau, Nghé An,
Luong Hitu Khoa Ludt, doi 3, Hiép Pho Bac,
Hanh Trung, Nghia Hanh, Lé Quang Nam, 9T
Chuyén Die Phd, Quang Ngai, Tran Hiu
Nhon, 9T Chuyén Nguyén Binh Khiém, Vinh
Long.
VIl KIM THOY

Bai T5/217. Cho fam gidée ABC uvdi cac
duong trung tuyén AA ,BB ,CC, , duong
phan giac trong ctia goc AC, C cat AA, va AC

tai P va Q. Duong phin gide trong cita goc
BC, Ccat BB va BC tqi M va N. Chiing minh

ritng néu AP = AQ thi fa c6 BM = BN,

Loi giai. (dua
theo Tran Long
Trong — 7toan - NK
Bim Son, Thanh
Hda) Ti gia thist
AP = A€Q. ta' co

AAPQ can dinh A

hay APQ = AQE__

rénfP =180"- APQ
1 —— -~

= 180"- A@P = Qi.i-
Hon niia C.=0Cy

nén
AAPC, -~ ACQC, va ta o :
C,P . AC
?Q = Ejl I (1)

Tl cdc dudng phan gide trong €, @ ,C|N
ta lai cod : '

AQ A€, BC, gy
QT G, g€ NG’
nén QN [/ AB. Tuong tu, ta eing cd PM /| AB
C,P CM
va suy ra —Cl e C_IE (2)
Két hop (2) vai (1), ta co
CyME TaG B

CIN = c.c = c.C . Hon nwta, €, = €|, nén

ABC; M~ ACC| N, suy rai?rfl = Efl . Ma cac
goc ddy cia ABMN tudng dng bu vl M, N,
nén bing nhau, hay ABMN can. Vay, BM=BN.

3
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Nhan xét : co 103 bai giai, déu giai dung.
Loi giai tot gom e : Tran Long Trong (7 todn,
NK Bim Son, Thanh Hoa) ; Lé Quang Nam
(9T chuyén Dic Phé, Quang Ngii) ; Mai Thi
Thity (9B = NK Nga Son, Thanh Hoa), Nguyén
Thinh (9T Phan Boéi Chau, Nghé An), Nguyén
Tudn Anh (9 toian, Chuyén Phan Chu Trinh,
BMT Dak Lak), D6 Minh Chau (9T, truong
chuyén Déng Anh, Ha Nai).

DANG VIEN

Bai T6/217. Chitng minh rang néu x, y, z

lit cdc s6 thue déi mot khic nhau thi

lx —yl ly =2 i
VItZViTy?  V1rZVie
|z - =|

} e — ——

Loi giai : Cach 1 (Caa ban Nguyén Ngoc
Ha, 11A Mé Linh - Vinh Phd) Pinh Trung
Héang (11M Mari Quyri, Ha Noi)

Bat dang thiic tuang duong vdi :

Vixr —»)2(1 +25 + Ay —2)2(1 +x%) >
P A - (L1 ve | onb) iy S
iz =32+ zy)’ + Vi mel + (o =x2)3
> Y(x —2) +{xy —y2)° . (1)

Trén mat phing toa dé Dé cie ta ldy cac
diém A(x, yz), By, xz) va Cfz, xy). Ba di€m nay
khéng nam trén_dudng thiang vi néu A, B, C
thang hang thi AB = kBC — (x -y, yz — xz)

X iy Z(y —x)
=kiy - z, xz -~ yz) — = —
: g z(x —y)

y=a
Vo li. Vay AB + BC > AC «>(1)

Cdch 2 (Cua ban Nguyén Tién Hoa, 7T Bim
Sdn, Cao Thé Anh 10CT Qubec hoe Hué, Ngé
Pite Duy 12CT Hai Phong)

(Phan Linh, 9A Chuyén Ngu DHSP Ha Nai)

Dat x = tga, y = tgh, z = tgy vdia, f,y €

I

e {\ g ) khi dd ta thiy can ching minh

X.=+E

| tga —tgf| | tap — tayl S
V1 +igla V1 + 1236 V1 +#gp V1 +igy
| tge —tgy|

«=|sin (@ - #)| + |sin (8 - )| > |sin(a —y)|'
That vay |sin(a - )| + |sin(g - )| >

| sin(ce = Bleos(B = )| + | sin(f — yleos(cc — )]
2 |sin(a - fleos(f - y) + sin(f - yleos(a - )|
= |sin{a - B)| (dpem).

Nhan xét : Bai nay duge rat déng cae ban
tham gia giai. Nhiéu ban giai bang hai cach.

4
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BDT (1) trong cdch 1 ed thé ching minh bing
cach sit dung BDT Bunhiacopski

Vi@ +c?) + (b +d)F < Va? +8% +Ve? +d?
DANG HUNG THANG

Bai T7/217 : Cho day s6 {x | duoe xdc

2
. [ 1’*’ e -
dinh bdi Xy 0 Sl 1994 +x, voi mot
n-= 1.
X 2] g X,
Tim lim { —+—+... +
p—w Y2 X3 Lol

Lai giai : Tu hé thic xac dinh day {x} taco:

- \
1 14 ( by—Ye) - 1
L S 1994 Wi L= Frip _.?" i
4 e e s
% 1 ol (L )=
= 1994 ( — - ‘dkal(?g Teof, F
Xy, s LI / L f a e
k+ 1 e e 2 N, £hr, 'r;}f rai
Suy ra : Ay Y § o
Ly g x 1 Yo el
,—l+—+ ,+_” =1994.{—— S
&y = T +1 X X+~
: 1
1994 (1 — )
‘ Xy + 1
Mat khac, ciing tii hé thic xac dinh day {x |
de thayel'=n =%, T ol Mo ssge g s BN
Gia st day {x,} bi chan trén. Khi dg, day {x }
la day héi tu. Dat limx, =a ,tacda =1 va
fl— oo
il 0. Mau thufin vita nha
e = = 4 ;. z
@ = Toog T o u thuan vita nhan
duge cho thay day tang {x_ | khong bi chan
trén, vA do dd limx =+=. Suy ra
: H— ',Q'JM')- :")ng i
liny —="0 (2). : L
H—s s 1 ’?1‘3”.@5; 1:. G
Tit (1) va (2) suy ra 9- :L_/f;‘_‘_-,g
2 S Il . ‘Ih M /
311111(—+—+...+ )va I,ri_v:, )
ST i X+ {14y L '&: jﬁ,’ﬂ
lim (x—] T O ) = 1994 o
H—s = Ghy Ly +1 ?E-’F

Nhan xét : 1. Hau hét cac ban gui 161 giai
tgi Toa soan déu giai bai toan theo cach cia
lai giai trén. Khong it ban cho li giai thigu
chinh xdc, do cdc ban da voi két luan
lim x, = +oo lthi mdai chi ching minh dude day

H—
{x.} la day tang !

2. Danh sdch cdc ban co loi giai tot : Doan
Trung Son, Pham Dinh Truong, Ngé Pic Duy
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(LT va 11CT PTTHNE Trin Phu, Hai
Phong) : Nguyén Minh Tudn (124 PTTH Chu
Van An, Ha Noi), Phan Linh, Nguyén Si
Phong, Nguyén Vie Hung (9A, 11D PT Chuyén
Ngit DHSPNN Ha Noi), Triin Tién Diang (10T
PTTH Amsterdam Ha Noi), Dang Thanh Ha
(12CT DHSPHN1), Litong Tudn Anh (12A
PTCT DHTH Ha Noi) ; Pinh Trung Hang
(11M PTDL Marie Curie Ha Noi) ; Lé Van
Manh (12CT PTTH Hoang Van Thu, Hoa
Binh) ; Nguyén Quang Nguyen (10A PTTH
Nguyén Hué, Ha Tay) ; Nguyén Ngoc Hung,
Lé Minh Hicu, Pham Minh Tudn (10T, 11T,
12T Lam Son, Thanh Hda) ; Nguyén Xudn Son
{10T Phan Boi Chau, Nghé An) ; Truong Vinh
Lan, Phan Duy Hitng (10CT, 11CT Dao Duy
Tit, Quang Binh) ; Cao Thé Anh, Lé Minh
Truong, Nguyén Thi Hdi Yén, Lé Anh Vi
(10CT, 11A.. 11CT, 12CT Quée hoe Hué) ;
Trinh Ai Quoc (12T Luong Van Chanh, Tuy
Hba, Phu Yén) ; Lé Quang Nam (10CT DHTH
Thanh phé Hé Chi Minh) ; Nguyén Nhat Nam
(11A, Trudong Ving Tau, Ba Ria - Vang Tau} ;

Vi (J’u Hoa (11CT PTTH Buén Ma Thudt,
Daklak) ; Lang Lam Huy Hoang (12A, PTTH
Bae Liéu, Minh Hai)

3. Ban Luong Tudn Anh (12A DHTH Ha
Nai) da dé xuat va giai ding Bai toin sau :
"Cho hai 86 thue a, b thoa mdn ab > 0. Cho

diy {x ]} duoe xic dinh bdi x =a,
xs AL
o e,

Tye) = +x,Vn = 1. Tim lim },

e e R B |
NGUYEN KITAC MINH

Bai T8/267 Tim tat cd cac da thite Pix) thoa
mdn diéu kién

PlxIPy) = P*
Yx, y ER. (¥)

Loi giai (Nguyen Tuan Ding, Lé Quy Don,
Da Nang, Vi Duy Tudn, Huong Son, Lang
Giang, Ha Bac)

Nhan xét rang Plx) = 0 théa man digu kién
cia bai toan.

