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Danh cho cac ban Trung hoc co sé

HO PUGNG THANG BI QUA MOT DPIEM

Bai toan ching minh ho dudng thang di
qua mot diém c6 dinh la bai toan tha vi va
thuong gap trong cde ki thi danh cho hoc sinh
phé thong Trung hoe eco sd. Cd hai phuong
hudng chinh dé giai 16p bai toan nay : sit dung
cong cu hinh hoc va cong cu dai s6. Trong bai
bdo nay, toi xin trao ddi vdi cdc ban vai hudng
suy nghi dé ti€p cin vai vin dé trén.

I} Phdn dedn dié'm cd” dinh :

D& x4c dinh di€ém cd dinh, ta ldy hai duting
thang cua ho (thudng chon vi tri dac biét) va
tim giao S ctia chung. Khi dé S 1a di€¢m c6 dinh
cdn tim. Sau dd, ching minh mot dudng thing
bat ki cia ho di qua S.

Thi du 1 : Cho géc vudng 1Oy va hai
diém A va B chuyén dong trén Ox va Oy sao
cho OA + OB = a (a la d6 dai cho trude). Ching
minh duong trung truc cia doan AB ludn ludn
di qua mdt diém co dinh.

X

r 3

=z 2

0 B M B, ¥

Dé chiing minh, ta xét hai vi tri dac biét

cia AvaB. KhiA=0thiB=B_ (B,€0y

- va OB, = a) = dudng trung truc clia AB trd
thanh Mz, trung truc cia doan OB,
KhiB=0thiA=A (A € Orva
OA = a) = dudng trung truc ctia AB trd thanh
Nt, trung truc doan OA ..
Goi S 14 giao ciia Mz va Nt thi .
SAN = SBM (c.g.c)= SA = SB = trung
truc doan AB di qua S.
Tuy nhién, trong nhiéu trudng hap, viée
xde dinh diém e6 dinh dua vao hai truong hgp

Lé Quac Han (Nghé An)

dac biét khéng dé dang. Chung ta, tham chi

chi edn xét mét trudng hop dac biét, nhung

thém vao do 1a ca kho tang kinh aghiém giai
todn cla minh.

Thi du 2 : Cho tam gidac ABC va hai
diém M, N chuyén dong trén AB va AC sao
cho BM = CN. Chitng minh duong trung truc
(A) ctia MN ludn luon di qua mét didm co dinh.

0 day, c6 mot truong hop déc biét eta (A)
la khi M = B, N = C thi (A) chinh 1a trung
truc cia doan BC. C6 thé, khi AB = AC, lay
théem mot vi tri nita (A) (khi AB = AC thi bai
toan la tam thuing).

° Gia st AB < AC. Trén AC ldy diém N sao
cho CN_ = BA. Khi d6 diém 6 dinh S la giao
diém ciia dudng trung true doan BC va dudng
trung truc doan AN . Tuy nhién, viéc ching
minh duong trung tryc caa doan MN bit ki di
qua S gap kho khan.

Ta chi giit mét trugng hop dic biét, khi (A)
la trung truc doan BC va mot truong hop téng
quat. Khi dd, S, giao diém cua ching sé 1a
trung digm coa cung BAC. D& tranh kho
khan, ta ching minh gian tiép : 18y di€m gitia
S cua cung BAC r6i ching minh trung truc
ctia MN di qua S. Diéu nay cuc dé : ASMB =
ASNC (c.ge) = SM = SN = trung truc doan
MAN di qua S (ede ban tu vé ldy hinh).

2) Sir dung bai todn phu :

Cd nhiéu bai toin phu gidp cho viée giai
lép bai toan nay. Téi xin néu mét trong cic
bai toan dd (dé nghi cdc ban bé sung thém
danh sach cla ching).

Cho day AB c6 dinh cta mot duong tron (O
va mot diém C chuyén dong trén cung AB nao
do di x4ac dinh. Khi do, phan giac ACB  luén
ludn di qua diém gidia ctia cung AB con lai.

" Thi du 3 : Cho doan thing AB c6 dinh va

mot digm M chuyén dong trén doan AB. Dung
cdc hinh vuéng AMCD va BMEF sao cho ching
¢ ciing mot nita dudng mat phang vai bas AB.
Goi N la giao di€m cua AE va BC. Ching minh
dudng thing MN luén lubén di qua mét diém
cd dinh.
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__Trudc hét, ta thdy bx. MAE =EBMCB =
MEA = MBC = AE 1 BC = N nam trén
dutng tron dudng kinh AB.

__Mat khac, ANCM la tud gidc noi tiép nén
ANM = ACM = 45°= MN la phan giac ANE.
Ap dung bai todn phu, ta cd diéu phai ching
minh, :

3) Sir dung cong cu dai 56 :

Ta lap phuong trinh cta ho duding thang
(A), ching thudng phu thudc vao 1 tham s6 m
nao dd. Viét phuong trinh (A) dudi dang :

mfix, y) + gx, y) = 0

Khi do ho dudng thang (A) ludn luén di qua
diém co dinh cd toa dé la nghiém cha hé
phuong trinh

flx,y) =0
glx,y)=0
Cac thi du trén déu cd thé gidi bing phuong
phap dai s6. Ta xét lai thi du 1. Lap hé toa do
vudng gde cd true hodnh chia Ox va truc tung
chia Oy. Khéng mét tong quat, gia stta = 1.
Néu toa dé6 A(M, O) thi toa do B(0, 1 - m).
Phuong trinh trung tryc (Ay ) cia AB cd dang :
(x - :r:A}2+ (y - yA}z =l -—xB)z + (y —yB)z
hay (x - m)2 +y2 = x2 + [y - (1 - m)]?
=2mx+y-1)+(1-2y) = 0.
Véy ho dudng thang (A,,) luén luén di qua
diém cb dinh S cd toa dé la nghiém cha hé
x+y—1=0 o it
‘1423;:0 =peay=y
Vi khuén khé cia mét bai bdo, toi xin ditng
lai tai day va mong cdc ban ti&p tuc hanh trinh
v@i cdc bai todn sau :
Bai todn 1 : Cho géc vudng xOy. Trén Ox

va Oy cd hai diém A, B chuy€n djng sao cho
OA + OB = a (a 1a d6 dai cho trudce). Goi G la
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trong tAm AOAB va («) 1a dudng thing di qua
G va (d) L AB. Chung minh (d) luon ludn di
qua mot diém ¢ dinh.

Bai todn 2 : Cho gdc vubng xOy. Trén Ox
ldy diém A c6 dinh. Trén Oy ¢d mot diém B
chuyén dong. Dubng tron (I, r) ndi ti€p tam
gidac OAB tigp xic voi AB tai M va BO tai N,
Chiing minh dudng thing MN lu6n luén di qua
mdt diém co dinh.

Bai toan 3 : Cho dudng tron (0, R) va day
AB c6 dinh. C 1a mot di€m chuyén déng trén
dutmg tron. M 1a trung di€ém AC. Ké MH 1L BC
ching minh duding thang MH luén luén di qua
mét diém e6 dinh.

Bai todn 4 : Cho duong tron (0, R) va day
AB ¢6 dinh. C 1a mét di€m chuyén déng trén
cung AB xdc dinh trude. Goi CD va CM la phén
gidc trong va trung tuyén cia ACDM. Dudng
tron ngoai ti€p ACDM cat AC va CB tai M va
N. Chiing minh duong trung trye clta doan
MN luén ludn di qua 1 di€m cd dinh.

Bai toian 5 : Cho nda dudng tron (0, R)
dudng kinh AB va mét diém C chuyén déng
trén nia dutng tron. Dung (vé phia ngoai
duting tron (O, R)) hinh vuéng BCDE.

1) Chitng minh EC luén luén di qua mét
diém cd dinh. .

2) Tim tap hop I, tAm hinh vuéng do.

PA THUC BAT KHA QUY
(Tiép theo trang 13)

Bai toan : Tim da thic clda x cd bac nho
nhét voi cac hé 80 nguyén cd mot nghiém la

V2 + 3.

(Dé thi chon HSG P.T.T.H toan quéc nam
hoc 1983-1984)

Huéng dén : Da thic fix) = x - 6x4 - 623
+12x2 - 36x + 1 s6 1a mot da thic ciia x o6 bac
nhé nhét vai cde hé s6 nguyén cd mot nghiem

avz + V3.
Cudi cung 1a mét s6 bai tip danh cho ban doc :
Bail: Giasia,a,.., o lanlass nguyén khac
nhau ting déi mét. Chiing minh ring da thig (x
—al)(x—az} lf:i—an} - 1 bét kha quy trén Q.
Bai 2 : Tim da thic cd bac nhé nhéat vai cig
hé s6 hitu ti v cd mot nghiém 14 :

%2 +3Vy3 +V2 + Wz +3V3 —V2
(Ddp =6 : x* - 4x% - 23)

https://tieulun.hopto.org



https:/Awww. facebqok. com/letrunglkienmath

Bai T1/214 :

Vi mdi s6 tu nhién n lén hon 1 sao cho
on_ 2 chia hét cho n, hay tim UCLN
b e
Lo giai :
Ta'logh 22° -1 -2'= 222" 72 1)
Theo gia thiét 2" - 2{ n nén 2" - 2 = nk
(k € N*)

Dods 22" ~2—1=2nk—1]
Magnk_1: 2n-1

Suyra (2" 1-2,2"-1)=2"-1
MNhiin xét :

1. Ban Nguyén Pric Trung. 8A, trudng NK Hodng Haa,
Thanh Hoa cho ding bai nay khong cin dén gia thiét
2" - 2: 5 ma vin o6 két qua 1a 2" - 1. Khing dinh nay la