Xét truong hop Prx) # 0. Thay x = 0, y =0
vao (%) ta duge P(0) = 0. Vai y = 3x thi tir (*),
thu duge :

P(x) P(3x) = P?(2x) — P2(—x)
hay P(x) P(3x) + P2(—x) = P¥2x), Vx € R (**)

Pix) = ¢ ¥x (¢ # 0) khong théa man (**)

Xét trudng hop dy Pix) = n = 1, Goi hé so
cao nhit cia Px) laa  (a_ = 0) thi tit (**), ta
co :

https://sites. eoogle. com/site/letrungkienmath

a, (3'a,) +a; = (2a,)
T S s |
(= v

Nhan xét rang da thic bac nhit nay thoa
man diéu kién (*),

Két luan :
Pix) = ax, o € R.

Vay Pfx) = a x, = 0,

Nhian xét : Cac ban sau diy co lai giai tot

Luong Tudn Anh, Vi Pue Minh, Dinh
Trung Hang (Ha Nai) Vii Duy Tudn (Long
Giang, Ha Bac, Hoang Xudn Bach, Truong
Xuan Thung, Nguyén Xudn Son (Phan Boi
Chau, Nghé An), Tran Cong Cuong (Thai
Binh); Tran Anh Tudn, Nguyén Van Duy (Lé
Quy Don. Da Nang); Vo Quoc Hung, Nguyén
Chi Linh (Lé Khiét, Quang Ngai); Pham Dinh
Truong (Tran Phu, Hai Phong); Lé Minh Hiéu
(Lang Son, Thanh Hoa) ; Nguyén Thi Hai Yén,
Cao Thé Anh (QH Hué) ; Truong Trong Khanh
(11CT Vinh Lac, Vinh Phu) ; Nguyén Giang
Nguyén (Nguyén Hué, Ha Tay)

NGLUYEN VAN MAL

Bai T9217 Cho tam gige ABC co
A B :
!.gj;- . f.gz . la nghiém cia x* +¢'1|.t’4’rbE =

i

B
tg — Ty rg - la nghiém ciia x* +ax +b,=0va

tg % ; rg% la nghiem cita x° +ax +b6,=0 .
ffx‘zr?rzg minh rang tam giac ABC déu néu :

(1 —a; +6,)(1 —a, +b,)(1 —a, +b,) =

= 5616 — 324003 .

Lai giai. Theo gia thiét, ta co :

i A

x+axtb (x-"!gz) (r—tg4}

» B Ll

x-tax +b, = (I‘fgzj {‘I_IB’Zj L)
: ) o !

x° +aqx +!J:‘=(:c—.'.‘g1—) (x—tgzj ;
Cho x = -1, ta dude :

(1—a, +b)(l —a, +b,)(1 —ay +by) =

-

=(1+;g§) {1+fgi) (1+:g-9)*

C

T )

= [2(1+:g !g4tg% }
i B+
4

o A
(Suytif:tg4 tg( o
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] "'ilEf B .f—: ( f.—.-g Irr-; {_

ol el T
bt
1 —,‘gqu A +ig 3 +.|'gI

A B c Ay B B0 G
Tu fg4+rg—i+rg -+ {g - i gd+tg4-rg 4 +

B :
+fg':1'£g'i = l+i‘ggfgz.fgz (3)

ap dung BOT Cosi dai vai ba so, ta dugce :

T R TR Al B
1l +ig - g4g-4-;¢5 g — fg:;l.tg-‘-i-+

: A - DA
+3 (fgz.'glrg‘;;)

. Ay R £ ;
Eata—jpr = o= Ne el =iy ay
4 4 4
duge :
l+x' 2 3x+3x=x"-4x+120
Cdc nghiém cia bat phudng trinh nay la
x€2-Y3vax=22+Vy3 . Vi0<x < | nén
=28
Diu = =xay ra khi wva chi khi
; A o B ; £ 9 — V3
¥ — = —_— & = L]
: g5 =g
Vay :
(1 ~e, +b]}{l —a,+tb,)(1 —a,+b,) <

(54 — .5I}'J_)—= 5616 — 3240/ 3 .

Dédu bang xdy ra khi va chi khl tam giic
-ABC 1a déu.

Nhan xét : 1) D€ giai bai toan trén day,
chi doi hoi van dung dinh li (cong thie) Viét
va sit dung BDT Cosi déi vdi ba s6. Tuy nhién,
tuyét dai da so cac ban khong biét phan tich
cdc tam thic bac hai x* +ax +b, (i = 1, 2, 3)
ra thanh tich cdc nhi thite bae nhat (1), do do
phai bién déi diai dong mai thu duce hé thie (2).

2") Mot s6 ban phdi qua bign déi lugng gide
qua phuc tap mdi thu dude (3) vi khong biét
st dung cong thic tgia £ b).

3 Cd mot s6 it ban khong si dung BDT
Cosi ma chuyén qua khao sat ham sé nén lai
gidi cing cing kénh.

4"y Ban Nguyén Minh Tudn, l,ZA PTTH
Chu Van An, Ha Nai od lai giai tot hUn cd, gan

giong vai loi gidi trinh bay & trén, tuy khfmg
thiét lap cac hé thie (1)

Ngoai ra, dac biét ban Pao Duy An, PTTH

Lé Quy Don, Quang Nam - Da Nang. da dé -

xuat va giai ding bai toan tong quat, bang cich

Al B 5
b fgz hai J‘g:"' fg; , g‘;
{(n =z 2). Ban An da thu n:Iu’c,h‘ két qua sau day :

Tam giac ABC 1a déu khi va chi khi :

A B
thay tg;l- ! fg&—

(1—a, +b)(1—a, +b,)(l.-a, +8;) =
(1 +f L _}h

3 -F).I'J
Khin = 2, ta thu dude két qua nhu da néu

trong ha‘1i todn 4 trén,
NGUYEN DANG PHA

Bai T1W217 T dién ABCD cd do dai cac
duong cao la h (i = 1, 2, 3, 4). Cac mgt phan
gidc ciia cac nhi dién fefta it dién) cdl ede canh
déi tuong iing d cac diém E (1 =1, 2, 3, 45,6,
Goi x; la khodng caeh tit E, dén hat mat bén
khong chita E.. Ching minh :

384 g A
= T2 6T 5N
ie= F= "hf_

(S

Khi nao xdy ra cic ddu dang thuc ?
Lai giai. Goi i, A

Ry, by by la dé dai '
ciac dudng cao cua
ti dién lin luot ha
tit cac dinh A, B, C.
D ; S, la dién tich
cia mat ung voi
dudng cao b, 1 = 1,
2, 3, 4. Gia su
E ,E, E. E  E Kk
lan luat thute eac canh AB, AC, AD, BC, BD,
CD va V la thé tich tid dién. T'a cod cdac hé thie
sau

3V = (S, +82}1| = {SI T80, = (8, +S)x=
= (5, + 50, = (5, + 8 =

= {Si +S‘_l]x“—= SJ-.‘a:f Ve 102 gy a0
J | e
Tit d6 ta duge : — = — + — (1)
Xy = Byt
va b hé thic tudng ty.
1 ] JHE Frigd 1
S it G Bl (08 e
et R R ) CHE Sohe J

5 hé thie tuong ty. T da, thu duge BDT

Mat khae, ta cd :
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1 1 1 i v 1  Bates) |
5 £ i SR e e T A e
ri-'+,1';:_(- fh, +-"?‘:} +(h}+.‘1 ) & 2 (.J.‘f"'.’:-)

X S
h, (zhj)'
i=1

va hai hé thic tuong tu. Cong v& déi vé ba hé
thie nay, ta thu duge BDT sau :

Iii 128 384
3 — & S oo gRarryr (0

. 4

s i 2
(. h, ) ( :‘:!-)
i=1 =l

Ti (2) va (3) ta duge bt dAng thde kép (%)
cAn ching minh,

Dau dang thic trong (*) xay ra khi va chi
khi by =h,=h;=h, <=5 =8,=8,=8, <
tit dién la gdan déu.

Nhin xét : 1') Trong l&i giai trén, chung
ta da sl dung phuwong phap thé tich, thiét lap
cic hé thde (%%) lién quan giva thé tich V, dién
tich S, cac mat, chiéu cao i, ede dugng cao ciia
ti  dién  ABCD vdi cac  khoang cich
x; (i = 1,6). Tuy nhién, co thé thiét lap hé thic
(1) va nhitng hé thie tuong ty mot each truc
tiép, khong it dung phuong phap thé tich. That
vay, ta co (xem hinh vé) :

EA EB EB AE

.t B AR + =1, nghia la :
| +3"1 ) 1 4 1 1
A o = == — B i B
hy Ry hy, h, x

2") Chung ta da st dung eic bit dang thiic
quen thuge (BDT Casi v Bunhiacépski) sau
day :

fa +b): < 2(a?+b%) (Ya b
i s
(2‘ !:1_ } (2 .’11-;1 = 16
G (T

3"") Nhiéu ban tham gia giai bai toan trén
day va da cho 161 giai dung, nhung nhin chung
lai giai con rudm ra, cong kénh vi khong biét
chuyén tit (**) vé thang (1) va thuong thiét
lap cac BDT lién quan gitia V va cac S, cudi
cing mdi trd lai BDT cdn ching minh lién
quan giita x; va h,.

4) Rat tiée, mot s6 ban khong doc ki ddu

bai nén khong xét truding hop xay ra cdc dang
thic (ma du cho dau baji khong dat ra thi van
phai xét). Cling ed mot s6 ban khong chi ra
duge tinh chét eta ti dién ¢ cde dudng cao
bang nhau la #i dién gan déu, tham chi eo ban
lai két luan sai la t1d dién déu !

NGUYEN DANG PHAT

Bai L1/217. Hai qud cau, khoi litong m; va
m, diutge néi voi nhaw bing mot 1o xo co chiéu
dai tu nhién la 1 va dé eing I k. Hé vat ditoc
dat trén mét mat ban nam ngang va nhan. Nguai
ta kéo dan 1o xo bédng cach kéo hai qud cdu ra
xa nhat, sau do thd dong thoi hai qud cau. Hay
xdac dinh tan s6 dao dong ciia he.

Hudng dan giai. Goi do dan cia 1o xo la
x, xét lue tae dung lén méi qua cau va ap dung
dinh luat IT Niuton, rit ra duge phuong trinh
(vi phan) ctha dao dong ; tu dd suy ra

W, T,

(_.L}I:w::

Nhian xét. Cac em od 1ai giai gon va ding :

Nguyén Quang Truong 11CL, truiing Phan
Boi Chiau, Vinh (Nghé An), Pham Quang Hung
va Nguyén Hong Minh, PTTH chuyén Hung
Vudng, Vinh Phi.

OK

Bai L2/217. Cho so dé mach dién nhit hinh
ve. Cac dién trd mach ngoat déu bang R, dién
tra ciia cac ampe ké hhong dang ké. Bidt rang
ampe ké A; chi 05A.

1t Xdc
dinh so chi

cia ampe ké | E;‘U/ -
A,va A l e ;:___'(T?

2. Nguon
cod  dién frd
R,

trong r= CE

Tinh hicu sudt ctia nguGn,

Hudng dan giai. Vé lai mach dién, Ap dung
dinh luat Om da tim cdc dong dién chay qua
cac dién trd va qua cic ampe ké K&t qua tim
duge :

I--‘l = 2(4) ',I‘_,]: = 1,5(A) ; H = 75%

Nhan xét : Cac em ed 14i giai tot : Dé Ngoe
Thang, 11A,, PTTH chuyén Li Tu Trong Can
tho, Ho Vin Hire, 11A,, PTTH Lé Quy Don
Da Nang, Nguyén Hong Minh 11CT PTTH
chuyén Hung Vuong, Vinh Pha, Nguyén Minh
Tam, 11T Hoang Van Thu, Hda Binh, Trin
Thi Quynh Lién, 10L, truong Phan Béi Chau,
Vinh, Nghé An, Nguyén Thanh Long, 101,
trutng chuyén Quang Binh ; Pham Qudc Bdo,
11A, TH chuyén Kontum ; Phan Dink Vina 9A
THCS Minh Phudng, Viét Tri, Vinh Pha, Dinh
Thi Thanh Hdi. 9NK Nam Dan, Nghé An ; Lé
Tran Thé Dung, 10L, truong chuyén Lé Khiét,
Qudang Ngai.

MT

=1
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CAC BAI TOAN THI HQC SINH GIOI TOAN
THPT TOAN QUOC NAM 1995

(Biang B)

I. bé thi:
Ngay thi nhdt (02-3-1995) :
Bai 1 : Cho duding tron tdm I ban kinh R > 0
va mot di€m A cb dinh trén dudng tron. Xét
i&c day cung BC cua dudng tron thoa man diéu
ién :
AB? + AC? —BC? = k, véi k 1a s8 cho trude.
Tim %ujr tich cdc trunﬁ diém M cia BC (bién
luan hinh dang qui tich theo k& va R).
Bai 2 : Giai phuong trinh :
22— 11x +21 -3 Vdx -4 =0
Bai 3 : Day s6 {a,}, n € N, dugc x4c dinh
nhu sau : a, =2 va a, , , = 5a, +V24aZ — 96
voiimoin =0 1,2 ..
1) Tim cong thic cia s6 hang tdng quét a
theo n.
2) Chiing minh rang : a_ = 2.5" v6i moin € N.
Ngay thit hai (03-3-1995) :
Bai 4 : Cho 88 nguyén n vai 2000 < n = 2095,
n
etk
Pata = = va b =
Pl 1995
Hay tim phin nguyén clia s b2
Bai 5 : Cho mat cdu tidm I va hai diém P, @
cd dinh sao cho di€ém P ndm bén trong mat cdu
va di€ém @ khac diém 1.
~ Vai méi hinh td dién ABCD noi tiép mat
cdu dd va nhan P lam trong tdm, goi A’ la hinh

chiéu vudng goc cia diém @ trén mat phén

tigp xic vc’ng mat cdu tai A. FTE
thrng minh rang trong tAm cua cdc hinh

gj‘ %1&11 A’BCD luén nam trén mot mat cdu cd

inh. .

Bai 6 : Hoi tit cic chit 86 1, 2, 3, 4, 5 ¢6 thé

lap dude bao nhiéu sé ed 10 chit s6 théa man

dong thdi cac diéu kién sau :

1) Trong mé&i s6, mdi chit s6 ¢6 mat dung 2 14n.

2) Trong moi 6, hai chit s6 giéng nhau khong

diing canh nhau.

II. Lai giai, Hudng din giai.

Bai 1 (L&i giai tom tat. Ban doc fu vé hinh) :

Goi J la trung di€m cla Al. Ta cd :

2 = 2 BC?
AB? +AC? —BC? = :z:EAMz—Tzk =
2(AM? —BM?) = k <> AM? +IM2—R2=E =
R & 1
SR o= g
WM -5 =S =dME = o (R +k).
Suy ra : M 1a di€m thoa mén cdc didu kién cia
M ndm trong dudng tron (I, R) '
dé bai 1
T =R R )
8

Vi vay : @ Néu k& < -R? thi qui tich cdn
tim la tap diém réng.
e Néu k = —R? thi qui tich cdn tim la tap gém
duy nhat diém f.
~R?2 (1)

) Né&u k > thi
M nim trong dudngtron (I, R)
7y o LI
1M € duongtron (J, R), véi r = S VR +E
Tit d6 dé thdy :

3 abeh
+Néu k = 8R? (e=>r = 3B thi qui tich cin
tim la tap diém réng.

R 8 ik il 1)
+N&éul < k < 8R? (s==— < rv-:ER] thi qui

tich cdn tim 14 cung tron EDF cia dudng trdn
(], ) bd di hai diEm E, F ; d day : E, F la cdc
giao di€m cia dudng tron (J, r) vdi dudng tron
(I, R) con D la giao diém cta duong tron (J, r)
vai tia ATl

R 5 AR
+Néu k =0 (e=r= —E} thi qui tich cdn tim la
dutng tron (J, r) bo di diém A,

R

+Néu-R2 < b < 0 {e=r< 3

) thi qui tich edn
tim la duong tron (J, r).

Bai 2 ;: Diéu kién cd nghia : x € R.

3 : 3 +4
Dat V4x —4 =¢(2). Khidg : x = va
k] 1 4
S R R
G 16

Tit phuong trinh da cho ta c6 phuong trinh (@n #) :
1 11
g(rﬁ + 83 + 16) —T(ﬂ +4)+21-3t=0

a0 - 1443 - 244+ 96 = 0

=t - 22" + 482 + 1262+ 18t + 24) = 0
=t - 2212+ 262 + 82 + 18t +24] = 0 (3)
Dé thay, 8t + 18t + 24 > 0 ¥¢t. Do do :

B) et -22 = 0ezt =2 (4)

Thay (4) vao (2) tadude : 3Vdx —4 = 2¢x = 3.
;b’a;y Ehudng trinh da cho ¢d duy nhdt nghiém
Bai3:1) Vaimoin e Ntacd:

ﬂ’?!"’l = 5(1" s 424&":1 —96 =

(a, + | — Ba,)* = 24a% — 96
maﬁ—lﬁanﬂ.a"+aﬁ+l + 96 = 0 (5)
T (5) lai cd :
ay,~10a, ,,.a, ,,+a}, +96=0
Yn € N (6).
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Dé thay, day { @, } la day tang thuc su. Vi vay,

tit (5), (6) suy ra ¥n € N ta luén cd

a,,a, 5} la tdp nghiém cia phuong trinh
(dnt) : ¢* - 10a, , .t +a2 ., +96 = 0. Do dd,
theo dinh li Vi—et, tacd a, ,,+a,=10a, .
Vn € N hay

a -10a, ., +a,=0Vn € N.
Suy ra, diy { a,} cd phuong trinh dac trung :

2=l +1=0

Dé thdy, phuong trinh trén cd tit ca 2 nghiém
ax—-g Ugva Jr2-~5+2\[%£l Tg da,

a, = C,(56 ~2V6)" + C,(5 +2V6)". Chon = 0
van = 1 ta dude :

n+2

C,+C,=2

(5 -2V6)C, + (5 +2V6)C, = 10~

p = €, = 1. Vay s6 hang tong quit a, cia
day {a,} la: ’
Hhss (5 - 2V6)" + fi%s ZF]”
2) Ching minh bang phuang hdp qui nap
theon. Vagin = 0,cda 5 O (g s da
co bit ding thuc can chung minh véi n = k.
Khi dg
o, ,, = Ba, +V24a7 —96 = 52, 22 .51,

nghia Ia ta ciing co bat dang thu‘-:‘ cdn ching
minh vdin = k + 1.

Viy, theo nguyén li qui nap,e, = 2.5" Yn € N.
Bai4:Datn =1995+m, vdi 5 = m < 100.
Khi do :

1995 + .lrr.k

m+1
2= Z s 417 h=1+——0
RS bheT 1995
m +1 m+ 1
Dé thay : o8k o <0< Tae.
q - 1995 l 1995 + m af o
Shia 1+1 e e

tinh chit eta ham mi va theo bt dang thuc
Beenuli, ta cd :

1995

1995
)m* > 1+

m+1

1995 " m + 1
1995 +
m +

o : bl s e e
va:b =:(1+1995) m+l <

m+1 m+1
1995) ( 1995

plia 5 (H-& =2(7)

1995

< (1+

101 ; m+1
< (1+7095) (1 *7gg5 )" "' <
m+1 b,
)

<1,06.(1+

- 1
Vi ham s6 flx) = ( 1 +; )'r la ham tang thuc
su trén (0, +e) va dong thoi lim f(x) = ¢ nén

x—= +m

I==:r=:e<:.'<a-:$'

1995

ok 1+ Sy Két h
—————— nr
( o5 ) e op

f ( m+1 )
vdi (8) suy ra :
bl < 1 06xe<1,06%28<3(9)
Tit (7) va (9) ta dude : [b1¥] = 2.