: 4

sai. ('.‘hfmg han vdi n = 4 thi (2? Tl % 2tm 1) = pdoays

2. Nhiéu ban da gidi 161 bai néy : .

Lé Ouang Huy, 9T Nang khién Thai Nguyén, Bic Thai ;
Nguyén Anh Dimg, 9CT. THCS Ciu Long, Ludng Son, Hoa
Binh ; Lé Minh Prec, 6A NK Thuin Thanh, Nguyén Lé Dung
8T NK Bic Ninh, Ha Béc : Phing Pite Tudn, 9T NK Thanh
Hi, Nam Thanh, Hai Hung ; Nguyén Hd Duy 8T, chuyén Phu
Xuyén, Ha Tay ; Nguyén Minh Vigr, 9C Ngoe Lam, Gia Lam,
Phan Thanh Ting. TCT Nghia Tan, Nguyén Quic Thing, 9C
Hai Béi, Dong Anh; Ngo Dde Thing, 7A1, Giang Va, Dé Dirc
Hanh, 8M, Ding QuangN;,wA-,'én 9M Marie Curie, Khudt Minh
Bite, 6H, Neuvén Heing Ha™, THCS Trning Vidng, Ha Noi ;
Pham Thu Huong 8A1, Hong Bang, Hodng Vit Manh, 46 Phan
Boi Chiu, Hai Phong ; Ha Thanh Tudn, Vi Trin Cuong, 7T,
Nguyén Tién Trung P& Difu Ngpc 8T, Nguyén Anh Hoa,
Nguyén Thanh Nga, 9T, Trin Dang Ninh, Nam Dinh, Nam
Ha : Hodng Minh Thanh, 8D THCS NK Thanh Hoa, Nguyén
Thi Nhu Quimh 8T NK Hofing Hoa, Pham Anh Tudn, Lé
Minh Thanh 9T. Lam Son, Thanh Hoa ; Ngwvén Vige Ding,
9CT Phan Boi Chiu, Ngwvén Quang Hop 8A NK Quynh Luu,
Ngheé An ; Lé Vin Hao 9T, NK Hudng Khe, Trin Hodi
Thuong, Lé Ngpc Hong Vi, Trinh Kim Chi, Nguyén Trung
Théanh 9T NK Ha Tinh ; Trin Piée Son, 7 chuyén Ba Don,
Quang Trach, Triin Oué Lam, Dio Duy T, Déng Hdi, Quang
Binh, Nguyén Hiru Nghi, 8T chuyen Quang Trj, Lé Chi Thanh
& chuyén Nguyén Tri Phuong, Lwu Thi Phicong Nga, 9!
Neyén Tri Phuong, Hué ; Tran Vifr Dang, 9/2 THCS Thu
Vin An, Da NMang ; Lé Quang Nim 9T chuyén Dile Phd,
Nguyén Minh Qudn, 7T chuyén Nghia Hanh, Quang Ngai ;
Ngd Qudc Anh, 6T chuyén Phan Chu Trinh, Butin Ma Thudt,
Déc Lic ; Nguyén Quan Long, 9/8 Nguyén An Ninh, Viing
Tau, Ba Rja- Ving Tau ; Phan Thi Thu Héng, 8T B&i dudng
GD, Bién Hoa, Trinh Anh Vii, 9T chuyén L& Quy Don, Long
Khanh, Déng Nai ; Phan Huy Vi, BCT, Ngo Quyén, TP
HCM ; Trim Hiew Nhon, 9T chuyén Nguyén Binh Khiém,
Vinh Long ; Nguyén Lé Lire, 9A1, Ddm Ddi, Minh Hai.

VI KIM THUY
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 Bai T2/214. Cho V3 la nghiém ciia phuong
trinh ¥ +ax’+bx+c=0(a b ceEQ

Tim edc nghiém con lai.
Lai giai. Vi V3 1a nghiém cia phuong trinh

B taxl+bx+e=0 (1)
nén ta co

W3 +3a+V3b+c=0
hay V3 (8+b) +3a+c=0 (2)

Doa, b, c € @ nén tir (2) suy ra
3+b=0va3a+c=0
Nghialatacs:b = -8vac=-3a .
Thay cac gid tri nay cha b vac vao (1) tacd :
3 +ax?-8c-8a =0
(23 - 3x) + (ax® - 3a) = 0
e=(x?2 - 3)x+a) =0

T dd ta thiy ngoai nghiém x = V3 phuong
trinh (1) cdn c6 cae nghiémx = —V3,x = —a
vila € Q.

Nhiin xét. 1. Da 56 cic ban giai theo cich trén.

2. Cac ban : Vi Tudn Anh, 8T, NK Thii Nguyen, Bic
Théi ; Pinh Hitu Tedn, 8T, NK Thi xA Ninh Binh ; Nguyén
Trung Thanh, Trim Tién Giang, 9T, NK Hi Tinh d4 phit biéy
i gidi téit bai todn tdng quat hoa sau day : Cho Vi ld nghiém
clia phicang trinh 4+ +hr+e=0abcenlasd
tte nhién khang chink phuong. Tim cde nghiém can lai.

3. Céc ban co 19i giai 16t : Lé Quang Huy, 9T, NK Thii
Nguyén, Bic Théi ; H2 Ngoc Thanh, 8A, Chuyén Tam Dio ;
Nguyén Minh Phuong, 9A, Minh Phuong, Viét Tri, Vinh Phi ;
Pham Huy Ting, 9A, BE Van Dan ; Neuyén Minh Vigr, 9C,
Ngoc Lam, Gia LAm ; Tdng Ngoc T, D4 Pnic Hanh, BM ;
Ding Quang Neuyén, 9M, Marie Curnie ; Nguyén Oude Thing,
9C, Hai Bdi ; Vit Thanh Hing, 8T, Chuyén, Dong Anh : Ding
Quang Linhk, Tran Hiu Buc, 8CT ; Vo Quinh Anh, 9CT,
Nghia Tan, Ti Liém, Ha No&i ; Bai Thé Trung, 7A1, Hong
Bang ; Pdng Anh Tudn, 9T, Trin Phu, Hai Phong ; 76 Hanh,
Dong Hoang, Dong Hung ; Poan Minh e, 8D, Chuvén
Quynh Phy ; Phing Thanh Ting Trink Xudn Duong, 9T,
Chuyeén, Thai Binh ; Hd Manh Hing, 8T. NK Y Yén ; Nguyén
Tién Trung, Bii Anh Tudn, 8T ; Bii Quang Hdi, 9T, Trin
Ding Ninh, Nam Dinh, Nam Ha. Nguyén Tién Hoa, 7T, NK
Bim Son ; Nguyén Khuyén Ldn, 8D, NK Thanh pha, 24 Hong

" Semn, Lé Minh Thanh, 9T, Lam Son, Thanh Hoa : Trin Nam

Diing: Nguyén Anh Tudn; Nguyén Thdi Tho; Nguvén Thinh,
9T, Phan Boi Chéu, Nghé An ; Trink Kim Chi; Neuyén Anh
Sem, 9T, NK ; Lé Ngpc Hong Vi, 9T, NK Hudng Khe, Ha
Tinh ; Hodng Manh Cudng, 9!, Déang Mi, Déng HAi ; Trin
Hieu Liee, 9CT, Chuyén Quang Trach, Quing Binh ; Nguyén
Hieuw Nghi, 8CT, Chuytn, Quang Trj ; Phan Huy Vi, BCT,
Ngd Quyén ; Nguyén fhic Thanh, 92, Chuyen Colette, TP,
Hé Chi Minh ; Trin Hitu Nhon, 9T, Nguyén Binh Khiém,
Vinh Long.

TGO NGUYEN

Bai T38/124. Trén mat phéng cho 5 diém
A, B, C, D, E sao cho khong c¢é ba diém nao
thang hang. Ngudi ta ndi tdt cd cdc doan thiang
co hal détu la hai trong cde diém dé, réi té cde
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doan thiang nay hodc xanh, hodc vang, hodc
do mot cach hii hoa. Chiing minh ring luén
luén thu duge it nhdt mét tu giace (16i, lom
hode khong don) vdi s6 mau ciia cdc canh
khong vigt qua 2,

Lui giai. Do 4 doan thang AB, AC, AD, AE
duge t0 bdi nhiéu nhdf ba mau nén, thea
nguyén H Dirichlet, phai tén tai it nhit 2 doan
dugce to cung mau, Khéng mit téng quat, gia
st AB va AC cing dude t6 do. Khi da :

e Né&u it nhdt moét trong 4 doan DB, DC,
EB, EC duoc to6 do thi hoac ti gidae ABDC hoac
ti gidc ABEC sé thoa man yéu cdu ciia dé bai,

e Néu ca 4 doan DB, DC, EB, EC ciung
khong duge to d6 thi ta gidc DBEC sé théa
mén yéu ciu cua dé bai.

Nhin xét. 1. Tdt ca cic bai gili 18§ gidi 101 T.S. déu khong
hidu ring, vdi cach phat bidu cia bai ra thi khdng nhdr thic
tdt ed cde doan thdng phdi dicgc t6 bdi ba man, ‘Tuy nhién,

- do két ludn cha bai todn 13 hién nhién trong trudng hop it
¢a cac doan th.’ing due 16 boi t6i da 2 trong 3 mau da cho,
nén so sudt cia cie ban dude bd gua.

2. Nhiéu ban 1ap ludn qua dai dong. mot sd it ban 14p
luén th:éll chinh xdc va co 2 ban cho Idi gidi sai.

3. Ciéc ban co Idi giai ng:-m gon : Mai Enie Thanh (9CT
Phan Chu Trinh, Ban Mé& Thudt, Daklak) ; Tdn Dar (9B
Tmﬁﬂg Thute hanh sut pham, Haa Khinh, Hoa Vang, Quing
Nam Da Ning) ; Trueong Vinh Lan (9CT Xuan Ninh, Quing
Binh) ; Newyén ¥iér Dang, Ding fiie Hanh (9CT Phan Boi
Chau, Nghé An) ;Nguyén Minh Thanh, Vi Thi Trong, Pham
Anh Tudn, Lé Minh Thanh, Pham Minh fiic (9T Lam Son,
Thanh Haéa) ; Nguyén Khuvén Lin (8D THCSNEK, Thanh
Hoa) ; Nguyén Diee Trung, Nguyén Minh Thudn, (8A, 9T
Trudng NK Holing Hoa, Thanh Hoa) ; Lé Xudn Trung (8
Todn Trudng NK Trigu Son, Thanh Haa) ; Vit Triin Cuong,

Nguyén Anh Hoa (7T, 9T Trin Ding Ninh, Nam Dinh) ;-

Pham Huy Ting (9A BE Vian Dan, Ha Noi), Nguyén Hing
Ha A (9H Trung Vudng, Ha Nai), Nouwvén Quéde Thdng (9C
THCS Hai B6i, Dang Anh. Ha N6i) va Ddng Anh Tudn (o
Trén Phu, Hai Phong).

NGUYEN KHAC MINH

Bai T4/214. Cho tam giac ABC néi tiép (0),
trong do B, C ¢d dinh, Ax la tia phan gide
cua goc A. M ; N theo thit tu la hinh chidu ciia
B ; C lén Ax. Tim quy tich trung diém I ciia
MN.

L giai. Goi -
H la giao diém
thd hai cta tia
Ax vai (Q), ta cd
HB = HC ; goi
D la giao diém
cia OH vai BC,
ta co D la trung
diém cta BC
(1). Ha DE 1
Ax, ta cd
DE//BM//CN (vi
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cung L Ax). Ap dung dinh If Ta-lét, két haop
vai (1), ta cd E 1a trang difm cta MN, do do
E trung vai I, hay DIH = 90°. Vay I nam trén
dudng tron dutng kinh D'I;Q:tﬁm 0,). Goi K
la diém chinh gilta cung BC khﬁng chiia H,
ta c6 I, thude dudng tron dusng kinh DK (tam
0,) khi A di déng trén cung BHC. Vay [ thuac
dui‘mg tron (O,) hay dudng tron (O,). Dao lai,
ldy diém I’ € (0,) U (0,), ha BM’, CN’ L Ax.
Néwy I khong trungD taco DI'H = 90" hoace
DI’K = 90° hay DI'//CM’. Ma D 1a trung diém
cua BC va DI'/{CM'//CN’ (vi cing L Ax) nén
I’ la trung diém cia M°N’, va I' la mot diém
thudc quy tich. Vay quy tich cdn tim la (0))
U (0,).