Bai 5 (Ban doc fit vé hinh) : Goi G, vaG lan
lugt la trong tAm clia tam gidac BCD va tii dién

A’BCD. Goi @, 1a diém sao cho AQ, = IQ. D&
thiy IA [/ QA’, va do d6 @, € QA’. Xét phép

vi ty ftam G, tisﬁE.Taco’f:Ar—)P,A’r—»G

va Q,— Q. Suy ra : f bién AQ, thanh PQ’ ;
AR than PG iA/Q) “thanh « Q' <MK

AQI—!Q vaAQl J.AA nén PQ -—IQ va

GO 1L PQ Suyra @ c6 dinh va G nhln doan
PQ’ c6 dinh dudi mot gde vudng. Diéu nay cho
%{hg G luon nam trén mat cdu cé dinh duding
in

Bai 6 (Hudng ddn gidi) : Goi s la s6 cdn
tim. Goi A 13 tdp gém tdt ca cac s6 cd 10 chit
s6, lap duge t cdc chu s6 1, 2, 3, 4, 5, thoa
mén didu kién 1) cta dé bai. Vai mdii = 1,5
ki hiéu A 14 tap gém tdt ca cdc s8 thude A, ma
trong moi s6 déu co hai chu 36 i ding canh
nhau. Khi dd :

5 5
s=|A\N UA, =4A] -|lual =
si—l i=1
lal =2 1Al + 214 04| -2 14 A NA]
i=1 Is:-t:ie:ﬁ Ié;: 4:: 'C.'E 5
+2 1A NA NA, mAI IUA,I (10).

=1
Co | Al =—(11). Xét k bat ki € {1, 2, 3, 4,

5} va xét bc- (I“ 12, ..... , £,.) bat ki théa man :

L= iy e = 'L 5G01Tlatapg6m
tit cd cdc 86 co (10 = E) chit sé, lap dude tir
cdc chir aﬂ)l 2,3, 4,5 ma trang mbi s6 : mébi
chir s6 i}, Iy déu ¢6 mat dung l lin, con
cdc chit 56 2khac méi chit s6 cd mat dung hai
lin. Dat tudng dn moi s =
A NA; Tl A vdi 36 nhan duge tit a bﬁng

cach hé dong thm d a mot chit s6 i, mft chit

86 iy, .., mot chit s6 .
Tiép thea hay chiing minh tuong &ng ndi trén
xac lap mot song anh tit A N A, - NA;
k
dén T.  Diéu . nay sé cﬁo ol o
|A nA; A, | T= BoE) 12
Y Ve =1= ﬁ (12)
(10) {11) (12) ta duge :
10! 9' 8! 7!
= S ] Vol o
! 5‘
+Ci. — — — = 39480.
2 2(}

NGUYEN KHAC MINH
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PE RA KI NAY

Bai T1/221 : Tim s6 tu nhién n 1dn nhit sao
cho s6 1995 bang t8ng clia n s6 a,,a,..,q,

trong dd céc s6 a; (i = 1,2,...,n) déu la hop sb.

NGO HAN (Ha Bic)

Bai T2/221 : Tim nghiém nguyén ctia phuong
trinh x(1 +x +x2) = 4y (y + 1)

TRAN DUY HINH {Binh Dinh)

Bai T3/221 : Ching minh bt ding thic :
a> b3 3
- - >
b2 —bc+c? 2 —ca+a? a?—ab+b?
ab +be +ca

a+b +e
trong dd a, b, c 14 cac s6 duong.

TRAN XUAN DANG (Nam Ha)

Bai T4/221 : Dung AABC vubng & A biét canh
BC va d¢ dai phan giac AD.

VU HUU BINH (Ha Noi)

Bai T5/221 : Cho AABC, O 1a tam dudng tron

nbi ti€p tam gidc. Mot dudng thing ! thay déi

ludn di qua O cét tia CB, cdc canh AC, AB ldn

lugt tai cdc di€ém M, N, P. Ching minh ring
biéu thiie :

AB AC BC

PA _PB  NA.NC MB.MC
khéng phu thude vao vi tri cia 7.

HOANG NGOC CANH (Ha Tinh)
Cac dé THCB

Bai T6/221 : Cho ba s6 x, y, z nguyén duong
théa man x* +y* +2% = 1984.

Ching minh rang s6 A = 20% + 11Y — 1996
khéng thé la tich ciia 2 s6 ty nhién lién tiép
NGUYEN DUIC TAN (TP Hé Chi Minh)

Bai T7/221 : Cho céc day (a,)n €N*,
(b,)n € N* thoa man cdc cong thic say :

+ M m
an=]+n(i n) r? (1 +n'y
1 +n? 1+n?

c

L
b” =‘(m)n[n+l) Vﬂ, E N'
Tim limb
o
HO QUANG VINH (Nghe An)

10

Bai T8/221 : Chiiing minh bat dang thic sau

day :
o iy a? + b2 +¢?
a+b b+e cta a+b+e

vdi a, b, ¢ 14 cdc s6 duong.
NGUYEN LE DUNG (TP Hé Chi Minh)

Bai T9/221 : Cho O la di€m nam trong tam
gide ABC. Cac dudng thing OA, OB, OC cat
BC, CA, AB lan luot tai A’, B', C’. Hay tim tap
hop (quy tich) cac diém O sao cho :

(dtAOAC™)? + (dtAOBA’)? + (dtAOCB’)?

= (dtAOBC’)? + (dtAOCA")? + (AtAOAB’)?

TRINH BANG GIANG (TP Hé Chi Minh)

Bai T10/221 : Cho 2 dudng thangd, d'chéo
nhau. M, N la 2 diém 14n lugt thude 4 va d’
thay ddi sao cho duting thang MN hgp véi d
va d’ nhiing gde bing nhau. Goi K la trung
di€m ctia doan MN. Tim tap hgp diém K.

DO THANH SON (Ha Noi)
Cac dé vat li
A
w. D& hé théng khéng tach é
khoi mat san bién dé dao B

Bai L1/221 : M6t vat A
dong A phai la bao nhiéu ? Z7777777777777777

khdi lugng m | va vat B khéi
lugng m, n6i véi nhau bang
modt 16 xo0 cd khéi lugng
khong dang k&. Vit A thue
hién nhiing dao dong tu do
vai bién do A va tdn s6 gdc

NGUYEN VAN MINH (Quang Ngai)

Bai 1.2/221 : Cho mach dién nhu hinh vé :
Biét B, = 10V, r, = r,, E, = 5V, R, = 2r,

Khi K, va K, ddng@]chi 3,6A

5 9
Khi K, ddng rAlJ chi 7 A.

=@
Rg Eg, 9 R
A 1 2
s B
R,
- 1
@
P £
+|l 2

Khi K, dong (A, chi 2,64, A chi 34. Bé qua
dién trd cta day néi va ampe ké.
Hay tinh R,, K, va cudng do qua R, khi K,

ddong.
NGUYEN NGHIEM TOAN (Long An)
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For Lower Secondary Schools.

T1/221 Find the greatest natural number n
such that 1995 is the sum of n composite
numbers.

T2/221 Find integral roots of the equation
x(1 +x+x%) = dy(y +1).
T3/221 Prove the inequality

b2 —be+e?2 2 —cata’l al—ab+b?
z ab +be +ca
T a+b+te

where a, b, ¢ are positive numbers.

T4/221 Construct the triangle ABC, the angle
A of which is right, kmwing the lengths of BC
and the angled-bisector AD.,

T5/221 Let be given a triangle ABC with
incenter 0. A movable line ! passing through
O cuts the semi-line CB and t?lﬂ sides AC,

respectively at M and N, P. Prove that the

expression
AC BC

PA.PB NA .NC MB.MC
does not depend on the position of [.

For Upper Secondary Schools.

T6/221 The integers x, y, z satisfy the relation
xt +y% +2' = 1984. Prove that the number
A =20°+11" — 1996° can not be the product
of two consecutive natural numbers.

T7/221 The sequences (a,), ¢ y*+ (6,), e ¥*

are defined by :
1§ n(l +n)
% =1 1+n2 7
1

3 :(:—;)m,wem

nl 'ty
1 +n¥

¥

H

Find limb,.
=0
T8/221. Prove the inequality
a2 +562 B+ o +4? P+ basot
a+b b +e ¢c+a ] PRSI BT,

where a, b, ¢ are positive numbers.

T9/221 Find the locus of points O inside a given
triangle ABC such that the lines OA, OB, OC
cut respectively BC, CA, AB at A, B', €’ so
that (area AOAC’)? + (area AOBA’)* + (area
AOCB’)* = (area AOBC")* + (area AOCA")? +
(area AOAB’)-.

T10/221 Let d and d’' be two given
non—coplanar lines, M and N be two moving
points on d and d’ res ctively so that the
angles between MN and d and d’ are equal.
Find the locus of the midpoints of MN.

Héa ra "¢ ngoai duong"
cang nhw "¢ trong nha"

‘Trong sich hinh hoe 11 cha déng tac gia Nguyén Gia Céc
- Bui Binh (NXBGD 1992) trang 83 c6 trinh bdy : "... N6
khdi quat : nhiing diém nim ciing phia déi vdi 18t ca cde mit
phing chita méi mat cia da dién /6 ? hinh da dién 1a nhiing
diém bén trong cia hinh da dién do...".

Xeét hinh chap tam gidc S.ABC. Liy mot diém DD béntrong
AABC va che diém D, D, sao cha [ nim giita S, D; va niim
gitta D, D,, ta ¢6 D, D, néim khéic phia d6i vii (BC) (1).
Trude hét, ta chiing minh vdi mgi diém M bén trong A4BC,
tia SM (ird 5) gdm toan nhing diém ndm cing phia vdi D
ddi voli mdi mat ph."ing (SAR), (SBC), (YCA). Do M, D thude
{(ABC) nén dudng thang MD chi c6 thé it cic mat phing
dang xét tai cic giao tuyén AB, BC, CA caa chung vdi (ABC).
Ma M, D déu Ia diém ben trong cia AABC nén doan thing
MD khding c6 diém chung vdi bit ¢l dudng thing nao trong
ba duding lhéng AB, BC, CA. Suy ra, doan [h:‘;ng MDD khoing
co diém chung vdi bt ki mit
phiing nao trong ba miit phing
dang x¢t, hay hai diém M, D nim
. cing phia d6i véi mdi mit phing
\ (84B), (SBC), (5C4) (2). X&1

didm N E F 5) treén tia SM, ta.ch
ducng thing MN cit ba mat
phiing dang xét tai didém 5. Ma §
néim ngodi doan thing MN (hinh
hoe 6) nén hai diém M, N nim

GNG KINH CAI CACH DAY VA HOC TOAN

ciing phia ddi vdi mdi mil phing (SAB), (SBC), (SCA} (3).
Tu (2), (3). ta c6 N niim cung phia vdi D déi vdi mbi mat
phing (SAB), (SBC), (5CA) (4) Dio lai, 1dy diem M’ trén
{ABC) sao cho M’ khong phai la diém hén trong cia A4RC,
1a co doan thing DM cit A4ABC tai mot diém [ Néu 7= M’
thi tin M’ gém toan nhitng diém thude hop cia ba mat phing
dang xét nén khing chia diém nao cing phia vai D doi vdi
ba miit phiing d6. Néu | # M. ta co tia ST nim gilta hai tia
SD, SM' nenvdi diem N ( # §) 1y tiy ¥ trén tia SM ' ta ludn
lutin et doan thang DN ciit tia ST, Suy ra N nim khac phia
vdi D ddi vdi it nhdl mot trong ba mat phing dang xét (5).
Ngoai ra, voi mdi tia gc § nhung khong cit (ABC), ta dé
dang ching minh méi diém P 2 5) clia nd déu nim khéc phia
vdi [ ddi vai it nhit trong ba mét phing dang xét (6). Ti (4),
(), (#), ta ¢ qui tich cia nhing diém ndim cang phia vii D
ddi vai mdi méit phing (SAB), (SBC), (5CA) la hop cac tia
SM (1n1 §) trong do M 1 mdi didm bén trong cia A4BC (7).
Qui tich da lai bj chia thanh hai phin bdi mat phing (ARC)
(khting ké cie diém bén trong cia AABCY, két hap vai (1),
ta et mot phin gdm toan diém ndm cling phia vai D, déi vai
(ABC}, phiin con lai gdm toan ditm rdm ciang phia véi D,
ddi viii (ABC). Két hdp didu wila néu vdi (7) vA cin el vao
difu trinh by trong sach nu trén, 1a c6 méi phin do déu
gim toan diém bén trong ciia hinh chop S.A8C (1).

DANG KY PHONG

H
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TAP MG RONG MOT BAI TOAN

TRINH BANG GIANG
(TP Ho Chi Minh)

Bai todn md déu :

Trong mat phang cho duéng thing d quay
quanh tam O ctia hinh vuéng ABCD. Ching
minh téng binh phuong cac khodng cdach tit 4
dinh hinh vuong dén d chi phu thuéc kich
thude cia hinh vuéng.

Céch giai quen thudc (xem h.1)

Chiéu vubng gdc
(4, B, C, D) xuéng
d thanh (A’, B’, C’,
D’), cdc tam gide
vudng sau day phai
bing  nhau :
ADD'O, AOC’C,

AOA’A

ABB'O,
—D'D? + C’C? + B'B? + A’A? = 20A’— (dpcm)
Cau héi : nhitng hinh nao cing cd tinh chét

dd (tam goi 12 tinh chét (7)) gifng nhu hinh
vubng ?

1. MO RONG TRONG MAT PHANG

Dy doén 1. DagiscdéuAjA,. . A (n = 3)
ciing cd tinh chét (T).

Chiing minh.
Chigu vubng gdc A, i\ f
xubng _ d thanh . o
A(i=1,n), d6 don _ % \
gidn ta xét n = 3 (xem - A
h. 2). 3

Dat OA; = 1. x 1a gde tao bdi OA,; vad.

3 "
— ¥ A0? = cos’x +cos? (x +2?R) +
i=1

4

+ cog’ (I+'3—) ='§

Téng nay khéng phu thute x—tiA‘fAf ciing
i=1
khéng phu thufc x — "du dodn 1" ding vin = 3.
Trong trudng hgp téng quat, lam tuong tu
ta cd :

3

n n—1 o
> A0% = 3 cos? (x +k—) tong nay cing
Il k=0 P ibe

khong phu thutc x (ban doc tu ki€ém tra),
by}

> AA? cing khong phu thuoe x "du doan 1
i=1

la ding.

12

Nhan xét. Ly do khién : ) A0’ tong binh
phuong t&t ca cac hinh chiéu cia OA, xudng d,
khéong phu thubdc vao d 1a : cac doan OA; bang
nhau va tao vfg d nhitng gdc lap thanh cép s6

7

cong cong sai wo
Trong khi do cac canh
AA Az AA; cing phan anh mot
"hinh Anh" tuong tu cho nén ta cd hé qud : téng
binh phuong hinh chiéu cta tit ca cac canh
clia mot da gidgc déu xudng mot dudng thang

bat ky, chi phu thude vao kich thuéc cia da
gidc déu dod ma théi.

Céc tinh ch&t tuong ty nhu t/c (T) & trong
méat phdng con nhiéu, xin néu mot sé vén dé
dé€ cédc ban tim hi€u thém :

d la duting thing quay quanh tdm O clia tam
giac déu ABC. d’ }a mét duding thang bat ky.

1) Chiing minh : tdng ldy thita bac 4 ctua
hinh chi&u tit ca cdc canh ctia AABC xuéng
d’, ciing nhu cia khoang cach tir tit cA céac
dinh etia AABC dén d, chi phu thudc kich thude
cua AABC.

2) Co thé thay "liy thita 4" bang nhiing ldy
thita nao, dé€ khang dinh tuong tu vin con ding.

3) Thay AABC bdi da gisc déu AA,. .. A,
két qua cd thay d8i khong ?

2. MO RONG TRONG KHONG GIAN

Du dodn 2. Dya theo su md ring trong mat
phéng ta nhén thiy dac diém quyét dinh (then
chéit) dé mot hinh ed tinh chét (T la cédc doan
néi tam véi dinh phai cd vai trd nhu nhau (binh
ding), nhin vao khong gian ta ciing théy rit
nhiéu da dién cling cd dac diém dé, vidu : td
dién déu A,A,AA, cing cd tinh chét (7).

Bé de. Goi gii (x,y,2) 12 vecto don vi cia
dudng thang d. Chiéu vuéng géc A; (i=1, 4)
i i — .
xuéng d thanh A. Ta cd : A0 = [e. OA,f
(xem hinh 3).

]

Q 4 Aj o

Ching minh dy doan. Dung hinh lap
phuong ngoai ti€p td dién, do dai canh cda lap
phuong coi nhu bang 1. Chon hé truc toa dé

IXYZ (xem h.4) thi toa do cia A, va O sé la :
A;(1,0,00;A4,(0,1,0);A4;(0,0,1) ; A, (1,
M fedy’
722

1,1):0 ( . (Xem tiép trang 17)
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SU DYNG PHUONG PHAP VECTO BE PHAT HIEN MOT S0
BAT DANG THUC LUONG GIAC VE TAM GIAC

Trong bai bdo nay ching ta tim hifu mét
ting dung ctia phuong phap vecto, dd la sit dung
cdc phép toan trén cdc vecto dé lap cdc bit
dang thite lugng gidc. Diéu nay khéng nhiing
giup ich cho ching ta tim thdy "c6i nguén" ctia
mot sd bat ddng thic lugng gidc vé tam gidc
ma con thdy phudng phap chung, dé ching
minh déng thoi mot s6 bit ddng thic lugng
gidc, d€ sang tao ra bai todn mdi.

Bai todn : Chiing minh ring diéu kién cén
va di dé€ di€m O la tam dudng tron ngoai tiép
tam gidc ABC 14, :

OAsin2A + OBsin2B + 0Csin2C = O (1)

Diéu kién can : Cdc ban cd thé tham khao
trong cuén séach : "Han Lién Hai, Phan Huy
Khai, Dao Ngoc Nam, Lé T4t Tén, Dang Quan
Vién : Todn béi dudng hoc sinh hinh hoc 10.
Ha No6i 1994 trang 21"

Diéy kién du : Gid st O |a tAm du‘bng tron
ngoal tiép &ABC theo diéu én cén ta co

O‘;ASLH.QA + 0 Bsin2B + 0 Csin2C = O (2).
Lay (2) tri (1) ap dung dinh 11 ham s6 sin va
— S0

chsin cho AABC ta cd 0,0. =0, do
RZ’

Sype S

oy #0nén 0,0 =0dods O = O, titcla O

théa mén (1) thi O 12 tAm dudng tron ngoai
tiép AABC. T hé thic (1) dé chitng minh duge
bit dang thic > sau ;

(OAsin2A, + OBsin2B, + OCsin2C )2 = 0(3)

ddu dang thic chi cd trong trudng hop
AABC déngdang vai AA B, C,. 51 dung hé thite
(1) va bat dang thic {3} chung ta lap duge cdc
bdt ding thitc sau ;

1) Néu AA,B,C, déu, néi tiép trong dudng

g e — —

tron tam O, thi 0,4, +0,B, +0,C, = O. Khi
dd dai vai AABC tuy ¥ néi i tiép trong dudng

tron tam O theo (3) : (OA + OB +OC)2 > 0
Tir do ta co

3R? + 2R%(cos2A + cos2B + cos2C‘) E hay
c0s2A + cos2B + c0s2C = “E. Dédu "=" xdy ra

khi AABC déu.

2) Xét AA B|C 6 A =B, = 30° C, = 120°.