Nhiin xét. Co 145 160 giai. Khong it bai quén dudng tron
(O2). Loi gidi 1ot gom o6 : Tran Hodi Thueng (9T, Ning
khigu Ha Tinh) ; Lé Quang Huy (9T Ning khi€u Thai
Nguyén, Bic Théi) ; Pham Duy Hing (11CT, Quing Binh) ;
Nguyén Lé Liee (9A - THCS thj trdn Ddm Doi, Minh Hai) ;
Dadn Minh Drie (8D chuyén Quimh Phu, Thai Binh) ; Mai
Ting Long (9T Trudng THNK Ha Tinh) ; Phan Thi Thu Héng
(BT Trudng Bdi dudng Gido duc Bién Hoa, Déng Naij; Pham
Thi Thugn (7T Nang khigu thi xa Bim Son Thanh Hoa),

DANG VIEN

Bai T5/214. Cho tam gidc ABC vdi cdc goc
déu nho hon 120°. Hay dung diém M trong tam
gidc thoa mdn MA.BC = MB.CA = MC.ARB,

Lasi giai. Gid st da dung duge diém M trong
tam gidc ABC théa man diéu kién ctia bai toan,
M BA
teeo=—==t2 ()
Goi A’, B, C’ theo
thi tu la giao diém
cla cdc tia AM,
BM, CM véi dutng
tron (O) ngoai tiép
AABC. Tit cac gdc
noi tiép bing nhau
do cung chin mot
cung, ta cd AAMB

v AB'MA’ va «~ AC'MB’ (thl), do do
MA - AB i Me R :
METAE T Moo LR
MA AB.BC ) : :
UC - BE AT (2). T (2) va (1), ta co

A'B’ = B'C". Mot cach tuang tu, ta ciing cd
B'C’ = C'A’, suy ra AA’B’'C’ déu. Vay

e 1 — —— -~
AME = ""(Sd AB ‘i'SﬂA'B’} = (= 60°. Tuong

tu, ta cing cd m A = 600, Va, ta dung
nhu sau : dung,g:ao diém_thi hai M cia cdc
cung chia goc C + 60° ; 4 + 60° vé trén cdc
doan tuong ing AB, BC v,é phia c6 chia mién
trong cua AABC (3). Do B < 120° nén 4 +C
= 180° - B > 60° hay {A + 60%) +{C + 60
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> 180" hon nita, tit (3) ta c6 M nam trong gdc
ABC, suy ra M nam & bén trong AABC. Goi
A" B’ C'ldn lugt 14 giao di€m thi hai ciia cde
tia AM, BM, CM v6i dudng trom (0). Tuong
ty trén, taciing cd (2). Hon nita, tit (3) ta lai
cd sd B'C' = sd A'B’ = 60° hay AA'B’C’ déu,
suy ra B'C" = A’B’ (4). két hop (4) véi (2), ta

MA AB
—— = MB.CA. Mat kha
VT B(‘havMCAB MB. a ic,
360v

do M nam 3 bén trong AABC nén Aﬁ{(‘
- (AMB + BMC) = B + 60° nén M con nam
trén cung chita goc B + 60° vé trén doan AC
(phia 6 chita mién trong AABC). Do dg, tuong
tu nhu trén, ta cing co MB.CA = MABC, va
M la diém cdn dung. Do cdc cung AB, BC &
(3) da e B chang nén M la diém chung duy
nhit cén tim.

Nhiin xét. Co 53 ban gidi bai nay trong sd do khong it
ban ¢ 180 gidi hay dua vio dinh 1i Apollonids. chi tige ring
dinh li nay da bi logi ra khoi cic sich gido khoa CCGD ().
Ciic byn cd 16 gidi tén L : Ha Ngee Thanh (Chuyén C; Tam
Dio, Vinh Pha), Treeong Cao Dang (97 NK Bim Son, Thanh
Heu). £4 fhke Hanh (8M - Marie- Curie. Ha Noi). Pliing
Thandy Timg (9C1 thixa Thai Binh), Nguyén Thinh (9T, Phan
Bdi Chiu, Nghé An).

DANG VIEN

Bai T6/214 Chung minh ring

1%

—(x+t1))% 2 In (‘1+"_)

(x—y) (2
viix>y=>0
Lo giai : Cach 1. (cda da 86 cdc ban), Bat
dang thiic tuong dugng véi
2n (1 +y) +y2 —2y < 2n (1 +x) +x° — 2

Xét ham sé f(t) = 2In (1 +1) +12 = 2t
Ta co = 0 vt 1
acof(f)_1+t> >
D6 da f dong bién trén (-1, +o=). Suy ra néu
x >y > 0, thi fix) > fly) (dpem) (R4 rang BDT
con ding voix >y > -1)

t—1
TR

Cach 2 : Xét ham s6 f(f) = o

: (£
t. e s
o) £t + 1)2
déng bién trén (0, =) suy ra f{t) > f{1) = 0 néu

véi ¢ > 1. Thay

=0vait >0Vayf

i1
e hay Int}2£+1

ta duagc

1
2in ( ) 4o > €@ @)
Nhu vay theo cich 2 ta thu duge bit dang thie

4 5 4(x
manh hon : 2in ( +;) 2{+I.£,

Nhiin xét ; Cic ban tham gia déu gial ding. Lai gidi 1
thudc vé cic ban : 79 Huy Credmg 1LA Thai Binh, Nguvén
Himg Nhan, Da Ning, Ho 57 Hién 11 Vinh, Phan Duy Hing
Quang Binh, Neuvén Minh Plueeng 9A Vinh Pha, Nguvén Lé
Liee 9A Minh Hai, Dinh Trung Héng 11 Mary Quyry, Phan
Anh Huy 10 Ay Lé Quy Dén Da Ning, Nguvén Oreang Nguvén
10A DHTH Ha Noi. Ban Nguyén Lé Lye mie di mdi hoc
Iép 9 da st dung dinh 1y Cang (suy rong dinh 1y Lagring)
ciia chudng trinh Dai hoe dé gidi ngdn gon bin todn nay.

DANG HUNG THANG

Bai T7/214. Ton tai hay khong tén tai ham
80 fix) xde dinh va lién fuc trong (=, =) va
théa man cac diéu kRién sau.

a) f(1995) < f(1996)

b) fiftx)) = 1995 ‘YVx e R

Loi gidi : Gia sl ton tai ham f: R — R thoa
mén cac diéu kién trén. Ta thdy rang f 1a don
anh. That vay gia st fix) = fliy) —=fifixll = fifiy))
— 19956 = 19967V —»x =y,

Ham s6 f don anh va lién tuc nén nd dan
diéu. Do diéu kién a > f1a don diéu tang khi do
fifix)) cing don diéu tang, trong khi ddé 19957
lai don diéu giam. Vay khong tén tai ham f vii
cac tinh chit da néu,

Nhiin xét : Cic ban san 38y 6 100 gidi (6t : N,s;uyéu Thy Hei
Yén, 11CT Qude boe Hué, Mal Ixic Khoa 12A Thanh Hoa,
Nguvén Vin Fing 11CT DHSP Ha Noi. Vi Prée Som 11T Ninh
Binh, Lé Anh Vi 11CT Qufic hoe Hué, Ngawén Ticn Ding 10A
1.& Quy Dan Da Ning, Dink Trng Hing 11M Mary Quyni, Lé .
Tudn Anit 10B DHTH Hi Noi, Pham Pinkt Treémg 11 Triin Phi
Hai Phéng, Naén Ngoe Tan 11CT DHTH Ha Noi, Dao Thy
Thién Hieemyg, 11 Dong Ha, Quang Tri, Triin Thanh Tii 10CT
Quéng Binh, Tifnh Heew Trang 107 Lam Son Thanh Hoa.

Mt sdi ban 6 1i gidi sai, hodc khong chiit ché do khong
bidt st dung k& qui : "Ham ligu tue va don anh sé t ham
doin diey”

DANG HIING THANG

T8/214. Cho day 6 {x,} 4uac xic dinh bai

e r\ilﬂrﬁ“l_xg

a) Chitng minh ring ton tei lim x,, va tim
n-— o
gioi han do.
b) Chitng minh rdng c6 duy nhdt sé A sao
x
cho L =lim — lamot s6 hiu han khdc khéng.

n— o

Hay biéu thi L theo gia tri cita A.
Loi giai. (cia da so cac ban).
a) Nhan xét rang 0 < x, < 1. Néu

a - E T
sina, = x, vi 0<a = 9 thi

o

1 :
%oy = yg V1 - VT —sin e, =sin5
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Diéu do ching té rang 0 < x,,, <x,. Vi

e %
ay =5 nén o, = =1 Vay
: Sy T
limx, = lim sin J_ =]
gn—1
M — 5 H— >
¢ - kJ " - x": -
b} Gia sl ton tai A sao cho lim —— hitu han
=

sinx
va khac 0. Si dung hé thue lir SR 1, ta

x=={}
thu duge
T 7T i Ty T
s1n 2’?-_1— - sin ;“:i' 5':
0 # lim = lim|{————— —} =
H—= 3 H_’x’( A” i)
2.‘1
= 2xlim
H = 20 JH

1
TﬂﬂdsuyraA:-éva‘thQ;r_

Co v6 s6 cach bi€u thi L theo A, nhung da
30 cdc ban déu viét L = 41 A.
NGUYEN VAN MAU
Bai T9/214. Trong mdt phang, trén hai
duong tron dda cho v, (O, r))va v, (0,,r;) co

hai dong tif chuyén déng déu theo ciing mot
chiéu (chdng han, nguoc chiéu kim déng hb) -
M, trén (v,) va M, trén (v,). Chiing xuat phat

lan lugt tir hat diém A, va A, cho trude trén

(v)) va (v,) sao cho O, A KO, A, va sau mot

vong, lai tro vé A va A, cing mét lic.
Chitng minh rdng trong mdat phang, néi

chieng khong ton tai mot diém P cé dinh luon
ludn cdach deéu hai dong ta M , i M , d moi thai

diém, tric hai truong hop ddc biét ma ta sé xdc
dinh.

Lai giai. Thue chéat bai todan nay 12 mét bai
toan dung hinh : Tim trong mat phing mot
di#m P sao cho PM, = PM, (V).