Thgo (1) :

OIAls1n60“+{)lBlsin6G"-'-l-OICIsin240° = 01 hay

NGUYEN VAN LOC

O/, + 0B, - OC, = 0. Xét AABC tuy y

ndi tiép (O} thi theo (3) (OA+ OB~ OC)2 = 0.
Suyra: 3R?+2R%(cos2C - cos2A - cos2B) = 0

3
hay cos2A + cos2B - cos2C = R Déu "=" cd
khid =B = 30°, C = 120°

3) Xét AAB,C,c6 A = 15° B, =
CJ,: 105°. ’I‘heo (1) :
0,A,sin30° +O0R B smlED" +D Csin210¢ = 0

ha]rO +\;_OB OC—AG

60°,

_Xét AABC tuy ¥ noi tigp (O) theo (3) :
(OA +V30B — '0C)2 = 0. Suy ra : 5R? +
+2V3 R2cos2C — 2R2%c0s2B — 2V3 R2cos2A = 0

5
hay V3(cos2A — c0s2C) + cos2B < 3

D&u "=" x4y ra chi khi A = 15° B = 60°,
=054

4) X6t AA,B,C, c6 A =45° B, =60°, C=75°.
Theo (1) : 20,4, +V30,B, +0,C, = 0. Xét
AA_BC tuy ¥ n61 ti€ép (O0) Theo (3)
(20A +\l’_GB+OC)2 =0

hay 8R% + 4Y3R2%c0s2C + 4R%c0s2B +
+ 2V3R%c0s2A = 0
Suy ra : V3c0s2A + 2c0s2B + 2V3c0s2C = -4

D&u "=" xay ra chi khi A = 45°, B = 60°,
= THE
5) Xét AA,B,C, c6 A, =B, = 36° C, = 108°.
Theo (1) :
— — — —
(0,4, + 0,B,)sin72° — O C,sin36° = 0
— —_ - —
hay 2(0,A, + O B))cos36° — 0,C,| = 0.
1
Do cos36° = 1 (V5 + 1) nén
- = - e
(V5 +1)(0,A, +0,B)) -20,C, = 0.
Xét AABC tﬁy_.f ndi tiép (0), theo (3) :
— —
[(V6 +1)(0OA +OB) —20C]> = 0, do d¢ :
2R4(6 + 2V5)(1 + cos2C) + 4R? -
- 4(V5 + 1)2R%(cos2A + cos2B) = 0

hay : (V5 + 1)(cos2A + cos2B) —
- (3 +V5)cos2C < 4 +V5

Déu "=" x4y ra chi khi A = B = 36°,
C = 108°

13
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KET QUA CUQC THI GIAI TOAN VA VAT Li
TREN TAP CHi TOAN HOC VA TUOI TRE NAM 1994

Vao nam thi 30 etia minh, tap chi Todn hoc

‘va tudi tré duge dong dao ban doc hudng dng

giai bai. Mé&i thang hang nghin bai gii dén
duy thi.

R4t nhiéu ban da giai duge gan hét s6 bai
ra trén tap chi. Mot 36 ban hoc sinh THCS da
giai dude cac bai danh cho cdp THPT. Céc ban
hoc sinh lép 9 gtti bai vé nhiéu nhét. Ban Pham
Thi Thanh Van (Hai Phong) la nguai it tudi
nhdt trong =8 cac ban doat giai.

Cude thi giai bai vat li cing duge nhiéu ban
tham gia.

Sau day la danh sach cac ban doat giai.

A. MON TOAN

1. GIAI XUAT SAC

1. Lé AnhVi, 11 Chuyén toan Quéc hoc Hué,
Thita Thién - Hué

2. Pham Dinh Truong, 10 Chuyén toan Trin
Phu, Hai Phong

3. Nguyén Thi Hdi Yén, 10 Chuyén toan Qudc

hoe Hué, Thita Thién - Hué

. Bui Quang Minh, 9A; Giang V5 II, Ha Noi

. Pham Huy Tiing, 8A B& Van Dan, Ha Nai

Lé Quang Ndm, 8T Chuyén Duc Phé,

Quang Ngai

- S

7. Nguyén Lé Luc, BA Dam Doi, Minh Hai.

2. GIAI NHAT :

1. Lé Huy Khanh, 12T Phan Bé6i Chau,
Nghé An

2. Nguyén Tudn Hdi, 11M Mari Quyri, Ha Noi

3. Phan Hoang Viét, 11A Qude hoec Quy Nhon,

Binh Dinh

4. Dinh Thanh Trung, 10 CT Dai hoec Tdng
hop Ha Noi

5. Nguyén Xuan Thang, 10 CT Doéng Ha,
Quang Tri

6. Nguyén Ngoc Dong, 9 Nang khidu Thuédn
Thanh, Ha Bac

7. Nguyén Phii Binh, 9A Bé Van Dan, Ha N¢i

8. Trin Bang, 8H Trung Vuong, Ha Noi

9. Tran Lé Nam, 8T Chuyén Lé Khiét,
Quang Ngai

10. Mai Thanh Binh, TM Mari Quiri, Ha Noi

11. Pham Thi Thanh Van, 6H Minh Khai,
Hai Phong

14

3. GIAI NHI

1. Phan Hoang Viét, 12A Qudc hoc Quy Nhaon,
Binh Dinh

2. Vé Hoang Tiung, 11 PTTH Chuyén Tra Vinh

3. Té Déng Vii, 11 Chuyén Dai hoc Téng hup
Ha Nai

4. Nguyén Vi Hung, 10C PT Chuyén Ngoai
ngit, DHSPNN Ha Noi

5, Pham Tudn Anh, 9T Phan Boi Chau,
Nghé An

6. Pham Thai Ha, 9T Pham Huy Quang, Dong
Hung, Thai Binh

7. Pham Lé Hing, 9A Trung Nhi, Ha Nbi

8. Nguyén Bd Hiing, 9A Trung Vuong, Ha Néi

9. Tran Nguyén Ngoe, 9K Lé Loi, Ha Déng,
Ha Tay

10. Nguyén Dite Phuong, 9H Trung Vudng,
Ha Noéi

11. Nguyén Ngoc Tan, 9M Mari Quyri, Ha Noi

12. Tran Viét Binh, SH Trung Vuong, Ha Nai

13. Tran Thi Ngoc Hdi, ST Chuyén Lé Khiét,
Quang Ngai

14. Vién Ngoe Quang, 8E Ba Dinh, Thanh Hda

15. Doan Minh Duc, 7 Chuyén Quynh Phuy,
Thai Binh

4. GIAl BA

1. Nguyén Thanh Hdi, 12 Chuyén BDao Duy
T, Quang Binh

2. Nguyén Viét Kién, 11 PTTH Nga Son II,
Thanh Hda

3. Va Thi Bich Ha, 11 PTTH Chuyén Thai
Binh

4. Vit Thanh Long, 11CT Pho thong nang khigu
Hai Hung

5. Nguyén Hoang Céng, 10 Chuyén Lé Khiét,
Quang Ngai

6. Nhit Quy Tho, 10T Lam San, Thanh Héa

7. Pham Minh Phuong, 10A Chuyén Dai hoc
Su pham Ha Néi 1

8. Lé Van An, 9T Phan Bo6i Chau, Nghé An

9. Tran Hitie Nhon, 9T Chuyén Nguyén Binh
Khiam, Vinh Long

10, Trinh Kim Chi, 8 Nang Khigu Ha Tinh

11. Cao Trin Kién, 8H Trung Vuong, I1a Nai

12. Nguyén Héng Hix, 8H Trung Vuong, Ha Nai

13. Nguyén Long, BH Trung Vuong, Ha Noi

14. Dé Ho Nga, 8D Déng Da, Ha Noi

15. Pdang Anh Tudn, 7T Chu Van An, Ha Nai
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5. GIAI KHUYEN KHICH

. Lé Cong Son, 12 Viét Dic, Ha Noi

. Hong Cdam, 12T, PTTH Ha Long, Quang Ninh

.Lé Nhit Thach, 12 CT Ngo Quyén, Déng Nai

. Nguyén Long Quynh, 12 Chuyén Lang Son

. Nguyén Ky Qudée, 12A3, Nguyén Trai, Phan

Rang - Thap Cham, Binh Thuin

. Lé Truong Giang., 12 CT Dai hoc Su pham

Ha Nai 1

7. Dinh Trung Hing, 11M Mari Quyri, Ha Nai

8. Dang Thanh Ha, 11A Chuyén Dai hoe Su
pham Ha Nai 1

9. Phan Duy Hing, 11 Chuyén Pao Duy Ti,
Quang Tri

10. Lé Van Manh, 11 Chuyén toan Hoang Van
Thu, Hoa Binh

11. Vii Huy Phuong, 11 Chuyén Phé thong
nang khiéu Hai Hung

12. Nguyén Minh Tho, 11A Quée hoc Quy Nhon.

13. Tir Minh Hdi, 11 PTTH Buén Mé Thudt,
Dac Lae

14. Lé Quang Minh, 11 K5 Phd thong nang
khiéu Bae Thai

15. Nguyén Trong Nghia, 11A1 PTTH Viét
Tri, Vinh Phu

16. Lé Minh Hiéu, 10T Lam Son, Thanh Hda

17. Dao Thi Thién Huong, 10 PTTH Déng Ha,
Quang Tri

18. Nguyén Nhat Nam, 10A PTTH Viing Tau,
Ba Ria - Ving Tau

19. Pham Minh Tuan,
Thanh Hda

20.Ng6 Diic Duy, 10 Chuyén Tran Pha, Hai Phong

21. Nguyén Chi Linh, 10 Chuyén Lé Khiét,
Quang Ngai

22. Nguyén Viét Linh, 10 Tran Phi, Hai Phong

23. Pham Manh Quang, 10T Lam Son, Thanh Hda

24. Pham Céng Thién, 10 Chuyén Lé Khiét,
Quang Ngai

25. Dam Khanh Hboa, 9A Luong Van Chanh,
Phu Yén

26. H6 Si Hién, 9 Nang khifu Vinh Linh,
Quang Tri

27. Phgm Héng Linh, 9T Phan Boi Chau,
Nghé An

28. Tran Thanh Quang, 9CT Quéc hoc Hué,
Thia Thién - Hué

29. D6 Dang Tao, 9B Chuyén Ung Haa, Ha Tay

30. Nguyén Xudn Tuong, 9T Phan Baéi Chau,
Nghé An

31. Lé Tudan Anh, 9K Lé Loi, Ha Déng, Ha Tay

32. Nguyén Thai Ha, 9M Mari Quyri, Ha Nai

33. Lé Huy, 9 NK Déng Ha, Quang Tri

34. Trian Trung Nghia, 9T Tran Dang Ninh,
Nam Ha

O e Q0 D =

[op]