O;P=d,
L — (i

Theo gia thiét, cac chuyén déng cta hai
dong ti M; trén hai dudng tron (v;) la chuyén
dong tron déu véi cing mot van toe gdc w hao
dg, do do ta duoge :

— — —

Thé thi ta 6 (hinh 1) :

Da.t 3 = ltz}

Hinh |

Gia st cd diém P ma :
PM, = PM, (Vt) <=sPM} = PM3, (Vt) (*)
Ap dung dinh 1y ham s6 cosin vao hai tam
gidc O,-PM!- (i = 1,2), ta dude :
df +ri —2d,r, cos F&;ME —
= di+r;—2d,r,cos F@;Mz,
hay la :
A} +r —2d, r cos(wt—a )=
=d3 ~r3 —2d,r,cos (w t —a,) . Nhu vay :
() e=ft) =di +r} = (d +r2) -
=2d, ry cos (w t—a|)+2d,rco8(w t —a, ) =0 ;
(VE) (**).
=df +ri—(d}+r3) -
=2d,r (coswtcosa +sinwtsina) +
+2d,r,)(coswtcosa, +sinwtsing,) =0
=acoswt +bhsinwt +e,
trong do ta da dat :
a=2d,r,cosa, —2d, r, cos a,
b = 2d, r, sin @y —2d, r sina,
c=di+ri- @+

Bi¢n ddi ta dudc (néu dat g = 1) :

f(t) =acosw it +bsinwt +¢ =
=VaZ +bZsin(wt+p) +e.
Nhu vay thi :
PM, = PM, (¥t) <=f1t) = 0 (Vt)

-l=u=b=c_—.0,

hay la :

d%+r2=d§+rf @) =y

dzrzcosaz o dlrlmml d tr = d2+r2 {(FEE)
d,rsina, = d,r sina, ld,=r, | = |dy=r, |

Tom lai :
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PM, = PM,, (V1) =
19y Hoac : @y = ay,d, =7ry,d; =7
2%y Hoac: a, =a,,r =1, d, =d,.

Vay diém P tén tai chi mot trong hai truong
hop sau day :

Truong hop 1 : Hai dugng tron v, (O, 1)
r,) cat nhau & hai diem ohang han
C, va F'\, dong thai (O C, ,O A) =
(O C, O A, # 0 hay dac biét = 0 (khi do
A= A2 = C)) ; Pladiém déi xing voi C, qua
trung truc cia O, 0, (Hinh 2)

vau, (0,

Hinh 2

Truong hop 2 : Hai dutng tron v, (O, r))
va v,(0,.r;) co ban kinh bang nhau
r, = r, = r(nhungkhong déng tam). Khidd di€m
P phai tim la giao diém cac dutng trung truc cia
hai doan thiang 0, 0, va A| A,, va do dg, P la

tAm quay bién v, (O r) thanh v, (O, r) trong
dd Abién thanh A,. Ddla trusnghapA | A, khcmg
song song véi O, O, (Hinh 3).

Hinh 3

Néu A, A, //0, 0, thi vi 0, A, /|0, A, (gia
thiét) nén 0,0,A,4, la mot hinh thang can.
Khi dé cdc trung truc cua O; O, va A A, trung
nhau, nhung diém P duy nhdt tim duge la giao
diém cia 0, A, va 0, A, néim trén trung tryc
chung ctia O, O, va A| A, (Hinh 4).

Trudng hop A A,/ 0,0, va
la méot hinh binh

Chii thich :
0,A, //0,A,thi0,0,A,A,

https://sites. google.com/site/letrungkienmath

Hinh 4

hanh, nén cdc trung truec eta’ 0, 0, va A| A,
song song véi nhau, bai todn khéng cd 10i giai.

Nhin xét : ]".] Hin todn trén ddy 16 su khail quat hoa mion
bl todin trong kv thi Tedn quée 1& & Anh (IMO. 1979), ticing
dng vl trudang iop 1.

2y Chi 6 hai ban gidi tiong A6 16 e todn riy B Drdn
XNudn Vinh, W0CT Quée hoe Theé va Phan Dink Tredsg, 11CT
Tréin Pha, Héi Phong.

37) 140 hét eiac ban tham gia gisi bai toan nay déo khong
dat diém t8i da vi chua hidu dude thide chit day la mit bii
1oan dung hinh ma k&l luin néu trong bii chinh Lo KEL qud
phéin bidn ludn ciia bai toan de. Nhicu ban 1 ra i Illm1 Tung
trude didu kicn PMy = PM (¥ chus hidu dude ding do
dii et cae doan PMy hode PM2 mot hinm cia £ (U giang
wir do dé khéang dat van dé tinh eic doan thing do. Hau hét
I gidi déu thidu chiit ché vi b sit khang xét triing hap
A1 Az {0 O3 ké e hai ban Find va Trcemg,

NGUYEN DANG PHAT
Bai T10/214. G-‘;{i G lvar lan luot la trong
tam, tam va ban kinh hinh ciu noi tiép cia
ti dién A A, A A, ; h;ve lan luot la do
dai duong cao va trong tuyén (noi mdi dinh
vdi trong tim mat doi dién) phat xudt tit dinh
A Chu nft ra dul b 2
o e k. Ko
. Chitng minh rang : max T
Loi giai.
. - -t T - ‘..-'---
Goi V la thé tich tu dién, s, = S(Aj AL A) la
dién tich mat déidién véidinh A, (i = 1,2,3,4);
thé thitacd {3V = s h, = (2, s )r; tit dé suy
4
e
= (1)

: .'1 1
=]

kA

Sau nita, can chitng minh hé thic sau day :
4

— -
S g = O (2)
=1
Tit dd st dung (1}, (2) va thay

4
m = 3 GA,, ta duge :

nm m m nt 1
ok R R 4(21.*:)
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b 1iGAf.#lz.t_(i
3i'=]_,hj 3J'_=| )‘1; h
g1 & Gl 1 GI A
512571 =5 | 2% 2%
1 R T u
=53] (Z%) Fray2atal -
& Gl

Nhiin xét : Cic ban sau ddy co o1 giai 1ot Pham Dinh
Treimg 11 CT Trin Phi, Hii Phong, Nguyén Minh Tudn,
11A1 Chu Vin An Hi Ngi, Lé Anh Vi vi Negwvén Thi Hdi
Yén . 11CT, Qude hoe Hué, Pinh Frung Héng, 11M Marie
curie, Ha Noi, Phan Duy Fring, 11CT, Dao Duy Ti, Quing
Rinh. Rt tide con co ban vo ¥ khéng doc k§ diu bai nhim
[ 14 tam mit ciu ngoai tiép nén di gidi sai. D& hoin chinh
10i giai bai todn, cic ban hiy chilng minh hé thiic véctd (2),
xem nhu mot bai toan phu bd sung Kién thite ¢in thict.

NGUYEN DANG PHAT

Bai L1/214.
Hé vat duoge b6 tri nhu hinh vé : m| duagc

treo bing day mdnh khéng dan, day duoc vat
qua rong roc 6 dinh gan trén m,, dau kia cia

ddy gan vdi m,. Budng tay khéi m, thi hé vit
chuyén dong lam cho day treo m bi léch 307
so vdi phuong thang dung. Cho m, = 0,2 kg
my = 0,4 kg. Bé qua ma sat. Tinh : khéi luong
m, ; gia téc cdc vat.

o

m

£

: I.1“1

Hudng dén gidi. m, tham gia hai chuyén
dong : chuyén dong theo phuong naAm ngang,
sang phai vdi gia téc “2 ; chuyén déng theo

phuang clia sgi day lech 30“ 50 vdl p_l’umng
thang ding vai glaté’m; ; al = a,,+nr Viét

phuong trinh dinh iuat II Niuton cho m, , m,

va chiéu lén phuong ngang suy ra luc cang
T=04a,=04a; va chu ¥ tdi géc léch cua

day treom 12 30°suyraa, = a, = a, = a. Viét
phuong trinh eta dinh luat IT Niuton cho m,
réi chidu lén phuong ngangsuyra T =m a,

hitps://sites. google.com/site/letrunglkienmath

a
P
) Tit d6 rit ra m, = 0,4kg. Vi

d6 giam thé& nang clta m, bang téng do dong

{chi ¥ a,, =

nang cia ca 3 vat rit ra a = 3,46 m / s (chi
YU, =u; =v,0f)
Nhin xét. Ciac em oo 10 gidi gdn hoan chinh

Nguyén Quang Tidng 11CL Bri Phiede 10CL Lé Quung
Vink 10CL, PTTH Phan Bé&i Chiau, Vinh, Nghé An.

MT
Bai L2/214.

Diém sang S d trén truc chinh cia guong
ciu lom G, ban kinh R = 8em, ecdach dinh
guong 32 cm. Ddt thdu kinh hoi tu L, tién cu

f; = 6em, dbng truc trong khodng gitia S va
G

I. Tim cdc vi tri ctia thdu kinh L dé dnh
cia S qua hé thdu kinh — guong lai triong vai
S.

2. Thay thdu kinh L, bang théu kinh L,
tiéu cu f, ta thay chi 6 1 viitrt ctia L, cho dnh

ctia S qua hé thdu kinh — guong lai tritng vai
S. Xae dinh f, va vi tri dat L,

O, O,

G
L ;

Hudng dén gidi. So do tao Anh qua hé :
L G 1
8 5, S, S
@it ol - A
1) DS, =Sk =8 Sded
0 hosc d, = 2f, ; mudn vay dmh guong
0, =8, hoac tam guong C =8,. Van dung
d, +d! = 32 rit radl = Bem ;240111; 16,6cm ;
94 em.
2) Muén cho chi c6 1 vi tri cha L, cho anh,
phdico Il =4f,—f, = Bm.

r B

S,

it

3

riut ra

d.q

Nhan xét : Cac em eo I8 gidi dung va gon :

Nipvén Nguyér Mink, 10M Marie Curic Ha Nai ; Téng Xudn
Trecrng, 12C1 PTTH Long Khéinh, Déng Nai ; Fa Duy Hdi, 10A3
L2 Héng Phong Nam Dinh ; Ngupén Xudn Treomg 1A, PTNK
HAi Hung ; Bdng Thank Ha, 11A CT DHSP HN 1.

OK
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OLYMPIADE
INTERNATIONALE DE
MATHEMATIQUES

CANADA

1995

INTERNATIONAL -
MATHEMATIC
OLYMPIAD

Ki THI OLYMPIC TOAN QUOC TE LAN THU 36

Nam nay, ki thi Olympic Toan quéc t& duge t8

chiie tai Toronto (Canada) tit 13/7 dén 25/7/1995. .

Ki thi l4n nay co 73 doan tham du vdi 412 hoc
sinh du thi (mot s6 doan khéng cd di 6 hoe sinh
trong doi tuyén nhu Kuwait, Malaysia...).