10T Lam Son,

30. Trin Diic Quyén, 9 Tran Dang Ninh, Nam Ha

36. Tran Thi Khué, 9B Quang Trung, Thanh Hoa

37. Vo Thi Ly, 9A Luong Van Chanh, Phd Yén

38. V6 Nhit Quynh, 9T Phan B6i Chau, Nghé An

39. Tran Hdi Son, 9A1 Giang Va II, Ha Noi

40. Vueng Vii Thang, 9A1 Giing Vo 11, Ha Nai

41. Nguyén Hitu Héi, 8T Lé Khiét, Quang Ngai

42. Lwu Van Thinh, 8 Chuyén Thiéu Yén,
Thanh Hoa

43. Pham Anh Tudn, 9T Lam San, Thanh Hoa

44. Nguyén Hong Dung, 8T Tran Dang Ninh,
Nam Ha

45. Biti Thi Phuong Uyén, 8T Lé Khist,
Quang Ngai

46. Biii Nam Phuong, 8A2 Chuyén Phong
Chau, Vinh Phu

47. Tran Phuong, 8 Giang Va II, Ha Nai.

B. VAT Li

Giai nhat :

Vi Thi Bich Ha, 11C PTTH Chuyén Thai Binh

Giai nhi :

Phan Hoang Viét, 12A Quéc hoc Quy Nhon,
Binh Dinh

Nguyén Hitu Hai, 11A PTTH s6 11 Hoai Nhon,
Binh Dinh

Lé Thanh Minh, 9* Nguyén Tri Phuong, Thua
Thién - Hué -

Gidi ba :

BDgo Ly, 11A PTTH Chuyén Thai Binh

Nguyén Quinh Nam, 10M Mari Quyri, Ha Noi

Nguyén Dinh Thinh, 10 CL Phan Bai Chau,
Nghé An

Lé Hong Nam, 9L Nang khi€u Thai Thuy,
Thai Binh

Pham Anh Ding, 9 LT Phé thong nang khiéu
Hai Hung

Giai khuyén khich :

Nguyén Trong Nghia, 12A Quéc hoc Quy
Nhon, Binh Dinh

Tran Hong Quang, 12APT Dan lap Xuan Hba,
Vinh Phud

Truong Ham Yéng, 11A; Ly Tu Trong, Can Tha

Ngé Thanh Trung, 11A1 Ly Tu Trong, Cdn Tho

Vi Thanh Ting, 10 Chuyén PTTH Hué, Thita
Thién - Hué&.

Nguyén Diic Phuong, 9H Trung Vuong, Ha Noi

Lé Quang Thanh, 9NK Déng Ha, Quang Tri

Nguyén Quang Truong, 9 CLNK Vinh, Nghé An
DE khoi thit lac Bang danh du giai todn

trén tap chi va Giai thudng, dé nghi cdc ban

gt dia chi cu thé ché & hién nay vé toa soan.

Ngoai phong bi ghi 16 : "Dia chi hién nay ciia

i" dudi dia chi toa soan.

déc gid
TOAN HOC VA TUOI TRE
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Tim hiéu sau thém Toan hoc phd théng

DUNG PHUONG PHAP TQOA PO DPE GIAI
CAC BAI TOAN HINH

Vdi nhiéu bai todn hinh hoe c6 chifa yéu 18 "Khoang cich”,
“Cung phudng" va dic biét 1a yéu t6 "vudng goc”, néu khéo
chon hé true toa dé thi co thé chuyén dugc thanh bai toan
dai 56 cd nhiéu hia hen cho kha niing tim ra 16i giai. Do la
¥ tuding sit dung phudng phap toa do dé gidi todn.

Trong bai viét nay xin trinh bay viée s dung "Phudng
phap toa do" dé tim toi 18] giai mot s6 bai toan vdi kién thilc
cd bAn khong vugt qua chudng trinh toan ldp 10 PTTH.

Trong Chuong 1 - §5, Chudng II - §1 Sach gido khoa
(SGK) Hinh hoc 10 (=), ta c6 céc dinh nghia: 1

LME =

DM xe, +ycz—Dlle +0Kc
—

Zd—(a J)=a = ae +ae,

3. x = OMcosax

4.y = OMsina (0° = & = 180%) v Og

Két hop dinh nghia va cac tinh chdt dudc néu trong SGK
Hinh hoc 10, ta chilng minh dudc hai két qua guan trong sau :

Bb d€ 1 : Trong mat phiing Oxy cho a = (a, a,), b =
(by, by)

Ta c6 : a cling phudng vdi b

= e =abh,-ab =0

by b, 1 z_i 2

_Chirpg minh ; 1.a =
Za#0vab g0
Néu b, = 0 : acung phl.[dngg_»'a =0«ahb, - ab =0
Néub = 0:acing phidng b= a, =0<a b, s a,b, =0
Néu h # 0, b, # 0:acing phudng b= a = kb

0 hodic b = 0 Hién nhign dfmg

a, =
Dy (k= 0) eab, =ab,
= hl 2
a
= Z’ hi =
Bb/E 2 : Trgng miit phing Oxy choa = (a,, a,), b = (b,, by)

Tacé:a.b=(a,a,)(b,b,)= a]p}! +a,b.

S
PR e s S < U S e
Ak g EIJ.E2
c2:e§=l
S §
hldo ab = (a_].+alcz)( +b.,—a)

-—able o a, ,Ljei abe,e + azbz‘:z
=ahb, + a.,h
Sau day la m-.‘,'ll'. 50 bai t4p minh hoa,
Bai 1 : (SGK HH10, Trang 60)
Cho A ABC vudng tai A, cic canh goc vudng la bva c, M la
mdt didm trén canh BC sao cho BAM = «. Chiing minh
& be
B M ceose + bsina
Ldri gidi : Chon hé tryc tga dd nhu hinh ve.
Khi d6 : A(0, 0), B(b, 0y, C(0, €}, M(x, ¥)-
Tii dinh nghia : x = AM cosa, y = AM sina
Nén M(AM cosser, AMsing)

16

NGUYEN PHI PHUC
(Gido vién THPT Phuong Lam — Doéng Nai)

Do M € BC=> CM ciing phuong vdi
— AMcosz AMsine: —c b i
CB= b A =10

= AM(c cosa + bsina) = be

= AM =

n_m o€ l 1
(*) Hinh hoc 10, Trén Viin Hao chii bién, NXBGD 1993.
Biii 2 : (SGK HH 10, trang 50)

Cho AABC can tai A. Goi H 1a trung diém cia BC, D 12

hinh chifu ctia H trén AC, M I3 trung diém ciia HD. Chiing
minh AM vudng goc vi BD.

Liri gidi : Chon hé truc toa d6 nhu hinh vé
Khi d6 : }1(0 {l} A(e, a), B{—¢, 1), C(c, 0), D{x, y)

DHJ.AC
Tamt

AD ciing phl.ll:!ng AC

(—x, —¥ic, —a) =
e {4 |¥ y—a)
[ = | 2o
a’c
x = —
cx — ay =0 a“+c”
L
Slax + oy =ac c’a
y_a1+c"
Vay D At x M la diém ctia HD neén
T e tru itm
: (az+::“ u2+c2) @
o a’c a
(Z(a -H:z) Za +c2])
— = 2a’c + ¢ ca a'c —fa—2’
=B.M=(—5 7.3 3 ysrnes oy o
A a +cNHa"t+c) 2z tc)
2'? +ald —clal-2a'd
= £y e 7 T
2{a” +c)" 2(a” +c7)

Vay BD L AM (dcpem)
Bai 3 : (Dé thi hoc sinh gidi loan quic - Nam 1979)
Didm M nim trén duang tron ngoai liép tam giac déu
ABC. Ching minh gi4 tri cia ma*+ MB* + MC? khong phu
thude vao vi tri cia M.
Léri gidi. Goi I, R la tAm va ban
kinh dudng tron € ngoai tidp A
déu ABC. Ta cb : A(0, n}
" }

iR RY3 3R
B(Fi2 S (T
L H(R,0) Mx.y) & Ez-er R
=MI"=R=x+y =2Rx
Taco:

MA*+ MB'+ MC* =

= +y)P + e i

4 [("_;‘i;
it i i« 5w
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=(2Ry’ + (3R} - Rx - RV3y)" + (3R — Rx + RyFy)
= hR‘\: + -‘:R'\f' 7 Ibl{ - 12R%x

—E:R (‘c%v)+|hR "Rt

= 6REIRx + EM{ = ]2R x = 18R"

Viy 51,, 1r! M+ MB* + MC khang phu thude vaa vi tri M.
Bai 4 : (Dé thi vi dich Anh = nim 1983)

Cho .:-.,.’\[3 Goi 11a tam dudng trom ngoai tiép AABC. D 1a
tnung dl ‘m c,,mh AB, E 14 trong tAm cun AACD. Chilng minh
ring néu AR = AC thi IE vudng goc vai CD.