Doi tuyén Viet Nam gém 6 hoe sinh :

Cao Van Hanh (VIE1), 16p 12 Lam Son
(Thanh Hda),

Dao Hai Long (VIEZ2), iép IQAG, DHTHHN
(DHQGHN),

Nguyén Th& Phuong (VIE3), lép 12
DHSPHN1 (DHQGHN),

Nguyén Thé Trung (VIE4), lép 12A,
DHTHHN (PHQGHN),

Ng6 Dac Tudn (VIES}), lUp 11A , DPHTHHN

(DHQGHN),

Pham Quang Tuan (VIE6), lép 12A,
DHTHHN (DHQGHN).

Céch chon bai thi nam nay cd mot s6 thay
ddi so vdi moi ndm : nude cht nha chon ra 30
bai thude cae linh vie khac nhau (dai 86, hinh
hoc, s6 hoc va té hop, giai tich) khong kem
theo l&i giai va tén nude dé nghi cde bai do.
Két qua 1a da chon ra duge sdu bai réi mdi
cong ba tén nude dé nghi :

Bai 1 (Bungaria) vé hinh hoc phang,

Bai 2 (Russia) vé bit ding thic dai s0,
Bai 3 (Czech Republic) vé 8 hop trong hinh hoc,
Bai 4 (Poland) vé day s6,

Bai 5 (New Zealand) vé bat dang thite trong
hinh hoc,

Bai 6 (Poland) vé t6 hop trong s6 hoc.

Cde bai thi nam nay déu thude dang cd ban,
rdt quen thudc vdi cdc hoe sinh chuyén todn
ctia nude ta. Mot didu rat bat ngd 1a hoe sinh
cta nhiéu dai tuyén giau truyén thing trong
thi Olympic Toan hoc da bj gay bai 2 va bai 5.

Déi tuyén Viét Nam da dat két qua rét xudt
sdc trong ki thi nam nay. Ca 6 em déu gianh
huy chuong, hai huy chuong vang va bon huy
chuong bac vdi s6 diem 220/252 sau cdc-doan :
Trung quéc 236 diém, Rumani 230 diém va
LB Nga 227 diém. Sau day la bang két qua chi
tiét & cho cau tra l#i vé nhiing mat manh va
nhitng diém con y&u cia doi tuyén Viét Nam.

Tén Bail Bai 2 Bai 3 Bai 4 Bai 5 Bai 6

VIElL 7 7 5 7 T 0
VIE2 7 7 7 i 7 b
VIE3 7 7 & 7 7 0
VIE4 7 T 7 7 T 0
VIES 7 7 T 7 T T
VIEG 7 i 7 i 7 0

Duai day 1a dé thi

ol
Thoi gian : 4§ gio.

19 =07 =196 Méi bai : 7 diém.

1. Cho A, B, Cvi D la bén diém phan biét trén mot dudng
thiing vi dudc sip theo thd td d6. Cic dudng tron dudng
kinh AG vi BD cfit nhau tai cic diém X va Y. Dudng thing
XY cit BC tai Z. Cho P 1a mdt diém trén duong thing XY
khic Z. Dudng thing CP cit dudng tron dudng kinh AC tai
C va M, dudng thing BP cit dudng tron dudng kinh BD tai
B vi N. Chilng minh ring cic dudng thing AM, DN va XY
dong quy.

Ngay thi nhat

2. Cho a b v ¢ li cic 56 dudng thda min didu kién abc
= 1. Chiing minh riing
1 I !

= .
2 +e) b-‘(c+r:) cla+b) 2

L

3. Xac dinh 1t ¢ cic sd nguyén n > 3 sao cho ton Lai
n diém A1, Az, ..., Ag trong cing mat ph:ﬁng Vi CAc 8O thyc
Py v rn thos man hai diéu kién sau day :

; (i) khong ca 3 diém nao trong s6.A41 Az, ... A thing hing
(iviimdibtii k(1 =si<j< k= m) cAc tam giac
Aididy e6 dién tich bang ri +rj + re.

1
Ngay thit hai Thi gian : 4 gi

20 - 07 - 1995 Méi bai : 7 digm.
4. Tim gia trj 1dn nhit cia x. dé tdn tai day cde s thife
duong xo, x1, ... X1ws thds man hai didu kién

{i} xo = x1oes
2 Iz o
- = 0y = =—wohi mcg F =1, 2, ..., 1995,
A b

(ii) %, =, +

5. Cho ABCDEF i mét luc gidc 15i cd AB = BC = CD,
DE = EF = FA va £LBCD = LEFA = 60", Cho Gva H 1a
hai diém nim bén trong lue gidc sao cho £AGE = £DHE
= 120°, Chiing minh rfing

AG+ GB+ GH + DH + HE = CF

6. Cho p la mot s6 nguyén 16 [&. Tim s6 cic t4p con A
ciia t4p hop {1, 2, ..., 2p}, biél ting

(i) A chila ding p phin
(ii) tdng tdt ca cic phén (U cia A chia hét cho p.
NGUYEN VAN MAU
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DE RA Ki NAY

Céc lap THCS

Bai T1/218 :

Hay tim s6 chinh phuong ldn nhdt co chir
s6 cudi khac 0 sao cho sau khi xda bo hai chit
sé cudi thi thu duge mot 88 chinh phuong.

DANG VAN HHANG
: (1A Hung)
Bai T2/218 :
Cho hai s6 x, y théa man dang thic :
1 ret
D e -
=1
Xac dinh x, y dé tich xy dat gia tri nho nhAat.
NGUYEN DUC TAN
(TP Hé Chi Minh)
Bai T3/218 :
Giai phuong trinh :

TRAN XUAN DANG
[N}nl]] |[i|]

Bai T4/218 :

Cho tam gidc ABC voi AC > AB. Goi M la
trung diém _cia BC. Trén canh BC lay diém
D saocho BAD = CAM. Trén tia AM lay diém
N sao cho ABN = ACB. Goi O la giao diém
ctia AD véi BN ; tit N ké NK /| OM cat BC tai
di€ém K. So sanh BD vai CK.

NGUYEN XUAN HUNG
(Thanh Hda)

Bai T5/218 ;

Cho nita duong tron dudng kinh AB trén
dd ed diém C. Ha dudng cao CH ctia tam giac
ABC. Goi O, O, lan luot la tam cac duong
tron noi ti€p cdc tam gidc ACH, BCH. Tim vi
tri cua C dé 0,0, dat do dai lon nhat.

NGUYEN KHANH NGUYEN
(114 Phong)

Cdc lap THCB
Bai T6/218 :
Giai phuong trinh :
2cos(x—45”) —cos(x—45") sin2x —3sin2x +4=0.

NGUYEN HITU DU
(Mghé An)

Bai T7/218 :
Cho da thue :
P(x)=(x* = 2)(x* — 3)(x? — 6)
Ching minh rang vdi moi s6 nguyén to
p déu tim dude s6 nguyén dudng n dé Pin)
chia hét cho p.
DANG HUNG THANG
(Ha N
Bai T8/218 :
Cho s6 nguyén n ldn hon 2. Chiing minh
rang ton hai khac nhau
(81283 - -2 8y) va (2, ey &p) eta (1, >

hoan
T,

tai vi

, k) sao cho

8, +233+33_,‘+,.. +ns, =1, +2r: + 3Rt

NGUYEN LI DUNG
(TP Hé Chi Minh)

Bai T9/218 :

Cdc canh AC, AD, BC va BD cua ti
dién ABCD tiép xic vai mat cau (S ) ban
kinh £, tam I nam trén canh AB. Cdc canh
CA, CB, DA va DB tiép xuc vdi mat ciu
(S’ ) ban kinh r, tam J nam trén canh
CD. Ching minh hé thie sau day :

CDY(AB* — 4p%)

LI QUANG VINH
{Nghé An)

ABYCD? —4rd) =

Bai T10/218 :

Ldy cac canh BC, CA vad AB
tam giac ABC lam day, dung ra phia ngoai
tam gidc ABC ba tam giac déu A'BC, B'CA
vi C'AB. Goi A, A, ; B, B, va C, C, lan
lugt 1a trung diém cde canh BC, B'C’ ; CA,
C'A’ v AB, A'B’
A’B'C’. Chitng minh rang cac doan thang
A A, BB, va CC,dbéng quy va bang nhau.

cia mot

cua hai tam gide ABC,

DAM VAN NI
{ Thai Binh )

Cadc dé Vat li
Bai L1/218 : Mot vién bi khai lugng m cd
khoan mot 16 xuyén tam va dude long trén mot
thanh cing thang sao cho bi c¢d thé chuyén
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dong doc trén thanh véi ma sat khéng dédng
ké. Hailo xo L, va L, co mot ddu gdn chat vai
vién bi va ddu con lai gan c6 dinh vao cac difém
A va B trén thanh ciing. Lic dau dat thanh
AB nAm ngang va vién bi ding yén a vi tri M,
khi do 16 xo L, bi nén mét doana, 16 xo0 L, |:11
nén mot doan a,. Tai thai diém ¢ = 0 quay
thanh AB xung quanh A t6i vi tri thanh thang
ding,

1. Hay chung minh la vién bi sé& dao dong
diéu hoa,

2. Cho biét bién do dao déng ctia vién bi la
9,8cm va gia téc trong trudng la 9,8m/s*. Hay
tinh chu ki dao déng cta vién bi.

3. Cho biét m = 100g, a, = 15em va
a, = 10cm. Hay tinh d6 cing clia cac lo xo L
va L,

PHAN TUAN KHANH
(”;l '\l{‘ll}
Bai L2/218 :
Co 3 dién trd R, : 30Q - 15A, R, : 10Q - 54,
1 20Q - 20A. Trong do gia tri sau la dong
cao nhédt ma ecdac dién trd co thé chiu duge.

L. Xae dinh cum lién két, ed thé co gitta ba
dién trd nay, chiu duge ngudén U = 180V

2. Gid su chon lién két R, I (R +R;) mic

noi liep vdi cum bong dén loal 30V - 40W Tim

. cach mac dé cdc bong dén sang binh thuong

khi mac toan cum vao ngudn dién U = 220V

khéng ddi, sao cho cum R = R /| (R, + Ry)

khung bi chay. B qua gia tri d:en trd cua day

noi.
LAL THE HITEN
{Thii Binh)

PROBLEMS IN THIS ISSUE

For Lower Secondary Schools.

T1/218. Find the greatest perfect square
the last digit of which is not 0 such that after
deleting the two last digits, the remaining
number is a perfect square.

T2/218. Determine the numbers x, ¥y
satisfying

such that the product xy attains least value.
T3/218. Solve the equation

Ll

T4/218. Let be given a triangle ABC with
AC > AB, and M be the midpoint of BC, Take
D on the side BC such that BAD = C. and
take N on the semiline AM such that ABN =
ACBE. Let O be the intersection of AD and BN.
The line NK parallel to OM cuts BC at K.
Compare BD with CK.

T5/218. Let be given a semi-circle with
diameter AB. Consider a point C on the
semi-circle. Let CH be the altitude of triangle
ABC and O, and O, be respectively the
incenters of triangles ACH, BCH. Determine
the position of C so that the length of 0,0, is
greatest.

For Upper Secondary Schoolls.

T6/218. Solve the equation
x—45")—cos(x —45")sin2x —3sin2x+4 = 0.
7/218. Consider the polynomial
P(x) = (x? = 2)(x? — 3)(x% — 6).
Prove that for every prime number p,

there is a positive integer n such that Pin/
is divisible by p.

2cos(x

T8/218. Let be given an integer n greater
than 2. Prove that there exist two distinct

permutations (s, s,,..s,) and (-t a k)

of (19
8 +2.+a:2 +333 -

2, ..., n) such that

e ns, =

=t| +2£2+3£3+...+nt”.

T9/218. The sides AC, AD, BC and BD of
a tetrahedron ABCD touch a sphere (S, ) of
radius £ with center I on the side AB. The
sides CA, CB, DA and DB touch a sphere (S o)
of radius r, with center ./ on the side CD. Prove
the relation :

ABYCD? — 4r%) = CDYAB? — 4p2),

T10/218. Construct outside a triangle ABC
the three equilateral triangles A‘BC, B'CA and
C'AB. Let A, A, ; B, B, and C, C, be
respectively the midpoints of the sides BC,
B'C’'; CA, C'A’ and AB, A'B’ of the two
triangles ABC, A’B'C". Prove that the lines
AA,, BB, CC, are concurrent and
A(JAi = BrBI = CF)CJ‘
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Tim hiéu siu thém toan hoc pho théong

PA THUC BAT KHE QUy

Dinh nghia 1 : Gia s fix) la mot da thuic
v&i cde hé s6 hitu ti. flx) duge goi 1a bat kha
quy trén @ néu fix) khong viét duge dudi dang
tich ctia hai da thiic 6 bac khing nhd hon 1
véi cdce hé 6 hitu ti.

Dinh nghia 2 : Gia s f{x) la mot da thuc
vdi cdc hé s6 nguyén. f(x) duge goi la bat kha
quy trén Z néu f{x) khong viét duge dudi dang
tich cta hai da thic cd bac khéong nhé hon 1
vdi cdc hé s6 nguyén.

Dinh nghia 3 : Da thic flx) vdi cdc hé s6
nguyén dugce goi la nguyén ban néu va chi néu
cde hé s6 ciia no nguyén td cung nhau.

Cha ¥ rAng néu f(x) 1a mot da thiic véi cdc
hé s6 hitu ti thi cd thé viét né mot cach duy
nhadt dudi dang

a
flx) = Ef](x)

a = L ’
trong dd > la mét phan 86 t6i gian (o, b € Z) va

fi(x) 12 mét da thic nguyén ban. 4 :
Muén vay ta quy déng mau s6 cdc hé s6 cha
fix) réi dat USCLN cia cae tit s6 thanh nhan
tu. Ta thdy rang fix) va f,(x) cd cung mot bac.
D& chiing minh cdch viét do 14 duy nhat

(xé xich ddu) gia st f(x) = ‘;_fl(x) <t f;fz{x)
trong do f,(x) va f,(x) déu nguyén ban. Khi d¢

ta co

adf,(x) = befy(x).

Nhu vay |ad| va |be| déu la USCLN cia
cdc hé 86 cia cing mot da thic vdi cac hé s6
nguyén. Tt dé suy ra diéu phai ching minh.

B3 dé Gaoxo : Tich ciua hai da thie
nguyén ban 1a mot da thic nguyén ban.

Chirng minh : That vay gia st da cho cédc
da thic nguyén ban .
fixy=a ozt . +ax . +a,2* (a, # 0)

gx) =08, +bx +.. +bj:d +..+b ™ (b, #0)
va gia su

HEYE0 =g, e F o Lot - BT
Néu f(x)g(x) khong nguyén ban thi ton tai

mét s6 nguyén t6 p 1a udc sé chung cla tét ca
cdc hé 86 ¢, ¢, - - -, €, py VI At ca cac hé 86

cua ffx) khéng déng thdi chia hét cho p do fix)
la nguyén %én, nén trong cdc hé sb
a,a,...,q sé co mot s6 dau tién, gia st g,

khong chia hét cho p. Tuang tu gia su bj 1a he

Tran Xuin Pang (Nam Ha)
s ddu tién cda g(x) khong chia hét cho p. Ta

o oy =
C‘+f - L ﬂ.ﬂ.t’\
rty=itf
Xét ba truang hap :
)iz 1,j =1 Khidg
E ur'b.\ B 2 a’rb,f b 2 af'b.\' + a:'bé
rey=it  rts=it o rte=it] ¥
rezi 5=f .
Néur<ithia : p. Neus<jthib i p.
Mat khac apb, khong chia hét cho p. Viy
Citj khong chia hét cho p
2)i=0,j = 1. Khi dd

Gy =6 = a“bj- + E ab,
rts=j
. \"«-"[
Vay c;,. khong chia hét cho p

i+
3)j=0,i = 1. Tuong tu nhu trudng hap
2 ta cfing co ¢;,; khong chia hét cho p.

4)i = 0,j = 0. Khi d6 ¢, = a, .0, khong
chia hét cho p. _

Trong moi trudng hop ta déu cc ¢; +j khong
chia hét cho p. Diéu nay trai vdi gia thiét. Vay
flx).gfx) 1a nguyén ban.

Dinh li 1: N&u da thie f{x) vdi cac hé s6
nguyén cd bac n > 1 bidt kha quy trén Z thi
no cing bat kha quy trén Q.

Chimg minh: That vay gia st nguge lai
rang da thic fix) kha quy trén @, tic la flx) =
fi(x) . fo(x) trong d6 f,(x), f5(x) 1a cdc da thde
v&i cdc hé 6 hitu ti va cd bac nho hon n.

a.;
Ta cd fi(x) = b_,. g(x) (i = 1, 2) trong d¢
|l 5
;
b_’- la mot phan s6 téi gidn va g,(x) la mot da
thic nguyén ban.
a’l . a2
Tit do flx) = 5 g,(x) . g,(x).
1

'11'”2

Gid st —— = Lgi (g, 1) = 1. Khi dd ta
b,.b, r

q
co fix) = = gy(x) . g5(x).
Néu ¢, 1a mot hé s6 nao dé cua tich
g,(x) . g5(x) thi ¢;.q phai chia hét cho r vi cde

hé s6 ciia f{x) la nhitng s6 nguyén. Vi(g, r) = 1
nén c; phai chia hét cho r. Vay r 1a mét ude sé
chung cia cac hé so cua tich g,(x).g,(x).
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Nhung theo bd dé Gaoxd thi g,(x).g,(x) la
nguyén ban. Vay r = *1. T dd fix) =
+ q.g8,(x) . g,(x) vdi £ q . g (x) va g,(x) 1a cac
da thitc vdi cde hé 36 nguyén va co biae nho
hon n. Vay fix) 1a kha quy trén Z, trai vdi gia
thigt. Vay ffx) bit kha quy trén Q. ]

Dinh li 2: Cho da thiic fix) = @l Ha b
+a x" (n > 1) trong déa_,a, ..a, lanhing
s0 nguyén va mot s6 nguyén t6 p thoa man cde
diéu kién sau :

1) a, khéng chia hét cho p

2)a,, By, . Oy chia hé&t chop (0 = k < n)

3) a_ khong chia hét cho p?

Néu fix) viét duge dudi dang tich cia hai
da thic vdi cdc hé s6 nguyén thi bic cia mot
trong hai da thiic do khong nhé hon £ + 1.

Chitng minh: Gia st fix) = h(x).g(x) trong do

hix) =6, ,+bx+..+b ™

gxt=c_ ot ote X

- Tacda, =b_c,. Via, i p va khong chia
hét cho p? nén trong hais6 b, ¢ ed moét 6 chia
hét cho p va s6 con lai khéng chia hét cho p. Gia
st b, i p vac, khong chia hét chop. Via, =
b €., khongchia hét chop nénb_ ciing khong
chia hét cho p. Goi i la s6 nhé nhét trong s6
cdc s6 [ théa man b, khong chia hét cho p thi 0
<i,sm Tacs =c¢ .b + b

L. s |
ey j..

N~ m

3 vE i<
khong chia hét cho p.

Vayi =k +1. Mat khacm = i, viym =
k+1idpem)vdik =n - 1 ta nhan duge tidu
chudn Aidenstai (Eisenstein) : Cho da thic
flx}l = @, +ape et ax"(n = 1), trong dd
a EZi=01,...,8); a., @, ..., @, , chia hét
cho s6 nguyén té p ; a_ hong chia hét cho pe
vira_khéng chia hét cho p. Khi d6 f(x) bit kha
quy trén Q.

- Ap dung dinh li 2 ta ¢ thé giai dugc bai
toan sau :

Bai todn : Gid s flx) = 2"+ 6x™! + 8
trong dd n 1a mot s6 nguyén 16n hon 1. Chiing
minh rdng ffx) khong viét dugc dudi dang tich
cua hai da thde co bic khéng nhé thua 1 vai
céac hé s6 nguyén.

(Dé thi toan qudc t& nam 1993)

Giai : Gia st fix) = fi(x) . f5(x) trong do
f1(x), f>(x) la cdc da thic véi cdc hé s6 nguyén
va c¢d bac khong nho thua 1. :

Da thiic fix) thoa man cac gia thiét cia dinh
H2véip = 8,k = n -2 Vay trong cdc da thic
fi(x) va f,(x) c6 mot da thic co bac khong nho
hon n - 1. Gia sit f|(x) cd bac khong nho hon
n - 1. Khi dd f,(x) cd bac bang 1. Vay £,(x) cd

nghiém nguyén (f,(x) = x +b v6i b € Z). Gia
gl x = X, (x_ € Z)ia nghiém nguyén ctia folx)
thi x phai la udc s6 ctia 3. Tt do suy ra x| =
+1, +3. Mat khac dé& dang ching minh diuge
(1) = 0, fz(—l} #= 0, ,(3) = 0, £,(-3) = 0.
f}iéu vo li nay ching té rdng fix) fghc-ng viét
duge dudi dang tich cia hai da thidc co bac
khéng nhoé thua 1 véi cdc hé s6 nguyén.

Dinh 1i 3 : Gia st g(x) 1a mot da thic co
béac khéng nho hon 1 va c¢d cac hé s6 hitu ti,
Khi d6 voi méi da thic fix) véi cac hé s6 hitu
ti c6 mot va chi moét cap da thic grx), rix) véi
cac hé s6 hitu t1 sao cho fix) = gfx). gix) + rix)
va degr(x) < deggix) néu r(x) = 0.