Lﬂl giai: Chon he irye nhat hinh v (O 1 trung diém BC)

Khi da (“1(11 (1)} J‘\Ll] .1) B(—c, ). C(c, (),

])[—— "] {_ _)f]
c
l]fJ. HJL |:'x+:.\'——|
l()[ - H( : 2
l(x.\} (2¢
x =10
= - e -

Vi { il 1
av | | i, |

— 11 L': kT
= IEDE = = =]

= 1E 1 DC {dpcm)
Larn ¥ 2 (#) - Cong thife toa dé trong tim tam giac,
Xem bai tip 4 trang 33 SGK IO

Bai 5 : (Dé thi vy dich Bungari — néim 1981)

Ducing [:I1 in giic trong va ngoai cia goc C cis AABC
cit dudng lh ing AB & L vt M. Chiing minh ring néu CL
CM thi ACY + BC? = 4R* (R Ii ban kinh dud ing LrOn ngoai
tiep AABC)

Lai giai : Néu CL = CM thi ACMLwudng c¢in (do CL L
CM theo tinh chit hai duong phin gidc cia goc)

Chon hé truc nhu hinh vé (O Ja trung diém cia ML)

Khi dd : O(0. 0). A(a, 03, B(b, 0), C(0, c). L{c. 0). M{—c. 0)
Theo tinh chit dudng ph:'n:l gidc L oo

AL AC ALY ac®

et e — T

LB CBE 1B CB

[f—uJ: Al o i i
h—cy b+ \\EL

= (a - h]r\c" = .|h) = //
o2

T

C \
VayB [ —. 0] nén

= ab’+ ac’ - : h'c‘h—ﬂ (/-..l
1

m & A & R=

>

A ST
A=t e )+ (¢4 5) = [T

Gai I(x. y) 4 thm dudng tron ngoai Hép AABC. Ta co

dect [apeci |G -2+ar
AlL=C -

= BIT |AR = BE

- +y = (=) +v
2ax — 2oy = a - aArd
= e+ X = 2a
-I+c!
vy 1" )
g N .11:+(." 3 '1+C'3
nEndR'=4CI‘=4{ = ) = ( } (2)

Ti (1) vi (2) : = AC + BC? = 4R? (dpem)

Bai 6 : (D& thi todn quic € lian thd 23)

Trén cic dudng chéo AC va CE ca luc gidc déu ABCDEF,
AM CN

7 T it o i

Riét rfing B, M. N thiing hang. Tim k.

Lévi gidi : Dt 2R 14 96 dai bin kinh dudng tron ngoai 1idp
Iye gide déu ABCDEF. Chon hé tryc nhu hinh ve.

Khi do A(D, 0}, B{ —R. ¥3R), C(0, 2(3R). E(3R. {3R).
M0, m), N(x¥) vdi ¥3R < m < 23R

ta Iy hai diém M va N sao cho —

Ta o : MN cung phudng vdi BM
v—in
|.ﬁ' = \"_R|
b4 x y—2y3R 5 Me
| s 3R | -
(m = ¥3Rx + 3Ry = —mR /| i
- : -
x + ¥3y = oR / g
6oR* —VImR L\ )
X = —— 1".\
Vim— 2R 2
Fe. 5 1A
TmR — 6V3R" o -
TR GEA
; ¥Yim—2ZR
C6RY=vVImR TR - oy3R’
Viy N |
“ L y3m—2R ¥V3im - 2R
Theo bai toan ta co :
AM _ON ol
AC CE =AM = CN (do AC = CE)
= .'\I\'l' =C N'
3 6R*—{3mR. » TmR = 6y3IR’ R p
== | - —1 7 + | e — V3
e Y3m — 2R / L ¥3m-2R 138

= 3m' — 47 Rm + 16y3R Y m — 48R* = 0
e(m — 2R)3m’ + (6 — 43R + (12 — 5YDR'm + 24RY
=0+=m= 2R,

Viyk= o= = 5= = o= =
AT NS T AR S
Dat f{m) = '_’:m" +(6 —HF)Rm" + (12 — &F)R*m + 24R".

Taco: VIR < m2V3R=(m+ R)* < (T + 1I)°R?

=-m’ — 2Rm + (2{3YR’ > 0=
(b = WIRm" + (12 — 8¥3)R'm + 24R’ >
> 96R" — 48Y3R’ > 0= f(m) > 0

Dé ki thic, xin moi cie ban gidi mat sG bai Wo4n sau
bing phudng phip toa do,

Bai 1: Cho A ABC ciin tai A, BC = a, dudng can AH =
h. Goi K 1a hinh chigu cia B 1én canh AC. Tim diéu kién gitta
a, b dé K thude canh AC, khi do tinh AK.

far 2 :}"u:ui M 14 trong tim cia AABC, Chitng minh rfing
AR+ BC™+ CA™ = 3(MA™ + MB™ + MC™)

| ﬁ'ﬂi;:? : Cho AABC. Tim tip hdp didm M saoc cho
AM.AB = AC . AB

Bai 4 : Cac dudng cao cia A nhon ABC L:ll nhau 0.
Trén doan OB va OC ngudi ta ldy hai diém B,
.»\B C= ACBE = 90°

f..'hl’lng minh riing AB,
1976).

Bai 3 : Trén cung AB cia dudng trin ngoai 1iép hinh chil
nhilt ABCD, ngudi ta lﬁy diém M khic A va B. Goi P, R,
S 14 hinh chidu cia didém M trén cic diong thing AD, AR,
BC. CD. Chilng minh ring : PQ vubng goc RS va giao diém
clia ching nam trén mat trong hai dudng chéo oz hinh chil
nhit ABCD (D& thi va dich Nam Tu 1983),

san cho

= AC, (D£ thi vo dich New York
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Gidi ddap bai

Tro chei thay so

Gia sit ngudi di trude mudn phuong trinh

ax? +bx?+ex +1995 = 0

cd hai nghiém nguyén la m va -m (meN").
Khi thay x = m va x = -m vao phudng trinh

ta sé dudce
am?® + bm? + cm + 1995 = 0 (n
—am® + bm? - em + 1995 = 0 (2)
1995 .
Ta(l)va(2)taratrab = — 1113_ (3

Thay gia tri cia b & (3) vao (1) ta cd
am® +em = 0
hay am? +c¢ = 0(4)

Hé thiic (4) cho phép ta tim dude mot tron
hai s6 a va ¢ khi biét mét s6. Tt do suy ra cic
thay s6 cia ngudi di trude dam bao ho sé thang

cude nhu sau :

Nguai di trude thay b theo (3), trong do m

4 mdt =0 nguyen tiy chon.

Sau khi nguoi di sau thay a hoac ¢ bdi mot
50 tiy chon thi ngudi di trude thay chir con lai
bang mot s6 sao cho (4) dude thoa man. Khi
do phugng trinh sé cd hai nghiém nguyén phan

biét 1a m va —m.
Thi du :vdim =1 ta co :
- Ngudi di trude thay b = -1995

- Nguoi di sau thay a = « (mot s6 tuy chon)

- Dén lugt nguai di trude thay ¢ = -«
Khi do phuong trinh sé la

ax® - 1995x° - ax + 1995 = 0

hay (x? - 1Max - 1995) = 0

Phuong trinh co 2 nghiém nguyén phan biét

lalwva-1

BINE PHIUTONG

Cé giao phat ai ?

Mot trong ba hoe sinh Dong, Nam, Bac da
hi ¢ gido hoi

vé bay lén tudng cua ldp hoe,
thi cde em tra 16i nhu sau :

Em Déng ndi : Thua c6 em khong vé a.

Em Nam ndi : Thua cd ban Béac khong vé a.
Em Bac ndi : Thua co ban Dong va ban Nam

khong vé a.

Co giao biét mot trong ba cau trén la ndi
doi bén phat hai em vé toi vé bay hoac noi dai,
Cacban hay tim xem cd gidao da phat nhitng ai ?

NGO HAN

TAP MO RONG MOT BAI TOAN
({Tiép theo trang 12)

Ta chi cdn ching minh > A0 la hang s6,
tir dé suy ra du dodn 2.

Ta co : " : 7 3 ;
—5 #1 — ki A __.
Gdysige g | 22 2)
— {11 s gl .
OA;= (-3--3:3) %% = (333

4 J

¢ A
=Y A0 =2 (.08 =x’+y’ +2 =1
=1 f

Nhan xét. Goi S; la dién tich mat dai dién
vdi A, trong tif dién $&
AAAA, : Trén
0OA; chon diem M, _
sao cho OM, =S5, ot
Goi S; la dién tich _ - g
hinh chiéu caa S, I i 5
xuéng mat phang
(P} bat ky, co phiap.
vacteur don vi la e .

S, =8, | cos(e. OM,}{ = [e. OM,/

4 4

ol 7 B e P ar i ot

""'}_, Si-= z (e . OM )~ téng nay khong phuy
{ = =i

thudc e (theo ching minh du dodn 2} do dé ta
cd : "Téong binh phuong dién tich hinh chiéu 4
mat ena ti dien déu xudng mat phang bat ky,
chi phu thuée kich thude ti dién dd”.

Qua day chac cdc ban cing dé dong ¥ vdi
toi rang : tim dude 101 giai néu bat dude dac
diém cd ban quyét dinh cho su ding dan trong
két luan cia dé toan dd la mot cong viec dang
qui, bai vi tif 1gi giai nhu vay ta mdi dé dang
phat hién ra nhing két qua mai tuong tu, tong
guat hoac dac biét hon.

Cudi cung, mdi cde ban chung minh :

1. Téng binh phugng hinh chiéu 6 canh cia
moét tid dién déu xudng mot dudng thang bat
kﬁf hoac mot mat phang bat kv déu chi phu
thude kich thude tir dién do. )

2. Téng binh phuong khoing cach tir 4 dinh
clia mot ti dién déu dén mot mat phang quay
guanh tam O eda td dién do. Chi phy thuge
kich thudce eta ti dién.

3. Hinh lap phuong cing cd tdt ca cac tinh
chdt nhu hinh tif dién ma cde ban viia thay
trong toan bd bai viét nay.

4, Hinh bat dién déu ciing co nhung tinh
chat tuong tu.

5. Nhitng da dién déu khac thi sao ?
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