Ching minh : Trudc hét ta chdng minh
bing quy nap theo bac cta da thic ffx) su ton
tai cia cap da thic g(x/, rix).

Gidstiglx)=b +bx+..+b 2™ (m= 1,
b =0

Néu flx) = 0 hoac degffx) < m thi chi viée
chon g(x) = 0 va rix) = fix). Gia st két luan
ding v6i mdi da thic cd bdc nho hon nin = m)
vagidstfix) =a +tax+.. . +ax"(a #0)

a
Dat f(x) = f(x) - bi "M _g(x). Ta cd
1
ngay f,(x) = 0 hoac degf (x) < n. Theo gia thiét
quy nap c¢o cap da thie g,(x), r(x) sac cho
fi(x) = glx).g,(x) +r(x) trongddr (x) = 0 hoac
degr,(x) < m.

= aﬂ 3
Tit dd fix) = g(x) L gy@)H—a "mJ +r (x) =

n

glx)qlx) + rlx) voi

a.il

b

e

Céc ban hay tu chiing minh tinh duy nhat

gx) =qx + P oy ) = r(x)

eda qlx), rix)

Dinh li 4 : Cho da thiic fix) khac 0, cd cic
hé s6 hitu ti va c6 mot nghiém la a. Néu fix)
bdt kha quy trén @ thi ffx} 1a mét da thic cd
bac nhd nhit véi cac hé 38 hitu t va cd mot
nghiém la a. _

Chitng minh : Vi fix) khdc @ va cd mot
nghiém la e nén degfrx) = 1. Gia st f J(x)la da
thidc vai cde hé s6 hitu ti v cd mot nghiém la
a va cd bac nhoé nhit. Néu degffx) > degf (x)
thi theo dinh li 3 (cha y rang degf, (xj = 1) ton
tai ede da thic gix), r(x) vai cic hé sé hitu ti,
trong d6 hode rfx) = 0 hoac degr(x) < degf (x)
va degg(x) = 1. Vi ffx) bt kha quy trén @ nén
rix) # 0 va degr(xj < degf (x). Ta cing co
degr(x) = 1 vi rfa) = 0. Diéu nay trai vdi dinh
nghia cta f (x). Vay f{x) 1a mét da thie 6 bac
nho nhét véi edc hé s6 hitu ti va cé mét nghiém
la a. Ap dung dinh li 4 ta cd thé giai duge bai
todan sau :

(Xem tiép trang 2)
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HINH CHU NHAT VANG

Lé Quang Anh (TP Hé Chi Minh)

Trong bai nay chung ta sé xem xét mot s6
tinh chédt thd vi cia mét 16p hinh chit nhat,
goi 14 hinh chit nhat vang duge ngusi Hy Lap
kham pha ra vao khodng 500 nam trudc Tay
lich ma ddu vét ngay nay vén con thdy trong
Haéi hoa, diéu khac, kién tric. Phép dung loai
hinh chit nhat nay din dén s V5, con s6 nay
1a chia khda dé dung duge ngi giac déu bang
thudc ké va compas. Ngi gidc déu lai 1a mat
cia khdi 12 mat déu va la da giac "ndi tiép"
trong khéi 20 mat déu, khoi da dién noi tiéng
nhdt trong s6 5 khéi da dién déu. Hinh chit
nhat vang duge ngusi Hy Lap ddnh gid cao
bdi vé dep riéng cua no va vé dep cla cac su
vat todn hoc co lién quan dén nd.

Ta hay quan sat déy s6 sau day :

11,2358, 13, 21, 34, 55, ...

Ta thiy ngay la méi s6 hang (tif s6 hang
thi ba trd di) bing t8ng hai s6 hang diing ngay
trude no. Day s6 nay duoge Leonard de Pise
phéat hién ra tit nam 1200 nhan mét bai toan
vé su sinh dé cia moét vap tho va tit dé ngudi
ta goi dd 1a day Fibonacci (Fibonacci = con
trai cua su giau cd). Maéi lién hé giita hinh chif
nhat vang va ddy s6 nay da la nguén cAm hiing
ctlia bao nhidu khdm ph4a Todn hoe ma mot s6
s6 dugc trinh bay trong bai nay. Vao th& ki 18
ngudi ta con tim thay rang hinh chit nhat vang
e6 lién hé vdi dudng xodn Logarit ma duong
nay thi lai co lién hé vdi the gidi tu nhién : cay
co, sinh vat...

1. Hinh chit nhat vang la gi ?

J
H 1o H.1b

Hinh 1a cho thdy mét hinh chit nhat kich
thudc 3 x 5 (mot thé thu vién chang han).
Né&u ta gip thé theo hinh 1b thi mét hinh chw
nhéit mdi kich thude 2 x 3 xuét hién.

Tisd canh nho trén canh lén trong hai hinh
chu nhét ay la :

3 2
o 0,6 ; 3-[}:6"3

Hai ti s6 gdn bing nhau.

Hinh chit nhat vang la hinh chit nhat ing
véi hai ti s6 4y bang nhau. Mot cach chinh xdc
hon : Hinh chit nhat vang la hinh chit nhat
ma khi ta cat di hinh vuéng cd canh la canh

nhé cta hinh chif nhat thi ta dugc hinh chit
nhat mdi déng dang véi hinh chi nhat cd.

Goi chiéu dai cda hai canh hinh chit nhat
dau tién 1a @ + b (1dn) va o (nha!.

Cac cap canh cda cde hinh chit nhat duge
thanh lap theo cdch trén la (canh ldn trén,
canh nho dudi) :
|-:1 +b‘ a |b

(a—b 2a—-3b JEE: —3a

a '1b'la-b’2—a’ 5&—3a;15a—8b;'"

Qua dd ta thdy canh 16n cua hinh chir nhat
bang tong cia hai canh cda hinh chit nhat ké
ti€p sau nd. Ngoai ra ta con thdy rang cac hé
a0 cua a va b trong cac biéu thie canh d trén
cd lién hé mat thist vai cde a6 hang trong day
Fibonacei.

2. Ti s6 vang.

® Qua trinh thanh lap lién tiép cdc hinh
chit nhat nay la khéng thé két thuc duoe va
diéu nay ndi 1én ring a va b la cac dai lugng

"khong do ludng duge”. Va ti s6m = o laso

v ti. Paccioli (1502) goi =6 m 14 "ab thiéng
liéng", "s6 cia trai”, chinh Leonard de Vinci
(1452 - 1519) goi no la "s6 vang". Ching minh
s6 m 1a 86 vo t1 dude Campanus dua ra vao
nam 1260 nhu sau :

Gia sit m 1a s6 hitu ti tiic la ti s6 cia hai s6
nguyén dudng a vab (@ > bJ. Cdc canh cia cac
hinh chit nhat vang duge viét lién tiép 14 :

a, b, a-b, 2b—-a, 2a0a—3b, 3a —5h, ba —8b,...

Tét ca déu la s6 nguyén duong tiép dién vo
tdn va giam dén : diéu nay khong chip nhin
duge trong tap hop N. Vay m vd i,

e “
o
| |
o R
@ Tinh m : Do tinh chit cia hinh chit nhét
vang ta ed :

b a b 1

e e

a a+b a

14—
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1
——e=ml+m-1=0

1+m
V6 -1
2

Hayla:m =

Do m > 0 nén ta dugc: m

Néu ldy 9 s5 thap phan thi ta cd :
m = 0,618033989

hitps://sites.eoogle.com/site/letrunglkienmath

2

m l-m;m*=m-m?2=2m-1

m*=2m*-m=2-3m,..

Liéu cd thé dua ra duge mét cong thic téng
guat khong ?

2)sDem cac s6 hang clia ddy sé Fibonacei chia
cho 2 ta dudc cdedussla:1,2,0,1,1,0, ...

Con néu chia cho 3 ta dude cédc du s6 1a :

4 e Co the 15 h22 22 o 0 1, v
ung m P : : 3
bire thude 4 p 7 2 5 15;1(;302311;}33‘3;;% Itrén déu tuidn hoan chu ki
ké va :\\\ - H > h, 6 5 it s - 4
compas theo | A m Hay ching to rang day s6 co duge ing gl:ﬂ
hinh vé& sau F phép chia cho 4, cho 5, ... cing tudn hoan ?
day ma ban / m e Tdng quit, chiing minh ménh dé sau day
doc c¢d thé 7 £ (Lagrange) : Du sd ciia cac s6 hang cia day =0
kiém tra dé Fibonacci cho b4t ki s6 nguyén duong nao cing
dang : 2 tao nén mot day s6 tudn hoan.
AE)IF 7 h3 4. Puwirng xodn é'c.
EF=FB=m g c » o
3. Xa hon mot chiit nita ,)
1 £
@ Theotréntaco :m = o /
14+m /
Talai thay m vao v& phai cia phuong trinh : \\;;’
; 1 | .
il 1 % \
e 1+m { % - a
va cd thé tiép tue : |
1 |
m = n | // 4 4 "'x\ '
1+ = M ; T e
45 o b
Sl B s g od fis SN -8
i h.4d # &
} St ® Trudc hét ta sé dung mot dudng xoan
Nhu vay m la gidi han cia day s8 : zigzag ma cdc dinh thuéc mét duding xoan
i 1 1 logarit. Bat ddu bang mot hinh chit nhat vang
15 T T DF (h4) chiéu dai 1a 1 + m va chiéu rong
e ey la 1. Tu dinh thdp nhdt — dinh A - ta dung
1 1 duong thing tao véi AF mét gdc 45°, dutng
1+= nay cat canh trén BD tai C. Ha CH vuéng gdc
{ = 1 vol AF ; Ta duge mot hinh chit nhat vang méi
Nzém ?35 h%ng ddu tién dugc tinhrala:1; la CDFH. Tit C vé mgt dutng thang tao vdi

Lo el
s S sy

Sau moét chiit suy nghi ta cd thé viét duge
s0 hang tiép theo la 13 va cd thé ti€p tuc. Ban

doc cd nhén ra la ti s6 cla cdc phan s6 dy
chinh 13 cdc s0 hang cua day so0 Fibonacci
khong ? Va cd cdac mau sd nfrla. g‘h&3ctat5 vin
déngﬂgelm.héudaysﬁl,2,3 P pig
co ?]Jha’ti la day s& hoi tu dén m khong ? Simson
(1734) di ching minh ring diy con gdém cic
36 hang & vi thd chdn giAm va day con cac s6
he,m%c'i vi thu 1é tiang va ca hai cung hoi tu vé
m, nhu vay day s6 ay hoi tu vé m.

e Dén day ban doc nao thich thi vin dé
trén ching toi xin gidi thiéu hai bai todn co
lién quan dén s6 m va day s6 Fibonacci do
Lagrange dat ra.

1) Ki€m tra lai cdc dang bhie :

']

15

canh CH mot gde 45° ; dudng nay cat DF tai
E. Ha EJ vubng goc voi CH.gl"a ﬁ;.l duge mot
hinh chi nhat vang mdi. Va cu thé tigp tue...
Ta thu duge dutng xodn zigzag ACEG};...
Hinh chit nhat vang thi nhidt ABDF hién

thanh hinh chit nhit vang thi hai CDFH bang
mot phéﬁp uay 90° tiép theo la mot phép co ti
s6 m (tic J]a mot phép dong dang ti m). Clng
nhu vay tit hinh chir nhat t I'I%lal CDFH sang
hinh chit nhat thi ba GHJK,...

__Céac canh ciia cac hinh chit nhit nay ké lién
tiép 1a :

l+m 1, m1-m,2m-1,..

Dom = ta ed thé viét biu thic cdc
1+m

canh trén nhu sau :
m~ 1, m® ml, m2, m3,..
Nhu vay do dai cac canh céc hinh chit nhat
tao thanh mét cap =6 nhan, cong boi g = m.
e Ta ching minh duge dudng xodn zigzag
ACEGI... ndi trén "héi tu" tai diém T, giao
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diém cua BF va DH, hai duong chéo tuong
~ \ng nhau trong hai hinh chit nhat thd nhat
va thy hai. T ciing chinh la tam dong dang da
ndi & trén. Bay gio ta sé tim céc cong thic don
gidn dé dinh cac dinh cia dudng xoan zigzag
y. Chon T la géc, r 1a khoang cach tit géc dén
cac dinh. Ta chi y 1a tit dinh nay sang dinh

ké tiép ta phai quay % (chiéu ACEGI... nhu
hinh 4) va cdc khoang cach tif dinh dén goe T
bi co lai theo ti s6 m. Néu chi £ s 14n cia 5 trong
gdc quay ching han A tng véi ¢ = 0 ; C ing voi
t=1;FE dngvoit =2, . tacocong thiic dan
gian dé dinh cdc dinh clia xoan zigzag la :

ik r=AT.m!

https://sites.eoogle.com/site/letrungkienmath

e Psz‘gfs - Gia s cac dudng cheéo biang
nhai va bang 1 ; canh cua nga gidc la x. Gol
E la giao diém cua PP, va P,P,. Ta thiy dé
dang rang .ﬁPj)EPg cAn o P, va:

P>« AEP.P, (h.6)
= 1ol 23
Tit do :
PIPZ EPz x 1 —x
— = —= = ———
PIP,\ 1 x

Qua that nghiém duong cia phudng trinh
nay chinh la m vay. 5

e Khi nghién ctiu vé ngi gidc déu ngudi
Hy Lap da thu duge thém hai tang phdm qui
§i‘é nita : do la khdi 12 mat déu va khoi 20 mat

eu :

2
; AL
4 I
o T Yo i
A V] I3 - F _ Trongkh6i 12 mat déu ta ching minh duac
h.5 khi ndi tAm cna cdc mat thich hgp ta sé duge

|
Dé o6 cong thie don giadn hon nita ta cd
I
th& dat : R = AT (xem AT la don vi).

Thé thi ta ed phudng trinh xdc dinh cdc
dinh :
R =m'

trong dd £ ldy cdc gia tri nguyén khong am :
0,1 2, %, &

Bay gits ta cho ¢ lay cdc gia tri thuc khong
am ta se dude mét duong cong lién tuc nhu
h.5 goi la duong xoan logarit.

5. Nga gidc déu

e Ngii gidc déu ciing 1a mét tang phidm nita
ma thién nhién gii dén cdc nha toan hoc. N6 cd
lién quan gi dén s6 vangm 7 Cd va do la :

Ti s6 ctia d6 dai dudng chéo trén do dai mdi
canh bang m. That vay, xem mét ngu gidc déu

3 hinh chit nhit vang, con trong khéi 20 mat
déu ta cing duge 3 hinh chit nhat vang bang
cach néi cac dinh thich hop clia khéi ay. Tat
cA nhilng vin dé vé khdi da dién déu (161 hoac
lém) sé& [a noi dung ciia mot bai khde ma co
dip ching t6i sé trinh bay.

_Ban doc nao thich tha van dé ching toi da
trinh bay & trén xin doc thém cac bai tap dudi
day va thit tim cach tra 1oi xem :

Cau héi (1)a. Tim*> =1-m taed :

e e e
=i Vi{i-m =..

nguge lai xem day st :

V1 ; Vi — N1 o ¥L 1 — 41 ...

Day s6 nay co hdi tu dén m khong 7

1:
b. Dat £ = ;;.Taco’:rzzlﬂi-!

Ti dg : | :

t=VTH =1+ i+ + V11 ide =

Day 26 dinh bdi :

VT ¥t VT o¥d ol T een

cc hai tu dén ¢ khong ?

(2) - Hay ching minh hai cau hoéi ¢ muc 3
(Lagrange gdi ¥).

(3) Xem hinh 4. Tiih chiéu dai ctia hinh
xoan zigzag ?

Dap 86 : f—2z
m

16
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Lop 8
Thei gian : 120 phut (khang ké thai gian chép dé)

Bai 1 : (5 d) Hay phan tich s§ 1328 thanh tdng cia hai s6
nguyén X va ¥ sao cho X chia hét cho 23 va ¥ chia
hét cho 29. Hay tinh X va Y khi X' - ¥ = 52.

1
- ’ £ P o=
Bai 2 : (4 d) Cho da thiic fix) = g
a) Hay phan tich f{x) thanh nhan tu
b) Chiing 16 ring f{x) nhan gid tri nguyén khéc 17 vdi moi

gid tri nguyén cla x.

Bii 3: (4 d) Cobaonhieustabe (vii 1 sas6;1=sbs=
6:1=c = 6)thda man diéu kién : "Tich a.b.c 14 56
chin™

Biii 4 : (7 d) Cho tam gidc ARC vdi trung t e&nAM. Goi E,
F 1a cic diém l4n lugt thude cac canh AR, AC sao cho
ME = MF. Chiing minh ring ABC la tam giac cin
dinh A trong mdi trudng hop sau : !

a) ME va MF 14n lugt 14 phén gidc trong coa cac tam gidc
AMB va AMC.
b) ME va MF 1an lugt 13 trung tyén cla cic tam gidc
AMB va AMC
Lop 11
Theii gian 180 phiit (khong ké chép dé)
Bii 1 : Gianova bién ludn hé phudng trinh :

r+y=a |

5 3 -vili @ € R

cosx +cosy =1 — coaa

Bai 2 : Trén mat phang cho hinh binh hanh ABCD ca
AB = g, AD = bva BAD = 45°. Diém M di ddng
trén canh AD ; digm N di ddng trén canh 8C sao cho
AM + BN = [ (const) vdia < f < b,

e A S H|lmr|mwv | v |vL|viovarix | X
| = 7 3 8 1 o 9 & 4 | 22
P 2 7 6 8 3 4 9 ] L2

H 3 4 5 8 3 2 7 9 ] 1 |24
4 T 3 5 o 1 8 9 4 2| 24
5 2 3 9 7 + i 8 5 1 |24
[+ & 3 5 7 1 9 8 4 2 |24
7 8 1 6 5 7 3 9 - Z | 2%
8 & 2 i 3 1 9 8 4 . S
9 9 2 4 5 i 3 8 6 1528

01| 92 = 1 7 8 4 5 2 6 | 25

111 2 | 4 9 5 3 T 0 8 15|

12 | & 4 3 5 9 1 i 2 T | 23

13| 5 | e 4 8 3 7 6 2 | 26

14| 8 1 6 4 9 2 T 3 5 |26

15| ¢ i 8 3 9 1 7 5 4 | 26

16 | 3 2 9 3 4 ] 1 8 1 | 26

17 | 8 1 [ 2 9 4 3 5 7|28

18] 9 1 o] 2 6 7 3 B 4 | 28

5 1 %
1y GoiJ 1a diém trén doan MN thda : JM = ENJ' Chilng

minh diém J di dong trén mot dudng thdng oo dinh.

2) Son xanh moi hinh ABNM. Tinh dign tich toan phin
dude sdn méu xanh.

Bai 3 : 1) Co hay khong day ting : gy < @, < a3 < a, < ds
<dagthda :a, ENviii=16;a =1;a,=a;+
1;a, = 150 diy ay, a,, a5 1a cip s0 cing ; day a,, 4,
a, 14 cip s6 nhan ?

2) C6 hay khong diy ting : b1 < by < b3 < ba< bs < bs
thda :BiENvOIi=16;b1=2;bs=ba+ 1; bg= 150
day b1, b2, b3 14 ciip 6 nhan ; diy ba, bs, b la cip s6 cong 7
3) Trong (2) thay b1 = 2 bdi b1 = 1 vi gid nguyén cac
diéu kién khic. Hay gidi bai toan.

Bai 4 : Trong khéng gian cho tam gifc Agdz.ﬁ vaing tai A ;
canh A4, = V3 v A 4,4, = 307, Chiing minh ring
et thé tim duge phép chiéu wadng goc sao cha hinh
chidu clia tam gidc 44,44 1a mdt doan thang cd do
dai bing ¥3 va trung diém ctia doan thing do lai 1
hinh chiéu cia mét dinh cla tam gidc A 4545,

HOANG CHUNG

CAT GHEP HINH VUONG

Cho mét hinh vuéng. Hay vé hai dudng chia hinh vuéng
d6 thinh 4 hinh bing nhau sao cho khi cit hinh vuong do
theo hai duding chia ta duoc 4 minh bing nhau va khi ghép
hai manh lal la duge modt hinh chi thap.

PHAM HUNG

Gidi dap bai
DIEN SO VAO TAM GIAC

Ta ddnh 50 cdc O trong
ninh tam gidc bdi cac chil s
Lamatit] dén IX nhu trong
hinh vé bén. Ki hiéu ¥ 1a
It"&ng s cac O doc theo mdt
canh cla tam gidc, la co 18
cich khac nhau didn 58 vao
tam gidc theo thi W cic o
t I dén IX nhu sau’:

Ta thiy & méi ciéch néu trén, néu ta ddi chd 2 86 3
cic cap & [va Il ; V va VI ; VIIL va IX vdi nhau thi ta
s& dude mot cich mdi. Nghia I td mat cich néu trén ta
e thé e6 duge 2 % 2 = 2 = & cach mdi. Vay s0 cic cach
dién s6 thda méin yéu cfu cla baira 12 18 x 8 = 144
cich (Hodng Manh Cudng, Dang Hdi, Quang Binh)

Nhin x6t. Cac ban con co thé dién sd theo cich ddi
ché 2 8 4 cic cip 6 ddi xing vai nhau gua truc d&i xiing

clia tam giic.
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